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Chapter 1

Introduction

1.1 Motivation

The behavior of many physical systems in real life are governed by a well-
defined set of physical principles that can be translated into mathematical
statements. These statements often take the form of partial differential equa-
tions {PDEs) in which the state of these systems plays the role of the unknown
in the problem. Areas of application range from structural analysis and fluid
mechanics to solid state physics and quantum mechanics. Often, it is the
case that no analytical solution exists for the solution of the problem, and
numerical metheds are applied to provide an approximate solution. The so-
lution of PDEs involves the resolution of a linear system of equations which
arise from the application of appropriate spatial discretization schemes (e.g.
finite elements, finite differences, finite volumes} to PDEs JAnd94) [Far93)
[Ham92)] [Hsi93] [Vendl] {Wal95b) . The spatial discretization process leads
to what is called a finite element mesh or for short a mesh {Figure 1.1).
Thus, a mesb describes the nature of a discretization. The complexity of a
computational mesh ranges from the simple structured (i.e. the elements are
regularly spaced) to fully unstructured (i.e. the elements are arranged in a
completely arbitrary manner and may be of widely varying sizes). Typical
element geometries are triangles and quadrilateral in two dimensions, and

1
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Figure 1.1: A finite element mesh.

tetrahedra, hexahedra, and triangular prisms in three dimensions. The un-

known quantities are typically the values located at the nodes of the mesh.

Qur main motivation is the ability to run realistic numerical simulations

on parallel computers. The considerations which motivate the use of such
- architectures are given in the next section.

1.2 The Need for Parallel Computers

The original need for fast computation have been in a number of applications
invelving PDEs. These applications demand a vast amount of computer te-
sources in terms of memory requirements and computation time. Running
these applications on a sequential machine may not be possible for two sig-
nificant reasons:

o The problem is too large to fit into the memory of one sequential com-
puter.

o The execution time of the application on a sequential computer may
not, be feasible. ‘



A common preperty of preblems involving PDEs, as they arise in practice,
is that they can be decomposed along spatial dimension, and have therefore
been prime candidates for parallelization, whete each processor is assigned
the task of manipulating a certain region in space. The greater the level
parallelism that can be employed, the less time is required to achieve the
sotution. With this in mind, the advent of massively parallel distributed
systems equipped with huge inemories and enormous processing power holds
the promise of achieving good performance and the capability of solving
highly complex problems found in science and in engineering. On the other
hand, for decades, we have been used to viewing algorithma in a gequential
manner, and designing parallel algorithms for parallel computers is not an
easy task. Several issues arise in designing parallel algorithms for parallel
computers that do uot occur with more traditional machines. One of these
issues is how to decompose large computational meshes into parts to be
assigned to the different processors. This partitioning problem is central to
the effective use of parallel computers for many numerical problems.

1.3 Parallel Computers

There is a variety of models of paralle]l computers incorporating different
assumptions, and the subject of this section is to go through some parameters
that have been used to classify or describe parallel computers.

1.3.1 Flynn's Taxonomy

Traditionally, parallel computers are classified according to Flynn's taxon-
omy [Fly66). Flynn's classification distingunishes paralle! computers according
to the number of instructions and data operands being computed on simul-
tanecusly. There are three main classifications of interest:

+ Single-Instruction-Single-Data (SISD) computers. The SISD model
represents the traditional sequential computer. A single program counter

3



fetches instructions fron memory. The instructions are executed on
scalar operands. There is no parallelism in this model.

» Single-Instruction-Multiple-Data (SIMD) computers. In this model,
there is alsc a single program counier fetching instructions from mem-
ory. However, the operands of the instructions can be éither scalars or
arrays. If the instruction involves only scalar operands, it is execnted
by the control processor (i.e. the central processing unit fetching in-
structions from mermmory). If, on the other hand, the instruction uses
array operands, it is broadcast to the processing elements (PEs). The
PEs are separate computing devices. The PEs do not have their own
program counter. Instead, they rely upon the control processor to
determine the instructions they will exccute. The parallelism in this
model arises from having multiple PEs executing the same instruction,
but on different operands.

Multiple-Instruction-Multiple-data (MIMD) computers. In a MIMD
computer, there exist multiple processors each of which has its own

program counter. Processors cxecute independently of each other ac-
cording to whatever instruction the program counter points to. SIMD
and MIMD computers are further subdivided according to whether they
all share a global niemory or not. The distinction between these two
types is illustrated in the next section.

1.3.2 Shared versus Distributed Memory

A significant aspect of parallel computers is the mechanism by which proces-
sors communicate. Generally speaking, there are two classes known as shared
memery, and distributed memory:

¢ In a shared-memory MIMD computer, both the program’s instructions
and the program's data to be shared exist within a single shared mem-
ory that can be accessed by all processors. A processor can communi-
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cate with another by writing into the global memory, and then having
the second processar reads that same location in the memory. This
solves interprocessar communication problem, but introduces the prob-
lem of simultaneons accessing of different lacations of the memary by
several processors, and the need of synchronization.

e The second class does not have a global shared memaory, but rather each
processor has its own local memary. Pracessors communicate through
an interconnection network. Communication and syuchronizatidn are
handled exclusively through the passing of messages aver the intercon-
nection network.

1.3.3 Interconnection Networks

The efficiency of any parallel computer is related to the efficiency of the
corresponding intercannection network. This section will now describe sume
typical network topalogies. There are three main types of network topolagies:

» Bus networks
» Point-to-point networks
¢ Switching networks

These three types are depicted in Figure 1.2, In a bus network, processors
share a single communication channel (the bus) which can only carry one
message at a time. The performance of the bus network is limited by the bus
bandwidth (i.e. the amount of data it can transmit in unit time). This type
of netwark offers the advantage of bheing easy to extend because additional
processors can be connected at any point along the bus. On the other hand,
the bus network is a highly nonscalable architecture, because anly one pro-
cessor can send information on the bus at a time. '

In point-to-point networks, connections are established between a processor
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Figure 1.2: Three different exainples of interconnection networks: (a) a bus
network; {b) a crossbar switch network; (c) a point-to-point network showing
a 2 dimensional grid with ne wrap-around connections.

and its neighbors. Special ronting hardware often takes care of communica-
tion destined to others processors {cul through rouling), so that computation
need not be halted in order to handle the message itself. Connections typ-
ically consist of two channels, one in each direction. The structure of the
network can vary widely, from two and three dimensional arrays te rings or
hypercubes.

The switch architecture interconnects processors with direct links that can
be reconfigured {switched) dynamically. The most versatile type of switch
network is a crossbar switch, where every processor can be connected to any
other pracessor. The advantage of a switch architecture is that it avoids



competition for bandwidth. Its disadvantage is that it does not scale well.
As the number of processors increases, the complexity and the cost of the
switch increase.

1.3.4 Routing Mechanisms

There are two basic strategies for sending data in a network: siore-and-
ferward routing and wormhole routing. In the store-and-forward routing a
packet that must travel from a source processor to a destination processor
over a route involving several processors, must have arrived before it is sent
further. In wonnhole routing, the head of the packet is advanced directly
from the incoming channel to the ontgoing channel before the whole packet
has arrived. In both cases, the completion time is approximately proportional
to the number of links it travels from the source processor to the destination

Processor.

1.4 Numerical Simulations and Parallel Plat-
forms

Let the term solver denote the numerical algorithm used for solving a par-
ticnlar probleme. When solvers are to be ported onto paraltel platforms, the
most common approach is to distribute different parts of the mesh over a
number of processors. In this thesis, we assume a MIMD system in which
processors run the same solver, repeating compute-communicate cycles. At
the start, the data set corresponding to the mesh is partitioned into a number
of data snbsets which are distributed over tbe processors and the computa-
tion on a data subset is carried out by a processor. The partial solutions of
all processors are combined over several iterations, to deliver a solution of the
global problem within the desired accuracy. Processors communicate when
non-local information is needed. This distribution resnits in communication
operations between processors. Minimizing the amount of such operations to-

7



gether with making sure that each processcr gets approximately equal share
of work, are two important factors in ensuring efficient execution, as we shall
see.

1.5 Paralle]l Solvers

1.5.1 An Algorithmic Modeli

To highlight the need for partitioning, we will examine the conjugate gradient
method (CG)[Jen77) used to solve system of linear equations on a distriburted
memory parallel computer. The choice for this particular method is moti-
vated by the fact that it appears in one way or another in many PDE sclvers,
and it is a typical model for the interaction of computation and communica-
tion on a distributed memory MIMD system. Let K& = f be the system to
be solved. The matrix of coefficients K is commenly referred to as the “stiff-
ness” matrix. The matrix K in a PDE problem is sparse (i.e. contains much
more zerc entries than non-zero entries). The interaction between nodes of
the mesh is determined by the non-zero entries in the stiffness matrix. The
vector & denotes the unknowns. From an initial vector 3%, CG generates
a sequence of vectors 2% ... &' each of which has a lower norm residual
vector r' = f - K&', than the last. By successively moving “downhill” and
“orthogonally” to the former steps, the method counverges quickly towards-
the desired solution. Before describing the various operations of CG that
can be carried out in parallel, we begin by defining the quantities used in
this algorithm. The stiffness matrix K and the vector f are assumed to
have been already constructed, and will remain unchanged by the algorithm.
The remaining quantities are three vectors and two scalars whose values are
changed in each iteration. The three vectors are ®*, the approximation vec-
tor, r¥, the residual vector, and p*, the descent direction. The CG algarithm
starts by initializing these vectors: 1 = p® = f = K& then, the following
iterative loop labeled by the subscript £ > 0 is performed until a chosen
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convergence criterion is met;
o a; = r*rt/p*Kp*
o $EH q,k + Qk})k
o rF+ = t5 _ o Kp*

B = phHiptAL fpkrk

- pk+1 = pktl +ﬁkPk

The implementation of CG on a parallel computer requires the distribution
of the components of the vectors r*, p*, and ®* over the processors. The
iterative laop includes twa basic operations: the scalar product (such as
r*r*), and the matrix-vector product Kp*, which both can he performed in
parallel.

For the scalar product, the processors concurrently perform a local inner
product an the companents they own. Thereafter, the processors sum their
lacal contributions, which needs a global communication operation, at the
end of which they all have the total.

For the matrix-vector multiplication g = Kp, a compaonent g; is computed
as 3_; Ki;p;. One notices that:

o Most of the p; needed to perform the required operation are located on
the same processor as g;.

¢ But some p; are located on different processors given a certain distri-
bution of the nodes over the processors. We call a node a border node
if the carresponding p; contributes to the computation of a component
g; not lacated on the same processor. For the matrix-vectar multipli-
cation operation g = Kp, the values attached to border nodes have
thus ta be sent from one processor to the other. Consequently, the
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calculation of the Kp product results for each processor in a neighbor-
to-neighbor communication operation followed hy a local matriz-vector
multiplication.

1.5.2 A Performance Model

We express the effort required by an iteration of the CG algorithm using
a simplified performance model. This model will be useful for deducing the
requirements guiding the development of a mesh partitioning algorithm. The
lacal matrix-vector multiplication requires a time proportional to n x 1, where
n is the number of components of a vector owned by the processor under con-
sideration, and ! is the average number of non-zerc elements in a column of
the sparse matrix K. The local scalar product requires a time proportional
to n. For the neighbor-to-neighbor communication, we assume that its time
can be expressed as a + b x m x f{A), where m denoles the size of the ex-
changed data, o is a constant usually called latency or startup time (i.e. the
time needed to initiate the cominunication), b is a constant called the recipro-
cal bandwidth, and f(A) is a positive nondecreasing function of the physical
distance A between the communicating processors. The function f{A) is
highly system dependent: on many systems, on can assume f{A) = ¢ X A,
for a constant ¢, whereas on other systems f{A) is almost constant. Finally,
we assume that the time needed by an all-to-all communication operation is
negligible as it involves only a scalar value. Its main effeet on the execution
of the CG algorithm is to impose a barrier synchronization (i.e. each pro-
cessor has to wait for data from each other processor). This model is by no
means exact. It does not take into account for instance, the fact that the
communication operations launched by the different processors tend to take
place at the same time leading to contention on the network. The contention
phenomenon can heavily affect the predicted communication times.
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1.5.3 Requirements for the partitioning

Based on the simple perfermance model described in the previous section,

the requirements guiding a partitioning algorithin can be stated as follows:

As each scalar product in the CG algorithm leads to a barrier synchro-
nization, the number of components owned by the different processors
should be as equal as possible; otherwise some processers might have to
wait for other overloaded processors. This requirement can be refined
by associating to each node a weight equal to the number of non-zero
entries in the corresponding coluran of the matrix K.

As the execution time of the neighboer-to-neighbor communication op-
erations increases with the number of border nodes, their number has

to be kept at minimum.

As each neighbor-to-neighbor communication operation induces a startup
time, the number of communicating neighbors should be as small as
possible.

On a system where f(A) increases with A, the average physical distance
between communicating processors should be as small as possible.

1t is to be emphasized that these requirements are conflicting with one

another, so that a compromise will have to be found. Consider for instance

a square regunlar 21} mesh with n? nodes and p* processors. The partition
depicted in Figure 1.3 leads to a total border length of 2n(p — 1), where each
precessor has at most 4 neighbors. On the other hand, the partition de-

picted in Figure 1.4 has a total border length of n(p? — 1) but each processor

has at most 2 neighbors. The box-wise partitioning is appropriate on sys-
tems where the transmission time overwhelms the startup time, whereas on
systems where the startup time is the governing parameter, the siripe-wise

partitioning is a better choice. Note, that even if one considers other itera-
tive algorithms than CG, the aforementioned requirements remains valid in
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most cases, at least qualitatively. One could factor the matrix, which leads
to very different algorithimic questions. Partitioning is appropriate for either
iterative solvers or explicit methods {Hen96e).

Figure 1.3: Box-wise partitioning of a square domain into p* = 16 subdo-
mains.

Figure 1.4: Stripe-wise partitioning of a square domain into p* = 16 subdo-
mains.

There is another class of solvers whose scalability is not governed by the
interprocessor communication only [Far95a). These algorithris are interest-
ing on parallel machines when the number of iterations for convergence grows
weakly with the number of subdomains. Their performance is determined
by their convergence rate which has to do with the shape of the subdomains.
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For these special solvers, a parttitioning algorithm should avoid elongated
and flat subdomains; thus box-wise partitioning is preferable to stripe-wise
partiticning. '

1.6 Static versus Dynamic Partitioning

In order to find a proper distribution of the mesh across the processors of a
parallel machine, one has to resort to mesh partitioning techniques, If the
computational intensity remains unchanged during the calculation through-
out the mesh, the partitioning can be done only once and hefore the actual
execution of the solver, These partitioning strategies are called static. Static
techniques assitme a priori knowledge of the characteristics of the mesh, the
algorithm, and the target parallel computer. Partitioning techniques which
are applied during the execution of the solver are in contrast called dynemic.
Such techniques are used for instance, if the mesh undergoes some changes
because it has to be refined or derefined in certain areas while the solver is
running. The other classical situation where dynamic partitioning is required
is a solver for which the computational complexity varies in time across dif-
ferent parts of the mesh, thereby leading to an imbalance of the processars
load.

1.7 | Thesis Goal and Contributions

The principal objective of this thesis is to develop static mesh pariitioning
techniques for the distribution of the mesh over the local memories of the
processors of a distributed memory computer. The main contributions of
this dissertation is the development of:

¢ New variants of the Greedy Algorithm proposed by Farhat [Far88].

¢ A simple heuristic for minimizing the occurrence of domain splitting.
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s New mesh coarsening schemnes.

» A variant of the simulated annealing method for improving mesh par-

titions.

o A paralle] variant of the simulated annealing method for improving
mesh partitions on a cluster of workstations..

1.8 Thesis Organization

This dissertation is organized ‘as follows. Chapter 2 describes the problem
formulation. Chapter 3 reviews the most popular partitioning algorithms
together with three heuristics from the combinatorial optimization field used
to improve the quality of a given decomposition. Chapter 4 presents new
variants of the greedy partitioning algorithms proposed by Farhat and in-
vestigates their properties. In addition, a heuristic which minimizes the
occurrence of disconnected subdomains is described. Chapter 5 introduces a
variant of the Simulated Annealing method for optimizing mesh partitions.
The quality of the partitions produced by this variant is compared against
two existing versions of the Tabu Search and Stochastic Evolution methods
included in the mesh partitioning package TOP/DOMDEC. In addition, dif-
ferent initial decompositions are used to investigate the performance of the
Kernighan-Lin improveinent algorithm, Chapter 6 deals with the mesh con-
traction problein, and provides a comparative experimental evaluation of our
multilevel partitioning algorithm against three of the most popular existing
methods. Chapter 7 presents a parallel variant of the Simulated Annealing
method for improving mesh partitions on a cluster of workstations and ex-
p]orés some of its basic properties. In addition, a practical parallel numerical
code is used to present the imipact of the partitioning and the mapping on
the performance of a parallel solver. Chapter 8 contains conclusions and
suggestions for further research.
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Chapter 2

Problem Formulation

As has been pointed out in the previous chapter, the implementation of par-
allel iterative solvers has motivated the need for partitioning. Given a Anite
element mesh, the mesh distribution problem consists in finding a distribu-
tion of the nodes or the elements of the mesh to the processors that leads to
the lowest execution time of the parallel solver. The subject of this chapter
is to formulate the mesh distribution a5 an optimization problem. This chap-
ter atarts by introducing to the reader some basic concepts and definitions
from graph theory, and presents the relationship existing between meshes
and graphs. Thereafter, a list of notations adopted throughout this thesis is
presented. Finally, a two-step approach is proposed for the mesh distribution
problem.

2.1 Basic definitions

A mesh is a pair (N, L), where N is a finite set of nodes and L is a finite
collection of unordered sets of distinct nodes called efements. These nodes
are points of the problem domain. Graph theory provides an efficient means
of describing the topology of the mesh. Before associating a proper graph
representation with the mesh, we briefly review some basic definitions.
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Definition 2.1 A graph G is a pair G = (V, E), where V is a finite set of
vertices and E i3 a finite set of unordered pairs of distinct vertices called
edges.

Definition 2.2 Two vertices v and w are said to be neighbors if there exists
an edge denoted by {v,w) joining the two vertices. The edge is said to be
incident upon vertices v and w.

Definition 2.3 A subgreph of a graph G = (V, E) is a graph H = (U, F)
suchthat UC V, FCE, and {v,w) € F,ifand only ifv,w € U.

"Definition 2.4 Let G = (V, E) be a graph, a pertition of G into k subgraphs
is a set P = {(V}, B\), ..., (Vi, Ex)} of nonempty disjoints subgrapks of G
such that (Jo, Vi = V, ;nV; = @, for i # j, and ¥i : (v,w} € B, if
(v,we V; and (v,w} € E)

Definition 2.5 Let H = (U, F) be a subgraph of a graph G = (V, E}, and
{v,w) € E. A vertex v of the subgraph H = (U, F) is calied a boundery
vertez if there exists an edge (v, w) such that w ¢ U.

Definition 2.6 A subdemein graph of a partition Pg = {85, -, Se} of the
graph G = (V,E) is a graph § = {V, £) such that:

e V={5,,5)

o ($,8;) € £ if and only if 3 {v,w) € E: v € V() and w € V(5;),
where V(S;) and V(S;) are the set of vertices of 5; and S;. A subde-
main graph is often referred to as a quotient graph.

Definition 2.7 The degree deg{v) of a vertex v is the number of edges
incident upon wv.
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Definition 2.8 Let v arid w be two vertices of a graph G = (V, E). These
two vertices are connected by a peth if there exists a sequence ¥, «+« W
of k4 1 vertices where yo = v, y5 = W, {Yn,¥ns1) € B, and, 0 < m L ks
{yn:Yn+1) € E. The shortest path between v and w is the path with the
sinallest sequence.

Definition 2.9 The distance between two vertices v and w denoted by
dist(v, w), is the number of edges of the shortest path. '

Definition 2.10 The diameter of a graph is the maximum distance between
any pair of vertices.

Definition 2,11 The vertices located at both ends of a diameter are called
pertpheral vertices.

Definition 2.12 A maiching of a graph G(V, E)} is a subset of the edges with
the property that no two edges share the same vertex. A mazimal matching
is one that can not be enlarged. That is, all edges are incident to at least
ane matched vertex.

Definition 2.13 A weightis a non-ﬁegative number attached to a vertex or
to an edge. '

Definition 2.14 A weighted graph is a graph in which every vertex and/or
every edge are assigned a weight.

Definition 2.15 The processor greph P = (V,E) is an abstraction of the
topology of the parallel computer. Its vertex set V is the set of processars,
and its edge set E is the set of the physical communication links joining two
DTOCeSSOTS.

Definition 2.16 The edge cut of a partition is the set of edges whose vertices
belang to different subgraphs of the partitions. In a slight abuse of netation,
we use the same term for expressing the cardinality of this set or the sum of
the weights of its elements.
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2.2 Graph Representations of Meshes

One approach to partition a mesh is to assaciate a graph with it and to
decompose the corresponding graph; the following graphs have been widely
used to describe the topology of a finite element niesh:

¢ The node-to-node graph. The vertices of this graph are the nodes of
the mesh, and two vertices are connected by an edge if they belong to
the same element.

¢ The dual graph. The vertices of this graph are the elements of the
mesh. For 3-dimensional, 2-dimensional, or 1-dimensional elements,
two vertices are connected by an edge if the corresponding elements
share a face, an edge, and a node respectively.

e The irue communication graph (TCG). Historically, practitioners used
the dual graph, which does not, however describe the communication
pattern in the solver. Therefore Venkatakrishnan et al. [Ven91] pro-
posed the use of the trie communication graph, whose vertices are the
elements of the mesh, and in which vertices are conuected by an edge if
the intersection of the corresponding elements is non-empty. Figure 2.1
shows a finite element mesh together with its associated node-to-node,
dual, and true communication graphs.

Which type of graph is appropriate for a given application is detenmined
by the manner in which elements interact. If the problem unknowns are as-
sociated with the mesh nodes, and any two elements sharing a node must in-
teract, then the true communication graph would be the appropriate choice.
If however, the problem unknowns are fluxes (finite volume calculations)
through the mesh element faces (three dimensian) or edges (in two dimen-
sions), then one would choose the dual graph. In practice, a mesh is rep-
reSented as a weighied graph. The weights attached both to vertices and to
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Figure 2.1: Graph representation of a finite element mesh:(a} original mesh,
{b) node-to-node graph, (c) true communication graph, and (d) dual graph.

edges are used in order to take into account factors like compntational and

communication costs,

2.3 Notations and Meanings

We suppose that a weighted graph has been chosen to represent a finite
element mesh. The notations adopted throughout this dissertation are listed
in Figure 2.2. .
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{ Symbol Meaning
G(V(G), E(G)) | Graph with vertex set V() and edge set E(G)
C(G) Contracted graph of a graph G (section 6.1)
{v,v5) Edge joining vertices v; and v,
| X Cardinality of a set X
F Average of function F taken over a given set
S Subgraph or subdomain i
S Subdomain graph
N Number of suhdomains
P Processor graph
degs(v) Degree of a vertex v in graph G
Wiv) Weight of a vertex v
W e} Weight of an edge e
W(V) Snm of the weights over the set of vertices V
W(E) Suin of the weights over the set of edges F
Viary (5i) Set of boundary vertices of 5;
Euary (50,51} Set of the edges crossing from 5; 10 5
Epary (1) Set of the edges crossing the border of 5;
surf(.S;) Surface of S; (section 4.2)
surfcirc(5;) Surface of circuinscribed circle around S5; (section 4.2)
distg{wy, ;) Distance between vertex v; and vertex vy in graph G.
ISW Ideal subdomain weight (section 4.1}
MAP Mapping function {section 2.6.2)
Adjp(pi,pj) Adjacency function in graph P (section 2.6.2)
) Coordinates of a vertex v

Figure 2.2: Symbols and meanings

2.4 Problem Statement and Strategy

The mesh distribution problem may be stated as follows: given a mesh used
in an iterative parallel solver for solving a given numerical problem, one secks
for the distribution of the nodes or the elemants of the mesh over the proces-
sors, so that it provides the lowest execution time of the solver on the target
distributed memory computer. Finding a mesh distribution that minimizes
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Figure 2.3: A two step paradigm for the mesh distribution problem.

the execution time of a.solver on a parallel computer is an optimization
problem. The strategy adopted in this thesis is to first find an architecture-
independent partition, and then, in a second phase, find 2 proper mapping
(allocation) of the subdomaius onto the processors of the target parallel com-
puter (Figure 2.3). Two schemes are popularly used. One is to use as many
subdomains as there are processors, so that each processor is responsible for
one subdomain. The other scheme is to have maore subdomains than proces-
sors, so that each processor is responsible for one or more subdomains, This
latter scheme is sometimes feasible, especially in an heterogeneous comput-
ing platform such as a network of workstations, in which the processors have
different characteristics. In this thesis, we adopt the first scheme.



2.5 Partitioning Phase

2.5.1 Partitioning Problem Statement

Any search for a suitable partitioning has to be guided by some measure
of merit. As we consider static partitioning, we use a simple model to ap-
proximate the total execution time of the parallel solver, and to estimate a
priori the different factors of this model. We call objective function the corre-
sponding artificial execution time, as it will be the quantity to be minimized.
The purpose of this section is to present an objective function, taking into
account the most important factors, which will be .used in the partitioning
phase. ’

2.5.2 Computational Time

An iterative solver that operates on a mesh typically involves the repeated
application of the same computation at each node or element. We as-
sociate with each vertex of the graph describing the mesh, a weight ex-
pressing the contribution of the node or the clement it represents to the
fotal execution time. Thus, the ideal size of a subdomain is given by:
ISW = [|[W(VIG))|/Nws] or ISW = [|W(V(G))|/N,s). As onc aims
at an evenly distributed computational load for all processors, oue tries to
have W{V(5,})} = W(V(5:)) = -« = W(V(Swn,,)). In other words, one is
miterested in minimizing the expression 2.1, ‘

Nous
Wimbalance = Y (W{V(5)))* (2.1}
k=1

The expression 2.1 is one possible metric among others. The expreésion 2.2

is another candidate metric:

Wlmbalance = maz;=y,.. ., W{V(S5;}) {2.2)
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The expression 2.2 measures a fractional deviation from balance. The main
motivation behind using the latter is the fact that an iteration of the solver
on a parallel computer runs at the speed of the most heavily loaded proces-
sar. Thus, any processor with an exceptional work load will cause all other
processors to wait, leading to poor performance. On the other hand, should
any processor have little work to do, this will not hold up any other proces-
sors and have less effect an averall performance. In onr implementation, we
used the expression 2.1 because it is better suited for a metaheuristic like
the Simulated Annealing method: many changes of partition have no effect
at all on the expression 2.2. '

2.5.3 Communication Time

Communication overhead occurs as a result of a decomposition. The sub-
domains which are not, in general, independent, must exchange information
in order to cooperatively solve the problem. Exchanging information im-
plies sending messages over the netwark. As has been presented in Section
1.5.3, the communication costs associated with a partition can be analyzed

by focusing on two parameters:

1. The size of the edge cut.

2. The number of neighbors for an arbitrary subdomain.

The first parameter affects the volnme of communication, whereas the
second one determines the total startup time of an arbitrary subdomain.
The following expressions are used to approximate the communication time:

Mo

x > Y Wl (2.3)

RI=LEA \mEV(SihuieV(S;)

ECut =

B
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Nk

DGR =2 x Y (degrca(Si (2.4)

k=1

The expression 2.3 expresses the size of the total edge cut of the partition,
whereas the expression 2.4 expresses the size of the total number of edges in
the subdomain graph. :

2.5.4 Subdomain’s Shape

As has been pointed out in Section 1.5.3, there exist solvers whose effec
tiveness is determined by the shape of the subdomains {Far95a] {Van95k).
The best convergence rate is achieved for “round” subdomains. Farhat, et
al. [Far95a) have observed that the problem of generating subdomains with
good shapes is similar to the nearest centroid problem [Mac67]. In the latter
problem, the goal is to construct a number of clusters of elements such that
any element of a cluster is closer to the center of gravity of that cluster than
to the center of gravity of any other cluster. Farhat, et al. [Far95a] have
proposed the minimization of the following term, to take into account the
effect of subdomain's shape, which we adopt as well:

Nywe

Shape=3_ 3 (ﬁ'—-— c?.-)2 (2.5)

i=k vEV(S))

where Gi = 1/[V(8) Coey (s ¥ 18 the vector of the coordinates of the center
of gravity of 5;. The metric used to define the subdomain shape is most
appropriate for isotropic problems.
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2.5.5 The Objective Function

Combining the expressions 2.1, 2.3, 2.4, and 2.5 yields the following objective

function to minimize:

OFputitioning =
a x Wimbalance + 8 x ECnt + v x DGR + & x Shape (2.6)

The parameters «, 3, 4, and § are scaling factors expressing the relative
importance of the various components of the cost function. As the objective
function 2.6 includes different conflicting goals, its minimization is equiva-
lent to finding the best possible compromise mesh partition. So far, there is
no automatic strategy for determining these scaling factors. Therefore un-
derstanding the behavior of the parallel solver as well as the target parallel
computer is necessary in order to take advantage of the parallel processing

power.

2.6 Mapping Phase

2.6.1 Mapping Problem Statement

As we already pointed out, the goal in developing partitioning algorithms
is normally to minimize the total execution time of the chosen solver on a
target parailel computer. Most authors up to now used more or less the same
strategy as ours to tackle the mesh distribution problem, namely to solve it
in two steps which we called partitioning and mapping. Quite often, the
second step was dealt with in a very naive way, without taking into account
the topology of the parallel computer. It is taken into account, however,
in the mesh distribntion packages [Hen93a) [Wal95¢]. Ignoring the topelogy
of a computer with large number of processors can significantly degrade the
performance of a parallel solver. The mapping problem consists in finding
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the best possible assignment of the subdomains onto processors in order to
minimize the communication overhead.

2.6.2 The Objective Function

The mapping problem may be stated as follows: Let S = (V, £) denote the
subdomain graph induced by some partition. V is the set of the subdomains,
and each edge (S;, 5;) € £ corresponds to at least one edge crossing form 5;
to S;. Let P = (V, E) represents the processor graph representing the target
parallel computer. The mapping problem consists in ﬁndirig a one to one
function MAP : V¥ — V. Bokhari [Bok81)] proposed the maximization of the
“adequacy” function 2.T: ‘

OFpauned = Y. Adje (MAP (S;), MAP (S;)) (2.7)
(S..5;)€E

where Adje (p;,p;) = 1 if (pi,p;) € E and Adjp (pi,p;) = 0 otherwise. The
cost function 2.7 counts the subdomains graph edges that are mapped onto
neighboring vertices in the processor graph. However, subdomains graph
edges mapped to paths of length greater than one are not accounted for in
this function. The weakness of the function 2.7 is the fact that it expresses
only very roughly the effect of the distance between two communicating
processors, and that it does not include at all the effect of the communication
volume. With this view in mind, we propose the following function as our
measure for producing a better mapping:

Oanpping = z W(E’bdry (Sl'v SJ)) x distp (MAP (Sl)  MAP (SJ)) (28)
(5i.55)€€

The cost functions 2.6 or 2.8 are by no means exact. For instance, neither
of them includes the effects of network congestion or synchronization de-
lays. Nevertheless, they still remain useful to us as a tool to guide the mesh
distribution process.
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Chapter 3
PREVIOUS WORK

The mesh partitioning problem is NP-hard [Gar79]. As a consequence, no
algorithm is able to generate the optimal solution in polynomial time. How-
ever, there has been a great amount of research on developing automatic
mesh partitioning algorithms for finding good suboptimal partitions. The
survey of methods which is the subject of this chapter aims to be as com-
plete as possible. We first present the general characteristics of partitioning
a]gorithms,. and then move on to the description of each algorithm separately.

3.1 Characteristics of Partitioning Algorithms

Partitioning algorithms can be divided into three classes. The first class
contains methods that decompose the mesh from scratch. The algorithms
belonging to this class can be further categorized as either {opology-based-
algorithms or geometry-based-algorithms. The first type exploits mere]y" the
adjacency information of the nodes or the elements to ‘partition 4 mesh,
whereas the second type uses the coordinates to generate such a partition.
The second class of methods contains improvement technigues. These tech-
niques work with an initial decomposition and attempt to improve it by
changing the assignment of vertices, The third class contains the so-called
multileve! partitioning techniques. These multilevel techniques reduce the
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size of the graph describing the mesh, partition the smallest graph using an
algorithm from the first class, and finally proceed with an improvement phase
using a technique from the second class.

3.2 Geometry-Based Algorithms

3.2.1 Recursive Coordinate Bisection

Recursive coordinate bisection is conceptually the easiest partitioning al-
gorithm [Sim91] among all proposed in literature. The algorithm starts by
determining the coordinate direction (z, y, or z) corresponding to the longest
expansion of the domain, and sorts the vertices according to their coordinate
in the selected direction to get a bisection. The same procedure is applied
recursively for k steps until the desired number of subdomains is obtained.
This technique has the advantage of being inexpensive. A disadvantage of
this method is that it does not deliver partitions of good quality.

3.2.2 Inertial iMethod

The concept of this method [Nou86] is borrowed from mechanics. The mesh
is considered as a solid in which the elements or the nodes are considered as
points whose mass corresponds to their weights. The elements or nodes are
projected onto the axis of the minimal moment of inertia, and the elements
or nodes are sorted according to their projection and collected into two sub-
domains to form a bisection. This procedure is applied recursively to get the
required number of subdomains.

3.2.3 Scattered Partitioning

This partitioning method [Fox86} [Mor86} is described using a 2-dimensional
domain, and the extension of the procedure to the 3-dimensional case is
analogous.
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Figure 3.1: Example illustrating the scattered decomposition method. {a)
partitioning the domain into 9 templates, (b) partitioning a template into 16
parts.

The method consists in the following steps:
» Embed the domain into a rectangle.

» Partition this rectangle into n rectangular parts, which we call tem-

plates.

+ Partition each of these templates into r rectangular subparts, with r
being the number of processors, and number these resulting subparts
from 0 to r — 1 adopting the same numbering scheme for all templates.

e All subparts with the label k are collected to form the subdomain k.

It follows that, by increasing the number n of generated parts, and conse-
quently decreasing their areas, a better load balance is achieved. However,
this is done at the expense of an increased subdomain scattering leading to
a high communication overhead. Figure 3.1 illustrates the concept of the
methed. '
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3.2.4 Recursive Graph Bisection

This algorithm [Sim91] [Wil31] starts by calculating the diameter of the graph
with two peripheral vertices. Finding the exact diameter of a graph is an
expensive pracedure, and in practice one nsually uses an approximation algo-
rithm [Geo81) to find a psendo-diameter with two psende-peripheral vertices.
This approximation algorithm works as follows: it calculates the distance
from a given random starting vertex ta every vertex in the graph. The ver-
tex at largest distance defines the first pseudo-peripheral vertex. The secand
pseudo-peripheral vertex is located at the largest distance {rom the first one,
Each of the twa pseudo-peripheral vertices serves as a seed of the snhdo-
mainy. Thereafter, every vertex is assigned to the subdomain whose seed is
closer. This procedure is repeated recursively to get the desired number of
subdomains.

3.3 Topology-Based Algorithm

3.3.1 Recursive Spectral Bisection

Recursive spectral hisection is the least intuitive partitioning algorithm [Sim91]
[Pat00), but it is considered as ane of the most effective partitioning methods.
Its characteristic feature is the use of the eigenvector corresponding to the
second largest eigenvalue of the Laplacian matrix associated with the graph,
The Laplacian matrix of a graph G with n verticesisanxn matrix L = D-A4,
where D is a diagonal matrix whose camponents d;; = degg(v;), and A is
the adjacency matrix of G. In [Fie75], Fiedler gives theoretical justification
that the second eigenvector, called the Fiedler veclor, gives some directional
information on the graph. The compaonents of the eigenvectar yield a weight-
ing far the vertices. Sorting the vertices according to their weights provides
a meaps to partition the graph. This technigue generates partitions of high
quality in terms of edge cnt at the expense of large computational thine due
to the evaluation of the Fiedler vectar. To decrease the camputational cost of

30



this technique, a faster implementation is adopted [Bargd). In this implemen-
tation, the graph is cantracted using a contraction procedure. The coarsest
graph is partitioned using recursive spectral bisection. At every contraction
level, the eigenvector abtained for the coarser graph is used to build a start-
ing vector for the computation of the finer graph. Hendrickson and Leland
[Hen93c][Hen95d] prapuosed a new variant of the recursive spectral bisection.
Their approach allows at each recursive stage for the decomposition into four
or eight subdomains by calculating multiple eigeuvectors at the same time.
This variant generates partitions of better quality at a lower cost than its
original counterpart.

3.3.2 Reverse Cuthill-McKee

S1 Sz S3 Sa

//’/»\
V4 Ve
51 //// //’K
i T
// Vs '/
S2 \<<§*4C;?/7;%5\\
4Vl 74 ¥
53 /{//////,J
~ /////.
S4 ﬂk} 7

Figure 3.2: Ilustrating the basic idea behind the Reverse Cuthill-McKee
partitioning algarithm.

The basic idea behind this algorithm [Mal88] is to minimize the banduidth
B of the sparse adjacency matrix (Figure 3.2).

In the example depicted in Figure 3.2, a reduction of the bandwidth could
avoid communication between S5y and Ss as well as between S; and §4. With
the intention of doing so, one looks far a numbering of the vertices of the
graph and to partition them according ta this numbering. This method is
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g i2
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Figure 3.3: Numbering vertices in vertical direction in the Reverse Cuthili-
McKee method.

2 4 5 6 78 9 10 11 12 13 14 15
1 1 1
2 1 1{1
3 1 1
4 1 If1. rt
5 1 11 1 1
6 1 1 1}1
7 i1 11 1
8 1 1 113 1 1
9 111 1 1
10 11 11 1
1 111 1 1 1)1 1
12 1 1 1 1 1
13 1 1 T 1
14 1 1|t 1 1
15 1 1 1

Figure 3.4: Adjacency matrix of the graph according to the numbering in

vertical direction in the Reverse Cuthili-McKee method.

better illustrated by an example. Let Figures 3.3, and 3.5 show two number-

ings of the same graph, whereas Figures 3.4, and 3.6 show the communication
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Figure 3.5: Numbering vertices in horizontal direction in the Reverse Cuthil-
McKee method. :

1 23 45 6 7 8 9 10 11 12 13 14 15
1171 1
211 1 1 11
3 111 11
4 1 11 11
5 1[1 1 1
6111 L1 ]
7 11 111 1 1
8 11 1 1|1 11
g 11 1)1 1 1 1
10 1 1 1 1 1
11 11 U O
12 11 1 111
13 1[1 T11 . 1
14 1 1 1 1 1
15 : 1 : 1 1

Figure 3.6: Adjacency matrix of the graph according to the numbering in
horizontal direction in the Reverse Cuthill-McKee method.
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pattern between the subdomains according to these respectively two number-
ings. Let us assume that the graph is to be decomposed into 4 subdomains,
In this case, the last subdomain will have 3 vertices, whereas the others will
be having 4 each. If the assignment is done according to the numbering
in vertical direction, subdomain S3, for instance, will have to communicate
with subdomains §), 3, and Si. On the other hand, doing the partitioning
according to the numbering in horizontal direction, subdomain S; needs to
communicate with subdomains S; and Sy, but not with 8. An advantage of
this method is that each subdomain has few neighbors which is a desirable
property on parallel machines with high startup. On the other hand, the
method tends to deliver partitions with quite large edge cut due to the elon-
gated shape of many of the subdomains. It is common to apply the method
recursively.

3.3.3 Farhat'’s Algorithm

Farhat's algorithm [Far88] is a popular greedy partitioning algorithm which
works directly on the mesh and provides a partitioning of the set of elements.
It enjoys a relatively large user community in the field, because of its good
performance/price ratio. The algorithm expands out in layers from a starting
node {seed node). A weight is attached to each node in the mesh. This weight
is equal to the number of _y}et unassigned elements incident to this node. This
u-reight is used for selecting the starting node of a sulidornain. The starting
node of a subdomain is one with minimal non-zerc weight among those on the
boundary of the previously built subdomain. This node tends to be located
in a corner of the yet unassigned part of the mesh. As the aigorithm proceeds
in a breadth-first fashion, it thus ensures that “remote” parts of the mesh
are taken as much as possible in an early stage, therehy reducing the scatter-
ing of the subdomains. As the algorithm progresses, a subdomain expands
around its initial starting node until it has reached the required number of
elements. Once all the elements incident to a node have been assigned to a
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Algorithm 1 Pseudo-code of Farhat’s algorithm.
Procedure Farhat (inpnt M: mesh, output Py part);
for n :=1 to NumberQ fNodes do
weight[n] = degy(n);
end for
for sub:= 1 to N, do
L :={}; Q:= empty guene;
if sub =1 then
choose a boundary node n; in the mesh with minimal weight;
else .
choose a boundary node ny € S, with minimal non-zero weight;
end if
put all unmasked elements connected to n; into Q;
repeat
if Q is empty then
choose a boundary node n; &€ 5,,,—1 with minimal non-zero weight;
put all unmasked elements connected to n; into Q;
end if
get the first element ¢; from Q;
mask element ej;
reduce by one the weight of all nodes attached ta ey;
put all unmasked neighbors of ¢; inta Q,
L:=Lu{e};
until |L] > ISW
S,up:= subdomain whose elements are in L;
Pur =Py U { S}
end for

subdomain, the weight of this nade hecomes zero. Thus, a node lying on the
boundary hetween a subdomain and the set of unassigned elements will have
its weight different from zera. Masking the elements during the partition-
ing process ensures that elements are not recansidered. Disadvantage of this
this algorithm is that it requires large memory because it needs three differ-
ent relations (the element-to-element adjacency relation, the nade-to-element
incidence relation, and the element-to-node incidence refation). Experience
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has shown that in the case ofirregﬁlar meshes, this algorithm tends to gener-
ate partitions whose last subdomains may be disconnected (i.e. a subdomain
consisting of mare than one connectivity component). The pseudo-code is
given in Algorithm 1.

" 3.3.4 1D Topology Partitioning

This algorithm has been designed to produce topologically one-dimensional
partitioning [Van%5al. The construction of subdomains is done iteratively.
The algorithm starts the construction of the first subdomains at a vertex
of the graph with minimal degree. Thereafter, vertices are added unntil the
required size is reached. The other subdomains are built as follows: First,
the algorithm gets the unassigned vertices that are neighbors to the previous
subdomain, thereby enforcing in most cases the one-dimensional praperty of
the partition. Second, neighbors of vertices of the subdomain under construc-
tion are added to the subdomain. The strength of this algorithm is that, in
most cases, every subdomain has at most two neighboring subdomains which
reduces the number of communications. '

3.4 Improvement Algorithms

Several methods from the combinatorial optimization field have been used in
order to improve the quality of the initial partition provided by any chosen
partitioning algorithm from the previous section. Improvement methods such
as Tabn Search, Stochastic Evolution, Simulated Annealing, and Kernighan-
Lin are very popular. The first three methods are non-deterministic, {i.e. the
partitions generated by these methods may vary from one run to another)
whereas the last one is deterministic. This section describes these techniques
with the exception of Simulated Annealing method which will be dealt with
in Chapter 5.
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3.4.1 The Neighborhood Concept

We call an fmprovement algorithm an algorithm that works on an existing
partition provided by some partitioning algorithm in order to improve its
quality. Improving a given partition can be viewed as an iterative procedure
perforining a number of moves. In mast algarithms, a move consists either
in the transfer of a boundary vertex from its subdomain to a neighboring
one, or in the exchange of pairs of bouadary vertices belonging to different
subdomains. Two partitions are called neighbors if a move leads from one to
the other. The neighborhood of a partition is the set of its neighbors.

3.4.2 Kernighan-Lin

The Kernighan-Lia (KL) algorithm [Ket70} is essentially a local search al-
gorithm. KL was designed to reduce the edge cut of a bisection. The KL
algorithm seeks to find a better partition by swapping vertices in an attempt
to rednce the edge cut. The algorithm selects the vertices to swap by asso-
ciating a gain value with each vertex and interchanging those yielding the
maximum edge cut reduction or the minimum edge cut increase. As the al-
gorithm may accept an exchange with potentially higher edge cut that the
previous one, it is said to have a Aill-climbing ability; the algorithm thus tries
to avoid local optima. The main distinction between KL and other improve-
ment techuniques is that the former replaces the search for one faverable swap
by a search for a favorable sequence of swaps.

The KL algorithm consists of two nested Joops. We call a sweep a single
iteration of the outer loop. In the inner loéJp, a subset of vertices such that
swapping them leads to a partition with a smaller edge cut is identified. Each
time a pair of vertices is identified, it can no longer be considered for further
exchange within the inner foop. Once a pair of vertices are swapped, the
gains of their adjacent vertices is updated. At the end of the inner loop,
a sequence of swaps 8;,-+-,3, and their corresponding gains g;,-+ - ,¢n is
generated. Thereafter, KL finds the index k of the total maximum gain :
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Gain(k) = ):’,‘ gi. The outer loop applies successive sweeps, each time using
the best partition ound on the previous sweep as the starting one for the next
sweep, The KL algorithm terminates when no favorable sequence of swaps
within the inner loap is determined. Various extensions and improvements
of the KL algorithm have been praposed through the years [Fid82] [Hen93a).
The former variant was a very significant advance. Instead of swapping ver-
tices, they move them one at a time. By doing se, they can then make a
whole sweep run in linear time. ’

3.4.3 Tabu Search

The Tabu Search technique was propased by Glaover [Glo85| and further
studied in [Her87]. It is a local search strategy for tackling combinatorial
optimization problems. The main feature of this algerithm is the ability to
avoid returning in a previous state by keeping a trace of the optimization
histary. A briefl description of the method is as follows. First, an initial
solution of the problem is constructed. Then, at each iteration, given the
current solution, one examines its corresponding neighborhood and chooses
to maove to the solution that most impraves the objective function. To avoid
getting stuck in Jacal minima, historical information from the k last iterations
is used. The value & may be fixed ar a variable that depends on the state
of the search, or a particular problem. The set of moves determined by this
information forms a fabu list. Hence, the mnethod has a short term memory
remembering which trajectories have been recently explored. To prevent the
methed from cycling between the same solutions, one forbids the reverse of
any move contained in the tabu list. Often, it can be favorahle to override
the tabu restrictions. For example, if a tabu move results in a better cost
function value, it may be preferable to make the move anyway. Such an
overriding of the tabn restriction is called an aspiration criterion. When the
tabu restrictions are overridden for a hetter value, it is the so called best
aspiration criterion that is used. For a more detailed description see [Glo93}.
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One problem encountered in inplementing this method, is the size of the
tabu list. If the size of the tabu list is too small, the probability of ¢ycling
increases. If it is too large, then there is a chance that all moves from the
corrent solution are tabu, and the algorithm may be trapped.

3.4.4 Stochastic Evolution

The Stachastic Evolution method (SE} [S2a01] is a variant of the Simulated
Annealing technique (SA). The similarities between SA and SE are as follows:

¢ they are stochastic in nature,
¢ downhill moves are always accepted,

¢ they have a control parameter that governs the prabability of accepting
an uphill move. '

The key differences between the two techniques are as follows:

¢ In the SA algarithm, randomness is introduced at two stages, namely
move generation, and move acceptance. However, in the SE zlgorithm,
randomness is introduced only during the acceptance of a move. All
"'moves which are possible in a given state are considered. This can be
considered as an advantage compared to the Simulated Annealing tech-
nigue, where most possible moves are just ignored. Since SE examines
all possible moves, it is more costly per move.

¢ In the SA algorithm, the probability of accepting a bad move is moneo-
tonically decreasing. In the SE method, however, this probability re-
mains low as long as good moves are possible, As soon as the algorithm
gets stuck into a local minimum, this probability is increased.
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3.5 Multilevel Algorithms

Multilevel partitioning algorithms have proved to be very efficient especially
when the size of the graph is large. The basic idea is quite simple. A se-
quence of smaller graphs are built from the original graph using a contraction
procedure. We will also use the terin coarsening as a synonym of contrac-
tion. Thereafter, a partition of the smallest graph is computed using any of
the partitioning algorithms described previously. Finally, the partition pro-
duced for the smallest graph is projected back towards the original graph,
by proceeding with an improvement phase at each step. The follawing mul-
tilevel algorithms are considered among the most sophisticated partitioning
algorithms in the field:

¢ CHACO: This is the first efficient multilevel algorithm for the graph
partitioning problem [Hen93a]. Tt uses a mndom neighbor contraction
procedure to reduce the size of the graph. This technique contracts the
graph by merging an unmatched vertex with a randomly unmatched
chasen neighbor, At the coarsest level, speciral bisection is used. Dur-
ing the improvement phase, the KL algorithm is invoked on each level
to improve the quality of the partition. In addition, CHACO includes
a number of fast partitioning algorithins, and offers the possibility of
improving partitions produced by other methods.

+ JOSTLE: This graph partitioning package [Wal95a] uses a random
neighbor coarsening procedure to reduce the size of the graph. At
the coarsest level, a variant of Farhat's algorithm [Far88] is used to
deliver an initial partition. A combination of the KL algorithin and a
heuristic for improving the shape of the subdomains is used during the
improvement phase. The latest version of this package [Wal97} uses a
contraction procedure based on the heaviest edge critevion [I{ar95a}:"
this contraction procedure works by merging a vertex v; and a vertex

40



v; provided that the weight of the edge {v;, v;} is maximum among all

valid edges incident to v;.

METIS: This graph partitioning package [Kar95a} uses a coarsening
scheme based on the heaviest edge criterion, a number of greedy par-
titioning algorithms and the recursive spectral bisection to produce an
initial partition. During the improvement phase, KL’'s gain criteria is
nsed to move down and stop at the first local minimum.

TOP/DOMDEC: This partitioning package developed by Nasa {Far95b) .
includes a synthesis of mesh partitioning techniques. A random neigh-
bor contraction procedure is used to coarsen the mesh, one of the algo-
rithms described in the previous sections is used to generate an initial
partition, and finally non-deterministic techniques are invoked to im-
prove the guality of the partition.
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Chapter 4

INITIAL PARTITIONING

In the second chapter, an objective function has been designed to deal with
the mesh distribution problem during the partitioning phase. To be able to
use refinement techniques an initial partition has to be provided somehow.
To answer this purpose, topology-based or geometry-based partitioning algo-
rithms such as the ones described in the previous chapter could be applied.
In our opinion, these algorithms suffer from at least one major limitation.
They all fail to include the various components of the objective function
during the partitioning process. After all, this is the goal sought. With the
intention of deing so, this chapter is devoted to the development of parti-
tioning atgorithms that explicitly incorporate some features of the objective
function in order to guide the partitioning. An experimental evaluation of
these algorithms on several test cases is presented. All the partitioning algo-
rithms including those developed in this chapter encounter domain splitting
in their final partition, and a simple heuristic is proposed to minimize the
occurrence of such a phenomenon. Finally, the relative merits of the best
partitioning algorithm developed in this chapter is compared to some other
partitioning schemes.
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4.1 A Simple Greedy Algorithm

As an initial partitioning technique prior to optimization, we have been in-
terested in Farhat’s algorithmn [Far88)]. This interest is motivated by the fact
that this algorithm is fast, and delivers decompositions with the following
properties [Far93):

¢ balanced subdomains;-
» subdamains having good shapes;

» subdomains with small perimater.

Algorithm 2 Pseudo-code of the Simple Greedy algorithm.
Procedure SimpleGreedy (input G: graph, output P: part}
U:=G,P:={U); /* U represents the set of unassigned vertices */
if sub = 1 then
¢hoose a vertex v € V{U} with minimal degree;
else
choose a vertex-v € Vyar {U);
end if
V{(S,um) = {v};
V{U):= V() - (v);
repeat
choose a vertex ¥ € Vigry (U) such that: 3w € V(5,): (v, w) € B(G);
if such a v does not exist then
choose a vertex v € Vg (U);
end if '
AddVertex(S,us,v);
RemaoveVertex(U,v),
until |S,.] = ISW;
P =P U {5}

A disadvantage of Farhat's algorithm is the need to generate three differ-
ent relations (the element-to-element relation, the node-to-element relation
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and the element-to-node relation}. The memory on some platforms may
be low to store these relations especially for large meshes. In addition, the
time required to construct such relations slows down the decomposition pre-
cess. Therefore, a variant called Simple Greedy (SG) is used. This variant
is similar to the one used by Walshaw [Wal95a] and differs from its original
counterpart in that it works mainly with a graph rather than the nodes and
elements of the mesh. Let us assume that a graph G has been selected to
represent a given mesh. Let IF denote the yet wnpartitioned subgraph of
G. The SG works by exploiting mainly the vertices adjacency information
of G. It starts by choosing a vertex with minimal degree. This criterion is
designed in such a way that the first subdomain starts to accumulate vertices
at one corner of the graph, Thereafter, unassigned neighbors to the starting
vertex are taken and added to the current subdomain. The rest of the sub-
domain is built by iteratively adding adjacent vertices until its correct size
is reached. Once a vertex v is added to a subdomain Sy, the set of edges
joining this vertex to those neighbors belonging to Sy are added to E(Sy}
and removed from E{U). The starting vertex for a S with k # 1, is an
unassigned vertex having a neighbor in previously defined subdomains. We
make the assumption that the vertices of the graph describing the mesh have
identical weights. This a reasonable assumption as the meshes involved in
all our experiments use the same element type. If the number of vertices is
a multiple of the number of subdomains, then the correct size of a subde-
main is given by: JSW = |V(G}|/Nus, otherwise ISW = [|[V(G)|/Nuw] or
ISW = [[V(G)|/Nyu),-depending on the subdomain number. Algorithm 2
describes the pseudo-code of SG.

4.2 Partitioning Quality Measures

Judging the qua]ity.of a given partition requires the use of metrics. The first
metric that comes into mind is for instance, the use of the value returned by
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Symbol Meaning and Definition
LBR Load balance ratio:
Tl wis,)

Nyus Xmasjer,. Ny WS,)
EC Edge cut:

/2% Thith as 2 ves,mes | i 3}
{E(S)| | Number of edges in subdomain graph:

1/2 x Zf;‘r degs (5:)
PR Perimeter balance ratio:

Z20 | Enary (S0

Nyws xmazizy,... ¥, o | Bvac (55)]
Sh Average subdomain shape:

N.:ub Zfi‘;h %
|BV| Number of boundary vertices:

1/2 X 335 [Voary(S3)]
1DS] Number of disconnected subdomains
MR Matching ratio:

aand

[VIEE)]

[t Time to partition

the objective function OF patiioning. This value is the sum of four different
components, and adopting it as a metric will not provide the user with enough
information regarding the behavior of a partitioning algorithm according to
a specific criterion. With this view in mind, the metrics listed in Figure
4.1 are used to assess the quality of a given partition. However, we should
stress the fact that the ultimately only important measurement is the parallel
efficiency of the sclver on a given parallel machine. We estimate the shape of
a subdomain in a similar fashion as described in [Far95a] [Van95b). As we wil
be using twc-dimensional meshes as testbeds in this benchmark, the shape
of a subdomain is taken as the ratic between the surface.of the subdomain

Figure 4.1. Metrics

and tiEe surface of the circle circumscribed to this subdomain.
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4.3 Versions of the Simple Greedy Algorithm

Based on the visual examination of several partitions produced by 3G, we
observed that the quality of the partitions is reasonable as long as the graph
has a relatively regular structure. However, when the graph is highly ir-
regular, we observed that the nuinber of disconnected subdemains becomes
higher. The number of disconnected subdomain is a significant parameter
because it affects the number of edges in the subdomain graph. In addition,
subdomains tend to have their boundaries lying in dense area of the graph,
thereby leading to large edge cuts. Thercfare, three new versions of SG are
introduced. These versions are similar to SG in that they exploit the con-
nectivity of the graph, but differ in the mannoer vertices are selected. These
versions are described as follows:

1. SGyweny: This variant attempts to generate partitions whose subdo-
mains have a minimal perimeter. An unassigned vertex v; from the
set U/ is added to the subdomain under construction Sy, provided the
following two conditions are fulfilled:

» y; is neighbor to at least one boundary vertex of S;.

¢ v; ig the most profitable vertex, (i.e. v; contributes to the largest

decrease or smallest increase in edge cut}.

If, by chance, several candidate vertices satisfy these two conditions,
the vertex that improves the shape of S; will be added first. If there
is no neighbor vertex because a domain splitting phenomenon is about
to take place, the algorithm proceeds by choosing a boundary vertex
fromn the set U. This variant attempts to iinimize the second term of
the abjective function OF partitionng-

2. 5G,: This version attempts to generate subdomains with good shapes.
It proceeds as SGpg, except that in the second condition, it uses the
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shape (the fourth component of the objective function) to guide the
partitioning process. ‘

3. SGuye: This version does not exploit explicitly any specified compo-
nent of the objective Runction OF puqitioning, but rather combines both
topological and geometrical information of the graph to guide the par-
titioning process. This version proceeds as SGprs except that, in the
second condition, it uses the euclidean distance from the starting vertex
of S, instead of the edge cut.

As far as the implementation is concerned, all the three variants simply loop
over all the boundary vertices of a particular subdomain in order to identify

_ the appropriate unassigned vertex to be inserted.

4.4 Test Meshes

Graph Name | |V| [E| | Description
BIG 15606 | 91756 [ 2D Mesh
BRACK | 62631 | 366559 | 3D Mesh

HAMMOND | 4720 | 27444 | 2D Mesh
NACA,q 9170 | 54636 { 2D Mesh

NACA | 18148 | 217190 | 2D Mesh
SNECMA 38589 | 462876 | 2D Mesh
T60K g 30570 ] 211720 | 2D Mesh
T60K 60005 | 713226 | 2D Mesh
WHEEL 19620 | 240692 | 2D Mesh

WHITAKER, | 9800 | 57978 | 3D Mesh.

Figure 4.2: Various graphs used in evaluating the quality of the partitioning.

Iu the course of this dissertation, we will use a set of realistically meshes to
evaluate and compare different partitioning algorithms based on the metrics
presented in Section 4.2, In order to be able to draw reasonable conclusions
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regarding the behavior of a given partitioning algorithm, the meshes used
in the benchmark were selected on the basis of their sizes {small, medium,
large) and types (simple and complex geometry). All the graphs representing
these meshes are true communication graphs. In addition, we include two-
node-to-node graphs for the meshes T60K and NACA referred to as T60K 4
and NACA,y. Figure 4.2 gives an overview over the test neshes.

4.5 Experimental Results

Having desc¢ribed in Section 4.3 the various algorithms we propose to derive
an initial partition, we now move on to evaluating their relative merits. All
the experiments were performed on an Silicon Graphics with 128 Mbytes of
inemory and 230 MHz CPU. All times reported are in seconds. The behavior
of a partitioning algotithm regarding a specific metric is analyzed using 5
graphs. The number of subdomains ranges from 2 to 256, thus giving rise to
a benchmark with 40 test cases per metric.

4.5.1 Weight Imbalance

Al the four greedy algorithms assume that the balanced computational time
is achieved by balancing the vertices among subdomains. As a resnlt, the
number of vertices in any two subdomains differs at most by one, leading
to a well balanced weight distribution. The main differences between the
different algorithms reside in the shape of the subdomains, the edge cut, and
the number of edges connecting the set of the partitions.

4.5.2 Edge Cut

Figures 4.3, 4.4, 4.5, 4.6, and 4.7, show the guality of the partitions generated
by the different algorithms in terms of the size of the edge cut.
Based on the obtained results, the following observations are made:
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3G SGprDﬁl SGsh ] SGdlst
Ny { EC | PR| BC | PR| EC | PR| BC | PR
2 401 1 140 1 164 1 178 1
4 415 (.67 362 080 441 0.783 425 0.76
8 671 0.77| 4256 0.78| 633 0.63; 783 .72
16 | 1086 0.64 | 765 0.56| 1190 0.42| 989 (.56
32 | 1514 0.65(1139 0.63(1555 0.33| 1380 0.49
64 | 2167 048 1807 0.48 | 2104 (.41 | 2298 045
128 {3017 055 (2720 0.62| 3046 0.40 | 3111 0.53
256 | 4261 064 | 3874 Q.67 | 4274 (.48 | 4450 0.51

Fig'ure 4.3: Comparing different simple greedy partitioning algorithms in
terms of edge cut using the graph HAMMOND.

3G SGproﬁt SG;!\ SGdisl

N | EC | PR| BC | PR| EC | PR| EC | PR
2 1104 1 222 1 289 1 390 1
4 1327 Q.76) 513 077 6909 0.63] 911 0.79
8 1610 (.70 829 0.75f 1261 0.60] 1123 0.74
16 (2222 0.73 1333 Q.99 1673 0.59 (2072 0.54
32 (2925 0.98 | 1957 0.64 ;2397 0.2712627 0.48
64 |4059 0.55)| 3068 0.56 {3604 0.4113745 0.54
128 | 5819 -0.59 | 4770 Q.57 ; 5539 0.34 | 5808 0.33
256G | 8073 (.90 | 7041 Q.64 ) 7929 0.28 ] 8344 0.32

Figure 4.4: Compaﬁng different simple greedy partitioning algorithms in
terms of edge cut using the graph BIG.

¢ The results asserts that SGro is the clear winmer in terms of edge cut
compared to the other variants. It produces better partitions for 39 out
of 40 test cases. This should not be surprising since SGppoa, minimize
the edge cut increase in each step.

= Based on the visual examination of the partitions produced by SGpront,
we observed that the boundaries of the different subdomains tend to be
located cutwards the dense areas of the graph leading to much smaller
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SG SGpmﬁt SG;}. SGd;,t
N | EC [PR]| EC | PR| EC | PRI B | PR
2 1444 | 249 1 290 1 326 1
4 5898 0641 776 063) 1578 0.55| 1381 0.69
8 9018 O.61 | 2968 067 | 3438 0.45( 4353 062
16 | 13546 0.58 | 4558 0.65 | 6703 0.64 | 5710 Q.71 |
32 117394 0.63| 8139 0.48|10094 0.63 ] 10756 0.46
64 | 22241 05312492 05316860 0.48 ) 17286 0.54
128 {28527 (.62 | 20534 359 | 26836 0.38 | 26280 0.44
256 | 37644 .59 | 31538 '0.57 | 39270 0.39 | 39588 0.36

Figure 4.5: Comparing different simple
terms of edge cut using the graph SNECMA.

greedy partitioning algorithms in

5G SGprnﬁt SGsh SGdu‘l

N | EC | PR| EC | PR| EC [ PR]| EC | PR

2 832 1 T04 1 1128 1 1145 1

4 2916 073 1705 0.74 | 2569 0.79} 2899 0.62
8 5026 0.70| 4034 ©0.79) 5338 0.57) 5322 0.77
16 | 8790 083 8451 0.78 | 8787 0.57 | 8679 0.66 |
32 13086 ©.74 | 12779 Q.59 | 13831 0.78 | 13635 0.65
64 | 19285 0.59 | 19563 0.66 [ 20136 0.35 | 20049 0.47
128 | 29674 0.58 | 28622 0.60 | 29723 0.33 { 30065 0.48
256 | 43246 0.47 | 41583 0.56 | 42775 0.32 | 43735 0.18

Figure 4.6: Comparing different siniple
terms of edge cut using the graph T60K.
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SG SGproﬁ: SGsb SGdiac

N | EC [PR| EC [PR| EC PR EC [PR
2 27113 1 852 1 990 1 | 1267 1
4 | 3102 0.89] 1280 0.80 | 3207 0.89 | 3302 0.89
8 | 5408 0.57| 2756 0.74| 5220 0.57 | 5064 0.57
16 | 6973 0.73] 4463 0.74| 7073 0.73| 7191 0.73
32 | 9316 0.67{ 7193 0.57( 9516 0.70 ( M474 0.67
64 | 12946 0.62 { 10666 0.61 | 13183 0.62 | 12870 0.62
128 | 18031 0.63 ] 15668 0.56 | 18160 0.63 | 19048 0.63
256 | 24942 0.56 | 22234 0.G0 | 25064 0.56 | 26544 0.56

Figure 4.7: Comparing diflferent simple greedy partitioning algorithms in
terms of edge cut nsing the graph NAGA.

edge cut compared to the other variants. On the average, in coarse-
grained partitioning (N, = 2,4,8,16,32), SGps: does 44%, 27%,
and 30% better than 8G, 8G,,, and §Ggis, whereas in fine-grained
partitioning {M,,, = 64,128,256) the improvements are 16%, 14%,
and 13% respectively. These results indicate that 8G . performs
substantially better than the other variants regardless of the number
of subdomains.

» The perimeter balance ratio PR metric indicates that all the algorithms
fail to generate partitions with balanced perimeters. We notice that
this ratio becomes in general worse when the number of subdomains is
large.

4.5.3 Subdomain Graph

Figures 4.8, 449, 410, 4.11, and 4.12, show the quality of the partitions

generated by the different algorithms in terms of the number of edges in .
the subdomain graph. From these results, we see that SG,op generates
subdomain graphs having up to 17% less edges than those generated by the

other variants.
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5G SGproﬁt SGah SGdiu
N [ [E(S) | [E(S)] | [E(S)] | [E(S)]
64 172 158 165 151
128 347 333 351 326
256 | 704 695 730 695

Figure 48: Comparing different simple greedy partitioning algorithms in
terms of the number of edges in the subdomain graph using the graph HAM-
MOND.

The only notable exception is T60K for which 3G one does up to 7% worse
than SG. Finally, we notice that the difference in quality between 5G4 and
8Gyist is within 5% with SGpese doing in general better. The good behavior
of 8G e in terms of the number of edges in the subdomain graph is due to
the fact that it tends to produce less disconnected subdomains compared to
the other variants.

5G SGpmﬁt SGsh SGdist
N | [E(SH | IE(S)] | [E(S)] | [E(S)]
64 179 148 166 153
128 | 330 328 344 328
256 729 682 722 686

Figure 4.9: Comparing different simple greedy partitioning algorithms in
terms of the number of edges in the subdomain graph using the graph BIG.

SG SGprnm SGlh SGdisl.
No [TES) | [EGS)] [ 1E(S)] | [2(S)]
64 182 169 178 161
128 + 389 359 406 373
256 | 805 752 819 789

Figure 4.10: Comparing different simple greedy partitioning algorithms in
terms of the number of edges in the subdomain graph using the graph
SNECMA.
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: 5G SGpruﬁl SGan SG giat
New | |E(S)] | IE(SH | [E(S)| | [E(S)]
64 153 165 181 158
128 | 336 356 376 347
256G 724 753 853 748

Figure 4.11: Comparing different simple greedy partitioning algorithms in
terms of the number of edges in the subdomain graph using the graph TE0K,

5G SGpwﬁt SGlh SGdi:t
N [1E(S)] | [ES)] | IE(S)] | [B(S)]
64 191 182 190 m
128 | 397 374 413 | 390
256 | 809 788 827 | 828

Figure 4.12: Comparing different simple greedy partitioning algorithms in
terms of the number of edges in the subdomain graph using the graph NACA.

4.5.4 Shape Quality

Figures4.13, 4.14, 4.15, 4.16, and 4.17, show the quality of partitions in terns

of the average subdemain shape (ﬁ = g Mot ;5;"%:—%) produced by

the different algorithms.

SG SGpruﬁt SGsh SGdist
N | Sh| Sh | SR | Sh
&8 (029 042 | 046 | 0.44
16 (030 044 | 037 033
32 (029} 047 (046 | 038
64 (036 046 [ 0.49 | 040
128 | 041 | 044 | 048 | 0.40
256 | 042 050 | 049 | 0.40

Figure 4.13: Comparing different simple greedy partitioning algorithms in
terms of subdomain shape using the graph HAMMOND.

Examining the relevant figures, we nctice that 5G,y is the clear winner
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SG_ [ 5Gprott | SGan | SGamt
Nl 3R | Sh 5k | 3k
8 |024| 048 039 039
16 {030| 044 | 030 | 043
32 |036| 043 |049]| 039
64 |036| 044 | 046 | 038
128 [0.37| 044 | 049 | 0.40
256 | 0.39| 0.46 | 0.50 | 0.40

Figure 4.14: Comparing different simple greedy partitioning algorithms in
terms of subdomain shape using the graph BIG.

SG { 5Gproft | SGyn | 5Gaim
N | SR | Bk Sh| Sk
8 0.35 0.58 0.62 | 0.55
16 j0.36] 050 0.54 | 0.47
32 1041 046 0.49 1 045
64 1039 ( 0.47 0.49 | 0.41
128 | 0.37 | 0.44 043 ] 0.39
256 {041 0.44 0.49 § 0.37

Figure 4.15: Comparing different simple greedy partitioning algorithms in
" terms of subdomain shape using the graph NACA,

5G SGpmﬁl SGlh SGd'm
N | SR | Sh | Sh | Sh
B {032{ 031 | 047 036
16 {035 0.40 | 0.46 | 0.37
32 10377 033 | 049 035
64 | 0387 033 | 050 ] 0.37
128 | 039 034 | 055 ] 0.40
256 1041 037 | 056 | 041

Figure 4.16: Comparing different simple greedy partitioning algorithms in
terms of subdomain shape using the graph TG0I.
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5G| 8Gprone | SGan | SGuine
N | Sh{ Sr | Gk | Sk
8§ |031| 041 | 045 035
16 (030} 035 | 043 030
32 (034} 037 | 049 ] 035
G4 | 031 037 |049] 0.36
128 1037 03% | 051§ 0.3
256 1035} 044 | 053 | 0.36

Figure 4.17: Coamparing different simple greedy partitioning algorithms in

" terms of subdomain shape using the graph SNECMA.

when it cames ta generate subdomains with good shape. It praduces better
partitions for 25 out of 30 test cases, follawed by SC0n with 5 out of 30 test
cases. On the average, SG,y, does 27%, 19%, and 16% better than 5G, SGajy,
and SGpeon: respectively, Finally, as the experiments show, the performance
of SG in tenns of the shape is on the average warse than the other variants.

4.5.5 Decomposition Time

Looking at the runtimes for the different algorithms shown in Figures 4.18,

4.19, 4.2Q, and 4.22, we deduce the foilowing remarks:

5G SGpmﬁt SGlh SGdi:t
Nowt | ¢ 4 i t
E [008) 016 | 028 ) 0.14
16 |0.09f 018 | 023 | 0.13
32 010 015 (018 012
64 f0.11] 013 | 017 013
128 10127 Q.17 | 020 Q.15
256 0171 0.24 | 0.27 | 0.22

Figure 4.18: Comparing different simple greedy partitioning algorithms in
terms of CPU time using the graph HAMMOND.

¢ 5G requires the least amount of time for partitioning. This is not sur-
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5G SGpmm SGsh SGdist
N [ ¢ i T :

8 1027 0.66 1.74 | 0.76
16 | 029 063 | 116 | 0.67
32 1031} Q57 (088 053
64 |035| 055 [ 078 ; 049
128 | 0.38 | ©.57 a.77 | 0.57
256 (057 0.72 | 0.89 | 0.63

Figure 4.19: Comparing different simple greedy partitioning algorithms in
terms of CPU time using the graph BIG.

5G | SGprot | SGan | SGais:
N | 8 t t t

8 |056( 1.58 403 1 L70
16 | ¢.57 | 1.59 2.9 1.50
32 1063 143 219 | 122
64 | 068 145 | 1.73 | 1.14
128 | 0.88 | 1.47 1.62 | 1.18
256 | 1.24 | 1.72 1.72 | 146

Figure 4.20: Comparing different simple greedy partitioning algorithms in
terms of CPU time using the graph NACA.

SC [SCpmem | SCan | SCam
News t H t t
E (1.76f 548 1650 633
16 | 1.78| 4.24 11.76 | 5.14
32 | 183 3.88 9.01 | 4.46
64 | 1.89] 2.56 716 | 3.84
128 | 1.97 2.02 6.42 | 3.81
256 243 310 7.60 | 4.55

Figure 4.21: Comparing different simple greedy partitioning algorithms in
terms of CPU time using the graph T60K.
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SG SGpruﬁt SGlh SGIﬁ!l
Nlu& t t t i
8 [129) 376 |[684 1 4.04
16 | 133 3.53 | 7.26 | 347
32 | 137 333 | 563 3.00
64 |162| 3.07 | 476 | 2.7
128 | 1.88 3.13 | 4.71 | 2.77
266 (242 315 | 435 | 261

Figure 4.22: Comparing different simple greedy partitioning algorithms in
terms of CPU time using the graph SNEGMA.

prising since SG exploits only the adjacency information of the graph.

5G requires as much as 2 times less than either SGyjs 0or SGproe, and
as much as 4 times less than SG,p.

The high runtimes required by SGpront, SGaine, and 8G,y, are partly due
to our inefficient implementation of the search procedure used to select
the appropriate vertex to be added.

A closer examination of the execution time of 5G reveals that it in-
creases with the number of subdomains. This observation is not al-
ways true for the other variants. Looking at Figure 4.22, we see for
instance that in the case of the graph SNECMA, the time required for
the 32-partition is higher than the time for the 64-partition. In the
variants SGpron, SGun,and SGyi, the more subdomains are required,
the shorter are the boundaries, thus less time is needed to select the
appropriate candidate vertex.

4.5.6 Sensitivity to the Starting Vertex

Though the different simple greedy algorithms introduced in this chapter

differ in the manner vertices are selected, they all share the common criterion

for choosing the very first vertex. Generally speaking, there may be several
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vertices satisfying the minimal degree criterion. The subject of this section is
to investigate whether the choice of the starting vertex influences the quality
of the partitions in terms of edge cut. To this end, the graph NACA is chosen
as a testbed together with the algorithms SG, SG o and SG,n. The graph
NACA was chosen because it has the largest number (7} of vertices that meet
the requirements of the starting vertex.

n T - T T

VARIATION OF EDGE CUT IN PERCENT

Figure 4.23: Sensitivity of different greedy algorithms to the starting vertex.

In Figure 4.23, the number of subdomains is plotted as a function of the
variation of the edge cut; this variation defined as (100 x {1 — min/maz))}
where min and mar represent the best and the worst edge cut obtained
after running each a.lgdrithm from seven different starting vertices. In Figure
4.23, we observe that the quality of the edge cut is highly sensitive to the
choice of the initial vertex for the three algorithms for small and moderate
number of subdomains. On the other hand, for large numnber of subdomains,
the influence of the starting vertex becomes less apparent. The difference
in quality is on average below 2%. Consequently, it might be worth trying
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a small number of vertices in coarse grained partitioning, whereas in fine

grained partitioning there is little gain in doing so.

4.6 Domain Splitting

4.6.1 Nnmber of Disconnected Subdomains

Based on the visual examination of the partitions, all the different simple
greedy algorithms described in this chapter tend to prodoce disconnected
subdomains (i.e. subdonains consisting of more than one subgraph compe-
nent}). : '

5G SGpmﬁl SGnh SGdist
New | 1DS[] DS][ 1DS]] [DS]
64 7 3 7 21
128 ] 10 7 16 4
256 | 13 9 27 13
512 | 34 13 33 21

Figure 4.24: Number of disconnected subdomains generated by the different
greedy partitioning algorithms using the graph HAMMOND.

SG | 8Gpront | SGan | SGaist
G4 | 7 4 8 5
128 | 12 5 14 9
256 | 21 18 29 13
512 | 34 20 58 26

Fignre 4.25: Number of disconnected subdomains generated by the different
greedy partitioning algorithms nsing the graph BIG.

A subdomain is likely to be disconnected if its growth is hindered by
surrounding subdomains. It is onr experience that the more a graph is ir-
regular, the higher the number of disconnected subdomains. Figures 4.24,
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SG | 5G prots | 5Gan | SCaim
Ny | IDS] | [DST | [DSi] [DS]
64 | 11 | 3 T 4
128 | 13 7 19 | 8
256 | 23 | 11 | 22 | .7
5120 25 | 10 | 44 | 16

Figure 4.26: Number of disconnected subdomains generated by the different
simple greedy partitioning algorithms using the graph SNECMA.

4.25, and 4.26 show the number of disconnected subdomains produced by
each algorithm. Based on these results, the following observations are made:

+ All the algorithms encounter domain splitting during their partitioning

process.

» SGpra produces 9 out of 12 partitions with fewer disconnections than

the other variants.

¢ On the average SGprone produces partitions with as much as 47%, 59%,
and 35% less disconnections than those of 8G, 5Gu, and SG i respec-
tively.

4.6.2 Avoiding Domain Splitting

As has been noticed earlier, domain splitting is quite frequent with all the
algorithms presented in this chapter. Tocope with this phenomenon, a simple
heuristic is invoked whenever a subdomain is about to be disconnected. This
lieuristic is better illustrated using the example depicted in Figure 4.27. This
figure shows a domain partitioned into 7 subdomains except that the Sy is
still incomplete, and an unpartitioned part of the domain representing the
set of yet unassigned vertices which we term U/, From Figure 4.27 we see that
S7 becomes trapped as it reaches the periphery of the domain. Thus, any of
the simple greedy algorithms will fail to find new unassigned vertices which
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=/

unassigned

Figure 4.27: An example illustrating the domain splitting phenomenon.

are neighbors to those recently inserted to S;. Therefore, the next move
will be the selection of a vertex belonging to the set U, thereby leading to a
domain splitting. In order to prevent this phenomenon from happening, the
proposed heuristic is invoked and works in two phases. In the first phase, the
shortest path in the subdomain graph between Sy and the set U is identified.
In this example, the shortest path is determined by the sequence U, Sy, Ss,
Se, Sr. In the second phase, vertices are moved along the shortest path
(U = 8 = S — 5 = 5), where the notation §; = 5; means that a
transfer is to take place from §; to S;. A vertex is allowed to mave, for
instance from 5; to S5;, provided it meets following requirements:

« Having at least one neighber in S;.

» Contributing to the smallest increase or largest decrease in edge cut.
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Algorithm 3 Pseudo-code of the heuristic used to minimize the occurrence
of domain splitting
Procedure PreveniSplitting (input/output P: part, input U: graph)
/* P: The set of the subdomain generated so far */
/* path: array of the subdomains' indices defining the shortest path */
/* Singez: Subdomain about to be disconnected */
U := set of unassigned vertices;
path ;= ShortestPath (U, Sinden);
pathlength:= |path|;
repeat
for i:= 2 to pathlength do
if Evary{SpatniilsSpatnii-11} # @ then
v ;= FindBoundaryVertex {Spami),Spahfi-1])
RemoveVertex(Spami-1),v):
AddVertex(Spmpt) )
else
exit;
end if
end for
until |S¢“d¢,| = ISW,

¢ Preferably not being an articulation vertex (i.e. a vertex whose removal
provokes a disconnection).

The present implementation of the heuristic aborts if by chacce under the
migration process, an existing boundary does no longer exist between two
gubdomains involved in the transfer. The psendo-code of the heuristic is
given in Algorithm 3. Figures 4.29, 4.30, and 4.28, show the number of edges
in subdomain graphs, the average subdomain shape, the size of the edge
cut, and the decomposition time of the partitioning process of SG with and
without the use of the beuristic.

Based on the examination of the results, the following observations are
made:

e In 10 out of 12 partitions, SG combined with the heuristic perfarms
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SG without SG with
Nw | |EGS) | S [ BC | ¢ ||E(S)|| 5h | EC | ¢
64 172 036 2167 0.14| 165 0.35 2333 024
128y 347 041 3017 017|329 0.39 3202 0.51
256 1 704 0.42 4261 0.21| 682 040 4124 0.85
512 | 1472 0.43 5915 042 | 1408 0.41 5958 3.29
Figure 4.28: Impact of the heuristic used to reduce the domain splitting

phenomenon on the quality of the partitions using the graph HAMMOND.

S5G without 5G with
N [ 1B SE] BC | ¢ ||BS)I[ 3R] BC | ¢
64 179 036 4059 035 160 035 4462 0.78
128 350 0.37 5819 0.238| 333 034 6292 1.06
256.| 729 0.39 8073 0.57| 682 0.37 6456 21
512 | 1471 041 11251 0.94 | 1413 040 11783 5.16

Figure 4.29: Impact of the heuristic used to reduce the domain splitting

phenomenon on the quality of the partitions using the graph BIG.

SG without 5G with
New | 1B Sh ] BC | ¢ |IBGS)]| SR ]| BC | ¢
64 182 0.33 22241 1.62 179 0.35 23858 6.06
128 389 037 28527 1.88) 381 036 30513 b5.76
256 805 0.35 37644 242} 786 0.33 39583 6.64
512 . 1652 034 38589 4.151 1616 0.32 40093 14.14

Figure 4.20: Impact of the heuristic used to reduce the domain splitting

phienomenon on the quality of the partitions using the graph SNECMA.

worse than SG in terms of edge cut. The difference is on the average
within 6%. The only exception is the 256-partition using the graph
BIG where SG combined with the heuristic does 20% worse than SG.

« The combination of $G and the heuristic produces subdomain graphs
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having 4% on the average less edges than those of SG. The best notable
case was that of the 64-partition usiog BIG, where up to 11% reduction

is obtained.

The combination of SG and the henristic yields lower average subdo-
main shape compared to SG. However, the differences are small.

Looking at the combined time of SG and the heuristic, we notice that it
is up to six times higher than of SG. This is often due to the scattering
of the set U over small regions, and the heuristic has.to be executed
several times before a subdomain gets its correct size.

4.7 Comparison of Different Partitioning Al-
gorithms

To highlight the relative merits of SGgof, its pecformance is compared with
the Inertial Algorithm (IA), the Recursive Spectral Bisection (RSB) using
the Lanczos solver, and Farhat’s algorithm (GR). We used the graph parti-
tioning package CHACO [Hen93a] to get the results of both IA and RSB,
and TOP/DOMDEC [Far95b] to get those of GR. Figures 4.31, 4.32, and
4.33 show the gnality of the partitions in terms of the edge cut as well as the
mnning times of each algorithm. All the experiments were performed on a
Silicon Graphics with 128 Mbytes of memeory and 230 MHz CPU. All times
reported are in seconds. Based on these experimental results, the following
observations are made:

* SGorom and RSB are the clear winners as far as the size of the edge
cnt is concerned. Qut of 18 partitions, 13 are won by SGpos and 5
by RSB. ’

¢ In the 13 cases won by SGpyroq:, the improvement is within 5% on the
average, whereas in the 5 cases won by RSB the impravement is within
7% on the average.
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SGprofit GR TA RSB
Nw [ EC] t TECT t TEC] ¢t [ECT ¢
& [ 425 078 611 027} 880 0.43] 468 2.73
16 | 765 0.56 1045 0301342 0.45| 766 3.11
32 | 1139 063 {1587 0.34|1791 047 | 1225 347
64 | 1807 0.481 2122 0402392 0501904 23.78
128 | 2720 0.62 ) 3085 0.47 ) 3285 0.53 ) 2792 4.00
256 | 3874 0.67 | 4105 0.57 [ 4471 0.57 | 3998 4.50

Figure 4.31: Comparing different partitioning algorithns in terms of edge

cut and CPU time using the graph HAMMOND. -

5G prott GH TA RSB
New| EC | ¢ | BC [t | BC [ 1 | BC ] ¢
8 | 2756 2.38] 4805 0.75 | 3377 2.04 | 3065 38.63
16 | 4463 250! 6430 0.86 | 5801 2.16 | 4888 d43.51
32 | 7193 2.34| 8759 094! 8848 228 | 7371 47.42
64 |10666 2.48 | 12711 1.11]12955 2.42 | 11231 50.72
128 | 15668 2.41 | 17857 1.23 | 18052 2.58 16182 5372
256 | 22234 2.90 | 24789 1.32 ] 24031 2.75 {23179 55.64

Figure 4.32: Comparing different partitioning algorithms in terms of edge

cut and CPU time using the graph NACA.

“SGC et GR 1A RSB
N[ EC | t | BC | t [ BC [ t | BC T ¢
§ | 4034 548 5121 1.57| 5267 10.32 | 3904 200.22
16 6451 4.24 | 8689 1.67 | 8533 10.73| 6956 239.45
32 12779 3.88 13086 1.75 [ 13452 11.17 | 11280 259.95
64 | 19563 2.56 | 19285 187 | 19625 11.73 | 17825 274.78
128 | 28622 2.02 | 29304 1.95 | 28894 12.36 | 26495 286.16
256 41583 310 [ 43146 2.11 | 41717 13.05 | 38886 293.85

Figure 4.33: Comparing different partitioning algorithms in terms of edge

cent and CPU time using the graph TGOK.
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¢ The time of SGp;os and RSB vary significantly. For the graph HAM-
MOND, RSB requires as much as up to 7 more time than SGpa: |
whereas for the graphs NACA and TG60K, RSB requires as much as 19,
and 95 more time than SGpu, respectively. This high computational
time is due to evalunation of the Fiedler vector within the chosen desired
accuracy used by RSB.

The comparison of SGpn: and GR reveals that the former consistently
performs better than the latter in all but one case.” The improvement
is on the average 17%. Looking at the running times of the two algo-
rithms, we notice that GR is up to 4 times faster than SGpyeog:.

SGrone does 19% better on the average than IA. The running times of
both 8Gpea and TA does not vary significantly much for HAMMOND
and NAGA. On the other hand, for large problems such as T60K, IA
becomes expensive as it requires up to 6 times more time than 5G,.¢a.

4.8 Concluding Remarks

In this chapter, new simple greedy partitioning algorithms have been pre-
sented. These algorithms exploit the adjacency information of the graph
and differ mainly in the manner vertices to be added in a subdomain are se-
lected. The experimental results have shown that SGy,os delivers partitions
with smaller edge cut and good shapes compared to the other variants. In
addition, SGprne generates partitions with smaller number of disconnections
than the other variants, thereby reducing the size of subdomain graphs in
terms of edges. The quality of the four algorithms studied in this chapter are
sensitive to the very first starting vertex. However, this impact seems to be
of little significance in fine grained-partitioning. Domain splitting seems to
be unavoidable with the four algorithm, and a simple heuristic is proposed to
deal with this phenomenon. The main improvement afforded by this heuris-
tic resides in a reduction of the number of edges in subdomain graphs at
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the expense of relatively high computational time. Finally, we conclude by
saying that-SGps is a good partitioning algorithm as it provides in most
cases, partitions at least as good as RSB at a very low price.
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Chapter 5

IMPROVEMENT OF
PARTITIONS

To derive an initial partition from scratch, any of the partitioning algorithms
developed in the previous chapter may be used. All these algorithms share
the common feature that once a vertex has been assigned to a specific sub-
domain, it remains in it until the end of the partitioning process, unless
the disconnection rednction algorithm has to be applied. These algorithms
generate partitions of reasonable quality, therefore the maximization of the
-perfarmance of a paraltel solver requires the improvement of such partitions
via improvement techniques. AH the improvement techniques share the same
basic idea, namely to modify the structure of the partition through the re.
assignment of the vertices in order to minimize an objective function. This
chapter concerns the improvement of the partitions using a new variant of
the simulated annealing method as an optimizer. The quality of the parti-
tions produced by this variant is compared to thase provided by the versions
of Tabu Search (T8), and Stochastic Evolution {SE} methods which are in-
cluded in the mesh partitioning package TOP/DOMDEC. Finally, a compar-
ative experimental evaluations of the guality of the partitions produced by
SG and S5G,.oa when both are caupled with the Kernighan-Lin improvement
algorithm is presented.
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5.1 Iterative Improvement Algorithms

One way to improve the quality of a given partition would be the use of
iterative improvements algorithms. Keeping the discussion in quite general
terms,' these algorithms start from any feasible solution and try, step by step,
to improve the value of the objective function by moving to a neighboring
solution with a better objective function value. Whenever a better solution
is reached, the current solution is updated to this new one. When there are
no neighbors that have a better objective function value, these algorithms
terminate in which case a local minimum is reached. One advantage of these
algorithms is that the solution they produce is always feasible if the moves
are performed in such a manner that feasibility is maintained. The drawback
with these methods is the obvious risk of getting stuck in a local minimum.
Therefore, ¢laborate methods such as Tabu Search, Stochastic Evolution, and
Simulated Annealing are usnally used to avoiding the local minima pitfalls.

5.2 Simulated Annealing

5.2.1 Thermodynamics and Optimization Problems

At the heart of the Simulated Annealing method (SA) [Kir83](Met53), there
is an analogy with thermodynamics, specifically with the way that liquids
freeze and crystallize, or metals anneal.

Physical systems Optimization problems
State Configuration

Energy Cost

Phase transition Move generation

Ground state Optimal solution

Quick cooling(quenching) | Tterative improvement
Slow cooling Simulated annealing

Figure 5.1: Analogy between physical systems and optimization problems
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At high temperatures, the molecules of a liquid move freely. If the liquid
is cooled slowly, the atoms are often able to form a pure crystal. This crystal
is the state of minimum energy.for this system. On the other hand, if a liquid
metal is cooled quickly or “quenched”, it does not reach the minimmum energy,
but rather ends up in a polycrystalline state. Thus, the minimum energy
state ig achieved by a slow cooling, allowing ample time for redistribution of
the atoms as they lose mobility. The analogy between optimization problems
and physical systems is given in Figure 5.1,

5.2.2 The Algorithm

The SA algorithm is a technique that has attracted significant attention as
suitable for optimization problems. An iteration of SA starts with proposing
a new state by a random perturbation and evaluating the resultant change
in the objective function AE. If the change is negative, correspondiag to a
downhill move in the “energy landscape” {i.e. the set of all possible states
with the corresponding objective function values), the perturbation is ac-
cepted and the new state becomes the starting point for the next perturba-
tion. If AE is positive, correéponding to an uphill move, the new state may be
accepted according to the law of thermodynamics; at temperature T the prab-
ability of an increase in energy AE i8 given by Pr(AE) = exp{—AE/kT),
where & is the Boltzmann’s constant (of no interest in combinatorial opti-
mization, and therefore ignored). The higher the temperature, the greater the
chance of moving to higher energy state. A temperature reduction function is
nsed to lower the temperature. At low temperatures only moves leading to a
lower energy state are accepted leading to a situation equivalent to iterative
improvement algorithms. The temperature reduction function together with
the initial temperatnre describes the annealing schedule which dictates how
quickly the temperature is to be reduced. Since it is possible that SA finds a
good state and then departs to a different region in the energy landscape, the
best-so-far is always saved. The method terminates when a chosen conver-
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Algorithm 4 Pseudo-code of the Simulated Annealing method.
Procedure SA (input S;: state, input T}: real, output S: state);

T:=T

5= Sn',

C .= Cost{S);

repeat

repeat

S’ := Perturb({S);
¢ = Cost(8'};
aAC=0-0,

rad:= random(0,1);
if exp (~AC/T) > rnd then

Si=8,C:=C
end if
until (some criterion is satisfied);
Update {T');

until convergence;

. gence criterion is fulfilled. The main advantage of SA is that the controlled
uphill movements may prevent the search procedure from being trapped in
a bad local minimum-energy state. It has been proven that the SA method
converges to a global eptimal solution under some assumptions. However,
these assumptions are too restrictive to be of practical use. The psendd—code
of the Simulated Annealing method is given in Algorithm 4.

5.3 A Variant of Simulated Annealing

This section déscribes the concept behind a variant of simulated annealing,
The heart of this new variant comes from the realization that it would be
a great advantage to provide SA with a mean to first reach a locally op- .
timal partition and thereafter use its ability to get out of it to direct the
search elsewhere in the search space. The strategy described in {Mar92] uses
a combination of SA and KL in order to embed deterministic local search -
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techniques into SA so that only local optima are subject to the accept/reject
verdict. In this section, we propose another variant of SA, henceforth referred
to a5 MSA and describe its concept. The MSA loops over two phases: in

Algorithm 5 Pseudo-code of the modified variant the Simulated Annealing
method. i
Procedure MSA (iuput P: part; input Ty: real; output JP: part);
T:= Tu;
Poget =P,
Cbesl = OFpthlmins(pben);
repeat
Improve (P,P");
Ch= OFp;rtitlonins (P');
if €' > Cheye then
counter := counter +1;
else
counter ;= 0; Poeyy = P Coent i= 0
end if
Deteriorate(P', T\ P},
T=axT;
until (counter > limit);

IP = Preut;

the first phase, an iterative improvement algorithm is used to reach a locally
optimal partition, whereas in the second phase a deterioration procedure is
invoked to worsen the current locally optimal partition by 2 certain threshold,
to let the search proceed each time the algorithm used in the improvement
phase is stuck in a locally optimal partition. Qur variant samples only lo-
cally optimal partitions and retains the best visited one. The pseudo-code
for MSA is given in Algorithm 5. The procedures linprove and Deteriorate
are given in Algorithms 6 and 7 respectively.

The behavior of MSA for the bisection case using the mesh NACA is illus-
trated in Figure 5.2. This figure shows 56 partitions and their corresponding
edge cut. Even values in the x-axis denote locally optimal partitions.
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Figure 5.2: Evolution of the cost function for a typical run of the proposed
variant of the Simulated Annealing method.

5.4 Implementation of the Method

The difficulty in using stochastic technigues resides in the number of param-
eters to be determined beforehand. To make use of the MSA method, the
following clements have to be specified:

¢ The starting temperature.
¢ A method to determine when a locally optimal partition is detected.
* A rulefor changing the value of the next temperature (cooling rate).

+ A stopping condition.
A choice for these elements is referred to as cooling schedule.

5.4,1 Initial Temperature

The starting temperature is usually chosen te give a high probability of
accepting even the worse cost increages. A simple rule to determine the
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value of the initial temperature would be to run a series of iterations tu
determine the average increase in cost AC and solve Tjypia from:

Tinee = ':E {5.1)
-~ log(Pr)

" where Pr denotes the probability of accepting a move leading to an increase
in.cost. Note that, the exact starting temperature is not of great impor-
tance; it has to be high enough to guarantee a high rate of acceptance, with-
out increasing uselessly the CPU time. From the equatmn 5.1, the initial
temperature is determined using Pr = 0.5. :

5.4.2 Type of Perturbation

The improvement of a given partitico consists of perturbing the current par-
tition through a move. Generally speaking, there exist two types of moves:

e Choose a vertex at random, and move it to another subdomain.

~» Choose a boundary vertex at random, and move it to the neighboring
subdomaio.

The first alternative tends to alter completely the structure of the initial
partition, and leads to fragmented subdomains. The second alternative tends
to displate the subdomain bouodaries and so is tess prone to fragmented
subdomains. Io our implementation we adopt the second alternative.

'5.4.3 Improvement Phase

The objective of the improvement phase is to maove from an initial partition
to a locally optimal one through a series of perturbations. The first improve-
ment method that comes immediately to mind is the popular Kernighan-Lin

74



algorithm (KL) (Ker70]. To improve an existing partition, most authors use
KL due to its efficiency and reliability. However, in our work we emplay a
randomized iterative procedure we term Imprave as it has proven to deliver
good quality partitions. The pseudo-code of Imprave is given in Algarithm
6.

Algorithm § Pseudo-code of the Iterative Improvement algorithm.
Procedure Improve (input Py: part, output I'P: part);

Poear 1= Py;
C= OFpnnitioning(P);
Coesy = C; -
repeat

counter := 0;

for move:= 1 £0 MaTyepes A0
P = Perturb{Ppe, };
c'= OFpmjtioning(p')'l
A:=0-0C;
if A<Q then
counter = counter + 1; Pogyp 1= P’i Cheur :=C";
end if
end for
until (20 < {hreshold);
IP = Poea;

5.4.4 Number of Perturbations

The number of perturbations in the procedure Improve is the most critical
parameter since it directly affects the overall CPU time of MSA. This nuin-
ber should be large enough to secure that most boundary vertices have the
chance to be praposed for a move while not spending too much time. In our
implementation, the number of iterations of Imprave which is denoted by
MALmaves 15 sct equal ta twice the total number of boundary vertices. A lo-
cally aptimal partition is supposed ta be reached when the rate of acceptance
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is below 5%. From the Algorithm 6, we see that the procedure Improve is
equivalent to the simulated annealing method with a temperature equal to ‘

Zero.

5.4.5 Deterioration Phase

The improvement phase results in a locally optimal partition. The purpose
of the deterioration phase is to worsen the reached locally c;;itimal partition
by a certain threshold in order to provide the procedure Improve with a
new partition to start with. Only uphill inoves fulfilling the accept verdict
are chosen in the procedure Deteriorate. When the teiﬁﬁe}ature reaches
low values, uphill moves are unlikely to be accepted, and much time will
be wasted before the desired deterioration is achieved. Therefore, an uphill
will be accepted at the latest after threshold consecutive rejections. Tn our
implementation, the value of this threshold is set to 10. The pseudo-code of
the procedure Deteriorate in given in Algerithm 7.

5.4.8 Cooling Rate

The SA metbod is sensitive to the manner the temperature is decreased. .
The cooling rate directly affects the number of iterations of the method. A
fast cooling rate enables the method to be extremely fast at the expense
of generating poor quality decompositions. There are two classes of cooling
_ schedules. The first class containg fixed (i.e. predefined) schedules. The
second class contains adaptive schedules, where the temperature decrement
size depends on some observed value such as the average or the variance of
the problem's objective function taken over a number of visited states. In
our implementation, we use a fixed schedule with a cooling rate of 0.90.
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Algorithm 7 Pseudo-code of the Detericration procedure.
Procedure Deteriorate (input Py: part, input T: real, output WP: part);
P =Py ' :
C:= OFpmitioning(P};
counter = 0; Nreject :=0,
repeat
P .= Perturh {P);
¢i= OFpartilion'mg (P’);
rad := random number(0,1);
A=C-C .
if rnd < exp (—AC/T) thea
P=P,C:=C";
else :
Nreject .= Nreject + 1,
end if .
if Nreject = threshold then
P =P C:=C", Nreject == 0,
end if
until (deterioration's criterion reached};
WP =7

5.4.7 Stopping Criterion

Detecting the convergence of the SA method is a delicate matter. In practical
implementations there is always a trade-off between solution quality and
speed. Using the value of the temperature to determine the stopping criterion
of the method may be inadequate for two reasons:

. A vefy']qw température leads to high CPU time.

¢ This high computational time may not be worth spending compared to
the improvements made.

Based on the above observations, we assume that convergence is attained.
when no further progress is made during five consecutive runs of Improve.
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5.5 Experimental Results

5.5.1 The Kernighan-Lin Improvement Method

As has been said in the third chapter, the Kernighan-Lin (IKL) algorithm
seeks to improve a given partition by moving vertices hetween subdomains
in an effort to reduce the size of the edge cut. The subject of this section is
to investigate whether KL is sensitive to the starting initial partition from
the point of view of the achieved quality and from the point of view of the
execution time. To this end, the KL algorithm is applied on different initial
partitions provided by two greedy partitioning algorithms presented in the
previous chapter, namely SG and SGope. In this éxperiinent., our initial
partitions were fed into the grapb partitioning package CHACO [Hen93a)
and refined using KL. However; the use of this improvement capability in
CHACO is restricted to 8 subdomains at mast. Figures 5.3, 5.4, 5.5, and
5.6 show the quality of the partitions in terms of edge cut produced by 8G
and 5Gpoa before and after application of KL, and the time favested during
the refinement. All the experiments were peffarmed on an Silicon Graphics
with 128 Mbytes of memory and 230 MHz CPU. All times reported are in
seconds. :

Initial Partitions After Improvement
Nots | SG | SGprome |SG+KL| t [SGpes +KL[ ¢
2 401 300 98 0.09 120 0.04
4 | 415° 338 255 0.30 255 0.37
8 671 425 429 0.77 384 0.46

Figure 5.3: Sensitivity of the Kernighan-Lin improvement algorithm to the
starting initial partition qualitywise and timewise using the graph HAM-
MOND.

Based on the obtained results, the followiﬁg observations are made:

* 5Gp.e6t + KL produces better partitions than 5G + KL for 10 out of 12
test cases. The only notable exceptions is the bisection case using the
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initial Partitions After Improvement
Ny | 8G SGpmm SG+KL| t [SGpum+ KL} ¢
2 {104 573 270 0.62 202 0.41
4 11327 513 170 1.91 431 0.99
8 | 181D 829 875 59 789 3.88

Figure 5.4: Sensitivity of the Kernighan-Lin improvement algorithm to the
starting initial partition qualitywise and timewise using the graph BIG.

Initial Partitions After Improvement
Nl SG | 8Gpomt [SG+KL] t [SGorere +KL| ¢
2 2713 853 1310 D.61 506 0.31
4 |3102 1289 1694 | 2.67 1218 2.92
8 | 5408 2758 2823 | 9.06 2602 4.98
Figure 5.5: Sensitivity of the Kernighan-Lin refinement algorithm to the

starting initial partition qualitywise and timewise using the graph NACA.

Initial Partitions After Improvement
N [ SG 5Gprom | SG + KL 3 SGprofs + KL 3
2 1444 253 234 0.73 233 0.71
4 | 5898 796 1179 3.32 699 1.99
8 |9M8 2868 3264 22.69 23693 14.50

Figure 5.6: Sensitivity of the Kernighan-Lin improvement algorithm to the
starting initial partition qualitywise and timewise using the graph SNECMA.

graph HAMMOND far which SGp,46: coupled with KL does 18% worse
than 8G coupled with KL, and the quadrisection case using the same
graph far which 5Gp.s + KL and SG + KL performs similarly.

» The difference in the quality of the partitions produced by SGpron + KL
and 3G + KL is significant. On the average, this difference is as high
as 21%. In some cases, the difference in quality is up to 41%, and 61%.

» The amount of time required by KL when coupled with SG is signifi-
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cantly higher than the time it requires when coupled with SGpeq. On
the average, KL requires 37% more time when combined with $G. The
only exception is the quadrisection case using the graph BIG for which
KL combined with SGpon. requires 9% more time.

» SGpoq produced better partitions than SG + KL for 8 out of 12. The
difference in quality is up to 35%.

¢ Based on the above observations, the performance of the KL depends
highly on the given initial partition.

5.5.2 Improvement of Partitions

The following experiments concern the improvements iﬁ'ﬁuality in terms
of edge cut achieved during the improvement phase after resorting to the
henristic MSA, and the amount of CPU time iuvested. The values of the
parameters o, 5, y, and § in the objective function OF putitioning ar€ set fo
" 0.5, 0.5, 0, and 0 respectively throughout the remainder of this dissertation.

SG SGpmﬁt

Nmb Ecinm'nl Ecopl t Ecim'h'al' Ecnpt t
16 1897 1502 [ 1.06 | 1204 1166 §0.43
32 2584 2059 }1.51 | 2076 1370 | 0.83
64 3470 2782 1 2.08 | 2932 2741 | L.28
128 4722 3925 [ 3.54 | 4366 3920  2.75
256 6545 5535 [ 6.4 | 6184 5481 | 5.256

Figure 5.7: Improvements made by our medified variant of the Simulated
Annealing methad nsing the graph NACA.

Three graphs of different sizes are nsed. Each graph has been decompesed
using SG and SGpro. The notations £Ciaing and EC,;, denote respectively
the edge cut before and after improvements. Figures 5.7, 5.8, and 5.9 show
the results obtained, When SG is used as an initial decompaoser, we abserve
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SG SGpront

wa ECinmaf ngt i Ecn'niﬁa! Ecop! i
16 8134 6781 | 1.35 7600 7160 | 0.65
32 11350 | 9678 { 2.96 | 10762 | 9987 | 1.95
64 15521 | 13156 | 3.91 13782 [ 12684 | 3.71

128 | 20839 | 17737 | &.42 19105 | 17455 | 6.66

256 28452 | 24136 | 14.02 | 25705 | 23577 [ 11.11

Figure 5.8: Improvements made by our meodified variant of the Simulated
Annealing using the graph WHEEL.

SG SGpmﬁg

Nout | ECiniiat | ECop ¢ ECinitiat | ECopt ¢
16 13546 8702 | 4.83 8139 7722 | 141
32 17394 12269 | 6.88 9626 8936 | 2.48
G4 22241 ) 16023 | 9.55 13838 | 12748 | 4.04
128 28527 122248 | 12.73 | 20922 | 19750 | 6.85
256 37644 | 31507 | 19.24 | 31950 | 30082 | 11.61

Figure 5.9: Improvements made by our modified variant of the Simulated
Annealing method using the graph SNECMA.

on the average an improvement of 18%, 15%, and 26% for NACA, WHEEL,
and SNECMA. On the other hand, when MSA is combined with SGyes, the
improvement is on the average 8%, 7%, and 6% for the three graphs respec-
tively. The time invested during the improvement phase is still reasonable.
MSA requires less time when combined with 8Gpog owing to the good initial
partition. Finally, we conclude by saying that we have experienced no single
case where MSA was unable to improve a given initial partition.

5.6 Comparison of Heuristic Techniques

The subject of this section is the quality of the partitions produced by our
algorithm and those of TOP/DOMDEC [Far95b}. TOF/DOMDEC and our
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multilevel partitioning algorithm (MLA} resort to graph reduction techniques
to do the partitioning. This topic will be dealt with in detail in the next chap-
ter. Briefly, MLA starts by contracting the size of the graph describing the
mesh. Thereafter, a partition is found at the smallest graph followed hy
an optimization phase at each level of the reduction. MLA uses our new
graph contraction procedure we term gasn vertez maiching. This contraction
procedure merges two vertices provided the perimeter of the new formed su-
pervertex is the smallest possible. As an optimizer, the MSA method is used
at every intermediate level of the contraction. The software TOP/DOMDEC
works with its own contraction procedure and uses Farhat's algorithm [Far88]
to generate an ivitial partition. As improvement methods, we selected Tahu
Search (TS) and Stochastic Evolution {SE} which are already integrated in
the package. All the experiments were performed on an Silicon Graphic with
128 MBytes of memory and 230 MHz CPU. Since the three heuristics are
stochastic, the quality of the decompositions varies from one run to another.
Therefore, the values of the different metrics used in these experiments are
the average values calculated for 10 trials. The objective function used in
TOP/DOMDEC is fed with the same parameters as those presented in sec-
tion 5.5.2.

5.6.1 Weight Imbalance

MLA ] TOP/DOMDEC/TS | TOP/DOMDEC/SE
N [LBE LBR “LBR
16 | 0.999 0.998 0.999
32 |0.993 0.099 0.998
64 | 0.006 0.998 " 0.996
128 | 0.995 0.997 0.997
256 | 0.994 0.995 0.995

Figure 5.10: Load balancing ratio achieved with onr multilevel algorithm and
TOP/DOMDEC using the graph WHITAKER.
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Figures 5.10, 5.11, and 5.12 give the load balancing ratio for the graphs
WHITAKER, BIG, and NACA. The results indicate that both MLA and
TOP/DOMDEC deliver partitions whose LBR are above 0.9, For large
subdomains, this ratio seems to decrease very slowly.

MLA | TOP/DOMDEC, T3 | TOP/DOMDEC/SE
Noa [TBR LBR LER
16 | 0.598 0.599 0.098
32 | 0997 0.999 0.597
64 | 0.997 0.999 0.998
128 | 0.99¢ 0.997 0.997
256 | 0.994 0,996 0.995

" Figure 5.11: Load balancing ratio achieved with our multilevel algorithm and
TOP/DOMDEC using the graph BIG.

MLA | TOP/DOMDEC/TS | TOP/DOMDEC/SE
N | LER LBR IBR
16 | 0.998 0.999 0.998
32 | 0997 0.999 0.997
64 0997 0.999 0.998
128 | 0.996 0.997 0.997
256 | 0.995 0.995 0.994

Figure §.12: Load balancing ratio achieved with our multilevel algorithm and
TOP/DOMDEC using the graph NACA.

5.6.2 Bbundary Size and Subdomain Graph

The TOP/DOMDEC package gives the number of boundary vertices as a
metric to guantify the volume of communications which we adopt as well in
this experiment. Figures 513, 5.14, 5.15, and 5.16 show the quality of the
partitions in terms of the total number of boundary vertices (]BVI) and the
nnmber of edges in the subdomain graph.
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Based on the obtained results, we observe that MLA produces better
decompositions compared to TOP/DOMDEC. A comparison of the number
of boundary vertices reveals that on the average, MLA does 17%, 24%, 21%
and 8% better than TOP/DOMDEC/TS, and 20%, 34%, 20% 13% better
than TOP/DOMDEG/SE. In addition, MLA generates subdomains graphs
whose number of edges is on average 7%, and 12% less than those produced
by TOP/DOMDEC/TS and TOP/DOMDEC/SE respectively. In the cases
where TOP/DOMDEC outperforms MLA in terns of number of edges in the
subdomain graph, the improvements is only marginally better. As all the
different heuristics depend on many parameters, changing the values of the
. parameters might medify the hierarchy between these heufistics, therefore,
we wounld not draw firm conclusions about their merit.

5.6.3 Decomposition Time

Figures 5.17, 5.18, and 5.19 give the partitioning time for both MLA and
TOP/DOMDEC for the graphs WHITAKER, NACA, and BIG.

As far as the running time is concerned, we notice that it increases as the
number of subdomain gets higher. This increase is due to an increase in the
number of boundary vertices which has an iinpact on the the number of per-
turbations performed. From the relevant figures, we see that MLA requires

MLA TOP/DOMDEC/TS | TOP/DOMDEC/SE
Nuw [TBVI[EGI[BVI] @ [1BVI[ [EG)]
16 163 36 228 35 280 35
32 254 69 368 85 422 91
64 398 148 467 156 544 169
128 | 603 317 666 330 762 361
256 | 889 669 916 715 1079 814

Figure 5.13: Comparing our multilevel algorithm and TOP/DOMDEC in
terms of boundary size and number of edges in subdomain graphs using the
graph HAMMOND.
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MLA TOP/DOMDEC/TS | TOP/DOMDEC/SE
Now [{BVITIE(S) BV [E(S) BV [E{S)
16 | 273 35 | 461 44 562 43
32 | 443 73 | 649 77 1 755 80
64 | M2 149 | 903 164 051 168
128 | 1080 307 1311 342 1481 364
256 | 1613 667 | 1810 695 2036 755

Figure 5.14: Comparing our multilevel algorithm and TOP/DOMDEC in

terms of baundary size and number of edges in subdomain graphs using the
graph BIG.

MLA TOP/DOMDEC/TS | TOP/DOMDEC/SE
N [TBVITEG[IBVI]_[E@®) _|IBVI[ _[EG)]
16 288 40 440 42 483 44
32 400 83 508 94 677 94
G4 643 176 778 186 862 104
128 | 943 367 1081 388 1203 421
256 | 1344 737 1459 781 1650 864

Figure 5.15: Comparing our multilevel algorithm and TOP/DOMDEC in

terms of boundary size and number of edges in subdomain graphs using the
graph NACA.

MLA | TOP/DOMDEC/TS | TOP/DOMDEC/SE
N [[BY[TES) {[BV]] __[E(S)_ [[BVI] __ [E(S)
16 | 303 3L | 84 35 351 M
32 | 454 74 | 508 73 528 76
64 | 678 163 | 728 168 75 177
128 | 968 342 | 1051 352 1129 384
256 | 1382 702 | 1433 724 1593 801

Figure 5.16: Comparing our multilevel algorithm and TOP/DOMDEC in

terms of boundary size and number of edges in subdomain graphs using the
graph WHITAKER.
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MLA | TOP/DOMDEC/TS | TOP/DOMDEC/SE
t t

Nmb t
16 | 3.62 2.88 484
32 { 5.38 5.53 7.48
64 | 6.34 6.72 11.93
128 | 9.31 14.13 21.87
256 | 18.43 25.37 37.17

Figure 5.17: Comparing our multilevel algorithm and TOP/DOMDEC in
terms of CPU time using the graph WHITAKER.

MLA | TOP/DOMDEC/TS | TOP/DOMDEC/SE
t

Nyt t . i
16 | 16.95 15.48 16.95°
32 | 2217 23.14 23.60
G4 | 30.98 31.11 40.35
128 | 35.45 39.23 49.14
256 | 41.21 48.10 59.10

Figure 5.18: Comparing our multilevel algoﬁthm and TOP/DOMDEC in
terms of CP{f time using the graph NACA.

MLA | TOP/DOMDEG/TS | TOP/DOMDEC/SE
t t

Nnub ¢
16 | 4.45 4,13 5.13
32 | 6.67 6.34 7.89
64 | 8.35 9.10 9.20
128 | 14.19 16.23 : 19.21
256 §23.61 27.10 35.89

Figure 5.14: Comparimg our multilevel algorithm and TOP/DOMDEC in
terms of CPU time using the graph BIG.

the least amount of time than TOP/DOMDEC/TS and TOP/DOMDEC/SE
for large number of subdomains, Looking at the runtimes of MLA and
TOP/DOMDEC/TS, we observe that on the average MLA requires 12%
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less time than TOP/DOMDEC/TS in 11 out of 15 partitions, and 10%
mare time than TOP/DOMDEC/TS in 4 partitions. Finally, we notice that
TOP/DOMDEC/SE requires on the average 28% more time than MLA.

5.7 Concluding Remarks

Inn this chapter, a variant of the Simulated Annealing method for improving
the quality of a given partition has been presented, This variant combines an
iterative improvement algorithm and a deterioration procedure to conduct
the search. Experimental results have shown that this variant delivers better
decompositions comnpared to the versions of Tabu Search and Stochastic Evo-
lution metheds included in the mesh partitioning package TOP/DOMDEC,
while requiring in most cases the least amount of CPU time. These stochastic
search strategies include a number of adjustable parameters in their defini-
tion, which is in fact an obstacle to performing a fair comparative study,
since the efficiency of any search method may usually be dramatically af-
fected by the choice of parameter values, therefore one should refrain from
drawing firm conclusions about the merits of these heuristics. Finally, the
refinement of the partitions provided by SG and SGpreg reveals that when
KL is combined with the latter, high quality partition are obtained at a low
cost.
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Chapter 6

Graph Coarsening

The success of a decomposition algorithm resides in its shinrt runtime and
high quality partition. The search space over which the'dﬁjective function
OF panitioning 18 defined is a discrete one, bnt very large. For large graphs, the
perturbation which i defined as the transfer of a boundary vertex froni its
sthdomain to a neighboring one risks to slaw down the improvement phase
owing to the size of the search space. Moreaver, since the displacements
affect only the boundaries of subdomains, they will have, in a large mesh,
only a marginal effect on the improvement of the partition quality. This fact
motivates the use of multilevel partitioning algorithms These algorithms
include the following three steps:

» Coarsen the original graph using a coarsening procedure. During this

step, a sequence of smaller graphs are constructed.

» Partition the smallest graph.

» The partition found at the smallest graph is projected back to the finer
graph {original graph) by going through an improvement phase at zach
intermediate level.

Thus, coarsening allows the displacement of packets of veriices instead of
individual vartices at every intermadiate level of the coarsening. At the orig-
inal graph, only single vertices are cansidered.
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In this chapter, we experiment with these three steps and their impact on the
quality of partitions. Two new coarsening schemes are introduced. Their per-
formance is compared to the popular heavy edge matching coarsening heuris-
tic. In addition, a comparative experimental evaluation of two different types
of coarsening called recursive coorsening and direct coarsening is presented.
Finally, our multilevel partitioning algorithm is compared to three of the
rnost established partitioning algorithms in the field.

6.1 Strategy

Recently, a new class of algorithms called multilevel partitioning elgorithms
was introduced by Bui & Jones [Bui%3) and Hendrickson & Leland {Hen93a]
[Hen93b) and further adopted in {Kar95a][K ar95b][Kar95¢)[Van95b] [Wal95a]
[Wal97]. These algorithms resort to graph coarsening in order to partition a
graph. This strategy proved to be very efficient especially when the size of the
graph is large. The basic idea is quite simple. Coarsening aims at building a
sequence of smaller graphs CY{G), CHG), --- C*(G) from the original graph
C using a coarsening scheme such that |G} > [CUG)| > |CHGH > - >
[C*{@)|. Thereafter, a partition of the smallest graph C*(G) is computed,
and finally this coarse partition is projected back towards the original graph,
by proceeding with an improvement phase at each step. Given a graph G, a
coarser graph C(G) can be obtained by merging adjacent vertices. Thus, the
edge linking two vertices is collapsed and a sﬁpervertex consisting of these
two vertices is formed. Supervertices are weighted by the sum of the weights
of the merged  vertices. In order to preserve the connectivity information,
a superedge between two supervertices u and v ig the union of the edges
between the vertices of u and those of v. The weight of the superedge is
the sum of the weights of the edges it represents. Thus, the quality of the
pattition in terms of edge cut of the coarser graph is equal to the edge
cut of the same partition in the original graph. This type of coarsening
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will be refecred to as recursive coarsening and is widely adopted by maost
multilevel partitioning aigorithm. After one coarsening level, we have roughly

e = v@/

6.2 Coarsening Schemes

6.2.1 Coarsening and Matching

Given a graph G = (V{G), E{G)), a coarser graph can be obtained by col-
lapsing adjacent vettices, Thus, the edge joining two vertices is collapsed
and a gupervertex consisting of these two vertices is generated. This edge
collapsing can be formally defined in terms of matchings. '

Algorithm 8 Pseudo-code of a typical recursive coarsening procedure.
Procedure GraphCoarsening (input G: graph, output C(G): graph);
V(C(G)) =0,
E(C(@)) =¥
for v:=1 to [V(G)| do
lobel[v] := unmarked;
end for
repeat
choose an unmarked v; € V(G) ;
if 3 v; € V(G)) such that: v; is unmarked and {v;,v;) € E(G) then
form supervertex w = {v;,v;};
lobel[v) := marked,
lobellvy] := marked,
else
form supervatex w = {v;};
labellv] := marked,
end if
V(C(G)) = V(C(E)U {u);
E(C(GQ) =EB{C(GNVU {{w, v} |y e V(C(G)),3v ew,v" € y:
v, ) € BG);
until all vertices of V(@) are marked,
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Consequently, a coarser graph C(G) is constructed from G by finding a
matching of the elements of V(G) and collapsing the matched vertices into
supervertices. The unmatched vertices are simply copied over to C(G). A
pseudo-code for a typical sequential coarsening procedure is given in Algo-
rithm 8.

6.2.2 Heavy Edge Matching

Heavy edge matching (HEM) was first introduced in [Man92], and further
studied in [Kar85a]. This scheme aims at generating a coarse graph in which
vertices connected by a “heavy" edge, i.e. an edge with a high weight, are
collapsed to form supervertices. The vertices are visited in random order.
An unmerged vertex v; i3 collapsed with a vertex v; provided that the weight
of the edge (v;,v;} is maximum over all edges incident to »;. Thus, “heavy”
edges are made intra-supervertex edges, ensuring that most of the inter-
supervertex edges have relatively small weights. Experimental results con-
ducted in [Kar95a] have shown that HEM is an excelient coarsening scheme.

6.2.3 Gain Vertex Matching

While HEM uses the criterion of profitable edges to collapse vertices, our
new matching scheme which we term gain vertez matching (GVM) exploits
the criterion of profitable vertices to do the matching. Vertices are again
visited in random manner. An unmerged vertex v; is matched with ore of
its unmatched neighbors that lead to the smallest weight sum over the edges
incident to the supervertex. The main idea behind GVM is to compute a
matching that attemnpts to generate coarse graphs in which edges joining
the different supervertices have the smallest weights. The advantage of using
*GVM against HEM is better illustrated through the example shown in Figure
6.1. This example shows a graph of four vertices together with the weight
of the edges. Let us assume that all the four vertices are still unmatched.
To find a mate for the vertex a for instance, HEM wili choose the vertex c,
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[c] ' [d]

HEM
w(<a,b>)=4
w(<a,C>)=8 max
w(<a,d>)=5

GVM
Collapsing a and b:Boundary{a,b}=14 min
Collapsing a and C:Boundary{a,C}=12
Collapsing & and d:Boundary{a,d}=23

Figure 6.1: A simple example illustrating the behavior of the heavy edge and
gain vertex matching schemes.

whereas GVM will choose the vertex b instead. The resulting supervertex
produced by HEM will have its boundary equal to 19, while the one produced
by GVM will have its boundary equal to 14.

- 6.2.4 Closest Vertex Matching

The closest vertex matching (CVM) is a coarsening scheme based on a ge-
ometric criterion: it uses the coordinates of the vertices to compute the
matching. Vertices are again traversed in random order. A yet unmatched
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vertex v; is matched with the unmatched neighbor which is closest in geo-
metric space. The resulting supervertex is then assigned the coordinates of
the center of gravity of the callapsed vertices. This coarsening procedure has
been first introduced by Boman and Hendrickson {Bom96] in the context of
reducing the envelope of sparse matrices. '

6.3 Experimental Results

All the experiments conducted in this chapter were performed on an Silican
Graphics with 128 Mbytes of memory and 230 MHz CPU. All times reported
are in seconds.

6.3.1 Quality of Matching

In this section, we present results regarding the quality of the matching pro-
ditced by the three coarsening schemes for the graphs BIG, NACA, T60K.4
- and WHITAKER. All the coarsening schemes do 5 coarsening levels. Figures
6.2, 6.3, 6.4, and 6.5 show the matching ratio MR = L};{g}%ﬁi at successive
coarsening levels for HEM, CVM and CVM.

In terms of the quality of the matching, we observe that GVM produces
the highest matching ratio compared to the other two coarsening schemes
which makes it the clear matching winner. On the average, HEM, CVM
are 4.7%, and 4.5% below the maximum matching respectively, whereas the
matching geherated by GVM is only 1.4% helaw the maximum. In addition,
we abserve that tlie matching ratio for the three coarsening schemes decreases
at snccessivé coarsening levels. We notice also, that this decrease ig slower
wlen GVM is nsed,

6.3.2 Topology of the Coarse Graph

The experiments conducted in the previous section shawed the superiority of
GVM compared to the other methads in terms of the quality of matching.
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Figure 6.2: Performance of various coarsening schemes in terms of matching
ratio using the graph BIG. o
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Figure 6.3: Performance of vatious coarsening schemes in terms of matching
ratio using the graph NACA.

As each coarsening scheme is distinguished from the others by the criterion it
exploits to merge vertices, the structure of their corresponding coarse graphs
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Figure 6.4: Performance of various coarsening schemes in terms of matching

ratic using the graph T60K.
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Figure 6.5: Performance of various coarsening schemes in terms of matching
ratia using the graph WHITAKER.
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HEM

Graphs [V{C*{GY)] [ TECCG)I |
BIG 523 1415
NACA 904 2513
T60K 1084 2095
WHITAKER 3’9 1040

Figure 6.6: Number of vertices and edges of four coarse graphs produced by
the heavy matching coarsening scheme.

GVM

Graphs | [V(CY{G))| | [E(CHG
BIG 490 1261
NACA 625 2153
T60K 967 2758
WHITAKER | 314 888

Figure 6.7: Number of vertices and edges of four coarse graphs produced by
the gain vertex matching scheme.

is obviously different. In this section, we take a closer look at the topology of
gome coarse graphs produced by the three coarsening schemes. Figures 6.6,
6.7, and 6.8 ghow the number of vertices and edges of four coarse graphs.
Figures 6.9, 6.10, and 6.11 prt_wide information regarding the average vertex
weight, average vertex degree, and average edge weight of the same four
coarse graphs.

A number of interesting observations are summarized below;

s GVM produces coarse graphs having en average 16% and 15% less
vertices than those of HEM and CVM respectively. HEM and CVM
need to do extra levels of coa.rseninlg in order to obtain coarse graphs
having less number of vertices than those produced by GVM.

s GVM produces coarse graphs having on average 13% and 25% less
edges than those of HEM and CVM. The only exception is the graph
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"CVM
Graphs [ViG’i@HH E(CHCY)]
BIG 631 1647
NACA GRB 4063
T60K 1066 2746
WHITAKER J91 967

Figure 6.8: Number of vertices and edges of four codrse graphs produced by
the closest vertex matching scheme.

HEM

CoarseGraphs | W{V{C(G))) | deg | W{E{CHE)))
BIG 29.83 2.70 8.46
NACA 20.07 LN | 14.87
T60K 28.20 2.76 8.29

WHITAKER 25.19 2.67 7.93

Figure 6.9: Topology of four coarse graphs produced by the heavy edge
matching method. :

GVM -
CoarseGraphs | W{V{C*@))) | deg | W{E(CE(G)))
BIG 31.84 2.63 8,11
NACA 29.03 3.44 19.97
- THOK 31.61 2.85 8.71
WHITAKER 31.21 2.82 8.83

Figure 6.10: Topology of four coarse graphs produced by the gain vertex
matching method.

T60K whose coarse graph when using CVM has 1% less edges than
GVM.
s On the average, the coarse graphs delivered by GVM have supervertices

whose weight vary less than those delivered by HEM and CVM. This
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CVM

CoarseGraphs | W{V{C*(G))) | deg | W(E{C*(G)))
BIG 24.73 2.61 13.52
NACA 26.37 5.00 17.67
T60K 28.67 2.57 15.75
WHITAKER 25.06 2.47 13.78

Figure 6.11: Topology of four coarse graphs produced by ‘the closest vertex
matching method.

is not surprising, since GVM produces larger matchi'n'gs compared to
the other two methods.

¢ CVM delivers coarse graphs whose supervertices have an average de-
gree which is 12% below that obtained with HEM, and 7% below that
obtained by GVM. The only exception is the coarse graph NACA whaose
average degree obtained by CVM ie 47% and 42% higher thaun that of
to HEM and GVM.

» CVM produces coarse graphs whose average edge weight is 47% and
45% above those obtained by HEM and GVM respectively. The ouly
exception is the graph NACA for which the average edge weights pro-
duced by GVM is 12% higher than that of CVM. This result indicates
that the strategy of using CVM as a coarsening scheme followed for
instance by SG at the lowest level of the coarsening, leads to partitions
having larger edge cut than those of HEM and GVM.

¢ There are several advantages associated with the larger matching ratio
produced by GVM. First, the graphs get smaller more quickly with
GVM compared to HEM and CVM using the same number of coarsen-
ing levels. Second, the heterogeneity produced by unmatched vertices -
is reduced. Third, the coarse graphs produced by GVM tend to lead to
smaller partitioning runtimes than those produced by HEM and CVM.
For example, the coarse graph BRACK takes 1.67 s to partition when
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HEM is combined with 8G, and only 0.16 s when GVM is selected.

6.3.3 Quality of the Partitions

The questions to be answered in thie section is how much the edge cut of the
coatse graph exceeds that of the original graph. In addition we are interested
to see the impact of different coarsening algorithmas on the final quality of the
partition in terms of the edge cut. We evaluated the efficiency of the three
coarsening procedures using the graphs T60K, 4, T60K, NACA 4, and NACA.
The multilevel graph partitioning algorithm used in this experiment starts
by contracting the graph using either coarsening technique. Thereafter, the
algorithm SG is used to deliver an initial partition. Finally, the procedure
Improve presented in the previous chapter is used as an optimizer at each
intermediate level, with the slight modification that it terminates when a
certain mumber of iterations are done (we took 5.10° iterations). Thus, all
the coarsening schemes are subject to the same amount of CPU time during
the improvement phase. The notations ECQ denotes the size of the edge
cut of the original graph, whereas EC5 denotes the size of the edge cut at
the coarse graph. Both graphs have been decomposed using SG. Finally,
ECqp denotes the size of the edge cut after resorting to improvement at
every intermediate level of the coarsening. Figures 6.12, 6.13, 6.14, and 6.15
repart the results of our experiments.

Based on the examination of these results, the following observations are

made:

e On the average, the edge cut produced at the coarse graph is 27%,
26%, and 45% worse than that of the original graph for HEM, GVM,
and CVM respectively.

» After improvement, EEM produces the best results for six partitions,
GVM for twelve partitions, and CVM for two pactitions. The differ-
ence in quality between GVM and HEM is within 7% in favor of the
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HEM GVM CVM
Ny | [ECOT|TECS] [ [ECw[ [ TECH! | [ECou] | [ECH [ [ECurt
20 | 2550 | 3784 2289 | 3654 2335 | 4200 2698
40 | 4125 | 5424 3470 | 5488 3648 | 6961 4411
60 | 5125 | 7542 4531 | 6951 4540 | 9338 4977
80 | 5950 | 8927 5354 | 8210 5248 | 10750 6095
100 | 6656 | 9304 5901 | 9484 5986 | 12078 6962

Figure 6.12: Quality of the partitions produced by the various matching

schemes using the graph T60K a.

HEM GVM CvM
Ny | [ECO | [ECS] [ [EC o] [ ECY | ECyye | [ECH] | [EC o]
20 | 9585 [ 13923 8984 | 12760 8485 | 21840 10347
40 | 15520 | 20850 13499 | 20675 13592 | 32755 16100
60 | 19515 | 26669 17453 | 2510t 17215} 41188 19988
80 | 22879 | 31463 20538 | 20560 20310 | 50689 24083
100 | 25416 | 35187 23287 | 34067 22861 | 56853 27771

Figure 6.13: Quality of the partitions produced by the varicus matching

schemes using the graph T60K.

HEM GVM CVM
Nuw [ [ECO[[ECS] | [ECon| IEC5\I|EC@I 1BCE] [ 1ECop
20 | 2055 | 2401 1296 1219 | 3284 1351
40 | 2737 | 3837 1986 3418 1989 | 4177 1978
60 | 3316 | 4218 2487 4157 2448 5069 2523
80 | 3820 | 4816 ' 2950 | 4776 2015 | 5879 3004
100 | 4154 | 5504 3336 | 5216 3320 | 6338 3303

Figure 6.14: Quality of the partitions produced by the various matching

schemes using the graph NACA4.
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o

= HEM GYM | CVM
Ny [TECU T TECH [TECoal [ 1BCSI | ECom] | IECS] [ IECa |
20 7975 1 10643  58T0 | 10672 5475 | 14747  5HO0S
40 | 10635 | 145456 8317 | 14526 798K | 18933 8533
60 | 12545 | 16618 10198 | 17916 10487 | 23497 10438
80 | 14262 | 19301 12083 | 20530 11933 | 26126 11732
106 | 15737 | 21148 13446 | 22951 13181 | 29863 13413

Figure 6.15: Quality of the partitions produced by the various matching

schemes using the graph NACA.

former. In the cases where HEM does better than GV M, the difference
in quality is within 5%. Finally, we notice that the quality of the edge
cut when CVM is used as a coarsening scheme is on average 8% worse
than of HEM and CVM.

Looking at the graph NACA in Figure 6.15, the initial partition pro-
vided by CVM for 80 subdomains is 21% and 26% worse than that of
GVM and HEM respectively. However, after refinement, the final par-
tition of CVM in terms of edge cut is 2% and 3% better than that of
GVM and HEM respectively. This particular example showa that when
an initial partition is better than ancther one, its optimized version is
not necessarily better than the optimized version of that other one,

6.4 Influence of the Initial Decomposer

This section’is about the issue of whether a good initial partitioning algorithm
is worth using at the coarse graph in order to speed up the partitioning

process.

As pointed out earlier, 2 number of algorithms can be used to partition
the coarse graph. We evaluated the performance of our multilevel algorithm
from the point of view of quality and time using SG and 5Gpese as initial
decomposers. In the rest of this section, we present results for the graphs
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SG Scpmﬁl

N [TECITTTECoeT | # [TEC [ 1Byl 1)
20 | 55208 19469 22.62 | 23355 16676 13.95
40 | 64208 27534 30.55 34278 24518 1941
60 | 72151 31623 37.10 | 42011 29869 24.72
80 | 79206 38548 44.08 | 47244 34173 31.05
100 | 85093 41402 49.28 | 52897 38051 36.26

Figure 6.16: Impact of the initial decomposition on the overall performance
of our multilevel algorithm using the graph BRACK.

SG SG profil
N [TECTTECoul T 75) [TECHI | ECou [ 3
20 {19945 9492 9.3 7154 5146- - - 4.22
40 23581 10973 994 | 12246 8702 6.55
60 | 28192 14337 12.65 ) 16407 11751 9.0
80 | 30482 15004 14.18} 20144 14341 9.87
100 | 32848 18236 15.25| 24024 17083 12.45

Figure 6.17: Impact of the initial decompaosition on the overall performance
of our muitilevel algorithm using the graph SNECMA.

BRACK, WHEEL, and SNECMA. The graph BRACK was contracted using
HEM, SNECMA was contracted using GVM, and finally WHEEL was con-
tracted using CVM. Improvement is carried out at each level of the contrac-
tion using MSA. Three level of contractions were performed. The notations
EC3, and EC,, denote the size of the edge cut at the coarse graph and
after improvement respectively. Based on the experimental results shown in
Figures 6.16, 6.17, and 6.18 the following observations are made:

« The edge cut for the three coarse graphs varies quite significantly de-
pending on the algorithm used. On the average, $Gp,.6 produces par-
titioos of the coarse grapbs with an edge cut which is 45%, 43%, and
33% better than that of SG for BRACK, SNECMA, and WHEEL re-
spectively. After improvement, the difference in quality is reduced to
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SG

SGproﬁt

N, [TECITTEC | 15)

[EC3VTEC ] | t(s)

20 | 20817 7671

40 | 27364 10417
60 | 32685 13069
8D | 38292 14429
100 | 42300 16472

349
8.66
9.7
1170
11.46

14153 7678

18602 10568
21795 12343
24919 14181
27458 15730

3.52
6.03
8.82
7.79
9.28

Figure §.18: Impact of the initial decompaosition on the overall performance

of our multilevel algorithm using the graph WHEEL.

10%, 20%, and 4%. This comparison is of interest whenever, for the
sake of reduction of the partitioning time, no improvement is invoked.

» The time required during the improvement phase varies significantly.
We observe that MSA requires less time when coupled with SGpyop
than with SG in all cases but one. On the average, MSA requires 33%,
32%, and 23% less time when combined with 8Gps: than with SG
for BRACK, SNECMA, and WHEEL respectively. This seems quite
reasonable giving the fact that MSA converges rapidly owing o the

good quality of the projected partitions.

6.5 The Advantage of the Coarsening

The contraction schemes introduced in this chapter have been tested on a
wide range of graphs. For every test case, we notice an improvement of the
quality of the partition together with a reduction of the CPU time. Figures
6.19 and 6.20 show the gain afforded by the coarsening from the point of view
of quality and computation time using the graph BRACK and performing

three level of contractions using HEM.

In Figure 6.19, we represent the edge cut of the pactitions obtained with
and without coarsening as a function of the number of subdomains. We notice
that coarsening leads ta better partitions. For this particular example, the
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Figure 6.1%: Advantage of the coarsening on the edge cia.t.using the graph
BRACK. '

Figure 6.20: Advantage of the coarsening or the CPU time using the graph
BRACK. ’
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improvement afforded when resorting to contraction ranges between 3% and
19%. Coarsening seems to be an excellent way used to get better partitions
because of the following three facts:

1. Coarsening leads to an important reduction of the search space.

2. A consequence of the above property is that packets of vertices are
maved to neighboring subdomains rather than single vertices. Thus,
only a small number of transfer leads to a significant edge cut reduc-
tions.

3. Improvement is carried out in a more efficient manner owing to the
variable size of packet of vertices moved at each coarsening level,

In Figure 6.20, we represent the CPU time of different partitions with and
without coarsening as a function of the number of subdomains. We see that
coatsening speeds up the partitioning process. In this example, coarsening is
on the average twice as fast for this particular choice of the parameters.

6.6 Direct Coarsening vs Recursive Coarsen-
ing

Laplementing a contraction procedure requires that the level of the coars-
euing and the size of the supervertices should be determined a priori. In
previous experiments, coarsening was performed by specifying the desired
level of the tontraction with the constraint that each supervertex of the new
coarser graph is the result of collapsing at most twa vertices of the graph of
the previous level. Thus, a coarsening on three levels reduces the size of the
original graph by at most a factor of 2}, This type of coarsening was pre-
viously termed recursive coarsening. Another way to reduce the size of the
original graph by approximately the same factor would be to use one level
of contraction where each supervertex having at most 2* vertices. This type
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of coarsening will be referred to as direct coarsening. As the size of the su-
pervertices differ whether direct or recursive coarsening is performed, we will
vse the term supervertex in case of recursive coarsening, and use the term
cluster in case of direct coarsening. The strategy followed in direct coars.
ening is similar to the strategy used tc get an initial partition vsing greedy
partitioning algorithms developed in Chapter 4. The algorithm starts by
chaosing the very first vertex satisfying the minimal degree criterion. There-
after, the cluster is constructed by iteratively adding adjacent vertices of the
graph until the required size of the cluster is reached. However, it may oc-
cur that during the process of building a particular cluster, the algorithm
fails to detect additional adjacent vertices and the resulting clnster is smallec
than it should be. If such situation arises, the cluster is-taken as it is and
the algorithms simply moves on to the construction of the next ¢lusier. The
pseudo-code of the greedy coarsening algorithm is given in Algorithm 0. This
direct coarsening algorithm exploits mainly the adjacency information of the
graph. The algorithm can easily be modified to build clusters according to
the criteria used in the partitioning algorithms SG 060, SGan, and SGyin.

We compare the performance of both direct and recursive coarsening using
the graphs SNECMA, T60K, BRACK, and NACA. In all our'experiments,
the load balance ratio after improvement never dropped below 0.995, there-
fore we will not include this metric in our results. In this experiment, the
multileve] partitioning algorithm ususes GVM as a coarsening schewe either
recursively or directly, SGprone a8 an initial decomposer, and MSA as an op-
timizer. The procedure Improve used in MSA assmmes that a locally optimal
partition is reached when the rate of acceptance is below 5%, wheteas the
convergence criterion of MSA is attained when no further progress is ob-
served during 3 consecutive runs of the procedure Improve. In the case of
direct coarsening, MSA is applied only twice (i.e. at the coarse graph and at
the finer graph). The natation ECY denotes the edge cut after improvement,
z being the number of levels of contraction performed, y the maximum size
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Algorithm 9 Pseudo-code of the greedy direct coarsening algorithm.
Procedure Direct(input G:graph input size:integer,output C(G):graph),
V(C(e)) =6
E(C(G)):=0;
U:= G, /* U denotes the graph with the unassigned vertices */
c:=0;
repeat
cdr=d+1;
if ¢/ = 1 then
choose a vertex v € V(U) with minimal degree;
else
choose a vertex v € Vyary (U);
end if
Viclustery) := {v};
V() = V(U) - {o);
stop:= false;
repeat
choose a vertex v € Viqry(U) such that:
3 {v,w) € B(G): we V(clustery);
if such w does not exist then

stop.= true;
else
AddVertex(cluster,,w);

RemoveVertex(U,w); )
/* remove from U vertex w with its incidents edges */
end if

until (elustery] = size or stop);

V(C(6)) = VIC(E)U {clustera), |

B(G(C)) = B(C(G)) U{{clustera, ) |y € VIC(G)),
I v € clustera,v" €y (v, v") € E(G)};

until V{U}:=§
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recursive coarsening direct coarsening

Nuw [TECA] t [IEC] ¢ [IECI] t [[ECY]
32 [ 23061 25.60 22278 19.20 | 22600 22.11 21042 13.04
64 | 31079 24.56 30634 229531208 26.67 31811 2509

Figure 6.21: Performance of direct coarsening and recursive coarsening using
the graph BRACK: two and three level of contractions vs one level.

recursive coargening direct coarsening

N [[ECT ¢ [IECGI] ¢ TIEC][T ¢ [IEGY]] ¢
32 | 21597 20.08 21311 20.79 ) 21404 18.42 22302 20.63
64 | 30977 24.28 31287 20.21{ 31914 22,20 32207 20.92

Figure 6.22: Performance of direct coarsening and recursive coarsening using
the graph BRACK: four and five level of contractions vs one level.

recursive coarsening direct coarsening

Ny [JECH] ¢ [IBCI] T [TECH] t IECT] ¢
32 [ 7604 861 7061 950 | 7076 83D 7236 715
64 | 12622 1298 12192 12.53| 12490 11.02 12113 11.87

Figure 6.23: Performance of direct coarsening and recursive coarsening nsing
the graph SNECMA: two and three level of contractions vs one level.

of either supervertices or clusters. This benchmark comprises a total of 32
test cases.

From Figure 6.21 through Figure 6.30, we observe that 22 out of 32

recursive coarsening direct coarsening

N [TECHT © TIECA] ¢ [TECY] t JIECPI]
32 [ 7741 1281 8068 12,26 | 7022 936 7734 10.67
64 |[12048 17.07 12536 18.27 | 12299 1250 12361 1230

Figure 6.24: Performance of direct coarsening and recursive coarsening using
the graph SNECMA: four and five level of contractions vs one level.
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recursive coarsening direct coarsening

Naub iEC2l t EEC!‘I I t IEC” E t I IE—EIEI l t
32 [ 15376 13.64 12621 13.61 | 12966 16.34 12005 13.18
64 | 21125 1810 19404 18.25)] 18460 21.13 17492 17.06

Figure 6.25: Performance of direct coarsening and recursive coarsening using
the graph T60K: two and three level rontractions vs one Jevel.

recursive coarsening direct coarsenin
N [[ECI] ¢ TIECI] ¢ [IBC]| ¢ TIEGT] ¢

32 | 13228 14.37 11936 14.55) 11781 12,50 11856 13.05
64 | 18240 19.17 18015 19.60 | 17848 16.50 17617 16.20

o9

Figure 6.26: Performance of direct coarsening and recursive coarsening using
the graph T60K: four and five level of contractions vs one level.

recursive Coarsening direct Coarsening
N [TECH |t _TJECH] ¥ |TECH] & [IECH][ ¢
32 | 7280 741 6587 744 | 7016 5.17 6953 5.65
G4 |10414 10.83 10564 10.52 | 10420 8.59 10284 7.68

Figure 6.27: Performance of direct coarsening and recursive coarsening using
the graph NACA: two and three levels of contractions vs one level.

Ed - L] " L)

Figure 6.28: Comparing the quality of edge cut produced by direct coarsening
and recursive coarsening at the coarse graph using the graph SNECMA.
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and recutsive coarsening at the coarse graph using the graph BRACK.

recursive coarsening direct coarsening
N [TEC{T] t [IEGI] ¢ [TECP] t JIECY]] ¢
32 | eB74 747 6827 B8.16 | 6V19 570 6566 594
64 | 10386 10.356 10365 13.94| 9894 B.63 10058 10.87

Figure 6.30: Performance of direct coarsening and recursive coarsening using

the graph NACA: four and five level of contractions vs one level,
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Lest cases are won by direct partitioning. The improvement is up to 16%.
In the cases where recursive coarsening outperforms direct coarsening, the
improvement is only up to 5%.

The advantage of direct coarsening can be analyzed by looking at Figures
G.28 and 6.29. In these two figures we represent the value of the edge cut
prior to refinement as a function of the number of subdomains for the graphs
BRACK, and SNECMA. We see that direct coarsening does better than
recursive coarsening for bath graphs. On the average, the difference in quality
ranges from 37% to 40% for BRACK, and from 14% to 26% for SNECMA.
Recursive coarsening delivers initial partitions of lower quality compared to
those of direct coarsening. Thus, on the absence of a refinement phase, direct
coarsening is definitively a better graph coarsening choice than its recursive
counterpart. This significant difference in gnality at the coarse graphs leads
to the fact that MSA is often unable to catch up with the overall quality
produced by the combination of direct coarsening and MSA. As far as the
time invested during the refinement phase is concerned, we observe that
direct coarsening leads in most cases to much cheaper refinement compared
1o recursive coarsening. On the average, MSA requires 17% more time when
combined with recursive coarsening than with direct coarsening,.

6.7 Comparing Different Partitioning Algo-
rithms

The subject of this section is to evaluate the performance of our multilevel
partitioning afgorithm (MLA) against a range of existing methods. As the
CHACO partitioning package [Hen83a] offers the possibility of choosing sev-
eral methods designed to partition graphs, wa used it to compare MEA to the
inertial partitioning algorithm {IA) [NonB6| conpled with KL. MLA resorts
to direct coarsening using GVM with 4 being the maximum size of a clus-
ter. MLA performs as many levels as possible with the constraint that the
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MLA A + KL
No{EC | t | BEC T ¢
32 | 3811 261 5800 4.45
64 5639 4.12 | 7767 5.34
128 | 7686 6.48 | 10608 6.23
256 {10911 9.52 | 13472 7.06 |

Figure 6.31: Performance of our multilevel partitioning algorithm against the
inertial method combined with the Kernighan-Lin using the graph T60K,q4.

MLA IA + KL
Naub EC l t EC I ¢
32 J 7976 7.21 | 20249 10.59
64 | 12056 10.35| 26678 12.7G|. .-
128 | 20585 15.98 | 31315 13.92
256 | 31155 29.90 | 40756 15.65

Figure 6.32: Performance of our multilevel partitioning algorithm against the
inertial method combined with the Kernighan-Lin using the graph SNECMA.

smallest graph should have at least 20 x N, vertices. The smallest graph
13 decomposed with SGproat, and the improvement is carried out using MSA,
with the modification that at the finer level only the procedure Improve is
used. The iteration stops when the rate of acceptance of the procedure Im-
prove is below 5%. This is adopted in order to cut down the execution time of
the refinement at the finer level to obtain a reasonable CPU time compared
to the other algorithms. All the experiments were performed on an Silican
Graphics with 128 Mbytes of memory and 230 MHz CPU. This benchmark
includes the graphs BRACI, SNECMA, and T60K, .

From Figures 6.31, 6.32, and 6.33, we se¢ that the inertial method com-
bined with KL delivers decompositions of lower quality than those produced
by MLA. The improvements ranges frem 19% to 35%, 24% to 61%, and 18%
to 49% for T60K,e, SNECMA, and BRACK respectively. This can be ex-
plained by the fact that unless a good initial partition is fed into KL, an
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Figure 6.33: Performance of our multilevel partitioning algorithm against the
inertial method combined with the Kernighan-Lin using the graph BRACK.

MLA

IA + KL

Nmb

EC | ¢

EC | ¢

32
64
128
256

20908 9.31

30962 16.84
43223 26.79
61138 37.78

40894 14.71
48722 16.62
59976 18.02
74626 21.67

Nmb

JOSTLE

CHACO

METIS

MLA

EC | ¢

EC | ¢

EC | ¢t

EC |

4

32
64
128
256

1069 0.18
1706 0.34
2709 0.71
3790 2.25

1098 1.33
1789 1.73
2644 217
3863 2.6t

1087 0.20
1725 0.35
2619 0.55
3977 0.58

997
1615
2427
3598

1.51
2.40
445
6.30

Figure 6.34: Performance of various partitioning algorithms using the graph
HAMMOND.

improvement of high quality is difficult to reach especially for large graphs.
Similar observations have been reporied [Hen93b). The comparison of the
CPU time reveals that the time of MLA can be as high as 48% compared to
that of (IA + IXL). This happens especially for a large number of subdomains
(128,256) where the number of perturbations performed by the procedure
Improve increases owing to an increase of the total number of boundary ver-
tices. On the other hand, the time of (IA + KL) is on the average 30% higher
than of MLA below 128 subdomains in most cases. The second benchmark
includes a comparison between our MLA and three of the most popular multi-
tevel partitioning schemes METIS [Kar95a], JOSTLE [Wal95a], and CHACO
(Hen93a). We used the most recent versions of METIS {KMETIS) and JOS-
TLE, but not the latest version of CHACOQ. Our benchmark uses four graphs
of different sizes to illustrate the behavior of each algorithm.
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JOSTLE CHACO METIS MLA
Nw | EC] ¢t |EC] ¢t |EC] t [ECT] ¢
32 [ 1889 0361922 2.65 [ 1875 0.65 | 1836 2.07
64 | 2794 0472822 40 (2781 0852692 3.39
128 | 4061 0.87 | 4066 5.06 | 4008 0.96 | 3874 6.25
256 | 5795 2.46 5913 6.10 | 5762 143|554 9.27
Figure 6.35: Performance of various partitioning algorithms using the graph
WHITAKER.
JOSTLE CHACO METIS MLA
Nw[EC] t EC] ¢t JEC] t [EC] t
32 | 1834 0.41) 1880 3.62)1834 0991719 3.80
64 | 2984 0.71(2967 4.12 12942 1.01| 2815 5.83
128 | 4620 1.35 | 4586 5.46 4529 1.23 | 4420° &.37
256 | 6827 3.73| 6919 6.68|6746 1.73| 6498 14.91
Figure 6.36: Performance of various partitioning algorithms using the graph
BIG.
JOSTLE CHACO METIS MLA
N | BC | ¢ EC |t EC ]t [ECT ¢t
32 {20272 5.23 [ 19598 11.15 | 20942 2.71 | 20808 931
64 | 28688 7.45 | 29208 14.36 | 29671 3.10 | 30962 16.84
128 [ 41136 11.98 | 42167 17.87 | 42148 3.42 | 43223 26.79
256 | 58292 16.49 | 60150 2217 | 59567 447 | 61138 37.68
Figure 6.37: Cowmparing a faster version of our multilevel algorithm with

other multilevel techniques using the graph BRACK.

JOSTLE

CHACO

METIS

MLA

Nmb

EC | ¢

EC | ¢

EC [ ¢

EC | ¢

32
64
128
256

20272 6.23
28688 T7.45
41136 11.98
58292 146.49

19598 11.15
20208 14.16
42167 17.87
60160 32.17

20042 271
29671 3.10
42148 3.42
59567 4.47

18364 125.30
28132 187.78
41096 201.37
57389 275. 12

Figure 6.38: Comparing a slower version of our multilevel algorithm with

other multilevel techniques using the graph BRACK.
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Based on the results presented in Figures 6.34, 6.35, and 6.36 the following
chservations are made:

o MLA delivers consistently partitions having smaller edge cut than the
other multilevel schemes for small and medium sized meshes.

¢ When MLA is compared with JOSTLE, CHACO, and METIS, the
improvement ranges from 3% to 10%, from 4% to 9%, and from 2% to
10% respectively.

« The runtime of MLA can be up to 11 times higher.

For large meshes, MLA does worse than the other schemes in terms of the
quality. Here, we outlire the results for the graph BRACK (Figure 6.37).
In this example, MLA does up to 7% worse compared to the other schemes,
while requiring up to 4 more times. The reason behind the poor quality of
the partitions delivered by MLA is that improvement of bigher rates is not
achieved at different levels due to the low runtime of MSA, Thus, at the finer
level, the quality of the edge cut is still lower compared to those of the other
partitioning schemes. Thus, much time is needed before reaching the quality
of the other partitioning packages. Figure 6.38 compares the quality of par-
titions produced by a slower version of MLA to those of JOSTLE, CHACO,
and METIS: This version uses MSA at different levels , and terminates if no
progress hias been made during 10 consecutive runs of the procedure Improve.
The results show that better quality is achieved at the expense of a much
bigher execution time. The fact that our MLA is not yet optimized, the two
versions are somewhat extreme. On the basis of this result, a better strategy
is needed. The time devoted to the improvement phase at different level has
to be distributed in a more appropriate manner. Finally, we notice that the
quality of the edge cut of METIS, JOSTLE and CHACO is within 6%. As
far as the time is concerned, all the three packages deliver decompositions at
a lower cost with METIS being the fastest of them all.
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6.8 Concluding Remarks

Three coarsening schemes have been used to reduce the size of graphs. These
coarsening schemes differ in the manner vertices are merged. The GVM
scheme generates coarse graphs whose edges joining the different superver-
tices have the smallest weights. The main advantage of this scheme resides
in the fact that it produces higher matching ratios compared to the other
schemes. A direct consequence of this desirahle property is the fact that
graphs get smaller more quickly using the same number of coarsening lev-
els. Experimental results show that the overall quality of the partitions are
sengitive to the coarsening scheme employed. Comparing the three coarsen-
ing schemes, GVM yields partitions that are up to 7% better than of HEM
given the same execution time. The use of a good initial decomposer at
the coarse graph such as SGpra is recommended. Such a choice leads to
a reduction in CPU time invested during the improvement phase without
sacrifying the quality of the decompositions, Graph coarsening appears to
be an efficient means to speed up the partitioning pmcms'and provides an
elegant natural adaptive neighborhood in the search space. Coarsening could
be achieved either directly or recursively. On the average, direct coarsening
performs better than recursive coarsening while requiring the least amount
of time. Finally, our multilevel algorithm produces better partitions than the
three partitioning packages for small and medium size graphs in a reasonable
amount of time. However, for large graphs, a further tuning is needed.
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Chapter 7

Perspectives

This chapter contains $wo parts that have not yet reached a level of maturity
and which represent two open perspectives for our future work. First, a
parallel strategy for the improvement of initial mesh partitions is proposed.
We view this work as a first step towards a parailel multilevel algorithm for
the load balancing problem. Some preliminary experimental results regarding
the performance of this parallelization strategy on a cluster of workstations is
presented. Sccond, since the different metrics used in the objective functions
OF partivioning: and OF mapping are only an approximation of the factors that
affect the runtime of a parallel solver, a parallel demonstration application
is used to highlight the impact of the partitioning and the mapping phases
on the runtime of the parallel solver.

7.1 Need for Parallel Partitioning Algorithms

Unstrnctured meshes are increasingly solved on parallel machines because of
the significant amount of computing time and memory they require. Even
though several efficient sequential partitioning algorithms capable of deliver-
ing high quality partitions [Kar95a] [Bar94] [Hen93a| [Wal95a] [Van95b)] have
been developed in recent years, the task of designing fully parallel partition-
ing algorithms is still a challenging topic because of its significant practical
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value. Solving large-scale numerical simulations using sequertial partition-
ing algorithms may not be possible because of the following facts. First, the
amount of memory available on a sequential computer may be insufficient
to store the entire mesh. Second, the amount of time needed for solving
the problem may net be feasible. Third, in many applications the mesh is
already distributed among the processors. As the computation progresses
on all processors, the discretization of the physical domain undertakes some
changes. Some parts of the mesh will have to be refined, others dercfined
depending on the characteristics of the calculation. Thus, some processors
will have a lot of work to do compared to others, leading to an imbalance
situation. The resulting load tmbalauce means that wnakes tle ivitial par-
tition is no longer efficient, and a repartitioning process is requested. The
approach of collecting the global mesh on one processor or all processors,
partitioning with a sequential algorithm, however efficient it may be, and
then redistributing the data, is not realistic.

7.2 Parallelization of Partitioning Techniques

The problem of partitioning meshes on parallel ¢computers has received in-
creased attention lately. Some authors have investigated paralle] geometry-
based partitioning algorithms [Din95] {Hea95). These algorithms tend to be
fast but often produce significantly worse partitions compared to multilevel
algorithms [Din95]. Others have focused on developing parallel implemen-
tations of the recursive spectral hisection (RSB) [Bar95a) [Bar95b] in order
to reduce its high serial computational time. Even the parallel implementa-
tion of RSB on 128 or 512 processors tends to be slower than a multilevel
partitioning algorithm running on a single processor [Bar95a| [Kar96]. At-
tempts to parallelize the Kernighan-Lin algorithins [ICer70) and its variant
that are used during the improvement phase have had moderate success due
to their inherent sequential nature [Gil87] [Din95]. Recently, the interest
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of some authors has been directed towards the parallelization of multilevel
partitioning algorithms [Kar96){Wal97]. Efficient parallel implementation of
these multileve] techniques relies on a successful parallelization of the coars-
ening, uncoarsening, and improvement phases.

Other authors have been interested in the parallelization of the Simulated
Annealing {8A) [Kir83] method, This method is sequential in essence be-
cause it is based on the evaluation of a global state which has to take place
at each step. Attempts to parallelize SA on distributed memory machines
are hampered by two facts:

» the partial moves generated by the different processors have to satisfy
a consistency constraint; this requires neighbor-to-neighbor communi.

cation;
* the evaluation of the global state requires an all-to-all communication.

An introduction to general concepts of parallel simulated annealing tech-
niques can be found in [Aar89]. A number of strategies have been suggested
for its parallelization [Bai80] {Egl90][Gre90][Road1][Wil86]. Probably, the
simplest and most straightforward way to parallelize SA is to let all the
available processors run a sequential SA on the whole problem with different
seeds for the random generation, and then just select the best salution found.
This appraa;_ch is not suitable in our problem, because the mesh is already
distributed across the processors. The other strategy is to parallelize SA
exploiting the date parallelisin approach [Ban90]{Wil86][Pond3]. In this ap-
proach, the globa] state is split in as many parts as there are processors; these
are allowed to perform several moves without any communication, thereby
leading to the following two drawbacks:

+ the acceptance of a potential {partial) move is decided parely locally;

e the absence of communication leads to incansistencies [Man92).
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It is only after a number of moves that these inconsistencies are removed
and that an evaluation of the global state takes place. This has a negative
impact on the convergence of the whole algorithm. Therefore, it is impor-
tant to find an adequate compromise between too frequent communication
and too slow convergence. These local contributions which are subject to
incongistencies [Man92] have to be unified to get the real value of the global
objective function in order to prevent degeneration. This unifying proceés
involves communications between processors, which reduces the overall per-
formance of the parallel SA. The key snccess to the efficiency of SA on parallel
system resides in finding a compromise between divergence of the algorithm
and the cost of communication. :

7.3 Parallel Simulated Annealing
7.3.1 Basic Idea

Qur parallel approach is inspired from two distinct ideas introduced by Hain-
mond [Ham92] and Walshaw |[Wal95a]. The approach is based on improving
piece of boundaries in an independent manner, thereby leading to a natu-
ral parallelism. This parallelization strategy gives rise to the following three
prablems:

1. How to make two different processors agree on the result of the im-
provement, of their common boundary ?

2. In what order the improvement of the different piece of boundaries of
a particular processor is made 7

3. What local improvement algorithm to use during the improvement
phase ?

To deal with the aforementioned problems, the following answers are pro-
posed:
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1. Duplicate the work and the necessary set of data.

2. The second problem, which is a scheduling problem, is salved as follows.
An initial partition of the graph is supposed to have been constructed.
This partition induces a subdomain graph whase vertices correspond to
subdomains and edges ta common boundaries. Since each snbdomain
will be assigned ta one processor, in the sequel we will be using the
term processor instead of subdomain. The improvement which is per-
formed in paralle] loops aver a number of phases. In each phase, a set
of identified pairs of processors sharing cammon boundaries coaperate
to imprave their edge cut. Identifying this set of pairs of processors
is equivalent to finding a matching by colaring the edges in the sub-
domain graph [Din935). In our implementation, the set of pairs of pro-
cessors is constructed using the heavy edge matching pracedure which
is executed sequentially ance prior to the improvement phase. This
matching heuristic scans the vertices in the processor graph in random
order. An unmatched processor p; is paired with an unmatched pro-
cessar p; (partner) provided that the size of their baundary in term of
edge cut is maxinmm over all valid incident edges. This way of daing
the matching ensures that boundaries with large edge cut are given the
highest priority ta be impraved at eacly stages of the scheduling. Each
time 4 boundary is improved by a pair of processors, it is marked as
treated and is never considered in the remaining phases of the schedul-
ing.

The impiovement of all the existing boundaries requires that the schedul-
ing is carried out ta the end. In this wark, we adopt the strategy of

improving at mast k x |P}/2 boundaries of the scheduling, where &

and |P] denate respectively the number of phases and the number of

pracessars. The number of phases nsed during the impravement is set

equal to miniy .pves)degsSi.
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3. The algorithm used during the improvement phase is a variant of the
Simulated Annealing methed presented in Chapter 5 (MSA) which does
not use the procedure Deteriorate, but only the procedure Improve. Be-
fore the start of each phase, each processor proceeds by identifying a set
of vertices of a predefined size starting from its bonndary and moving
inwards in levelwise fashion. One this set is identified, each processor
sends a copy of it to its partner. Thereafter, each processor executes
the procedure Improve on its own selected set of vertices and those re-
ceived from its partner (Figure 7.1). To guarantee similar results, each
warking pair of processors uses the same seed for the random nwnher
generator. In our implementation, the size of the set of vertices to be
selected by each processor is fixed to 20% of its total assigned vertices.
The sequential version of the procedure Improve which is in fact sim-
ply a Simulated Annealing with a temperature equals to zero, will be
referred to as SGSA, whereas its parallel counterpart will be referred
to as PGSA.

7.4 Experimental Results

We evaluated the performance of the PGSA using three graphs. The im-
plementation was carried out on a cluster of Sun Spark20 workstations. We
used PVM message passing library for communication.

Figure 7.2 shows tbe quality of the partitions produced by the PGSA
and its sequential counterpart SGSA which does not work in a pairwise fash-
ion. From this figure, we see that the edge cut produced by the PGSA is
worse than that of SGSA. In the case of HAMMOND graph, PGSA leads
to an edge cut which is 40% higher than than obtained by SGSA. However,
for the other two graphs, the difference in edge cut is is only 11% higher.
The degradation in quality of the PGSA compared to SGSA is due to the
fact that the schedule is not carried out to the end, so that a number of
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Figure 7.1: Describing the parallel improvement approach for a pair of work-

iNg processors.

HAMMOND NACA T6OK

Niss [ SGSA | PGSA | SOSA | PGSA | SGSA [ PGSA
2 | 95 135 | 729 815 | 649 714
4 | 238 308 | 1339 1470 | 1683 1821
8 | 385 512 | 2704 3007 | 3951 4211
16 | 608 876 | 4244 4590 | 6927 7316
32 | 1002 1412 | 6860 7543 | 11492 11965

Figure 7.2: Comparing the quality of the edge cut praduced by the parallel
greedy simulated annealing and its sequential counterpart

houndaries remain untouched during the improvement phase. Figure 7.3
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Figure 7.3: Speedup Results

plots the speedup achieved by PGSA for 2 through 32 processors for NACA
and T60K. From this figure, we notice that the speedup achieved by PGSA
for NACA and T60K are comparable up to 16 processors, whereas, on 32
processors, the difference in speedup is as high as 43%. This difference is
due to the cumulated number of processors remaining idle during the execu-
tion of PGSA {Figure 7.4). The proposed parallelization strategies offers the
following advantages:

o It requires a small amount of communication between the communicat-
ing processors during the improvement phase. In addition, no global
communication operations amang all processors are needed to test the
convergence criterion,

e It avoids the inconsistency problems mentioned in [Man92]

Another variant. of this parallelization approach would be to design a
scheduling strategy where each processor works on a different boundary
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rather than having the work duplicated. This will have the advantage of
maximizing the number of boundaries to be improved during each phase at
the cost of an additional communication operation for each processor in each

phase.
[P|{ NACA | T60K
2 0 0
4 0 3
8 3 1
16 3 4
32 11 6

Figure 7.4: Cumulated number of idle processors.

7.5 A Demonstration Application

7.5.1 Test Case

The test caze used to highlight the impact of the mesh distribution problem
on the CPU time of a paralle] application has been developed at the Uni-
versity of Greenwich and is treated in detail in {McM95] {McM96). Briefly,
this application simulates the salidification of liquid gallium in a non-trivial
geametry. A fluid-dynamic solver based on the Jacobi method is used in
the liquid phase, and a solid mechanics solver based on a preconditioned
conjugate gradient method is used in the solid phase.

7.5.2 Tfanstech Paramid Parallel Machine

The parallel numerical code was run on the Transtech Paramid machine at
the University of Greenwich. This machine has 28 i{860XP-based processor
elements (PE), 16 of which are equipped with 32 MBytes and 12 of which are
equipped with 16 MBytes of DRAM memory. Each {860XP is equipped with
a T800 communication co-processor with 8 or 4 MBytes of memory. The PE's
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Figure 7.5: Influence of the partitioning on the performance of the parallel
solver,

are hard-cannected in pairs with lnmas CO04 multi-stage crossbar switches
providing interconnection between the PE pairs. A simple arrangement for
this topology is a p x 2 grid which is the arrangement used for the obtained
resnlts. A virtual channel router resident on each processor allows message
passing between all the processors in the machine, allowing the machine to
be programmed as though the machine had fully connected netwark.

7.5.3 Impact of the Partitioning and Mapping

Figure 7.5 shows the parallel speedup obtained for various partitioning into
4, 8, 12, 16, 20, 24, and 28 subdomains vsing JOSTLE and our MLA. The
graph used in the test case is TS0K with 60, 005 vertices and 713, 226 edges.

In this experiment, the lowest edge cut is produced by our MLA with a
difference that is as high as 5%. The best overall speedup is given by onr
MLA. This becomes apparent as the number of processors increases. Using
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Figure 7.6 Influence of the mapping on the performance of the parallel solver.

28 processors, the time taken by the parallel solver is reduced by 7% using
the decompaosition produced by MLA. Both partitioning algorithms deliver
partitions with a load balance ratio above 0.98. Thus, any difference in per-
formance can not be explained by an effect of a load imbalance. What we can
in fact state at this stage is that the average subdomain degree {the number
of messages required per processor) and the edge cut (the volurme of commu-
nication) are ‘the two main factots that explain any difference in the overall
runtitne. However, several test cases together with a machine equipped with
a large number of processors is essential for drawing firm conclusions regard-
ing the impact of the two parameters describing the communication costs.
The second issne we liave investigated is the impact of the mapping on the
performance of the parallel solvet. Two mapping strategies are tested for
each partition. The first strategy uwses a random allocation of subdomains
to processors, whereas the second one uses the modified variant of the Simu-
lated Annealing method developed in Section 5.3 to minimize the objective
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function OF gapping. Figure 7.6 shows the runtime of the application nsing the
two mapping strategies. This result shows the fact that the partitioning cou-
pled with a proper mapping in accordance with the machine topology results
in improved performance. The performance difference between the poor and
good mappings is insignificant for small number of processors (P < 16), and
start becoming apparent for large number of processors. In this example, a
reduction of up to 22% in CPU time is obtained.

7.6 Concluding Remarks

In this chapter, a paralle] variant of Simulated Annealing algorithim for im-
praving mesh partitions is presented. In this parallelization approach, differ-
ent pairs of processors work simultaneously on the same set of vertices in an
effort to reduce the size of their common boundary. The experimental results
show that an acceptable speedup is achieved owing to the small comauni-
cation overhead incurred. However, the guality of the partitions provided
by PGSA is worse compared to its sequential counterpart. This degradation
in quality is doe to the number of boundaries left without being improved
because of the law number of phases performed. At the present timne, we
can not conclude any firmy conclusions about the merit of this parallelization
"strategy before presenting tbe results for its parallel multilevel implementa-
tion.
The last part of this chapter dealt with a demonstration application to see
whether thete is a little to gain from a proper partitioning and a good map-
ping. The reduction observed in CPU time is directly related to parameters
describing the cammunication costs. In addition, the acknowledgment of the
topolagy of the machine during the mapping phase has been shown to be of
significant importance.
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Chapter 8

Conclusions and Further Work

In ciosing this thesis, we review the various conclusions we arrived at, and
draw the attention of the reader to the issues that we shall investigate in the
future.

The efficient solution of PDE’s which involves the resolution of large sparse
linear systems arising from the application of spatial discretization schemes
lies at the heart of many scientific computing problems. The discretization
process leads to what is defined as a mesh. These meshes are often repre-
sented as undirected graphs. In practice, these graphs are large and demand
a vast amount of computing resources, in terms of memory and the execu-
tion time of the solver. A possible approach for satisfying this high demand
is to use parallel computing systems, thus requiring parallel solvers. These
parallel solvers rely on a distribution of the graph among the processors.
We used a classical two-step methodology for the mesh distribution problem.
In the first step, an initial decomposition of the graph inte a specified num-
ber of subdomains is generated, which then undergoes some improvement.
In the second step, the resulting subdomains are mapped to processors. For
both steps, an objective function has been designed to take into account the
various parameters having an impact on the execution time of parallel iter-
ative solvers.

Several partitioning algorithms have been developed %o derive an initial par-
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tition of a graph, and our interest has been directed towards the topology-
based Farhat's algorithm. However, this algorithm requires a large amount
of memory which may be a limiting factor on soine machines, Therefore,
four variants of Farhat's algorithm have been developed. These variants dif-
fer from Farhat’s algorithm in that they work with the true communication
graph rather than the mesh itself. These variants share the common feature
of exploiting the connectivity of the graph, but differ in the manner vertices
are selected for the insertion in the subdomain under construction. Based
on the experimental results, the partitions generated by theé variant which
at each step tries to minimize the edge cut have shorter boundaries, less
disconnections, and fewer edges in the subdomain graph imupared ta the
other variants, The only drawback is that it produces subidomains which are
not as “round” as those produced by one of the other variants. In all four
variants, the edge cut is sensitive to the choice of the starting vertex. This
influence is sigoificant for a small and moderate number of subdomains, and
becornes negligible for a large number of subdomains. The comparison of
our best variant in terms of edge cut against other partitioning algorithms
reveals that the former is at least as good as the recursive spectral bisection
while requiring less execution time.

The improvement of a partition consists in displacing the boundaries between
the subdomains in order to minimize an objective function. To this end, a
variant of the Simulated Annealing method (MSA) has been proposed. It
consists in an alternation between a pure greedy descent phase and a deterio-
ration phase. The iniprovement made by this variant is significant regardless
of the quality of the initial partition. However, a good initial partition offers
the advantage of reducing the time which has to be invested during the imn-
provement phase. Experimental results have shown that MSA delivers better
decompositions compared to the versions of Tabu Search and Stochastic Evo-
lutica methods included in the mesh partitioning package TOP/DOMDEC,
while requiring in most cases the least amount of CPU time.
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To efficiently decompaose large graphs, a multilevel coarsening procedure is
used. This procedure consists in reducing recursively the size of the graph,
and the decomposition is performed at tbe coarsest level. Then, an improve-
ment phase is applied at each intermediate level of contraction. Three graph
coarsening schemes have been compared. The coarsening scheme which at
each step minimizes the “perimeter” of a supervertex produces the small-
est coarse graphs and, in most cases, leads to the best final partition in
the shortest execution time. Graph coarsening appears to be an efficient
means to speed up the partitioning process without sacrifying the quality. A
comparison of our multilevel algorithm with CHACO, JOSTLE, and METIS
shows that the former produces better partitions for graphs {up to 40,000
vertices) than the three partitioning packages in a reasonable amount of time.
However, for large graphs, a further tuning of our implementation is needed.
In this research, only one numerical parallel parallel solver is used to cam-
pare its performance under two different partitioning algorithms. The results
suggest that our partitioning approach, followed by a proper mapping pro-
cedure, leads to a moderate reduction of the execution time of the parallel
solver.

We conclude this thesis by saying that our future work will include the fol-

lowing parts:

1. The release of an optimized sequential and parallel version of our mul-
tilevel. partitioning procedure,

2. The measurement of the impact of partiticning and mapping on the
execution time for large realistic parallel applications with massively

parallel comnputers.

3. The extension of our partitioning techniques to the dynamic load bal-
ancing problem.
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