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Probability sampling methods were developed in the framework of survey statistics.
Recently sampling methods are the subject of a renewed interest for the reduction of the
size of large data sets. A particular application is sampling from a data stream. The stream
is supposed to be so huge that the data cannot be saved. When a new unit appears, the
decision to conserve it or not must be taken directly without examining all the units that

already appeared in the stream. In this paper, we examine the existing possible methods
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for sampling with unequal probabilities from a stream. Next we propose a general result
about sampling in several phases from a balanced sample that enables us to propose
several new solutions for sampling and multi-phase sampling from a stream. Several new
applications of this general result are developed.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Suppose we want to select a sample into a financial
stream for the purpose of checking correctness. Very of-
ten, transactions are selected with unequal probabilities
proportional to their amounts or to an index, that mea-
sures the risk of fraud. Sampling with unequal inclusion
probabilities is interesting when there is a size effect, as
in accounting control. In these cases, the distribution of
the statistical units are often very asymmetric. Outliers can
suddenly appear in the stream. Very large units contain
much more information than smaller ones and must then
be oversampled.

Marazzi and Tillé [13] showed the interest of using bal-
anced sampling design. Indeed, the accuracy of the esti-
mator is then greatly improved. If a unit is selected then a
thorough control is made in order to measure a variable of
interest y (for instance the amount of a fraud) that is not
directly available in the stream. Our goal is to present a set
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of tools to be able to select such samples in very large data
streams.

Sampling with unequal inclusion probabilities, fixed
sample size and without replacement is more complicated
than it at first appears to be. Indeed, the immediate and
intuitive solutions are generally incorrect in the sense that
they do not satisfy the prescribed inclusion probabilities.
The first correct method was probably unequal probabil-
ity systematic sampling proposed by Madow [12]. In their
book, Brewer and Hanif [1] described several dozen meth-
ods of unequal probability sampling. Many of them are not
general. For instance, several methods are applicable only
for particular inclusion probabilities or for a sample size
equal to 2. Tillé [19] presents a large set of unequal proba-
bility sampling designs. The sampling design is defined as
the probability of selecting a subset of the population. A
sampling algorithm is a procedure that enables to imple-
ment a sampling design. Several different algorithms can
implement the same sampling design.

In this paper, we focus on one-pass (also called se-
quential) algorithms. For these algorithms, the decision of
selecting or not a unit is taken irrevocably after examining
the unit. If a unit is not selected, all the information about


https://doi.org/10.1016/j.ipl.2019.105840
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ipl
mailto:yves.tille@unine.ch
https://doi.org/10.1016/j.ipl.2019.105840
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ipl.2019.105840&domain=pdf

2 Y. Tillé / Information Processing Letters 152 (2019) 105840

it is forgotten. One-pass algorithms are obviously conve-
nient to sample in a stream because the units that are not
selected must not be stored. As a result, sampling methods
have been gaining interest in computer science to sam-
ple in streams [6]. We give a general result that enables
to define a large set of one-pass algorithms with unequal
inclusion probabilities, fixed sample size and without re-
placement. Then, we show that a reservoir algorithm can
be defined for selecting balanced samples. Very efficient
methods can then be constructed without storing the in-
formation on the unselected units.

Several publications are devoted to unequal probability
sampling (also called weighted sampling) from a stream
[23,4,7,9,15]. Efraimidis [7] clarifies the problem by point-
ing out that “weighted sampling” can correspond to differ-
ent definitions. The drawing probabilities are the probabil-
ities used at each step of a procedure to select one unit at
random. The inclusion probabilities are the probabilities to
select a particular unit for the whole procedure. In 1953,
Yates and Grundy [24] had already found that these prob-
abilities are not equal (see also [1, Procedure 4, p. 24]). In
most of the publications, “weighted sampling” is related to
weighted drawing probabilities. These methods are in fact
false in the sense that they do not make it possible to sat-
isfy the fixed inclusion probabilities. We mainly focus on
an extension of the Chao method [2] that enables to se-
lect a sample with fixed unequal inclusion probabilities in
a stream. Chao’s method exactly satisfies the fixed inclu-
sion probabilities.

After defining the notation in Section 2, the fast cube
method is briefly reminded in Section 3. Next, we explain
in Section 3 how to compute and update the inclusion
probabilities. When the sample size is fixed and the size
of the population is not known in advance, the inclusion
probabilities must be updated at each step. This is the ba-
sis of the Chao [2] method (Section 5) that uses at each
step a reservoir of fixed sample size that is updated when
a new unit is examined. This updating does not require the
knowledge of the units that are already excluded from the
sample. In Section 5, the Chao method is largely general-
ized. This result enables to propose several new applica-
tions in Section 6. New units can be considered by blocks,
and Chao’s method can be extended to balanced sampling.
It is also possible to select a sample in two passes, or to
select a sample in such a way that the inclusion probabili-
ties can be changed.

2. Notation

Consider a population Uy of size N. A sample s is a
subset of Uy and a sampling design p(.) is a probability
distribution on all the samples such that

p(s) >0and Z p(s)=1.

sCUpn

Let also S denote a random sample that is a random vari-
able whose distribution of probability is given by the sam-
pling design Pr(S =s) = p(s). The size of sample S is de-
noted by n and can be random or not.

The inclusion probability 7 is the probability of select-
ing a particular unit k € U. Theoretically, it can be derived
from the sampling design by

me=Pr(keS)= Y p(s).

sak

sCUN
The joint inclusion probability is the probability that two
units k, £ € U are jointly selected in the sample

T =Pr(tk, £} S )= Y p(s).
sD{k, ¢}
sCUN

In some case as in simple random sampling, stratifica-
tion or maximum entropy sampling, the sampling design
can be specified and a clear relation can be established be-
tween the design and the inclusion probabilities. In other
cases, as in balanced sampling, the sampling design cannot
be specified but the inclusion probabilities can be exactly
satisfied.

A stream is a population of which the size is not known
in advance. We can consider a stream as an increasing
population Uy, Uny1, UN+2,... in which a sample must
be selected at each step. Moreover, the population is sup-
posed to be so large that it is not possible or difficult to
save all the observations. So the sample must be selected
sequentially in the stream and the sampling method ends
up when the stream stops.

Consider a variable of interest y and yj the value taken
by this variable on unit k. Let Y denote the total of the
values, then Y =3y, k. If all 1, > 0 k € U, then the
expansion (or Horvitz-Thompson) estimator [16,10] given
by
7=y 2

keS Tl

unbiasedly estimates

Y= Zyk.

keUy
3. Fast cube method

Consider that a set of auxiliary variables zi,...,zp is
known for each unit of the population. Let z, € RP the
vector of the values taken by these p variables on unit k.

Definition 1. A sampling design with sample size n is said
to be balanced for a set of auxiliary variables z1,...,z,
if the Horvitz-Thompson estimators for the totals of these
variables is equal to the true population totals, i.e.

Zi
D=0 % (1)
keS k keUy

where Uy is a population of size N and S is a random
sample.

Expression (1) gives the balancing equations. Balanced
sampling designs are very efficient when the variable of
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interest y is correlated to the auxiliary variables zi, ..., zp
[17,21]. An exactly balanced sample generally does not ex-
ist because the selection of a sample is an integer number
problem. The aim is most often to select randomly a sam-
ple that is approximately balanced in the sense that

IETD I

keS k keUy

The cube method [5,3] enables to select balanced sam-
ples. The method is composed of two phases called the
flight phase and the landing phase. We will be mainly inter-
ested to the flight phase that selects quasi-samples bal-
anced on z;. The details of the cube algorithm can be
found in [5,3,19]. However we mainly focus on the result
obtained when applying the flight phase on a vector of in-
clusion probabilities with a set of auxiliary variables.

Definition 2. The fast flight phase (ffph) of the cube
method is a function that generates a random vector from
a vector of inclusion probabilities:

s TN = = (U1 Y UN)

such that 0 <y, <1,k € Un, E(y) = 1y, card{0 < ¢, <
1} <p and

Z%:sz. )

keUyn k keUyn

ffph(ry, ...

Vector ¢ is a quasi-sample in the sense that almost all
its components are equal to 0 or 1 except p components
maximum, where p is the dimension of z,. Implementa-
tions are given in the fastflightcube function of the R pack-
age sampling [20] or in the flightphase function of the R
package BalancedSampling [8].

4. Computation of the inclusion probabilities

Suppose that an auxiliary variable x is known for all the
units of the population and let x, be the value taken by x
on unit k. The aim is to select a sample with fixed sam-
ple size by means of inclusion probabilities proportional to
Xk. In a reservoir method, the first sample is composed of
the first n units of the population. For each next step, an
additional unit is taken into consideration and can be in-
cluded with a given probability. In this case, a unit of the
reservoir is removed from the sample. The inclusion prob-
abilities must then be updated for each population size
Un,Unt1,..., Ui, ..., Un, ..., and is computed such that

7k (Ui, n) = min(1, x 77), (3)
where 7; is obtained by solving

Z min(1, x; ;) =n.

kEU,'

However, Cohen et al. [4] have shown that a sample can be
selected without computing all the 7 (U;, n) at each step.

5. Chao reservoir method

For equal inclusion probabilities a “reservoir” method is
described in Knuth [11, p. 144], McLeod and Bellhouse [14]
and Vitter [22]. The only reservoir method that really satis-
fies given inclusion probabilities was proposed by Chao [2]
[see also18]. Consider a sequence of population U, C
Upt1 € --- CU; C--- C Upn. Let m(Uj,n) denote the in-
clusion probabilities computed on a population U; of size
i for a sample of size n as defined in Equation (3). Chao’s
method begins by selecting the first n population units U,
which is called the reservoir. At each step, the reservoir is
updated as follows. Suppose that at step i — 1, the reservoir
is denoted by S;_q. At step i=n+1,...,N, unit i is in-
cluded in the reservoir with a probability 7;(U;, n). If unit
i is selected, one of the units of the reservoir is removed
with probability

B [ _ m(Ui,n)
(Ui, n) Tk (Ui-1,1n)
It is indeed possible to prove that

Z agi = 1.

kESi_1

Qi },k:l,.‘.,i—l.

Another way of presenting the method consists of
adding unit i in the reservoir that becomes A; = S;_1 U {i}.
Next n units are selected from A; with probabilities

Ui,
M,ke Si_1, and 7;(U;, n).
g (Ui—1,1)
Indeed,
m (Ui, n

s Ul v =, 4)
ses me(Ui—1,n)

i—1

In the original Chao paper, it is assumed that the inclu-
sion probabilities m,(U;j,n) are computed from U; before
implementing the method. The m,(U;,n) are then recom-
puted at each step for all the units of U;. However, Cohen
et al. [4] have shown that the unselected units can be for-
gotten and that a reservoir implementation is possible in
the sense where only the units selected at step i must
be stored. Indeed, it is possible to compute 7y (U;,n) by
knowing only the values x; of S;_q. This shortcut is a very
important improvement of the method, because in a very
large data stream, it is not necessary to store the informa-
tion about unselected units.

6. Generalization of Chao’s method

The results of Chao [2] and Cohen et al. [4] can be
generalized in two directions. The same principle can be
used to select balanced samples and not only samples with
fixed sample size. More complex algorithm in two passes
or by blocks can also be implemented. Suppose that a
quasi-sample ¥' = (¥,...,y¥})T has been selected with
balanced sampling from a population Uy with inclusion
probabilities ! = (], ..., 7). The inclusion probabil-
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ities are proportional to a positive variable x, so we can
write nkl =min(1, T1xy), where 77 is obtained by solving

Z min(1, T1x;) =n.

kEUN

The theory below admits non-integer values for n.

The quasi-sample ¥ is supposed to be balanced on p
auxiliary variables whose values for unit k are the com-
ponents of vector z,. The balancing equations are then
exactly satisfied

Z kak _ Z Z. (5)

keUy nk keUy

Proposition 1. If there exists a vector A such that LTz, = x;,
forallk e {k e Unlyrk1 < 1}, Equation (5) implies: ZkeUN 1//,3 =

> keUn .
Proof. From left side of Equation (5),

XT Z Zk‘lfk — Z xkl/:;:

keUyn k keUy Ty

Xy PRy
= Z klk+ Z klk

T T
keUnlml<1 K keUylml=1 "k

1
- ¥ e Y s

1 XkT1 1
keUN|7Tk<l kEUN|7Tk=1

2
= > ot > xe (6)

keUn|m) <1 keUn|m!=1

From right side of Equation (5),

AT =) xe (7)
keUpn keUpn

By equating (6) and (7), we obtain

Z ‘/’l}: Z

keUn|m} <1 keUn|m}! <1

T1Xk =

> oA

keUy|m}! <1

When 7! =1, ¥ =1, and we obtain Proposition 1. O

At the second phase, another balanced quasi-sample 1//,3
if selected in such a way that the final inclusion probabil-
ities are % = (nf,...,w}....w})". The inclusion prob-
abilities nkz are supposed to be proportional to another
variable vy, i.e. 71k2 =min(1, T2vg) where 73 is obtained by

solving

Z min(1, ©avg) =m

keUy

Variable vy can be equal to xi. The theory below also ad-
mits non-integer values for m. Moreover the components
of w2 must all be less or equal to the components of !
(¢ <m}.keUy), and thus m <n.

The second phase sample is drawn in the quasi-sample

¥1. The drawing probabilities are:
2.1
T Vi

1
T[k

& = (8)

Since E(y}) =7}, we have E(&§) = 72

Proposition 2. If the quasi-sample r1 is balanced on z;, and
there exists a vector @ € RP such that @ "z, = vy, then the in-
clusion probabilities nkz and thus the drawing probabilities &
can be computed from v without knowing the units such that
¥ =0, by solving in T5:

Z min(1, rgvk) w" =m.

k€UN

Proof. From the balancing equations, we have

vy

keUy k keUn

Moreover, if 77! <1, we also have 72 < 1. Consider

anw—"— > nzw—"l—k o 7
kl_ kj_[ k

keUn keUnlm} <1 k' keuyim!=1
1
¥
- ¥ ol v o
T
keUy|m] <1 ko keuyim)=1
1
Vi
o SRR
keUn " keUy|m} =1 k
2
+ 2 W
keUy|ml=1
_ 2
“Yow- Y s X
keUn keUp|m!=1 keUy|m!=1
= 2 Wt ) oW
keUn|m! <1 keUp|ml=1
_ 2
=7
kGUN

So we obtain

Z min(1, rzvk)wk Z min(1, Tovy). O

keUy k keUyn

Proposition 2 enables us to forget the units that are
not selected while preserving the possibility of computing
the second-phase inclusion probabilities. The second quasi-
sample is balanced on v}z /. Thus

2 1.2
IECCEIE UL B B 3N

keuy "k keUy EcTT keUy jrk keUy

So, if ZkeUN nkl is integer, ¥ ' is a sample with fixed sam-
ple size. Proposition 2 also implies that if there exists a
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vector @ such that 8z, = vy, for all k € Uy, then

d &= 7} (10)

kEUN kEUN

Equation (4) for the Chao sampling design is a particular
case of equality (10) when x; = v and z, = xi.

Moreover, if the second quasi-sample is balanced on
Vizy/m)! =, we also have:

12 1,2
)3 W/;Wk=zﬂ;fk=zw’}=zn£.

keUn|y} >0 keUy "k keUy keUy
7. Some applications

With the result of the previous section, it is possible to
imagine several new methods.

7.1. Preserving two variables for unequal inclusion probability
sampling

Suppose that two variables uy > 0 and vy > 0 are avail-
able and that one hesitates on which one the inclusion
probabilities should be computed. For example, we want
to select transactions in a financial stream and we do not
know in advance if it is better to select the units with
equal probabilities or with probabilities proportional to
transaction amounts. The trick consists of selecting a first
sample that preserve the possibilities of selecting a sample
in a second phase that can be either with inclusion proba-
bilities proportional to either uy or vy.

First compute x; = max(ug, vg). A first quasi-sample
¥} can be selected with inclusion probabilities 7} =
min(1, t1X;), where 71 can be chosen freely. This sample
is balanced on three auxiliary variables zy = (ug, Vi, X¢) |
Next a second sample can be selected with inclusion
probabilities 77 = min(1, Taux) or 72 = min(1, T2vy) with
2 <T1.

7.2. Block reservoir method

The Chao method can be generalized when blocks of
units appear together in the stream. In this case, it is possi-
ble to treat the whole block at once. In place of considering
at each step one unit to be included in the reservoir, a set
of H units can be considered (see on this topic [4]). At
the first step, a block on the first H units (where H > n)
are taken in the population with inclusion probabilities
7} =min(1, 71x), where

Z min(1, T1x) =n.

keUy

From these H units n are selected in a sample or a quasi-
sample dfkl. Next, the H following units are considered,
and for the n 4+ H units, with inclusion probabilities 7rk2 =
min(1, 2X;), where

1
Z min(1, T2x) = Z mln(l,rzxk)—’; =n.
keUay keUsy T

Drawing probabilities are computed using Equation (8) and
next n units are selected from these n+ H units, and so on.

7.3. Balanced reservoir method

The method of Chao can be generalized to balanced
sampling. This generalization enables to select directly a
balanced sample from a stream as for example from a
stream of financial transactions. Consider that p balanc-
ing variables are in z, and that there exists a vector A
such that ATz, = x;. Take n+ 1 units of the population
with inclusion probabilities proportional to x. Then nk] =
min(1, T1x;) where

Z min(1, tyx;) =n.

keUp11

Select a quasi-sample 1//,3 that is balanced with size n
in this subset of the population. Since ATz, = x;, then
D keUnis Ty =n.

Take the next unit (number n + 2). Compute 7,
min(1, T2X;) where

Z min(1, Tax,) =n.

keUny

2 _
k —

Select a balanced quasi-sample with drawing probabilities
given by Equation (8), and so on. This method is quite
slow, because a balanced sample must be selected N —n
times.

7.4. Balanced block reservoir method

The block reservoir method can be combined with bal-
anced sampling. The method is more efficient than the
previous one because all the units of each block are treated
together. A block on the first H units (where H > n)
are taken in the population. From these H units a quasi-
sample is selected using balanced sampling. The next H
units are taken, inclusion probabilities are computed using
Equation (8). Balanced sampling is applied again to select
a quasi-sample, and so on. This method is faster than the
previous one because the flight phase of the cube method
must be run less frequently.

7.5. Two-pass method

In case of a very large stream with a sample size that
is also very large, one can imagine a two-pass procedure.
In the first pass, the size of the stream is considerably re-
duced. A second pass is needed to select a sample. The
advantage of this method is that the inclusion probabili-
ties are very easy to calculate, which makes the first pass
very fast.

During the first phase, the first n units are selected.
Next a balanced quasi-sample is selected with inclusion
probabilities 7} = mg (U, n),k=n+1,...,N. m(Uj,n) =
min(tixy, 1) where

Z min(TiXg, 1) =n

kGUi
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This quasi-sample 1#,3 is balanced on two auxiliary vari-
ables z = (7 (Uy, ), x) T

If x, is constant, the my(Up,n) =1,k =1,...,n, and
mx(Ug,n)=n/k,k=n+1,..., N. In this case the expected
sample size is

Non N1
> mUem=n+ 3 o =n HZE_;E

keUy k=n+1 k=1
N
~n(1+InN—Inn)=n+nln e

The sample size is considerably reduced at the end of the
first phase.

Next, in a second phase, a sample is selected with in-
clusion probabilities nkz = m(Upn,n) for all k € Uy. The
drawing probabilities are given by Equation (8). Note
that 7, (Uy, n) should be computed at each step that can
be sometimes slow. However, any an upper bound for
1k (Ug, n) can also be used. For instance, if

T (Ug, n) = min(x, 7, 1),

then an upper bound easily computable could be

. ZkeUk XKk
1 (Ugyr, 1) <min | gy ———, 1

Zkeuk+1 Xk
8. Discussion

The Chao method enables to sample with unequal in-
clusion probabilities from a stream because the inclusion
probabilities can be updated without knowing the units
that are not selected. This result can be generalized for
quasi-samples obtained by the cube method. Moreover,
these results can also be extended for problems where
blocks of units appears in the stream. Therefore, one can
define several new algorithms to sample from a stream
while preserving balancing properties of the sample.
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