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Abstract

Two new concepts for on-line pattern recognition have been inves-
tigated. They use high speed coherent optical processing to generate the
Fourier spectrum of the pattern to be recognized. Considerable data
reduction is then obtained by carefully selecting the relevant information
from the spectrum before optoelectronic detection, The final processing is

performed electronically.

The first system extracts the informatien on shape and angular orien-
tation from a circular scan of the shift invariant intensity distribution in
the Fourier spectrum, The transverse position of the pattern is obtained by
heterodyne deteﬁtion of the linear phase term at the origin of the spectrum,
This concept allows to identify reliably any pattern among a limited set of
known patterns. Angular orientation and transverse position are determined
with an accuracy of 0.5 deg and 1% of the extension of the field of view,

respectively.

The second system identifies a pattern by comparing some low order
irradiance moments with previousely stored reference values. These moments
are deduced from the corresponding derivetives at the origin of the Fourier
spectrum (moment theorem), which are obtained by sampling intensity and
phase in the central part of the spectrum and fitting a polynomial of
appropriate order to the sampled values. An experimental system was suc-
~essfully tested, but reliable pattern recognition requires more accurate

phase sampling 0.3 deg) or more samples (>12}.
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1. TInktroduction

Pattern recognition has been performed.hy the human visual sense for many
thousands of years. This biological system had long been perfectly matched to
its task in everydays life. Only recently man has learned to make machines and
computers work for him. Thess tools have become versatile and even far more
efficient then man far many tasks, The field of practical applications,
however, could be considerably extended if they were provided with a visual
sense. 30 there is a great need for a vision system which is better matched to
technical apparatus than the biological ona. Such systems are already
successfully applied in robotics, evaluvation of air photographs, recagnition of
biological cells and many other fields. They are, however, still far from
matching the efficiency of the biolegical counterparts, Thé problem af
axpediently detecting and processing the large amount of image data has
remained a challenge for scientists and engineers. The present work discribes a

novel approach to do this task with high efficieacy.

Amomg the vatious pattern recognition concepts that have been proposad in
the past decades one finds two prominent examples: The first comsists in
scanning the 2-D image with a TV camera and processing the data in a digital
computer. Such systems consist of well known standard elements and provide a
considerable flexibility. Due to the serial detection and evaluation, howavar,

they are inherently slow.

The second well known pattern recogniticn cancept applies a coherent
optical correlator invented by Vander Lugt [1]. It uses the 2-D Fourier
transform properties of coharent optics and matched (object specific)
holographic filters in the Fourier plane to yield correlations of edge enhanced
images of the patterns. It offers high spead, on-line and in real time, at high
spatial resolution, dus to its inherently parallel processing of 2-D
information. However the practical applicaticns are limited mainly by the lack

of flexibility of the filter function, which has to be realized in hardware.

A& new class of hybrid systems tries to combine the high spsed Fourier
transform properties of coherent optics with the flexibility of digital
programning. This can be obtained by placing the interface between aptics and

electranics in the Fourier plane and by carefully selecting the relevant
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information before optoelectronic detection of the data to be processed
electronically. The motivation Lo place the detectors in the Fourier plane
rather than in the cbject plane is twofold: First, decoupling of the
information on object shape and objeet shift, as a result of the shilL theorem.
Second, the local separation of the more and the less significant part of
information in the Fourier speetrum. Both properties are favorable to a
powerful data compression which is necessary for rapid eleetronie final
processing. The use of this hybrid concept in on-line objeel tracking and
recognition for robot vision will be discribed in the first part of this work,
The corresponding investigations have given insight in the relations between
object features and the properties of the Fourier spectrum. This knowledge was
the base for the investigation of an object recognition system using
two-dimensional irradiance moments of the image of the object. These moments
are given by the derivatives of the Fourier spectrum at the arigin. Invatiant
moments can be dedueed for eflicient pattern reecognition, independent of
orientation and size. A detailed description of the thenretical and
experimental limitations of the determination of irradiance moments [rom
intensity and phase measurements in the Fourier spectrum is given in the second

part of this work.



2. Real-time object tracking and recognition

The basic task in robot vision is to identify an object and to determine
its position from the 2-D image seen by the eye of the robor. As shown in Fig.l
the position of an object is given by the twe coordinates X and Yo of the
center of gravity and the angular orientation %9 The object has to be
identified within the ensemble of a limited number of known abjects Dn. Real
time means that the object must be recognized and located within less than 1

SeC.

Y

Fig.1. Anguler orientation
2, and lateral position

X eV of the 2-D image of
an object.

X

Solutions to the problem using coherent optical correlation have been
described [1,2]. An incoherent image of the scene, containing the diffusély
scattering object to be recognized, is formed by a first lens on the input face
of an incoherent-to-coherent image transducer, in this case a liquid crystal
light valve (LCLV}. The coherent image is_then optically Fourier transformed by
a second lens. The object recognition is performed with the help of a
holographically recorded matched filter in the Fourier plane which produces a
correlation spot after transformation by a third lens. The position of that
spot in the correlation plane is linearly related to the lateral positien of
the object. The position and the hight of the correlation peak are
electroapticelly detected by an arrangement of two arthogonal linear diode
array detectors and gratings to produce 1-D images of the correlation space [3].
With this setup one object at a given angular orientation can be identified and

‘
its lateral position (x_,y.) determined.

|
i
|
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Since the Fourier transform is not invariant to rotation, it is necessaty
to rotate the light field with respect to the filter. This can be done by an
optical image rotator between the image transducer and the Fourier plane [3]).
The angular orientation 2y of the object is cobtained from a search for the
correlation peak by scanning the cerrelation space for every increment in angle
of the image rotateor. To identify several objects, individual holegraphic
filters have to be employed for each object.

The main drawbacks of ccherent optical correlation systems far object

recognition and tracking may be summarized as follows:

== Holographic recording of the matched {ilters
(hardware programming):
--  Bequential search for the angular orientation by
image rotation;
--  Individually matched filters for each object to be recognized

(herdware addressing).

‘The hybrid system presented in Fig.2 eliminates these drawbacks by
replac1ng the matched holographic filter {hardware) with electronlc processing

(soitware) of amplitude and phase detected in the Fonrier transform [4}.

Recognition and tracking is achieved as follows: In a f{irst Fourier plane
the power spectrum (intensity), which is known ta be shift invariant, is
observed '(Fig.3a). A circular scan with & dicde array detector yields a 1-D
signature P{$) (Fig.3b) of the object. The angular orientaticn a, and the
identification of the object are then easily obtained by calculating the
correlation with the stored signatures Pn(¢) of the reference objects. In a
second Fourler plane the phase of the spectrum is measured by heterodyning with
a reference wave shifted in frequency by about 40 kHz, With two pairs of
photodetectors (Fig.%a) the linear phase shifts due to the translation X Vg of
the object can be determined in two orthogonal directions. The optical ehase
shifts are transformed by the heterodyne detection into the phase differences

of sinusoidal signals (Fig.9b) which are easily measurcd electrenically,
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Fig.2. Hybrid optical electronic system for robot vision. '

2.1 Power spectrum: Identification and angular orientation

2.1.1 Detection of significant intensity profiles

As shown in Fig.2, the shape and the angular orientation of en oh.jec.t are
determined from the intensity distribution of the diffraction pattern. This is
known to be shift invartant and centered at the origin of the Fourier plane.
The complex amplitude of the light field in that plane is proportional to the
2-D Fourier transform, [

O(F) = [dx O(F) exp(-i2m5-%) , (1)

of the coherent object function O(;) in the input plene. The power spectrum

P{p,d), expressed in polar coordinates p and ¢, is then given by

P(p,6) = |B(R)]2, o= [B] . (2)
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independent of the lateral position ;5 of the object 0(; - ?s). Rotating the
object, however, rotates the power spectrum by the same angle. The angular
orientation 00 (Fig.1) and the identification of the object are obtained from a
circular scan of the power spectrum (Fig.3a} at radius Py« This yields a 1-D

signature (Fig.3b),
Py(#) = P(pg.9} (3)

which can be compared with the previously stored signatures Pn(¢) of the

reference objects 0“.

A small but significant part of the information in the Fourier spectrum is
selected by the circular scan. Beth high ond low spatial frequencies ave
ignored much like in matched spatial filtering. Slow phase or intensity
variations across the object resulting from imperfect optical systems are thus
much less troubleseme. Note, however, that the determinaticn of the angular ‘
orientation o, suffers [rom a 180 deg ambiguity for real-valued object
functions O(¥) because of the central symmetry of the power spectrum. The
asymmetric aspects of such chjects can only be recognized from the phase of the

Fourier transform, which will be discussed in Sec. 2.2.3.

Fig.3. Power.spectrum (intensity): (a) circulsr scan, (b) signature Po(w).
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Fig.3 shows the power spectrum P(P,®} and the signature P0(¢) of a
triangular object. The scan was made by a Reticon RO-720 circular phatadiode
array [5]. It has 720 diodes of 250 um radial length, 20 um width, and 30 um
spacing {(center to center} on a circle of 3.44 mm radius. The scan radius Po
was chosen to be about six times the average radius pc of the zero-order
diffraction spot (DO = 6DC). which is inversely proportional to the overall
size of the object. Since the fine structures of the spectrum have about half
the size of the zero-order spot, the detector ring covers about one-third of
such an element and the peaks in'the signature Po(é) (Fig.3b) are about 20
diodes wide. The example shown in Fig.3 corresponds to 0.2 mW light from a
He-Ne laser passing through a triangular opening cut out Bf a metal plate. The

circular photodiede array was scanned at a rate of 80 Hz.

2.1.2 Correlation and discrimination

Shape and angular orientation of an object are determined through
correlation of its signature PO(¢J with all the previously stored signatures
Pn(¢) of the reference objects Dn‘ If one and only one peak of the correlation
funcrions exceeds a preset threshold, the object is identified and its
orientation is given by the angular position of this peak value. Note that two
circular, and thus endless, profiles have to be correlated for this purpose.
Proper normalization should be used to obtain unity auto-correlation peal
valugs, independent of the intensity level. The following definition for the

correlation function Cn(u) fulfills the above conditions:
€ (0) = [ds P(8) P (6 - o) / py P, 4)
; 2 _ 2 2 _ 2
with Py = [dé PD(a) and  p? [de Pn(¢>) .
The discrete version of Eq.(4) used in the present work is
N
Gl = LRGP0 [hg 7, (5)
with.  j = [(i-k+8-1) mod (¥)] + 1 ,

Po = .
1

0 2=
—
[ e 1

[(Py(e.}1%  and p;= (P (617,

i=1
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N = number of resolved angular positions.

The properties of the so defined correlaticn functions can be estimated
from the fact that the values Cn(uk) are given by a scalar product of the two
normalized N-dimensional vectors ?O/po and $n/pn' This means that Cn(ak) 1,
where only the auto-correlation peak value CO(uG) is equal to unity, Fig.h
shows a digitized (8 bit) signature P0(¢) and the corresponding

anto-correlation calculated with an angular resolution N of 72 points per half

circle,
a)
f
B
0
4] [ .
1A
1 b
i
1 Fig.4, Digital correlation
c ] of signatures: (a} digi-
] tized signature P0(¢).
d- (b) autp-correlation of
0 .
~T2 a fl';! PO(o)'
——

Different algorithms may be used to calculate position and hight of the
correlation peaks. Since the number of multiplications to be performed for
Cn(aJ in EqQ.(3} increases as N2, where N is the number of resolved angular
positions, it might be advisable to calculate first an approximate position of

the peak at reduced angular resolution and then do high. resolution correlation
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cnly in the neighbcurhocd of the peak. This iterative approach reduces nnt only
the time needed for the calculation but preduces faster useful information fer
tha robot system. Birnary versiens of the reference signatures may be applied to
aveid any numerical multiplicatien in the calculatien of the correlation
(Sec.2.1.3).

2.1.3 Experimental results

For experimental tests of that concept, four binary objects 0(;)
(structured openings in metal plates), representing different classes of shape,
were chosen, They were placed in the input plane of a coherent optical Fourier
processor. The object specific signatures P_{4) are obtained by scanning the
intehsity in the magnified Fourier spectra O(E) with a Reticon RO 720 ¢ircular
photodetecter array [5]. Figure 3 shows the féur power spectra with the
corresponding test objects inserted in the upper right corner. The concentric
circles indicate three different scans chosen feor signature recording. The
radii are equal to 3, 10, and 30 times the mean radius of the zero order spot
in the Fourier spectrum, respectively. Since the object functions 0(;) are
real-valued, the power spectra are symmetric (¥Fig.5) and thus the signatures
consist of two equal halves. The two halves were superposed to get a shorter
signaturg of better quality. The result was digitized and stored as an array of
360 nine-bit words.

A representative selection of the investigated profiles is shown in Fig.6.
They are identified by a code (xY¥z), where x designates the object {1-4,Fig.5),
Y indicates whether the object was displaced (C) or not (A}, and z refers teo
the normalized scan radius (3,10,30) of the circular scan. Reduced angular
resolution (< 0.5 deg) or reduced digital resolution of the intensity
(< 9 bits) are indicated in parenthesis, As can be seen [rom the codes,
.Figs.ba,b,c,e represent equivalent signatures for the four test objects.
Figures 2d,e,f show, how the signature structure becomes finer with increasing
scan radius, Figure 6h is the same as Fig.6e, but with the object rotated by
45.deg and somewhat shifted. Modified versions of the signature in Fig.6h are
shown in the Figs.bg,i. Figure 6g is for reduced angular resolution (2 deg),
obtained by averaging over corresponding intervals, Figure 6i is a binary

version with the threshold set at the mean value of the intensity.
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Fig.5 a.,b. Power spectra of the test objects shown in the upper right corner.
The intensity profiles were scanned along the indicated circles of radii equal
to 3. 10 and 30 times the averasge redius of the zero order diffraction spot.

respectively,
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Fig.5 c,d.
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The mutual correlations of the profiles were calculated according to
Eq.(5) to test the reliability of the object recognition concept. The accuracy
of the determination of the object orientation and other imﬁortant data can be
deduced from the correlation functions discussed below. The term
"auto-correlation” will be used for convenience when both profiles belong te

the same object.

Figure 7 shows some typical examples of the correlation functions and
their correlation peaks. The curves are labelled with C[a,R](Y), where o and
B are the signature codes defined above, and Y indicates the angular resolution
of the carrelation, if different from 0.5 deg (360 points/1B0 deg). As can be
seen from the lebels in Fig.7, all curves but the lasc (f) are
auto-correlations, i.e. correlations of profiles belonging te the same object.
The object was rotated by 45 deg and somewhat shifted between the two records
of the profi]gs used for the correlations, The profiles are equal to those

given in Fig.6, except that they may correspond to different object positions.

The autc-correlations (Figs.7a,b,c) of the signatures in Figs.6f,e,d shaw
the influence of the scan radius: small scan radii yield broad suto—correlation
peaks (Fig.7c), as expected from the structure of the power spectrum (Fig.5)}.
Large scan radii yield reduced peak values (Fig.7a), as a result of partial
averaging of the power spectrum by the limited angular reselution of the
detector array. Figure 7d shows the correlation of the object signature
(Fig.6e) with a binary reference signature (Fig.6i). There is no degradation of
the correlation peak. Further evidence for the usefulness of binary reference
signatures will be given in the next section. A low resolution system has been
simmulated by averaging the signatures (Figs.be,h) over intervals of 2 deg
width and calculating the correlation function for 90 arguments spaced at 2 deg
{Fig.7e}. The intervals were shifted mutnally, to avoid avereging over
" aquivalent sections of the two functions to be correlated. All correlation peak
values, except the last one (Fig.7e), are located within 0.5 deg at the
nominal value of -43 deg., The accurscy of the determination of the object
orientation is therefore approximately given by the angular resolution of the
detected signatures. More careful location of the correlation peaks by
smoothing the correlation functions in the neighbuurhnod‘of the peak values may

yield even better resulcs.
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2.1.4 Relisbility of object recognition

The reliability of. the object discrimination will be discussed in the
following. For this purpose correlation functiens fer various parameters and
objects have been calculated and compared. The statistical distribution of
peak- and mean-values of the auto- and cress-cerrelations are shown in Fig.B,
Parameters are given where they differ from the standard values, which are: 10
for éhe normalized scan radius {Fig.5), 0.5 deg for the angular resolution,
9-bit for the signature level representation. The aute-correlaticn functions
have been calenlated from three signatures of abject 2 (Fig.5b)., Twe of them
correspend te the same object positien, Their correlation allows- a quantitative
estimatien of the temporal change of the power spectrum. The third signature
belengs to the shifted and rotated object. A decrease of correlelation reflects
in this case mainly nonperfect shift invarianrce, which was found te be far more
important than the temporal variations. Tc get cress-correlations, three
additional profiles, representing the objects 1, 3 and 4, have beenr correlated

with a reference preofile of object 2 (similar to these shown in Figs.bd-i).

The first three columns of Fig.8 show that increasing the scan radius
leads to widely spread mean-values and to reduced peaks of both auto- and
cross-correlation functions. This is caused by the partial averaging of the
power spectrum due to the limited angular resolution of the detector array and
by the reduced reproducibilicy of the high frequency components of the power
spectrum, The data presented in the seccnd section of Fig.8 result {rom reduced
angular resclution, This was simulated by averaging the Eignatnres within N

“intervals of equal length and calculating the correlatien functien for N
equidistant arguments {24 s ¥ s 360). To avoid averaging cver egnivalent
sections of two signatures belonging to the same object, the intervals were
shifted by cne half of their width. In this worst case situaticn, the peak
values cf the ante-correlations decrease for lewer angular resclutien (Fig.8).
For the cress-correlations, an other effect is dominant. The peak- and the
mean-values of the cross-cerrelations increase as mere and meore structures, and
thus differencies between the prefiles, are eliminated due te the reduced
resclutien., Since the fine structures of the power spectrum are about half the
size of the zero order spot, and thus l/lQ the extension of the scan radiuns,
they give rise to about 6 deg wide signature structures, These can be reseolved

with a minimum angular resocluticn of 3 deg (60 points/180 deg), amccording to
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the Shannon theorem [6}. Lower resolution leads to considerable signature
degradation and thus to smaller differencies between duio- and

cross—correlation peak values (Fig.8).

The data represented in the third section of Fig.8 are obtained by
reducing the resolutieon of the level of cvne of the two signatures to be
correlated, i.e. by suppression of the least significant bits. This procedure
diminishes the initial similarity between two signatures of the same object and
makes the auto-correlstion peaks decrease, But the cross-corvelation peaks drop
even more, 50 that the difference is still significant and the cbject can be
identified reliably.

The results given in the last three columns of Fig.8 (including one from
the third section) were obtained by correlation of an object signature with a
binary reference signature. Three different procedures were used to generate
these binary functions: The first one consists in considering but the most
significant bhir of the signature words, The second and third ones use a
threshold, equal to the mean value and the root-mean-square of the initial
function, respectiéely. While auto-correlation peak values depend considerably
on the binarisation procedure, their separaticn from the cross-correlation peak
values does not. The object discrimination preperties are therefore comparable

in all three cases.

For maximum reliability of the object identificaticn a thresheld has to be
set, so that the probability for asutov-correlation peaks below and
cross-correlation pesks above it is minimal. The optimal parameters and the
corresponding threshold level can be determined from the statistical
distributions given in Fig.8. However, the statistical data, only 6
correlations per column, are rather poor for this purpose, so far. The
development of a dedicated electronic processor will allow te get mere data for
this purpose, Nevertheless, Fip.8 shows that reliable object recognition is
possible for a set of quite different parameters. Unsatisfactory resulis are
anly obiained for low angular resclutigns, which do not resclve the finest

structures of the power spectrum.
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2.2 Phase of the spectrum: Object positien

2.2.1 Application of the shift theorem

As can be seen from Fig.2, the positien of the cbject centreoid is
determined from the phase distributicn in the Fourier plane. The mathematical
base for this precedure is given by the shift thecrem. It determines the
relation between the Fourier transforms 6(;) and 6(;) of two identical but
mutually shifted objects O(;) and O(;-ﬁ;)r

QP) = O(p) exp(-12MmaX-3) . (6)

Expression (6) shows that an object shift 5% causes an additional linear
phase term A‘JJ(E-) = —ZTTAI'F in the Fourier spectrum. Se the linear cemponent of
the phase w(E) in the Fourier plane must vanish for one and only one cobject
position. It will be shown (Eq.19) that this position is attained if the
centroid of the real-valued object functien is on the optical axis. The linear
phase component ws(E) of the spectrum is thus proportional to the position

>
vector x. of the object centroid:

4 () = -2mxcp . )

Fig.%. Displacement fringes and phase: {a) detectors in the zero order spot.

(b) heterodyne signals for phase measurement.
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The detection of wS(E) by two pairs of photodetectors in the zero order
diffraction spot (Fig.9a) yields thus the desired object position ;S. The phase
difference between two opposite detectors, however, must be in the range of

+ 180 deg for unambiguous detection of the object pesition.

The detection of the optical phase requires adequate techniques since no
detector is fast enough to respond to the light frequency of about 10*° Hz. The
basic principle of such methodes is to superpose a reference beam R(;) to the
light field 6(;) to be investigated. The two coherent fields give then rise to
an interference pattern (Fig.%a) from which the relative phase of the two
complex amplitudes 6(;) and R(E) can be deduced. The phase distribution in the
Fourier spectrum is obtained from this relative phase and the phase of the
known reference wave., The precision of the phase retrieval from interference
patterns, however, is rather poor (= A/10)}. The accurate phase measurements
required in the present case were performed with the heterodyne technique [7].
This methode uses a reference wave whose frequency is shifted by &w with the
help of acoustooptic modulators, The two light waves 6 and R are thus given by

Qe) = JQ explitut + )] , : (8a)

R(t) = |R] expli{(w - Aw)t + LI : (8b)

whare ¥ and wr are the phases of the two waves., The superposition of Q(t) and

R(t) yields a harmonically varying intensity I(t):

Ie) = |Q+ R|2 = [Q]7 + [R]® + Q&* + ¥R

n

Q1% + [RIZ + 2|} cos(aut + ¥ - 4) . (9

If the reference wave is plane and paraxial (wr(a) = const.), the phase
w[;) - mr(ﬁ) of this intensity modulation shows the same local variation as the
phase of the Fourier spectrum w(E). The phase distribution in the Fourier
spectrum can thus be determined by detection of the local intensity modulations
and electronic measurement of the relative phase shifts, Fig.9b shows the
intensity modulations detected ar the points 1 and 2 of Fig.%9a, ¢ is the

corresponding phase difference in the Fourier spectrum.



_ 24 -

So far, however, the object specific wave front curvature in the zero
order diffraction spot has Been neglected. It causes an error in the practical
measurement of the of the lineaf phase componeut because of the finite
separation of the detectors. This error can be estimated from the nonlinear
phase component ¢O($) representing the wave front curvature. Since the object
is real-valued, wo(;) is an-odd Function [8]. Tyd-opposite detectors placed at
; =t ;d see thus a phase difference of 2 w(;d) =2 (ws(Ed) 4+ wo(;d)) instead
of 2 ws(Ed). Thé relative error in the detection of ws is therefore
wo(Ed)/wsmaK(Ed). where wsmax(sd) is given by the range of unambiguous phase
measurement (|2 wmax(EA)l < 180 deg). The corresponding errer in the
determination of the object location is
| = 1o () 1/190° - b (Bl (10)

1251715 gy

\\.y q Fig.i0. Calculated angular
\{ FT phase variation in the
YEF_*LQ = spectrum of a bimary
' - X P triangular object.
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A representative example of a nonlinear phase term in the zero order
diffraction spot is given in Fig.10, The curves show the distribution of wo(;)
on two centered circles in the spectrum of a bdimary triangular object. The
corresponding radii are normalized to the object exteasion ¢ s¢ that pe = 1
corresponds approximately to the radius of the zero order spot. wo(ﬁ) is less

n . -+
than 2.deg at pc = 0.35. Thus the object shift X_ can be determined to better
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than 2% of the maximum allowed object displacement g without knowing its

max
angular position or its identification. For closer detector separations, which
allow the object to move in a larger field compared to its size, the error

caused by ignpeoring the nonlinear phase term wD(E) becomes even smalier.

2.2.2 Experimental results

The phase detection in the Fourier spectrum has been tested with an
arrangement according to Fig.1l, A parallel expanded laser beam is projected on
the object mask i.e. a metal plate with a structured cpening. The light field
behind the mask is then Fourier transformed by a lens (SORL, FX15/5F), so that
the spectrum of the object occurs in the back focal plane. A reference beam
passes chrough a pair of acoustooptic modulators which shifts the light
frequency by about 40 kHz [7]. This beam is expanded and focused on the Fourier
plane where it has the desired plane wave front. The beam waist was chosen to
be scmewhat larger than the zero order spot of the Fourier spectra. The
intensity distribution in the Fourier plane that results from the superpositidn
of the two waves is then imaged onto the detection plane with a magnification
of about 200. Two appropriately positioned optical fiberé of 75 um core
diameter guide the light to the photomultipliers (RCA 8645). The resulting
harmonically modulated electronic signals are bandpass filtered and amplified
to match the input conditions of a commercially available phasemeter (EVANS
4119}. Careful balancing of the two electrical channels is necessary to avoid

additional phase shifts,

The discribed arrangement was first used to experimentally verify the
shift theorem (Eq.(6)). For this purpose, a circular object was shifted across
the object plane while the phase was detected between two opposite points of
the Fourier spectrum, The relation between the object radius R and the detector
separation & was chosen to be a = 1/2R, so that the detectors were well inside
the zero order spot of the Airy fungtion. Fig.12 shows the analog cutput § of
the phasemeter plotied versus the normalized object shift. The estimated error
is A = 1 deg, which corresponds to an object displacement of Axs/R = 0.56%.
Unambiguous determination of the object position ;S requires the measured phase
0 to ramge within one periode ([¥| < 180 deg), so that the maximum object shift
is

= % jon,
X omax R for the chosen detector separation
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Fig.11l. Heterodyne Mach Zehnder interferometer and electronics used for

sccurate phase measurement in the Fourier spectrs.

¥ q
B2V T,
'L P
90°
vl
45°
°‘o 0.25 0.5

X:/R

Fig.l2. Experimental verifi-
cation of the shift theorem
by hetercdyne measurement of
the phase (. Detector separa-
tion is a = 1/2R. Maximum
displacement for % = *180 deg
is xsmax = tR. The accuracy
of the phase messurement is
Ay = 1 deg, the corresponding
resclution ef the displacement
is AxSIZR = 0.33.
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The used circular object is real-valued and has central symmetry. Thus the
Fourier spectrum is real-valued and the wave front in the zero order spot is
plane. The linear phase term of the spectrum can be calculated exacﬁly from the
signals detected on a finite radins, so that a major error source in the
determination of the object position is eliminated. Symmetric objects can
therefore be located to better than about 0.3% of the maximum object shift,
which’ corresponds to the relative error in the phase measurement
(1 deg/360 deg).

Y, .
X
o |@rm2 J
10
YoJc1.008 i
¥ Fig.13. Radiel phase distri-
butien in the spectrum of &
Q R , . ;
0 binary trianguiar object.
/' measured The object centroid is only
calculatad slightly off the optical axis
(ys/c = 0.006), so that the
..10° l. nonlinear object specific
, phase component becomes
prominent.
-1 0 1

oc

Real objects withont central symmetry vield complex valued hermitian
Fonrier spectra, i.e. the real component is symmetric, the imaginary component
and the phase are asympetric with respect to the origin [8], An example of such
a phase distribution is given in Fig.l13. The curves show the radial phase
variation in the Fourier spectrom of a triangular binary object. The radius is

normalized te the length of the hypothenuse ¢ of the triangle. The slope of the
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curves at ; = 0 reflects a shift Vg between the object centroid and the optical
axis. This shift has been chesen to be small compared te the object extension
(yS/c = 0,006), so that the related Yinear term phase*term ws(;) does not
dominate the object specific nenlinear phase term ¢0(p). Measured and
calculated results are censistent within the accuracy of the heterodyne phase

detection (1 deg).

Circular scans of the phase ¢(p,$)} in the same spectrum yield the curves
shown in Fig.l4. The small shift of the object (xS/c = 0.0015, ys/c = 0.006)
generates a harmeonic term w5(¢) = —2"O(XSCDS¢ + yssinb) that represents the
difference between the calculated curves in Fig.10 and Fig.l4. The outstanding
harmoni¢ component with a periode of 2m/3, hewever, stems from the term of
third order in the coordinates p and g, which represents a major psrt of the
object specific phese wo(;) in the zero order spot. A compariscn of the
experimental and theoretical results in Fipg,14 confirms both the predictions

and the accuracy of the heterodyne phase measurement.

50
2°B)
w] 0o°
-9° L
_5°
4 T2 0 0 -nr2

Fig.l4., Comparison of celculated (dashed) and measured angular phase variations

Wb} for the same triangle as in Figs.l10 and 13.

These experimental results proove that the angular phase variations within
the zero order spot pc < 1 due to wave front curvatures are small compared to

the phase caused by an object shift. Tyvpically less than 4 deg of the phase
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difference detected by two opposite detectors on the radius pc = (.55 result
from the curved wave front (Fig.14). This corresponds to about 2% of the phase
for maximum object shift (186 deg). Thus the ebject shift can be determined to
better than 2% of the maximum cbject displacement, as was found fram

theoretical estimations (sec.2.2.1).

2,2,3 The phase in the zero order spot

The phase distribution within the zero order dif[ractioﬁ spot can be
discessed by means of a Taylor expansion of the Fouerier spectrum 6(;). This
procedure gives insight in the relations between object properties and the
resulting spectrum. Such knowlepe is necessary for error estimations and for
the resolution of the 180 deg ambiguity in the determination of the abject
orientation. The following discussion of the low order phase terms in the
spectrum 6(3) considers both real- and complex-valued objects. The latter can

be decomposed in real and imaginary components,

ax) - 0(}‘-33) - A(L?S) +iB(??-?ES). (11)

In correspondance with the dencmination for real objects, ;5 has been
chosen to give the centroid position of the real component of the abject
function Q(:}, so that

[ X a(x) d®x = 0. - (12)

Now the Taylor expansion of the Fourier spectrum Q(;) at E = 0 reads:

Jtk
. 1 [a e
e e h B a2 o) (13)
Jok 2F [ 3pT g 30

The zero arder term (j+k=0) in Eq.(13) is equal to the integral of the object

function Q(;) aver the object plane.

Q0) = [ QX) exp(-i2np¥) dix = J Q) dx . (14)
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The phase at the origin of the spectrum can be set to zeroe (W(0) = 0)
without loss of generality. This means that the value of the Foorier transform
at the origin is assumed to be real, which is equivalent to the assumption that

the mean value of the object function Q(;) ig real (Eq.l14):

re [Q(0)] = f AGR) 4% = [ (D) o

L3
(=]

(13a)

I
o

in [QO] = [ B(-X) a%x = [ B(X) d% (15b)

The determination of the linear phase term ws in the Fourier spectrum requires

the knowledge of the first order terms of Eq.(13);

3-[?6(3)]_5=0 = - inp [ % QM) 4%k

- 12mp [ % O(X) d%x - 12055 _f 0(%) d%x

i

_omp (L% AG) d% - [ X B{X) d%
+ i}’s [ A 4% - % [ BGO a*x ], (16)
where ¥ = (3/3p, 8/0q) .

The first and the last term in (16) vanish (Eqs.12 and 15b), so that the first

order term of 6(;) reads
L ELTEIIN 0 " 2p-(f % BRY ¢ - 1 %f AR dx] . A7)
p=

In the neighbourhood of the origin (E = 0) both the real and the imaginary
parts of the spectrum Q(E) can be approximated by the terms of lowest order,
which are given by (15a) and (17). The resunlting phase w(E) for E-+0 is thus

o) . in3(3)]
2 B relb®)] |30

...27['15'-;5 j A(;) d%x 21'+ -
= =———S T " _9mp-x
| AR d%x P¥s

(18)
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Eq.(18) implies that the linear component ws(ﬁ) of the phase w(E) in the
Fourier spectrum is given by

U
Yg = - 2mx P . (19}

The relstion (19) confirms the shift theorem (Eq.6)) and gives evidence for the
above statement (Eq.(7)) saying that the linear phase term wS(E) in the Fourier
spectrum is proporticnal to the centreid pesition ;s of the real part of the

object, if the mean value of the object function is real.

Renl-valued object functions yield hermitisn Feurier spectra and ‘thus only
phase terms of odd order {8]. The linear phase terms vanish for centered
abjects (;5 = 0), se that third order terms are dominant near the origin
(} = 0). The third crder phase approximation can then be deduced from Eq.{13)
to be

= - - J gk
Uolpia) = U3(p.q) "jE—E K PT (20)

1 jek
a3
where my, = -1z——{i———0Q(p)|s . (j+k=3)
Jk ()] [ap‘] qu ]J] 0

In polsar cocrdinates (p,b) the spproximation (20) becomes, with p = pcosd and
q = psind, explicitely

Uylpat) = (0/2)° [(mygem),) cosd +  (my 4mps) sing
+ ((m30/3)—m12) cos3d + (m21—(m03/3)) sindd] (21)
This third order approximation (Eqs.20,21) and the exact phase wu(p,¢) are
reported in the Figs.15 and 16 for the same triangular object as used in the

preceeding Sections. Fig.15 shows the radial distribution and Fig.l6 the

angular distribotion of the phase, respectively.
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Fig.l6. Angular veriation of the phase mo(o) in the sswe spectrum as in Fig.135.

The dashed curves give the third order approximations.
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Note, that a rotation of the object by 180 deg causes an inversion of the
sign of the third order phase term in the Fourier spectrem, i.e. ¢3(¢) =
—w3(¢%180 deg). The 180 deg ambiguity in the determination of the object
orientation (Sec,2.1) can therefore he resolved by looking at the sign of .this
term. A useful method to resolve this ambiguity with a high immunity to
inaccuracies in the detectien of the phase term is as follows: The angular
distéibution of the measured third order phase term ¢3(¢} is coempared to rhe
reference distribution wr3(¢) cbtained from a learning process with the object
at its reference orientation @ = 0. From the correlation of the circular scan
in the power spectrum (Sec.2.1) the angular orientation of the object is known
to be o = ag or u0+130 deg. The actual object orientation can therefore be
determined by checking which angular distribution of the two phase terms,
¢3(¢+au) or w3(¢+00+180 deg), is more similar to the reference phase
¢?3(¢). '

The above comparison is performed most suitably by calculating the value

of the cross-correlation

2n
Cle) = [ a(e') bry(e'-4) de ' {22)
0

for ¢ = T Since C(uo) = —C(u0+IBD deg), C(uo) > 0 indicates that ay is the
correct object orientation, while C(ao) < 0 is true for the opposite object

orientation (a0¢180 deg).

The reliability of this method can be checked by using a normalized
version of the correlation function. A useful normaliation is cbtained by
dividing C(%) by Cp. where

amn
c. = é[“’r:i(‘”]z o . {23) .

T

The values for C(uo)/Cr and C(u0+180 deg)/Cr are * 1, respectively, for a

perfect coincidence between test phase and reference phase. The corresponding
values for the general case must not differ too much from unity, otherwise the
detected phase terms are not similar to the reference terms and the resolution

of the 180 deg ambiguity is not reliable.
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The value C(uo) of the correlatioh function C(¢) given in Eq.{22) can be

written in terms of the coefficients m, by wsing Eq.(21). The integration

jk
yields then the explicit result

Clag) = (1/2) * {24}
{cos(uo) [(mr30+mr12)(m30+m12) + (mr21+mr03)(m21+m03)]
+ sin(ao) [-(mr30+mr12)(m21+m03) + (mr21+mr03)(m30+m12)]
+ c05(3u0) [(mrSO/J—mrlz)(m30/3—m12) + (mr21—mT03/3)(m21-m03/3)]
+ sin(SuO) [—(mr30/3—mr]2)(m2]/3-m03) + (mrzl—mr03/3)(m30—m12/3)]} '
where the mr‘].k and the mjk correspond to er and w3, respectively.
The corresponding expression for the normalisatien Cr reads
€. o= (1/2) {[(mrggemr; ;)% + {mry 4mrgq)? {250
+ (mr30ﬁ3—mr12)2 + (mr21-mr03/3)2]}

It will be shown that the m, are essentially the third order moments of

jk
the object functicn., The experimental determination of such moments will be
extensively discussed in Sec.3. Eqs.(24) and (25) will be used to demonstrate
the resolution of the 180 deg ambiguity in the determination of the object

orientation by measured ¢bject moments.
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2.3 Object tracking from one-dimensional images

An alternative to the described object tracking concept based on intensity
scanning rather than phase detection is described in this Section, It uses fast
coherent optical transformations for the data compression and a microprocessor
for the final processing. The basic idea is to form two 1-D images, Px(x) and
Py(y), of the intensity distribution I(x,y} = [0(x,y}|? in the object plane by

integrating along the x and the y axis, respectively, viz.
Px(x) = [ I(x,y) dy , (26a)
Pyly) = [ T(x,y) dx . (26b)

The centroid coordinates X ¥ of the object I{x,y) can then easily be

obtained by calculating the centroid locations of the twe 1-D images, viz,

. If E(x,y) x dx dy _ J Py(x} x dx , (27a)
s [f I(x,y) dx dy T Py(x) dx
. - [J1Gyy ydxdy [ By(y) vy 4y 27
® f] T(x,y} dx dy [ Py(y) dy

The integration in Eq.{26) is performed by focusing the coherent light
from the object plane onto one axis of the image plane, while maintaining the
imaging properties along it. The 1-D image is then detected by scanning along
the focal line with a lirear detector array of sufficient width to collect the
focused light (Fig.18). Fig.17 shows the schematic setup of an object
recognition system according to Fig.2, but now using the above described

principle for the determination of the object position.
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2.3.1. One-dimensional oprical Fourier transfarmation

The two astigmatic lens systems in the proposed object tracking concept
are désigned to perform imaging along one axis and Fourier transformation along
the other, This means that for one divection the observation plane is the image
plane of the abject, whereas for the crthogenal direction the observation plane
coincides with the back focal plare of the lens system. Exact optical Fourier
transfermation requires that the object is located at the front focal plane of
the lens system. In the present case, however, the exact pesition of the object
plane is not important, because the associated curvature of the wave front does

only affect the phase and not the intensity of the Fourier spectrum.



- 37 -

For the example of focusing onto the y’ axis (Fig.18), the amplitude

distribution Ay(x',y') in the observation plane is given by
A = /R0 [ 0txy) exp(-dzmpx) ax (28)
with p = x"/Af and v = -y'/g ,

where f is the focal length of the Fourier transform lens and g is the imaging

magnification. Ay(x',y') will be called 1-D Fourier spectrum.

line
object spherical cylinder  in.,, observation
plane lens lens detector Plane
array

f&g.IS. Setup performing one-dimensionsl Fourier-transformation. A 1-D image
Py,(y’) of the intensity distribution in the object plame |O(x.y}|?® is scanned
by the linear detactor array.

Figure 19 shows, as an example, a triangular binary object with its
corresponding 1-D Fourier spectrum. The Fourier transform of the one-
dimensional amplitude distribution O(x,yo) for a given Vg in the object plane
is formed at the corresponding yé = -8*¥g in the observation plane. For the
present binary object the Fourjer transform pairs are rect and sinc functions,
respectively. Figurg 19 shows clearly the inverse proportion between the object

width b{y) and the separation of the diffraction fringes, -
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Note that, for demonstration purpase, the 1-D Fourier transform shown in Fig.19

kas been magnifiedradditionally in the x' direction, so that the structure of

the spectrum becomes visible.

1-D
y FT

— Y

— X

Fig.19. Triangular binary object and its I-D Fourier spectrum.

From Eq.{28} one finds that the intensity distribution Iy(x',y') in the

1-D spectrum of a binary object with a convex outline is always given by

Iy(x',y') = (Iolglf) |b(y) sinc[b(y}p}]|?

(29)

= (I_/8Af) |sin[wb(ylpl/Cup)|? ,

with p = x'/Af and y =-y'/g ,
where f is the focal length in the x direction (Fig.l8), g is the magnificafion
in the y direction, b(y) is the local width (Fig.19) and IO is the intensity of
the object, Objects with concave outlines may yield more complicated intensity
distributions, since the cross-sections O(K.YO) may consist of more than one

rectangular function, However, Eq.(29} may still be useful for error

discussions, »
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The- combinaticon of an achromatic spherical doublet and a single
cylindrical-lens (Fig.18} yields a highly astigmatic imaging system with
considerable aberratianst~Bit“they can be minimized by proper choice of the
focal lengths and the relative position of the lenses. A good cheice for a
system with unit magnification (g = 1) was found to be a spherical lens with
fs = 380 mm and a cylindrical lens with fc = 300 mo at 48 mm separation, The
observaticn plane, which is also the focal plane of the lens system, is at
381 mm from the spherical lens. Theoretical and experimental results prove that
both image distertion and spatial resolution can be made smaller than 0,3% of
the object field for an aperture of NA = 0.1 and unit magnification (g = 1).
With more elaborate lens systems one could get better imaging quality for even
larger apertures. This allows to get narrower i-D Fourier spectra, which can be

scanned by standard detector arrays of limited width (Sec.2.3.2).

2.3.2 Detecting one-dimensional images of two-dimensional objects

The twe 1-D images, Px(x) and Py(Y)’ for the object tracking (Eqs.{26))
are detected by linear detector arrays of sufficient width ta collect all the
diffracted light (Fig.18), In practice, however, the width of the available
detectors will be limited and the higher diffraction orders (Fig.19} for small
object widths b(y) will not be covered. The corresponding errors for the
detected power Px(x) and Py(y) of the 1-D images and the centroid position will

be discussed in the following,

From Eq.{29) one finds for the total integrated power Py(y') and the
fraction APv(y') lost due to the limited width d of the detector

Py(y ) = 2 é Iy(x b)Y dx
= (2I°b(y)/g) ? [(sinma)/(7a)1® da = Iob(y)/g (30a)
0
(') = 2 J 1 (x',y") dx'

a/2
(ZIOb(y)/g) [ {(sinma)/(ma)}2 da , (30b)
D



- 40 -
with D = b{y)d/(2Xf) , and y = -y'/g
Figure 20 shows the ratio APy/P? versus the normalized detector width D in
double logarithmic representation. 1t is seen that the curve oscillates about a
straight line. This behavicr can be verified by means of the approximation of

Eq.{30b) for D>>1, viz.

AP = (21 b(y)/g) | [(sinmd/(ma)]? da
¥ o D

1

(I b(y)/g) J [1/(ma)])® da (an
D

Iob(y)/(ﬂng) = ZIOAE/(n’gd) .

il

which says that the lost power A?Y is independent of the ohject width b(y), at
least es laeng as b(y) > (2Af/d). This is a coasequence of the fact, that the
envelope of the 1-D power spectrum is independent of the object width b(y) and
the separation of the diffraction fringes (Eq.(29), Fig.19).

The corresponding error of the determination of the object position L
can be calculated from Eqs.{27), (30) and {31). For an estimation of this error
it is helpful to conclude from Eqs.{30a) and {31) that the loss of the power
APY is essentially equivalent to a reduction of the object width b(y) by a
canstant amount of &b = ZAf/n?d. Thus the errar Ays in the detection of Vg due
ta the loss of the light power AP_ is given by the change of Vgr which results
from the reducticn of the cbject width h{y) by 4b, Typical valnes for Ays are

equal to a fraction of &b, The same is true for the error in X

A numerical example is given for illustration: For A = 630 nm, a detector
width of d = 100 um and a fecal length of f = 380 mm onc gets a reduction of
the object width of Ab = D.5 mm. For a total cbject field of 50 mm (numerical
aperture.NA = 0,07} this corresponds to a relative error for the cbject
position of typically less than 1%. In this case the mimimum fringe separation
in the diffraction pattern (Eq.(29), Fig.19) is found to be 5 um, so that the
detector covers a maximum of D = 10 fringe orders and therefore cnly 1% of the

maximum power is lost (Fig.20).
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2.3.3 Error estimation

Two essential sources of error have been discussed already in the
preceeding Sections: The aberrations in the 1-D Fourier-transformation and the
incomplete one-dimensional integration due to limited detector width. Further
errors, which are introduced by the imperfect coherent image of the object,
will be discussed in the present Section, This completes the error estimation
and gives at the same time a deeper insight inte the properties of the object

tracking system.

The limited contrast between the bright object and the dark background is
another source of error, because the syétem detects the center of gravity of
the whole object field. This errar can be calculated from the total light power
inside and cutside the object, respectively, and from the'curresponding
centroid positions. A circular binary object covering 10Z of the circular
opjgct field, for example, can be located to better than 1% of the object field

extension, if the contrast is at least 1:300,



— 47 -

Intensity variations across the coherent image of a binary object
represent another important source of error. It can be determined by
calculating the resuvlting shift of the object centroid. COne-dimensional models
are useful for this purposelsince they are simple and still representative for
the two-dimensional case. A considerable shift of the object centroid can be
expected from an additional linear term in the intesity distribution. The
corresponding relation between centroid shift and intensity range is given in
Fig.21.

1
Tmax - Imin E:E
[ Tnax b
mex [z) (%]
Tmin
1 0,084
5 3 0.25
+ 5 0.42
7 0,60
10 0.88
o} x
P Xg b/2 b 15 1.35
20 1.85
o 30 2,94

Fig.21, Linear intensity variation across a 1-D object and resulting shift of

the centroid.

The worst case for a given maximum intensity range occurs for a 1-D

function which is equal ta Imax on one side and Imin on the other -side of the
centroid. This intensity distribution yields a centroid shift of Axslb = &4,4%
for (I ~1.3/1 = 30%. These results show that even considerable

max min’’ “max
intensity variations across the object do not cause serious errors in the

determination of the object location. The relative accuracy with respeet to the
total object field is even better, especially for small objects, since the

above values are normalized to the object size.

Wave front distortions introduce important errors in coherent optical

processing, when Fourier transformaticns are involved. They can be reduced by
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using expensive high quality optics. The present concept, however, is
remarkably insensitive to aberrations, The proof will be given First for wave
front curvature in the y—direction and then in the x-direction shown in Fig.18.
Wave front curvature in the y-direction does not cause an error as long as the
imaging property is maintaired (image distortions smaller than 1%) and the
light pfopagation remains inside the aperture of the lens system {angular
deviaticns less thar 1 deg). Wave front curvature in the x-direction may affect
the details of the Fourier transform pattern. However, since the 1-D image is
obtained by integration of the intensity over several diffraction orders, the
details and the phase of the Fourier trensformation are not important, If the
integration covers more than 99% of the maximum power {more than D = 10 orders,
Fig.20), wave frent distortions as large as 10 A may be tolerated for the

Fourier transfermation.

A comparison of this concept with the object tracking methode described in
Section 2.2 shows that the first one vields the centroid of the intensity
distribution in the object plane (Eg.27}, while the second one detects the
centroid of the corresponding amplitude distribution (Eq.18). This is &
fundamental difference which has considerable influence on the accuracy-of the
object tracking. The amplitude contrast in the object plane for example, is
only-the square root of the intensity contrast. The error in the object
tracking due to limited rontrast is thus much smaller for the presenc concept.
The homogeneity of the object function, however, is better if the amplitude is
recognized. The local variations of amplitude and intensity differ by about a
factor 2 for the usual case where the intensity varies not more than some 207.
The related error in the object tracking is thus about twice as high fer the
present concept. Wave front aberrations in the objéct plane cause errers in the
Fourier spectrum, which affects the accuracy of the object tracking described
in Section 2.2, The present concept, however, 1s guite insensitive to such

defects, as has been shown above.

2.3.4 Experimental results

The feasibility of the object trackirg concept was tested with a setup
according to Fig.18. The object mask was illuminated with an expanded parallel
beam from a 2 mW He-Ne laser. Since the available linear CCD detector arrays

were too narrow (25 um) for the present aperture of NA = 0.07, the scanning was
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performed by a TV-camera and a gated line-integrator, The integration time
corresponds to some 3% of the length of a TV line. The light power passing
through the object mask was attenuated to about 1 p¥W to avoid saturation of the

camera,

The detected power profiles (1-D images) were digitized and stored as
arrays of 625 eight bit words. Since the profile obtained without light could
not be adjusted to zero with sufficient accuracy, it was it was compensated by
substraction from the detected 1-D images. Such a corrected 1-D image of &

binary triangular objeﬁt is shown in Fig.22,

100.4

A, h——

—_— . .
0 y 625

Fig.22, 1-D image (power profile) of a binary triangular object recorded in a8
setup according to Fig.l18.

In order to verify the coincidence of the object centroid and the
¢entroids of the ]-I} images, the movement of the latter for a rotation of the
object was investigated. A triangualar object was rotated in steps of 18 deg.
The resulting 1-D images were stored and the position of their centroids
calculated. The results are reported in Fig.23. The crosses and the dots belong
1o two independent series of measurements, respectively. The fitted theoretical
harmonic function with a period of 360 deg is shown as solid line. Measured
points and fitted theoretical curve differ by less than 4 TV-lines, or 9.6% of
the total field length af 625 lines. This deviation is about the same as the

difference between the two series of measuements {crosses and dots). There is
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evidence that the main cause of this error was the limited temporal stability

of the pated line-integrator.

290 _ ]

Fig.23. Centroid coordi-
nate Y of a triangular
object versus object
rotation. angle a. The
crosses and the dots
correspond to two indepen-
dent measurements and the

solid line is the fitted

theoretical harmonic

1 1 1 function,
0 ¥ 4 20
X
—l

The described test demonstrates that the detected object location does not
depend considerably on the object orientation. In order to verify the linear
relation between object displacement and detected object position, a square
object (3 mm by 5 mm) was shifted acress the object field {35 mm by 35 mm) in
steps of about 3 mm, The results dre shown in Fig.24. The détected positions
differ by less than 4 TV-lines, or about 1Z of the maximum object displacement,
from the fitted straight line. Further experiments confirmed the results
presented in Figs.23 and 24 and thus the feasibilty of the described object

tracking concept.
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2.4 Conclusion

The hybrid optical-electronic system described in the Sections 2.1 and 2.2
combines the high speed of parallel Fourier processing (coherent optics) and
the flexibility of digital programming. This is realized by replacing the
matched filter (hardware) in the Fourier planme by electronic processing
(software) of amplitude and phase detected in that same plane. The use of this
concept in on-line objeck tracking and recognition has been investigated in
detail. The theoretical and experimental results presented give evidence of the
feasibility of a hyhrid system for industrial robot vision with an
incoherent-to-coherent transducer at the input and no moving parts inside,
which identifies an object within an ensemble of several (<1C) known objects,
measures its position to at least 1% accuracy within the field of view, and
determines the angular orientaticn with ~ 1 deg resclution, The response time
is expected to be of the order of 0.1 sec; for the time being this is limited
by the speed of the image transducer rather than by the electronic and
numerical information handling. Learning and pregramming is easily done by
presenting Fhe reference objects at their respective referenqe positions and
electronically memorizing the corresponding signatures and phase values. An
iterative approach to the precise object position is possible, using first low
resolution at high speed and then gradually increasing the resolution for the

cotrelation and phase determination.

The object tracking described in Sectiecn 2.3 is an alternative to the
concept presented in Section 2.2, It uses intensity scanning rather than phase
decection and offers reduced sensitivity to wave front distortions and contrast
limitation in the object plane. The experimental results show, that the
location of an object can be determined in about 1 ms to at least 1% accuracy
within the field of view. Four 1-D imeges yield the necessary informationlon
the object asymmetry to resolve the 180 deg ambiguity in the determination of
the object orientation (Sec.2.1). Both shape and position of an object can be

recognized from a set of several 1-D images as was shown by Radon [9].
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3. Object recognition by detection of irradiance moments

3.1. Trradiance moments as classification features

Powerful evaluation of image information is achieved by vision systems
which can selectively extract specific features independent from one ‘another.
A typical problém is pattern recognition independent of shift, rotatibnp scale
change and inversion. Features like angular orientation, size, or symmetry
properties of patterns are often detected for classificatien or control
purposes. In all such cases the determination and evaluaticn of irradiance

moments yields a well suited solution to the problem.

The general method of moments has already been successfully applied for
robot visien [10) and aircraft identification [11]. The detection of low order
moments of an image is being caonsidered for missile-guidance application and
automatic correction of atmospherically degraded telescope images. Moreover it
has been shown that the lowest order moments of aerial scene image power
spectra are good image quality factors, which can be used as sharpness index
for sutofocus systems or for contrast measurements [12]. The present work deals

with feature exvraction and pattern recognition.
The usefulness of the method of moments results fram three facts:

- Moments show simple transformation properties when the image is modified by

rotation, translation, size change or inversion.

- A unique approximation of on image (or pattern) cam be reconstructed from a

finite set of moments.

- Low order noments give a rough estimate of a pattern. More details are

obtained by including higher order moments,

These properties will be discussed in the fpllowing. Fig.25 shows an image

plane x,y with a pattern represented as irradiance distribution f(x,y).
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fox.y)

Fig.25. Image plane x,y with

pattern discribed by f(x.y).

The usual definition of the moments [8] is

My = IF e WK axdy (32)
where the integration is to be performed over the entire image plame. If f(x,y}
is a bounded function that has nonzero values only in the finite part of the
%x,¥ plane, the moments Mjk are uniquely determined. From Eq.{32) one finds that

the zero order moment MbO represents the total image power

Myg = I] flx,y) dx dy {33)
while the first order moments give the centroid location Xg1¥g of the
irradiance distribution f{x,y)

M I/ f(x.y) x dx dy =

12

*s Moo
(34)

It
il

MO} I £lx,y) v dx dy Vs HOD .

The second arder moments indicate the extension and the grientaticn of the

pattern:
Mg = I £(e,y) «* dx dy
Moo= ] flxy) =y ax dy (33)

11
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Mo, = JI ECx¥) 3% dx dy .

02
Insight ir the information content of the higher order moments is obtained
by looking at how well an image can be reconstructed from a set of known
moments. The second limit theorem of the theory of statistics [13] says that an
image ¢an be uniquely reconstructed from all its moments if these are bounded.
30 one expects that the reconstruction obtained from a limited set of low order
moment.s will resemble the original image. This can be verified by shawing that
two continuous functions within a limited range with equal moments up to arder
¥ have the same least square approximation by a polynamial of order N. The
proof will be given for onedimensional functions, but it can easily be extended
to the general case. Consider two functions Ei(xl, i = 1,2 which have the least

square approximations

N .
frxy = T atxd, so that
j=0
. N
i [£1(x) - i a} x1? dx  is minimum. (36)
j=0

Deriving (36) with respect to ai yields

H]: XJ+k

] dx = M, k=0...8 (37
0

Jrt) oF dx =

I ~—=

i
So if the functions f] and f2 have the same moments (Mi = Mi, k = 0...N), the
approximations are identical (a% = az, j =0...N). 4n original image and the
reconstruction have thus the same least square approximation by a polyromial of

order ¥, il they have the moments MD...MN in common. .

The reconstruction of a pattern from a set of low order moments suffers
from the drawback that many moments are necessary to obtain & good
approximation [14], However, using the moments as coordinates in a feature
space seems quite attractive far pattern recognition. This method consists in

characterizing each pattern by a few {n) real numbers that represent the low
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order moments. The n-tuplet of numbers can be considered as an n-dimensipnal
vector pointing somewhere in the feature spacé. Pattelns with equal feature
vectors are supposed to be identical., Of course experimentally determined
feature vectars will never be exactly reproducible. So one has to find suitable
decision rules saying whether a piven sector uniquely represents one of the

known patterns and which one.

The transformation properties of the maments Mjk can be deduced from
Eg.(27). A shift of the pattern

£(x,y) > £'(x,y) = E{x+dx,y+by)

vields the transformed moments

k-m

ik 3,k j-n
Wy = I E(n)(m) M_ad™ ay (38)

n=0 n=0

Al)l moments Mjk except MOU depend on the transverse position of the object
(Eq.{38)). The transformed momencs are obtained from the original moments of

the same and lower order.
4 change of the object size according to
f(x,5) = £''(x,y) = f(x/v,y/v)
leads to the transformed moments
L , (39)

Here the moments are merely multiplied by a factor, which is equal for all

maments of the same arder,
1f the pattern rotsates through ar angle ¢, so that
f{x,y) » £'7'(x,¥) = f(xcosp~ysind, xsind+ycosd) .,

the moments change accarding to
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I ok
1y k j- .
i nEO mzo DG DT Mo jikcin

n+k-m

x {cosb) (sing) ™ (40)

As can be szen from Eq.(40)}, an cbject rotation makes a set of moments of a

given order N = j+k transform into a new set of moments of the same order.

Although the usual definition of moments is given by Eq.{32), there are
other useful types of moments. For image recomstruction from known moments for

example, one should use “prthogonal” moments to avoid solving coupled systams
of equiations [14]. Such orthogonal moments are obtained from the projection of
the pattern function f(x,y) onto an orthogenal set of functions rather than on

the monomial xjyk. A typical example are the Legendre moments ij :
= 4
Lk [f £0ay) Pytx) Py) dx dy (41)

where Pj and P are the Legendre polynomials. A suited discription of circular

k
patterns or rotation properties can ba achiaved using thz set of Zernike
momants ij.

2y = IRitS2, Vi(it) ax dy (42)

whare the V_

ik ara the Zernike polynomials [15].

For pattern recognition independent of shift, change of size, rotation and
inversion the useful moments are invariant to these geometrical
transformations. The application of such invariant moments in pattarn
recognition was first examined by Hu [16). Later Dudani [11] established an

aircraft racognition system that evaluated 14 low order invariant moments, Te
" his own astonishment this system identified more reliably then four human
observers that were well trained to recognize the aircraft models from

different points of viaw,
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The object recognition concept discussed in Section 3 uses the same
principle of invariant moments. However, the bulk of the computional work is
done by optical processing rather than by a digital computer. This way the high
computional throughput of parallel optical processors can be applied to spéed

up the recognition pracess.

3.2. Invarient moments

In the preceeding Section the utility of invariant moments for pattern
recognition was pointed out. A method for the construccion of moments which are
invariant te shift, change of size, rotation and reflection is discribed in the

following.

Trenslation invariance

The moments Mjk ore clearly.not invarisnt to a transverse motion of the
pattern. However, if the moments are determined with respect to a coordinate
system with the origin fixed to a given point of the pattern, they will have
the desired property. This reference point is usually chosen to be the centroid
of the pattern and the resulting shift invariant moments are called central

moments. Thus the central moments mjk are given by
j k
myo= ey Gex ) Gy )Y dxdy (43)

where x and y_ arc the centreid coardinates of £{x,y). The mjk are better
suited te characterize size and shape of an image pattern than the M'k' since
they have no lever arm folded inta the numbers, From the Eqs.(32) and {43) one

finds the relation between the Mjk and the mjk:

ik _
T €IS I CIR LA CUP Ll S (44)
n=0 m=0 _

where X = MIOIMOO and y_ = MOI/MOO .



- 54 —

K}
Thus the low order central moments are

=0 , my; =0 , (45)

M, = M , m a1

00 00 10

=M =M -

hg - stIO + O 02 ySMOl s Byy = M

y M

M0 11 = ¥sho -

Note that all moments m,

ik of odd order j+k are equal to zero if f(x,y) has a

center of symmetry.

Scale invariance

I1f the scale of a pattern f(x,y) changes by a factor v, the new irradiance

function is given by
£'{x,¥) = f(xfv,y/v} (46)
snd the moments transform according to

. j k 23k
by = [] fxetv,yfvy )y dxdy = v L (47)

Thus the normalized moments

bl = my et (48)

are inveriant to a change of scale, An sbsolute normalization can be obtained

by setting v = maéz. This yields the shift and size invariant moments
- (j+k+2)/2
ujk = mjk/m00 . (49)

Rotation and reflection invariance

The construction of rotation and reflection inveriant moments is more involved.

One might think of expressions like

E = II £0ay) (%4y®)" du dy ‘ (50
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but Eq,(50) yields only a few of the desired moments. A more rigorous approach
was suggested by Hu [16]. He derived rotation and reflection inveriant moments
from the corresponding transformation rules for the My, The simpler method to
be discribed here was proposed by Teague [14]. It consists in the use of
moments with very simple rotation properties for the construction of invariant
linear combinations which can then be expressed by ordinary moments such as
the ujk‘

As was mentioned earlier, the definition of moments (32) can by considered
as a projection of the pattern f(x,y) on a set of basis vectors xjyk. The
moments Mjk have no simple rotation properties {40) since the monomials xjyk
have not. So one should use a set of basis functions with simple rotation
behaviour to define the desired moments. Such a set are cthe Zernike polinomials

ij [15]
yjk(x,y) = Vi(psind, pcosb) = Rjk(o) exp(ik8) , (51)

where R (p) is & real valued poelynomial of the order 3, 320, ki<, =nd
j-lk| = even. These functions are complete over the unit circle and satisfy the
relation

IFRINERY V() dxdy = & 6w/, (52)

jn

where the integration in (52) is to be performed over the unit disk x2+y2 s 1.

Consequently the patterns to be represented are supposed to vanish outside the
unit circle, The projection of the pattern fumction f(x,y) on the Zernike
polynomials yields the complex valued Zernike moments ij

'zjk = [f t(x, 5} [ij(D,B)]*dx dy . (53)

In the following £(x,y) is considered to be real. In the case of complex valued
functions f{x,y), the real and the imaginary parts can be considered

seperately, each of them being real. Thus one gets the following relations

Zg Z’;_k ' {54)

Zyp = real . (55)
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The rotation properties of the Zernike moments can be deduced immediately, The

irradiance function f(x,y) becomes after rotation through an angle Gr
f''(p,0) = f(p,e-ﬂr) . {56)
This leads to a set of new Zernike moments
2y = I £(p.8-8) Ry exp(-1k8) p dp 48, (57)
which satisfy the relation

23; = 2 K exp(-ikﬂr) . (58)

h|

A reflection of an image across a line through the origin can be
decompased in a reflection across say the y axis and an adequate rotation.
Since the moment transformation under image rotation is already known
(Eq.(58)}, cne has to consider but the reflection across the y axis, Such a
reflection transforms the original image f(p,8) into

t''"(p,8) = £(p,6} (39}
The resulting Zernike moments are
23" = Jf £0,8) Ry exp(~1K8) 0 dp 46 (60)

and the tranformation of the moments reads

N z;k. (61)
In order to construct rotation and reflection invariant moments, one has to
find linear combinations of the ij, which ‘remain unchanged under the
transfornations (58) and (61}. The expressions Zq and |Z,,] are the first
invariarts, but they become trivial {independent of the pattern (Eq.(66))}
through normalisation to shift and size. The second order Zernike moments 222,

220, 22;2 generate tpe invariants
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6] = Zyp
(62a)

2 2
o = zpl" - 12y,

Further invariants asre obtained by including the third order moments 230, 23].

23_1. 23_3. They read

. 2
o = lzyl" .

2
o
[

2
[244]° »
(62b)
L. * 3 * (3. *
b5 = 233 (g7 ¢ (233 370
P S 2 o K
% = T3yl + (23 ) -
No further independent invariants cen be constructed from the Zernike moments
up to order three. This is seen by comparing the number of generating and
generated functions. If these were equal, one could solve for the Zernike
moments from the known invariants. But this is not possible since the Zernike
moments carry the information on angular position and reflection while the
invariants do not. The eight invariants (¢i...¢é,200.|211]2) plus the two
informations on angular position and reflection will uniquely determine the ten
Zernike moments up to order three, which means that there are no more

independent invariant mements of order three or less.

Since it is convenient to have the invariants expressed by ordinary
moments, one establishes the relation between the ij and the ij. From the

definition of the Zernike moments (Eqs.(51),(53)) and the expression

i
Ryoy = 1 ay o (63}

n=k

for the radial polynomials of the Zernike functions one gets
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P @ ar
2, = (7 (5 (-1)7 &,
I« n=k m=0 p=0 e ik

n M11—2m—k+p,2m+k—[;) ' (64)

where q = (n=k/2).

Equation {64) still holds, if the moment generating pattern function £(x,y) is
centered (xs,ys = 0) and normalized in size (M00 = 1). In this cendition the
moments Mjk are equal to the central moments ujk (Eq.{49)) and analogonsly the

ij will be called zjk' Eq.(64) reads then

i 9 %

2 = Lo L pEO S L I ()
Some special cases of Eq.(65) are quoted for later use:
2o = Mgy % 1
2 = 0
zon = g v A, -1
(66)

2yg = Vg < Ugg - 2y
z3; = 3 gy +uyy) = ilugg + 1501

235 = (Ugg = ugp) + dlugg = Jupy)

The moments zjk are shift- and size-invariant like the Vsps but have the same
rotation and reflection behaviour as Ehe_Z.k. since they form a sub-group of
the latter. Thus they can be combined following Eq.(62) to yield moments ¢y,
which are invariant with respect to shift, change of scale, rotation and

reflection. With BEq.(66) one obtains
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Va0 + Yoz
2 2
&y = (g - Mgy)” + By,
= (U + U )2 # (Hgq + M )2 {67)
3 oz * ¥n 30 * M2

2 2
b, = (Hgy - 3y)" + (ugg - 3u;y)

2 2
b5 = (ugy - 3y )igy + Hyy) [lugy + 1p1)" = g +3y9)7]

' 2
+ (Ugg = Jupp Mgy + uyp) [lugg +uy5)" = 3lugy + “21)2]

=

2 2
(902 = Uyg) gy + 1y )7 = Cugy + 1507

+ bup gy + ”21)(“30 + gl .

These expressions (67) are identical to those derived by Hu [16].
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3.3, Detection of irradiance moments

Irradiance moments are usually determined througﬁ evaluaticon of video
signals by digital computers [11,16]. But this method suffers from quantisation
errors and slow serial processing. Novel concepts using parallel coherent
optical -processers with holographic filters in the object plane were proposed
to circumvent these drawbacks [17,18]. However, the generation of the
complicated filters with sufficient accuracy is not trivial. Hybrid
opto~electreonical systems, which determine irradiance moments by electronic
evalvation of the sampled Fourier spectrum were put forward by Fercher [19] and
Teague [20]. The concept of Fercher allows the detecticn of the mements of the
autocorrelation rather than those of the pattern itself, because it loocks only
at the intensity distribution of the complex spectrum. The method of Teague
would probably cause serious stability problems in practical realisation and it
uses an inadequate sampling procedure (see 3.4.2). The concept to 'be described
in the fellowing applies the sane basic principles, but improved techniques te

feasibly determine the irradiance moments of an input pattern,
Moment theerem
The mathematical base of the approach is given by the moment theorem [21].

It denctes the relation between the Fourier spectrum F(p,q) and the irradiance

moments Mjk of a pattern f(x,y). From the definitions

-y
J .k
ij = Jf f(x,¥) x? ¥y dx dy and
F(p.q) = [f £(x,y) exp(-i2n(px+qy}] dxdy
it is straight forward to derive the moment theorem
My = T3 [T &8 £(p,q) . (68)
jk ap 2q p=q=0

Equation (68) says that the moments Mjk are given hy the derivatives of the

spectrum F(p,q) at the origin. These derivatives can be determined by placing a
2-D detector array in the spectrum and by evaluating the samples appropriately.
Insight in the.relation between the sampled data and the retrievable moments is

given by the inverse formula of Eq.{68)
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]

F(p,q) = I
j=0 k=0

T (im0 Mg o) 0 (69)

Equation (69) shows that the moments Mjk are essentially the expansion terms of
the Taylor approximatien of F(p,q) at the origin. So, given the set of mcments
Mjk up to order n, one knows the Taylor expansion cf F to the nth order (Fn)

and vice versa.

1f the object centroid is located at the origin, the moments Mjk are
identical te the central moments mjk'
Fourier spectrum FO can then be written as

The Taylor expansion of the corresponding

Fope) = [ [ aam™ qrgikhm of gt (70)
=0 k=0 1

Intensity sampling

The complex valued spectrum F(p,q} can not be sampled simply by placing a
detector array in the Fourier plane. But the power spectrum |F(p,q)]2 sampled
by such a set-up contains glready useful information on the object moments.
This can be checked by locking at the Taylor expansicn of |F(p,q)|2. It shonld
be noted that the power spectrum is rather determined by the central moments

k then by the M. , since |F]2 is shift invariant. Equatien (71) denotes the

ms
Tiylur expansion g? |F|2 up to the fourth order in terms of the central moments
mjk for a real valued object function.

Equation (71) contains only terms of even order, since the real valued
object has a hermitian Fourier spectrum and thus a symmetric power spectrum.
The expression centains 9 monomial expansion terms and 9 central moments mjk'
These moments can therefore be retrieved from thg known Taylor expansicn of
|F|2. The expansion terms of sixth end higher order contain moments cf both
‘even and odd order, so that there are more unknown moments than known expansion
terms. Thus the 9 central moments of order O, 2 and 4 can be detected by

sampling the power spectrum, if the object function is real valued.
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2 2 2 2
[P = ml) ~ w [my(p nyg2pam rng,)) (71)
F

4 4 2 3
+ 4m /3 [p (m00m40+3m20) +p q(4m00m3]+12m11m20)
22 2 3
+pq (6m00m22+6m20m02+12m]1) + pq (dm00m13+12m11m02)

4 2
+ g (m00m04+3m02}] +

A coarse estimation of the accuracy will be given for the example of the
detection of Mo The Tayler expansion of the power spectrum on the p-axis can

be written as
2 ' 2.2
[F(p.O)[° = I(pY = Ij-an'pimpgmeq + oo . (72)
From Eq.(72) cne gets

1, - 1) a3
m o,
20 Aol

P Mo

and the relative error of the detected moment LT is given by

Am AT, - 1I{p)
Dy, &g - HED . (74)
m0 Ig - e

A quantitative estimation can be obtained with the help of Fig.26, which
shows |F(p.O)L2 for a triangular object. The spatial frequency p is normalized
with respect to the length ¢ of the hypothenuse of the triangle. Figure 26
shows clearly, that the accuracy of the Taylor approximations of different
order depend strongly on the the maximum value pc taken inte acceunt. Using
enly second order terms, pe = 0.5 may be an acceptable compromise between this
systematic error, which increases with pc and the measuring error (Eq.{(74)}),
which decreases with with pc. Assuming a relative error of AI/ID = 1% for the
detection of the intensities Iy and I(p), and using I(pc) given in Fig.26 with
pc = 0.5 for the sample spacing, one gets from Eq.(74) a relative error of

bmygfmyq = 6%
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This error results only from the limited accuracy ef the intensity
measurement. The neglegtion of the Taylor expansion terms of arder
four and higher {Eq.{72)) causes another error of 11% in the present example.
For larger sample spacings pc the first error is reduced, but the second is
increased, and vice versa, The second error c¢an be reduced considerably by
increasing the number of samples and taking acccunt of the feurth order

expansion terms.

The above estimation shows that it is not trivial to detect the second
order moments to better than 10%. The detection of fourth order mements is even
more difficult. An extensive discussion of additional seurces of errer will be
given in Sectien 3.4, in connection with the extraction of third order moments

from the sampled phase.

Phase sampling

Useful methods to detect the phase U(p,q) in the Fourier spectrum will be
discussed in Sectien 3.4.]1. The present Section deals with the question of
which mements ¢an be calculated from the sampled phase distribution. The answer
is obtaired frem the Taylor expansion of ¢(p,q}, whose coefficients are
essenfially linear combinations of the object moments. A useful representation
is found by looking at the shift theorem. This theorem says that 9(p.q)
consists of a shift varient linear term and a shift inverient component, The
first term is proporticnal to the centreid coerdinates Xgo ¥g of the object
functien. The latter is equal te ¢(p,q} if the object centroid is at the

crigin, it is therefore given by the central moments mjk‘

An adequate representation of the Taylor expansion of W(p,q) is thus
obtained, if the coefficients are expressed by X Vg and the mjk' Equation
(75) gives the expansien terms up to order 3 for a real valued object function.

W) = -2 {xp+ya) - (75)

3 3 2 2 3
& e
+ (4w /SmOO) (mBOp + 3m21p q + Bmlzpq + myad )+
A study of Eq,(75) sheows that the ebject pesition Xer Y and the central

moments of erder three can be deduced from the sampled phase W{p,q), if the

zero order moment Mg is knewn. The expansien terms of fifth and higher order
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contain moments of both even and odd order and one can therefore not solve for

the moments.

U(p,q) is an odd function, since the real valued object has a hermitian
Fourier spectrum. The first term in Eq.(75) vanishes, if the object centreid is
situated at the origin. The secand (third order) term gives an approximate
discription of the object shape. Note, however, that the central moments of odd
order vanish, if the object has central symmetry. So, in this case, the third

order phase term is equal to zero.

Conclusion: By sampling the phase in the Fourier spectrum of a real valued

object function, the centroid ccordinates x_, Y and the central moments of

s

order three can be detected, if Mg is knawn,

Useful sampling domain

It is evident, that any number of moments can be determined, if both
intensity and phase of a Fourier spectrum are known. Adequate sampling schemes
and the evaluation will be extensively discussed in the Sections 3.4.2 and
3.4.3, Tn the follewing it will be shown which domain of the spectrum must be
sampled, if some low order moments are to be deduced from a small number of
samples. For this purpose onre recalls that all moments Mjk np to order n are
given by the Taylor approximation of the nth order Fn (Eq.(69)). Fn can be
determined approximately by sampling F in the domain where F and Fn are
essentially jdentical. In a larger sampling area the terms of order n+l and
higher are too important to be neglected. Samples taken in toe small an area do
rot depend significantly on the expansion terms of order n, n-1, etc,, so that
they are not detected with sufficient accuracy. Thus, one has to compare the
Tavlor approximation Fn with the spectrum F to find the suitable sampling
domain, Ar idea of the behavionr of such functions is given by Fig.26. Tt shows
radial scans of the real and the imaginary part, the intensity and the phase
through the spectrum of a binary rectangular triangle together with the Tayler
approximations up to order seven. None of the approximations fits the exact
curve well outside the zero order diffraction spot (pe > 1.5). The adequate
sampling domain is thus smaller than this spot for the detection of moments up

to order seven.
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3.4 Moment retrieval from the phase of the Fourier spectrum

Most reliable pattern recognition is cbtained, if the pattern are
characterized by a considerable number {say 20} of low order irradiance
moments, 1t has been shown in Sectior 3.3, that this requires both phase and
intensity to be sampled in the Fourier spectrum. An elegant method to do this
sampllng is offered by the digital 1nterferometry technique [22] d15cr1hed in
the next Section, However, it is not trlvlal to detect- the phase with the
required accuracy of better than 1 deg {A/360) by means of this method. The
feasibility of the moment detection concept will therefore be tesced by
sampling but the phase of the Fouriet spectrum, which can be measured
accurately by the heterodyne method [7]. Problems concerning sampling and
evaluatiop remain essentially unchanged by this restricticn to phase only
detection. The resﬁlts will'thgrefure be largely representative for combined

phase and intensity sampling.

3.4.1 Detection of the optical phase

The phase of a light wave can not be determined by detecting the
oscillaticn of the electromagnetic field, since no detector is fast sncugh to
respond to the light frequency of some 1015 Hz. By interferametvic techniques,
hawever, it is possible to detect the local variation of the phase. For this

purpese a known reference beam

R{x,y,t) = |[R| expfifwt + b (x,¥))]
is superposed to the light field

O{x,y,t) = |O] explifwt + ¥{x,5))]

toc be investigated. The two waves give then rise to an interference pattern
2 2 2 .

I{x,y) = [R0|" = |R]“+[0["+ 2]0] |R[cos[4(x,y)-V _(x,¥)] » {76}
from which the phase difference w-mr can be determined. ¥ is thus, like wr,
given exept for a constant bies term. The accuracy of the phase retrieval from-

interference patterns is rather poor (=A/10). More accurate-methods aie

discribed in the following.
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Digital interferometry

A smart spproach ta measure the phase and intenéity simultaneously was
proposed by Bruning et al. [23]. This method is called digital interferometry
or guasi-heterodyne interferometry. lt uses a reference wave R whose phase
wr is shifted in a controlled manner by & moving mircor or by an electreooptical
device. The resulting temporally varying intensity distributien is then sampled
by a detector array and evaluated by a microprocessor. The concept allows phase
measurements with an accuracy of about A/100 [24]. Optical aberrations in, the

test system can be compensated by adequate seftware.

In the four step technique the reference phase wr is shifted in steps
of w/2. This causes the ihtensity to assume successively four values at ‘each
point of the detection plane. Equatien {76) shows that the four intensify '
levels, which correspend to ¥ = 0, n/2, =, 3n/2, respectively, can be

expressed as
1L(x ¥} = Alx,y) + Bx,y) cos[¥(x,y)] ,

I(x,y) = A(x,y) + B(x,y) sia[¥(x,y}] .
(77
[,(x.y) = A(x,y) = B(x,y) cosllix,3}] ,

LGay)r = Alx,y) - B(xy) sin[3(x,y)] -

Salving Eqs.(77} for ¢ yields

- L,06y) - T(x¥)
U(x,y) = artg —————————— (78)
Il(x.y) - 13(x.y)

The phase can thus be derermined for each detector element individually.
Intensity variations acress the detector array are compensated due ta the
division and substraction in Eq.(78). Evidently the unknown A and B, and thus
|0} and |R|, can also be deduced from the four intensities I,...T,. Note that
A, B, and ¥ can be determined in a similar way using only three steps. The four

step method has been discribed for simplicity.
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In the integrating bucket iechnique the phase wr of the reference wave
is a linear function of time {22]. Each detector element integrates the
resulting intenéity over a certain time interval before it is read out. For
example in the three bucket techniqﬂe tﬁe detector is read out every time Fhe
phase has changed by m/2. The detected values for the phése’intervals wr =

0-n/2, n/2-n, 7-31/2 can be written as )

PL0LY) = Clxy) + Bx,y)[-costlx,y)-sinb(x,y)]
Py(x¥) = Clxy) + Dx,v)lcosh(x,y)-stab(x,y)] (79
Py(x3) =" C0x,y) + Dx,p)lcosblx,y)estan(x,p)] -

Tt follows from Eq.{79), that the phase ¢ is obtained from

Py(x,y) = Pylxay)

5y s R 80
A P S 0

Heterodyne interferometry
ln heterodyne interferometry the reference wave R is frequency shifted

with respect to the cbject wave O, e.g. with the help of acoustooptic

modulators [7]. This corresponds to a linearly decreasing phase with time:
V%, 3.8) = g (xy) - et L o ‘ (8D

The two interfering light waves give then rise to a harmenically modulated

intensity
1(x,7,8) = [0]%4[R| 22| OR cos( twteti(x,y)=b_(x,y)]. (82)

The phase w—wr.of thig modulation can be measured electronically, Thus  can be

obtained imediately, exept for a constant bias term.

The heterodyne technique has the disadvantage that integrating detectors,
like TV cameras or CCD arrays, can not be applied., On the other hand it is more

accurate than the digital interferometry method. The typical resolution is
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A/1000 [25]. That is the reason why this technique has been applied for the

experimental phase determination in the present work.

3.4.2 Phase samgiing in the Fonrier spectruom

The sampling scheme

In Section 3.3 it was shown, that the phase sampling for moment retrieval
most yield the derivatives of the phase Y at the origin of the Fourier plane,
or equivalently, the Taylor expansion terms of ¢. The minimum number of samples

needed to recover the N expansion terms of order n and lower is evidently
N o= {(n+l)(n+2)/2 , L . (83)

This number is sufficient, if the mutval position of the sampling points
fulfills certain conditions. This can be seen by looking at how the efpansion
terms are obtained from the samples. Consider the Taylor expansion of the phase

U(p,q) up to order n:
2
$n(p.q) = a4+ AP+ agq At b+ aNq" . (84)

In the sampling domain the two functions ¢ and wn should be similar
(8ec.3.3). So one gets the fallowing relation between the sampled values
¢1 and the expansian terms a .

i

VR piaag) = W (piag) =

2 .
ag + APy + 8a0; + 3P0+ ...+ aNqT ,1i=1...M (85)

-Approximations ai of the a, can thus be deduced from the M equatians
¢i = al + alp, + alg. + a'p2 + +alq” il= 1...M (86)
) 1 251 3% 451 7 N7 '

provided that M 2 N, and at least N N-tuplets (l,pi,qi,pf....,qg) are linearly

independent. S¢ the N expansion terms a' of order n and lower can be uniquely

k
recovered from ¥ samples taken at properly choasen caordinates Py.qy- If the

number of samples M exceeds N, the ai may be averdetermined by tie Eqs.(86). In
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this case it is adequate te choose the a& the way that the polynomial wn(p.q) =

ﬂi + aép + e+ ﬂﬁqn is a least square fit to the samples v

M :
_El (o' - v,p;.q)1° = min . (87)
i=

In practical applications it is corvenient te wark with rectangular
regular detecter arrays. Symmetric arrays are preferable, since they are well
matched te the hermitian Fourier spectra. These properties are offered by the -

diamend shaped detecter array (Fig.27) put forward by Teague [20].

Fig.27. Dimmend shaped
.s&mpling array for the
detection of derivatives
(or Taylor expansion

terms) at the origin.

Teague proposed to determine the constant term ai from the center sample, the

1
3
second order terms from the second ring plus the center sample, and se¢ forth,

linear (first order) terms aé, a! from the samples on the Eirst rimg, the
including one more ring for every additional order. This nethod requires many
detectors and does not offer optimal redundance, since it uses only a small
fraction of the total number of samples for the determination of a given
expansion term. The fellowing Table shows that the least square fit concept

(Eq.{87)) yields more terms for the same sampling array.
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Teague method: least square methad:
number of ° number of highest number of highest number of
rings in samples in detected detected detected detected
the array the array order terms arder terms

. b 1 o] 1 Q 1
1 5 1 3 1 3
2 13 2 6 3 10
3 25 3 10 5 21

Table 1. Taylor expansion terms obtained from the diesmond shaped detector array
of Fig.27.

The diamond shaped detector array and the least square fit concept are well

suited for the present task and will be applied in the following.

The sampling interval

"4 well known result of the sampling theory says that bandlimited functions
can be exactly recovered from the samples, provided the sample spacings are
smaller than a certain value. This "sampling theorem" was discovered by
Whittaker and popularized by Shannon [6]. To derive it for the 1-D case, we
consider a function g(i), sampled at -intervals d (Fig.28). The selected
information is given by the product of g{x} and the sampling function, which
consists of a set of equidistant delta functions. Thus the Fourier spectrum is
equal to the convelution of the spectra of g(x) and the sampling function
(Fig.28).

1f the highest spatial frequency (r) contained in g{x} is smaller than
1/2d, the central part G(p) of the spectrum can be selected and Fourier
transformed to yield the original function g(x) {Fig.28). This way the functiom

is exactly recovered from samples taken at intervals d, if
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d s 1/2r . . ] (88)
Equation (88) is called the Nyquist criterion. It says that the 'sampling

frequency must be at least twice the highest frequency componeat of the

fuqction to be sampled.

,;,(9"’“ Gt -

7 \ ' .
Al =AY
1 It .\ | /ep

d r ”d

Fig.28. Sempled function g(x) and resulting Fourier spectrum. G(p) and g(x) are

Fourier transform pairs.

Now, strictly speaking, a spatially bounded function g(x), such as the
Fourier spectra to be sampled, is not bandwidth limited [26]} and the Nyquist
criterion can not be-applied, But in most applications only a very small
fraction of the spectral information is lost by the limited aperture of the
optical system. So the spectrum can be reéovered apprbximately fram the samplés
taken at intervals given-by Eq.{88). Note, however, that this requires the
sampling a}ray to cover all of the spatially bounded specfrum. Sampling only a
fraction is equivalent to a further truncation of the spectrum. 1f the sampling
domain is even limited to the zero diffraction order, as was found to be
necessary for the extraction of some low order:moments Erom é small number of

samples, the suitable sampling interval is no longer given by Eq.{B8).

An adequate sampling interval for this case can be determined from the
sampling domain {discussed in Sec.3.3) end the sampling array geometry. In the
example given by Fig.26 the Taylor expansion up to order three (U3} is a good
approximatioﬁ of the phase i for |pe| s 1 and |qe| & b, The adequate sampling
array for the detection of w3 contains 13 elements and measures four by four
sample spacings (Fig.27, Tab.1). This'array should extend over the domain
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fpc|,lac| & 1, which yields a sample spacing of s = 1/2c. Thus the sampling
interval is given by the object extension c. 1n practice it will be appruﬁriate
te match the sample spacing to the largest object extension occurring. This way
the accuracy is reduced for smalley object extensions, but one avoids capital

errors caused by sampling outside the proper domain,

The sample_aperture

In the above discussion the sampling array was represented by a set of
delta functions, [n practice the samples are taken by detectors with .finite
apertures. Often, the aperture size is not small compared ta the detector
spacing, so that the samples differ considerably from what is obtained from
S-type samfling. The effect of an extended sample aperture can be determined as
follows [27]. '

Consider a two-dimensional function F(p,q), which is sampled at the
coordinates p', q' by detectors with the aperture function P(p-p',q~q¢"). The

resulting samples Fs(p',q') are giveu by

L

F(p'iq") = [ F(p.a) Pp-p'ia-q") dp dq . S (89)

-

The integral in Eq,.{89) is a convolutien af F(p.q) and P{~p,-q). Thus the
finite size aperture acts as low pass filter. This filter has an impuls
response given by the aperture function P{p,q), or equivalently, a cransfer
function corresponding to the Fourier transform of P(p,q). Sampling F{p,q} with
‘extended detectors is equivalent to §-type sampling of the filtered versiom
Fs(p',q'). The filtering effect can be compensated, if necessary, because the
filter function is konown [28,29]. Tt will be neglected in the followiung, since

it causes errors of minor importance.
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3.4.3 Determination of the irradiance moments

As was shown in Section 3,3, the normalized third order irradiance mements
of an object are given by the corresponding Tayler expansion terms of the phase
in the Fourier spectrum (Eq.(75)). Approximsticns of these terms are the
monomial components of a polynomial v fitted to the phase éamples (see 3.4.2}.
Such 8 polynomisl lesst square fit can be calculated from the proper
derivatives of Eq.(87). A more elegant method consists in the projecticn of the

sampled phase
Uglpha;) = I 0(paa) 8(p-p,.9-q,) dp dq (90)
onte a number of orthonormal basis functions
n
Bk(p,q) = bkl + kaP + kaq e kaq , (91

which yields the'Bk—cemponents in the desired least square fit polyncmial wn.

Se with the appropriate scalar product [ , | one finds

K

Wpleea) = T oo Bidpia) , where : (92)
¢, = [glpagd,B (pig)] and (93)
(BB, 1 = & . . ' (94)

The scalar preduct must be matched to the sampling array. If delta-type samples

are taken in the coordinates Pyl the product may beé defined as

[y
n ==
—

[¥s.B 1 = bslp, 0,0 B (pysa,) o (95)

A set of orthonormal functicns can be constructed from the generating

monomials l,p,q,pz,pq,qz... qn by means of the Gramm-Schmitt procedure.
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Evidence for the least square fit property of polynomials obtained by the
discribed method (Eqs.(92)-(94)} is found in text botks on linear algebra.

The following example is based on the sampling array chosen for
experimental investigations (Fig.29). The central array element will be used as
reference for the phase detection, .thus it is not considered as a sample. The
remaining M=12 samples a...m allew to recover appreximatiens of the 10 Taylor

expansion terms of order three and lower.

The least square fit procedure starts with the construction of N=10 basis
functions Sk. which are orthonormal with respect te the scalar product given in
Eq.{95). The Bk in £q.(96) result from the applicaticn of the Gramm-Schmitt

. . n ,
method to the generating monomials 1,p,g,...q . by and q, are the normalized

coordinates p/s and q/s, respectively.

B, - want?
1/2
B, = pg/(l4)
1/2
B, = g /(14)
soL71/(760y /2
B, = (6pg-7)/(780)
I3
By = p505/2 (96)
B, = (379246502119 /(61880) /2
2
B, = (7pg—19p5)/(1512)1/
B = (7plq.-2q.)/C140) 2
g = (Tpgts-20g)/(140)
172
By = (9pgai+zea-Bpg)/(1om)'’
B, - (160q 2433602, -47695) /¢ 282240 /2

Application of Eqs.(93) and (92) vields then the pclynomial‘wn{p,q). which is
fitted to the samples a...m (Fig.29):
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bolpia) =
(1/8) [2{c+f+g+k)+{b+d+i+k-a-m-h-e)} (97)
+ (1/12) [8(g-f)={h-e)] p/s
<+ (1/12) {B(c-k)-{a-m)] q¢/s

+  (1/952) [141¢h+e)+29(a+m)-17(bed+i+l)-54(g+f)-82{c+k)] (p/s)2

+ (1/4) [d+i-b-k] (pa/s’)

4+ (1/952) [141(a+m)}+29(h+e)-17(brd+i+l)-56(c+k)-82(g+f)] (q/s)2

; 3

+ (1/12) [{h-e)+2(f-g)] (p/s}

. 2,3

+ (1/8) [(b+d-i-2)+2({k—c}] (p“a/s™)

. 2,3
+ (1/4) [(¢42-b-i)+2(f-g)}] (pg"/s™)
) 3

+ (1/12) [{a-m)+2(k-c}] (q/s)”.

A comparison with the Eq.(75) shows, that the odd trerms in Eq.{97) }ield
the third order moments of ‘the object function. The even terms venish,. since
the real valued object has a hermitian Fourier spectrum. However, in prectice
the sampled phase will not be perfectly an odd function. The resulting even
terms of the fitted polynomial are therefere convenient error indicators. A
constant -term represents a bias in the phase detection, which may result from
unbalanced input channels or from an cffset of the phaaeméter. Quadratic terms
may occur due to wave front distortions in the object plane or due to an axial

shift between sampling plane and Fourier plane. Finally the mean square

difference between the sampled phase and the fitted polynomial

12 3
I [oglpyiay) - ¥ (p; 0,01 (98)

D = (1/1D)
: isl
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indicates the accuracy of the determination of Taylor expansion terms and
moments. This indicator is reliable, if the number of samples M exceeds

considerably the number of recovered monomial terms N.

Fig.29. Sempling array in the

Fourier plane used for computer

simulated and experimental

moment detection.

Computer similations’

The accuracy of the moment detection deﬁends strongly on the abject
function and the sampling scheme. Error estimations for the general case yield
therefore only very poor results, More information was obtained from a computer
simulation for a particular case. For this purpose the binary triangular abject
given in Fig.30 was chosen, (Nete that the object must not have central
symmetry, otherwise the odd central moments vanish). The phase Y in rhe Forrier
spectrum of this triangle was then calculated for the 12 sampling points
-reprgsented in Fig.29. Finally a polynomial of third order was fitted to the

sémpled phase wsing Eq.(97).

Table 2 shows the result for a normalized sample spacing of sc = 0.3. The
blocks of numbers are arranged according to the corresponding position in the

applied sampling array {Fig.29). The three rumbers in each block represent from
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top to bottom: sampled phase, function value of the fitted polynomial,
difference of the two (in degrees). The center number (0.000) is the constant

term ef the polynomial fitted to the 12 samples taken outside the center.

The vanishing differencies in Tab.2 show that the polynomial fits
perfectly te the 12 samples, This is due to the fact that the object function
is real valued, and therefore the phase is an odd function with respect to the
origin, which causes exact odd symmetry for the calculated phase samples. As a
result of this symmetry, the number of independent samples is reduced to 6, and
the corrresponding polynomial with its 6 terms of order 1 and 3 can be
perfectly fitted. The even terms of the least square fit polynomial are’

obviously equal to zero.

1.838
1.838
0.000
0.122 0.212 -0.160
0.122 0.212 -0.160
0,000 0.000 0.000
=-1.125 -D.133 0.133 1,125
-1,125 -0.133 0.000 0.133 1.125
0.000 0.000 0.000 0.000
0.160 -0.212 =0.,122
0.160 -0.212 -0.122
0.000 0.000 0.000
-1.838
-1.838
0.000

Table 2. Array of blocks containing each from top to bottom: calculated phase
samples, value of the fitted third order polynoﬁial, difference of the two (all
in degrees). The sampling array and the object are given by. the Figs.29 and 30.

The normalized sample spacing is sc = 0.3,
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Y
b c
- Fig.30, Bipary triangular object
5 chosen for computer simulation of
the moment detection (b/a = 1.17).
a The object centroid is at the
origin of the x,y plane.

The central moments of order three can be deduced up to the constant
factor Do from the third order terms of the.fitted polynomial (see 3.3). The
corresponding normalized moments ujk = mjk/méé+k+2)/2 are given in Tab.3,
rogether with their exact values. As can be expected, the accuracy of the
recovered moments decreases with growing sample spacings sc. The latter must be
smaller than sc = 0.3, if the third order moments are to be detected to better

than 15%.

VYery small sample spacings yield accurate results in computer sinulations,
but not in practical applications, This is due to the limited accuracy of the
experimental phase detection. The phase values to be sampled decrease rapidly
for smaller sample spacings, so that the relative error in the phase detection
becomes important. The largest detected phase value wmax within the array is
some 1.8 deg for sc = 0.3 (Tab.3). A typical accuracy of 0.2 deg for heterodyne
phase detection yields thus an error of 10 to 20% (depending on the error of

each sample}.

This implies that it is not trivial to detect these moments accurately
with this approach. A considerable improvement of the accuraty requires more
samples to detect more Taylor expansion terms. But this yields no further

moments if only the phase of the Fourier spectrum is detected (see 3.3).
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exact ;btained from phase sampling
value
s5c=0.1 0.2 0.3 0.4 0.5
Usq .0166 L0168 0174 L0182 0196 L0217
gy -.0097 -.0095 -.0008 -,0098 =-,009%¢ -.0100
Ujs -.0113 -.0111 ~ -,0115 -,0116 -.0119 -.0123
Uga 0264 0267 .0281 .0300 .0331 .0383
" 0621 L5179 1.B38 4,724 10,43
max
Table 3. Normalized moments ujk = mjk/msg+k+2J/2 obtained from exact

calculations and from phase sampling in the Fourier plane (computer
sigulatien). Object and sampling array are shown in the Figs.30 and 29, sc is
the normalized sample spacing. wmax denotes the largest detected phase value

within the array {in deg).



-8l -

3.4.4 Fxperimental investigation

3.4.4.1 The set-up

The phase sampling-in the zero order spot of Fourier spectra was
experimentally tested with a set-up according to Fig.3l. The heterodyne
interferometer containg a Fourler processor (3...9) in one branch and in the
other branch a pair of acousteoptic modulaters (14) which shift the frequency

of the.reference beam by 100 kHz. This beam is expanded, truncated by a

16
15

14

1 234 — 8 910

5 6 7
1 He-Ne laser 5 mW (Aerotech Inc. LSRSPD)
2,8 beam splitter cube {CVI)
3 microscope objective 40x (S+H)
4 pin-hole 15 um
5,7 Fourier lens f = 380 mm (SORL FX15/5F).
6 ob ject-mask
9 Fourier plane
10 concave sherical mirror £ = 12.5 mm (S+H)
11,15,17 mirror
12 detection plane
13 detection unit -
14 acoustooptic modulators (lntra Action ADM—40)
16 achromate lens f = 30 mm (5+H)
18 - circular aperture d = 6 mm
19 precision achromate lens [ -= 240 mm (Melles Griot)

Fig.31. Set-up of the heterodyne interferometer used for the phase sampling in
the zero order spot of the Fourier spectrum. The detector unit (I3) and the

electronics for the phase measurement are given in detail in Figs.32 and 33.
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circular aperture (18) and focused onto the center of the Fourier plane (9), so
that an Airy diffraction pattern is superposed to the Feurier spectrum.

The central Airy disk represents a convenient reference wave for the phase
sampling, since it has a plane wave front and a high light intensity. Te obtain
a good wave front flatness in practice, this disk was chasen to have at least
twice the size of the zero order spots to be sampled. The unequal lengths of
the twe interferometer branchés are due to practical considerations. The
difference of the path lengths was twice the cavity length of the laser (1),
which yields again maximum contrast for the interference fringes. The vave
frent distorticns in the Fourier processer were kept swmall by using only the

cental domain of both Fouwrier lenses (5,7) and the beam splitter {8).

In the present set-up thé Fourier spectrum had to be magnified by about a
factor of 30 tc match the size of the detector srray. This magnification can be
achieved by means of an appropriate standard microscope objedtive. The
resulting image of the spectrum, however, tends tc be visibly degraded due to
dust particles con the cbjective and stray reflections. The first effect can be
reduced by applicatien of an objective with a leng focal length, so that dust
particles‘become small compared to the cross section of the light beam. The
second is diminished by using a single groperly coated lens. Still considerably
better results were obtained with a concave spherical mirror (10). The
pstigmatism introduced by the somewhat oblique incidence of the light beam was

small encugh to be negligible,

An accurate measurement of the optical phase requires fast detectors,
which transform the local intensity modulation (100 kHz heterodyne frequency)
into electrical signals of essentially the same phase. The tclerable phase
shift introduced by the detector is approximately 0.5 deg for the present
application. {This retardation is partly ccmpensated by the same effect in the
reference channel, so that the resulting contribution to the error in the phase
measurement does not exceed (.1 deg.) This is assured by using detectors with a
bandwidth of some 100 times the hetérodyne {requency, i.e. 10 MHz. The sampling
is dene serially by two photomultipliers and an optical multiplexer, rather
than using 13 fast detector-amplifier units te realize the sampling scheme

given in Fig.29.
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Fig.32 shows the set-up of the applied detector unit, The magnified
Fourier spectrum in the detection plane is sampled by a diamond shaped array of
13 optical multirode fibers (1). The central fiber 1eads to the photomultiplier
(10), which provides the reference signal for the electronic phasemeter. The 12
remaining fiber outputs are linearly arranged in some plane (4). These are
imaged on the filter plane (B), where a vertical slit masks all but one of
them. The sample seen by the photomultiplier {9) can be selected by means of
the galvanometer driven mirror (7).

10

1 diawond shaped array of 13 fiber erds in the detection plane
(multimode silica fibers with 200 pm core diameter spaced by 3C0 um)

2 bundle of 12 fibers carrying the samples

3 centrai fiber carrying the reference signal

& linear {hprizontal) srrengement of the 12 fiber ends

5 topging lens (achromat f = 40 mm)

& nirror

7 galvenometer driven mirror {General Scanning G-300FD)

a vertical slit masking all but ore sample

9,10 photomultiplier (RCA B645)

Fig.32. Set-up of the detector unit for phase sampling according to the

sampling scheme given im Fig,29.

The harmonically modulated electric signals [100 kHz) leaving the two
photodetectors are amplified and bandpass filtered before their relative phase

shift is measured by a commercially available phasemeter {Fig.33). 1t is
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evident that for an accurate phase sampiing'the phase shifts introduced by the
amplifier-filter combinations in the two channels in Fig.33 must be small or
carefully balanced. Fast operation amplifiers {(gbp = 40 MHz) were therefore
used to build amplifier units (3,6,9,13,16,19) with some 10 MHz bandwidth at a
gain of 4.7. The phase shift caused by such an amplifier unit is less than 0.5
deg at 100 kHz, which is sufficiently small.

In the ¢ase of the filters the phase shifts are of the order of 90 or 180
deg, so that careful balancing is indispensable for an accurate phase
detection. This symmetry has been achieved with adjustéble low-0 bandpass
filters consisting of RC elements. Metalfilm resistors and PVC capacitors were
chosen to increase the temporal stability. The gain of the.whole
amplifier-filter unit is about 40 ac 100 kHz. This gain assures a minimum
signal level of 0.2 V at the input of the phasemeter, which is necessary to

obtain the specified accuracy of 0.2 deg.

10
1,11 photomultiplier (RCA 8645)
2,12 resistor 1 kOhm
3,6,9,13,16,19 amplifier 10 MHz, gain 4.7
4,14 capacitor 820 pF (PVC)
5,7,15,17 resistor 1 kOhm (metalfilm) shunted by 100 kOhm pot.
§,18 capacitor 3170 pF (PVC)
10 phasemeter, 0.1 deg resolution {EVANS ASSOCIATES M 411%)

Fig.33. .Electronics used for the phase peasurement. The compenents 3..9 and
13..19 form two amplifier-filter units with a gain of 40 at 100-kHz and a
logarithmically symmetric bsndpass characteristic with a slope of 20 dB per

decade.
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The discribed evaluation of the sampled phase allows tc selectively
determine the different phase terms. So, for the detection of third order
moments, one need not bother about a bias in the detected phase. The most
harmful errors introduced by the electronics in Fig.33 are the temporal
‘variaticn and the phase shift caused by unbalanced signal levels. Test
measufements showed that the first was about 0.1 deg, while the second was 0.1

deg per factor two of signal level asymmetry.

3.4.4.2 Experimental phase sampling and moment retrieval

Positioning the sempling detectors

Although the Fourier plane is known to be in the back foeal plane of a
lens, it is not trivial in practice to determine the position ef this plane
accurately, Searching for the blane wave front in the zero order.spot of an
Airy diffraction pattern is difficult, since usual interferometric methods
yield the deviations from the reference wave front rather than the absclute
wave front curvature. Morecver, the development of the wave front curvature
along the optical axis is complicated and not monotonious in the neighbourhood
of the faocal point [30].

An accurate method to detect the Fourier piane Qas found some 30 years ago
by workers dealing with x-ray diffraction. 1t resulted from calculaticns of the
intensity distribution near the feeal point of a spherical converging wave.
This distribution was found to be essentially symmetric with respect to the
focal plane [31]. The intensity on the optical axis vanishes at multiples of a
certain distance from the focal point. The position of the Fourier plane is
therefore given by the points of zero intensity, which can be detected quite

accurately.

The intensity distribution accross the light beam depends sensitively on a
small axial shift from the focal plane, if the aperture of the focused light
beam is large. The accuracy of the detection of the Fourier plane could
therefore be improved by choosing larger objects than were used for the phase
sampling. The typical object extensien could be trebled withoué using more than

the central domain of the Fourier lens (35 mm diam.), which causes a wave front
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distortion of less than A/10. This way the position of the Fourier plane was
localized within Az = 30 um, so that the requirement for the present

application (Az 5 0.9 nm, see [32]) was largely satisfied.

Centering the detector array {fiber bundle) on the optical axis was
straight forward: The array was shifted in the Fourier plane until the central
Eiber captured maximum light power from the zero order spot of the Airy
diffraction pattern bhelonging to 8 large (30 mm diam.) circular object. The

estimated error (40 um} is equal to 13% of the detector (fiber) spacing.

The desired radial pesition of the sampling detectors in the Fourier
spectrum was obtained by choosing the proper magnification between the Fourier
plane and the detection plane (Fig.31). The spectrum of a grating like wbject

was taken as reference for the calibration.

Phase sampling

In a first acttempt the samples were ‘taken in the zero order disk of an
‘Airy diffraction fattern. This disk has a plane wave front, se that all the
sampled phase values shquld vanish, if the circular object is centered on the
aptical axis. The 12 sampled values, however, were arbitrarily spread over a
range of typically =0.6...1.5 deg. This errer can clearly not be neglected for’
the moment detection. To localize the source of error, the wave front flatness
in the sampling domain was improved by extending the Airy disk diameters of
both reference and object waves. Sinte the phase sampies remained essentially
the same, it was concluded that the bulk of the error is introduced by the

detector unit {Fig.32).

Further evidence for this conclusion was obtained by sampling the plane
wave front in spectra of objects, which are not circular, but still have a
central symmetry. The sampled phase was esséntially independent of the object.
Cansequently this phase represents a constant hias,‘which is superposed tc the
phase to be detected. The correct samples are therefore obtained by
substracting this bias individually from the sampled phase values. Due to this
differential measurement the moment detectiori becomes independent of any wave
front curvatures in the reference beam. Long term variations of the sampled
phase were compensated by periodically detecting the bias values to be

substracted.
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With this procedure the accuracy of the pase sampling was considerably
improved. A typical result is represented in Tab.4. It gives the 12 phase
values sampled in the spectrum of the triangular object shown in Fig.30 (top
numbers), the theoretical values and the difference {bottom numbers), all in
degrees. The diamond shaped array of numbers corresponds to the sampling scheme
(Fig.29), the blocks of numbers are placed according to the pesition of the

related sampling point, The normalized sample spacing was sc = 0.3.

-0.2
0.000
-0.200
-0.3 -0.6 -1.6
-0,234 -0.707 -1.643
-0.:066 0.107 0.043
0.1 0.3 -0.3 -0.1
0.000 - 0.430 0.000 -0.430 0.000
0.100 -0.130 0.130 -0.100
1.4 0.5 -G.1
1.643 0.707 C.234
-0.243 -0.207 -0.334
-0.1
0.000
-0.100

Table 4. Phase values sampled in the spectrum of the triangular object given in
Fig.30. The blocks of three numbers, which sre located according to the related
sampling peints. give from top to bottom: measured phase, calculated phase and

their difference (in deg}. The normalized semple spacing is sc = 0.3,

The differences between theoretical and experimental results are less than

(.34 deg for all of the 12 samples. This is a remarkable accuracy, even for
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heterodyne systems with less stringent requirements cn the precision of the
sampling geometry. The error of the phase detection was found to increase for
larger detecter spacings. The maximum relative accuracy of the samples was

found for sc = 0.3,

The 12 phase samples given in Tab.4 can now be evaluated according to tﬁe
procedure discribed in Sec.3.4.3 ta yield the phase tersms up to order three in
the Fourrier plane and the correspending object moments of first and third
arder. In a first step one determines the polynomial least square fit to the
sampled phase values. Tab.5 gives the measured phase samples, the function
volue of the fitted third order polynomial and the difference {from tep to
bottom) for'the 12 sampling points. ’

-0.2
-0.225
0.025
-0.3 -0.6 -1.6
-0.230 -0.641 -1.5%
-0.070 0.041 -0.070
0.1 0.3 -0.3 -0.1
0.078 0.248 -0,063 -0.352 -0.122
0.022 0.052 0.052 0.022
1.4 0.5 -0.1
1.470 0.45% -0.030
"-0,070 0.041 -0.070
-0.1
-0.125
-0.025

Table 5. Least square fit of a third order polynemial to the measured phase
samples from Tab.4. The 12 blecks of numbers are lecated according to the
related sampling point and indicate frem top.to bottem: measured phase sample.
function value of the fitted third order polynomial and their difference (in
deg).
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Table 5 shaws that the polynomial fits quite well to the measured samples.
The root mean square difference between the samples and the corresponding
function values of the polynomial is 0.05 deg. The center number in Tab.5
indicates the constant term of the polynomial and thus the bias in the phase
determination (-0.063 deg). The quadratic term of the fitted polynemial is less
than 0.12 deg for all of the 12 sampling points. While the even phase terms
above are due to measuremenrt errors, the odd terms are not. The linear phase
components are proportional to the coordinates X ¥, of the object centroid.
The small phase values in Tab.5 (¢ << i80 deg) indicate that X, and yg were
small compqred to the quect extension ¢ (xs/c = 0.0033, ys/c = 0.0067),
. The most interesting result for the present work are the magnitudes of the.
four third order phase terms, or equivalently, the four detected third order
central moments.of the object. Table & gives these moments together with

moments retrieved from calculated phase samples and the exact values.

obtained from obtained from obtained from
axact calculated - calculated measured
value phase samples phase samples phase samples
(Tab.4) réunded to (Tab.5)
0.1 deg ’
Uso .0166 .0162 .0170 .0106
Usq -.0097 -.0098 -.0085 -.0106
Hio -.0113 -.0116 -.0127 -.0170
Hog L0264 0300 L0297 L0223

Table &. Mormalized central moments of third order ujk 2 mjk/mgéz obtained for
the object and the ssmpling erray given in Figs. 29 snd 30. The normalized

sample spacing is sc = 0.3.

Table 6 shows the influence of different sources of error an the accuracy
of the resulting object moments. The moments retrieved from the calculated

phase samples differ by up to 14% from the exact values (columns 1,2) due te
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neglegting the phase terms of fifth and higher order. The rounding of the
calcﬁlated phase samples to 0.1 deg causes another error of up to 138 {ceclumns
2,3). These two error comporents compensate to some amount, se that the moments
retrieved from the rounded phase samples differ by less than 13% frem the exact
valves (columns 1,3). The measured phase semples in Tab.5, which differ by up
to 0.33 deg from the exact values, yield mements with up to 50% deviation from

the correct values {columns 1,4).

These typical results show clearly, that highly accurate phese sampling is
indispensable, if the moments are to be determined to better than 10Z.
Moreover, this conditien requires the phase terms of fifth order to be
considered (Tab.6, ¢olumns 1;2), so that the diamond shaped detector array must
be extended to 25 sampling elements {Tab.l). The requirement on the sampling
accuracy is still higher for objects with a less proncunced ssymmetry, which
generate smaller third order phase terms in the Fourier spectrum. It must be
cencluded from these results, that it is.difficult in practice to detect
mements of third and higher order accurately by sampling the phase in the
Fourier plane. The feasibility of an ebject recognition corcept based on the

comparison of the resulting moments is therefore rather disproved.

Although the accuracy of the measured moments is rather poor, it might be
sufficient to resolve the 1BO deg.ambiguity in the determination cf the cbject
orientation described in Section 2.1. The reliability of this method was tested
by shifting an object accress the-field of vision and semplirg the resnlting
phase distribution in the zerc order spot of the Fourier spectrum. The central
moments of third order were then retrieved from these samples. The typical

values in Tab.8 demonstrate the trend of the results.

As cen be seen from Tab.7, the accuracy of the moment detection decreases,
when the object centroid is shifted off the optical axis. This is net very '
surprising, since the object shift causes a superposed linear phase term, which
dominates by far the third order terms to be determined. The moment. detection
suffers therefore from additicnal errors caused by the reduced ahsolute
accuracy of the phasemeter and by the neglected finite extension of the

sampling apertures.
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object shift

ys/c .Qo7 .103 189 .295 exact
A[deg} 0 40 80 120 value
Hag .0106 .0106 L0074 .0032 .0166
sy -.0106  -,0064 -.0096 L0042 -.0097
iy -.0170 -,0170  -.0202 ~.0234 -.0113
Ugs L0223 .0287 L0234 .0350 . 0264

Table 7. Normalized central moments u,, = mjk/mgéz of order three obtained from

Jk
phase sampling in the spectrum of the triangle given in Fig.30. ys/c is the
normalized object shift and A the resulting phase difference between the

outermost detectors {a.m, Fig.29)., Exact values for the object moments are

added for comparisom.

The 180 deg ambignity in the determination of the cbject orientation can
be resclved by looking at the third order phase terms in the Fourier spectrum
or eqnivalently by evaluating the object moments of third crder {see 2.2.3).
Since a 180 dsg rotation of the object inverts the signs of these moments, one
can, in principle, resolve the ambiguity easily by comparing the signs of the
detected moments and the reference moments. However, the low accuracy of the
detected moments (Tab.7)} indicates that some more elaborate criterion must be

used to obtain a reliable decision.

4 convenient methed to resolve the 180 deg ambiguity is discribed in
Sec.2.2.3: The angular distribution of the measured third order phase term is
compared to the two reference distributions, which belong to the twa apposite
object orientations to be distinguished. The better coincidence indicates the
correct object crientation. Note, that the phase terms are given by the object
moments. Comparing third order phase terms is therefore equivalent-to comparing
third order moments. The phase terms can be compared in an integéal manner by
calculating the cerrelation of the angular phase distribution (Eg.(22)).
Writing the correlation in terms of cbject moments (Eq.(24)) yields a reliable

rule for the comparison of the object moments.
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An example may show the efficiency ¢f the method. For this purpose the
moments from Tab.7 have been utilized. The exact moments are taken as reference
values while both detected and exact moments are taken as test moments. Using
Eqs.(24) and (25), the normalized values C(ao)/Cr of the correlation function
are calculated and the results are shown in Tab.B8. The sign of C(ao)/Cr is a
reliable indicator of the object erientation {a, or @;+180 deg), if |C(d0)/Cr|

is not too far from unity.

Table 8 shows that [C(ao)/Cr| is nearly equal to the nominal value 1,
independent of the object shift. This prooves that the 180 deg ambiguity in the
determinaticn of the cbject orientation can be resolved reliably by the

discribed method.

object shift

for
yS/c .007 .103 .199 .295 exact
ap[deg] 0 40 80 120 moment s
C(ao)/Cr 0.901 1.050 0.928 1.177 1.000

Tgble 8. Resolution of the 180 deg ambiguity in the detection of the object
orientation: The values C(uo)/C'r of the normalized correlation ere calculated

from Eqs.(24) and {25) with the moments given in Teb.7.

3.4.4.3 FError discussion

The must.impurtant sonrces of error in the detection of irradiance moments
by phase sampling in the Fourier plane are discussed in the following. The
error caused by neglegting the phase terms of fifth and higher order has been
discribed in Sectien 3.4.3. It is of systematic kind and not due to

experimental limitatiens.

The repeatability of the phase detection was mainly limited by air
turbulences in the optical paths of the heterodyne interferometer. Although the
set .up was shielded by plastic boards, mixing of warm and cold sir caused the
detected phase to fluctuate by 0.l.to 0.2 deg. Similar results were obtained by

Massie [33), who enclosed the light beams in tnbes to get rid of the problem.
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Dust -particles on the optical components represent another typical source
of errar in coherent optical systems. The effect becomes important, where the
diameter of the light beam is not very large compared to the extensicon of the
dust particles. This was avoided in the present case by an adequate lay-out of
the interferometer. Evidence for the efficiency of this precaution results from
the fact that no visible structures move accross the Fourier spectrum when the
optical components are slightly shifred. Dust on the fiber ends in the optical
multiélexer affects the éoupling efficiency, but not the phase of the intensity

oscillatien to be transmitted,

Stray reflecticns on the surface of optical elements cause extraneous -
fringes, which contribute to the error in the phase sampling. A careful coating
of the surfaces does often not yield sufficient attenuvation of the reflected
ligHt. A V-coated surface, for example, reflects typically 0.3% of the light
intensity. If this stray light interferes with the main beam, it causes & phase
shift of up to 3.1 deg. The error may still be more serious, if the stray
reflection is focused on the detection plane. The bulk of the stray reflection
in the detection plane (12) in Fig.3l was eliminated by using a concave mirror
(10} instead of a microscope objective for the magnification of the Fourier

. spectrum,

The error in the phase detection intreduced bj dust particles and stray
reflections are extensively discussed by Schwider et al, [24]. A rou.gh
estimation for the present case can be obtained as follows: Since the fringes-
caused by dust and stray lipht were too'week to be seen in an Airy diffraction
pattern, the intensity modulation in an outer (say third order) ring must have
been smaller than some 10%. This modulation corresponds to a relative stray
light smplitude of 2.5% in the third order ring or of 0.1% in the center of the
Airy pattern. The resulting phase shift in the center of the Airy disk is léss
than 0.06 deg.

The geometry of the sampling array was quite sccurate, since all the
spacings were givén by the diameter of the silica fiber (300 ym * 3 um). The
position of the array with respect to the optical axis, however, could not be
adjusted to better than 40 um, This leads to an error in the detected phase of

up to some Q.1 deg for the triangular object (Fig.30) and a sample spacing of
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sc = 0.3. Neglecting the finite extension of the sampling apertures (200 ym)

causes another error of up to 0,15 deg for sc = 0.3.

The optical multiplexer (Fig.32) introduces an additional error to the
phase sampling. This can be cencluded Erom_the fact thst the 12 phase values
sampled in an Airy disk were not exactly'zero (-0.5...1.5 deg)} but essentially
independent of the extension of the two Airy disks generated by objéct— and
reference wave in the sampling plane. Consequently the optical path lengths
through the multiplexer were not equal for the two interfering waves. It has
already been mentioned that this errcr can, in principle, be compensated by
substraction of the corresponding phase samples. However, the detected error
terms were not exactly reproducable. The samples taken in Fourier spectra with
a thearetically plane wave front varied by up to 0.2 deg when the multiplexer
unit was moved back and forth. An error of some 0.2 deg subsists therefore

after the mentioned compensation.

The electronic components, namely amplifier, filter and phasenmeter,
.introduce essentially three types of errors, The first one consists in a bias
of Fhe detected phase, which is eliminated by the substraction of the samples
taken in Airy disks. The second one is more serious, since it causes a phase
shift related to thé asymmetry of the signal le§e15 in the two channels. These.
levels vary by about a factor of 2 and the resulting phase shift is less than
0.1 deg. A third source cof error results from the limited linearity of the
phasemeter response. This affects mainly the accuracy of the large phase values
sampled in the spectra of objects shifted off the optical axis. The resulting
error is smaller than 0.2 deg according to the specifications given by the

manufscturer of the phasemeter.

The above distussicn shows that the phase sampling suffers from many
sources of error of similar importance. A significant improvement of the
accuracy requires therefore several medifications in the measuring system.

The most important.measures eo propose are: reduction of the air Eluctuatiqn in
the 1light beams, reduction of the sampling apertures, improvement of the

accuracy of multiplexer and phasemeter.
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3.5 Conclusion

The moments of object functions have very convenient features for the
characterization and recognition of objects: Moments of lowest order give a
rough estimate of the object shape and more details are added when higher order
moments are included. Thé transformation properties of moments are simple when
the object function is modified by shift, scale change, rotation and inversion.
Adequate linear combinations of moments are invariant to the above object
transformations. Moments are remarkably independent on small object

defarmations.

These moments are given, according ta the moment theorem, by the
derivatives of the Fourier spectrum at the origin. Since Fourier
transformations are easily obtained in coherent optics, it seems very
attractive to detect irradiance moments of objects by extracting the
derivatives from the sampled spectrum. Corresponding propositions were wade
[19,20], but to our knowledge, no thorough theoretical investigations or

experimental feasibility tests have been carried out so far,

The results and the error discussion given above show clearly, that it is
difficult to detect moments up to third order accurately from the sampled phase
in the Fourier spectrum. The moment retrieval from the sampled intensity or
from combined intensity and phase sampling suffers from essentialiy the same
limitations: The intensity sampling yields only central moments of order 0, 2
and 4 {Eq.71). The detection of the sixth order moments requires knowledge of
the third order moments (or phase terms) in-addition to the'intensity terms up
to sixth order. As these third order terms can not be detected reliably, the
best one can retrieve even from combined phase and intensity sampling are the
moments of order 0, 1, 2 and 4. Moreover, intensity and phase sampling have
many error sources in common, which shows, together with the estimation of the
accuracy given in Sec.3.3, that it is difficult to detect moments of fourth

order accurately,
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