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Abstract

This thesis explores new approaches and methods in survey statistics. It focuses on
balanced sampling, calibration, and imputation. It begins with an introduction to the
key concepts of survey methodology, and more specifically, to the three main themes of the
thesis. The first part focuses on extending the cube method by incorporating inequality
constraints. This allows the selection of samples that are not only balanced on auxiliary
variables, but also meet minimum size requirements in specific groups. Applications
include, for example, category bounding, controlled matrix rounding or spatial sampling.
The second part focuses on calibration and is divided into two articles. The first article
addresses the harmonization of survey weights when different variables each have their
own weighting system. Two strategies are compared: one based on calibration and the
other using optimal transport. The second article uses bagging and principal component
decomposition to solve issues arising from high-dimensional calibration. The third part
focuses on imputation and introduces a hybrid method that combines SwissCheese, a
donor-based balanced hot-deck approach, with missForest, a predictor based on random
forests.

Keywords : balanced sampling, calibration, high-dimension, imputation, inequality con-
straints, nonresponse.
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Résumé

Cette these explore de nouvelles approches et méthodes en statistique d’enquéte. Elle se concen-
tre sur I’échantillonnage équilibré, le calage et 'imputation. Elle débute par une introduction
aux concepts clefs de la méthodologie d’enquéte et plus particulierement aux trois grands axes
de la theése. La premiere partie porte sur ’extension de la méthode du cube en y intégrant des
contraintes d’inégalités. Cela permet de sélectionner des échantillons non seulement équilibrés
sur les variables auxiliaires, mais aussi respectant des tailles minimales dans certains groupes.
Les applications incluent, par exemple, la délimitation de catégories, 'arrondissement controlé
de matrices ou encore 1’échantillonnage spatial. La deuxiéme partie traite du calage et se divise
en deux articles. Le premier aborde I’harmonisation des poids d’enquéte lorsque différentes vari-
ables possedent chacune leur propre systéme de pondération. Deux stratégies sont comparées :
I'une est basée sur le calage et 'autre sur le transport optimal. Le second article utilise le Bag-
ging et la décomposition en composantes principales pour résoudre les problemes liés au calage
en grande dimension. La troisiéme partie est consacrée a I'imputation et introduit une méthode
hybride combinant SwissCheese, une méthode de hot-deck équilibrée basée sur des donneurs, et
missForest, un prédicteur basé sur les foréts aléatoires.

Mots-clefs : calage, contraintes d’inégalités, échantillonnage équilibré, grande dimension,
imputation, non-réponse.
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Chapter 1

Introduction to Survey Statistics

Survey statistics are an essential element in making analyses and drawing conclusions based on
finite populations from samples. This discipline covers a number of topics, including sampling
designs, estimation methods, calibration, variance estimation and the treatment of nonresponse.
The major steps in the development of survey statistics began with the introduction of the
concept of sampling at the end of the 19th century by [Kizer] , then formalized by Bowley]
and later by Neyman| (1934)). [Hansen and Hurwitz (1943)), Horvitz and Thompson| (1952)),
and |Godambe| (1955) developed and theorized key estimators and established the foundations

of design-based inference, while (1963]) and Royall| (1970]) introduced model-based ap-
proaches. (1971)) later questioned the sufficiency of randomization, and (1965) and
Cochran| (1953) helped consolidate the theory into practice. |Sarndal et al.| (1992) introduced

the model-assisted approach, a hybrid between the model-based and design-based perspectives.
In (1992 Deville and Sérndall developed calibration methods. [Deville and Till¢| (2004) proposed
the cube method for balanced sampling and Haziza contributed significantly to the treatment
of nonresponse (see among others [Haziza and Raoj, 2003}, 2006} [Hazizal, [2009)).

1.1 Finite Population and Sampling

In survey sampling, we consider a finite population U = {1,2,..., N}, where N is the total
number of units. A sample s C U of size n is drawn using a probabilistic sampling mechanism.
Each unit & € U has an inclusion probability 7, = P(k € s). These probabilities ensure that
each unit has a known chance of being selected, which helps to ensure unbiased estimators.

Inclusion probabilities are fundamental to the theory of finite population sampling. The
first-order inclusion probability 7 refers to the probability that unit k € U is selected in the
sample s, that is,

T = P(k € S).

The second-order inclusion probability m; corresponds to the joint probability that both units
k and [ are simultaneously selected in a sample:

T =Pk €s,l€s).

These two types of probabilities are essential for defining unbiased estimators and computing
their variances. One of the main objective in survey sampling is to estimate the population total

Y =>

keU

where y denotes the value of a study variable for unit k. Under any sampling design with
known and strictly positive inclusion probabilities, the Horvitz-Thompson estimator (Horvitz|




land Thompson), |1952)) provides an unbiased estimator of the total:

YVHT:Z%, if e, >0,k eU.
kesﬂk

This estimator accounts for the unequal probabilities of selection that may arise from complex
sampling designs.

To improve the efficiency and precision of estimators linked to the variable of interest, or
to reduce their variance, it is common practice to incorporate auxiliary information. Let x; =
(®k1,-..,Tkp) be the vector of p auxiliary variables for unit k. These auxiliary variables are
known for a large part or all of the population, and are generally correlated or related to the
study variable y;. They can be continuous or categorical and are used to improve estimation
through various methods such as stratification, calibration, regression estimation or balanced
sampling.

In survey statistics, there are two dominant paradigms : the design-based approach and
the model-based approach. In the first one, the randomness comes from the sampling design
and every inference is made subject to the finite population. This idea was formalized by
. In contrast, the model-based approach treats population values as the results
of a stochastic model with inference based on the assumed distribution. This approach is more
efficient, but requires the model to be correctly specified. The distinction between the two
lies in the source of the randomness: on the sampling design or on the design and assumed
superpopulation model. [Sdrndal et al.| (1992)) introduce a hybrid approach, called model-assisted,
which uses a working model to improve efficiency while preserving design-based inference.

1.2 Balanced Sampling and Cube Method

Sampling designs define how units are selected from the population. The choice of sampling
design can influence the accuracy of estimators. Some of the most common designs include the
simple random sampling (SRS) where each sample of the same size have the same probability of
being selected. The systematic sampling where units are ordered and every k-th unit is selected.
The unequal probability sampling where units are selected with different inclusion probabilities
often proportional to an auxiliary variable. The stratified sampling where the population is
divided into homogeneous subgroups called strata, and samples are drawn independently within
each stratum. Or also the cluster sampling where entire clusters are randomly selected instead
of individual units. However the sampling design we are interested in here is balanced sampling.

Balanced sampling is a specific sampling design that ensures the Horvitz-Thompson estima-
tors of the total of auxiliary variables of the selected sample is equal or almost equal to their
known population totals [Royall| (1976); Royall and Pfeffermann| (1982)). This results in a lower
variance in the total without requiring larger sample sizes.

To summarize, a sample is said to be balanced if

Sy

k
kes Tk keUu

with x; known for the entire population. The cube method, introduced by [Deville and Tillé|
, , is a widely used technique for drawing a balanced sample. This method selects
balanced samples across multiple auxiliary variables. The cube method is flexible because it
adapts to different sampling constraints, such as equal or unequal inclusion probabilities and
also stratified designs. The method can be divided into two distinct phases: the flight phase and
the landing phase. The flight phase is a random walk in which the inclusion probabilities are
iteratively adjusted while maintaining the balance equations. During this phase, the algorithm
progressively modifies the inclusion probabilities of the units, pulling them towards 1 or 0, to




get closer to a sample that satisfies the balance constraints. Then, the landing phase finalizes
the selection by rounding the inclusion probabilities to 0 or 1, guaranteeing that a sample is
obtained. The final sample remains as close as possible to the balanced state obtained during
the flight phase.

The cube method has also inspired extensions to many areas , for example
in environmental and geographical applications through spatially balanced sampling, where the
goal is to ensure that selected units are well spread over space |Grafstrom et al. (2012)); Robertson|

et a1 (2073)

1.3 Calibration

Another way of satisfying constraints on the known population is through calibration. Intro-
duced by [Deville and Séarndall (1992)), calibration is a technique in survey statistics that adjusts
survey weights dp = 1/wy so that they better reflect known population totals. Let xj be a
vector of auxiliary variables associated with unit %, and let X; denote their known population
totals. Calibration adjusts the weights w; by minimizing a pseudo-distance function:

Z G(”wk, dk),

kes

such that
G(wk)dk) Z 07
G(dg,dx) =0

and G(.,dy) is strictly convex, and subject to the constraint:

Z WEXE — X.
kes

The function G(wy,dy) defines the pseudo-distance between the calibrated weights wy, and
the original design weights d. By carefully choosing this function, different calibration methods
can be implemented, allowing one to maintain statistical efficiency while preventing extreme
weight adjustments (Deville and Sérndal, 1992; [Sérndal et al. {1992)).

A fundamental application of calibration is the estimation of a population total. Given a
survey variable y;, the Horvitz-Thompson estimator of the total is:

o Yk
kes 'k

Using calibrated weights wy, the estimator becomes:

Yeal =) Wik,
kes

thus incorporating auxiliary information into the estimation process, leading to reduced variance
and improved robustness (Deville and Sérndall [1992)).

Several calibration techniques have been developed, differing in how weights are adjusted to
achieve balance.

One of the simplest is linear calibration, where the adjusted weights are obtained through a
linear transformation of the initial weights. This method ensures that weights remain close to
the original sampling weights while satisfying the calibration constraints. The adjusted weights
take the form

wy, = dy, (1 + )\Txk> s
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where X is determined to satisfy the calibration equations (see Deville and Sarndal, [1992).
Linear calibration minimizes a quadratic distance between original and adjusted weights and is
particularly suitable when auxiliary variables are continuous.

A model-assisted extension is the generalized regression estimator (GREG), which incorpo-
rates a linear regression model relating the study variable to auxiliary information. Introduced
by |Cassel et al. (1976]) and further developed by [Sérndal et al| (1992), it is expressed as:

Yoree = Yar + 3 Bj(X; — X)),
J

where éj are estimated regression coefficients. The GREG estimator reduces bias and vari-
ance, especially when the auxiliary variables strongly predict the outcome (Kalton and Flores-|
\Cervantes|, |2003]).

Another widely used technique is exponential calibration, particularly in the form of raking
ratio estimation or iterative proportional fitting. Initially proposed by |Deming and Stephan|
and later formalized within the calibration framework by [Deville et al. (1993]), raking ad-
justs weights multiplicatively to match known marginal totals of categorical auxiliary variables.
The new weights satisfy:

Zwkxkj = Xj, Vj,

kes
with X; denoting the known total for category j. Exponential calibration minimizes a Kullback-
Leibler divergence and is particularly efficient in post-stratification contexts involving categorical
data.

Other advanced calibration techniques include: Logistic calibration, which modifies weights
using a logistic-type function to avoid extreme values and has been discussed in detail by
ille and Sarndall (1992)). Ridge calibration, which adds a regularization term to stabilize weight
adjustments and is particularly effective under multicollinearity or weak auxiliary information
(Chambers), (1996} Beaumont and Boccil, 2008)). Empirical likelihood calibration, which applies
a nonparametric likelihood framework to optimally constrain the weights while respecting cal-
ibration conditions (Chen and Sitter, [1999; |[Kim| 2009). Calibration is a key tool in survey
sampling, offering flexibility in adjusting weights while ensuring consistency with known infor-
mation (Haziza and Beaumont], 2017)).

1.4 Nonresponse and Imputation

Nonresponse occurs when some units in the sample fail to provide data. There are many reasons
for this: refusal or inability to contact a selected respondent, data collection problems, errors
or technical difficulties. Nonresponse can lead to bias in the estimate, or even complicate it
in the case of cross-estimation. Historically, introduced the missing at random
(MAR). Nonresponse is generally classified into unit nonresponse and item nonresponse
land Kasprzykl, [1986). Unit nonresponse occurs when an entire sampled unit does not provide
any data, rendering it completely unusable. In contrast, item nonresponse occurs when only
some variables are missing for a given unit.

To address the issue of nonresponse, different methods are used. One approach is reweighting,
where the weights of respondents are adjusted to compensate for nonrespondents
ISinghl 2000 [Sdrndal and Lundstrom) [2005; [Séarndal, 2007; [Kottl 2006). Another approach
is to use auxiliary information through calibration techniques to align estimates with known
population totals, thereby reducing nonresponse bias (Brickl, [2013} [Haziza and Lesagel [2016]). A
third widely used technique to handle item nonresponse is imputation. The idea is to replace
missing values with plausible estimates in order to reduce the impact of missingness on estimation
while preserving the structure of the dataset (Chen and Hazizal |2019;|Andridge and Little, 2010]).

4



Several imputation methods have been developed. A commonly used approach is hot-deck
imputation, also called donor imputation, where missing values are replaced with observed values
from similar units in the dataset. This method ensures that imputed values are realistic, as they
come directly from actual respondents (Rancourt and Chenl, |1994; |Chen and Shaol |1997} [Shao]
land Wang], 2008} [Kim and Fuller] 2004} [Fuller and Kiml, 2005} [Chauvet et all, 2011} [Eustache]
. Various other imputation approaches have been developed, such as model-based
imputation, which relies on statistical models to predict missing values (David and Sukhatmel
11974; Rao and Sitter] [1995; Shao, [2000; [Little, [1988). Multiple imputation is a technique in which
several plausible values are generated for each missing data point (Rubin| |1991; [Schafer and|
\Graham), 2002} [van Buuren and Groothuis-Oudshoorn) 2011). There is also machine learning-
based imputation, which leverages predictive models such as random forests or neural networks
to estimate missing values (Stekhoven and Bithlmann) [2012; |Dagdoug et al., [2023a}, 2025)).

1.5 Thesis plan

This thesis presents several original contributions to survey statistics, extending existing methods
of balanced sampling, calibration and imputation.

In Chapter [2 regarding balanced sampling, an algorithm that extends the classical cube
method of Deville and Till¢ (2004 by incorporating inequality constraints is proposed. This
allows to impose conditions such as minimum or maximum sample sizes in subdomains or to
handle non-integer inclusion probability sums in overlapping categories. The method also solves
practical problems such as matrix rounding and spatial spreading by translating them into
balanced sampling problems subject to inequality constraints.

In terms of calibration, in Chapter [3| harmonized weights strategies for multiple variables of
interest are explored. We compare a joint calibration approach and a method based on optimal
transport, which both aim to find a common weight system between variable-specific weights.
These approaches are particularly useful when cross-tabulations or joint analyses are required. It
ensures coherence across the estimated margins and their intersections. Then in Chapter 4} the
challenge of calibration with a large number of auxiliary variables is addressed using a method
that combines bagging and principal component decomposition. This approach stabilizes the
calibration weights by limiting their dispersion and controls the variance of the total estimator.
It also allows for flexibility in application to multiple variables of interest.

In Chapter [5], in the area of nonresponse and imputation, a hybrid imputation method that
combines random hot-deck method with the predictive power of machine learning models, such
as random forests, is developed. This method preserves the benefits of balanced donor impu-
tation while improving its performance in high-dimensional settings, thanks to the refinement
of the donor selection via model-based proximity. It offers a flexible tool for dealing with item
nonresponse when donor imputation is needed.

Finally, in Chapter [0, a general discussion and conclusion is made. The main contributions
of the thesis are summarized, and possible directions for future research in balanced sampling,
calibration, and imputation are outlined.







Chapter 2

Balanced Sampling With
Inequalities: Application to
Category Bounding, Matrix
Rounding, and Spread Sampling

Abstract

In this paper, we propose a novel algorithm for balanced sample selection with linear
inequality constraints, ensuring that estimators remain within fixed bounds. This
algorithm extends the cube method of Deville and Tillé, allowing the selection of
a sample from a database where Horvitz-Thompson estimators of totals are equal
or nearly equal to the true population totals. The new algorithm has several key
applications, including imposing minimum sample sizes for small areas and con-
straining sample sizes in potentially overlapping categories. It also addresses the
controlled rounding matrix problem and links to systematic sampling with unequal
probabilities. It can also be used to select doubly stratified samples when the sums
of the inclusion probabilities in the strata are not integer. Additionally, the algo-
rithm enables the selection of spatially spread samples. Simulations demonstrate
that this new method performs comparably to other spread sampling techniques.ﬂ

Keywords : cube method, inclusion probabilities, spatial sampling, systematic
sampling.

!This chapter is based on the article: Tripet, A., & Tillé, Y. (2025). Balanced Sampling With
Inequalities: Application to Category Bounding, Matrix Rounding, and Spread Sampling. Journal of the
American Statistical Association, 1-21.



2.1 Introduction

When a sample is selected from a register or a sampling frame, a sample is said to be balanced on
auxiliary variables x1, ...,z if the Horvitz-Thompson estimators of the totals of these auxiliary
variables are equal or almost equal to the true population totals. The concept of selecting a
balanced sample dates back to the inception of survey sampling theory. Kiger| (1896, 1899, 1903,
1905) was the pioneer in proposing the idea of sample selection by quotas, which he termed
“representative enumeration”. Similarly, |Gini and Galvani| (1929)) applied balanced sample se-
lection in official statistics by choosing 29 Italian districts (circondari) out of 214 to best reflect
various population averages (Langel and Tillé|, |2011; |Tillé, [2016; Brewer}, |2013]).

This method faced significant criticism from Jerzy Neyman because the sample was not
chosen randomly (Bellhouse, [1988). [Yates| (1949) and [Thionet| (1953) proposed methods where
a sample is selected and then improved by successively replacing units to achieve a balanced state.
Hajek| (1964 [1981) introduced rejective sampling, which involves selecting multiple samples
until a sufficiently balanced one is obtained. However, this approach has the drawback of
altering the inclusion probabilities of the units, making it impossible to calculate them accurately
afterward (Choudhry and Singhl, [1979; |Dupacoval, [1979; [Fuller} [2009; |Legg and Yul, [2010; |Boistard]
et all 2012} [Fuller et all [2017). However, they can still be approximate using Monte Carlo
approximations (Chauvet et all [2017)).

Deville and Till¢| (2004, 2005)) proposed the cube method, which allows for the selection
of a balanced sample across several auxiliary variables with either equal or unequal inclusion
probabilities. Several R packages facilitate the direct selection of a balanced sample
Matei, [2021} |Grafstrom and Lisic, [2019; Jauslin et all 2021]). These packages are particularly
user-friendly, as their functions rely on just two arguments: the matrix of balancing variables and
the vector of inclusion probabilities. Selecting a sample is an integer problem because each unit
must be either included or excluded. Therefore, achieving an approximately balanced sample is
often necessary.

When the number of balancing variables is very large, it may be necessary to relax the
constraints a little. Breidt and Chauvet| (2012) have proposed the use of penalized balancing
guided by the use of a mixed model. In this paper, we propose an alternative. An algorithm that
allows us to select balanced samples that also includes linear inequality constraints. Estimators
of totals can then be imposed to remain between fixed bounds. A similar idea was proposed
by |Oliva-Avilés et al.| (2020) who used estimators calibrated on inequality constraints at the
estimation stage to improve accuracy and ensure consistency with the expected orderings. In
our proposed algorithm, these inequality constraints are directly imposed at the level of the
sampling design.

The proposed method is useful when there is a very large number of constraints and it is
impossible to meet them all exactly. This algorithm offers great versatility for a variety of
applications. For example, it can be used to balance categories when the sum of the inclusion
probabilities in these categories is not integer. In this case, we can select a sample whose number
of selected units in the category is either the largest integer less than this sum, or the smallest
integer greater than this sum.

Another application of this algorithm is to guarantee the minimum sample size in a small
group by imposing inequality constraints. This algorithm adapts to various scenarios, includ-
ing overlapping or unpartitioned groups, and also extends to stratified sampling designs. The
algorithm can also be used to randomly round a table whose cell frequencies lie in the interval
[0, 1] while respecting the margins, the challenge boils down to the well-known “controlled ma-
trix problem” (see among others Bacharach, [1966; Fellegi, 1975} |Cox, 1987} [Doerr et al., [2006).
Balanced sampling with inequality constraints offers a quick solution to this problem by exactly
respecting the probabilities given in the table.

The algorithm can also be used in the context of spatial sampling, whereby, we use inequality



conditions for the neighbourhoods of each unit. This simple approach facilitates the development
of an efficient spatial sampling method providing samples that are well spread out in space. To
illustrate the performance of this method, we evaluate it, in Section[2.10] against other frequently
used spatial sampling methods: The Local Pivotal Method (LPM) proposed by |Grafstrom et al.|
(2012)); |Grafstrom and Lisic| (2019)), the Weakly Associated Vector Sampling (WAVE) method
by [Jauslin and Till¢| (2020} [2019), and the Generalized Random Tessellation Stratified (GRTS)
method by [Stevens and Olsen| (2004)).

The article is structured as follows. In Section 2, we introduce the basics and explain the
principles of balanced sampling. In Section 3, we describe the flight phase of the cube method.
In Section 4, we present the proposed algorithm, which incorporates inequality constraints,
and discuss their consequences. The subsequent sections focus on practical applications of the
new algorithm. In Section 5, we show how to bound sample sizes in potentially overlapping
categories and in stratified settings. In Section 6, we explain how the algorithm can solve the
controlled matrix-rounding problem. In Section 7, we demonstrate that unequal probability
systematic sampling satisfies the inequality constraints, thereby motivating the development of
a new spread sampling method. In Section 8, we detail this spread sampling approach and
provide both a practical example and a spatial-sampling simulation study. In Section 9, we
discuss variance estimation under the proposed design. An extensive Monte-Carlo simulation
study is reported in Section 10. Finally, in Section 11 we conclude with a discussion of the
implications of our results.

2.2 The Problem of Balanced Sampling

The balanced sampling problem consists in selecting a constrained sample from a population U =
{1,...,k,..., N}. For each population unit, the values of p auxiliary variables are assumed to be
known. For unit &, the values of these variables are grouped into a vector x; = (1, - - - ,:Ekp)T S
RP. We therefore have a register with known information from which to select a sample. The
inclusion probabilities of the units are fixed a priori and denoted by 7, k € U. We also denote
7w = (m1,...,7n)" €[0,1]" the vector of inclusion probabilities for all units.

A sample is a subset of the population. A random sample is denoted by a vector of non nec-
essarily independent Bernoulli random variables s = (s1,...,8,...,5n) . A sampling method
with fixed inclusion probabilities is balanced if

LI (2.1)

keu Tk keu

and E(s) = m. The balancing equations given in (2.1)) are difficult to satisfy exactly. In most
cases, this equality can only be approximately satisfied.
The balancing equations can be written as

As = Am, (2.2)

where A = (x1/m1,...xXy/7N) is a p x N matrix called the constraint matrix. A sample that
approximately satisfies can be obtained using the cube method of Deville and Tillé (2004).
Our aim is to add inequality constraints to this problem. That is, we also want to ensure that
B s < r, where B is a ¢ x N matrix and r is a vector of R? such that Bw < r. Inequality
constraints are more flexible than equality constraints as they are easier to satisfy.

2.3 The Flight Phase of the Cube Method

The cube method described in Deville and Tillé| (2004) can be used to obtain a balanced random
sample by means of a two-phase algorithm: the flight phase and the landing phase. The flight




phase is a random walk through the polytope K, where
Ki={ue0,1]V | Au= A~x}.

This random walk ends on one of the vertices of Kj. If this vertex is a sample, the algorithm
stops. If this vertex is not a sample, then the landing phase consists in randomly selecting
a sample close to the vertex of Kj given by the flight phase. The cube method respects the
inclusion probabilities in expectation.

The flight phase of the cube method described in Algorithm (1| consists of constructing a
sequence of vectors 7 (0), (1), w(2), ..., such that

1. w(0) = .

2. w(t)e K forallt =0,1,2,....

3. mp(t+ 1) = m(t) if me(t) € {0,1}.

4. E{m(t+1)} ==(t) forallt =0,1,2,....

Compared to 7 (t), the vector 7 (t+1) has at least one more component that takes an integer
value. Thus in N steps at most, a vertex of K7 is reached.

Algorithm 1 Basic step of the flight phase of the cube method
w(0)=m

For, t =0,1,2,3,. ..

In order to go from 7 (t) to w(t + 1), we proceed as follow:

1. Search a vector u(t) such that:

(a) u(t) is in the kernel of A,
(b) ux(t) = 0 for all k such that m(t) = 0 or mg(t) = 1.

2. Identify the largest values of A\; and Ay such that

m(t) + M\u(t) € [0,1]Y and 7 (t) — Au(t) € [0,1]".

3. Define

w4 1) = 7(t) + Au(t)  with probability Ay/(A1 + A2)

| w(t) — Au(t) with probability A;/(A + A2).
The algorithm stops at step 7' when it is not possible to find a vector u(7") such that
u(7T) is in the kernel of A and u(T) = 0 for all k such that (7)) = 0 or m(T) = 1.
Vector 7 (T') is therefore a vertex of K; chosen at random so that E{w(T)} = =.

There are several ways of implementing the flight phase, depending on the choice of vector
u(t). This vector may be either chosen randomly or deterministically. The flight phase can also
be applied to part of the population, resulting in a faster algorithm, as proposed in
land Tillé (2006).

Let 7* be the vector obtained at the end of the flight phase. This vector contains at most
p components which are different from 0 or 1. The constraints must then be relaxed to obtain
a sample. Deville and Tillé| (2004) have proposed two methods for the landing phase in order
to obtain a sample, i.e. a vector composed solely of Os and 1s. The first consists of identifying
an optimal design on the non-integer units using linear programming. The second consists of
relaxing the balancing constraints one by one.
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2.4 Cube Method with Inequality Constraints

Methods already exist for imposing inequality constraints on random samples.
proposed a rejective procedure, whereby a sample selected using a basic sampling design is
rejected unless the difference between the sample mean and the population mean of an auxiliary
vector lies within a specified distance. The main drawback of Fuller’s method is that successive
rejections alter the target inclusion probabilities. Therefore, unit-level inclusion probabilities
cannot be controlled exactly. The problem becomes particularly acute when the population
size is small and the inclusion probabilities are unequal. Rejection methods modify inclusion
probabilities. Units with extreme values of the auxiliary variables are less likely to be selected
in rejective sampling (see for example Legg and Yul [2010). Modifying inclusion probabilities
biases estimators. Thus, dispersion parameters and quantiles can be severely biased due to these
modifications. Unlike the procedure of , the proposed method respects the inclusion
probabilities exactly.

The usual landing phase of the cube method is very efficient if carried out using the linear
programming method. However, the linear programming method is limited to handling up to 20
auxiliary variables, which restricts the number of constraints that can be used. The cube method
with inequalities allows a large number of variables to be used in order to avoid very unbalanced
samples. We can use many more inequality constraints than equality constraints. We can even
include more inequality constraints than the number N of observations in the population. The
idea of balanced sampling with inequalities is not to propose an even more efficient method, but
to be able to add a large number of constraints.

We now want to select a sample, trying to satisfy both equality and inequality constraints
simultaneously:

As=Amand Bs<r.

Algorithm 2| gives a flight phase which randomly selects a vertex of the polytope Ks, where
Ky={uc[0,1]" | Au= Ax and Bu <r}.

Since K> is obtained by adding constraints to K;, Ko C K. In Algorithm [2 each time the
random walk reaches a face of the polytope, the random walk must remain permanently on that
face. Therefore, when the vector 7 (t) reaches a face of the polytope, it sticks to that face. The
inequality constraints then gradually become equality constraints.

If we define the polytope

K3 ={uc0,1]" | Au= A7 and Bu = Br},

we have K3 C Ky C K. We can therefore first apply a flight phase of [1] of the cube method
with the constraints: {As = Aw and Bs = Bw}.

The question of whether an exactly balanced sampling design exists is a highly complex
one. It boils down to determining which polytope contains only vertices composed solely of
0 and 1. This issue has been addressed in the context of integer linear optimization (see for
example [Korte and Vygen| [2018)). In cases where the existence of an exact solution is not
certain, we can first apply Algorithm (1, with the constraints {As = Az and Bs = Bxr}. Next,
we apply Algorithm [2| to the vector obtained at the end of Algorithm [I, with the constraints
{As = A7 and Bs < Bx}. This allows to explore whether an exact solution can be obtained
by Algorithm (1] before adding inequalities. If there is no exact solutions for certain contraints,
they are relaxed to allow inequalites; for example, if fixed size in a category is needed and the
sum of the inclusion probabilities in this category is not an integer.

At each step, a component of the vector 7r(¢) is not necessarily set to 0 or 1. The vector
7(t + 1) may either stop on a face of the hypercube or inside the hypercube on a face of the
polytope defined by the inequality constraints. In the latter case, the inequality constraint
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Algorithm 2 Basic step of the flight phase of the cube method with inequality constraints
7(0) =m, A(0) = A,B(0) = B,

For, t = 0,1,2,3, ...

In order to go from 7 (t) to 7 (t + 1), we proceed as follow:

1. Search a vector u(t) such that

(a) u(t) is in the kernel of A(t)
(b) ux(t) = 0 for all k such that m(t) = 0 or mg(t) = 1.

2. Identify the largest values of \; and Ay such that
w(t) + M\u(t) € [0,1]Y,  w(t) — Xu(t) € [0, 1]V,
w(t) + \Mu(t) <r, and w(t) — Au(t) <r.
3. Define
rt41) = { 7 (t) + Au(t) W%th probab%l?ty Ao/ (A1 + A2)
7(t) — Xu(t) with probability A\;/(A; + Ag).

4. All the rows of B(t) such that B(t)m(t + 1) = r(t) are removed from B(t) to create
B(t+ 1) and added to A(t) to create A(t+ 1). The corresponding cells of r(t) are
also removed to define r(t + 1).

The algorithm stops at step 7' when it is not possible to find a vector u(7") such that
u(7T) is in the kernel of A(T") and u(T) = 0 for all k such that 7(7) = 0 or m(T) = 1.
Vector (T') is therefore a vertex of Ky chosen at random so that E(w (7)) = .

becomes an equality constraint. As the algorithm progresses, these inequality constraints are
transformed into equality constraints, gradually converging towards the usual configuration of
the flight phase of the standard cube method, where, at each step, a component of the vector is
set to 0 or 1. Therefore, the number of steps in the proposed method is strictly limited to 2/NV.

One of the tricky questions is the appropriate choice of r. If we impose the inequality
constraint Bs < r, we must have Bw < r. If this is not the case, the vector of inclusion
probabilities does not belong to the polytope. Consequently, the algorithm cannot even be
started.

If matrix B indicates categories, then we can take the smallest integers greater than the
sum of the inclusion probabilities in these categories, i.e. Bs < r = [Bw], where [-] is the
ceiling function. We can also take the largest integers smaller than the sum of the inclusion
probabilities in these categories. In this case, the direction of the inequality is reversed. We
obtain. Bs > r = |Bw|, or equivalently —Bs < —|Bm|, where |-| is the floor function. We
therefore recommend choosing r in such a way that the constraints can be satisfied.

2.5 Minimum Group Sizes, Stratification
and Rounding Problem

In many survey problems, we are interested in estimates in small groups or in small geographical
areas. The whole methodology known as “small area estimation” (Rao and Molinal, 2015|) has
been developed to construct accurate estimates in small entities. If the small areas of interest
are identified in advance, potential issues can be avoided at the design stage. With the technique
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of balanced sampling on inequalities, we can ensure a minimum sample size in small entities by
imposing the constraint

ZSkZ Zﬂ'k

keGp, keGp

where G, C U,h = 1,..., H is a group or a small area. The G}, groups can form a partition
of the population U, but not necessarily. Groups can also overlap, without this posing any
implementation problems. Perfectly feasible inequality constraints can thus be applied to any
categorical variable.

A stratification is a partition of the population U, C U, with U = U,Ile Up and U, NU, =0
if £ # £. In stratification, inclusion probabilities depend on the allocation in each stratum Up
of size Np,h = 1,..., H. Whether for proportional or optimal allocation, there is no reason
why the sum of the inclusion probabilities in each stratum should be an integer. With balanced
sampling on inequality constraints, we can simply impose

Zﬂ’k §Z$k§ ZTrk ,forh=1,...,H

keUy, keUy, keUp,

and that

Zsk:n.

keU

In general, balancing constraints on categorical variables can overlap. Balanced sampling
can therefore be applied to several stratifications whose strata categories overlap. In this way,
inequalities can be imposed on the margins of a contingency table obtained by sampling. In
case of double stratification Uy,...,Up,... Uy and Vq,...,V;,..., Vi, we can impose

Zﬂk SZSkS Zwk ,forh=1,..., H,

keUy, keUy keUy

Zwk SZSkS Zﬂk , fori=1,...,1,

keV; keV; keV;

and that

Z Sk = n. (2.3)
keU
We thus have the equality constraint given in (2.3)) and 2 x (H + I) inequality constraints. The
inclusion probabilities are then exactly satisfied and the inequality constraints can be exactly
satisfied.

Example 1. In the MU28/ population of 284 Swedish areas (Sarndal et all, |1992), we con-
structed a categorical variable by splitting the P75 variable “Population in 1975 into 4 classes.
This variable is crossed with the REG variable consisting of the 8 Swedish regions. We select
n = 50 areas with equal probability. The inclusion probabilities are thus m, = 50/284. In the
table crossing the two variables, the expectation of the number of units to be selected is given in
Table 2. 1.

Thanks to the balanced sampling method with inequality constraints, we can impose that all
the margins of the sample table are equal to the rounding down or up. We therefore have an
equality constraint to obtain the fized sample size and (8 + 4)/2 = 24 inequality constraints
to frame all marginal totals by integers. For example, we obtained Table [2.3. The inequality
constraints can be satisfied exactly. There is therefore no need for a landing phase.
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Table 2.1: Expected number of units to select in each category

REG/P75 (0,10] (10,15] (15,29] (29,700] Total

1 0.18 0.88 1.23 2.11 4.40
2 2.64 1.58 2.29 1.94 8.45
3 0.88 1.76 1.76 1.23 5.63
4 0.53 2.64 1.76 1.76 6.69
5 3.52 1.94 1.94 2.46 9.86
6 1.94 1.94 1.94 1.41 7.22
7 0.70 0.53 0.88 0.53 2.64
8 3.52 0.18 0.53 0.88 5.11

Total 13.91 11.44 12.32 12.32 50.00

Table 2.2: Example of sample selected with balanced sampling with inequality constraints

REG/P75 (0,10] (10,15] (15,29] (29,700] Total

1 0 1 1 3 )
2 3 1 3 1 8
3 1 2 1 1 5
4 0 3 2 2 7
) 4 1 2 3 10
6 1 3 2 1 7
7 1 1 0 0 2
8 4 0 1 1 6

14 12 12 12 50

2.6 The Controlled Matrix Rounding Problem

The controlled rounding matrix problem involves randomly rounding a probability matrix, whose
values lie between 0 and 1, to 0 or 1. The process must remain unbiased, meaning the expectation
of the resulting matrix equals that of the original matrix. In addition, the margins of the table
must be preserved by rounding them to the nearest integer either below or above their original
values (see among others Bacharachl (1966} Fellegil (1975 |Cox], [1987; [Doerr et al., [2006]). Balanced
sampling with inequality constraints makes it possible to quickly solve this problem in a random
way by exactly respecting the probabilities given in the table.

For instance, if we take, as suggested in , the example of p. 124),
which represents a population of 165 schools stratified by city size into five classes and by average
expenditure per pupil into four classes, and divide it by 16.5 and then remove the integer parts,
we obtain a controlled matrix problem as shown in Table

Table 2.3: Example of controlled matrix problem

A B C D Total
I 0.91 0.27 0.03 0.55 1.76
II 0.61 0.48 0.79 0.42 2.30
111 0.36 0.55 0.30 0.48 1.70
v 0.24 0.18 036 0.36 1.15
A% 0.18 0.12 0.30 0.48 1.09
Total 2.30 1.61 1.79 2.30 8.00

To apply our method, the table values are aligned in the vector of inclusion probabilities
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of R?. An equality constraint is used to obtain the fixed sample size 8, and 2 x (4 + 5) = 18
constraints are used to frame the margins with integers. Our algorithm solves this problem
efficiently, one of the solutions is shown in Table [2.4L Indeed, each margin is respected with
either upper or lower rounding.

Table 2.4: Example of a solution to the controlled matrix problem using balanced sampling
with inequality constraints

A B C D Total
I 1 0 0 1 2
11 1 1 0 1 3
111 0 0 0 1 1
v 0O 1 0 o0 1
A% 0O 0 1 o0 1
Total 2 2 1 3 8

2.7 Unequal Probability Systematic Sampling

Consider a sequence of N inclusion probabilities 71, ..., 7 which sum to n. Consider also the
cumulative inclusion probabilities:

k
Vi, = Z s
j=1

forj=1,..., N with V5 =0,V} = 71, and Vy = n. In order to select a sample using a systematic
design with unequal probabilities, we generate a continuous uniform variable w in the interval
[0,1]. Next, we select the units ki,...,kj,...,ky, such that

Vipor <u+(—1) < Vioj=L...m.

Consider now vj, = (V4 mod 1) and v(;),j = 1,..., N the ordered vy. [Pea et al.| (2007) showed
that unequal systematic sampling is a minimal support design, i.e. at most N samples have a
non-zero probability of being selected. The probabilities of the jth sample are

p(sj) = vy) —vi-1),J € {1, ..., N [ vy —vi—1) # 0},

where sample s; contains the units £ such that intervals (U(j_l) +i—1, vy +i— 1} , 1=
1,...,n are included in intervals (Vj_1, V%].

Result 1. A necessary condition for a sampling design to be systematic is that E(sy) = 7y, for

allk €U,

T T T
ZW{(kHﬂ) mod N}+1| < ZS{(kthﬂ) mod N}+1 < {Z T{(k+t—1) mod N}+1-‘ ; (2.4)
t=1 t=1 t=1
forallkeU,T=1,...,N—1, and
Z Sk = n.
keU
Proof. In an interval of length L included in [0, n], we will select |L| or [L] units. O
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The condition given in Result [1| shows that systematic sampling with unequal inclusion
probabilities is related to balanced sampling with inequalities. There are 2/N(N — 1) inequalities
in (2.4), but they are largely redundant. We ran a set of simulations. After removing redun-
dancies, we selected a large number of balanced samples on these inequalities. We only selected
systematic samples. However, we have not been able to establish a sufficient condition to prove
that these inequality constraints lead to systematic sampling.

2.8 Spread Sampling

In one dimension, systematic samples are well spread out in the sense that if a unit & is selected,
the following units will not be selected until the sum of their inclusion probabilities (with the
unit k) is larger than or equal to 1. We can therefore draw inspiration from systematic sampling
to propose a well spread out method in a space of two or more dimensions. Well-spread sampling
has recently been the subject of numerous publications, since if the observations are spatially
autocorrelated, the spread considerably increases the precision of the total and mean estimators
(Stevens and Olsenl, 1999 2003, 2004} Grafstrom), 2011; |Grafstrom et all 2012; |Grafstrom and|
[Lundstrom], 2013} (Grafstrom and Tillé, 2013} [Grafstrom et all [2014} [Dickson and Tillé| 2016
Jauslin and Tillé, 2020; [Eustache et al. [2022} Jauslin et al. [2022)). Figure graphically
illustrates the importance of choosing an appropriate sampling method when spatially sampling.
The graph on the left shows a spatially well-spread sample, selected using the balanced sampling
with inequalities algorithm. We can see that the sampled points, represented in black, are well
spread over the area, which means that population coverage is complete, and avoids excessive
clustering. On the other hand, the sample in the graph on the right has been selected by cluster
sampling and shows us a sample that is poorly spread in space. The points are not scattered
but grouped together in certain zones, which, as indicated above, can lead to problems in the
accuracy of the estimates.
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Figure 2.1: TIllustration of spatial sampling. The left plot shows a well-spread sample
obtained using the balanced sampling algorithm with inequalities. The right plot shows
a poorly spread sample.

Suppose one has defined a distance between the units d(k,¢), for all k,¢ € U. We define:

. C,i’f the largest set of units closest to k (including unit k) such that >vec, Tk < b. More
formally, consider a permutation o* of {1,..., N} such that if i < j then d(c*(i), k) <
d(c*(5), k). Define also

1
L, = max {f | ;WU;C(Z-) < b} and C2~ = {o"(i):ie1,--- L; }.
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. C’,i’+ the smallest set of units closest to & (including unit k) such that 37,cc, 7 > b.

More formally, by using the same permutation o” , define

l
L= mein {f | ngk(i) > b} and Cot = {o¥(i):ie1,--- L]}

=1

In order to obtain a sample well spread out in space, we can apply balanced sampling on
inequalities on the following constraints

Z se<1l,k=1,...,N, and Zsk:n
teCy™ keU

or on

Z sp>1,k=1,...,N, and Zsk:n.
tecyt keU

By imposing these inequality constraints, we can ensure that in the neighbourhood of each
unit, the number of units selected does not exceed a fixed value or is at least equal to a fixed
value. The sample will therefore be well spread out in space. The proposed method can thus be
applied to spatial sampling.

In the case of spatial neighborhood constraints, the cube method with equalities is not
applicable, as the number of constraints exceeds the number of observations. Therefore, the
direct application of the landing phase is also inapplicable, as it involves managing too many
variables. This scenario clearly illustrates that the cube method with inequalities paves the way
to applications that were previously impossible.

2.9 Point and Variance Estimation

To make inference about the total of a variable of interest y, defined as Y = 3, . yx, we can
use the Horvitz-Thompson estimator given by

~ s
y — Z Yk Sk
T

keU

(Horvitz and Thompson), 1952). In the case of the cube method, second-order inclusion proba-
bilities cannot be calculated, even in simple scenarios. For balancing with inequalities, which is
an even more complex problem, computing even an approximate expression for the second-order
inclusion probabilities is extremely challenging if not impossible.

A first method, which we recommend for small sample sizes, involves approximating the
first- and second-order inclusion probabilities through Monte Carlo simulations, as proposed by
Breidt and Chauvet| (2011). We select M samples si,...,s) and compute

1 & 1
=~ 1 T N I ~=T
W:M;Si, H:M;Sisi7 A=II—-7m".

We can then estimate the variance with the Sen-Yates-Grundy estimator (Sen| 1953} |Yates and|

1953)

SRS 1 2A
var(Y) = D) Z ZSkSg (yk - Z/é) -2

=~
kel (U Tk T/ The

where 7, and Akg denote respectively the element (k,¢) of T and A.
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We recommend carrying out at least M = 10,000 simulations. [Breidt and Chauvet| (2011])
also proposed a method that uses the martingale structure of the sampling algorithm to approx-
imate second-order inclusion probabilities. This approach can also be applied when balancing
with inequalities.

In the case of large sample sizes, we can rely on the results of Deville and Tillé| (2005, who
proposed a heuristic variance estimation method. This method is based on the hypothesis that
balanced sampling can be viewed as a Poisson sampling design conditional on the balancing
constraints. When the sample is balanced on the variables As = Am, with A = (a,...,ay),
an estimator of the variance of Y is given by

var(Y) = > ckeqyas
keU

where €, 4 is the residual of a weighted regression with y /7 as the response variable and
ay = X /7, as the predictors;

~

Yk T
CLylA = ;k —a Fy|A7

where
-1
= T SkCLAKYK
fa= (S saaial | 3 e
keU keU k
and
n
Cr = (1 — 7Tk).
n—p

In the case where the sample is balanced with in addition constraints of inequalities on the
variables As = Am and Bs < r, with A = (aj,...,ay) and B = (by,...,by), the estimator of
the variance of the estimator of the total is:

2

.

s ak 5

var(Y) = > crei yap T3 D <b ) (sk =) TyiaB ¢ (2.5)
keU keU Ok

where ey, 4p are the residuals of a weighted regression of the variable of interest yy /7 by the
auxiliary variables aj = x /7 and by, i.e.

.
Yk ag =
ep =2k _ T, up
T <bk> vlAB

where

-1
-

3 ag ag ak \ Yk

Ly = 2 s (bk> (bk> 2 swen (bk) o

keU keU

n
Ck n—p—gq (1 ™ k),
and ¢ is the number of rows of B.

The second term of accounts for the fact that the sample is only approximately bal-
anced, meaning a rounding error may persist in both A and B. This term takes the impact of
the rounding problem on variance into account. If we decide to calibrate the weights 1/, on the
population totals on all equality and inequality balancing variables, following the methodology
of Deville and Sarndal| (1992)), the variance can then be estimated by neglecting the second term
of the estimator given in (2.5).
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Example 2.9.1. To evaluate the accuracy of these variance estimators, we conduct 200,000
simulations using the Swiss municipalities database available in the R sampling package (m
land Mated, |2021). Samples of n = 400 communes are selected with inclusion probabilities propor-
tional to population size. The sample is balanced on several variables: total population, number
of men, number of 1-person households, number of 2-person households, number of 3-person
households, and the surface area of the commune. The aim is to estimate the total wooded area
in Switzerland. Additionally, a minimum number of selected communes is imposed in each can-

ton. For canton Uj, at least |3 ey, WkJ communes had to be included in the sample. The results
are summarized in Table [2.5. The proposed estimator performs well, with a slight underesti-
mation of the Sen-Yates-Grundy variance estimator, due to the fact that 1,358 joint inclusion
probabilities (out of 4,191,960) are equal to zero.

Table 2.5: Simulation results based on the Swiss municipalities database. For the vari-
ance and the Sen-Yates-Grundy variance estimator, the first- and second-order inclusion
probabilities estimated via simulations.

Variance of the Horvitz-Thompson estimator 11232
Variance computed with the Sen-Yates-Grundy formula 11232
Mean under simulations of the Sen-Yates-Grundy variance estimator 10704
Mean under simulations of the estimator proposed in 11202

In some specific cases, alternative variance estimators may be required. It has been observed
that the number of constraints can sometimes exceed the sample size, in this case, formula
is inapplicable. Furthermore, in some cases, such as spread sampling, a large proportion of
second-order inclusion probabilities are zero, making the Sen-Yates-Grundy variance estimator
based on their simulated approximation not applicable either. In such situations, we can use
variance estimation methods based on heuristic reasoning, as developed in [Stevens and Olsen|
(2003)), |Grafstrom et al. (2012), or |Grafstrom and Tillé| (2013)).

2.10 Simulation Study

A simulation study comprising M = 10,000 iterations is carried out to compare our spread
sampling method with three widely used high-performance spatial sampling methods: WAVE;,
LPM and GRTS. The GRTS method proposed by |Stevens and Olsen| (2004) is a sampling
method that uses a quadrant-recursive function to map the two-dimensional population into one
dimension. The sample is then selected systematically. The LPM was proposed by
(2012)). This method applies the pivotal method of Deville and Till¢| (1998) and [Srinivasan|
on neighbouring units. A repulsion in the selection of neighbouring units makes it possible
to obtain a well-spread sample. The WAVE method is based on the search for directions that
are weakly or not at all correlated with the variables indicating the contiguity of each unit. This
method spreads out very well but requires considerable computing time once the population is
large.

Our study uses the “Meuse” river dataset available in the R package “sp”
Bivand}, [2005} Bivand et all [2013; Burrough et all 2015)), a well-established reference dataset,
of size N = 155, in the environmental sciences. The main objective of the study is to estimate
the concentration of cadmium, a heavy metal pollutant, under two distinct sampling scenarios.
The sample size in both scenarios is set to 20% of the dataset, resulting in n = 0.2 x 155 = 31.
In the first scenario, the sample is selected with equal inclusion probabilities, i.e. 7 = n/N.
In the second scenario, the inclusion probabilities are proportional to the copper concentration
variable.
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Figure 2.2: Spatial distribution of cadmium concentrations in the Meuse river dataset,
black points represent an example of a selected sample.

Figure is a spatial representation of the “Meuse” river dataset. Each point represents a
location where a cadmium concentration was recorded. The size of each point is proportional to
the cadmium concentration recorded, with larger points indicating higher concentrations. Points
coloured black in the graph on the right represent a sample selected using our algorithm.

To assess the quality of the spatial samples generated by the different methods in the sim-
ulation study, we use several measures: the Moran index, the measure of spatial balance using
Voronoi polygons and the total estimate of the variable of interest, cadmium concentration.

First suggested by [Stevens and Olsen| (2004)), then used by |Grafstrom et al. (2012), the
measure of spatial balance can be assessed using Voronoi polygons and can be used to determine
whether a sample is well spread or not (see|Grafstrom and Lundstrom) [2013). Voronoi polygons
provide a partition of a space into regions based on the distance to a specific set of points. The
Voronoi polygon of each sample unit includes those population units that are closer to it than to
any other sample unit. If the sample is perfectly spread, the sum of the inclusion probabilities
vk, k € S of these units is equal or close to 1. Then, to assess the spatial balance of a sample, we
calculate the variance of the expectation of the sum of thes