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Abstract
In this manuscript, the topic of nonresponse in surveys is studied through several research projects.
We address different subjects as treatment of nonresponse in data sets, estimation in presence of
nonresponse and analysis of variance estimators. The first chapter of this thesis is devoted to an
introduction to survey sampling and to the concepts used in the rest of this manuscript. In the
second chapter, a new method for donor imputation of nonresponse is proposed. In the chapter 3,
we present a new estimator of population total in the presence of nonresponse, which combines
model-assisted estimators and estimators weighted by nonresponse. In a fourth chapter, we raise
a problem related to variance estimators of total estimator when the ratio between the number
of variables and the number of observations is large. We approximate the bias of the variance es-
timators in order to adjust the estimators. The chapter 5 of this manuscript deals with a different
subject. We propose a new spatiotemporal sampling method that takes into account both sources
of spatial and temporal autocorrelations. The method enables us to select a sample that is well
spread in time and in space.

Keywords: imputation, model-assisted estimator, jackknife variance estimator, spatiotemporal
sampling.
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Résumé
Dans ce manuscrit, le sujet de la non-réponse dans les enquêtes est étudié à travers plusieurs pro-
jets de recherche. Nous abordons différents sujets tels que le traitement de la non-réponse dans
des ensembles de données, l’estimation en présence de non-réponse et l’analyse de la variance
d’estimateurs. Le premier chapitre de cette thèse est consacré à une introduction à la statistique
d’enquête, et notamment aux différents concepts utilisés dans le reste de ce manuscrit. Dans le
deuxième chapitre, une nouvelle méthode d’imputation des non-réponses par donneurs est pro-
posée. Au chapitre 3, nous présentons un nouvel estimateur du total en présence de non-réponses,
qui combine l’estimateur assisté par un modèle et l’estimateur ajusté par repondération pour la
non-réponse. Dans un quatrième chapitre, nous soulevons un problème lié aux estimateur de
variance d’estimateurs de totaux lorsque le rapport entre le nombre de variables et le nombre
d’observations est grand. Nous approximons le biais de l’estimateur de variance afin d’ajuster
les estimateurs. Le chapitre 5 de ce manuscrit traite d’un tout autre sujet. Nous y proposons
une nouvelle méthode d’échantillonnage spatio-temporel qui prend en compte les deux sources
d’autocorrélation spatiale et temporelle. La méthode permet de sélectionner un échantillon bien
étalé à la fois dans le temps et dans l’espace.

Mots-clés : imputation, estimateur assisté par modèle, estimateur de variance jackknife, échan-
tillonnage spatiotemporel.
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Introduction
The objective of survey sampling is to provide information about a population, using only infor-
mation from a portion of that population. This manuscript focuses solely on sample surveys in
finite populations. For example, the aim may be to estimate population totals or means. From
sample selection and data collection to estimation and final analysis, a large number of differ-
ent operations are performed as part of a survey, each of which can influence the final estimates.
Nonresponse is present in almost all surveys. Estimates based on observed data only, omitting non-
responses, tend to be biased, unless the data are missing completely at random (Rubin, 1976).
Nonresponse is one of the many sources of error in surveys that may considerably affect the final
estimated parameters, adding further bias and causing additional variability. Traditionally, there
are two ways of reducing these negative effects: replacing nonresponses with plausible values or
reweighting survey respondents to compensate for nonrespondents. Nonresponse can appear in
different ways in the collected data, requiring different treatment depending on how it occurs.

The research projects presented below are the result of collaborations between a number of
renowned researchers. They enabled me to work on a wide range of subjects in sample surveys.
Various stages of a survey where nonresponse complicates conventional methods and requires an
adapted process are considered. This thesis is divided into five parts. Chapter 1 is a preamble
introducing the notations and basic concepts of sampling necessary for understanding the rest of
this manuscript. After this first part, the papers written during this thesis are presented one by
one. The last part is a scientific paper that is not related to the subject of nonresponse, but we
decided to include it because it represents a significant amount of work produced at the beginning
of my thesis.

Chapter 2 of this thesis is devoted to the treatment of nonresponse using a new donor impu-
tation method. This work corresponds to the published papers Eustache, Vallée, and Tillé (2024).
It was prompted by a request from the Swiss Federal Office for a single-donor imputation method
to avoid problems of inconsistency in multivariate imputations. The proposed imputation method
is adapted to the most general case: when nonresponse is multivariate and can appear anywhere
in the data set without any pattern. The method provides donor imputation with balancing con-
straints in the process. It extends the method proposed by Hasler and Tillé (2016) to multivariate
nonresponse. The method meets three main requirements: 1. it is a donor imputation method; 2.
each unit with nonresponses is imputed by the values of a similar unit; 3. balancing constraints
must be satisfied.

Chapters 3 presents the article Eustache and Hasler (2022) which is submitted for publication.
It introduces a population total estimator that mixes model-assisted and nonresponse weighted
adjustment estimators is proposed. Model-assisted estimators rely on a postulated working model
between the survey variable and the auxiliary variables. One of the main advantages of model-
assisted estimators is that they retain important properties such as consistency and the absence of
asymptotic bias, whether or not the working model is correctly specified. However, if the survey
variable contains nonresponses, this class of estimators can no longer be used. A common way of
dealing with nonresponse is to reweight survey respondents to compensate for nonrespondents.
The proposed estimator is a ‘quasi-model-assisted’ estimator. We consider nonresponse as a sec-
ond phase of the survey and reweight the units in model-assisted estimators using the inverse
of estimated response probabilities, in order to compensate for the nonrespondents. We provide
formulae for asymptotic variance and variance estimators.
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Chapter 4 presents the work in progress Eustache, Dagdoug, and Haziza (2023) which will
be soon submitted. It is devoted to the study of variance estimators of total and mean estimators.
We focus on jackknife variance estimator proposed in Berger and Skinner (2005) and Berger and
Rao (2006) and on estimator based on the first-order Taylor expansion. We consider the model-
assisted total estimator and the imputed mean estimator, with deterministic linear regression as
working model. We highlight a dimensional problem of the resampling jackknife method com-
monly used to estimate the variance of the imputed mean estimator. A high-dimensional setting
refers to a situation where the number of predictors used in the working model is of the same
order of magnitude as the sample size. A new expression for the generalized jackknife estimator
is proposed to avoid this problem.

Finally, Chapter 5 differs slightly from the other parts of this manuscript as it does not deal
with nonresponse. Chapter 5 corresponds to the published paper Eustache, Jauslin, and Tillé
(2022) in which we present a new spatiotemporal sampling design for equal and unequal inclu-
sion probabilities. In spatiotemporal data, there are two sources of autocorrelation – spatial and
temporal. The proposed sampling design manages both autocorrelations by selecting units that
are spread in time and in space, using systematic sampling and the pivotal method. We provide
simulations on a real odonata dataset to demonstrate the effectiveness of the method.
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Chapter 1

Introduction to Sample Surveys

1.1 Introduction

This chapter is devoted to an introduction to statistical methods and basic concepts that are used in
the following chapters of this manuscript. To better understand the issues involved in a survey, the
sampling strategy is presented in Section 1.2. In Section 1.3, we discuss the statistical properties
that enable us to obtain an accurate and efficient estimator. Auxiliary information is very useful
in a survey and can be used in different stages. We present how auxiliary information can be used
at the estimation stage in Section 1.4. Nonresponse is a major problem that is difficult to avoid
during a survey. Section 1.5 is devoted to nonresponse. Section 1.6 provides an introduction to
variance estimation in the context of complete response, while Section 1.7 discusses this topic in
the case of imputation. For more information on sampling theory, the reader is advised to read
Tillé (2020) and Särndal, Swensson, and Wretman (1992).

1.2 Sampling strategy

Let us consider a set U of N ∈ N∗ discrete elements. In survey sampling, this set is called the finite
population of interest. The elements of U are labeled according to their position in the population,
i.e. the k-th element of U is labeled by k and U = {1, . . . , k, . . . , N}.

Let yk be the value of a survey variable Y for element k ∈ U . The aim of a survey is to estimate
an unknown parameter, denoted by θy , of the population of interest, related to survey variable
Y . This unknown parameter is a function θ (.) of values {yk}k∈U , such that θy = θ ({yk}k∈U).
Common parameters of interest are the population total

t y :=
∑

k∈U

yk.

and the population mean µy = t y/N . Almost always, the Y -value is not known for all elements
of the population, due to cost, time or simply the impossibility of collecting data, making this
parameter impossible to compute. A sampling procedure is therefore essential. In particular, it
provides a point estimate of the parameter of interest, using the Y -values of only a subset s, called
a sample, of the population.

The first major choice in a survey is the selection of the subset s ⊂ U . Throughout this work,
each sample s refers to a probability sample, meaning that it has been selected using a probability
sampling scheme without replacement. We defineS as the set containing all non-empty subsets of
U . A probability sampling scheme without replacement assigns to each sample s a probability p(s)
of being selected. The function p(.) is called the sampling design. It is a probability distribution
function onS , with p(s)≥ 0, s ∈ S and

∑

s∈S p(s) = 1. Note that s can be viewed as a realization
of a random variable S whose definition set is S , and

P(S = s) = p(s), s ⊂ S .

The number ns of elements selected in sample s can be fixed or random, depending on p(.).
If ns is fixed, the sampling design is said to be of fixed size, and we have ns = n, regardless of
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the selected sample s. In this case, only samples s ⊂ S with a number of elements n have a
probability larger than 0 of being selected.

One way of representing the selected elements other than the subset s is to use a sample
membership indicator variable. The sample membership indicator variable of an element k is
Ik(S) := 1k∈S . For simplicity, we use Ik instead of Ik(S). In the case of a sampling design without
replacement, the variable Ik follows a Bernoulli distribution of parameter πk, such that

P(Ik = 1) = πk and P(Ik = 0) = 1−πk,

and thus
E(Ik) = πk and V(Ik) = πk(1−πk).

The first-order inclusion probability of element k in the sample is πk. The second-order inclusion
probability πkℓ is the probability that both elements k and ℓ ∈ U are selected in the sample.
Throughout this manuscript, we assume

πk > 0, for all k ∈ U ,

guaranteeing that each population unit has a chance of being selected in the sample, and also
πkℓ > 0, for all pairs (k,ℓ) ∈ U × U . Depending on the sampling design p(.), the correspond-
ing inclusion probabilities may be equal or unequal and are generally known or chosen prior to
sampling. The following examples introduce some well-used sampling designs. More complex
sampling designs are presented in Tillé (2020).

Example 1.2.1 (Simple random sampling without replacement). Simple random sampling without
replacement gives every possible sample of size n in U the same probability of being selected. The size

n is fixed and chosen beforehand. We have p(s) =
�N

n

�−1
if s is of size n, 0 otherwise. All elements of

the population have the same probability π = n/N of being selected, so πk = π > 0 for all k ∈ U,
and

πkℓ =
n(n− 1)
N(N − 1)

,

for all k,ℓ ∈ U and k ̸= ℓ.

Example 1.2.2 (Bernoulli sampling). Bernoulli sampling gives every element of the population the
same probability π of being selected, so πk = π > 0 for all k ∈ U. The sample membership indicators
{Ik}k∈U are independent and identically distributed random variables. It follows that πkℓ = π2 for
all k,ℓ ∈ U and k ̸= ℓ. The Bernoulli design is expressed by

p(s) = πns(1−π)N−ns .

The sample size ns is a random variable, that follows a binomial distribution with mean Nπ and
variance Nπ(1 − π). Not controlling the sample size during a survey can be a disadvantage. For
example, the cost of the survey or the number of surveyors required cannot be known in advance.

Example 1.2.3 (Poisson sampling). Unlike simple random sampling and Bernoulli sampling, Pois-
son sampling allows for unequal inclusion probabilities. Poisson sampling assigns to each sample
s ∈ S the probability

p(s) =
∏

k∈s

πk

∏

k∈U\s

(1−πk)

of being the selected sample. The sample size ns is a random variable. Because of the independence
of variables {Ik}k∈U , πkℓ = πkπℓ. As the inclusion probabilities are not limited to a specific value,
It is worth noting that if the inclusion probabilities are equal, the Poisson sampling is equivalent to
Bernoulli sampling.
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The second major choice in a survey is the statistic used to compute an estimate of the un-
known parameter of interest θy , based on values collected on the sample. An estimator bθy of θy

is a statistic, a function of the Y -values on the random sample S, bθy = bθy({yk}k∈S). Let bθy(s) de-
note the value taken by the estimator on the selected sample s. It provides a point estimate of θy .
Well-known estimators of the population total t y and the population mean µy are respectively
the Horvitz-Thompson estimator (Horvitz and Thompson, 1952)

bt y,π :=
∑

k∈S

yk

πk
(1.1)

and the Hájek estimator (Hájek, 1971)

bµy,H :=
1
ÒN

∑

k∈S

yk

πk

where ÒN =
∑

k∈S π
−1
k .

The choices of the sampling design p(.) and the estimator bθy are not dissociated from each

other. In sample surveys, the aim is to find the sampling strategy (p, bθy) that will give the most
accurate point estimate of the parameter possible.

1.3 Statistical properties of an estimator

At the end of a survey, the final point estimate bθy(s) should be as close as possible to the real
value. However, it varies from one sample to another. A good estimator not only gives estimates
close to the true values, but also varies little. The expectation and the variance with respect to the
sampling design p(.) of bθy are respectively

Ep(bθy) =
∑

s∈S
p(s)bθy(s) and Vp(bθy) =

∑

s∈S
p(s)

�

bθy(s)−Ep(bθy)
	2

.

Two important measures for the quality of an estimator are the bias and the mean squared error.
The bias of bθy under the sampling design is defined as Bp(bθy) = Ep(bθy)− θy . When it comes to

sampling, it is important for an estimator to be design-unbiased, i.e. Bp(bθy) = 0, for all variables
of interest Y , or approximately unbiased, i.e. to have a bias close to 0 for large sample sizes. The
mean squared error (MSE) of bθy under the sampling design is defined by

MSEp(bθy) =
∑

s∈S
p(s)

�

bθy(s)− θy

	2
.

It can be demonstrated that MSEp(bθy) = Vp(bθy)+Bp(bθy)2. A low MSE implies both low variance
and low bias, indicating good estimator behavior.

The presented measure of efficiency consider that the source of randomness comes from the
sampling design, i.e, the sample S is a random variable. This approach is called design-based
inference. Another approach, formalized in Brewer (1963), Royall (1970) and others, is called
model based and considers {yk}k∈N as the realized outcome of random variables. The main dif-
ference between design-based and model-based philosophies is the source of randomness in the
estimator (Särndal, 1978).
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Let us focus on properties of the population total estimator bt y,π of (1.1). First, bt y,π is a design-
unbiased estimator of t y (Horvitz and Thompson, 1952). Its variance is given by

Vp(bt y,π) =
∑

k∈U

∑

ℓ∈U

∆kℓ
yk

πk

yℓ
πℓ

,

where ∆kℓ = πkℓ −πkπℓ. This variance can not be computed since Y -values are not known for
the whole population elements. So it can be estimated by the design-unbiased estimator

bVπ(bt y,π) :=
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

yk

πk

yℓ
πℓ

.

Depending on the chosen sampling design, the expression of the variance of bt y,π and that
of the variance estimator can be simplified. Under Bernoulli sampling design, the variance of
estimator bt y,π takes the form

Vπ,BE(bt y,π) =
1−π
π

∑

k∈U

y2
k

and a design-unbiased variance estimator is

bVπ,BE(bt y,π) :=
1−π
π2

∑

k∈s

y2
k .

Under simple random sampling without replacement design, variance of the bt y,π estimator takes
the form

Vp,SRSWOR(bt y,π) =
N(N − n)

n
S2

yU ,

and a design-unbiased variance estimator is

bVπ,SRSWOR(bt y,π) :=
N(N − n)

n
S2

ys,

where S2
yU and S2

ys are the population and the sample adjusted variances, such that

S2
yU =

1
N − 1

∑

k∈U

¨

yk −
1
N

∑

k∈U

yk

«2

and S2
ys =

1
n− 1

∑

k∈s

¨

yk −
1
n

∑

k∈s

yk

«2

.

In the case where the Y -values are not centered on S, the values of the variance and the variance
estimator, for the Bernoulli sampling and for the simple random sampling without replacement,
will be very different. It shows the importance of the choice of the sampling design, as it influ-
ences the precision of the estimator. Similarly, the choice of the estimator is important depending
on the sampling design used. For instance, under Bernoulli sampling, the variance of bt y,π can
become large because the sample size ns is random. In this case, a better estimator is given by the
population total Hájek estimator (Hájek, 1971) bt y,H := nbt y,π/ns. This supports the fact that the
selection of the sample and the estimator must depend on each other, as discussed in Section 1.2.

1.4 Auxiliary information at the estimation stage

The term auxiliary information refers to any information available prior to sampling. These may
be totals, proportions or means of certain variables over the population - or sub-populations -
or the value of a variable known for all population units. The main objective is to make the
best possible use of this information to improve the accuracy of the final estimate. Auxiliary
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information can be used at the sampling stage or at the estimation stage. At the moment, we only
consider the use of auxiliary information at the estimation stage.

At the estimation stage, the auxiliary information is used in the estimator formula. We con-
sider p auxiliary variables X1, . . . , Xp. Let xk ∈ Rp denote the vector of values taken by the aux-
iliary variables for element k ∈ U . We consider two levels of available auxiliary information: 1)
U-level, when the auxiliary variables are known for all population units; 2) S-level, when the
auxiliary variables are known only for the sampled units. We assume that values of these p vari-
ables are known at U-level or S-level. It should be noted that the auxiliary variables are at least
known in the sample.

This part focuses on the estimation stage, so we assume that the sampling stage has already
been completed. A sample s ∈ U was selected using a random sampling design p(.) and data
{yk}k∈s are then available. The auxiliary variables are used in the final estimator formula in an
attempt to significantly reduce the variance compared with the bt y,π estimator, which does not use
auxiliary information.

1.4.1 Model-assisted estimation

One way of using auxiliary information at the estimation stage is model-assisted estimation. This
approach makes use of a set of predicted values to improve the efficiency estimators (see e.g.
Särndal, Swensson, and Wretman, 1992 and Breidt and Opsomer, 2017).

Let us consider the situation where auxiliary information is known at U-level (see Section 1.4).
Model-assisted estimation starts by postulating that the finite population of yk ’s conditioned on
xk ’s is a realization of an infinite superpopulation E , in which

E : yk = m(xk) + ϵk, k ∈ U (1.2)

where m(.) is an unknown function, ϵk denotes a sequence of independent and identically dis-
tributed random variables such that Em(ϵk) = 0 and Vm(ϵk) = σ2, and subscript m indicates that
the expectation and variance are computed under model E .

To introduce model-assisted estimators, we start by looking at a closely related estimator: the
difference estimator. We assume that auxiliary information is known at level-U , so vector xk is
known for the whole population. So we can form a set of ‘predicted’ Y -values, using function
m(.) and xk; yk can be predicted by m(xk). The unknown population total t y can be written as

t y =
∑

k∈U

m(xk)−
∑

k∈U

{yk −m(xk)}

(Särndal, Swensson, and Wretman, 1992). Since
∑

k∈U {yk −m(xk)} depends on unknown values
{yk}k∈U\S , one idea is to use the Horvitz-Thomson estimator. The results is the difference estimator
(Cassel, Särndal, and Wretman, 1976)

bt y,diff :=
∑

k∈U

m(xk)−
∑

k∈s

yk −m(xk)
πk

.

In reality, the function m(.) is also unknown, which makes the difference estimator impossible
to compute. The idea of model-assisted estimators is to replace the unknown function m(.) in
the difference estimator by an estimator Òm(.). The estimator Òm(.) is fitted on the available data
{(yk,xk)}k∈s, in order to be able to predict yk using xk for all population element k ∈ U . The
model-assisted estimator of t y (Särndal, Swensson, and Wretman, 1992) is

bt y,ma :=
∑

k∈U

Òm(xk)−
∑

k∈s

yk − Òm(xk)
πk

. (1.3)
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Model-assisted estimation starts in Särndal (1980) with the generalized regression estimator, which
considers a linear regression as function m(.).

1.4.2 Calibrated estimation

Another class of estimators that uses auxiliary information are calibrated estimators. Calibrated
estimators do not necessarily require auxiliary information to be known at U-level, but do require
known population totals. An estimator of the form

bt y,cal =
∑

k∈S

wk yk,

where weights {wk}k∈S satisfy
∑

k∈S

wkxk =
∑

k∈U

xk,

is a calibrated estimator. The weight wk is then a function of the {xk}k∈S . Many different weights
can satisfy this equation. Deville and Särndal (1992) propose to introduce a notion of pseudo-
distance so that the solution is unique. The weights wks solve the minimization problem

(

minimize
wk∈R

∑

k∈S

G(wk,π−1
k ),

subject to
∑

k∈S wkxk =
∑

k∈U xk,

where G(., .) is a pseudo-distance function. Weights wks are as close as possible to the inverse of
the inclusion probabilities π−1

k s in an attempt to control the bias. A wide range of functions can
be used (see Deville and Särndal, 1992). Kim and Park (2006) propose a review of calibration
estimators, study asymptotic properties and discuss variance estimation.

1.5 Nonresponse

1.5.1 Nonresponse modelling

Nonresponse is present in almost all surveys. The presence of nonresponse means that the value
of the variable of interest Y is unavailable for certain units in the sample. These units are called
nonrespondents. Otherwise, units for which the variable of interest is known are called the set of
respondents. Let sr ⊂ s be the set containing the respondents to variable Y , and sm = s\sr the set
containing the nonrespondents. Let us define Rk, the response membership indicator variable,
such that Rk(Sr) := 1k∈sr

. For simplicity, we use Rk instead of Rk(Sr). We suppose that each
variable Rk follows a Bernoulli distribution of parameter pk ∈ ]0, 1], such that P(Rk = 1) = pk
and P(Rk = 0) = 1−pk. This random process is called the nonresponse mechanism. We also define
Sr as the set of non-empty subsets of s. Nonresponse can be modelled in two different ways:
using the two-phase approach or the reverse approach, that are described below and illustrated in
Figure 1.1.

Nonresponse can be seen as a second phase of the survey. In the two-phase approach, we
assume nonresponse as a second sampling phase. Two sampling operations are carried out one
after the other to obtain the final sample of respondents: 1) a sample s is randomly selected
in U; 2) a sample sr is randomly selected in s. The nonresponse mechanism can be seen as a
sampling process, assigning each possible sample sr ∈ Sr a probability q(sr | s) of being the set of
responding units. So sr is a realization of a random variable Sr such that

P(Sr = sr | S = s) = q(sr | s), sr ∈ Sr .
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The response probability to variable Y of a unit k is the probability that k is selected in sample sr
given that k is selected in s, that is

pk = P(k ∈ sr | k ∈ s).

A survey can then be divided into two distinct samplings: the selection of ns units to make up the
random sample S using the sampling design p(s), and the selection of respondents to make up
the random sample Sr using the nonresponse mechanism q(sr | s).

In the reverse approach that was first proposed in Fay (1991), we assume that the sampling
and the nonresponse designs are two independent processes. The term ‘reversed’ is used because
this approach can reversed the order of sampling and nonresponse compared to the classic two-
phase approach, due to independence. The procedure is: 1) the population U is randomly divided
in two sub-populations, the population of respondents Ur and the population of nonrespondents
Um; 2) a sample s is selected in U . Finally, we obtain sr = Ur ∩ s. In this case, whether or not a
unit would respond to Y does not depend on its selection in the sample. This implies

pk = P(k ∈ sr | k ∈ s) = P(k ∈ Ur) · P(k ∈ s).

In this work, we assume the independence of the Rks from one unit to another. In other words,
each unit may or may not respond to variable Y independently of the others. In this case and if
the sampling design and nonresponse mechanism are independent, the nonresponse mechanism
is simply a Poisson sampling design with inclusion probabilities equal to the unknown response
probabilities pk.

The nonresponses can be classified into three different types (Rubin, 1976). They can be
completely missing at random, if their absence is linked neither to the variable of interest nor to
auxiliary variables. If the missing values are not linked to the variable of interest after removing
the contribution of auxiliary variables, nonresponses are said to be missing at random. Finally,
if nonresponses are not missing at random, their absence is directly linked to the variable Y ,
whatever the auxiliary variables. This manuscript is devoted to missing at random nonresponse.

U

U

U

U

U

Tw
o-p

hase

ap
proa

ch

Reverse
approach

Ur

S S
Sr

Ur

S
Sr

FIGURE 1.1: Representation of the two approaches to modelling nonresponse.

1.5.2 Multivariate nonresponse

Suppose we are interested in estimating parameters of more than one survey variable. In this
case, the Y -value does not contain a single value, but is a collection of Q ∈ N∗ population variables
Y1, Y2, . . . , YQ.
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When nonresponses appear in more than one survey variable, we speak of multivariate non-
response. Multivariate nonresponse should be treated with greater caution than univariate non-
response. Indeed, the relationship between the survey variables must also be taken into account
when dealing with multivariate nonresponses.

Multivariate nonresponse is categorized into: unit nonresponse and item nonresponse. Unit
nonresponse is the total absence of response to the survey variables from a unit in the survey
sample. Item nonresponse is the absence of part of the information from a sampled unit for one
or more survey variables. In this work we focus on item nonresponse.

Let us define Rq
k, the response membership indicator to variable q ∈ {1, . . . ,Q}, such that

Rq
k(Sr) = 1 if ykq, the Yq-value of unit k, is available and Rq

k(Sr) = 0 otherwise. In the case of
multivariate nonresponse, a unit k ∈ s is a respondent, i.e. k ∈ sr , if Rq

k = 1 for all survey variable
q.

1.5.3 Estimation in the presence of unit nonresponse

Dealing with nonresponse is no easy task. In presence of nonresponses, all the aforementioned
total estimators are unavailable. Two main approaches to handle nonresponse can be considered:
1) reweighting for unit nonresponse: only the set of responses is used, and the expression of the
estimator is modified to compensate for the nonresponses; 2) imputation: the nonresponses are
replaced with imputed values in the data set, and the estimator is calculated with the observed
and estimated data.

If nonresponse is considered as a second phase of the survey, as explained in Section 1.5.1,
and pk was known, the two-phase estimator

bt y,πp :=
∑

k∈Sr

yk

πkpk
.

could be used. The respondent weights are increased by considering the inclusion probabilities
multiplied by the response probabilities instead of the inclusion probabilities alone. However,
during a survey, the response probabilities {pk}k∈U are unknown. A first idea is therefore to
replace the probabilities {pk}k∈Sr

by point estimates {bpk}k∈Sr
, leading to the nonresponse weighting

adjusted (NWA) estimator or propensity score adjusted estimator

bt y,NWA :=
∑

k∈Sr

yk

πkbpk
. (1.4)

Estimation of the response probabilities is generally carried out by modelling nonresponse. A
response model is the set of assumptions about the true response mechanism, subject to point es-
timators of response probabilities which are obtained. We assume that the inclusion probabilities
and auxiliary variables can be related using the following general model

P(k ∈ sr | k ∈ s) = h(x⊤k b),

where h : R → ]0; 1] is a derivable and increasing function and b ∈ RJ . A commonly used
function to model nonresponse is the logistic function. The parameter b can be estimated using
least squared method, maximum likelihood or calibration. Särndal and Lundström (2005) and
Haziza and Beaumont (2017) provide overviews of nonresponse weighted adjustment.

The second approach, imputation, consists of completing the nonresponses of a data set by
predicting them. A missing value yk, k ∈ Sm, is replaced in the collected data by an estimate byk,
called imputed value. There are parametric and non-parametric imputation methods. Chen and
Haziza (2019) review imputation methods for item nonresponse.
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In parametric imputation, a working model must be postulated that links auxiliary variables
to the survey variable Y in order to predict missing values {yk}k∈sm

. Given that the nonresponse
is assumed to be missing at random, the distribution of variable Y is the same for the sets of
respondents Sr and of nonrespondents Sm. In this case, the model (1.2) linking values {yk}k∈U
and {xk}k∈U can be considered. Because of nonresponses, the function m(.) can not be estimated
using values of the sampled units as in Section 1.4. An estimator Òmr(.) is then fitted on the
available data {(yk,xk)}k∈sr

, in order to be able to predict value yk using xk for all k ∈ sm. The
predicted Y -value of unit k is byk := Òmr(xk) and the imputed Y -values for each unit k ∈ S is

eyk :=

�

yk if k ∈ Sr ,
byk if k ∈ Sm.

To estimate the total t y and the mean µy , simple estimators are respectively the imputed estimator

bt y,imp :=
∑

k∈S

eyk

πk
=
∑

k∈Sr

yk

πk
+
∑

k∈Sm

byk

πk

and

bµy,imp :=
1
ÒN

∑

k∈S

eyk

πk
=

1
ÒN

∑

k∈Sr

yk

πk
+

1
ÒN

∑

k∈Sm

byk

πk
.

Many m(.) functions can be considered to impute Y values, as for example a linear regression.
Other non-parametric methods are hot deck imputations (see Andridge and Little, 2010). They

do not require the specification of a working model, and use the respondents’ observed values as
imputed values. The idea is to impute the nonresponse of a unit k ∈ Sm, called the recipient,
using values of certain respondents that are similar units, called donors. There are many hot deck
imputation procedures, such as K-nearest neighbours, sequential hot deck imputation or random
hot deck imputation. The advantage of hot deck procedures is that the imputed values are ob-
served values, whereas predicting nonresponse can lead to unrealistic imputed values. However,
in order to find donors for a nonrespondent, a notion of similarity must be introduced via a dis-
tance function, such as the Euclidean function on the available values. In some cases, it may be
difficult to compute distances, as for example in high-dimensional data sets.

1.6 Introduction to variance estimation with complete respon-se

The measure most commonly used to assess the precision of a survey estimator is its variance.
It usually depends on unknown parameters of the population. Variance estimators are generally
adapted to the sampling design and the survey estimator. The estimator variance depends on
both the formulae of the estimator and the sampling design. In Section 1.3, we present a variance
estimator when θ is a total of a variable over the population. However, the parameter of interest
θ is usually a more complex function, such as a ratio of totals, a population variance or a median.
This makes it even more difficult to know and estimate the variance of bθ . In this case, there are
several solutions to deal with the problem. A first class of methods involves approximating the
variance by replacing the complex parameter of interest by the total of another variable, known
as the linearized variable, using the Taylor linearization technique. Another class of methods
use resampling to estimate variance through simulations. The jackknife resampling method is
introduced in Section 1.7.
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1.6.1 Taylor linearization technique for a function of totals

Let us consider the case where the parameter of interest θy is a function of Q ∈ N∗ totals, such
that

θy = f (t1, . . . , tQ),

where tq is the population total of variable Yq, q ∈ {1, . . . ,Q}. We assume that values {yqk}k∈S of
each variable Yq are known for the sampled units. If f (.) is linear, the parameter of interest can
be expressed as

θy = a0 +
Q
∑

q=1

aq tq,

where a0 ∈ R and aq ∈ R, q ∈ {1, . . . ,Q}. An unbiased estimator of θy is then

bθy = a0 +
Q
∑

q=1

aqbtq,π = a0 +
∑

k∈S

vk

πk
,

where btq,π =
∑

k∈S π
−1
k ykq and vk =

∑Q
q=1 aq ykq. So the variance of bθy is equal to the variance

of the Horvitz-Thompson estimator of the total
∑

k∈U vk/πk. So the variance of bθy is

V(bθy) =
∑

k∈U

∑

ℓ∈U

∆kℓ
vk

πk

vℓ
πℓ

, (1.5)

and can be estimated by

bV (bθy) =
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

vk

πk

vℓ
πℓ

. (1.6)

The variable vk is the linearized variable of yk.
We now turn to the usual case where f (.) is non-linear. The idea of the Taylor linearization

technique is to estimate the non-linear estimator bθy by a linear expression bθT , using Taylor series,
in order to reduce to the case of a linear function of totals and thus be able to approximate the
variance. The first-order Taylor approximation of f (.), expanding around the point (t1, . . . , tQ),
is

bθy ≈ bθT = θy +
Q
∑

q=1

�

btq,π − tq

� ∂ f
∂ btq

�

�

�

�

�

(bt1,π,...,btQ,π)=(t1,...,tQ)

.

The variance of bθT under the sampling design is equal to (1.5), with

aq =
∂ f
∂ btq

�

�

�

�

�

(bt1,π,...,btQ,π)=(t1,...,tQ)

,

and can then be estimated by (1.6). However, value vk contains unknown quantities {aq} de-

pending on unknown population totals. So, the last step to obtain a variance estimator of bθT is
to replace unknown totals by some estimators, leading to a variance estimator for bθy , that is

bV (bθy) =
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

bvk

πk

bvℓ
πℓ

,

where bvk =
∑Q

q=1 baq,π ykq. The {baq} estimators are obtained by replacing the unknown totals by
the Horvitz-Thompson.
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1.6.2 Linearization by sample membership indicators

Taylor linearization technique can lead to multiple variance estimators that are asymptotically
design unbiased under repeated sampling (Wolter, 2007). The choice among variance esti-
mators must then be based on other considerations such as conditional properties of the vari-
ance estimators. Estimator bθy can always be expressed as a function of the {Ik}k∈U , such that
bθy = g(I1, . . . , IN ), g : [0, 1]N 7→ R. The sample membership indicators are the only source of
randomness in the sampling design. Graf (2011) has developed a Taylor linearization method
that consists in deriving bθy at point (I1, . . . , IN ), assuming that it is derivable at this point. Note

that E[Ik] = πk, for all k ∈ U . The first-order Taylor approximation of bθy , expanding around the
point (π1, . . . ,πn), is

bθy ≈ g(π1, . . . ,πN ) +
∑

k∈U

(Ik −πk) eak,

where

eak =
∂ bθy

∂ Ik

�

�

�

�

�

(I1,...,IN )=(π1,...,πN )

.

The linearized variable eak is not random under the sampling design, so it can be used to approx-
imate the variance of bθ , such that

Vp(bθ )≈
∑

k∈U

∑

ℓ∈U

∆kℓeakeaℓ.

As many eaks are unknown because they do not belong to the sample, eak must be replaced by an
estimator beak in the expression to finally obtain a variance estimator of bθ .

1.7 Variance estimation in the context of nonresponse imputation

Variance estimation in the presence of nonresponse is one of the most difficult issues in survey
research. In the case of imputation, it is common practice to compute variance estimates using
standard formulae, treating the imputed values as if they were observed values, without taking
into account the variance due to nonresponse. This procedure can lead to serious underestimation
of the true variance of the estimates. The variance of the estimator can depend on four different
sources of randomness: 1) the sample membership indicator variables {Ik}k∈U ; 2) the super-
population model E as presented in Section 1.4.1; 3) the response membership indicator variables
{Rk}k∈U ; 4) the imputation, in the case where the process is random, as presented in Section 1.5.3.

So far, we have only considered estimators of the variance due to the sampling design. The
estimators presented in Section 1.4.1 also contain variance due to the E superpopulation model.
We have not discussed the variance of these estimators, but both sources of randomness must be
taken into account when estimating their variance. Next sections consider the first three sources
of randomness.

1.7.1 The methods of Särndal and Shao Steel

We consider the case where values {yk}k∈U are random. We assume missing at random nonre-
sponse, that is the first moment of the imputation model, E(yU | XU), is correctly specified. Let
bθy,imp = bθ ({eyk}k∈S) the imputed estimator corresponding to estimator bθy . The imputed estimator
has the same form as the corresponding estimator, but replacing nonresponses {yk}Sm

by imputed
values. For example, in the case of a population total, the imputed estimator of bt y,π is bt y,imp (see
Section 1.5.3).
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We present two methods for estimating the variance of bθy,imp: the method of Särndal (1992)
and the method of Shao and Steel (1999). The first is based on the two-phase approach to
modeling nonresponse, while the second is based on the reverse approach (see 1.5.1). These
methods decompose the variance expression so that it can be estimated and then calculated.
In almost all cases, estimating the terms requires Taylor linearizations. Since the estimator can
depend on three sources of randomness, a Taylor linearization can be done on Ik, rk, and ϵk. The
method of Graf (2011), described in Section 1.6.2, may be used.

For the sake of simplicity, we replace operator EmEpEq(.) by Empq.In the method of Särndal,

the total variance of an imputed estimator bθy is expressed as

V(bθy) = Empq

�

(bθy,imp − θy)
2
�

= Empq

�

(bθy − θy + bθy,imp − bθy)
2
�

= EmVp(bθy) +EqEpVm(bθy,imp − bθy) + 2EpEqCovm{(bθy − θy)(bθy,imp − bθy)}.

In the last equality, the first term is the variance due to the sampling design, the second term is the
variance due to the nonresponse and the third term is the covariance between the sampling and
nonresponse errors. This variance decomposition enables us to estimate each term separately, to
finally obtain an estimator of the total variance.

Unlike the method of Särndal, the method of Shao Steel requires another assumption that the
sampling and the nonresponse designs are two independent processes. The total variance of an
imputed estimator bθy can be expressed as

V(bθy) = Empq

�

(bθy,imp − θy)
2
�

= Empq

�

�

bθy,imp −Ep(bθy,imp) +Ep(bθy,imp)− bθy

	2�

= EqEmVp(bθy,imp) +EqVmEp(bθy,imp − θy).

The last equality allows us to determine a variance estimator by estimating each term separately.

1.7.2 Jackknife procedure

The jackknife technique comes from another domain than survey sampling and is mainly used for
two different purposes: bias reduction and variance estimation. Quenouille (1949a) proposed the
method as a means to reduce the bias of an estimator, in an infinite population context. Durbin
(1959) was the first to propose the jackknife technique for finite populations. Next, Tukey (1958)
suggested the use of jackknife to produce variance estimates. In broad terms, the idea of the
jackknife variance estimation is to compute estimates of the parameter of interest from each of
several sub-samples of the original sample, and then estimate the variance of the original sample
estimator from the variability between the sub-samples estimates.

The jackknife procedure is a resampling method that starts by creating n sub-samples of size
n−1, denoted S(ℓ), ℓ ∈ S, such that S(ℓ) = S\{ℓ}. Next, point estimate of bθy is computed as if the

original sample were S(ℓ) instead of S, leading to point estimate bθ (ℓ)y . In this section, we consider
the case where the parameter of interest is µy . We first focus on jackknife variance estimation in
the case of complete response. We want to estimate the variance of the Hájek estimator, described
in Section 1.2. For example, the Hájek estimator bµy,H omitting unit ℓ ∈ S is equal to

bµ
(ℓ)
y,H :=

1
ÒN (ℓ)

∑

k∈S(ℓ)

yk

π
(ℓ)
k

,
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where π(ℓ)k denotes the inclusion probabilities adapted so that the selected sample is S(ℓ) and
ÒN (ℓ) =

∑

k∈S(ℓ) 1/π
(ℓ)
k . If the inclusion probabilities πk are all equal to π, as in Bernoulli sampling

and simple random sampling without replacement (see Section 1.2), we have π(ℓ)k = n(n−1)−1π,
for all k ∈ U , and ÒN (ℓ) = (n − 1)2(nπ)−1. Then, the n point estimates bµ(ℓ)y must be computed.
If collected data {yk}k∈S and {xk}k∈S are independent and identically distributed, a variance
estimator of bµy,H is the jackknife variance estimate proposed in Tukey (1958)

bVTuk(bµy,H) :=
n− 1

n

∑

k∈S

�

bµ
(k)
y,H −

1
n

∑

ℓ∈S

bµ
(ℓ)
y,H

�2

.

The ‘independent and identically distributed’-condition is satisfied in the case of simple random
sampling with replacement, which is rarely the case in sample surveys. Lee (1973) develops the
method to handle stratified simple random sampling without replacement. The restriction of the
jackknife method to stratified multi-stage designs limits its applicability, unlike estimators based
on linearization, for example. In a general paper, Campbell (1980) proposes a jackknife variance
estimator equivalent to a standard linearization variance for designs with unequal probabilities. A
condition for using the estimator of Campbell (1980) is that the parameter θy can be expressed as
a function g1 : RQ 7→ R of Q > 0 means, that is θy = g1(µ1, . . . ,µQ). This estimator is highlighted
and studied in depth in Berger and Skinner (2005) and is given by

bVcamp(bµy,H) :=
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ
(1−wk)

�

bµy,H − bµ
(k)
y,H

�

(1−wℓ)
�

bµy,H − bµ
(ℓ)
y,H

�

. (1.7)

where wk = (ÒNπk)−1.

1.7.3 Jackknife in presence of nonresponse

We now turn to the case of nonresponse. We consider the imputation framework of Section 1.5.3.
We want to estimate the variance estimator of the imputed estimator bµy,imp. Following the same
procedure, each unit ℓ excluded from sample S may belong to the set of respondents or nonre-
spondents. Depending on this, the expression of the estimator bµ(ℓ)y,imp will not be the same. Recall
that Òmr(.) denotes the estimator of the m(.) function fitted on the data from the responding units
in the S sample, i.e. Sr . Let Òm(ℓ)r (.) denote the estimator of function m(.) fitted on the data from
the responding units in the sample S(ℓ), i.e. of units in S(ℓ) ∩ Sr .

If unit ℓ is a nonrespondent, i.e. ℓ ∈ Sm, we have S(ℓ) ∩ Sr = Sr . In this case, the prediction
function Òm(ℓ)r (.) is equivalent to Òmr(.) since the unit ℓ does not contribute to the adjustment of
the function. In the other case, if ℓ ∈ Sr , this has an impact on the prediction function. Indeed,
the function is fitted on Sr\{ℓ} instead of Sr . The expression of the estimator bµ(ℓ)y,imp will therefore
not be the same depending on whether ℓ is a respondent or a nonrespondent: if ℓ ∈ Sr ,

bµ
(ℓ)
y,imp =

1
ÒN (ℓ)

∑

k∈Sr\{ℓ}

yk

π
(ℓ)
k

+
1
ÒN (ℓ)

∑

k∈Sm

Òm(ℓ)r (xk)

π
(ℓ)
k

,

and otherwise, if ℓ ∈ Sm,

bµ
(ℓ)
y,imp = ÒN

(ℓ)
∑

k∈Sr

yk

π
(ℓ)
k

+ÒN (ℓ)
∑

k∈Sm\{ℓ}

Òmr(xk)

π
(ℓ)
k

.

Rao and Shao (1992) propose an adjusted jackknife method for estimating the variance in the
case of imputation. This method assumes that units in S are selected with replacement, which
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is often not the case. The generalized jackknife variance estimator of bµy,imp is proposed in Berger
and Rao (2006) and is adapted to sampling without replacement and a non-negligible sampling
fraction. This estimator is given by

bVgen(bµy,imp) :=
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ
(1−wk)

�

bµy,imp − bµ
(k)
y,imp

�

(1−wℓ)
�

bµy,imp − bµ
(ℓ)
y,imp

�

. (1.8)

It estimates the first term that appears in the variance decomposition of the Shao Steel method
(see Section 1.7.1).

1.8 Conclusion

The theory of sample surveys covers a wide range of subjects and methods. This chapter intro-
duced the main concepts used in the other chapters of this manuscript. In Section 1.5.2, we
presented the multivariate nonresponse and Section 1.5.3 introduced the concept of imputation.
In Chapter 2, we will present a new method for imputing multivariate nonresponse. Chapter 3 will
define a quasi-model-estimator that is a blend between the model-assisted estimator (1.3) and a
nonresponse weighting adjusted estimator (1.4). In Chapter 4 we discuss variance estimation for
total and mean estimators. We focus in particular on the behaviour of variance estimators (1.7)
and (1.8) based on the jackknife procedure (see Section 1.7.2) and of the variance estimator of
Taylor or Shao Stell (see Section 1.7.1).
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Chapter 2

Balanced Donor Imputation Handling
Swisscheese Nonresponse

Abstract: The estimator of a parameter of interest can be affected significantly by miss-
ing values, which introduce bias and cause additional variability. Swiss cheese non-
response, also known as nonmonotone nonresponse, is difficult to deal with, because
it occurs when each variable of a survey may contain missing values, but without any
particular pattern. To reduce the effects of nonresponses, missing values are usually
imputed. However, when several variables of a data set need to be imputed, it can be
difficult to preserve the distributions of the variables and the relationships between
them. In this paper, we propose a new donor imputation method that generalizes
the balanced k-nearest neighbor imputation, and is applicable to any configuration
of item nonresponses. This new method uses random imputations by donors and is
constructed to meet the following requirements. First, all missing values of a unit
should be imputed by the same donor. Next, a unit with missing values should be
imputed by a neighboring donor. Last, the donors are selected to satisfy some balanc-
ing constraints that allows us to decrease the variance of the estimator. The method
is divided into two phases. First, we create a stratification by computing a matrix
of imputation probabilities using linear programming. Then, we select donors using
these imputation probabilities and balanced stratified sampling.

Keywords: donor imputation, linear programming, nonmonotone nonresponse, random impu-
tation.

This chapter is a reprint of article Eustache, Vallée, and Tillé (2024).

2.1 Introduction

In large-scale surveys, nonresponses are often inevitable. There are two types of nonresponse:
unit nonresponse, which occurs when all information is missing for a sampled unit, and item
nonresponse, which occurs when some, but not all information is missing for a sampled unit.
Missing values can affect the estimators of the parameters of interest significantly by introducing
bias and causing additional variability. There are two approaches to reducing such effects: the
imputation model, in which the missing values are imputed, and the nonresponse model, in which
the responding units are reweighted to compensate for the nonresponding units. Although we
focus on donor imputation methods, we also show (Proposition 2.6.2) that the estimators can be
presented as a reweighting method.

Nonresponses can be univariate or multivariate. In the first case, nonresponses occurs in only
one variable, and we can perform imputation using the other fully observed variables. Although
several methods exist for univariate imputation, fractional hot deck imputations (FDHIs) are pop-
ular in practice (Kim and Fuller, 2004; Fuller and Kim, 2005). Recently, Chen and Haziza (2019)
reviewed methods (deterministic and random) for univariate imputation, including multiple and
fractional imputations.
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In the multivariate case, nonresponses occur in more than one variable of the survey. Here, we
need to determine whether nonresponses can appear in all variables, or only in some, and whether
or not the nonresponses are monotonic. Monotone nonresponse occurs when the missing values
follows a specific pattern in the data set, as in longitudinal studies, where there is attrition.

In the first case, the missing values do not appear in all variables of the data set, and are not
monotonic. Several methods have been proposed to deal with this missing pattern (Murray and
Reiter, 2014; Sang, Kim, and Lee, 2022). The most general nonresponse pattern is when nonre-
sponses can occur in all survey variables. Here, the difficulty lies in preserving the distributions
of the variables and the relationships between them when replacing the missing values. Hasler,
Craiu, and Rivest (2018) use grapevine copulas to impute monotone nonresponses, and present
an overview of other imputation methods for this pattern.

This work is devoted to methods that can be applied to the most general situation, that is,
nonmonotone nonresponse, also known as Swiss cheese nonresponse, which occurs when the
survey variables all have missing values, but without a particular pattern. Most existing imputa-
tion methods are iterative, because of the presence of nonresponses in all variables. van Buuren
(2018) reviewed joint modeling and fully conditional specification (FCS) procedures. An example
of these iterative algorithms is a sequence of regression models between the variables developed
by Raghunathan et al. (2001). However, Chen (2010) argues that FCS methods may encounter
difficulties due to model incompatibilities. Stekhoven and Bühlmann (2011) developed a widely
used and efficient iterative imputation method based on random forest models.

Donor imputation methods impute the missing values of a unit using values from other re-
sponding units, called donors. The advantage of this method is that the imputed values are
plausible, because they are observed for the donor units. Moreover, these methods do not require
an iterative system. Yang and Kim (2016) introduced an FHDI for a multivariate nonresponse pat-
tern that is a donor imputation method implemented in the R package FHDI (Im, Cho, and Kim,
2018). Judkins (1997) and Andridge and Little (2010) present overviews of donor imputation
methods in both univariate and multivariate cases.

Here, we propose a donor imputation method that includes balancing constraints for Swiss
cheese nonresponses. This idea of using balancing constraints for imputing missing values has
been considered before. Chauvet, Deville, and Haziza (2011) reduced the imputation variance
using balanced sampling. Hasler and Tillé (2016) developed a balanced k-nearest neighbor im-
putation to deal with an univariate nonresponse. This imputation method has the advantage
of satisfying balancing equations on the survey variables. Our method extends the balanced k-
nearest neighbor imputation to include Swiss cheese nonresponses. This extension is not trivial,
because we need to manage missing values for several variables simultaneously and the model
cannot be constructed based on completely observed variables.

The proposed imputation method meets three essential requirements. First, in order to pre-
serve the distributions of the variables, it must be a donor imputation method, which allows us
to impute continuous and categorical variables using realistic values. Furthermore, all the miss-
ing values of a unit should be imputed by the same donor, in order to preserve the relationships
between the variables. Second, a unit with missing values must be imputed by a similar donor to
ensure consistency between imputed and observed values. Third, we use balancing constraints to
reduce the additional variability of the estimated parameters. Note that the proposed method can
also be applied to simpler nonresponse patterns, such as monotone or univariate nonresponses.

We present the context and the requirements of the method in Section 2.2, and the construc-
tion of the matrix of imputation probabilities in Section 2.3. We discuss selecting the donors
and the imputation process in Section 2.4, and the FHDI method in Section 2.5. In Section 2.6,
we examine several properties of the estimator of the total after imputation using our proposed
method. A simulation study using the R package SwissCheese (Eustache, Vallée, and Tillé, 2021)
is presented in Section 2.7. Section 2.8 concludes the paper.
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2.2 Motivations

Consider a finite population U of size N with J variables of interest. A random sample S of size
n is selected in U . The first-order inclusion probability of unit i is πi , the second-order inclusion
probability of units i and ℓ is πiℓ, and πii = πi , for any i,ℓ ∈ U . The vector of J variables of
interest, xi = (x i1, . . . , x i j , . . . , x iJ )⊤, is not necessarily fully observed for all i ∈ S. The vector
of response indicators of a unit i is ri = (ri1, . . . , ri j , . . . , riJ )⊤, where ri j is one if the variable j
of unit i is observed, and zero otherwise. Consider Sr ⊂ S, the set of nr > 0 units for which
the J variables are completely observed. That is, ri j = 1, for all j = 1, . . . J and any i ∈ Sr .
Consider Sm = S\Sr , a set of nm = (n− nr) units, such that some values, but not all, are missing.
Throughout this paper, units in Sr are referred to as respondents, and units in Sm are referred
to as nonrespondents. The nonresponse is nonmonotone, and thus has no particular pattern.
Figure 1 illustrates a data set with Swiss cheese nonresponses. Note that the proposed method
can also be applied to simpler configurations, for example, when some variables are not affected
by a nonresponse. For example, when a variable j is fully observed, then ri j = 1, for all i ∈ U ,
and the following discussion therefore remains valid.

When no vector xi suffers from nonresponse, an unbiased estimator of the population total of
the variable j, T j =

∑

i∈U x i j , is given by the Horvitz-Thompson estimator

bT HT
j =

∑

i∈S

di x i j ,

where di = π−1
i is the sampling weight of unit i. If values are missing in the data set, then they

can be imputed, where the imputed value of unit i for a variable j is denoted by x∗i j . Then, T j is
estimated by

bT j =
∑

i∈S

{ri jdi x i j + (1− ri j)di x
∗
i j}.

· · · · · ·

· · · · · · nm

nr

Variables
1 2 3 · · · j · · · J

Units

1

...

i

...

n

FIGURE 1: Representation of Swiss cheese nonresponse in a data set of n units and
J variables. The first nr rows correspond to the respondents, and the subsequent
nm rows correspond to nonrespondents. The gray rectangles cover the missing

values.

The proposed method ensures coherence and accuracy in the imputed data set, and is based
on the following three requirements:
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(i) The imputed values should be selected from the values of the nr fully observed units: a
donor imputation method should be used. Furthermore, all missing values of a nonrespon-
dent should be imputed using the same donor.

(ii) The donors should be as close as possible to the nonrespondents, in terms of the distance
between survey variables.

(iii) If the observed values of the nonrespondents are imputed, the estimator of the total of each
survey variable should remain unchanged.

Requirement (i) ensures that the imputed values are observed, and therefore realistic, for
both categorical and continuous variables. Furthermore, a random imputation method tends to
preserve the distributions of the variables. To illustrate Requirement (i), consider J = 3 variables
and a nonrespondent v ∈ Sm, such that rv = (1, 0, 0)⊤. The missing values of unit v, xv2 and xv3,
are imputed using observed values selected from the same donor. This means that xv2 and xv3
are imputed by xu2 and xu3, respectively, of a selected donor u ∈ Sr . Requirement (i) aims to
preserve the relationships between variables.

Requirement (ii) allows the imputation of a nonrespondent using a similar unit. This ensures
coherence between the imputed and the observed values of a nonrespondent. For instance, if we
are recording the sex and height of people, the missing height of a man should be imputed using
the height of another man. Requirement (ii) also aims to preserve the relationships between
variables.

The idea behind Requirement (iii) is that the observed information would remain unchanged
if the units with missing values were completely imputed. The estimators based on known values
would not be affected. This requirement reduces the variance of the estimators.

To implement a donor imputation method, each fully observed unit receives a probability of
donating its values to each nonrespondent. Next, we select one donor per nonrespondent, based
on these imputation probabilities. The imputation probabilities satisfying Requirements (i)–(iii)
are discussed further in Section 2.3. The selection of donors is discussed in Section 2.4.

2.3 Imputation probabilities

2.3.1 Matrix of imputation probabilities

The first step of a donor imputation method is to assign imputation probabilities to the units in
the set of respondents. Consider ψ = (ψuv), where (u, v) ∈ Sr × Sm, the matrix of imputation
probabilities. The elementψuv is the probability that respondent u is the donor selected to impute
the missing items of nonrespondent v, with ψuv ∈ [0, 1]. We need to impose some additional
constraints on the imputation probabilities in order to meet Requirements (i)–(iii).

First, only one donor should be randomly selected for a unit v ∈ Sm; see Requirement (i).
To this end, if the donors are chosen using balanced sampling, as suggested in Section 2.4, it
is sufficient to ensure that the imputation probabilities associated with a nonrespondent sum to
one; that is

∑

u∈Sr

ψuv = 1, v ∈ Sm. (2.3.1)

Requirement (iii) suggests that if the observed values of any v ∈ Sm are imputed, the estimator
of the total of each variable remains equal to the total of the observed values in Sm. Therefore, the
imputation probabilities are chosen so that if the known values of the units in Sm were imputed
by the expectation of their imputed values, the estimator of the total would correspond to that
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based on the observed values. This means that the imputation probabilities must satisfy
∑

v∈Sm

dv rv j

∑

u∈Sr

ψuv xu j =
∑

v∈Sm

dv rv j xv j , j ∈ {1, . . . , J}, (2.3.2)

see also Figure 2. The right-hand side of Equation (2.3.2) is the estimated total of the jth variable
based on the observed values in Sm; see Figure 2b. The left-hand side of Equation (2.3.2) is the
same estimated total, but calculated using imputed values in Sm. Each observed value xv j , such
that v ∈ Sm and rv j = 1, is imputed by

x∗v j =
∑

u∈Sr

ψuv xu j .

The hatched region in Figure 2c represents these values. Then, the total of these imputed values
corresponds to the left-hand side of Equation (2.3.2); see Figure 2c.

Variable
1

1

...

i

...

n

{Sr

{Sm

ri1 = 1

ri1 = 0

(A)

Variable
1

1

...

i

...

n

∑

v∈Sm

dv rv1 xv1

(B)

Variable
1

1

...

i

...

n

∑

v∈Sm

dv rv1

∑

u∈Sr

ψuv xu1

︸ ︷︷ ︸

x∗v1

(C)

FIGURE 2: The balancing constraints of the balanced SwissCheese imputation for
variable j = 1. The gray rectangles cover the missing values. Figure 2a represents
the variable and the sets of the respondents Sr and the nonrespondents Sm. For unit
i with a missing value at variable one, the corresponding response indicator ri1 is
zero. Figure 2b represents the right-hand side of Equation (2.3.2) for the variable
j = 1. In Figure 2c, the observed values in Sm are imputed and represented in the
hatched region. The left-hand side of Equation (2.3.2) is represented, and x∗v1 is

the imputed value for nonrespondent v.

Requirement (ii) implies that the donor must be similar to the nonrespondent, where similarity
is defined in terms of the distance between units. Let d(·, ·) denote a distance function. The closer
the distance d(u, v) is to zero, the more similar the units u and v are. After computing the distance
between a nonrespondent v and all responding units in Sr , those with the smallest distances to v
should have the highest probabilities of being a donor for v.

In other words, for each nonrespondent v ∈ Sm, we want to select the donor u ∈ Sr that
minimizes the product d(u, v)ψuv . For instance, the distance between a respondent u and a
nonrespondent v could be the Euclidean distance where the variables with missing values do not
contribute to the distance, such that

d(u, v) =
¦

J
∑

j=1

rv j(xu j − xv j)
2
©1/2

.

The variable must be standardized before calculating the distance because of possible differences
in the magnitudes.
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The matrix ψ satisfying equations (2.3.1) and (2.3.2) can be found by solving the linear
program























minimize
ψuv∈[0,1]

∑

v∈Sm

∑

u∈Sr

d(u, v)ψuv ,

subject to
∑

u∈Sr

ψuv = 1, v ∈ Sm,
∑

v∈Sm

dv rv j
∑

u∈Sr

ψuv xu j =
∑

v∈Sm

dv rv j xv j , j = 1, . . . , J .

(2.3.3)

A solution to (2.3.3) can almost always be found when the number of respondents nr is large,
because in this case, the constraints are not too restrictive. If the sample size n is small, it is
preferable to have at least nr/n = 0.5 to satisfy the balancing constraints and to find similar
donors for each nonrespondent.

Consider the bipartite set of Sr and Sm, U∗ = Sr × Sm, of size nr · nm. The calculation of the
final imputation probabilities ψuv can be viewed as a stratification process. A stratum is assigned
to each nonrespondent, such that the population U∗ is stratified in nm strata U∗v = {(u, v)|u ∈ Sr},
for v ∈ Sm. Each stratum corresponds to one nonrespondent and contains the set of nr possible
donors for nonrespondent v. Then, a sample of cells must be selected. Each element u, or possible
donor, of a stratum U∗v has a probability ψuv of being the selected donor for nonrespondent v.
Hence, the inclusion probability of the cell (u, v) is ψuv , for (u, v) ∈ U∗.

After solving (2.3.3), in most cases, almost all the probabilities ψuv obtained are equal to
either zero or one. This is equivalent to having a stratum of neighbors consisting of a single
respondent. In the next section, we adjust the imputation probability calculation process to enable
us to select the minimum number of elements in each stratum.

2.3.2 The number of neighbors k

After solving (2.3.3), in most cases, almost all the probabilities ψuv obtained are equal to either
zero or one. However, many researchers encourage considering more than one donor for each
non-respondent, for example, as in Jonsson and Wohlin (2004), which adds randomness to the
process. This may help to preserve the distribution of the variables and reduce the bias. The
constraint that the imputation probabilities need to be smaller than or equal to a quantity k−1

can be added to (2.3.3). Thus, at least k respondents will have a probability greater than zero of
being a donor for a nonrespondent v, with 0< k < nr and v ∈ Sm. The program becomes























minimize
ψuv∈[0,k−1]

∑

v∈Sm

∑

u∈Sr

d(u, v)ψuv ,

subject to
∑

u∈Sr

ψuv = 1, v ∈ Sm,
∑

v∈Sm

dv rv j
∑

u∈Sr

ψuv xu j =
∑

v∈Sm

dv rv j xv j , j = 1, . . . , J .

(2.3.4)

The number of neighbors k must be chosen well, because it is used to add randomness to the
imputation process. A larger k leads to greater variance due to randomness in the method. We
recommend choosing k not greater than five although this depends on the size of the data set and
the similarities between the responding units.

2.4 Imputation

Once we have calculated the matrix of imputation probabilities ψ, we can randomly select the
donors. Consider φ = (φuv), where (u, v) ∈ Sr ×Sm, the imputation matrix. The element φuv is 1
if unit u is selected to donate its values to unit v, and zero otherwise. Only one donor is selected
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per nonrespondent; thus,
∑

u∈Sr

φuv = 1,

for each v ∈ Sm. The matrix φ must satisfy, at best,
∑

v∈Sm

dv rv j

∑

u∈Sr

φuv xu j =
∑

v∈Sm

dv rv j

∑

u∈Sr

ψuv xu j ,

for each variable j = 1, . . . , J . Therefore, a balanced sampling method is used to select the donors,
while satisfying the balancing constraints (2.4). To also ensure that only one donor is selected
per nonrespondent, the matrix φ is generated using stratified balanced sampling (Chauvet, 2009;
Hasler and Tillé, 2014; Jauslin, Eustache, and Tillé, 2021).

As explained in Section 2.3.1, one cell must be selected in each stratum of cells U∗v = {(u, v) |
u ∈ Sr}. The sample of cells is selected using stratified balanced sampling. Jauslin, Eustache,
and Tillé (2021) propose a method for selecting a stratified balanced sample when the number of
strata is large. If the sum of the inclusion probabilities in each stratum is an integer, the method
guarantees the selection of a fixed sample size in each stratum. The size of the sample in a stratum
is the sum of the inclusion probabilities of the units in this stratum. The matrix ψ is such that
∑

u∈Sr
ψuv = 1, for any v ∈ Sm, thus, exactly one cell is selected per stratum, that is, one donor is

selected per nonrespondent, and Requirement (i) is exactly satisfied. Moreover, by adding balanc-
ing vectors, the method can approximately satisfy (2.4) using the cube method (Deville and Tillé,
2004). The balancing variable of each cell (u, v) ∈ Sr × Sm is dv rv jψuv xu j . Equation (2.4) might
only be approximately satisfied because of the complexity of the balancing problem. Therefore,
Requirement (iii) is either exactly or approximately fulfilled. Requirement (ii) is also satisfied,
because in the matrix ψ, only the closest units of each nonrespondent have non-null imputation
probabilities.

The imputation of the data set is based on the matrixφ. The missing value of unit v at variable
j, such that rv j = 0, is imputed randomly as

x∗v j =
∑

u∈Sr

φuv xu j . (2.4.5)

It is also possible to use a deterministic version of the proposed imputation method. The expec-
tation of φuv is used for (u, v) ∈ Sr × Sm. Then, the missing value xv j is imputed as

x∗v j =
∑

u∈Sr

ψuv xu j . (2.4.6)

Although this is no longer a donor imputation method, Requirement (iii) is exactly satisfied. In
general, the presence of a random component helps to preserve the distribution of the variables,
for instance, when estimating a nonlinear estimator as a percentile near or in the tail of the
distribution.

2.5 Comparison with FHDI

The FHDI method is reviewed in Yang and Kim (2016), and is popular in practice. Its steps are
similar to those of the proposed imputation method, which is a two-phase stratified sampling.
First, a set of imputation cells is formed using all observed values for each variable containing
nonresponses. For each cell, the imputation weight, called the fractional weight in the FHDI
method, is calculated based on the joint probability of the vector of variables (x1, · · · ,xJ ). The
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calculation of the fractional weights is described in Section 4.1 of Yang and Kim (2016). Second,
a hot deck imputation is conducted. Similarly to the proposed imputation method, determin-
ing the imputation cells and imputation weights corresponds to stratification, and the hot deck
imputation corresponds to stratified sampling. However, although the methods have the same
structure, their procedures are different.

FHDI requires discretizing continuous variables to compute the imputation weights. The dis-
cretization of each continuous variable is done by dividing its range into a small finite number
of segments, as quantiles, for example. This loss of information may become a problem when
the number of variables J increases. In addition, the final imputation is a weighted average of
the values of the responding units. Thus, the imputed values are not true observed values, but
rather a function of several values, and the method is not random. To address this problem, the
imputation process described in Section 2.4 replaces the weightsψuv with the fractional weights.
The FHDI method is considered in the simulation study in Section 2.7.

2.6 Properties of the imputed estimator of the total

The proposed imputation method provides a reliable estimation in several different cases. Here,
we show that the estimator can be interpreted both as a prediction imputation method and as
a reweighting method. Depending on the interpretation, the estimator of the total bT j , with the
imputed values given in Equation (2.4.5), can be unbiased, under certain assumptions. In the
section, we propose three assumptions that imply unbiasedness. The inference is valid when only
one of them is satisfied. Some are on the prediction model, and some are on the weights.

Let Ep(.), Eq(.) and Eimp(.) denote the expectation with respect to the sampling design, non-
response mechanism, and random imputation, respectively. The propositions presented in this
section hold only when data are missing at random or completely missing at random, in the sense
of Rubin (1976).

Proposition 2.6.1. Consider the notation

x(− j)
i = (x i1, . . . , x i( j−1), x i( j+1), . . . , x iJ )

⊤,

for i ∈ U and j = 1, . . . , J. Suppose further that the context is that of a prediction and assume the
following model m:

m : x i j = β
(− j)⊤x(− j)

i + ϵi with Em(ϵi) = 0,

where Em(.) denotes the expectation with respect to the model m. Then, the imputed estimator of the
total of the variable j, bT j , is unbiased, for j = 1, . . . , J,

Bias(bT j) = EmEpEqEimp(bT j − T j) = 0.

The proof is given in the Appendix. Proposition 2.6.1 suggests that if a variable x j can be
explained by a linear combination of the other variables xg,g ̸= j , the estimator bT j will be unbiased.

Proposition 2.6.2. The estimator of the total can be viewed as an estimator obtained using a
reweighting method, such that

bT j =
∑

u∈Sr

du

 

1+πu

∑

v∈Sm

dvψuv

!

xu j .
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When the weight
�

1+πu
∑

v∈Sm
dvψuv

�

is a reasonable approximation of the inverse of the proba-
bility of the response, that is when

Pr(u ∈ Sr |S)≈
1

1+πu
∑

v∈Sm
dvψuv

,

then the estimator is approximately unbiased,

Bias(bT j) = EpEqEimp(bT j − T j)≈ 0.

The proof is given in the Appendix. The estimator of the total can be rewritten as a reweighted
estimator, such that

bT j =
∑

u∈Sr

duwu xu j .

If the weight wu is equal to the inverse of the probability of the response to variable j, the estimator
is unbiased. In other words, the weight wu compensates for the nonresponse bias, in the same
way that the weight di compensates for the sampling bias.

Proposition 2.6.3. The proposed imputation method requires that if u ∈ Sr is the donor for v ∈ Sm,
then u ∈ knn(v). When

u ∈ knn(v) =⇒ (1− rv j)(xu j − xv j) = 0,

for all j = 1, . . . , J, then the imputed estimator of the total of the variable j, bT j , is unbiased,

Bias(bT j) = EpEqEimp(bT j − T j) = 0.

The proof is given in the Appendix. Proposition 2.6.3 uses the neighborhood principle. Be-
cause each donor is selected in the neighborhood of the recipient, the values of the recipient may
be, by definition, close to the values of its donor. The closer the values are, the smaller is the bias
of the estimator.

2.7 Simulation study

We performed a simulation study to analyze the performance of the proposed imputation meth-
ods, using the R package SwissCheese (Eustache, Vallée, and Tillé, 2021). We employ an open-
source data set from Johnson (1996) that contains 15 variables of morphological data of n= 250
men. Only variables with strong correlations are considered: the waist circumference (x1), the
knee circumference (x2), the chest circumference (x3), all three in centimeters, the body density
in grams per cubic centimeter (x4), and the percentage of body fat (x5).

Swiss cheese nonresponses are generated randomly in the data set X = (x1, x2, x3, x4, x5).
Nonresponses are generated for the whole data set, such that no variable is fully observed. For
each vector x j in which we generated missing values, the nonresponse is non-ignorable, because
this is the most difficult type of nonresponse to handle. Define the positive values gi j = x i j −
min(x j) and a value α j such that

n
∑

i=1

min

�

1,α j

�

gi j +

∑n
i=1 gi j

n2

��

= n( j)r ,

where n( j)r is the “expected number of units with a missing value at variable j". The expected
value for n( j)r is 113, which gives a proportion of respondents nr/n of approximately 45%. The
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probability pi j that unit i responds to item j ∈ {1, . . . , 5} is

pi j =min

�

1,α j

�

gi j +

∑n
i=1 gi j

n2

��

.

Missing values are generated randomly using a uniform variable bounded by zero and one. The
response indicator ri j is one if unit i responds to item j, and zero otherwise. When ri j = 0, the
value x i j is missing.

Eight imputation methods were considered to impute the missing values:

- k-nearest neighbor imputation (knn): a missing value for a nonrespondent is imputed as
the mean of this variable for the set of k-nearest neighbors;

- Nearest neighbor (nn): the donor of each nonrespondent is its nearest neighbor;

- FHDI: the imputation method proposed by Yang and Kim (2016) and discussed in Sec-
tion 2.5;

- Sequential regression multiple imputation (SReg): an iterative algorithm that imputes vari-
ables one by one using a regression model (Raghunathan et al., 2001; van Buuren, 2018);

- Balanced nearest neighbors (B-nn): the method proposed in Sections 2.3 and 2.4, without
constraining a minimum number of neighbors, as in System (2.3.3), with random imputa-
tion as in Equation (2.4.5);

- Deterministic balanced nearest neighbors (DB-nn): a deterministic version of the B-nn, as
in Equation (2.4.6);

- Balanced k-nearest neighbors (B-knn): the method proposed in Sections 2.3 and 2.4, by
constraining the minimum number of neighbors to k, as in System (2.3.4), with random
imputation as in Equation (2.4.5);

- Deterministic balanced k-nearest neighbors (DB-knn): a deterministic version of the B-knn,
as in Equation (2.4.6).

For each method that uses a number of neighbors k (i.e., knn, FHDI, DB-knn, and B-knn), we
use k = 5. The sequential regression multiple imputation method is a particular case of the fully
conditional specification that imputes multivariate missing data on a variable-by-variable basis
(van Buuren et al., 2006). Although the sequential regression multiple imputation is not a donor
imputation method, it should work well because of the high correlations between the variables.
Based on each imputed data set, we estimate the total of each variable, along with the 50th and
the 75th percentiles.

The nonresponse is generated MR = 100 times and, each time, the imputation is repeated
MI = 100 times, thus, we create MR data sets with different nonresponse patterns. For each
data set and for each imputation method, we create MI imputed data sets. Obviously, the MI
imputations for the same nonreponse do not vary for the deterministic methods (i.e., knn, nn,
DB-knn, and DB-nn). For each imputation method and parameter, we calculate the Monte Carlo
bias of an imputed estimator bθ ,

BiasMC

�

bθ
�

=
1

MRMI

MR
∑

r=1

MI
∑

i=1

�

bθ r,i − θ
�

,

where bθ r,i is the value of the imputed estimator of the parameter θ in the simulation (r, i), for
r = 1, . . . , MR and i = 1, . . . , MI . We also calculate the Monte Carlo mean squared error (MSE) of



2.7. Simulation study 25

the imputed estimator,

MSEMC

�

bθ
�

=
1

MRMI

MR
∑

r=1

MI
∑

i=1

�

bθ r,i − θ
�2

.

The results for the totals and the percentiles are shown in Tables 1 and 2, respectively, for the
eight imputation methods.

For the estimation of the totals, the proposed methods (i.e., B-nn, DB-nn, B-knn, and DB-knn)
seem to be equivalent, and outperform the nn and knn imputations in terms of bias and MSE.
For the estimation of the percentiles, the proposed methods also outperform than the nn and
knn methods. The biases and MSEs of our proposed methods appear to be smaller than those
of FHDI for the estimation of the totals. They are similar when estimating a quantile. Globally,
the balancing constraints and the donor imputation seem to reduce the bias and MSE of the
estimators. The results of our proposed method and those of the SReg imputation are comparable,
although the latter is not a donor method. The requirement to use donors is restrictive. Thus,
it is promising that our donor methods have almost similar efficiency. Futhermore, the variables
are highly correlated, implying that linear regression models are appropriate. SReg is then well
suited for the data.

In terms of bias and MSE, the B-nn and DB-nn imputations give similar results, because as
expected, almost all the probabilities ψuv are equal to zero or one, leading to few differences be-
tween the two methods. Moreover, they both outperform DB-knn and B-knn. Adding a minimum
number k = 5 of potential donors to add randomness to the imputation process does not appear
to reduce the bias or better preserve the distribution here.

Table 3 shows the bias and MSE of the estimated correlation coefficients between the variables
for the B-nn method. The linear relationships between the variables are very well preserved after
imputation. We show only the results for the B-nn method, because the other methods yield
comparable results.

TABLE 1: Bias and mean squared errors (MSE) with respect to the imputation and
the nonresponse mechanisms, of the estimators of the totals, in the case of knn, nn,
FHDI, SReg, DB-nn, B-nn, DB-knn and B-knn imputations. The dataset contains
Swiss cheese nonresponse, each variable contains approximately 10% of missing

values.

x1 x2 x3 x4 x5

True value 9083.35 9633.20 25165.50 263.96 4757.90
Bias

knn -61.72 -29.88 -106.23 -0.10 -117.36
nn -59.85 -27.61 -109.99 -0.05 -121.14
FHDI -10.25 -13.85 -26.41 -0.02 -11.15
SReg -5.61 -12.39 -16.13 -0.02 -1.59
DB-nn -8.79 -12.30 -24.25 -0.03 -5.58
B-nn -8.45 -11.93 -23.36 -0.02 -5.49
DB-knn -11.62 -12.79 -29.94 -0.02 -6.60
B-knn -11.33 -12.25 -29.13 -0.01 -6.36

MSE
knn 4327.35 1070.79 14137.19 0.03 16193.98
nn 4712.63 1122.08 16226.03 0.04 17816.19
FHDI 250.57 302.01 1417.03 0.00 511.15
SReg 111.90 287.71 920.28 0.00 168.77
DB-nn 197.59 259.34 1675.01 0.01 262.24
B-nn 176.11 242.32 1556.93 0.00 263.62
DB-knn 219.00 240.36 1610.32 0.01 198.89
B-knn 247.59 272.59 1831.69 0.00 370.77
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TABLE 2: Pourcentage of bias and mean squared errors (MSE) with respect to
the imputation and the nonresponse mechanisms, of estimated 50th and 75th per-
centiles, in the case of knn, nn, FHDI, SReg, DB-nn, B-nn, DB-knn and B-knn
imputations. The dataset contains Swiss cheese nonresponse, each variable con-

tains approximately 10% of missing values.

P50 P75

x1 x2 x3 x4 x5 x1 x2 x3 x4 x5

True value 33.28 36.92 94.25 1.04 12.42 39.04 39.87 105.30 1.07 25.20
Bias

knn -15.15 -8.80 -19.11 0.05 -75.75 -43.91 -23.10 -80.67 -0.24 -111.23
nn -16.77 -7.30 -26.15 0.00 -65.30 -19.25 -10.10 -37.45 -0.04 -55.85
FHDI 0.45 -0.69 -0.78 0.01 -2.34 -6.94 -5.4 -7.36 -0.04 -13.08
SReg 2.37 -2.54 3.14 0.01 -0.98 -4.72 -3.56 3.85 -0.01 -5.17
DB-nn -0.10 -1.90 -1.55 0.01 -1.20 -1.85 -6.07 -5.88 -0.02 -3.59
B-nn -0.23 -1.89 -1.62 0.01 -1.34 -1.85 -6.07 -5.97 -0.02 -3.54
DB-knn 1.35 -2.15 1.01 0.01 2.16 -8.46 -7.00 -13.60 0.00 -5.78
B-knn -0.94 -2.69 -2.84 0.01 -0.34 -3.89 -5.19 -9.92 -0.01 -4.32

MSE
knn 3.50 1.31 7.90 0.00 67.15 23.07 6.18 76.03 0.00 147.77
nn 3.97 1.12 11.96 0.00 56.67 6.76 1.82 28.27 0.00 42.31
FHDI 0.38 0.41 1.29 0.00 1.89 1.61 0.97 6.12 0.00 5.11
SReg 0.53 0.43 1.37 0.00 0.79 1.04 0.81 5.47 0.00 1.82
DB-nn 0.38 0.46 2.63 0.00 1.21 1.37 0.98 8.32 0.00 2.27
B-nn 0.37 0.48 2.59 0.00 1.23 1.39 0.98 8.43 0.00 2.33
DB-knn 0.36 0.35 1.16 0.00 0.71 1.25 0.88 6.85 0.00 1.57
B-knn 0.53 0.50 2.00 0.00 2.02 1.31 0.91 8.25 0.00 2.62

TABLE 3: Bias and mean squared errors (MSE) with respect to the imputation and
the nonresponse mechanisms, of the estimators of the correlation coefficients, in
the case of B-nn imputation. The dataset contains Swiss cheese nonresponse, each

variable contains approximately 10% of missing values.

x1 x2 x3 x4 x5

Bias
x1 - 0.0002 -0.0063 -0.0018 -0.0022
x2 - 0.0001 -0.0058 0.0028
x3 - -0.0050 -0.0006
x4 - 0.0046
x5 -

MSE
x1 - 0.0003 0.0001 0.0001 0.0001
x2 - 0.0003 0.0006 0.0004
x3 - 0.0003 0.0001
x4 - 0.0000
x5 -

2.8 Discussion

In addition to Properties 2.6.1–2.6.3 on the unbiasedness of the estimated total, the method has
two strengths: the possibility of imputing both categorical and continuous variables; and the
possibility of forcing the probability ψuv to be null, if needed, for example, if the survey sampler
does not want to allow a respondent u to be the donor of a nonrespondent v.

The variance of estimated parameters is a complex matter when the data sets are imputed,
because it needs to consider the variability caused by the sampling design, nonresponses and
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the imputation method. Determining an explicit variance estimator requires further investiga-
tion, possibly using a pseudo-population bootstrap variance estimator, as described in Chen et al.
(2019).

(Eustache, Vallée, and Tillé, 2021) provide a sparse implementation of the methods. The
imputation methods can be used in large-scale applications in which both the number of units
and the number of variables with missing values are large. With the sparse implementation, the
computation of the matrix of imputation probabilities is efficient in terms of computation time.

The choice of the minimum number k of possible donors, as proposed in Section 2.3.2, de-
pends on the data set. The effect of different values of k on total estimators is left to future
research.
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Appendix

Proof of Property 1. Consider the column vectors of estimated totals

bT(− j) =
�

bT1, . . . , bT( j−1), bT( j+1), . . . , bTJ

�⊤

and of Horvitz-Thompson estimators

bTHT
(− j) =

�

bT HT
1 , . . . , bT HT

( j−1), bT
HT
( j+1), . . . , bT HT

J

�⊤
,

with bT HT
j =

∑

i∈S di x i j the Horvitz-Thompson estimator of the total of variable j. We have that

EmEimp

�

bT j − bT HT
j

�

=Em

 

∑

i∈S

ri jdi x i j +
∑

v∈Sm

(1− rv j)dv

∑

u∈Sr

ψuv xu j −
∑

i∈S

di x i j

!

=
∑

i∈S

ri jdiβ
(− j)⊤x(− j)

i +
∑

v∈Sm

(1− rv j)dv

∑

u∈Sr

ψuvβ
(− j)⊤x(− j)

u

−
∑

i∈S

diβ
(− j)⊤x(− j)

i

=β (− j)⊤
¦

Eimp

�

bT(− j)
�

− bTHT
(− j)

©

= 0.

The last equality comes from Equation (2.3.2). Using the requirements that the data are MAR or
CMAR, the different expectations can be reversed to obtain the following development:

Bias
�

bT j

�

= EmEpEqEimp(bT j − T j) = EmEpEqEimp(bT j − bT HT
j + bT HT

j − T j)

= EpEqEmEimp(bT j − bT HT
j ) = 0.

The proof remains the same for each variable j ∈ {1, . . . , J}. ■
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Proof of Property 2.

Eimp

�

bT j

�

=
∑

i∈S

ri jdi x i j +
∑

v∈Sm

(1− rv j)dv

∑

u∈Sr

ψuv xu j

=
∑

i∈Sr

di x i j +
∑

ℓ∈Sm

rℓ jdℓxℓ j +
∑

v∈Sm

(1− rv j)dv

∑

u∈Sr

ψuv xu j

=
∑

i∈Sr

di x i j +
∑

v∈Sm

dv

∑

u∈Sr

ψuv xu j

=
∑

i∈Sr

di

(

1+πi

∑

v∈Sm

dvψiv

)

x i j

=
∑

i∈Sr

diwi x i j ,

where the third equality comes from Equation (2.3.2). If w−1
i is approximately equal to the true

response probability, we have

Bias(bT j) = EpEqEimp

�

bT j − T j

�

= EpEq

 

∑

i∈Sr

diwi x i j −
∑

i∈S

x i j

!

≈ 0.

Indeed, the quantity
∑

u∈Sr

du xuv

Pr(u ∈ Sr |S)

is an unbiased estimator of T j if Pr(u ∈ Sr |S) > 0, for all u ∈ Sr . If the true response probability
is exactly w−1

i , bT j is unbiaised, i.e. Bias(bT j) = 0. ■

Proof of Property 3.

Bias
�

bT j

�

= EpEqEimp

�

bT j − T j

�

= EpEqEimp

 

∑

i∈S

ri jdi x i j +
∑

v∈Sm

(1− rv j)dv

∑

u∈Sr

φuv xu j −
∑

i∈S

x i j

!

= EpEqEimp

 

∑

i∈S

ri jdi x i j +
∑

v∈Sm

(1− rv j)dv xv j −
∑

i∈S

x i j

!

= 0.

■
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Chapter 3

Quasi-Model-Assisted Estimators under
Nonresponse in Sample Surveys

Abstract: In the presence of auxiliary information, model-assisted estimators use a
working model linking the variable of interest to the auxiliary variables in order to
improve the efficiency of the Horvitz-Thompson estimator. In this work, we adapt
model-assisted total estimators to missing at random data building on the idea of
nonresponse weighting adjustment. We consider nonresponse as a second phase of
the survey and reweight the units in model-assisted estimators using the inverse of
estimated response probabilities. We show that our proposed estimator can be written
as a reweighted estimator with resulting weights calibrated to the total of the auxiliary
variables for some working models. We show that our proposed estimator is doubly
robust to model misspecification and provide formulae for asymptotic variance and
variance estimators. We conduct a simulation study that confirms the performance
and robustness to model misspecification of our proposed estimators.

Keywords: auxiliary information, Horvitz-Thompson estimator, missing data, response probabil-
ities, superpopulation model, weighting adjustment.

This chapter is a reprint of article Eustache and Hasler (2022).

3.1 Introduction

In surveys with complete response, the Horvitz-Thompson (HT) estimator is a design-unbiased
estimator of population totals (Horvitz and Thompson, 1952). In this article, we focus on esti-
mating the total of a variable of interest. In the presence of auxiliary information, model-assisted
estimators can improve the efficiency of the HT estimator by incorporating into the estimator a
working model that links the variable of interest and the auxiliary variables. Such estimators
are asymptotically unbiased and asymptotically more efficient than the HT estimator regardless
of whether the working model is correctly specified or not. The roots of model-assisted is, to
the best of our knowldege, the Generalized REGression estimator (GREG) introduced in Särndal
(1980).

Nonresponse occurs when the variable of interest is observed only for a part of the sampled
units. The aforementioned estimators are unavailable with nonresponse. Estimation in surveys
with nonresponse has been widely investigated. The book Särndal and Lundström (2005) is an
excellent overview.

One approach to handle nonresponse consists of reweighting the survey respondents to com-
pensate for the nonrespondents. The resulting estimator is called Nonresponse Weighting Ad-
justed (NWA) estimator, or empirical double expansion estimator, or propensity score adjusted
estimator. Overviews and critical reviews of weighting adjustments are presented in Lundström
and Särndal (1999), Lee, Rancourt, and Särndal (2002), Brick (2013), and Haziza and Beaumont
(2017).
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In this article, we propose a quasi-model-assisted estimator adapted for nonresponse. Follow-
ing Beaumont (2005), we use the prefix “quasi” to indicate that our proposed estimator is not
exactly a model-assisted estimator, but rather a blend between model-assisted and NWA estima-
tors. It is based on a working model and a response model. We reweight the respondents in a
model-assisted estimator to compensate for the nonrespondents.

We present our quasi-model-assisted estimator for different working models and different
approaches to estimating the response model. We show that the proposed estimator can be viewed
as a reweighted estimator and that the resulting weights are calibrated to the totals of the auxiliary
variables for some working models. We show that our proposed estimator is doubly robust in the
sense that it is asymptotically unbiased and asymptotically at least as efficient as the HT estimator,
even when one of the two specified models (i.e. the working model or the response model) is
misspecified. We provide a formula for the asymptotic variance and a variance estimator of the
proposed estimator. We conduct a simulation study showing that our proposed estimator performs
well in terms of bias and variance, even when one of the two models is misspecified.

The article is organized as follows. Section 3.2 presents the basic setup. We introduce model-
assisted and NWA estimators in Sections 3.3 and 3.4. Our quasi-model-assisted estimator is pro-
posed in Section 3.5. We study different statistical learning techniques as working models in
Section 3.6. We develop the asymptotic properties of our proposed estimator in Section 3.7. In
section 3.8, we discuss the variance and its estimator. In Section 3.9, two simulation studies, one
with simulated data and the other with real data, confirm the performance of our estimator. The
main part of this article closes with a short discussion in Section 3.10. Supplementary material is
presented in the Appendices.

3.2 Basic setup

We consider a finite population U = {1, 2, ..., N}. Let s ⊂ U be a sample of size n selected from
U according to a sampling design p(.). The first- and second-order inclusion probabilities are
denoted, respectively, by πk and πkℓ = pr(k,ℓ ∈ s) for generic units k and ℓ. Consider the sample
membership indicator ak of a unit k. We have pr(ak = 1) = πk, pr(ak = 0) = 1 − πk, and
Ep(ak) = πk, where subscript p means that the expectation is computed with respect to sampling
design p(.). The covariance between the sample membership indicators is ∆kℓ = covp(ak, aℓ) =
πkℓ −πkπℓ.

The goal is to estimate the population total

t =
∑

k∈U

yk

of a variable of interest y with values {yk} known only for those units in the sample. With no
additional information, the total t can be estimated by the HT estimator

btHT =
∑

k∈s

yk

πk
,

which is design-unbiased, i.e. Ep(btHT ) = t, if πk > 0 for all k ∈ U . If, additionally, πkℓ > 0 for all
k,ℓ ∈ U , a design-unbiased estimator of the variance of btHT is

Óvar
�

btHT

�

=
∑

k∈s

∑

ℓ∈s

∆kℓ

πkℓ

yk

πk

yℓ
πℓ

. (3.2.1)
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3.3 Model-assisted estimators

Suppose that a vector of auxiliary variables xk = (xk1, . . . , xkp)⊤ is known for each sampled unit
k ∈ s. The idea of model assisted estimation is to postulate a model, sometimes called the working
model or the superpopulation model, that links yk and xk. This model is then used to improve the
efficiency of the HT estimator while maintaining, or almost, its design unbiasedness.

We assume that the finite population of yk ’s conditioned on xk ’s is a realization of an infinite
working model ξ, in which

ξ : yk = m(xk) + ϵk, k ∈ U ,

where m(.) is an unknown function, Eξ(ϵk) = 0, varξ(ϵk) = σ2
k, and subscript ξ indicates that the

expectation and variance are computed under model ξ.
The model-assisted difference estimator of t is

btm =
∑

k∈U

m(xk) +
∑

k∈s

yk −m(xk)
πk

. (3.3.2)

Function m(.) is unknown. Say we could estimate it from population values {(xk, yk)}, k ∈ U
which would provide mU(.). Note that mU(.) is independent from the sample. Replacing m(.) by
mU(.) in the difference estimator yields the pseudo-generalized difference estimator

btmU
=
∑

k∈U

mU(xk) +
∑

k∈s

yk −mU(xk)
πk

. (3.3.3)

Breidt and Opsomer (2017) show that both estimators (3.3.2) and (3.3.3) are 1) design unbiased
and 2) more efficient than the HT estimator provided that the “residuals” {yk−m(xk)} and {yk−
mU(xk)} have, respectively, less variability than the “raw values” {yk}. This holds regardless of
the quality of working model ξ.

The population estimator mU(.) is generally unknown. It can be estimated by ms(.) based
on the known sample values {(xk, yk)}, k ∈ s. Replacing in (3.3.3), we obtain the model-assisted
estimator

btms
=
∑

k∈U

ms(xk) +
∑

k∈s

yk −ms(xk)
πk

. (3.3.4)

Breidt and Opsomer (2017) show that, under some regularity conditions and for some specific
working models including heteroscedastic multiple regression, linear mixed models, and some
statistical learning techniques, the model-assisted estimator btms

is 1) asymptotically design un-
biased and 2) asymptotically more efficient than the HT estimator provided that the “residuals”
{yk−ms(xk)} have less variability than the “raw values” {yk}. This holds regardless of the quality
of working model ξ.

To the best of our knowledge, the roots of model-assisted estimation is the GREG estimator
in which the working model is linear. It was introduced in Särndal (1980) and further studied
in Robinson and Särndal (1983) and Särndal and Wright (1984). Literature on model assisted
has flourished in the last three decades. Särndal, Swensson, and Wretman (1992) propose a
comprehensive presentation of the model-assisted approach. Särndal and Swensson (1987) study
model-assisted estimation with a linear working model at two levels of knowledge for the auxiliary
information - sample and population levels. Firth and Bennett (1998) introduce conditions for
design consistency of estimators including model-assisted estimators. Section 2.3 of Fuller (2009)
presents an overview of the theory of model-assisted estimation. Linear and non-linear models
are discussed and some asymptotic results are presented.

More recent works study model-assisted survey estimation with modern and flexible working
models. Breidt and Opsomer (2017) provide an overview. To cite just a few of these works, the
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working model is estimated with local polynomial regression in Breidt and Opsomer (2000), with
penalised splines in Breidt, Claeskens, and Opsomer (2005), with generalized additive models
in Opsomer et al. (2007), and with random forests in Dagdoug, Goga, and Haziza (2022). Op-
somer et al. (2007) extend the nonparametric model-assisted methodology of Breidt and Opsomer
(2000), who considered univariate models and single-phase estimation. Breidt et al. (2007) study
model-assisted estimators with semi-parametric working models by incorporating some variables
linearly, and others through smooth additive terms. The linear and non-linear parts are estimated
simultaneously using a backfitting algorithm for additive models of Hastie and Tibshirani (1990).
Cicchitelli and Montanari (2012) present model-assisted estimators where variable space is an
auxiliary variable in the working model. This allows the authors to take into account the spacial
auto-correlation.

3.4 NWA estimators

In practice, some values {yk}may be missing because they are collected incorrectly or some units
refrain from responding. In this work, we will suppose that the values are missing because of
the second reason: nonresponse. Let pk and rk denote, respectively, the response probability and
response indicator to variable y of a unit k ∈ U , with pr(rk = 1) = pk and pr(rk = 0) = 1− pk.
Consider sr = {k ∈ U | ak = 1, rk = 1}, the set of nr units in s for which variable y is known.
The units in sr are called respondents. The process that generates the respondents is called the
response mechanism.

Nonresponse can be seen as a second phase of the survey as suggested by Hansen and Hurwitz
(1946). This second phase consists of selecting a sample of survey respondents from the sampled
units based on a response process. In the first phase, a sample s is selected from population U
according to a sampling design p(.). In the second phase, a sample sr is selected from s accord-
ing to a Poisson sampling design with unknown inclusion probabilities {pk}, called the response
probabilities (Särndal and Swensson, 1987). It results in a partition of the sample s into two
subsamples: the set of respondents and the set of nonrespondents.

In the presence of nonresponse, all of the aforementioned estimators are unavailable. An ap-
proach to control nonresponse bias consists of reweighting the survey respondents to compensate
for the nonrespondents. The roots of this method is probably Särndal and Swensson (1987), who
use the similarity between two-phase sampling and nonresponse to increase the survey weights
using the inverse of the response probabilities. If nonresponse is seen as a second phase of the
survey, the design weights are multiplied by the inverse of the response probabilities to obtain the
two-phase estimator or double expansion estimator

bt2HT =
∑

k∈sr

yk

πkpk
.

Since the response probabilities are unknown in practice, we may model it using a response model.
Based on this model, the probabilities are estimated by bpk and used instead of the true response
probabilities pk in the two-phase estimator. This results in the NWA estimator, or empirical double
expansion estimator, or propensity score adjusted estimator

btNWA =
∑

k∈sr

yk

πkbpk
.

Since the pioneering work of Särndal and Swensson (1987), many studies on the NWA have been
developed and several methods of weighting adjustments - or response probability estimation
- have been proposed. We present some of these in the following paragraphs. Overviews and
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critical reviews of weighting adjustments are presented in Lundström and Särndal (1999), Lee,
Rancourt, and Särndal (2002), Brick (2013), and Haziza and Beaumont (2017).

A first approach to NWA is maximum likelihood. In the context of the Finnish Household
budget survey, Ekholm and Laaksonen (1991) model the response probabilities with logistic re-
gression on the explanatory variables and estimate them via maximum likelihood. Kim and Kim
(2007) develop the asymptotic properties of the NWA estimator under a general parametric re-
sponse model on the explanatory variables. The model parameters are estimated via maximum
likelihood. They prove that the resulting NWA estimator is generally more efficient than an es-
timator that uses the true response probabilities. This result is also shown by Beaumont (2005)
for a logistic response model.

Another approach to NWA consists of finding weights close to the initial survey weights so
that the reweighted estimators of some auxiliary variables respect known (or design-unbiased
estimated) population totals. This procedure is called calibration and was first formalized in Dev-
ille and Särndal (1992). Särndal and Lundström (2005) provide an overview of the calibration
approach to NWA.

Following Lundström and Särndal (1999), two levels of auxiliary information can be con-
sidered: 1) Info-U when the population totals of the auxiliary variables are known in addition
to the values of the auxiliary variables for all sampled units; 2) Info-S when only the values of
these variables for the sampled units are known. At level Info-S, calibration is performed on the
design-unbiased HT estimator while at Info-U it can be performed directly on the true totals. Ian-
nacchione, Milne, and Folsom (1991) propose NWA using logistic regression and calibration at
Info-S. In Lundström and Särndal (1999), the inverse of the estimated response probabilities are
considered as adjustment weights to reduce nonresponse bias at both Info-S and Info-U . Brick
and Jones (2008) examines nonresponse bias with different methods of calibration weighting,
namely raking and linear.

Kim and Riddles (2012) discuss some asymptotic properties of NWA estimators and derive
optimal estimators based on a regression model for the finite population. A parametric model
for the response probabilities is assumed. The authors consider a class of consistent estima-
tors of the parameters of the response model that can be written as a solution to an estimating
equation. Calibration at Info-S can be viewed as a particular case. Hasler (2023) introduces a
common framework in which the asymptotic behavior of the NWA estimator with response prob-
abilities estimated via Maximum likelihood and calibration at both levels, Info-U and Info-S, can
be compared. A logistic response model is assumed. Fuller, Loughin, and Baker (1994) propose
a reweighting approach based on regression that yields positive and not too extreme weights. An
application to the 1987-1988 nation wide Food Consumption Survey is presented.

Under this approach, calibration is performed on the variables used to estimate the response
model. Generalized calibration, also called instrumental calibration, allows for these two sets of
variables to differ. This approach to NWA was introduced by Deville (1998) and Deville (2002).
This method constructs estimators with a variance that is equivalent to that of the HT when
applied to the residuals of the regression of the survey variable on the auxiliary variables using
the response model variables as instrumental variables. The generalized calibration approach
was also considered in Kott (2006), Kott and Chang (2010), and Kott and Liao (2012). Lesage,
Haziza, and d’Haultfoeuille (2019) give sufficient conditions for the consistency of the generalized
calibration estimator and show how the estimator may have a large bias when some of these
conditions are violated. Traditionally, the number of calibration variables is equal to the number
of response model variables. Chang and Kott (2008) expand this approach to the case where the
number of calibration variables is greater than the number of response model variables.

A nonparametric approach to NWA has also been considered in the literature. For instance,
Niyonsenga (1994) and Niyonsenga (1997) considers such an approach when unit and item non-
response occur together in a survey. Da Silva and Opsomer (2009) use a local polynomial regres-
sion to estimate the response probabilities and present the asymptotic properties of the resulting
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NWA.

3.5 Quasi-model-assisted estimator

In this paper, we introduce a quasi-model-assisted estimator adapted to nonresponse. It is a blend
between a model-assisted estimator and a NWA estimator. We borrow the terminology ‘quasi-
model-assisted’ to Beaumont (2005) to indicate that our estimator is not exactly a model-assisted
estimator. It is constructed as follows. We replace the estimated function ms(·), unavailable
with nonresponse, by an estimator mr(·) constructed from the respondents in the model-assisted
estimator (3.3.4) and we see nonresponse as a second phase of the survey. This gives the two-
phase model-assisted estimator

btmr ,p =
∑

k∈U

mr(xk) +
∑

k∈sr

yk −mr(xk)
πkpk

.

It is unavailable in practice since it contains the unknown response probabilities {pk}. We borrow
the idea of the NWA estimation and obtain

btmr ,bp =
∑

k∈U

mr(xk) +
∑

k∈sr

yk −mr(xk)
πkbpk

. (3.5.5)

We call this estimator the quasi-model-assisted estimator. It corresponds to a model-assisted es-
timator where the weights are adjusted for nonresponse. This estimator relies on two models,
the working model ξ and the response model. It covers a wide range of estimators depending on
the chosen working model ξ and the chosen response model. The first term of estimator (3.5.5)
is the population total of the predicted values {mr(xk)}. For most working models, this requires
the values {xk} to be known for all population units. If these values are known for sampled units
only, we may use a HT-type estimator of this sum, see Appendix 3.11.

Some other papers propose estimators that can be defined as quasi-model-assisted. Beau-
mont (2005) studies an estimator with the same form as the one we propose. He uses calibrated
imputation to compensate for nonresponse by modifying the estimated values {mr(x)}k∈S , while
satisfying some balanced constraints. Kim and Haziza (2014) also propose a quasi-model-assisted
estimator. The working model and the response model are estimated simultaneously based on es-
timating equations. These two estimators previously cited only consider parametric working and
response models. Our proposed approach is more general and allows for nonparametric models.

The quasi-model-assisted estimator in (3.5.5) contains two estimators: the response probabil-
ities {bpk} and the function mr(·). Depending on these two choices, we obtain a different estimator.
In what follows, we assume, for simplicity, that the response probabilities are parametrically mod-
eled such that pk = 1/F(z⊤k λ0) where F(.) is a known function with unknown parameter λ0 and
zk is a vector of variables observed for both respondents and nonrespondents. The estimated
response probabilities are bpk = 1/F(z⊤k

bλ) for some estimator bλ of λ0. The response probabilities
can be estimated using generalized calibration (Deville, 1998), that allows for the variables in the
response model to differ from the variables on which we calibrate. This estimator is consistent
for the population total under some regularity conditions, see Lesage, Haziza, and d’Haultfoeuille
(2019), Section 3. The estimator bλ is the solution to the estimating equation

Q(λ) =
∑

k∈U

xk −
∑

k∈Sr

xk

πk
F(z⊤k λ) = 0. (3.5.6)

We present quasi-model-assisted estimators with response probabilities estimated via an alternate
technique, maximum likelihood, in Appendix 3.12.
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Our proposed estimator is generic and reduces to well-known estimators for some choices of
response model and working model. If the working model is linear and the response probabilities
are estimated via calibration, our proposed estimator reduces to the simple NWA estimator. If the
working model is linear and the response probabilities are obtained via generalized calibration,
our proposed estimator reduces to the generalized calibration estimator. If the response probabil-
ities are obtained via model calibration where the model calibration includes the working model,
then our estimator is a model calibration estimator. If the response probabilities are known and
used instead of the estimated ones, then our estimator is a model-assisted estimator for two-phase
sampling.

Suppose a particular case where mr(·) is free from bpk. It is for instance the case for the
GREG estimator with weights ck = 1 or σ2

k and the working models based on statistical learning
techniques presented in Section 3.6. Consider that the response probabilities are estimated via
generalized calibration where one of the calibration variables zk is mr(xk). Because zk includes
mr(xk), Equation (3.5.6) implies

∑

k∈U

mr(xk) =
∑

k∈sr

mr(xk)
πk

F(x⊤k bλ),

and the quasi-model-assisted estimator can then be written

btmr ,bp =
∑

k∈sr

yk

πkbpk
.

This estimator is a generalized calibration estimator. It is consistent for the population total under
some regularity conditions, see Lesage, Haziza, and d’Haultfoeuille (2019), Section 3.

3.6 Statistical Learning Techniques

3.6.1 Generalized Regression

Consider the linear working model

ξ : yk = x⊤k β + ϵk,

where the ϵk are uncorrelated with mean Eξ(ϵk) = 0 and variance varξ(ϵk) = σ2
k. The finite

population regression coefficient is

BU =

�

∑

k∈U

xkx⊤k

�−1
∑

k∈U

xk yk.

If parameter β is estimated based on sr we use

Br =

 

∑

k∈sr

xkx⊤k
ck

!−1
∑

k∈sr

xk yk

ck
,

where mr(xk) = x⊤k Br and ck is any of 1,σ2
k,πkbpk,πkbpkσ

2
k.
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The quasi-model-assisted estimator can be written in weighted form

btmr ,bp =
∑

k∈U

x⊤k Br +
∑

k∈sr

yk − x⊤k Br

πkbpk

=
∑

k∈sr

yk

πkbpk
+

 

∑

k∈U

xk −
∑

k∈sr

xk

πkbpk

!⊤ 
∑

k∈sr

xkx⊤k
ck

!−1
∑

k∈sr

xk yk

ck

=
∑

k∈sr







1
πkbpk

+
�

tX −btX
NWA

�⊤

 

∑

ℓ∈sr

xℓx
⊤
ℓ

cℓ

!−1
xk

ck







yk

=
∑

k∈sr

wk,sr
yk,

where tX is the vector of population totals of the auxiliary variables and btX
NWA its NWA estimator.

The weights wk,sr
are those of the NWA estimator 1/(πkbpk) plus a corrective term induced by the

working model. The second term cancels when calibration is applied to estimate the response
probabilities. The quasi-model-assisted estimator is the NWA estimator in this case. The weights
are free from values {xk} in U\sr except through the population totals tX . Only the values {xk} on
sr and the population totals tX are needed to compute the quasi-model-assisted estimator, unless
some other values are needed to estimate the response probabilities. The weights are free from
{yk}. They can therefore be used for several variables of interest provided that they have observed
values on sr . In particular, the weights can be applied to the auxiliary variables. Let btX

mr ,bp be the
quasi-model-assisted estimator for the auxiliary variables. It comes

btX
mr ,bp =

∑

k∈sr







1
πkbpk

+
�

tX −btX
NWA

�

 

∑

k∈sr

xkx⊤k
ck

!−1
xk

ck







x⊤k = tX .

This means that the weights of the quasi-model-assisted estimator are calibrated to the totals of
the auxiliary variables when calibration is applied to estimate the response probabilities.

3.6.2 K-Nearest Neighbor

Consider the working model where the prediction for a nonrespondent is obtained by averaging
the y-values of the closest respondents. A predicted value mr(xk) is obtained by

mr(xk) =
1
K

∑

ℓ∈Lk

yℓ,

where L(K)k < nr is the set of the K nearest respondents of unit k. The neighborhood is determined
based on the auxiliary variables and a distance measure such as the Euclidean distance. Consider
αkℓ an indicator that takes value 1 if respondent ℓ ∈ sr is in the neighborhood L(K)k of unit k ∈ U .
We have αkℓ = 0 if ℓ ∈ U\sr . A prediction can be written

mr(xk) =
1
K

∑

ℓ∈sr

αkℓ yℓ.
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The quasi-model-assisted estimator can be written in weighted form

btmr ,bp =
∑

k∈U

mr(xk) +
∑

k∈sr

yk −mr(xk)
πkbpk

=
∑

k∈U

1
K

∑

ℓ∈sr

αkℓ yℓ +
∑

k∈sr

yk

πkbpk
−
∑

k∈sr

1
πkbpkK

∑

ℓ∈sr

αkℓ yℓ

=
∑

ℓ∈sr

(

1
πℓbpℓ

+
1
K

 

∑

k∈U

αkℓ −
∑

k∈sr

1
πkbpk

αkℓ

!)

yℓ.

The weights are the ones of the NWA estimator 1/(πkbpk) plus a corrective term induced by the
working model. The second term cancels when the response probabilities are calibrated on vari-
ables (α1ℓ,α2ℓ, . . . ,αNℓ)⊤, ℓ ∈ sr . The quasi-model-assisted estimator is the NWA estimator in this
case. The weights depend on the values of the auxiliary variables through the distance measure
applied to construct the neighborhoods. They are free from values {yk} and could therefore be
used for several variables of interest provided that they have observed values on sr . In particular,
they can be applied to {xk}. This yields

btX
mr ,bp =

∑

k∈sr

xk

πkbpk
+
∑

k∈U

1
K

∑

ℓ∈sr

αkℓxℓ −
∑

k∈sr

1
πkbpk

1
K

∑

ℓ∈sr

αkℓxℓ

=
∑

k∈sr

xk

πkbpk
+

1
K

∑

k∈U

�

1−
akrk

πkbpk

�

∑

ℓ∈sr

αkℓxℓ.

The weights are calibrated to the totals of the auxiliary variables when

K−1
∑

ℓ∈sr

αkℓxℓ = xk

for all k ∈ U . This is for instance the case when the neighborhoods L(K)k are disjoints and have
constant values {xk}. In practice, we can reasonably assume that this holds at least approximately
for large populations and samples.

3.6.3 Local Polynomial Regression

Local polynomial regression is studied in the context of model-assisted survey estimation in Breidt
and Opsomer (2000). Consider a working model in which xk is a scalar, i.e. xk = xk, xk ∈ R.
Function m(·) is approximated locally at xk by q-th order polynomial regression. The model is
fitted via weighted least squares with weights based on a kernel function centered at xk. Breidt
and Opsomer (2000) propose and study the model-assisted estimator with a survey weighted
estimator of m(·) fitted at the sample level. Adapting their estimator to the context of nonresponse
yields

mr(xk) = e1 ·
�

X⊤rkWrkXrk

�−1
X⊤rkWrkyrk =ω

⊤
rkyrk,

where e j is a vector with 1 at the j-th coordinate and 0 otherwise,

Xrk =
�

1 x j − xk · · · (x j − xk)
q
�

j∈sr
,

Wrk = diag

�

1
k jh

K
� x j − xk

h

�

�

j∈sr

,
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ω⊤rk = e1 ·
�

X⊤rkWrkXrk

�−1
X⊤rkWrk and

y⊤rk =
�

y j

�

j∈sr
,

and k j is either 1 for all j ∈ sr or π jbp j , K(·) is a continuous kernel function, and h a bandwidth.
The quasi-model-assisted estimator can be written in weighted form

btmr ,bp =
∑

k∈U

mr(xk) +
∑

k∈sr

yk −mr(xk)
πkbpk

=
∑

k∈U

ω⊤rkyrk +
∑

k∈sr

yk

πkbpk
−
∑

k∈sr

1
πkbpk

ω⊤rkyrk

=
∑

k∈sr

¨

1
πkbpk

+
∑

ℓ∈U

�

1−
aℓrℓ
πℓbpℓ

�

ω⊤rℓek

«

yk.

The weights are the one of the NWA estimator 1/(πkbpk) plus a corrective term induced by the
working model. They are free from values {yk} and could therefore be used for several variables
of interest provided that they have observed values on sr . In particular, they can be applied to
{xk}. This yields

btX
mr ,bp =

∑

k∈sr

xk

πkbpk
+
∑

ℓ∈U

ω⊤rℓ

∑

k∈sr

ek xk +
∑

ℓ∈sr

ω⊤rℓ
πℓbpℓ

∑

k∈sr

ek xk =
∑

k∈U

xk,

where we used

ω⊤rℓ

∑

k∈sr

ek xk = xℓ.

The weights are calibrated to the totals of the auxiliary variables.

3.7 Asymptotics and Double Robustness

3.7.1 Double robustness

In this section, we develop the asymptotic properties of the proposed estimator. Estimators ad-
justed for nonresponse are often based on two models, a response model and a working model,
sometimes also called outcome regression model. Such estimators based on two models are dou-
bly robust, or provide double protection against model misspecification, if key properties such as
consistency are maintained when one of the two models is misspecified. Double robustness has
been studied in the context of sample surveys.

Kott (1994) discusses the double robustness of two estimators: a regression estimator and an
imputed estimator, i.e., an HT estimator where the missing values are predicted using a working
model. Kott (2006), Chang and Kott (2008), and Kott and Chang (2010) present double robust-
ness of the generalized calibration estimator. Haziza and Rao (2006) show how to obtain imputed
values so that the resulting estimator is approximately unbiased under two different approaches
to make inference. Kim and Park (2006) present a new ratio imputation method that uses re-
sponse probability, that is unbiased if one of the two model is correctly specified. Kott and Liao
(2012) discuss double robustness of the calibrated estimator with nonlinear weights adjustments.
Kim and Haziza (2014) propose a method to compute propensity scores or response probabilities
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that leads to doubly robust estimation. The authors also propose a doubly robust variance esti-
mator. Haziza, Chen, and Gao (2022) propose a weighting procedure that yields a doubly robust
estimator for variables seen as key survey variables.

3.7.2 Setup

To study the asymptotic properties of the proposed estimator, it is useful to introduce a sampling
design p∗(.) that selects the sample sr directly in population U . The associated first- and second-
order inclusion probabilities are, respectively, π∗k = πkpk and

π∗kℓ =

�

πkℓpkpℓ, if k ̸= ℓ;
πkpk, if k = ℓ.

The membership indicator of a unit k ∈ U in the set of respondents sr is a∗k = akrk. The member-
ship indicator of two different units k,ℓ ∈ U , k ̸= ℓ in sr is a∗kℓ = akaℓrkrℓ. Given that the nonre-
sponse process is independent from the selected sample, we have Ep∗(a∗k) = EpEq(akrk) = πkpk
and Ep∗(a∗kℓ) = πkℓpkpℓ, where the subscript p∗ means that the expectation is computed with re-
spect to the two-phase sampling design p∗(.). The covariance between the membership indicators
{a∗k} is

∆∗kℓ =

�

∆kℓpkpℓ = (πkℓ −πkπℓ)pkpℓ, if k ̸= ℓ;
πkpk(1−πkpk), if k = ℓ.

In what follows, the reference distribution for the convergence of estimators is the distribution
induced by the two-phase sampling design p∗(·) unless otherwise specified.

We build on the asymptotic framework of Isaki and Fuller (1982). Consider a sequence UN
of embedded finite populations of size N where N grows to infinity. A sample sN of size nN is
selected from UN with sampling design pN (·). The associated first- and second-order inclusion
probabilities are πk(N) and πkℓ(N), respectively, for some generic units k and ℓ. A subsample srN
is obtained from sN with Poisson sampling design with unknown inclusion probabilities pk(N).

3.7.3 Conditions

We consider the following common regularity conditions on the sequence of sampling designs.

(A1) lim
N→+∞

nN/N = f ∈ (0, 1),

(A2) There exists πmin ∈ R such that πk(N) > πmin > 0 for all k ∈ UN and all N ,

(A3) There exists π2,min ∈ R such that πkℓ(N) > π2,min > 0, for all k,ℓ ∈ UN and all N ,

(A4) limsup
N→+∞

nN max
k,ℓ∈UN ,

k ̸=ℓ

�

�∆kℓ(N)

�

�< +∞.

For a sampling design with random sample size, nN in Assumption (A1) is replaced by the ex-
pected sample size. Assumption (A1) states that neither the population nor the sample grow
faster than the other one. This assumption is for instance satisfied when the sequence of sam-
pling fractions is constant. This assumption is not satisfied if the sample grows faster than the
population, or inversely. Assumption (A2) states that the first order inclusion probabilities are
bounded below. This assumption is satisfied for simple random sampling without replacement
when Assumption (A1) holds. Assumption (A2) is also satisfied for stratified sampling unless the
sampling fraction within some stratum converges to zero. Assumption (A3) states that the second
order inclusion probabilities are bounded below. This assumption is satisfied for simple random
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sampling without replacement when Assumption (A1) is satisfied and for stratified sampling un-
less the sampling fraction within some stratum converges to zero. Assumption (A4) states that
the sampling designs are not overly dependent. Indeed, we can see

nN max
k,ℓ∈UN ,k ̸=ℓ

�

�∆kℓ(N)

�

�

as a measure of dependence between sample indicators. This measure should not grow to infin-
ity. This assumption is satisfied for simple random sampling, Poisson sampling, and any stratified
sampling design that is not too highly stratified. This assumption is not satisfied for cluster sam-
pling. Nor is it satisfied for highly stratified sampling for which there is at least one stratum that
grows at a slower pace than the overall sample.

We also consider the following condition on the sequence of finite populations.

(A5) The study variable has finite fourth moment and the auxiliary variables has finite first mo-
ments, i.e.

lim sup
N→+∞

N−1
∑

k∈UN

uk < +∞.

with ξ-probability one where uk = (y
4
k ,x⊤k )

⊤.

Conditions (A1)-(A5) ensure consistency of the HT estimator and its variance estimator in (3.2.1).
We consider the following regularity conditions on the sequence of Poisson sampling designs

that generate the sets of respondents.

(A6) lim
N→+∞

∑

k∈UN
πk(N)pk(N)/nN = fr ∈ (0, 1),

(A7) There exist pmin, pmax ∈ R such that 0< pmin < pk(N) < pmax < 1, for all k ∈ UN and all N ,

(A8) The response probabilities are pk = 1/F(z⊤k λ0) for some true unknown parameter vector
λ0, continuous function F with continuous derivative.

(A9) We have
∑

k∈UN

akrk

πk(N)pk(N)
uk −

∑

k∈UN

uk = Op∗(Nn−1/2)

with ξ-probability one for any characteristic u that is bounded or stochastically bounded.

Assumption (A6) states that the fraction of respondents to sampled units does not increase or
decrease as N grows to infinity. Assumption (A7) states that each unit has a strictly positive
probability of responding. Assumptions (A1)-(A7) together ensure consistency of the two-phase
HT estimator and its variance estimator in (3.2.1) under sampling design p∗(·). Assumption (A8)
implies that the data is missing at random (see Rubin, 1976, for a detailed definition) and that
the response indicators are independent of one another and of the selected sample s. The values
{rk} are obtained from a Poisson sampling design, i.e., the {rk} are generated from independent
Bernoulli random variables with Eq(rk | s) = Eq(rk) = pk, where Eq(.) is the expectation under
the nonresponse mechanism. The logistic response model is obtained with F(x) = 1+ exp(−x).
Assumption (A9) states that the respondents first moment estimator of any characteristic that is
bounded or stochastically bounded converges to its population first moment.

We also put the following conditions on the estimated response probabilities, the working
model, and their estimators.

(A10) mr(xk)−mU(xk) = Op∗(n−1/2) with ξ-probability one,
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(A11) F(z⊤k
bλ)− F(z⊤k λ0) = Op∗(n−1/2) with ξ-probability one,

(A12) lim
N→+∞

N−1W⊤diag(1− p1, 1− p2, . . . , 1− pN )W = G where the determinant of G is strictly

positive, W⊤ = (w⊤1 , w⊤2 , . . . , w⊤N ), and wk = (yk, mU(xk),x⊤k ). If the vector [mU(xk)]k∈U is
a linear combination of the columns of X= (x1,x2, . . . ,xN )⊤, then we set wk = (yk,x⊤k ).

(A13) mU(xk)−m(xk) = OP(n−1/2) where subscript P means that the reference probability is the
probability induced jointly by the working model ξ and p∗(·).

(A14) We have
∑

k∈UN

akrk

πkbpk
{yk −mr(xk)} −

∑

k∈UN

ak

πk
{yk −mr(xk)}= Op∗(Nn−1/2)

with ξ-probability one.

In the next section, we show that our proposed estimator is doubly robust. Two scenarios
are considered: 1) when the response model is correctly specified and 2) when the working
model is correctly specified. Assumptions (A11) and (A12) are needed for the first scenario.
Assumptions (A13) and (A14) are needed for the second scenario. Assumption (A10) states
that the respondents estimator mr(xk) converges to the population estimator mU(xk). Note that
this assumption may be satisfied even if the working model is misspecified. Its validity relies
on the selected working model, on the sampling design, and on the response mechanism. This
has to be evaluated on a case to case basis. Assumption (A11) states that the inverse of the
response probabilities are consistent estimators of the inverse of the true response probabilities.
This assumption states that the response model is correctly specified and its validity relies on the
chosen function F and chosen estimation technique. This assumption is satisfied for calibration
at the population model with the correct function F under (A9) and mild conditions, see Hasler
(2023). Assumption (A12) is necessary to ensure that an estimator asymptotically equivalent
to ours is well defined, see the lemma below. Assumption (A13) implies that the population
estimator mU(xk) is consistent for m(xk), i.e. that the working model is correctly specified. The
validity of this assumption relies on the selected working model. Assumption (A14) states that
the difference between the NWA estimator of and the HT estimator of the residuals yk −mr(xk)
converges to a bound. Two cases in which this assumption holds are: 1) when the xk are contained
in a compact set and the response probabilities are estimated via calibration at the sample level
and 2) when the xk are contained in a compact set, the response probabilities are estimated via
calibration at the population level, and Assumption (A9) holds. To show that these two cases
satisfy Assumption (A14), we write a Taylor expansion of yk−mr(xk) around a x0 in the compact
set containing all xk and use the calibration equations. In what follows, we will omit the subscript
N whenever possible to simplify notations.

3.7.4 Asymptotics and Double Robustness

Result 3.7.1 (Response Model Correctly Specified). Suppose that the sequence of sampling designs,
populations, and response mechanisms satisfy Conditions (A1)-(A12). Then

btmr ,bp = btmU ,p +Op∗(Nn−1/2), (3.7.7)

with ξ-probability one where

btmU ,p =
∑

k∈U

mU(xk) +
∑

k∈sr

yk −mU(xk)
πkpk

,
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is an unbiased estimator of t y which is at least as efficient as the two-phase HT estimator under
sampling design p∗(·).

The proof of Result 3.7.1 is in Appendix 3.13. In the context of model-assisted estimation,
btmU ,p is a pseudo-generalized difference estimator under two-phase sampling. It is trivial to show
that it is 1) design unbiased and 2) more efficient that the two-phase HT estimator provided that
the “residuals” {yk−mU(xk)} have less variability than the “raw values” {yk} (Breidt and Opsomer,
2017, p.192). Hence, the quasi-model-assisted estimator btmr ,bp is asymptotically unbiased and
asymptotically at least as efficient as the two-phase HT estimator.

Result 3.7.2 (Working Model Correctly Specified). Suppose that the sequence of sampling designs,
populations, and response mechanisms satisfy (A1)-(A10) and (A13)-(A14). Then

btmr ,bp = btm +OP(Nn−1/2).

The proof of Result 3.7.2 is in Appendix 3.13. In the context of model-assisted estimation, btm is
the difference estimator. It is 1) design unbiased 2) more efficient that the two-phase HT estimator
provided that the “residuals” {yk−mU(xk)} have less variability than the “raw values” {yk} (Breidt
and Opsomer, 2017). Hence, the quasi-model-assisted estimator btmr ,bp is asymptotically unbiased
and asymptotically at least as efficient as the two-phase HT estimator.

3.8 Variance and Variance Estimation

In this section, we suppose that the same set of auxiliary variables is considered as response
model variables, calibration variables, and variables in the working model. That is, zk = xk. The
response probabilities are estimated via calibration on the xk ’s. Under nonresponse, we can write
the variance of a generic estimator btg as

var
�

btg

�

= varsam

�

btg

�

+ varnr

�

btg

�

,

where the two terms are the sampling variance and the nonresponse variance, respectively, and
are given by

varsam

�

btg

�

= varp

�

Eq

�

btg

�

� s
�	

,

and
varnr

�

btg

�

= Ep

�

varq

�

btg

�

� s
�	

.

Using the approximations in Equation (3.7.7) and (3.13.8) and results of Section 7 of Hasler
(2023), the variance of the quasi-model-assisted estimator btmr ,bp can be approximated by

var
�

btmr ,bp

�

≈ varsam

�

btmU ,bp,ℓ

�

+ varnr

�

btmU ,bp,ℓ

�

,

where

varsam

�

btmU ,bp,ℓ

�

= varp

�

∑

k∈s

1
πk

�

yk −mU(xk)− x⊤k γ
	

�

,

varnr

�

btmU ,bp,ℓ

�

= Ep

�

∑

k∈s

1

π2
k

1− pk

pk

�

yk −mU(xk)− x⊤k γ
	2
�

,

and

γ=

¨

∑

k∈U

(1− pk)xkx⊤k

«−1
∑

k∈U

(1− pk)xk {yk −mU(xk)} .
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The first term is the variance of the full sample HT estimator of the differences {yk−mU(xk)−x⊤k γ}.
Based on this approximation, a variance estimator is

Óvar
�

btmr ,bp

�

=Óvarsam

�

btmU ,bp,ℓ

�

+Óvarnr

�

btmU ,bp,ℓ

�

,

where

Óvarsam

�

btmU ,bp,ℓ

�

=
∑

k∈sr

1−πk

π2
k

e2
k

bpk
+

∑

k,ℓ∈sr ;k ̸=ℓ

πkℓ −πkπℓ
πkℓπkπℓ

ek

bpk

eℓ
bpℓ

,

Óvarnr

�

btmU ,bp,ℓ

�

=
∑

k∈sr

1

π2
k

1− bpk

bp2
k

e2
k ,

ek = yk −mr(xk)− x⊤k bγ,

and

bγ=

 

∑

k∈sr

1
πk

1− bpk

bpk
xkx⊤k

!−1
∑

k∈sr

1
πk

1− bpk

bpk
xk {yk −mr(xk)} ,

where we substituted bpk for the unknown pk and mr(xk) for mU(xk). Note that double robustness
of this variance estimator is not guaranteed. It relies on the response model being correctly
specified.

3.9 Simulations

3.9.1 Simulated data

Let us consider a population U of size N = 1000. For each unit k of U , a vector xk = (xk1, xk2)⊤ is
generated from independent and identically distributed random uniform variables with parame-
ters -5 and 5. The goal is to estimate the total t on population U of a survey variable y generated
as

yk = 100+ 10.4 · xk1 + 9.7 · xk2 + ϵk,

where ϵk is the realisation of a normal distribution of mean 0 and variance 1. A unit k of the
population has a probability

pk =
�

1+ exp
�

−λ⊤(1, xk1, xk2)
⊤�	−1

of responding to variable y , with λ= (−0.002,0.212, 0.231)⊤. Value λ is set so that the expected
rate of missing values, i.e. the mean of the {pk} on the population, is 50%.

A comparison between some aforementioned total estimators is performed in different sce-
narios: when the nonresponse model is correctly versus incorrectly specified, when the working
model is correctly versus incorrectly specified. We consider a vector exk = (exk1, exk2)⊤ defined such
that

exk1 = 10 · cos(xk2)/{1+ exp(xk1)}−1 + 10

and
exk2 = (xk2 − xk1 + 10) · |xk1|.

The correlations between the variable of interest and the other variables are given in Table 1.
Vector {xk} is strongly related to {yk} and {pk}. Vector {exk} is weakly related to {yk} and {pk}.
When estimating the models, we use the vector exk instead of xk in order to misspecify the models.

Four different scenarios are considered in which different couples of variables are used to fit
the response model and the working model. In scenarios 1 and 2, the working model is correctly
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TABLE 1: Correlation of the values {yk} of the survey variable with the response
probabilities {pk} and {xk1}, {xk2}, {exk1} and {exk2} of the auxiliary variables on

population U .

{xk1} {xk2} {exk1} {exk2}
{yk} 0.712 0.678 0.133 -0.113
{pk} 0.670 0.752 -0.402 -0.054

specified, whereas in scenarios 3 and 4 it is incorrectly specified. In scenarios 1 and 3, the response
model is correctly specified, whereas in scenarios 2 and 4 it is incorrectly specified. Note that in
scenario 1 both models are correctly specified, in scenario 2 and 3 only one of the two models is
correctly specified, and in scenario 4 both models are incorrectly specified. Table 2 shows which
vector of variables, i.e. xk or exk, is used to fit the models.

TABLE 2: Couple of variables used to obtain the estimated response probabilities
bpk and the estimated function mr(.) depending on the scenario.

bpk

{xk1, xk2} {exk1, exk2}

mr(.)
{xk1, xk2} Scenario 1 Scenario 2
{exk1, exk2} Scenario 3 Scenario 4

We compare five estimators: btHT , btNWA, and btmr ,bp, defined in Sections 3.2, 3.4, and 3.5 respec-
tively, the imputed estimator bt imp =

∑

k∈sr
yk/πk +

∑

k∈s\sr
mr(xk)/πk, and the naive estimator

btnaive = Nn−1
r ·

∑

k∈sr
yk. Estimator btHT is unavailable in practice with nonresponse and serves

here as comparison point. Estimators bt imp and btmr ,bp depend on the estimated function mr(.).
Three different prediction methods are used to obtain mr(.): generalized regression, local poly-
nomial regression, and K-nearest neighbors with K = 5. Estimators btNWA and btmr ,bp depend on the
estimated response probabilities. The response probabilities are estimated using a logistic model.

We select I = 10′000 samples denoted by s(i), i = 1, . . . , I , of size n = 200 from population
U using simple random sampling without replacement. For each sample, we randomly generate
missing values in the survey variable using the response probabilities {pk} and a Poisson sampling
design. The expected number of observed values nr in each sample s(i) is n/2 = 100. We can
then define the sub-sample s(i)r ⊂ s(i) containing the units for which yk is observed at simulation
run i.

In order to evaluate the quality of the nonresponse model and of the working model at simu-
lation run i, i ∈ {1, . . . , I}, two quantities are computed: the mean absolute error of the estimated
response probabilities {bpk}

MAE(bpk) =
1
nr

∑

k∈s(i)r

| bpk − pk |,

and the mean relative prediction error

MRPE(mr(uk)) =
1
N

∑

k∈U | mr(uk)− yk |
∑

k∈U yk
,

where uk = xk or uk = exk, depending on the scenario. The goodness of fit of the working
and response models is assessed by averaging, for each scenario, the MAE and MRPE over the
simulation runs. Table 3 contains these averages.
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TABLE 3: MAE of the estimated response probabilities bpk and MRPE of mr(uk) of
the prediction of the missing values four scenarios for the simulated data.

Scenario

1 2 3 4

MAE(bpk)
0.059 0.175 0.059 0.175

MRPE
GREG 0.080 0.080 0.366 0.366
poly 0.082 0.082 0.275 0.275
K-nn 0.093 0.093 0.337 0.337

For each samples s(i) and s(i)r , we estimate the population total with the five aforementioned
total estimators. For a generic total estimator bt, we compute the Monte Carlo bias relative to the
true total

RB(bt) =
I−1

∑I
i=1(bt

(i) − t)

t
and the Monte Carlo standard deviation relative to the true total

RSd(bt) =

Ç

(I − 1)−1
∑I

i=1(bt(i) − t)2

t
,

where bt(i) is the value of bt obtained at simulation run i ∈ {1, . . . , I}. We compare the total
estimators for each scenario. Figure 1 summarizes the results. Detailed results for scenarios 1 to
4 are given in Appendix 3.14 in Tables 7a, 7b, 7c and 7d, respectively.

In scenario 1, both the response and working models fit well the data. Our proposed quasi-
model-assisted estimator btmr ,bp and btNWA perform the best in this scenario, with a RB close to that
of the unbiased estimators btHT and have the lowest RSd. In scenario 2, our proposed estimator
btmr ,bp shows better results compared to all available estimators, even if the response model fits
poorly. It has a RB and a RSd smaller to 1% and 2%, respectively. It shows the best results in
term of standard deviation and is more efficient than the NWA and HT estimator. It confirms
that the working model allows to improve the efficiency of the total estimator. In scenario 3,
the working model is misspecified. The estimator btNWA provides the best results followed by our
proposed quasi-model-assisted estimator btmr ,bp. The reason is that the response model is correctly
specified in this scenario. Finally, in scenario 4, both the response model and the working model
fit poorly the data. In this case, the performance of btmr ,bp is comparable to that of btNWA and bt imp
that rely on only one of the two models.

The general conclusion of the simulation study is that the proposed estimator btmr ,bp globally
performs as well or better than estimators btNWA, bt imp, and btnaive even when one or both of the
working model and the nonresponse model is or are misspecified. Our estimators hence provides
protection against model misspecification and greater confidence in the total estimator.

3.9.2 Real data

We carry out a second simulation study on real data. We consider a dataset from the book Särn-
dal (1992), available as dataset MU284 in the R package sampling. The population of interest
U is composed of N = 284 Sweden municipalities. For each municipality k ∈ U , we consider
two auxiliary variables: xk1, the population in thousands in 1975, and exk1, the number of Social
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Scenario 1 Scenario 2 Scenario 3 Scenario 4
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FIGURE 1: Bias and standard deviation of total estimators relative to the true total
for the simulated data for scenarios 1 to 4 with three prediction methods: gener-
alized regression (GREG), polynomial regression (poly) and K-nearest neighbors
(K-nn) with K = 5. Estimator btHT is a comparison point and is unavailable with

nonresponse.

Democrat seats on the municipal council. We denote by y the tax revenue variable of a munici-
pality in 1985, in millions of crowns. The aim is to estimate the total of y on population U , i.e.,
the total municipal tax revenue in Sweden in 1985. We assume that y is subject to nonresponse.
The response probability to variable y of a unit k ∈ U is

pk =
�

1+ exp
�

−λ⊤(1, xk1)
⊤�	−1

,

with λ= (−0.30,0.01)⊤. The expected rate of missing values is 50%.
The correlation between the variable of interest, the response probabilities, and the auxiliary

variables is in Table 4. Variable {xk1} is strongly related to {yk} and {pk}. Variable {exk1} is weakly
related to {yk} and {pk}. We compare the total estimators in the same four scenarios as in the case
of simulated data. That is, we consider variable xk1 instead of exk1 when estimating the working
model, respectively, response model, in order to obtain a model that does not fit the data well.
Table 5 shows which variable, i.e., xk1 or exk1, is used to fit the models. The goodness of fit of the
working and response models are in Table 6.

We assume a census, i.e. s = U and πk = 1 for all k ∈ U . In the simulated data case (see
Section 3.9.1), we have selected I = 10′000 samples s(i), i ∈ {0, . . . , I}. Following the same steps,
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TABLE 4: Correlations of the values {yk} of the survey variable and {pk} of the
response probabilities with the auxiliary variables {xk1} and {exk1}, on population

U .

{xk1} {exk1}
{yk} 0.967 0.401
{pk} 0.894 0.637

TABLE 5: Variable used to obtain the estimated response probabilities bpk and the
estimated function mr(.) for four scenarios.

bpk

{xk1} {exk1}

mr(.)
{xk1} Scenario 1 Scenario 2
{exk1} Scenario 3 Scenario 4

TABLE 6: MAE of the estimated response probabilities bpk and MRPE of mr(uk) of
the prediction of the missing values four scenarios for the real data.

Scenario

1 2 3 4

MAE(bpk) 0.030 0.053 0.030 0.053

MRPE
GREG 0.241 0.241 1.049 1.049
poly 0.108 0.108 0.748 0.748
knn 0.198 0.198 0.809 0.809

the census situation involves that these 10′000 samples are all equal, s(i) = s. Similarly as for
simulated data, we randomly generate nonresponses in values {yk}k∈U I = 10′000 times using
the response probabilities {pk} and a poisson sampling design. We obtain the subset s(i)r ⊂ s
containing the respondents to yk at simulation run i ∈ {1, . . . , I}.

We compare the total estimators btmr ,bp, btNWA, bt imp and btnaive. We do not consider the HT
estimator because it is equivalent to the true total due to the census. We consider the same
prediction methods for the working and response models as in Section 3.9.1. For a total estimator
bt, we compute the Monte Carlo bias and standard deviation. The results of the compared total
estimators for each scenario are summarized in Figure 2 and detailed in Tables 8a, 8b, 8c, and 8d
in the Appendix 3.14.

When the response and working models fit the data well (scenario 1), all estimators except for
btnaive give good results, with Monte Carlo relative biases and standard deviations below 1%. In
scenario 2, the nonresponse model is misspecified. The NWA estimator is much less efficient, with
relative bias and standard deviation close to 20%. In this scenario, the relative bias and standard
deviations of the proposed estimator btmr ,bp remain lower than 8%. In scenario 3, the imputed
estimator does not perform well. Its relative standard deviation and bias increase by almost 20%
compared to scenarios 1 and 2. This can easily be explained by the fact that the working model
fits poorly the data and imputations are therefore far from the true values. Once again, btmr ,bp has
a relative bias of less than 2% and a relative standard deviation of less than 8%. In scenario 4,
both the response model and the working model fit poorly the data. In this case, the performance
of btmr ,bp is comparable to that of btNWA and bt imp which relies on only one of these two models.
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The general conclusion of the simulation study on real data is that the proposed estimator
btmr ,bp globally performs as well or better than estimators btNWA, bt imp, and btnaive, even when one
or both of the working model and response model is or are misspecified. Our estimator hence
provides protection against model misspecification and greater confidence in the total estimator.

Scenario 1 Scenario 2 Scenario 3 Scenario 4

R
B

R
Sd

GREG poly knn GREG poly knn GREG poly knn GREG poly knn

0.00
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0.32
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Estimator btmr ,bp btNWA bt imp btnaive

FIGURE 2: Bias and standard deviation of total estimators relative to the true total
for the real data and for the scenarios 1 to 4 with three prediction methods: gener-
alized regression (GREG), polynomial regression (poly) and K-nearest neighbors

(K-nn) with K = 5.

3.10 Discussion

We adapt model-assisted total estimators to missing at random data building on the idea of non-
response weighting adjustment. We consider nonresponse as a second phase of the survey and
reweight the units using the inverse of estimated response probabilities in model-assisted esti-
mators in order to compensate for the nonrespondents. We develop the asymptotic properties
of our proposed estimator and show conditions under which it is asymptotically unbiased. Our
proposed estimator can be written as a weighted estimator. We show cases in which the resulting
weights are calibrated to the total of the auxiliary variables. We conduct a simulation study to
empirically study the performance of our estimator. The results of this study confirm that our
estimator generally outperforms the competing estimators, even when the underlying models are
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misspecified. Further work includes the study of our estimator under other working models as
well as the extension to non-missing at random data.
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Appendices

3.11 Auxiliary Variables Known at the Sample Level Only

The first term of the quasi-model-assisted estimator in (3.5.5) is the population total of the pre-
dicted values mr(xk). For most working models, this requires the values {xk} to be known for
all population units. If this population total is unavailable, we may use a Horvitz-Thompson-type
estimator of this sum which yields estimator

btmr ,s,bp =
∑

k∈s

mr(xk)
πk

+
∑

k∈sr

yk −mr(xk)
πkbpk

.

This estimator is equivalent to that of Kim and Haziza (2014), Equation (3.2). The authors
suppose parametric models for the nonresponse model and working model. They estimate the
parameter vectors of these two models simultaneously based on a system of estimating equations.
This results in doubly robust point and variance estimators. Our approach is different and more
general. The working model may be nonparametric and both models may be estimated separately.

3.12 Response Probabilities Estimated via Maximum Likelihood Es-
timation

A third approach consists of estimating the response probabilities via maximum likelihood. The
estimation of parameter vector λ0 is then bλ which is the solution to the estimating equation

Qmle(bλ) =
∑

k∈s

ck

�

rk − F−1(x⊤k λ0)
	

xk = 0,

for some weights ck, see Kim and Kim (2007). Common choices for the weights are 1 or π−1
k .

When ck = 1 usual maximum likelihood estimation is applied. Double robustness of the quasi-
model assisted estimator when maximum likelihood is applied may be obtained using arguments
similar to those presented in Section 3.7. This goes beyond the scope of this research.

3.13 Proofs of the Results

For the proof of Result 3.7.1, we will need the following Lemma.

Lemma 1. Suppose that Assumptions (A1)-(A12) are satisfied. Then

btmU ,bp = btmU ,p +Op∗(Nn−1/2),
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with ξ-probability one where

btmU ,bp =
∑

k∈U

mU(xk) +
∑

k∈sr

yk −mU(xk)
πkbpk

.

Proof of Lemma 1. From Hasler (2023), we have

btmU ,bp =
∑

k∈U

mU(xk) +
∑

k∈U

�

x⊤k γ+
akrk

πkpk

�

yk −mU(xk)− x⊤k γ
	

�

+Op∗(Nn−1),

where γ=
�∑

k∈U(1− pk)xkx⊤k
�−1∑

k∈U(1− pk)xk {yk −mU(xk)}. Rearranging, we obtain

btmU ,bp =
∑

k∈U

mU(xk) +
∑

k∈U

akrk

πkpk
{yk −mU(xk)}+

∑

k∈U

x⊤k γ

−
∑

k∈U

akrk

πkpk
x⊤k γ+Op∗(Nn−1)

=btmU ,p +

�

∑

k∈U

x⊤k −
∑

k∈U

akrk

πkpk
x⊤k

�

γ+Op∗(Nn−1).

From Conditions (A7) and (A12), and since X is of full rank, we have γ= O(1). From Conditions
(A5) and (A9), we have

∑

k∈U

x⊤k −
∑

k∈U

akrk

πkpk
x⊤k = Op∗(Nn−1/2).

We obtain

btmU ,bp = btmU ,p +Op∗(Nn−1/2).

■

Proof of Result 3.7.1. Suppose that the sequence of sampling designs, populations, and response
mechanisms satisfy Conditions (A1)-(A12). We have

btmr ,bp −btmU ,bp =
∑

k∈U

{mr(xk)−mU(xk)}
§

1−
akrk

πk
F(x⊤k bλ)

ª

(3.13.8)

=
∑

k∈U

{mr(xk)−mU(xk)}
§

1−
akrk

πk
F(x⊤k λ0)

ª

+
∑

k∈U

{mr(xk)−mU(xk)}
§

akrk

πk
F(x⊤k λ0)−

akrk

πk
F(x⊤k bλ)

ª

The first term is Op∗(Nn−1/2) by (A9) and (A10). The second term is Op∗(Nn−1/2) by (A7), (A10),
and (A11). As a result btmr ,bp = btmU ,bp + Op∗(Nn−1/2). From the Lemma above, we obtain that
btmr ,bp = btmU ,p +Op∗(Nn−1/2). ■
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Proof of Result 3.7.2 . We have

btmr ,bp −btm =
∑

k∈U

{mr(xk)−m(xk)}+
∑

k∈U

ak

πk

�

rk

bpk
− 1

�

{yk −mr(xk)} (3.13.9)

+
∑

k∈U

ak

πk
{mr(xk)−m(xk)}

From (A10) and (A13), mr(xk) − m(xk) is OP(n−1/2). The first term in (3.13.9) is therefore
OP(Nn−1/2). From (A14), the second term is OP(Nn−1/2). From (A2) and since mr(xk)−m(xk)
is OP(n−1/2), the last term is also OP(Nn−1/2). ■

3.14 Results of the simulations

The results of the simulations for the simulated data are presented in Tables 7.

TABLE 7: Bias and standard deviation of total estimators relative to the true total
for scenarios 1 to 4 with three prediction methods: generalized regression (GREG),
polynomial regression (poly) and K-nearest neighbors (K-nn) with K = 5. Estima-

tor btHT is a comparison point and is unavailable with nonresponse.

Estimators

btmr ,bp btNWA bt imp btnaive btHT

RB
GREG <0.001 <0.001 0.088 0.166 <0.001
poly <0.001 <0.001 0.088 0.166 <0.001
K-nn 0.003 <0.001 0.093 0.166 <0.001

RSd
GREG 0.011 0.011 0.091 0.170 0.029
poly 0.012 0.011 0.092 0.170 0.029
K-nn 0.014 0.011 0.096 0.170 0.029

(A) Scenario 1

Estimators

btmr ,bp btNWA bt imp btnaive btHT

RB
GREG <0.001 0.165 0.088 0.166 <0.001
poly <0.001 0.165 0.088 0.166 <0.001
K-nn 0.011 0.165 0.093 0.166 <0.001

RSd
GREG 0.011 0.169 0.091 0.170 0.029
poly 0.012 0.169 0.092 0.170 0.029
K-nn 0.017 0.169 0.096 0.170 0.029

(B) Scenario 2

Estimators

btmr ,bp btNWA bt imp btnaive btHT

RB
GREG 0.008 <0.001 0.169 0.166 <0.001
poly 0.012 <0.001 0.148 0.166 <0.001
K-nn 0.028 <0.001 0.168 0.166 <0.001

RSd
GREG 0.018 0.011 0.173 0.170 0.029
poly 0.041 0.011 0.152 0.170 0.029
K-nn 0.040 0.011 0.172 0.170 0.029

(C) Scenario 3

Estimators

btmr ,bp btNWA bt imp btnaive btHT

RB
GREG 0.165 0.165 0.169 0.166 <0.001
poly 0.106 0.165 0.148 0.166 <0.001
K-nn 0.145 0.165 0.168 0.166 <0.001

RSd
GREG 0.169 0.169 0.173 0.170 0.029
poly 0.114 0.169 0.152 0.170 0.029
K-nn 0.150 0.169 0.172 0.170 0.029

(D) Scenario 4
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The results of the simulations for the real data are presented in Tables 8.

TABLE 8: Bias and standard deviation of the total estimator relative to the true total,
for the real data, for scenarios 1 to 4 with three prediction methods: generalized
regression (GREG), polynomial regression (poly) and K-nearest neighbors (K-nn)

with K = 5.

Estimators

btmr ,bp btNWA bt imp btnaive

RB
GREG 0.002 0.002 -0.007 0.318
poly 0.001 0.002 0.003 0.318
K-nn 0.001 0.002 -0.007 0.318

RSd
GREG 0.012 0.012 0.018 0.325
poly 0.009 0.012 0.010 0.325
K-nn 0.016 0.012 0.018 0.325

(A) Scenario 1

Estimators

btmr ,bp btNWA bt imp btnaive

RB
GREG 0.007 0.199 -0.007 0.318
poly 0.016 0.199 0.003 0.318
K-nn 0.079 0.199 -0.007 0.318

RSd
GREG 0.015 0.209 0.018 0.325
poly 0.019 0.209 0.010 0.325
K-nn 0.084 0.209 0.018 0.325

(B) Scenario 2

Estimators

btmr ,bp btNWA bt imp btnaive

RB
GREG 0.007 0.002 0.189 0.318
poly 0.016 0.002 0.147 0.318
K-nn 0.022 0.002 0.158 0.318

RSd
GREG 0.065 0.012 0.201 0.325
poly 0.062 0.012 0.160 0.325
K-nn 0.075 0.012 0.173 0.325

(C) Scenario 3

Estimators

btmr ,bp btNWA bt imp btnaive

RB
GREG 0.199 0.199 0.189 0.318
poly 0.173 0.199 0.147 0.318
K-nn 0.164 0.199 0.158 0.318

RSd
GREG 0.209 0.209 0.201 0.325
poly 0.184 0.209 0.160 0.325
K-nn 0.181 0.209 0.173 0.325

(D) Scenario 4
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Chapter 4

High-dimensional Variance Estimation
in Finite Population Sampling
This chapter corresponds to the work in progress Eustache, Dagdoug, and Haziza (2023).

4.1 Introduction

Predictive modeling can be applied at various stages of a survey to enhance the precision of a
point estimator and to address the problem of missing values, among others. Using predictive
models enables us to establish relationships between a survey variable Y and a set of predictors
X1, X2, . . . , Xp. For instance, model-assisted estimation procedures make use of a set of predicted
values to improve the efficiency of point estimators; e.g., see Särndal (1992) and Breidt and
Opsomer (2017). In order to mitigate the potential nonresponse bias caused by item nonresponse,
it is common practice to employ some form of imputation, which involves generating a set of
predictions to substitute for the missing values; e.g., see Haziza (2009) and Chen and Haziza
(2019).

The literature on predictive models for survey data has primarily focused on low-dimensional
data settings, where the number of variables p is small relative to the sample size n. Formalized
mathematically, it means that p/n → 0. Some notable exceptions include Cardot, Goga, and
Shehzad (2017), Ta et al. (2020), Chauvet and Goga (2022) and Dagdoug, Goga, and Haziza
(2022). With the advent of big data sets, high-dimensional settings are becoming more prevalent.
In this article, a high-dimensional setting refers to a situation where the number of predictors p
is of the same order of magnitude as the sample size n so that p/n→ κ∗ ∈ (0, 1).

High-dimensional linear regression models pose some challenges compared to traditional lin-
ear regression models with a smaller number of predictors. In particular, the common variance
estimation procedures tend to breakdown when p/n → κ∗ ∈ (0,1). On the one hand, variance
estimators based on a first-order Taylor expansion procedure tend to lead to substantial under-
estimation of the true variance. On the other, resampling procedures such as the jackknife and
the bootstrap tend to overestimate the variance of the point estimators; see Wolter (2007) and
Mashreghi, Haziza, and Léger (2016) for a treatment of resampling methods in finite population
sampling.

In this article, we explain why variance estimators based on a first Taylor and jackknife vari-
ance estimators tend to breakdown through a mix of empirical and theoretical investigations.
We consider two different setups that involve the customary linear regression model: (1) The
model-assisted estimation setup through the use of the generalized regression estimator (see,
e.g., Särndal, 1980; Särndal, 1992; Särndal, 2007); (2) The deterministic linear regression im-
putation setup (e.g., Chen and Haziza, 2019).

We adopt the following notations. Let U := {1, 2, ..., N} be a finite population of size N . Our
interest lies in estimating the finite population mean

µy :=
1
N

∑

k∈U

yk,



54 High-dimensional Variance Estimation in Finite Population Sampling

of a survey variable Y , where yk denotes the y-value attached to unit k. We select a sample, S,
of size ns and of expected size n, according to a probability sampling design P (S | Z), where
Z ∈ RN×d denotes the matrix of design information. We restrict our attention to non-informative
sampling design; see, e.g., Pfeffermann and Sverchkov (2009). The sample S is fully characterized
by the vector of sample selection indicators, I := [I1, I2, . . . , IN ]

⊤, where Ik := 1 if k ∈ S, and
Ik := 0, otherwise. We denote by πk := P (Ik = 1) > 0 and πkℓ := P (Ik = 1, Iℓ = 1) > 0, for
k,ℓ ∈ U , the first-order and the second-order inclusion probabilities, respectively.

4.2 Linear prediction in survey sampling

We consider the customary linear regression model:

yk = x⊤k β + εk, k ∈ U ,

where β is a p-vector of unknown coefficients and the errors εk satisfyE [εk|xk] = 0,E
�

ε2
k|xk

�

:=
σ2 <∞ and are independently and identically distributed. We assume that the intercept is in-
cluded in the covariates; i.e., the first component of xk is 1 for all k ∈ U . Although we assume
an homoscedastic variance structure, our results can be easily extended to the case of an het-
eroscedastic variance structure.

Below, we use the notation yS ∈ Rns and XS ∈ Rns×p to denote the vector of y-values and the
design matrix corresponding to the sample, respectively. Also, we use ΠS ∈ Rns×ns to denote the
diagonal matrix, whose k-th diagonal element is πk.

4.2.1 Model-assisted estimation

In this section, we assume that the observed data are given by

Dma := {(xk, yk) ; k ∈ S} .

In addition, we assume that the vector of population totals,

tx :=

�

∑

k∈U

x1k,
∑

k∈U

x2k, ...,
∑

k∈U

xpk

�⊤

,

is available from an external source. The Generalized REGression (GREG) estimator of µy is given
by

bµgreg :=
1
N

�

∑

k∈U

x⊤k
bβS +

∑

k∈S

yk − x⊤k
bβS

πk

�

, (4.2.1)

where

bβS =
�

X⊤S Π
−1
S XS

�−1
XSΠ

−1
S yS

is the weighted least squares estimator of β :

bβS := arg min
β∈Rp

∑

k∈S

�

yk − x⊤k β
�2

πk
.
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Throughout the paper, we assume that the p× p matrix, AΠS := X⊤S Π
−1
S XS , is non-singular.

In our setting, the GREG estimator can be written in the so-called projection form:

bµgreg =
1
N

∑

k∈U

x⊤k
bβS

since
∑

k∈S

π−1
k bεkS = 0,

where bεkS := yk − x⊤k
bβS denotes the sample residual attached to unit k ∈ S, Särndal, Swensson,

and Wretman (1992, Chapter 6).
We adopt, for distribution of reference of model-assisted estimators, the joint distribution

induced by the superpopulation model (4.2) and the sampling design. Consider the following
decomposition:

Vmp

�

bµgreg

�

= Em

�

Vp

�

bµgreg

��

+Vm

�

Ep

�

bµgreg

��

, (4.2.2)

where the subscripts p and m are used to specify that the variance or the expectation are computed
according to the sampling design and the imputation model, respectively.

Using (4.2.2), an estimator of the variance of bµgreg based on a first-order Taylor expansion is
given by

bVta y

�

bµgreg

�

:=
1

N2

∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

bεkS

πk

bεℓS
πℓ
+
bσ2

N
,

where bσ2 denotes an unbiased estimator of σ2. The first term will be the focus of this article.
Särndal, Swensson, and Wretman (1989) advocated for the use of a g-weighted version,

which is obtained from (4.2.1) by replacing bεkS with gk × bεkS , where

gk := 1+
�

tx −btx,π

�⊤
A−1
ΠSxk = t⊤x A−1

ΠSxk, k ∈ S, (4.2.3)

is the so-called g-weight attached to unit k ∈ S, with btx,π denoting the Horvitz–Thompson esti-
mator of tx. The second equality of (4.2.3) is satisfied as the intercept is included in the set of
predictors, and the variance structure is homoscedastic. This leads to

bVg

�

bµgreg

�

:=
1

N2

∑

k∈U

∑

ℓ∈U

∆kℓ

πkℓ

gkbεkS

πk

gℓbεℓS
πℓ

+
bσ2

N
.

Jackknife variance estimation for the GREG estimator has been discussed in Yung and Rao (1996),
Duchesne (2000) and Valliant (2002), among others. Here, we consider the generalized jackknife
variance estimator of Campbell (1980) and Berger and Skinner (2005). Let ehπkk := x⊤k A−1

ΠSdkxk be
the survey weighted leverage of element k ∈ S, with dk = π−1

k . Our next proposition establishes
a closed-form for the generalized jackknife variance estimator of the GREG estimator.

Proposition 4.2.1. An estimator of (4.2.2) based on the generalized jackknife variance estimator of
Berger and Skinner (2005) has a closed-formed formula given by

bVjack

�

bµgreg

�

=
1

N2

∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

(1−wk) gk bεkS
�

1−ehπkk

�

πk

(1−wℓ) gℓ bεℓS
�

1−ehπ
ℓℓ

�

πℓ
+
bσ2

N
,

where wk := (Nπk)
−1 for k ∈ S.

Proof. See Appendix 4.8. ■
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4.2.2 Deterministic linear regression imputation

Predictions based on a linear regression model are also used in the context of imputation for item
nonresponse in surveys. In this context, the survey variable Y is observed only for a subset Sr ⊆ S,
called the set of respondents to item Y . We denote by Sm = S − Sr the set of nonrespondents to
item Y . Let R := [R1, R2, . . . , RN ]

⊤ the N -vector of response indicators, where Rk = 1 if k ∈ Sr ,
and Rk = 0, otherwise. Here, the values of the predictors X1, . . . , Xp, are assumed to be available
for both the respondents and the nonrespondents. We assume that: (i) The data {(xk, yk, rk)}k∈U
are identically and independently distributed; (ii) The data are Missing At Random (MAR, Rubin,
1976):

P (Rk = 1|xk, yk) = P (Rk = 1|xk) ;

(iii) The positivity assumption is satisfied; i.e., P (Rk = 1|xk) > 0 for all k ∈ U . Available to the
imputer are the data

Dimp := {(xk, yk) ; k ∈ Sr}
⋃

{xk ; k ∈ Sm} .

Imputation consists of estimating the relationship between Y and X1, . . . , Xp based on the respon-
dents and extrapolating this relationship to the set of nonrespondents.

An estimator of µy after deterministic linear imputation is given by

bµl r :=
1
ÒN

 

∑

k∈Sr

yk

πk
+
∑

k∈Sm

x⊤k
bβR

πk

!

=
1
ÒN

∑

k∈S

eyk

πk
,

where ÒN :=
∑

k∈S π
−1
k and eyk := Rk yk + (1− Rk)x⊤k

bβR where

bβR =

 

∑

k∈Sr

xkx⊤k
πk

!−1
∑

k∈Sr

xk yk

πk
=
�

XRΠ
−1
R X⊤R

�−1
XRΠ

−1
R yR (4.2.4)

is the weighted least squares estimator of β :

bβR := argmin
β∈Rp

∑

k∈Sr

�

yk − x⊤k β
�2

πk
.

In (4.2.4), the quantities XR, ΠR and yR correspond to the counterparts of XS , ΠS and yS , respec-
tively, restricted to the set of respondents Sr .

To estimate the variance of bµl r , we consider the reverse framework, originally proposed by Fay
(1991) and Shao and Steel (1999); see also Kim and Rao (2009) and Haziza and Vallée (2020).
Using this framework, the total variance of bµl r can be expressed as

V(bµl r) = EmEqVp(bµl r) + EqVmEp(bµl r −µy),

where the subscript q denotes the nonresponse mechanism. Let us define bhπkℓ := x⊤k A−1
ΠRdkxℓ and

bΓk :=
∑

ℓ∈Sm
bhπkℓ, where AΠR := X⊤RΠ

−1
R XR. Again, we assume that the matrix AΠR is non-singular.

Proposition 4.2.2. An estimator of the variance of bµl r based on a first-order Taylor expansion is
given by

bVta y (bµl r) :=
1
ÒN2

∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

bξk − bµl r

πk

bξℓ − bµl r

πℓ
+
σ2

ÒN2

∑

k∈Sr

1
πk

�

1− Rk(1+bΓk)
	2

,
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where

bξk := eyk + rkbΓk bεkR,

with bεkR = yk − x⊤k
bβR, k ∈ Sr .

The proof of Proposition 4.2.2 is straightforward and is thus omitted.
We now turn to jackknife variance estimation in the context of deterministic linear regression.

Berger and Rao (2006) extended the results of Berger and Skinner (2005) to the case of mean
and ratio imputations. We extend the results of Berger and Rao (2006) to the more general case
of deterministic linear regression imputation, that includes mean and ratio imputations as special
cases. Below, we provide an estimator of the total variance in (4.2.2) based on the generalized
jackknife of Berger and Rao (2006) in the context of deterministic linear regression imputation
and prove a closed-form solution.

Result 4.2.1. Noting that

bµ
(k)
l r − bµl r =

dk

ÒN − dk

�

bµl r − bξ
( jack)

k

�

,

where

bξ
( jack)

k := eyk + rkbΓk
bεkR

1−bhπkk

,

an estimator of bVta y (bµl r) based on the generalized jackknife variance estimator of Berger and Rao
(2006) has a closed-form expression given by

bVjack(bµl r) =
1
ÒN2

∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ

bµl r − bξ
( jack)

k

πk

bµl r − bξ
( jack)
ℓ

πℓ
+
σ2

ÒN2

∑

k∈Sr

1
πk

�

1− Rk(1+bΓk)
	2

.

Proof. See Appendix 4.9. ■

4.3 Behavior of some commonly used variance estimators: Empiri-
cal studies

In this section, we present the results of two limited simulation studies. In Section 4.3.1, we
examine the empirical performance of the variance estimators in a model-assisted estimation
framework (see Section 4.2.1), whereas Section 4.3.2 covers the variance estimators discussed in
Section 4.2.2. We denote byK = p/n the ratio of the number of predictors to the expected sample
size. In the case of nonresponse, we have K = p/E[nr] the ratio of the number of predictors to
the expected number of respondents.

4.3.1 Model-assisted estimation: the GREG estimator

We generated a finite population U of size N = 5, 000 consisting of 223 explanatory variables
X1, . . . , X223 and a survey variable Y . The variables X1, . . . , X223, were generated from a multi-
variate normal distribution with a mean vector equal to 5 × 1⊤ and correlation matrix, whose
diagonal elements were equal to 1 and off-diagonal elements equal to 0.3, where 1 denotes the
vector of ones. Given the X -variables, we generated a survey variable Y according to the linear
regression model

yk = 14− 4x1k + 3x2k + 4x3k + εk,
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where the errors εk were generated from a normal distribution with mean equal to 0 and variance
equal to 252. This led to a model R2 approximately equal to 0.6. In (4.3.1), note that only the
first three variables X1, X2, and X3 were used for generating the Y -variable.

From the population, we selected M = 10,000 samples, of (expected) sample size n = 300,
according to two sampling designs: simple random sampling design without replacement and
Bernoulli sampling. In each sample, we computed several GREG estimators, bµgreg , given by
(4.2.1), based on different sets of explanatory variables. In addition to X1, X2 and X3, we included
a number of noise variables denoted by pnoise. The values for pnoise were set to: 0, 20, 40, 60, 80,
100, 120, 140, 160, 180, 200 and 220. This led to 12 estimators, bµgreg , of µy . To estimate the
variance of bµgreg , we computed bVta y given by (4.2.1) and bVjack given by (4.2.1). As a measure
of relative bias of a variance estimator, we computed its Monte Carlo percent relative bias (RB).
Using the generic notations bµ and bV for a point and a variance estimator, respectively, the RB of
bV is defined as

RB(bV ) := 100×
1
R

R
∑

r=1

bV (r) − VMC (bµ)
VMC (bµ)

,

where VMC (bµ) denotes the Monte-Carlo variance of bµ and bV (r) denotes the estimator bV at the rth
iteration, r = 1, . . . , 10,000. The results for simple random sampling without replacement and
Bernoulli sampling are shown in Figures 1 and 2, respectively.

From Figures 1 and 2, we note that both bVtay and bVjack performed well for small values of
p/n. For instance, for p/n = 3/223, which corresponds to the case of pnoise = 0, the estimator
bVtay exhibited a value of RB of about -0.8% for Bernoulli sampling and −2.8% for simple random
sampling without replacement. The jackknife variance estimator bVjack showed a bias of about
1.2% for Bernoulli sampling and −0.8% for simple random sampling without replacement. How-
ever, for p/n = 3/83 ≈ 0.28, the RB of bVtay was equal to -30% in the case of Bernoulli sampling
and -30.8% in the case of simple random sampling without replacement. The amount of un-
derestimation got worse as p/n increased. On the other hand, the jackknife variance estimator
exhibited significant overestimation with values of RB equal to 34.2% in the case of Bernoulli sam-
pling and 33.4% in the case of simple random sampling without replacement. The bias increased
as the value of p/n increased.
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FIGURE 1: Behaviour of two variance estimators of the GREG estimator under sim-
ple random sampling without replacement.
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FIGURE 2: Behaviour of two variance estimators of the GREG estimator under
Bernoulli sampling.

4.3.2 Deterministic linear regression imputation

We started by generating 5,000 realizations of a vector of explanatory variables, of size 113, from
a multivariate normal distribution with a mean vector equal to 5 × 1⊤ and correlation matrix,
whose diagonal elements were equal to 1 and the off-diagonal elements were equal to 0.3, where
1 denotes the vector of ones. We then repeated R= 10, 000 iterations of the following process:

(i) Given the explanatory variables, we generated the survey variable Y according to the model
defined in Section 4.3.1.

(ii) From the finite population of size N = 5,000 generated in Step (i), a sample, of (expected)
size n = 300, was selected according to (1) simple random sampling without replacement
and (2) Bernoulli sampling.

(iii) In each sample, the response indicators Rk, k ∈ S, were independently generated according
to a Bernoulli distribution with probability

pk = {1+ exp(1+λ1 x1k +λ2 x2k +λ3 x3k)}
−1 ,

where the values of λ1-λ3 were set to obtain an overall response rate of about 50%. Thus,
in each sample, the expected number of respondents, E(nr), was equal to 150.

(iv) The missing values in each sample were imputed through deterministic linear regression
imputation with different subsets of explanatory variables. The first subset of explanatory
variables included the variables X1, X2 and X3 only, corresponding to the true model. In
addition to X1, X2 and X3, we included a number of noise variables denoted by pnoise. This
led to 12 sets of explanatory variables of size p, where p = pnoise + 3. The values for pnoise
were set to: 10, 20, 30, 40, 50, 60, 70, 80, 90, 100 and 110. As a result the ratio p/E(nr)
ranged from 3/150 to 113/150. Each of the 12 models was fitted on the set of responding
units, which led to 12 sets of imputed values.

(v) For each of the 12 sets of imputed values, we computed the imputed estimator bµl r given by
(4.2.2), leading to a set of 12 imputed estimators.

(vi) We estimated the variance of the 12 imputed estimators using two variance estimators:
(i) The variance estimator based on a first-order Taylor expansion denoted by bVta y ; see
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Section 4.2.2; and (ii) The generalized jackknife variance estimator, denoted by bVjack; see
Section 4.2.2.

As a measure of relative bias of a variance estimator bV , we computed its Monte Carlo percent
relative bias (RB) given by (4.3.1).

From Figures 3 and 4, we note that both bVta y and bVjack performed well for small values of
p/E(nr). For instance, for p/E(nr) = 3/113, which corresponds to the case of pnoise = 0, the
estimator bVta y exhibited a value of RB of about -5.8% for both simple random sampling without
replacement and Bernoulli sampling. The jackknife variance estimator performed well with values
of RB equal to -6.% for simple random sampling without replacement and -3.9% for Bernoulli
sampling. However, for larger values of p/E(nr) both variance estimators did not perform well.
For instance, for p/E(nr) = 33/113 ≈ 0.29, the estimator bVta y underestimated the true variance
with values of RB equal to -17.2% for simple random sampling without replacement and -17.7%
for Bernoulli sampling. On the other hand, the estimator bVjack was 17.2% too large for simple
random sampling without replacement and 20.3% too large for Bernoulli sampling.
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FIGURE 3: Behaviour of two variance estimators of the linear imputed estimator
under simple random sampling without replacement.

4.3.3 Explaining the behavior of classical variance estimators

In the context of both model-assisted estimation and deterministic linear regression imputation,
the customary variance estimators based on a first-order Taylor expansion and the generalized
jackknife variance estimator tend to breakdown when p/n → κ∗ ∈ (0,1) (or p/E[nr] → κ∗ ∈
(0,1)). In this section, we explain why this is the case. For simplicity, we confine to the case
of model-assisted estimation under simple random sampling without replacement. Arguments
similar to the ones below can also be used to explain the behavior of classical variance estimators
under deterministic linear regression imputation.

The variance estimators based on a first-order Taylor expansion given by (4.2.1) involves the
sample residuals bεkS . It turns out that, in a high-dimensional setting, the distribution of the
sample residuals bεkS is not a good approximation of the distribution of the errors εk in (4.2). In
particular, we have

Vm(bεkS) = σ
2(1−ehkk),

where ehkk denotes the kth diagonal element of the hat matrix X⊤S
�

XSX⊤S
�−1

XS . The validity of
classical variance estimators relies on the assumption that ehkk→ 0 as n and N go to infinity. In a
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FIGURE 4: Behaviour of two variance estimators of the linear imputed estimator
under Bernoulli sampling.

high-dimensional setting, this assumption no longer holds, as it can be shown that

ehkk =
p
n
+ op(1),

for a wide class of distributions for the design matrix XS (e.g., the multivariate normal distribu-
tion); see e.g., El Karoui and Purdom (2018), Pajor and Pastur (2009) and Karoui and Koesters
(2011) for a discussion. As a result, the variance of the sample residuals bεkS is approximately
equal to σ2(1− p/n), which can be considerably smaller than σ2 for large values of p/n. This,
in turn, explains why the variance estimator based on a first-order Taylor expansion tends to
underestimate the true variance of bµgreg for large values of p/n.

Turning to generalized jackknife variance estimators, we note from (4.2.1) that it involves the
residuals bε (k)kS = bεkS/(1−ehkk). Since

Vm(bε
(k)

kS ) =
σ2

1−ehkk

≃
σ2

1− p
n

,

the variance of bε (k)kS may be considerably larger than σ2 for large values of p/n. As a result, the
generalized jackknife variance estimator tends to overestimate the true variance of bµgreg for large
values of p/n.

4.4 Bias: Model-assisted estimation

In the previous section, we illustrated that commonly used variance estimators for the GREG may
present important biases in high-dimensional scenarios. In this section, we analyze theoretically
the reasons of these biases. For simplicity, we restrict our analysis to the case of Bernoulli sam-
pling. However, it is essential to note that our results likely remain good approximations with
other sampling designs. We consider the framework introduced in Isaki and Fuller (1982) for
our asymptotic results. An increasing sequence of finite populations {Uv}v∈N of respective sizes
{Nv}v∈N is considered. We emphasize that the populations are assumed to be embedded, that
is, Uv ⊂ Uv+1, for all v ∈ N. In each population Uv , a sample Sv is selected using a sample
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design Pv ( · , Zv) with purpose of estimating µy,v . The first and second order inclusion proba-
bilities of Pv ( · , Zv) are denoted by {πk,v}k∈Uv

and {πkℓ,v}k ̸=ℓ∈Uv
, respectively. For simplicity, in

what follows, we omit the index v whenever no confusion arises. For two sequences {av}v∈N and
{bv}v∈N, we write av ≃ bv to express that they share the same limit, i.e., limv→∞ av/bv = 1. We
extend this meaning to sequences of random variables where the limit is to be understood in the
probability sense. Moreover, in this article, asymptotic order notations are to be understood in a
high-dimensional asymptotic framework in which limv→∞ pv/nv = κ∗ ∈ (0; 1).

In this article, the inference is made conditionally to the predictors. They may either be fixed
or originated from a random sample, in which case we assume that the conditions on the design
that we impose below hold almost surely.

(H1) The predictors are such that, for all k,

ehkk =
pv

nv
+ o(1).

Assumption (H1) should hold when the data originated from a random sample. We refer to
Portnoy (1987) for more details on the matter, including a proof when XU is a Gaussian data
matrix, where XU is the design matrix corresponding to the population.

Result 4.4.1. Consider a Bernoulli sampling design and denote by Vm

�

bµgreg,v

�

the variance of
bµgreg,v with respect to the superpopulation model.

i) If the superpopulation model is linear, the superpopulation model variance Vm

�

bµgreg,v

�

is
unbiased for the unconditional variance V

�

bµgreg,v

�

, that is,

Ep

�

Vm

�

bµgreg,v

��

=V
�

bµgreg,v

�

.

Moreover, if, for an arbitrary k, limv→∞Vp

�

gk,v

�

= 0, thenVm

�

bµgreg,v

�

andV
�

bµgreg,v

�

are
asymptotically equivalent, that is,

Vm

�

bµgreg,v

�

V
�

bµgreg,v

�

P
−→ 1.

ii) The biases of bVta y,v

�

bµgreg,v

�

, bVg,v

�

bµgreg,v

�

and bVjack,v

�

bµgreg,v

�

can be expressed as follows:

Em

�

bVta y,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� =
N

∑

k∈U gk

ns

n

�

1+π
§

n
ns
− 1

ª

−K (1−π)
�

,

Em

�

bVg,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� ≃ (1−π) (1−K ) +π×
N

∑

k∈U gk
,

Em

�

bVjack,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� =
1−π
1−K

+π×
N

∑

k∈U gk
.

Part i) of Result 4.4.1 shows that the model variance of the GREG estimator is unbiased and
consistent for the unconditional variance. This holds only under the crucial assumption that the
regression function is linear in the covariates. It is worth noting that Part i) also holds for gen-
eral sampling designs, provided that appropriate assumptions are made on higher-order inclusion
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probabilities. These properties allow for simpler investigations of the properties of variance es-
timators since the model variance is easily tractable. Part ii) of Result 4.4.1 reveals the reasons
of the under-estimation of the Taylor and g-weighted estimators and the over-estimation of the
Jackknife estimator. It is worth noting that the biases are computable and can be used in practice
to construct debiased variance estimators.

Remark 4.4.1. The behavior of g-weights {wk}k∈U strongly influences the high-dimensional behav-
ior of the variance estimators. If pv is either fixed or increases slowly with respect to nv , it can be
shown (under appropriate assumptions) that, uniformly in k,

gk
P
−→ 1.

This behavior, however, may not hold for general covariates settings within a high-dimensional frame-
work in which limv→∞ pv/nv > 0. The assumption in Result 4.4.1 that

lim
v→∞

Vp

�

gk,v

�

= 0

is much weaker as it only requires that this limit is degenerate.

Corollary 4.4.1. Consider a Bernoulli sampling design with an asymptotically negligible sampling
fraction. Then,

Em

�

bVta y,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� ≃
N

∑

k∈U gk
(1−K ) ,

Em

�

bVg,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� ≃ (1−K ) ,

Em

�

bVjack,v

�

bµgreg,v

��

Vm

�

bµgreg,v

� ≃
1

1−K
.

In the case of negligible sampling fractions, the biases of Taylor, g-weighted, and jackknife
variance estimators are greatly simplified. Interestingly, the bias of the jackknife matches the
bias found in El Karoui and Purdom (2018) for the jackknife estimation of the variance of a
linear model. This reveals that, even in moderate dimensions, traditional variance estimators
underestimate or underestimate the true variance and may lead to unsatisfactory inference (e.g.,
invalid confidence intervals).

4.5 Bias: Deterministic linear regression imputation

In this section, we study the behavior of variance estimators in the context of deterministic linear
regression imputation in high-dimensional situations.
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Result 4.5.1. Under Bernoulli sampling and Assumption (H1), the bias of bVta y,v (bµl r) and bVjack,v

�

bµl r,v

�

can be expressed as follows

Em

�

bVta y,v(bµl r,v)
�

Em

�

bV (bµl r,v)
� ≃ 1+

−K bAn −
1
ns

∑

k∈S
bΓk

1
σ2

∑

k∈S Bk + ns − 1+
1

1−πv

bAn

,

Em

�

bVjack,v(bµl r,v)
�

Em

�

bV (bµl r,v)
� ≃ 1+

K
1−K

(bAn − nsK + 2ns)−
1
ns

∑

k∈S
bΓk

1
σ2

∑

k∈S Bk + ns − 1+
1

1−πv

bAn

,

where
Bk =

1
ns

∑

ℓ∈S

�

(x⊤ℓ β)
2 − x⊤k βx⊤ℓ β

	

,

and
bAn =

∑

k∈Sr

(bΓk + 1)2 − ns.

Corollary 4.5.1. Consider a Bernoulli sampling design with an asymptotically negligible sampling
fraction. Then,
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Result 4.5.1 describes the bias of the Taylor and the jackknife variance estimator. Because the
covariates are treated as fixed in these bias statements, these biases are fairly difficult to interpret.
Nonetheless, we note that, as a consequence of Cauchy-Schwartz inequality,

1
ns

�

∑

k∈S

x⊤k β

�2

⩽
∑

k∈S

�

x⊤k β
�2

⇔
∑

k∈S

�

x⊤k β
�2 −

1
ns

�

∑

k∈S

x⊤k β

�2

=
∑

k∈S

Bk ⩾ 0.

As Corollary 4.5.1 reveals, these bias terms can be greatly simplified in case of negligible sampling
fractions. It follows from (4.5.5) that the Taylor variance estimator underestimates the variance
of bµl r,v , and from (4.5.6) that the jackknife variance estimator overestimates it. Also,

∑

k∈S Bk = 0
if β = 0p, in which case the biases further simplify and inequalities in (4.5.5) and (4.5.6) become
strict.

4.6 Empirical behavior of bias-adjusted estimators

The derivation of the high-dimensional asymptotic biases, such as those presented in Results 4.4.1
and 4.5.1 suggest using bias-adjusted estimators. To be more precise, using the generic notation
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bV for a variance estimator of bµgreg , the adjusted variance estimator of V
�

bµgreg

�

is defined as

bV (ad j)(bµgreg) := bV (bµgreg)×
Vm(bµgreg)

Em

�

bV (bµgreg)
� .

In case of model-assisted estimators, the quantities

Vm(bµgreg)

Em

�

bV (bµgreg)
�

are known in practice and can be computed from the observed data. These estimators are ex-
pected to be unbiased, independently of the dimension; indeed,

E
�

bV (ad j)(bµgreg)
�

= Ep

�

Em

�

bV (bµgreg)
� Vm(bµgreg)

Em

�

bV (bµgreg)
�

�

= Ep

�

Vm(bµgreg)
�

=V(bµgreg).

In this section, we are interested in investigating the empirical behaviors of bias-adjusted esti-
mators for the Taylor, the g-weighted and the jackknife variance estimators. We considered the
settings described in Section 4.3.1. In addition to the RB of the variance estimators, we computed
the RB of their adjusted versions. The results for Bernoulli and simple random sampling without
replacement are in Tables 1 and 2, respectively.

TABLE 1: Relative bias for variance estimators and adjusted variance estimators
of Taylor, jackknife and Taylor g-weight, for the GREG estimator, for Bernoulli

sampling.

RB

p K Vm bVta y bVg bVjack bV (ad j)
ta y

bV (ad j)
g bV (ad j)

jack

3 0.01 3.21 8.94 4.67 7.35 5.71 5.75 6.42
23 0.08 9.32 -9.03 -2.14 14.77 6.03 6.03 6.86
43 0.14 9.84 -20.83 -8.74 23.92 6.72 6.65 7.72
63 0.21 9.82 -31.83 -15.79 33.83 6.82 6.75 7.91
83 0.28 6.65 -43.99 -25.14 41.54 3.77 3.73 5.01
103 0.34 6.01 -53.48 -32.38 54.97 3.24 3.25 4.86
123 0.41 7.17 -61.84 -39.02 73.64 4.05 3.86 5.81
143 0.48 5.00 -70.09 -47.09 92.58 2.17 1.80 4.20
163 0.54 6.23 -76.64 -53.61 124.01 3.33 2.65 5.58
183 0.61 5.55 -82.84 -60.89 163.98 2.62 1.98 5.57
203 0.68 4.05 -88.06 -68.33 221.38 1.39 0.47 4.99

In these tables, the quantity Vm :=Vm(bµgreg) denotes the model variance of bµgreg .
We observe that, as stated by Result 4.4.1 part i),Vm exhibited negligible biases across all scenar-
ios of K included in our simulations for both simple random sampling without replacement and
Bernoulli sampling. We now restrict temporarily our attention to Table 1 for Bernoulli sampling.
As discussed previously in Section 4.3, on the one hand, the Taylor and the g-weighted variance
estimators showed negligible biases when K was negligible but exhibited significant negative
biases for moderate to high-dimensional scenarios, with up −88.06% and −68.06%. Similarly,
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TABLE 2: Relative bias for variance estimators and adjusted variance estimators of
Taylor, jackknife and Taylor g-weight, for the GREG estimator for simple random

sampling without replacement.

RB

p K Vm bVta y bVg bVjack bV (ad j)
ta y

bV (ad j)
g bV (ad j)

jack

3 0.01 5.42 4.23 5.16 7.91 6.22 6.22 6.95
23 0.08 6.38 -7.90 -1.15 16.06 7.08 7.04 8.09
43 0.14 4.06 -21.71 -10.18 21.71 4.87 4.81 5.92
63 0.21 3.50 -33.12 -17.63 30.78 4.32 4.20 5.65
83 0.28 3.49 -43.20 -24.41 42.50 4.61 4.41 6.06
103 0.34 4.35 -52.33 -30.93 57.56 5.30 5.06 7.07
123 0.41 2.28 -61.86 -39.14 71.54 3.13 3.03 5.28
143 0.48 4.59 -68.75 -44.77 97.60 5.66 5.38 8.08
163 0.54 3.51 -76.02 -52.30 124.30 4.54 4.28 7.50
183 0.61 1.46 -82.49 -60.18 157.45 2.32 1.92 5.76
203 0.68 -1.72 -88.05 -68.16 201.01 -1.21 -1.68 2.83

the jackknife variance estimator had negligible biases when K was negligible but presented sig-
nificant positive biases otherwise. On the other hand, the three bias-adjusted variance estimators
tracked closely the estimator Vm and, as a result, exhibited negligible biases in low, moderate,
and high-dimensional scenarios. We finally note that, even though our bias statements detailed
in Result 4.4.1 were derived under the assumption of Bernoulli sampling, all three bias-adjusted
estimators also had negligible biases in all scenarios of simple random sampling without replace-
ment, as shown in Table 2.

4.7 Final remarks

In this article, we considered the problem of variance estimation for model-assisted and imputed
estimators based on linear regression with a large number of covariates. We have shown that cus-
tomary variance estimators such as those based on Taylor expansion, their g-weighted versions, or
based on jackknife exhibit large biases when p/n is not negligible. The Taylor and its g-weighted
version are biased negatively, and the jackknife is biased positively. We proved these biases do not
vanish, even asymptotically, unless limv→∞ pv/nv = 0. For model-assisted variance estimators,
we obtained closed-form, computable expressions for the biases of both Taylor, g-weights, and
the jackknife variance estimators. These expressions can be used to define bias-adjusted variance
estimators, which are unbiased independently of p/n; the simulations presented in Section 4.6
confirmed their good behavior empirically. Unfortunately, for imputed estimators, the biases de-
pend on unknown quantities, and defining a bias-adjusted estimator requires an intermediate
estimation step. This is beyond the scope of this article and is a topic currently under investi-
gation. Similarly, unpublished simulation results suggest that the bootstrap variance estimator
is also biased positively in high dimension; this is consistent with recent results obtained by El
Karoui and Purdom (2018) and Zhao and Candes (2022). This is a topic of future research.
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Appendices

4.8 Proof of Proposition 2.1.

The generalized jackknife variance estimator of bµgreg is defined in Berger and Skinner (2005) as

bVjack

�

bµgreg

�

:=
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ
zkzℓ, (4.8.7)

where

zk := (1−wk)
�

bµgreg − bµ(k)greg

�

. (4.8.8)

In (4.8.8), bµ(k)greg denotes the GREG estimator as defined in (4.2.1), computed by deleting the
element k of the sample (but not of the population). More generally, in what follows, we use the
subscript (k) to denote any statistic (or, set) computed after deleting element k.

To derive a closed-form formula for (4.8.7), it suffices to find a closed-form formula for bµ(k)greg .
In Duchesne (2000), a formula is given when the inclusion probabilities are reweighted after
deletion of an element, a practice that we do not do with the generalized jackknife variance
estimator. Below, we give a simple proof relying on the following lemma.

Lemma 2. The following relation holds:

bβ
(k)
= bβ −

A−1
ΠSdkxkbεkS

1−ehπkk

.

Lemma 2 is a weighted extension of the well-known closed-form formula for leave-one-out
linear regression. We let btgreg := N bµgreg be the usual total GREG estimator. We begin by noting
that if the full-sample GREG estimator can be written in projection form, then the leave-one-out
version of the estimator can too. It follows that

bt (k)greg = t⊤x bβ
(k)

= t⊤x

�

bβ −
A−1
ΠSdkxkbεkS

1−ehπkk

�

= btgreg −
dk gkbεks

1−ehπkk

.

Now,

bµ(k)greg :=
bt (k)greg

N
= bµgreg −

dk gkbεks

N
�

1−ehπkk

� ,

from which it follows that

bµ(k)greg − bµgreg = −
1
N

dk gkbεks

1−ehπkk

.

Finally,

zk =
1
N
(1−wk) gkbεks

πk

�

1−ehπkk

� ,
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which concludes the proof.

4.9 Proof of Result 2.1.

The effect of deleting a respondent or nonrespondent is different; we treat these cases separately.
For k ∈ Sm, write

bµ
(k)
l r =

1
ÒN − dk





∑

ℓ∈Sr

yℓ
πℓ
+
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j∈S(k)r

x⊤
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bβR

πℓ





=
1

ÒN − dk

 

∑

ℓ∈Sr

yℓ
πℓ
+
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ℓ∈Sm

x⊤
ℓ
bβR

πℓ
−

x⊤k
bβR

πk

!

=
ÒN

ÒN − dk

�

bµl r −
x⊤k
bβR

ÒNπk

�

.

Similarly, for k ∈ Sr , we have

bµ
(k)
l r =

1
ÒN − dk





∑

ℓ∈S(k)r

yℓ
πℓ
+
∑

ℓ∈Sm

x⊤
ℓ
bβ
(k)
R

πℓ





=
1

ÒN − dk

(

∑

ℓ∈Sr

yℓ
πℓ
−

yk

πk
+
∑

ℓ∈Sm

x⊤
ℓ

πℓ

�

bβR −
A−1
ΠRxkbεRk

πk(1−bhπkk)

�

)

=
ÒN

ÒN − dk





bµl r −
1
ÒNπk

(

yk +
∑

ℓ∈Sm

x⊤
ℓ

πℓ

�

dkA−1
ΠRxkbεRk

1−bhπkk

�

)





Thus, introducing response indicators, we obtain for an arbitrary element k ∈ S,

bµ
(k)
l r =

ÒN
ÒN − dk

�

bµl r −
1
ÒNπk

bξ
( jack)

k

�

from which it follows that

bµ
(k)
l r − bµl r =

dk

ÒN − dk

�

bµl r − bξ
( jack)

k

�

.

4.10 Proof of Corollary 2.1.

The Generalized Jackknife variance estimator proposed in Berger and Rao (2006) is

bVjack (bµl r) :=
∑

k∈S

∑

ℓ∈S

∆kℓ

πkℓ
ekeℓ, (4.10.9)

where
ek := (1−wk)

�

bµl r − bµ
(k)
l r

�

.
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Using Result 4.2.1, a closed-form formula of ek is given by

ek =
dk

ÒN

�

bµl r − bξ
( jack)
k

�

.

Replacing ek by its closed formula in (4.10.9) leads to the result.

4.11 Proof of Result 4.1

Statement i)

Consider the following variance decomposition:

V
�

bµgreg

�

= Ep

�

Vm

�

bµgreg

��

+Vp

�

Em

�

bµgreg

��

.

Note that,
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�

bµgreg

�

= Em

�

1
N

∑

k∈U

x⊤k bβS

�

=
1
N

∑

k∈U

x⊤k β .

In particular, observe that this quantity is independent of S, so that

V
�

bµgreg

�

= Ep

�

Vm

�

bµgreg

��

,

when the model is correctly specified. This establishes unbiasedness. For the asymptotic equiva-
lence, we show that

lim
v→∞

n2
v ×E

�

�

V
�
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−Vm

�
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�	2�
= 0.

We begin with the following decomposition:
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.

It thus follows that
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By symmetry, we obtain
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vσ
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= o(1),

by assumption.
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Statement ii)

Taylor: Write bµgreg as bµgreg = µ⊤x bβS with µx := t x/N . It follows that

Vm

�

bµgreg

�

=Vm

�
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�

= µ⊤xVm
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bβS
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Under a Bernoulli sampling design, the Taylor variance estimator reduces to
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It follows that
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G-weighted: We begin by noting the following fact:
∑

k∈S

g2
k = N2π2σ−2Vm

�

bµgreg

�

. (4.11.10)

To prove (4.11.10), write
∑

k∈S
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Moreover,
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Jackknife: In Bernoulli sampling, the Jackknife variance estimator reduces to
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so that
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Using (4.11.10), we get
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It follows that

Em

�

bVjack

�

bµgreg

��

Vm

�

bµgreg

� ≃
1−π
1−K

+
πN

∑

k∈U gk
.

4.12 Proof of Result 5.1.

We first obtain an expression of the variance of bµl r using the method of Särndal (1992). The total
variance of bµl r can be decomposed as

V(bµl r) =Vsam(bµl r) +Vnr(bµl r) +Vmix(bµl r),

where
Vsam(bµl r) = EmVp(bµH),

Vnr(bµl r) = EqEpVm(bµl r − bµH)

and
Vmix(bµl r) = 2EpEqCovm

�

bµH −µy , bµl r − bµH
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where bµH = ÒN−1
∑

k∈S π
−1
k yk. In the case of linear regression imputation and Bernoulli sampling,

it can be shown that Vmix(bµl r) = 0. Now, using a first-order Taylor expansion, a full sample
estimator of Vsam(bµl r) is given by

bVsam(bµl r) =
1−π

n2
s

∑

k∈S

(yk − bµH)
2 .

After some straightforward algebra, we obtain
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where
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1
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.

We now turn to the nonresponse component. It can be shown that

Vnr = EqEp

�

σ2

(ÒNπ)2

∑

k∈S

�

Rk(1+bΓk)− 1
	2
�

.

Assuming σ2 is known, the above quantity can be estimated by

bVnr =
σ2

n2
s

bAn,

where
bAn =

∑

k∈Sr

(1+bΓk)
2 − ns.

Adding (4.12) and (4.12), we obtain the estimator of Em[V(bµl r)]
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.

Next, we establish part (i) of Result (4.5.1). We consider the variance decomposition of Shao
and Steel (1999)

V(bµl r) = EqEmVp(bµl r) + EqVmEp(bµl r). (4.12.11)

Using a first-order Taylor expansion, it can be shown that an estimator of the first term of the
variance decomposition (4.12.11) is given by

bV1(bµl r) =
1−π

n2
s

∑

k∈S

�

bξk − bµl r

�2
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After some tedious but somewhat straightforward algebra, we can show that
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.

Using a first-order Taylor expansion, it can be shown that an estimator of the second term of
the decomposition (4.12.11) is given by

bV2(bµl r) =
πσ2

n2
s

bAn.

An estimator of the total variance V(bµl r) based on a first-order Taylor expansion is obtained by
summing (4.12) and (4.12), which leads to

bVta y(bµl r) = bV1(bµl r) + bV2(bµl r).

It follows that
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It follows that
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The simplification bhkk ≈K = p/E[nr] gives
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Jackknife: For a Bernoulli sampling, the expression of the generalized jackknife variance
estimator of Berger and Rao (2006) is
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By linearity,
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so we may treat these terms separately. We have
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Based on the results of the previous part, we have
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It follows that
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The simplification bhkk ≈K = p/E[nr] gives
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Chapter 5

Spatiotemporal Sampling With Spatial
Spreading and Rotation of Units in
Time

Abstract: When the sampled population belongs to a metric space, the selection of
neighboring units will imply often similarities in the collected data due to their ge-
ographical proximity. In order to estimate parameters such as means or totals, it is
therefore more efficient to select samples that are well distributed in space. Often,
the interest lies not only in estimating a parameter at one point in time, but rather in
estimating it at several points and studying its evolution. Because of the temporal au-
tocorrelation of successive values from the same unit, a system of temporal rotation of
the units in the samples must be provided. In other words, this type of problem forces
us to consider two types of autocorrelation: spatial and temporal. In this article, we
propose two new spatiotemporal sampling methods for equal or unequal inclusion
probabilities. Systematic sampling is used to promote a rotation of the selection of
the same unit over time, and thus address temporal spread. Both methods select sam-
ples that are well distributed in space at each sampling time. They differ by the fact
that these samples are of random size for the first one, while for the second one, more
complex, their sizes are controlled. Thus, the first method is called spatiotemporal
sampling with random sample sizes (SPAR) and the second, spatiotemporal sampling
with fixed sample sizes (SPAF). Simulations show that our methods outperform and
generalize existing methods.

Keywords: balanced sampling, Cube method, Pivotal method, Spatial balance, Systematic sam-
pling.

This chapter is a reprint of article Eustache, Jauslin, and Tillé (2022).

5.1 Introduction

Sampling is almost always done to estimate unknown population parameters, for instance a total.
When spatial data are considered, information from two neighboring units are generally very
similar. In this case, the selection of close units thus provides less information than the observation
of spatially well-distributed units, and a less efficient estimator.

In addition, many applications require not only the selection of a spread sample at a given
time, but also a rotation system of the selected units over time. For example, in some environmen-
tal monitoring such as that described in Tillé and Ecker (2013), a different part of the population
is visited each year. Similarly, in the new census techniques applied in France and Italy, rotation
groups of small municipalities are formed and one is selected each year. In these applications, if
each annual sample is well spread, the gain in accuracy is likely to be significant. Therefore, the
samples must remain spatially spread at each sampling time.
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A large number of methods have been proposed to select spread samples. In one dimension,
Quenouille (1949b) has shown that systematic sampling is the optimal design for obtaining the
most spread sample with equal inclusion probabilities. A first family of methods consists in trans-
forming a multi-dimensional problem into a one-dimensional one in order to apply a systematic
design. This is the case of the stratified sampling method by generalized random tessellation
developed by Stevens Jr. and Olsen (1999), Stevens and Olsen (2003), and Stevens and Olsen
(2004), who use a quadrant-recursive partition of the unit square to map to a one-dimensional
problem. Dickson and Tillé (2016) have used the travelling salesman problem to reduce the
sampling problem to one dimension.

Another family of methods introduces a repulsion in the selection of neighboring units. Graf-
ström (2011) has proposed the method called “Spatially correlated Poisson sampling” which gen-
erates a strong negative correlation between inclusion probabilities of close units using sampling
weights. Grafström, Lundström, and Schelin (2012) generalize the pivotal method proposed by
Deville and Tillé (1998) to the selection of spread samples. This method has been modified by
Grafström and Tillé (2013) to obtain samples that are both spread and balanced on totals of
known auxiliary variables. Another generalization enables its application to continuous popu-
lations (Grafström and Matei, 2018). Grafström and Lundström (2013) recommend the use of
spatially balanced samples on variables that are not geographic coordinates. Because of their sim-
ilarities, groups of neighboring units can be seen as strata. Thus, the selection of spread samples
can be compared to a multidimensional stratification, as in the method proposed by Jauslin and
Tillé (2020).

Information from a unit collected at close sampling times will probably be similar. Zhao
and Grafström (2020) propose a method of spatiotemporal sampling to improve estimators of
change by selecting positively coordinated samples, i.e. by maximizing their overlap. If the goal
is not to estimate the evolution of a parameter, it is preferable to do the opposite: select samples
with negative coordination. Indeed, selecting samples that overlap as little as possible reduces
redundant information. An appropriate rotation of the units must then be planned. This problem
is complex when inclusion probabilities are unequal. Several solutions have been proposed in
Deville and Tillé (2000) or Rivest and Ebouele (2020) but these methods do not take into account
spatial autocorrelations. The selection of several spread samples from the same population over
time becomes much more complex. Some solutions have already been proposed. Khavarzadeh,
Mohammadzadeh, and Mateu (2018) divide the space into primary units that are chosen with a
balanced design and the units are selected to maximize the spread. Wang and Zhu (2019) propose
a spatiotemporal sampling method based on a consecutive application of the local pivotal method.
However, it cannot be applied when inclusion probabilities vary over time and does not allow to
select a unit more than once over time.

In this paper, a set of new solutions for spatiotemporal sampling generalizing the method of
Wang and Zhu (2019) is proposed. These methods can be applied to any temporal matrix of
equal or unequal inclusion probabilities. If the inclusion probabilities allow the same unit to be
selected several times, an appropriate rotation of the selected units over time is provided. The
two proposed methods select spatiotemporal samples that are temporally and spatially spread. In
other words, temporal spread means that a unit should not be selected at close sampling times,
and spatial spread means that at each sampling time, the selected sample will be well distributed
in space. The methods differ in that one produces random size samples at each sampling time
while the other, much more complex, produces fixed size samples. Their effectiveness was demon-
strated by a set of simulations on spatial biological data using the R package SpotSampling from
Eustache, Jauslin, and Tillé (2020). This package enables to apply the methods proposed in this
paper.
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5.2 Spreading in the context of spatial statistic trinity

In sampling theory, Hájek (1981) defines a pairwise strategy consisting of a design and an es-
timator. In survey sampling, we can also distinguish between a design-based approach and a
model-based approach, depending on whether the inference is conducted according to the model
or according to the design that generates the population (see among others Valliant, Dorfman,
and Royall, 2000, for the model-based approach, and Tillé, 2020; Lohr, 2021, for the design-
based approach). Wang, Gao, and Stein (2020) define the trinity of spatial statistics as the triplet
composed of a population, a sampling design and an estimator. In this section, we will justify the
interest of our method in this context.

Consider a finite population U of units denoted by k ∈ {1, . . . , N}. A sample s ⊂ U is selected
by means of a sampling design p(.) such that

p(s)≥ 0, for all s ∈ U and
∑

s⊂U

p(s) = 1.

A variable ak has a Bernoulli distribution and takes the value 1 if unit k is in the sample and 0
otherwise. The first and second order inclusion probability are respectively

πk =
∑

s∋k

p(s) = Ep(ak) and πkℓ =
∑

s∋k,ℓ

p(s) = Ep(akaℓ), for all k,ℓ ∈ U .

where Ep(.) is the expectation under the sampling design. Moreover, define∆kℓ = covp(ak, aℓ) =
πkℓ − πkπℓ as the covariance under the sampling design between ak and aℓ, with covp(., .) the
covariance under the sampling design. In order to estimate a total

t y =
∑

k∈U

yk

of a variable of interest yk, k ∈ U , the Horvitz-Thompson estimator (Horvitz and Thompson,
1952)

bt y =
∑

k∈s

yk

πk

gives the simplest unbiased estimator provided that all first order inclusion probabilities are not
null.

Furthermore, suppose that the population is governed by a model M . As in Grafström and
Tillé (2013), we can consider the general linear model, with possible heteroscedasticity and au-
tocorrelation,

yk = x⊤k β + ϵk, for all k ∈ U , (5.2.1)

where x k is a column vector of the values taken by p auxiliary variables on unit k and β ∈ Rp is
the vector of regression coefficients. Moreover, the ϵk is a random variable such that EM (ϵk) = 0,
varM (ϵk) = σ2

k, for all k ∈ U , and

covM (ϵk,ϵℓ) = σkσℓρkℓ, with k ̸= ℓ ∈ U ,

where EM (.), varM (.) and covM (., .) respectively denote the expectation, variance and covariance
under model M . The spatial heterogeneity studied in Wang, Zhang, and Fu (2016) is a particular
case of model (5.2.1) when vector x k contains the indicator variables of the strata and the σ2

k are
equal within a stratum but can be unequal from one stratum to another. Usually the closer the
units are, the more correlated they are. The ρkℓ are thus supposed to be decreasing in function of
a distance that can be computed between k and ℓ. For instance, the correlations could be written
as ρkℓ = ρd(k,ℓ), where d(k,ℓ) is a distance between units k and ℓ.
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Isaki and Fuller (1982) define the anticipated variance as

Avar(bY ) = EM Ep(bY − Y )2.

The anticipated variance allows to evaluate the precision of an estimator under a given design
and a model. It thus allows to conceive the best design according to a superpopulation model
that would have generated the population. Nedyalkova and Tillé (2008) compute the anticipated
variance for a very general class of linear estimators. Grafström and Tillé (2013) prove that,
under model (5.2.1), the anticipated variance of the Horitz-Thompson estimator can be shown
to be

Avar(bY ) = Ep





�

∑

k∈S

xk

πk
−
∑

k∈U

xk

�⊤

β





2

+
∑

k∈U

∑

ℓ∈U

σkσℓρkℓ
∆kℓ

πkπℓ
.

Grafström and Tillé (2013) also showed that the design that minimizes the anticipated variance
should be balanced on x k in the sense defined by Deville and Tillé (2004). Furthermore, it must
have unequal inclusion probabilities proportional to σk and must be as spread as possible in the
space making the quantity ρkℓ∆kℓ small. Neyman optimal allocation (Neyman, 1934) is also a
particular case of this result. Variance estimators for spread samples are proposed in Grafström,
Lundström, and Schelin (2012).

Grafström and Lundström (2013) has also shown that spread samples are automatically well
balanced on the variables used to compute the distance. The spread samples can then be con-
sidered approximately stratified over any compact set of units in space. Furthermore, Grafström,
Saarela, and Ene (2014) has shown, through a set of simulations, that a spread sample improves
not only the accuracy of the Horvitz-Thompson estimator but also that of the nearest neighbor
estimator. A rigorous proof of this result is given in Fattorini et al. (2021). There are thus multiple
applications where it is interesting to select samples spread out with unequal probabilities. As we
have seen, several methods exist to select such samples. However, the selection of several spread
samples with unequal probabilities that are negatively coordinated from the same population is
a problem that is not yet solved. We propose a solution in the following sections.

5.3 Spatiotemporal sampling notations and requirements

Suppose that each unit k of the population U belongs to a metric space of dimension r ≥ 2 and
the spatial coordinates of each unit are known. Consider also T ∈ N different moments spaced
out in time. For example, these T times may correspond to years or months. The selection of a
spatiotemporal sample must satisfy given inclusion probabilities which can be equal or unequal.
Let πt

k be the probability that unit k ∈ U is selected at time t ∈ {1, . . . , T}. Let Π denote the N ×T
matrix of temporal inclusion probabilities:

Π=















π1
1 · · · πt

1 · · · πT
1

...
...

...
π1

k · · · πt
k · · · πT

k
...

...
...

π1
N · · · πt

N · · · πT
N















.

The tth column of matrix Π is denoted by πt = (πt
1, . . . ,πt

k, . . . ,πt
N )
⊤ and contains the inclusion

probabilities of all the units at sampling time t. The kth row of matrix Π is denoted by πk =
(π1

k, . . . ,πt
k, . . . ,πT

k ) and contains the inclusion probabilities of k at each sampling time. The sum



5.4. Method of Wang and Zhu 79

of the tth column ofΠ is denoted byψt =
∑

k∈U π
t
k and the sum of the kth row byψk =

∑T
t=1π

t
k.

The sums ψt and ψk are not necessarily integer.
The aim is to generate a matrix of indicator random variables at

k that are equal to 1 if plot
k is selected in the sample at sampling time t and 0 otherwise. Matrix A is the N × T sampling
indicator matrix:

A=















a1
1 · · · at

1 · · · aT
1

...
...

...
a1

k · · · at
k · · · aT

k
...

...
...

a1
N · · · at

N · · · aT
N















.

The tth column of matrix A is denoted by at = (at
1, . . . , at

k, . . . , at
N )
⊤ and corresponds to the cross-

sectional sample at time t. The kth row of matrix A is denoted by ak = (a1
k , . . . , at

k, . . . , aT
k ) and

corresponds to the longitudinal sample of k. Let also nt =
∑

k∈U at
k be the number of units selected

at the tth sampling time and nk =
∑T

t=1 at
k be the number of times that unit k is selected during

the T times.
The objective is to select a spatiotemporal sample A, which best meets the following three

requirements:

(i) The sampling design satisfies the inclusion probabilities given in Π, i.e. Ep(A) = Π.

(ii) The longitudinal sample ak = (a1
k , . . . , at

k, . . . , aT
k ) is as spread over time as possible, for all

k ∈ U , in the sense that once a unit has been selected, it should remain out of the following
samples as long as possible.

(iii) The cross-sectional sample at = (at
1, . . . , at

k, . . . , at
N )
⊤ is as spread in space as possible, for

all t ∈ {1, . . . , T}, in the sense that we avoid selecting geographically neighboring units.

Requirement (i) is equivalent to have Ep(at
k) = π

t
k, for each element at

k of matrix A and implies
Ep(nt) =ψt and Ep(nk) =ψk.

A longitudinal sample corresponds to select or not the same unit at T different times. The
same variable measured at several different times on a unit k is positively autocorrelated over
time. For this reason, the objective is to obtain a sample ak as spread as possible if the vector of
inclusion probabilities πk allows to select the unit k more than once. By spreading each sample
ak (requirement (ii)), once a unit k is selected, it remains out of the sample as long as possible,
depending on the vector of inclusion probabilities πk. This generates an appropriate rotation of
the units selected in the cross-sectional samples at and minimizes the overlap between successive
samples.

If the units are geolocated, spatial autocorrelation must be taken into account. By selecting
a spread sample based on the spatial coordinates at each sampling time t, the accuracy of the
estimate should be better than with unspread samples. Requirement (iii) prevents the selection
of similar units at the same time.

Finding a method to meet all of these requirements is not straightforward. In the follow-
ing sections, we proceed step-by-step, first explaining how the rotation of units in time is opti-
mized (ii), and then describing the two spatiotemporal methods.

5.4 Method of Wang and Zhu

The new methods proposed in this paper are based on an existing method, developed by Wang
and Zhu (2019), for the problem of spatiotemporal sampling. It based on consecutive applica-
tions of the local pivotal method developed by Grafström, Lundström, and Schelin (2012). The
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local pivotal method generalizes the pivotal method, a sampling method without replacement
described in Deville and Tillé (1998), to the selection of spread samples (see Appendix A and
Appendix B).

The method of Wang and Zhu (2019) is described in Algorithm 1 and consists of two steps.
First a spatially spread set of units, denoted by G ⊂ U , is selected using the local pivotal method.
Then, samples a1, . . . ,aT are selected from G without replacement. The method satisfies the
constraints (i)-(iii), but can only be applied under two conditions:

(i) The columns of matrix Π are proportional.

(ii) The sums of the rows of Π are equal or smaller than one, i.e. ψk ≤ 1 for all k ∈ U .

Algorithm 1 Wang and Zhu method

1. Select an initial set from U , denoted by G, by the local pivotal method with probabilitiesπ◦k = L
∑T

t=1π
t
k,

where L ≥ 1 is a predefined value.

2. For t = 1, . . . , T, repeat the following steps.

(a) Select a sample at from G of size nt by the local pivotal method with equal inclusion probabilities.

(b) Update G by G∗ = G\{a1 ∪ · · · ∪ at}.

In the step 1 of Algorithm 1, probabilities of π◦k must remain smaller than one and L must not be
too large to have a good spatial balance. The authors recommend to take L ≤min{2, mink∈U(ψk)−1}.

In real sampling problems, the assumptions on Π are not always satisfied. Indeed, inclusion
probabilities are not necessarily proportional as in condition (i) of Wang and Zhu, especially if
they are based on a variable that changes over time. Condition (ii) of Wang and Zhu is also very
restrictive. In practical problems, the sums of the rows of Π could be larger that one. In this case,
a unit would be selected several times during the period using a rotation scheme. With Wang and
Zhu’s method, each unit can only be selected once for the entire time period. The new methods
proposed in this paper are not restricted to these two requirements.

5.5 Preliminary step to spatiotemporal sampling: a two-phase sam-
pling approach

Spatiotemporal sampling methods can begin by the selection of an initial spread set of units, as
in the method of Wang and Zhu. This allows to obtain a better spreading of the cross-sectional
samples at . This first sampling phase consists in selecting a first well-spread set U ′ of N ′ units,
N ′ ≤ N , which will then be considered for the spatiotemporal design. Thus, the inclusion proba-
bilities used for this design become conditional on the first sampling phase.

All units k ∈ {U\U ′} will therefore be permanently excluded from all the cross-sectional sam-
ples, which means that their inclusion probability will be πt

k = 0 for each sampling time t. This
first sampling phase is a generalization of the first step of the Wang and Zhu method without
restricting Π to condition (i). Concerning the second condition (ii), this first phase should not be
applied if Π does not satisfy it. Indeed, if we have ψk ≥ 1 for a unit k, this unit must be selected
in at least one cross-sectional sample at , and then can not be completely excluded.

This selection is made using the local cube method (Grafström and Tillé, 2013). The local
cube method is based on two methods: the cube method, that allows to select balanced samples
on totals of auxiliary variables (Deville and Tillé, 2004), and the local pivotal method. Similarly
to the cube method, the local cube method is divided in two phases: the flight phase and the
landing phase (see Appendix B). More precisely, this preliminary step uses only the flight phase
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of the local cube method (see Appendix C). Algorithm 2 describes the main steps of the selection
of this initial spread set.

Algorithm 2 Preliminary step: selection of an initial spread set

1. Compute inclusion probabilities π◦ = (π◦1, . . . ,π◦k, . . .π◦N )
⊤ such that π◦k =min(L

∑T
t=1π

t
k, 1).

2. Run the flight phase of the local cube method with π◦ as inclusion probabilities and column of Π as
balancing constraints. A vector π• = (π•1, . . . ,π•k, . . .π•N )

⊤ of inclusion probabilities is obtained.

3. Update matrix Π with Π• such that Π• = diag(π•)diag(π◦)−1Π.

The same recommendation as in the Wang and Zhu method is applied to the choice of L, i.e.
L ≤min{2, mink∈U(ψk)−1}.

Proposition 5.5.1. During the process of Algorithm 2, the sums of the columns of matrix Π are
equal to that of matrix Π•.

Proof. After step 2 of Algorithm 2, because of the flight phase of the local cube method, many
lines of Π• may contain only zeros and we have Π⊤π• = Π⊤π◦. This allows to deduce that
Π•⊤1N = Π⊤ diag(π◦)−1π•1N = Π⊤ diag(π◦)−1π◦1N = Π⊤1N , so the sums of the columns of Π•

is exactly the same as the ones of Π, with 1N a column vector composed of N ones. ■

The Proposition 5.5.1 will allow us to obtain the fixed sample size based on the original matrix
Π during the second sampling phase, i.e. the spatiotemporal sampling methods presented below.
The sums of the rows of Π• are either equal to zero or not greater than 1/L.

Matrix Π can be singular. In this case, it is more efficient to remove the columns of Π that are
linearly dependent on the others. Indeed, this reduces the number of balancing constraints. If
all the columns of matrix Π are proportional (i.e. linearly dependent), as in condition (i) of the
Wang and Zhu method, only one column can be used and the local cube method is reduced to
the local pivotal method. This shows that this first phase generalizes Wang and Zhu’s.

5.6 Temporal spreading

As explained in Section 5.3, samples at must be as spread over time as possible while ak must be
as spread as possible in the space of dimension r ≥ 2. These two spreads are difficult to manage
simultaneously. The method used to address the first problem of temporal spreading is presented
in this section.

The first constraint to be managed is the temporal spreading. In other words, each sam-
ple ak must be spread in a one-dimensional space corresponding to the T different times. To
that end, the longitudinal samples ak are generated using systematic sampling, k ∈ U . System-
atic sampling for unequal probabilities was proposed by Madow (1949) (see also Iachan, 1982;
Iachan, 1983; Bellhouse, 1988; Bellhouse and Sutradhar, 1988). This sampling method selects
a sample according to a random starting point but with a fixed, periodic interval based on the
inclusion probabilities (see Appendix D). In one dimension, Quenouille (1949b) and Bellhouse
(1977) proved that systematic sampling is the best design to obtain the most spread sample when
the inclusion probabilities are equal. Therefore, systematic sampling is a good way to select each
longitudinal sample ak meeting requirement (ii).

For each vector of inclusion probabilities over time πk, all possible systematic samples are
computed. Let h(k) denote the number of possible systematic samples with non-zero probabilities
for k. This number h(k) is not greater than T , if ψk is integer, and is not greater than (T +
1) otherwise (Pea, Qualité, and Tillé, 2007). Let also H =

∑

k∈U h(k) be the total number of
longitudinal samples. In addition to taking into account autocorrelation as explained above, the
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advantage of systematic sampling is that the total number H of possible samples is relatively small
compared to other designs for which H = N × 2T . This makes it possible to describe all possible
systematic samples in a simple way.

Consider Sk the matrix containing in rows the h(k) possible longitudinal samples of a unit
k such that Sk = (s⊤k,1, . . . , s⊤k,i , . . . , s⊤k,h(k))

⊤, where sk,i = (s1
k,i , . . . , st

k,i , . . . , sT
k,i) is the ith possible

systematic sample. Consider also pk = (pk,1, . . . , pk,i , . . . , pk,h(k))⊤ the probabilities of selecting the
samples of Sk. We have S⊤k pk = πk. All matrices Sk and vectors pk are respectively concatenated in
a matrix S and a vector p, such that S= (S⊤1 , . . . ,S⊤k , . . . ,S⊤N )

⊤ and p= (p⊤1 , . . . ,p⊤k , . . . ,p⊤N )
⊤. The

rows of matrix S thus contains H longitudinal samples of size T . Vector p contains the selection
probabilities of the H longitudinal samples in S.

Example 5.6.1. Consider the matrix of inclusion probabilities Π with N = 3 and T = 4

Π=





π1
π2
π3



=





0.4 0.6 0.2 0.8
0.5 0.5 0.5 0.5
0.1 0.9 0.3 0.7



 .

The longitudinal sampling designs using systematic sampling are computed:

S=





S1

S2

S3



=

























s1,1
s1,2
s1,3

s2,1
s2,2

s3,1
s3,2
s3,3

























=

























1 0 1 0
1 0 0 1
0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0
0 1 1 0
0 1 0 1

























and p=





p1

p2

p3



=

























p1,1
p1,2
p1,3

p2,1
p2,2

p3,1
p3,2
p3,3

























=

























0.2
0.2
0.6
0.5
0.5
0.1
0.2
0.7

























,

and the number of samples in S are H = h(1) + h(2) + h(3) = 3+ 2+ 3= 8.

Once all longitudinal sampling designs have been computed, a systematic sample must be
choosen for each unit k ∈ U . Let q ∈ {0, 1}H denote the vector of indicators, with the same
dimension as p, that indicates which systematic sample is definitively selected. Each element qk,i
is a Bernoulli random variable that is equal to 1 if the ith longitudinal sample of the unit k is
selected and 0 otherwise. Each realization of q corresponds to the selection of the longitudinal
samples and we have S⊤k qk = ak. The aim is to define a method to select exactly one longitudinal
sample for each unit k, this implies

h(k)
∑

i=1

qk,i =
h(k)
∑

i=1

pk,i = 1, k ∈ U .

Vector ak will be a systematic sample, the temporal spreading is therefore guaranteed. Some
constraints must also be applied on q to ensure the spatial spreading of cross-sectional samples at .
If unit k is in the neighborhood of ℓ, the idea is to choose systematic samples that do not select k
and ℓ at the same time. In other words, it could be better to have as less as possible at

k = at
ℓ
. In the

next section, two spatiotemporal sampling methods are explained. They use different methods to
randomly select ak in each submatrix Sk while satisfying the spatial spreading at each sampling
time.
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5.7 Spatiotemporal sampling

The constraint of knowing the size of the sample selected before sampling is often required. In
the context of spatiotemporal sampling, this constraint must be taken into account for T samples.
This makes it much more complicated to satisfy. To obtain fixed sample sizes, vector q must satisfy
the balancing equation

S⊤q= S⊤p= (n1, . . . , nt , . . . , nT )⊤.

In this section, we propose two different spatiotemporal sampling methods that select spatially
well-distributed samples at the sampling times. It is important to note that the methods differ
in that one generates random sample size at each sampling time while the other generates fixed
sample size. The second method is much more complex because of the complexity of satisfy-
ing Equation 5.7 while still considering the requirements (i)-(iii) presented above. Both can be
considered as generalizations of Wang and Zhu’s method.

5.7.1 Spatiotemporal sampling with random sample sizes (SPAR)

The spatiotemporal sampling with random sample sizes (SPAR) method is a spatiotemporal sam-
pling method with random sample size at each sampling time. The sizes of the samples at are
fixed only if the inclusion probabilities in πt are all equal. In this restricted case, this method is
the same as that of Wang and Zhu. In the other cases, this method has only fixed sample size at
the sampling time t = 1.

The SPAR method is described in Algorithm 3.

Algorithm 3 SPAR Sampling
For t = 1 to T , apply the following instructions:

1. Apply a spread sampling method on vector of inclusion probabilities πt of matrix Π and obtain vector
at = (at

1, . . . , at
k, . . . , at

N )
⊤.

2. For each unit k, update the probabilities pk = (pk,1, . . . , pk, j , . . . , pk,h(k))⊤ of the systematic sampling
design as follows:

- If at
k = 1,

p∗k, j =











pk, j

 

h(k)
∑

j=1

pk, js
t
k, j

!−1

if st
k, j = 1,

0 if st
k, j = 0.

- If at
k = 0,

p∗k, j =











pk, j

 

h(k)
∑

j=1

pk, j(1− st
k, j)

!−1

if st
k, j = 0,

0 if st
k, j = 1.

3. Update matrix Π by Π∗ such that the kth row of Π∗ is π∗k = S⊤k p∗k, with k = 1, . . . , N .

The spread of the selected units is managed by recursively applying a spread sampling method
at each sampling time. This spread sampling method used could be for instance the local piv-
otal method, the generalized random tessellation stratified method (Stevens Jr. and Olsen, 1999;
Stevens and Olsen, 2003; Stevens and Olsen, 2004), , the wave sampling method (Jauslin and
Tillé, 2020) or even the travelling salesman problem-systematic method (Dickson and Tillé, 2016).

By updating p values to 0, some systematic samples are excluded at each iteration depending
on the results of the spread sampling. For example, at time t = 1, if unit k = 1 is selected in
sample a1, any systematic samples of unit k for which the first element is 0 are excluded. The
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latest update of vector p in Algorithm 3 is only composed of 0s and 1s and corresponds to the
vector q. This sampling satisfies inclusion probabilities, requirement (i) is met. This vector q also
satisfies requirements (ii) due to the systematic sampling and (iii) due to the first step, but does
not have a fixed sample size.

5.7.2 Spatiotemporal sampling with fixed sample sizes (SPAF)

The spatiotemporal sampling with fixed sample sizes (SPAF) method allows to select spatiotemporal
samples that are spatially, temporally spread, while controlling the size of cross-sectional samples.
The procedure is based on the local pivotal method. Let (Sk,pk) denote the couple containing the
longitudinal sampling design of a unit k and ℑ(M) be the image of a matrix M. The steps of the
SPAF method are described in Algorithm 4.

Each of the T sampling times are processed one by one. Two units k and ℓ in U are considered
at main stages of Algorithm 4. The main idea is to recursively update the vectors pk and pℓ such
that there is a repulsion in the selection of k and ℓ at the same sampling time. All the couples of
units (k,ℓ) are treated in a particular order. Indeed, they are sorted in increasing order according
to the Euclidean distance between their coordinates in the metric space to which they belong.
Nearby units are thus favoured because they are treated first, and they will have less chances to
be selected at the same sampling time. The update of pk and pℓ is similar to that of the local
pivot method. The particularity here is that the update focuses on the decision making for the
sampling time considered at this iteration. During the procedure, the pk vectors are updated and
some of their values are potentially set to 0. The probabilities updated to 0 imply the exclusion of
the corresponding samples in the Sk matrices. These samples should therefore not be taken into
account for the rest of the procedure, so sub-couple (eSk,epk), containing only systematic sampling
with non-null probabilities of being selected in pk, must be defined for each k. These samples
must not be taken into account for the rest of the procedure. It is thus necessary to define for
each k a sub-couple (eSk,epk), containing only systematic samples having non-zero probabilities in
pk to be selected.

Proposition 5.7.1. Consider the procedure described in Algorithm 4. Throughout this process, the
following propositions are satisfied:

(i) The vectors bk and bℓ exist.

(ii) If the sums of the rows of Sk are all integer, the vectors q ∈ {0, 1}H and p ∈ [0,1]H satisfy

h(k)
∑

i=1

qk,i =
h(k)
∑

i=1

pk,i = 1, k ∈ U ,

(iii) E(A) = Π,

(iv) The units selected in each cross-sectionnal sample at , t ∈ {1, . . . , T}, are well spread in the
metric space in which they belong,

(v) The sum of the vector π remains unchanged after each of its updates:

n
∑

k=1

π∗k =
n
∑

k=1

πk.

Proof. (i) The existence of bk and bℓ is guaranteed because up ∈ {ℑ(Uk)∩ ℑ(Uℓ)} can always
be written as a linear combination of the samples contained in rows of Sk and Sℓ
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Algorithm 4 SPAF sampling

(i) Define the vector dt ∈ RT such that its tth element is equal to 1 and the others to 0, with t ∈ {1, . . . , T}.

(ii) Consider all pairs of units (k,ℓ) ∈ (U × U).

(iii) For each sampling time t = 1 to T , apply the following steps to each pair of units (k,ℓ) from the closest
to the farthest in terms of Euclidean distance between their spatial coordinates.

1. Define the subdesign (eSk,epk) of (Sk,pk) such that (eSk,epk) contains only the eh(k) samples of
(Sk,pk) with non-null probabilities. Compute subdesigns (eSk,epk) and (eSℓ,epℓ).

2. Compute matrices Uk = eS
⊤
k −πk1⊤

h̃(k)
and Uℓ = eS

⊤
ℓ −πℓ1

⊤
h̃(ℓ)

.

3. While πt
k /∈ {0,1} and {ℑ(Uk)∩ℑ(Uℓ)} ≠ {0}, repeat the following instructions:

(a) Let up ∈ RT be the orthogonal projection of dt on the set {ℑ(Uk) ∩ ℑ(Uℓ)}. If up is null,
move on to another couple of units.

(b) Find two vectors bk ∈ Rh̃(k) and bℓ ∈ Rh̃(ℓ) such that eS
⊤
k bk = up and eS

⊤
ℓ bℓ = up.

(c) Compute the largest values for γk1, γk2, γℓ1 and γℓ2 that satisfy 0 ≤ epk + γk1bk ≤ 1 , 0 ≤
epk − γk2bk ≤ 1, 0≤ epℓ + γℓ1bℓ ≤ 1 and 0≤ epℓ − γℓ2bℓ ≤ 1.

(d) Compute λ1 =min(γk1,γℓ2) and λ2 =min(γk2,γℓ1).
(e) Update randomly vectors epk and epℓ such that

§

epk ← epk +λ1bk
epℓ← epℓ −λ1bℓ

with probability λ2/(λ1 +λ2),

or
§

epk ← epk −λ2bk
epℓ← epℓ +λ2bℓ

with probability λ1/(λ1 +λ2).

(f) Update non-null probabilities in pk and pℓ with the updated values of epk and epℓ.
(g) If there is at least one null value in vector epk, remove them from epk and remove also their

corresponding longitudinal samples in matrix eSk. Do the same for unit ℓ to considered only
samples with positive selection probabilities in eSℓ and epℓ.

(h) Update the inclusion probabilities πk and πℓ because eSk, eSℓ, epk and epℓ could be modified
in the previous step.

(i) Recompute also matrices Uk and Uℓ.

4. Update p with p∗ such that p∗k and p∗
ℓ

are the updated pk and pℓ.

5. Update Π with Π∗ where the kth and ℓth rows of Π∗ are respectively π∗k = S⊤k p∗k and π∗
ℓ
= S⊤

ℓ
p∗
ℓ
.

(iv) If Π still contains values not equal to zero or one, apply the following steps:

1. Consider the population of size H of the systematic samples contains in S.

2. Stratify the population in N strata so that each stratum contains the subgroup of systematic
samples of a unit k ∈ U , i.e. Sk.

3. Apply a stratified balanced sampling on the population of systematic samples using vector p as
inclusion probability, columns of S as balancing variables and strata defined in the previous step.

(ii) Throughout algorithm 4, p is iteratively modified in order to finaly obtain q. Only the non-
zeros values of p are considered at each step, so a subvector epk of pk containing only these
relevant values is defined for each unit k. For a unit k, epk is updated by (epk + λbk), with

λ ∈ R. If bk is centered, the proposition (i) is immediately proven. Since eS
⊤
k bk = up and

1⊤T up = 0, we have 1⊤T eS
⊤
k bk = 0. In the case where the sums of the rows of Sk are all equal

because ψk ∈ N, this implies 1⊤T eS
⊤
k = nk1⊤

h̃(k)
and then nk1⊤

h̃(k)
= 0. The vector bk is thus

centered and the proposition (ii) is proven.
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(iii) For a unit k, the expectation of πk under the random of the update, i.e. the expectation of
π∗k, is:

Ep(π
∗
k) =

λ2

λ1 +λ2

eS
⊤
k (epk +λ1bk) +

λ1

λ1 +λ2

eS
⊤
k (epk −λ2bk) = πk.

(iv) The update is made such that if a probability πt
k is increased by the update, the corre-

sponding πt
ℓ

will be decreased and reciprocally. There is a repulsion in the selection of the
neighboring units k and ℓ at the same sampling time t, as in the local pivotal method. This
allows to obtain a spread sample.

(v) At each iteration, only the inclusion probability vectors πk and πℓ of two units k and ℓ are
updated by π∗k and π∗

ℓ
. So the proposition (v) is proven if (πk +πℓ) = (π∗k +π

∗
ℓ
). The sum

(π∗k +π
∗
ℓ
) can be computed:

π∗k +π
∗
ℓ = eS

⊤
k (epk +λbk) + eS

⊤
ℓ (epℓ −λbℓ)

= eS
⊤
k epk +λeS

⊤
k bk + eS

⊤
ℓ epℓ −λeS

⊤
ℓ bℓ

= πk +λup +πℓ −λup = πk +πℓ,

with λ= λ1 or λ= −λ2.
■

Only one longitudinal sample ak must be selected among Sk for each unit k (Equation 5.6).
This is satisfied by keeping the sum of the components of pk and pℓ equal to one at each step, as
in the Proposition 5.7.1 (ii).

This is satisfied only under the condition that the sums of the rows of Π are integer, i.e.
ψk ∈ N for all k ∈ U . During each stage, if at least one of the two units k and ℓ does not satisfy
this condition, one can simply solve the problem by adding phantom sampling times to vectors of
inclusion probabilities πk and πℓ, as proposed by Grafström et al. (2012), to sum to an integer.

This trick allows to apply the algorithm, without restriction on theΠmatrix. Propositions 5.7.1
(iii) and 5.7.1 (iv) correspond to requirements (i) and (iii) respectively. Then, the size of the
cross-sectional samples is fixed at each sampling time t, this can be deduced from the Proposi-
tion 5.7.1 (iv).

5.8 Simulations

First of all, the interest of this section is to compare our method to other existing methods in
different situations. However, when the probability matrix Π is totally unequal, no method exists
to select spatiotemporal samples. In this case, the general dispersion of each sample selected using
the methods SPAR and SPAF must be evaluated and criticized, without any means of comparison.

5.8.1 Spreading measures

A commonly used spatial balanced index has been developed by Stevens and Olsen (2004). This
index is based on the partition of space into Voronoï polygons and is particularly effective for
comparing the spatial spread of different samples of the same population. Let st = {i ∈ U | at

i = 1}
be the set of selected units index at time t in a cross-sectionnal sample at , t ∈ {1, . . . , T}. The
Voronoï polygon of the ith selected unit in at is defined as the polygon which includes all non-
selected units that are closest to i than all other selected units, with i ∈ st . Let zi be the sum of
the inclusion probabilities of units included into the ith Voronoï polygon. Grafström, Lundström,
and Schelin (2012) assert that a best spatially balanced sample is one with zi = 1 for all selected
unit i and suggest that the variance B(st) = 1/nt

∑

i∈st (zi−1)2 can represent a measure of spatial
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balance for a sample of size nt =
∑

k∈U at
k. The smaller its value, the better at is spatially balanced.

Since this measure depends on the spatial pattern of the population, this allows to compare the
spreading of different samples from the same population. It is very useful in determining which
sampling design best selects well-spread samples at each sampling time.

Moran’s I index is a measure of spatial autocorrelation proposed by Moran (1950). It is based
on the fact that the level of spatial autocorrelation of an indicator random variable as at shows
its level of spatial spreading. Because of the limitations of this index, Tillé et al. (2018) have
developed a normalized version of Moran’s I index: the IB index. This new index version can
take values from -1 (perfect spatial balance) to 1 (maximum concentration) and a neutral value
0. It allows to evaluate the spatial spreading and the spatial balance of a sample.

5.8.2 Biological data

To evaluate our methods, the Centre Suisse de Cartographie de la Faune (CSCF) provided us with
a spatial biological data set. These data list odonata (i.e. dragonflies and damselflies) species
observed in land squares in Switzerland between 1840 and 2020. Data includes 1400 land squares
with an area of 1 km2 and 83 different odonata species located in the Swiss cantons of Fribourg,
Neuchâtel and Vaud. Figure 1 represents a map with the 1400 land squares.

We focused on a sampling design to study the rare species. The importance of a square is
related to the number of rare species observed there. Let M denote the matrix that contains in
rows the 1400 land squares and in columns the 83 species. Matrix M is composed of 0s and
1s that specify if a species has already been observed within a square. Consider column vector
g ∈ N83 that contains the inverse of the species occurrence rate. In other words, gi is equal to
the inverse of the sum of the ith column of M, i = 1, . . . , 83. Consider also vector c ∈ R1400, such
that c= g⊤M, containing a square importance measure based on rare species.

5.8.3 Results

To evaluate our sampling methods, we consider the problem of selecting a spatiotemporal sample
of land squares that are both spread and with fixed size at each sampling time. We considered
T = 3 sampling times. The simulations were run using the ‘SpotSampling’ R package (Eustache,
Jauslin, and Tillé, 2020).

For the first scenario of simulations, we considered equal inclusion probabilities at each sam-
pling time, with n1 = 200, n2 = 250 and n3 = 300. The columns of Π are then proportional
and the sum of its rows are all equal to 15/28. By taking this structure of inclusion probabilities,
the method of Wang and Zhu can be applied and then compared to our methods. For the second
scenario, inclusion probabilities are chosen totally unequal, with the idea of increasing emphasis
on rare species over time. For the first sampling time, inclusion probabilities in π1 are all equal.
For the second one, π2 is proportional to the number of species in land squares. Next, vector
π3 of inclusion probabilities of the last sampling time is proportional to vector c to give more
importance to squares potentially containing rare species. Sample sizes are n1 = n2 = n3 = 250.

Figure 1 shows a spatiotemporal sample selected with the SPAF method using equal inclusion
probabilities from the first scenario of the simulations. Land squares filled in light grey represent
the initial spread set selected using the preliminary step described in Section 5.5. This first step
can be applied because the sums of the rows of Π are not greater than 1. This initial set is
represented in Figure 1 at the top left. Land squares definitively selected with the SPAF sampling
are filled in black. Figure 1 at top right, bottom left and bottom right respectively represent the
selected samples at sampling times 1, 2 and 3.

We performed 10’000 simulations. For each compared method evaluated, the average values
of the spread measures IB and B during the simulations are calculated for each sampling time
t. The results are summarized in Table 1. In the first scenario, SPAR, SPAF and Wang and Zhu
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Sample at time t = 2 Sample at time t = 3

Initial set Sample at time t = 1

6.2◦E 6.4◦E 6.6◦E 6.8◦E 7.0◦E 7.2◦E 7.4◦E 6.2◦E 6.4◦E 6.6◦E 6.8◦E 7.0◦E 7.2◦E 7.4◦E

46.2◦N

46.4◦N

46.6◦N

46.8◦N

47.0◦N

47.2◦N

46.2◦N

46.4◦N

46.6◦N

46.8◦N

47.0◦N

47.2◦N

FIGURE 1: Figures showing a spatiotemporal sample selected with the SPAF sam-
pling method. The sampling population are composed of 1400 land squares lo-
cated in the Swiss cantons of Fribourg, Neuchâtel and Vaud. Three sampling times
are considered with sample size respectively equal to 200, 250 and 300. Inclu-
sion probabilities are equal at each sampling time. An initial spread set is selected
before applying the SPAF method. Land squares that are not excluded from the
population during this preselection are filled in light grey in figure at top left. Land
squares definitively selected with the SPAF sampling are filled in black. Figures at
top right, bottom left and bottom right respectively represent the selected samples

at sampling times 1, 2 and 3.

methods are comparable in terms of IB and B measures. For the second scenario, spreading 
measures show that samples selected with the SPAF sampling method are well spread. However,
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spreading of samples selected with SPAR is better than those selected with SPAF. This is easily
explained by the fact that SPAR generates samples with random size.

TABLE 1: Spreading measures of spatiotemporal samples based on 10’000 simula-
tions on the spatial biological data from CSCF. The WZ method cannot be applied

on totally unequal inclusion probabilities.

Sampling design
Equal probabilities Unequal probabilities

SPAR SPAF WZ SPAR SPAF

IB
t = 1 -0.388 -0.374 -0.389 -0.386 -0.360
t = 2 -0.393 -0.378 -0.395 -0.264 -0.233
t = 3 -0.387 -0.357 -0.386 -0.309 -0.273

B
t = 1 0.116 0.123 0.115 0.130 0.140
t = 2 0.128 0.135 0.127 0.151 0.165
t = 3 0.138 0.147 0.138 0.145 0.158

SPAR, spatiotemporal sampling with random sample sizes; SPAF,
spatiotemporal sampling with fixed sample sizes; WZ, Wang and
Zhu method.

5.9 Conclusion

The selection of spatiotemporal samples is a complex problem particularly when one wants to
impose simultaneously constraints of temporal and spatial spreading. However, these constraints
are important to optimize the collection of information.

In this paper, we have solved the problem in the most general case, i.e. when inclusion proba-
bilities are unequal and variable over time. Two spatiotemporal sampling methods are described.
They provide a random spatiotemporal sample that is well spread in time and in space. The first
one, called SPAR, select a sample at each sampling time that is of random size while the second
one, the SPAF method, also allows to control their sizes. a random spatiotemporal sample with
random size and spread at each sampling time. The second one, the SPAF method gives a random
spatiotemporal sample containing longitudinal samples of fixed size and well spatially spread.

The proposed sampling methods are evaluated on spatial biological data given by the Centre
Suisse de Cartographie de la Faune. Simulations show that samples selected with SPAR and SPAF
are well spread in space. The SPAF method is the first spatiotemporal sampling method that
allows to consider unequal and time-varying probabilities. All of these results indicate that the
spot method is very efficient to select a well spread sample. These methods can be very easily
used by means of the ‘SpotSampling’ R package (Eustache, Jauslin, and Tillé, 2020).
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Appendix A: The local pivotal method

Consider a vector of inclusion probabilities π = (π1, . . . ,πN )⊤. The local pivotal method is de-
scribed in Algorithm 5.

Algorithm 5 Local pivotal method
Repeat the following steps until all elements in π are equal to zero or one.

1. Select two neighboring units k ∈ U and ℓ ∈ U that still have non-integer inclusion probabilities πk and
πℓ.

2. Compute λ1 =min(πk +πℓ, 1) and λ2 =max(0,πk +πℓ − 1).

3. Update the probabilities πk and πℓ such that

§

πk ← λ1,πℓ← λ2 with probability (πk −λ2)/(λ1 −λ2),
πk ← λ2,πℓ← λ1 with probability (λ1 −πk)/(λ1 −λ2).

In Algorithm 5, the definition of the neighbourhood of unit k may be based on spatial coordi-
nates. Several variants of the method exists but they only differ by the way of selecting the two
neighboring units from spatial coordinates. At each step, if πk is increased, πℓ is decreased and
reciprocally. This repulsion in the selection of neighboring units allows to obtain a spread sample
at the end of the algorithm.

Appendix B: The cube method

Consider a vector of inclusion probabilities π = (π1, . . . ,πN )⊤. The cube method allows to gen-
erate a random vector a = (a1, . . . , aN )⊤ of Bernoulli variables such that Ep(a) = π and which is
balanced on the totals of auxiliary variables. A sample a is said to be balanced on the J auxiliary
variables if it satisfies equation

M⊤a=M⊤π, (5.9.2)

where M= (x1/π1, . . . ,xN/πN )⊤. Expression (5.9.2) is called the system of balancing equations.
Sometimes, this equality cannot be exactly satisfied.

The cube method is divided into two phases: the flight phase and the landing phase. The flight
phase of the cube method is a random walk from π to π∗ such that Ep(π∗) = π, M⊤π∗ = M⊤π
and #{k | π∗ /∈ {0,1}} ≤ J . So, there remains at most J (i.e. the number of columns of M)
non-integer values in π∗ at the end of the flight phase. The landing phase consists of rounding
to 0 or 1 probabilities of the remaining units. If there are not a lot of remaining units, a solution
satisfying exactly the balancing constraints can be found using linear programming. Otherwise,
the constraints must be relaxed. One possibility consists of removing balancing variables one by
one until a sample satisfying remaining balancing constraints can be selected. This landing phase
by suppression of variables requires a priority order on the variables.

Appendix C: The flight phase of the local cube method

Consider a vector of inclusion probabilities π= (π1, . . . ,πN )⊤. The flight phase of the local cube
method is described in Algorithm 6.

At each step, only (J +1) neighboring units of k are considered. At the end of the flight phase
of the cube method, the updated vector of π contains mainly 0s and 1s, except for at most J
components.
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Algorithm 6 Flight phase of the local cube method
Repeat the following steps until there remains less than (J + 1) non-integer values in π.

1. Select (J + 1) neighboring units with a non-integer inclusion probability in π.

2. Apply the flight phase of the cube method only on these units and update π.

Appendix D: Systematic sampling

Consider a vector of inclusion probabilities π= (π1, . . . ,πN )⊤ and suppose that π sums to an in-
teger number n, i.e. ψ= n, with n ∈ N. The usual systematic method is described in Algorithm 7.

Algorithm 7 Systematic sampling

1. Compute the cumulative inclusion probabilities Vk =
∑

j≤kπ j with k = 1, . . . , N and V 0 = 0.

2. Generate a uniform continuous random variable u on interval [0,1].

3. Next, for i = 1, . . . , n, select the units k(i) such that Vk(i)−1 ≤ u+ i − 1< Vk(i).

Let Vk =
∑

j≤kπ j denote the cumulative inclusion probability, with k = 1, . . . , N . Define v j ∈ [0,1]
such that Vj mod 1 = v j , for j = 0, . . . , N − 1. Let also v( j) be the v js sorted by increasing order
with v(N) = 1. Each interval [v(k−1), v(k)[ corresponds to the selection of a unique sample and the
length of this interval is the probability of selecting this sample, for t = 1, . . . , T . The probability
associated to each sample is thus (v(k) − v(k−1)).
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General Conclusion
This manuscript is mainly devoted to the topic of nonresponse in sample surveys. I was delighted
to work on this interesting subject, which is inevitable when working with data. Nonresponse
makes it difficult or impossible to use conventional survey methods. We have worked on the
adaptation and development of methods while trying to focus on the situations and problems
that statisticians are usually confronted with. We study various survey operations that can be
affected by nonresponse.

The Swiss Federal Office requires nonresponses to be imputed with observed values in order
to avoid implausible results. In the case of nonresponses appearing in several survey variables,
the best way to proceed is to impute all the nonresponses of one unit by real values of only one
other unit, and not several, to avoid impossible combinations of values. In Chapter 2, we have
developed a new imputation method that meets this requirement.

In the case of nonresponse, it is possible to impute but it is also possible to use the nonresponse
weighted adjustment to compensate for these unavailable values. When auxiliary information is
available, model-assisted estimators are well used for total estimates. In Chapter 3, we have
proposed an estimator mixing the model-assisted estimator and the nonresponse weighted ad-
justed estimator. This estimator adapts the idea of model-assisted estimators to data containing
nonresponse.

We have also raised a problem with the efficiency of variance estimators using resampling
methods in high-dimensional data sets in Chapter 4. We show an overestimation of the vari-
ance estimate of total estimators for resampling-based estimation methods. We have proposed a
correction for the existing estimators in order to reduce this overestimation.

At a time when data is ubiquitous in most businesses and new items, I have enjoyed studying
nonresponse in different forms and trying to improve existing tools. Nonresponse is not easy
to control and can take many different forms, which is why it needs to be fully understood and
studied before it can be treated. In Chapter 4, we have highlighted a problem in the presence
of nonresponse: when the ratio between the number of fully-observed units and the number
of survey variables approaches one. In fact, this problem is also present in the other methods
introduced. In Chapter 3, if the set of fully-observed units is limited, it may be difficult to associate
a fully-observed unit with each unit containing missing values. In Chapter 4, a model is postulated
and estimated between the survey and the auxiliary variables. If the observed data in the survey
variable is small, it may be easy to misspecify the linkage model. Note that in this case, the
problem is more related to the number of fully-observed units than to the ratio.

Chapter 5 of this manuscript introduces a nonresponse sampling method. We have presented
a spatiotemporal sampling method. The two sources of autocorrelation - spatial and temporal -
lead to a problem that is difficult to solve in order to avoid information redundancy. Research
into this method was also motivated by a real problem, as many institutions require samples to
be selected from the same population each year, for example.

All the simulation studies supporting the works in this manuscript were carried out using R
software. Methods of Chapter 2 and 5 are respectively available in the R packages Eustache,
Jauslin, and Tillé (2020) and Eustache, Vallée, and Tillé (2021).
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