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AC QUANTUM INTERFERENCE IN A TWO-DIMENSIONAL ARRAY OF SUPERCONDUCTING WEAK LINKS

Ch. LEEMANN, Ph. LERCH and P. MARTINOLI

Institut de Pﬁysique, Université de Neuchdtel, CH-2000 Neuchdtel, Switzerland

The observation of quantum interference transitions in the dynamic resistance of a large two-
dimensional array of proximity-effect junctions driven by superposed dc- and rf-currents is report-
ed. It is shown that, under the synchronizing effect of the rf-field, the array behaves as a
superposition of coherent quantum oscillators connected in series.

The resistive transition '~% and its magnetic
field dependence °~° in regular two-dimensional
(2D) arrays of superconducting weak links have
recefitly received considerable attention. So far,
however, the high-frequency behavior of large
2D arrays has not been investigated, the bulk of
the experimental work in this field being re-
stricted to 1D series arrays of weak links and/or
to 2D arrays containin% only a limited number of
Josephson junctions 9,10, Here we report the ob-
servation of quantum interference phenomena in a
periodic 2D array of MxN=5x105 (M*N) Pb-Cu-Pb
proximity-effect junctions exposed to electromag-
netic radiation in the radio-frequency (rf) ran—-
ge. Our experiments show quite clearly that,
under the synchronizing effect provided by the
rf-field, the response of an array of MxN super-
conducting weak links is equivalent to that of a
"macroscopic" Josephson oscillator quantized in
units of N(i/2e) rather than (n/2e)9-11,

The experiments were performed on an array
consisting of rhombic 2200 & thick Pb-islands
forming a hexagonal Bravais lattice on a 1100
thick Cu-film. This pattern was obtained from a
Pb-Cu proximity effect double layer using photo-
lithography and sputteretching. The lattice para-
meter & is 11.5 pm, the length of the Cu-bridges
connecting adjacent Pb-rhombi roughly 2 um. The
resistance of the 2D array exhibits, with de~
creasing temperature, the two distinct transi-
tions obgerved in similar systems by other
groups ' ~: the sharp BCS~transition of the Pb-
islands at Tcg = 6.48 K and the subsequent vor-
tex-unbinding transition to zero resistance at an
extrapolated T, of about 0.9 K. Between T, and
the temperature TQ % 1.5 K corresponding to the
onset of a state of phase-coherent Pb-islands,
the resistance is found to be a periodic func-
tion of the transverse magnetic field B -8, the
period AB = 2¢o/a2/§ ® 180 mG corresponding to
one flux quantum ¢, per unit cell of the array.

To study the response of the array to an
applied rf-field of angular frequency w, the
sample was driven by superposed dc- and rf-
currents and its dynamic resistance dV/dI mea-
sured as a function of the voltage V across the
entire array. Derivative curves taken at differ-

0378-4363/84/$03.00 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)

ent frequencies are shown in Fig. 1. Pronounced
structures reflecting the occurrence of quantum
interference transitions show up at voltages

Vp = n(Nhw/2e), where n is an integer. From an
analysis of data as those shown in Fig. 1, we
deduce N = 725, a value corresponding almost
exactly to the number of junctions crossed by
the driving current as it flows through one
"column" of the 2D array from one voltage probe
to the other. Therefore, when exposed to rf-
fields, a 2D array of MxN weak links behaves as
a coherent superposition of N elementary quantum

oscillators connected in series 7>!!, The role
dv % Mhz fo2ma
di
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FIGURE 1

Dynamic resistance of a 2D array of Pb-Cu-Pb
junctions exposed to rf-excitation. T = 1.20 K.

of elementary oscillator is assigned to an indi-
vidual "row" of M weak links perpendicular to
the bias current. In a 2D array of nearly iden-
tical junctions the rf-field acts to synchronize
the M links within an elementary oscillator at
the Josephson frequency wj = (2e/r)V;, where Vg
is the voltage across the row, and to stimulate
phase and frequency coherence among the N row-
oscillators. This results in an array acting as
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a macroscopic quantum oscillator obeying the
voltage-frequency relation V = IVy = (Nh/2e)uw;.

Interference transitions were observed up to
n = 5 and for frequencies ranging from 0.5 MHiz
up to 100 MHz, the upper frequency limit being
determined by heating effects. It should be
noticed that the collective quantum effects
shown by the data of Fig. 1 were observed at a
temperature T such that T, < T < T2, a result
demonstrating the existence of long-range super-—
conducting phase coherence in this temperature
range.

The magnetic field dependence of the inter-
ference effect has also been investigated. Since
resistance and critical current of the array are
periodic in the magnetic flux 5, one expects the
dynamic resistance of a quantum step to oscillate
with B. This is shown in Fig. 2 for the N = 1
interference transition. For comparison, the
corresponding curve for the rf-unexcited array
at zero dc-bias is also shown.

a: with RF
2 MHz
n=1

Ba)

FIGURE 2
Dynamic resistance oscillations in a magnetic
field: (a) with rf-excitation at the n=1 quantum
step; (b) without rf at zero dc-bias.

Ch. Leemann et al. | AC quantum interference

The question of whether coupling effects
among the Josephson elements are strong enough
to force the array into a self-synchronized
superradiant state is still open at the moment
and will be settled only by experiments conceived
to detect the emitted radiation.

This work has been supported by the Swiss
National Science Foundation.
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DYNAMIC CONDUCTANCE OF A TWO-DIMENSIONAL ARRAY OF JOSEPHSON JUNCTIONS

Ch. Leemann, Ph. Lerch, G.-A. Racine, A. Strupler and P. Martinoli
Institut de Physique, Université de Neuchidtel
CH - 2000 Neuchdtel, Switzerland

The complex conductance of large arrays of proximity effect junctions was

measured. Close to the superconducting transition to zero dc resistance,

we observe a peak in dissipation and a roll-off in the imaginary part of

the conductance. The results are consistent with a description of vortex
adynamics in terms of a dielectric constant containing contributions from
.vortex-antivortex pairs and free vortices.

A two-dimensional (2D) array of Josephson weak links is isomorphic to an
XY-model with a temperature-dependent coupling energy E4(T) =
Ric(T)/2e, where ic(T) is the critical current of an isolated junction
of the array (1). According to the Kosterlitz-Thouless theory (2) of phase
transitions in two dimensions, below a critical temperature T, such a
system is populated by bound pairs of vortices with opposite circulation
resulting from thermal fluctuations in the phase of the order parameter.
The resistive transition of the array at T = T. is attributed to the
dissociation of vortex-antivortex pairs, a process creating free vortex
excitations which destroy the quasi Tong-range (or topological) order
existing for T < T.. Recent studies of the resistive transition and of
the current-voitage characteristics of proximity-effect (3-5) and tunnel-
junction (6) arrays were found to be consistent with calculations (7,8)
based on the vortex-unbinding idea. Deeper insight into the physics of the

.vortex-unbinding transition is provided by experiments probing the unique
features of the dynamic response of bound pairs and free vortices to a
driving ac field as the temperature is swept across T¢. So far, such in-
vestigations have been restricted to superfluid helium films (9) and to
thin superconducting layers (10). In this paper we report measurements of
the complex sheet conductance G of an array of proximity-effect SNS junc-
tions as a function of temperature and frequency. A peak in dissipation,
Re(G), and a roll-off in the imaginary part, Im(G), of G are observed in
the region of the transition and found to shift to higher temperatures
with increasing driving angular frequency w, in qualitative agreement with
dynamic extensions (11,12) of the Kosterlitz-Thouless theory.

SQUID '85 - Superconducting Quantum Interference Devices and their Applications
© 1985 Walter de Gruyter & Co., Berlin - New York - Printed in Germany.
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The experiments were performed on arrays consisting of N x N =~ 4 x 10°
square 4000 A-thick Pb-islands forming a square lattice (with lattice spa-
cing a = 8 um) on a 2000 A-thick Cu-film (13). The resistive transition of
a typical array is shown in Fig. 1. There are two distinct transitions;
the BCS transition of the individual lead islands at Tcg and, at a lower
temperature labelled T, the transition to a superconducting state with
long-range phase coherence. Between Tcg and T. there is a region of
expanding proximity effect in the Cu-bridges, which results in a slow de-
crease in resistance with temperature.

Measurements of the conductance G were made using a variation of the two-ga
coil mutual inductance technique devised by Fiory and Hebard (14). Two.
concentric cylindrical coils were wound with 20 um diameter copper wire.
The drive coil had a diameter of 4 mm and 20 turns evenly spaced over a
distance of 4 mm. The inner receive coil had a diameter of 2 mm and con-

sisted of two mutually compensating sections of 16 turns each. The coil
assembly was immersed in stycast. After curing, the stycast was removed to
within approximately 10 um of the beginning of the receive coil and the
sample positioned directly under the coils. Residual dc magnetic fields
perpendicular to the array were reduced to below 0.2 mG, a value corres-
ponding to about 250 field-induced free vortices in the sample. Close to
Tcs the rms voltage 6V, at the astatic-pair receive coil induced by

' T T T
Inz 10 A rms 6 <& - 1663 Hz
1 2r q2
1 s 1 = 5 Io = 20 A s
G
s 2 1 23 41
5 =
= e
tr 1 ne
0 L 0
0 2 3 4 5 6
0 0
T{K] — TIK)—

Fig. 1 : Temperature dependence of Fig. 2 : Temperature dependence of

the dc resistance of a 2D array of the receive coil signal GVw propor-~
Pb~-Cu-Pb proximity effect junc- tional to the complex sheet conduc-
tions. T.g4: Transition of the lead tance of the array at a frequency
islands. Tp: Vortex-unbinding of 1663 Hz.

transition.
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the currents flowing in the film is given by
8V = Kw?lpyG, (1)

where Ip, is the rms amplitude of the excitation current in the drive
coil and K depends only on the geometrical configuration of coils and sam-
ple. Equation (1) is valid in the weak screening limit defined by gaR(T)
» 1, where AR(T) is the (renormalized) effective penetration depth and
q'l is a characteristic length related to the coil-sample geometry. For
our system we find ghR(Te) = 22, where AR(Tg) is the value of the

) enetration depth as one approaches T. from below. It should be noticed,

ﬂowever, that Ap(T) is related to icr(T), the (renormalized) critical
current of a single junction, by (1) :

AR(T) = B/[engicr(T)]. (2)

Thus, at low temperatures, where icp(T) = i.(T) is large, the condi-
tion gAp(T) » 1 is no longer valid, and the response is determined by
the geometrical inductance of the system.

Results for the real and imaginary parts of &V, taken at a frequency of
1663 Hz are shown in Fig. 2 as a function of temperature. The data were
obtained with Ip, = 20 uA rms, a current level producing an ac magnetic
field of ~ 0.3 mG at the center of the array. The phase of the phase-
sensitive-detector was set to null the signal at low temperatures (T «
Tc). This phase setting was used for the measurement of Re(&V,). With
this choice we assume that the response of the array far below T is pu-

.re]y inductive. The evolution of the signals with varying frequency is
shown in Figs. 3 and 4, where the voltage is normalized with respect to
the driving angular frequency. Notice that the magnitude of &V, /w is ap-
proximately independent of frequency. However, with increasing w, the peak
in Re (8V,/w) shifts to higher temperatures while the transition region
broadens in both Re (8V,/w) and Im (&Y /w).

In order to develop a qualitative understanding of the physics underlying
the data shown in Figs. 3 and 4, we rely on the 2D Coulomb-gas analog of a
vortex medium studied in Ref., 10. Combining this model with the static
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15 . 4 :
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Fig. 3 : Real part of 6V, /w at Fig. 4 : Imaginary part of §Vy/w at

three different driving frequencies. three different driving frequencies..

theory of the vortex-unbinding transition appropriate for arrays (1), it
can be shown that the complex impedance Z(w,T) = G-'({w,T) of an array with
vortex excitations is given by

Z(w,T) = ikas(w,T), (3)

where Lx 1is the (unrenormalized) sheet kinetic inductance (1) and e(w,T)
the complex dielectric constant of the vortex medium. From the above equa-
tions and the relation Ly = poa/2, it follows that close to T, the
vortex response, measured by &V, /w, 1is proportional to ic(T)/e(w,T).
The temperature dependence of 1ic(T), the critical current of a single
junction in the absence of thermal fluctuations, has been inferred from
critical current data of the array taken at low temperatures. Our measure-
ments in the temperature regime 1.2 K < T < 3 K can be accurately fitted
to the Ginzburg-Landau expression .

ic(T) = 1c(0)(l‘T/Tcs)zeXP(‘L/EN), (4)

using a very reasonable normal metal coherence length £y = 1400 A at
Te. Here L =~ 1.8 pm is the distance between adjacent lead islands. The
monotonic temperature dependence of the critical current does not signifi-
cantly influence the response of the array in the vicinity of T.. The
characteristic structures observed in Re(6Vy/w) and Im (8V,/w) must
therefore reflect the peculiar behavior of e£~'(w,T) in the transition re-
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gion. To see this in more detail, we notice that e(w,T) is the sum of two
contributions. The first contribution, ep(w,T), describes the response
of bound vortex-antivortex pairs to the driving ac field. ep(w,T) fol-
Tows from the Kosterlitz scaling equations (9-12), in which the appropria-
te scale, %,, is set by the measuring frequency. It turns out that for
an array of Josephson elements &, is given by

28, = an[14rpkgT/(020) ], (5)

where rp is the normal state resistance of a single junction. Taking
.‘n =~ 2.5 mQ, a value deduced from a study of the dc resistance of the
array, calculated values of 2, for the data of Figs. 3 and 4 at T = 4 K
are, for increasing w, 2.4, 1.9 and 1.2 (the maximum scale, InN, is 6.4).
These small scales point out the intrinsic difficulty one is faced with,
when probing vortex dynamics in low resistance arrays using an inductive
method. The second contribution to the dielectric constant, ef(w,T)
oy(T)/(iegw), 1is associated with the plasma of free vortices above
Tc. The free-vortex conductivity oy(T) s easily deduced from the
theoretical work of Lobb et al (1) and can be written in the form

oy(T) = (2eeq/)[a/e+(T))%ic(T)ry, (6)

where £4(T) is the vortex correlation length for T > T. (2). The cross-
over from a response dominated by bound vortex pairs to one determined by
a plasma of free vortex excitations occurs at a freguency dependent tempe-
rature T, defined by 2, = an[g+(Ty,)/a]. Calculations of e~*(w,T)
based on this simple model reveal the presence of a peak in Re (e‘l) and a

‘oﬂoff in Im(e=!) in the neighbourhood of T,, in qualitative agreement

With our experimental observations. A detailed gquantitative comparison
between the dynamic theory for the Kosterlitz-Thouless transition
applicable to arrays and our measurements is in preparation and will be
published elsewhere.

This work was supported by the Swiss National Science Foundation.
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Vortex Dynamics and Phase Transitions in a Two-Dimensional Array
of Josephson Junctions

Ch. Leemann, Ph. Lérch, G.-A. Racine, and P. Martinoli
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The ac response of large two-dimensional arrays of proximity-effect Josephson junctions to an
oscillating driving field has been studied as a funclion of temperature, applied transverse magnetic
field, and frequency. For an integer number of flux quanta per unit cell, a peak in dissipation and a
drop in superfluid density are observed near the superconducting transition of the array. These
features as well as their frequency dependence provide clear evidence for the vortex-unbinding
transition predicted by the Kosterlitz-Thouless theory.

PACS numbers: 74.50.4r, 74.40.+k

This Letter reports a study of vortex dynamics in
two-dimensional (2D) square arrays of Josephson
unctions exposed to a transverse magnetic field B. In
the experiments described below, the complex ac
response of vortex excitations to a driving oscillating
field is inferred from measurements of the screening
properties of the array performed with a two-coil
mutual-inductance technique.! For an integer number
of flux quanta per unit cell of the array we observe a
peak in dissipation (as measured by the real part of the
response) and a drop in superfluid density (as mea-
sured by the imaginary part of the response) in the vi-
cinity of the superconducting transition of the array.
The shapes of these structures, which are similar to
those observed at the superfluid transition of 2D su-
perfluid helium films? and of uniform 2D supercon-
ductors,! as well as their frequency dependence, pro-
vide clear evidence for the existence of a phase transi-
tion of the type predicted by the Kosterlitz-Thouless
(KT) theory?® and by its extensions*? to finite frequen-
cies.

In zero magnetic field a 2D array of identical
“Josephson junctions is isomorphic to an XY model
with a temperature-dependent coupling energy E;(T)
=#i.(T)/2e, where i.(T) is the critical current of an
isolated junction of the array in the absence of thermal
fluctuations.® According to the KT theory,’ below a
critical temperature T, such a system is populated by
bound pairs of vortices with opposite circulation result-
ing from 2D fluctuations in the phase of the order
parameter. The phase transition of the system at
T=T, is attributed to the unbinding of vortex-
antivortex pairs, a process creating free vortices which
destroy the quasi long-range (or topological) order ex-
isting below T,. Studies of the resistive transition and
of the current-voltage characteristics of 2D arrays’~!!
were found to be consistent with the vortex-unbinding
idea.

The physics of arrays of weak links exposed to a
transverse B field is more complex and only partially
understood at present. The interaction of the field-

© 1986 The American Physical Society

induced vortices with the pinning potential provided
by the periodic structure of the array creates new and
interesting phenomena which are most simply
described by uniformly frustrated 2D lattice spin
models,!2-!% the degree of frustration being controlled
by the ratio f=¢/d,, where ¢ = Ba? is the magnetic
flux threading a unit cell of the array (a is the lattice
spacing) and ¢¢= hc/2e the superconducting flux
quantum. The frustration parameter f determines the
ground-state configuration of the vortex lattice and, in
addition, has a profound effect on the nature of the
phase transition at T.(f). As fchanges, the array is
driven through a sequence of pinned commensurate
(C) vortex phases and ““floating’’ incommensurate (1)
vortex phases. As a consequence, critical currents and
resistance show a complex periodic dependence on
£9-1L1617 gimilar to that observed earlier in other
modulated superconducting structures.!® 19

In order to explore the nature of the phase transition
at T.(f), we have studied the dynamics of vortices in
an array of proximity-effect Pb/Cu/Pb junctions using
a modified version of the two-coil technique devised
by Fiory and Hebard."?® The experiments were per-
formed on arrays consisting of N x N = 5x 16° square
4000-A-thick Pb islands forming a square lattice with
a=8 um on a 2000-A-thick Cu film, the length L of
the Cu bridges connecting adjacent Pb islands being of
the order of 1.7 um. The zero-field dc resistance of
the array shows, with decreasing temperature, the two
distinct transitions observed in similar systems by oth-
er groups’™?: the sharp Bardeen-Cooper-Schrieffer
transition of the individual Pb islands at T,=7 K and
the subsequent transitions to the superconducting state
at 7,=3.4 K. For the ac measurements the array was
positioned directly under a system of coaxial cylindri-
cal coils consisting of an external driving coil and an
inner astatic-pair receiving coil. An ac current of am-
plitude Ip,=35 A rms and angular frequency
(varying from ~6%102 s~ ' upto ~6x10* s~!) was
applied to the driving coil and the signal voltage, 3V,
at the receiving coil due merely to the screening

1291
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currents flowing in the array was phase-sensitively
detected.

Real and imaginary parts of 8 V, measured at 4.033
kHz as a function of fare shown in Fig. 1 for different
temperatures. Prominent structures emerge in both
the dissipative [Re(8V,)] and inductive [Im(3V,)]
components of 3V, in correspondence to C-vortex
phases defined by integer (f=p) and half-integer
(f=p/2) values of f. Structures at f=p/3 are also
clearly resolved in most of the data shown in Fig. 1. A
detailed interpretation of the array response as a func-
tion of driving frequency, frustration, and temperature
requires a theory describing the dynamics of field-
induced vortices and of thermally generated topologi-
cal excitations (vortices, dislocations, domain walls) in
a periodic force field. Such a theory is not available so
far. However, some of the essential features of
8V,(f,T) can be understood in terms of periodic vor-
tex pinning and of the unique dynamic response of
thermally excited vortices.

At low temperatures (7 << T.), where the influ-
ence of topological excitations is negligible, structures
in 8 V,,(f) at rational (/= p/q) values of freflect the
drastic change in pinning occurring at a CI transition.
In a low-order (small g) C phase the mobility of the
field-induced vortices is considerably reduced by the
periodic pinning potential provided by the array, while
the vortex lattice can slide freely in an I phase.!® Asa
consequence, there is a marked reduction of dissipa-
tion in a low-order C phase, a process resulting in the
periodic sequerice of dips one observes in the
Rel8 V,(f)] signals of Fig. 1(a) at low temperatures.
On the other hand, since pinning is important in low-
order C phases, considerable lag in response is expect-
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FIG. 1. (a) Real and (b) imaginary parts of the ac
response at 4.033 kHz of a 2D array of proximity-effect
Josephson junctions as a function of the frustration parame-

ter f=a¢/dq.
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ed for such vortex configurations. This is, of course,
the mechanism responsible for the commensurate
peaks occurring in the inductive component of
8 V,(f) shown in Fig. 1(b).

As the temperature rises and approaches 7., the
low-temperature commensurate dips in Re[8V, (/)]
progressively transform into peaks which finally vanish
above T, [Fig. 1(a)]. Simultaneously, a rapid degrada-
tion of the commensurate peaks in Im(8V,,(f)] is ob-
served in the critical region [Fig. 1(b)]. The evolution
of the commensurate structures in both Re[dV,f)]
and Im[8V,_(f)] suggests the presence of thermally
activated defects!! which, on account of their high mo-
bility, generate additional dissipation and reduce the
lag in response in a C phase. In the following we shall
show that for integer f the dynamics of these defects
has features allowing their unambiguous identification
as the vortex excitations of the KT theory. To se
this, we first consider the case f=0 which is compara-
tively simpler. As for uniform thin-film superconduc-
tors,! the complex sheet impedance, Zg, of the array
can be written in the form Zg(w,T)=iwl,(T)
xe(w,T), where Lyq(T)=#/2ei,(T) is the bare
sheet kinetic inductance of the array and €(w, T) is the
complex vortex dielectric constant which renormalizes
the bare superfluid density n*(T) = m*i,(T)/2et .® In
a 2D Coulomb-gas analog, €(w,T) is the sum of con-
tributions from vortex-antivortex dipoles and free vor-
tex charges.* In writing the above expression for Zg
we have assumed that normal currents do not appreci-
ably contribute to the total current flowing in the ar-
ray, a condition satisfied if wlLin << r,, where r, is
the normal-state resistance of an individual junction.
Then, in the weak-screening limit?® appropriate to dis-
cussion of our experiments in the critical region,?! the
signal voltage 3 V,(T) turns out to be proportional to
Z5" (w,T) and can be written in the form®

8V, (T)=Ciwlp,i.(T) e(w,T), 1

where C is a constant depending on the sample-coil
geometrical configuration whose numerical value,
C =0.74 V s/A?, was deduced by the study of the fre-
quency dependence of the jump in ReldV, (T)] at T,.
Since the monotonic temperature dependence of i,(T)
does not significantly affect the response of the array
in the vicinity of T, the behavior of 8¥,(T) in the
transition region will be mostly determined by €(w,T).
This is quite clearly demonstrated by the 8V, (T) sig-
nals for /=0 shown in Fig. 2, where the peak in dissi-
pation and the drop in superfluid density reflect the
fundamental features of €~ !(w,T) predicted by
dynamical extensions* > of the KT theory.

Since the Hamiltonian of the system is periodic in f
with period 1, the superconducting transition of the ar-
ray is expected to be KT type also for f=p=0. In this
case the thermally activated defects are positive and
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FIG. 2. Temperature dependence of the normalized com-
plex ac response of the 2D array of Fig. 1 measured at dif-
ferent frequencies for f=0 and f=1. Signal voltages are
normalized with respect to angular frequency.

negative vacancies'! associated, respectively, with

p—1 and p +1 quantized vortices per unit cell. These
vacancies of opposite sign can be viewed as free-
moving vortex-antivortex excitations immersed in a
pinned commensurate background of field-induced
vortices with p flux quanta per unit cell. According to
this picture, the response 8 V,,(T) for f=p=0 should
be similar to that for £=0, a conjecture confirmed by
the experimental results for f=1 shown in Fig. 2.
When compared with the case f=0, however, the
transition is seen to occur at a lower temperature. This
is easily understood if one realizes that the finite size
of the junctions makes i, field dependent. More pre-
cisely, as demonstrated by the parabolic envelope
characterizing most of the signals of Fig. 1, i.(T,f) isa
quadratically decreasing function of f as long as
(A/a?)f << 1, where A is an effective area of the
junctions. From the theoretical prediction® !
i.(T.(p),p)/ T.(p) = dekg/mk = 27 nA/K, it then fol-
lows that the KT transition is pushed to lower tem-
peratures by increasing p. It is also clear that Eq. (1)
still describes the response in the more general case
S=pprovided one replaces i.(T) by i.(T,p).

Further evidence for a vortex-unbinding transition
at f=pis provided by a study of the frequency depen-
dence of 8 V,(T,p). Asshown in Fig. 2 by the data for
=0 and f=1, the peak in Re[8V,(T)] shifts to
higher temperatures and the falloff of Im[8V,(T)]
broadens with increasing w. To discuss these results,
we recall that the dynamical theories*> introduce a
vortex diffusion length r, = (14D/w)"? determining
the separation of those vortex pairs which dominate
the response. The vortex diffusivity D is easily de-
duced from the analysis of the flux-flow regime in ar-
rays by Lobb, Abraham, and Tinkham® and is found to
be given by D={(c/¢q)*r,a’kgT. At finite frequen-
cies the crossover in response due to the unbinding of
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FI1G. 3. Dependence of the scale parameter /,=In(r,/a)
on the dimensionless vortex-unbinding temperature T,
Solid lines are fits according to Eq. (2). The upper axis is a
real temperature scale for f=0.

bound vortex pairs into free vortices will be seen at a
temperature T, such_that r,=¢,(T,), where
£.(T)=aexp{bIT—T.(p))~"?} is the correlation
length of the array, T=2ekgT/ii.(T,p) a dimension-
less temperature parameter, and b a nonuniversal con-
stant of order unity.® Following Ref. 1, we define T,
by extrapolating to zero the steep portions of the
Im(8V,) vs T curves. We found that this procedure
has the advantage of being largely independent of Ip,,.
Other definitions of T,, for instance that proposed in
Ref. 5 which identifies T, as the temperature corre-
sponding to the peak in Rel[8V,(T)], were found to
be very sensitive to Ip,, thereby showing the impor-
tance of nonlinear effects at finite driving currents.5-8
If we introduce a scale parameter /,=In(r,/a), the
condition r,= £, (T,) can be written as

T =b"2T,-T.(p)). )

In Fig. 3 /72 is plotted vs T, for f=0and f=1. The
scale /, was calculated with r,=2.2 mQ), a value in-
ferred from the sheet resistance of the array at 7,5 . In
this connection, we notice that, for a given w, [/, in
proximity-effect arrays is considerably smaller (in our
experiments r,/a ranges from ~3 to ~13) than in
uniform 2D superconductors,’ a fact accounting for
the much broader transitions observed in our system.
The i (T,p) curves needed to calculate 7, were ob-
tained by the fitting of low-temperature i, measure-
ments by the expression??

i(Tp)=ig(p)1 = (T/ T )V expl— L/ex(T)]

lusing £y(T,) =850 A for the Cu coherence length,
i9(0) = 0.78 A, and ip(1) = 0.26 A] and by extrapola-

" tion of the theoretical curves in the critical region.

Good fits to Eq. (2) are obtained for (f=0)=1.29
and b(f=1)=0.95 and lead to i.(7,(0),0)/7.(0)
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=49 nA/K and i(T,(1),1)/T,(1)=143 nA/K
which, in turn, give 7,(0)=3.43 K and T,(1)=3.08
K. In comparing these i,/ T, ratios with the approxi-
mate theoretical prediction of 27 nA/K, it should be
remembered that this value, resting on the assumption
of an unrenormalized n*(T,p), underestimates i/ T,.
Actually, static screening, described by €. (p)=¢€(0,
T.(p)), renormalizes n*(T,p) downwards, thereby
leading to higher bare i,/ T, ratios. For /=0 we obtain
€.(0)=1.81, a value in good agreement with an esti-
mate for the XY model [€.(0)=1.75] based on
Monte Carlo calculations.?> Because of additional
dielectric screening provided by the commensurate
vortex background,!' renormalization effects should
be more important for f=1 than for f=0
[e.(1) > €.(0)]). This conjecture is consistent with
the experimental observation of a larger i,/ T, ratio for
S/ =1, although additional screening alone seems to be
insufficient to account for the large €, value
[e.(1)=5.3] found in this case.

Finally, we briefly comment on the case f=1. We
found that the response & V,,( T) looks quite similar io
that for f=p, thereby suggesting a KT-type transition
also for f=p/2. A study of the frequency depen-
dence, however, did not confirm the exponential in-
verse square-root form for ¢ , (T). The precise nature
of the phase transition at T,(p/2) (KT type or Ising
type!?) is therefore still unkown, a challenging prob-
lem which will deserve particular attention in our fu-
ture work.

This work was supported by the Swiss National Sci-
ence Foundation.
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1. lntroduction

Ordering in a physical system strongly depends on its dimensionslity d and
on the number of degrees of freedom, n, of the quantity used to describe
the order [1]. For instance, in a magnetic system n is the number of com-
ponents of the spin (n = 1 for the Ising model, n = 2 for the XY model,

.n = 3 for the Heisenberg madel), while the description of the ordered pha-
se of a superfluid in terms of a8 complex order parameter implies n = 2. In
this context, two-dimensional systems (d = 2) with n > 2 hold, on account
of the delicate problems they raise in connection with the passibility of
a phase transition and with the nature of the ordered state that may occur
at low temperatures [2—5], a very special position. Since the pioneering
work of KOSTERLITZ and THOULESS [6 in the early 1970s, there has been
considerable progress in the theoretical understanding of the critical be-
haviour of two-dimensional (2D) systems. It is now well established that
topological excitations, such as vortices in 2D superfluids or disloca-
tions in 2D solids, play a central rale in criticasl phenomena occurring in
these systems. For n = 2 there is a sharp transition, triggered by the un-
binding of pairs of topological excitations, from a low-temperature phase
showing quasi long-range (or topological) order to a disordered phase at
high temperatures, while for n > 2 no phase transition at all occurs in
two dimensions. Advances in material science, experimental technigques and
numerical simulations have contributed to assess, in a variety of systems,
the validity of the various theoreticasl ideas underlying the physics of
phase transitions in two dimensions.

Recently, experiments on 20 reqular arrays of Josephson junctions [7-

14] and on 2D periodic superconducting networks [15,16] have stimulated a

" great deal of theoretical interest [17-28] in the critical behaviour of 20
lattice spin models. In zero magnetic field 2D periodic arrays of super-
.conducting weak links are a physical realization of the XY model, a8 20D
lattice of planar (n = 2) classical spins. For this system the Kosterlitz-
Thouless (KT) theory [6] predicts, at a critical temperature T., & tran-
sition from a topologically ordered phase (T < T.) to a disordered phase
(T > Tc) driven by the unbinding of thermally excited vortex-antivortex
pairs. The physics of 20 arrays of weak links exposed to 8 perpendicular
magnetic field B is more complex and only partislly understood at pre-
sent. The interaction of the vortices induced by the field with the pin-
ning potential provided by the periodic structure of the array creates new
and interesting phenomena which are most simply described by a uniformly
frustrated XY model [17-25]. The degree of frustration is governed by the
ratio f = &/®%;, where & is the magnetic flux threading & unit cell of the
array and & = hc/2e is the superconducting flux gquantum. The frustration
parameter f determines the ground-state (T = 0) configuration of the vor-
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tex lattice and, in addition, has a profound effect on the nature of the
phase transition at To(f). For instance, symmetry considerations for the
fully frustrated (f = 1/2) XY model [17,20-22] show that twa kinds of to-
pological excitations, vortices (points defects) and domain walls (line
defects), are relevant in determining the critical behaviour of the ar-
ray. As a consequence, one is faced with the possibility of twa competing
phase transitions, one driven by vortex unbinding (KT-like transition) the
other by the praliferation of domain walls (Ising-like transition). The
question of whether these two transitions are distinct or merge into a
single transition belonging to a new universality class is presently a
subject of theoretical speculations [17-25].

Studies of the resistive transition and of the current-voltage charac-
teristics of 20 arrays in zero field (f = 0) were found consistent with
the vartex-unbinding ides [7,8,10-12]. Moreaver, resistance and critical
current measurements [9-12, 16, 17] show a complex periodic dependence on
an f, reflecting the fact that, by varying f, the array is driven through
a periodic sequence of pinned commensurate vortex phases and "floating"
incommensurate vartex phases. A somewhat similar behaviour was observed
earlier in other periodic 2D superconducting structures [29, 30].

In a recent Letter [13] we reported a study of vortex dynamics in a 2D
square array of proximity - effect coupled Josephson junctions. In those
experiments the complex ac response of vortex excitations to a driving os-
cillating field was inferred from measurements of the screening praperties
of the array. For an integer number of flux quanta per unit cell a peak in
dissipation and a drop in superfluid density were observed in the critical
region. The shape of these structures, which are reminiscent of those ob-
served at the superfluid transition of uniform 2D superconductors [31] and
of 20 superfluid helium films [32], as well as their frequency dependence
were found to agree with predictions of the KT theory [6] and of its ex-
tensions [33,34] to finite frequencies.

In this paper we give a fairly detailed account of vortex dynamics in
2D arrays of Josephson junctions. We shall mainly facus on the critical
behaviour of the unfrustrated system, deferring the discussion of the ef-
fect of frustration on the nature of the phase transition at T.(f) to a
subsequent publication. Some qualitative aspects of the dynamics of field-
induced vortices in commensurate and incommensurate vortex phases at low
temperatures are also discussed.

2. Arrays in Zero Magnetic Field

Consider a 2D square lattice of superconducting islands cannected b)’
Josephsan weak links. Only nearest-neighbour islands are assumed to inter-
act with each other. The interaction energy Ejj of a pair of islands is
the energy necessary to create a difference (¢j‘ ¢j) in the phase aof the
superconducting order parameter between the nearest-neighbour lattice si-
tes i and j. Using Josephson's fundamental equations, Ejj turns out to be
given by :

Eij = [Pic(1)/2e] [1 - cos(oj- ¢3)] (1)
where io(T) is the critical current of the (isalated) junction <ij> in the

absence of thermal fluctuations [35]. Summing over all nearest-neighbour
pairs <ij>, the Hamiltonian of the system will be :
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H = [hic(T)/2e] | [1 - cos(oj- ¢5)] . (2)
<ijd

If one identifies the phase variable ¢; with the angle a planar (n = 2)
spin at the site i makes with a fixed arbitrary direction in the lattice
plane, then Eq. (2) shows quite clearly that a 2D array of Josephson junc-
tions is isomorphic to an XY model with a temperature-dependent coupling
energy J = Ni (T)/2e. As a consequence, the statistical mechanics of the
of the system is conveniently described in terms of a dimensionless tempe-
rature parameter T = kgT/J(T) = 2ekgT/hio(T) [35].

2.1 The Kosterlitz - Thouless Phase Transition

According to an important theorem due to MERMIN and WAGNER [4] and to
HOHENBERG {5], a 2D array of weak links is precluded from developing, at
finite temperatures, a state showing conventional long-range order in the
phases ¢; by spontaneously breaking a continuous symmetry, in this case a
uniform global rotation of the ¢j's. However, calculations based on "spin-

ave" excitations of the phase show that, at sufficiently low temperatu-
res, the "spin-spin" correlation function decays algebraically with dis-
tance, a behaviour requiring some kind of phase transition to the high-
temperature régime where the correlation function is expected to decay ex-
ponentially, as in a liquid. The nature of this novel phase transition was
explained by KDSTERLITZ and THOULESS [6] with the introduction of vortices
and antivortices as additional topological excitations resulting from 2D
fluctuations in the phase of the order parameter.

According to the KT theory, for T < T, the system is populated by bound
pairs of vortices with opposite circulation. In an array the potential
energy of a vortex-antivortex pair with cores separated by a distance r is
given by [36] :

U(r) = [hig(T)/2e] 1n(r/a) ) (3}

where a is the lattice spacing. The logarithmic dependence of U(r) on r is
valid as long as r is less than the effective penetration depth A(T) =
(c®9/67%)/ic(T) of the array [36]. It turns out, however, that, at T = Tg,
A(To) is approximately given by the relation A(T_ ) To = 1.96 emK. It fol-
lows that for typical values of T, (a few Kelvin) A(T.) is a macroscopic
length. Thus, in the interesting critical region the condition r < A is
nearly satisfied even by the largest vortex pairs (for which r is of the
order of the linear dimension, Na, of the array) excited in a typical
rray (Na £ 1 cm).

The above expression for U(r) shows that vortex excitations in a 2D ar-

ray interact as electric charges in a 2D Coulomb gas. This analogy allows
one to define a "vortex charge" q, as follows :

2q3/8% = hig(T)/2e , (4)
where & is the length of the vortex charge.

Below T. , the array is in a superconducting state with gquasi long-
range (or topological) order in the phase of the order parameter. Thermal-

ly excited vortex-antivortex pairs, together with "spin wave" excitations,
lead to an algebraically decaying correlation function of the form [6] :
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~nR(T)
<exp{i[¢(R) - ()]} >~ R , (5)

where the exponent n,(T) is relsted to J,, the coupling energy "renormali-
zed" by the presence of bound vortex pairs (see below), by nR(T)szT/ZnJR.

The phase transition of an infinite 2D arrsy st T = T, is triggered by
the wundinding of the vortex-antivortex pairs of largest separation
(r » »). As the temperature increases sbove T, , the unbinding mechanism
progressively extends to pairs of smaller and smaller size, a process
creating an increasing number of free vortices which destroy the topologi-
cal order existing below T.. 1n the disordered state above T, short-range
correlations in the phases ¢; are described by [37]

<explilo®) - o (@] >~ e REHT) 6)

where the correlation length £,(T) has an unususl temperature dependence
reflecting the very peculiar nature of the KT transition : .

£(T) = 8 exp[b(T-To)-V/2] -

where b is a non-universal constant of order unity. Physically, £,(T) is a
measure of the average distance between free vortices. Accordingly, the
free-vortex sreal density nf. is 8 imately gi b ~ £32(T)

y nfg pproximately given by ng, ~ £3 .

The potential energy (3) of e vortex-antivortex pair with separation r
is reduced (or "renormalized”) by the presence of intervening pairs of
smaller size: Referring- to the 2D Coulomb gas analogue, the resulting
screened interaction between the members of a pair of size r is convenien-
tly described in terms of s scale-dependent dielectric constant e(r) which
increases with r and is such that e(a) = 1. The celculation of e(r) is
based on the Kosterlitz scaling equations ‘[36, 37], a set of coupled
recursion relations for the reduced "spin-wave" stiffness constant K(r) =
(3/kgT) €=t (r) = [Mic(T)/2ekgT] e=!(r) and the vortex thermal-sctivity
y(r). An importent prediction of the renormalized KT theory is that at Tg
and for infinite scale (r » =) K (w) = Kg has the universal value 2/x.
For a 2D array of weak links the universal relation can be written in the
form [35, 36]

i0(To)/ecTe = Bekg/h = 27 nAK  , (8)

where ec is the value of e(r) at T, end for r + =. Since, at T

Jp, = 3/eg, an elternative formulation of the KT universal result is tha
tﬂe exponent nr(T) in Eq. (S) has the value 1/4 st the trensition. The va-
lue of e; depends on the paremeters which determine the detailed form of
the core potential, p (T), of a vortex excitstion, a quantity related to
the vortex asctivity at the shortest scale r = a by y(a) ~ exp [-uc(T)/kgT]
[36]. For the XY model on a square lattice, KOSTERLITZ and THOULESS found
€c = 1.175, while from Monte Carlo calculations [38] one infers ee = 1.75.

2.2. Vortex Dynamics

The dynamics of vortex excitations near the phase transition of 2D systems
has unique features which, when seen in an appropriately conceived experi-
ment, allow a crucial and detailed test of the KT theory [13, 31, 32].
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The dynamical properties of the KT ‘transition were studied. by
AMBEGAOKAR et al. [33] for 2D superfluids and, more recently, by SHENGCY
[34] for 2D arrays of Josephson junctions. In these models the response,
nesr To, of bound vortex pairs and of free vortices to a driving oscil-
lating field of angular frequency w is described in terms of a temperature
and frequency-dependent complex dielectric constant e(T,w). Carrying on
the analogy with the 2D Coulomb gas, e(T,w) can be written as the sum of a
contribution [ep (T,w)~1] due to the polarization of vortex-antivortex di-
poles and of a "Drude term" ep(T,w) = {1 + [4n0,(T)/iw]}, where o,(T) is
the vortex conductivity, describing dynamical screening of the free-vortex
plasma, i.e.: '

e(T,w) = ep(T,w) + [bn0,(T)/in] . B (9)

The motion of a bound vortex pair with separation r in response to the
driving ac field is characterized by the time 1(r) ~ r2/Dv which governs
its diffusive relaxation towards the equilibrium orientation (D, is the
vortex diffusivity). In the dynsmical theories [33, 34] the bound-pair

.contribution ep{T,w) in Eq. (9) is obtained from the scale-dependent die-
lectric constant e(r) introduced in Sec. 2.1 by integrating over a conti-
nuous distribution of relaxstion times t(r). This procedure singles out a
characteristic scale, the vortex diffusion length

r, = (14D,/w)}/? , (10)

which determines the separstion of those vortex pairs which dominate the
response. Then, an approximate calculation shows that ep(T,w) is related
to e(r,) in the following way :

Re ep(T,w) =~ e(r,) an
11
Im ep(T,w) ~ (n/8) [rde/dr]), - r, .

Recalling that £,(T) is a measure of the average distance between free
vortices, the existence of a characteristic length scale r, at finite fre-
quencies indicates that there is a crossover in response due to the unbin-
ding of bound vortex pairs with separation r,, into free vortices at a tem-
perature T, > T, such that :

w & E4lTy) . (12)

This relation, together with Eqgs.(7) and (10), shows that, by prabing the
system with increasing frequency, the vortex-unbinding transition should
be seen to shift to higher temperatures.

Above Tg, the contribution of free vortices to e(T,w) can be easily es-
timated by writing the free-vortex conductivity oy(T), in _the spirit of
the 20 Coulomb gas analogue, as oy(T) = qd ne(T) py = (gv/i) nfa(T) Bys
where the vortex charge q, is given by Eq.{4) and neg, = g34( (see Sec.
2.1). The vortex mobility p, can be easily expressed in terms of array
parameters following the snalysis of the flux-flow régime in arrays by
LOBB et al.[35]. It turns out that, in the critical region, p, can be
written, to a very good approximation, as :

v (c/cI>0)2‘a2rn , (13)
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where ry is the normal-state resistance of an individual junction. Final-
ly, wusing Egs. (4) and (10), the vortex conductivity becomes :

oy(1) = (e/h) [a/E.(1)]? ic(Dry , (14)

an expression showing that o, is proportional to the fraction of area oc-
cupied by the vortex cores (of radius ~ a) and to the iorpy - product of a
single weak link, Notice that, wusing Eq. (13) and Einstein's relation
Dy = uykpT, _the vortex diffusivity entering Eq. (10) can be expressed as
Dy = (c/®9)? a’rp, kgT.

In Sec. 4 it will be shown that, near the phase transition, the signal
voltage 6V, (T) which measures the ac response of the array in our experi-
ments is inversely proportional to e(T,w). Calculations of e="(T,w) based
on the previous discussion and on the Kosterlitz scaling equations show
that, as 7 crosses T, from below, there is a drop in Re(e~"), while a peak
emerges in Im(e-1). The fall-off in Re(e-!) reflects the smooth drop in
superfluid density one expects when vortex unbinding is probed at a finite
scale r, (a discontinuous jump occurs at infinite scale only). The peak in‘
In(e=!), on the other hand, is a manifestation of the crossover from a
bound-pair dominated dissipation [r, < £,(T)] to a free-vortex - dominated
dissipation [r> £,.(T)].

3. Arrays in a Magnetic Field

Two-~dimensional arrays of Josephson junctions exposed to a perpendicular
magnetic field B are isomorphic to a frustrated XY model with the
Hamiltonian [17-20, 39] :

H = [hic(T)/2e] | [1-cos(ej-0i-A;3)] ’ (15)
<ij>

where Ajj is proportional to the line integral.of the vector potential A
from the site i to the site j : Ajj = (2n/®) IJ .d8. In a square lattice
each plaquette contains four weak links with alphase difference(¢j-¢i—Ai-)
across the link <ij>. Then, the requirement that the phase of the super-
conducting wave function must change by an integral multiple of 2n in
going around a closed path implies [9, 17-20, 39] :

g (¢J_¢1_A1J) = -2xnf (mod 21[) » (16)

where the sum is over the four links in the plaquette. If the transverse
penetration depth is large compared to the sample size (A > Na), screening
currents are negligible and, as a consequence, the magnetic field penetra-
tes the array uniformly. In this case f®g is constant throughout the array
and equal to the magnetic flux, & = Ba?, threading a unit cell.

The Hamiltonian (15) is a periodic even function of f with period 1. As
a consequence, we can restrict our attention to the interval 0 < f < 1/2,
While for an isolated plaquette the ground-state phase configuration is
such that Eq. (16) is satisfied by taking (¢j‘¢i‘Aij) = -(n/2)f, in an ar-
ray frustration effects resulting from competing interactions with neigh-
bouring cells make the determination of the ground state a difficult pro-
blem. For 1/3 < f < 1/2 an interesting quasi one-dimensional solution has
been proposed by HALSEY [20]. For a square lattice the supercurrent dis-

366



tribution in the ground state consists of a sequence of "staircase" super-
currents generating a striped quasi 1D structure along a diagonal of the
lattice. Staircase supercurrent patterns for f = 1/2 and f = 1/3 are
shown in Fig. 1(a) slong with the corresponding phase configurations. We
refer to this description in terms of phases and currents as the
"phase-current picture". The gauge-invariant phase differences (¢"¢1'Aij)
are identical for all links located on a given staircase. Thereﬂore, ma-
gnitude and sign of the supercurrent are constant along the same stairca-
se. As required by Kirchhoff's law, the supercurrent is conserved at each
lattice site. Numerical calculations agree with the staircase model for
1/3 < f < 1/2. For other values of f, no analytical solution exists so far
and the ground state has been constructed by Monte Carlo and mean field
methods {17, 18].

Phase- Current
PICTURE

® ) x| X

VORTEX PICTURE

N

* X X Fig., 1 Ground states of a 2D
o e e - X array for f = 1/2 and f = 1/3
: 1 (a) Staircase current pat-
: : f=§ X terns and phase configura-
/ j tions in the phase-current
X X model. (b) Commensurate vor-
tex phases in the vortex mo-

la) (b) del.

An equivalent and, in several circumstances, useful way of describing
ground states of a frustrated 2D array of weak links is provided by what
we call the "vortex picture". In this model the ground state is determined
by considering the interaction of the vortex lattice induced by the magne-
tic field with the pinning potential created by the periodic structure of

B the array. Since there are two competing periodicities, as f changes the
array is driven through a sequence of commensurate (C) (f = p/q rational,
where p and q are integers such that p/q is an irreducible fraction) and
incommensurate (I) (f irrational) vortex phases, whose detailed structure
can be found by mapping the Hamiltonian (15), via a Villain duality trans-
formation [40], onto a lattice 2D Coulomb gas [17, 20]. C~vortex configu-
rations for f = 1/2 and f = 1/3 are shown in Fig. 1 (b). The ground state
of a C-phase is characterized by the formation of a superlattice with a
(gqa x ga) unit cell,

At low temperatures [T « T.(f)], C-vortex phases are pinned by the pe~
riodic potential provided by the array. As a function of f = p/q, the
pinning strength, as measured by the critical current, ic(f=p/q), of the
array, has a strongly discontinuous upper bound n(e/h) e(f=p/q) q=°, where
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e(f=p/q) is the (non-monotonic) ground-stste energy per junction [17]. In
an I-phase, on the other hand, the vortex lsttice cean slide freely
[e(f=p/q)/q=0 for q » =]. Thus, in experiments probing vortex dynamics as
a function. of f, marked structures should appear in the complex ac
response of an array in correspondence to low-order (small q) C-phases.
Such experiments will be discussed in some detail in Sec. 4.

Concerning the nature of the phase transition st To(f), in this paper
we restrict our discussion to the unfrustrated (f = p) case. Since the
Hamiltonian (15) is periodic in f with period 1, the superconducting
transition of a 2D array of weak links is expected to be KT-like also for
f=p# 0. In this case the thermally activated point defects are positive
and negative vacancies associated, respectively, with (p ~ 1) and (p + 1)
quantized vortices per unit cell., These vacancies of opposite sign can be
viewed as free-moving vortex-antivortex excitations immersed in a pinned
commensurate background of field-induced vortices with p flux quanta per
unit cell [13].

4. Experimental Results and Discussion ‘

We have studied [13] the dynamics of vortices in 2D arrays of proximity-
effect Pb/Cu/Pb junctions using a modified version of the two-coil tech-
nique devised by FIORY and HEBARD [41]. The experiments reported here were
performed on' two srrays, A1 and A2, consisting of N x N = 5 x 10° square
Pb islands forming a square lattice with a = 8 pum on a Cu layer, the
length L of the Cu bridges connecting sdjacent Pb islasnds being of the
order 1.7 um. A1 ond A2 differ in the thicknesses of the superconducting
islands and of the normal film, thereby having slightly different coupling
energies. The zero-field dc resistance of both arrays shows, with decrea-
sing temperature, the two distinct transitions observed in similsr systems
by other groups 17, 8, 10]. For the ac measurements the arrays were posi-
tioned directly under s system of cosxial cylindricsl coils consisting of
an external driving coil and an inner astatic-pair receiving coil [42]. An
ac current of amplitude Ip, and anguler frequency w was applied to the
driving coil and the signal voltage, 8V, , at the receiving coil due merely
to the screening currents flowing in the array was phase-sensitively
detected. It turns out thst, for our sample-coil geometrical
configuration, 8V, is related to the complex sheet impedance, Z5 , of the
array by [41]

8V, = -wZIDwz;,lZ eXF()[x + (H/A) (iwlgy/Z9]tax (17)

where Ly (T) = (2n/c?)A(T) = h/2ei(T) is the bsre sheet kinetic inductan~’
ce of the arrsy, H the distance of the first (lowest) winding of the dri-
ving coil from the array (H = 0.3mm) and f(x) an oscillsting function of
x, such that f(0) = 0, decaying as 1/x° st large x and depending only on
the geometrical parameters of the coils.

If one assumes that normal currents do not apprecisbly contribute to
the total current flowing in the sarray, i.e. if 0 < rn/LKQ’ then for
f =0 Z4T,w) can be written in the form [13, 31] :

ZD(T,w) = iwLKu(T) e(T,w) y (18)

an expression which explicitly shows that vortex excitstions described by
e(Tyw) [Eq. (9)] renormalize the bare areal superfluid density
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E(T) = m*/AezLKp(T) downwards. In our experiments H is much smaller than
A in the transition region. Accordingly, near T, the term proportional to
(H/A) in Eq. (17) can be ignored and 8V, becomes, using Eq. (18) :

8V = € dwlpyic(T)/e(T,w) ) (19)

where C is a purely geometrical constant. Since the monotonic temperature
dependence of i,(T) does not significantly affect the response of the ar-
ray near T, the behaviour of §V,(T) in the transition region should re-
flect the characteristic features of e (T,») predicted by the dynamical
extensions [33, 34] of the KT theory (see Sec. 2.2). This is quite clearly
demonstrated by the peak in Re [6V,(T)] and the drop in Im [6V,(T)] shown
in Fig.2 for the array A2. From these data, using an iterative procedure
to solve Eq.(17),it is possible to extract e-1(T,w). The io(T). curves nee-
ded to calculate Ly (T) were obtained by fitting low-temperature i mea-
surements of A2 to the expr3531on [43] -

. (1) = ig[1-(T/Te)]? exp[-L/En(D] (20)

[using Teg = 6.8 K for the BCS transition temperature of the Pb islands,
EN(Teg) = 1060 A ‘for the Cu coherence 1length and ig = 0.38 A] and by ex-
trapolating the theoretical.curves in the critical reqion. Results exhibi-
ting the expected temperature dependence of Re(e~") and Im (e~") near the
transition are shown in Fig., 3. A detailed comparison of these data with
the theoretical predictions of Sec. 2.2 should shed further light on the
dynamics of vortex exc1tat10ns in 2D arrays.

i — ‘ 10*“.. ..‘0.0. f=0 7
= i I 1
= 1 . = 2156 Hz -
3 n — .
2 W 0S| ) 5
9} 4 — i . 1
-3 B ‘ & .
T S
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t : 0,__ —t —{—o t p
s 2156 Kz | T .
= 10 F T - : 0.4 - . 7
@ 1 :
— ;3 : .. .
5 St = w 02| . ﬂ
£ £ g
0 | F .0 o.. ....a
L ! L1 0 L~ e
3 4 5 3 4 5
TK] —= TIK] —=
Fig.2 Temperature dependence of Fig.3 Temperature dependence of
the complex ac response of array the inverse complex vortex dielec-
A2 in zero magnetic. field (f = 0) tric constant of array A2 as dedu-

ced from the ac response shown in
Fig.2 and from Eq. (17)
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Fig.4 Temperature dependence of the normalized complex ac response of ar-.
ray A1 measured at different frequencies for f = U and f = 1. From Ref, 13~

As predicted by Eq.(12) and demonstrated by the f = 0 ac response of A1
shown in Fig. 4, the peak in Re [GW»(T)] shifts to higher temperatures and
the fall-off of Im[&V,(T)] broadens with increasing w.To analyze these re-
sults, we define T, by extrapolsting to zero the portions of the Im(&V,)
vs T curves [31] and introduce s scale parameter %, = 1n(r,/a). Then,Eq.
(12) can be written in the form :

2522 672 (T~ To) . (21)

The scale &, and the dimensionless temperature T, = 2ekgT, /hic(T,) were
calculated using,for A1, rp = 2.2 m2 to determine Dy, and taking Tpog = 7 K,
£, (T ) =85A and i_ = 0.78 A to deduce i (T ) from Eq. (20). A plot for
= 6%F 257 vs T, is®shown in Fig. 5. A goSd ¥it to Eq. (21) is obtained
for b = 1,29, Extrapolation of the linear plot to infinite scale (w + 0)
leads to io(To)/Te = 49 nA/K. lnserting this result in the universal pre-
diction (83 gives & = 1.75 , a value in good agreement with an estimate
(e¢ = 1.81) based on Monte Carlo simulations [38].

According to the KT picture discussed in Sec. 3, the response 6Vw(T)
for f = p # 0 should be similar to that for f = 0, a conjecture confirmed
by the experimental results for f = 1 of A1 shown in Fig. 4. When compare
with the case f = 0, however, the transition is seen to occur at a lower+-
temperature, This is easily understood if one realizes that the finite si-
ze of the junction makes i, field dependent. More precisely, the criti-
cal current of an isolated junction of the array is a quadrstically de-
creasing function of the magnetic field as long as SB/®; € 1, where S is
an effective area of the junction. From Eq. (8), it then follows that the
KT transition is pushed to lower temperatures by increasing f=p. The ans-
lysis of the frequency dependence of the response for f = 1 shows, as de-
monstrated by the data of Fig. 5, that the vortex-unbinding transition at
T, shifts to higher temperatures with increasing w as predicted by Eq.(21),
From the linear fit of Fig, 5, which was obtained using iy(f=1) = D.26 A
in Eq. (20), one deduces b (f=1) = 0.95 and io(Te,f=1)/To(F=1) = 143 PA/K,
a value leading to ec(f=1) = 5.3 [Eq.(8)]. Because of additional dielec-
tric screening provided by the commensurate background of field-induced
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vortices, renormalization effects should be more important for f = 1 than
for f = 0, a conjecture consistent with the experimental observation
ec(f=1) > e (f=0). Additional screening alone, however, seems to be insuf-
ficient to account for the large value of e, found for f = 1.

The magnetic field dependence of the ac response 6V, has also been in-
vestigated [13]. In Fig. 6 we show the real and imaginary parts of &V,
measured at 4.033 kHz as a function of f for different temperatures. Pro-
minent structures emerge in both Re [&V (f)] and Im[6V (f)] in correspon-

dence to C-vortex phases defined by f = p and f = p/2. Structures at f =
p/3 are also clearly resolved in most of the data of Fig. 6. A detailed
interpretation of these curves requires a theory describing the dynamics

T T A T
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of field-induced vortices and of thermally generated topological excita-
tions (vortices, domain walls, dislacations) in a periodic force field.
Such a theary is not available so far. However, same of the essential fea-
tures can be understood in terms of the "vortex picture" discussed in
Sec. 3 and, for f = p, of the dynamics of thermally excited vartices. At
low temperatures (T « Tp), where the influence of tapological excitations
is negligible, structures in &V, (f) at f = p/q reflect the drastic change
in pinning occuring at a CI transition. As discussed in Sec. 3, in a low-
order (small g) C-phase the mobility of the field-induced vortices is con-
siderably reduced by the periodic pinning potential provided by the array,
while the vortex lattice can slide freely in an I-phase. As a consequence,
there is a3 marked reductian of dissipatian in a low-order C-phase, a pro-
cess resulting in the periodic sequence of dips one abserves in the
Re[6V, (f)] signals of Fig. 6 (a) at low temperatures. On the other hand,
since pinning is important in low-arder C-phases, considerable lag in
response is expected far such vartex configurations. This is the mechanism
responsible for the commensurate pesks occurring in the inductive compo-
nent af &V, (f) shown in Fig. 6 (b). As the temperature rises and appros-
ches To(f), the low-temperature commensurate dips in Re[6V,(f)] gradually 8
transform into peaks which finally vanish above To(f) [Fig. 6 (a)?. Simul-
taneously, a rapid degradation of the commensurate peaks in Im[6V,(f)] is
observed in the critical region [Fig. 6 (b)].

The evalution of the commensurate structures in §V,(f) suggests the pre-
sence of thermally activated defects which, an account of their high mobi-
lity, generate additional dissipation and reduce the lsg in response in 3
C-phase. We have shawn that, far f=p, the dynamics of these defects has
features allowing their identification as the vortex excitations of the KT
theory. For a frustrated array (f=p/q) further work is needed ta ascertain
the nature of the defects and their possible rale in triggering the phase
transition.
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THE KOSTERLITZ-THOULESS TRANSITION

IN JOSEPHSON JUNCTION ARRAYS

Ch. Leemann, Ph. Lerch, R. Theron and P. Martinoli
Institut de Physique, Université de Neuchétel, 2000 Neuchitel, Switzerland

Abstract : A study of the ac response of square two-dimensional arrays of
proximity effect Josephson junctions as a function of temperature, frequency
and applied transverse magnetic field is presented. As a function of magnetic
field, both the real and the imaginary part of the array's conductance exhi-
bit clear structures at fields corresponding to rational numbers of flux
quanta per unit cell of the array. At an integer number of flux quanta per
unit cell, the temperature and frequency dependence of the conductance show
that the superconducting to normal trasnsition of the array can be described

by the Kosterlitz-Thouless theory and by its extension to finite frequencies.

I. Introduction

The Kosterlitz-Thouless (KT) theory of phase transitions [1,2], applied
to a two-dimensional (2D) superconductor [3], is based on a description of
the superconductor in terms of fluctuations in the phase of its order parame-
ter. At low temperatures the relevant phase fluctuations are slowly varying
functions of position. As the temperature increases, thermal fluctuations in
the phase result in topological excitations in the form of bound pairs of
vortices of opposite circulation (vortex-antivortex pairs). The transition to
the normal state is triggered by the unbinding of these vortex pairs, i.e.
the creation of free vortices at a critical temperature T.. The most ob-
vious consequence of such a transition is the appearance of a de resistance

with a characteristic tempersture dependence [4-8] above Tc. Another mani-
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festation of the KT transition is the crossover in behavior one observes in
the sample's current-voltage characteristics in the vicinity of Tg [7,9].
In the transition region the dynamics of vortex excitations has unique featu-
res which can be seen in experiments probing the response of 2D systems expo-
sed to ac driving fields [10,11]. In particular, measurements of the complex
dynsmic sheet conductance allow to verify two important theoretical predic-
tions : the temperature dependence of the complex dielectric constant, and
the anomalous temperature dependence of the free vortex correlation length
above T,. In this paper we report measurements of the complex conductance
of proximity-coupled 2D arrays of Josephson junctions [12] . In section II we
introduce the basic concepts of the KT transition. Section III is dedicated
to array physics. We discuss the relationship between arrays and the XY mo-
del, some vortex dynamics and magnetic field effects. Our experimental proce-
dures and results are presented in section IV. The results are analyzed with-
in the theoretical framework of sections II and III. Section V contains our

conclusions.

II. Basic features of the KT transition

Consider the classical XY model : a reqular lattice of spins on the
XY-plane. The spins are subject to nearest neighbor interactions and are free
to rotate about an axis perpendicular to the XY-plane. The ith spin is des-
cribed by ¢j, the angle it makes with a fixed direction in the XY-plane.

The Hamiltonian of the system is given by

H = —J<§j>cos (¢j - ¢i) , 1

where the sum is over all pairs of spins and J (positive) is the coupling
energy. Except at zero temperature, where all the spins are aligned, there is
no conventional long-range order in the spin system and thus a vanishing
spontaneous magnetization [13]. In fact, at any non-zero temperature spin wa-
ves (i.e. long wavelength excitations of the spins) lead, at large enough di-
stances, to uncorrelated spins. On the other hand, at sufficiently low tempe-

ratures, we are not in the presence of liquid-like short range order. Wegner
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[14] found that the spin-spin correlation function decays algebraically, with

a temperature dependent exponent n(T) = kBT/ZnJ :

<cos (¢j - ¢i)> a r..'n(T) (2)

ij ’
where Tjj is the distance between the lattice sites i and j. Intuitively,
one expects some type of phase transition from a low temperature phase chara-
cterized by the quasi long-range order described by (2) to a high temperature
liquid-like phase characterized by an exponentially decaying correlation ‘
function. This phase transition was investigated by Kosterlitz and Thouless
in 1972 [1] by taking into account the effects of thermally excited vorti-
ces. A vortex (antivortex) is defined as a configuration of the ¢j such
that the sum of the phase changes along a closed path is 21 (-2n). The energy

E, of an isolated vaortex can be computed from (1) and is given by

E, = nd log L/a , (3)

where L is the system size and a the lattice parameter. For the interaction
energy Ep of a vortex-antivortex pair with cores separated by a distance r,
one finds

Ep = 22d log r/a . (4)

Notice that in general Ep<<Ev, the thermal excitation probability is

therefore larger for bound pairs than for single vortices. A rough estimate

[1] of the KT transition temperature T. can be obtained by computing the
free energy F=£,-TS of a single vortex excitation and by requiring that at
T=T, there is a spontaneous nucleation of free vortices, i.e. F(T7.)=0.
This leads to kgTq~nd/2. The correct value for T, is obtained by taking
into account the presence of bound pairs and their interaction. The inter-
action between the constituents of a pair of size rg is reduced ("renor-
malized") by an amount e(rg), due to the presence of pairs of size r<rg. The
calculation of renormalized quantities, which is the main scope of the
theory, is based on the KT scaling equations [1]. The physical interpretation

of e(r) becomes obvious by making an analogy with the 2D Coulomb
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gas, where electric charges also interact logarithmically [1,6,15]. In the 2D
Coulomb gas snalogue, e(r) describes the scale dependent screening proper-
ties of a dielectric medium consisting of electric dipoles (corresponding to
the vortex-antivortex pairs in the XY model) of different size.

Thus we have the following picture for the KT-transition : at low tem-
peratures there are thermal excitations in the form of spin waves and bound

vortex-antivortex pairs. At a transition temperature T, given by

KkgT, = m Jp , (5)

where Jg = J/ec is the renormalized coupling energy and g, the dielec-
tric constant at infinite scale e(«), pairs of largest separation (r + =) un-
bind. The resulting free vortex excitations (corresponding to free electric
charges in the 2D Coulomb gas analogue) destroy the quasi long-range order
existing below T,. Above T, one is dealing whith a liquid-like phase cha-
racterized by a correlation function of the form

-t /84 (T)
<cos (¢j_ ¢i)> a e . (6)

The correlation length £,(T) has an unusual tempersture dependence reflecting
the peculiar nature of the KT transition. It is given by [2]

_ 172
b[T - T¢]
§+(T) %~ ae s (7

where b is a nonuniversal constant of order unity. Physically, £,(T) is a

measure of the average separation of free vortices. The free vortex areal

density Ne is therefore spproximately given by ne = 5;2(T).

III. 2D Arrays

a) Connection with the XY model

Large two-dimensional arrays of superconducting weak links constitute a

very appealing physical realization of the XY model. With modern photolitho-
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graphic techniques it is possible to fabricate large regular lattices of su-
perconducting (5) islands. The individual islands are Josephson coupled
through an insulstor (I) forming arrays of SIS junctions [16] or through a
normal metal (N), forming proximity effect SNS arrays [17-19]. In arrays
where the geometrical and phyaical propertiea of the individual junctions are
sufficiently uniform, fluctuations in the magnitude of the superconducting
order parameter are largely suppressed well below the BCS transition of the
individual islands. On the other hand, 2D fluctuations in the phase of the
order parameter are still important. The phase difference (¢J - y)
between two sites and its time evolution are governed by the Josephson equa-

tions. The supercurrent flowing between islands i and j is given by
iy = 1(T) sin (¢J— 0;) ’

)

where io(T) is the critical current of the junction. The voltage across the

barrier is

h d
Vz—=_"+(o.-9,) .
2edt J !
With these two expressions the interaction energy Ejj = [igvdt of the
islands i and j becomes :
hig(T)
L. = 1 - .~ 0, . 8
1] 2e ! cos(¢J ¢1)] @

Summing over all pairs <ij> we obtain the same Hamiltonian as in (1), with a
coupling energy

hig(T)
2e

. (9)

The phase of the superconducting order parameter corresponds to the spin-an-
gle variable of the XY model. With (5), the universal KT prediction for the
transition temperature becomes

ic(Te) Bek|
2eiiel 2% L 27 naK ) (10)

ecle

Since the coupling energy in (9) is temperature dependent, the statistical
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mechanics of the system is conveniently described in terms of a dimensionless
temperature parameter T = kgT/3 = 2ekyT/(hi (1)) [20]. In particular it is T
and not T, which enters expression (7) for E,.

There is one important limitation to the isomorphism between the XY ma-
del and 2D arrays. In 2D arrays, as in all 2D superconductors, the vortex-
antivortex interaction no longer depends logarithmically on the separation
distance at distances larger than the effective penetration depth A [21]. It
turns out, however, that at T, ATg~2cmK [2D]; in the interesting tempe-

rature region A is therefore a macroscopic length scale.

b) Vortex dynamics in arrays

The dynamical praoperties of the KT transition were studied by
Ambegaokar et al [22,23]. An important result of their model is that the
vortex response to an applied field of angular frequency w is controlledvby a
frequency dependent length r = (14D/w)1/2, where -D is the vortex diffuaion
constant. Bound vortex pairs of size larger than r, do not respond to the
applied field, whereas the response of the smaller pairs (r<r,) is descri-
bed by a complex dielectric constant which is derived from the static KT di-

electric constant e(r) in the follawing way [22,23] :

Re e(w) = e(ry)

Im e(w) = (r d_€) (11

I
4 dr’ | r=ry

According to the physical interpretation of §+(?), at finite frequencies the

vartex unbinding transition will be seen at a temperature T, such that

r = g+(?w) . (12)

By making use of the 2D Coulomb gas analague, the contribution, ef, of the
free vortex charges to the dielectric constant above T, can be written in

the form

_ o 4m oy (13)
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where cvz(e/h)rnic(T)[az/ai(T)] is the free vortex conductivity [12], propor-
tional to n¢ = gzz(T), and rp is the resistance of an individual junction.

In the experiments reported below {section IV), the physical quantity
of interest is the complex sheet impedance, Zp(w,T) of the array. It is rela-

ted to the complex vortex dielectric constant e(w,T) by

Zp(w,T) = iwlgge(w,T) (14)
where Lyg = h/(2eio(T)) is the sheet kinetic inductance of the array and
elw, ) = &'(w,T) + ie"(w,T) with, according to Egs. (11) and (12),

e'(w,T) = elry) and e"(w,T) = n/4[ry(de/dr)|pzp ] + 4n oy/o.
w

c) Magnetic field effects

A magnetic field ﬁ, perpendicular to the plane of the array, introduces
vortices with a tendency to form a reqular 2D lattice, the lattice parameter
being contraolled by the magnitude of 8. The interaction of the field-induced
vortices with the periodic pinning potential provided by the array leads to
commensurate (C) and incommensurate (I) vortex phases. The array can now be
described by a uniformly frustrated lattice spin model [2&-27], with a Hamil-
tonian

H = cos(¢j - 95 Aij) (15)

B J<%j>
where the argument of the cosine is the gauge-invariant phase difference bet-
ween islands i and j, ¢gAjj/(2n) is the line integral of the vector po-
tential A from site i to site J and ¢g is the supercanducting flux quantum
The Ajj's satisfy the condition ® Aj j=2nf, where the sum is over all the
links in an elementary cell and f, the frustration parameter, represents the
magnetic flux per elementary cell in units of ¢4 F:Baz/¢0. If the magne-
tic field is uniform, f is a constant over the entire array. Quite clearly,
the Hamiltonian (15) is periodic in f with period 1. Furthermore, as f chan-
ges, the energy of the system goes through a series of local minima, corre-
sponding to rational values of f (C-vortex phases). As a consequence, the
transition temperature and the critical currents show a complex periodic de-
pendence on f [24,27-29].
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Iv. Experimental results and discussion

Arrays consisting of NxN Pb/Cu proximity-effect junctions, with N~103,
were fabricated on sapphire substrates using standard evapaoration techniques,
photolithography and sputter-etching. Fig. 1 shaws a scanning electron micro-
graph of a typical array. The square lead islands, 200 nm thick, form a squa-
re lattice on a 200 nm thick copper film. The lattice parameter a is 8 pm,
the distance L between the aquares is 1.7 pm. Fig. 2 shows the resistance of
an array as a function of temperature. There are two distinct transitions, as
observed by other groups [17-19] : the proximity-effect reduced BCS transi-
tion of the lead islands at 6.8 K and a transition to zero resistance at T,
= 3.9 K. In the temperature region 3.9 K < T < 6.8 K the coherence length in
the copper increases with decreasing temperature leading to an increase of
the effective size of the superconducting islands and thereby a decrease in
resistance [17].

The complex sheet conductance G5 = Z}f of the arrays was measured
using a variation of the mutual inductance technique devised by Fiory and
Hebard [11,30]. Two coaxial cylindrical coils consisting of an external drive
coil of diameter 4 mm and an internal astatic pair aof receive coils, 2 mm in
diameter, were immersed in stycast. After appropriate machining, the caoil as-
sembly was positioned directly an the sample, the distance between the sample

and the first winding of the detection coil being of the order of 10 um. An

L s T 8
Figure 1. Scanning electron micrograph of an array. Lighter colored squares
are the Pb islands on the top of the darker Cu film,
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Figure 2. Dc resistance vs temperature of a 2D array of Josephson junctions.
Tes ¢ BCS-transitions of the Pb islands. To : Vortex unbinding

transition.

ac current of amplitude Ip, and angular frequency w flowing through the
drive coil will induce screening currents in the array proportional to Ip,
and w and, in the weak screening limit [30], also to Gy , the complex sheet
conductance of the array. These currents will, in turn, induce a voltage
6V, a wZIDwGD at the receive coil which can be phase-sensitively detec-
ted. Using Eq. (14) for Gg = Zal, in the weak screening limit appropriate to
discuss our experiments in the transition region, the signal voltage can be

written as :

io(T)

, 16
elw,T) (16)

8V (T) = iCwlp,

where C is a constant depending on the sample-coil geometrical configuration,
whose numerical value was estimated to be ~ 0.74 Vs/A2. At low temperatures
(T€T¢) the weak screening condition is no longer satisfied and Eq.(16) must
be modified to include the geometrical inductance of the sample.

Since io(T) is a monotonically decreasing function of temperature,
any unusual behavidur of the signal voltage 6V, in the transition region

will be determined by e~'(w,T). Calculations of e~!(w,T) based on Egs. (11)
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Figure 3. Temperature dependence of the receive coil signal &V, proportio-

nal to the array's sheet conductance at a frequency of 1663 Hz.

and (13) show that a peak in Im(e~!) and a roll-off in Re(e-!) are expected
in the neighborhood of To. This is quite clearly demonstrated by the mea-
surements shown in Fig. 3 which exhibit a peak in dissipation [Re (8V,)]
and a drop in superfluid density [Im (&V,)]. Structures similar to those
shown in Fig. 3 were observed in uniform 2D superconductors [11] and in
superfluid helium films [10].

The evolution of the signals with increasing frequency is shown in
Fig. 4, where the signal voltage is normalized with respect to the angular
frequency of the driving current. Notice that, with increasing frequency, the
structures in both Re (8V,) and Im(8V,) shift to higher temperatures.
This is consistent with the theoretical prediction implied by Eq. (12) : as
the frequency increases, the probing length r, becomes smaller and the
vortex unbinding transition is observed at a higher temperature Tee

Also shown in Fig. 4 are the signals measured in a magnetic field cor-
responding to one flux quantum per unit cell of the array, the f = 1 case.
The response for f = 1 is similar to that for f = 0, in qualitative agreement
with the conclusion of section III, that the Hamiltonian of the system is
periodic in f with period 1. We conjecture that in the f = 1 case the thermal
excitations are highly mobile positive and negative vacancies, which can be
viewed as vortex-antivortex excitations superposed on a pinned commensurate
background of one field-induced vortex per unit cell of the array. Notice

however, that the transition for f = 1 in Fig. 4 occurs at a slightly lower
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Figure 4. Temperature dependence of the complex ac responae of a 2D array at
different frequencies for f=0 and f=1. Signal voltages are normali-

zed with respect to angular frequency.

temperature than in the f = 0 case. The finite size of the jﬁnctions causes
the critical current of the individual junctions to be slightly reduced by
the magnetic field. The KT transition is thus also expected to occur at a
slightly reduced temperature in the case f = 1.

The frequency dependence of the signals, through Eq. (12), can be used

to verify the unusual temperature dependence of the vortex correlation length

£+(T) given in Eq. (7). The r,-values were calculated with D = (c/¢0)2rnaszT
for the vortex diffusivity, as derived in Ref. 20, and r= 2.2 mQ, inferred
from the array sheet resistance at Tog. The temperatures T, were deduced from
the Im (8V,) vs T curves by extrapolating the steep portions to zero. In
order to determine T = kgT/J = 2ekgT/(hig(T)), low temperature measurements
of the array's critical current in zero field, i.(7,0), snd in a f = 1

field, io(T,1), were fitted to the expression
io(T,F) = ig(F)[1-(1/Tog) [Pexp[-L/EN(T)] (17)

yieling En(Teg) = 85 nm for the Cu coherence length, ig{o) = 0.78 A and
ig(1) = 0.26 A. Finally, introducing the scale parameter £, = 2n(r,/a),
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Figure 5. Dependence of the scale parameter £,=2n(r,/a) on the dimensionless
temperature ?w° Solid lines are fits according to Eq. (18). On the

upper axis the real temperature for f = 0 is shown.

Eq. (12) can be cast into the form
2,72 = b2[T, - To(F)) , (18)

As can be seen in Fig. 5, our measurements confirm the linear relationship

between 152 and ?w. By extrapolating the fitted straight lines to infinite

scale, corresponding to the limit w0, we find io(Tq,0)/To(0) = 49 nA/K
and ic(T¢,1)/Te(1) = 143 nA/K, wich leads, with Eq. (10), to eq(D) =
1.81 and ep(1) = 5.3. Our eo(D) value is in excellent agreement with a
Monte Carlo calculation performed by Tobochnik and Chester [31], who found
€c = 1.75. The €c(1) value, on the other hand, seems somewhat large, even
though additional screening by the commensurate vortex background is expected
to enhance ..

At this point, having studied the temperature dependence of the respon-
se at integer values of f, we would like to consider the dynamic response of
the array also at rational and irrational values of f. Real and imaginary
parts of the signal as a function of the frustration parameter f are shown in

Fig. 6 at four different temperatures. The structures occurring at integer f
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Figure 6. (a) Real and (b) imaginary parts of the ac response at 4033 Hz as a

function of the frustration parameter f = ¢/¢¢ at four temperatures

values, as well as half-integer f values (f=p/2) and at f=p/3, reveal the
presence of low energy commensurate vortex phases. At integer f values the
evolution of the structures with temperature is the signature of the
vortex-unbinding transition discussed above. The temperature evolution of the
signals at low-order rational f values is similar to that observed at integer
f values, leading to speculations about the possibility of a KT-like phase
transition at rational values of f. However, a theory describing the dynamics
of field-induced vortices and their interaction with topological excitations
such as thermal vortices and domain walls at non-zero temperatures is not
available. A detailed analysis of the dasta shown in Fig. 6 is therefore not

yet possible.

V. Conclusions

Our measurements of the dynamic response of 2D arrays, in magnetic
fields corresponding to integer values of the frustration parameter f, as a
function of temperature verify the qualitative behavior of the dielectric

constant e(w,T) predicted by the KT theory for phase transitions in two
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dimensions. The analysis of the frequency dependence of the measurements pro-
vides a quantitative check of the exponential-inverse-square-root temperature
dependence of the free vortex correlation length above T..

The nature of the phase transition in magnetic fields corresponding to
non-integer f values is an unsolved and challenging problem. In particular,
the case f = 1/2, corresponding to the fully frustrated XY model, has recent-
ly received a considerable amount of attention and some progress is being ma-
de, both theoretically and with numerical computer simulations [27, 32, 33].
Our experimental work to-date on 20 arrays cannot unambiguously settle the
question of the nature of the phase transition, KT- like or Ising-like at f =
1/2.

This work was supported by the Swiss National Science Foundation.
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Abstract

The ac sheet conductance of large two-dimensional
arrays of proximity effect SNS Josephson junctions was
measured as a function of temperature, frequency and
applied perpendicular magnetic field. A quantitative
analysis of the data shows that the normal to super-
conducting transition of unfrustrated arrays follows
the predictions of the Kosterlitz-Thouless theory for
phase trangsitions in two dimensions.

1. Introduction

-A two-dimensional (20) array of weakly coupled
Josephson junctions in zero magnetic field provides a
physical realization of the XY-model®. For this sys-
tem, the Kosterlitz-Thouless (KT) theory predicts a
transition from a low temperature phase, exhibiting
quasi long-range order, to a high temperature, disor-
dered phasez. The phase transition is triggered by the
unbinding of vortex-antivortex pairs, a process crea-

ting free vortices at a critical temperature To,. Expe-

rimental studies of the resistive transition and of
current-voltage characteristics of 2D arrays_  were
found to be consistent with a KT-like transition®-
: (3
In a weak perpendicular magnetic field, a 20-ar~
ray of weak links becomes equivalent to a uniformly
frustrated XY-model’ =%, with a frustration parameter
given by the ratio of the magnetic flux ¢ threading an
elementary cell of the array and the superconducting
flux quantum ¢g = he/(2e) : f = ¢/¢9. The ground state
energy of the array was found to be periodic in_f with
period 1, exhibiting local minima at rational £7-1 , @
property verified by measurements of critical currents
"and transition temperatures as a function of f 6112

The nature of the phase transition at non integer
f values is presently subject of intense theoretical
investigation. At rational f-values there are, in ad-
- dition to point defects (i.e. vortices), topeological

excitations in the form of line defects (domain wal-

s). It is not clear whether the phase transition will
be dominated by the unbinding of point defects (KT-

like transition) or by the proliferation of domain
walls (Iging-like t;ansitio?g or, indeed, by some com- -

bination of the two’~

The dynamics of vortex excitations in a 2D system
undergoing a phase tranaition has unique features
which can be tested with an experiment probing the ac
response of the vortex medium. With a two-coil mutual
inductance technique*®, we have studied the dynamics
of the phase transition in 2D arrays of proximity ef-
fect Pb/Cu/Pb junctions. Compariason of our experimen-
tal results with the predictiong of the KT-theory2 and
ita extension to finite frequencies'®, provided detai-
led and quantitative support in favour of a KT-like
transition in magnetic fields corresponding to integer
values of f, In the present paper, in addition to des-
cribing some experimental aapects of our work, we re-
port some further quantitative analyses of our data.
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"last step a low current density (~10~7

v

2, Sample Preparation

A small section of an array of N x N, N ¥ 103,
Pb/Cu/Pb praximity-effect Josephson junctions is shown
in Fig. 1. The Pb islands form a square lattice with
lattice parameter a = Bum on the Cu film, the distance
between adjacent Pb squares is L = 1.7um. The Cu and
Pb filma,each about 2000 A in thickness, were evapora-
ted using two independent power supplies, so that no
more than 1 second of time elapsed between the Lwo
evaporations. This ensured a good proximity effect be-
tween the two metals. The square array was then pat-
terned photaolithographically, and the unwanted sec-
tions of lead removed by ion beam etchlng. In this
A/em?) of the
ion beam, resulting in slow, gentle, etching was found
to be essential. Attempts to sputter etch the grrays
with ion current densities of the order of 10-" A/cmé
resulted always in noticeable heating during the et-
ching process, with deleterious effects on the quality
of the S-N contact.

Flgure 1. Scanning electron mxcrograph of a square ar-:
ray of lead 1slands on a copper film. - - :

3. The Vortex Dielectric Constactuul

Since vortices interact logarithmically rith each
other, like the charges in a 2D Coulomb gas'®, their
response to a driving oscillating force field of angu-
lar frequency w is conveniently described in terms of
a complex dielectric constant e£{w,T). In the dynamic
theorrafor the KT transition developed by Ambegaokar
et al*”, both bound pairs of veortices and free vortex
excitations contribute to e{w,T). The contribution of
bound paira ia determined by a characteriatic length :

rw = (140/0)}? )

where D = (c/¢o)2 rnkBT is the vortex diffusion
conatant (rp is the normal atate resistance of an in-
dividual junction in the array). For a given fraquency
w, paira of size larger than r, do not respond.

0018-9464/87/0300-1126501.00©1987 IEEE



The free vortex contribution is propartiaonal to
the fcee vortex areal density ng, which in turn is
proportional teo Z,(T)-°, the free vortex correlation
length above T.. The unusual temperature dependence of
¢,(1) is a characteritic trait of the KT transition :

-1/, (2)

~

C+(?) = ac exp[b(?-r

In this expression T = 2ekg T/hig (T) is a dimen~
sionless tempecsture parsmeter, ip (T) iz the criti-
cal current of a single junction of the array in the
absence of thermsl fluctuations*”, and b and c are non
-universal constants of order unity.

At low temperatures the response is dominated by

bound pairs. At a temperature T, > T, defined by :
r, ¢, (0,) (3)

pairs of size ry, unbind. The responge at temperatures
T > T, is thus dominated by the free vortices. Calcu-
lations based on these ideas!®’ show that the resl
part of e‘l(w,T) is_ expected to drop from its low
temperature value (1-T/4) to O in the vicinity of T, ,
while the imaginary part of e=1{w,T) reaches a maximum
close to T, and vanishes both at low and at high
. temperatures. A strong theoretical prediction of the
KT-theory is that the ratio T

ic(Tc) / £ Té =:8ekB/h = 27 nA/K, )

where e, is the value of the dielectric constant for a _

pair of infinite size, at T..

In order to measure the complex dielectric con-
stant e(w,T) of 20 @krays, we have used a mutual in-
ductance techniq?ek‘t--Two concentric
coils, an external drive coil and an internal astatic
pair receive coil, were placed directly on the sample.
An ac current of amplitude [, and angular frequency w
flowing through the drive coill induces currents in the
array which, in turn, induce a signal voltage &Y, in
the receive coil. This voltage, which describes the

. screeninglproperties of the array, can be written in
the form*“: S '

_ &V = T”2 Ip T(T) G (u,T), (5)
where G (w,T) is the complex sheet conductance of the
array. lf normal currents flowing in the arcray can be
neglected, i.e. if wl, &«r_, where L (1) = ﬁ/Zeicig)
is the bare sheet kinetic inductance of the grray’”,
tha sheet impedance Z {(w,T) can be written aal® :

© 7 (w,T) = ialyy elw,T). (6)

In dur arrays r, is of the order of a few
m2, (r, = &4 M2 for the array studied in this work), so
that €q.7(6) is valid at frequencies of up to some 10
Hz. As for the "coupling parameter" C(T) entering Eq.
(5), a calculation similar to that reported in Ref. 21
and incorporating our coil-sample geometrical configu-
ration yields, using Eq. (6) :

(1) = fex f(x) [x + (Wa) e, D] o (D

whara A(T) = (coo/hnz)/ic (T) ia the bare transversa
penetration depth of the array, H = 0.3mm ia tha
diatance of the first winding of the drive coil from
tha array and f{x) is an oacillating, dsmped function
of x such that F(0) = 0, decaying as 1/x at large x
and depending only on the geometrical parameters of
the coil system.

Expression {5) for &V, reduces to a particularly
aimple form in the weak screening limit, A/H » 1.'For

cylindrical .
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A/H » 1, a condition satisfied by our arrays in the
critical region around To (A(Tg) Te = 1.96 emk 17),

C{T) turns out to be independent of T, the measured
&V, is directly propertionsl to Z‘l(w,T) and conse-
quently (£q.(6)), to e=}(w,T). The expected qualita-
tive temperature dependence of e'l(w,T) is thus alrea-

dy sppsrent in Fig. 2(s), where the real and imaginary

parts of the measured signal as a funtion of tempera-

ture "at a measuring frequency of 2156 Hz are shown for

f = 0. From these data and Egs. (5) and (7) it is pos-

sible, using an iterstive procedure to extract the

real and imaginary parts of e~'(w,T) @s a function of
temperature. The result is shown in Fig. 2(b). In this

calculstion, there is only one adjustable parameter :

the distance d between two successive windings of the

detection _coil, which was adjusted to yield

Re[e'l(w,T)] = 1 at low temperatures. The resulting va-
lue, d = 32um, is consistent with the nominal wire

diameter of 20 pm.
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Figure 2. (a). Temperature dependence of the coﬁplex ac
tesponge of an array in zero magnetic Field (f = D).
(b) Inverse vortex dielectric constant as a function
of tempecsture, extracted from the data of Fig 2 (a).
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The single junction critical currents, io(T) ne-
cessary to evaluate A(T), Lg(T) and, for the -acaling
anslysis of the following section, T, were obtained
from low temperature measurements of the array's cri-
tical cyrrent. These measurements were found to fit
the expression *“!

ic = g (1-T/Teg)? exp[-L/gn()] (8)
extremely well, with a measured 8CS transition tempe-
rature of the Pb_islands Toq = 6.8 K and fit parame-
tera Cn(Tcg) =10° A for the Cu coherence length and
ig = 0.129 A. The large ratio L/g, z,17 gusranteea a
sinuaoidal current-phase relation y Jjustifying tha
description of the array with an XY-model. °

4. The Unfrustrated Array (f = 0)

A comparison of the reaulta of Fig. 2(b) with the
theoretical curves calculated from the KT scaling
equations“ ghows that, whila the Re[e“ll va, T data
exhibit a good quantitative agreement, the peak in the
experimental Im{e~'] va T curve ia much wider than the
theoretically expected one. In fact, whereas the theo-
retical width for a scale 1, = ln{r,/a) T 2 at 2156 Hz
ia about .2K, tha experimental peak is about 1 K wide.
Although the origin of this anomaly ia not totally
understood at present, it aeema plausible to attribute
it to vortex unbinding induced by the driving ac cur-
rent. In fact with increasing amplitude of thg mea-
suring current, the width of the peak in Im{e~'(T)] is
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found to increase, while its position shifts to lower
temperatures. This observation indicates that non-
linear effects associated with finite driving currents
are at least partially responsible. The relationship
between the current flowing in the excitation coil and
the position of the peak in the Re(§V,) vs T curve
is shown in Fig. 3 for two measuring frequencies.

As predicted by Egs.(2) and (3), with incceasing
measucing frequency the structures in the measuced &Y
vs T cucves should shift to hiq@ec temperatuces. This
is aobserved in our expeciments®’ and, if some way of
detecmining T, from the data is found, the temperature
dependence of the free vortex coccelation length gbove
Te can be deduced from the measucements of &Y, (7)
performed at different frequencies. We define {, by

" extrapolating to zero the linear sections of the Im

(6V,) vs T curves. As is obvious from Fig. 3, defining
Tw 88 the temperatuce corresponding to the peak 1in
Re(évm(T))zo depends on the measuring current Ip. How-
ever, if the gstraight lines in Fig. 3 are extrapolated
to zero measuring current, we find that the resulting
T, is within 5mK of the value obtained by extrapola-~
ting the Im(6V,) vs T curves as described above.

T T T L] , T T T
40 5 ' -
: f=0
« 8456 Hz
— 30F s 2156 Hz
< °
3 \
20 m . \\; \ 7
. ‘\‘ ‘\;
\‘ \\
A
\
10 - . \“ .\\ 7
: : TN
A\ L
4 N
A ‘e
v
| L L ' 5 l 1\ L\ 1

35 4.0

— T, "peak” (K]

Figure 3. Posgition of the "peak" temperature as a fun-
ction of driving cucrent Ffor two different frequen-
cies, 2156 Hz and 8456 Hz in zera field. The ‘extrapo-
lation to zero driving cuccent defines T,.

With the scale parameter 1, defined above ,
€g. (2) can be written as :

1, = b(F, - T2 . Inc (8)

A plet of 1, v8 T is shown in Fig. 4, together
with a fitted curve with parameter values fc =0.77 %
0.02, b = 1.39 ¥ 0.14 and ¢ = 0.61 ¥ 0.1. This clearly
demonstrates that the temperature dependence of the
free vortex cocrelation length has the exponentisl in-
yerse square-root focm. From our experimental value of
Te = 0.77 we obtain a ratio io(To)/Te = 54 na/K. In-
aerting thia result in the universal prediction given
by Eq. (4) gives ec = 2.04, a value in good agreement
with an astimate (eq = 1.75) obtained from a Monte
Carlo simulation of the X-Y modeld'™,

3 i 1 I T T
f=0
b.\ -y
\, — Theory
\
{ X . Exp.
w 2 . < i
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pua \\.‘ -
t
S<
\‘h
1F \.\\\
 E— 1 1 1 1 A1
10 12 14 16 1.8 20
— L
i le parametec
Figure 4. Oependence of the. sca
= he is the lattice congtant) on the
2 Inley/a) e 12 theoretically

reduced temoecature T,, confirming the
predicted (dashed line, Eg. 8) temperature dependence
of the free vortex coccelation length above Tg.

- 5. Frustration Effects

The magnetic field deP;ndence of the ac response
has also been investigated”’. Real and imaginary parts

"of the signal voltage 6V, as a function of the frus-

tration parameter f are shown in Fig.5. These §V, vs f
curves were taken at a temperature of 2.91 K, well be-~
low the normal-superconducting phase boundary T, (f),
where the influence of thermally activated topological
excitations of various kind (vortices, domain wall,
dislocationd) is negligible. Sharp structures emerge
in both the real and imaginary components of &V, in
correspondence to commensurate (C) vortex phases de-
fined, in the range 0 < f < 1/2, by the rational va-
lues 0, 1/3 and 1/2 of the frustration parameter f.
The symmetcy of the "fine structuce" about f = 0 in

-the 8V, va F curves shows that C-phases of higher

order have also been resolved. Except for the quadra-
tic background, due to the finite size of the indivi~
dusl junctions, the structures in &V, (f) are periodic
in £ with period 1_and their relative strength quali~
tatively agrees with predictions of _the "staircase"
model®” and of Monte Carlo simulations’'®, At low tem-
peratures (T & To (f)) the characteristic shape of the
commensurate structuces in &V, (f) at rational values
of the frustration parameter can be explained in terms
of the intecaction aof the lattice of field-induced
vortices. with the periodic potential provided by the
array. In a low order C-phase the mobility of the vor-
tices is considerably reduced by the periodic poten-
tial, while the vortex lattice can slide freely in an
incommensurate phase. As a consequence, in a low

ocrder C-phase there is a marked reduction of disgipa~
tion, a process cesulting in the pronounced commensu-
rate dips one observes in the Ra (8V,{f)) signals of
Fig. 5. At the same time considerable lag in response
is expected for such voctex configurations. This me-
chanism is obviously at the origin of the commensucate
peaks in the inductive component, Im (GVN(F)), of the
aignals.
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response égw as a function of the frustration parame-
ter f = Ba®/®y et & temperature T = 2.91K. The struc-
tures observed at rational f values correspond to com-
menaurate phases of the field induced vortex lattice
with the periodic pinning potent1a1 provided by the
array.

6. Conclusions

Our dynamical method allows us to probe the vor-
tex medium at different scales, thereby providing an
extremaly senaitive detector for studying tha nature
of the phase transition in 20 arrays and their magne-
tic field properties.

For f integer we have shown that the dynamics of
the topological defects has features allnwing their
identification as the vortex excitations of the KT~
theory. For a frustrated arcey more work ia needed to
ascertain; the nature of the topological excitations
and their poasible role in triggering the phase tran-
gition at T, (f).

) We thank M. F, Pressel-Wenger for taking the SEM
picture. Thia work was supported by the Fond National
Suisse pour la Recherche Scxentxrxque.
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Planar arrays of Josephson junctions provide excellent model systems to study a variety of phase
transitions in two dimensions. Experiments are reported in which the critical behaviour of periodic
arrays is studied by measuring the dynamic response of the system to a small oscillating field.
Tuning of frustration occurs by adjusting the magnetic flux threading a unit cell of the array,
while by varying the driving frequency it is possible to probe the critical behaviour of the system
at different length scales. The dynamic response near the phase transition of an unfrustrated array
is well described by a model incorporating the vortex unbinding mechanism predicted by the
Kosterlitz-Thouless theory. Some aspects of the dynamic response of frustrated arrays are also dis-

cussed.

1. INTRODUCTION

Renormalization, scaling, frustration, commen-
surability and randomness are essential concepts
for the understanding of fundamental phenomena oc-
curring in physics, biology and other areas of

science. In this context, arrays of Josephson
junctions [1-9] and superconducting wire networks
f10—14] with structures ranging from periodic to

random patterns and including quasiperiodic and
fractal configurations provide model systems where
the validity and the consequences of all these
ideas can be explored, under nearly ideal condi-
tions, in two dimensions.

Two-dimensional (2D) arrays of identical weak
links with a sinusoidal current-phase relation ex-
posed to a perpendicular magnetic field B are des-
cribed by the Hamiltonian [15-17] :

H = [hig(T)/2e] | [1-cos(oi-0j-Aid] » (1)
ajs

where ¢j is the phase of the order parameter,
¢i= |bi] exp(i¢i), in the superconducting node
at the site i, Aj; is a bond variable proportio-
nal to the line integral of the vector potential
across the link <ij>, Ajj = (2n/89) [{ A.d3,
and io(T) 1is the critical " current of an iso-
lated junction of the array in the absence of
thermal fluctuations. If one identifies ¢; with
the angle between a planar classical spin at the
site i and a fixed arbitrary direction in the lat-
tice plane, then Eq. (1) shows that periodic 20
Josephson junction arrays in a magnetic field are
isomorphic to a frustrated XY model with a tempe-
rature-dependent coupling energy J(T) = Hio(T)/2e.
The degree of frustration is controlled by the
ratio f = ®/®; expressing the magnetic flux & per
unit cell in units of the superconducting flux
guantum @, and satisfying the condition § Aij =
2nf, where the sum is over the links <ij> in a
unit cell. Because of the temperature dependence
of J, the statistical mechanics of the system is
conveniently described jn terms of a_dimensionless
temperature parameter T = [k T/3(T)] [15].

The critical behaviour of "a 20 periodic array
of Josephson junctions has been studied in a num-
ber of theoretical papers using renormalization-
group [18-24] and mean-field [25] methods, Monte
Carlo simulations [17,25-29] and symmetry analysis
[27, 30-32]. For the unfrustrated system (f inte-
ger) the Kosterlitz-Thouless (KT) theory [ 18] pre-
dicts, st a critical temperature T,, a transi-
tion from a superconducting state (T < Tgo) with

quasi long-range (or" topological) order in the
phases {¢j} to a normal state (T>To) with 1li-
quid-like - disorder in the {¢;} . The phase tran-
sition at Tp is attributed to the unbinding of
vortex-antivortex pairs resulting from 20 thermal
fluctuations in the {¢;} . Experiments [1—4, 6,7,
9,14] tend to support the KT vortex unbinding
idea, The physics of frustrated arrays (f non-in-
teger) is more complex and only partially under-
stood at present. Although solutions for the
ground-state (T = 0) ¢j-pattern have been found
for a few rational values of f [30], detailed
theoretical predictions concerning the nature of
the phase transition at To(f) exist only for the
fully frustrated array (f half-integer in a square
lattice). In this case the presence of both vortex
and domain-wall excitations [17,27,30-32] should
lead to a single transition with mixed KT-and
Ising-like features [21-24,27,28,30,32]. This
double nature is difficult to observe experimen-
tally, although recent results [9] suggest a cri-
tical behaviour different from that predicted by
the KT theory.

In a recent Letter [7] we reported experiments
in which the critical behaviour of 20 arrays of
proximity-effect coupled Josephson junctions was
studied by measuring the dynamic response of the
array to a small oscillating field. In the ac res-
ponse of the unfrustrated system we found features
providing strong evidence for a phase transition
driven by the vortex unbinding mechanism predicted
by the KT theory. In this paper we give a fairly
complete theoretical description of the dynamics
of unfrustrated arrays in the critical region
(Sec. 2). The model provides the background for a
detailed theoretical interpretation of our earlier
experiments (Sec. 3). Some aspects of the dynamic
response of frustrated arrays, in particular of
the fully-frustrated system, are discussed in
Sec. 4.

2. PHASE AND VDRTEX DYNAMICS

To study the dynamic response of a 2D array to
a small time-dependent excitation, we rely on a
time-dependent Ginzburg-Landau (TOGL) approach
[33]. Since only phase fluctustions are expected
to be important in the critical region near
Te(f), from the TOGL equation describing order

parameter relaxation we deduce the following
gauge-invariant equation for ¢i(t)
L dH
ﬁz—ﬂ—-Zpi—-y (2)

61 '

1999



P. MARTINOLI et al./Arrays of Josephson Junctions

where pj is the electrachemical potential in the
superconducting island at the site i and H is
given by Eq. (1). Assuming a RSJ-model [34] for an
individual junction of the array, we expect the
characteristic time 1y = 1i/yJ which governs the
phase relaxation process to be given by 1t =
h/2eicrp, where ry is the normal-state re-
sistance of a single junction. To deal with a
tractable problem, we replace the cosine-term in
Eq. (1) with a piecewise parabolic potential
U(Gij) :

U(eij) = (1/2) Z X(eij-nn)(eij-Znn)z -1,
n

where 6;; = bi-¢j - Aj5, n 1is an integer
labelling” the parabolic wells and x(u) is such
that x(u) = 1 for |u| < 1 and vanishes otherwise.
To establish a closer connection with our experi-
ments, we seek an equation for the current circu-
lating in the array rather than for ¢j(t). Ac-
cordingly, within the model based on (3) we define
the Josephaon current I;; flowing through the
junction <ij> by Ijj= icdU/86ij = ic[6ij+ Q(e13)],
where Q(06;i) = In x(8jj- 3n is a" staircase
function 09 8jj with discontinuous jumps of -2z
at (2n + 1=n. Thus, Ij; is a sawtooth function
of 6;33. Writing the total vector potential as a
gum of a static contribution, ,*corresponding to

and of a time-dependent term, a (t),  due to a
weak driving field, to lowest order in a (t) the
equation for Ijj(t) following from Egs. (1)-(3)
reads :

oljy _ k1 aa(eij)

bkt =Tn Lis7Tye) +ge e * Vi) (O

where Lyggy = h/2ei, is the (bare) sheet kinetic
inductance of the array, Vjj(t) = (1/e)(pj - pj) -
[{(3a/at).ds is the potentlal difference acToss
the 1link <ij> [35] and the sum is over the nea-
rest-neighbours (4 in a square lattice) of the
sites i and j. From Eq. (4) we see that the effect
of frustration enters the problem through the
quantity Q(eij). As a consequence, we expect the
Q(ejj)-term in Eq. (4) to describe the dynamics
of those topological excitationa which, from sym-
metry considerations [3D-32], are known to be re-
levant for the critical behaviour of a frustrated
array. for arbitrary frustration, a theory linking
the motion of topological excitations of various
kinds (vortices, domain walls, dislocations) to
Q(eji) is not available so far. For the unfrus-
trated system, however, Q(eij) can be easily re-
lated to vortex motion. To show this explicitly,
we introduce an areal vgrtex density n, and a 2D
vortex current density K, which satisfy the con-
tinuity equation, ny+ V.Ky = D, for vortex conser-
vation [36]. Since the length scales probed in ex-
periments are usually much larger than the lattice
spacing, in the unfrustrated case we can ignore
the effect of lattice discreteness and take a con-
tinuum approximation. In this limit Qf i&t)-¢'(t)]
can be expressed in terms of a vector Q(r,t).Then,
ny and K, are related to U by [36,37] :

vxQ= ZnnVE ’ %2 = - 2n (z x kv) ’ (5)

where z is a unit vector normal to the array.
These relations show quite clearly that d is pro-
portional to the superfluid velocity associated

2000

with the vortex field. Using Eq. (5), the equation
of motion (4) for the unfrustrated system becomes,
in the continuum approximation :

3k
E = L S -
Ko 3t

rndZV(V.VS) + @O(Zxkv) , (6)
where Ks is the sheet supercurrent density flowing
in the array and d the lattice spacing. As for 2D
superconducting films [36], Eq. (6) reveals the
decomposition of the driving electric field £ into
contributions from the superfluid background [with
an additional term, V(V.?S), resulting from spin-
wave-like excitations of the phase] and vortex ex-
citations.

To proceed further in our study of the dynamic
response of unfrustratgg arrays, we need a rela-
tion between K, and Kg . In a phenomenological
model of the vortex medium based on a 2D Coulomb-
gas analogue [36], dynamical screening is des-
cribed in terms of a complex vortex dielectric
constant £(T,w), which is a sum of a contribution
ep(T,w) from vortex-antivortex dipoles and
215,(T)/iw from free vortex charges :

e(Tyw) = ep(Tyw) + [2n0y(T)/iw] , (7)

where o¢y(T) is the free-vortex conductivity
&38]. Relying on the 2D Coulomb-gas analogy, the

v - Rs relation, written in terms of Ffourier-
be :

transformed quantities, turns out to

- . ) >
8p(2xKy) = dwlgglep - 1 + (2noy/iw)]Kg . (8)

The vortex dielectric constant e(T,w) has been
calculated in dynamical extensions of the KT
theory [39-41]. The complex bound pair contribu-
tion ep(T,w) can be expressed in terms of the
scale - and temperature - dependent dielectric
constant €(2,T) of the static KT theory [& =
an(r/d) is the reduced scale]. According to the
dynamical theory [39—41], experiments performed at
finite frequencies select out a characteristic
length 1, = (14D/w)1/2, where D is the vortex
diffusivity, representing the size of those vor-
tex-antivortex pairs which dominate the response.
Then,the theoretical prediction for Re[ep(T,w)],
the quantity which can be most easily extracted
from the experiments presented in Sec. 3, is
simply :

Re[Eb(T,w)] = E(lw,T) ) (9)

where &, = ln(rw/d). From an expression of D
appropriate to arrays [7,38], we obtain 2%, =
2n(14rnkBT/@%w). e(2,,T) follows from a numerical
integration of the Kosterlitz scaling equations
[42,43]. In this connection, we notice that spin-
wave fluctuations are usually ignored in the ana-
lysis of 2D superconducting systems. According to
Minnhagen [29], however, the influence of spin-
wave excitations can be approximately incorporated
in the KT theory using, instead of T, an effective
Coulomb-gas temperature 1 in the scaling equa-
tions. For ag unfrustrated array t© and T are rela-
ted by t =T/ [1-(T/4)] [29]. We shall adopt
Minnhagen's approach in the analysis of the next
section.,
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3. PHASE TRANSITION AT ZERO FRUSTRATION

We have studied the complex ac response of 2D
arrays of proximity-effect Pb/Cu/Pb junctions and
of AR-wire networks using a two-coil mutual-induc-
tance technique [7,36,38 . The experiments repor-
ted here were performed on an array consisting of
N x N~ 10° square Pb islands forming a square
lattice with d = 8 um on a Cu layer. An individual
Junction of the array has rp = 4m. The ic(T)
curve needed for the analysis of the data was ob-
tained by fitting low-temperature i.-measure-
ments to the expression ic(T) = ip[1-(T/Tgg)]?
exp[-L/En(T)], using ig = 0.129 A, Tog = 6.8 K
for the B8CS transition temperature of the Pb
islands, £n(Teg) = 1130 A for the Cu coherence
length and L = 1.7 pm for the length of the Cu
bridges connecting adjacent Pb islands [16]. The
Af-network consists of wires of width 1.4 pm
forming a square lattice of ~ 10° nodes with d =
8 um and strip resistance Rg = 95 @ [14].

The signal voltage 8V, at the receiving coil
due to the screening currents circulating in the
array in response to an ac current Ip, flowing
in the driving coil is related to the complex
sheet impedance Zg of the sample by [7,38] :

8V, = w2 Ip,f(Zg) . (10)

If screening is weak, f(ZDP is proportional to
the sheet conductance G, = Zg of the array. This
condition is satisfied at all temperatures of
interest in the Af-network but only in the imme-
diate vicinity of T, in the proximity-effect ar-
ray. In this system screening effects are impor-
tant at lower temperatures where f(Zg) becomes in-
dependent of Zg [38{. If we define Zgby E = 7Kg,
then from Egs. (6)-(8) we obtain : ~ ~

ITyw) = lnlk(Me(Tyw) . “n

In deriving this expression we have ignored the
v(v.Kg)-term in Eq.(6), whose contribution is ne-
gligigle at the typical frequencies and wave vec-
tors g of our experiments [(qd)2 «iwro]. From Egs.
(10) and (11) it follows that, near T, &V, is
proportional to ip(T)/e(T,w). Since ig(T) is a
monotonic function of temperature, measurements of
6V, in the critical region around T, should
mostly reflect the behaviour of e=*(T,y), for
which dynamical extensions of the KT theory [39-
41] predict a drop in the real part (the super-
fluid component) and a peak in the imaginary part
(the dissipative component). These characterisatic
features of the KT transition are present in the
data of Fig. 1, where the complex ac response of
the Pb/Cu/Pb array measured at 2.2 and 8.5 kHz is
shown as a function of temperature. The onset of
substantial screening effects below T, partly
masks the falloff in Im[8V, (T)], which shows up
as a slight change in slope at about 3.95 K in the
low-frequency data. As shown in Fig. 2, however,
the structures in e=*(T,w) predicted by the theory
become quite manifest once the vortex dielectric
constant is unfolded from the ac respense given by
Eq. (10) using an expression for f(Zg) appropriate
for the sample-coil configuration of our experi-
ments [38].

An additional feature of the results shown in
- Fig. 2 is worth mentioning : the long tail on the
low-temperature side of the peak in Re[8V,(T)],
which is found to be very sensitive to the ampli-
tude of the small but non-vanishing driving cur-
rent. We attribute this nen-linear effect to cur-
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z 3} ]
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Fig. 1. Temperature dependence of the complex ac
response of an unfrustrated 20 array of proxi-
mity-effect Josephson junctions at two diffe-
rent freguencies.
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Fig. 2. Temperature dependence of the complex in-
verse vortex dielectric constant as deduced
from the 8.5 kHz-data for the proximity-effect
array of Fig. 1.

rent-induced vortex unbinding resulting in addi-
tional dissipation belew T, [39,40,43-45].

In wire networks with moderate strip resistance
the vortex unbinding transition at T, [17} is
very close to the GL mean-field transition which
occurs at a temperature Toq > To [10,46,47].
Therefore, the KT transition is difficult to ob-
serve in purely resistive measurements. As shown
above, however, measurements of the dynamic res-
ponse in the weak screening limit couple directly
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response and of the dc resistance in the criti-
cal region of an unfrustrated wire network.

to the sheet conductance of the system and are
therefore very sensitive to the onset of dissipa-
tion due to the proliferation of free vortices.
This is clearly demonstrated by the ac response at
70 kHz of the Af-network shown in Fig. 3, where
the characteristic festures of the KT transition
are observed in a narrow temperature range below
Teoe A detailed analysis of these experiments is
reported elsewhere in the proceedings of this con-
ference [14].

Deeper insight into the nature of the phase
transition is provided by a study of the tempera-
ture dependence of the helicity modulus, ', of the
Pb/Cu/Pb array, a quantity which measures phase
correlation in the system. I' is related to the re-

normalized atiffness, K(%,7) = [e(R,1)c]™" [43],
by I = KT [19]. Thus, T' can be written as :
r = [e(2,0)]1-Gra)] . (12)

Since from Egs.(7) and (9) we expect Re[e(T,w)]
= e(#,,T), T can be easily extracted from the
e-data of Fig. 2. The result is shgwn in Fig. 4,
where I' is plotted as a function of T along with a
theoretical curve for I'(T) obtained by numerically
integrating the Kosterlitz scaling equations for
L, = 1.3 ?43]. In accordance with the theoreti-
cal prescription, the integration is truncated at
a temperature T, > T, such that &, = 2,
where 2n[£,(T)/d] is the reduced scale correspon-
ding to the free-vortex correlation length E.(T)
above T, [43]. The overall agreement is excel-
lent, considering that all quantities needed for
the analysis are measured with the exception of
two adjustable parameters which are used to model
the vortex core energy [43] : eg, the vortex
dielectric constant . for infinite scale at T, and
No, a parameter related to the vortex configura-
tional entropy. From the fit of Fig. 4 we deduce
€c = 1.69 and Ny = 0.25. The value of go is in
reasonable agreement with that (e, = 1.33) in-
ferred from Monte Carlo simulationstt17] using the
universal prediction egte = n/2.

Further evidence for the KT transition is found
by studying the frequency dependence of the dyna-
mic response [7]. As shown by the data of Fig. 1,

the tranaition shifts to higher temperatures with -

increasing w. To explain this observation, we re-
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the KT theory using the parameter values shown
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based on spin waves only.

call that the dynamical theories [39-41] predict
a crossover in response triggered by the unbinding
of bound vortex pairs into free vortices at a tem-
perature 7T, such that 1, = E.(t,). The cor-
relation length E,.(t) has an exponential inverse
squsre-root temperature dependence : £ (1) =
dexp[ b(t-t¢) =1 f where b is a constant of
order unity [18,43]. As shown in Fig. 1, we define
T, by extrapolating to zero the steep portion of
the superfluid component, Im[8V,(T)], of the
response, a procedure independent of Ip, [7].
Using the scale parameter £,, the crossover con-
dition r, = £,(t,) becomes :

-2 (13)

Xw = b-z (Tw‘ Tc) .

We plot £,-2 vs 7, in Fig. 5. A good fit to
Eq. {(13) is obtained for b = 1.31 and 1o =
1.05. This value of b is in excellent agreement
with that (b = 1.30) calculated [43] using the
values of g, and Ny deduced from the analysis of
r'(T) (Fig. 4). Furthermore, from the to-value and
the universal predicion eqt, = n/2 we obtain
€ec = 1.50, which agrees reasonably with the
value resulting from the fit of Fig. 4. The over-
all consistency emerging from our analysis of the
temperature and frequency dependence of the res-
ponse provides convincing evidence for the KT
interpretation of the critical behaviour of un-
frustrated arrays.

4. FRUSTRATED ARRAYS

In arrays exposed to a perpendicular magnetic
field E, the interaction of the lattice of field-
induced vortices with the pinning potential provi-
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ded by the periodic, quasiperiodic or fractal
structure of the system creates new and interes-
ting phenomena [3-13]. Since there are two compe-
ting periodicities, the physics of periodic arrays
is somewhat similar to that of other modulated
superconducting systems studied in the past [48,
49?. As the frustration f changes, the array is
driven through a sequence of commensurate (C) (f =
p/q rational, where p and q are integers such that
p/q is an irreducible fraction) and incommensurate
(1) (f irrational) vortex phases [17,30,38].

The complex oscillatory behaviour of the ac
response 8V,(f) resulting from the drastic
change in pinning occurring at a CI transition is
shown in Fig. 6 for a proximity-effect array [7].
Prominent structures emerge in both the dissipa-
tive (a) and inductive (b) components of &V (f)
in correspondence to C-vortex phases defined by
f=p, f=p/2 and f = p/3. The origin of these
structures as well as their evolution with tempe-
rature can be understood in terms of periodic vor-
tex pinning and thermally activated defects. At
low temperatures [T & To(f)], where the influ~
ence of topological excitations is negligible, s
C-phase is pinned by the periodic potential provi-
ded by the array. As a function of f = p/qg, the
critical current, i.(f = p/q), of the array,
which is a measure of the pinning strength, has a
strongly discontinuous upper bound n(e/R)E(p/q)/q,
where E(p/q) is the (non-monataonic) ground-state
energy per junction [17,30]. In an I-phase the
vortex lattice can slide freely, the upper baund
for io(f) wvanishing in the limit g + ». As a
consequence of the reduced vortex mobility due to
pinning, there is a marked reduction in dissipa-
tion in a low-order (small q) C-phase, a process
resulting in the periodic sequence of dips one ob-
serves in the Re[8V,(f)] signals of Fig. 6(a) at
low temperatures. On the other hand, the commensu-
rate peaks occurring in the inductive component of
8V, (f) [Fig. 6 (b)ﬂ reflect the lag in response
enhanced by pinning in a low-order C-phase.

As the temperature rises and approaches
Tc(f), the low-temperature commensurate dips in
Re[8V,(f)] progressively transform into peaks
which  finally vanish above Te(f) [Fig. 6(a)].
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Fig. 6. Real (a) and imaginary (b) parts of the ac
response at 4 kHz of a 2D array of proximity-
effect Josephson junctions as a function of the
frustration f = &/3;.

Simultaneously, a rapid degradation. of the commen-
surate peaks in_ Im[6V,(f)] is observed in the
critical region [Fig. 6(b)]. This evolution sug-
gests the presence af thermally activated defects
which, on account of their high mobility, generate
additional dissipation and reduce the lag in res-
ponse in a C-phase. For f = p # 0 we have shown
F7] that the dynamics of these defects has fea-
tures allowing their identification as the vortex
excitations of the KT theory. For a fully-frustra-
ted array (f = p/2) both vortex and domain-wall
excitations are expected to be relevant for' the
critical behaviour of the system [1]. The ac res-
ponse at 8.5 kHz and full frustration (f = 1/2) of
the Pb/Cu/Pb array studied in Sec. 3 is shown in
Fig, 7 as a function of temperature. As expected
[17,25,29], the transition, when compared to that
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Fig. 7. Temperature dependence of the complex ac
response of the proximity-effect array of Fig.
1 at full frustration (f = 1/2).
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at zero frustration (Fig. 1), occurs at a lower
temperature. Ip termgs of reduced critical tempera-
tures we find T(0)/To(1/2) = 1.8, in good agree-
ment with the ratig obtained from Monte Carlo cal-
culations [T.(0)/T.(1/2) ~ 2] [17]. The overall
temperature dependence of both components of the
response is not significantly different from that
abserved for the unfrustrated system. This tends
to support the interpretation that vortex excita-
tions play a major role in determining the criti-
cal behaviour of a fully frustrated array. How-
ever, in the absence of a detailed dynamical
theory taking into account the influence of boath
vortices and domain walls, no definitive conclu-
sions about the exact nature of the phase transi-
tion of a fully frustrated array can be drawn.This
unsolved problem should deserve more study in the
future.
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