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Bavyesian inverse problem and optimization with iterative spatial resampling

Grégoire Mariethoz, "™ Philippe Renard,’ and Jef Caers”

[l Measurements are often unable to miquely characterize the subsurface at a desined
maodeling resolution, In partioular, inverse problems involving the characterization of
hydmulic properties are typically ill-posed since they genemlly present mone unknowns than
data In a Bayesian context, solutions o such pmoblems consist of a posterior ensemble of
mdels that fit the data (up to a certain precision specified by a likelthood function) and that
are a subset of a prior distributon. Two possible approaches for this poblem are Markov

chain Monte Caro {McMC) technigues and optimzation (calibmtion ) methods, Both
frameworks rely on a perturbation mechanism to steer the search for solutions. When the
model parameters are spatially dependent variable fields obtained using geostatistical
realizations, such as hydmulic conductivity orparosity, i is not trivial to incur perhurbations
that respect the prior spatial model. To overcome this problem, we prmopose a general
fransition kemel {iterative spatial resampling, ISR) that preserves my Epaﬁal el
produced by conditional simulation. We also present a siochastic stopping cntenon for
the cqjtlml.z.aimm mapired from importance sampling. In the stodied cases, this yields
posterior distibutions reasonably close to the ones obtained by a rejection sampler, but
with a greatly reduced mumber of forward model mins, The technique is geneml in the sense
thatit can be used with my conditional geostatistical simulation method, whether it

tes continwons or discrete varables. Therefore it allows sampling of different priors
mnd conditioning to a variety of data types. Several examples are provided hased on either

multi-Giaussian or multiple-point statistics.

1. Imtroducton

[] Imtcprating stmte varishles inhydrogeological site char-
acterization by solving sn inveme problem continwes o b
an imporntant topic of nvestigation [Correns of al, X6S;
Hendricks -Fransven of al | 20068, Laeer al | 2000 Zimmerman
af al, 1994). Indeed, inverse probloms am a onecial aspect of
eroumndwater mode ling sine e they sne wsed @ validate or nval-
idate contsin geologicsl scemarios [Ronapne of al | 2WE] 2
wirll &2 bo rodwes model uncentsinty fos enginossing prodiction
ard docision making problams [4d ofea ar al | 20600, As such,
msdels mwoad to mot just makh the data they also meed o b
prodictive, & property that & difficall to objectively werify
[Bailin af al | 1993; Subdey o of |, 2], Conditioning models
iy pnints date (localized messwements of the varizble of iner-
i) is sddresed vory efficicdly by most geostafistical simu-
lation algorithms [Deurtsch and Souwmel, 1992, Remy of al |
AWKY]. In this paper, we refer to conditioning models to indi-
roct sl verisble deta (such =3 heads).
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[3] Problems invelving flow in underground media typi-
cally present mose unknowns than dsta. Por example,
modeling hydraulic conductivity o porosity on an entine
domain, hased oaly on local head messirements o trae o
tests, is typically an ill-posed imeerse problem [Carrera
ef ol , 25, De Maraly er ol , 20005; Feh, 1988]. O
posodness means that multiple soluions ame posible, and
characierizing the meensinty spennad by these multiple so-
lutions is often critical in real Gold engnearing wse of these
misdels, Oiher consequences of ill-posedness can be that 2
solution does not exist of is instsble with regerd & small
variationsin the nput data [Carrerg and Nedenan, 1986]. In 2
Bayesian framewor, these Sswes are dealt with by obtaining
& poaterior distribution given & certain prios distrilution snd 2
likelihewod fumetion., Inthis respect, only Markoy chain Monte
Carlo (McMC) methods have boon shown o sample with
resspnable accwrscy from this poaterior [Mosegaard and
Taranfoks, 1995 Owmre ond Telnelond, 1994], iz, to gen-
erate mode | realizations that { 1) match the podnts dsta and the
indirect stste dats, (2) reproduce for cach invense solution
RO prios statistics{e 2., 2 spatial oovarniamee) and (3) smmple
cormectly from the posterior 25 imposed by Bayes" mle, Most
g sdient-hasodioptimization techiigues [De Marsfy of ol
1984: (Fomez-Hernandez of all | 1997, Hernandesz er al |
2 RomaRao ef al, 1995, Fesselnov e al |, 2000] do mwot
completely fulfill these thres requiremenis.



[3] However, in many rezl-csse problems, gooststistical
smiulations and evalustions of the forwand problem &e 50
CPU demsnding that iraditionsl McMC methods sre not
applicshle, Some models wsed in hydrogeology contain
millipns of cells [Maretos of ol , 2000]. In petolown
engineering, the probklem is even more scule smee high-
resolution models are used to simulste complex pheneanena
of multiphase, density-driven flow. The approsch often
adopted i then to calibeste {optimize) one reslization st &
tite uging opfimization teclmigues.

[5] Theefors, depending on the computstional hunden
imvolwed, it may be appropriae to perform cither Bayesian
imversion { MchMC) or optimization of one realization at a
time (less CPU demanding bot not consistent with Bayes'
mule). The framework we present i this paper (iterstive
apatial resampling, [SR) allws dealing with both Bayesian
imversion ad optimization zpeci. It is emphasized that our
methad s spplicable in conjunction with any conditional
goostatistical simulastion method, whether it relies on
hypotheses of multi-GCausmismity of ot snd whether it
gomdTaies contmucus of categorical variables, In addition,
wi present & stopping oriterion for optimizations, inspirad
froan imponance sampling, which allows appraximating the
posierior distribution at 2 lesser cost,

[5] This paper is organized & follows Section 2 intro-
duces the concept of perinrhation by ISE, axplores its prop-
erties for both Bayesian inversion and optimization, &nd
porforms numerical tests, Section 3 applies the method on a
synihetic heterogenoous chennelized squifer o evalusi the
postrid distribution using both Bayosizn and optimizstion
approaches.

2. Methodology

1. Bayesian Framework

[*] Formulaied in Bayvesizn wrms, the hydrogeol ogical
imverse problem consists of obigining samples from 2 pos-
teriod diswibution of models {mld) conditioned & & set of
observad staste dats
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I thast Foemulation, the prioe distribution m) can be sam-
plod by perfrming stochestic reslizations not ¢oditioned 1o
the sate varishles d. The lkelbood function f{m) = /{dlm)
defines the probahiity of observing the achusl measurad
st varisbles d (the dats) given & centain model m. It is a
mezvune of how good the model m i in fitling the dsta,
Computing the likelihood of 2 mode] L{m) generally reguires
musting & forwend problem, denoted d = gfm). Choosing &
particular likelihood fune tion cssentially mnounts fo deciding
what is mesnt by “gocd-enough fit”, [t iz & modeling decision
that can be based on the distribution of mesawement emds
{whrich can be kiown for centain messurement devicss) of ¢an
ke subjectively taken The very existence of the posterior
relics ona likelivood function being defined, and this i the
prerequisie of any Bayesian inversion. Hence, all methods
presented in this pepor stswme that the lilel hood funetion is
giver. Mote that all optimization methods (Bayesizn of not)
mood to define what 2 “good-enowgh G5 is, either under the
firrm of a likelihood fusmction or by chomsing some kind of
spping criterion for sparch Zlgosithms,

Fimld) = (n
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[ Toraarslas [20605] ghves 2 comprehensive overview of
ithe available exsct methods to obtain samples ropresentative
af fAmld) Among them, rejection sanpling [ven Meaomann,
1951] and Metropolis sempling [ Mefropolis of al | 1953] ane
often used. None of these methods requires the definition of
ihe density f{d). Rejection mmpling i basad on the Get thet
Simld) i & sulmet of f{m), and terefore it can be evahiaed
by subsampling the prior. The CONSiAS i giTT-
sting candidate models m* thet sre swnples of [{m) and o
aocept asch of themn with & probahdlity:

- H:._-L
Flm*) o) (2)
whare L)y, deotes the supremum, which can be any
number ogual to or shove e highest likelivood vahie that
can be taken by Lim). Note thet & higher suprenm does not
affect the acoursey of the sampling, bot it can dramatically
affect il performence. The distribution of the resulting
mmples follows fmld). Soee it quires 2 la=ge number
aof evalustions of gm), the rejection method is inefficient,
batt it will 2erve &5 & reference sampler in this paper.

[4] The Meropoeliz slensithm [Mefmpoliv ef o | 1953] is
able to perform & reasomably oquivalent sampling by form-
ieg & Markov chain of models, such that the seady-stai
distribution of the chain is precisely the posterior distribu-
tion that e wishes to sample from. Tt is gimilar to 2 random
walk fthat would preferentially visit the e where (mld)
iz high Ome issue with Metropolis samplers is that it is dif-
ficult & =aess whether mixing of the chain {convergenoe)
accurred. In addition, to onsure uniform sampling, esch
mmple should come from a different Markov chain, and
st h independent chain should be carried onuntil a bum-in
period i3 over. Since this requirement dramatically increases
the cost of cach sample, Toranila [2005] sugpests keoping
anly | every m sanples, whene moshould be large enough for
e chain v “forget” the previously sccopied models,

[w] In iz paper, we wse & vemion of the Meropolis
algarithm proposed by Aosepsard and Taranila [19935].
To apply it, one nedds o design 2 random walk that samples
e priod. At cach step 4, it moves acconding to the following
rules

] (0 IFLfm* )= Lo, soeve Prom m, 0o m®.

D21 (20 I E{m*) < Edmy), randomby choose o move to m®
of stay &t my, with the probabiity Dm* )y {my) of moving
oy om®.

[13] The movement (or iransition) from a2 model my o
a model m, 2 sccomplished by drawing a candidae
midel m* fromn the propoesal dissibation O{m* lmy), which
deneies the probabdlity density function of the transition
from the model m, 1o the modsl m®*. The method fequines
ithat the proposs] density is symmetric {or revesible), such
that Mmlm* = N m* lmy).

4] Previeus studies heve investigated Merkov chains
applicd to spatially dependont variables, using different
proposal (or perturbstion) mechenisma Ofiver of al. [1997]
crepie an MeMC by updsting one grid node of 2 goeo-
aatistical realization &t esch step. The method is very
mefficient bocause it asks for 2 forwad problem nun
after updating cach node, which is oot fessible for noal-
wprld grids. Fu and Gomes FHermnde [2008] dramatically



acpelerate the method by opdsting meny grid nodes st
the same time, They inreduce the blocking Markov chain
Monte Carlo (BMcMC) method that mcurs local perior-
hations by swecessively resimulsting a square area of the
realizstions {2 block). The BheMC method has boen wmad
for smmpling the posterior digribution of synthetic inverso
problems in & muli-Gaussian anework [Fu and Gomez-
Hernarelez, 20K].

[15] Oprimization medhods aim at Anding realizations that
meximize the likelihood ({dlm). They do not allow cher-
scterizing {mld) but are ofien weed since they sre much
more fficient thean ssmpling algosithms These methods
repeaiedly wpdate an initial solution to mindmize an objec-
tive function, ofien measuring & misft o mezsuned data,
Although regulsrization s can be added i make fhe
perurbod models look more reslistic, prior consiraints s
afien minimal, One can use cither gradient-basad [Carmra
and Neman, 1986] or gradient-free [Karpouzox ef al.,
Kbl ] methods. Sivce they search in & sochastic menme,
gradieni-froe methods ane less prone to be trapped in local
mnima (e, it 14 gusrsntesd that the global miniswm is
found after an infinite number of itorations). Upm conyer-
genee, & single calibeated solution is obtained, When several
kecal mindma ane presont, ome can obtain altermstive sol-
tindes by repeating the oplimization proceduse wsing di fierent
sErling paoints,

[15] Among the optimization Echnigues, amulsted -
moaling [Kirkpeiriak of al | 1983] has boom exomively wad
i solwe inverse groundwater modeling problems [e.g, Pan
wid Wu, 1998 Zheng and Wang, 1996] Genctic =gn-
rithing [Fraser, 1957, Goldbery, 1989] have boon usad for
identifiring  structures  in hydraulic conductivity fields
[Burpenizan ef al , 2601}, Alades and Benard [20007 spply
ithe BMcMC mothod and simulsted snnesling o optimize
mon—muli-Genssizn  mndem flelde generstod using the
amprla multiple-peint simlation code (1. Straubhear o al,
An improved parallel muoltiple-point alporithm, submited 1o
Muthematical Geosetences, 20000

[17] The gradual deformation meihod (GOM) [ Ha, 20606
Hit of of | A1) and the probability perturbation method
(PPN [Caers, 2003 Caers and Hoffman, 2006 Tohansen
af al, 2] proceed by combining unifermly sampled
medlizations. By adjusting a single paamoir, they allow
obtaining a smopdh transition from ong simulation o anoeiver
while preserving 2 prios smctors] model. There fore, finding
a calibraied realizstion can be accomplishad by & sevics of
1D} optimizations, These methods have boen succesfully
applied i hy drogeology and potroloum enginoering [Le
Kovalee-Dhigpin and Hu, 207; Le Ravalee-Dupin, 2000,
Llopds -ABert and Cabrera, 20000, Ronapne of al | 2EER]

[12] In thiz peper we present 2 trengition kemel (ierative
apatial resampling, ISR that can be used either 25 a proposal
distribution with MehMC sampling metheds or as a perurha-
tipnstratery when optimd zation iswsed. We show that, in both
cated, it yields ascurate ssmpling of the postesior. To valida
ithe resuls, we wse the rgjection sampler &3 areference,

L1, Heproduction of the Prior
[18] A premise of both rgjection and Metropolis samplers
ii that proposal moedels m* kave a nonseno prior probahility,

[tis mot possible for & rejection sampler o produce samples
with zefe prios probahbility. 'We will define 2= 5 hounded

3

priod & prios probabiity density for wliich there axist modsl
m that heve zero probability density, For example, in 2
Bookan model whene simulaed objects all exhibit the same
(deeministic) direction, sy mode]l with different objoect
directions hes zern probability of ocourrence. On the other
hand, exsmples of unhoundsd prior densities se dee multi-
Craussian model and the Makov random fleld model [Beag
andd Kopperberg, 1995, Tiebnelond and Besay, 1998]. With
unbounded priors, all moedels ane posaible, even those with
extramely low prior density. For example, in the standsrd
mlti-Craussizn, the model m = 0 (@ mode]l with zema
everywhere amd hence varanee = () & highly improbable
hut not impossible. Actuslly, this very amall prohability can
e reganded 25 2 mathematical antifset bocause the chamee of
sampling it iz negligible,

[2] Application of Bayes" mle (equation (1)) sssumes
that an intersection between prios and likelihood exizt, In
ather erms, if all samples that have a (practically) nonzeno
prior probability alse haw a (practically) e likelihood,
this mesns that pries and lkelivood ame ncompatible snd the
solution i nonidentifiable [ Correra and Nejoman, 1986].
The posterior i then undesmined sinee it resulk, afte
normalization, in & division of 2ero by zere. In such cames,
prior and likelihood do oot inemsect, Bayes' mle is mod
applicable, amd 2 mode ling decision has to be teken whether
i put in question the dats the lkelihood model o the
prior. This decision should be motivaied by reconsidering
the basis adopied to deflne the prior 25 well as the confl-
dence given w0 tho data,

[2] Inthe shaonee of inermoction betwaen prios d like-
lihosed, date-driven inverse modeling edhniques match the
data at the price of producing models with 2er0 o very bow
prior prohabiity (for example, not presorving the spocified
spatial dependence). Cn the other hend, prios-driven tocbni-
ques Bvor the prior and hence the statistics reflectod in prios
miodels (such 25 3 variogram), but may be mable to achievs
good fis to conflicting data, By opling for 2 cenain invemse
miiadeling tochnigue, the modeler decides which piece of
information should prevail in case of incompatibility,

[2] Among dais-driven methaods, we mention the gredus]
defprmation method (GDM) [Caers, 2007 Hu and Le
Ravales -Dupin, 2004 Le Bavale-Dupin and Noetinger,
202 Lo and (Miver, 2], the gqoesi-lines method
[Kiganidie, 1995, Zonind and Kitamidis, 20097, ad the meg-
nlarized pilot points method (RPPM) thet considers con-
strzing imposad by bath data and peior and adjuss these
consramnts using a weighied regularization & [dlaslea
af al, MW, Dohersy, 203, Hendricks-Franssven af al |
2] In the class of prior-driven methods, one can find
the probability penurbetion method [Coers and Hoffman,
2004] and the bloding moving window [Alcoles wad
Renard, 2000]. ISR, the techmique we present in this paper,
alio belongs to this class of price-driven methods.

2.3, lterative Spatial Resampling

[=] Letamodel my = {Z x;), ..., Zx, 0] bea reslizstion
of & random varishle Z discrotized on 2 grid with M nodes,
Unemditional realizations of £ ae considered smmples of
the prior, whether this prior 5 explicilly stated such as is the
caw of a muli-Uanssian model or whether this prios is defined
by a given stochastic algorithm with & set of parametens
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Flgure 1. Sketch of the ISR method. An initia] realization m; is sampled randomly i obtsin the subset
£y, which iz used 23 conditioning dats for genersting another realization m,. m. displays locsl festunes
similar @ those of my due to the comtraints mpesed by the conditioning data, bat it iz also different sinca
the simmlation has prodwced new values at nomconditionoed loc ations,

(A, Boucher, Stnfoed Center for Reservodr Forocasting,
unpuhlished, 204F7).

[24] To mplement savpling and sesnching straterias, oas
neads to creste a chain of dependant realizations. Conse-
quently, one want to draw proposal models m* not fom
Sm) but om0 mlm), where my is the provieus model
in the chain, To preserve the spefisl continuity defined by
the geoststisticsl smulstion slgosithm, the conditionsl term
should ideally be inconporated in the method used to gen-
crale e reslizations. Since moa simulation methods also
allow ponersting realizations conditionad to points data, we
proposs to wse this conditioning capability to impose &
conditional term on fhe prios. More spocifically, dependence
betwoen m* awd my & intfoduced by extracting 3 subset of
realization my = o Endomly loced points g = {5 (1)
a=1, .., n} snd to impose these points 25 conditioning
data to generste m®. The smount & 5 8 g perarnetern,
Proposs]l model: are drawn from Mm), but &t the sane
time they depend on r, iselfl a subset of my.

[28] Creating & Markoy chain using ISR i3 accomplishod
by performing the following steps:

[24] 1. Generste s initia] model m; uging & geostsfistical
simulation sgosithm, and evaluste its [Eelibood Lm, L

[2] 2 lersts on &

[#] a Sclect rendomly 2 subsetr,= {Si{xa), a=1, ..., a}
af o podints belonging to m,

[=2] b. Gonerste & propoeal realizstion m* by conditionsl
aigmulation uging ¢, and the ssme geostatistical mods] with a
new ramndom sead.

[#] ¢ Evaluste Lin*}

[2] d. Accept or meject m*. If accepted, sot my, , = m*,
ofherwise go ook to 2 (le, do not increment ). If dhe
o optEmes oFiterion i the one proposed by Mosepaard and
Taransela [1995], the chain is 2 Mewopoelis sampler,

[2] The mothed s dhstrsted in Figue 1, whee an initial
srquentizl Canssian simulation (9G8) realization is iters-
tively peturhed. Howeves, sy simulation method can b
used, 25 long &2 it i 2ble to produce conditionsl sinmilations,
sing ISE when achsl conditioning points dats ae present
(for example, corresponding to feld measurements) can ba
sccamplished in a straightforward manner by adding, st each
itermtion, the “real”’ conditioning data o the samplad st r.



[8] The ttal amount of condifioning dsts etsined,
mamely a, allows determining the strength of the depon-
dency hetween two succsssive members of the chain my and
iy, . Miote that ihis amount can be comanion]y defined 23 2
fraction ¢ of the totsl number of nodes in my,

[1] It is impotant i note dest the selocted dats st r finl-
ks by construction the same spatial cominuity & imposad
by the geostatistical algosithm; hence the resulting perurhed
realization will, by construction, have the same spatial con-
tinwity 25 the indtis] realization. Both have & nonzere prios
prohabiing. The cnly meguirement i that the conditicning oda
F i cofrect of, in other words, that the conditioning mathad
dives not imtneduce sntifsct into the simulation, nor does it
artificially affect uncerinty in the neighbothood of the
points data

[x] If f{m) iz 2 nonstationary model (for example, con-
ining 2 trend), the method applies aqually well bocsuse
wnifeamly sampling & nonstationany realization resulis in a
nonstationary set of samplod points r. It is obvious that fhe
method works for both cateporicsl snd continwous varizhles,

[3] Mote thet methods previowsly need in the context of
MeMC [Albalea and Benard, 2000; (Fiver of ol 1997] also
mely on the uwse of conditioning points data, but they e
fcusad oa local perturbations botween the realimations in
the Mafdoy chain The main difference iz that they update
e grid node or local group of nodes at one step, and then
update amodher ares at the next step, Because the updaied
area is often different &t esch siep the sewrch patiem in the
solution spece at siep § tends tobe orthogonal to the sesch
direction at gtep { — 1 (in feci, it is not orthogonal when
updaied seas overap, but this i not often the csse), When
high-dimenziomnal spaces are explred, searching in onhog-
anal directions can b inefficient. In addition, with some
simulation methods, and depending on dhe conditioning
iochnique, resinmlating local aress s prone i creste ani-
fzcts in the simulations.

24, Sampling Properties of ISR

[#] Sevesal faciws may affect the accuracy of the
Metropolis sampler. 'We mentioned above that cach sample
should be obtzined from a different, independent chein,
Obtzining them from & single Madkoy chaing, aven if ihe
mirples sre for apan in the chain, & = sppeoximation
Moreover, conver genee of the chadn must be reachad baefore

perfrming sy sampling, and this iz difficull to assess,

[#] In theory, the proposal disiribution (0mlm*) is
grmmeiric. In Figure |, consider the set of points vy If one
would we it = conditioning dats for 2 new realization, all
poasible utoomes would have an oqual likelilood of baing
drawn & bong a5 the conditional simulation sempls uni-
formly., Therefore, the ouicome has an identical probabiliny
af being my, my, or 28t of other poasible modiels. However,
sinee geoststisfical simmlations sre algosifhmically defined
(A, Boucher, unpullished, 2000, they may not offer perfiect
comditioning, thas making the proposal distribution possibly
nonsymmetric, Forexample, conditioning with kriging in the
mnlti-Cranasian case is & very secursts conditioning method,
hut it is not the case for SG8 with 2 limited neighboshood
[Emery, 20d4].

[#] We st up a smple synthetic example & llusirste
the properties of ISR within the Metropolis algorithm, The
varizble of interest & presents s gl ti-Ceawsgisn o ponentis]
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covarianee model with an isstvopic range of 10 grid nodes,
&2 mean of 0, and 2 varisace of 1. These cherscteristies
conatitute the prior distribution {m), The grid size & 50
by 50 nodes, ad SGS [Resy ef al, 200H] iz used do
gonarate the realizations. Four numericsl experiments ane
porformed. These essentislly aim &t conparing the resulis
of the Metrogolis sampler deseribod in the previous ssetion
with rejection sampling, which = knowa to b accursie,
The numerical experimonts congift of characterizing the
prios by (1) unconditional sampling and (2) McMC sam-
pling and cheracierizing the posterior by (3) rejection snd
(4) Metropolis ssmpling These nmernica] experiments ane
deseribad balow,

[#] 1. We cheracterize fhe prior numersically by gonor-
ating &n ensemble M, of 20,6 unconditional reslizations,
untifiprmly smmpled from f{m), and observe the varisnee of
the simulsied valees (Figure 2a Hack dashed line) The
variance fanges approximaily betwesn 07 and 13, The
variation in the realizstions variznce & due to statistics]
fluctustions.,

[#] 2. We usg an aliernative way of charscierizing the
priod that wses the progosal density. It congiss in perfosming
& random walk wing [SR where proposal models are sys-
tematically aceeptod (e, dlm*) = f{dlm), ¥i. In e, it
is a Mewropolis alporithm that ignoses the likelihood. If the
fequirements for & Metropolis alposithen sre fulfillad, the
steady dste of such & chain should yield samples of the prios
{2 method suggesed by Movepaard and Taraniela [1995]),
We generate another ensemble of 206 realizations My
using such & Markor chain with a fraction of ressmpled
mndes of @ = L1 (ie, o= 250 genpled nodos st esch itey-
ation) and keeping only ome every = 1) acceptod models,
Mote that m = 10 iz & large valee that was chosen to have
conditions closg to an ideal sampler, but coming at & high
CHU coat. The variznee of the realizations in My and M,
have vary simils disteibutions (Figure 23 red and black
dashad lines), showing that ISR did not induwee significan
devistion in the smmpling.

[#] In the next nusnerical axperiments, we wse a likeli-
hood that containg contradictony information with the prior
{i.e, wa pumpodely forge & case where likelivood and pos-
terios do not intermaect). We show that our sampling methaod
is prior driven and therefore cannot creae samples with
{practically) zero prior probability. The sim in these
experiments is @ maich 2 uniform reference feld whene
Z =0 on the entire domain. To this end, we define a like-
libood Fuetion that & maximal when the variznoee of 2
2 valwes is 0, 1 B expressed =

L(m) = nw{—”:i;"}. (3)

We set o = (02 so that the likelihood guickly decresses with
larger varianees and approaches (0 when the variance equak
the prior value of 1. This constraint of minimal variance &
ot compatible with the prios that imposes & unit varianes,
although fluctustions ae possible within 2 cenain range,
ISR, = & priog-driven method, should be unshle to prodwcs
samples with zero prior probebility (ie, not epresentad n
M,). Mok that dats-driven mefhods could match such a
constraint bacause £ = iz pant of the Gaussian prios (it is an
unhounded priog), but i very unlikely.
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Flgurel. Comparison of different sampling methods with ISR (2) Variance of realizations under sysiem-
alic acooptance (deshed linss) and wsder sindomen variames oonstrain (solid lines). The histograns s
basedon 243 mmples for cachensemblea, (b)) Variograms of the firstrealizations of the chain., {¢)Varograms
af the ks realizations of the chain. {d) Varegrams of the realizstions sampled by rejection. { ¢) Variograms
of the realizations sampled by interupted Markov chains.

[33] 3. Simil=ly to experiment |, we want i sccurstely
cheracterize the posterior distribution of the problem by
rejection sampling, We apply mjection sampling & the
realizations of M, with the supresmm L{m_, chaeen such
that it corresponds to 3 varisnes of 006, and 243 samples are
socepted that constinde the reference posterior ensemble
MF, representative of fm ld) (Figuse 2a, solid Hack ling).

[44] 4. For the last numerical expesiment, we perform 2
chain with the acceptance ariterion of Mosegasnd and Tar-
sninl and the likelihood equstion (3) Ddeslly, it should
converge to MP, After 2 bum-in period ensuring that sesdy
staie of the Markov chain iz reached, we perform iterations
uniil =n ensemble MY, of 2006 s=mples is obiined

and we keop only one every s = 10 aceepied models
(Figure 22, red solid ling). Figure 3 shows that the number
of iterations is large evough & onsune convergence, Tha
variznes digributions of MY and MY 2re amilar, showing
that the posterios i sccurstely ssmplod. To male suse
that the prior spatial model 5 preserved, we cwnpase in
Figures 2b and 2¢ the experimental variograms of the res-
lizatipns at the beginning and end of the Markov chain,
Variogram shepes and ranges are preserved thaoughowt the
iterations, and therefore the Markow chein did ot deifi
wwand model with 2 (practically) zer prios probabdity,
Mot that the variograms prosent lower sills (smaller var-
tanoes) than the variogram model wsad =5 input for 2GS (red
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Figure 3. Convergence of the Metropolis chaing usaed to
obizin My, and ME,

line). Indead, the posterior models ame mot the same & the
ier models since the nclusion of dats vields a diffrent
engemble, This is coherent with Bayes' rule that acknowl-
edges the influence of the likelihood In this case, prios
msdels with 2 low variznmes have boen sampled more often,
hut 2 Pere vardmoe cannod be resched since ISE B prios
drivenrr For comparison, Figure 2d shows the experimenial
variogrars of the models sampled by rgjection (M}, which
arg gimilar o the ones ssmpled by Metropolis (ME ). Thesa
for mipmerical experiments show that, in this case, both
rejectimn method and Metropolis sampling with ISR give
similar sesuhs.

15, Using ISR for Optlmdzation

[45] Mowepaard and Tanaroelr [1995) indicate thai their
smmpling method can alse be wsed for optimization. To this
end, one can crese 8 chain of ever-improving fealizstions
wing for scoeplance crienion {(step 2d of the ISR algorithm
&3 deseribad in soction 2.3):

if Lim®) = i]m), aocept m®. 4]

[#] The malting McMC process & a stochastic sesrch
for & single calibrated model. The search strategy of ISR
performa by sucoessive sips in endom directions and of
ramdoan gize (fep size B rmadom, but ik digribution is
contrallad by @ When large steps ooous, it alows explos-
g various fegions of the solution space. Large steps ane
&lso an oppertumnity to lesp out of local minima, On the other
hand, the occomence of snsall steps allows fne tuning
suboptimal aoltions Sinee the search i stochsstic, fthe
globsl minimum will eventuzlly be resched after an mfinito
mimber of ierstions. However, in most practical applics-
tioas, it will romain @ & lecal minismien (e, siboptional ),
Figwe 4 schematically depicts how 2 locsl minipum is
searched in & smple 2D solution spece. The badoground
ihagpe represents the neal, unknown solution spece, with a
kgl mindmumn in the center of the image and the glohal
minimusm in the @op right Inthis case, the sesrch remains in
the local minimum bocsuse criterion (4) is used =nd dhe
mimber of iterations is finite. Simvce (4) only considers
ihe rank of & progeosal solution compared © 2 previous one,
e sesrch s aimisr to the mindmization of @m objective
functicn. In this sens optimization with ISR i similar
i evoluionery sirstegies whene probabilistically generated
mdividuzls sre saquentially improved while only the best
e ia proserved [Bayer and Finkel, 20647, The likelihood of
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Figure 4. Schematic represntation of the sesrch strategy
wsed by ISR in & ample selution spece having two degross
of freedom. The backeround color represents the acitus)
itk mownt 20 ution spece, with values ranging from black
{bad splution) to white (good selution). A locs]l minimum
lies in fhe center of the domain, while the global minimum
is in the top right,

the final solution depends on algosithmic parsmetes sweh s
the atopping criterion used.

[#] S0 for & constan fraction of resampled nodes has
boen comidered, b slematives can be envizionad for
optimization, Forexample, ¢ can incresse af each iteration £,
The optimization stans with lrge steps {Le., the soluion i
larpely perturboed st the explorstion phase) and fnishes

Problem setting and reference log, K

L -

L] A0 &0 a0 100

Flgure 5. Referonce logarithm of hydraulic conductivity
fizld in metems per socond. The blue circle depicts the loca-
tion of the pumping well, mnd the red erosses indicate the
locations of the observation wells.
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Flguref. Optimization performence asmessment for six different values of @, The evolution of esch opti-
mization iz marked by a fhin black line, and the medisn evolution compuied from 25 optimizstions is

depictod by 2 red bold line.

with snall seps (nerowing phase). One possible way to
socomplish this & with a power law:
oli) = el — ), 055l 5}
[44] The lefger < iz, dee slower @) will resch @ . This
iz similar to simulated anncsling, with the parameter o
defining the cooling schodule and e is the maxinmum
value of @ (afer s infinite nember of irations). Yet, alike
ofher amubited amealing algosithms, sdjsting ¢ can b
tadious, Meverhales, we will soe in section 206 fhat using
{5) cn sccelerate the convergence comparad to keeping ¢
constant Mote that a vanying ¢ cannot be wsed in the contest
of a Bayesizn inverse problem (Metropalis acceptance ori-
terion) becass it would make the proposs]l dengity noa-
symmnetsic, [n the context of optimization, (5) is applicakle
simce the problem is ot & sample the posterior, but v reach
& kecal munima quickly.

L. Semitvity to g

[#] @ is the only perametss roguired when TSR s used for
opimization. In order & evaluste ik sonsitivity onn the
oftimization convergence spood, we set a simphk flow
problem and perform several opimizations with different
valuzs of g,

Tahle 1. EMEE of the Different Optimi=aiion BHums Afler 200
Beradions
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Figure 7. Training image wed o model for the sand and
clay apatia] distribution.

[s] The problem setting consists of a squane aquifer of
e m by 10 m, discretized in 10 by 10 elements
{Figure 51 A reference log K ficld B generstod using 545,
The spatia]l model for lydraulic conductiviee is muli-
Crznssizn, with an otropic exponendis] variogram of rEanpe
% m, The mean logarithm of the hydraulic conductivity is
—3, with a variance of 2, The wpper and lower sides of the
midel are no-flow boundaries, a fized hosd boundary
condition of 1 m is set on the left sde, and 3 fixed head
boundery condition of 0 m i sot on the rght side. A
pumnping well exracting 0003 mYs is set in the coner of
the domain (hlue cicle), and nine obsorvation wells e
positionad &t the locations of the red crosses in Pigure 5 (fhe
pumping well iz gse an observation well), The problem is
snlved in sipady siet. The nine head mesurements are th
mly constraints wed to solve the invese problam, ie, to

&) Refarencs {acies

100

9

find log & fields fhat maich those dats. We do mot imposa
amy oonditioning points deta i onder (o fot over-oodstns in
the prios.

[51] Propossel solutions are generated using SGS with the
true variogram model. The acceptance criterion is (4), and
there fore the likelthood hes the role of an objective funetion
ty mindmize, This objective function messures e food-
mesm-squane efror (RMSE) betwesn caloulsted and mes-
sured hesds at te nine observation wells, With such loose
Cconsiraints, we ensune that the problem is severely ill posed
and that the splution spece has omltiple locsl minima,

[53] Six zeries of nns s porformed. The first fur series
(I5R) use fized ¢ valwes of (2) &1, (b)) 0065, {e) (0], and
(d) (S, The last two serics (ISR-5A) use a varying
sampled fraction ¢ sccording & (5), For each series, 25
optimizations e performed with ISR each optimizstion
is carrlod ot for § = XM iwrations. Figore & displays
the evolution of cach optimization (thin black line) and
the modizn of cach sevies (bold red ling), The parametes
of the sinmulasted mnealing cooling schedule ane (Figure &)
¢ = (1PN and (Figuwre &) ¢ = 00995, with ¢___ = (L1 fog
baoth series. Figure &g shows the evolution of ¢ 25 2 funetion
of the iterations for both cooling schemes, with ¢ = (L9490
fepreienting & fast cooling and ¢ = 0995 reporesenting a
slower copling. Table | provides & summary of the RMSE
values obtined with each series of mns Medisn valoes
ilhstrate the overall performanes for esxch series and mind-
mumm'maxinum values help identify the stabdity of the
optimization behavior.,

[51] Wesrly zll parsmeters sre, on average, shle i redwos
the RMSE h!.- more then | wder of :t:’.ig,:lli'll.l.d.»..' in 20}
iterations. The only exception i ¢ = (0.1, whose poor per-
formance can be explained by 0 small seps bebyean one
aplution and another (large faction of eampled aodes)
Althaugh this does not prevent resching a Jecal mindmemm, it
can significanty roduce the convergence rate if the npog-
raphy of the objective function is wey flat. All odher @
values tested schiove similar modisn fits. Constant nesam-
pling with & = (05 performs alightly betr for the madian
and the best ft than smaller ¢ values, bt this comes at the
price of having some optimizations that did not converse,

bl Befierence heads

40 L L] £ Bl

Tire

Flgure 8. Raference fleld used for the gmthetic test case. The bluwe circl marks the location of the
purrping well, and the red erosses indicate observation wells, (3) Reference facies, (k) Comrespoauding ref-

aerance hoads.



Table L Test Cae Using 1SR With Direct Samgling®

10

M EMSE Matun RMSE Max RMSE Mumker of Evalmmoes
P oAy QaaTT 14534 [ e e
i-l:_i:m:n Qogas Q0Teg aLEss HE EREEE]
Memopols (REEES e L2 1,781
I maermapaed ML 0G0 0074 Lo EleE

“Razges of EMEFE and member of forsand problem ovalumces oo the msenbles savpled wih diff erens mehods.

apain due o the relatively small sieps. This i shown by the
maxmnum BMSE that is larger for = (L5,

[54] The same phenomenon oocurs with ISR-SA. I the
lagge stops at the beginning of the optimization do wot yield
modals close to & good fit, the smaller steps that oocor
later e only provide limited improvements. The sesrch
thin remaing sway from good aness, and the corresponding
aoltions show poor fits, even after & brge number of
itrations. Conversely, if 2 suboptimal solwion is resched in
the initial phese of de optivization, the smaler steps thet
cocur later allow fine adjistment This dusl and unstable
behavior explaing the presence of both the best and wodst
fits of all series when [SE-S4 is used with 2 guick cooling
schadule (& = 099000, With a slower cooling (o = 0L935), it
iz less promouncaed. Due to this high sensitivitgy to the initiz
sanple, & possible srstery could be to chonse the sterting
point of the optimization a5 the best of a small st of ran-
domly penersted nealizations.

[55] ISR-SA hes the potentia] of achieving betier fits, but
it provides only slightly better median convergencs. The
price to pay & & high sensitivity © the cooling peramoier
that may ko difficult to adjust in practice, Conversely, [SR
does not requine the adjosiment of cooling parsmetens, snd
wi think this is & major advantaps from & practicsl podt of
view., We testad 2 large aray of ¢ values, with & factor 20
batween the bowest and highest ¢ values, Corresponding
BMSE values vary only with a factor 2; therefore, it soems
that ISR is not very sensitive i the parameter ¢, at lozst for
the prosent cxge This is fortunste bocause it esses the
adjustment of optimization parametens,

2.9, Approzimating tse Posterbor with Muelipk
Oiptimiations

58] Comsider a indepondent Markoy chains, each using
acceptance criterion (4) to define dhe models that are
sccepted in the chain, Teking one optimized model per
chain yields an ensemble of o ssmples, 2] of them heaving
& nodrero prior prohability and fitting the dsta. However,
Bayes® mule may moat have boon obsorved since models &re
sampled from a subset of the prior thet may not reflect the
exsci poeterios. Samples can belong io the posterior {in the
senge fhat fhey match the dsts well), bt tey e not
necesarly distribuied according to the poserier. Thene-
fore, & hizs is immdueced on the modeling of uncenainty
(here we wse the e “him™ in the sense of a faoky
sampling design).

[5] Such a proceduse is a form of imporance sampling.
The central idea of nportance sampling is that cenain seas
of the prier distribufion have mose impact on the posianiorn
than odvers. Hemee it may be preferable o avoid proposing
mmple: m regoens of low 6t (see Smich [1997] for a
coanpr chensive review )L Insead of uniformly sampling from
MAm), one wishes w0 samplk models from a2 biased dis
tribution ™ {m) that excludes aress of low A1 As & resuli,
simpling is not = imposed by Bayes' role, but sccording
i 3 hizsad posterior, Impontance sampling techniques pro-
vide an approximate compensation for such bias by into-
ducing a weighting term in the probahility of acceptance
of a model m, weights being given by the ratio of the prics
S ) m).

[m] Since importance sampling can greatly accelerate the
mmpling process, its e in the coniext of the lpydno-
geclogical inverse problem i sppealing. However, applying
e hizs corroction in practical ¢ases s problematic bocama
the ratic of prioms is diffiealt 1o defing. Without hizs cos-
fection, there is no pearates that sanvples obtzined by
multiple optimizations ae even appraimately  distribued
accarding to Bayes' mile, The distribution of the sampled
miadels is dependent on the stopping critefion of the opti-
mization process. IF the mmber of ikrstions iz too lage, all
aptimizations converge 1o the glebal mindmum. In sddition
i wasting CPU time, it results inan uncertainty smaller than
desired, If the mmber of ferastions i oo small, a very large
portipn of the pricor & samplad, vielding oo high wnoer-
izinty. In other words, deterministic sopping criteria give
litle contral of whether ihe dats sre over- of underfified. We
illustrate this problem with the axample of varaee mini-
mization (Figure 2. We perform 243 optimizstions using
aoceptance criterion {(4), and we ot 25 3 stopping criterion &
izl of i, = 10 scoopted models, The resulting ensembla
M, * (Figure 22, blueling) presents a distritution of varianee
mmch narmower than what i found with rejection sampling
(Figure 2a black solid line), Moreovwer, the large amount of
forward model evalustions (35927 repretents 3 waste of
COIEPAILE, FEROUToRE

[#] In the case of [SRE using soceptance criterion (4], the
medels in the Markoy chain e dravn from the bizgsed prios
Sm) = b, which & the ensemble of &l realizations
ohtzined by extracting & subset ry from the previges membser
of the chain m. At exch iesstion, M™{m) is more bizsed
wwand high fits but still remaing 2 subset of the prios, as
shown in section 23, Therefore, a first hias is that dhe
likelivood of the modeks is too high,

Figure 9. Representation of the ensembles of models obtained with different methods (150 modals per method). Each
columm fepresents the results of 2 sampling method (unconditional pricr, rejection sampler, Metropalis sampler, inernupied
Markoy chains), Each row corresponds to a different representation of the ensemble (mean heads, standad deviation of
hoads, probability of channely, mulidimensions] scaling mapping).
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[s0] As a peactical hias cofrection, we propose to poe-
matmely inerupt and sample the chain, with & criterion
besed on the likelibood. Our jdes relies on the fect that for a
proposal model m* i be submitted @ the possibiity of
soceptanes, all previous models in the chain mg, ..., m,
must ako have beon submitted to this s=me possibility
and rejected. In other words, the existence of 3 madel is
conditionad to the rgection of all of its predecessors,
Hence, the probahility that 2 model s even considerad
& sample decresses with the ierations, which is 2 second
hias on M™{m), but in the opposite direction. Models e
increasngly likely to be accepied, bot they & less and
less likely to b submitged to the scceptamcs critrion,
Although they ane difficult o define procisely, both effocts
s opposite snd may compensate sach other.

[51] To ohizin e sample by nterrupted Markow clhain,
one feads o design an ever-improving Markov chain that
socopts now e mbers under conditiodn (4], The chain should
be intermupted following 2 stochastic stopping oriterion
gimilar to the seceptancs mila of mejection sampling. This iz
can be accomplished in the follvwing steps:

[52] 1. Dhefine the suprommen L{mi,,..

[53] 2. Gromerste an initizl model my using a geostatistical
simulation algosithn, and evaliae its likeliheod O mg).

[54] 3. lterate on J unti] inbermupdion:

[54] a.Select randomly 3 subset fr,=J{x ), =1, ..., a)
af i points bolenging to m,

[58] b, Generate a proposal realization m* by conditionsl
simulstion using r; and fhe same geostatistical model with 2
e Famdom sead.

[57 ¢. Evaluste L{im*})

[54] 4. Decide whether or mot to intermupt the chain:

[s9] i Compuie Mm*) = Lim*Vi{mL....

[a] ii. Dhyaw o in D0, 1]

[n] idd If ¢ = P{m*), acoeqt m* 28 a ssanple of the pos-
terior distribution and intesrupt the chan, If @ > P{m*),
continue e chain,

[22] e. Atempd & narow down ™ (m); if L0m™) = Limy),
gt mgy = m*, cherwie po bock to 2 (e, do ot
inerement d).

[r4] The algoesithm shove & a form of rejection sempler
that samples from the propossal models of a chain insead of
uniformly sampling the prics, It is indeed 3 bized sempler
comparad to a rejection samplar (axoept for dhe fist fters-
tiodr, wlhedse it i exactly & rejoction sampler). It is 2 heuwristic
way i quickly oblain an spproximation of the posterios,
and it does ot replace exact samplos, Howewer, it still
sccounts for the likelihood function, which is not the case
with deterministic stopping criteria such as & fived num-
bar of iterations, & mavimum aumbes of iterations without
improvenent, or a threshold in the objective fomction,
More importantly, interrupting the chains reduces com-
puiztional burden by skipping the unnecessary mms ithat
incor overfitting. Incidentslly, since esch Markov chain iz
independent, the appeoach & straightforwand to parallelize
[Mariato=, 2010].

[r4] As a preliminery test of the intermepted Moy
chaing, we use it i evaluste the ppsterior distribution of
the minimmsn vaniznes problem (Figure 2) We gemnerats
243 samples with interrupted Markoy chaing, using like-
lihoeodd (3) and the seme supsamien value that was used for
rejection sampling. The varance distribution of the resulting

12

engermble M, is displayed in Figore 22 (groen line ), amnd fhe
variograms of all modek ae shown in Figore 2o As
expocted, W does not display exactly the same distribution
of varizncs and vanograms as the ensembles obtained with
rejection and Metropolis samplers. However, the s is less
than with 2 fixed mmber of 10 jesstions (M%), and it
roquites much less model evalmtions. The algorithm of
i Makoy chaing iz able to obtsin & ressonable
ensemble with only 3871 evalustions, wheneas rejection and
Meiropolis smmpling noad 20,06 evalstions and a fived
mumnber of 10 iterations requises 35,927 avalmstions,

3 Test Case

31, Problem Seriing

[] O of the key festures of [SR iz that its grinciple is
i mseciaed with & specific simulation method o 2 conain
type of spatial varishility, In section 2, we presented ISR
with multi-(raussian examples. To demonstrate the general
applicabdity of ISR, we define 2 new problem invdving
sand chanmels in & clay metriv and we wse the diroct smm-
pling method {D5) to mode] it [Mariathoz and Renard,
2000 Marsethoz eral, 20007, This technigue wmes multiple-
point statistics, which s well-suied to modesl a wids
rarige of stroctura] models, multi-Caussisn of ot [Caers,
2003, 205 Guardiaaoe and Seivastova, 1993 Hi and
Chaigrencva, 2008, Sourne! and Shang, 2006 Sirebelle,
20062, DS has the particularity that it doss not detenmins
the values of the sinulsted nodes by drawing them from
lpcal probability distributions. Instesd, values are directly
sampled from a training image, Therafore, inverss modeling
miethods that rely on the perturbation of the lecal distribu-
tion, such & GDM and PPM, camot be applied. Since DS
allows conditioning to podnts dats, we show that ISR can
b appliad.

[2] The spatial model of the sandélay pattems is de fined
by the cateposical training image displayed in Figume 7,
represeiting sand channels in aclay matrix [Srebelle, 2002].
With this waining image and the parsmelen described
below, one realizstion is genersted on a grid of 10 by
100 mosdess, which is thereafter considerad & the referencs
field (Figure &), Porameirs of the amulation s & neigh-
horbood of 8 = 25 nodes and 2 distence threshold set to
= ({4, The meming of these parameters is that, for any
simulaind node, the dats event | patiern) made of the 25 clogest
nalghbors is considerad. Starting from a random location,
e waming mage is scaned until encountering a nds
whose neighboshood matches at lesst 24 out of the 25 nodes
searched for, (The parameter § ropresents the fraction of
mismaiching nodes allowed, which here oquals | sines
0l = 29 = | Heneo uwp to one mismatching node is
allwed) The valhe of this node is then sssigned & the
amitlaed beation. The method reproduces the statistics
of the training imape wp 1o the ath order [Thannon, 1948]

[m] Althowgh soaltiple-point algosifhins gusrsntes that
conmditioning dats are locally honored, there may be atifacts
i the neighborhood of the conditioning data [Kjansberg
and  Kolljprnsen, 2006, Conversely, kriging offers per-
foct conditioning st the dats locations and in the spatisl
felatipnships betwoeen conditioning dsts sd susmounding
lecations. In the case of DS, when a dats configuration
aoberved in the amulstion is ool found in the trainding



Figure 11,
fits to dats and the RMSE &re shown on the sight of cach realization. The axes and labels e the same
for all realizations, but they &re only displayed for the op left image,

mmape, [ seless the best matching configuration of tha
traming mage, In such cases, pattens fkat &re ncoampatible
with the prioe can eccur in the sinmlation. [F these patems
g in the meighborthood of dats stifscts may appear,
cspocially when larpe amounts of conditioning dsta e
present, which is the case with [SE. Consistency among 2l
paterms cold be enforced using syn processing [Marfethas
af al, X00], which recussive ly unsimulstes and resimulaes
nodes until 2l of them are compatibla, but the method has &
soep CPU cost Instesd we uie here a spocific distames
betwaen data events (also deseribed by Mariethas ar al
[2010]) that gives 3 larger selative weight o the nodes
cormesponding 1o data. However, perfoct conditioning i mod
prarantoed,

[m] A uniform hydrsulic conductivity valie of 107° m/s
it i gned 0 ssnd clannels (Figuse 7, white) and & valwe of
107 mia to clays (Figure 7, black). The resulting hydrsulic
comductivity field is med in the same sotting & the example
in section 26 (Figure 5 one pumping well and nine
ohaervation wells, and the ssane boundsry conditions). The
resulting reference heads sre displayed in Figure 8h. The
head is baown at the nine observation wells, and the RMSE
aof the caleulsted vemus omerved head & considerad to
evaluste & given solution,

AL, Emsemble Soluthons with DdPerent Samplers

[#] The postrier distribution iz cheracterized using
different echniques. Tahle 2 provides the RMSE of ithe
calculated heads ad the number of forwand roblem ova-
hations for csch sampling method. Figure 9 summarizes
the resulis graphically, Each column represents a sampling
method, snd esch row represents & different representation
of the ensembles of modals considered. The first row is the
ensamble mesn hesd, the second row is the head standsed
deviation, amd the third row is the probahlity of oocurrence
of chamnels.
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Six realizations (randomly chosen) oot of the 150 sampled with the rejection method, The

[#] In the founh row, we use the mulidimensionsl
s limg { MIDFS ) s hmique [Borg and G roenen, 197, S hoids
and Coers, 20H] to vismlize the warizbility in the
cmamble of mmpled medels, Given 2 dissimilarity mairix
D between fhe models, such a sepresentation displays an
emamble of models my 2 a st of poinds in 3 possibly
high-dimonsional Buclidean space, amanged in such a
way that their respective disances ae proeserved, D can
be computed using sy approprizte messune of distanes,
The conrdinates of the points sre in high dimension, bt
for representation they e projected on spaces of lowe
dimensionality (2D or 300, whee the distawees ae then
only approximetely preserved. In the present case, the
distance between any two models d{m, m] is the pece-
wize Buclidesn digtsee between the hesds cslenlsted on
the entire domain wing both models, D is compuied using
G0l model (150 models for cach of the four sampling
methods, plus e refeorence, represenied by a red dod), and
each ensemble of models iz represented on a different
coluwmg fof more clagity. In this case ropresontation of the
point 25 20 projections 5 adequste since the fist wo
dimenaons cary 76% of the infosmati o,
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Figure 11. Convagenoe of the Metrogolis sampler in the
synthetic s casa.
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Figure 12, BEvelution of the 150 individusl optimizations

used for intermuptod Mardow cheins,

[11] The first column of Figure 9 represants the o valeation
af 10, (e unconditional realizations. This ensemble char-
acterizes the prios m). On sverage a2 large deawdown is
observed st the pumping well, indicsting that most of the
prior models have no channel &t this location, The sandand
devistion is lage excopt noar the boundany conditions {note
that, to keep the fgwee readshle, the standsnd devistion
iz not mepreseiied above 0.1 snd hesds afe not mepoe-
sented below —1 m) Since oo conditioning points date =re
immpoaad, the probahility of channcls i unifoem, The models
ane very scattered in the distanee space, which confirms the
high varizhility of mode] responses.

Figure 13,
Tha fits to dats &nd the RMSE are shown on the right of each realizstion. The axes and labels e the same
for all realizations, but they are only displayed for the top left image.
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[22] We astart by solving this invesme woblem using
rejection sampling, The likelihood function used is

{ SE L

Limy ) = eaq ||\ R—H;:;;m )I' {6}
with & = (L03 m, which can ressonably correspond to ihe
hesd measrement efof, The supremum value is st to
(607, which cormesponds toa BMSE of (0030 {2 higher i
than amy of the samples). After WK, (K evalustions, 150
realizations are sampled, representative of Mmld). Six of
thess roalizstions are displayed in Figure [0 with their
respoctive fits to date, Although good fits are found, reali-
zations ame wery difforent. This is an indicstion of the won-
umiqueness of the solutions and of mulipl local minima in
the soution &

[11] Compared to the pricr models, the stmdsnd deviation
of heads displays reduced uncenzinty, espocially at the data
kecations, The profabiity of cccusrence of sand shows thst
the how]l measronent captured some essential featires
gwveming flow behavior, One such festure is the presencs
of 2 chenmnel = the well location, slighlly tilied downward
and that does ot branch in the immedise vicinity of the
wall. Another festure is the absence of chamels at ihe
becation of the four observation wells close to the center., In
the distanoee spece, the podtenior models represent 3 nanroaw
subset of the prios. Note that more infommative dats, such as
transent hesds or concentration dats, would sllow 2 mone
detailed cleracterization of the channe] kcations.

[3] Mow that the posterior distribution is entirely cha-
acterized with rejection, wo porform another ssampling using
[SR a2z a Metropolis smpler a8 deseribed in soctim 23,
with likelihood (&) A constant resampling faetor of @ = 0,01
it wiad The chain i carried on until 20K models e
accepied. Because of the high mejection rata, 26,753 pro-
pira] solutions sre evalusted in total The convergence of
the chain it displayed in Figure 11 Upon convergence,

AT walil " AMF =1 T Bl = (LTS
_"
AVEE =] 385 . | P ST Pl LU

Six realizations {randomly chosen) out of the 150 sampled with interrupted Markoy chains,
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bl Optimizations with 150 iterations

é

Distanco-hased representation of ensembles obtained with dewsministic stopping oritenia.

{2) Fizxad numnber of 15 ierstions. {b) Fxed number of 150 iesstims,

ariations betwoen the RMSEs of samples se axpocied
i cancel out and the mean RMSE should sihilize, Using
Figore 11, we define the bum-in period as the initial 200
socepied models, and we remeowve theee friom the chain,
Then, one every 12 models accepiad in fhe Markoy chain is
retained 23 a2 sample of the paterior diswibution. As a
result, 150 samples are obtainad,

[#5] The third colimn of Figure 9 shows that tfhese
150 smmples e similsr to the owtcomes of rejection @mm-
ing. The mesn heads snd the probability of oocusremes of
channels are fairdy close o the ones ohiained by rejection.
Slight differences are observed for the dandsrd devistion of
heads. In the distance-based nopresentation, both rejection
and Meitropoliz samplers produce models that sne represenied
i e distanes spece =2 3 main clster with 2 fow outliers,
While the main clusier is similar for both sampless, rejection
produced seven qutliers and Metropolis produced only fous,
Moreower, Metropolis sampling resulss in 2 higher median
BMEE. Alithough both samplings are fairdy similes, the dif-
ferences can be attributed o the relatively small sumber of
samples (1500, but also o the impoerfost conditioning of the
DS sinulation method,

[8] The fourth column of Figure 9 epresents 150 sam-
ples obained by inermupied Markoy chains, with 2 constant
fraction of ressnplad nodes of @ = 0001, Likelilbood (&) is
med, and the supremum iz the ssne & for rejoction =m-
fing. The mesuls e relatively similar to the ensemble
abtained by rejection sampling, using only 8108 forwsard
problem evalustions (shout 54 forwand sl stion muns for
cach matched model) The hesd stadssd devistion is
nticeably reduwced in the upper pan of the imege. In e
distamee-based representation, five models lie out of the
mein clustr, which is similar to what was observed with
rejection sampling. However, the main clusteris oo nammow
(3¢ zogmad-in pat), Figure 12 shows the evolution of ihe
150 optimizations and their inarmptions. The number of
iterations [ bofore inemuption fanges botween 4 and 144,
with an average of 54 iterstions. Six optimized realizs-
tipng obtained by inerupted Markov chaing sm shown in
Figme 13, Similarly to the cme of mejection smpling, the
esence of diversity in the population of soltions indicaes
that different kecal minima bave boen explorad.

[#] Por comperison, Figure 14 displays the distamee-
hased mopresentation of models obizined with determindstic
Sopping ofitefia, after & fived number of terations .. =
150 &l fome = 15. Clearly, 15 iterations are not enough and
produce an ensemble that is o spresd, while 150 iterations

ane too much, only fepresenting 2 narew sohset of the
desired posterior. Mote that the correct number of ikerstions
cannot be kwown & priori,

4. Conclusion

[m] We presented the terative spatial resampling meihod
{ISR) o periurh realizations of a spatially dependent vari-
able while preserving its spatis] strecture, The method i
uded =3 & transition bemel o produce Makov cheins of
geostatistical reslizations. Depending on the acooptancs’
mejection ariterion in the Makov process, it is possible i
obtain & clesin of realizstions simed either at characterizing 2
contain posterior distribution with Metropolis sempling or at
calibrating one realization st 2 time ISR ca theefore be
appliad in the context of Bayesian inversion or &5 an opti-
mization method, For the latier case, we prosent a stopping
criterion for optimizations inspired from imporawe sam-
pling. In ihe studied cases, it yields poserior distributions
ressnnably close i the ones obteined by rejection sampling,
with mporiant reduction in CPL cpst,

[#] The method is hesad solely on conditioning data;
hence it can be wsed with &y geostatistical techmique
able to produce conditional simulations. Moseover, [SR can
be arsightforwardly implemented without modification of
existing computer ondes. The method iz simple in i con-
cepl and needs wery litle parameerization,

[m] The Faction of rearpled sedes @ & the only
parameter roquired for optimization with ISR, It has boen
shown that the method iz efficien for & wide range of ¢ This
low sensitivity i & major advantage from a practica] point of
view because it saves the user the hassk of performing
lengthy sensitivity analysis o fnd optinal parametens.,

[n] The spproechis ilusiaied with bodth continunus amd
discrete varizbles. We wse head dats and groundwater flow
problems, but the principle & general amd can be applied
te other inversion problems such & the ones involving
goophysical applications. Fumre mesearch will focus on
extending the concept of ISR. For exemple, local perturhs-
tims can be obained by resmpling cenain aress mon: then
athers of by using quasirandem resampling [eg., Tang er al |
2008]). This could b used whin the forwand problem
provides local fimess or sensitivity information. Another
aspect is the integration of preforential search directions, In
this peper, wa investigated sesreh patterns that use random
search directions, obzined by samplad locations thet are not
cornelated betwoan &n iteration and the next one. It may be



poasible to continue the sesrch in the same direction &5 the
previeus iteration by adopting ssmpling locations that e
dependant on the smpling at the previous iteration,

[22] Ackmewiedgments This wodk was fiumded by a posad conoeal
Tellvwsiip of e Sems Nodosal Sciemce Fowedeica (groet PENEP2
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o i ol amed Amdind Jowme I for comsmnam e commets, as well as Andes
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