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RESUMES

Morts-cLEs : Entropie maximale, Coordination d’échantillons, Vari-
ance, Plan systématique.

Keyworps: Maximal entropy, Sample coordination, Variance, System-
atic sampling design.

RESUME : SONDAGE A PROBABILITES INEGALES ET ENQUETES REPETEES

Ce document est constitué de deux parties. Dans la premiere partie, nous
nous intéressons a certains plans de sondage a probabilités inégales, et
dans la deuxiéme partie nous étudions le probléme des enquétes répétées.
Bien que les sujets développés dans ces deux parties semblent entiere-
ment différents, ils sont en fait reliés. La premiére partie est principale-
ment consacrée a 1’étude des propriétés de deux plans de sondage de taille
fixe. Dans un premier chapitre, il est démontré que le plan de sondage a
entropie maximale et de taille fixe est plus efficace que le sondage avec
remise. Dans le second chapitre, nous montrons que le sondage systé-
matique est un plan a support minimal. Nous donnons aussi quelques
résultats sur la variance de l’estimateur de Horvitz-Thompson pour les
plans a entropie maximale et pour les plans a support minimal. La deux-
ieme partie débute par une étude de cas sur l'estimation de précision des
évolutions dans le panel suisse sur la valeur ajoutée. Dans le chapitre
suivant, nous proposons un estimateur de covariance pour les panels ro-
tatifs a probabilités inégales. Enfin, nous présentons un systeme de coor-
dination d’échantillons poissoniens développé pour 1'Office Fédéral de la
Statistique Suisse.

ABSTRACT: UNEQUAL PROBABILITY SAMPLING AND REPEATED SURVEYS
This document is divided into two parts. The first part revolves around
the properties of some unequal probability survey sampling designs, and
the second part deals with repeated surveys. While the topics devel-
oped in these two parts appear to be largely different, they are in fact
related. The first part is devoted to the study of properties of two sam-
pling designs with fixed size. In a first chapter we show that maximum
entropy sampling with fixed size is more efficient than sampling with re-
placement. In a second chapter we prove that systematic sampling is a
minimum support design. We also give some results on the variance of
the Horvitz-Thompson estimator for maximum entropy and for minimum
support designs. The second part begins with a case study of the estima-
tion of variance of evolutions in the Swiss panel on value added. In a
second chapter, we give covariance estimators for rotating panels with un-
equal inclusion probabilities. Finally, we describe a coordination method
of maximum entropy samples that was developed for the Swiss Federal
Statistical Office.

15






INTRODUCTION

THIS document is divided into two parts. In the first part we explore
properties of unequal probability survey sampling designs that have
a maximal or minimal entropy. The second part deals with the estimation
of precision in repeated surveys and with coordination methods. While
the topics developed in these two parts appear to be largely different, they
are in fact related.

The first part is devoted to the study of properties of two sampling de-
signs with fixed size. In Chapter 1, which is the reprint of Qualité (2008),
we prove that maximum entropy sampling with fixed size, first introduced
as rejective sampling by Héjek (1964) and made practical by Chen et al.
(1994), is uniformly more efficient than sampling with replacement. For
a given set of inclusion probabilities there is no sampling design with-
out replacement that, associated with the Horvitz-Thompson estimator,
gives a uniformly lower variance than every other sampling designs with-
out replacement. Sampling with replacement associated with the Hansen-
Hurwitz estimator, on the other hand, can be a less efficient strategy than
sampling without replacement associated with the Horvitz-Thompson es-
timator. It can naturally be used as an indicator of performance and a
lower bound of acceptability for other sampling designs. Gabler (1984)
gave sufficient conditions on the first and second order inclusion proba-
bilities under which a sampling design can be proved to be more efficient
than sampling with replacement. We show that maximum entropy sam-
pling with fixed size satisfies these conditions. This property has not been
proven to hold for many sampling designs since their second order inclu-
sion probabilities are most of the time too complex to obtain this kind of
non asymptotical result.

The motivation for this paper came from an entirely different problem,
that was presented to me by Jean-Claude Deville. He had noticed that, if
the total of a variable was to be estimated on two non overlapping samples
coming from a simple random sampling design, the covariance of these
estimators was non-positive. He wondered whether that was still the case
for maximum entropy sampling with fixed size. It appears that, in a sense
that will be explained in Chapter 5, this is the case exactly for sampling
designs that are more efficient than sampling with replacement.

Chapter 2 is a reprint of Pea et al. (2007). It gives some new results on
systematic sampling and on sampling designs that give a positive proba-
bility of selection to a small number of samples. Necessary and sufficient
conditions for a sampling design to have a minimum support, in a sense
explained in this paper, are given, and it is proven that systematic sam-
pling satisfies these conditions. The paper also contains a sampling algo-
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Introduction

rithm that shares some properties with systematic sampling while avoid-
ing its drawbacks. Our present interest in systematic sampling comes from
the fact that this design has desirable properties for longitudinal surveys.

Chapter 3 is a collection of results and reflexions motivated by these
two papers and that were not included in them by lack of space, consis-
tency, or time to polish them. These papers dealt with sampling designs
that are almost opposites on the scale of entropy, and it was interesting to
compare their properties. After a short comment on the efficiency of sys-
tematic sampling in the simplest possible case, there is a rapid exploration
of the entropy of minimum sampling designs and answers to some of the
questions that could be raised by the second paper. This chapter is com-
pleted by some results on the dispersion of eigenvalues of the variance
matrix of sampling designs. It starts with the observation that, in some
cases, maximum entropy sampling minimizes this dispersion for a given
set of inclusion probabilities. We show that, for unequal probability sam-
pling designs, this dispersion cannot be null. In the case of sampling with
fixed size, one eigenvalue is always null, but the dispersion of the other
eigenvalues is also positive except when the inclusion probabilities are all
equal. After we gave necessary conditions for a sampling design to be a
minimum, or a maximum of this dispersion, we ascertain that maximum
entropy sampling with fixed size does not result in a minimal dispersion
of the eigenvalues. Minimum support designs on the other hand are good
candidates for being sampling designs with a maximum dispersion.

The second part is devoted to repeated survey sampling and estima-
tion of the variance of evolutions in simple cases. Chapter 4 is a reprint of
Qualité & Tillé (2008). It consists in a study of the precision of longitudi-
nal estimators of the Swiss survey on value added. The sampling design
is very simple as it is a stratified panel, with non-response that we con-
sider uniform within strata for each sampling occasion. The estimators of
totals on the other hand make use of several techniques: robustification,
calibration, and the ‘surprise poststratum” method of Hidiroglou & Sri-
nath (1981). This paper is a sort of case study where we take into account
every aspect of variance estimation with such a complex estimator. We
also compare the performance of the naive estimator of evolution with the
estimator on the matched part of the samples. The later is, of course, more
precise, but still not practical for a statistical institute that needs estimators
of evolutions consistent with the estimators of levels.

Chapter 5 is a short exploration of covariance estimation for repeated
surveys with unequal probabilities in a simple case: a first sampling phase
with unequal probabilities gives a sample that is split into two overlapping
samples using simple random sampling. This is an adequate description
of the sampling design resulting from uniform non-response in a panel,
or of a rotating panel with unequal probabilities. Berger (2004b) gave
estimators for repeated sampling designs, that were based on asymptotic
normality and a high entropy assumption, using the same approach as
found in Héajek (1964). In this paper we give an exact expression that
depends on the variance-covariance operator of the first phase sampling
design, and give applications and estimators for some sampling designs.
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We complete this chapter by a short discussion on a topic that was
raised by the work in Chapters 4 and 5. The estimation of covariance in
overlapping samples is discussed, under the light of an argument given
in Berger (2004b) that Kish (1965)’s ratio estimator may lead to dramatic
bias.

In Chapter 6, we present a simple extension of the coordination
method of Brewer et al. (1972) for Poisson samples. This work should
allow the Swiss Federal Statistical Office to organize and coordinate all its
business surveys. It gives optimal coordination in some sense, and most
aspects of business sample coordination in a dynamic population are dealt
with. Other existing coordination methods do not have such flexibility and
are not able to manage both positive and negative coordinations that are
required for rotating panels.
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Unequal probability sampling






1.1

A COMPARISON OF CONDITIONAL
POISSON SAMPLING VERSUS
UNEQUAL PROBABILITY SAMPLING
WITH REPLACEMENT

Abstract

The variance of the Horvitz-Thompson estimator for a fixed size Conditional
Poisson sampling scheme without replacement and with unequal inclusion prob-
abilities is compared to the variance of the Hansen-Hurwitz estimator for a sam-
pling scheme with replacement. We show, using a theorem by S. Gabler, that the
sampling design without replacement is more efficient than the sampling design
with replacement.”

MSC: 62Dos

Keywords: Conditional Poisson sampling, Efficiency, Gabler’s conditions, Sur-
vey sampling

INTRODUCTION

Conditional Poisson sampling, also called rejective sampling or maximum
entropy sampling, was first introduced by Hajek (1964). It is a fixed
size sampling design, without replacement, on a finite population, with
unequal inclusion probabilities among the units of the population. It
was called rejective sampling because Héjek’s implementation amounts to
drawing samples with a Poisson sampling design, which has random size,
until one draws a sample that has the desired size. One can also obtain
the Conditional Poisson design by drawing samples, with replacement,
using a multinomial sampling design and rejecting the samples which
hold some unit of the population more than once.

'This chapter is a reprint of: QUALITE, L. (2008). A comparison of conditional Poisson
sampling versus unequal probability sampling with replacement. Journal of Statistical
Planning and Inference 138, 1428-1432.
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24 Chapter 1. Conditional Poisson sampling versus sampling with replacement

1.2

Definition 1.1

Definition 1.2

Chen et al. (1994) proposed a draw-by-draw algorithm which made
this sampling design practical for medium sized populations. They gave
some properties of this design, including the fact that it respects the
Sen (1953) and Yates & Grundy (1953) conditions, providing a non nega-
tive variance estimator for the Horvitz-Thompson estimator. Other non-
rejective implementations of Conditional Poisson sampling can be found
in Traat et al. (2004) and Tillé (2006).

Chen et al. (1994) also asserted that Conditional Poisson sampling has
a smaller variance than sampling with replacement with unequal inclusion
probabilities. Their justification at that time was not entirely satisfactory
as they argued it was implied by the Sen-Yates-Grundy conditions, but
Gabler (1984) had already given a counter-example that shows that these
conditions are not sufficient. At the same time, Gabler gave sufficient
conditions for a fixed size sampling design without replacement to be
more efficient than with replacement. He had already pointed out that
Sampford’s design enjoys this property (Gabler, 1981), and since then it
has been proven for other sampling designs such as Chao’s design (see
Sengupta, 1989; Chao, 1982) and the elimination method (see Tillé, 1996;
Deville & Tillé, 1998). We prove here that Gabler’s conditions are satisfied
under the Conditional Poisson sampling design, and thus that this design
is more efficient than sampling with replacement, as could be expected.

DEFINITIONS, CONDITIONAL POISSON SAMPLING

A sampling design without replacement is a probability law P(s) on the sub-
sets or samples s of a finite population U. It is said to have a fixed size n when
all the samples which have a strictly positive probability contain n units of the
population.

We can define the first order inclusion probabilities 7ty = P(k € s), and
the second order inclusion probabilities 7ty = P(k, ¢ € s). If all the 7ty are
positive, a natural and unbiased estimator of the total Y = y; +... +yn
was proposed by Horvitz & Thompson (1952)

Yk
YHT = 2 .
kes 7Tk

Its variance is

var(Yyr) = Z — T e+ Y, Z nkm YkYe-

keu W kel ieU

Poisson sampling is the sampling scheme without replacement and with unequal
inclusion probabilities where each unit k is selected independently from the others
with probability 7.

Its law is given by

Pp( H o 1—[ [ Ties wi

kes  kés Escu [ Txes wi’
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Definition 1.4

1.3

1.3. Superiority of sampling without replacement
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where wy = 7/ (1 — 7%;) if all the inclusion probabilities are smaller than
one. Unfortunately it is not a fixed size sampling design.

Conditional Poisson sampling or rejective sampling is obtained by conditioning a
Poisson sampling design on the size n of the desired samples.

Its law is given by

Pep(s) = M, if |s| = n,

B Z‘i‘C:Un [Tkes w
where (wy)rey is a set of non negative real numbers uniquely determined
by the inclusion probabilities (7 )rcy up to a positive factor (see Chen
et al,, 1994). It is the fixed size sampling design without replacement that
has maximum entropy for a given set of inclusion probabilities (77 )e -

The multinomial sampling scheme (see Hansen & Hurwitz, 1943) is obtained by
n independent draws from the population U. At each draw a unit k is selected
with probability py, and the number ny of times it is selected in the sample s is
incremented by one.

The sampling law can be written

n!
Prucr(s) = P [ Ir

It is a fixed size sampling design with replacement as a unit may be
selected more than once. In this setting the expected number of times a
unit k is selected is given by 71} = np. It is different from its first order
inclusion probability 1 — (1 — p)", k € U.

An unbiased estimator was proposed by Hansen & Hurwitz (1943), if
the (px)reu are positive,

S 1
YHH: E Z?’lkﬂ = anﬂ.

*
keu Pro oreu T
Its variance is
var(Yyy) = E T <7_(* - )
kel kN

SUPERIORITY OF SAMPLING WITHOUT REPLACEMENT

For some sampling schemes without replacement and with unequal inclu-
sion probabilities (7tx )y, it has been proven that the Horvitz-Thompson
estimator always has a smaller variance than the Hansen-Hurwitz es-
timator for the multinomial design with parameter (pi)rey such that
7y = npy = 7 for all k € U. For these schemes,

Var(l?HT) < Var(?HH), VY € RN. (1.1)

This is also the case for several sampling designs when n = 2 (see Brewer
& Hanif, 1983). For the special case of Conditional Poisson sampling
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where the inclusion probabilities are equal, and we are looking at simple
random sampling schemes with and without replacement, the inequality
(1.1) is easy to prove (see Cassel et al., 1977). In the general case, Gabler
gave sufficient conditions for (1.1) to hold. These conditions are given in
Theorem 1.1.

Definition 1.5 A sampling design is said to be connected if for any two units i and j there exists
a sequence of units iy, . . ., iy, such that all the probabilities 7t , 7t 45, . - ., 70;,,j are
positive.

Theorem 1.1 (Gabler, 1984) For a connected fixed size sampling design with positive inclusion
probabilities ., k € U, if

. TLj
min— >n-—1, (1.2)
ieau 7Y
we have Var(f/HT) < Var(lA/HH), forallY € RN,

We will also need the following lemma.

Lemma 1.1 If N > 3 and we have a Conditional Poisson sampling design with size2 <n < N,
if i, j, k are different units of U with 11; < my then 1/ 7 < 7Ty / 1.

Proof. 1f Ry = Y [ Jwx, with R, = R?, R§ = 1and R} = 0if [U\A| <

sCU\A kes

Is|=p

p, then we have (Chen et al., 1994)

R .. RY
= wj- Ry T — wiw; - Ry,
] Rn 7 l] Rn 7
and .
.. ik 1
m_%_wc%aﬂm>
R Y ' :
Tk 7T Rn—l R{,l_l

Using the property that R} = kafi{k} + RV if k ¢ A, we obtain
the following equations depending on n: If n = 2,

. k T j
7T 7T ) k ]
k ] R”—l Rn—l Rn—an—l

Ifn>3,
e T wi(wg — wj) Rik 2 Rk Rk
o [(R) —REGRE)
k J Ry 1R,
We only have to remark that 77, > 71; < wy > w; (see Chen et al,
.. 2 .. ..
1994) and to prove that (RZ’iZ) > RZ’ilRZIi3. Actually, in this case all

the weights w, are positive and by Newton’s inequalitity (see for example
Hardy et al., 1956),

ik \2_ N=n+3 n—1_iik ik
<Rn72> Z N_n+2 : n_an—an*?)'
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Conditional Poisson sampling satisfies the conditions of Gabler’s theorem in 1.1
and thus is more efficient than sampling with replacement.

Proof. The cases N < 2 or n < 2 are easily proven to satisfy inequality 1.1.
In the case of Conditional Poisson sampling, if n > 1 and every 7 is
positive, then every second order inclusion probability 77y, is also positive.
Henceforth, Conditional Poisson designs are connected. We only have to
prove condition 1.2 to have the conclusion. If 2 < n < N, we can without
loss of generality suppose that 0 < 711 < ... < 7ry. Then, using lemma 1.1,
if i 75 1, 1’1’1]11’1 7'[1']'/7'[]' = 7171'1/7'[1, and 1’1’1]11’1 7'(1]'/7'[]' = 7'(12/71’2. Hence

N
TTii 7T 7T; 7T
Ymin—L =24y Moy 14251 (1.3)
ieu 17T T 57T 72
O
DiscussioN

Conditional Poisson sampling combined with the Horvitz-Thompson es-
timator is a more efficient strategy than multinomial sampling with the
Hansen-Hurwitz estimator. This result gives a convenient upper bound,
that does not depend on the second order inclusion probabilities, for the
variance of Conditional Poisson sampling. However, it still requires to
compute the exact first order inclusion probabilities. Since those were dif-
ficult to calculate until recently, in many cases the target inclusion proba-
bilities 77, = np; of the rejective procedure with multinomial design (see
Brewer & Hanif, 1983, procedure 14) were used instead. The estimator
Y* = Yres % does not verify the same inequality as can be seen in the
following example:

Let N=4,n=2n] =02, m; =04, 73 =06, 7; =08 and y; =1,

—~ 2
Y2 =3 =4 = —1 then var(Y*) ~ 9.085 and Y2 _, 7} (Lk - X) ~ 8.417.

¥
7'(k n
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2.1

SYSTEMATIC SAMPLING IS A
MINIMUM SUPPORT DESIGN

Abstract

In order to select a sample in a finite population of N units with given inclusion
probabilities, it is possible to define a sampling design on at most N samples that
have a positive probability of being selected. Designs defined on minimal sets of
samples are called minimum support designs. It is shown that, for any vector of
inclusion probabilities, systematic sampling always provides a minimum support
design. This property makes it possible to extensively compute the sampling
design and the joint inclusion probabilities. Random systematic sampling can
be viewed as the random choice of a minimum support design. However, even
if the population is randomly sorted, a simple example shows that some joint
inclusion probabilities can be equal to zero. Another way of randomly selecting a
minimum support design is proposed, in such a way that all the samples have a
positive probability of being selected, and all the joint inclusion probabilities are
positive.'

Keywords: Minimum support design, systematic sampling, unequal probabil-
ity sampling, survey sampling

INTRODUCTION

The support of a sampling design is the set of samples that have a posi-
tive probability of being selected. For any vector of inclusion probabilities,
Wynn (1977) has proved the existence of at least one fixed size sampling
design with support not larger than the population size. However, Wynn's
result is not constructive. Deville & Tillé (1998) have proposed a general
method for constructing minimum support designs. This minimum sup-
port design procedure is a particular case of the family of splitting pro-
cedures. Several procedures that provide minimum support designs had
already been proposed by Jessen (1969) (see also Brewer & Hanif, 1983,

'This chapter is a reprint of: PEa, J., QUALITE, L. & TILLE, Y. (2007). Systematic sampling
is a minimum support design. Computational Statistics and Data Analysis 51, 5591-5602.
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2.2

procedure 35 and 36, pages 42-43) in a more restrictive context. System-
atic sampling was first proposed by Madow (1949) and was developed
by Connor (1966); Gray (1971); Brewer (1963); Pinciaro (1978); Hidiroglou
& Gray (1980). It is an unequal probability sampling design with fixed
sample size. Its main drawback is that it may result in null joint inclusion
probabilities for some couples of units in the population. A random sort-
ing of the population is usually recommended before applying systematic
sampling. Unfortunately, this is not sufficient. A simple example given in
Brewer & Hanif (1983) shows that some joint inclusion probabilities may
still be equal to zero. This problem is an important drawback of random
systematic sampling and is the consequence of some samples having a
null probability of being selected.

We show that the systematic sampling design is a minimum support
design. Hence, random systematic sampling can be viewed as a method
where a minimum support design is chosen at random. We introduce
a fast algorithm that computes this design and allows deriving the joint
inclusion probabilities. We also show that any sample can be included in
a minimum support design with given first-order inclusion probabilities.
We propose a procedure whereby a minimum support design is randomly
chosen and whereby all the possible samples have a positive probability of
being selected. This method, called ‘random minimum support design’, is
a good alternative to random systematic sampling.

The paper is organized as follows. After a definition of the basic con-
cepts and of the notations in Section 2.2, minimum support designs are
presented. In Section 2.3, we demonstrate that the size of the support of a
systematic design is at most equal to the population size, and give some
examples. In Section 2.4, we show that systematic sampling provides a
minimum support design. This result leads us to propose a simple method
for the computation of the joint inclusion probabilities in Section 2.5. Fi-
nally, in Section 2.6, we discuss a method to randomly select a minimum
support design in such a way that all the samples have a non-null prob-
ability of being drawn. A short discussion of these methods is given in
Section 2.7.

BASIC CONCEPTS AND NOTATIONS

Consider a finite population of size N. Let U = {1, ...,k,..., N} be the set
of labels of the units in the population. A sample (without replacement)
is a subset of the population and will be represented by a vector s =
(sk)1<k<n defined by

o — 1 if k is in the sample,
71 0 otherwise.

A support Q is a set of samples. The full support is the set of all the
possible samples under some constraints, e.g. S = {0,1}"N when there are
no constraints. The full support corresponding to the samples of fixed size
n is defined by S, = {s € S : Y1y sk = n}. The size of the support Q is
the number of samples it contains, i.e. card Q.
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A sampling design p(-) is a probability distribution on a support Q C
S, so that for all s € Q, p(s) > 0 and

Y p(s)=1.

s€Q

The first-order inclusion probability 7ty is the probability of selecting the
unit k in the sample, and 7t = (71;)1<k<n is the inclusion probability vec-
tor. It can be derived from the sampling design as follows:

=Y sp(s).

s€Q

When the design has a fixed sample size n, then

Zr{k:n.

kel

The joint inclusion probability i is the probability of selecting the units
k and ¢ together in the sample, and 7ty = 71%. The matrix of joint inclusion

probabilities is given by
IT=) ss'p(s).

The joint inclusion probabilities are usually needed to compute the vari-
ance of the estimators under the sampling design.

A sampling design po(-) with inclusion probabilities (71)1<k<N is said to be
defined on a minimum support Qy if, for every Q C Qo with Q # Q,, there is
no design p(-) with support Q and with Y s o skp(s) = me, k=1,...,N.

Wynn (1977) has shown that, for any given first-order inclusion prob-
abilities, it is always possible to define a fixed size design on at most N
samples s; such that p(s;) > 0. Using Carathéodory’s theorem as in Wynn
(1977), one can prove that, if Oy is the support of a minimum support de-
sign, then cardQy < N. Moreover, when the design does not have a fixed
size, at most N 4 1 samples are needed. Deville & Tillé (1998) have given
a way to implement fixed size minimum support designs.

SYSTEMATIC SAMPLING

Let 7t be a vector of inclusion probabilities and Vi be the cumulated inclu-
sion probabilities, given by

k
ny, ifk=1,...,N,
Vi = ﬂgl !

0 if k = 0.
In a fixed size design, Vy = n. The selection procedure for systematic
sampling is given in Algorithm 1.

Suppose that N = 6, n = 3, w = (0.2,0.7,0.8,0.5,0.4,0.4), and u = 0.47. The
development given in Table 2.1 shows that s = {O, 1,1,0,1, O}.
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Algorithm 1: Systematic sampling

1. Generate u, a uniformly distributed random number in [0,1).
2. Fork=1,...,N,

1 if there exists an integer j > 0
Sk = suchthat Vi1 <u+j—-1<V,
0 otherwise.

Table 2.1 — Example of Systematic Sampling

k 1 2 3 4 5 6
T 02 07 08 05 04 04
Vi 02 09 17 22 26 3
j -1 2 - 3 -
u+j—1 - o047 147 - 247 -
Sk 0 1 1 0 1 0

The following result provides a way to compute the size of the support
in systematic sampling.

Result 2.1 For the systematic sampling, the size of the support is equal to the number of distinct
t, where 1y = Vi(modl) and Vj, = z’gzl ty,k=1,...,N.

Proof. Let D be the number of distinct r¢’s. Let () be the sequence of the
ordered rx without repetition, so that r(;) <rp) <... <rp_1) <rp) <1l
Since ry = 0, it follows that r(;) = 0. Let u be a uniformly distributed
random variable in [0,1). The r(y’s divide [0,1) in D non-overlapping
intervals

[O/Wz))r [r(z),r(g)),..., [Y<D—1>ff<D>)f [Wm/l)-

Each interval {r(k),r(k +1)) , in which u can fall, corresponds to one and

only one sample. Hence, the size of the support is equal to the number of
distinct values of 7. O

Corollary 2.1 The size of the support of the systematic sampling design is not larger than N.

Example 2.2 Suppose that N = 6,n = 3 and that the 7;’s, Vs and r{s are as in Table 2.2.

Table 2.2 — Support of Example 2.2

k1 2 3 4 5 6
Ty 0.3 08 0.4 07 06 02
Vi 03 11 15 22 28 3
rTx 03 01 05 02 08 o0
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Since all the r¢’s are distinct, the size of the support is equal to N = 6.
The sampling design is given in Table 2.3.

Table 2.3 — Sampling design of Example 2.2

k S S» S3 Sz S5 Sg Tk
1 1 1 1 o 0 0 0.3
2 1 0 0 1 1 1 0.8
3 o 1 1 1 0 0 0.4
4 1 1 0 o 1 1 0.7
5 0 0 1 1 1 0 0.6
6 0 0 0 o} 0 1 0.2
p(si) 01 01 01 02 03 02 Y 7T=23

The sample s;, fori =1,..., N, is obtained when the uniform random
number u takes a value in [r(i),r(i +1)>- Thus, the probability of selecting

the sample s; is given by p(s;) = 1) — (), withry) = 1.

Example 2.3 Suppose that N = 6,n = 3 and that the 71;s, V}’s and r;’s are as in Table 2.4.

Table 2.4 — Support of Example 2.3

k1 2 3 4 5 6
Ty 0.2 07 03 0.6 04 0.8
Vi 02 09 12 1.8 22 3
x 0.2 09 02 08 02 o0

There are only 4 distinct values for the r¢’s: 0, 0.2, 0.8, 0.9, therefore, the
size of the support is equal to 4. The sampling design is given in Table 2.5.

Table 2.5 — Sampling design of Example 2.3

k S1 Sy S3 S4 Ty
1 1 0 o} o 0.2
2 0 1 1 0 0.7
3 1 0 o 1 0.3
4 0 1 o o 0.6
5 1 0 1 1 0.4
6 0 1 1 1 0.8

p(si) 02 06 01 01 Y, 7T=3

2.4 SYSTEMATIC SAMPLING IS A MINIMUM SUPPORT DESIGN

In order to show that systematic sampling is always defined on a mini-
mum support, we first prove Lemma 2.1.
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Lemma 2.1 Let p(-) be a sampling design defined on a support Q = {s1,...,s,}, and 7r be its
vector of inclusion probabilities. Let S be the matrix defined by S = (s1,...,84);

Ker(S) ={ueR:Su=0}and 1 = {u e R7: ¥}, u; = 0}. Then:

1. p(-) is a minimum support design if and only if Ker(S) N1 = {0},

2. if p(-) is a fixed size design then it is a minimum support design if and

only if the samples in Q are linearly independent, i.e. Ker(S) = {0}.

Proof. The case q = 1 is trivial, we will now assume that g > 2.

1.

- If Ker(S) N1y = {0} then p(-) is a minimum support design. We

will prove the contrapositive version: “if p(-) is not a minimum
support design then Ker(S) N1y # {0}”. Suppose that p(-) is
not a minimum support design, then there exists a sampling
design p*(-) defined on a strict subset of Q and that has the
same inclusion probabilities. Let p and p* be the vectors of
probabilities of the designs p(-) and p*(-) on the support O,
iep = (p(s1),...,p(sq)) and p* = (p*(s1),...,p*(s4))". Note
that p # p* since p has no null coordinates whereas p* does.
Moreover, we have

Sp = m, Sp* = 7. (2.1)

Hence p — p* is a non null vector in Ker(S). As p and p* both
sum to 1, p — p* is also in lqi, and thus Ker(S) N 1& # {0}.
This completes the first part of the proof.

If p(-) is a minimum support design then Ker(S) N1g = {0}. By
contrapositive: assume that Ker(S) N lé # {0}, we need to
prove that p(-) is not a minimum support design. Let A be a non
null vector in Ker(S) N 1# and p be the vector of probabilities
of the sampling design p(-). Then, for any real number y, we
have

S(p+ur) = m,

q
Y p(si)+pri = 1

i=1

Since, for each i € {1,...,4q}, 0 < p(s;) < 1, there exist u/ and
u? with p? < 0 < p! such that u € [pf, u?] < p(s;) +ur; € [0,1]
(if A =0, u? = —oco and ! = +0). As A # 0, there exists

p= mqalx piER.
1=

Then p + uA is a vector of probabilities with at least one null
coordinate. Hence it defines a sampling design on a support
strictly included in Q, and with inclusion probabilities 7r. It fol-
lows that p(-) is not a minimum support design and the proof
of the first statement in Lemma 2.1 is complete.
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2. If p(+) is a fixed size design and 1y is the vector (1,...,1)" in RV,
then 1S = n1;, hence Ker(S) C lé. In that case, Ker(S) N 1# =
Ker(S) and the second statement in the lemma is a direct conse-
quence of the first statement.

O

Systematic sampling is a minimum support design.

Proof. In order to apply Lemma 2.1, we need to show that the samples in
the support of a systematic sampling are linearly independent. Result 2.1
shows that the size of the support is equal to N if all the r; are distinct
and is smaller than N if at least two units have the same ;.

Case 1 The size of the support is equal to N.

All the rgyi=1,...,N, are distinct. Let S denote the matrix of the
N possible samples, i.e. S = (s1,...,sn). The samples are ordered ac-
cording to the N intervals {0, r(z)) , [r(z),r(g,)) PR [r(N),l) . We want to
show that S is a full rank matrix. Consider the matrix A defined by
A = (aj,...,aN_1,8N), where a; =s; —s;11,i=1,...,N—1,

1 0 ... ... 0
-1 1 0
A=S| 0 -1
.10
0 0 -1 1

Since A is the product of S with an invertible matrix, A and S have the
same rank.

The last column of A is equal to sy. If 1 < i < N —1, let us consider
the unit denoted k that corresponds to r(;,), that is to say rx = 7(;1q).
Necessarily, k < N —1 since ry = ra)- When u goes from the interval

|:7’(1-),1’(i+1)) to the interval [T’(i+1),1‘(i+2)), with T(N+1) = 1, the unit k is

removed from the sample s; and is replaced by the unit k + 1, to give the
sample s; 1. Hence, the column a; = (ay;) of A is given by

1 if ¢ =k,
a&': —1 lfgzk‘f’l,
0 otherwise.

Now, consider the N x N full rank matrix T = (&) , where

L1 iz
T 0 ifi<.

B ¢
TA_(O n)’

We obtain that
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Remark 2.1

where n is the sample size and ¢ is a column vector of N — 1 positive
integers. Indeed, the last column of TA is equal to Tsy. It follows that
¢ is the number of units in {1,...,k} that are selected in sy, and the last
coefficient in this column is the size of the sample sy.

The matrix Bisa (N —1) x (N — 1) permutation matrix that gives the

correspondence between (7(y),...,7(y)) and (r1,...,vN—1), and finally 0

is a row vector of zeros in RV~1. Indeed, if 1 < i < N — 1, the i" column
of TA has only one non null coefficient, equal to 1. It is on the row ¢ such
that a;; = 1, i.e. 1y = r(;;1). It follows that the last row of the N —1 first
columns of TA is null, as 7y = (1) and thereisno i € {1,...,N —1} such
that ry = 7(;41). It also follows that the matrix B = (bij) has exactly one
non null coefficient in each column and in each row. This coefficient is
equal to 1 and b;; = 1 if and only if r; = r(;,), which completes the proof
that B is a permutation matrix and that B (r(Z), e, r(N)>/ =(r,..., rN_l)'.
Therefore, the matrix TA has full rank, and so do A and S.

This part of the proof is easier to understand if we examine an example. If we take

the data of Example 2, all the ry are distinct. Thus the size of the support is equal
to N. We get

111000 0 0 1 0 0 0
100111 1 0 -1 0 0 1

s_|0111o00[, -1 0 0 1 00
11001 1]|" 0 1 0 -1 0 1|’
001110 0 -1 0 0 1 0
000001 0 0 0 0 -11
100000 001000
110000 10000 1
111000 000101

T=1111100|%TA=]0 100 0 2
111110 000012
111111 00000 3

In this example, one can observe that T and TA are full rank matrices. Thus, A
is full rank and S has the same rank as A.

Case 2 The size of the support is smaller than N

If all the r;, i = 1,...,N — 1, are not distinct, then by passing from
some sample s; to the sample s;;, more than one unit can be removed
from s; and thus more than one unit can enter s;,1. If, from s; to s; 1,
more than one unit is replaced, it is possible to construct one or several
phantom samples s/,s;,..., so that only one unit is replaced by passing
from a sample to the next one. If the creation of phantom samples is
repeated every time that two r; are equal, it is possible to complete the
support in order to obtain a sequence of N samples that have the same
properties as in Case 1. These samples are thus linearly independent, and
the subset of samples actually in the support is also linearly independent.
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Again, the proof is easier to understand if we examine an example. If we take the
data of Example 3, the r; are not distinct: 0, 0.2, 0.2, 0.2, 0.8, 0.9. The sampling
design is given in Table 2.6.

Table 2.6 — Sampling design of Example 2.3

k S1 S» S3 S 7Ty
1 1 o0 o0 o 0.2
2 0 1 1 o0 0.7
3 1 o o 1 0.3
4 0 1 o o0 0.6
5 1 o0 1 1 0.4
6 0 1 1 1 0.8
p(si) 02 06 01 01 Yy mT=3

Now it is possible to add two phantom samples s} and S;/ so that only one out
of the 3 selected units is replaced by passing from s to s, from s} to s, and from
s, to sy. These phantom samples are presented in Table 2.7.

Table 2.7 — Sampling design of Example 2.3 with two phantom samples

k S| S S; Sy S3 S84 Ttk
1 1 0o 0O 0 0 © 0.2
2 o 1 1 1 1 O 0.7
3 1 1 0o o o0 1 0.3
4 o o 1 1 o o0 0.6
5 1 1 1 o 1 1 0.4
6 o o o 1 1 1 0.8
p(si) 02 o o 06 01 01 Y, T=23

We can define the matrix S by

100000
011110
s_|1 10001
001100
111011
000111

With the same arquments as used in the previous case, it is possible to show that
S has full rank. Hence, the sampling design has a minimum support.

O]

REMARKS ON SYSTEMATIC SAMPLING

The previous results can be used to compute the joint inclusion probabil-
ities. Since the size of the support is small (at most equal to N), a simple
way, presented in Algorithm 2, consists in directly computing the support.
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Algorithm 2: Computation of the joint inclusion probabilities

Compute T(i)s i=1,...,D; T(D+1) = L
Fori=1,...,D

o Compute the sampling design p(s;) = (i11) — 7(j)-
o Compute u; = (r(11) +7(;))/2.
e Compute s; = (sy;,...,5ni) by

1 if there exists an integer j > 0
Sk = such that Vi1 <u; +j—-1<V,
0 otherwise.

Finally, the matrix of joint inclusion probabilities is given by

D
1= Z sisip(si).

i=1

The validity of Algorithm 2 derives from the fact that, at each step i,
a sample s; is calculated. This sample corresponds to the situation where
the random number u of Algorithm 1 ‘falls’ in [r(i),r(iﬂ)). Any number
between r(; and r(;;1) can be used to determine this sample. In Algo-
rithm 2, we use (7(;41) + 7(;)) /2. The probability of selecting the sample s;
is the length of the interval [r;), 7(;;1)) and thus p(s;) = (1) — (i)

This method is used in the version 0.2 of the ‘R’ sampling package
(see Tillé & Matei, 2005). Note that Algorithm 2 works even if all the r;’s
are not distinct. The computation of the joint inclusion probabilities of
Examples 2.2 and 2.3 of Section 2.2 are given in Tables 2.8 and 2.9.

Table 2.8 — Joint inclusion probabilities of Example 2.2

KN¢ 1 2 3 4 5 6
1 03 01 02 02 01 O
2 08 02 06 05 02
3 04 01 03 O
4 0.7 0.3 0.2
5 06 o0
6 0.2

The joint inclusion probabilities of Examples 2.2 and 2.3 present the
main drawback of systematic sampling: some of them are equal to zero.
A currently advocated solution to this drawback is called ‘random sys-
tematic sampling” and consists in randomly sorting the population before
applying systematic sampling. However, Brewer & Hanif (1983, Procedure
2, page 22) have given an example where, for any permutation of the pop-
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Table 2.9 — Joint inclusion probabilities of Example 2.3

KN¢ 1 2 3 4 5 6

1 02 O 02 O 02 O
2 07 o 06 01 07
3 03 0 03 o1
4 06 0 06
5 0.4 0.2
6 0.8

ulation, the joint inclusion probability of the two units with the smallest
1t’s is equal to zero. Here is another example:

Example 2.4 Suppose that N = 5,n = 2and 11 = mp = 025,713 = 4 = 715 = 0.5. The

1ti’s, Vi’s and ry’s are given in Table 2.10.

Table 2.10 — Values of rty, Vy. and ry for Example 2.4

k1 2 3 4 5
Ty 0.25 0.25 0.5 0.5 0.5
Ve o025 o5 1 15 2
e 025 05 O 0.5 O

Independently from the order of the units, the probability of jointly
selecting the two units that have their inclusion probability equal to 0.25
is always null. The joint inclusion probabilities of this example are given
in Table 2.11.

Table 2.11 — Joint inclusion probabilities of Example 2.4

K\ 1 2 3 4 5

1 025 O 0 025 O
2 025 O 025 O
3 05 0 05
4 05 O
5 0.5

Note that there are 10:(3) possibilities to arrange the ‘0.25" among the
5 units. We will not carry out the computation of the joint inclusion prob-
abilities for the 10 cases as it can be seen that, with systematic sampling,
only the relative positions, under cyclical order, of the units matter. So,
in order to cover all the situations, we just need to examine the first two
cases: 7w = (0.25,0.25,0.5,0.5,0.5)" and 7 = (0.25,0.5,0.25,0.5,0.5)".

The joint inclusion probabilities for the first case have already been
given in Table 2.11 while those for the second case are given in Table 2.12.

In both situations, it is impossible to jointly select the two units that
have the smallest inclusion probabilities. Since it is valid for the 10 possible
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2.6

Table 2.12 — Joint inclusion probabilities for the case w = (0.25,0.5,0.25,0.5,0.5)’

K\¢ 1 2 3 4 5
1 025 O 0o 025 O
2 05 0 0.25 0.25
3 025 O  0.25
4 0.5 0
5 0.5

permutations, the joint inclusion probability of the two units that have the
smallest inclusion probabilities is equal to zero.

We have seen that systematic sampling is a minimum support design.
Random systematic sampling consists in randomly choosing a minimum
support design, this choice being given by the N! permutations of the
population. It may happen that some samples will always have a null
probability of being selected. We show in the next section that it is always
possible to include any sample in a minimum support design. That means
that random systematic sampling does not randomly select a design in the
set of all the minimum support designs, but rather in a restricted subset
of this set. In the next section, we propose an alternate procedure for
randomly selecting a minimum support design whereby all the possible
samples have a positive probability of being obtained.

MINIMUM SUPPORT DESIGN

A minimum support design procedure was already proposed by Jessen
(1969) (see also Brewer & Hanif, 1983, procedures 35 and 36, pp. 42-43).
Hedayat et al. (1989, Theorem 2) have also proposed the method of empty-
ing boxes, but its implementation is limited to inclusion probabilities that
can be written as rational numbers. The minimum support procedure de-
scribed in this section is a particular case of the splitting method proposed
by Deville & Tillé (1998) (see also Tillé, 2006). A formal description of this
procedure is presented in Algorithm 3.

This algorithm provides a design that respects the inclusion probabil-
ities 7t, and that has a support of at most N linearly independent sam-
ples. This property derives from the fact that, at each step, the procedure
chooses one sample that is independent from all the other remaining pos-
sible samples or keeps going on. Indeed, at each step, either a group
of units is selected and completes the sample, or the procedure follows
through with at least one unit in this group that will not be selected in any
of the possible remaining samples or, alternately, one unit outside of this
group that is part of all the remaining samples. Note that the set D; can be
randomly chosen or not at each step of Algorithm 3. That means that any
sample s can be included in a minimum support design in this procedure,
it just needs to be selected at the first step Dy. In Table 2.13, with the min-
imum support design procedure, we have constructed a sampling design



2.6. Minimum support design

41

Algorithm 3: Minimum support procedure
Set 7t(0) = 7;
Fort=0,1,2..., and until obtaining a sample, i.e. a vector 7 (t)
with all its coordinates in {0,1}, do

1. define
Ay = {k:m(t) =0}, By = {k: m(t) = 1}, and
C = {k 0< ﬂk(t) < 1},

2. select a subset D; of C; such that cardD; = n — cardB; (D; can be
randomly selected or not),

3. define
T — 0 ifke AU (Ct\Dt),
k=11 ifke B, UDy,

a(t) = min{l—ker(rclﬁ%t) nk(t)’irelg}nk(t)}’

and
(0 if k € A,

1 if k € By,
= i (1)
1—al(t)

e (t) — a(t)
\ 1 _“(t>

if k € (C\Dy),

if k € Dy,

7t with probability «(f),

4 select m(t+1) = { n? with probability 1 — a(t).

that includes the two units with the smallest inclusion probabilities of the
Example 2.4 in Section 2.5.

Table 2.13 — Example of a minimum support design including the two units with the
smallest 71y

k s S> S3 S4 Tk

1 1 0 0 0 025
2 1 0 0 0 025
3 0 1 1 0 05
4 0 1 0 1 0.5
5 0 0 1 1 0.5
s 025 025 025 025 2

Since Algorithm 3 allows one to include any sample in a minimum
support design, an interesting alternative procedure to random systematic
sampling could consist in using Algorithm 3 and randomly selecting at
each step D; by simple random sampling. This new procedure could be
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called ‘random minimum support design’. Since at the first step each
sample can be selected, the ‘random minimum support design’ ensures
that all the samples have a positive probability of being selected. All the
joint inclusion probabilities are thus strictly positive, which is not the case
with random systematic sampling.

DiscussioN

The entropy of a sampling design is defined as
I(p) = = )_p(s)log p(s).

The entropy of a design (or of a probability mass function) is large when
the distribution is strongly spread on its support, and when the support
is large. Since systematic sampling has a minimal support, the mass prob-
ability is concentrated on a small set of samples. Therefore, systematic
sampling usually has a small entropy.

Even with random systematic sampling, some samples are never se-
lected, so the support of random systematic sampling is not maximal. The
minimum support design procedure described in Section 2.6 allows any
sample to be included in the support of the sampling design. The ran-
dom minimum support design, for example, has a maximal support, and
is likely to have a higher entropy than random systematic sampling. High
entropy is an important property when developing asymptotic arguments
for central limit theorems (see Brewer & Donadio, 2003; Berger, 1998).

If the units of the population are ordered according to an auxiliary
variable correlated to the variable of interest, systematic sampling pro-
vides a gain in accuracy. The variance is difficult to estimate, but there
are good conservative estimates of it (see Iachan, 1982). However, if the
units are not ordered, systematic sampling should be avoided, especially
in small populations, even if the population is randomly sorted before the
selection of the sample.

The implementation of random systematic sampling and of the ran-
dom minimum support design is available in the package ‘sampling’ of
the ‘R” language. The following code allows a sample of 20 municipalities
to be selected from the 44 municipalities of the province of Luxembourg
in Belgium.

> library("sampling");data (belgianmunicipalities)
> attach (belgianmunicipalities)
> Tot=Tot04 [Province==8]
> name=Commune [Province==8]
> pik=inclusionprobabilities (Tot,20)
> # selection of a sample with the random minimal support method
> as.vector (name [UPminimalsupport (pik)==117)
[1] "Arlon" "Attert" "Aubange"
[4] "Martelange" "Bastogne" "Fauvillers"
[7] "Houffalize" "Vielsalm" "Marche-en-Famenne"
[10] "Nassogne" "Herbeumont" "Libin"
[13] "Paliseul" "Wellin" "Libramont-Chevigny"
[16] "Etalle" "Meix—-devant-Virton" "Musson"
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[19] "Saint-Léger" "Virton"
> # selection of a sample with the random systematic sampling
> as.vector (name [UPrandomsystematic (pik) ==117)

[1] "Arlon" "Aubange" "Bastogne"

[4] "Vielsalm" "Gouvy" "Durbuy"

[7] "Marche—-en-Famenne" "Bertrix" "Bouillon"
[10] "Léglise" "Neufchéteau" "Saint-Hubert"
[13] "Wellin" "Libramont-Chevigny" "Florenville"
[16] "Meix—-devant—-Virton" "Musson" "Saint-Léger"
[19] "Virton" "Habay"

The municipalities are selected with inclusion probabilities proportional
to their number of inhabitants. The package is very easy to use, and we
suggest using the random minimum support design rather than system-
atic sampling.
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3.1

3.1.1

MINIMUM ENTROPY, MAXIMUM
ENTROPY AND EQUAL TREATMENT
OF VARIABLES

Abstract

We discuss some natural questions inspired by Chapters 1 and 2. In Chapter 1, it
is proven that conditional Poisson sampling associated with Horvitz-Thompson
estimators is uniformly more efficient than sampling with replacement. In Chap-
ter 2, we proved that systematic sampling is a minimum support design, and
stated without proof that minimum support designs should have a low entropy.
We begin this chapter by a short example in Section 3.1.1 that shows that system-
atic sampling is not uniformly more efficient than sampling with replacement.
Then, in Section 3.1.2, we study the entropy of minimum support designs. Fi-
nally, all these considerations on the entropy of sampling designs led to the in-
evitable question: why are we interested in that quantity when, in practice, all
that is of interest is the variance of Horvitz-Thompson estimators? The natu-
ral argument is that, by using a maximal randomization under some constraints
(size, inclusion probabilities), we should achieve a maximal equity of treatment
for the variables once the information in the constraints is removed (that is to
say, equity for some regression residuals). In Section 3.2, we study the dispersion
of variances of Horvitz-Thompson estimators for variables that lie on the unit
sphere of three natural metrics. We show that, in general, this dispersion cannot
be null for fixed size designs with unequal inclusion probabilities, and thus that
there cannot be a strict equal treatment of variables (orthogonal to the vector of
inclusion probabilities). We also show that conditional Poisson sampling does
not give a minimal dispersion.

CONSIDERATIONS ON ENTROPY

Entropy and superiority over sampling with replacement

There is no sampling design without replacement uniformly superior to
others with the same inclusion probabilities. One way to judge whether
a fixed size design with unequal probability allows to estimate totals for
all variables with a reasonable accuracy is to compare it to sampling with

45
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replacement. We have seen in Chapter 1 that maximum entropy sampling
with fixed size is more efficient than sampling with replacement. This
property has also been proven to hold for other sampling designs that can
be regarded as high entropy designs. All the quantities involved being
continuous functions of the sampling distribution, this property will au-
tomatically hold for sampling designs close enough to the maximum en-
tropy design. This result is not constructive, we remain unable to specify
explicitly what close enough stands for, or a lower bound on the entropy
of a sampling design that ensures that it is more efficient than sampling
with replacement.

We may examine the case of systematic sampling, which can be viewed
as a low entropy design, and compare it to sampling with replacement.
The variance of the Horvitz-Thompson estimator under 7rps systematic
sampling is complex as it depends on the order in the population. Nev-
ertheless, when all units have the same inclusion probability and when
N/n is an integer, we obtain simple expressions. Let us note Vjy the
variance of the Hansen-Hurwitz estimator of total of a variable Y under
sampling with replacement, and target inclusion probabilities 77;; = n/N,
for all k € U, and Vsysr the variance of the Horvitz-Thompson estimator
under systematic sampling with replacement. Then

N(N—-1) 2 1 V)2
Vi = ———=5%, where Sy = —— Y (= Y)7,
n N-1/=
and Y is the mean of Y. In this case, systematic sampling results in ex-
actly K = N/n samples sy, ...,sx having a non-null probability of being

selected. If we note

Siy) = Y (vi— Y% k=1,... K,

and S%K = —— Y (Y—Y)7?

with Y, the mean of Y in the sample s;, we have:
VSYST = NI’I(K — 1)5%}(

Using the relation
(N=1)$ =n(K-1)$3, +(n—1) }_ S(y),
we obtain

K
Vsyst — Vi = (n — 1) (VHH -N) 5%(.‘%)) .
k=1

Now this quantity is not always positive, and we know that systematic
sampling can be optimal, for the estimation of the total of a variable Y
linked to the inclusion probabilities by the superpopulation model given
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in Hajek (1959). And indeed, when the dispersion in the samples is such
that 53 = S?(y) = S? for all k, the last equation yields

N(n—1)

Vsyst — Vi = — s2.

When the mean of Y is equal in each cluster to Y, systematic sampling
gives a perfect estimator. But when on the other hand S?(y) = 0 for all
k, then Vsyst = nVyy. Consequently, systematic sampling fails to be an
acceptable design for all variables.

Entropy and size of the support

It is stated in Chapter 2 that minimum support designs usually have a
small entropy. we shall try to give a more precise meaning to this general
statement. We begin with some simple geometrical considerations. If N is
the size of the population U, the maximal support of a sampling design
on U is the set S of vertices of [0,1]N (we will use the notation S for the
matrix that has these vertices as columns) and all sampling designs can
be represented by 2N-vectors p = (p1,...,pon), with 0 < p1,...,pov <1
and ) ;p; = 1. Sampling designs that have a given vector of inclusion
probabilities T = S-p = (my,...,N)" form a convex polytope, noted
Cy, of R2. If 7t is a 0, 1—vector, C is degenerate, but if the inclusion
probabilities are not all equal to 0 or 1, this polytope holds more than one
sampling design vector. Furthermore, if ) ; 71, = 1, we can consider C}. the
intersection of C, with the polytope of sampling designs with fixed size
n, and S, the subset of all samples of size n. The entropy of a sampling
design p € Cy is defined as:

e (ymomy = —5en)
p=(p.--,pn) +— —Yipilogp: )’

where 0log0 = 0. Maximum entropy sampling designs in C (resp. C%)
have a support equal to S (resp. S;). At last, we get to the point:

1. Minimum support designs are the extremal points of Cr, or of C. if we
consider fixed size designs only.

2. Entropy reaches its local minima in Cr or Cl, at minimum suport designs,
and a design that is a global minimum of entropy is also a minimum support
design.

A proof of 3.1 is given in the appendix, Section A.1, page 115.

o Minimum support designs do not all have the same size of support, even if we
restrict ourselves to fixed sample size designs, and they can have different
entropy. For example, if N =4,n=2,m =1/3, mp =2/3, 13 = 2/5,
s = 3/5, we consider the sampling design p1(-) given by systematic
sampling with the initial order on the population and the sampling, and
represented by a vector p1, design p(-) given by systematic sampling when
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units 2 and 3 are permuted and represented by py. We have that:
(L3) = m23D) =3 pil{24) = o
Pl s - 15/ Pl Y - 15/ Pl Y - 15/

5 1 5
p{L2) = o pi32) =1 P34 =,

4
p({24) = 1,
H(p1) = 0.85, H(p2) =~ 1.27.

o Not all minimum support sampling designs can be obtained with systematic
sampling or algorithm 3. Formally, let C be the set of minimum support
designs, C' be the set of sampling designs given by systematic sampling
for all N! permutations of the population and C? be the set of sampling
designs given by the minimum support algorithm 3 for any choice of the
sets Dy. Then, in general, C' and C? are strict subsets of C, C'\C? # @,
and C?\C! # @. The fact that algorithm 3 can reach sampling designs
that cannot be obtained with systematic sampling and any order on the
population is the reason for which we advocate the use of this algorithm,
and we gave in example 2.4 a case that proves that there is no reason for
C? to be a subset of C1. On the other hand, there are designs in C' that are
not in C2. For example, if N =7,n =2, m1 =02, mp =0.2, 13 = 0.2,
g = 0.5 715 = 0.15, g = 0.2, 17 = 0.55, systematic sampling with the
initial order in the population has the following support:

1100000
0011000
000O01T1O0
S,=(1 0 0 0 0 0 1,
0110000
0001100
000O0O0OT1T1

and this support cannot be obtained with algorithm 3. Indeed, algorithm 3
is such that, at each step, a decision is made that forces one unit to be in all
remaining samples or in none of them. So, if one of the columns of S, was
the first sample Dy that can be selected by the algorithm, there would be at
least one of the units in this sample that would not be selected again or one
unit outside of Dy that would be part of all remaining samples. That is not
the case since every unit is selected in exactly two samples here: no unit is
elected in six samples and no unit is selected only once.

o My initial idea was that all minimum support designs are local minima of
the entropy, however the proof of this statement still eludes me.

DISPERSION OF THE VARIANCE OF HORVITZ-THOMPSON ES-
TIMATORS

Among other motivations for using high entropy sampling, one is that it
is by definition a method that gives a sampling distribution with a max-
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imal dispersion under the constraints it has been imparted. In that way,
we hope that it manages not to disfavor or on the contrary to favor the
estimation of a variable more than necessary. It is viewed as a safeguard
against unwanted artefacts that could be introduced with other sampling
algorithms (e.g. systematic sampling). Ideally, we would want totals of
all variables in RN or in a linear subspace, and having the same norm for
some given metric, to be estimated with the same precision. A related
problem, is to find a design that minimizes the maximum variance of es-
timators for such variables. Gabler and Stenger gave several results on
minimax strategies in survey sampling (on this subject, see Wynn, 1976;
Stenger, 1979; Gabler, 1990). They derived in Stenger & Gabler (1996), for
any given metric on the space of centered interest variables, a lower bound
for the ‘minimax value’ of fixed size designs. They also computed second
order inclusion probabilities of a sampling design that would reach this
bound. In general, however, the existence of a sampling design that attains
this bound cannot be guaranteed.

We give here a different approach as we restrict ourselves to the
Horvitz-Thompson estimator. We give some results on the minimaxity
of maximum entropy sampling designs, and also study a simpler, if less
useful, property than the minimax property. We consider the dispersion
of the eigenvalues of the variance operator associated with a sampling de-
sign with given inclusion probabilities and try to minimize or maximize
this dispersion. We show that it is impossible to treat equally all vari-
ables orthogonal to the inclusion probabilities in a fixed size design when
these inclusion probabilities are not all equal. We give additional results
on maximum entropy sampling, in the case of random size sampling and
fixed size sampling, minimum support designs, and on dispersions in dif-
ferent metrics.

Definitions - Notations

Let p(-) be a sampling design without replacement, with inclusion proba-
bilities 71, k € U, covariance matrix A,

A = [Myl], k,¢{=1,...,N, where

support Q, = {s1,...,sp} and support matrix S, = (s1]...[sp). Let also
V,, denote the covariance matrix of the Horvitz-Thompson estimator for
p(-), Vp = ® 'ADP !, with @ the diagonal matrix that has coefficients 7,
on its diagonal,
T
D= ,
TIN
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and
1—m 12— 711702 7T1,N — 711 1IN

ys 11 7T T TN

M,2 77T

- syy)
v, .
TN T TIN 11—ty
B e R 7N

Let Y denote the Horvitz-Thompson estimator of the total of a variable
Y = (y1,...,yn)’. Its variance is given by

Varp(f/) =Y'V,Y.

If Ay < ... < Ay are the eigenvalues of V;, and (Xj,..., Xy) is an or-
thonormal basis of RY such that X; is an eigenvectors of V, for the eigen-
value A;, i =1,...,N, then

~ -~

vary(Xq) < ... <vary(Xn).

Let D be a symmetric positive matrix of size N and note |-||p the
associated metric on RY, defined by:

Y|, = Y'DY, Y € RV,

We consider the variance of Horvitz-Thompson estimators of totals of vari-
ables that lie in the unit sphere of ||-||.

Let r(p, D) be the maximum variance of the Horvitz-Thompson estimator of the
total of a variable that lies in the unit sphere of || || .-

r(p,D) =max {Y'V,Y | YYDY < 1}.

A sampling design that minimizes r(p, D) is called a minimax sampling design
for the metric D.

Naturally, 7(p, D) is the largest eigenvalue of the matrix M defined by
M=D :V,D %
If Ay, ..., AN are the eigenvalues of M, and if A; < ... < Ay, we have that:
MYllp < var(Y) < An Y]

There is no point in considering all possible metrics D. For example, if
V, is non degenerate and D = V,, M is the identity matrix I. If V,
could be any symmetric positive or semi-definite matrix, and if we knew
how to obtain a design with that covariance matrix, we would stop here.
Unfortunately, this is not the case (see for example Sinha, 1973; Gabler &
Schweigkoffer, 1990). An interesting property would be to estimate with
the same precision all variables that lie on the unit sphere of some metric.
For this we will need the following definition.
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Let d(p, D) be the sum of squares of the eigenvalues of M,
d(p,D) = (Af+...+A%).

When, D is diagonal, the sum of the eigenvalues of M is determined by the first
order inclusion probabilities, and we will consider their dispersion:
1 1 )
(5(p,D) = Nd(p,D) — ﬁ (/\1 —+ ... +)\N) .

When 6(p, D) = 0, all variables that lie on the unit sphere of ||-||, have
their totals estimated with the same precision.

In minimax problems, the object of interest is the maximum norm of
A = (Ay,...,AN)". Results on ||A||,, are of course much more interesting
than results on ||A]|, as they give an upper bound for the risk r(p, D).
But they are also much more difficult to obtain since it is, in general, not
possible to extract the exact value of the largest eigenvalue of M from its
coefficients. Later on, we will use the relation HAH% = Tr(M?) to derive
properties of sampling designs that minimize d(p, D).

We are particularly interested in three diagonal metrics: D =1,D =¥,
where Y is the matrix with (1 — )/, ..., (1 — 7ty) /7ty on its diagonal

and 0 elsewhere,
1— Usi
sl

Y =

1—7‘[N
TN

This metric allows to compare the variance of Horvitz-Thompson estima-
tors under a sampling design with the variance under Poisson sampling
with the same inclusion probabilities. In that case, we will note 1~/p = M.
Remark that

1 TT1,2 7017 — TT,N—TUTIN .
[ (1=m) 2 (1-712)] 2 [ (1—m1) i (1-7)] 2
M2 —77T . . :
V,= | mO-mmi-m)? ' )
”LN_.HWN e e 1

[ty (1= 711 ) e (1—72w)) 2

is the matrix of correlation of indicators Ii(s),

lifk €s, _
Ii(s) = { 0 otherwise k=1,...,N, s € Q,.

And for fixed size designs, we will also consider the case D = ® ! thatal-
lows to compare the variance of the Horvitz-Thompson estimator with the
Hansen-Hurwitz formula of variance. In section 3.2.2 we give results on
d(p,D) and r(p, D) for random size maximum entropy sampling designs
and a choice of D. In section 3.2.3, we give results for fixed size sampling
designs. We also give necessary conditions for a sampling design to be an
extremum of d(p, D) and prove that conditional Poisson sampling is not a
minimum of d(p, D) nor of r(p, D) for all three considered metrics.
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Proposition 3.2

Dispersion for random size designs

We consider the case where D is the identity matrix I, so that we compare

~

var(Y) with ||Y]|,. We have

No1-m\? Y T o — TTp \ 2
_ 12 2 k kA k/te
dlp,I) =AT+...+A5 =) < — > +Y) (> ,

k=1 k=1 %k Tt

where Ay,..., Ay are the eigenvalues of V,. We can consider the disper-
sion of the eigenvalues:

1 1
5(p. 1) = (P 1) — 55 (Mt + An)”.

When this dispersion d(p,I) is null, all variables Y that have the same 2-
norm are estimated with the same precision. When this dispersion can not
be null, as with unequal probability sampling designs, we can still look
for designs that minimize this dispersion. The next proposition states that
maximum entropy sampling is one family of designs that minimize é(p, I).

Maximum entropy sampling designs minimize the dispersion 6(p, D) in the
following cases:

1. 6(p, 1) is null for the Bernoulli sampling design,

2. for a given vector of inclusion probabilities, Poisson sampling design mini-
mizes §(p,1).

3. Poisson sampling design also minimizes r(p,I).

A proof of 3.2 is given in appendix, Section A.2, page 116.

Remark 3.2 We are looking at properties that depend only on first and second order inclusion

probabilities and which can not completely characterize a sampling design, except
in very special cases, for example for fixed size sampling of size 2. In general
there exist several sampling designs that have a same given set of first and second
order inclusion probabilities when the number of samples in the maximal support
S={scU}orS, ={s C Us.t |s| = n} exceeds N(N +1)/2 (on this
subject, see Wynn, 1977).

With unequal probability sampling, é(p, I) can not be null, but there is
another measure of dispersion that can be. Let V, be the matrix given by

I7p = ‘I’_%VP‘I’_%. We have:
var,(Y) = Y/‘I’%IN/p‘I’%Y,

and in the case of Poisson sampling, f/p is the identity matrix. All the
variables that have the same norm in the metric induced by ¥,

o1 — 7

N
Y||2 = YYY = ,
1Yy k:Zlyk -
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have their total estimated with the same performance under Poisson sam-
pling. We can thus consider another measure of dispersion, é(p,¥) de-
fined to be equal to the dispersion of the eigenvalues of V:

1 1 - < \2
5(pY) = Nd(;a,‘l’) N (A +...+AN)7,
where Aq,...,AN are the eigenvalues of f/p. The dispersion (p,¥) is
minimal exactly when d(p,¥) is minimal. Proposition 3.2 translates in
term of 4(p,¥) and r(p, ¥) to:

1. For a given set of inclusion probabilities Poisson sampling design mini-
mizes d(p,¥Y) and 6(p,¥), and is such that 5(p,¥) = 0.

2. Poisson sampling design P (-) also minimizes r(p,¥) in the set of sampling
designs with given inclusion probabilities (11, ..., tn), and r(P,¥) = 1.

o When p(-) is a sampling design with equal inclusion probabilities, V, and
V,, are proportional, and so are 5(p,1) and 5(p,¥). In general, when V,,
is not diagonal, there is no obvious reason for 6(p, 1) and 5(p,¥) to satisfy
a monotony property. For example 6(p1,1) < 8(p2, 1) does not necessarily
imply that 5(p1,'Y) < 6(p2, ¥).

o The minimality of 6(p,¥) and 6(p,1) is obtained with Poisson sampling,
but also with any other sampling design such that my, = ey, for all
1<k#{¢<N.

e Poisson sampling design P(-) minimizes r(p, D) for any diagonal metric
D.

Dispersion for fixed size designs

If p(-) is a fixed size sampling design, there is one direction that is natu-
rally advantaged: the estimator of the total of 7t is always equal to its true
value n. Hence the smallest eigenvalue of V, is null. If ty is the total of
Y, and we note Y ZA(T[kty/ZTCi), k=1,...,N,and Z = Y — Y, then we

have var(Y) = var(Z). In this case, as in Cheng & Li (1983), it is natural
to compare var(Y) with ||Z||%. We still have:

r(p,D) =max{Y'V,Y =27'V,Z | Z’DZ < 1}.

Indeed, r(p, D) is also equal to the largest eigenvalue of the matrix M
defined as the restriction of M = D*%VPD*% to the orthogonal of D:rr.

In fact, instead of Z = Y — Y, we can use any variable of the form Y —arr,
and have the same value for r(p, D). For example, we can consider

5y _ gphkeu ﬂka.
Lkeu T
Naturally, the eigenvalues of M are the ‘other’ eigenvalues of M (there

could still be a zero in the spectrum of M, if the sampling design is bal-
anced on some other variable, but with an order of multiplicity decreased
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by one). If D =1, then

var(Y
r(p,I) =sup S(Z ),
Y#0 Y

is, up to a multiplicative coefficient, the design effect of p(-). Another
metric of interest is D = ®~!. The variance of the Hansen-Hurwitz esti-
mator of Y under the with-replacement sampling design, with parameters
px = 7T/ n, is equal to:

vargu(Y) = Y 7 (yk - Y>2 —y-v

and the main result of Chapter 1 is that, if CP(+) is the conditional Poisson
sampling design, r(CP,® ') < 1.

The value of d(p, D) is also obtained as the 2-norm of the eigenval-
ues of M. Instead of dispersions é(p,1) and 6(p,¥) that will always be
positive, we can define:

1
s (A4 ...+ An)?,

5(p,D) = ——d(p,D) - e

N-1

the dispersion of the eigenvalues of M. §(p, D) can be null, and is linked
to 6(p, D) by:

5(p,D) = (1-&7) 5(p,D)+N(Nl_1>(A2+...+AN)2.

Maximum entropy sampling without replacement with fixed size and
equal inclusion probabilities is equal to simple random sampling design.
It has a uniform variance operator for all centered variables. All the non-
null eigenvalues of its variance operator for the Horvitz-Thompson esti-
mator are equal, that is to say: 5(p,1) = 0. This last property can not be
obtained with an unequal probability sampling with fixed size as stated
in proposition 3.4.

Proposition 3.4  The following statements hold:

Remark 3.4

1. simple random sampling minimizes the dispersion §(p,1) and has a null
dispersion 5(p, 1),

2. if the inclusion probabilities are not all equal and N > 3, 5(p, 1) is positive,

3. 6(p,Y) can only be null in degenerate cases where 71y takes only two dif-
ferent values that sum to one, and V, is the same as in simple random
sampling.

A proof of 3.4 is given in appendix, Section A.3, page 117.

Simple random sampling also minimizes r(p, ) (see for example Gabler, 1990).
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Proposition 3.4 proves that if the 71 are not all equal, no sampling
design with fixed size and inclusion probabilities 77} has a variance matrix
that is proportional to the orthogonal projector on the orthogonal of 7r. It
also states that ‘7p can only be proportional to the orthogonal projector on

> !/
in very special cases. An unequal probability sampling design will thus
never give equally precise Horvitz-Thompson estimates for all the normed
variables in the orthogonal of the privileged direction, using the standard
metric or the ¥ metric. We may still inquire which sampling designs min-
imize dispersions 3(p, 1), 6(p,'¥) and 6(p, ® '), for a given vector of in-
clusion probabilities, and whether maximum entropy sampling with fixed
size is one of them. The answer, as could be expected is negative, as we
will see shortly. We will also see that maximum entropy sampling with
fixed size and unequal inclusion probabilities does not in general mini-
mize r(p,1), r(p,¥) or r(p, @ ).

The following proposition gives necessary conditions for a sampling
design with given inclusion probabilities to be a local extremum of
d(p,D), and thus, when D is diagonal, of é(p, D). It is not specific to
tixed size sampling designs, but also gives necessary conditions to mini-
mize §(p, D) when D is diagonal and p(-) is a fixed size sampling design.

the orthogonal of the vector T = ¥,

NI=

1 1
T = <7‘[12(1—7T1)%,...,7T12\](1— TIN)

For a sampling design to be a local extremum of d(p, D), it must satisfy the
necessary condition that there exists a (N + 1)—vector (Ao, ..., An)’ solution of
the linear system of P equations:

ke
= Ao+ Y Ak (3-1)
kes; fGS,’ ﬂkﬂ[ kes;

foralls;, i =1,...,P, where ay, are coefficients of the matrix D :MD:.

A proof of 3.5 is given in appendix, Section A.4.1, page 121.

Remark 3.5 The condition in Proposition 3.5 can be stated shortly as

Corollary 3.1

Diag(S,0S;) € Im(S,),

where () = Cb’lD*leD*l(Ifl, Diag(-) is the operator that returns as a vector
the diagonal of a matrix, and §p is the matrix S, augmented with a line of 1.

We give some direct and more explicit applications of Proposition 3.5
in Corollary 3.1.

1. For a sampling design with given inclusion probabilities to be a local ex-
tremum of the dispersion 8(p,1), it must satisfy the necessary condition:
there exists a (N + 1)—vector (Ag,...,AN)’ such that

TTk,0 1
1) = Aot ) M
Icezsiéezsi<nkn€ )ﬂkﬂ'f 0 Z k

kes;
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Corollary 3.2

foralls;,i=1,...,P.

2. For a sampling design to be a local extremum of the dispersion 6(p,¥)
under the same conditions, it must satisfy the necessary condition: there
exists a (N + 1) —vector (Ao, ..., AN)’ such that

L (ol ) R+ D

kes; les; - 7Tk)7—([(1 - TCZ) kes;

foralls;,i=1,...,P.

3. For a sampling design to be a local extremum of the dispersion 6(p, ® 1)
under the same conditions, it must satisfy the necessary condition: there
exists a (N + 1) —vector (Ao, ..., AN)’ such that

Yo ) Me=Ao+ ) A

kes; les; kes;
foralls;,i=1,...,P.
4. Let us consider a metric my defined by

-5 )

kel

where f(-) is a positive function on [0,1], and note Dy the associated
diagonal matrix. We get that a sampling design that is a local ex-
tremum of 5(p, D) must satisfy the necessary condition: there exists a
(N + 1)—vector (Ag, ..., AN)’ such that

Ao f2(mi) f2(mp)

TGcTty Tk 7Ty

= Ao+ Y A

kes; Les; kes;

foralls;,i=1,...,P.

Finally, we can use statements 1, 2 and 3 of Corollary 3.1 to observe
on numeric examples that maximum entropy sampling with fixed size is
not a local extremum of d(p,D) or §(p,D), D = I,'¥, ® . But we get in
return that minimum support designs are natural candidates to be local
extrema.

1. Maximum entropy sampling with fixed size usually does not satisfy the
preceding conditions and thus is not always a minimum of 6(p, D), D =
LY ® .

2. Maximum entropy sampling with fixed size is also not always a minimum
ofr(p,D),D =1L¥,& L

3. A minimum support design, such as systematic sampling, always satisfies
the preceding conditions and thus may be a local extremum of d(p, D),
5(p,D), or §(p, D) for any metric D.

A proof of 3.2 is given in appendix, Section A.4.2, page 122.
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CONCLUSION

These negative results show that good properties of Poisson sampling do
not extend to fixed size sampling with maximum entropy. They also show
that it is not possible to have an equal treatment of variables orthogonal
to 7t using the most natural metrics. Poisson sampling design minimizes
r(p,D) and d(p, D) for all diagonal metrics D thanks to the fact that it is
a design for which indicator variables I;(-), k = 1,..., N, are not pairwise
correlated. The preceding results on conditional Poisson sampling not
minimizing d(p, D) with D = I, ¥, or ¢! can also be interpreted from
this point of view. They can be translated to: conditional Poisson sampling
is not a sampling design that minimizes

Z Z wkngig,

kel (#k
with weights wy, k € U equal to 7, 2, [71(1 — )] or T

We gave in Corollary 3.1 necessary conditions for a sampling design to
minimize one of these quantities. Unlike in Stenger & Gabler (1996), we
do not compute the second order inclusion probabilities of that sampling
design, but we know that a sampling design exists that satisfies these
conditions and minimizes d(p, D), with D =1, ¥, or ¢ L.

Conditional Poisson sampling is also not a sampling design that min-
imizes the maximum risk r(p, D) for this choice of metrics D, and using
the Horvitz-Thompson estimator. With a diagonal metric, and the param-
eter space of centered variables, Stenger & Gabler (1996) found out that
the Lahiri-Midzuno-Sen sampling design (see Midzuno, 1950; Brewer &
Hanif, 1983) could be used to obtain a minimax strategy. This sampling
algorithm, however, requires severe conditions on the inclusion probabili-
ties. The problem of finding a sampling design that gives a minimum risk
for any set of inclusion probabilities is still unsolved.
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VARIANCE ESTIMATION OF
CHANGES IN REPEATED SURVEYS
AND ITS APPLICATION TO THE
SWISS SURVEY OF VALUE ADDED

Abstract

We propose a method for estimating the variance of estimators of changes over
time, a method that takes account of all the components of these estimators:
the sampling design, treatment of non-response, treatment of large companies,
correlation of non-response from one wave to another, the effect of using a panel,
robustification, and calibration using a ratio estimator. This method, which serves
to determine the confidence intervals of changes over time, is then applied to the
Swiss survey of value added.’

Keywords: Covariance, Stratified sampling, Panel

INTRODUCTION

In longitudinal surveys, the precision of changes over time depends di-
rectly on the rate of overlap of the samples. We begin by reviewing known
results for disjoint simple designs (on this subject, see Kish, 1965; Sen,
1973; Wolter, 1985; Laniel, 1988; Hidiroglou et al., 1995; Holmes & Skin-
ner, 2000; Nordberg, 2000; Fuller & Rao, 2001; Berger, 2004b). Next, we
calculate the variance of such changes for simple designs in which the
samples overlap. When the sampling ratios are very low, most of these re-
sults are well known and are described, for example, in Caron & Ravalet
(2000). Results that take account of finite population corrections can be
seen in Tam (1984).

'This chapter is a reprint of: QUALITE, L. & TILLE, Y. (2008). Variance estimation
of changes in repeated surveys and its application to the swiss survey of value added.
Survey Methodology 34, 173-181.
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4.1

We precisely calculated the variances of estimators for a larger class
of sampling designs with a finite population. Finite population correc-
tions can play a major role in business surveys, since large companies are
sometimes selected with very high probabilities of inclusion. The calcu-
lations become much more complicated with a finite population for the
following reason: if the size of the population is finite, two disjoint sam-
ples are not independent. If the population is infinite, two independent
samples are disjoint. Several estimators are examined: the difference of
the cross-sectional estimators; the difference estimated solely on the com-
mon portion; and relative changes. The calculations become even more
complex when the population is dynamic (with births, deaths, changes
of structure). The theory that we develop below is limited to the case in
which the population does not change over time.

In the first part, we describe the two-dimensional simple random sam-
pling design (on this subject, see Goga, 2003) and we give the correspond-
ing Horvitz-Thompson estimators. We calculate the variance of the esti-
mator of changes that is based on this sampling design. In a second part,
we give the variance of other simple estimators: the relative change or
the totals quotient, and the difference estimator based on the overlap of
the samples. We then describe how these results adapt to the presence of
ignorable non-response and the use of more complex estimators, which
introduce weights modified to obtain calibrated estimators, or variables
modified by a robustification procedure.

These results for simple designs are easy to generalize to stratified
designs, provided that companies do not change strata from one wave to
the next. Lastly, we apply this method to the Swiss survey of value added,
taking all components of the survey into account: stratification, the panel
effect, non-response, correlation between non- responses from one wave
to the next, calibration using a ratio estimator, and robustification.

ESTIMATION OF THE DIFFERENCE IN SIMPLE DESIGNS

Let there be a population U = {1, ..., k, ..., N} of size N in which two sam-
ples are taken: s; and s, of respective sizes n; and n,. These samples may
have a common portion (see Figure 4.1).

S1 52

Figure 4.1 — Overlapping samples

Assume that s; and s, are samples taken according to a simple design
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without replacement, and sizes 1, et n; are therefore not random. Samples
s; and sy can be broken down into three parts sy, = s1\s2, sp = s2\s1,
and Sc = 81 M so. Let ng = |SA|, np = |SB|, nc = |Sc|, ny = np +ng,
ny, = np+ nc. The sizes of s4, sp, et sc, may be random. This design
generalizes the following hypothetical cases:

e If samples s; and s; are selected independently, n¢ is then a random
variable;

e If sample s; is selected first, and sample s; is selected in the comple-
ment of s; in U, then sc is empty and n¢c = 0;

o If sample s; is selected first, and sample s, consists of the union of
a subsample of fixed size of s; and a sample of fixed size of the
complement of s; in U, then n¢ is not random, and the situation is
the same as in case A of Tam (1984).

We make the additional hypothesis that conditional on n4, ng, and nc,
samples s4, sp, and sc, are simple, without replacement and of fixed size.
They come from the following sampling design:

Two-dimensional simple fixed-size sampling design (na,ng, nc):

nA!nB!Vlc!(N—HA—HB—Vlc)!
!

sing =|sal,
Psimpi (51, 82|14, 1p,1C) = np = |spl, nc = [sc|
0 otherwise,

where sp = s1\s2, Sp = s2\s1 and sc = s1 N sy (on this subject, see Goga, 2003).

The law for drawing the pair (s1,s2), which we do not know in general,
is thus assumed to be of the form

p(51,52) = Psimpi (51, 52|14, 1, 1c) Pr(|sy Nsz2| = nc).

Let there be two variables x and y whose values, taken on the units
of U are denoted respectively x; and v, k € U. Variables x and y may
represent the same variable measured at two different times. Also assume
that x can be observed only for s; and y for s;. The objective is to estimate

the totals
X=) xeand Y =)y
kel keUu

as well as the difference Y — X. The Horvitz-Thompson estimators of X
and Y are given by

Xlzﬁ Zxkandf/z:
m kesy

Z Y-

kesy

N
np



64

Chapter 4. Variance estimation of changes in repeated surveys

4.1.1

Proposition 4.1

Natural estimation of the difference
Variance of the estimation of the difference

A first approach for estimating A = Y — X is to use the difference of the
cross-sectional estimators A = Y, — X1 which is an unbiased estimator
conditional on n¢ according to the following simple design:

E(Alnc) =Y - X,
and is therefore also unbiased under design p unconditional on 7c.

The variance of A is

~ 1 1 1
_ N2 2 2 2\
var(A) = N <n1 > Si+N (nz N) Sy

2 (nc) 1
—2N ( s N> Sxys (4.1)
where 1 ,
P=—- VY (q—X)? S2=——-Y (y—Y)?
: N-1 kel Y N-1 kel
1 _ _
Sxy: m (xk_X)<yk_Y)'

kel

The demonstration of (4.1) is appended.

Specific cases and precision gain

Result (4.1) can be used to deal directly with the following specific cases
of co-ordination:

o if the two samples form a panel, nc = n; = ny, then

~ 1 1
var(A) = N? <nc - N) (S%+S; — 25xy).

o if the samples are disjoint (also see Ardilly & Tillé, 2003, pages 24-
28), nc =0, and

~ 1 1 1 1
— N2 2 2 2
var(A) = N <nl — N> Sy +N (nz - N) Sy +2NSyy.
Surprisingly, the covariance does not depend on the sizes of the sam-
ples. It is negative if x and y are positively correlated, and it becomes
negligible in relation to the variance terms when the size of the pop-
ulation is large;

e if g is the set rate of overlap of the two samples and n; = ny = n,
we are back to case A developed by Tam (1984). We then obtain
nc = gn, and

~ 1 1 1
Var(A) = N2 (n — N> (5326 + S;) — ZNZ (Z — N> Sxy.
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e if the two samples are independent, E(n¢) = nyny/N, and we have

~ 1 1 1 1
2 2 2 2
= I —— S N - - T .
VaI‘[ND(A) N < ) N) X + ( ) N> Sy

If the size of the population is large and if the variables x and y have
dispersions that are close to one another, the gain (or loss) of precision due
to co-ordination in relation to the selection of two samples independently

1S
variNp <A>

where p is the coefficient of correlation between x and y, p = S,,/5xSy
and g is the overlap rate, g = 2E(n¢)/ (11 + n2). Expression (4.2) provides
a simple multiplicative coefficient serving to take account of the effect of
correlation and overlap.

Estimation of the variance of A
To estimate the variance, two cases must be considered:

e if E(nc) is known, which may be the case (for example, when the
two samples are known to be independent), then

~ 1 1 1 1
Tar(A) = 2( - - 2 N2 - 2
var(A) = N (Tll N> s¥1 + 5 N Sy
E(Tlc) 1
_IN?2 _
2N ( s N) SxyC- (43)
where
2= Y- = —— Y (- 2)?
1 m—14 T o m 14
and ,
SwC = > (xk — Xc) (v — Jc)-

Sc
This estimator is unbiased, but it can sometimes take on negative
values;

e if E(n¢) is not known, the only information concerning co-ordination
is nc.

PR 1 1 1 1
Var(A) = N2 < — N> 52261 + N2 <1’12 — N) S;Z

n 1
—2N? (nlrclz - N) SxyCr (4-4)

This estimator is unbiased conditional on n¢ and is therefore also
unconditionally unbiased. It can also sometimes take on negative
values. We will see further on that in some applications involving
non- response, E(#n¢) is not known.
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4.1.2

To use estimator (4.3), it is necessary to have at least two units in the
overlap of the samples (nc > 2), unless E(nc) = niny/N. If E(nc) =
ninz/ N, which is the case when the two samples are independent, the
third term of estimator (4.3) is nil. As to estimator (4.4) it is not defined
when nc = 1, unless n1n, = N.

Estimation using the common portion

The difference can also be estimated using only the common portion of
the sample, which yields the estimator

Ac = N(Yc —Xc),
with - = % Ykesc Yk and X¢ = % Ykesc Xk This estimator is unbiased

unconditionally and conditionally on 7.

Estimation of the variance of Ac

The conditional variance of Ac is equal to

~ 1 1
_ N2 2 2
var(Ac|nc) = N (”C = N) (Sy + 5% —25xy).
The unconditional variance is equal to
var(Ac) = N? |E ) (S2+ 82 -2S,,)
<) ne N| VYO TH W

This unconditional variance may be difficult to calculate when n¢ is ran-
dom.
Comparison of the variances of A and Ac

If we want to compare the two estimators of the difference, we can calcu-
late

var(A) — var(Ac) = N? [7111 —E <nlc)] S; + N? [7112 —E (;C)] s2
—2N? ﬁ(l”n‘:z) —E (;Cﬂ Sy-

Sing=ny=mn,8S2= S; = 52, et E(1/nc) =~ 1/E(n¢), then we obtain

~

A) — ~ L 22 _ 5L 1o 2¢2
var(A) —var(Ac) =~ po [g —1]2N*S an [9° — 1] pN°S

_ 2N%g?
-

(1-q)[p(1+q)—1],

where q = 2E(nc)/(nm + np) is the overlap rate. The estimator Ac is
therefore more precise than A if
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For example, if g = 0.7,, it is preferable to use only the common portion
once p > 1/(1+40.7) ~ 0.588 (on this subject, see Caron & Ravalet, 2000,
p- 346). In cases where the overlap is sizable and the correlation is high,
the estimator based on the difference of the cross-sectional estimators is
therefore not very relevant.

TAKING UNIT NON-RESPONSE INTO ACCOUNT

Non-response is considered to be independent of the selection design.
According to the model, each unit decides randomly whether or not to
respond, and the probabilities of response are equal between units. This
is the most elementary model. However, if a unit does not respond in the
tirst wave, it is highly probable that it will also not respond in the sec-
ond wave. The model takes this dependency into account by considering
separately four cases:

o the unit responds in both the first wave and the second;
e the unit responds in the first wave but not in the second;

e the unit does not respond in the first wave but it responds in the
second;

e the unit responds in neither the first wave nor the second.

Non-response is commonly modelled by a multivariate Bernoullian
design, which means that the probability of responding is the same for all
statistical units and also that one unit decides to respond independently
of the response of the other units. The non-response design is as follows:

q(VA/ B, TC) VD) _ (Pi‘ard rA Eard r3¢ccard rC¢c51rd rD,
where 14,7, 7c,yp C U, and r4,7p,7c,rp are mutually exclusive, and
where

e ¢4 is the probability of responding in wave 1, but not in wave 2,
e ¢p is the probability of responding in wave 2, but not in wave 1,
e ¢c is the probability of responding in both wave 1, and wave 2,

e ¢p is the probability of responding in neither wave 1, nor wave 2.

The modelled non-response phase thus consists in selecting four dis-
joint samples according to Bernoullian designs with different intensities.
Since it is assumed to be independent of the sampling design, conditional
on the sample sizes observed, the design resulting from the selection and
the non-response is a simple multivariate design. If inference is conducted
conditional on the sample sizes, the estimation of probabilities ¢4, ¢35, ¢c,
¢p is not necessary and an unbiased inference can be conducted, as if deal-
ing with a simple design. The theory of the preceding section therefore
applies directly to the respondents, and all the information on the overlap
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43

44

4.4.1

of the two samples is found in |sc|, regardless of whether this overlap is
due to the design or to the link that exists between non-responses in the
two waves. Note that even if the model is fairly simple, it takes account
of the fact that if a unit has not responded in one wave, it will probably
be less likely to respond in the following wave. Also, this model will be
applied in relatively small, homogeneous strata.

OTHER MEASURES OF CHANGES OVER TIME

The measurement of change over time is not always expressed in terms of
differences. Such change is often measured in the form of a quotient or a
relative difference. We therefore consider the following three measures:

o the difference A = 172 — X,
o the relative change AR = (1?2 — )A(l)/)A(l =Y /X, -1,
e the quotient Q = Y,/X;.

The variance of A may be expressed simply as a function of the esti-
mators of variance of Y, and X1 and the estimator of their covariance (see
expression 4.4). The variance of Ag is equal to the variance of Q. They
may be approached and then estimated using a residuals technique (on
this subject, see Woodruff, 1971; Binder & Patak, 1994; Deville & Sarndal,
1992; Deville, 1999),

o A 171 ¢ PP A5 O
var(Ag) = var(Q) = = |:VaI‘(Y2) + Q*var(X;) — ZQCOV(Xl,Yz)} .
1

This variance can thus be simply estimated once we have estimators of
Var(Yz) Var(X1) and cov(Xl,Yz)

RATIO ESTIMATION AND ROBUSTIFICATION

Two techniques are commonly used for estimating the results of sam-
ple surveys: the use of a ratio estimator to calibrate on the total of a
dummy (auxiliary) variable, and robustification of the estimators. These
techniques must be taken into account in determining the precision of the
final results.

Calibration

If an estimator is calibrated on known totals, the variance may be esti-
mated simply by a residuals technique (see Woodruff, 1971; Binder &
Patak, 1994; Deville & Sarndal, 1992; Deville, 1999). For example, if zj
and zy, are column vectors of dummy variables on which the estima-
tors Xica and Yacn are calibrated in waves 1 and 2, then the variances
can be estimated by a residuals technique: var(Xcy) =~ var(E;) and
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var(Yacy) = var(E;), where E; and E, are Horvitz-Thompson estima-
tors of the totals of the residuals, with the latter being given for a simple
design and for the generalized regression estimator by:

DN

ex1 = Xk — 2jq By,
R

e = Yk — 21 B2,

with

-1
) /
B, = (Z Clk1Zk12k1> Y daziaxi,

kesy kesy

-1
ﬁz = (Z QkZZkZZ;<2> Z dk2Zk2Yk2,

kesy ke€sy

where g, j = 1,2, is a coefficient that serves to take account of possible
heteroscedasticity.

In the case of a sampling design with unequal probabilities, e.g., a
stratified sampling design such as in the Swiss survey of value added, the
residuals are obtained by using a weighted regression. It is sufficient to
replace By and B, respectively by

-1
PN lezkll' k1Zk1Xk1
B, = (Z “) Z 6]7, and (4-5)
kesy 7Tk kesq 7Tk
-1
5 Ir2Zx2Z} kZ2Yk2
B, = ( y k2> y, etz (46)
k€sy nkz kesy T[kz

where 71 is the probability of inclusion of unit k in the sample for wave
j,j=12

Robustification

It is often useful to apply a robustification technique which offers a way
to treat outliers. Simply consider that outliers have been detected and
the weights of the individuals whose values are considered outliers have
been modified by a factor u;(s) in wave j. This factor is included between
o and 1 and is equal to 1 for units that have values considered normal.
The variance of the robustified estimator can be approached by advancing
the classical hypothesis that weights u4;(s) depend only slightly on the
sample s that was drawn (see Hulliger, 1999). All that is needed, then,
is to replace the variables x; and y; observed by uyxx and upy in the
variance estimators.

By bringing together all the components of the mean square error of
a change over time so as to take account of all components of that vari-
ance - namely the design, the panel effect, non-response, calibration and
robustification - we obtain, for the relative change in a stratum,

1

EQM(Ax) = EQM(Q) = - [var(EUy) + Q*Var(EUs) — 20cov(EUs, E)|,

X3
(4-7)
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4.5
4.5.1

where N
fcl:nflelxk, ?zzjjszzyk, @:;z,
CUKl = U1 Xk — Mkllfdﬁl,
€Uy = UjolYk — ukzzizﬁz,
E/Uj:ﬂljj';jeukj’ ﬁj: EZE]" j:1,2,

-1
2 / 2

=~ JiUjqZr1Z)y drk1Ui Zia Xk
B = (x M)y e,

keD, k1 keD; k1
QrolifyZioZ, - Qo Zia Yk

) k2 k2 k2
Bp=| ) —2—2) ) —=—.

keD, TTk2 keD, k2

o 1 1 1 ——=1\2 -
Var(EUj) = 1\]:2 < — > m Z(El/lk]' — EU])Z,] = 1,2,
] R;

== —~ mc 1 1 —_ —_
EU,, EU,) = N? - = —EU — EU).
cov(EUy, EU>) <m1m2 N) pr— RZC;(WM 1) (etr 2)
R; and R; designate the set of respondents in the first and the second
waves in the stratum, m; = |Ry|, my = |Rz|, Rc = RiN Ry and m¢c =
|R1 N Ry|. D1 and D, are the sets of respondents in the two waves in the
domain in which the calibration was carried out.

THE SWISS SURVEY OF VALUE ADDED

Description of survey

The Swiss survey of value added is a survey of companies, conducted
annually. Its purpose is to provide estimators of the main parameters of
output in Switzerland: the value of gross output, the amount of interme-
diate consumption, the value added created by companies, and the cost of
labour. The sampling design used is a stratified sampling of companies.
In 1999, a sample of 11,210 companies (employing at least two persons)
was selected and surveyed. This sample was run again in 2000 and 2001.
Over that period, then, this is a panel survey. In the absence of a business
register making it possible to identify births and deaths, the population of
companies was considered constant during this period. The only adjust-
ment to the annual data is made using a ratio estimation on the total of
full-time equivalents (FTEs) per activity domain, available from an exter-
nal source.

Stratification is based on the first two digits of the Nomenclature
Générale des Activités économiques (general classification of economic
activities) (NOGA2) and the size of the company (see Renfer, 2000). Dans
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In each activity stratum, three size strata are created: small companies em-
ploying 2- 19 persons in FTE, medium-size companies, from 20 to M FTE,
and large companies of more than M FTE. The stratum containing large
companies is a take-all stratum, while small and medium-size companies
are selected randomly with different sampling rates. The boundary M
is chosen differently in each activity stratum in order to obtain optimum
precision. In these three waves, approximately 6,000 establishments re-
sponded. The response rate for large companies, which all had to be
surveyed, was close to 71% and was higher than the rate for small and
medium-size companies. It was decided after the fact to treat some very
large companies separately according to the “surprise” stratum method-
ology of Hidiroglou & Srinath (1981), Considering that the response rate
for the largest companies may well be better because they have an admin-
istrative structure better suited to responding to the survey questions. If
they were assigned a weight equal to that of other large companies, this
would introduce a bias as well as excessive variability. The “surprise”
poststrata contain the 5% largest companies in the survey file. The latter
were then considered as having, in effect, all been surveyed, and they re-
ceived a weight of 1. No other treatment (calibration, robustification) was
applied to them. The take-some strata consisting of small, medium-size
and large companies were updated and some strata (size classes) contain-
ing few companies were later collapsed. If we accept the hypothesis that
the very large companies were all taken, then the resulting estimator is
unbiased and the variance related to very large companies is nil. We can
therefore calculate only the variance in the other, updated strata.

During the survey, companies were again asked their category of eco-
nomic activity. The estimates are based on these reported NOGA2s not
on the NOGA2s in the sample frame. A calibration on the number of
full-time equivalents (FTEs) provided by the business register is then con-
ducted using a quotient estimator for the “reported” NOGA2 domains.

Finally, a robustification technique was used to lop the distribution of
certain variables in the sample of small, medium-size and large compa-
nies (see Hulliger, 1999; Peters et al., 2001). The weights of establishments
whose values are considered outliers were modified by a factor u;(s) in-
cluded between 0 and 1. This factor is equal to 1 for companies that have
values that are considered normal.

Variance of the change in value added

The objective is to estimate correctly the variance of estimators of change
in value added (see Renfer, 2000; Peters et al., 2001). In computing vari-
ances according to the hypothesis of independence of the samples, we
largely overestimate the variance of changes, because the “value added”
variables in times ¢; and t; are positively correlated. Correctly taking ac-
count of all aspects of the sampling design and the adjustment should
provide better variance estimates. The study focuses on the 1999, 2000
and 2001 waves of the survey. Between these three dates, the raw sample
was not modified. The fact that the sample remained fixed should make it
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possible to reliably estimate changes, but a response rate hovering around
50% may cause us to lose the benefit of the panel, if the number of respon-
dents common to successive waves is low. The case of change between
two survey waves where the sample has been updated, and where there
are therefore two different raw samples and reference populations, is an
entirely different problem.

In the present case, the fact that low variances were obtained can be
attributed to the combined effect of several factors:

1. Optimal design: The sampling design was optimized. According to
the optimal stratification, large companies have higher probabilities
of inclusion. The stratum of companies contributing the most to
value added is a take-all stratum. For this reason, the cross-sectional
estimators have a low variance.

2. High response fraction: In the take-all stratum of large companies,
the response rate approaches 70%. The finite population correction
(N —n)/N can therefore divide the variance by 3 compared to the
case of an infinite population.

3. Panel effect: The sample is a panel, which is the best strategy for
estimating changes over time.

4. Correlation of non-response: The non-response in one wave is strongly
related to the previous wave and therefore does not greatly degrade
the panel.

5. Correlation of variables between waves: The value added variables in
times t and f + 1 are highly correlated, since they are the same vari-
able estimated at two different points in time.

6. Calibration: The estimators are calibrated in the strata on a variable
related to the variable of interest; the variance of the estimators can
then be written as a residual variance.

Of the 11,210 companies selected in 1999, approximately 5,200 re-
sponded in 1999 and 2000, and 5,300 responded in the 2000 and 2001
waves. Thus the size of the panel is relatively modest, and the treatment
of non-response will therefore have a major impact on the results. To
make variance estimates, we have assumed that non- response is ignor-
able (missing completely at random) within the take-some strata.

In each wave, estimates are made in the reported NOGA2 domains.
This implies the possibility of a change of domain on the part of compa-
nies, and it is necessary to try to factor this into longitudinal estimates.
We decided to ignore the impact of these changes initially, and to consider
for the estimation of covariance that the domains are fixed and given by
the value reported in the first of the two consecutive waves. This sim-
plification is not inappropriate, since only 30 companies changed domain
between 1999 and 2000, and only 25 did so between 2000 and 2001, rep-
resenting respectively less than 0.5% and 0.2% of the FIEs in the sample.
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Calibration is carried out each year, and it can be taken into account us-
ing a residuals technique. As with estimating the variance of the cross-
sectional estimators, robustification is taken into account by reweighting
the survey variables.

With realistic assumptions, all components of the variance may be
taken into account by means of the general expression (4.7). This expres-
sion is applied within each stratum and it covers all the components of the
survey of value added: the panel effect, non-response, stratification, cali-
bration and robustification. The estimators for the survey of value added
are ratio estimators, and in this case the calculation of residuals is sim-
plified. This is because in the case of the ratio, the regression coefficients
given in (4.5) and (4.6) are calculated having only one dummy variable,
and therefore z;; = zj; is scalar. Also, we take gi; = 1/z;, for j = 1,2, and
with robustification taken into account, we thus obtain:

euyy = U1 Xx — Brugizi,

ey = Ukl — Ballgozi,

where
~  Yp, Uxx/ Tt
Bl = s
Yop, Ur1zk1/ Tt
= X, UkYk/ T
B, =

Yop, UkoZk2/ T2

Variance estimation of changes

We made estimates of the standard deviations of changes in gross output
values and value added figures calculated by the Swiss Federal Statistical
Office. These estimates take into consideration all the aspects described
above. We compared them with the estimated standard deviations that
would have been obtained under the assumption that the draws for the
different waves are independent. Over the various activity strata, the stan-
dard deviations that take account of the correlation between the survey
waves are 41% lower than those based on the assumption of indepen-
dence. This makes it possible to have much smaller confidence intervals
than those calculated before this study, which were more quickly obtained
but less precise. However, the gain is not the same in all activity strata.
The following tables show standard deviations (SDs), calculated for the
five largest activity strata (NOGA), of changes over time in the value of
gross output (AOV) and of value added (AVA) between 1999 and 2000.
The standard deviation that would have been obtained by ignoring the
correlation between samples (SD;,;) is also included in the tables, along
with the “gain” in precision realized by taking this correlation into ac-
count.
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Table 4.1 — Change in gross output value between 1999 and 2000 and standard deviations
(in billions of Swiss francs)

Stratum AOV SD;,; SD Gain (%)
3.31 2.35 0.87 63

-0.77  4.38 1.98 55
3.07 211 0.94 56
433 1.10 1.00 09

-0.09 0.81 0.53 35

U~ W N R

Table 4.2 — Change in value added between 1999 and 2000 standard deviations (in bil-
lions of Swiss francs)

Stratum AVA SD;,; SD Gain (%)
1.96 0.91 0.32 65
0.68 2.99 1.04 65
1.90 1.47 0.72 51
0.36 0.47 0.45 05

-036 059 0.43 27

U~ W N R

in this article are those of the authors alone and in no case do they commit
the Federal Statistical Office. We wish to thank Paul-André Salamin for his
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Appendix : Demonstration of proposition 4.1

It is well known that

and

XA—n*ZXk, Yczn*zxk,
A kEsa c k€sc
_ 1 _ 1
Vb= LV Vo= - LUk
B kGSB kGSC
_ NAXp +ncXc _ _ npyg+ncyc
1- 2 — - 7
ny na

and therefore }?1 = Nx; and 172 = Ny,. We must still calculate

cov(X1,¥,) = E cov(X1,Y,|na, np,nc) +cov [E(X1|na, ng, nc), E(Y,|na, np,nc)].
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Since ¥ and ¥, are unbiased conditional on 14,7 and nc,
cov [E(X1|na,np,nc), E(Y,|na, ng,nec)] = cov (X,Y) = 0.
We therefore obtain
cov(X1,¥,) = E cov(Xy,Y,|na, np,ne).

Conditional on n 4, ng, and nc, we are in case A of Tam (1984, theorem 1).
The conditional variance is equal to:

_ n 1
cov(Xq,¥,|na,np,ne) = <”1;2 — N> Sy
and therefore o) 1
— = nc 4
cov(X1,Y,) = ( . N) Sxy-

Now A
cov(Xy, Vo) = NZCOV(YL%)I

enabling us to obtain result (4.1).






COVARIANCE OF
HorviTtz-THOMPSON
ESTIMATORS IN REPEATED
SURVEYS WITH UNEQUAL
INCLUSION PROBABILITIES

Abstract

The covariance of Horvitz-Thompson estimators based on two overlapping sam-
ples with unequal probabilities is computed for a special class of bidimensional
sampling designs. A family of estimators of this covariance is derived, based
on well known variance approximations. These estimators can be used to es-
timate the variance of evolutions in rotating panels, or in panels with uniform
non-response at each wave. '

Keywords: Rotating panels, Variance estimation, Overlapping samples

INTRODUCTION

If two samples are drawn from the same population using simple random
sampling designs, the covariance of Horvitz-Thompson estimators based
on these samples depends on the overlap of the samples and on the cor-
relation of the observed variables. Explicit formulae for this covariance,
conditional or unconditional on the size of the overlap, are available, for
example in Tam (1984); Qualité & Tillé (2008). For unequal probability
sampling designs, estimators of covariance are usually not practical as
they require the use of second order inclusion probabilities of the joint
sampling design. Berger (2004b) derived estimators that use only the first
order inclusion probabilities for maximum entropy sampling designs with
fixed sizes and fixed size overlap. These estimators are based on a nor-
mality assumption, in the same way as Héjek (1964) derived a variance
estimator for the rejective sampling design.

TAMS 2000 subject classification 62Dos5.
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5.1

Definition 5.1

Definition 5.2

In this paper, we use another approach to derive an explicit formula for
the covariance of Horvitz-Thompson estimators without making assump-
tions on the entropy of the sampling design or on the normality of the
estimators. We consider sampling designs that are essentially applicable
to obtain rotating panels and/or to model uniform wave non-response in
a panel. The expressions we get for the covariance involves the variance-
covariance operator of the overall sampling design of the panel, and other
than that, only uses the first order inclusion probabilities. In the case of
simple random sampling, the covariance depends on the correlation of
interest variables and this correlation must be estimated on the overlap
of the samples where both variables are observed. In the case of un-
equal probabilities, we will also need to be able to estimate the variance-
covariance operator on the overlap of the samples.

In Section 5.1, we give some definitions and notations. In Section 5.2,
we recall well known results in the case of simple random sampling. In
Section 5.3, we give our new results in the case of unequal probability sam-
pling designs with and without replacement, and in Section 5.4 we derive
estimators for some specific sampling designs. Finally, in Section 5.5, we
provide some simulation results.

DEFINITIONS

A sampling design without replacement is a probability law P(-) on the subsets
or samples s of a finite population U = {1... N}. It is said to have a fixed size n
when all the samples that receive a positive probability contain exactly n units of
the population.

We can define the first order inclusion probabilities 7ty = P(s 3 k), and
the second order inclusion probabilities 7ty = P(s 3 k, £). If all the 7ty are
positive, a natural and unbiased estimator of the total Y = y1 +... + yn
was proposed by Narain (1951); Horvitz & Thompson (1952):

Its variance is

o 1— 7 Tl — Tk 7Ty
var(Yyr) = kZl:l - y% + Z 2 T Ykl
c

A natural extension of definition (5.1) for the selection of multiple sam-
ples is to consider probability laws on a product space. These laws will be
called multidimensional sampling designs.

A bidimensional sampling design is a probability law P(sy1,sp) on the couples
(s1,52) of samples of U.

We can define the marginal sampling designs P;(s1) = P(s1,-) and
Py(sp) = P(-,52). We can also define the marginal inclusion probabilities
ni = Pi(s1 3 k) and 717 = Py(s, o k). This definition allows for the
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most general sampling designs for two samples in the same population.
Estimation using the intersection of these two samples also requires the
parameters 7'[,1’2 = P(s1Nsp 3 k). Variance estimation usually depends on
second order inclusion probabilities 7'(,1’(, 7'(,%’(5, but also 7'(,1? = P(s1Nsy >

k,£). In the rest of this paper, we will use the notation s1p = s1 N .

SIMPLE RANDOM SAMPLING

Fixed size bidimensional simple random sampling can be defined as a
uniform probability law on all pairs of samples which respect some size
constraints. In order to select rotating samples, one can use a uniform
probability law on all the pairs of samples (s1,s2) such that s; has size
n1, sz has size np, and s; N sy holds 71, units (on this subject, see Goga,
2003). In this case, the variance and covariance of the Horvitz-Thompson
estimators are given by (see Tam, 1984; Qualité & Tillé, 2008):

- 1 1
var(X;) = N? (Tll - N) s2,

~ 1 1
var(Y;) = N? ( — N) Sﬁ,

s o . 2 nip 1
COV(X1,Y2) = N (nlnz_N> Sxy-

The variance of the difference estimator )72 — }?1 is equal to:
var(Ys — X1) = var(Y2) 4 var(X;) — 2cov(Ya, X;).

This variance is minimal when cov(l?z, )A(l) is maximal, that is to say, if X
and Y are positively correlated, when 11 = Min(nj,ny). We can remark
that the covariance between the estimators on two non-overlapping sam-
ples is independent from the size of the samples. It is equal to — NSy, and
has signature (0,1, N —1).

Parameters S2 and S; are usually estimated respectively by the empir-

ical variance s3 ; in sample s; and 55,52 in sample s;. Sy, may be estimated

using observations on s1; only, by the empirical covariance sy s, or, if
estimated standard errors sy,,, Sy,s,, ON s12 are positive, by Oy,s;,5x,s,5y,s,

where
Sxy,s12

OPxysp = 7 o+
8x,5125y,512

is the correlation observed on s15.

UNEQUAL PROBABILITY SAMPLING

We derive variance-covariance formulae for bidimensional sampling de-
signs that can be described as follows. Consider a first phase sampling
design with fixed size and unequal inclusion probabilities 73, ..., 77%;. De-
fine the bidimensional sampling design p(si1,s2) given by a second sam-
pling phase that consists in bidimensional simple random sampling with
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Proposition 5.1

fixed size (n1,1n12,12) in the first phase sample. This sampling design
adequately models the result of uniform wave non-response in a panel
observed on two occasions. The size n1, of the overlap allows to take
into account the correlation between non-response at the different waves
of the panel. The obtained covariances are conditional on the observed
sizes ny, n; and nyy, but it is possible to take their expectation and ob-
tain unconditional covariances. The considered family of sampling de-
signs also describes rotating panels as they are usually defined on a static
population. An overall sample can be selected, with unequal inclusion
probabilities (e.g. proportional to a known size variable), and then split
into different parts that will be surveyed so as to obtain a rotation of the
sample. In the case of maximum entropy sampling designs, and still on
a static population, this type of two-phase sampling designs is equivalent
to the procedure where a first sample is selected, then on the following
occasion a random part of this sample is discarded and replaced with a
non-overlapping sample drawn with inclusion probabilities proportional
to the same size variable.

Conditionally on the first selection phase we are looking at simple
random sampling, and we can use the formulae of Section 5.2. This prop-
erty greatly simplifies the second order inclusion probabilities 71;1%, and
the obtention of a variance equation. This setting implies that inclusion
probabilities for both marginal sampling designs are proportional:

n ny
ni = —m, and M = — 71},
n n

This restriction is not present in Berger (2004b), but is satisfied in the
applications proposed in both our papers. We should also note that esti-
mation of the evolution of a same variable observed at two different times
is generally much more precise when conducted on the matched sample
s12 than using estimators )A(l and Y», but in many cases the published evo-
lutions must be consistent with the estimations of levels. Hence the need
for covariance estimators on samples that have only a partial overlap.

If the first phase sampling design is a fixed size design of size n, with or without
replacement, and with inclusion probabilities 77}, k € U, if the covariance operator
associated with this design is denoted covs, and if the second phase sampling is
a bidimensional simple random sampling with fixed size (nq, 1, na) in the first
phase sample, let

AX,Y) = n) m (xk - X) (yk - ln/) —covs(X;, Yo),  (5.1)

kel moon T
and
Xk X Yk Y S O
B(X,Y) = P (A —— L) - Xs, Ys), .
( ’ ) k§177k<7_[]5< n) <7TIS< Tl> COVS( s s) (5.2)

where X, and Y, are the Horvitz-Thompson estimators of totals X and Y on the
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first phase sample s. Then,

var(®) = |G X) - BGX) 53)
var(B) = A Y) - By (54)
cov(Xy,Ta) = nfl nTnZZA(X,Y)—B(X,Y)]. (5.5)

A proof of proposition 5.1 is given in appendix, page 5.6. In expres-
sions 5.1 and 5.2, we recognize the variance of the Hansen-Hurwitz esti-
mator of a total for the sampling design with replacement and with pa-
rameter py = 7x/n, k € U (see Hansen & Hurwitz, 1943). Thus, we can
rewrite

A(X/ Y) = n- COVZUT(XHH,S/ /Y\HH,s> - COVS(XSI ?S)/
B(Xr Y) = COVwr(XHH,SI YHH,s) - COVS<XSI Ys)/

where X HH,s/ ?HH,s are Hansen-Hurwitz estimators of the total of X and
Y and covy, is the variance-covariance operator of the with-replacement
sampling design.

o Expressions 5.1 and 5.2 are valid for any n > ny + ny — nyy, the first phase
sample just needs to be big enough to hold samples s1 and s;

e A, Band cov(Xj, 172) are symmetric. That is to be noted for it is, in general,
not the case with bidimensional sampling designs;

o When the first phase is a simple random sampling design, or when n = N,
expressions 5.3, 5.4 and 5.5 are the usual formulae for bidimensional simple
random sampling, nB/(n — 1) becomes —NSy, and nA/(n — 1) becomes
N zsxy/'

o Using Cauchy-Schwarz inequality, we get that A(X,Y) is non-negative.
It has signature (p,q,0) where p +q = N and q > 1. Best precision will
therefore be obtained when nyy is maximum if variables X and Y are equal
or if variables (xi/ 70)keu and (yi/ 7t} )keu are positively and sufficiently
correlated;

e B(X,Y) has a similar signature (p',q’,0) only when the first phase sam-
pling design is more efficient than sampling with replacement and with
the same selection probabilities. This property has been proven to hold for
surprisingly few sampling designs: simple random sampling, Sampford’s
design (see Gabler, 1981; Sampford, 1967), Chao’s design (see Sengupta,
1989; Chao, 1982), the elimination method (see Tillé, 1996; Deville & Tillé,
1998), and maximum entropy sampling (see Qualité, 2008). We can also
remark that in the case of non-overlapping samples, the covariance does not
depend on the size of the samples as in the case of simple random sampling.
It is non-positive only if B is non-negative.
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5.4

o In every cases that we will consider, estimators }/ZHH,S and X; ( resp. ?HH,S
and Y,) have the same expression. Either the first phase sampling is with
replacement and the associated estimator is the Hansen-Hurwitz estima-
tor, or the first phase sampling is without replacement and, as 77, = npy,
Horvitz-Thompson and Hansen-Hurwitz estimators are the same. So, in
the rest of this paper, we will simply use the notation X (resp. Y.) for both
estimators.

Application to sampling with replacement

When the first phase sample is drawn with unequal probability sam-
pling with replacement, the variances and covariance expressions simplify
greatly as

B(X,Y)=0

and L
AX,Y) = (n—1) - covyr(Xs, Ys).

Thus in this case we have:

><>

var(X;)

2 covir (X = = Ykeu Pk (* - X) /
var(Yy) = —covwr(? ? — Zkeu Pk (* - Y)Z,

COV(Xl,Yz) Zn:écovwr(f(s,?s) = 711712 Zkeu Pk (— X) <Pk Y) ,

5)
)

>,;<>

where py = 77 /n. The variance of the difference estimator Yz — X1 be-
comes:

2 2

1 yk >

Ya—X) =) X) +—(Z-Y
var(tz = %1) pk[ <Pk ) nz<

keu Pk
_p M2 <n_x> <yk_y>} ) (5.6)
niny \ Pk Pk
In many cases sampling without replacement is more efficient than sam-

pling with replacement and, when it is the case, equation (5.6) gives a
rough majoration of the variance of the difference estimator.

ESTIMATION

We are confronted with the usual difficulty of covariance estimation on
different samples: the couple of variables (X,Y) is observed only on the
subsample si. Thus we do not have simple substitution estimators for
A(X,Y) and B(X,Y), even when there exists a simple expression that
gives an estimator of the operator COVS( -). Our aim is to estimate the
covariances covw,(Xs,Ys) and covS(Xs,Ys) This can only be done when
n1p > 2, and from now on we will assume that it is the case.
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5.4.1 Estimation of the with-replacement covariance covyy (-, -)

Thanks to its simple form, we can give various estimators for covwr()A(s, 175).
The first and most obvious estimator is the simple expansion estimator:

o S o n Xk 212 yk ?12
Y.) = _ _ )
COVr,a(Xs, Ys) 1 ke§s12 (n]i . ) (”}i . ) , (5.7)

where

Xlz—f Z ,andYu:n— Z ;
n12 k6512 12 kestn k

X1 and Yi, are not the best available estimators of X and Y, since these
variables are observed on larger samples, but it is generally bad practice
to use X1 and Y, at this stage in an estimation of covariance based on s15.
Indeed, using these estimators instead of X1, and le would lead to an
estimator that can take negative values even when variables X and Y are
equal.

Using the same idea as for the estimation of S,,, we can also estimate

a correlation coefficient
X Y
keu Toon ”k n

2 2
s (2 X s(Ye _ Y
[Z”%Qﬁ n> Z”*Q@ n)

kel kel

E<m_%ﬂ<w_ﬁﬁ
ol 71,5( n 7'(,5( n

~ 2 ~ 2
w %) e (% Yo

kesyy kesyy

ny -

NI

on the subsample s1,, by

Xy
Puwy, =

if this quantity is defined, and consider the ratio type estimator

— S O - Y
COVwr,b(X Ys ) Pwlz (TwZ, (5-8)
where )
~\2]2
I
wy T _ s
n—1 kes \ Tk n
and
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5.4.2 Estimation of the design covariance cov;(-, -)

Estimation of COVS(PA(S, l?s) using subsample s1» depends on the expression
of the operator covs. If the first phase sampling design is a maximum
entropy design with fixed size several simple approximations of cov are
available that use only the first order inclusion probabilities (on this sub-
ject, see Hajek, 1964; Deville, 1993, 1999; Brewer, 2002; Brewer & Donadio,
2003). Their performances have been studied in Berger (2004a); Matei
& Tillé (2005). These approximations are still valid for other sampling de-
signs that have high entropy but are not strictly maximum entropy designs
(see for example Berger, 2005).

These estimators have a common composition: they consist in a simple
sum over the observed sample of factors depending on xy, yx and inclusion
probabilities 7r;. They also present the advantage of giving non-negative
estimations of variance. These estimators can easily be adapted to suit our
needs. If var, (-) is an estimator of var(-) that can be written as

2
B 1 X Lkes Wk
Val‘A(Xs> :f(”) Zwk =y w7
k

ZkES Wy

where wy are non-negative numbers, and if s, is a simple random subsam-
ple of s, of size n, > 1, var(X;) can be estimated using data observed in s,
only by:

2
/\ —~ 1 X ZkESa wk%
vary 5, (Xs) = f(n) Z wp | = — ———%1] .

S
ng, —1 rea T Y kes, Wk

This estimator should not be confused with an estimator of var(X; ). At
this stage, we want to estimate vars(-), this is why weights 7T, are not
replaced with 77" and coefficients wy are not modified.

An estimator in this family, which performs adequately (see Héjek,
1964, Deville, 1993; Matei & Tillé, 2005), and has a very simple expression
is:

e s n X apxy k ayYk
o= g (3 5%) (5 £%):
k k b

s
kes kes kes Tty
(5.9)

where
1-— n,i

- Zkes(l - 7-(]5()

If n1 > 0, a simple expansion can be used to derive an estimator based
on sqp only:

S
ay

)

@s,a (Xs/

%)

512 512
= Y- (o p k) (L y AR
T onp—1 Ko\ s e e o
12 kesin k kesyp k k kesyp k
(5.10)
where S
2 = 1- T

B Zkeslz(l - 7-(]5() .
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And we can consider the ratio type estimator:

— > $ _ Xy x Y
COVS,b(XS/ YS) - pslzo—slo—sy (5'11)
where
S12 512
Y (1-7) ﬁ_zak Xk ﬂ_zﬂkyk
k s e s s
xy _ kesp k kesp k k kesp k

512

Nl—

Slzx 2 a512 2
Y (1- ) (j;@— y s"> Y (1-7) (i’;— D 3")

kesyp k kesp nk kesip k kesip 7Tk

NI

Nf—

pr
kes; k kesy k
J—}
ail — 1 Tk ,
Ykes, (1- 7Tk)
s
aiz _ 1- Tk
7
ZkESZ (1 - 77/’k)

assuming that p;’, is defined.

We will give simulation outputs for estimators 5.10 and 5.11 in Sec-
tion 5.5, and some theoretical results, in Section 5.4.3, on the estimators of
cov(X1,Y2) obtained when we use an estimator of cov,(-,-) of the general
form

covg(+,+) = p?ﬁaﬁasyz, (5.12)
where pg/, oy and oy, derive from a suitable non-negative estimator
var A()

5.4.3 Estimators of covariance

We can derive two estimators of covariance from Equation 5.5. A first one
is based only on data observed on sj; and uses estimators 5.7 and 5.10:

— G TN\ n nip -~ 5
covy (X1, Yr) = p— —nanAa(X,Y) B.(X,Y)|, (5.13)
where R o L
Au(X/ Y) =n- C/(R’wr,u(xs/ Ys) - C/(R’s,a(xs/ YS)/
and

B\a(X; Y) == C/(R’wr,a()?s/ ?s) - C/(R’s,a(j(\s/ /Y\s)

The second one uses ratio-type estimators 5.8 and 5.11 (or 5.8 and 5.12):

n n ~ ~
i14[7()(/ Y) - Bb(Xr Y) ’ (514)

v, (%, Y2) = n—1 |niny
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where R L o
Ab(Xz Y) =n- C/()T/wr,b(Xs/ Ys) - ﬁs,b(xs/ Ys)/

and R L L
Bb<X/ Y) = C/var,b(xs/ Ys) - ﬁs,b(XSr Ys)-

We will see in Section 5.5 that, on simulations, estimator 5.14 performs
at least as well as estimator 5.13, and can be much better when the vari-
ables of interest are strongly correlated and samples s; and s, have a rel-
atively small overlap. Moreover, we have the nice property that estima-
tor 5.14 generally provides non-negative estimations of variance for any
linear combination of X; and Y,. Sufficient conditions for this property to
hold are given in the following proposition.

Proposition 5.2 Let var(aX; + BY2) be an estimation of variance obtained from equation 5.5
with estimator 5.14 or with estimators 5.8 and 15.12. Then, any one of the follow-
ing conditions is sufficient to have that var(aX, + pY,) > 0 for any o, p € R.

1. The estimated correlation pfl}’z asin 5.11, or 5.12, is such that:

1\2 1\2 -1
n12
o] < (1 ”1> <1 ”2> (1 ”1”2> '
2. To have the result for any couple of variables, if ny, ny, nqy are not all equal,

it is necessary to impose an additional condition on the design variance
estimator: it must satisfy the inequality

V/a\r)x,si(‘) < Y- V/‘fi\I'qu,s,‘('); i = 1/ 2/ (515)

for some positive number <y that depends on n, ny, ny and nyy. It is hard
to obtain a simple lower bound for 7y that is pertinent with every possible
choice of these parameters. We begin with two simple cases:

o Samples size and overlap are such that ™2 < nip < min(ny, ny),

then )
mln(nl, le) — Nn12

max(nl, le) — Nn12

T =n

gives the result.

o Samples size and overlap are such that n = max(ny, na), and thus
112 = min(ny, ny), then we can use

2 = max(ny, nz).
In the general case, when n > max(ni, ny), then

1
_[mina(n —ny)(n —n2)]? — |nipn — nyny|

I
ning — nip — [1’111’12(711 — 1)(1’12 — 1)]2
gives the result.

A proof of Proposition 5.2 is given in appendix.
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o The upper bound in Condition 1 of Proposition 5.2 tends rapidly to 1 when
ny1 and ny are large enough. This condition will thus be satisfied in most
cases excepted if the variables of interest are very strongly correlated. The
worst case is when the variables are equal. In that case the variance of
the difference is small and it is natural to require stronger assumptions on
V/a\r)\(').

o The first case, with 71, is well suited to the case of panel non-response: if
there is a non-response rate equal to r at each wave, ny = ny = rn, the
conditions translate to:

- n1p > r(rn), which is usually the case because respondents at the
first wave tend to have a better response rate at the second wave than
non-respondents at the first wave;

— varys(-) < n-Varwrs, (), which should also be the case except with
very poor variance estimators.

o 3 can be smaller than 1, but after some algebra we can prove that it is
possible only when min(ny, ny) < 3.

e None of these bounds are optimal.

It can be difficult to actually prove that the inequality 5.15 holds, but
it should be the case with most reasonable variance estimators and good
sampling designs. Indeed, for high entropy sampling designs, vars(-) <
vary,(+), so a good variance estimator var, . (-) will not exceed by too
much Vary,s, (). Lower bounds 71, 72 and 3 usually take relatively large
values and thus these conditions will always be satisfied in real situations.
For example, with some simple algebra, we can show that Estimator 5.9
satisfies the inequality:

‘]/a\rHD/sﬂ(') S 2 1 —mil’l 77:]s< ﬁrwr,sa(').
k€s,
Hence in most cases, when this estimator is deemed suitable, it can be
used in equation 5.14 to provide a non-negative variance estimator.

SIMULATIONS

Simulations have been conducted using the ‘R’ package ‘sampling’. They
give an idea of the performance of estimators 5.7, 5.8, 5.10 and 5.11. We
used the dataset ‘belgianmunicipalities” and selected samples s of 169
units, with unequal inclusion probabilities proportional to their size in
2004. For this selection we used maximum entropy with fixed size de-
sign, and Tillé’s design (see Tillé, 1996). Then we selected simple ran-
dom subsamples s;, s; with different sizes: a = [s1\s12|, b = |[s12]
and ¢ = [sy\s12|. We computed correlations for two pairs of variables:
Women03 and WomenO04 that have a very strong correlation (corr=0.99),
and Women03 and DiffWom that are less correlated (corr=0.33). For each
set of parameters 11, ny and ny,, we selected 1’000 samples and computed
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the value of estimators 5.7, 5.8, 5.10 and 5.11 for both sets of variable. In
Tables 5.1, 5.2, 5.3 and 5.4, we give the empirical relative bias (RB) and
Ratio Root Mean Square Error (RRMSE),

NI

— E - 2
RB(cov) = E(Cc;v) ~1, RRMSE(cov) = { KCOZOV;OV) ]} ,

of these estimators for both sampling designs and different sets of size
parameters. We also included, as a reference, values for the Sen-Yates-
Grundy (see Sen, 1953; Yates & Grundy, 1953) estimator of covariance
based on the first phase sample s:

s — s

_ o o ' ke (X X

covsyg(X,Y) = E E : €<I;_t;> <ylg—yi>.
2 caice T o T T Y

We can read in Tables 5.1, 5.2, 5.3, and 5.4 that the relative bias of the ratio
type estimators is not larger than the relative bias of direct estimators
on s1p. We also see that, if the overlap is large enough, estimators 5.10
and 5.11 perform almost as well as the Sen-Yates-Grundy estimator in
terms of mean square error, even if they are estimated on a smaller sample.
Finally, ratio type estimators seem to have a smaller mean square error
than direct estimators when the samples have a small overlap, and when
the observed variables are strongly correlated.

Size Estimators

a—b—c 5.7 5.8 5.10 5.11 SYG

10-130-10 -0.37(11.5) -0.46(10.4) -0.15(12.9) -0.24(11.9) -0.28(10.8)

25-100-25 -0.18(14.4) -0.14(11.2) 0.02(15.9) 0.15(12.8) 0.09(11.2)

60-30-60  0.57(30.2) -0.42(11.7) -0.07(31.5) -1.18(13.5) -0.17(10.5)

10-100-40  0.05(14.3) -0.12(11.1) 0.55(15.8) 0.36(12.7) 0.03(10.9)
Table 5.1 — RB(RRMSE) x 10? for variables Women03 and Women04, CP-sampling
design

Size Estimators

a—b—c 5.7 5.8 5.10 5.11 SYG

10-130-10  0.02(21.2) -0.04(20.9) 0.19(26.0) 0.15(25.5) -0.24(22.1)

25-100-25 0.47(25.1) 0.56(24.0) 0.14(29.7) 0.25(28.4) -0.69(21.1)

60-30-60 -0.73(50.2) -1.01(44.0) -1.13(57.2) -1.64(48.8) -0.06(21.3)

10-100-40 -1.08(26.0)  -1.4(24.4) -1.27(31.5) -1.79(29.3) -1.84(22.8)
Table 5.2 — RB(RRMSE) x 10? for variables Women03 and Di f fWom, CP-sampling
design

Results for actual covariance estimators of Cov()?l,?z), derived from
Equation 5.5 and these estimators, are given in Tables 5.5 and 5.6. There
again we observe that ratio type estimators may be a great improvement
on direct estimators when the variables of interest are strongly correlated
and samples s; and s, have a small overlap. This performance however
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Size Estimators
a—b—c 5.7 5.8 5.10 5.11 SYG
10-130-10 -0.10(11.5) -0.22(10.5) 1.34(13.4) 1.21(12.4) -0.28(10.7)
25-100-25 0.28(14.4) 0.10(11.3) 2.20(16.6) 1.96(13.4) 0.06(11.1)
60-30-60  1.97(31.9) -0.03(12.4) 3.20(33.2) 1.50(14.1) -0.11(10.5)
10-100-40  0.32(14.5) 0.09(11.3) 1.73(16.3) 1.67(13.3) 0.06(10.8)
Table 5.3 — RB(RRMSE) x 10? for variables Women03 and Women04, Tillé sampling
design
Size Estimators
a—b—c 5.7 5.8 5.10 5.11 SYG
10-130-10 -0.14(20.6) -0.04(20.3) 1.22(25.3) 1.35(25.0) -0.19(22.3)
25-100-25 0.29(24.5) 0.48(23.2) 1.14(29.7) 1.38(28.2) -0.59(21.2)
60-30-60 -1.82(49.1) -0.76(43.1) -0.62(57.4) 0.41(48.7) 0.02(21.4)
10-100-40 -0.63(25.3) -0.99(24.1) 0.13(30.8) -0.28(29.3) -1.76(23.0)

Table 5.4 — RB(RRMSE) x 10? for variables Women03 and Di £ fWom, Tillé sampling

design

is dependent on the correlation of X and Y: when they are just mildly
correlated, as is the case of Women03 and DiffWom, the improvement is
modest as the correlation estimation is less precise.

Size CP-design Tillé¢’s design
a—b—c on S ratio-type on S ratio-type
10-130-10 -0.19(12.4) -0.28(11.4) 1.05(12.8) 0.93(11.8)
25-100-25 -0.01(15.5) 0.11(12.5) 1.93(16.1) 1.69(13.0)
60-30-60  1.73(70.9) 0.99(27.2) 7.18(72.9) 6.43(29.3)
10-100-40  0.46(15.4) 0.28(12.3) 1.49(15.8) 1.41(12.8)

Table 5.5 — RB(RRMSE) x 10? of covariance estimator for Women03 and Women04

Size CP-design Tillé’s design
a—b—c on s ratio-type on sy ratio-type
10-130-10  0.16(25.1)  0.12(24.6) 0.99(24.4) 1.11(24.1)
25-100-25 0.18(29.1) 0.29(27.8) 1.03(29.0) 1.27(27.4)
60-30-60 -1.76(76.7) -2.66(64.7) 1.36(79.9) 2.35(66.9)
10-100-40 -1.25(30.6) 0.29(27.8) 1.03(29.0) 1.27(27.4)

Table 5.6 — RB(RRMSE) x 102 of covariance estimator for Women03 and D1 f fiom

DiscussioNn

We give exact expressions for the variance and covariance of Horvitz-
Thompson estimators in a special type of bidimensional sampling designs
with fixed size and unequal inclusion probabilities. From these expres-
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sions, we derive estimators that can be used in a large family of repeated
surveys. The ratio-type estimators that we proposed gives non-negative
variance estimates under mild conditions. While these conditions should
be satisfied in most cases, it may be difficult to prove that it is actually
the case. This work can easily be extended to take into account deaths
in the population that occur between the sampling occasions, in a simple
case. Assume that these deaths result from an additional Bernoulli sam-
pling phase, thus uniform in the population or strata, and that this phase
is independent from the selection process. In this case, the proposed es-
timators will give results conditional on the number of living units ob-
served in s; and sip. Births in the population can also be accounted for
in a simple case. Assume that the population of newly born units U, is
known and that the survey is updated by selecting a fixed size sample
sop in Up, independently from the selection process of (s1,s2). The sam-
ple s, is then replaced with 5, = s; Usgp. We can write that the resulting
Horvitz-Thompson estimator on 5, Y; is the sum of Y, and of the Horvitz-
Thomson estimator YZb/ defined on sy, of the total of Y in the populat10n
of newly born units. Then, the covariance between Y,, and Y, or X; is null.
The estimators we proposed can still be used to estimate the covariance
between Y, and X;. Hence, in this simple case, we can also estimate the
variance of any linear combination of X; and Y;.

APPENDIX

Proof. Proof of Proposition 5.1

The equations (5.3) and (5.4) are implied by (5.5). The inclusion proba-
bilities of unit k in s; and s, are respectively equal to 71} = n37t}/n and
7'[13 = nyp7; /n. The Horvitz-Thompson estimators on sy and s, are defined

by

~ Xk n Xk
X; = Z Flkesl = T Z 1k651/

keu 7Tk 1 keu T

y y
Z 2 kESZ = Z S kESz
keu 7t 2reu 8

We use the identity
cov(X1,Ys) = E [cov(fcl,?z\s)] + covy [E(Xﬂs),E(?ﬂs)} .

The second phase being a simple random sampling, we have :

E(Xl‘s) - 2 lees =X,
keu "k

E(Y2|S) - Z s Tkes Ys,
kel "“k

o o 1
cov(Xy, Yals) = n? (1112 - ) s
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where

Hence we have

~ ~ 1
cov(Xy, Yr) = n? <7112 — ) Es(s
nmny n

and it is sufficient to remark that

1 Xi X Yk Y 1 S o
B(ory) =57 L7 <nk - n> (nk R e s

kel
]
Proof. Proof of Proposition 5.2
Let ¢ and 03, be estimated standard errors of X; and Y, psl2 [—1,1]

be an estlmatlon of the de51gn—correlat10n between X, and Y, as in Sec-
tion 5.4.2. Let also 075 , 0%, and pi, be standard error and correlation es-
timators of the with-replacement variance of X, and Y; as in Section 5.4.1.

With «, B € R, and using Estimator 5.14, we get the estimation of variance:

vary ((X)A(l + ﬁ?z) = i 1u/Mu,

where u = (a03, , Bow,, a0l , foy,)’ and M is the symmetric matrix

w1 (meo)el o 0
| 0 0
M = g :
1_n71 ( nlnz)pslz
-5

Unfortunately M is not necessarily non-negative. Let us note

Xy
Mw:(z—l (Zfzi—l)pwu>,
n_

nz

and

MS:< ~ (1_:11132)’)512),

1— 1

12

M= .

("% w)
The matrix My, is non-negative for all values of pwu, but M; can have a
negative eigenvalue. However, M; is non-negative exactly when

1 1
1 2 1 2 n12 -
1= (1) () (o)

so that
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This proves that Condition 1 of Proposition 5.2 is sufficient to have that

vary (oc}?l + ﬁf@) > 0. If u could take any value, this condition would

also be necessary. But, with additional restrictions on o3, oy, 0y, and

(TZ,Z (and thus on design-variance estimators var,,(-), i = 1,2), we can
still have that vary, (0421 + ,8172) > 0 for all «, B € R. First we note that,
with u, = (ocaa’f,l,ﬁa%z)’ and u; = (ocU;‘l,,B(Tsyz)’, and if Ay (resp. As) is the
smallest eigenvalue of My, (resp. M), then:

_ - ~ n
vary, (chl + ﬁY2> = (u),Myuy + ugMuy) ,
u;UMwuw > /\wu;;uw/
uMgu;, > Asulug.

Thus we have the inequality:
—~ S Y n / /
vary (och + ﬁYz) > — (Awujuy + Asulug) .

The worst case is when A, and A; are minimal, the latter being negative.
This happens for example when |py),| = |ps| = 1 (generally when x; =
Yk or xx = —yy for all k € s12). Suppose for example that n1p < ny < np
and that A is negative. If we have:

A
/ w /
Ugus < —— U, Uy,
s
. . . . / I
then the variance estimator is non-negative. If on the contrary u;u,/uz,uy

is not bounded, or can take large values, then the overall variance estima-
tor can be negative. Gershgorin’s circle theorem gives that

As > 1—1—<1_ ”12>=”12_”2

1nq nimny niny
A > n1(n —ny) — |nppn — nyny|
vo= n1ny ‘

If nion > nyny, then Ay, > 1 - % and

Aw ny — ni
>n- ——,
—As ny — N2

which proves the first case of Condition 2. If n1,n < nyny, we also get that

2

n
>np+-——,
—As np — n1p

)\w

but 11> can be small and 7n; can be large so this is not very useful. If
n = na, My, has a null eigenvalue and we need to be more careful.

Going back to the problem, after having multiplied everything by 111,
and replaced X with sign(a)\/[a[X and Y with sign(B8)/|B]Y, we want

conditions under which

2 2
0 < ma(n—mny)(o5) +m(n—ny) (0h,)" +2(n1en — nynz) o, m, i,

2 2
+ ma(nm —1) (02) +n1(n2 — 1) (6%)" +2(niny — n12)psiy03. 0%,
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The worst possible case is when pi, = —1 and g, = =1, it is thus
sufficient to prove that

2 y

0 < mo(n—my)(og ) +ni(n—n) (UwZ) — 2|npn — nyny|o JwZ

1
2 2
+ na(ng—1) ((7;‘1) +n1(ny — 1) (04,)" — 2(nnp — n)0y, 05,

If n = ny, then n; = nyp and this inequality becomes

21 (ny — 1) 02 0%, < ma(my —m) (05)% + 12 (1 — 1) (02)? +m (n2 —1) (6)°

It is thus sufficient to have that

mim—1) (@3)° < nalm—m) (03,7 + na(m — 1) (o)
(m—m) (3)* < m(m—m) ()" <

(02)? < m(o)®

which proves the second case of Condition 2. In the general case, we want
to have

0 < {fraln—m)Fa3, — m(n—n))t ot}
+ 2 {[nl(n — ) (n — n1)]? — |n1an — n1n2|} 0% oY,
 {man -1 o~ pGm - 1)
+ 2{[m(m — Dm(ny = 1)) = mm +mo p ool

It is sufficient to have that

1
_ _ 7 _ _
. Usyz < [n1(n —np)ny(n —nq)] |nion nlnzlazlggjy

< 1
ning — nyp — [na(ng — 1)ny(ng — 1))2

which proves the last assertion of Condition 2. O
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ADDENDUM: DIFFERENT ESTIMATORS OF COVARIANCE ON
OVERLAPPING SAMPLES

In Chapter 5, we presented two kind of covariance estimators when faced
with two samples s; and s, with overlap si2 = s; Ns2. One family consists
of direct estimators on the data available for sy;, like estimator 5.7, and the
second family consists of ratio type estimators like estimator 5.8. In 5.8,
only a correlation coefficient is estimated on s, and all the information
on s1 and s is used to obtain an estimation of covariance. Berger (2004b)
notes that correlations estimated in a matched sample may overestimate
the correlation in the total population. Indeed, if the observed samples
result from a non-response mechanism in a panel, units that have an aver-
age evolution may respond more frequently than units that have atypical
evolutions. He also notes that if two random variables X; and Y> are such
that var(X;) = VaI‘(Yz) = 92, that p is an estimator of p with a relative bias
RB(p) and that we can make the approximation

var(X; — Ya) ~ 20%(1 - p),
whereas the true variance is

var(X; — Ya) = 20%(1 — p),
we get that var(X; — Y,) has relative bias:

RB [v/a\r(f(l - 1?2)} = RB(ﬁ)lfP. (5.16)
So, even a small relative bias RB(p) could result in a large relative bias for
var(X; — Yz) if the true correlation p is close to 1. There are a number of
reasons for which we should not feel concerned by this potential problem
in repeated survey sampling.

1. When both samples are not equal, for example when there is a de-
fined rotation rate, and finite population correction terms are not
negligible, the correlation between Horvitz-Thompson estimators f(l
and Y, can never be close to 1. In the case of simple random sam-
pling, for example, it is just not possible.

2. When there is no rotation, the correlation can take values close to 1.
But when there is no or very few rotation, estimating a correlation
coefficient on sjp or estimating Sy, directly on sj; makes no differ-
ence. It is to be noted also that usual estimators of variance perform
pretty poorly and that it is always difficult to estimate a variance
close to zero using variables that can take large values.

Notations and description of the problem

Let s; and sp be two samples selected in a population U with a joint dis-
tribution p(s,s2). Define the marginal sampling designs p1(-) and pa(-),
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and note sqp the intersection of these samples. Resulting sampling de-
sign p12(-) for s1p is known in the cases we will consider. Let also X
and Y, be estimators of the total of a variable X, using sample s; and
of a variable Y using sample s, with variances var; (}A(l), Varz(l?z), and
adapted estimators vary ()A(l), \721\1‘2()?2). Finally, let X1, and Yj, denote esti-
mators based on s1,, with variances and covariance varn(}?u), Var12(1712),
covlz()A(lz, 1712) given by pi2(+), and cov(:,-) denote the covariance opera-
tor given by p(-,-)

Berger (2004b) attributes to Kish (see Kish, 1965, p.457, but I could not
find where) the idea of using

~

1
covyr (X1, Y2) = P12 |:\7a\rwr,l(Xl)V/a\rwr,2(Y2>:| 5 (5.17)
as an estimator of cov()A(l, 1?2), where
COVipr 12 ()?12, ?12)

ﬁlz - 1
o~ < o~ ’\ 2
[Varwr,12 (X12)Varyr,12 (le)}

is a correlation coefficient estimated only on s1. One advantage of estima-
tor 5.17 is that, if estimators vary,; and vary,» are used for the variances of
)Ail and Y5, it leads to non-negative variance estimators for linear combina-
tions of X; and Y». Simulations in Berger (2004b) show that this estimator
does not perform well, and that it appears to lead to a bias consistent
with 5.16.

Discussion

One remark we should make is that an estimator C(X;, Y>) defined as

NI—=

C(X1,Ya) = p12 {ﬁrl(il)ﬁrz(?z)} , (5.18)

where Y~
coviz(Xi2, Y12)

1
{ﬁrlz(xlz)ﬁrlz(ﬁz)} ’

is a correlation coefficient estimated only on sy, is clearly a very bad
estimator of COV()A(l, }?2) Indeed, we can see in example 5.1 that, even in
the simplest case, estimator 5.1 makes a total mess of finite population
corrections and of sample sizes.

P12 =

Example 5.1 With simple random sampling, as we have seen in Chapter 5, the covariance be-
tween Horvitz-Thompson estimators is equal to

oS o ni2 1
X1, Y,) =N? [ —— — = ,
cov (X1, Y2) (nan N> PxySxSy
where Sy, Sy and pxy = Syy/SxSy are standard errors and correlation of variables
X and Y in the population, n1, = |s12|, n1 = |s1| and ny = |sy|. Consequently,
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the correlation between Xq and 172 is equal to
np 1
niny N
1 _ 1 1 _ 1
Gi—3) (- 4)]
and, since n1, < min(ny, ny), it cannot be close to 1 if ny, ny and nyny /nqy are

not equal. It would be a bad idea to estimate directly cov(Xy,Y>) with estima-
tor 5.18. Indeed, in that case 5.18 gives

1
PPN 1 1 1 1 2
et =8| (- ) (5~ w) | pvsrason

Sxy,s12

corr(X, ?2) = Oxy

7

N|—

where

Pxysp = 7 -
5x,5125y,512

Finite population correction as well as sample size terms are clearly wrong in this
expression of C(X1, Ya). It is however legitimate to estimate Sxy with

~

Sxy = PxysSxs15y,50/
and to use it in an estimator of cov(Xj, ?2):

— > _ 2 nin 1
cov(Xy, Y2) =N (7’117’12 - N) Pxy,5125%,515y,52-

Estimator 5.1 is asymptotically unbiased and simulations let us believe
that it performs honorably, or at least as well as a direct estimator on s15.
For some other bidimensional sampling designs, such as those discussed
in Chapter 5, we can also use ratio type estimators of the covariance. A
correlation is estimated on the samples overlap and multiplied by stan-
dard errors estimated on samples s; and sy, but corrective terms that are
functions of the sample size are used. This is particularly easy with viable
approximations of COVS(XS, Y ) that depend only on the first order inclu-
sion probabilities (on this subject, see Héjek, 1964; Deville, 1993, 1999;
Brewer, 2002; Brewer & Donadio, 2003). These approximations have in
common that they can be seen as estimators of correlations of reweighted
variables X and Y in the population. The correlation and standard errors
involved here are not dlrectly correlation on sy of X12 and le and stan-
dard errors of X1 and Yz, but correlation and standard errors of X and
Y in the population. Simulations in Chapter 5, Section 5.5 did not reveal
dramatic flaws with this kind of estimator either.



COORDINATED POI1ssON
SAMPLING

Abstract

The Swiss Federal Statistical Office intends to manage all its business surveys
with a single system of sample coordination. This system should provide Poisson
transversal sampling designs. It should enable us to coordinate positively or
negatively one time surveys, but also panels and rotating panels, with an optimal
coordination if possible. Finally, it must be adequate for a dynamic population in
which births and deaths of units take place, and in which units can also split or
merge as is quite common in business surveys. We generalized Brewer’s method
of coordination and detailed how the system can be used to answer these needs
in the case of a dynamic population.

Keywords: Rotating panels, Dynamic population, Brewer’s method

INTRODUCTION

Several methods of sampling coordination have already been developed in
national institutes of statistics (see for example in France Cotton & Hesse,
1992; Riviere, 2001). There is a review of some of them by Hesse (1999)
and a more detailed description of their properties in Nedyalkova et al.
(2009). Each of these methods performs perfectly in the ideal case of a
static population and of coordinations that are all positive or all negative.
And for each one of them, solutions have been developed to adapt to dy-
namic populations. There remain however some problems that make these
methods unsuitable for a global system of coordination of all surveys con-
ducted by an institute. In particular, it seems difficult with these methods
to mix positive and negative coordination as is required when one wants
to have two separate rotating panels for example. Moreover, most of these
methods provide simple random with fixed size or stratified transversal
sampling designs, at least approximately. They require difficult adapta-
tions to allow for deaths and births in the population while still giving
such transversal designs. Methods that provide stratified samples often
necessitate to create the strata once and for all such as in De Ree (1983), or
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to use the intersection of all strata, as in Riviere (2001). This last problem
also makes these methods unpractical for an institute that wants to have a
consistent and durable system of sample coordination.

Most of the technical problems raised by existing coordination meth-
ods come from their stratified or fixed size transversal sampling designs.
Using Poisson sampling for transversal designs as in Brewer et al. (1972)
allows to create a much more flexible system. The birth (respectively
death) of a unit simply translates to its inclusion probability becoming
positive (respectively null) without requiring an intervention on the inclu-
sion probabilities or selection process of other units. Strata are replaced
by domains in which inclusion probabilities may be equal, or in which the
sum of inclusion probabilities may be chosen so as to obtain a sufficient
size of sample with a high probability. The sample size is random, but it
is also the case when there is non-response and, even with stratified sam-
ple, one has to chose a sufficient size of sample within strata or domains
of interest to compensate for non-response. The main drawback remains
that variance of the estimators of variables proportional to inclusion prob-
abilities does not benefit as much as with fixed size sampling. That can
be mostly compensated by the use of a calibrated estimator, and variance-
covariance estimation between samples is largely simplified. Most impor-
tantly, there just does not exist yet a coordination system that satisfies
every requirements asked of a general system for all business surveys and
allows to use fixed size or modern transversal sampling designs that take
better advantage of auxiliary information.

SURVEY BURDEN

Each year, the Federal Statistical Office (FSO) conducts several business
surveys. Some units are selected on multiple occasions. Sometimes it can-
not be avoided, for example for large companies that receive an inclusion
probability equal to one in every survey. It is nevertheless desirable to
limit as much as possible the survey burden of smaller companies, and to
guarantee that an unit is not selected more often than necessary. There
are two aspects to survey burden: the number of occasions on which an
unit is selected and the time between two selections. The average number
of selection depends only on the first order inclusion probabilities and it
is usually not possible to adjust it in order to diminish the survey burden.
Indeed, inclusion probabilities are computed on each occasion so as to
obtain a good precision for every transversal survey. A unit that receives
inclusion probabilities 77!, ..., 7" for surveys over a time period will be se-
lected on average 7! + - - - 4+ 71" over this period, independently from the
joint sampling design of the r surveys. The only way to reduce this figure
is to conduct fewer surveys, or to sacrifice the precision of some of those
and this is usually not acceptable.

However, for surveys that are conducted on different occasions, one
can try to ascertain that a unit that has just been selected will be left alone
during a certain period. The regularity with which an unit is selected
can be controlled with an adequate coordinated sampling method. For
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example, if five surveys are to be conducted and an unit receives inclusion
probability 0.2 at each of these surveys, it will be selected on average one
time. The naive method would be to draw each sample independently,
leading this unit to be selected 0 time, 1 time, et ccetera, and up to five
times. By using a coordinated sampling design, we can make sure that this
unit will be selected exactly one time, and that once it has been selected, it
will not be selected again. In the general case, when the sum of inclusion
probabilities of a given unit is between two natural numbers j and j +
1, negatively coordinated sampling leads to selecting this unit on either
j or j+ 1 occasions, while independent sampling would have resulted
in any possible number of selections. We studied some of the existing
coordination methods in Nedyalkova et al. (2009) and found out that they
all lead approximately to the same time out of sample for a unit that
has just been selected. It can be argued that the best longitudinal design
for repeated surveys with negative coordination is systematic sampling,
which is the only design that will give a perfectly regular time out of
sample in an ideal case.

Coordinated sampling is especially interesting for units that have a
sum of inclusion probabilities over time not greater than one since in that
case one can guarantee them that they will be selected on at most one oc-
casion. The coordinated sampling system developed in this paper makes
it possible to organize any type of survey (on one occasion, on many oc-
casions with a panel or with a rotating panel), in a dynamic population
(with births, deaths, merges and splits), and to guarantee that each unit,
on an individual level, will be selected as sparsely as possible under the
constraints imposed by their inclusion probabilities. The resulting longitu-
dinal design for each unit is the systematic design. In some cases, there is
but a slight difference between independent and coordinated samples. For
example, when inclusion probabilities are very small independent samples
will naturally have no overlap. In other cases, the effect of sampling co-
ordination will be obvious. For example, when there is a survey with a
high sampling rate and another one with a small sampling rate (one can
think of sampling rates of 0.9 and 0.1), independent sampling will lead to
samples that have a very big overlap while coordinated sampling could
have produced non-overlapping samples.

METHOD

We describe here a method that is a generalization of the method in Brewer
et al. (1972) and that allows to select samples with a negative or positive
coordination with previous surveys for every unit in the population. It
is based on the use of permanent random numbers, allows for births and
deaths in the population, gives Poisson cross-sectional designs and sys-
tematic longitudinal designs. Units are treated independently one from
the other, and they may receive different coordination rules, though we do
not see any use for different units having different coordinations. Finally,
a first implementation using the SAS® software shows that this method
is practical and requires only a few minutes of computation to coordinate
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Definition 6.1

Definition 6.2

Definition 6.3

thirty surveys in a population of 400’000 units (the number of companies
in Switzerland).

Let us recall shortly some useful definitions for sampling on many
occasions: we are interested in drawing samples from a population U’
at times t = 1,2,...,T. At time t, a sample without replacement is a
subset of the population U’. Without loss of generality, we can define
U = {1,...,N} as the union of populations U!, where we identify all
occurrences of a same unit and we assign an index to any unit that appears
in U, t =1,2,...,T on at least one occasion. It is often useful to define
“existence indicators”, but in this case it is not necessary as a non living
unit will naturally receive a null inclusion probability and everything will
work out nicely.

A cross-sectional sample is denoted by a vector
st =(sh,...st,...,s) € {0, 1}V,
forallt € {1,2,...,T}, and the longitudinal sample by a vector
si = (st,...,st,...,s0) €{0,1}7,

where
1 if,at time t, unit k is in the sample s'

b
k= { 0 if,at time t, unit k is not in the sample s',

forall k € U.

A sampling design p(s'), t =1,2,..., T, will be called a cross-sectional sampling
design.

A sampling design p(sx), k =1,2,..., N, will be called a longitudinal sampling
design.

The joint (or complete) sampling design p(s) is given by

t

p(s) = p(st,... s, ..., sT).

From this joint sampling design, we can derive the marginal cross-
sectional design for a time ¢

pi(sh) = Y. p(st,... s, ..., sT),

sl,..st—1gt+l T

and the marginal longitudinal design for a unit k,

pk(sk) = Z p(Sl,...,Sk,...,SN).

$1,--+8k—1,8k+1,+-/SN

Let S} be the random variable that takes the value 1 if unit k is selected
at time t and O otherwise. The first-order inclusion probabilities of the
cross-sectional design at time ¢ are given by:

. = E(Sp),
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where E(+) is the expectation under the probability distribution p(-), k €
U,t =1,...,T. The longitudinal joint inclusion probabilities for times ¢
and i are given by:

71']?1' = E(S;t(Si), kel ti=1,...,T.

Naturally, if a unit k does not belong to U’, then S, = 0 and the inclusion
probabilities 77} and ni’i are also null.

When selection of unit k at times t and i are uncorrelated, as is the case
when cross-sectional sampling designs p;(s') and p;(s') are independent,
we have that n,i’i = ittt We will say that there is a positive coordination
between surveys i and t for unit k when n,t{'i > il and negative coor-

dination when Tt,t(’i < mii. Remark that the following inequality always
holds: ‘ ‘ '
max (0, 7t,t< +m—1) < nlt(’l < min(n,t(, 7). (6.1)

We will say that there is an optimal negative or positive coordination when
one of the bounds of 6.1 is reached. This definition of correlation is not the
only one possible. For sampling designs with simple random or stratified
cross-sectional designs it is not uncommon to define negative (resp. pos-
itive) coordination as the property that the intersection of samples holds
less (resp. more) units than would have been the case with independent
sampling.

We will also give definitions of weakly and strictly sequential (lon-
gitudinal) sampling algorithms. A strictly sequential procedure may be
necessary for the longitudinal design when we are sampling over time.
This is the case when the inclusion probabilities for the future occasions
are not known (e.g. they are proportional to a variable that is not available
in advance), or when the total number of occasions is not known. The
usual algorithm for systematic sampling is strictly sequential.

A longitudinal sampling algorithm, for a unit k, is said to be weakly sequential if
atstept =1,...,T of the procedure, the decision concerning whether the unit k
is in the sample s' is definitively taken.

A longitudinal sampling algorithm is said to be strictly sequential if it is weakly
sequential and if the decision concerning the unit k at time t does not depend on
the inclusion probabilities of the unit k at times t +1,..., T and on the number
T of sampling occasions.

Our system requires that an order of priority among the coordinations
be defined, before each new sample is selected. One can for example chose
to give priority to the coordination with the preceding survey, then with
the one before, and so on. The sign of coordination is chosen freely by the
user and can be positive with some past surveys and negative with others.
For a repeated survey, the updated sample can be positively coordinated
with previous samples of the same survey and negatively coordinated
with other surveys.
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6.2.1 Description of the method

Each unit is treated independently. We will describe our coordination
method for one unit. Assume for example that one wants to coordinate
three surveys and that a unit k receives inclusion probabilities 71}, 727, 7t;.
e On the first sampling occasion, the unit has an inclusion probability

i and receives a permanent random number u; uniformly gener-

ated in [0, 1]. The first sample is selected using the usual procedure

for Poisson sampling: unit k is selected when 1 < 7} and is not
selected otherwise. Line segment [0,1] is thus divided in two sub-

sets one of which can be trivial if 77{ equals 0 or 1, and [0, 7t] is the

selection zone for unit k in sample s* (see Figure 6.1).

Figure 6.1 — First sampling occasion

e On the second sampling occasion, coordination is obtained as in
Brewer et al. (1972): a selection zone is defined for unit k in sam-
ple s?. This zone consists of one or two intervals with total length
nz. If we want to obtain an optimal positive coordination for unit

k between these two sampling occasions, we will chose a selection

zone that will have a maximum overlap with the selection zone of

the first sampling occasion. If on the contrary we want to have an
optimal negative coordination, we will chose a selection zone that
has no overlap, if possible (if 7'[,1 + 7'[13 < 1), with the selection zone
of the first sampling occasion, or that will have the smallest possible
overlap. For example, if 77 < 71} and we want to have a positive
coordination, the selection zone at the second occasion is included

in the selection zone at the first occasion (see Figure 6.2). If 717 is

Figure 6.2 — Positive coordination when s < 11}

S
S
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greater than 71}, we have the situation of Figure 6.3.

The selection of unit k is determined by the inclusion of u; to selec-
tion zones and each intersection of selection zones corresponds to a
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Figure 6.3 — Positive coordination when 7> > 1}

e 1
shh-------~ 1 :
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longitudinal sample for unit k. After the second sampling occasion,
[0,1] is split into three intervals that correspond to longitudinal sam-
ples (1,1),(1,0),(0,0) in the case of Figure 6.2 and (1,1), (0,1), (0,0)
in the case of Figure 6.3.

If we want to obtain a negative coordination for unit k between sam-
pling occasions, we need to chose a selection zone for the second oc-
casion that has the smallest possible overlap with the selection zone
of the first sampling occasion and thus that is preferably included in
[7},1], if 7} + 72 < 1 (see Figure 6.4).

Figure 6.4 — Negative coordination if n,% +m2 <1

s2 bp-- == 1
s! bommmm oo {
0 i i + 7 1

If 7} 4+ 77 > 1 the selection zone on the second sampling occasion
will be the union of [7},1] and of [0, 72 + 7} — 1] (see Figure 6.5).

Figure 6.5 — Negative coordination if 7'[]1 + 7'[,% >1

g2 F--1 b 9
Sl!,__'_ _____ <|
0;1 I2 I1 '1
7rk+7rk—1 Tt

Here again [0,1] is split into three intervals, each of these corre-
sponds to a longitudinal sample for unit k: (1,0),(0,1),(0,0) in the
case of Figure 6.4 and (1,1),(1,0), (0,1) in the case of Figure 6.5.

e Assume that after t sampling occasions [0, 1] is split into ¢ 4 1 inter-
vals, each one corresponding to a longitudinal sample. In order to
define a selection zone for unit k in sample sttl we assign a score to
these t + 1 intervals in a way that is determined by the coordination
signs and priorities with past surveys. If sample s'*! is to be co-
ordinated positively with s', with maximum priority, every interval
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1 2 ¢
Interval s i St S
a1 )
b
a; 1 0
a,i“ o o 1

Table 6.1 — Sampling design for unit k

that corresponds to a longitudinal sample where unit k is selected
in s’ will receive a higher score than all intervals where unit k is not
selected in s’. Then, inside these two groups, intervals will receive
scores sorted according to the coordination desired with the second
sampling occasion by order of priority, and so on. The selection
zone for unit k in sample s'*! will be the union of intervals with
the highest scores up to a total length no greater than n,tfl and of
a subinterval of the next interval by decreasing score, up to a total
length of 7i*!. For example, if the first two sampling designs are
positively coordinated, as in Figure 6.2 and sample s3 is to be, in
priority, positively coordinated with sample s? then negatively coor-

dinated with sample s!, we obtain Figure 6.6.

Figure 6.6 — Coordination of a third sample
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For each unit k a list of intervals a}(, .. .,a,tfl that form a partition of

[0, 1] must be created and updated, and to each interval a}; is associated a
longitudinal sample Skai These data allow to effectively select a sample,
that will be determined by the permanent random number u;. They are
necessary in order to compute the joint sampling design p(s,...,s'*!) on
the next sampling occasion. Table 6.1 gives an idea of the data that must
be kept for each unit. In that table Y_1*} ai = 1 (a! is used indifferently to
represent an interval or its length), and a random number u; must also be
stored. Note that longitudinal sample Sl Can be read in Table 6.1 as the ¢

last columns of row i.

Births and deaths in the population

The method we described can easily be adapted to a dynamic population
where births and deaths occur. Indeed, units are treated independently
and the birth or death of a unit does not modify the selection process of
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other units (other than maybe in the computation of inclusion probabil-
ities) as would be the case, for example, with fixed size simple random
sampling. Moreover, the longitudinal sampling design is strictly sequen-
tial, hence the selection of a unit at a given time does not depend on its
future characteristics or on its remaining lifespan. In order to add a new
unit to the sampling frame, it is sufficient to assign to this unit null in-
clusion probabilities for past surveys, and fictitious intervals of length 0,
corresponding to fictitious longitudinal samples, that may be defined to
be equal to (0,...,0). This unit will receive a first non trivial interval on
the first sampling occasion when it has a non null inclusion probability. In
order to take into account the death of a unit, it is sufficient to assign to it
a null inclusion probability at all future sampling occasions.

Algorithm 4 describes the main procedure of our coordination method.

Parameters o}, j = 1,...,t give the priority of coordination of survey j

Algorithm 4: Coordination of Poisson sampling designs

1: t = 1: Initialization
: for each unit k in the population U' do

Define a} = 7}, a7 =1 — 11};

Define s;' =1, s> =0;

Draw a random number uy uniformly in [0, 1];
end for

7. t — t + 1: Addition of a sampling occasion

AN S

Require: Coordination rules o{(, ci, j=1...,t

8: Define U = /1] U;

o: Bvery unit in U\U**! receives inclusion probability 0;
10: for every new unit k, in U1\ J!_, U’, do

11:  Defineal =...=al =0,a" =1;

12z Defines! =...=s/""=(0,...,0) € R}

131 Draw a random number u; uniformly in [0, 1];
14: end for

15: for each unit k in U do

16: fori=1tot+1do o

17: Compute a score 0. for ai as 0! = Z§:1 2°£c§<(sk’a§( )

18:  end for

19:  Define selection zone for unit k in s*! as the union of intervals
ai that have highest scores until their total length exceeds 7‘(£+1 ;

20:  Split the last added interval into two parts and remove a part

+

from the selection zone so that its total length is equal to 7}";
21:  Renumber the list of intervals a}(, ceey a]tfz and update the
corresponding longitudinal samples s, ..., s\

22: end for

23: Selection of a longitudinal sample

24: for each unit k in U do

25 Select the longitudinal sample corresponding to the interval a}
in which permanent random number u lies.

26: end for




106

Chapter 6. Coordinated Poisson sampling

6.2.3

with survey £ +1 (o{( = t means highest priority and 0{; = 1 means lowest

priority), and cfc(skﬂi ) is defined as

j

Sy i if the desired coordination of survey j
"k

c{{ (s0,0) = - with survey  + 1 is positive,

Mk 1-— s;( ,i if the desired coordination of survey j
"k
with survey t + 1 is negative,
where s;( i is the jt line of s, i Function c{((sk ai ) is the indicator variable
"k 4 7!

that, in the longitudinal sample corresponding to interval af, unit k is
selected in s/ if the desired coordination is positive, or on the contrary
that unit k is not selected in s/ if the desired coordination is negative.

Merging and splitting units

In dynamic populations, and particularly in dynamic populations of com-
panies, it is not uncommon for two (or more) units to split or merge.
Having units that split into two (or more) units, does not create new prob-
lems for coordinated sampling. One just has to decide if the new units
inherit the characteristics of the parent unit or if they are considered as
newly born units. In any case, the units receive a consistent ‘past’, i.e.
intervals, longitudinal samples and selection zones consistent with the in-
clusion probabilities of their parent and with the observed data (which
may or may not be split between the new units).

The case of merging units is much more difficult as two units that
merge have their own different pasts and may belong to different panels,
so we need to chose a fictitious past for the merger unit, depending on the
way we want this unit to be sampled in the future. Here are some possible
choices:

e the merger unit is considered as a newly born unit. The past of
merging units is discarded and everything goes as if they were de-
ceased.

e One of the merging units is considered to be dominant (e.g. it is
much bigger than the other units). It is then natural to affect the
past of this unit to the merger.

o The merger inherits characteristics of two or more merging units. For
example if units k and ¢ with selection indicators s} and s, merge in
a new unit m, we need to decide how we will use information (s,‘;, 52)
to recreate a past for m.

The last case is the only one that requires further developments for
our problem of sample selection and coordination. Two units have to
be merged with their longitudinal sampling designs and their permanent
random numbers. Let us consider unit k with intervals a,l, ... ,a,t{“, ran-

dom number u and unit ¢ with intervals b}, . ..,bz“ and random num-
ber v. The longitudinal marginal sampling designs of units k and ¢ can be
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represented as in Figure 6.7. To each interval a} corresponds a longitudinal

Figure 6.7 — Merging two units: marginal sampling designs
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sample Stal for unit k and to each interval b} corresponds a longitudinal
sample St for unit ¢. Since these sampling designs are independent,
couples (Sk,a;{ ’Sf,bé) are in bijection with rectangles a} x b]é of Figure 6.8.
The probability of selecting a couple of longitudinal samples (Sk,a;; /S0 ) is
equal to the area of the corresponding rectangle.

Figure 6.8 — Merging two units: joint sampling design
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Our aim is to suppress differences between merger units and ‘stan-
dard’ units of the population: we want them to have at most t 4- 1 possible
longitudinal samples at time t, coupled with intervals (cj) j=1,..t+1 and a
permanent random number.
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A first and painless step is to transform the square [0, 1]? and its subdi-
vision in rectangles of Figure 6.8 into line segment [0, 1] and an adequate

subdivision. That can be done by reporting areas of rectangles ai x bé on
[0,1] in any chosen order, and the couple of random numbers (#,v) can
be placed in the corresponding interval. If it falls into interval [a, b], we
can chose the permanent random number to be w = a + A where A is
the area drawn in Figure 6.8. That way, we have a partition of [0, 1] into
(t +1)? intervals, each of them corresponding to couples of longitudinal
samples (sg,s¢), and a random number w that falls into the interval that
corresponds to the couple of longitudinal samples that where effectively
selected.

A second and necessary step in order to insert the merger unit m in
the coordination system and compute scores as in Algorithm 4 is to map
couples (s, s;) to vectors s,, € {0,1}!. This transformation implies a
loss of information but is standard practice when units merge in business
surveys. We define a merging function

fir = ( {01} x{0,1}Y — {o0,1}f )

(sk s¢) —  Su
Usual merging functions are:
* fru(sk se) = sk,

o fii(sk s0) = sy,

(
e fio(sk,s¢) = (max(s},s}), ..., max(st,s)),
(

e fio(sk,s¢) = (min(s},s}), ..., min(s, sh))".

A posteriori inclusion probabilities can be computed for unit m, that de-
pend on the choice of merging function fi ,. With the usual functions given
above, we get respectively: 7, = ni, 7\, = ), i, = 7t + ) — i - 7T,
and 71y, = 711 - 7T,

At this point, we could coordinate the selection of unit m in future
surveys with past surveys using Algorithm 4 and all (¢ + 1)? longitudinal
samples for unit m. However, that would make the system unstable since,
if several units merge, the amount of computation and of data to be stored
grows rapidly.

The third and optional step is to map the (¢ + 1)? longitudinal samples
to at most t + 1 samples. Once this is done, the merger unit will fit in the
system exactly as a ‘standard’ unit does. Note that for some units there
is in fact nothing to do. Big companies, for example, are always selected,
and if such a unit merges with another unit, it will naturally have at most
t + 1 possible longitudinal samples. For other units we need to define a
compression function g,:

gm:<{o,1}f — {o,1}f)

Sm > Sm

that takes at most t + 1 values when s,, is taken in the set of (t + 1)2
possible longitudinal samples given by f,. This implies an additional
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loss of information that must be carefully controlled. If all coordinations
were negative and the only objective was to maximize the time out of
sample, we could keep for only information the last occasion on which
unit m has been selected:

Sm i Sm = (sh,...,s1,1,0,...,0) — &, = (0,...,0,1,0...,0).

Unfortunately, this simple solution is not adequate when we need to
coordinate panels or rotating panels, for which it is not sufficient to keep
only the last time of selection. Hence we need to make a better choice
for the compression function g,,. Some of the important aspects that we
should to consider, are:

1. keep the longitudinal sample s,,(w) that was actually selected. In
that way, the available data for unit m is consistent with the history
of selections of m, modulo the function f ,.

2. Preserve the a posteriori inclusion probabilities n#, ., 7tfn that are

given by fi ¢, so that the resulting coordination is coherent with the
choice expressed in f ;.

3. Select a function g, that can be implemented: enumeration prob-
lems of vertices of polytopes in [0,1]" can be complex and lead to
heavy computation burden, when they are at all feasible.

4. Once the above points are respected, chose a method that keeps the
most information, such as

e choose if possible the length of the interval to which w belongs,
to be for example equal to p(s,(w)),

e choose a function g;; which takes exactly ¢ 41 values,

e use an information criterion.

It is theoretically possible to preserve the inclusion probabilities
7'(%1,...,7'5,51, the longitudinal sample s,,(w) and to use t other longitu-
dinal samples si,..., st among those that were given by f;, (see Sec-
tion A.5 in Appendix). Unfortunately, it is not possible in general to de-
fine a sampling design fi(-) on s, (w), s, . .., sk with inclusion probabil-
ities 77}, ..., 7, and such that p(s,,(w)) = p(s,(w)). There are however
several choices available of samples sf}“ een, si‘n, sampling designs p(-), and
values of fi(s,(w)). It is not clear that choosing 7}, ..., 7, among the
possible samples is the best strategy. And it would be much easier to keep
only s, (w), p(sm(w)) and to chose t other samples among all samples and

not only among those that are in the support of p(-).

6.2.4 Properties of the joint sampling design

e In the case of negative coordinations, the longitudinal sampling de-
sign is systematic, and, according to Nedyalkova et al. (2009), it has
good properties for this kind of use.
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6.3.1

e The whole selection process of different units are independent, hence
we have that 71} , = 7377 and n,tclg = nit 7). Second order inclusion
probabilities n,t(’i are not so simple, but can be rapidly computed as
the number of sampling occasions is usually small, or at least it is for
business surveys. It is thus easy to have a variance formula and to
compute the second order inclusion probabilities involved. The main
problem of covariance computation remains that negatively coordi-
nated samples are usually and preferably non-overlapping, making
the correlations impossible to estimate without a model and strong
assumptions.

e The coordination obtained with this method is optimal in the sense
that, for each unit, the coordination between a survey St and the
survey with which it was to be coordinated with the highest priority
is indeed optimal: the bound in 6.1 is reached. Then, among sam-
pling designs that reach this bound, this method gives maximum
coordination between S and the survey which was second by order
of priority, and then it gives maximum coordination with the third,
etc.

APPLICATION

Rotating panels

The system of coordination we described allows to select rotating panels
coordinated with other surveys. Assume that t — 1 sampling occasions
have passed and that we want to organize a new rotating panel, with, for
example, a rotation rate of one fifth. Inclusion probabilities of the panel
are noted n,’: , k € U. We will start by selecting five subsamples st ... sttl
that constitute the initial sample s” in the panel.

First we define coordination rules and priority for the panel. Then we
select, using our coordination system, a first subsample s’ with inclusion
probabilities 77} /5 and the coordination rules defined above. Subsample
st*1 is also selected with inclusion probabilities 7t} /5 but we add to the
coordination rules that its first priority is to be negatively coordinated with
s’, ensuring that these samples are non-overlapping. Subsample s’ is
selected with the augmented coordination rules that it must be negatively
coordinated with s'™ and s' in priority, and we proceed similarly for s’
and s'™. Once this is done, we define the first sample of the rotating panel
as

s/ ="+ s

The five subsamples have inclusion probabilities 7t} /5 that are at most
equal to 0.2. Since these subsamples are negatively coordinated with the
highest priority, our method ensures that they do not overlap and that a
unit k such that 71} = 1 is indeed selected in one of them. The first sub-
sample to be drawn s’ is the one that has best coordination with previous
surveys, while the last one s'™ has a deteriorated coordination. It is thus
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preferable to discard s'** when the panel is updated and to retain s’ as
long as possible.

When the panel must be updated, after u — 1 sampling occasions, we
start by selecting a new subsample s*, negatively coordinated in priority
with s,..., s, then coordinated according to chosen rules with other
surveys. Then we update subsamples s, ..., s "3 : first we select a sample
s"*1 positively coordinated with s’ (with highest priority) then negatively
coordinated with s*,st*1, s*2 s!*3 then coordinated as chosen with other
surveys, then we select s"*2,s""3, 5% to update s'*!,s'2,s/*3 along the
same lines. Subsample s'™ is discarded from the panel and we define the
updated sample of the rotating panel as

Sp+1 —s ..t S”+4.

All these operations are described in Algorithm 5.

Algorithm 5: Rotating panel

1: First selection of the panel
Require: Coordination rules: 0{;, c{(, j=1,...,t=1;
2: Define inclusion probabilities 7t = 7t} /n for a rotating panel with
a rotation rate of 1/n;

10: Update of the panel

Require: Coordination rules: 0{(, cfc, je{l,... t—1t+mn,...,u—1}

11: Select the new subsample s*:

12: Add to coordination rules " = u —r —1, ¢ (s,0) =1 — 5,1/,
r=0,...,n—1;

13: Select sample s" with inclusion probabilities 7t} using algorithm 4;

14: Update the old subsamples, except s+~ 1:

15: fori =0ton —2 do

16:  Coordinate in priority with the subsample to be updated:

17 Update coordination rule of"" = u +i, ¢;™ (syq) = s

18: forr=t+i+1tou+ido

19: 0p o0 —1;

200 end for

21:  Coordinate negatively with the other subsamples:

222 Add coordination rule o} 7' = u+i—1, ¢} T (s;,) =1 — s,’(‘;’i,'

23 Select sample s**'*! with inclusion probabilities 7} using
algorithm 4;

24: end for

25: Define new panel sample s? = Zl%l;run—l sl

3: Select sample s’ with inclusion probabilities 7t using algorithm 4;

4 fori=t+1tot+n—1do

5:  Update coordination rules to obtain non overlapping samples:

6: Add to coordination rules of(_l =i—1, c}:l(skﬂ) =1- sf{;l ;

7. Select sample s’ with inclusion probabilities 7t using algorithm 4;
8: end for

9: Define first panel sample s? = y_I"" ! g
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6.3.2

Coordination rules to select the new subsample s* are subject to dis-
cussion. Indeed, coordinating s" negatively with s'** means that, if pos-
sible, we absolutely do not want a unit to stay in the panel on more than
five consecutive occasions and break a moral contract with the sampled
population. It is however not clear that this is the best strategy. Indeed, a
unit that drops out of the panel may be selected in another survey, even
another panel for which it will have to be trained, so it may be better to
coordinate s" negatively with st,...,s!"3, then to insert some coordination
rules with other surveys before coordinating with s'™4.

“Erasing” previous surveys

When a survey is considered as ancient and we do not want to actively
coordinate with it any longer, it is possible to remove it from the coor-
dination system. In order to remove survey i, it is sufficient to remove
column i from Table 6.1, and merge intervals that correspond to the same
longitudinal sample obtained after this deletion. It may be necessary to
update random number uy if the interval in which it lies is modified by this
merge. Once survey i is removed from the system, it is not possible any-
more to coordinate actively a new survey with survey i. However future
samples will, in general, still be coordinated, in an uncontrolled manner,
with survey i. Indeed, they will be coordinated with other surveys that
were themselves coordinated with survey i.

CONCLUSION

We propose a method of coordinated sampling that is a generalization of
the method in Brewer et al. (1972). It is adapted to dynamic populations
and has good properties. The independence between selection processes
of units in the population is a key factor that allows to design a system
capable of dealing with complex problems. These problems are much
harder to solve with other methods of coordination. We do not have a
perfect solution for merging units: there are simple solutions that have ob-
vious flaws, but a good solution almost certainly requires a large amount
of computations. Finally, this method gives Poisson transversal designs
with the usual drawback that sample size is random. This is not critical
in business surveys, where very large units usually receive an inclusion
probability equal to 1, and where sampling rates of other large units are
high. Moreover, most of the added variance compared to a fixed size
design can be compensated with a calibration estimator. If this system
was to be used for household or general population surveys, it would be
interesting to look into the possibility of a modified rejective method.



(GENERAL CONCLUSION

Instead of a conclusion, I will put down a list of follow-up tasks and
open questions motivated by the work exposed in preceding pages.

Over dispersion properties and extremal entropy sampling, in Chap-
ter 3 we gave several results that are necessary conditions for a sampling
design with given inclusion probabilities to give extremal dispersion of
the eigenvalues of its variance operator, be this extremum a minimum or
a maximum. These results depend on the chosen metric on the parameter
space of variables of the population. Minimum support designs appear
to always be candidate to have an extremal dispersion, as they appeared
in Section 3.1.2 to be candidate to having a minimum entropy. Out of
curiosity, we still have to determine if they all have indeed locally maxi-
mal dispersion and minimal entropy in the convex polytope of sampling
designs with given first order inclusion probabilities.

Over the variance of evolution estimators in repeated surveys, in Chap-
ter 4, we estimated the variance of the difference of ratio estimators by
substituting the variable of interest y; with vy, — 7x; where x; is the auxil-
iary variable used for the ratio and 7 is the estimated ratio (in domains).
That is to say, we used the estimator vc of Royall & Cumberland (1981).
There has been extensive work published on the properties of this esti-
mator and whether it should be replaced by other estimators, such as
vy = (X/X)%ve (on this subject, see for example Royall & Cumberland,
1981; Sarndal et al., 1989; Binder, 1996; Deville, 1999). Other estimators
were proposed that use corrective terms in order to address issues raised
in Royall & Cumberland (1981) and make a better use of the available in-
formation. In Wu (1982), it is proposed to use (X/ )A()g, ¢ € R, with a
particular interest for the case ¢ = 1 and in Isaki (1983), it is proposed to
use S2/s2. The Swiss Federal Statistical Office initially used estimator v,
(inside strata) for its transversal variance estimations. Results where very
close to those obtained with estimator vc, at least on an aggregate level.
Nevertheless, we should probably look into the opportunity of using a
modified estimator of the covariance Sy, such as the ratio estimator

5. = X2 Sxy,s12
VR X Sy s S
142 °X,512°Y,512

5x,515Y,87°

This work on the evolution of the value added was carried out on a ‘true
panel’, that is to say the selected sample was the same on the three consid-
ered sampling occasions. The observed samples differed only due to non-
response, be it caused by death or not. The value-added survey sample is
however updated about once every three years. Further work includes the
adaptation to these years of sample update.
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General conclusion

Results of Chapter 5 on the covariance of Horvitz-Thompson estima-
tors in repeated surveys with unequal probability need to be improved. It
is particularly true of the lower bound that guarantees that the ratio-type
variance estimator is non-negative. We should also try to find out which of
the available variance approximations satisfy the required inequality and
under which sampling designs they can be used. An important develop-
ment would be to describe extensively how this work can be adapted to
repeated sampling in dynamic populations.

Finally, the coordination method of Chapter 6 needs to be completed.
The problem of merging units is complex, both on a theoretical level and
on a practical level. Choosing which information must be retained and
which can be discarded is delicate. Even more delicate is to find an appro-
priate method that does not require an enormous amount of computation.
This coordination system also presents the much despised flaw of giving
random sample sizes. In business surveys, that may not be very impor-
tant. Weights are strongly dispersed, and big units are always selected. In
household surveys, it is more problematic, even if just for cultural reasons.
An exploration should be made as to the remote possibility of making a
rejective or conditional-on-size adaptation of this coordination method.
Permanent Random Numbers need not really be permanent. They can be
moved inside the selected interval.



APPENDIX

A.1  PROOF OF PROPOSITION 3.1

1. Minimum support designs are the extremal points of Cr, or of ClL if we
consider fixed size designs only.

2. Entropy reaches its local minima in Cr or Cl. at minimum support designs,
and a design that is a global minimum of entropy is also a minimum support
design.

Proof. 1. We start by proving that minimum support designs are ver-
tices of C,. Indeed, let p € Cr be a minimum support design with
support Qp, Let also p; and p> be two sampling designs with the
same vector of inclusion probabilities 7r, and note their respective
supports Qp, and Qp,. Now assume that there exists a € [0,1] such
that p = ap; + (1 — a)p2. If « is not equal to 0 or 1, it follows that
Qp, C Qp and that Qp, C Q. Since p is a minimum support de-
sign, these supports are equal. But, according to Lemma 2.1, there is
only one probability distribution on support Q,, that gives inclusion
probabilities 7r. Thus p1 = p2 = p.

Now we prove that all vertices of C, are minimal support designs.
Indeed, by contradiction, if p € C is not a minimum support de-
sign, using Lemma 2.1, we know that there is a non null vector A in
the kernel of its support matrix S, and with coefficients that sum to
0. As we did in the proof of this lemma, we can construct a non triv-
ial line segment [u”, u®], u* < 0 < u’ such that, for all u € [u", u"],
p + A is a sampling design with inclusion probabilities 7. In order
to conclude, it is sufficient to remark that p cannot be an extremal
point of Cr as it is a non trivial convex combination of any two sam-
pling designs p + 1A, p + paA with u® < g < 0and 0 < py < pl.

2. In this context, entropy is defined as the function

H—< Cr — R >
p=(p---,pn) +— —Yipilogp: )’

where 0log 0 = 0. This function is strictly concave and thus its local
minima are necessarily vertices of the convex polytope C. Indeed,
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if p is not an extremal point of Cr, there exist p; and p in C, arbi-
trarily close to p and « € (0,1) such that p = ap; + (1 — a)p2. Using
the strict concavity of H, we get

H(p) > aH(p1) + (1 — a)H(p2) > min [H(p1), H(p2)],

and thus p cannot be a local minimum of H. Hence, all local minima
and the global minimum of H on C are minimum support designs.
This proof is still valid with C}; instead of C.

O

A.2  PROOF OF PROPOSITION 3.2

It is sufficient to prove the following proposition.

For a given vector of inclusion probabilities 7t = (71, ..., 7tN), d(p, 1), the dis-
persion 6(p,1) and r(p,1) are minimal for any sampling design p that has a
diagonal variance matrix V,, that is to say for any sampling design such that
T = Ty, forall 1 < k # £ < N. Poisson sampling is one such design.
Moreover, if the inclusion probabilities are not all equal, this minimal dispersion
d(p, 1) is positive.

Proof. Let 7t be a vector of numbers in (0,1], p(-) be a sampling design

with inclusion probabilities 7r, and Aq,..., ANy be the eigenvalues of V.

Then

1-— 7Ty
TTk

N
Tr(Vy) =) =A+...+ AN,
k=1

and

Tr(V3) = A2+...+A%,

- B0 LG

k=1 i=1j#i

Since 6(p,I) = (AT + ...+ A%)/N — (A1 +... 4+ An)?/N? and the 7y are
given, §(p, 1) is minimal when YN | Yiti (% — 1)2 is minimal. This last
quantity is null for any sampling design where the selection variables
of different units are not correlated, for example with Poisson sampling.
When it is null, 6(p,I) is just the dispersion of 1;—?,. .., 1;"1\’, and this
dispersion is positive when the 71, are not all equal. The last statement
of 3.2 also holds. Indeed, note Vp the (diagonal) variance matrix of Pois-
son sampling design with inclusion probabilities 7y, ..., Tx and Vi the
variance matrix of another sampling design with the same first order in-
clusion probabilities. We can assume, for example, that 1y < ... < 7y, It
follows that the maximum eigenvalue of Vyp is equal to (1 — 7r1) /73, for
the normed eigenvector e; = (1,0,...,0)’, and we have that e} Ve, is also
equal to (1 — 711) /1. Hence r(f,I) > r(P,I). These arguments can easily
be adapted to the case where I is replaced with a diagonal positive matrix
D. O
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PROOF OF PROPOSITION 3.4

Proof of statement 2

There is no sampling design with fixed size and positive unequal inclusion proba-
bilities 711, ..., 7y, N > 3, such that all the non null eigenvalues of its variance
operator V, for the Horvitz-Thompson estimator are equal.

Proof. Let us note 7t a vector of inclusion probabilities, and

1-m TT1,2— 70170 TT,N — 71U 7IN
Ust T 7T TTTN
27172
— 71 7T
vV, = 1782 ’
T,N — T IN 1—mN
N Ce v 7N

so that the variance of the Horvitz-Thompson estimator of the total of a
variable Y is equal to Y'V,Y. For a sampling design with fixed size, the
variable 7t is always an eigenvector of V, associated with the eigenvalue
0. Indeed, the Horvitz-Thompson estimator of the total of 7t is constant
and equal to n. The sum of the other eigenvalues is equal to Tr(V,) =
Yreu 1;—:" Let us note 7+ = {x € RN
7 in RN. The other eigenvectors of the symmetric matrix V, are all in
e, If all the eigenvalues of V, corresponding to these eigenvectors were
equal to A, V,, would be proportional to the orthogonal projector on 7.
Indeed, in that case, for any variable X,

x'7t = 0} the orthogonal of

V,X= V,{(7'n) 'nn'X + [Iy— (') '] X}
= 0+ V,[Iy— (7'm) tnr'] X,
AMIy = (') ter] X,
where (7r'7t) "1 rr7t’ is the orthogonal projector on RN 7r, Iy is the identity
matrix, and the orthogonal projector on 7t is equal to Iy — (7t/7t) " lrrr’.

Since the sum of the eigenvalues is given, A would be equal to
1 Lkeu 1;—?, and we would have the identity:

1 1-— Tk
vV, = ) [IN - (n/n)’lnn/]
p 4
N-1 keu 7Tk
that is to say
_ st —T 7 —THTIN
YheuMe  Ykeu 7T Ykeu 7Ti
1 1-m | %%
V., — Z Yreu 7T (A1)
P
N-1/ = ™ :
—mmy . 1 _ ™
Ykeu i ) Tkeu 7T

We are going to prove that this matrix cannot be the variance operator
of a fixed size sampling design with Horvitz-Thompson estimator strategy
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if the 71; are not all equal. By contradiction, suppose that there is fixed size
sampling design that gives this variance matrix for the Horvitz-Thompson
estimator and that the 7t; are positive and not all equal.

o First step: there are at most two different values of 7y in the population.
Looking at the diagonal of the matrix in A.1, and recalling the ex-
pression of V,, we obtain that

1 1— 7 2 1—
Z I 11— "k 5 | = nk, for all k.
N-1.7 7 Lijeu 7T Tty

. 1—71:
Now, if we note B = Yieu 7'5]2 and C = ﬁzj'eu Tjn]/ all the 7y
satisfy the same equation

n§—§(1+C)nk+g:o. (A.2)
Hence 71 can take no more than three different values in the popula-
tion, or else we would have found a non-null polynomial of the third
degree with more than three roots. Let a, f and -y be the roots of this
polynomial. Looking more closely at A.2, we observe that the con-
stant B/C is positive, yielding that this polynomial has a negative
root, say a. The roots satisfy the following equations:

wpy — %B (A3)
a+B+v = 0, and (A.4)
ap+pyt+on = —g(HC)‘ (A.5)

It results that the two other roots, p and v, are either complex num-
bers with a positive real part, or positive real numbers. Hence 77 can
take at most two different values. This proves that not all unequal
inclusion probability vectors can be obtained with a sampling de-
sign with fixed size that enjoys the same property as simple random
sampling. In order to finish the proof, we need to prove that all the
i are in fact equal.

The rest of the proof, which is hard on the eyes, eliminates the possi-
bility for a sampling design with only two different inclusion prob-
abilities to have a variance matrix V, as in A.1. Unfortunately, the
equation A.2 can have two solutions in (0,1). For example, when
the 7 are all equal to 1/ N, the other positive root of A.2 is equal to

£ 1+ 4% — 1), that can be in (0,1) so it is not sufficient to

look at this polynomial. We must also use, at least, the fact that the
sum of the inclusion probabilities is equal to 7.

o Second step: at least N — 2 units have the same inclusion probabilities.
Suppose that the population U is split into two parts, one part con-
sists of N units with an inclusion probability equal to g and the
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other part consists of N, units with an inclusion probability equal to
7. Let us also suppose that v > f > 0. We have

Ni+N, = N, (A.6)
Nif+Noy = m, (A7)
Nif2+Noy* = B, (A.8)

1 Ny N,
Mo, N2 - C A.
N -1 ( p * Y N> ¢ (A.9)

Remark that 0 < < g <7 < 1.
If B and -y are solutions of A.2, we also have, using A.3, A.4 and A.5

that
B
prip+7) = & and (A.10)
B
(B+7)?-pr = (140 (A.11)
Since B and <y are roots of A.2, we also have that
B —Bp = g(ﬁ —1), and (A.12)
B
Y =By = (r=1), (A.13)

From A.12 and A.13 we get

B(B—p?) 7(3—72)< B>‘

1-8 1—v

Using Rolle’s theorem, it follows that the derivative of x +—
has a zero xo € (B,). Hence we have that:

B = x3(3 — 2xp).
It follows that B < 3x§ < 372 and, using A.8 we have that N, < 2.

C

x(B—x?)
1—x

Combining equations A.10 and A.11, we have the following equation
that will help discard these possibilities:

(B+7)*—By=pBr(B+7)+B,
and thus
(B+7)*—By(1+B+7) =B (A.14)

e Third step: N, # 1. Suppose that N, = 1, then A.7 becomes n =
(N —1)B + vy and A.8 becomes B = (N — 1)8% + 2. Using A.14, we

have
(B+7) = BY(A+B+7) = (N-1)p* +7
B+ +2y—Br—BFr—-BY =(N-1)p+9* <
B>+ By — By — By’ = (N—1)p -
Bl—7)+v(1—7)=(N-1)B «
B+1)A—7)=n—17. —
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Now, since §; < 7 < 1 and ]’\’]:11 < B < g (using A.7), we also have

that
2

n—y=(B+n1-7) <1-15.

Hence n — vy < 1, and n = 1. However, if n = 1, the sec-
ond order inclusion probabilities are null, and thus the terms that
are not on the diagonal of the matrix V,, that must be equal to
(7tke — re7ty) / (i) are all equal (to —1). Going back to the expres-
sion of V,, in A.1, it follows that all the products 7t; 71, are equal and
thus, if N > 3, that all the inclusion probabilities are equal, and we
have a first contradiction.

o Fourth and last step: Np # 2. If No = 2, then, using A.7 and A,
we get that n = (N —2)B + 27 and B = (N — 2)B? + 22. It follows
from A.14 that

B>+ 7%+ 2By — By — By — By
2

<ﬁ+wu—v%¥; = (N-2)p

(N —2)p* + 292

= n—27.

However, (B + v)(1—1) < 1—+? and thus, reporting this inequality
in the previous equation, n — 2y < 1. It follows that n < 2. As in the

preceding case, n = 1 is not possible. If n =2, (B+)(1— ) — %2 =
2(1—1y), and:
e
Btr-2)1-7)= 5

2|r

Necessarily, we have that B+ > 2. However, ifn = 2, /5 < B <
and % < v <1, thus:

2
<14+ =<2
B+v< +N_

This last contradiction puts an end to the proof.

A.3.2 Proof of statement 3

5(p,¥) can only be null in degenerate cases where 7ty takes only two different
values that sum to one, and V, is the same as in simple random sampling.

Proof. With the same arguments as in the preceding proof, we observe that
5(p,¥) is null only if V,, is proportional to the orthogonal projector on the
orthogonal of 7. The trace of f/p is equal to N, and thus we should have
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that:
V), = % (IN — (r"r)_lrr’) ,
L mOem) _[mO-mmaom)?
Yreu i (1-71¢) Ykeu T (1—71¢)
N : ’
TN-1|  [mam)maon)?

Lkeu e (1—-7t)
. 1— nn(1-7N)
Yieu (1)
Since all the terms on the diagonal of l~/p must be equal to one, it follows
that all the 7 (1 — 71;) are equal. Hence, the inclusion probabilities can
only take two values, say « and 1 — «. And in that case, we have that:

1 1
1 N1 -+ — NI
~ — L :
— N-1
V,=
1

This situation may or may not to be possible. I must admit that I do not
see any obvious reason for it not to be possible, but that I was unable to
come up with a fixed size sampling design that has these properties.

O

PROOF OF PROPOSITIONS 3.5 AND 3.2

Proof of proposition 3.5

For a sampling design to be a local extremum of d(p, D), it must satisfy the
necessary condition that there exists a (N + 1) —vector (Ao, ..., AN)’ solution of
the linear system of P equations:

Z Z k¢ — AO"" Z)\k/ (31)/

kes; les; Tt kes;

foralls;, i =1,...,P, where ay, are coefficients of D :MD:.

Proof. d(p,D) is equal to the sum of squares of eigenvalues of M =
D_%VPD_%. The problem is thus to find extrema of

p(si) =1, and

ngle

1 1 2
Tr [(D—szD—z) } s.t
i=1

1=
—
—
&»
~
=
—~
&
~
I
ks
<
=
I
—_
~
~

=1

Here V, depends on p(-) through the relation:

Vv, =@ (s,PS, — ') @7,
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where S, is the support matrix of p(-) and P is the diagonal matrix defined
by
p(s1)
P=
p(sp)

Let p; denote the i*" term on the diagonal of P (abusively: p; = p(s;)), and
observe that

v
—L =@ lssid L,
8pi
Hence,
0 _1 _1\2 _1 141 I a—11—1
T (piv,p#)"| = 2Tr(DtV,D '@ sisl@ D)
i

— 2Tr (s}@~'D7'V,D o s,

S oy y M

s
kes; les; Tk

where 4y are coefficients of D~'V,D~!. Remark also that

E)nk
= I(si), k=1,...,N.
A sampling design that is a local extremum of d(p, D) will thus be such
that o
=N+ Y Ak
kESi ZESi ﬂkﬂg kesi
foralli=1,...,P, where Ay, ..., Ay are Lagrange multipliers. O

A.4.2 Proof of proposition 3.2

1 Maximum entropy sampling with fixed size usually does not satisfy the
preceding conditions and thus is not always a minimum of 5(p, D), D =
LY ¢!

2 Maximum entropy sampling with fixed size is also not always a minimum
ofr(p,D), D=1 Y, ¢ L.

3 A minimum support design, such as systematic sampling, always satisfies
the preceding conditions and thus may be a local extremum of d(p, D),
5(p,D), or §(p, D) for any metric D.

Proof.

of statement 1: Taking a simple example with N =4, n =2, my =1/3, mp = 2/3,
3 = 2/5, my = 3/5, we get that the maximum entropy sampling
design does not satisfy the conditions of Corollary 3.1. Here is the
output obtained using the package ‘sampling’ of the ‘R” language:
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of statement 2:

library (sampling)

##Compute matrices V, tilda(S)
pik=c(1/3,2/3,2/5,3/5)
pikl=UPmaxentropypi?2 (pik)

phi=diag (1/pik)

V=phi%+% (pikl-pik%+%t (pik) ) %*%phi

S=t (writesample (sum(pik), length (pik)))
St=rbind(rep(l, times=ncol(S)),S)

##Check rank of tilda(S)
gr (St) Srank
1] 4

##Compute diagonal of omega, case D=I and
##check rank of augmented matrix

O=diag (t (S) %$*%phi%s*¥VS*Sphi%s*%S)

gr (rbind (St,0) ) Srank

1] 5

##Compute diagonal of omega, case D=Psi and
##check rank of augmented matrix
Psi=diag(l/ (1-pik))

U=diag (t (S) $*%phi%*%$Psi%*xSVS*SPsi%*x3Sphi%*%S)
gr (rbind (St,U) ) Srank

11 5

##Compute diagonal of omega, case D=Phi”-1
##and check rank of augmented matrix
U=diag (t (S) %% (pikl-pik$*5%t (pik) ) $*%S)

gr (rbind (St,U) ) Srank

11 5

V—YV VVVV—VVVVVV—VVVVV—VVVVVYVVYVYVYVVYV

Also with an example, and having faith in the numeric precision of
the procedures involved. With n = 2, N = 4, the code

##write in S all samples of size 2 out of 4

S=t (writesample (2,4))

##assign probabilities to each sample
p=c(1,2,3,1,1,2)

p<-p/sum(p)

pik=S%+%p

##compute variance matrix corresponding to p

##and variance matrix of conditional poisson
##with same inclusion probabilities

Vp=(S%*%diag (p) $+%t (S) —pik%+%t (pik)) / (pik%*%t (pik))
Vcp= (UPmaxentropypi2 (pik) —pik%+%t (pik)) / (pik%*%t (pik))
max (eigen (Vp) $values) -max (eigen (Vcp) $Svalues)

##compute matrix tilda (Vp) corresponding to p
##and matrix tilda (Vp) of conditional poisson
##with same inclusion probabilities
Psi2=(diag(as.vector (pik)/ (l-as.vector (pik)))) " (.5)
Vept=Psi2%*%Vcp%*%Psi2
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Vpt=Psi2%*x%Vp%*%$Psi2
max (eigen (Vpt) $Svalues) -max (eigen (Vcpt) Svalues)

##compute matrix corresponding to p and phig”-1
##and matrix tilda (Vp) of conditional poisson
##with same inclusion probabilities
Vepf=Vcp* ( (pik%*%t (pik)) "~ (.5))

Vpf=Vp* ( (pik%*%t (pik) )" (.5))

max (eigen (Vpf) $values) -max (eigen (Vcpf) Svalues)

yields result:

>max (eigen (Vp) $values) -max (eigen (Vcp) $values)
[1] -0.1165994

for the first part. Using
p=c(3.1,1.8,3.2,.2,1.2,.5)
the result of the second part is:

>max (eigen (Vpt) $values) -max (eigen (Vcpt) $Svalues)
[1] -0.03381239

With
p=c(3.5,1.2,1.7,1.2,1.5,0.8)

we also get a design for which 7(p, ® ') is smaller than r(CP, ® 1),
where CP is the conditional Poisson sampling design with the same
inclusion probabilities as p. The numeric result is:

> max (eigen (Vpf) $values) -max (eigen (Vcpf) $Svalues)
[1] -0.03238187

of statement 3: If p(-) is a minimum support design, then P < N + 1, and, if p(-) is
a fixed size design, P < N (see Wynn, 1977). Moreover, lemma 2.1
states that Ker(Sp) N'13 = {0}, hence the matrix S is a full rank ma-
trix and there are always solutions (Ag, A1, ..., Ax)’ to the considered
linear system.

O

A.5 GEOMETRY FOR MERGING UNITS

There is nothing new in the following proposition, but it is easier to prove
it here than to find a reference for it.

Proposition A.x  Let IC be a convex compact polyhedron of RP, P > 2 and note sy, ...,s, the
vertices of IC, so that K = Conv(sy, ..., s,), where Conv(-) stands for “convex
hull”. Then, if A denotes the set of vectors that are convex combinations of sq
and of P other vertices of K:

A= U Conv (s1, Si;, .-, Sip)
(itpip Y C {2,000t}
we have that K = A.
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Proof. Obviously A C K, and it is thus sufficient to prove that £ C A. Let
7t be in K. If T = s1, we have that 7t € A. If r # sq, consider

A={AeRst.s;+A-(mr—s1)€K}.

Since (7t —s1) # 0, and K is a convex compact set of R” that holds 7t and
s1, /A is a convex compact set in R. A is the preimage of K by the bijective
bicontinuous map f,

fz(ﬁ = Zi?(&-ﬁf})'

Moreover, we have that [0,1] C A.

Note Ay, = max(A) and x,, = s1+ Ay - (1 — s1). It is sufficient to
prove that x;, lies in the convex hull of P extremal vectors of K in order
to conclude that 7t is in \A. Since, by construction, x, is in the boundary
of K, it lies on a face F of K. F N K is a convex compact polyhedron
of RP~1, and its vertices are also vertices of K. Using Carathéodory’s
theorem on convex sets in a finite dimensional space, we get that x,, is a
convex combination of at most P vertices of F N KC and hence of vertices
of K. O

o The vector T, is thus a convex combination,

P+1
T = p181 + Z PiSa;
=2

1=

of sample s1(= sy (w)) and of P other samples on the exit face of [s1, 1),
if T # s1. The weight py of sq is equal to 1 —1/A,,, where A, is defined
in the proof of proposition A.1.

o There are usually many choices for the P other vertices, and using again
proposition A.1, we can force any vertex on the exit face of [s1, 7T) to be in
the convex combination. All these combinations use the same weight py for
s1, which is the maximal weight that can be attributed to sq when writing
7T as a convex combination of sy and of other vertices of K.

e For each intersection of [s1, 7t) with the convex hull of a subset of sy, . . ., sy,
there is a matching weight py and several convex decompositions of 7t on
s1 and other samples in IC.

o Finding adequate weights p; and samples s,,, and a fortiori enumerating all
possible solutions, involves a large amount of computations, and thus may
not be practical.

o In the case of merging units, it is not clear that we should use the value A,,.
Maybe it would be best to find a value for py that is close to the original
probability of selecting sample s1.
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NOTATIONS

Ttk = E(Ii )

App = T — T 7Ty
ut

St

S

7'(,{(‘

0 = E(S;S))

Yur, Y
Yuu

5y,54
Sxy,54

Population;

Sample (without replacement);

Sample (vector notation);

Indicator variable of unit k in sample s;
Set of all possible samples of U;
Matrix of all possible samples;

Set of all samples of size n;

Sampling design (without replacement),
probability distribution on S;
Sampling design (vector notation);
Support of a sampling design;

Support matrix of a sampling design;
Entropy of a sampling design;

First order inclusion probabilities,

E(-) is the expectation under p(-);
Vector of inclusion probabilities;

Set of sampling designs on S with
inclusion probabilities 7t;

Set of sampling designs on S, with
inclusion probabilities 7t;

Second order inclusion probabilities;
Covariance of I and Ij;

Population at time ¢ (in Chapter 6);
Sample at time t;

Indicator variable of unit k in sample s’;

Inclusion probability of unit k in sample st;

Second order inclusion probabilities

over different sampling occasions;
Horvitz-Thompson estimator;
Hansen-Hurwitz estimator;

Standard error of variable Y in sample s;;

Covariance of variables X and Y in sample s,.
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Titre Sondage a probabilités inégales et enquétes répétées

Résumé Ce document est constitué de deux parties. Dans la premiere
partie, nous nous intéressons a certains plans de sondage a probabilités
inégales, et dans la deuxieme partie nous étudions le probleme des en-
quétes répétées. Bien que les sujets développés dans ces deux parties
semblent entierement différents, ils sont en fait reliés. La premiére partie
est principalement consacrée a 1'étude des propriétés de deux plans de
sondage de taille fixe. Dans un premier chapitre, il est démontré que le
plan de sondage a entropie maximale et de taille fixe est plus efficace que
le sondage avec remise. Dans le second chapitre, nous montrons que le
sondage systématique est un plan a support minimal. Nous donnons aussi
quelques résultats sur la variance de 1'estimateur de Horvitz-Thompson
pour les plans a entropie maximale et pour les plans a support minimal.
La deuxiéme partie débute par une étude de cas sur 'estimation de pré-
cision des évolutions dans le panel suisse sur la valeur ajoutée. Dans le
chapitre suivant, nous proposons un estimateur de covariance pour les
panels rotatifs & probabilités inégales. Enfin, nous présentons un sys-
teme de coordination d’échantillons poissoniens développé pour 1'Office
Fédéral de la Statistique Suisse.

Mots-clés Entropie maximale, Coordination d’échantillons, Variance,
Plan systématique

Title Unequal probability sampling and repeated surveys

Abstract This document is divided into two parts. The first part revolves
around the properties of some unequal probability survey sampling de-
signs, and the second part deals with repeated surveys. While the topics
developed in these two parts appear to be largely different, they are in fact
related. The first part is devoted to the study of properties of two sam-
pling designs with fixed size. In a first chapter we show that maximum
entropy sampling with fixed size is more efficient than sampling with re-
placement. In a second chapter we prove that systematic sampling is a
minimum support design. We also give some results on the variance of
the Horvitz-Thompson estimator for maximum entropy and for minimum
support designs. The second part begins with a case study of the estima-
tion of variance of evolutions in the Swiss panel on value added. In a
second chapter, we give covariance estimators for rotating panels with un-
equal inclusion probabilities. Finally, we describe a coordination method
of maximum entropy samples that was developed for the Swiss Federal
Statistical Office.

Keywords Maximal entropy, Sample coordination, Variance, Systematic
sampling design
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