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Abstract. Rigorousdiffraction theoryis appliedto analysethe direct-sampling(DS) encoding
method, which is basedon scalar diffraction theory. For given fabrication constraintsand
constantsamplingwidth of the lens function, the quantizedphaseprofilesobtainedwith scalar
DS arecloseto the optimumsolutions,evenfor gratingperiod to wavelengthratios (3b/λ) as
small asabout3. For smallerratios,the phaseprofilesobtainedby DS canbe improvedby up
to 25%, using a straightforwardrigoroussteepest-gradientoptimization. Applied to cylindrical
lenseswith NA = 0.5 and0.63, codingwith DS andwith rigorously improvedDS gives quite
similar resultsfor the total diffraction efficiency.

1. Intr oduction

In modernoptics,diffractive microlensesareappreciatedbecauseof the additionaldegrees
of freedomtheybring to thedesigncomparedwith conventionalrefractiveoptics. Theycan
be found, for example,in collimating and focusingoptics, in optical diffusers,chromatic-
aberrationcorrectionopticsor in athermalizedhybrid elements[1–3]. In general,thedesired
lens function of a diffractive micro-opticalelementis continuousand hasto be quantized
into a multilevel staircase-likephaseprofile. This is necessaryfor the manufacturingof
the surface-reliefelementsby a standardlithographic process,where only discretephase
levelsarepossible.The numberof discretephaselevelsper 2π phasestepsdependson the
minimum featuresize (MFS), which can be fabricated. For the coding of the continuous
lens function into the multilevel profile, different approachesare possible. A simple,
standardway of coding is analytical quantization(AQ) [4, 5]. However, this procedure
gives satisfyingresultsonly as long as four or more discretephaselevels are possibleper
2π phasedifferenceof the lens function. For high-aperturelensesor short wavelengths,
the AQ givesan efficiency of the lenswhich is significantly lower thanthe optimumvalue
[6]. A moreadvancedmethodis the radially symmetriciterativediscreteon-axis(RSIDO)
codingdevelopedby Welch et al [6, 7]. This methodalsoproducesnearlyoptimumresults
at the edgeof the lens,whereonly two to threephaselevelsarepossibleper gratingperiod
(3b). The major drawbackof this methodis the fact that it utilizes nonlineartechniques
like simulatedannealingfor the optimizationof the widths and locationsof the quantized
phaselevels. It thereforeconsumesconsiderablecomputingpower, especiallyfor lenses
with large diameters.
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Figure 1. Illustration of the DS method for encoding: the ideal phase function of a linear blazed
grating (3b/MFS = 2.75) is the chain curve, the full curve is the multilevel profile obtained
with DS. The horizontal grid lines are the eight available phase levels.

Kuittinen and Herzig [8] described a different, more straightforward way for solving the
coding problem, which they called direct sampling (DS). This method gives the optimum
efficiency of a diffractive lens automatically, whereas the coding scheme convinces with
its simplicity. With DS coding the complete lens function is sampled with the MFS and
phase values are clipped between 0 and 2π . These phase values are then rounded to the
closest available phase level. The DS method is illustrated in figure 1 for a blazed grating
with 3b/MFS= 2.75. This method is particularly suitable for fast, shaped-beam electron
beam pattern generators, which only write rectangular pixels but the dose per pixel can be
controlled to generate a multilevel depth profile.

In the outermost part of a diffractive high-aperture lens, only two or three phase levels
are possible per 2π phase difference, because of the limitations of the MFS. We will call
this part of the profile the binary region. Figure 1 shows a binary region, where 2.75 MFS
fit into one grating period. While the performance of the different coding schemes is most
critical in the binary region, this area can account for a large fraction of a high-aperture
lens and therefore has a great impact on the total performance. For example, a spherical
lens with NA= 0.32 operating atλ = 632.8 nm has a binary area of 59% when a MFS of
1 µm is assumed.

In the binary region, assuming a MFS of 1µm and the wavelength range of the
visible spectrum, one is clearly outside the range of validity of scalar diffraction theory
[9]. The DS method for encoding is based on simple scalar theory and so far has not
been investigated rigorously. In this paper we present an analysis of the DS method, using
exact electromagnetic grating theory, in order to investigate the performance of DS from a
rigorous point of view. The local grating periods and therefore the3b/λ ratios are smallest
in the binary region for a given diffractive lens. This means that differences between scalar
and exact electromagnetic theory are most likely to appear there.
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The lensfunction canbe consideredlocally asa linear blazedphasegrating. Therefore,
we analysedthe quantization of ideally blazed surface relief phase gratings as local
approximationsfor arbitrary two-dimensionallensfunctions.

2. Numerical methods

For therigorouscalculationswe useda rigorouseigenmodemethodasdescribedby Turunen
[10]. This methodprovidesan exact,non-iterativesolutionof Maxwell’s equationsandthe
accuracyof the solutiondependsonly on the numberof termsretainedin the expansionsof
the electromagneticfields. The implementationwas modified accordingto Moharamet al
[11] to avoid numericalinstabilitieswhich arisefrom the successiveelectromagneticfield
matchingat the boundariesbetweenthe individual grating layers. For the entire analysis,
the diffraction efficiencieswere calculatedfor a normally incident plane wave with TE
polarization. The standardpropagationdirection was substrateto air and the refractive
index of the substratewas1.5.

In order to determinewhetherthe quantizedphaseprofiles obtainedwith DS are still
the optimum solutionswith the highestdiffraction efficiencies,when analysedrigorously,
we introduceda ‘rigoroussteepest-gradientoptimization’(RSGO)method.Thesamplingof
the lensfunction washerebykept constant(1 MFS). The startingpoint for the optimization
procedurewasthephase-leveldistributionobtainedwith DS,suchas,for example,illustrated
in figure 1 by the full curve. Using this distribution,the first phaselevel waschangedone
level up (π/4 for eight level coding), or down, while all the otherswere kept constant,
and rigorous diffraction efficiencieswere calculatedfor the new distribution. The same
was then performedwith every other phaselevel until all levels had beenchangedonce
andcorrespondingefficiencieswerecalculated.The new phase-leveldistributionwasthen
chosenas the one with the highestdiffraction efficiency in the correspondingorder. This
new phase-leveldistribution was the starting point for the next iteration step. Iterations
wereexecuteduntil no further improvementof diffraction efficiency could be achieved.

Since the RSGO is a steepest-gradientoptimization, it cannot be excluded that
the algorithm ends in a local maximum. On the other hand, utilizing a nonlinear
optimizationtechniquelike simulatedannealing,which avoidsstagnationin local maxima
quite effectively, is inappropriatebecauseof the time-consumingrigorous calculations.
However, for somephase-leveldistributions,we usedsimulatedannealing,and obtained
the samemaximumdiffraction efficienciesaswith RSGO.

3. Resultsand discussion

3.1. Rigorousanalysisof DS blazedgratingsin the binary region

When a blazedgrating with a certaingrating period,3b, is DS encodedinto a multilevel
surfaceprofile, the formal periodof thegratingincreases,because,in general,the2π phase
stepsof the blazedgrating do not coincide with the DS stepsof 1 MFS. This has to be
consideredfor the calculationof diffraction efficiencies,since here the periodicity of the
structureis of fundamentalimportance.The gratingperiodof the DS blazedgrating,3, is
determinedthrough3 = m3b with m obtainedfrom the conditionm3b = n MFS, where
m and n are the smallestnon-zerointegers. As illustrated in figure 1, the blazedgrating
with period3b = 2.75 MFS coincideswith the DS stepsof 1 MFS afterm = 4 periods.
The grating period of the DS-encodedgrating is therefore11 MFS. For a standardblazed
grating the first-order diffraction efficiency is of concern. However, for the DS-encoded
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blazedgratings the grating period is increasedby the above-mentionedfactor m. As a
consequence,the direction of the first order for the blazedgrating correspondsto themth
order of the DS-encodedgrating. Therefore,it is this order which hasto be optimizedin
the calculations.

The rigorous analysis of the DS blazed grating was performed for eight different
3b/MFS ratios in the binary region, namely 2, 2.2, 2.25, 2.4, 2.5, 2.6, 2.75 and 2.8,
for TE polarization.A representativepart of the resultsis shownin figures2(a)–(c). First,
we calculatedtherigorousdiffractionefficienciesfor thevarious3b/MFS ratiosby varying
λ while keepingthegratingperiod3b constant(full curves).ThentheRSGOwasexecuted
for a3b/λ rangeof 1 to 7, againfor fixed 3b (brokencurves). For large3b/λ ratios the
diffraction efficienciesapproachedthe scalarvalues(chaincurves),asexpected.However,
the rigorous values are always a few per cent below the scalar values, since in scalar
diffraction theory no Fresnellossesand reflectedordersare takeninto account.For 3b/λ

between2 and 3, the diffraction efficiency exhibits a strongdecreasefollowed by a peak,
ascanbe seen,for example,in figure 2(c). This behaviourcanbe understoodqualitatively
asan occurrenceof total internal reflectionat the interface[12].

The importantcriterion for the performanceof the encodingmethodis the3b/λ ratio
until which thescalar-basedcodingmethodproducesphase-leveldistributionswhich cannot
significantlybeimprovedwith rigorousmethodsfor givenfabricationconstraints.This ratio
will be designated(3b/λ)0. From the analysisof our calculationsin the binary region,we
extracted(3b/λ)0 for the eight different3b/MFS ratios. We determined(3b/λ)0 by the
condition that for all 3b/λ ratios larger than (3b/λ)0 the rigorously optimized solutions
showan improvementin diffraction efficiency of lessthan3% over the solutionsobtained
with DS.The(3b/λ)0 ratiosaregivenin table1. Themostimportantresultof theanalysisin
thebinaryregionis, thatthevaluesfor (3b/λ)0 arebetween2 and3.3,which is surprisingly
small. This meansfor the DS method,that it can be reliably applied to wavelengthsof
up to 0.85 MFS which correspondsto NA = 0.43. The rigorous diffraction efficiencies
are somewhatsmaller than the correspondingscalarvalues, the phase-levelprofiles are,
however, under the given fabrication constraintsand the constantsampling of the lens
function, the bestpossible.Theseresultsshow that simple DS encodingensuresoptimum
performancein the above senseover a very wide 3b/λ range, from the scalar regime
(3b/λ > 5) to deepinto the rigorousregime(3b/λ ≈ 2–3).

Table 1. (3b/λ)0 valuesfor different3b/MFS ratios of the DS blazedgrating in the binary
region(eight equallyspacedlevelswereavailablefor 2π phase).

3b/MFS (3b/λ)0

2.0 2.0
2.2 2.2
2.25 2.3
2.4 2.8
2.5 2.3
2.6 2.9
2.75 3.3
2.8 3.3

In the regime3b/λ < (3b/λ)0, where the DS quantized phase profiles have diffraction
efficiencies as low as 11%, the rigorously optimized solutions (RSGO) show large
improvements of up to 25%. In this regime the optimum phase profiles cannot be obtained
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Figure 2. Calculated diffraction efficiencies versus3b/λ with constant3b for blazed gratings
with (a) 3b/MFS = 2.25, (b) 3b/MFS = 2.5 and (c) 3b/MFS = 2.75. For the phase
depth of 2π , eight equally spaced phase levels were available. The chain curves are the scalar
diffraction efficiencies. The full curves are the rigorously calculated diffraction efficiencies. The
broken curves are the rigorous diffraction efficiencies for the phase-level distributions which were
obtained by the rigorous optimization (RSGO).
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in a simple way by a standardcoding procedure.For every3b/λ ratio and every profile
the optimizationhasto be doneindividually.

The resultsshownso far were obtainedfor the substrate-to-airpropagationdirection,
which is the standardcasefor a diffractive microlens. In the following we presentresults
for theoppositepropagationdirection,i.e. air to substrate,for threeselected3b/MFS ratios,
2.25,2.5 and2.75,in thebinary region. All theotherparametersremainedunchanged.The
resultsof the calculationsare given in table 2. The diffraction efficienciesas a function
of 3b/λ show for the air-to-substratepropagationdirection no significant differencein
behaviourthan for the oppositedirection. The (3b/λ)0 ratios,which wereobtainedin the
sameway as for the substrate-to-airpropagationdirection,are in a similar range,between
2.3 and3.6.

Table 2. (3b/λ)0 valuesfor different3b/MFS ratios of the DS blazedgrating in the binary
region (eight equally spacedlevels were availablefor 2π phase).The propagationdirection is
reversed:air to substrate.

3b/MFS (3b/λ)0

2.25 2.3
2.5 3.2
2.75 3.6

3.2. Calculation of rigorous diffraction efficiencies for cylindrical lenses

For the calculation of rigorous diffraction efficiencies of cylindrical lenses which were DS
encoded, we approximated the ideal lens function of a focusing diffractive lens [8] by
a series of blazed gratings with piecewise constant grating periods, the grating periods

Figure 3. Phase profile of a high-aperture cylindrical lens (broken), and piecewise linear
approximation (full). For the calculations we used a finer approximation than shown in the
figure.
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increasingtowardsthe centreof the lens. The basicprinciple of this methodis illustrated
in figure 3. In the binary region, the samediscretegrating period to MFS ratios as given
in table1 wereused,namely2, 2.2, 2.25,2.4, 2.5, 2.6, 2.75and2.8. For the larger grating
periods,blazedgratingswith the following gratingperiodto MFS ratioswereusedfor the
approximation:3, 3.5, 4, 4.5, 5, 5.5, 6, 6.5 and 7. We then computedthe total first-order
lensdiffractionefficiency,againfor TE polarization,by addingup thevariouscontributions
from the differentpartsof the lens. The calculationswerecarriedout for cylindrical lenses
with 2 mm diameterand eight-level DS encoding. The MFS was assumedto be 1 µm
and the focal length was chosenso that the lens had a local grating period of 2 MFS at
the edge. Efficiencieswere computedfor threewavelengths,λ = 0.75, 1.0 and 1.25 µm,
correspondingto NAs of 0.38, 0.5 and 0.63, respectively.Our analysiscoveredthe outer
part of the lens until a local grating period of 7 MFS was reached. Since for larger
grating periods,correspondingto the innermostpart of the lens, the performanceis to a
good approximationscalar and the influence of the coding schemeon the performance
of a lens vanishes. We would like to point out that, for the high-aperturelensesstudied
here,the analysedfraction was the dominatingpart of the lens, with 76% to 81% of the
total lens area. The resultsare summarizedin table 3. The correspondingscalarvalues
are also listed for comparison,where one has to keep in mind that the valuesfor scalar
diffraction efficienciesdo not includeFresnelreflectionlosses.The importantresult is that
the differencein diffraction efficiency betweenthe rigorously optimizedencodingand the
simple DS encodingis quite small for all threelensesin spite of their quite high NA. For
the lens with NA = 0.38 the differenceamountsto only 1.7%. Furthermore,the absolute
valueis alreadyquitecloseto thescalarone,whenconsideringtheadditionalFresnellosses
for the scalarcalculation. With increasingNA, the differencebetweenDS encodingand
the rigorouslyoptimizedvaluegetslarger asexpected,becausethe3b/λ ratiosaresmaller
and one is thereforedeeperin the rigorousregime. The absolutedifferencesof 3.6% and
6.1% are, however,still very small when consideringthe very high NA of 0.5 and 0.63,
respectively.

Table 3. Rigorousandscalarfirst-orderdiffractionefficienciesη1 of theouterareafor cylindrical
lenses.DS encodingwith eight phaselevels.

λ = 0.75 MFS λ = 1.0 MFS λ = 1.25 MFS
NA = 0.38 NA= 0.5 NA = 0.63

Fraction of total lens: 76.7% 78.1% 80.2%
η1: DS, rigorous 56.2% 49.0% 42.0%
η1: rigorously optimized 57.9% 52.6% 48.1%
η1: DS, scalar 64.5% 63.6% 62.3%

3.3. Optimization potential of extended scalar depth correction using DS

It is known from extended scalar theory [13] that for perfectly blazed gratings the highest
diffraction efficiency is obtained for a grating depth,dest, which is shallower than the depth
corresponding to the 2π phase difference predicted by simple scalar theory [14], namely

dest= λ

n− cos(arcsin(λ/3b))
. (1)

The incident wavelength isλ, n is the refractive index and3b denotes the grating
period. This reduced depth can be explained geometrically by optical path considerations.
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The utility of this depthcorrectionin order to increasethe diffraction efficiency of a high-
aperturelensdependson themanufacturingprocess.If a directwriting techniqueis used,the
correctionof the depthalwaysleadsto an improvement,becausethe depthcanbe adjusted
to the local gratingperiod. For a maskprocessthis is different,becausethephaselevelsfor
the elementhaveto be chosenfor the whole diffractive elementindependentof the grating
period. This meansthat for a given wavelengththe correcteddepthis only correctfor one
specificgrating period. For all other grating periodsit is more or lessinappropriate.The
questionwhich now arisesnaturally is, whetherone can achievean improvementin total
diffraction efficiency for the whole lens if this depthcorrectionis applied. Consequently,
in this section we investigaterigorously the optimization potential of the grating depth
correctionaccordingto extendedscalartheorywhenappliedto theDS method.Concerning
the fabricationconstraints,we againassumedeight availablephaselevels and an MFS of
1 µm.

When comparingthe rigorous optimum depthsof blazedgratingswith the optimum
depthsobtainedfrom extendedscalartheory,onefinds a qualitativeagreementfor 3b/λ >
2.8. Up to 3b/λ ≈ 2.2 extendedscalartheory gives at least the right tendency. On the
otherhand,a significantimprovementof at leasta few per cent in diffraction efficiency is
only possiblefor 3b/λ 6 4.5. We thereforechosefor theanalysisa DS blazedgratingwith
a correcteddepth accordingto extendedscalartheory and calculatedrigorous diffraction
efficienciesasa function of gratingperiodfor variouswavelengths.The gratingdepthwas
correctedfor the middle of the binary region,3b = 2.5 MFS. The resultsfor wavelengths
of 0.75, 1 and 1.25 MFS are given in figure 4. The resultsshow, as alreadymentioned,
that the gain in diffraction efficiency for the small grating periodsis inevitably connected
with a loss in diffraction efficiency for the larger ones. In order to study this effect for a
practicalexample,we calculatedthe diffraction efficienciesfor the threecylindrical high-
aperturelensesfrom the precedingsection. We includedin the analysisthe outer part of
the lensuntil a local gratingperiodof 8 MFS wasreached.The resultsaresummarizedin
table4. Thediffractionefficienciesfor thecylindrical lenseswith correcteddepth,following
extendedscalartheory(equation(1)), showonly a marginal improvementbetween0.6 and
1.4%. The innermostpart of the lenses,which amountsto about20% in the abovecases,
is not includedin the calculations.

Table 4. Rigorousfirst-orderdiffraction efficienciesη1 of the outerareafor cylindrical lenses.
DS encodingwith eight phaselevels for scalar2π depth and a correcteddepth accordingto
extendedscalartheory.

λ = 0.75 MFS λ = 1.0 MFS λ = 1.25 MFS
NA = 0.38 NA= 0.5 NA = 0.63

Fraction of total lens: 78.0% 79.4% 81.4%
η1: scalar 2π depth 56.5% 49.4% 42.1%
η1: corrected depth 57.1% 50.7% 43.5%

When considering the results displayed in figure 4, one also has to take into account
the fact that the design according to extended scalar theory introduces additional diffraction
efficiency losses in the remaining central area. We therefore conclude that the design
according to extended scalar theory has, in terms of total lens efficiency, no advantages
over the design according to simple scalar theory for a mask-based fabrication process. The
simple design for the encoding of the diffractive lens results in a better performance.
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Figure 4. Rigorous diffraction efficiencies as a function of3b for scalar 2π depth (full curve)
and corrected depth, according to extended scalar theory (broken curve), for DS blazed grating.
The grating depth was corrected for the middle of the binary region,3b = 2.5 MFS. For the
phase depth of 2π , eight equally spaced phase levels were available. Parts (a)–(c) are calculated
for λ = 0.75, 1 and 1.25 MFS, respectively.
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4. Conclusion

We haveinvestigatedthe scalar-basedencodingmethodof direct sampling(DS) from the
point of view of rigorousdiffractiontheory. In particular,we analysedidealblazedgratings
in the binary region,that is the regionwherethe minimum featuresize(MFS) allows only
two to threephaselevelswithin onegratingperiod. We found that quantizedphaseprofiles
obtainedwith scalarDS are close to the optimum solutions,even for grating period to
wavelengthratios (3b/λ) as small as about2 to 3.3. This provesthe usefulnessof DS as
an efficient encodingmethodthat can be applied to a rangeof 3b/λ, which exceedsthe
validity of scalardiffraction theory. It has also beenshown that, for still smaller3b/λ

ratios, the phaseprofiles obtainedby DS can be improvedby a straightforward‘rigorous
steepest-gradientoptimization’. For certain3b/λ ratios the improvementis as large as
11%–36%.

We calculatedrigorouslensdiffractionefficienciesfor high-aperturefocusingcylindrical
lenses,encodedwith DS, by approximatingthem as a seriesof linear blazed gratings
with varying grating periods. We showed that the difference in diffraction efficiency
betweenrigorously optimized encodingand simple DS encodingis quite small even for
large numericalapertures(NA = 0.63) of the lenses.Furthermore,the valueswere quite
closeto the expectationsfrom scalardiffraction theory.

Additionally, we rigorously investigatedthe optimization potential of grating depth
correctionaccordingto extendedscalartheorywhenappliedto the DS encoding.Herewe
found that the designaccordingto extendedscalartheory has no advantageover simple
scalartheorywhena mask-basedfabricationprocessis used.
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