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We study the connected algebraic groups acting on Mori fibrations X — Y with X a
rational threefold and dim(Y) > 1. More precisely, for these fibre spaces, we consider
the neutral component of their automorphism groups and study their equivariant bira-
tional geometry. This is done using, inter alia, minimal model program and Sarkisov pro-
gram and allows us to determine the maximal connected algebraic subgroups of Bir(P?),

recovering most of the classification results of Hiroshi Umemura in the complex case.

1 Introduction
1.1 Aim and scope

In this article, we work over a fixed algebraically closed field k. Our main goal is to study
the connected algebraic subgroups of the Cremona group Bir(P?) (see Definition 2.3.1 for
a precise definition), up to conjugation, via a new geometric approach involving explicit
birational geometry of rational threefolds.

When k is the field of complex numbers C, a classification of the maximal
connected algebraic subgroups of Bir(P®) has been stated by Enriques and Fano [30]

and achieved by Umemura in a series of four papers [86-89]. In more than 150 pages,
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detailed arguments are given and a finite list of families is precisely established. The
proof of Umemura uses a result of Lie that gives a classification of analytic actions on
complex threefolds (see [86, Theorem 1.12]) to derive a finite list of algebraic groups
acting rationally on P3.
Umemura, together with Mukai, studied in [67, 90] the minimal smooth rational
projective threefolds (a smooth projective variety X is called minimal if any birational
morphism X — X’ with X’ smooth is an isomorphism). For each subgroup G C Bir(P?)
of the list of maximal connected algebraic subgroups of Bir(P3), they determine the
minimal smooth rational projective threefolds X such that ¢~!G¢ = Aut°(X) for some
birational map ¢: X --» P3; this gives a detailed story of 95 pages additional to
Umemura's classification.
In this paper, we will not use the long work of Umemura or any analytic method.
We will rather use another strategy to recover both the maximal connected algebraic
subgroups of Bir(P%) and the minimal rational projective threefolds on which they act,
based on the minimal model program (MMP), as we now explain.
If G is a connected algebraic subgroup of Bir(P3), then the regularisation theo-
rem of Weil (recalled in Section 2.4) gives the existence of a birational map ¢: X --» P3
such that G C @Aut°(X)¢~!. Also, one can always compactify X equivariantly and
assume that it is projective. Supposing moreover that the base field k is of characteristic
zero, we may even assume that X is smooth. And finally, we can run an MMP (which is
always Aut®(X)-equivariant; see Remark 2.1.7) to reduce to the case where X is a Mori
fibre space (see Theorem 2.4.4).
This observation justifies our strategy: we start from a rational projective three-
fold, take an equivariant resolution of singularities if char(k) = 0 or assume it is smooth
otherwise, run an MMP (which is valid for any smooth projective threefold provided
that char(k) ¢ {2,3}), and then study which of the possible outcomes X — Y (with
0 < dim(Y) < dim(X) = 3) provide maximal algebraic subgroups in Bir(P%). We
distinguish between three cases:
(1) if dim(Y) = 2, then X — Y is a Mori conic bundle over a rational projective
surface with canonical singularities. This case is studied in Section 3;

(2) if dim(Y) = 1, then X — Y = P! is a Mori del Pezzo fibration over P!. This
case is studied in Section 4;

(8) if dim(Y) = 0, then X is a Q-factorial Fano threefold of Picard rank 1 with
(at worse) terminal singularities.

When char(k) = 0, our results provide a full description of all the possible

maximal connected algebraic groups acting on rational three-dimensional Mori fibre
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spaces (and not just the smooth models), except when the basis of the Mori fibration
is trivial (i.e., dim(Y) = 0); see Theorem E for a precise statement. As a consequence of
the classification, we also prove that each connected algebraic subgroup of Bir(P?) is
contained in a maximal one (Corollary G). This fact seems difficult to prove without
the classification, is unknown for Bir(P") when n > 4, and is false for Bir(P! x C)
with C is a nonrational curve (see [32]). The hypothesis on the characteristic is
needed in several steps to obtain the classification (for instance, we use our previous
work [9]).

It turns out that most of such connected algebraic groups are conjugated
to algebraic subgroups of automorphism groups of certain P!-bundles over smooth
rational surfaces; these were studied thoroughly in [9]. Therefore, in the present article,
we mostly focus on the neutral component of the automorphism groups of conic
bundles over rational surfaces that are not P!-bundles and of del Pezzo fibrations over
P!. It is striking to see that, even though there are many rational three-dimensional
Mori fibre spaces, in the end, only very few of them give rise to maximal connected
algebraic subgroups in the Cremona group Bir(P3); see Corollary G. This is for instance
completely different from the dimension 2 case where each rational Mori fibration
X — Y, with X a minimal surface, gives a maximal connected algebraic subgroup
of Bir(P?).

Several results obtained in [9] are used in this article, but nevertheless, we tried
to make it mostly self-contained. For specialists of the MMP and the Sarkisov program,
our results can be seen as a natural geometric application of the ideas and techniques
from these theories, together with some explicit birational geometry of threefolds, to
determine and understand the maximal connected algebraic subgroups of the Cremona
group.

For nonspecialists interested in the birational geometry of threefolds,
this paper could represent a good source of natural examples of Mori fibra-
tions. In addition, the geometric restriction given by the connected algebraic
group actions allows us to describe explicitly all the equivariant links between
those.

The birational geometry of rational threefolds is incredibly rich and our results
also enlighten certain geometric features for the different classes of Mori fibrations
such as conic bundles and del Pezzo fibrations. For instance, we prove that conic
bundles over rational surfaces whose generic fibre is not P! and del Pezzo fibrations
over P! whose generic fibre is of degree < 6 have quite few automorphisms; see

Theorems C and D for precise results.
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1.2 Statement of the main results

In all the articles, the base field k is supposed to be algebraically closed. Our 1st main

result is the following.

Theorem A. (See Section 4.5 for the proof) Assume that char(k) ¢ {2,3,5}, and

let X be a smooth rational projective threefold. Then there is an Aut®(X)-equivariant

birational map X --» X, where X is a Mori fibre space that satisfies one of the following

conditions:
(1)
(2)

(3)

X is a P!-bundle over P?, P! x P! or a Hirzebruch surface F, with a > 2; or
X is either a P?2-bundle over P! or a smooth Umemura quadric fibration Qg
over P! (see Definition 4.4.2) with g € k[uy, u,] a square-free homogeneous
polynomial of degree 2n > 2; or

X is a rational QQ-factorial Fano threefold of Picard rank 1 with terminal

singularities.

Let us comment on the possible cases of Theorem A.

(1)

(2)

(3)

(4)

(5)

As explained before, very few Mori fibrations appear in Theorem A. In
particular, there is no conic bundle that is not a P!-bundle and no del Pezzo
fibration of degree d < 7 (see Theorems C and D for more details).

In this text, a P"-bundle is always a Zariski locally trivial P"-bundle. The
P2-bundles over P! are simply given by Rypn = P(Op1(—=m) & Op1(—n) & Op1)
for some m,n > 0 (see Section 5.1(6)). Their automorphism groups are easy
to describe (see Lemma 5.3.1).

There are many distinct families of P!-bundles over P? or over a Hirzebruch
surface F,. In [9], we focused on these and gave a classification of maximal
ones in the case where char(k) = 0.

The Umemura quadric fibrations Qg — P! are studied in Section 4.4.
They are parametrised by classes of hyperelliptic curves and then form an
infinite-dimensional family. Their automorphism group is however simply
PGL, (or an extension by G,, in a very special case, but in this case, Aut®(Q,)
is conjugated to a strict subgroup of Aut°(Q) = PSO5 with Q C P* a smooth
quadric hypersurface).

The case of Fano threefolds is less understood. There is for the moment
no complete classification of their automorphism groups, except in the
smooth case and over an algebraically closed field of characteristic zero
[57, Theorem 1.1.2].
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Along our way to prove Theorems A, E, and F below, we prove the following three
results (Proposition B and Theorems C and D), which we believe are interesting on their
own.

The next result, whose proof is elementary, is certainly well known from
specialists but we could not find a suitable reference. Therefore, we chose to recall

it and write a complete proof.

Proposition B. (Lemma 2.4.2 and Corollary 2.5.9) Let X be a rationally connected
variety (i.e., two general points of X are connected by a rational curve). Then every
algebraic subgroup G C Bir(X) is a linear algebraic group.

Suppose moreover that char(k) = 0, dim(X) = 3, and X is not rational (for
instance, X is a smooth projective cubic threefold). Then every connected algebraic

subgroup of Bir(X) is trivial. In particular, Aut®(X) is trivial.

The next two results concern automorphism groups of certain conic bundles
over surfaces and del Pezzo fibrations over P!; these are key ingredients in the proof of

Theorem A.

Theorem C. (See Section 3.3 for the proof) Assume that char(k) # 2, let X be a normal

rationally connected threefold, and let 7 : X — S be a conic bundle.

(1) If the generic fibre of 7 is isomorphic to P then there is an Aut®°(X)-

1
k(S)’
equivariant commutative diagram

Xo- ' _.x
- =
Go— .

where ¥ and n are a birational maps, S is a smooth projective surface with
no (—1)-curve, and the morphism 7 : X — Sis a P!-bundle.

(2) If the generic fibre of 7 is not isomorphic to ]P’II((S), the action of Aut°(X) on S
gives an exact sequence (see Section 2.1 for the notation)

1 - Aut’(X)g - Aut°(X) > H - 1,

where H C Aut°(S) and Aut®(X)g is a finite group, isomorphic to (Z/2Z)" for
some r € {0, 1, 2}. Moreover, the following hold:

(i) if S is rational, which is always true if char(k) = 0, then both H and

Aut®(X) are tori of dimension at most two;
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(ii) if X is rational, then S is rational and there is an Aut®(X)-equivariant
birational map ¢: X --» P? such that pAut®°(X)¢p~! C Aut(P?) = PGL,.

Theorem D. Assume that char(k) ¢ {2,3,5}. Let ny: X — P! be a Mori del Pezzo
fibration of degree d. Then, d € {1, 2, 3,4, 5,6, 8,9} and the following hold.

(1)
(2)

If d < 5 (resp. d = 6), then Aut®(X) is a torus of dimension < 1 (resp. < 3).
If Aut°(X) is not isomorphic to a torus, there is an Aut®°(X)-equivariant

commutative diagram

such that ¢ is a birational map, Aut®°(X) acts regularly on Y, and either

(i) my:Y — P!isaP?-bundle or
(ii) there is a square-free homogeneous polynomial g € klu, u,] of degree
2n (with n > 1) such that (Y, ny) = (Qg,ng).
Moreover, in Case (ii), the group yAut®(X)y ! C Aut°(Qg) is either equal to
PGL, (see Lemma 4.4.4(2)) if n > 2 or to PGL, x G,,, (see Example 4.4.6, with

g=ugu;) ifn=1.

Remark 1.2.1. The main reason for the restriction on the characteristic of k in

Theorem D comes from the fact that the generic fibre of a del Pezzo fibration X — P!

can be non-smooth in small characteristic (see Lemma 4.1.2).

Once we have proven Theorem A, we use the results obtained in [9] together with

the Sarkisov program (recalled in Section 2.2) to prove the following results.

Theorem E. Assume that char(k) = 0, and let X be a rational projective threefold. Then

there is an Aut® ()?)—equivariant birational map X --» X, where X is one of the following

Mori fibre spaces (see Section 5.1 for the notation):

(a) A decomposable Pl-bundle f;"" — F, witha,b>0,a#1,ceZ, and

(a’rbrc) = (0111_1)! or
a=0,c#1,b>2,b>|c|; or
—a<c<aMb-1)o0r

b=c=0.
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Pl-bundle
Pl-bundle

Pl-bundle
Pl-bundle
P!-fibration
P2-bundle

quadric

fibration

projective space
quadric
projective space

projective space

—)Fa

PZ
Pz
P(1,1,2)
Pl

g
L

Pl

l

IP3.
Q3 c P4,
P(1,1,1,2).
P(1,1,2,3).

for some b > 2.

for some a,b > 1,c > 2 with
c<bifa=1;and
c—2<aband
c—2#ab-1)ifa>2.
for some b =1 orb > 3.
for some b > 3.

for some b > 2.

for some m > n > 0,
with (m,n) # (1,0) and
m=norm> 2n.

for some homogeneous

polynomial g € kl[ug, uj] of
even degree with at least
four roots of odd

multiplicity.

A rational Q-factorial Fano threefold of Picard rank 1 with terminal singularities,

not isomorphic to any of the Cases (i)-(j)-(k)-(1).

(b) A decomposable
() An Umemura

(d) A Schwarzenberger
e) A

() A singular

(g) A decomposable
(h) An Umemura

(i) The

() The smooth

(k) The weighted

(1) The weighted
(m)

Remark.

In Theorem E, Families (a), (b), (c), (d), (e), (g), (i), (j) correspond to smooth

varieties. A variety Q, from Family (h) is smooth if and only if the polynomial g is

square-free. Families (f), (k), and (1) correspond to singular varieties. Family (m) contains

smooth varieties and singular varieties.

Remark.

A description of the automorphism groups of the Mori fibre spaces listed

in Theorem E can be found in [9, Sections 3.1, 3.6, 4.1, and 4.2] for the P!-bundles, in
Section 4.4 for the Umemura quadric fibrations, in Section 5.3 for the P?-bundles over
P!, in Proposition 6.5.5 for the P!-fibrations W, — P(1,1,2), and in [1, Section 8] for
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the weighted projective spaces. (See also [89, Section 4] for an alternative description of

these automorphism groups in the smooth cases.)

Theorem F. Assume that char(k) = 0. Let X; and X, be two Mori fibre spaces such
that X, belongs to one of the families (a)—(I) of Theorem E. If there exists an Aut®(X;)-

equivariant birational map ¢: X; --» X,, then X, also belongs to one of the families

(a)-(1), and pAut’(X;)¢~! = Aut°(X,). Moreover, ¢ is a composition of isomorphisms of

Mori fibrations and of the following equivariant Sarkisov links (or their inverses):

(51)
(52)
(53)

(54)
(55)
(56)
(87)

(58)
(59)

(S10)
(S11)

(S12)
(S13)
(S14)

(S15)

(S16)

Remark.

P! x P! x P1/(P! x P!) = P! x P! x P!/(P! x P!) (exchange of factors);

P! x P2/P! => P! x P2/P? ;

S, /P? = S;/P? (automorphism of order two exchanging fibrations, Propo-
sition 6.1.2);

fé"o = Fp x Pl =, }'I?'O for b > 2 (isomorphism, Lemma 6.5.2);

Sy, --+ Sy, for b > 3 (birational involution, Proposition 6.2.2);

P, — P(1,1,1,2) (reduced blowup of the singular point of (1,1, 1, 2));
]-",1,;:2 = Rmn form =n >1orm > 2n > 2 (blowup of a section, Proposition
6.3.3);

Ry --* R, (birational involution, which is a flop, Proposition 6.3.3);
P(1,1,2,3) --» R3, (reduced blowup of [0 : 0 : 1 : 0] followed by a flip,
Lemma 6.3.4);

P(1,1,2,3) --» W, (weighted blowup of [0: 0:0: 1], Lemma 6.3.4);

Fbe __, phtlete goralla,b,ceZ, a,b > 0, a(c +a) > 0 and either ab > 0 or
ac < 0 (Lemma 5.2.1);

Ul -5 Y8+1*4 for each Umemura bundl ¢/2° (Lemma 5.2.1);

L{f'z — V, for each b > 3 (blowup of a point,lemma);

Wy, --» ]-'é’_l'_l for each (blowup of a singular point followed by a flip
Example 6.5.3);

Wy --» ]-‘é"l for each b > 2 (blowup of a singular point followed by a flip,
Example 6.5.4); and

Qg --» Qgp2 for each g, h € klug, u;] homogeneous polynomials of degree
2n > 4 and 1, respectively, and such that g has at least three roots (blowup

of a singular point followed by a divisorial contraction, Lemma 6.6.2).

We conjecture that, for any singular rational Q-factorial Fano threefold X of

Picard rank 1 with terminal singularities (other than P(1,1,1,2) and P(1,1, 2, 3)), there

is always an Aut®(X)-equivariant birational map X --» X’ with X’ either being a smooth
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rational Fano threefold of Picard rank 1 or belonging to one of the families (a)-(1) of
Theorem E.

When k = C, Umemura obtained the full classification of the maximal connected
algebraic subgroups in Bir(P®) in [86-89] using analytic methods (see Section 1.3 for
a comparison with our classification). He then described, together with Mukai, the
possible regular actions of these groups on smooth projective algebraic varieties in
[67, 90]. Combined with our results, this proves the conjecture above in the case k = C.
However, an independent geometric proof of this conjecture would lead, together with
our results and [57], to an alternative proof of Umemura’s classification via methods

from modern birational geometry.

Finally, the next result follows readily from Theorems E and F and from a
simple instance of the BAB conjecture (the boundedness of terminal Q-factorial Fano

threefolds). A proof of this corollary is given at the end of the article.

Corollary G. Assume that char(k) = 0. Let G be a connected algebraic subgroup of
Bir(P%). Then there exists a birational map ¢: X --» P23 such that ¢~ !Gp C Aut°(X),
where X is one of Mori fibre spaces listed in Theorem E and such that the connected
algebraic subgroup ¢Aut®(X)p~! C Bir(P?) is maximal for the inclusion.

Moreover, for each variety Y that belongs to one of the Families (a)-(l), and for
each birational map ¢ : ¥ --» P3, the connected algebraic subgroup yAut®(Y)y ! C

Bir(P3) is maximal for the inclusion.

1.3 Comparison with Umemura’s classification

In this section, we recall the classification of the connected algebraic subgroups of
Bir(]P’%) obtained by Umemura [86-89] and compare it with our results. The correspond-
ing smooth relatively minimal models were determined by Mukai and Umemura in

[67, 90]. Their main result can be expressed as follows.

Theorem. [67, 86-90] Let G be a connected algebraic subgroup of Bir(]P’%). Then G is
conjugated to an algebraic subgroup of Aut®°(X), where X is a smooth rational Mori fibre
space of dimension 3. Moreover, the conjugacy classes of algebraic subrgoups of Bir(IP’g’:)
parametrised by the families [P1],[P2],...,[J6; m,n],...,[J12] in the table below are the

maximal conjugacy classes of algebraic subgroups of Bir(]P’%).

The conjugacy classes [P1], [P2], [E1l], and [E2] are determined in [86, 87] and
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[P1]

[P2]

[E1]

[E2]

[J1]

[72]

[J3; m]
[74]

[J5; m]
[J6; m, n]
[J7; m]
[J8; m, n]

[J9; m, n]

[J10; m]
[J11; m,1]

[J12; g(v)]

m>3
m>2,-2>n
m>2
m>n>2

m>1

mAn>2m=>2n>4

mAan=>2,2n>m>n

mAn=1m>2n>4

mAn=1,2n>m>n

m>2

m>2,1>2

m=1,1>3

g € k[t] of even degree

the projective space P3

the smooth quadric Q € P*

the Fano threefold X5

the Mukai-Umemura Fano threefold X%U
P2 x P!

P! x P! x P!

Pl x Fyp,

the projectivisation of the tangent bundle of P2
the Schwarzenberger P!-bundle S, — P2
P(Op1,p1 @ Op1 p1 (—m, —1))

P(Op2 & Opz2(—m))

P(Op1,p1 ® Op1,p1 (=m, —n))

P(Op1,p1 ® Op1,p1(=m, —1))

or P(Op1(—m) @ Op1(—m) & Op1)

P(OF,, ® Op, (—mf — ks_n)) with k > [ 2]
P(Op, ® O, (—mf — ks_p)) with k > | 2]

or P(Op1 (—m) @ Op1(—(m —n)) @ Op1)
P(Op, ® Op, (—mf —ks_y)) with k > [ ]

or the so-called Euclidean model Un n
P(Op, ® O, (—mf — ks_n)) with k > | ]

or P(Op1(—m) & Op1(—(m —n)) ® Op1)

or the so-called Euclidean model Um,n
P(Op1(—=m) & Op1 © Op1)

the Umemura P!-bundle Z/lf,'{ — P2 withj>1
the Umemura P! -bundle ¢/% — P2 withj > |

the smooth quadric fibration Qg — P! of Section 4.4

correspond to the case of Fano threefolds with Picard rank 1. This 1st part of the

classification of the maximal connected algebraic subgroup of Bir(]P’%) is based on the

classification of law chunks of analytic actions (see [86, Section 1] for the definition,

these are the analytic counterpart of the rational actions introduced in Definition 2.3.1)

due to Lie combined with the classical theory of algebraic groups and invariant theory.

The other conjugacy classes [J1],...,[J12] correspond to nontrivial Mori fibra-

tions (i.e., conic bundles over a surface and del Pezzo fibrations over P!). They are
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determined in [88, 89] by studying the properties of linear algebraic groups of small
rank, their linear representations, and their homogeneous spaces.

Let us note that Umemura first obtained an explicit representative for each
conjugacy classes via group-theoretic arguments, and only then, Mukai and Umemura
determined the relatively minimal models X realising each maximal conjugacy class of
Bir(IP’%) in [67, 90] via the Mori theory.

The Euclidean models that appear in Umemura’s paper [90] do not appear in our
classification, since they are not Mori fibre spaces; those smooth models can however
be recovered from our list, as explained in Remark 6.5.8.

We now give the correspondence between Umemura'’s classification and the one

obtained in Theorem E.

e Family (a) corresponds to Umemura’s Families [J2], [J3], [J6], and [J8] when
a = 0 and to Umemura’s Families [J3] and [J9] when a > 2.

e Family (b) corresponds to Umemura’s Family [J7].

e Family (c) corresponds to Umemura’s Family [J11].

e Family (d) corresponds to Umemura’s Families [J4] and [J5].

e Family (e) was overlooked in the work of Umemura. But this family corre-
sponds to conjugacy classes of algebraic subgroups of Bir(]P’?C) contained
in [J11].

e Family (g) corresponds to Umemura’s Families [J1], [J8], [J9], and [J10].

e Family (h) corresponds to Umemura’s Family [J12].

e Elements [P1], [P2], [E1], and [E2] are smooth Fano threefolds with Picard
rank 1 and they belong to families (i), (j), and (m).

1.4 Content of the sections

Let us specify the content of each section.

Section 2 is dedicated to preliminaries. In Section 2.1, we recall the notion of
Mori fibration and consider in particular the case of threefolds. In Section 2.2, we
recall how equivariant birational maps between Mori fibrations can be factorised in
equivariant Sarkisov links, with a particular focus on the three-dimensional case. Then,
in Section 2.3, we recall the definition and characterise the algebraic subgroups of the
group of birational transformations Bir(X) for a variety X. In Section 2.4 we prove
the 1st part of Proposition B (Lemma 2.4.2), then we recall the famous regularisation

theorem of André Weil and apply it to prove Theorem 2.4.4 (which is the starting point in
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the proofs of Theorems A and E). In Section 2.5, we prove the 2nd part of Proposition B
(see Corollary 2.5.9).

Section 3 is dedicated to the proof of Theorem C. In Section 3.1, we explain how
to reduce the case of standard conic bundles, which are Mori conic bundles with nice
geometric features. In Section 3.2, we study standard conic bundles whose generic fibre
is not P!, and finally, in Section 3.3, we prove Theorem C.

Section 4 is dedicated to the proof of Theorem D. In Section 4.1, we recall some
general results on del Pezzo surfaces and del Pezzo fibrations. In Section 4.2, we study
del Pezzo fibrations of small degree over P! and prove the 1st sentence in Theorem D. In
Sections 4.3 and 4.4, we consider the case of P?-fibrations and quadric fibrations over
P!, respectively. The proof of Theorem D is given in Section 4.5. Once we have proven
Theorems C and D, we easily prove Theorem A, also in Section 4.5.

Section 5 is an intermediate step towards the proof of Theorem E. In Section 5.1,
we introduce some families of P!-bundles over P? and Hirzebruch surfaces F, (with
a > 0), and we recall the main result proven in [9] (which is necessary to prove
Theorem E). Then, in Section 5.3, we prove a series of lemmas that are also useful to
prove Theorem E.

Section 6 is dedicated to the proofs of Theorem E, Theorem F, and Corollary G.
We first describe in Sections 6.1- 6.6 all the equivariant Sarkisov links starting from the
nontrivial Mori fibrations listed in Theorem 5.1.3, and then we easily deduce from this

the proofs of Theorem E, Theorem F, and Corollary G in Section 6.7.

2 Preliminaries

Notation. In this article, we work over a fixed algebraically closed field k. To the extent
possible, we make no assumption on the characteristic of k. Each time a restriction
on the characteristic of k is required, we write it down explicitly. A variety is an
integral separated scheme of finite type over a field; in particular, varieties are always
irreducible. An algebraic group is a group scheme over a field that is smooth or,
equivalently, geometrically reduced. By an algebraic subgroup, we always mean a closed
and reduced subgroup scheme. The neutral component of an algebraic group G is
the connected component containing the identity element, denoted as G°; this is a
normal subgroup scheme of G, and the quotient G/G° is a finite group scheme. When
the base field of our varieties, rational maps, and algebraic groups is not specified,
we work over the fixed algebraically closed field k. In this article, a P*-bundle is

always assumed to be locally trivial for the Zariski topology; in particular, it is the
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projectivisation of a rank n + 1 vector bundle when working over a regular Noetherian

scheme.

2.1 Mori fibrations

In this subsection, we recall some notions from the Mori theory/MMP; see [51, 56, 62]

for more details.

Definition 2.1.1. A normal projective Gorenstein variety Z defined over an arbitrary
field is called Fano if the anticanonical bundle wy of Z is ample. A del Pezzo surface is

a surface that is a Fano variety.

Definition 2.1.2. Let X be a proper scheme over an arbitrary field K. Then one can
associate to X the Picard scheme Picy x and its neutral component Pic?(/K, which is
a connected group scheme of finite type parametrising the algebraically trivial line
bundles on X (see [37, n. 232, Sect. 6], [68], and [69]). The Néron-Severi scheme NSX/K

is defined via the following exact sequence of abelian group schemes:

The abelian group of K-points NSy /x (&) is denoted by NS(X) and the Picard rank of X
is defined as p(X) := dimQ NS(X)q-

Definition 2.1.3. Let n: X — Y be a dominant projective morphism of normal
projective varieties. Then 7 is called a Mori fibration, and the variety X a Mori fibre
space, if the following conditions are satisfied:
a) n,(0Ox) =0y and dim(Y) < dim(X);
b) X is Q-factorial with terminal singularities; and
C) wy is m-ample and the relative Picard number p(X/Y) of x, that is, the rank
of NS(X/Y) = NS(X)/7*NS(Y), is one.

In the rest of this article, we will consider only the case where X is a rational
threefold. The MMP for smooth projective threefolds has been established over a field of
characteristic zero in [64] and recently over a field of characteristic > 5 (see for instance
[10, 20, 22, 43, 46]). Consequently, if X is a smooth rational threefold and char(k) = 0 or

> 5, then we can run an MMP to produce a Mori fibration.
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If X is a rational threefold and X — Y is a Mori fibration, then we distinguish

between three cases according to the dimension of the basis Y.

e dim(Y) = 2. The Mori fibration n is a conic bundle, that is, a general
fibre of m is isomorphic to P! (hence, the generic fibre is a geometrically
irreducible conic). Also, the surface Y is rational with only canonical
singularities.

e dim(Y) = 1. The Mori fibration 7 is a del Pezzo fibration, that is, a Mori
fibration whose general fibre is a del Pezzo surface (which is smooth if
char(k) = 0 but can be singular in low characteristic; see Section 4). Also,
the curve Y is isomorphic to P!.

e dim(Y) = 0. The Mori fibration is trivial and X is a rational Fano threefold

with Picard rank 1 and terminal singularities.

Let us note that a conic bundle (resp. a del Pezzo fibration) is not necessarily a

Mori fibration (because of the Picard rank condition).

Definition 2.1.4. A Mori conic bundle (resp. a Mori del Pezzo fibration) is a conic

bundle (resp. a del Pezzo fibration), which is also a Mori fibration.

We recall a result due to Blanchard [14] in the setting of complex geometry,

whose proof has been adapted to the setting of algebraic geometry.

Proposition 2.1.5. [18, Proposition 4.2.1] Let f: X — Y be a proper morphism between
varieties such that f,(Oyx) = Oy. If a connected algebraic group G acts regularly on X
(i.e., G acts on X through a morphism of algebraic groups G — Aut°(X)), then there

exists a unique regular action of G on Y such that f is G-equivariant.

Let us note that, if X is a projective variety, then Aut®(X) is a connected algebraic
group; see [63] for the algebraic group structure of the neutral component of the
automorphism group of a proper scheme. We now consider two particular situations

of high interest for us where Proposition 2.1.5 applies.

e Let f: X — Y be a divisorial contraction between projective varieties. By
Proposition 2.1.5, the algebraic group Aut®(X) acts on Y and f is Aut®°(X)-

equivariant. This means that there is an inclusion of algebraic groups

FAU°(X)f ' C Aut°(Y),
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where we write f~! to denote the birational map, which is the inverse of the
birational morphism f. This observation will be useful in Sections 5.3, 6.3,
and 6.5.

e Letnow 7: X — Y be a Mori fibration. By Proposition 2.1.5, the algebraic
group G := Aut®°(X) acts on Y and n is G-equivariant. To study G = Aut®(X),

we will often consider the exact sequence
1 - Aut®(X)y — Aut®(X) — H — 1, (A)

where H is the image of the natural homomorphism G — Aut°(Y), and
Aut®°(X)y is the (possibly disconnected) subgroup scheme of Aut°(X), which

preserves every fibre of the Mori fibration 7.

Remark 2.1.6. Let K = k(Y), and consider the Cartesian square

XKP—1>X

Pz\l/ ¢f

Spec(K) ————Y

defining the generic fibre of the Mori fibration 7 : X — Y. Since, for any ¢ € Aut°(X)y,
we have go p, = f op; = f o ¢ o p;, the universal property of Cartesian squares yields
the existence of ¢ € Aut(Xy) such that p; o b=¢ op, and p, o= P, The map ¢ — ¢ is

an injective group homomorphism Aut®(X)y, — Aut(Xy).

Remark 2.1.7. Let G be a connected algebraic group. It follows from Proposition 2.1.5
that an MMP applied to a smooth projective G-variety is automatically G-equivariant.
Indeed, any contraction morphism ¢: X — Y associated with an extremal ray of
NE(X)g, .o satisfies the assumptions of Proposition 2.1.5, hence is G-equivariant.
Moreover, the finite type Oy-algebra A := @,,.09,0x(mKy) is canonically a G-
equivariant sheaf (see [83, Tag 03LE] for the definition); hence, the variety X := Proj(A)

is endowed with a G-action and the birational map X --» X is G-equivariant.

2.2 The equivariant Sarkisov program for threefolds

In this subsection, we recall some classical facts about the Sarkisov program. This is
used to factorise birational maps between Mori fibrations in easy links. We discuss here

the three-dimensional case, following the approach by Corti [25].
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The following notion of isomorphism is often used implicitly in the literature.
For instance, in [25, 42], the authors consider linear systems instead of rational maps

and implicitly study Mori fibrations up to such isomorphisms.

Definition 2.2.1. ILetn:X — Y and n’: X’ — Y’ be two Mori fibrations. An isomor-
phism ¢: X — X’ is called isomorphism of Mori fibrations if there is a commutative

diagram

where 7: Y — Y’ is an isomorphism.

Definition 2.2.2. A birational map

X---"——sXx",
‘n'\L \Lﬂ"
Y Y’

where 7: X — Y and n’: X’ — Y’ are two Mori fibrations, is a Sarkisov link if it has one

of the following four forms:

(type I) W = X’ (type III) X e >~ W'
div g - - i”’ ﬂl T~ ~¥_ > div
X~ - Y’ Y B~ b
N T
Y e
(type II) W oo > W' (type TV) X o @ - X'
div div TF\L l/ﬂ’
X-=-—-—-=-- g > X'’ Y Y’
" N I N/
Y — Y’ VA

where

e all varieties are normal;
e all arrows that are not horizontal are elementary contractions, that is,

contractions of one extremal ray, of relative Picard rank one;
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e the morphisms marked with div are Mori divisorial contractions; and
e all the dotted arrows are small maps, that is, compositions of Mori flips,
flops, and Mori anti-flips; and

e the birational map ¢: X --» X’ is not an isomorphism of Mori fibrations.

Remark 2.2.3. In a Sarkisov link, the birational map ¢: X --» X’ is not an isomorphism
in Cases I-III. In Case IV, it is a pseudo-isomorphism, which can be an isomorphism

or not.

Remark 2.2.4. The composition of a Sarkisov link with an isomorphism of Mori
fibrations is again a Sarkisov link. In the sequel, we will identify two such links and
thus often say that there is a unique link, or finitely many links, which means “up to

composition at the target by an isomorphism of Mori fibrations”.

Remark 2.2.5. In a Sarkisov link ¢ as above, the morphism W — Y (type I, II), W — Y’
(type III), or X — Z (type 1V) is of relative Picard rank 2. The Sarkisov link (up to inverse
and up to isomorphisms of Mori fibrations as above) is determined by this morphism,

by applying a relative MMP to the two extremal rays (see [15, Lemma 3.7]).

Over an algebraically closed field of characteristic zero, the fact that every
birational map between Mori fibrations is a composition of elementary links as above
(and of isomorphisms of Mori fibrations) was proven by Corti in [25, Theorem 3.7] and
generalised by [42, Theorem 1.1] to any dimension. We need an equivariant version of
this result for the action of a connected algebraic group. In dimension 3, this follows
actually from the proof of [25, Theorem 3.7] as every step turns to be equivariant. We
refer to [31, Theorem 1.3] for a complete proof of the validity of the equivariant Sarkisov

program in dimension > 3.

Theorem 2.2.6. [25, Theorem 3.7], [42, Theorem 1.1], [31, Theorem 1.3]. Assume that
char(k) = 0. Let X — Y and X’ — Y’ be two terminal Mori fibrations, and let
G = Aut°(X). Every G-equivariant birational map ¢: X --+» X’ factorises into a product

of G-equivariant Sarkisov links and isomorphisms of Mori fibrations.

Notation 2.2.7. From now on, when we write equivariant link, we always mean
nontrivial G-equivariant Sarkisov link, where the connected linear algebraic group G

acting is clear from the context.
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We now give some results that provide restrictions about the possible links that
can occur in our setting (Lemmas 2.2.8 and 2.2.9 below).

The following result is essentially [15, Lemma 2.13] (see also [2, Theorem 2] in
the case where W and X are smooth threefolds and char(k) = 0). We reproduce here the

simple argument, which works over any algebraically closed field.

Lemma 2.2.8. Letn: W — X be a divisorial contraction between Q-factorial terminal
projective threefolds that contracts a divisor E onto a curve C C X. Let U C X be a dense
open subset intersecting C such that U N C, U, and n_l(U) are contained in the smooth
loci of C, X, and W, respectively. Then, n: n~}(U) — U is the blowup of UNC.

Proof. Letp € CNU be a point. We may take a smooth closed irreducible surface S € X
containing p such that the strict transform S € W of S is again a smooth surface (see [7,
Theorem 1.7.1]). Up to shrinking U, we may assume that p is the only intersection point
of S and I'. We will prove that S — S is the blowup of p.

Let Cy,...,C,, be the irreducible curves contracted by the birational morphism
S — S, which is the composition of m blowups. We now show that m = 1. As  is a
divisorial contraction, we have p(W/X) = 1, so all C; are numerically equivalent in X.

Hence, for each i,j, we have
2 2
(CHz=C;-E=C;-E=(Chy.

Since at least one of the self-intersections (Ciz)g must be equal to —1, and the exceptional

locus of S — S is connected, we conclude that m = 1. So § — S is the blowup of p.
Repeating the argument for each point p € C N U, we obtain that 7~ 1(U) — U is

the blowup of UNC. |

Lemma 2.2.9. Let X be a smooth threefold endowed with a nontrivial PGL,-action.
Then there is no PGL,-equivariant anti-flip X --» X to a threefold X with terminal

singularities.

Proof. Let G = PGL, be the group acting nontrivially, and thus, faithfully as PGL, is
simple, on X. Assume by contradiction that there is a G-equivariant anti-flip X --» X,
where X is a G-threefold with terminal singularities. This induces an isomorphism
between X\ y and X\ 7, where y € X and 7 C X are unions of rational curves. As X ...» X

is a flip, X must be singular (with terminal singularities). Hence, 7 contains an isolated
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singular point p of X. The point p is fixed for the G-action. As G is simple, this implies
that the G-action on every irreducible component C of  containing p is trivial.

Let now g be a smooth point of X contained in such an irreducible component
C of y. Let K be a one-dimensional torus contained in G. By Sumihiro’s theorem
[84, Corollary 2], there exists a K-invariant affine open subset U C X, which is
smooth and contains g. Then, by [60, Section III.1, Lemme], there exists a K-equivariant
morphism U — Tq)?, mapping g to 0 and étale at g. Hence, if K acts trivially on Tq)?,
then it acts trivially on X, and this contradicts the fact that G acts faithfully on X.

Therefore, G acts nontrivially on the tangent space qu( , and so we obtain
an injective homomorphism G < GL(T,X) = GLj, which preserves the line £ € T,
corresponding to the tangent direction of . This would give an injective homomorphism
into the parabolic subgroup P € GL, that preserves the corresponding line, but this is
impossible as G >~ PGL, does not embed in P. Therefore, there is no G-equivariant anti-
flip X --» X. [ |

2.3 Algebraic subgroups of Bir(X)

The group of birational transformations Bir(X) of a variety X has no structure of
algebraic group in general, but one can define a topology on it. In this subsection, we

recall this topology (Definition 2.3.4) and characterise the algebraic subgroups of Bir(X).

Definition 2.3.1. Let X be a variety, and let A be a scheme.

(1) An A-family of birational transformations of X is a birational transforma-

tion ¢: A x X --+ A x X such that there is a commutative diagram

AxX - ——-—-—-— >AxX
A

where p;: A x X — A is the 1st projection, and which induces an isomor-
phism U = V, where U,V C A x X are two dense open subsets such that
p1(U) =p,(V) =A.

(2) Every A-family of birational transformations of X induces a map from A (or
more precisely from the k-points of A) to Bir(X); this map p: A — Bir(X) is
called a morphism from A to Bir(X).
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(3) If A is moreover an algebraic group and if p is a group homomorphism,
the rational map A x X --» X obtained by p, o ¢ (where p,: A x X — X is
the second projection) is called a rational action of A on X, the morphism
p: A — Bir(X) is called a algebraic group homomorphism, and the image of
A by the morphism is called an algebraic subgroup of Bir(X).

If, in addition, the map ¢ is an automorphism, we say that the rational
action of A on X is a regular action, that the morphism p: A — Aut(X) is an
algebraic group homomorphism, and that the image of A by the morphism

p is an algebraic subgroup of Aut(X).

Remark 2.3.2. Let ¢: X --» Y be a birational map between two varieties. For
each scheme A, the map ¢ induces a bijection between A-families of birational
transformations of X and A-families of birational transformations of Y. In particular,

morphisms A — Bir(X) correspond, via ¥, to morphisms A — Bir(Y).

Example 2.3.3. Letn > 2,d > 1 two integers, and let X = A", A = A4, The next

isomorphism corresponds to an A-family of birational transformations of X:

AxX = AxX
(s tg) Xy, X)) > (e tg), Xy Xy Xy + S0 D)),

Since (4, +) is an algebraic group and because the corresponding morphism A — Aut(X)

is a group homomorphism, there is a regular action of A on X.

There is a natural contravariant functor, say Bity, from the category of schemes

to the category of groups; it is defined at the level of objects by
Biry(A) = {morphisms from A to Bir(X)},

where the group law on this set is given by pointwise multiplication. In the case where
X is rational, of dimension > 2, this functor is not representable by an algebraic group;
this is not surprising and essentially follows from Example 2.3.3, as the dimension of
the corresponding algebraic group would be unbounded. In fact, this functor is not
even representable by an ind-variety (inductive limit of varieties) by [8, Theorem 1],
and the same holds when replacing ind-varieties by ind-stacks. However, the natural

contravariant subfunctor, say 2uty, from the category of schemes to the category of

20z Aenigad z| uo Jesn aibojouyss,p Insul - 13LYHONIN 3A ILISHIAINN Ad G1290¥9/2 LS L/2/£20Z/a01e/UlW/W0d"dno olwapede//:sdRy Woly papeojumoq



1592 J. Blanc et al.

groups, defined at the level of objects by
Auty (A) = Aut, (X x A),

is representable by a group scheme when X is proper [63].
In any case, even if Bir(X) has no structure of algebraic group or ind-algebraic
group associated with the above families/morphisms, we can define a topology on

Bir(X). This was done implicitly in [27] and explicitly in [81].

Definition 2.3.4. Let X be a variety. A subset F C Bir(X) is closed in the Zariski
topology if for any variety A (or more generally any k-scheme locally of finite type A)

and any morphism A — Bir(X) the preimage of F is closed.
We can then characterise algebraic subgroups of Bir(X), when X is rational.

Definition 2.3.5. Each element f € Bir(P") can be written as

xg: - ix, 0> foxgr -0 xp) it fgr- - X1

where the f;,...,f,, € klx,...,x,] are homogeneous of the same degree d. Taking the
polynomials without a common factor, the degree of f is equal to d.

This degree leads to the notion of subgroups of Bir(P") of bounded degree,
which is invariant under conjugation by an element of Bir(P").

Similarly, when X is a rational variety of dimension n, a subgroup H C Bir(X) is
of bounded degree if pHp~! C Bir(P") is of bounded degree for some (equivalently for

each) birational map ¢: X --» P™.

This, together with the Zariski topology of Bir(X), allows to give the following
characterisation. In particular it gives a unique structure of algebraic group to each

algebraic subgroup of Bir(X).

Proposition 2.3.6. [8, Corollaire 2.18, Lemme 2.19, and Remarque 2.20]. Let X be a

rational variety. The following hold.

(1) Every algebraic subgroup G C Bir(X) is closed and of bounded degree.
(2) For each subgroup H C Bir(X), which is closed and of bounded degree, there
is an algebraic group G and an algebraic group homomorphism p: G —

Bir(X) whose image is H and such that, for each irreducible variety A,
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morphisms A — Bir(X) whose image is contained in H correspond, via p, to
morphisms of varieties A — G. In particular, p induces an homeomorphism
G — H.

We can in fact generalise the notion of bounded degree subgroups to any variety.
This will be used to show that some elements of Bir(X) do not belong to algebraic
subgroups. (More precisely, Lemma 2.3.11 will be used in the proofs of Proposition 3.2.3
and Lemma 4.4.5.)

Definition 2.3.7. Let X be a projective variety, and let H be an ample divisor on X. To

every birational map ¢ € Bir(X), we associate its degree, with respect to H, given by
degy (¢) = ¢* (H) - HM™O ™ = () (HIXOT) - ()" (8D,

where 7;,7,: I' - X are the two projections from the graph I' € X x X of ¢.
We say that a subset G C Bir(X) has bounded degree if the subset {degy(g) | g €

G} € N admits an upper bound, for each ample divisor H on X.

Remark 2.3.8. In order to verify the boundedness of the degree, it is sufficient to
check it with respect to one ample divisor H on X (see [26, Theorem 2]). Moreover,
the boundedness of the degree is invariant under conjugation by a birational map
X-->Y.

In particular, the notions of bounded degrees introduced in Definitions 2.3.5
and 2.3.7 are the same, when X = P", since we can choose H to be a hyperplane and
obtain the classical degree degy. More generally, these two notions coincide if X is

rational.

Definition 2.3.9. Let X be a variety. We say that an element ¢ € Bir(X) is algebraic if

it is contained in an algebraic subgroup G C Bir(X).

Lemma 2.3.10. Let X be a projective variety. Then the following hold.

(1) Every algebraic subgroup G C Bir(X) is of bounded degree.

(2) If X is rational and G C Bir(X) is a subgroup of bounded degree, then G is
contained in an algebraic subgroup of Bir(X).

(3) If X is rational, then an element ¢ € Bir(X) is algebraic if and only if the
subgroup generated by ¢ is of bounded degree.
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Proof. (1) Let G be an algebraic group, let G — Bir(X) be an algebraic group
homomorphism, and let H be an ample divisor on X. We want to show that {degy(g) |
g € G} admits an upper bound. Replacing H with a multiple of it, we may assume that H
is very ample and thus that X is a closed subvariety of P", such that H is a hyperplane
section. The action of G on X yields a rational map G x X --» X, which extends to a
rational map G x P" --» P". This latter is defined by polynomials of fixed degree, so
{degy(9) | g € G} is bounded.

(2) We may assume that X = P". Then, the closure G C Bir(P") of G is of bounded
degree [8, Corollary 2.8]. Let us moreover observe that G is a subgroup of Bir(P"):
the proof follows the same arguments as in an algebraic group, see [44, Section 7.4,
Proposition Al. Hence, G is an algebraic subgroup of Bir(P") by Proposition 2.3.6.

(3) Follows from (1) and (2). |

Lemma 2.3.11. Let X be a variety, let n > 1, and let fj,...,f,, € k(X)*. Then, the

following conditions are equivalent:

(1) the birational map ¢r € Bir(X x (P1)") given by
& uy vl luy, c v = & luy 10V L Tuy,  foGov,D

is algebraic;
(2) each rational function f; € k(X)* (withi =1,...,n) is a constant, that is, an

element of k*.

Proof. (2)= (1) follows from the fact that the group GJ}, acts on X x PH", via (x, [u :
vil, - uy c v = (x Tug sty vgl, s Tug, st vy D, (8.0 8y) € G

(1)= (2): we suppose that at least one of the f; is not constant and show that ¢, is
not algebraic, by showing that the group generated by ¢, is not of bounded degree. Let
Hy be the class of an ample divisor on X, up to linear equivalence. For i = 1,...,n,
we denote by Z;, P; the divisors given by the zeros and poles of f;: if f; € k* then
Z; = P; = 0 and otherwise Z;, P; are effective divisors on X with no common support,
such that +(f;) = Z; — P;.

We write Y = X x (P!)", denote by pry: ¥ — X the 1st projections and pr;: Y —
P! (i =1,...,n) the other projections. We denote by Hp: the equivalence class of a divisor
of P! of degree 1. The class H = (pry)*(Hy) + > (pry)*(Hp:) is then ample on Y.

We fix an integer d > 1 and write ¥ = ((pf)d € Bir(Y). As ¢ acts trivially on
X, we obtain (¢)*((pry)*(Hy)) = (pry)*(Hy). For i = 1,...,n, an element of the class

20z Aenigad z| uo Jesn aibojouyss,p Insul - 13LYHONIN 3A ILISHIAINN Ad G1290¥9/2 LS L/2/£20Z/a01e/UlW/W0d"dno olwapede//:sdRy Woly papeojumoq



Connected Algebraic Groups on three-dimensional Mori Fibrations 1595

(pr;)*(Hp1) is given by the equation pu;+Av; = 0 for some [ : A] € PL. Its pullback is then
given by uu,-fi(x)d + ;v = 0, and thus it belongs to the class (pr;)*(Hp1) + d(pr;)*(Z;) =
(pry)*(Hpr) + d(pr)*(P)).

This yields y*(H) = H+d >} , (pr;)*(P;) and thus

degy(y) = (H + dZ(pri)*(Pi)) - (gAm3)-1y
i=1

which is then not bounded when d goes to infinity, if at least one of the f; is not constant.
[ ]

2.4 Regularisation and reduction to automorphisms of Mori fibre spaces

We now put together the notion of algebraic subgroups of Bir(X) introduced in

Section 2.3 together with the results on Mori fibrations of Section 2.1.

Theorem 2.4.1. [91, Theorem] (see also [58, 92] for a modern proof) Let G be an
algebraic group acting rationally on a variety V. Then there exists a variety W birational

to V such that the rational action of G on W obtained by conjugation is regular.

Therefore, for every algebraic subgroup G C Bir(P"), there exists a birational
map P" --s X, where X is a (smooth, otherwise remove the singular locus) rational
variety, which conjugates G to a subgroup of Aut(X) (and of Aut®°(X) if moreover G
is connected). The following fact is well known by the specialists but worth being

mentioned.

Lemma 2.4.2. Let X be a rationally connected variety (two general points of X are
connected by a rational curve). Then every algebraic subgroup G C Bir(X) is a linear

algebraic group.

Proof. Since an algebraic group is linear if and only if its neutral component is
linear, we can replace G by G° and assume that G is connected. By Theorem 2.4.1, there
is a variety Y birational to X such that G identifies with a subgroup of Aut°(Y). As
X is rationally connected, so is Y. As before, we may assume that Y is smooth. Let
ay 1 Y — A(Y) be the Albanese morphism, that is, the universal morphism to an abelian
variety [80]. Then G acts on A(Y) by translations, compatibly with its action on Y, and

the Nishi-Matsumura theorem (see [17, 61]) asserts that the induced homomorphism
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G — A(Y) factors through a homomorphism A(G) — A(Y) with finite kernel. However,
since Y is rationally connected, A(Y), and then A(G) are trivial. Hence, G is linear by the

Chevalley's structure theorem; see for instance [18, Theorem 1.1.11]. [ |

Remark 2.4.3. The previous result in the case X = P, with almost the same proof,

already appeared in [8, Remark 2.21].

Under the extra assumption that char(k) = 0, which ensures the existence of an
equivariant resolution of singularities (see [65, Proposition 3.9.1]), we have the following

more precise result for algebraic subgroups of Bir(P"?).

Theorem 2.4.4. Assume that char(k) = 0. Every connected algebraic subgroup
G C Bir(P") is conjugated to an algebraic subgroup of Aut’(X), where X is an

n-dimensional rational Mori fibre space.

Proof. By Lemma 2.4.2 the group G is linear, and by Theorem 2.4.1, the group G
is conjugated to a subgroup of Aut°(X’), where X’ is a smooth rational variety. By
[84, Lemma 8], the variety X’ has an open covering that consists of G-invariant quasi-
projective open subsets of X'. Replacing X’ by one of these G-invariant quasi-projective
open subsets, we can assume that X’ is quasi-projective. Taking a G-equivariant
compactification [84, Theorem 1] and then a G-equivariant resolution of singularities
[55, Proposition 3.9.1], we may assume that the rational variety X’ is smooth and
projective. Then we can run an MMP to X’ (see [12, Corollary 1.3.2]) and check that this
one is G-equivariant as G is connected (see Remark 2.1.7). We obtain a Mori fibre space
X birational to P" on which G acts faithfully. |

2.5 Tori and additive groups in the Cremona groups

In this subsection, we prove that two tori of the same dimension resp. two additive
groups are conjugate in Bir(P?). These results are well known from the specialists but
we chose to recall the proof as it is quite elementary and needed in an essential way

later in this article.

Proposition 2.5.1. Let G be a torus or the additive group G,, and let X be a variety with
a faithful action of G. Then there exists a G-invariant affine dense open subset X’ C X,
which is a G-cylinder, that is, a G-variety G-isomorphic to G x U, where G acts on itself

by multiplication and U is a smooth affine variety on which G acts trivially.
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Proof. Removing the singular locus, we may assume that X is smooth. We first assume
that G is a torus. By [84, Corollary 2], the variety X is covered by G-invariant affine
open subsets, and thus we may assume that X is affine. Then, the result follows from
[77, Part 11, §1.5, Proposition 9].

We now assume that G = G, ;. By a theorem of Rosenlicht [75], there exists a
G-invariant dense open subset V C X that admits a geometric quotient q : V — W =
V/Ga,k. Then, another theorem of Rosenlicht [74, Theorem 10] gives the existence of
a rational section o : W --» V of the geometric quotient map q. If we consider the

Cartesian square

Y V<

! oo

Spec(K) ———— =W~

where K = k(W) and Spec(K) — W is the generic point of W, then it means that the
K-variety Y has a K-rational point. Moreover, G, acts faithfully on ¥ (because Y is a
G, p-invariant dense open subset of V) and since ¥ — Spec(K) is a geometric quotient,
this action is actually defined over Spec(K), and so G, x = G, ; Xgpec) SPEC(K) acts
on Y. Hence, Y is an irreducible curve (over Spec(K)) that contains a closed G, g-orbit
isomorphic to G, g, and so ¥ >~ G, . As Y is a dense open subset of V and G, x is an

affine G, y-cylinder, we obtain the existence of an affine G, y-cylinder inside X. |

Remark 2.5.2.

e Assume that char(k) = 0, and let X be a variety with a G,-action. By
Rosenlicht’s theorem, there exists a G,-invariant dense open subset V C X
that admits a geometric quotient g : V — V/G,. Since G, has no nontrivial
subgroup in characteristic zero, g is in fact a G,-torsor. Then the existence
of an affine G,-cylinder inside X follows from the fact that G, is a special
group [36, Section 3].

e Proposition 2.5.1 does not hold for G = G/*! with r > 1. For instance, G+
acts faithfully on the Hirzebruch surface I, (with the notation of Section 5.1
(1)) through

r+1
G, x F, — F,
i r—i.

(@gr---1a0) v i ¥1i20 0 21]) = [yg: vy +¥o 2o @iZeZ) 20 21,
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but F, does not contain a GZ“—Cylinder when r > 1 (for r > 2, this is clear
for dimensional reasons, and for r = 1, this follows from the fact that the
GIt1-orbits are at most one-dimensional).

e Proposition 2.5.1 can also be deduced from [71, Theorem 3].

Proposition 2.5.3. Let X be a rationally connected variety of dimension n, and let
G C Bir(X) be an algebraic subgroup of dimension d. We suppose that G is a torus or
the additive group. Then, there is a G-equivariant birational map X --» G x Y where Y
is a rationally connected variety of dimension n — d, and the group G acts on itself by

left multiplication and trivially on Y.

Proof. By Theorem 2.4.1, we may assume that G acts faithfully and regularly on X.
By Proposition 2.5.1, we may assume that X = G x Y, for some variety Y, where G acts
on itself by multiplication and acts trivially on Y. Since X is rationally connected, so
is Y. u

Corollary 2.5.4. Let X be a rationally connected variety of dimension n, and let G be

an algebraic group of dimension d, which is a torus or the additive group. We have a

bijection
birational classes of conjugacy classes of algebraic
varieties Y such that — subgroups of Bir(X)
Y x P% is birational to X isomorphic to G

that sends Y onto the subgroup of Bir(X) obtained by conjugating the action of G on
G x Y (by left multiplication on G and trivially on Y) via a birational map G x Y --+ X.

Proof. For each variety Y such that ¥ x P? is birational to X, the variety ¥ x G is
birational to X, as G is birational to P%. We then obtain an algebraic subgroup of Bir(X)
isomorphic to G, unique up to birational conjugation. Proposition 2.5.3 shows that every
algebraic subgroup of Bir(X) isomorphic to G is obtained in this way.

Let us then take another variety ¥’ such that ¥’ x P9 is birational to X. If ¥ is
birational to Y’, the actions of Gon Y x G and Y’ x G are conjugate by a birational map,
so we obtain the same conjugacy class in Bir(X). Conversely, if the actions are conjugate,
there is a G-equivariant birational ¢: ¥ x G --» Y’ x G. As the fibres of the projections

Ty: Y X G — Yand ny: Y x G — Y onto Y or Y’ are the orbits of G, we obtain a
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birational map v : Y --» Y’ that makes the following diagram commutative:

YxG— - -"——>Y'xG
‘n'y\l/ \Lﬂ'yl
Y- -y

Corollary 2.5.4 implies that studying conjugacy classes of tori in the Cremona
groups is the same as studying birational maps between stably rational varieties. In

particular, one gets the following.

Corollary 2.5.5. For each d > 3, there exist two d-dimensional tori in Bir(IP’(d;rs), which

are not conjugate.

Proof. In [5], an example is given of a complex variety Y of dimension 3, which is not
rational but such that ¥ x P3 is rational. The result then follows from Corollary 2.5.4,
applied to ¥ and P2, [ |

Recall that unirational surfaces over algebraically closed field of characteristic
zero are rational, but this is not true in positive characteristic (e.g., Shioda’s surfaces in
[82]). However, we have the following characteristic-free classical result; it will be used

in the proofs of Theorems A and C.

Proposition 2.5.6. Let Y be an irreducible variety of dimension < 2, and suppose that

one of the following holds:

(1) the variety Y is stably rational (i.e., such that ¥ x P™ is rational for some
m > 1); or
(2) char(k) # 2 and there is a Mori fibration X — Y with X rational of dimension

<3.

Then Y is rational.

Proof. IfYisacurve, thisis aconsequence of the fact that Y is unirational, by Liiroth’s
theorem, so we may assume that Y is a surface.

In case (1), we denote by v a birational map ¢ : P"* --» ¥ x P, withn =m + 2
and write 7: Y x P — Y the 1st projection. As v is birational, the differential map of

oy P® --s Y is surjective at a general point of P".
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In case (2), we denote by v : P" --» X a birational map and by 7 : X — Y the Mori
fibration, which is a conic bundle since Y is a surface. There is a dense open subset Y’
of Y over which n is flat (by generic flatness) and its fibres are geometrically regular
(see [59, Proposition 9.3.16] and [66] for examples in characteristic 2 of conic bundles
whose a general fibre is non-reduced). Hence, = is smooth over Y’ ([39, Chapter II,
Theorem 10.2]), and so the differential map of 7= o ¢ : P --» Y is surjective at a general
point of P,

In both cases, taking a general plane P C P", the restriction of ¢ yields a
dominant rational map f: P --+ Y with a surjective differential map for a general s € P.
Therefore, [44, Section 5.5, Theorem] implies that f is a separable morphism, that is,
the induced field extension k(Y) — k(P) ~ k(P?) is separable, and thus Y is rational by

Castelnuovo’s theorem [93, Section 1]. | |

Corollary 2.5.7.

(1) Foreachn >1andeachd e {n,n—1,n — 2}, two tori of dimension d in the
Cremona group Bir(P") are conjugate.
(2) For each n e {1,2,3}, two additive groups are conjugate in the Cremona

group Bir(P"?).
Proof. Follows from Corollary 2.5.4 and Proposition 2.5.6(1). |

Remark 2.5.8. Corollary 2.5.7 is a classical result when char(k) =0; see [70, Theorem 2]
for (1) and [72, Corollary 5] for (2).

Note that we have the following result, well known to specialists (see
[13, Proposition 4.1] for a similar argument), but that we did not see written explicitly

in the following form.

Corollary 2.5.9. Suppose that char(k) = 0, and let X be a rationally connected variety
of dimension 3, which is not rational (for instance, a smooth projective cubic threefold,
or more generally every nonrational Fano threefold). Then every connected algebraic

subgroup of Bir(X) is trivial. In particular, Aut®(X) is trivial.

Proof. By Lemma 2.4.2, every algebraic subgroup of Bir(X) is linear. The Jordan-
Chevalley decomposition implies that any connected linear algebraic group is generated
by tori and unipotent subgroups. Let G be a connected linear algebraic subgroup of

Bir(X). To prove the statement, it suffices then to show that G contains no nontrivial
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tori and no additive groups. Assume that H is a subgroup of G that is a nontrivial torus
or an additive group. Then, by Proposition 2.5.3, the variety X is birational to H x Y,
where Y is a rationally connected variety of dimension at most 2. If dim(Y) = 1, Lur6th
theorem implies that Y is rational. If dim(Y) = 2, since char(k) = 0, Castelnuovo’s
theorem implies that Y is rational (see [19, Theorem 13.27]). So X must be rational which
is false by assumption. Therefore, G does not contain a nontrivial torus or an additive

group, and so G must be trivial. |

3 Mori Conic Bundles over Surfaces

The main goal of this section is to prove Theorem C (in Section 3.3). We will first reduce
to the case where X — S is a standard conic bundle (in Section 3.1). If the generic fibre
of this conic bundle is P!, we will obtain a P!-bundle (Lemma 3.1.5). Otherwise, we will

see that Aut®°(X) is a torus of dimension at most two (in Section 3.2).

3.1 Standard conic bundles

To study the automorphism group of a conic bundle over a surface we can reduce to
the case of a standard conic bundle, which is a Mori conic bundle with nice geometric

features. In this subsection, we explain this reduction and some consequences.

Definition 3.1.1. A morphism 7 : X — S is called standard conic bundle if

(1) the varieties X and S are smooth projective, and dim(X) = 1 + dim(S);

(2) the morphism 7 is induced by the inclusion of X (given by an equation of
degree 2) in a P2-bundle over S. The discriminant divisor A C S is reduced,
and all its components are smooth and intersect in normal crossings (i.e., A
is an SNC divisor). For each p € S, the rank of the 3 x 3-matrix corresponding
the quadric equation is 3, 2, 1, respectively, when p ¢ A, p € A\ sing(A),
p € sing(A);

(3) the relative Picard rank is p(X/S) = 1.

Remark 3.1.2. We may observe that the P?-bundle over S that appears in the
definition of a standard conic bundle is unique; indeed, it is given by ]P’S(n*w}}l) (see

[6, Proposition 1.2] in the case S = P2),

Remark 3.1.3. A standard conic bundle is always a Mori fibration. Indeed, the only
nontrivial condition to check is that 7,0y = Og, but this follows from [83, Tag 0AY8],

since the generic fibre of 7 is assumed to be geometrically reduced.
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The following result, without the connected algebraic group action, is due to
Sarkisov [76]. It was generalised in the equivariant setting for finite group actions by
Avilov [4]. The assumption char(k) # 2 is assumed in [76] and needed at different steps

of the proof, as it deals with conics and symmetric matrices.

Theorem 3.1.4. Assume char(k) # 2. Let S be a surface, let X be a normal variety,
let 7: X — S be a conic bundle, and let G = Aut°(X). Then there is a G-equivariant

commutative diagram

where ¥ is a birational map, 7 is a birational morphism, and the morphism #: X — S is

a standard conic bundle.

Proof. We follow the proof of [76, Theorem 1.13] and simply check that all steps are
G-equivariant.

Firstly, we may assume that S is normal, by replacing S with its normalisation S
and X by X xg S. We then denote by U C S the maximal open subset of smooth points of
S over which 7 is smooth, which is G-invariant (as a general fibre being P!, the set U is
dense in S). We embed X;; = X xg U into Proj(r, (a))V(U)) (see [76, Section 1.5]); the closure
is another conic bundle (X', S, ') embedded in a P2-bundle. These steps of [76, p.362]
are naturally G-equivariant.

For each point p € S, we can then find a neighbourhood in which the fibre of 7’
is a conic in P?. The discriminant of the conic yields a local equation, which produces
a divisor A on S. We now observe that this one is reduced. This can be shown only on
the open subset of S consisting of regular points since its complement only consists of
points and follows then from [76, Corollary 1.9].

As G is connected, we can resolve the singularities of S in a G-equivariant way:
it suffices to repeatedly alternate normalising the surface with blowing up singular
points (see [3]). Let S — S be a G-equivariant resolution of singularities of S, and
consider #: X = X Xg S — S. By blowing up the points of the new discriminant curve
where this one does not have simple normal crossings and replacing it by its strict
transform, one may assume, after finitely steps, that the discriminant curve A of 7
satisfies Assumption (2) of Definition 3.1.1 [76, Propositions 1.16 and 1.8]. Again, this

process is G-equivariant.
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It remains to observe that if p(X/S) > 1, then the preimage of some components
of A split into two surfaces, and one can contract one of these. As our group G is
connected, both components are invariant, so this step is again G-equivariant. This

achieves the proof. |

The following result is well known by experts (see for instance [6, Proposition 1.2],
[76], or [47, Lemma 1] for similar results), but we chose to recall the guidelines of the

proof for the sake of completeness.

Lemma 3.1.5. Assume char(k) # 2. Let S be a smooth projective rational surface,
let 7: X — S be a standard conic bundle (as in Definition 3.1.1), let A € S be the

discriminant curve, and let K := k(S). Then the following are equivalent:

(1) X is a P'-bundle over S;

(2) the generic fibre Xy is isomorphic to PL;
(3) = has a rational section; and

4 A=40.

Moreover, if A is non-empty and reducible, then each rational irreducible component C
of A intersects the complement A \ C into at least two distinct points. If A is non-empty
and irreducible, then g(A) > 1.

Proof. Theimplication (1) = (2) is direct. The equivalence (2) < (3) is classical: the map
7 has a rational section if and only if the generic fibre Xy has a K-point. By hypothesis,
Xy is a conic and it is isomorphic to ]P’Il< if and only if it has a K-point (just consider the
projection from the point).

The proof of (1) < (4) is more subtle; it is a consequence of the Artin-Mumford
exact sequence and can be found in [76, Corollary 5.4].

The implication (3) = (4) is a consequence of p(X/S) = 1 (Condition (3) of
Definition 3.1.1). Indeed, assume by contradiction that A # ¢, and let p € A be a general
point of A such that 7 ~!(p) ~ F; UF, = P! UP!. Since 7 has a rational section o, we know
that NS(X/S) = Zlo] is generated by it. As ¢ - (F; UF,) = 1, we get o - F; = 0, for some i,
which gives D - F; = 0 for each divisor D on X, a contradiction.

For the 2nd part of the statement, assume (C- A\ C) < 1. Then the curve C
that parametrises the irreducible components of 7#~1(C) — C gives a double cover of
C; see for instance [6, Proposition 1.5] for the construction of C. The condition on the
intersection numbers together with the Hurwitz formula [39, Corollary IV.2.4] implies

that C is reducible. This contradicts the minimality condition p(X/S) = 1. Similarly,
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Hurwitz formula implies that, if A is irreducible, g(A) must be positive (the double

cover of A is étale in this case). [ |

Remark 3.1.6. Theorem 3.1.4 reduces the study of automorphisms of conic bundles to
the case of standard ones. Lemma 3.1.5 then implies that a standard conic bundle with

a generic fibre isomorphic to P! is a P!-bundle, a case studied in [9].

3.2 Conic bundles whose generic fibre is not P!

Let 7: X — S be a standard conic bundle (see Definition 3.1.1). In this subsection, we
study the case where the generic fibre of 7 is not rational and prove that G = Aut®(X) is

a torus of dimension < 2.

Proposition 3.2.1. Let K be a field, with char(K) # 2 and algebraic closure K. Let
I € P2bea geometrically irreducible conic, defined over K, and let g € Aut(I') be a
nontrivial K-automorphism. Then, g extends to a unique element of Aut(P?) = PGL,(K)

and one of the following holds:

(1) there is exactly one point of P?(K) fixed by g. This point is defined over K
and belongs to I;

(2) there is one point p € P?(K) fixed by g and a line ¢ € P? invariant by g such
that p ¢ £ UT and such that £ N T" consists of two K-points fixed by g.

Proof. Since the anti-canonical divisor of T is given by an element in the linear system

of hyperplane sections, there is a surjective group scheme homomorphism
v: Aut(P?,T) — Aut(I),

where Aut(P?,T') is the algebraic subgroup of Aut(P?) consisting of elements preserving
I'. The group homomorphism v is moreover an isomorphism, since no nontrivial element
of Aut(P?) fixes pointwise a conic.

After applying an element of PGL;(K), the curve I' is given by x? —yz = 0. We

consider the group homomorphism

p: GLy(K) — GL;(K)
ad +bc ac bd
a b . 1 2ah ) )
. d adbc| 2ab a® b
2cd c? d?

’
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which induces an injective group homomorphism p: PGL,(K) < PGL4(K). Writing

-2 0 0
Q=0 0 1| € GL3(K) the matrix corresponding to the conic I' (defined up to
0O 1 0

multiple), we observe that
p(h)aph) = Q (B)

for each h € GL,(K). This shows that the action of PGL, (K) on P? induced by 5 preserves
I'. Moreover, the isomorphism P! — T given by [u : vl — [uv : u? : v?] is PGL,(K)-
equivariant. Hence, p factorises through the group isomorphism v~!: PGL,(K) =
Aut(I(K) — Aut(P?, I')(K).

_ 1 O A0
The element g is conjugate, in PGL,(K), to s = |:1 1:| ort, = |:0 1i|, for some

L € K\ {0,1}. Hence, g maps in PGLy(K) to the class of

110 1 0 O
ps)=1{0 1 0oforpt,)=|0 » O |. (C)
2 1 1 0 0 At

In the 1st case, the only fixed point of P?(K) is p; = [0: 0 : 1], which belongs to I'. In the
2nd case, the points p =[1:0:0],q; =[0:1:0], g, =1[0:0: 1] are fixed (and are the
only ones except if A = —1). The last two belong to I" but the 1st does not belong to it.

It remains to show that p,, p and the line £ through g, and g, are defined over K
(before the change of coordinates). To do this, we associate with g € Aut(I') its extension
F € PGL3(K) = Aut(P?), and take a matrix M € GL;(K) that represents the class F. There
exists thus R € SLy(K) and u € K~ such that

RMR™' = pup(h),

where h € GL,(K) is such that h = s or h = t; for some A € K. We obtain in particular
det(M) = u® € K. Moreover, Equation (B) yields MQM = n2Q, where Q = 'RQR is a
symmetric matrix that defines the conic I' before the change of coordinates. Since I'
is defined over K, there is £ € K such that Q' = £Q € GL,y(K). As MQ'M = u?Q’ and
M,Q € GL4(K), one finds that u? € K, whence 1 € K (because u® € K). Replacing M
with uM, one can thus assume that u = 1. The points p,, p correspond then, before the

change of coordinates, to eigenvectors of eigenvalue 1 and are thus defined over K. The
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same holds for the line ¢, which also corresponds to an eigenvector of eigenvalue 1, for
the dual action of M. |

Corollary 3.2.2. Let K be a infinite field of characteristic # 2 such that —1 € K is
a square. Let ' € P? be a geometrically irreducible conic defined over K, with no
K-rational point, and let g € Aut(I') be a nontrivial K-automorphism of I'. Then, up

to a K-automorphism of P?, the equation of I is given by

Wx? + y? —

for some X, u € K*, which are not squares, and g is given by
x:y:zl>Ix:ay+cuz:cy+azlorlx:y:zl— [x:ay —cuz:cy —azl,
for some a, ¢ € K satisfying 1 = a? — c?p.

Proof. Proposition 3.2.1 provides the existence of a point p € P2\ T" and a line ¢ C P?,
both defined over K and invariant by g, such that p ¢ ¢ and £NT" consists of two K-points
q,,q, fixed by g.

We may assume, applying an element of PGL4(K), that p =[1 : 0: 0] and that ¢ is
the line x = 0. The automorphism g is then of the form [x: y : zl — [x : ay + bz : cy + dz],
for some a, b, c,d € K, ad — bc # 0. Writing the equation of the conic I" as

MX2 + XY + Ag2) + hgy? + AgVZ + Azt =0,

where A;,...,Ag € K, we find that A,y + A5z is fixed by the action given by (y,z) —
(ay + bz, cy + dz). Conjugating by [x : y : z] — [x — (A,¥ + A32) : ¥ : z], we may assume
that A, =153 =0.

The points q;, g, correspond to the roots of the polynomial A,y? + Asyz + Agz?,
which is therefore irreducible in K[y, z]. In particular, A,A; # 0. Dividing the equation
by A, and completing the square, we may assume that 1, = 1 and A5 = 0. We then write
u = —Ag, A = A;. The equation is then Ax2 +y2 — uzz, and A, u € K*. Moreover, none of the
+A,+u is a square in K, as the curve does not contain any K-point. The equation being

preserved, we find

Ax% 4+ y? — pz? = ax? + (ay + bz)? — u(cy + dz)?,
1=a?—-c?u, ab=cdu, 1 =d? —b?u1.
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1607

It remains to show thatd = a,b = cu or thatd = —a, b = —cp.

Since —u is not a square in K, we have d # 0. If ¢ = 0, we find b = 0 and then
a’> =1,d* =1, so d = +a as we wanted. We can then assume that abcd # 0 and write
W= Z—g, which yvields 0 = a? — ¢?u — d? + b?u~! = %. Hence, d = +a, which
yields b = +cu as we wanted. |

Proposition 3.2.3. Assume that char(k) # 2. Let 7: X — S be a morphism of algebraic

ﬁ(s), not isomorphic to Pllqsy If Gis

an algebraic subgroup of Aut®°(X)g, then G is a finite group isomorphic to (Z/2Z)" for

varieties whose generic fibre is a smooth conic in P
some r € {0, 1, 2}.

Proof. The generic fibre X, is a smooth conic in P12<(5) not isomorphic to Pﬁ(s) and
thus does not have any k(S)-rational point. The action of G yields an injective group
homomorphism G < Aut(Xy ) by Remark 2.1.6. As Aut(Xy)) is isomorphic to PGL,
over the algebraic closure k(S) of k(S), it suffices to show that every nontrivial element
g € G has order 2.

By Corollary 3.2.2, there is a S-birational map X --+ Y, where Y C P? x Sis given
by Ax? 4 y? — nuz? for some A, u € k(S)* that are not squares, and the action of g on Y is
given by

hyc: [X:y:z]r—>[X:ay—l—cuzzcy—i—az]orhﬁllcz[X:y:Z]r—)[X:ay—c,uzzcy—az],

for some a, ¢ € k(S) satisfying 1 = a® — c?u. As (R, ;)? is the identity for all a, c as above,

one may assume that g belongs to the set
H={h,.|a,cek(S),1=a*-c’u} CBir(Y/S).

Note that H is a subgroup of Bir(Y/S), isomorphic to a subgroup of the multiplicative
group (k(S)[,/ul)* via h, . — a + c,/;u. Hence, H is an abelian group and its elements
of finite order are contained in k* € (k(S)[,/u])*, and thus contained in the finite group
kNH =Kk(S)NH = {hy 5, h_, o} of order 2.

It remains then to see that g cannot be of infinite order. We denote by G, € G
the smallest algebraic group containing g, which is given by G, = (g), and is an abelian
algebraic subgroup of G.

The degree 2 field extension k(S)[,/ul/k(S) corresponds to a double covering

S — S. Since g acts trivially on S, we can then lift the rational action of g, and of G, to
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the fibred product Z =Y xSS’, by acting trivially on S. The automorphism g yields there-
fore an algebraic element g € Bir(Z). To write this one explicitly, we identify k(S) with a
subfield of k(S), denote by x € k(S) the element corresponding to /i, and view locally

Z as
((x:y:zls) € P? x S| A(s)x> +y? — k(s)%2* = 0}.

The variety Z is birational to P! x S, via ([x : y:2zl,8)— (Ix:y+«(s)zl,s), and the action
of g is now given by ([u : vl,s) — ([u: (a(s) +c(s)k(s))v], s). By Lemma 2.3.11, the element
a+cx € k(S) belongs to k € k(S). Hence, ¢ = 0 and a € k. This implies that a = £1, since
a’® —c*n=1. [ ]

Remark 3.2.4. The case of Proposition 3.2.3 when char(k) = 0 and G is finite was
proven in [21, Corollary 4.12] and then used to show Jordan properties of birational

maps of X.

Proposition 3.2.5. Let S be a smooth projective rational surface, and let A be an
effective reduced divisor on S having at least two components and such that all its com-
ponents are smooth and intersecting with normal crossings (i.e., A is an SNC divisor).
If each rational irreducible component C of A intersects A\ C in at least two points,
then every connected algebraic subgroup G € Aut®(S,A) = {g € Aut®°(S) | g(A) = A}

is a torus of dimension < 2.

Proof. Since Aut°(S) is a linear algebraic group (Lemma 2.4.2), so is Aut®(S, A). For each
irreducible component C € A, one gets a homomorphism of algebraic groups p,: G —
Aut(C). Suppose that there exists a component C such that p. is injective. If C is rational,
then p(G) is a subgroup of Aut(C) = Aut(P!) that fixes at least two points by hypothesis
and thus is a torus of dimension < 1. If g(C) > 1, then G is trivial, as the identity is the
only connected linear algebraic subgroup of Aut(C).

One can thus assume that each irreducible component C of A is pointwise fixed
by a nontrivial element of G. If S = P?, this implies that all components of A are lines
(the fixed locus of any nontrivial element of Aut(P?) ~ PGL, is a union of points and
lines), and the hypothesis implies that A contains the union of three lines not having one
common point. This implies that G is a torus of dimension < 2. If S # P?2, there exists
a birational morphism 5: S — F,, (contract the (—1)-curves until reaching a minimal
surface and stop at F; if you end up at P?). This morphism is Aut°(S)-equivariant and

thus G-equivariant.
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The group G acts then faithfully on F,,, preserving n(A). Denoting by 7 : F,, — P!
a P!-bundle structure, the action of G yields an exact sequence 1 - G — G — G’ — 1
where G” C Aut(P!) and G' € Aut®(F,)p:. It remains to show that both G’ and G” are
tori of dimension < 1. Denote by C C A an irreducible component such that »(C) is not
contained in a fibre (which always exists because of the hypothesis on A). The action of
G on C fixes at least two points by hypothesis. If these are sent onto two different points
of P!, then G” fixes at least two points of P! and thus is a torus. Otherwise, n(C) is not a
section and G” fixes the points of P! corresponding to the ramification of 7 o : C — P!,
so G” is a torus in both cases. It remains to see that G’ is a torus. As n(C) € F,, is not
contained in a fibre and G’ preserves each fibre, G’ pointwise fixes n(C). Hence, the only
possibility to study is when n(C) is a section. But then, the hypothesis on A implies
that we get another irreducible component D C A such that (D) is not contained in a
fibre. This implies that G’ fixes at least two points on a general fibre of F,, — P!, which
implies that G’ is a torus of dimension < 1. Indeed, if n = 0 then G’ C Aut®°(F,)p =~ PGL,
and if n > 1 then G’ C Aut°(F,))p1 =~ G,,, x klxy, x11,,. |

Remark 3.2.6. In Proposition 3.2.5, the two-dimensional tori do appear by taking for
S any smooth projective toric surface and choosing for A the complement of the two-

dimensional torus.

3.3 Proof of Theorem C

First, using Theorem 3.1.4, we may assume that 7: X — S is a standard conic bundle.
In particular, the discriminant divisor A is an SNC divisor. We then consider two cases,
depending on the generic fibre of 7.

(1) If the generic fibre is isomorphic to P the morphism n: X — S is a

11<(5)'
P!-bundle (Lemma 3.1.5). We reduce to the case where S is smooth by applying [9, Lemma
2.2.1], and then we contract all (—1)-curves on S to obtain a surface with no (—1)-curve
(follows from the “Descent lemma”; see [9, Lemma 2.3.2]).

(2) If the generic fibre is not isomorphic to Pf{(s), we keep the same notation as in
Section 2.1 and consider the short exact sequence (A). Proposition 3.2.3 yields that the
group Aut®(X)g is finite, isomorphic to (Z/2Z)" for some r € {0, 1, 2}.

(2)(i) We now suppose that S is rational (which is always true if char(k) =0, as X
is rationally connected, so S is rationally connected, hence rational [19, Theorem 13.27]).
By Lemma 3.1.5, the discriminant curve A is not empty. If A is irreducible, then g(A) > 1
(Lemma 3.1.5), so the action of H gives an injective homomorphism H < Aut(A), as

the set of fixed points of every nontrivial element of Aut°(S) is the union of finitely
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many points and rational curves. This implies that H (and thus Aut®(X)) is trivial, as
H C Aut°(S) is a linear algebraic group. If A is not irreducible, then each rational
irreducible component C of A intersects the complement A \ C into at least two distinct
points (Lemma 3.1.5). Proposition 3.2.5 implies that H is a torus of dimension < 2. By
[16, IV.11.14, Corollary 1], the group G = Aut°(X) contains a subtorus of dimension
dim(H) = dim(G); hence, G is a torus of dimension < 2. This achieves the proof of (2)(i).

(2)(ii) If X is rational, then S is rational too (Proposition 2.5.6(2)), so G is a torus
of dimension < 2 by (2)(i). By Corollary 2.5.7, the group G is conjugated to a subtorus
of Aut(P3), that is, there is a G-equivariant birational map ¢: X --» P® such that
pGo~1¢Aut(P?) = PGL,.

4 Mori del Pezzo Fibrations over P!

Our main goal in this section is to prove Theorem D and then to deduce Theorem A. This

will be done in Section 4.5.

4.1 Some generalities

As before, we fix once and for all an algebraically closed field k. We recall that a smooth
del Pezzo surface defined over k is isomorphic to P? (degree 9), P! x P! (degree 8) or to the
blow up of a set of r points in P2, with1 <r < 8, in general position (degree 9 — r); see
for instance [29, Corollary 8.1.14]. We can associate a degree d € {1,...,9} with any del
Pezzo fibration, defined as the degree of the (geometric) generic fibre and this degree
coincides with the degree of a general fibre.

We also recall that a Mori del Pezzo fibration over P! is a Mori fibration 7: X — P!
whose general fibres are del Pezzo surfaces. We remark that the generic fibre of 7 is a
regular del Pezzo surface over k(P1) [33, Lemma 15.1], which is not necessarily smooth
if char(k) > 0 by [33, Theorem 14.8].

Lemma 4.1.1. Let S be a normal Gorenstein del Pezzo surface of degree d defined over
k, and let 7: S — S be a minimal resolution. Then, either S is isomorphic to a Hirzebruch
surface F, or I, or there is a birational morphism S — P2, which is the composition of

0 < 9—d < 8 smooth blowups. Moreover, every curve of S contracted by 7 is a (—2)-curve.

Proof. Follows from [29, Proposition 8.1.10 and Theorem 8.1.15]. |

Lemma 4.1.2. Let n: X — P! be a Mori del Pezzo fibration over k, let K = k(P!), let

Xg be the generic fibre, and let K be an algebraic closure of K. Then, X, has a rational
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point, it is regular, it satisfies p(Xy) = rkNS(Xy) = 1, and one of the following conditions
holds:

(1) Xg is regular (which is equivalent to say that X is smooth);

(2) char(k) = 7, the surface Xz is a del Pezzo surface of degree d € {1,2} with
exactly one isolated singularity, of type Ag, and p(Xg) =4 —d > 1; or

(38) char(k) € {2, 3, 5}.

Proof. The existence of a rational point for X is a consequence of [35, Theorem 1.2] in
characteristic zero and of [28, Theorem] in positive characteristic. As explained before,
the regularity of X follows from [33, Lemme 15.1]. By definition of a Mori fibration,
the relative Picard rank is 1, so p(Xg) = 1. If X% is again regular (or equivalently X
is smooth, since smoothness is equivalent to geometric regularity in our setting; see
[83, Tag 038X]), we are done. We can then assume that Xz is a singular del Pezzo surface,
which implies that K is not a perfect field. We can moreover assume that char(k) > 7;
otherwise, we are in case (3).

The generic fibre X, is geometrically normal; see [33, Theorem 15.2] and
[73, Corollary 1.4]. Moreover, Xy is also Gorenstein, since this property is invariant by
base-change [83, Tag 0C07] and the only singularities of normal projective Gorenstein
surfaces are rational double points or simple elliptic singularities [45, Theorem 2.2].
As Xz is singular and char(k) > 7, the only possibility is that char(k) = 7 and all
singularities are of type A4 (follows for instance from [40] or from [79, Theorem 6.1 and
Remark 2.8]). Each of the singular points gives rise to a chain of six (—2)-curves in the
minimal resolution W of X%. Hence, we can only have one such isolated singularity and
W is the blowup of 9 — d € {6, 7,8} points of }P’%, where d is the degree of the del Pezzo
fibration by Lemma 4.1.1. Moreover, p(Xz) = 4—d, so we only need to show that d = 3 is
impossible. In this case, Xz would be a singular del Pezzo surface of degree 3; hence, a

cubic surface in P?, with an Ag-singularity. This does not exist by [29, Lemma 9.2.4]. W

Definition 4.1.3. Let K be a field, and let K be an algebraic closure of K. The perfect
closure of K is the field L C K, which is equal to K if char(k) = 0 and equal to the field
KP " ={a e K |aP" € K for some n > 1} if char(k) = p > 0. The field L is then a perfect

field and the extension K/L is separable.

Lemma 4.1.4. Let K C L be a field extension, and let X be a proper scheme over K.
Then the following hold.
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(1) If K C L is purely inseparable (in particular, when L is a perfect closure of
K), then p(X) = p(Xp).
(2) If K C Lis Galois with Galois group G = Gal(L/K), then p(X) = rkNS(XL)G.

Proof. (1) is in [85, Proposition 2.4(2)], while (2) is in [54, Chapter II and Proposition
4.3]. |

Remark 4.1.5. In the following, we will write rkNS(XL)G = ,o(XL)G (with the notation
of Lemma 4.1.4) to shorten the notation, even if this does not refer to the fixed part of

p(X;), as this latter is a number.

4.2 Mori del Pezzo fibrations of small degree

In this subsection, we prove that if X — P! is a Mori del Pezzo fibration of degree < 6,
then Aut°(X) is a torus of dimension < 3 (Proposition 4.2.3).

The next result is classical in Mori theory (see, e.g., [64, Theorem 3.5] for the
smooth case and [23, 24] for the case of terminal singularities, when k = C). We recall

the proof due to a lack of a precise reference.

Lemma 4.2.1. Assume that char(k) ¢ {2,3,5}, and let 7: X — P! be a Mori del Pezzo
fibration of degree d. Then either d € {1,2,3,4,5,6,9} or d = 8 and n is a Mori quadric

fibration (i.e., a Mori del Pezzo fibration whose generic fibre is a smooth quadric).

Proof. Let K =k(P'), let X — Spec(K) be the generic fibre of 7, let K be an algebraic
closure of K, let I C K be the perfect closure of K, and let G = Gal(K/L) be the associated
Galois group. We have p(Xg) = 1 (Lemma 4.1.2), which implies that p(X;)® = 1 by Lemma
4.1.4.1f d ¢ {7, 8}, the result holds, so we may assume that d € {7, 8}, which implies that
X% is smooth (Lemma 4.1.2).

If d = 8, then either X3 is isomorphic to IP’IE X ]P’IE or to the blowup of a point in
]P’%. Let us observe that this latter case is impossible. Indeed, the group NS(Xz) = 7?
is generated by the unique (—1)-curve E, obtained by blowing up a point in P?, and
the pullback of any line ¢ not intersecting E. As G preserves E and the canonical class
—3¢ + E, we have rk NS(Xz)® = 2.

If d = 7, then X% is isomorphic to the blowup of two distinct points p;,p, € IP’Zf
and so NS(Xz) = Z3 is generated by the two (—1)-curves E; and E, contracted on p,
and p, € P2, together with the (—1)-curve ¢ defined as the strict transform of the line

through p, and p,. These are the only three (—1)-curves, and as ¢ is the only (—1)-curve
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intersecting the two others, it must be G-invariant, and so is the set {E}, E,}. This implies
that p(XL)G > 2, which is not possible. |

Lemma 4.2.2. Suppose that char(k) ¢ {2,3,5}. Let 7: X — P! be a del Pezzo fibration of
degree d < 8, and let H C Aut(P!) be the image of the natural homomorphism Aut®(X) —

Aut(P'). Then H is a torus of dimension at most 1.

Proof. Let K = k(P!), and let Xy be the generic fibre, which is a regular del Pezzo
surface with p(Xg) = 1 (Lemma 4.1.2). Denote by K an algebraic closure of K and by
L C K the perfect closure of K. We have p(X;) = 1 by Lemma 4.1.4. We now observe
that p(Xz) > 1. If Xz is smooth, this is because p(Xz) = 10 — d. If X% is singular, then
char(k) = 7 and p(X%) € {2,3} by Lemma 4.1.2.

We then denote by L € K the splitting field of L, that is, the intersection of all
subfields containing L and such that all extremal rays of NE(X%) are defined over L (or
equivalently the minimal field L C L € K such that p(X;) = p(Xg)). Replacing L with
its normal closure, we may assume that L/L is a Galois extension. We then denote by G
the Galois group Gal(f,/L), which is nontrivial, since p(X;) = p(Xg) > 1, p(X;) = 1 and
p(X;) = p(X;)® by Lemma 4.1.4.

This implies that the (unique) cover 7: C — P! associated to the field extension
L/L is nontrivial. Moreover, the branch locus of t is preserved by H. As a consequence of
Hurwitz's formula [39, Corollary IV.2.4], we deduce that H preserves at least two points
of P!, This finishes the proof. [ |

Proposition 4.2.3. Assume that char(k) ¢ {2,3,5}). If 7: X — P! is a Mori del Pezzo
fibration of degree d < 5 (resp. d = 6), then G = Aut®(X) is a torus of dimension < 1

(resp. < 3).

Proof. Let K = k(P'), and let K be an algebraic closure of K. By Remark 2.1.6, there is
an injective group homomorphism G, := Aut®(X)p1 — Aut(Xy), where X} is the generic
fibre of 7: X — P!. Also, there is an injective group homomorphism Aut(Xg) — Aut(Xg).

If d < 5, we will show that Aut(X%) is a finite group. This will imply that G, is
finite and thus that Aut®°(X) is an extension of a finite group with a torus of dimension
< 1 (Lemma 4.2.2), and so that Aut®(X) is a torus of dimension < 1. We now prove that
Aut(X%) is finite if d < 5. To do so, we distinguish between two cases, depending on
whether Xz is smooth or not.

If X% is smooth, then it is isomorphic to the blowup of 9 — d > 4 points of }P’%

(Lemma 4.1.1). The group Aut(Xz) acts on the finite set of (—1)-curves of Xz. The kernel
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H C Aut(Xg) of this action is the lift of the group of automorphisms of ]P’% that fix the
9 — d > 4 points blown up. As Xz is a del Pezzo surface, no three of the points are
collinear, so H is trivial and Aut(X%) is finite.

If Xz is not smooth, then d = 2 and X% has a unique singular point, which is
of type Ag (Lemma 4.1.2). Note that X% is a double cover of IP’% ramified over a quartic
curve I' (see [29, Section 8.7]). The group Aut(Xz) then acts regularly on P? and preserves
I". Moreover, I" has a unique singular point, which is of type Ag4, and thus an “oscular
rhamphoid cusp”, which means that the minimal embedded resolution of the singularity
Y — IP’% is given by blowing up three infinitely near points p;, p,, p5, and that the strict
transform I' is tangent to the divisor E; associated with p; with multiplicity 2 and does
not intersect E; or E,. Choosing coordinates such that p;, = [0 : 0 : 1] and that p, and
p3 lie on the conic yz + x2, the equation of T' is given by the homogeneous polynomial
F = (x*>+y2z)® +ry?(x* +yz)+uxy® +vy* € Klx, y, z] for some A, i, v € K. We moreover have
w # 0, as otherwise F € K[x? + yz,y?] cannot be irreducible, and thus the singularity
cannot be of type Ag. Replacing z with z— %y, we may assume that A = 0. We then replace
x and z with x + £y and z — £%y — 2£x, respectively, where £ = —%, and may assume that
v = 0. Finally, replacing y and z with y/x and z«, where «® = 1, we may assume that
the equation of I' is given by (x? + yz)? + xy°. The group of automorphisms of P? that
preserves the quartic is then the finite group given by {[x : y : z] = [wx : 0?y : 2] | @® = 1}.
This implies that Aut(X%) is finite.

If d = 6, then Xz is smooth (by Lemma 4.1.2) and is thus isomorphic to the
blowup of three non-collinear points of P2. We take a finite field extension K C L
such that the six (—1)-curves of Xz are defined over L. We then denote by C — P!
the finite morphism corresponding to the field extension L/K. Then, the G,-action on
X lifts to a Gy-action on Y := X xp1 C by letting G, act trivially on C. The generic fibre of
Y — Cis now a del Pezzo surface of degree 6 with all six (—1)-curves defined over k(C).
Hence, Y is birational to S x C, where S is the blowup of three general points of P? and
G, identifies with an algebraic subgroup of Aut(S) >~ Aut(S x C),. As Aut(S) = an x Dg
[29, Theorem 8.4.2], we conclude that the neutral component of G, is a torus T of
dimension < 2.

Let us recall a classical fact: if there is a nonconstant morphism from a one-
dimensional connected linear algebraic group J to G,,,, then J >~ G,,,. Indeed, the other
one-dimensional connected linear algebraic group is the additive group G,, and there is
no nontrivial morphism G, - G,,,.

If we mod out G, and G by T in the exact sequence (A) (in Section 2.1), we

see that G/T is an extension of a finite group with a torus of dimension < 1. By
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1615

the previous paragraph, G/T is G,, or the trivial group. But there are no nontrivial
extensions between algebraic tori (consequence of [16, Section 11.14, Corollary 1]), and

so G must be a torus of dimension < 3. [ |

4.3 P2-Fibrations over P!

Let 7: X — P! be a Mori del Pezzo fibration of degree 9, that is, a P2-fibration with
terminal singularities, and let G = Aut°(X). In this subsection, we prove that there is a

P2-bundle 7 : Y — P! and a G-equivariant commutative diagram

Xz —— = =Y

—

where ¢ is a G-equivariant birational map (Proposition 4.3.5).

Lemma 4.3.1. Assume that char(k) ¢ {2,3,5}, and let 7: X — P! be a Mori del Pezzo
fibration of degree 9. Then the generic fibre Xy is isomorphic to P2, where K = k(P!).

Proof. Let K = k(P!), let X; be the generic fibre, and let K be an algebraic closure.
The surface X% is smooth (Lemma 4.1.2). Hence, by Lemma 4.1.1, the surface Xz is
isomorphic to IP’%. To show that Xy is isomorphic to IPIZ{, it suffices to show that the
Brauer group of KX is trivial (see [38, Theorem 5.2.1]). This follows from Tsen's theorem
as K = k(P!) (see [83, Tag 03RF]). [ ]

With Lemma 4.3.1, it is then natural to ask whether a Mori del Pezzo fibration
X — P! whose generic fibre is isomorphic to P? is necessary a P?-bundle. The
answer is unfortunately negative as the next example shows. But we will see with

Proposition 4.3.5 that we can always reduce to the case of P?-bundles.

Example 4.3.2. Assume that char(k) # 2. Let o € Aut(P?) be an involution, and let C
be a smooth projective curve with a u,-action such that C/u, = P!. Let X = (P2 x C)/ o,
where p, = {£1} acts on P2 via the involution o. Then the induced morphism 7 : X — P!
is a Mori del Pezzo fibration of degree 9 (the only singularities of X are double points).
But 7 is not a P2-bundle as u, acts on C with at least two fixed points (by Hurwitz's

formula) and over a fixed point a fibre of 7 is generically non-reduced.

The next elementary lemma will be useful in the proof of Proposition 4.3.5.
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Lemma 4.3.3. Let G be a connected linear algebraic group. For each integer n > 2
that is not a multiple of the characteristic of the ground field k, every (abstract) group

homomorphism v: G — Z/nZ is trivial.

Proof. As G is generated by its subtori and unipotent subgroups, we only need to show
the result in the two cases where G is isomorphic to G,, or G,,.

Let G ~ G,,. As the base field is algebraically closed, for any ¢ € G, we can find
t' € G such that t'n = t. Then v(t) = v(t'n) = nv(t’) = 0, and so v is trivial.

Let G >~ G,. As char(k) does not divide n, for any u € G we can find u’ € G such

that nu’ = u. Then v(u) = v(nu') = nv(u’) = 0, and so v is again trivial. [ ]

Remark 4.3.4. If char(k) = p, then Zorn's lemma provides a basis B of k as a
FF,-vector space. This implies that G, ~ ;.5 Z/pZ as an abstract group, and so there

are nontrivial homomorphisms G, — Z/pZ. Hence, Lemma 4.3.3 is false if p = n.

Proposition 4.3.5. Assume that char(k) # 3. Let 7: X — P! be a morphism whose
generic fibre is isomorphic to P? (this is for instance the case when char(k) ¢ {2, 3,5}
and m is Mori del Pezzo fibration of degree 9 by Lemma 4.3.1). There is a regular action of
Aut°(X) on a P?-bundle r: ¥ — P! and an Aut®(X)-equivariant birational map ¢: X --» Y
such that togp = 7.

Proof. There is an open subset V C P! over which n is a P?-bundle. Let us write
G = Aut°(X). If V = P!, we are done. Otherwise, we take a point p € P! \ V, necessarily
fixed by G (as G is connected and P! \ V is finite), and take affine coordinates in a
neighbourhood of p such that p has for equation ¢t = 0 in A'. We use a local trivialisation
on a open subset of P! and obtain a rational action of G onto A! x P? (a group
homomorphism G — Bir(A! xP?) such that the corresponding map G x Al xP? --» Al xP?

is rational), given by

Gx A xP2 Al x P2
@tl:iy:ia) — (F M@ olx:y:z),),

where a € k[GI*, b € kIG], and M € PGL4(k[GI(?)).

For each g € G, we then obtain an element Mg € PGL;(k(?)), represented
by a matrix M, € Mat;(k(?)), that we may assume to be in Mat,(k[t]) and such that
My(0) = Mg|;—o # 0. We then denote by n, € N the biggest integer such that ¢ divides

det(Mg). If ng=0 for each g € G, then the rational action of G on A! x P? is regular on
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1617

a neighbourhood of {0} x P?, so we can replace X with another projective variety X’ for
which the open set V is replaced with V U {p}. We will show that we can reduce to this
case by conjugating the action with an element of PGL;(k(¢)) coming from a matrix in
Matq (k[t]) with determinant having zeroes only at ¢t = 0. After finitely many such steps,
we reach the case V = P!, which achieves the proof.

We now study the case where n, > 0 for some g € G. For each g € G, we define

g
two matrices Ry, N, € Mat, (k) such that

_ 2
My =Ry +tN, (mod t%)

and obtain Ry = Mg(O) #+ 0.

Since the action of G on A! x P? has to satisfy the axioms of a group action,
there is, for all g, h € G, an element v, ; € k(?) such that the following equality holds in
Mat, (k(2)):

Vg p - My (t) = M (Lh)t) - My, (¢). (D)
9 9 9°1 +b(h)t

In particular, taking determinants, the element
t”gh_”g_”h(vg'h)e’ € k(t) is invertible at t = 0. (E)

We define n,,, = max{n, | g € G} > 1 (which is finite because G x Al x P2 -

Al x P? is rational) and define subsets of G as follows:

G

max

1
={geG|ng=nmax}§G+={geG|ng>Enmax}§G>0={geG|ng>0}§G.

We then observe that

RyRy = 0 for all g, h € G such that ng+n,>n (in particular, forall g,h € G,). (F)

max

Indeed, the inequality n, + nj, > ny,, implies that n, + n;, > ng,, which implies that

gh'
Vg,h € k(t) vanishes at t = 0 (E) and thus that M4(0)M;,(0) = RyR, =0 (D).

We now fix an element s € G By (F), we have RZ = 0. After conjugating all

max-*

Ry g € G, by a common element of GL5(k) (this corresponds to conjugate the action by
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1618 J. Blanc et al.

an element of PGL;(k)), we can then assume that

0 01
Ry=[0 0 O G)
0 0 O
We now prove that
0 x
Ry=|0 0 «| foreachgeG.y. (H)
0 0O

(This means that the nonzero coefficients of the matrix R, = M4(0) are above the
which

implies that RgR; = RyR¢ = 0. The matrix R, has thus a 1st column and a last row equal

diagonal). To prove this, we take g € G., and observe that n, + ng > ng = ny,,,

to zero. It remains to see that the middle coefficient of R, is equal to zero.
0 *x x
Suppose by contradiction that some g € G., satisfies Ry = |0 pu | for
0 0 O
some u € k¥, and choose g with this condition such that ng is maximal. As (Rg)2 =
0 *x
0 u?® | #0,weget (Rg)2 = AR for some A € k* and ng2 = 2n, > n

0 0 O
the maximality assumption. This achieves the proof of (H).

g+ contradicting

We now prove that, after conjugating all R;, g € G with a fixed element of GL;(k),

one of the following two situations holds:

0 » «% * Kk *
EitherR;=|0 0 0|,Yge G, andRy,=|0 * *|,YheGor (Ag)
0 0O 0 » *
0 0 = *x ok  *
Rg: 0 0 x|,YgeG,,andRy,=|x * «|,YheG. (Bg)
0 0 O 0 0 =
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1619

To do this, we first recall that Rth =0forallg,h e G, (F), which means that i‘s(Rg) C
Ker(Ry,). This being true for all g,h € G, we get

1 1| |o
(o cs®y= ] SRy S () Ker(Ry) SKer(R) =([0], |1
0 9eGy 9eGy 0 0

We then denote by V C k* the linear subspace V = Ngec, Ker(Ry) and obtain two

possibilities for V.

1 0 x «* 1 0
Either V.= ({0 ),thenRgz 0 0 O|forallge G, orV=¢(|0|,|1|) then
0 0 0O 0 0
0 0 «
Ry;=[0 0 «x for all g € G, . This gives the 1st part of (Aj) or of (B).
0 0 O

To obtain the 2nd part, we take h € G and prove that it has the desired form. If
n;, > 0, this follows from (H). We then assume that n;, = 0, which means that det(M;,) is

not divisible by ¢, and gives Ry, = M, (0) = My, |,y € GL3(k). This implies that (MS(%)

M;,()l,—o = B4Ry, and (Mh(%) -M(t)|;—o = Ry R, are not equal to zero, so t does not

divide vy ;, nor vy, ;. In particular, ng, = ny; = ng + ny = np,,, and so sh and hs are in
G_ . If the 1st part of (A;) holds, the 2nd and 3rd rows of R,R; = ARy (A € k¥) are equal
*x kK
to zero, which yields R;, = | 0 * « | and gives (A,). If the 1st part of (By) holds, the 1st
0 x *
*x Kk K

and 2nd columns of R,R;, = ARy, (A € k) are equal to zero, which yields Ry, = | x » «

*
and gives (B).
We now prove that moreover one of the following two cases holds:
0 * x * ok ok * ok *
Ry;=|0 0 0{V9eG,R,=|0  *x|VheGandNy= |0 * *|VgE€ Gy, or (4)
0 0 O 0 » x 0 x x
0 0 « * ok * * *x  *
Ry=|0 0 »|V9eG Ry=|% » x|VheGandNy=|x » |VG€ Gy, (B)
0 0O 0 0 0 0 «
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1620 J. Blanc et al.

These correspond to (A;) and (B;), with additional properties on N, for g € Gy, TO
prove these, we first calculate, for all g, h € G, (recall that Rth =0),
Von- Mg DMy M) = By (SN Ry + OV
g Mgn () =My (5q5) - Mp(®) = Ry + 15035 Ng) (Rp, + INp)
= (Ry+ ta(h)Ny)(Ry, + tNy)
= t(a(h)N,Ry + R,N;) (mod t?)
and use it to prove that
0 » x
a(h)NyR, +RgNp, = |0 0 x| forall g, h € Gy (1)
0 0 O

To prove (I), we may assume that a(h)NyR), + RyN), # 0. In this case, t‘lvglh is invertible
at t = 0 and Ry, = A(a(h)N,Ry, + RyNy) for some A € k* (D), which implies that ng, =

— 3 > 0. Hence, n > 2 and

max

ng +ny, — 3 (E). As ngy = ny = ny,,, we have ng, = 2n max

2n

max

—3>0,so0 Ngp > 0. This, together with (H), gives (I).
The 1st column of R;, being zero (H), the 1st column of a(h)Nth is zero, so (I)
shows that the 1st column of R N}, is zero. Choosing g = s, we obtain that the lower-left

coefficient of N}, is zero foreach h € G (using the explicit form of R, given in (G)).

max -
0 alg) B
We now write (I) with explicit coefficients. We can write R, = [0 0 y(g) |,
0 O 0 |
0 aCth) B(h * *  x * -
R, =10 0 y(h)| by (H), and also Ng= Mg * |/ Ny=|rxh) * |
0 O 0 0 6(g = 0 0h) x|
Then, (I) gives
[ a(g)r(h) x x
a(h)NyR,+RyN}, = 0 a(h)ya(Mr(g)+y (g)0(h) * (J)
| 0 0 a(h)y (ho(g)
i * Kk
= 0 «|.Yg9, heGy,,. (X)
|0 0 0

If thereis g € G such that a(g) # 0, then (J) yields A(h) =0 forall h € G

As (Bg) is impossible, we are in case (A;) and thus in case (A).

max max*
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If thereis h € G such that y(h) # 0, then (J) yields 6(g) = 0 forallg € G

(since a(h) # 0). As (A,) is impossible, we are in case (By) and thus in case (B).

max max

The only remaining case is when a(h) = y(h) =0 foreach h € G
that B(h) #0foreachh € G

max- This implies

max (@S Ry # 0). Moreover,

0 B@oh) *
a(h)Nth + RGN, = | 0 0 a(h)B(h)A(g) | forall g,h € G -
0 0 0

If a(h)Nth + RyN, = 0, then A(g) = 6(h) = 0. If a(h)Nth + RyN, # 0, then as we
observed before we have Ry, = A(a(h)NyRj, + R N;) for some A € k*, and 0 < ng, =
2n

There are then only two possibilities for n namely 2 or 3. If

— 3 < Npay max’
max = 3, then gh € G C G,. We then obtain A(g) = 0 if (A;) holds, and 6(h) = 0
if (By) holds. This shows that if n,, = 3, then (A) follows from (A,) and (B) follows

from (B).

max

n max

It remains, to prove that either (A) or (B) holds, to exclude the case where n . = 2.

Suppose n = 2, and derive a contradiction. We define a map v: G — Z/3Z sending

max

g onto the class of n We then observe that v is a nontrivial group homomorphism

max*
(follows from (E)). This contradicts Lemma 4.3.3 as char(k) # 3.

To achieve the proof, we conjugate the group by (¢, [x:y : z]) — (¢, [tx:y : z]) in
case (A) and by (¢,[x : y : z]) — (t,[tx : ty : z]) in case (B).

a;; G2 43

In Case (A), this replaces My =|a, ay ay with

Ga3; QG3p G4z

t 0 Ofj|ay; a2 a3t 0 O a;; tap, tap,
— |1

010 Ay, Goy Qog 01 0 = |3G21 Gy Q3
1

0 0 1 Az; G35 Qgj 0 0 1 431 Q3y Qg3

for each g € G. The new matrix has the same determinant and has still coefficients in
k[t]. In particular, ng stays fixed, unless the new matrix is divisible by ¢, in which case

it decreases. As this latter always hold for every g € G (because of (A)), the integer

max

n is decreased by this process.

max
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a;; G2 43

Case (B) is similar. We replace My = | ay; ayy a,3 | with
Qa3 Agp Qs
-1
1 0 O0||a;; ap a3(|1 0 O a;; aqy tap,
1 1 1 1
0 0 7[|a3; as ass| [0 O ¢ $%31 7432 A3z
for each g € G. u

4.4 Quadric fibrations over P!

In this subsection, we study Mori quadric fibrations over P!. We introduce the
Umemura quadric fibrations (Definition 4.4.2 and Lemma 4.4.3). Then we prove a series
of lemmas that will be useful to prove Theorem D in the next subsection.

We first recall a fact about quadric surfaces, probably well known, which will

be useful later on, in order to study the generic fibre of a quadric fibration.

Lemma 4.4.1. LetK be an arbitrary field with char(K) # 2, and let Q C ]P’13< be a smooth
quadric surface. Assume that Q(K) # @. Then there is © € K* and a linear projective

change of coordinates such that the quadric surface Q is defined in H”;’{ by the equation
Xg — X Xy — ;LX% =0.

Moreover, the following hold.

(1) If there exists r € K such that u = r?, then Q is isomorphic to P x P} via

PL x PL = Q

(Iug : uql vy : i) = [r(ugvy+u,vy): 2rugvy: 2ru vy @ ugvy —ug vpl.

(2) If uis not a square in K, then Q is not isomorphic to Py x Pk. Let L/K be the

unique field extension of degree 2, with L = K[r] for some r € L with p = r?,

and let ¢ be the generator of Gal(L/K) ~ Z/27. Let

o:(x,y)— (y,x), and let

Hy = {(x,y) — (AX),(A)(y)) | A € PGLy(L)}.
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Then, the isomorphism Q; = P; x P} given by (1) conjugates Autg(Q)
to the subgroup H = Hy x (o) C Aut (P} x P}). In particular, Autg(Q) is
isomorphic to PGL, (L) X Z/2Z, where the action of Z/2Z on PGL,(L) is the one
induced by .

Proof. By hypothesis, Q has a K-point, which can be assumed to be P:=[0:1:0:0].
Moreover, since Q is smooth, we may assume that the tangent space of Q at P is given
by the equation x, = 0. So Q has the form x;x, + h = 0, for some homogeneous
polynomial & € Klx, x,, x3] of degree 2. Replacing x; with x; +q where g € Klx,, x,, x3] is
a homogeneous polynomial of degree 1, we may assume that h € K[x;, x3]. By completing
the square and applying diagonal automorphisms, we may assume that Q has the
required form.

(1) If there exists r € K such that u = r2, we check that k, is an isomorphism,

with inverse given by x — (s;(x), s5(x)), where s;,5,: Q — P! are given by

;¢ Q — Pl
x ] [x; : xg —1rx3] if (x;,X5 —1rXx3) # (0,0)
0 3 [xg +1rx5 1 x,] if (xg+1x5,%x,) # (0,0)

Sy: Q > P!
[x, 1 xg+1rx3] if (x,xy+1x3) # (0,0)
[xqg —rx3:x,] if (xg—71x5,X%5) #(0,0)

(2) If u is not a square, and L is the degree 2 extension of K such that L = K]r]
and r € L is such that r? = y, then Gal(L/K) is of order 2, generated by (: L — L sending
1 onto —u. The isomorphism «!: Q, —> P; x P} of (1) conjugates the action of Gal(L/K)

on Q; to the involution
([ug : uql v 2 i) = (Le(vp) = e(vp)], [e(ug) = ().

This implies that p(Q) = p(NS(Q;))®¥®/®) = 1 (Lemma 4.1.4). In particular, Q is not
isomorphic to P x Pi. Computing the elements of Aut; (P} x P}) that commute with the
above involution, we obtain the group H = H, x (o) described in the statement of the

lemma. u
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Definition 4.4.2. Letn > 0, and let g € klugy, u;] be a homogeneous polynomial of

degree 2n. We denote by Q, the projective threefold given by

{[xg: %] : Xy 1 X35 Ug s Uyl € IP’((’)IE.'?I3 ® Op1(n)) | X5 — X, X5 — g(Ug, uy)X3 = 0},

and we denote by 7,: Q; — P! the morphism [x, : x; : X, : X3; Ug : Uyl = [yg : u,]. Note
that X = IP((’)S?{Q’ ® Op1(n)) is the quotient of (A% \ {0}) x (A% \ {0}) by the action of G2,
given by

G x (A*\ {0]) x (A*\ {0) — (A*\ {0}) x (A%\ {0}

(), (Xg, X1, X9, X3, Ug, Up)) > (UKo, UXy, KXo, P [iX3, PUg, PUL).

The next lemma gives some basic properties of the variety Q . In particular,
if g is not a square, then Lemma 4.4.3(4) yields a structure of Mori quadric fibration
Ty Qg — P!; we will call such a fibration an Umemura quadric fibration. It is a quadric
bundle in the sense of [6, Definition 1.2] (except that our base is P! and not P? and
that our varieties are not necessarily smooth). Note that we do not work with analytic
coordinates, since we work in any characteristic and we can give a precise description

of the singularities in Zariski local coordinates.

Lemma 4.4.3. Let g € klug, u;] be a nonzero homogeneous polynomial of degree 2n,
for some n > 0. Denote by H,F C Qg the hypersurfaces given respectively by x; =0 and
u; =0.

(1) The variety Q, is an irreducible normal rational projective threefold with
terminal singularities. Every singularity is Zariski locally given by the
CcA,-singularity {(x,y,z,t) € A} | x? — yz — t™p(t) = 0} for some m > 2 and
some polynomial p(t) with p(0) # 0. Moreover, 9 is Q-factorial if and only
if g is not a square or g € k* and it is smooth if and only if g is square-free.

(2) 1If g is not a square, then Pic(Qg) = 7ZH & 7ZF. The cone of curves is moreover
generated by the curves f = HNF and h € H, where h is given by xy = x; =
x3 = 0.

(3) The canonical divisor of Qg is given by —2H — (n+ 2)F and satisfies h-KQg =

n—2.
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1625

(4) The morphism

. 1
Ty Qg — P

[xg:x) 1 Xy Xg;Ug s Uyl = ug:uyl

is a Mori quadric fibration (i.e., a Mori fibration whose generic fibre is a

smooth quadric) if and only if g € kluy, u,;] is not a square.

Proof. Fori=0,...,3, we denote by H; = Qg N{x; =0} € Qg the hypersurface given
by x; = 0 and by F; the fibre given by Q, N {u; = 0}, so that F = F; and H = H;. We then
observe that Fy ~ F; = F and that Hy ~ H, ~ H, ~ H; + nFy = H 4+ nF.

We observe that F, and F; are irreducible quadric surfaces, as well as each fibre
of Ty Qg — PL. Moreover, H, is a surface, which is irreducible if and only if g is not a
square. As Qg \ (H, UF) is isomorphic to A% via (x,y,2) — [x:x* —g(1,2)y%:1:y;z: 1],
the Picard group of Q, is generated by the irreducible components of H, and F. The
same holds with H,; instead of H, (by exchanging x; with x;), so Q is irreducible and
rational. Moreover, if g is not a square, the Picard group of Q, is generated by H, and F
and thus by H and F.

The singular locus is the finite (possibly empty) set given by

[XO =x; =X, = 0and g(uy, u;) = Ef—jﬂ(uo,ul) = ;—li(uo,ul) =0¢.

Hence, Q, is smooth if and only if g is square-free. Around a singular point g =[0: 0 :

0:1;uq: u,l, the variety Qg is (Zariski) locally defined by
{(x,7,2,t) € Af | x* — yz—t™p(t) = 0},

where m > 2 is the multiplicity of [u, : u;] as a root of g and p € klt] is a polynomial that
does not vanish at the origin. This is the equation of a (normal) cA,-singularity, which
is terminal; see [56, Section 1.42]. The singularity is moreover factorial if and only if
x% — t™p(t) is irreducible [48, (13.2)]. This corresponds to ask that t™p(t) is not a square.

Note that H = Hj, is isomorphic to P! x P!, with two rulings given by f = HNF
andh=HNH;NH,.Ash-F=1and h-H, =0, we obtain h-H; = h- (H, — nF) = —n. We
moreover have f-F = f-F, =0and f-H = f-H, = 1. This implies that Pic(Qy) = ZH @ ZF
if g is not a square and that each irreducible curve ¢ C Qg is numerically equivalent to
ah + bf for some a,b € Q, with ¢- F = a and ¢- H = b — an. To achieve the proof of (2),
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we prove that a,b > 0. If ¢ C H, this is because h,f C H generate the cone of curves of
H~P' xP'.IfcZH, then0O<c-H=b—-an.Asa=h-F=h-F; >0, we get (2).

i=0
it corresponds to a differential form on X, which has poles at —Ky = >3 H, + Fy + F, ~

3 1,
The differential form >’ % +> du—l;’ on (A*\ {0}) x (A%\ {0}) being G2 -invariant,
1 j:o

4ﬁ3 + (3n + 2)ﬁ'0, where IEILI:"] C X are given by x; = 0 and u; = 0, respectively. As
Qg ~ 2Hy ~ 2H3+2nF,, we get by adjunction that Ko = —2H — (n+2)F, since H = Hy|g,
and F = F0|Qg- Computing moreover KQg-h = —2H-h—(n+2)F-h=-2(—n)—(n+2) =n—2
gives (3).

It remains to prove (4). The map 7, is a dominant projective morphism of normal
projective varieties, and it remains to check if the conditions (a), (b), (c) in Definition
2.1.3 are fulfilled.

(a) For a projective morphism f : X — Y with Y normal, the condition f,Oyx = Oy
is equivalent to the connectedness of the fibres of f (this can be seen for instance
as a consequence of Stein factorisation [39, Corollary III.11.5]). As 7, is a projective
morphism with connected fibres, this condition holds.

(b) was proven in (1).

(c) If g is a square, then Lemma 4.4.1(a) yields that p((Qy)kp1)) = p(P! x Py =2,
and so 7, is not a Mori fibration. If g is not a square, (2) gives ,o(Qg) = 2, which

g
proves (c). |

Lemma 4.4.4. Assume that char(k) # 2, and let g € kluy, u;] be a homogeneous

polynomial of degree 2n that is not a square, for some n > 1.

(1) There is a unique double cover 7: C — P! such that the generic fibre of
Qg xp1 € — C is isomorphic to P} x P}, with L = k(C).
(2) The group PGL, (k) acts regularly on Qg via

PGL, (k) x Q, - Q,
b
(|:a d:| Jxg i xp 1xp 1 X5 up ull) — l(ad + bc)xy + acx; + bdx, :
c
2abx, + a?x, +b%x, : 2cdx, + ¢*x,

+d?x, : (ad — be)xg; ug : Uyl

Proof. As gis not a square, the generic fibre (Qg)K, with K = k(P'), is not isomorphic

to P! x P! but is isomorphic to it after a base change via a unique field extension L/K of
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degree 2 (Lemma 4.4.1). The ramified double cover r: C — P! associated with the field

extension L/K corresponds to the morphism of (1).

The action of PGL, (k) given in (2) is obtained by restriction of the PGL, (k)-action

on }P’((’)ﬂi'?l3 @ Op1(n)), given by the group embedding

PGL, (k) < PGL,(k), [a
C

ad+bc ac bd

b 1 2ab  a®* b2
H B —

d ad—bc | 2cd % d?

= O O O

0 0 O

as the hypersurface x3 — x,x, — g(ug, u;)x3 = 0 is invariant for this PGL,(k)-action.

Therefore, we have a regular action on Q, giving an inclusion of algebraic groups
PGL,(k) < AutO(Qg)Pl. This achieves the proof of (2). |

Lemma 4.4.5.

Let us take the notation of Lemma 4.4.4(2).

(1) There is a PGL,(k)-equivariant birational map

<p:ngP1€——+IP’1xIP’1xC

that induces an isomorphism between the generic fibres of the natural

projections

Q, xp C— Cand P' x P' x € — C,

where the action of PGL,(k) on C is trivial, the action on P! x P! is the

diagonal action, and the action on Qg is the one given in Lemma 4.4.4(2).
(2) Denote by

H < Birp(Qy) the subgroup of elements corresponding to automor-
phisms of the generic fibre;

HC Bir(Qg xp1 C) the lift of H (obtained by acting trivially on C);

Hy ={(x,y,0) = (AX),1(A)(y),c) | A € PGL,(k(C)};

o:(x,y,¢) — (y,x,c); and

1 € Aut(k(C)) is the involution induced by the (2: 1)-cover C — P!.

Then the group ¢Hgp~! C Birg (P! x P! x C) is equal to H' = H}, x (o). Also,

every element of H] that is algebraic and not of order 2 is conjugate, in Hy, to
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an element of PGL, (k). Furthermore, o acts on Qg as the biregular involution

[Xg:X; 1 Xy i Xg;Uq Ul = [Xg 1 Xy 1 Xp 1 —Xg; ug Uyl

Proof. We can see C as the curve given by g(uy, u;) = u% in the weighted projective
space P(1, 1, n), quotient of AS\{O} by G,, via (ug, u;, uy) — (Aug, Auq, A"u,). Then, Qg X p1
C is given by x2 — x;x, — u2x2 = 0 in P(OZ* ® O.(n)). We then have a birational map

¢: Qg xp1 C --» P! x P! x C given by

Qg xp1 C -—» P! x P! xC
[Xg:X; 1 Xy 1 Xq Ug 1 U S U]l = ([Xg 4 UgXg X0l [Xg — UgXy 1 X5], [ug Uy Uyl)

= ([x; : xg — upx3], [x) 1 Xg + upx3l, [Uug : Uy @ uyl)

whose inverse is given by ¢!

Pxo s x L lye syl [ug s uy s upl) e Tup(xeyy + x1¥0)
2UuyXoYo t 2UX Y 1 Xg¥V — X1 V0 Ug : Uy : Uyl. We observe that ¢ induces an isomorphism
on the generic fibres of the natural projections Q, xp1 C — C and P! x P! x C — C.

The group PGL, (k) acts on Q  xp1 C via its action on the coordinates xg, x;, X, X3
given by Lemma 4.4.4(2) and trivially on the coordinates u,, u;, u,. On the other hand,
PGL,(k) acts on P! x P! x C by acting diagonally on P! x P! and trivially on C. We now
check that ¢ is PGL, (k)-equivariant with respect to these two actions. It suffices to check
that for € € {£1} the rational map Qg xp1 C --» P! that sends [xq : X7 : Xy : X3, Ug : Uy & Uy)
onto [xy + €u,x;3 : x,] is PGL,(k)-equivariant. This is a straightforward calculation (left
to the reader), which achieves the proof of (1).

We now focus on the subgroup H C Bir(Qg/IP’l) of elements corresponding to
automorphisms of the generic fibre, whose action lifts to a subgroup H € Bir(Qg xp1 C)
isomorphic to H (by acting trivially on C). As ¢ gives an isomorphism on the generic
fibres, the group ¢Hg ! C Bir(P! x P! x C) is contained in the group of birational maps
of P! xP! x C inducing automorphisms on the generic fibre P} xP}. This latter is naturally
isomorphic to PGL,(L) x PGL,(L) % (o), where ¢ is the involution (x,y,c) — (y,x,c). The
description of H' = H|, x (o) in the statement then follows from Lemma 4.4.1(2).

It remains to see that each element h € H| that is algebraic and not of order 2
is conjugate, in H), to an element of PGL, (k). We denote by A € PGL,(k(C)) = PGL,(L)
the element such that h = (x,y,¢c) — (A(x),t(A)(y),c), and by Ae GL, (L) a lift. We write
the characteristic polynomial of A as Xi=X-—a)X—8), where «, 8 € L*,and L is a
field extension of L, of degree 1 or 2, such that L = Ll«, B). Suppose first that « = . This
implies that x; = X? — 20X + o? € LIX], so « € L as char(L) = char(k) # 2. We can thus
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A 1 1 0 1 0
conjugate A to = a- or * =a- . This achieves the proof in this
0 « 0 1 0 « 01

case, so we may assume that « # 8. We then write 8 = o for some p € L\ {0, 1}. If 1 € k,
then x; = X? —a(u+ 1)X +o?u € LIX], which implies that o € L (we use here that 1 # —1

as h is not an involution). We can then replace A with éA and obtain y; = (X —1)(X —p),

n 1 0
which implies that A is conjugated to |:0 :| in GLy(L).

n
It remains to show that u € k. We take again a finite cover C — C associated with

the extension L/L and consider the lift of g on X x C. Take a birational map X x, C --»
P! x P! x C that conjugates g to ([ugy : u,l,[vy : v;1,8) --» (uy : u@®u,l, vy : @/ (®v,], 1)
where u’ € L. By Lemma 2.3.11, the element u is in k. This achieves the proof of (2). M

Example 4.4.6. Leta,b > 1 be two odd numbers, and let us consider the variety Qg of

Definition 4.4.2 with g = ugull’. It is equal to
Qp =1{lxg:x; 1 X5 1 Xg;ug Uyl € ]P’(OE,‘?I3 ® Op1(n)) | X5 — X%y — ugu’{xg =0},

where n = (a + b)/2.
(1) We have an algebraic subgroup G,, < Aut®(Q,) given by

G xQyg— Qg (tlxg:xy1xp 1 x55up D) > [xg 1% 1 X5 t9%,; tPug Uyl

This G,,-action, together with the subgroup PGL,(k) € Aut®(Qy) given in

Lemma 4.4.4(2), gives an inclusion
PGLy (k) x G, € Aut®(Q).

We will prove in Corollary 4.4.7 that it is in fact an equality. The action of

PGL,(k) x G,, on P! gives an exact sequence
1 — PGLy(k) x (0) — PGL,y(k) x G,, — G,, — 1,
whereo € G,, C Aut°(Qg) is the involution given by

o xy 1 x) 1Xy 1 X35 Ug Ul [Xg i Xy T Xy T —Xg U Uyl
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(2) When n = 1, the morphism Qg — P given by [xy : x; : X, : X3;uy @ Uyl =
[xg : X; : X, : XUy : X3u,] is the blowup of the plane P C P* given by
P=lxg:x :%,: X3 :%x4] € P*| x3 =%, =0}, s0 Qg is the blowup of
the smooth quadric Q = {[xq : x; : X, : X3 : X,] € P* | XS — XX, — X3%, = 0}
along the smooth conic I' = PN Q. This conjugates Aut°(Qg) to the connected
group Aut(Q,I') = {g € Aut(Q) | g(T") = I'}, strict subgroup of Aut°(Q).

The following corollary will be useful in Section 6.6 when studying the equivari-

ant links between the Umemura quadric fibrations.

Corollary 4.4.7. Assume that char(k) # 2, let n > 1, and let g € kluy, u;] be a
homogeneous polynomial of degree 2n that is not a square.

If g has only two roots, we may change coordinates to get g = ugull’ for
some odd a,b > 1 and then Aut°(Qg) is equal to the group PGL,(k) x G,,, given
by Example 4.4.6. Otherwise, Aut®(Qy) is equal to the group PGL,(k) given in
Lemma 4.4.4(2).

Proof. The group PGL, (k) embeds into Aut®(Q,), via the action given in Lemma 4.4.4(2).
If moreover g = ugull’, we obtain an embedding of PGL,(k) x G,, into Aut°(Qg), as in
Example 4.4.6. It remains to see that this gives in both cases the whole group Aut®(Q,).

As PGL,(k) does not fix any section of 9, — P!, Theorem D gives a square-free
homogeneous polynomial g € klug, u,] of degree 2n’, for some n’ > 1 and a birational
map ¥: Qg --» Qp, inducing an isomorphism between the generic fibres and such that
the group wAut"(Qg)lp‘l - Aut°(Qg) is either equal to the group PGL, (k) given in Lemma
4.4.4(2) or to PGL, (k) xG,, given (after change of coordinates) in Example 4.4.6. Moreover,
in this latter case, we have n’ = 1.

In the 1st case, the group tpAut"(Qg)W‘l is equal to PGL,(k) and contains
the image of PGL,(k) S Aut®(Qg). As PGL,(k) does not contain any proper algebraic
subgroup isomorphic to itself, the group Aut®(Qy) is equal to the PGL,(k) given in
Lemma 4.4.4(2). In the 2nd case, the action of @hAutO(Qg)w_1 on P! is isomorphic to G,,,,
fixing exactly two fibres. So Aut®(Q,) also acts on P! fixing exactly two fibres, which
implies that g has only two roots. Changing coordinates, g = ugull’ for some odd number
a,b > 1, we obtain an inclusion of PGL,(k) x G,, into Aut°(Qg), as in Example 4.4.6. The
group Aut®(Q,) is then sent, via ¥, to a subgroup of PGL,(k) x G,,. As the kernel of the
action on P! is in both cases PGL,(k) x (o) and the image are the same, both groups are

equal. [ |
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Motivated by Lemma 4.4.5, we now study the subgroups of PGL,(L) having the

property that each element is conjugated to an element of PGL, (k).

Lemma 4.4.8. LetK C L be an arbitrary field extension, with K an algebraically closed
field. Let G € PGL,(L) be a subgroup. If every element of G is conjugated to an element
of PGL, (k) by an element of PGL,(L), then G is conjugate in PGL,(L) to either a subgroup
of PGL,(K) or to a subgroup of

7]
T = € PGL,(L)
0 1

Proof. Observe that the determinant map det: GL(2,L) — L* induces a group

aeK*,PeL]:LxK*. (L)

homomorphism
det: PGL,(L) — L*/(L*)?,

where (L*)2 = {P?> | P € L*}. Since every element of K* is a square, we have
det(PGL,(K)) = {1}.

For each element g € G, we have then det(g) = 1 because g is conjugated to an
element of PGL,(K) by assumption. There exist then exactly two elements g, —g € SL,(L)
that represent the element g € PGL,(L) (or one element g = —g if char(K) = 2). These

elements satisfy furthermore Trace(g) € K. As K is algebraically closed, g is conjugate,

A
in GL,(L), to either a diagonal element of the form |:0 -

1 1
T = |: :| € SL,y(K).
0 1

(a) Suppose first that g is conjugated to &+t for each g € G\ {1}. If G is trivial, we

0
:|, A € K*, or to £1, where

do not need to prove anything, so we can conjugate by an element of PGL,(L) and assume

c
then trace equal to 2 (as it is +id or conjugate to +7); we may thus assume that a+d = 2

by replacing h with —h if needed. We then compute 'I‘race((gAO)”iAl) = 2+ nc € {£2}, for

~ b
that thereis g, € G such that g, = 7. Foreach h € G, the element h = |:a d:| € SLy(L) has

each n € Z, which implies thatc =0. Asad =1anda+d =2, wegeta=d =1, so0 Gis
contained in T.

(b) We can now assume, after conjugating by an element of PGL,(L), that one

N A0
element g, € G satisfies gy = |:0 1:|, for some A € K\ {0, +£1}.
-
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~ a P
We take an element h € G and write h = |:O b:|' where a,b,P,Q € L satisfy

ab—PQ =1 and a + b € K. Since Trace(gAOiAz) = ra + A71b € K, we find that

a=5z(a+b) - E5z(.a+17'b) € K. This implies that a, b, PQ € K.

If P = 0 for each h € G as above, then conjugating by an anti-diagonal matrix,

a, P

we find that G € T. Otherwise, we can choose h; € G with ﬁl = |:O 5
1 01

:| , where

1 0
a;,b;,P,Q; =c; € K, P, # 0. Conjugating with |:0 :|, we may assume that P, =1 € K*

1
and Q,; € K. If G is not contained in T, there exists h, € G such that fzz = |:Zz P2j| , with
2 D2
a,.b,, P,Q, € K and Q, # 0. The diagonal of ifh\z = :I:iAz1 . flz being (a,a, + P;Q,,Q,P, +
b,b,) € K2, we find that Q, € K*.
We finish the proof by taking any element g € G, by computing g - ﬁi fori=1,2,
which shows that g € PGL,(K). |

We will also need the following associated result.

Lemma 4.4.9. Let K C L be a field extension, where K contains at least three elements.

The group PGL,(K) is its own normaliser in PGL,(L).

a

b
Proof. We take A = |: d:| € PGL,(L) that normalises PGL,(K) and prove that

C
A € PGL,(K).

(i) We first study the case where ¢ = 0, in which case ad # 0, so we can assume

that a = 1. For each u € K\ {0, 1}, we compute

= |:1 O:|A _ |:1 b1 - M):| a7l |:1 M:|A = |:1 d,u:| € PGL,(K),
0 u 0 1 01 0 1

which imply that b, d € K, achieving the proof.
(it) We then study the case where ¢ # 0. We then assume that ¢ = 1 and compute,

for each u € K*,

1 d—b+d d?
Al [o ﬂA: [a tan o b“ . i|ePGL2(K).
—u ~b—du
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This yields ad — b+ du € K for each u € K*, so d € K as K* contains at least 2 elements.
ad—b a

o 1]
By the previous argument, AS belongs to PGL,(K), so also A. |

d 1
The matrix S = |: 0i| € PGL,(K) normalises PGL,(K), so does also AS = |:

The next result will be crucial in the proof of Proposition D (in Section 4.5).

Lemma 4.4.10. Assume that char(k) # 2. Let 7: X — P! be a Mori del Pezzo fibration
of degree 8.

(1) There is a square-free homogeneous polynomial g € klu,, u;] of degree 2n,

for some n > 1, and a commutative diagram

for some birational map ¢: X --» Qg inducing an isomorphism on the
generic fibres.

(2) The image of the natural homomorphism Aut®(X) — Aut(P!) = PGL, is either
trivial or G,,. In this latter case, every polynomial g as in (1) has to satisfy
deg(g) = 2.

Proof. Let us write K = k(P!). By Lemma 4.2.1, the morphism 7 is a Mori quadric
fibration, that is, a Mori del Pezzo fibration whose generic fibre is a smooth quadric.
This quadric having a K-point by Tsen theorem (K is a C; field; see [83, Tag 03RD]) or by
Lemma 4.1.2, it is isomorphic, over K, to a quadric surface of IP’I?’{ given by XS — XXy —
,LLX% = 0, for some ¢ € K (Lemma 4.4.1). Moreover, p(Xx) = 1, as 7 is a Mori fibration,
which implies that ¢ is not a square in K (Lemma 4.4.1(1)).

Replacing x; with x;« for some o € K* does not change the isomorphism class,
so we may assume that the restriction of u to Al = PL\ {[1 : 0]} = {[t : 1] | t € A1}
is a square-free polynomial. We then choose g € klu,, u;] homogeneous of even degree
d € {deg(n), deg(n) + 1} such that g(t,1) = u(t) and obtain that Xy is isomorphic to the
generic fibre (Qg)g. As u is not a square in K*, we get d > 1. We then obtain a birational
map ¥ : X --» Q, such that 7,y = 7. This yields (1).

Assertion (2) follows from the fact that the double covering 7: C — P! is uniquely
determined by the generic fibre of X — P!, which is also the generic fibre of Q, — P!,

and that this one is ramified over the zeros of the polynomial g of (1), which are deg(g) > 2
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distinct points of P!. The action of Aut®°(X) on P! then fixes these points. If deg(g) = 2,
then the image is a subgroup of G,, € PGL,(k), but if deg(g) > 3, then it fixes three
distinct points of P!, so one gets the trivial group in PGL, (k). |

4.5 Proof of Theorems D and A

In this subsection, we gather the results obtained so far and give the proofs of

Theorems D and A, both stated in the introduction.

Proof of Theorem D The fact that d € {1,...,9} and d # 7 is given by Lemma 4.2.1.
Part (1) of Theorem D is given by Proposition 4.2.3. It remains then to prove (2), so
we now assume that Aut®°(X) is not a torus. By Lemma 4.2.1, either d = 8 and =y is
a Mori quadric fibration or d = 9 and ny is a P?-fibration (Lemma 4.3.1). If 7y is a
P2-fibration, then the result follows from Proposition 4.3.5. It remains only to consider
the case where ny: X — P! is a Mori quadric fibration.

Using Lemma 4.4.10(1), we have a square-free homogeneous polynomial
g € klugy, u,] of degree 2n, for some n > 1, and a birational map ¥ : X --» Qg such
that 7,y = my, inducing an isomorphism on the generic fibres. We then use the unique
double cover 7: C — P! such that the generic fibre of Qg xp1 C — C is isomorphic to
P} x P}, with L = k(C) (Lemma 4.4.4(1)), and the birational map ¢: Qg xp1 C —-» Pl xPlxC
given by Lemma 4.4.5(1).

We denote by G the connected component of Aut®(X)p:. Note that G is equal
to Aut°(X) if n > 1 (Lemma 4.4.10(2)). Since Aut°(X) normalises Aut°(X)p:, it also
normalises its neutral component and thus the group G is normal in Aut®°(X). The
whole group G acts rationally on Qg via ¥, inducing automorphisms on the generic
fibre of Qy — PL. It then also acts rationally on Qg xp1 C by acting trivially on C. The
conjugation by ¢ then yields a rational action of G on P! x P! x C, and thus an inclusion
G — Bir (P! x P! x C). As ¢ induces an isomorphism between the generic fibres and
G is connected, we get an inclusion G € PGL,(L) x PGL,(L) C Bir (P! x P! x C). More
precisely, Lemma 4.4.5(2) implies that G € Hy, where the group H} € Bir (P! x P! x C) is
given by

Hy ={(x,y,¢) = (A(x),1(A)(¥),c) | A € PGL,(k(C))} ~ PGLy(k(C)) = PGL,(L).
From now on, we identify H) with PGL,(k(C)) = PGL,(L) by sending (x,y,c) +—

(A(x),t(A)(y),c) onto A. By Lemma 4.4.5(2), every element of G that is not an involution

is conjugate in H|, to an element of PGL,(k) € H|, acting diagonally on the two factors,
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and thus corresponding to PGL, (k) € PGL,(L). As G is a connected algebraic group and
char(k) # 2, every involution is a semisimple element of G and thus contained in a torus
of G by [44, Sections 19.3 and 22.2]. This implies that every involution is the square of
an element of order 4, hence also conjugate in H| >~ PGL, (L) to an element of PGL, (k).

We then obtain two cases (by Lemma 4.4.8): G is conjugate in Hy >~ PGL,(L) (we
recall that the isomorphism between the two groups is fixed) to either a subgroup of
T € PGL,(L) or of PGL, (k) € PGL,(L), where

7]
T = € PGL,(L)
0 1

We first assume that G is conjugate in H to a subgroup of the triangular group

aek*,PeL]:ka*.

T. There is then a rational section of P! x P! x C — C, which is fixed by G, and its image
in X is a rational section of X — P!, also fixed by G. We now prove that if G is nontrivial,
then there are only finitely many rational sections of X — P! that are fixed by G. The
preimage of any such section gives either two rational sections of P! x P! x C — C, both
fixed by G, or an irreducible curve I' ¢ P! x P! x C, invariant by G and whose projection
to C gives a 2 : 1-map. (This follows from the fact that there are only finitely many orbits
of size < 2 in a general fibre of P! x P! x C — C.)

If G fixes finitely many rational sections, Aut°(X) acts on this finite set of
sections, as G is normal in Aut®°(X). As Aut®°(X) is connected, each of these sections
is Aut®°(X)-invariant. The projection away from one section (which we can do in family,
using the trivialisation given by r: C — P!, étale on a dense open subset of P!) gives an
Aut°(X)-equivariant birational map to a P?-fibration over P'. Applying Proposition 4.3.5,
we reduce to the case of a P2-bundle over P!. If Aut®(X) is trivial, we can do the same
with any rational section (which exists by Lemma 4.1.2). The remaining case is when G
is trivial, so Aut®(X)p: is finite, but Aut®°(X) is not trivial. In this case, Aut®(X)/Aut®(X)p:
is isomorphic to G,, and n = 1 (Lemma 4.4.10(2)). As Aut°(X) is an algebraic group of
dimension 1 having G,, as a quotient, the group Aut°(X) is isomorphic to G,,, a case
excluded by assumption.

According to Lemma 4.4.8 and the previous case, the remaining case is when
G C Hj ~ PGL,(L) is conjugated to a subgroup of PGL,(k), not conjugated to a subgroup
of T. The group G corresponds to a subgroup of PGL, (k) acting diagonally on P! x P! x C.
If G is a strict subgroup of PGL,(k), then it fixes again a point of the generic fibre,
and so G is conjugated to a subgroup of the triangular group T. We may then assume
that G = PGL,(k). By Lemma 4.4.5(2), the rational action of G on Q9 is then exactly the
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biregular action of PGL,(k) on Q, given in Lemma 4.4.4(2). This proves that : X --» Qg
is G-equivariant, for the biregular action of G ~ PGL, (k) on Qg given in Lemma 4.4.4(2).

If G = Aut®°(X), we obtain that y is Aut®°(X)-equivariant, and yAut’(X)y~! C
Aut®(Q,) is the group PGL, given in Lemma 4.4.4(2).

The remaining case to study is when G C Aut®°(X), which implies that n = 1
and that Aut®(X)/Aut’(X)p =~ G,, (Lemma 4.4.10(2)). As n = 1 and g is square-free,
the polynomial g has two distinct roots, so we may assume that g = uyu;. We then
use the group G,, € Aut°(X) of Example 4.4.6, which contains an involution o, being
the kernel of the action of G,,, on P! that fixes the two ramification points. It remains
to see that yAut°(X)y ! C Aut°(Qg) is the group PGL, x G, given in Example 4.4.6
to conclude the proof. The rational action of Aut’(X)p: on Qg, via ¢, gives a group
of automorphisms of the generic fibre that normalises PGL,(k). Looking at the group
Aut°(X)p1 in H = H| x (0) =~ PGL,(L) x (o) (Lemma 4.4.5(2)), it should normalise
PGL,(k) and is thus contained in PGL,(k) x (o); this follows from the fact that o
normalises PGL,(k) (commuting with it) and that PGL,(k) is its own normaliser in
PGL, (L) (Lemma 4.4.9). This gives Y Aut®(X)p ¢y ! € PGL, x (o) € PGL, xG,,, C Aut°(Qg)

Every element o € yAut°(X)y ! acts on P! in the same way as an element
d € G,,, so B = ad™! € Bir(X) acts trivially on P! and yields an automorphism of the
generic fibre. Since « and d normalise PGL, (k) C Aut"(Qg), the same holds for 8, which
again then belongs to PGL, x (o) < Aut(Qg). This proves that Y Aut®(X)y ! € PGL, x G,y
As Yy Aut®(X)y ! contains ¥ Gy ! = PGL, and as its action on P! is the same as G,,, we
get YyAut®>(X)y~! = PGL, x G,, as desired.

Proof of Theorem A. As explained in the introduction, we run an MMP to X (see
[12, Corollary 1.3.2] and [20, Theorem 1.7]); this gives a birational map X --» Y, which is
AutO()A()—equivariant (see Remark 2.1.7) and is such that Y has a structure of Mori fibre
space Y — S.

If dim(S) = 0, we obtain Case (3) of Theorem A.

If dim(S) = 1, then Y — Sis a del Pezzo fibration. If Aut®°(Y) is not isomorphic to
a torus, we can apply Theorem D and replace Y — S with either a P2-bundle or a smooth
Umemura quadric fibration Qg — P!, so get Case (2) of Theorem A.

If dim(S) = 2, then Y — S is a conic bundle. Proposition 2.5.6(2) implies that
S is rational. We can apply Theorem C and either reduce to the case where Y — Sis a
P!-bundle and where S a smooth projective rational surface with no (—1)-curve (Case
(1) of Theorem C) or obtain that Aut°(Y) is a torus of dimension at most 2 (Case (2)

of Theorem C). The 1st possibility gives rise to Case (1) of Theorem A. It remains to
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consider the case where Aut°(Y) is a torus. As all tori of Bir(P3) of the same dimension
are conjugate (Corollary 2.5.7), there exists a birational map Y --» P? which conjugates
Aut°(Y) to a diagonal torus of Aut(P?), and so we are in Case (3) of Theorem A. (In fact, we
could as well have used Corollary 2.5.7 to conjugate Aut®°(Y) to a subgroup of Aut°(2),
with Z any rational Mori fibre space of dimension 3 endowed with a faithful regular
action of a two-dimensional torus, and end up in any of the three Cases (1)-(2)-(3) of
Theorem A.)

5 1st Refinement of Theorem A, 1st Links, and Non-Maximality Results
5.1 Some families of P!-bundles and 1st step towards Theorem E

We first introduce certain families of Mori fibrations, then we put Theorems A and 5.1.2
together to get Theorem 5.1.3; the latter, which is a refiniment of Theorem A in the case
where the base field k is of characteristic zero, is the 1st step to prove Theorem E.

We now define seven families of Mori fibrations that will play an important
role in the rest of this article: Families (1)-(5) are actually families of P!-bundles over
smooth rational surfaces (which will appear in the statement of Theorem 5.1.2), Family
(6) is formed by the P?-bundles over P!, and Family (7) is formed by some P!-fibrations
over a (singular) rational surface. The threefolds of Families (1)-(2)-(6)-(7) are toric while
the threefolds of Families (3)-(4)-(5) are not.

(1) Leta,b,c e Z. The a-th Hirzebruch surface F, can be defined as the quotient
of (A% \ {0})? by the action of (G,,)? given by

(Gp)? x (A%\{0p*  — (A% {0})?
((Mrp),(Yo’erZole)) i (Mp_aYO;Myl,,OZO,,OZI).

The class of (yq, ¥;.2y,2;) will be written [y, : y;; 2y : 2;]. The projection
1, Fy = P lyo i vii2o: 7] = 200 7]

identifies F, with P(Op:1(a) @ Op1) as a P!-bundle over P!.

The disjoint sections s_,,s, C F, given by y, = 0 and y; = 0 have self-
intersection —a and a, respectively. The fibres f C F, given by z; = 0 and
z; = 0 are linearly equivalent and of self-intersection 0. We moreover get

Pic(F,) = Zf P Zs_, = ZLf P Zs,, since s, ~ s_, + af.
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(2)

We now define 72 to be the quotient of (A% \ {0})3 by the action of G3,
given by

G3, x (A2\ {0})® — (A%\ {0)®
(()‘-Iuﬂp)/(XOrX11y01y1/ZOIzl)) = ()\M_bXOI)‘-IO_CXIIM/O_QYOIl’(’er/OZOUOZI)'

The class of (xy, X, Vo V1:20.2;) Will be written [x, : x;; ¥y : ¥1: 2 : 2;]. The

projection
-7'—3'6 — For [Xg 1 X101 V1520 1 211 = lyg 1 V1020 1 21]
identifies F2'° with
P(Op, (bs,) ® O, (cf)) = P(Op, ® Op, (=bs, + cf))

as a P!-bundle over F,.

Moreover, every fibre of the composed morphism }"Zl"c — F, — P! given by
the z-projection is isomorphic to I, and the restriction of ff;"’ on the curves
s_, and s, is isomorphic to F, and F_ ;.
As for Hirzebruch surfaces, one can reduce to the case a > 0, without
changing the isomorphism class, by exchanging y, and y,. We then observe
that the exchange of x, and x, yields an isomorphism F2° ~ F,%~°. We will
then assume most of the time a,b > 0 in the following. If b = 0, we can
moreover assume ¢ < 0.

Let b € Z. We define P, to be the quotient of (A% )\ {0}) x (A3\ {0}) by the action

of G2, given by

G2, x (A%\ {0}) x (A®\ {0}) — (A2\ {0}) x (A3\ {0})
(1, 0), (Vo1 V1i 20121, 22)) > (up~ PV, 1y1i pZo, P71, 0Z2).

The class of (y,.¥;,29,2;,2,) will be written [y, : y;;25 : 2z; : 2,]. The

projection

Py — P2, lyg:vyi2g: 2 i 25) = [20: 2 : 2,]
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identifies P, with
P(Op2(b) @ Op2) = P(Op2 @ Op2(—b))

as a P'-bundle over P?. As before, we get an isomorphism of P!-bundles
Py, ~ P_, by exchanging y, with y;, and will then often assume b > 0 in the
following.

Let a,b > 1 and ¢ > 2 be such that ¢ = ak + 2 with 0 < k < b. We call
Umemura P!-bundle the P!-bundle U2 — F, obtained by the glueing of two
copies of Fj x Al along F, x A!\ {0} by the automorphism v € Aut(F, x A\ {0}),

vi(xg: %070 : 1,2 ([X0 : %, 26 +X0y’0€ylf_kzc_1;yoza il %) ,
= ([Xo : x, 267 ‘*‘Xoygylf_kzc_ab_l?Yo 1v127 4, %) '

The structure morphism 42° — F, sends ([x, : x1; ¥, : ¥11,2) € F, x Al onto
respectively [y, : y;;1: 2l € F, and [y, : y1;2: 1] € F,, on the two charts.

Let b > 1. The P!-bundle V,, — P? is the P!-bundle obtained from Z/If’z — I,
by contracting the —1-section F; — P2, The existence of the P!-bundle
Vy — P2 follows from the descent lemma obtained in [9, Lemma 2.3.2] (see
also Lemma 5.2.2 below).

Let b > —1,and let k: P! x P! — P? be the (2 : 1)-cover defined by

K: P! x P! — P2

(Iyg:vililzg:2) = vozg: vz, + 7120 1 V121]

whose ramification locus is the diagonal A € P! x P! and whose branch
locus is the smooth conic ' = {[X : Y : Z] | Y2 = 4XZ} C P2. The b-th
Schwarzenberger Pl-bundle S, — P? is the P!-bundle defined by

Sy = P(k,Op1,p1 (—=b — 1,0)) — P2,

Note that S, is the projectivisation of the classical Schwarzenberger vector
bundle «,Op1, pi1(—b — 1,0) introduced in [78]. Moreover, the preimage of
a tangent line to I' by S, — P? is isomorphic to F, for each b > 0 (see
[9, Lemma 4.2.5(1)]). This explains the shift in the notation.
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(6)

(7)

We recall that any vector bundle over P! is split (see, e.g., [41]), and so a

P2-bundle over P! is isomorphic to
Ripn = P(Op1(—m) & Op1(—n) & Op1) for some m,n € Z.

The P?-bundle R,, , identifies with the quotient of (A% \ {0}) x (A% \ {0}) by

the action of G2, given by

GZ, x (A%\ {0}) x (A%\ {0}) — (A3\ {0}) x (A2 {0})
(A ), (Xg, X1, X9, V0, V1) = (A ™xg, A~ "Xy, AXy, WY o, LY 1)-

The class of (xy,x,,X5,¥0.y;) is written [xy : x; : X5,y : ¥;]. Then the

structure morphism R,, . — P! identifies with the projection [x, : x; :

X Vo : V1l — lyp ¢ y;l. Also, the permutations of xy,x; and x;,x, give
— Rymand R, , — R

up to an isomorphism that permutes the coordinates xy,x;,x,, we may

isomorphisms of P2-bundles R Hence,

mmn m,n m-—-n,—n:

assume that m > n > 0.
For each b > 2, and when the field k has characteristic # 2, the variety W,
is the toric threefold defined as the quotient of (AZ \ {0}) x (A% \ {0}) by the

action of G2, given by

GZ, x (AZ\ {0}) x (A% \ {0}) — (A%\ {0}) x (A3\ {0}
(1, 0), (Vo V1i 20,21, 22)) > (o~ B Vyo, uyy; pzg, pz1, p?2,)

The class of (y,,¥;,29,2;,2,) will be written [y, : y;;25 : 2z; : 2,]. The

projection
Wy, = P(1,1,2), lyg:¥1:29:21: 2] = [25: 21 : 2]

yields a P!-fibration over P(1,1,2), which is a P!-bundle over P(1,1,2) \
[0:0:1]. Moreover, using tools from toric geometry (see, e.g., [62, Chapter 14]),
we verify that W, — P(1,1,2) is a Mori fibration. Indeed, the conditions
of Definition 2.1.3 are easily checked from the fans X¥; and X, of W,
and IP(1, 1, 2), respectively; for instance, the variety W, is Q-factorial with
terminal singularities if and only if each cone of X; is simplicial and, for
each cone o of ¥, the only lattice points contained in the convex hull of the

vertices of o are the vertices of o. Moreover, we verify that W, has exactly
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two singular points, namely [1 : 0;0:0: 1] and [0: 1;0: O : 1], both located
in the fibre over [0 : O : 1] and both having a neighbourhood isomorphic
to A3/{+id} locally isomorphic to the vertex of the cone over the Veronese

surface in P?; in particular, W, is Q-Gorenstein of index 2.

Remark 5.1.1.  The open subsets Uy, U, € R,, ,, given respectively by y, # 0 and y; # 0
are canonically isomorphic to P2 x Al, via (Ixg : x; : x,1,8) = (Ixg : X; : x5;1 : t]) and
([xg : yx; : X51,t) = (Ixg : Xx; : X,;t 1 1]). On the intersection, the gluing function is the

birational involution of P2 x Al \ {0} given by (Ixq : x; : x,],©) > ([t™xq : t"x; : x,], 1).

The following result, proven in [9], is a 1st reduction result in characteristic zero.

We will use it to refine Theorem A into Theorem 5.1.3.

Theorem 5.1.2. (Weak version of [9, Theorem A]) Assume that char(k)=0. Let 7 : X—>S
be a P'-bundle over a smooth projective rational surface S. Then there is an Aut®(X)-
equivariant birational map X --» X, where X is one of the following P!-bundles (with

the notation above):

(@) a decomposable P!-bundle _Fg'c — Fa witha,b>0,a#1,c€eZ,
c<0ifb=0,
and wherea=0orb=c=0

or —a < ¢ < ab;

(b) a decomposable P!-bundle Py — P2 for some b > 0;

(c) an Umemura Pl-bundle Z/I,ZZ”C — Fg for some a,b>1,c> 2,
withc—ab < 2ifa > 2,
andc—ab<1lifa=1;

(d) a Schwarzenberger Pl-bundle Sp — P2 for some b > 1; or

(e) a P!-bundle Vy — P2 for some b > 2.

Theorem 5.1.3. Assume that char(k) = 0, and let X be a rational projective threefold.
Then there is an Aut°(X)-equivariant birational map X --» X, where X is a Mori fibre
space that satisfies one of the following conditions:
(1) X — Sis one of the P-bundles listed in Theorem 5.1.2;
(2) X — P! is either a P>-bundle or a smooth Umemura quadric fibration
Qy — P! (see Definition 4.4.2) with g € klu,, u,] a square-free homogeneous

polynomial of degree 2n > 2; or
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(8) X is a rational Q-factorial Fano threefold of Picard rank 1 with terminal

singularities.

Proof. First, since char(k) = 0, we may always assume that X is smooth by applying an
equivariant resolution of singularities. Then we apply Theorem A, followed by Theorem
5.1.2 to reduce the case Theorem A(1) to the case of the P!-bundles over P?, P! x P!, or
F, (with @ > 2) listed in Theorem 5.1.2. This gives the list (1)-(2)-(3) of Mori fibre spaces

given in the statement of Theorem 5.1.3. |

5.2 General results on P!-bundles over Hirzebruch surfaces

In this subsection, we collect some results on equivariant links starting from P!-bundles
over Hirzebruch surfaces (mostly proven in [9]) that we will use to prove Theorems E
and F.

For each P!-bundle 7: X — S over a smooth surface S, there are Sarkisov links
obtained by blowing up a section s C X over a smooth curve I' C S, and then contracting
the strict transform of 7~!(I'). In the next lemma, we apply this observation to the
P!-bundles over Hirzebruch surfaces listed in Theorem 5.1.2. Two types of such P!-bundles
arise, namely the decomposable P!-bundles ]-"2’0 — F, and the Umemura P!-bundles
U,IZ)'C — F,.

Lemma 5.2.1.

(1) For all a,b,c € Z, a,b > 0, the blowup of the curve [y, < f;"", given by
X9 = yg = 0, followed by the contraction of the strict transform of the

C f{ll)+1,c+a

surface 7 ~1(s_,) onto [, , given by x; = yy = 0, yields a type II

Sarkisov link

0 -lez)'c N ]_—(117+1,c+a

(xg:x;V0: V11201 21) = (Ixy:X1Y0: Vo : V1) 20 21D

We have then gAut®(F2)p~! C Aut®(F2F1"°t9) if and only if ab > 0 or ac < 0
and ¢~ !Aut (F2T1°+ %)y C Aut®(F2°) if and only if a(c + a) > 0.

(2) For each Umemura P!-bundle 45° — F,, the blowup of the curve Iy, < U2*,
given by x; = y, on both charts, followed by the contraction of the strict

transform of the surface = ~!(s_,) onto the curve l,,, given by x; = y, = 0 on
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both charts, yields a type II equivariant link
0 ug,c N ug+1,c+a
satisfying pAut® U2 )1 = Aute UL+,
Proof. Part (1) is given by [9, Lemma 5.4.2] and Part (2) is given by [9, Lemma 5.5.3]. W

The next lemma applies to any P!-bundle over a surface S obtained by blowing
up a surface S. As we will only use it for S = F, and S = P?, we prefer to state it only in

this particular situation.

Lemma 5.2.2. Let 7: X — F, be a P!-bundle, and let : F; — P? be the contraction
of s_; onto the point p € P2. There is then a P!-bundle n': X’ — P? and an Aut®(X)-
equivariant birational map ¢: X --» X/, unique up to isomorphisms of P'-bundles, such

that tw = 7'¢.

Proof. The existence and uniqueness of ¢, together with the fact that ¢ is Aut®(X)-

equivariant, are given by the “descent lemma” [9, Lemma 2.3.2]. [ |

Lemma 5.2.2 applied to u{"z — [F, gives a type III equivariant link L{f'z -V,

which is a divisorial contraction already described in [9, Lemma 5.5.1].

Lemma 5.2.3. For each b > 2, there is a sequence of type II equivariant links
L{{’+n’2+" - Z/lf+”_l'2+”_l, for n > 1, and a type III equivariant link that is a birational
morphism v : Z/{{’ 2 V,,, which fit into a commutative diagram

2.4 1, 2 »
— — >Ui)+’ - — >Z/{f+ 3 >Z/lf’ —V,

\l !

F; —— P2,

Moreover, for each n > 0, the induced birational map ¢,,: Z/{{’Jr"'z“l

Pp AUt U ol — Aute (V).

--» V), satisfies

Proof. The existence of the sequence of type II equivariant links that conjugates
AutO(U{H”'Hn) to Auto(uf+”_1'2+”_1) follows from Lemma 5.2.1(2). The type III link
Z/I{"Z — V), is given by Lemma 5.2.2, and the fact that WAutO(U{J'Z)I/I_l = Aut’(V,) is
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1644 J. Blanc et al.

given by [9, Lemma 5.5.1(4)]. Thus, for each n > 0, the composition gives a birational
map ¢, Z/{f+n'2+n --» V) that conjugates Aut°(uf+"'2+") to Aut° (V). [ |

5.3 Non-maximality results

In this subsection, we give the existence of explicit equivariant birational maps between
varieties listed in Theorems A and 5.1.3, proving the non-maximality of some of their
automorphism groups in Bir(P3). This series of lemmas that will be useful to prove

Theorem E in Section 6.7. We keep the same notation as in Section 5.1.

Lemma 5.3.1. For each i € Z, we denote by kly,, y;1; € kly,, y;] the vector subspace of
homogeneous polynomials of degree i (which is {0} if i < 0). For each m, n € Z, the group

Aut®(R,, ,,) consists of all elements of the form

Pio P2n-m P3-m||*o

o 1%y 1 %i¥o Vil > | | Pam—n  Pso  Pen || X1 |i@o+Dbyyicyo+dyy |,
DP7m DPsn DPgo X2
P10 DP2n-m P3,-m

where py; € klyg, y,];, fork =1,...,9, |:p4,mn P50 pe,n] € GL;(klyy, y;]) and ‘Clg] €

P7,m pPsn P90

GL,(k). In particular, the variety R,, , is toric and the morphism R — P! yields a

mmn

surjective group homomorphism
p: Aut’(R,, ) — Aut(P') = PGL,.

Proof. The existence of p: Aut®(R,,,) — Aut(P!) is given by Proposition 2.1.5. In
addition, the group GL,(k) acts on R,, ,, by

([¢5] Bxo %1 = x5 ¥ : 71]) > [xo : Xy 1 Xp5 @y + byy < cyp +dyy,

which proves the surjectivity of p. Then, to determine Aut®(R,, ,,)p1, the kernel of p (case
a=d =1,b=c=0in the above description), we use the global description of R,, ,,
given in Section 5.1(6) and the fact that the P?-bundle R

l . . .
mmn — P is trivial on any open

subset of P! isomorphic to Al. [ |

Lemma 5.3.2. Let G = Aut°(R,,,) withm >n > 0.

(1) Let ¢: R, — P3 be the blowup of the line [0 : O : * : x]. Then we have
pAut° (R )¢~ ! C Aut(P?).
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(2) If2n > m > n > 1, then there is a P}-bundle X — S over a smooth projective
rational surface S and an Aut®(R,, ,,)-equivariant birational map §: R,,, ,, -+ X
such that §Aut°(R,, ,)8 ! C Aut®(X).

Proof. (1) The blowup of the line £ =[0: 0: * : %] in P2 can be written
o Ryo— P3, [xy: %) X0 Vo V1l = [Xo¥p : Xo¥y @ X; : X5l
By Proposition 2.1.5, ¢ is Aut®(R, g)-equivariant. Therefore, goAut"(Rl,o)gf1 C Aut(P?)
as pAut® (Rlyo)w_l must preserve the line .
2)If2n>m>n>1,then[0:0: 1;x*: %] is a G-invariant curve of Run (follows

from Lemma 5.3.1) whose blowup can be written

v Fa* = R

(X0 1 X1 Vo : V1iZ0 1 Z1] > [XoVo i Xo¥1 t X15 %0 1 Z1],

m,n

wherea = m—n > 0,and ¢ = —n < 0. Thus, ¥ 1 Gy = Aut°(F.°) by Proposition 2.1.5. On
the other hand, according to Lemma 5.2.1(1), there exists a G-equivariant birational map
@: FiC -—s F21 guch that pAut® (Fi%)e~! C Aut®(F2°T%). Hence, composing ! and ¢

gives a G-equivariant birational map §: R, ,, --» F2CTe such that G5! C Aut®(F2°9).

|
Lemma 5.3.3. Leta > 0, and let ¢ € Z. There is a birational morphism
Q: ]-'é’c — Ralc, (X0 : X1, V0 : V120 : 211 = [Xp¥o 1 X1 1 XoV1i Zg & Z1],
which contracts the divisor H, = (x, = 0) onto the section ¢ = [0 : 1 : 0;% : %] of
Rgac — Pl. We then have pAut®(F;9)¢~! C Aut’(R,.) with an equality if and only
ifc < 0.

Proof. We check that ¢ is the blowup of the section of R, . given by x, = x, = 0.
The inclusion pAut®(Fa“)p~! C Aut°(R, ) is given by Proposition 2.1.5. The equality
holds if and only if ¢ is fixed by Aut®°(R, ;), which is equivalent to the condition ¢ < 0
(Lemma 5.3.1). n

Lemma 5.3.4. LetX = F2°witha > 0,b > 0, and ¢ € Z, and let G = Aut®°(X).
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1646 J. Blanc et al.

(1) Ifb=0and —a < ¢ < 0, then there is a birational map ¢: X --» R, ;. such
that 9Go~! C Aut® (R, ., o).

(2) If b =1 and ¢ > 0, then there is a birational morphism ¢: X — Rac such
that 9Go~! C Aut°(R

(3) If b > 2, and ab — a < c < ab, then there is a birational map ¢: X --»
Raca@p-1) Such that oG~ C Aut° (R, . 4p_1))-

(4) If a = 0 and ¢ = 1, then there is a birational morphism ¢: X — R,, such
that pGo~! C Aut° (R ).

a,c)'

Proof. Assertion (2) follows directly from Lemma 5.3.3.

(1) As ac < 0, [9, Lemma 5.4.2] gives a G-equivariant birational map ¢: ]-"2'0 --»
Fa€%4 such that pGe~! = Aut®(F2°*%), and then (1) follows from (2).

(3) As ab —a < ¢ < ab, we have a > 0. For all integers b’,c’ > 1, there is an
Aut°(FL%)-equivariant link F2¢ --» F2 7172 Dy [9, Lemma 5.4.2]. Iterating these
links yields a G-equivariant birational map ¢: F2° --» F27°7™ with r the smallest
nonnegative integer such thatb—r <Oorc—ra <0.Ifc=a(b —1),thenr=>b—1 and
0Ge~1 = Aut®(Fr°~*®=Dy 50 the result follows from (2). If a(b — 1) < ¢ < ab, thenr = b
and Ge~! = Aut°(F2°~%), so the result follows from (1).

(4) As FO° and FCP are isomorphic, via [xy @ x1;yg © ¥1:2 ¢ 2]+ [x) © X0 7

Z1; Vo - v;1, Assertion (4) follows from (2). |

Lemma 5.3.5. Let ¢: P; — P2 be the blowup of the point [0 : 0 : 0 : 1]. Then
pAut® (P))e~! C Aut(P?).

Proof. The blowup of the point py =[0:0:0: 1] in P? is given by

91 Py — P, yg:v1i20: 21t 25l > [yozo : Yoz © VoZa  ¥1)-

By Proposition 2.1.5, the morphism ¢ is Aut®(P;)-equivariant, hence pAut®(P;)¢ !
C Aut(P®). The inclusion is strict as pAut®(P;)p ! fixes p,. [ |

Lemma 5.3.6. Leta,b >1and ¢ > 2 be such that ¢ = ak + 2 with 0 < k < b. Let
T Z/lé’ “ — F, be an Umemura P!-bundle, and let G = Aut® (Ufl”c).

(1) Ifa=1andb =c> 2, then there is a birational map ¢: u};'C --» Q4 C P? to

a smooth quadric Q, such that ¢Gp~! C Aut°(Q;) = PSOg. Moreover, there
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Connected Algebraic Groups on three-dimensional Mori Fibrations 1647

is an Aut°(u12'2)—equivariant birational morphism L{12'2 — Q4 that contracts
the two divisors x; = 0 and y, = 0 onto a line £ C Q3.

(2) Ifa=>2,b>1,andc=2+a(b—1), then there is a birational map ¢: u}z"‘f -3
Ra_1,0 such that pGo! C Aut®(R,_; o). In particular, Z/{é’z is isomorphic to
the blowup of R,_, , along a section of the P?-bundle R,,_, ; — P'.

Proof. (1) Ifb =c > 2, then [9, Corollary 5.5.4] yields the existence of a G-equivariant
birational map §: L{f'c --3 ulz,z_ Hence, §G5~! C Auto(ulz'z), and so it suffices to prove (1)
for G = Aut®U>?).

We use the notation of Section 5.1(3). There is a morphism ¢ from ulz,z to P*

given by

Fy x Al — P, (Ixo : x1; 0 y11,2) = [Xo¥i + %12 X1 Xo¥52 : Xo¥p * Xo¥oV1)
on the 1st chart, and thus by

Fy x Al > p*, ([xg : x1;¥0 : V11,2 — [x3 ZXIZ—XOY% ZXOYS :XOY%Z P XYooVl

on the 2nd chart. Outside of xyy, = 0, it is an isomorphism with its image: on each
chart, we obtain A® < F, x Al, (x,y,2) — ([1 : x;1 : y],z), and the composition yields

respectively
x,y,2) > ly?+xz:x:2:1:y]
x,y,2) > [x:xz—y?:1:2z:y]

on the 1st and the 2nd charts. Hence, ¢ is a birational morphism whose image is the

quadric
Qy ={lxy: - : x4l € P*| xox5 — x4 — x;x, = 0} C P*%.

More precisely, ¢ is the blowup 7n;: Bl,(Q3) — Q3 of theline £ = (x, = x3 = x, = 0) in Q4
followed by the blowup of a section ¢; C Bl,(Q3) of 771_1(5) — £. According to Proposition
2.1.5, it is G-equivariant, and so (pG(p_l
P={gePSOy|g- ="t} C PSOs.

(2) By [9, Corollary 5.5.4], there is a G-equivariant birational map §: u}}c - Ué'z.

Therefore, §G5~! C Aut°(Z/Ié'2) and so it suffices to prove (2) for G = Aut"(ull’z).

is the seven-dimensional parabolic subgroup
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1648 J. Blanc et al.

Let £ be the closure in X = Z/lé'z of the line defined by X ([0: 1; % : %],0) S F; x Al
in the 1st chart of X (see Section 5.1(3) for the definition of X with the two charts and
the transition function). Then the class of ¢ generates an extremal ray of the cone of
effective curves NE(X) and Ky - £ = —1 (see Lemma 6.4.1). The variety X can be viewed
as a IF;-bundle over P!, and contracting the numerical class of ¢ corresponds to contract
fibrewise the (—1)-section F; — P2, [x, : x;;y0 : 1] = [xo¥o : Xo¥; : X;]. Using the
transition function of X given in Section 5.1(3), we obtain a P?-bundle X’ — P! whose

transition function is

P x AT\ {0} - P2 x A1\ {0}

(lug:uy 1 upl,t) = (2% uy 2 22Uy + zugl, §)
Composing with automorphisms on both sides, we obtain

P2 x Al N P2 x Al

(ug Uy tuglt) > (2% @ Zuy : Zuyl, 1)

and so according to Remark 5.1.1, we have X’ ~ R, ;. Therefore, there is a

a—1,
G-equivariant birational morphism ¢: X — R,_;(, and so ¢Gy~! € Aut°(R,_, o). But
according to Lemma 5.3.1, the group Aut®(R,_, o) acts on R,,_, o with two orbits, which

are a divisor and its complement, while ¢ Gy ™!

must preserve the section of R,_; ; — P!
obtained by contracting the numerical class of ¢. Hence, ¢Gp~! C Aut® (Ra-1,0) and we

get (2). |

Corollary 5.3.7. There exists a birational morphism ¢: V, — Q3 € P* such that
YyAut°(V,)y ! C Aut°(Q4) = PSOg.

Proof. The morphism ¢: Z/{12'2 — Q4 described in the proof of Lemma 5.3.6(1) factorises
through the contraction morphism §: ufrz — V,. Since § Aut"(lzllz'z)(S_1 = Aut°(V,), it
follows that yAut®°(V,)y~! C Aut®°(Qy). [ ]

To study the Schwarzenberger P!-bundle S, — P?, we can consider the P!-bundle
S, — P! x P! given by the pullback S, xp2 (P! x P') — P! x P! that comes from the double
covering x: P! x P! — P? defined in Section 5.1(5). It is much easier to work with the

P!-bundle S;, which can be described by the following result.
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Lemma 5.3.8. ([9, Lemma 3.5.5]) Assume that char(k) # 2. Let b > 1 be an integer. Let =
and 7’ denote the P!-bundles 7: S, — P! x P! and x': ]—'é’“'b“ — P! x P!, respectively.
Then, the following hold.

(1)

(2)

(3)

For each i = 1,2, denoting by pr;: P! x P! — P! the i-th projection, the
morphism pr;o7: S, — P! is a F,-bundle. Denoting by S; C S, the union of
the (—b)-curves of the Fys, the intersection C = S; NS, is a curve isomorphic
to the diagonal A C P! x P! via 7. The curve C coincides with the intersection
of 771(A) and the surface Xy = 0 in both charts.

We have Aut® (Sb) ~ PGL,, and a commutative diagram

where all maps are PGL,-equivariant, the action of PGL, on P! x P! is the

diagonal one, the action of PGL, on ]-'é’ 1O+ g given by

(X0 : X1; Y0 : V1: 20 : Z1] = [Xg : Xy ayg + BYy 1 Yo +0y1iazg + Bzy vz +62,],

the morphism 5 the blowup of the curve ¢’ C .7-'8“’“1 given by P! —
]-'é’“’b“, [u:vl—I[1:1:u:v:u:vl], and the morphism ¢ is the blowup of
the curve C.

Moreover, the group Aut®(S,)p:1,p1 is trivial.
If char(k) does not divide b + 1, the curve C is the unique curve invariant by
Aut’(S).

The above lemma gives a PGL, action on S,, which goes down to a PGL,-action

on &, which is in fact the whole automorphism group Aut°(S,) for b > 2 ([9, Lemma

4.2.5(2)]).

We now determine the intersection form on S;, the cone of effective curves

NE(Sy), and the canonical divisor Ks,.

Lemma 5.3.9. Assume that char(k) # 2. Letb > 2, letn: X = §) — P2 be the
Schwarzenberger P!-bundle, and let ¢: S, — S, be the double covering given by the
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projection S, = S), xpz (P! x P') — S,. Taking the notation of Section 5.1(5) and Lemma
5.3.8, the following hold.

(1) If char(k) does not divide b + 1, the action of Aut°(S,) ~ PGL, on S, has
four orbits: the curve y, the surfaces D \ y and E \ y, and the open orbit
Sy \ (DUE), where y = €(C) P!, Cc C Sb is the curve as in Lemma 5.3.8,
E =¢€(S)) = €(Sy) ~ P! x P! and D = n~1("). If char(k) divides b + 1, the four
subsets y, D\ y, E\ y, and S; \ (D UE) are still Aut®°(S;)-invariant, but they
are not the Aut°(Sy)-orbits anymore.

(2) The group of numerical equivalence classes of 1-cocycles NS (S,) is gener-
ated by H := 7~ 1(¢), with £ € P? a line, and by E.

(3) Let f be a fibre of 7, and let s; and s, be the two curves of E C S, obtained
respectively as the images of the two curves s} ={[1:0;0: 1L;u: vl | [u: vl
ePlyands, ={0:1;0: Lu:vl|[u:vleP!of ]-'é’“'b“ through the
birational map € o ¢ ~!. For i = 1,2, the group of numerical equivalence
classes of 1-cycles NiQ(Sb) is generated by f and s;.

(4) The intersection form on X satisfies

E H
f 2 0
5;11=-b 1
S, |b+3 1

(6) The cone of effective curves NE(X) is generated by s; and f.
(6) The canonical divisor Ky is —E —2H, and so Ky - f = —2and Ky -s; =b — 3.

Proof. We first observe that the involution ¢ € Aut(]-“é’“’bﬂ) given by [x, : x1; ¥, :
ViiZg:z1] = [x) 1 X0 2ot 21, ¥, © V1] preserves the curve C’ of Lemma 5.3.8, so 6 induces
an involution o’ := ¥y los oy € Aut(gb). We then prove that ¢’ is equal to the involution
o € Aut(S,) associated with the double cover e: S, — S,. Indeed, both involutions are
lifts of the involution 7 € Aut(P! x P!) that is the exchange of the two factors. Since
every automorphism of the P!-bundle $, — P! x P! is trivial (Lemma 5.3.8(2)), 0 = ¢’ is
the unique lift of t in Aut(S’b).

Let us denote by S},S, € ]-"SH'I’H the sections given by x; = 0 and x;, = 0,
respectively. Let ¢ = [0 : 1] € P! be a point (the same would work with another point). For
i =1,2, we consider the preimage F; C ]-'é’“'bﬂ of the fibre of the i-th projection P! x P!

Fg+1yb+1

over q. With the explicit description of given at the beginning of Section 5.1,
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we check that F; ~ F, >~ [F, |, with exceptional sections given by s| = F; NS} and F, NS,
and sections of self-intersection b + 1 given by s, = F; NS, and F, N S}. As C' N F} =
[1:1;0:1;0: 1] is outside of the exceptional section, the images F;,F, C Sb of Fy,
F} through ¢! are isomorphic to F;, with exceptional sections being the intersections
with the strict transforms of S| and S, respectively, which are then equal to S; and S,.
Hence, §; = F; NS, and F, N S, are the sections of self-intersection —b of F; and F,, and
s, =F, NS, and F, N S; are sections of self-intersection b + 2 of F; and F,, respectively.

We are now ready to prove the lemma.

(1) Since 6 exchanges S} and S, the involution o exchanges S; and S,, which
yields E = €(S)) = €(Sy) ~ P! x P1. As¢: &, — S, is an isomorphism above the branch
locus T, it suffices to show that the action of PGL, on &, has five orbits: the curve C, the
surfaces S; \ C, S, \ C, D\ C and the open orbit S‘b \ (DU S, US,), where D is the pullback
of the diagonal A C P! x P!, The fact that the surfaces Sl,Sz,f) are invariant directly
follows from the description of the action of PGL, on ]—'é’“'bH given in Lemma 5.3.8, as
S, and S, are correspond respectively to the surfaces S} and S,. Hence, C = S; NS, is also
invariant, and is one orbit as its image in P! x P! is A (Lemma 5.3.8(1)). The fact that D\ C
is an orbit follows from the fact that D — A is a P!-bundle and that C is the only curve
invariant in S‘b (Lemma 5.3.8(3)). It remains to see that S; \ C, S, \ C and 3‘1, \(DUS, US,)
are orbits, which corresponds to ask that S} \ C’, S, N C’ and ]_-(l):+1,b+1 \ (S} US,UD)
are orbits, where D' C ]_-(l);+1,b+1 is the preimage of the diagonal. For SQ NC,i=1,2, this
directly follows from the explicit action given in Lemma 5.3.8. For ]-'g +1.b+1 \(S;US,UD"),
we observe that [1:1;0:1;1:0]is sentonto[1:1;8:8;«: 8], so its orbit contains the
whole fibre over [0 : 1; 1 : 0], except the two points of S| and SJ,.

(2)-(3) As r: S, — P? is a P!-bundle, we only need the preimage of a nontrivial
element of Pic(P?) (respectively of a point) and a divisor (respectively a curve) not
contracted by r to generate NS, (respectively N?).

(4) The restriction mg B — P2 is a (2 : 1)-cover ramified over the diagonal
A C P! x P!, and so E - f = 2. Also, since all fibres of 7 are linearly equivalent, we can
assume that f N H = ¢, hence H - f = 0. Choosing for ¢ the tangent line to the conic
I' € P?, such that x1(¢) € P! x P! is the union of the fibres over g = [0 : 1], we get
-l = €(F;) = €(F,) ~ F,. The restriction of E to 771(¢) corresponds to the union
of the two curves s; = €(F; N S;) = €(F, N S,) and s, = €(F; N S,) = €(F, N S;). Hence,
the intersection E - s; in S, can computed by the intersection s; - (s; + s,) in the surface
n1(0) ~Fy. As (s;)? = —b,s,-s, =1andsi =b+2,wegets;-E=1—bands, -E=Db+3.

(5) We already know that the curve f can be contracted, this corresponds to

n: S, — P?; thus, the cone NE(X) is generated by f and some effective curve r = as; +8f.
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If the curve r is contained in E, then r € Q, (sy,s,) € Q, (s,,f), as s, = s; + (b + 1)f, and
so we must have r = s,. If r is not contained in E, then E - r = «(1 — b) + 2 > 0. Also, we
always have H-r = « > 0. It follows that, if r ¢ E, then «, 8 > 0, and thus again, we must
haver =s;.

(6) Let Ky = oE + BH be the canonical divisor of X. Recall that E ~ P! x P! and
H ~ F,; therefore, K = —2s; — 2s, and Ky = —2s; — (b + 2)f. Applying the adjunction
formula yields Ky = (Ky + H) - H = 2as; + (¢(b+ 1) + 8 + 1)f by (4). Hence, « = —1 and
B = —2, and we obtain Ky = —E — 2H. [ |

Lemma 5.3.10. Assume that char(k) = 0. Let G = Aut®°(S;) ~ PGL,. Then there is a
G-equivariant birational morphism ¢: S, — P23, that is, the blowup of a twisted cubic,
such that 9Gy~! C Aut(P?) ~ PGL,.

Proof. Letp: P! — P3,[u: vl [ud: uv:uv?: v3] be the standard parametrisation
of the twisted cubic I' = p(P!) c P3. The natural action of SL, on klu,v]; gives rise
to an action of Aut(P') = PGL, on P® that makes p equivariant. Let ¢: X — P2 be the
blowup of I'. By Proposition 2.1.5, the group Aut®°(X) is conjugate via ¢ to the group of
automorphisms of P? that preserve the twisted cubic. The group Aut°(X) is therefore
isomorphic to PGL,, as no nontrivial element of Aut(P®) can fix I pointwise (the fixed
locus of an element of Aut(P?) is a union of linear subspaces). The linear system of
quadrics through I' gives a P!-bundle X — P?: this can be checked in coordinates and is
also very classical. As Aut®(X) = PGL,, the P!-bundle is not decomposable and is in fact
isomorphic to a Schwarzenberger bundle S,, for some n > 1 [9, Proposition 4.3.4]. The
case n = 1 is impossible as Aut°(S;) >~ PGL; (because S; — P? is the projectivisation of
the tangent bundle; see [9, Corollary 4.2.2]). Then, Lemma 5.3.9(6) implies that n = 2. W

6 Description of the Equivariant Links

In this section, we describe the equivariant Sarkisov links between certain Mori
fibrations: the P2-bundles over P!, the Umemura quadric fibrations Qg — P!, and the
Pl-bundles over P%, P! x P! and F,, (n > 2) listed in Theorem 5.1.2. Then, in Section 6.7,
we give the proof of the main results of this article when the base field is assumed to

be of characteristic zero (Theorems E and F).
6.1 Homogeneous spaces

In this subsection, we consider the equivariant links starting from a Mori fibre space X

on which Aut®(X) acts transitively.
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Lemma 6.1.1. Let G be an algebraic group, and let ¢: X --» Y be a G-equivariant
birational map between two projective varieties equipped with a regular G-action. If
X is G-homogeneous (i.e., if G acts transitively on X), then ¢ is an isomorphism. In

particular, if ¢ is a Sarkisov link, then ¢ is of type IV.

Proof. Since X is G-homogeneous, the rational map ¢ has no base-point and does not
contract any hypersurface. It is then an isomorphism between X and ¢(X), and since X

is projective we have that ¢(X) = Y. |

Proposition 6.1.2. Let X be one of the following variety:
P3, Q; € P, P! x P! x P!, P? x P!, or S; =~ P(Tp2).

Then Aut®(X) acts transitively on X, so every Aut®(X)-equivariant link starting from X is
an isomorphism and a type IV link. There is no such link in Cases (1) and (2), there are
two links in Case (3), and one link in Cases (4) and (5).

(1) X =P? and Aut(X) >~ PGL,.

(2) X =Q; € P*is a smooth quadric and Aut(X) >~ PSOs.

(3) X =P! x P! x P! ~ 70 and Aut°(X) = PGL, x PGL, x PGL,; the two links

are then given by

Pl XPI XIP)l %Pl XIP)I X[Pl %‘Pl XPI XPl
prixprs \L pryxpry \L przxprB\L
x Pt P! x P! P! x P!

-

(4) X =P? x P! and AutX ~ PGL; x PGL,; the link is then

B) X = {(Ixog : x; : XLlyy : vy @ o) € P2 x P2L33 xp, = 0} =~ S,
which coincides with the projectivisation of the tangent bundle of P?, and
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Aut°(X) = PGLg; the link is then

Proof. In all the cases listed above, Aut®°(X) acts transitively on X. This is clear in all
cases except maybe when X = S; — P? is the projectivisation of the tangent bundle, but
then X ~ PGL4/P, where P is a maximal parabolic subgroup, and so Aut°(X) ~ PGL4 acts
indeed transitively on X.

The fact that every equivariant link starting from X is an isomorphism follows
from Lemma 6.1.1. Every such link is then of type IV and corresponds to the different
contractions of the extremal rays of NE(X) negative against Ky that we can obtain, all
being Mori fibre spaces. If X = P3or X = Q; C P* is a smooth quadric, the Picard
rank is equal to 1, so there is no equivariant link. If X = P! x P! x P!, we have three
extremal rays, one gives the Mori fibre space and the two others give two links as in (3).
If X = P? x P!, the two contractions correspond to the Py — P? and Ry, — P!, with one
link as in (4). If X = {(Ixy : X; : X1 [yg : 1 : Vo) € P2 x P2, 32 [ x;y; = 0}, then X it is
isomorphic to Sj, or to the projectivisation of the tangent bundle of P2. The Picard rank

being of rank 2, there are exactly two contractions, and we get the link of (5). |

6.2 Decomposable P!-bundles and Schwarzenberger P!-bundles over P2

In this subsection, we consider the equivariant links starting from 7P, from P(1,1, 1, 2)

and from S, (see Section 5.1 for the definition of P, and S).

Proposition 6.2.1. Assume that char(k) # 2. Let b > 2, and let G = Aut(P}). There
is an equivariant link from P, if and only if b6 = 2. This link, which is unique, is
the contraction of the unique G-invariant divisor ¢: P, — P(1,1,1,2) and 0Gp~! =

Aut®°(P(1,1, 1,2)). Moreover, ¢! is the unique equivariant link starting from P(1,1, 1, 2).

Proof. We use the same notation as in Section 5.1(2). For b > 2, it follows from [9,
Lemma 4.1.2 and Remark 4.1.3] that P, is the union of two G-orbits: the divisor D ~ P?,

given by y, = 0, and its complement in P,. Therefore, we can only contract D, which is
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possible if and only if b = 2 as Kp, - £ = b — 3, where Kp, is the canonical divisor of P,
and ¢ is a line contained in D. Indeed, the cone of effective curves NE(P;) is generated
by ¢ and by a fibre f of the structure morphism P, — P2.

Contracting the class of ¢ yields the G-equivariant morphism

p: P, —Z=P1,1,1,2), lyg:¥1:20: 2 : Zp]l — [zo:z1 1Zy ?]
0

Hence, pGop~! C Aut°(Z). Since Aut°(Z) acts on Z with two orbits, the singular point
g =10:0:0:1] and its complement, and ¢ is the blowup of the singular point g, we
have an equality ¢Go~! = Aut°(2). Finally, any other blowup ¢’: X’ — Z of the point g in
Z cannot be G-equivariant. Indeed, we see that = ¢’ ! 0 ¢: X --» X’ is a G-equivariant
birational morphism (because X has no G-orbits of codimension > 2); thus, it must a

G-equivariant isomorphism. |

Proposition 6.2.2. Assume that char(k) # 2, and let b > 3 such that char(k) does not
divide b+1. Let G = Aut°(S,) ~ PGL,. There is a birational involution ¢: S, --+ S, which

-1

is a type II equivariant link such that oGy~ = G. Moreover, ¢ is the unique equivariant

link starting from &,

Proof. By Lemma 5.3.9(1), the variety S, is the union of four G-orbits: a curve
y, two surfaces whose closures are divisors D and E, and the open orbit. Also, by
Lemma 5.3.9(5), the cone of effective curves is generated by f and s;, where the curves
numerically equivalent to s; span the divisor E, but Kg, -s; =b—3 > 0.

We first show that there is no equivariant link of type III or IV starting from S,,.
As the extremal rays cover respectively S, and E, the small map starting from S, cannot
be a flop or a flip. It follows from Lemma 2.2.9 that it also cannot be an anti-flip, so the
small map is an isomorphism. Hence, an equivariant link of type III or IV needs to start
with the contraction of a negative extremal ray, but K, -s; > 0 and the contraction of f
is the morphism S, — P2, and so there is no such link.

The only possible equivariant links then start with blowing up the curve
y (with its reduced structure, by Lemma 2.2.8). One such equivariant link exists:
it is of type II, obtained by blowing up the curve y and then contracting the
strict transform of the divisor E, and is the birational involution considered in [9,
Lemma 5.6.2]. By Remark 2.2.5, this is the only possible equivariant link starting
from S,,. |
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6.3 P2-Bundles over P!

In this subsection, we study the equivariant links starting from R from certain ]-'2"’,

mn’

and from P(1, 1,2, 3) (see Section 5.1 for the definition of R,, ,, and ]-"g'c).

Lemma 6.3.1. LetX =R, ,withm>n>0.

(1) The group of numerical equivalence classes of 1-cocycles NS (X) is gener-
ated by F := (y, = 0) ~ P2 (a fibre of the P?2-bundle) and H := (x, = 0) =~ F,,.

(2) The group of numerical equivalence classes of 1-cycles N(IQ(X) is generated
by the curve ¢ := (x, = x; = 0), which is a section of the structure morphism
Ryn — P!, and by the curve f = HNF = (xy = yy = 0).

(3) The intersection form on X is given by

H F H F
H|it—(m-n)f fl|L]|-m 1
F f o||f| 1 O

(4) The cone of effective curves NE(X) is generated by ¢ and f.
(6) The canonical divisor Ky is —3H — (2m —n + 2)F,andso Ky - { =m +n — 2
and Ky - f = —3.

Proof. As X — P! is a P?2-bundle, NS (X) is generated by a fibre F and by a divisor
whose restriction to each fibre is a line. We can choose this divisor to be one of the
following surfaces H := (x, =0) ~F,,, H := (x; =0) ~F,,or H := (x, =0) ~F
particular, (1) is shown.

As %, X;—Zg are two rational functions on X, we get H' = H+ mF = H + nF in
NS (X). Writing £ = HNH', we obtain £-H” =0 and ¢-F = 1, thus £ - H = —m. Moreover,
f=H-F=H -F=H"-Fandf satisfies f-F=0and f - H = 1. Hence, f and ¢ generate
N(IQ(X). AsH-H=H: (H — (m—n)F) ={— (m —n)f. This yields (2) and (3).

To show (4), we take an irreducible curve y C X, which is equivalent to af + bf €

NE(X) for some a,b € Q, and show that a,b > 0. We observe that 0 < y - F = g and that

m—pn- I

y-H' =b,y-H =b—an, y-H=b—am. As y cannot be contained in the three surfaces
H, H', and H”, we have b > 0.

Writing Ky = «H + BF, for some «, € Z, and applying twice the adjunction
formula (once for H and once for F) yields Ky = —3H — (2m — n + 2)F, and then (5)
follows from (3). n
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Lemma 6.3.2 and Proposition 6.3.3 below describe equivariant links starting
from R

(m,n) = (1,0) or when 2n > m > n > 1 can be excluded. The case of Ry, ~ P! x P?

mn: Where we may assume m > n > 0. By Lemma 5.3.2, the cases where

is done in Proposition 6.1.2.
Lemma 6.3.2. If m > 2, then there are no equivariant links starting from R0

Proof. We see from Lemma 5.3.1 that R,, 5 is the union of two G-orbits: the divisor
H = (xq = 0) ~ P! x P! and its open complement. Hence, small maps are isomorphisms
and type I and II equivariant links are excluded. By Lemma 6.3.1(5), Ky - £ =m — 2 > 0,

so type III and IV equivariant links are also excluded, which proves the lemma. |

Proposition 6.3.3. Assume that char(k) ¢ {2,3}, and assume that m =n > 1 or m >

2n > 2. The morphism
1,— . . . . . . . . .
Y fm_z = Rpns X0 : X1, V0 1 V120 : Z1] = [XoVg t Xo¥1 1 X715 20 1 Z4]

is the blowup of the curve ¢ := (x, = x, = 0) and satisfies pAut®(Fp, 1)p~ ' = Aut®(R
1

m,n)'

Hence, ¢ is a type III equivariant link starting from ]-",ln':,r; and ¢~ is a type I equivariant

link starting from R,, ,,. Moreover, the following hold.

(1) If (m,n) ¢ {(1,1),(3,1)}, then ¢~! is the unique equivariant link starting
from R,, ,

(2) If (m,n) = (1,1), there are two equivariant links starting from R, ;: the
link ¢! and the flop of ¢ (type IV link) that yields a map Ryqp->Ry,- This

flop can be further factorised into the composition of equivariant links as

follows:
s 1,-1 @
- 0
A RN
R171 ]Pl X ]Pl Rl,l
\ \
Pl / \ ]Pl
{pt}
where the two morphisms ¢, ¢’ are defined by
Ria < f(}’_l N Ri

[zoz0 1021121390 :1] < [@o:ziiyo:yis20:21] = [Toyo:Toyi:T1;20: 2]
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1658 J. Blanc et al.

(3) If (m,n) = (3, 1), there are two equivariant links starting from R ;: the link
¢~ above and a type III link #: Ry, --» P(1,1,2,3), starting with the anti-
flip of ¢ followed by the contraction of the unique invariant divisor (the
image of the divisor x, = 0 in Ry ;). The link satisfies nAut®(R )n~! =

Aut°(P(1,1, 2, 3)).

antiflip

R371 e > W’
P! \\*P(j,l,z,@

{pt

Proof. Asm >n > 1, thecurve? C Rm,n is invariant by Aut°(Rm,n) (Lemma 5.3.1). This
yields ¢t Aut®(R,, )¢ < Aut°(}'é’_”), and the inclusion (pAutO(_7L'é'_”)<,zf1 C Aut®(Rp, )
follows from Proposition 2.1.5. Hence, ¢ and ¢! are equivariant links of types III and I,
respectively.

We now study other equivariant links starting from X = R For each

mmn*
equivariant link of type I or IT, if the divisorial contraction W — X is centred at ¢ C X,
it is the blowup of ¢ with the reduced structure (Lemma 2.2.8), so the equivariant link

! (see Remark 2.2.5). Hence, ¢! is the only equivariant link of type I and

is equal to ¢~
there is no equivariant link of type II.

Moreover, by Lemma 6.3.1(4) the cone of effective curves NE(X) is generated by
¢ and by f. The contraction of f is the P?-bundle X — P! and there is no divisorial
contraction associated with ¢, since Ky -£ = m+n—2 > 0 (Lemma 6.3.1(5)). Hence, every
equivariant link of type III or IV starting from X starts by an anti-flip (or a flop when
m =n = 1) centred at .

Since R,, ,, is a toric variety (Lemma 5.3.1), we can use tools from toric geometry
(see, e.g., [62, Chapter 14]) to verify from the fan of Roin that there exist nontrivial toric
small maps from R,, , to a toric threefold with terminal singularities if and only if
n=1.Inthiscase, m=1, m=3orm > 4.

If m = n =1, the flop of ¢ is the type IV link R, ; --» R, ; given in the statement.
This gives (2).

If m > 2 and n = 1, denote the anti-flip of the curve £ by X --» X;. We then
verify, using again tools from toric geometry (since X, is a toric variety), that the cone of

effective curves NE(X)) is generated by two torus invariant curves {5 and {4 satisfying

20z Aenigad z| uo Jesn aibojouyss,p Insul - 13LYHONIN 3A ILISHIAINN Ad G1290¥9/2 LS L/2/£20Z/a01e/UlW/W0d"dno olwapede//:sdRy Woly papeojumoq



Connected Algebraic Groups on three-dimensional Mori Fibrations 1659

Ky, +ts=m—4and Ky, -{g =1—m (and flipping {¢ brings us back to X). Moreover, the
curves in X defined by the equations x, = x, — ux,yg = 0, with u € k, are numerically
equivalent and cover the divisor defined by the equation x, = 0. As these curves all
intersect ¢ transversally, their images in X; are numerically equivalent to ¢, it follows
that the set of curves equivalent to {5 covers a divisor, namely the image of x, = 0. This
implies that there is no equivariant link starting by the anti-flip of ¢ if m > 4. This
finishes the proof of (1).

If m = 3 and n = 1, we get a divisorial contraction X; — P(1,1,2,3) and the
birational map R3; --» P(1,1,2,3) is given by n: [xy : x; : X5, y0 : 1] = [Xo¥0 : Xy :
XpX; © X(Z)XZ]. Also, by Proposition 2.1.5, we have 17Aut°(7€3'1)17_1 C Aut°(P(1,1,2,3)), and
computing the dimension on both sides yields an equality. (To compute dim(Aut®(R3 ;))
we use Lemma 5.3.1, and for the computation of dim(Aut®°(P(1, 1, 2, 3))); see for instance
[1, Section 8].) [ ]

Lemma 6.3.4. Assume that char(k) ¢ {2, 3}. The variety X = P(1, 1, 2, 3) is the union of
four Aut®(X)-orbits, namely the two singular points p; =[0:0:1:0landp, =[0:0:0:
1], a curve C satisfying C = {[0: 0 : % : ¥]} = C U p; U p,, and the open complement X \ C.

Moreover, there are only two equivariant links starting from X, both of type I.

(1) The (reduced) blowup of p; followed by the flip of the strict transform of C,
which yields the P2-bundle R4 ; — P! and verifies pAut®(R5 )¢ ~! = Aut°(X).

W oo .ﬂ.i.’f’,..z Rs1
div ® - - o,
~_ 2 - Vr
X%~ P!
™y
{pt}
Explicitly, one has
oL P(1,1,2,3) N R3

[Xg:Xx; 1%y : X3l = [1:x,:X5,xy %]

(2) The weighted blowup of p, (with weights (1,1,2)), which yields the
Mori P!-fibration W, — P(1,1,2) (defined in Section 5.1(7)) and verifies
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pAut* W, ! = Aut®(X).

® W2
div \Lﬂ-’
X P(1,1,2)
y
{pt}
Explicitly, one has
el P(A,1,2,3) --» W,

[Xg:X; 1%y :X3] = [1:x3,%:Xx; 1 X,]

Proof. The description of the Aut®(X)-orbits of X follows from Lemma 5.3.1 and
Proposition 6.3.3(3). It can also be obtained by writing explicitly the Aut®(X)-action on
X in global coordinates.

Using tools from toric geometry (see [34] and [62, Chapter 14]), we verify from
the fan of X that we cannot contract C, that blowing up C (torus-equivariantly, but
not necessarily with its reduced structure) always gives a variety with non-terminal
singularities and that there is only one way to blow up (torus-equivariantly) p; and
p, respectively to get a variety with an Aut°(X)-action and terminal singularities;
for p; it is the reduced blowup while for p, it is a weighted blowup with weights
(1,1,2) corresponding to the projection morphism from the closure of the graph of the

equivariant rational map
P(1,1,2,3) --» P(1,1,2), [xg: %) : Xy 1 X3] =[x 1 X7 @ X,

This implies that there are only two equivariant links starting from X, which are those

described in the statement. [ |

6.4 Umemura’s P!-bundles over Fy

In this subsection, we first study the geometry of the P!-bundles Z/lé"c — F,and V, — P?,

and then we consider the equivariant links starting from u}}c and V.

Lemma 6.4.1. Leta,b >1and ¢ > 2 be such that ¢ = ak + 2 with 0 < k < b. Let

q: X= Z/{g'c — F, be an Umemura’s P!-bundle.
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(1) The group of numerical equivalence classes of 1-cocycles NS (X) is gener-
ated by H, = (xg =0) ~F,, H, = (yg = 0)(~ F,if ¢ > 2and =~ PIxPlifc = 2),
and H, >~ [F, (given by z = 0 on the 1st chart).

(2) The group of numerical equivalence classes of 1-cycles NP(X) is generated
by f = H,NH,, s = H, N H,, and |y, = H, N H, (which is the curve on H, of
self-intersection ¢ if ¢ > 2 and is a curve of bidegree (1,1) on H, =~ P! x Pl if
c=2).

(3) The intersection form on X satisfies

H, H, H,
1

f 0 0 where A =cifc>2and A =2if c = 2.

s |—-b 1 0

lo| » —a 1

(4) Letly = (x; = yy = 0) that satisfies [;; = [y, — ¢f in N?(X) and is the curve
of H, > I, of self-intersection —c if ¢ > 2. If ¢ = 2, then H, =~ P! x P!, the
fibres of the two rulings are equivalent to f, and r =y, — f € N(l@(X). Then
NEX) =Q, (f,s. ljo)if ¢ > 2. and NE(X) = Q, (f,s,r) ifc = 2.

(5) The canonical divisor of X is Ky = —2H, — (b + 2)H, — a(b+1 - k)H,; thus,
Ky-f=-2,Ky-s=b-2, Ky-£;g=ak+1)ifc> 2, andKy-r=a—-2ifc = 2.

Proof. The proof (1)-(2) is analogue to the proof of Lemma 5.3.9(2)-(3).
. . b, - -

(3) Note that H, is a section of q: Uy — F, and H, = q7'(s,), H, = ¢~ ' (f,),
where f,, s, € F, are respectively a fibre and the section of self-intersection —a.

As f is a fibre of U5 — F,, we have f - H, = l,f-H,=f-H,=0.

The curves [y, and s have self-intersection —a and 0 in H, >~ F, and are sections
of H, — s, and H, — f;, respectively. Hence, [y, - H, = s-H, = 1 and s- H, = 0. Moreover,
lyo - Hy, = —a, as it the self-intersection of [y, in H,. Similarly, we get s - Hy = —b, as it is
the self-intersection of s in H, >~ [}, respectively.

It remains to compute the self-intersection of Iy, in Hy, to get [y, - H,. The surface

H, is obtained by gluing two copies of P! x A! via

v: ([xg:x,;0:1],2) — ([XO:XIZC,‘O:I],%) if ¢> 2,

vi (Ixg:x;0:11,2) > (Ixg:x,22 +x2,0:1], 1) if c=2.
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Hence, if ¢ > 2 we get H, >~ F; and [y, - H, = c. Moreover, ¢, is the curve of self-
intersection —c. If ¢ = 2, we use the automorphisms at the source and target given

respectively by

oy (xg:x;0:1l,2) - (xg—x,2:x,;0:1],2) and

oy (xg:x;0:11,2) - (Ix;:—-%xy+x,20:1],2)

We obtain ayovooa;: ([xg:x,;0:1],2) — (Ixg: x;;0: 1], %), so HY ~ P! x P!, Moreover,
the curve [y, is given by x, = 0 on the two charts and is sent by ;! onto x, — x;z = 0,
corresponding thus to a curve of bidegree (1, 1) on P! x P. This gives [y, -H, = 2if c = 2
and achieves the proof of (3).

(4) We first assume that ¢ > 2. Let £ = of + 85 + y£,,. We want to prove that

a,B,y € Q.. We have y = H, - £ > 0. Then we distinguish between three cases.

e If ¢ C H,, then since NE(H,) = Q, (s, £yo) and £yg = €19 + ¢f € Q, (f, £,0), we
get the result.

e If¢C Hy,, then since NE(H,) = Q, (f. €oo), we get the result.

o Ift g H, Hy,, thena —bf=¢-H,>0and g —ay =¢ “Hy, > 0. Therefore, we
deduce that o, 8 € Q, (since y € Q,), and so we get again the result.
We now assume that ¢ = 2. Let £ = af + 8s+ yr. Arguing as in the case ¢ > 2,
and using the fact that ¢y, = £,¢ + 2f and ¢y, = r + f when ¢ = 2, we prove
that «, 8,y € Q.. This yields (4).
(5) It remains to determine the canonical divisor Ky of X. We write
Ky = aH, + pH, + vH, with «, 8,y € Z. The adjunction formula gives
Ky, = (aH, + BH, + (v + DH)|y, = as + Bf. As H, ~ Fj and s,f are
respectively the (—b)-section and a fibre, we find « = -2 and 8 = —b — 2. To
find y, we again use the adjunction with H, and obtain KHy = (—2H, - (b+
DH,, + yH,)|y, = —2loo — (b + 1H,, - H, + yf. Note that the divisor H}, given
by y; = 0is linearly equivalent to H, + aH,, as the (a)-section (y; = 0) of F,
is equivalent to s, + af. Hence, H, - H, = H, - (H, — aH,) = —aH, - H, = —af,
which gives Ky, = —2lpo + (¥ +a(d + 1))f.
If ¢ > 2, then Hy ~ F,, ly, is a (c)-section and f is a fibre. Hence,
KHy = —2lyyp — (2 —o)f, whichyieldsy =c—-2—-a(b+1)=—-ab+1-k).If
c = 2, then H, > P! x P! and lo, has bidegree (1,1), so Ky = —2ly,. As this
is also —2lyy — (2 — ¢)f (because ¢ = 2), we again obtain the same y.

The intersection with the curves is then a straightforward calculation. g
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Lemma 6.4.2. Letb > 1and n: X = V, — P? be the P!-bundle obtained by the
contraction v : u{’ 2 V), of the extremal ray of r (with the notation of Lemma 6.4.1).
(1) The group of numerical equivalence classes of 1-cocycles NS (X) is gener-
ated by H' = y(H,) and F' = ¢ (H,).
(2) The group of numerical equivalence classes of 1-cycles N(IQ(X) is generated

by f' = ¥(f) and s = ¥ (s).

(3) The intersection form on X satisfies

H F
f 1 0
sS|—-b-1) 1

(4) The cone of effective curves NE(X) is generated by f’ and s’.
(5) The canonical divisor of X is Ky, = —2H' — (b + 1)F’; thus, Ky - f' = —2 and
Ky-s'=b-3.

Proof. The morphism ¢ : 4> — V), contracts the divisor H, >~ P' x P! onto the curve
f' = ¥ (H,), which is a fibre of the P!-bundle 7 : X = V), - P2. The fibres of H, — f’ are
the curves equivalent to r. The curves equivalent to f are fibres of the other projection
and [,y = r+f is of bidegree (1, 1). This gives v/, (ly) = ¥, (f) = f'. As the cone of effective
curves of L{f 2 is generated by f, s, r, the cone of effective curves of V), is generated by f”
and s'. This gives (1)-(2)-(4).

The morphism |y : H, — H' = y/(H,) is an isomorphism since H, N H, is the
curve ly, that has bidegree (1, 1) in H, ~ P! xP! and is thus a section of H, - y(H,) =f".
Hence, the curve f’ has self-intersection —1 in H' = ¢(H,) ~ F, and 7: H — P? is the
contraction of f’. Moreover, s’ is a fibre of H — P!, as s was a fibre of H, — P!, Since
F-H =s+f,weobtainF' -s'=(s"-(s+f)Ng=1and F - f' = - (s +f )y =0.

The morphism H, — F'= y/(H,) is an isomorphism, so F’ ~ F, and the curves
s’ and f’ are the (—b)-curve and a fibre, as so happens for s,f in H,. We then compute
s -H =6 (+f)p=-b+1landf -H = (f' - (s'+f)p = 1. This gives (3).

The canonical divisor of X = V, is Ky = «oF + BH’ for some «,8 € Z. The
adjunction formula gives K = ((¢+1)F'+B8H)|p = (@ +1)f'+B8(f'+5') = (@ +B8+1)f'+85'.

As F' ~ Fy and s',f' C F' are the (—b)-section and a fibre, we obtain § = —2 and
a+B+1=—(b+2),s50Ky=—2H —(b+1)F.
This yields Ky - f' = -2 and Ky - s = b — 3. u
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Lemma 6.4.3. Let ¢: Z/If SRN V, be the morphism induced by the contraction of the

(—1)-section in F;. We keep the notation of Lemmas 6.4.1 and 6.4.2.

(1) The variety Uf’z is the union of four Aut°(uf'2)—orbits:
b2 _ ,5,b2
U = U\ (Hy UH,) U (H, \ Loo) U (H,, \ £og) U £op.
(2) Let b > 2. The variety V, is the union of three Aut®()},)-orbits:

Vy =V \H)UE \f)Huf"

Proof. The variety L{f 2 contains two G-invariant divisors, namely the invariant section
H, ~ F, of the P!-bundle #/*? — F, and the preimage H, =~ P! x P! of the (—1)-curve in
FF,, they intersect along the invariant curve £y, ~ P!. It follows from the description of
the automorphism group G in [9,§3.6] that Z/I{"Z \ (Hy UH,) and H, \ {y, are two G-orbits.
As observed in [9, Remark 3.6.5], the group GL, acts on Z/{{"z, this induces a PGL,-action
on H,, given in the two charts of Z/{f’ 2 by

Fp x Al — Fp x Al
([xg : x1;0:1],2) — ([X0 :Xl(yZ+3)2+X0y(yz+5);O: 1], ZZZ%), and

(xg:x;;0:1],2) — ([X0 :Xl(ﬂz+a)2—xoﬁ(ﬂz+a);0 1 1], ‘;ZZ—:’;) .

Since this PGL,-action is nontrivial and stabilises the curve ¢,,, which corresponds to
a curve of bidgree (1,1) on P! x P!, the image H ~ PGL, of the natural homomorphism
PGL, — Aut’(H,) ~ PGL, x PGL, is conjugated to the diagonal embedding of PGL,.
Hence, H, = (H,, \ £y) U £ is the union of two G-orbits. This proves (1).

By [9, Lemma 5.5.1(4)], the morphism v : Z/{{"z — V), satisfies y Gy ~! = Aut°(V,)
since b > 2. Also, it is an isomorphism outside Hy. But f/ = w(Hy) is a line on which
Aut®(Vp) acts transitively since G acts transitively on the two rulings of H, ~ P! x P'.
This proves (2). ]

To study the equivariant links starting from uf.z'C in Proposition 6.4.5, we will

need Proposition 6.4.4 that gives restrictions on the possible links.

Proposition 6.4.4. Letn: X — F, be a decomposable or an Umemura P!-bundle with
numerical invariants (a, b, ¢) as in Theorem 5.1.2, let G = Aut°(X), and let x: X --» X’ be

an equivariant link. Then, one of the following three possibilities occurs.
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1

(1) The link x is of type II, and either x or x " is equal to the link ¢ given by

W W
div div div &
@ @
j:{l;.g _______ > j:(ll)Jrl c+a u{ll).,c _______ > ub+1 ct+a
x / g /
Fq Fq

and described in [9, Lemma 5.4.2] and [9, Lemma 5.5.3], respectively.
In particular, x decomposes as the blowup of a section I' € X over the

(—a)-curve s_, of F,, followed by the contraction of the strict transform

a
of 77 1(s_p).

(2) The link x is of type III (resp. IV) and the small map associated with it (see
Definition 2.2.2) is an isomorphism. Hence, the map X --» X’ (resp. X --» Y’)
is the contraction of a negative extremal ray distinct from the one given by
the fibres of 7: X — IF,.

(3) The link yx is of type III, the small map is not an isomorphism and X = ]—'é”c

with ¢ = £1; in particular, a = 2.

Proof. We keep the notation of Definition 2.2.2. The link x starts from the Mori
fibration X — Y over the surface Y =TF,.

We first exclude the case of an equivariant link of type I. As 3 = dim(X’) >
dim(Y") > dim(Y) = 2, we find that Y’ and Y are surfaces, so Y — Y is a divisorial
contraction; hence, the blowup of a point of F,. This is impossible, as the action of G on
F, gives the whole group Aut°(F,), which has no fixed point.

Suppose now that the link is of type II. It starts with a divisorial contraction
W — X, which contracts the exceptional divisor on a invariant curve I' C X, as there is
no point fixed by G on X. By Lemma 2.2.8, the morphism 5 is the blowup of I" with its
reduced structure. Moreover, I is a section of X — F, — P! by [9, Lemmas 5.4.1-5.5.2].
The equivariant link starting from this blowup is then unique up to automorphisms of
the target (see Remark 2.2.5). It remains to apply [9, Lemmas 5.4.2 and 5.5.3], to obtain
that x is a link of type II between two P!-bundles, that the small map W....» W’ is an
isomorphism, and the morphism W — X’ is the contraction of the strict transform of
771 (7 (I")); we are thus in Case (1).

If the link is of type IV, then Z has dimension < 1 ([25, Proposition 3.5]). The

morphism F, — Z being of relative Picard rank 1, we obtain Z = P!. The small
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map X---» X' are obtained by running an MMP over Z, so only curves of NE(X/Z) are
considered. Hence, the curves on which the small map is not defined are contained in
fibres. But in our situation, there are no such curves since G maps onto Aut®(F,), and
the latter acts on F, with no fixed point. Hence, the small map of the type IV link is an
isomorphism.

We now finish the proof by considering type III links. The morphism F, — Y’
is of relative Picard rank 1. Hence, it is either F; — P2, F, — P(1,1,2) or F, — P!,
since singularities for the base of a three-dimensional Mori fibration over a surface are
canonical (see [65, Theorem 1.2.7]). If itis F, — P!, the same argument as above implies
that the curves over which the small map is not defined are contained in fibres, which
is impossible as the action of G on F, gives Aut®(F,). Hence, if the small map is not an
isomorphism, the morphism F, — Y’ is either F;, — P2 or F, - P1,1,2),so0a =1 or
a = 2. We distinguish between the two cases.

e a=1: We have X = LI{"C with 2 < ¢ < b (as the P!-bundles ]—'{"C do not appear
in Theorem 5.1.2). If ¢ = 2, Lemma 6.4.3(1) gives that the only invariant curve of Z/If'z is
£y (defined by x; = y, = 0), and by Lemma 6.4.1(4), the latter is not extremal. Hence, if
X --» W' is not an isomorphism, we must have ¢ > 2. Now, for ¢ > 2, [9, Lemma 5.5.2]
gives that Z/{f’ “ has exactly two invariant curves, namely ¢,, and ¢, (given by x; = y, = 0),
but according to Lemma 6.4.1(4), only ¢, is extremal. Thus, X --» W’ is the anti-flip of
the curve ¢;,, and W' — X’ is a divisorial contraction, which necessarily contracts the
strict transform in W’ of the divisor H, ~F, (as Y — Y’ is the contraction F; — P2). The
curve l;o on Hy, is the —c-curve of F, (Lemma 6.4.1(4)) so the strict transform of H, in
W' is isomorphic to the weighted projective space P(1,1, c). The divisorial contraction
W' — X' contracts then this divisor (1, 1,c) onto a point, fixed by G, and we obtain
a Pl-fibration p: X - Y = P2 on which G acts with a fixed point. On the other hand,
denoting by g € P? the fixed point for the induced G-action on the basis, we observe that
X'\ ¢7Y(q) =V, \ ¥~1(q) as P'-bundles over P? \ {q}, where y: V, — P? is the structure
morphism. It follows from [25, Proposition 3.5] that X’ ~ V, as a P!-bundle over P?,
which contradicts the fact that G acts on V, with no fixed point (Lemma 6.4.3(2)). Hence,
the case a = 1 cannot occur if X --» W’ is not an isomorphism.

e a=2: If X = L{g'c, then ¢ = 2k + 2, for some k > 0. As c is even, the group
SL,/{£1} >~ PGL, acts nontrivially on X (see [9, Remark 3.6.5]). Therefore, Lemma 2.2.9
implies that the small map X-.--> W’ is an isomorphism. We now consider the case of the
toric variety X = ]-"é’ . Recall that (a, b, ¢) satisfy the numerical conditions of Theorem
5.1.2, and so either —2 < ¢ < 2b or b = ¢ = 0. If c is even, then by [9, Section 3.1] the

group PGL, acts nontrivially on X, and we can again apply Lemma 2.2.9 to conclude
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that X --» W’ is an isomorphism. Also, applying the terminal singularity criterion for
toric varieties (see, e.g., [62, Proposition 14.3.1]) to the variety W’, obtained from X by
antiflipping an extremal invariant curve, yields that W’ has terminal singularities if
and only if ¢ < 1 (see Lemma 6.5.1 for a description of the extremal curves of X). Hence,

if X --» W' is not an isomorphism, we must have ¢ = +1. [ |

Proposition 6.4.5. Leta,b > 1 and c > 2 be such that c = ak + 2 with 0 < k < b. Let
T X = L{,ll"c — F, be an Umemura P!l-bundle, and let G = Aut°(X).

(1) If a = 1 and ¢ < b, then the equivariant links starting from X are the
birational maps ¢: X --» X' = L{f+p’c+p, with p = +1, and if ¢ = 2
the contraction morphism : X — X' = V,; all these equivariant links
were described in Proposition 6.4.4(1) and [9, Lemma 5.5.3] and satisfy
pAut’(X)p~! = Aut®°(X’) and yAut°(X)y ! = Aut°(X’).

(2) If b > 3, then the only equivariant link from the P!-bundle V, — P? is the
blow-up morphism 1 : u{"z — V), that satisfies 1//Aut°(uf’2)w_l = Aut’(Vp).

(3) Ifa > 2and c—ab < 2 (with ¢ — ab # 2 — a), then the equivariant links
starting from X are the birational maps ¢: X --» X' = u,’;*p"“‘*p“, with
p = =1, described in Proposition 6.4.4(1) and [9, Lemma 5.5.3]; they all
satisfy pAut®(X)g~! = Aut’(X").

Proof. (1) Case (2) in Proposition 6.4.4 gives the family of type II equivariant links
of the form X = u};c --» L{,lz’+p'c+pa. Case (2) in Proposition 6.4.4 corresponds to links
of type III or IV with a small map being an isomorphism and are thus given by the
contraction of a negative extremal ray distinct from Q. - f, corresponding to the
structure morphism X — F,. Since b > ¢ > 2, Lemma 6.4.1 shows that there is another
negative ray on X if only if (a, ¢) = (1, 2), namely Q. ,-r. The contraction of this ray yields
the type III equivariant link i : Z/{f"z — V), considered in Lemma 5.2.3 and satisfying
YAut° UP?)y ! = Aut° (V).

(2) According to Lemma 6.4.3(2), the variety V), is the union of three Aut®(V)-
orbits which are a line ¢, a surface S whose closureis S = Su ¢ ~ F,, and an open orbit
V,\S. By Lemma 6.4.2(5), there is only one negative extremal ray (as b > 3), namely Qxof,
whose contraction yields the structure morphism V, — P2. Hence, we can only blow up
¢ that yields the P!-bundle *? — F,.

(3) According to Lemma 6.4.1, there is only one negative extremal ray (as our
numerical conditions on a, b, ¢ imply b > 2), namely onf , whose contraction yields the

structure morphism X — F,. Hence, Case (2) in Proposition 6.4.4 cannot occur. Thus,
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the only equivariant links starting from X are the type II links described in Proposition
6.4.4(1). |

6.5 Decomposable P!-bundles over F,

In this subsection, we first study the geometry of the P!-bundles ]—'é"c — F,, and then
we consider the equivariant links starting from ]-'g'c and from certain P!-fibrations over
P(1,1,2).

Lemma 6.5.1. LetX = F2° witha > 0 and b, ¢ € Z.
(1) The group NS (X) is generated by H, = (xo = 0) > F,, H, ={y=0xF,
and H, := (z5 = 0) = F,
(2) The group N?(X ) is generated by the following curves:
o ¢ :=H, NHy ={0:1;0:1;7;:2z]} =P
o (y:=H, NH, ={0:1;y,:y,;0:1]} ~ P!
o {3:=H, NH, ={lxy:%;0:1;0:1]} ~P!

(3) The intersection form on X is given by

HZO HY 0 HXO HZO HY 0 HXO
H, | 0 £, £, L1 —a c
H, | {3 —aly 4 L1 0 1 b
Hy | £, £, —béi+(c—ab), ||L3] O 0 1

(4) Lett, = (x; = y, = 0) ~ P! that satisfies ¢, = ¢; — cl5 in N(IQ(X). The cone
of effective curves NE(X) is generated by ¢,, ¢,, and £; if ¢ < 0 and by ¢4, ¢,,
and £ if ¢ > 0.

(5) The canonical divisor of X is Ky = —(a(b+1) +2—c)H, — (b+ 2)H, —2H,;

Proof. The proof is analogue to the proof of Lemma 6.3.1. |

We now consider the equivariant links starting from ]-'g’c. By Theorem 5.1.3, we
can consider a,b > 0, a # 1, ¢ € Z and may assume that ¢ < 0if b = 0 and that a = 0 or
b=c=0o0r—a <c < ab.

We first consider the case where a = 0. As the Mori fibre spaces ]-'é”c — T,

]-'O_b’_c — T, ]-"O_C'_b — F, and ]-'g'b — F, are isomorphic, we may assume b > |c|.
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Moreover, the case of (b,c) = (0,0) has been treated in Proposition 6.1.2(3), the case
where b > ¢ = 1 has been removed in Lemma 5.3.4(4) and the case (b,¢) = (1,0) in

Lemma 5.3.4(2). The remaining cases are done below.

Lemma 6.5.2. LetX = ]-'é"c with b > |c|, ¢ # 1 and either b > 2 or (b,c) = (1,—1), and
let G = Aut®(X). Every G-equivariant link starting from X is a link of type III or IV and
the complete list is given as follows.
(1) If (b,c) = (1,—-1), there are exactly two equivariant links starting from X,
namely the links ¢, ¢": X — R ; of type III given in Proposition 6.3.3(2).
(2) If c=0andb > 2, the unique equivariant link is the type IV link given by

Fol o Fyx P —— > FPO » Fy x P!
IF() ]Fb
(3) If c = —1 and b > 2, the unique equivariant link starting from X is the

type III link ¢: ]-'(l)”_l ] ]-'é'_b — Ry given in Proposition 6.3.3, which
satisfies ¢Aut°(]fg'_1)g0_1 = Aut®(Ry p)-

Proof. By [9, Section 3.1], if ¢ < 0, then the variety X is the union of two G-orbits:
the divisor H,, = (x, = 0) ~ P! x P! and its open complement. And if ¢ > 0, then
X is the union of three G-orbits: the two divisors Hy, = (x, = 0) ~ P! x P! and
H, = (x, =0) ~ P! x P!, and the open complement of H, UH, inX.In both cases, there
is no invariant subspace of dimension < 1, so the only possible equivariant links are of
type III or IV and start with the contraction of a negative extremal ray of IV, (X), which
gives respectively a divisorial contraction or a Mori fibration. By Lemma 6.5.1(4), the
cone of effective curves NE(X) is generated by ¢, ¢,, and {5 if ¢ < 0, and by £,, £,,
and ¢4 if ¢ > 0. Also, the contraction of ¢4 gives the Mori fibration X — F,. Moreover,
Ky -, =—c—2,Ky-{,=b—2andKy-{, =c—2 (Lemma 6.5.1(5)). Asb > 1and c # 1,
this shows that the only possible contractions are those of ¢; when ¢ € {0, -1} and ¢,
when b = 1.

(1) If (b, c) = (1, —1), there are exactly two contractions, (of ¢, and ¢,). These are
the two birational morphisms ¢, ¢': ]-'3'_1 — Ry ; given in Proposition 6.3.3(2).

(2) If c = 0 and b > 2, the only contraction is given by contracting ¢,; this gives
the type IV link of (2).
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(3) When ¢ = —1 and b > 2, the unique link is the contraction of ¢,, given by
@: ]—'é"_l ~ ]—'é'_b — Ro_p = Rpp and that satisfies <pAut°(.7—'g'_1)<p‘1 = Aut°(R, ;) (see
Proposition 6.3.3). |

It remains to consider the equivariant links starting from ]—'2 “ when a > 2.
Example 6.5.3. For each b > 2, we have a birational map

W, - Fhi-l

Vo:vii20:21:2] = lyo:yiil:2,2: 2]

One checks, using toric coordinates, that it is the blowup of the point p =[1:0;0:0: 1]
(with its reduced structure) followed by the flip of the strict transform of the curve
f € W, given by z; = z; = 0. As Aut’(WV,) acts on P(1,1,2) by Proposition 2.1.5, it
fixes the singular point [0 : O : 1] and the fibre over it. The point p is also fixed as
it is a singular point of W, (see Section 5.1(5)). Hence, the birational map is Aut°(V,)-

equivariant.
Example 6.5.4. For each b > 2, we have a birational map

W, — Fol

Wo:V1i20:2,:2] = [yg:¥Viil:i2y2: 2]

One checks, using toric coordinates, that it is the blowup of the pointg=[0:1;0:0: 1]
(with its reduced structure) followed by the flip of the strict transform of the curve
f € W, given by z; = z; = 0. As Aut°’(WV,) acts on P(1,1,2) by Proposition 2.1.5, it
fixes the singular point [0 : O : 1] and the fibre over it. The point g is also fixed as
it is a singular point of W, (see Section 5.1(7)). Hence, the birational map is Aut°(V,)-

equivariant.

Proposition 6.5.5. LetX = ]-'g’c witha > 2,b >0, and c € Z, and let G = Aut®°(X).

(1) If b = ¢ = 0, then there is a unique equivariant link starting from X, which
is the inverse of the one of Lemma 6.5.2(2), namely X = }'g'o = F, x P! —
}-a,o

o -
(2) Ifb=1and —a < c < 0, then the equivariant links from X are the following:

e the type II link F2¢ --» F2T% described in [9, Lemma 5.4.2];

e the type III link ¢: F2¢ > R defined in Proposition 6.3.3;

a—c,—c
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e if (a,c) = (2,—1), then there is an extra type III link n: X --» W,
defined as the antiflip of the curve ¢; followed by the contraction of
the image of the invariant divisor y, = 0 and such that nAut®(X)n~! =
Aut°(W,), where W, — P(1,1,2) is the Mori P!-fibration defined in
Section 5.1(7).

(3) If b > 2and —a < ¢ < a(b — 1), then the equivariant links from X are the
following:

e the type II links X = }',ll"c - ]-',lz’+k'c+k“, with k = £+1 and ¢ + ka > —a,
described in [9, Lemma 5.4.2];

e if (a,c) = (2,+£1), then there is a type III link : X --» W, defined as
the antiflip of the unique invariant extremal curve of X followed by the
contraction of the image of the invariant divisor y, = 0 and such that
nAut®(X)n~! = Aut°(W,), where W, — P(1,1,2) is the Mori P!-fibration
defined in Section 5.1(7). The link is the inverse of the one given in
Example 6.5.3 if ¢ = —1 and of Example 6.5.4 if ¢ = 1. Moreover, we

have the following commutative diagram, for each b > 2:

—1.— antifli antiflip
]_-5 1,-1 tiflip . Yb—l;l Yb.,l - tiflip ]_-2&,1
IFZ \ Wb /IF2
P(1,1,2)

Proof. By Proposition 6.4.4, there are no type I equivariant links starting from X and
if the small map X --» X’ is not an isomorphism, then the link is of type IIl and X = ]-"é"c
with ¢ = £1. Moreover, recall from Lemma 6.5.1 that NE(X) is generated by ¢, ¢,, and
¢y if c < Oresp. by ¢, ¢4, and {5 if c > 0O and that Ky -¢{; =a—c—2,Kx-{, =b—2,
Ky - 43 = =2, and Ky - {4, = a + ¢ — 2. The contraction of {5 corresponds to the Mori
fibration Fo° — F,.If b= c = 0, then X =~ P! x F, ~ F&° and (1) follows from the study
of contractions made in Lemma 6.5.2(2). This yields (1).

Assume that b > 1 and —a < ¢ < a(b — 1). Type II equivariant links are those
given in Proposition 6.4.4(1) and described in [9, Lemma 5.4.2]. Also, the only negative
extremal rays are Q. {3, corresponding to the structure morphism X — F,, and Q. (¢,
when b = 1. The contraction of the class of ¢, (when b = 1) is the divisorial contraction
@ Faf - R4—c,—c defined in Proposition 6.3.3. By Proposition 6.4.4, it remains only to
consider type III links where the small map is not an isomorphism to have the complete

list of equivariant links from X.

20z Aenigad z| uo Jesn aibojouyss,p Insul - 13LYHONIN 3A ILISHIAINN Ad G1290¥9/2 LS L/2/£20Z/a01e/UlW/W0d"dno olwapede//:sdRy Woly papeojumoq



1672 J. Blanc et al.

If the small map is not an isomorphism, then a = 2, ¢ = 4+1 and it must be the
antiflip of the unique extremal invariant curve of X (see Proposition 6.4.4(3)), namely
¢, if ¢ < 0 or ¢, if ¢ > 0, this gives a variety that we denote by Y. This antiflip can
easily be described using tools from toric geometry since X is a toric variety (see, e.g.,
[62, Section 14.2]); in particular, the image of the invariant divisor H, =~ F, in X is an
invariant divisor D ~ P2 in Y. Then we can only contract D, this yields the threefold X’ =
Wy if c =1 and X’ = W, if ¢ = —1, which is equipped with a P!-fibration structure
X" — P(1,1,2). Denote by n: X --» X’ the birational map obtained by composing the
small map yx: X --» Y with the divisorial contraction §: ¥ — X’. By Proposition 2.1.5,
we have nAut®(X)n~! € Aut®°(X’). On the other hand, the morphism ¥ — X’ is the blowup
of a singular point (with its reduced structure) in X’; hence, the Aut®°(X’)-action on X’
lifts to Y, and so we have §Aut®°(Y)s~! = Aut®°(X’). Furthermore, x Aut®(X)x ! = Aut°(Y),
and so it follows that nAut®(X)n~! = Aut®°(X’). This gives (2) and (3). |

Remark 6.5.6. Putting together Propositions 6.5.5 and 6.3.3(3) yields the following
commutative diagram of nested equivariant links, between five Mori fibrations, given

below by thick arrows:

div div
YL—I W2 Y2,1
’ \ div

w’ div

Mfs
P(17 172’3) I\,Ifs

flip- flip. {pt} — P(1,1,2) flip

/

’ Mfs P!
: v /
: div_, Rsy1 \
Y Y
1,-1 / Mfs Mfs

Ty Fa Fot

div W M

Lemma 6.5.7. Letb > 2, and let W, — P(1,1, 2) be the Mori P!-fibration introduced
in Section 5.1(7). Then W, is the union of five Aut®°(V,)-orbits. There is one invariant
section D ~ PP(1, 1, 2) and one invariant fibre ¢, which is the union of three orbits: two
points g, and g,(= £ N D) and their complement ¢\ ({g;} U {g,}).

Moreover, the only equivariant links starting from W, — P(1, 1, 2) are the two
type I links described in Examples 6.5.3 and 6.5.4 and, if b = 2, the type III link
corresponding to the divisorial contraction W, — P(1,1,2,3) described in Lemma
6.3.4(2).
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Proof. The orbits description follows from the description of the Aut® (}'2 ‘“)-action on
]-'[IL”C in [9, Section 3.1] and Proposition 6.5.5(3). Using tools from toric geometry (see [34]
and [62, Chapter 14]), we verify that

e it is not possible to contract nor antiflip ¢;

e Dblowing up ¢ (torus-equivariantly, but not necessarily with its reduced
structure) always gives a variety with non-terminal singularities;

e we can contract D if and only if b = 2 in which case we get P(1,1, 2, 3); and
that

¢ only the reduced blowups of g; and g, give varieties with terminal singular-

ities (the varieties Y, ; and ¥;,_; _; of Proposition 6.5.5(3)).

The description of the equivariant links starting from W, follows from these observa-

tions. [ |

Remark 6.5.8. Umemura classifies in [90] all smooth minimal rational threefolds
realising maximal connected algebraic subgroups of Bir(P?) and in class [J9] (defined in
the table of Section 1.3) certain Euclidean models appear. These are obtained from the
P!-bundles ]-"g'c via a sequence of blowups of G-invariant curves followed by a divisorial
contraction. These models are not Mori fibre spaces, but they can be recovered from our
classification (Theorem E). For instance, one can recover the smooth Euclidean model £
obtained from }'31'_1 via toric elementary birational maps (divisorial contractions and

flips). In the following diagram, the varieties X;s are smooth, while the Y;s are singular.

X3
y div
flop
X2 e > &
div
div
flip
D CR S S Y,
div
div
1,-1 flip
_7-'3' ~ YO
l \ div
flip
F3 R4,1 TR Y.,
\Pl
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6.6 Umemura’s quadric fibrations over P!

In this subsection, we study the equivariant links between Umemura quadric fibrations.
There are many equivariant links between them; we will however prove that all of them

are given by Lemma 6.6.2.

Lemma 6.6.1. Assume that char(k) # 2. Let g € kluy, u;] be a homogeneous polynomial
of degree 2n > 4 with at least three roots, and let n: Qg — P! be the associated
Umemura quadric fibration (Definition 4.4.2). The orbits of Qg for the action of
AutO(Qg) ~ PGL, are the following.

(1) Two orbits for each point p € P! that is not a root of g: the orbit
I, =7~ '(p) N Hy, ~ P!, corresponding to the diagonal of 7' (p) ~ P! x P!,
and the orbit 7! (p) \ T,

(2) Three orbits for each point p € P! that is a root of g: the fixed point
q € 7 '(p), given by x, = x;, = x, = 0 (the singular point of the
quadric cone 7~!(p)), the curve I, = =~ '(p) N H,, ~ P!, and the orbit

7~ () \ (T, U {g)).

Proof. By Corollary 4.4.7, the group G = Aut°(X) is equal to PGL,, via the action given
in Lemma 4.4.4(2). The action on P! being trivial, every fibre = ~!(p) is invariant, for
each p = [ug : u;] € PL. The equation of the fibre is x3 — x;x, = g(ug, u;)x% in P3 and
is thus isomorphic to P! x P! if g(p) # 0 and to a quadric cone if g(p) = 0. In both

cases, the action of PGL, preserves the conic r,= n~Y(p) N H,,, isomorphic to P!, and

-
acts on it via the standard action of PGL, on P!, so Fp is an orbit. As Fp is a conic, it
corresponds to the diagonal in P! x P! when g(p) # 0, so the action is diagonal and the
orbits in the fibre are I';, and its complement. This achieves (1). If g(p) = 0, the fibre is
a quadric cone, so the vertex g of the cone is fixed. It remains to observe that the action
on7 l(p)\ (r'pufgh is transitive (can be checked explicitly with the formula of Lemma

4.4.4). This proves (2). n

Lemma 6.6.2. Assume that char(k) # 2. Let g,h € Kkluy u;] be homogeneous
polynomials of degree 2n > 4 and 1 respectively and such that g is not a square. Let

p € P! be the zero of h. The birational map

Y Qg -2 Qth

[Xg:X; 1 Xy i Xq;Ug 1 U] = [hxy:hx) i hxy  Xq;Ug @ Uyl
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is a Sarkisov link of type II, which decomposes as

W <" W'
div div
P
Qq ____________ > Qgh2
Pl id Pl

where W — Qg is the blowup of the curve I' € n~1(p) given by x; = 0 and W' — Qgn2
is the blowup of the point g € 7! (p) given by x, = x; = x, = 0, singular point of Qg2
Moreover, 1//‘1Aut°(Qghz)1/f C Aut®(Qg), which is an equality if and only if either g has

more than two roots or gh? has two roots.

Proof. The birational map ¥ contracts 7 ~!(p) onto the point g. Its inverse is given by
[xg: X, 1 Xy i XgiUg i Uy) > [Xg @ Xp 1 X, : hxg; Uug ¢ u;] and contracts 7'~!(p) onto the curve
I'. One then locally checks that the map simply decomposes in the above equivariant
link. By Corollary 4.4.7, both Aut°(Qg) and Aut°(Qghz) contain the group PGL, given in
Lemma 4.4.4(2), and are equal to it if and only if g and gh? have respectively more than
two roots.

The explicit description of ¢ and of the PGL,-action given in Lemma 4.4.4(2)
imply that ¢ is PGL,-equivariant. If gh? has more than two roots, we have Aut®(Qgpz) =
PGL,, so 1/F1Aut°(Qghz)1p1 C Aut®(Q), with an equality if and only if g has more than
two roots. If gh? has less than three roots, it has exactly two roots, as it is not a square,
and the same holds for g. We may thus assume, up to a change of coordinates of P!, that
g= ugull’ for some odd a,b > 1, that h = u,, and thus that gh? = u6‘+2ull’. Corollary 4.4.7
implies that both Aut®(Q) and Aut®(Qg2) are then equal to the group PGL, x G,,,, and so
w‘lAut°(Qghz)1p = Auto(Qg); this can be checked with the explicit description provided
by Example 4.4.6 or since both groups leaves invariant the centres of the blowups
W — Qg and W' — Qghz' [ ]

We will apply to the quadric fibrations 9 the next lemma, which applies to
compound du Val singularities of type A, (or cA,); these are by definition locally
analytically isomorphic to {(x,y,z,t) € Ai | x> — yz — t™ = 0} for some m > 2. This
makes sense over C but also over any algebraically closed field of characteristic zero, as
the variety is defined by finitely many equations and we can then work over a subfield
that embeds into C. In the case of the quadric bundles Qg, we moreover have an equation

of the form x? — yz — t™s(t) = 0 in Zariski local coordinates, where s(t) is a polynomial
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verifying s(0) # O (Lemma 4.4.3(1)). As explained in [56, Section 1.42], a cA; singularity

is terminal.

Lemma 6.6.3. Assume that char(k) = 0. Let X be a Q-factorial terminal variety, let
G = Aut°(X), and let n: W — X be a G-equivariant extremal divisorial contraction that
contracts the exceptional divisor E to a point g, which is either smooth or cA;. Then
there exists a finite sequence of G-equivariant blowups of reduced centres h:=h;o0---o

hy: Xy - Xy_; — -+ = X; —» X, = X and a commutative diagram

such that the strict transform Ey := (97 !),(E) is exceptional for hy and such that for
any 1 < i < N the centre of the blowup h; is contained in the divisor E; ; contracted
by h;_; but not contained in the strict transform of another divisor exceptional for
hio---oh;_;.

Proof. The sequence of birational morphisms h,,..., hy is described in [49, Construc-
tion 3.1] for the smooth case and in [50, Construction 4.1] for the cA,-singularity. We
will show that each h;: X; — X;_; is G-equivariant. The (X;, h;) are defined inductively
as follows:

e X,=XandZ,={q};

e the morphism h;: X; — X,_; is the blowup of X;_; along Z;_; followed by a
G-equivariant resolution;

e the centre Z; is defined as the centre of E in X; (the image of E in X; under
the rational map (h, o---oh;)~! o) with reduced structure, and E; is the only
h;-exceptional prime divisor on X; containing Z; (the unicity is explained
below);

e the process terminates when Z,, = Ej.

Moreover, the process always terminates as explained in [49, Remark 3.2]. To show

the last part of the lemma and the unicity of E; in the construction, assume that

Zi, C© Efiﬂ) N E;,, for some i, where Ei(iH) is the strict transform of E; in X;,,. This
means that Oy (—2E) = mg, which is impossible, as explained in [49, Section 5.1] and
[50, Corollary 4.11(1)]. [ |
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Proposition 6.6.4. Assume that char(k) = 0. Let g € kluy, u;] be a homogeneous
polynomial of degree 2n > 4, let X = Q, be the associated Umemura quadric fibration
(Definition 4.4.2), and let n: W — X be an Aut°(X)-equivariant divisorial contraction
from a terminal Q-factorial variety W that contracts a divisor E C W onto a smooth or
cA, point g € X, and let us write K}, = n*(Kx) + aE where a € Q is the discrepancy of 7.

Then, the following are equivalent:

(1) a<2
2 a=1;
(3) g is a singular point of X and » is the simple blowup of g (blowup with the

reduced structure).

Proof. Let us write G = Aut°(X), which is isomorphic to PGL,, via the action given
in Lemma 4.4.4(2) (Theorem D). We apply Lemma 6.6.3 and obtain a finite sequence of
G-equivariant blowups of reduced centres h :=h;o---ohy: Xy — Xy_; — -+ = X; —

X, = X and a commutative diagram

such that the strict transform E := Ey C X, of E is exceptional for hy. Moreover, by
construction (see Lemma 6.6.3), for any 1 < i < N the centre of the blowup h; is not
supported in the intersection of two divisors that are exceptional for h; o --- o h;_;. As
the fibre F = n~!(p) is invariant by G, its strict transform F; C X; is also invariant
by G, for each i. Also, the exceptional divisor E; C X; is invariant, as well as its strict
transform Ei(i) cX; for eachj > 1.

Writing Ky, = h*(Ky) + >Y, aiEi(N) where oy, ..., ay € Q and Ky, = n*(Kyx) + aE
where a € Q, we then obtain a = «y,. This can for instance be seen by taking a resolution
of g and comparing the coefficients of E = Ey and E in the ramification formula on
both sides.

We can write Ky, = (h;)*(Kx) + «; E;. Moreover, as the centre of the blow-up h;
is contained in the divisor E;_; foreach i > 1, we get o; < ay < ... < ay. If g is smooth,
then «; = 2, so o)y > 2 in which case none of the three conditions (1)-(2)-(3) is satisfied.
If q is singular, the singularity is Zariski-locally given by x% — yz— t™p(t) for some m > 2
and some polynomial p(t) with p(0) # 0 (Lemma 4.4.3(1)). Hence, computing the simple

blowup in charts, we obtain o; = 1. If N = 1, then all three conditions (1)-(2)-(3) are
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satisfied. It remains to assume that N > 2 and to prove that o, = 2, which will imply
that a3 > 2 and thus that none of the three conditions (1)-(2)-(3) is satisfied.

The exceptional divisor E; is isomorphic to the cone P(1,1,2) if m > 2 and its
singular point corresponds to a singular point of the variety X; locally analytically
defined by x3 — x;x, — ™2 = 0. If m = 2, the exceptional divisor is isomorphic to
P! x P! and X, is smooth. Moreover, E; intersects the strict transform of the fibre
(isomorphic to F,) in a smooth curve. The 2nd blow-up h, being G-equivariant, there

are two possibilities:

a) h, is the blowup of the curve C; := E; N F in X;; or
b) h, is the blowup if the singular point of X;.

In both cases, the discrepancy of h, is equal to 1 so oy, = 2. |

Proposition 6.6.5. Assume that char(k) = 0. Let g € klugy, u;] be a homogeneous
polynomial of degree 2n > 2 that is not a square, let X = Qg be the associated Umemura
quadric bundle (Definition 4.4.2), and let G = Aut®(X).

(1) If ghasonlytwo roots, then G = PGL, xG,, is conjugated to a strict subgroup
of Aut°(Q), where Q C P* is a smooth quadric hypersurface.
(2) If g has at least three roots, then G = PGL, and the only G-equivariant links

starting from Qg are those described in Lemma 6.6.2 and their inverses.

Proof. If g has only two roots, we may assume that g = ugull’ for some odd integers
a,b > 1. By Corollary 4.4.7, G is equal to the group PGL, x G,,, given by Example 4.4.6.
Writing @ = 2r+ 1 and b = 2s + 1, the birational map

L Qg - Quou1

[Xg: X, 1 Xy i X3, Up i U] = [Xg X DXy I XqUQUT; Ug ¢ Uy

is PGL, x G,,-equivariant (follows from the explicit description of the PGL, x G,,,-action

given in Example 4.4.6). We then use the Aut®°(Q )-equivariant link Q — Q of type

uoll uoul

III given in Example 4.4.6 to obtain (1).

We now assume that g has at least three distinct roots. By Corollary 4.4.7, G is
equal to the group PGL, given in Lemma 4.4.4(2), which preserves every fibre of Q, — Pt
We now consider a G-equivariant link y : Qg --» X',

We first show that x is not of type III or IV. Assuming the converse by
contradiction, we obtain respectively that ¥’ or Z is a point (because Y = P! has Picard

rank 1). Hence, the link is given by applying an MMP on Q/ and starts by contracting
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the two distinct extremal rays of Pic(Qy) (see Remark 2.2.5). These two extremal rays
are the fibre f of O/ — P! and the curve h given by x, = x; = x; = 0 (Lemma 4.4.3(3)).
The curve h satisfies KQg -h=n—-2 >0 (Lemma 4.4.3(2)). We then cannot do a link of
type III or IV with a pseudo-isomorphism being an isomorphism. The divisor H € Qg
isomorphic to P! x P! and given by x; = 0, is covered by curves equivalent to k, so it is
also not possible for the link to start with a nontrivial pseudo-isomorphism.

We then only have to consider the case where the G-equivariant link x is of type
I or II. The divisorial contraction n: W — X is then G-equivariant. The centre of 5 is
contained in a fibre F of Qg — P!, We recall that the fibres of Qg — P! are quadrics in
P? (Definition 4.4.2). We now distinguish two cases, depending on whether F is smooth
or not.

If the fibre F is smooth, then F ~ P! x P!, with G acting with two orbits (the
diagonal and its complement; see Lemma 6.6.1(1)). Hence, n is the blowup of the only
invariant curve (with reduced structure; see Lemma 2.2.8). We can then contract the
strict transform of a fibre and obtain a G-equivariant link Qg - Qghz as in Lemma
6.6.2. There is no other possibilities of equivariant link starting from n (Remark 2.2.5).

If the fibre F is singular, then F is isomorphic to a quadric cone, with an action
whose orbits are the singular point g € F of F, the curve I' = FNH,, ~ P! and F\ ({g}UT)
(Lemma 6.6.1(2)). Hence, the centre of 5 is either I" or g. In the case where the centre is
', we similarly obtain that x is a G-equivariant link Qg - Qghz as in Lemma 6.6.2. If

the centre is g, we write the ramification formula

where E is the exceptional divisor of 7. We then denote by F™) and £,w, the strict
transforms on W of the fibre F and of the ruling ¢, of F. As E intersects {yw), we have
E-frw) > 0. We then prove that E-{zw, > 1. This is because the union of curves equivalent
to £za covers the divisor F™), and as F'") and E are Q-Cartier divisors, they intersect
into a curve (by the Krull's Hauptidealsatz). Hence, E and {;w) intersect into a smooth
point of Y, which gives E - ¢w), > 1. Moreover, the class of {zw) in NE(W/P') is extremal,
since all curves contracted by 7 are numerically equivalent to a positive combination of
Lz and £, where £ is a curve on E. Since {zw) spans a divisor, it can be contracted if

and only if Ky - Lrawy < 0. So,

20z Aenigad z| uo Jesn aibojouyss,p Insul - 13LYHONIN 3A ILISHIAINN Ad G1290¥9/2 LS L/2/£20Z/a01e/UlW/W0d"dno olwapede//:sdRy Woly papeojumoq



1680 J. Blanc et al.

which is negative if and only if a < 1. Proposition 6.6.4 implies that » is the simple

blowup of a cA, point. Thus, x is a G-equivariant link Qghz - Qg as in Lemma 6.6.2. &

6.7 Proofs of Theorem E, Theorem F, and Corollary G

In this subsection, we combine the results obtained in Sections 5 and 6 to prove

Theorem E, Theorem F, and Corollary G.

Proof of Theorem E. We first take a rational projective threefold X and prove the
existence of an Aut°(f()—equivariant birational map X --» X, where X is one of the
Mori fibre spaces listed in Theorem E. Applying Theorem 5.1.3, we may assume that
X belongs to one of the three cases (1)-(2)-(3) of Theorem 5.1.3.

Case (3) of Theorem 5.1.3: it corresponds to Cases (i)-(j)-(k)-(1)-(m) of Theorem E.

Case (2) of Theorem 5.1.3: we prove that we can reduce to Cases (g) and (h) of
Theorem E. Indeed, every PZ-bundle over P! is isomorphic to X = R, , with m > n > 0.
We can then exclude the cases (m,n) = (1,0) and 2n > m > n > 1 by applying
Lemma 5.3.2. In the case of a smooth quadric fibration Q, — P!, the polynomial g is
a square-free homogeneous polynomial of degree 2n > 2. We apply Proposition 6.6.5 to
remove the case where g has exactly two roots (i.e., when n = 1) and may thus assume
that n > 2, so g has at least four roots, all with multiplicity 1. In particular, Qg belongs
to the Family (h) of Theorem E, as it has at least four roots of odd multiplicity.

Case (1) of Theorem 5.1.3: we prove that we can reduce to Cases (a)-(e) of
Theorem E. In each case listed in Theorem 5.1.2, we can exclude certain numerical
values using the series of lemmas proven in Section 5.3.

In Case (a), Theorem 5.1.2 gives the P!-bundle }'g'c — F, witha,b>0,a # 1,
ceZ c<0if b =0, and eithera =00rb =c =0, or —a < ¢ < ab. We then apply

Lemma 5.3.4 to remove ]-'g'c in the following cases:
(1)b=0and —a<c<0; (2)b=0andc>0; and (3)b>2andab—a <c < ab.

In Case (b), we apply Lemma 5.3.5 to remove P; and notice that P, = P2 x P! =
Ro,0 is contained in Case (h).

In Case (c), Theorem 5.1.2 gives L{,ll"c with a,b > 1,¢ > 2 and where c —ab < 2
ifa >2and c—ab < 1if a = 1. We apply Lemma 5.3.6 to remove ugc in the following

cases:

(MDa=1landb=c>2 and 2)a>2,b>1landc=2+a((b—-1).
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In Case (d), Theorem 5.1.2 gives S, with b > 1, and S, is removed by
Lemma 5.3.10.

In Case (e), Theorem 5.1.2 gives V, with b > 2, and V; is removed by
Corollary 5.3.7. ]

Proof of Theorem F. Let X; be a Mori fibre space belonging to one of the families
(a)—(1) of Theorem E. If ¢: X; --+ X, is an Aut°(X,)-equivariant birational map, where X,
is some other Mori fibre space, then according to Theorem 2.2.6 the map ¢ factorises
into a product of equivariant Sarkisov links. It remains then to prove that each possible
equivariant Sarkisov link x: X; --» X, where X; belongs to one of the Families (a)-
(1) is, up to isomorphisms of Mori fibrations, one of the sixteen Cases (S1)-(S16) of

Theorem F (or its inverse) and that yAut®(X;)x !

= Aut°(X}), which corresponds to say
that x ! is also equivariant. This has been done in Section 6 and implies in particular
that X] belongs also to the list. Note that the fact that x ! is equivariant follows from

1

Proposition 2.1.5 if x 7" is a morphism (and is even trivial if x is an isomorphism), so we

! is not a morphism. Let us now go into details for the ten Cases

only prove it when x~

(a)-(D):
(a): here X, = FLC witha,b>0,a #1,c e Z, and

(a,b,c)=(0,1,—-1)ora=0,c#1,b>2,b>|clor —a<c<a(b—-1)orb=c=0.

If (a,b,c) = (0,0,0), then X; = P! x P! x P! and by Proposition 6.1.2 the only
equivariant links are the exchanges of factors given by (S1).

If (a,b,c) = (0,1,—1), Lemma 6.5.2 implies that there are exactly two equivariant
links starting from X; = ]-'3'_1, namely the equivariant links ¢,¢": X; — R;; of
Proposition 6.3.3(2). Both are given by (S7) (up to isomorphisms of Mori fibrations), and
their inverses are equivariant by Proposition 6.3.3.

Ifa=0and c# 1,b > 2,b > |c|, the equivariant links starting from X, are also
given by Lemma 6.5.2. If c = 0 and b > 2, there is a unique equivariant link starting
from X;, which is ]_-(l);,o = Fy x pl =, .7-'2’0, given by (S4) (Lemma 6.5.2(2)). If c = —1 and
b > 2, the unique equivariant link starting from X, is ]-'(I,"_l ~ ]-'(}'_b — Ry, given by
(S7) (Lemma 6.5.2(3)). Its inverse is equivariant by Proposition 6.3.3.

If —a < ¢ < a(b — 1), the equivariant links starting from X, are given by
Proposition 6.5.5. If b = 1 and —a < ¢ < 0, then by Proposition 6.5.5(2) the equivariant
links starting from X, are the link F2¢ --» F2°t% given by (S11), whose inverse is
equivariant by Lemma 5.2.1(1), the link F;¢ — Ra—c,c given in (S7) (we have here

n=-c>1and m=a — c > 2n > 2), whose inverse is equivariant by Proposition 6.3.3,
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and the link ]-'21'_1 --» W, which is the inverse of the link given by (S14), and whose
inverse is equivariant by Proposition 6.5.5(3). If b > 2 and —a < ¢ < a(b — 1), then by
Proposition 6.5.5(3) the equivariant links starting from X, are the link given by (S11) and
its inverse, which are both equivariant by Lemma 5.2.1(1), and the links ]—'é”l --» W,
and ]-'5'_1 --» Wy, 1, whose inverses are given by (S15) and (S14), respectively. In
this last case, the fact that the links and their inverses are equivariant follows from
Proposition 6.5.5(3).

If (b,c) = (0,0) and a > 2, then Proposition 6.5.5(1) implies that the only
equivariant link starting from X, is X; = Fo0 = F, x P! = ]-"g'o, which is the inverse
of the link given by (S4).

(b) Here, X; = P,, with b > 2, is a decomposable Pl-bundle over PZ.
Proposition 6.2.1 there is an equivariant link starting from X, if and only if b = 2
in which case it is the link ¢: P, — P(1, 1, 1, 2) given by (S6). Moreover, Proposition 6.2.1
also gives pAut’(P,)¢ ! = Aut°(P(1, 1,1, 2)).

(c) Here, X; = L{,ZZ"C, for some a,b > 1,¢c > 2 with either c < bif a = 1 or
c—2 <abandc—2 # a(b — 1) if a > 2, is an Umemura P!-bundle over F,. The
equivariant links starting from X, are given in Proposition 6.4.5; these are the links
given by (S12) and their inverses, together with the link L{{"Z — V), given by (S13).
Moreover, by Proposition 6.4.5, the inverses of all these links are equivariant.

(d) Here, X; = &p, with b = 1 or b > 3, is a Schwarzenberger Pl-bundle
over P2, If b = 1, then X, is the projectivisation of the tangent bundle of P? and so
by Proposition 6.1.2(5) the only equivariant link starting from X, is S, /P2 — S, /P2
given by (S3) and its inverse. If b > 3, then Proposition 6.2.2 implies that the only
equivariant link starting from X, is the birational involution S, --+ S, given by (S5),
which conjugates Aut®(Sy) to itself.

(e) Here, V,, with b > 3, is a P!-bundle over P2. By Proposition 6.4.5(2), the only
equivariant link starting from X is the birational map V}, --» L{f 2 whose inverse is the
blow-up morphism L{f’z — V), given by (S13).

(f) Here, X; = W,, with b > 2, is a singular P!-fibration over P(1,1,2). By
Lemma 6.5.7, the only equivariant links starting from X; are the links W, --» ]-"é”l
given by (S15) and W, --» ]—"é’_l'_l given by (S14), whose inverses are equivariant by
Proposition 6.5.5(3), together with the link W, — P(1,1,2,3) given by (S10), whose
inverse is equivariant by Lemma 6.3.4.

(g) Here, X; = R

a decomposable P2-bundle over P!. If m > 2 and n = 0, then by Lemma 6.3.2, there

o where m = n >0orm > 2n > 0 and (m,n) # (1,0), is

are no equivariant links starting from X;. If m = n = 1, then by Proposition 6.3.3(2),
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there are two equivariant links starting from X;, which are R;; --» .7-'5_1 given by
(87) and R, ; --» R;, given by (S8). The inverses are equivariant: the inverse of the
1st one is a morphism and the 2nd one is an involution. If (m,n) = (3,1), then
by Proposition 6.3.3(3), there are two equivariant links starting from X;, which are
R3'1 -—> ]—'21'71 given by (S7) and RS,I --» PP(1,1,2,3) given by (S9); their inverses are
equivariant by Proposition 6.3.3. If m = n > 2 or m > 2n > 2 (but (m,n) # (3, 1)), then
by Proposition 6.3.3(4), the only equivariant link starting from X, is R,,, , --» ,lniﬁ given
by (S7). Again, the inverses of these links are equivariant by Proposition 6.3.3. Finally, if
m =n = 0, then Ron = P2 x P!, and by Proposition 6.1.2(2), the only equivariant link
starting from X, is P! x P2/P! —> P! x P2/P? given by (S2).

(h) Here, X, is an Umemura quadric fibration Qg, where g € kluy, u;] is homoge-
neous of even degree with at least four roots of odd multiplicity. By Proposition 6.6.5(2),
the only equivariant links starting from Qg are the links Qg ——» Qghz and Qg - Qg/hz,
which are either given by (S16) or whose inverse is given by (S16). As g is homogeneous
of even degree with at least four roots of odd multiplicity, the same holds for gh? or
g/h?. The equivariance of these links is given by Lemma 6.6.2.

(i) and (j) These cases is studied in Proposition 6.1.2.

(k) Here, X; = P(1,1,1,2), and by Proposition 6.2.1, the only equivariant link
starting from X; is the blow-up P, — P(1,1, 1, 2) given by (S6).

(1) Here, X; = P(1,1,2,3), and by Lemma 6.3.4, there are only two equivariant
links starting from X;, namely P(1,1,2,3) --» R3.1 given by (S9) and P(1,1,2,3) --» W,
given by (S10). Moreover, the inverse of these two links are equivariant by
Lemma 6.3.4. |

Proof of Corollary G. Theorems 2.4.4 and E imply the following assertion:

For each connected algebraic subgroup G of Bir(P?), there exists
a birational map ¢: X --» P® such that ¢ ! Gy C Aut®°(X) and such (%)

that X belongs to one of the families (a)-(m) of Theorem E.

It remains to prove the following two assertions:
(i) in (¥), we can always assume @Aut’(X)¢~! to be a maximal connected

algebraic subgroup of Bir(P?); and

(ii) YAut°(Y)y ! is a maximal connected algebraic subgroup of Bir(P®) for
each Y that belongs to one of the Families (a)-(1) and each birational map
VY --» P,
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We first prove (ii) and then prove (i). To simplify the notation, we only say “is maximal”
for “is a maximal connected algebraic subgroup of Bir(P?)”.

(ii) If the connected algebraic subgroup vyAut®(Y)y~! < Bir(P®) were
not maximal, it would be strictly contained in a connected algebraic subgroup
G C Bir(P?). Applying (x), we would obtain a birational map «: Y --» Z, where Z belongs
to one of the Families (a)-(m), and such that kAut®(Y)x~! C Aut°(Z), contradicting
Theorem F.

(i) If X belongs to one of the Families (a)—(1), then pAut®°(X)¢~! is maximal by (ii).
We may thus assume that X belongs to family (m) and is thus a rational Q-factorial Fano

1 is not maximal,

threefold of Picard rank 1 with terminal singularities. If pAut®(X)ep~
it is strictly contained in a connected algebraic subgroup G, C Bir(P®). Applying (),
we find a birational map ¢,: X; --» P2 such that ¢~!G,¢; € Aut°(X;) and such that
X, belongs to one of the families (a)-(m) of Theorem E. Again, if X; belongs to the one
of the Families (a)-(l), then ¢, Aut® (X1)</’1_1 is maximal, so we may assume that X, again
belongs to family (m) and continue this process. We obtain either the result or an infinite
sequence G C G; C G, C G4 C --- where each G; is equal to goiAut°(Xi)<p{1, and X;
a rational Q-factorial Fano threefold of Picard rank 1 with terminal singularities and
;- X;

. --» P3 is birational. We now explain why this is impossible, by using that the set S

of Q-factorial Fano threefolds with terminal singularities is parametrised by a bounded
family. This is a simple case of the BAB conjecture, proven already by [52, Theorem 1.2]
(see also [11] for the more general case). As a consequence, there is an integer r > 1 such
that —rKy is Cartier for each X € S ([52, Theorem 1.2(1)] gives the explicit bound r = 24!).
Then [53, Theorem 1.1] gives the existence of an integer m such that |-mKjy| is base-
point free for each X € S. Applying [53, Lemma 1.2], we can choose m bigger if needed
and assume that —mKjy is very ample for each X € S. The elements of S being isomorphic
to the fibres of a morphism, there exists d > 1 such that for each X € S, the linear
system |-mK,| provides a closed embedding ¢,: Z < Ph’mK2-1 with hO(—mK,) < d.
This gives an embedding of Aut®(X) into PGL(hO(—mKZ)) and implies that there is an
integer D > 1, not depending on Z, such that dim(Aut°(X)) < D. Therefore, we cannot

have the above infinite sequence. |
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