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ABSTRACT. We introduce a novel method for the analysis of spatially distributed data from an expo-
nential family distribution, able to efficiently deal with data occurring over irregularly shaped domains.
The proposed generalized additive framework can handle all distributions within the exponential family,
including binomial, Poisson and gamma outcomes, hence leading to a very broad applicability of the
model. Specifically, we maximize a penalized log-likelihood function where the roughness penalty term
involves a suitable differential operator of the spatial field over the domain of interest. Space-varying
covariate information can also be included in the model in a semi-parametric setting. The proposed
model exploits advanced scientific computing techniques and specifically makes use of the Finite Ele-
ment Method, that provide a basis for piecewise polynomial surfaces.

1 THE MODEL AND ESTIMATION PROBLEM

We develop a model that deals with spatially distributed realizations having a distribution
within the exponential family. Consider a bounded regular domain Ω ∈ R2 and spatial lo-
cations p1, . . . ,pn scattered over Ω. Let yi be the variable of interest observed at pi with an
associated q-vector of covariates xt

i . Assume y1, . . . ,yn have a distribution within the exponen-
tial family with canonical parameter θi = g(µi), where µi = E[yi] and g is the canonical link
function associated to the distribution of interest (hence, the canonical and natural parameter
coincide in this case). Assume the following semiparametric model:

θi = g(µi) = xt
iβ+ f (pi)

where β ∈ Rq contains regression coefficients and the real valued smooth function f , defined
over the domain Ω, accounts for the spatial structure of the phenomenon.



We propose to estimate the regression coefficients β and the spatial field f by maximizing
the following penalized log-likelihood function (see Wilhelm (2013)):

Lp(β, f ) = L(β, f )− 1
2

λ

∫
Ω

(∆ f )2 (1)

where L denotes the log-likelihood of the considered distribution. Since the Laplacian of f ,
∆ f , is a measure of local curvature, the second term in (1) penalizes the roughness of the
estimated spatial field. In the special case where the considered distribution is the Gaussian,
this estimation problem is equivalent to penalized least square error problem considered in
Sangalli et al. (2013). For distributions other than normal, in order to maximize the penalized
log-likelihood (1), we resort to the Penalized Iterative Reweighed Least Squares (PIRLS)
algorithm (see, e.g., Wood, 2006). The choice of the smoothing parameter can be performed
using the GCV criterion (see, e.g., Wahba, 1990).

Likewise in Ramsay (2002) and Sangalli et al. (2013), the function f is approximated
using a basis expansion provided by finite elements. This makes the model computationally
highly efficient and allows to comply with complex domains and prescribed boundary con-
ditions on f . The good performances of the proposed model are illustrated via simulation
studies and application to real data.
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