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Summary

[ give a characterisation of three relations of logical grounding in sequent formar,
which I use to highlight some connections between logical grounding and first-
degree entailments understood i la Anderson and Belnap.

The view thar there is a distinction among inferential connections berween
those which are ::-:plmamr}r and those which are not has found propo-
nents ﬂlmug}mut the hismr}r of philnsﬂph}r—the most well-known being
pf:rhaps Aristotle (Posterior Aﬂ#{yﬁm, I, 2 and 13) and Bernard Bolzano
{]’I}fﬂ?}' af Science, esp. 11, §198 and IV, §525). In my “Lc-gic:al Grounds”
(Correia 2014) I developed a theory of logical grounding which is based
on this distinction. For present purposes, gmunc]ing may be taken to be a
many-one relation berween propositions, and the notion may be explicated
b}r saying that some given propositions gr-:-und another given proposition
when the former Pmpc-sitiﬂns’ bﬂing true makes it the case thar the latter
proposition is true. A central tenet of “Logical Grounds” is that grounding
comes in various kinds, and that one of these kinds is dis l:incl:iwl}r lﬂgical.
The paper gives a precise characterisation of lc-gical grc-unding and shows
that the notion can be f'ruitﬁllly used in certain areas of lngical inquiry.
One of the main results put forward in “Logical Grounds” is that various
well-known consequence relations—in Parti-:ul:lr, the relation of classical
lc:-gical consequence defined on pro pc-sitic-nal or first-order language&—can
be fuﬂ}' characterised in terms of lc-gic.al gmunding. One such relation,
associated with the so-called ﬁrst-degree entailments of Anderson and
Eelnap (1962, 1963), is a-:tually more clﬂsel}r tied to lﬂ-gi-:al grcrunding
than the other ones. The aim of the present paper is to further the stud}r
of these ties. In the first section, I present the theor}'f of logic:ll grnunc[ing
for pmp-:-sitic-n:ll languages more or less as it is formulated in “Logi-:al
Grounds”. In the second section, I characterise the consequence relation



of interest to us, still relative o prﬂpﬂsitic-nal languagea, and in the final
section | present and discuss some imporl:ant connections between that

relation and lﬂgical gmml-:lin,g.

1. Lagicrﬂf gmﬁmfiﬂg

The thmr}* of lcrgi-:al grc-unding to be formulated here supposes given a
standard pmpnaitinnal ]a_nguage with A, v and — as primitive connectives.
Fﬂll-::-wing commeon usage, the formulas of the language which are either
atoms or negataclamms are called literals, and 1 use ¢, 1, etc. for formulas
of the l:mguage and /A, T, etc. for sets thereof. Standard definitions and
notational conventions will be used ﬂlmughc-ut the paper.

The rhec:r}r assumes the fﬂllc-wing basic rules of inference:
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Each rule, read from top to bottom, is SLIPPDE-EEI to encode a link of lngical
grounding: (A1) states that for any ¢ and ¢, ¢ and ¥’ together ground
@ A 0, (=) states that for any ¢, ¢ grounds —— ¢, and so on.

The l:hecrr}r also assumes thar these rules are sufficient, in the sense that
all the connections of lc-gi-:al gmundin,g between formulas of our language
can be described in terms of these rules. There are acl:uall}r various rela-
tions that can be defined in terms of the basic rules, which cﬂrrﬂspnnd to
various concepts of lcrgi-:al grc-unding.

Let a g}ﬂﬁﬂdfﬂg tree be a rooted tree T which satisfies the fﬂ”ﬂ“"‘iﬂg

conditions:

1. Each of T’s nodes is -:-ccupied b}* a formula:
2. No parent node in T is cu:cupif:d b}r a literal:
3. Given a parent node Nin T:



» [t Nis nccupiﬂcl b}' @ A U, N has two children, one DCCI.IFiEd h}r
@ and the other one by ¢’

o [fNis -::-ccupiacl |:-}" @ v ¢, IV has one child, c--:cupiecl |:-],r (@ or b}r
W

* If Nis occupied by —(¢ A ), N has one child, occupied by —¢
or b}r — !

* If Nis occupied by —(¢ v ¢}, N has two children, one occupied
b}r —¢» and the other one b}r —1

¢ If Nis occupied by — —¢, N has one child, occupied by ¢.

The following are examples of grounding trees:

(a) p A —g (b} ——p A g (c) =—pvyg
—r’—f}’ q q
£

(d) (pv g A —=lp A (€ (pvg) A (pvyg

(pvg) —lpA7 pve vy

—/¥ F i

A gm-uncling tree ﬁ;r a formula is a grﬂunding tree whose root node is
G-CC!LlPiEEI b}? the formula itself, and a gmunding tree for a formula is said
to be ﬁﬂm a set of formulas A iff A is the set of all the formulas which
occupy leaves on the gmunding tree. Thus, (a) above is a gmunding tree
for p A —g from {p A —g}, (b) a grounding wee for ——p A g from {p,
qi, etc. A gmunding tree is said to be dfgfﬂfrﬁrf iff it consists of just
one node.

ThI-EE' CGII'DEPIE. 'Df lﬂglC-Ell gl’ﬂllﬂdi[lg ma}r ﬂ'lE:ﬂ ﬂ::-l'.'l.ll'.'-.'lll}F I:)E dﬂﬁﬂﬂd:l

1. Here asin “Logical Grounds”, | treat logical grounding as a relation between sets of formu-
las and formulas, and [ treat it as a non-factive relation ("A logically grounds ¢ does not entail
‘¢ and all the members of A are true’). Some might demur on both counts. Yer my treatment



Definition 1.1. For /A a set af ﬁmmfm and ¢ a fm‘rﬂﬂfﬂ:

* A sTRICTLY GROUNDS* ¢p—in symboli: N =% G—iffys there is a
ﬂﬂﬂ-ﬂ%gfﬂfm’rf gmmzdiﬂg tree ﬁ?r tf) ﬁﬂm A,

* A STRICTLY GROUNDS ¢—in symbels: N > ¢—iffyr there is a cov-
ering ﬂf A (ie a ﬁmf{:}r ﬂf sets whose union is /\) such that ﬁr edach
A in this covering, A' >* .

* A WEAKLY GROUNDS (p—in symbols: N\ & ¢—iffyr forsome A' = A,
there is a grounding tree for ¢ from A'.

GIIE Can rﬂﬂd]l}?' W"El'i.ﬁf tl'léll' f-:-r -E‘.?Er}? sct 'Df f-:-rmulas ﬂ. ﬂﬂd Eﬁ’ﬂf}r fﬂl’[ﬂlllél E;.rJ:

* A ¢iff either ¢ € A, or forsome A" € A, A" =* ¢
» A ¢iffeither ¢ € A, or for some A’ € A, A’ &> ¢,

Thus, the weak relation is definable in terms of either of the strict relations.
One can also verify that >* is stricl:l}r stronger than >, which in turn is
stricﬂ}r stronger than &. Further important properties of these three rela-
tions are listed below:

Prﬂpe.rties of sTRICT crOUNDING™:

1. A >* ¢, then A = & and is finite

2. If A =* @, then ¢ is not a literal
3. f A &* ¢, then Complexity(¢) > Complexity(v)) for any @ € A

4. Not: A, p =% ¢ Generalised Irreflexivity
5. FAP*and ¥, A'>* pand ¥ € A, then A, A/ %
Restricted Cut

Properties of STRICT GROUNDING:

1. If A = ¢, then A = @ and is fnite

2. If A = ¢, then ¢ is not a literal

3. f A > ¢, then Complexity(¢) > Complexity(i) for any v' € A

4. Not: A, ¢ > ¢ Generalised Irreflexivity
S. A D> Yand ¥, A'> ¢, then A, A > ¢ Cut
6. A > ¢pand A' > ¢, then A, A 1> @ Amd{gﬁﬂmﬁﬂﬂ

of logical prounding as a relation between sets of formulas and formulas is inessential and could
easily be abandoned in favour of other treatments. On factivity, see “Logical Grounds®, 35f.



PfﬂPE:l'ti-E!S of WEAK GROUNDING:

1.LIFAE ¢, then A= 3

2. f A B ¢ and ¢ & A, then ¢ is not a literal

J.oE=o Reflexivity
4. AR Yand Y, A" ¢, then A, A" = ¢ Cit
6. fAE ¢, then A, A" E ¢ Wﬁﬂh’nfﬂg

The strict relations satisf}r neither Rﬂﬂﬂ:{iﬁty nor Wﬂakening, and for that
reason They are Preaumahl}r closer to our intuitive conception of lc-gia
cal gm-unding than the weak relation. The weak relation is nevertheless
thec-rﬂtic:lﬂ}r very useful, as we will see below. Whether one of the strict
relations is closer than the other one to our intuitive conception of lﬂgi-:;ﬂ
grounding I do not know.

Since the basic rules of inference for grc-unding are all claa&icall}r valid,
the weaker relation is stronger than classical lngical consequence: for every
set of formulas /A and every formula ¢, if A & ¢, then ¢ is a classical
consequence of A. It should actuall}r also be clear that weak gmunding
is stronger than certain consequence relations which are stric:ﬂ}r stronger
than classical consequence. One important such relation is the relevant
consequence relation associated with Anderson and Belnap’s (1962, 1963)
ﬁl‘ﬁt—-dﬂgt’ﬂﬂ entailments. The connections between weak gmunding and
that notion of consequence—FDE-consequence, for short—run a-:tuaﬂ}r

P Y )

Let me here characterise FDE-consequence in a general form, and present
a proof system which captures the relation so defined. (On the basics of
FDE and the related lc-gicﬁ mentioned at the end of this section, see e.g.
(Priest 2008).)

Let a valuation be a distribution of truth-values (T and F) over the
atoms of our language. Neither gaps nor gluts are excluded: an atom may
be assigned no truth-value at all, or both T and E Truth (&) and falsity
(=) for formulas relative to a valuation » are then defined recursivel}r as
follows:

* For ¢ atomic: v & ¢ iff p is assigned T by v
* For ¢ atomic: v = ¢ iff p is assigned F by v



FDE-cor

vE ¢gatifvE ¢gand v = ¢
v oaifvd gorv=y
veE ovyifvE dgorvE o
v ovifva ¢and vy

vE ¢iffv = ¢

v giffviE o

uence is most ﬁ'ﬁqumtl}r characterised as a relation between two

formulas, and one way of doing it makes use of valuations as just defined
and runs as follows: ¥ E=gpg @ iff for every valuation v, if v = ¥, then v =
i | generalis& a bit and define it as a relation between two sets of formulas:

Definition 2.1. For all sets of formulas A and': A Eppp T {f# for every
valuation U, if (V & U for all ' € \), then (V & ¢ for some ¢ € T).

FDE-consequence so defined can be Pmﬂf-thmrﬂtiﬁa”}r characterised in an
elf:gant way b}r means of a mulriple—cnn-:lusiﬂn sequent calculus defined
b}r the fc-llc-wing axioms and rules:?

Introduction axioms:

il. 0 dAv el.
2. o dv e2.
3. VYV e3.
5. = - =@ A ) e5.
i7. o ——g e/.
Structural rules:

Chut:

AT, ¢ ¢, AT

System FDE

AA-T, TV

Elimination axioms:

PAYE @
b Y

¢' W I,'.',-’ - ¢’:. 'I.'-'*’

—(¢ v Y) = ¢
—|{¢3 W "l‘.,':’} — _Iw
—|{Ef) i '{.5:'] — —|¢, —|‘I,.'If’
e

2. The axioms could, of course, be replaced by rules with zero premisses.



Weakeni ng:

AT
NN TY

(Notice that the -:-nl}r axioms with a mull:iple conclusion are the elimination
axioms e3 and e6.) The sequents provable in this calculus are said to be
FDE-provable, and 1 will write A - I to say that the sequent A - T

is FDE-provable. (The same type of notation will be used for other systems
below.)

As Prﬂvic-ugl}r announced:

Theorem 2.2, For all A andT': A ppp I iff A Eppe T
Proof. The proof of soundness is straightforward. For completeness,
suppose that A I ppp I'. Enumerate the formulas: ¢, ¢y, ..., and define

a series of sets of formulas (§,),_;; as follows:

L] ‘SO — ﬂ;
e S .. =S5 U{p}ifS,, ¢, e Iy and S, otherwise.

Define A* as |,y S,. Notice that by construction, AT N I'= @). One
can establish that for all formulas ¢ and ¥

1. p Ap € A iff both ¢ € AT and ¥ € A™;
_I(l;t'ﬂﬂlr!] = At lﬂ?—L¢’5 AT or —ﬂ."-lr':—: .&T;
pvye Atifl ¢ € Atorth € Aty

—(¢ v ¢) € AT iff both —¢ € AT and —) € AT;
— = € ATiff o € AT,

WO RN

Define valuation v by stipulating that for every atom ¢, v assigns T
to ¢ iff ¢ € AT and v assigns F to ¢ iff —¢ € A~. Using points 1-5
above, one can prove by induction on the length of the formulas that
for all formulas ¢: v = ¢ iff ¢ € A*, and v o ¢ iff —¢p € AT, Since
A € A7, it follows that v = ¢ for all ¥ € A. On the other hand, since
A+ T = &, it also follows that there is no formula ¢ € T such that
v = ¢. Consequently, A H g I



As an aside, notice that if we alter definition 2.1 I:-j,r imposing certain condi-
tions on valuations in the definiens, we obtain characterisations of other well-
known consequence relations: if one excludes gaps, one gets LP-consequence;
if one excludes gluts, one gets K3-consequence; and if one excludes both,
one gets classical consequence. In order to obtain an adequate calculus for
LP-consequence, it suffices to add the axiom - ¢, —¢ to the calculus for

FDE-consequence presentacl above: for K3 consequence it sufhces to add
i — - instead; and for classical consequence, it suffices to add both.

3. Connections

Let a situation be a set of literals. In “L-:-gical Grounds”, 1 worked with
a many-one notion of FDE-consequence and I established the fﬂ”ﬂ“"‘iﬂg
connection between that notion and weak grc-mlding:

* Given any set of formulas A and any formula ¢: A Egpe ¢ iff for
every situation A, if (A &= ¢ for all ¥ € A), then A & ¢.

A more gﬂn-&ral result concerning many-many F DE—ﬂﬂnsequ-encﬂ can be
established in much the same way:

Theorem 3.1. For all A and I': A =g U iff for every situation A, if (A
B forallyy € A), then (A= ¢ forsome p €T).

This shows that FDE-consequence can be defined in terms of weAk GrROUND-
NG, and hence ultimatel}r in terms of either of its strict counterparts. (The
same holds of LP-consequence, K3-consequence and classical consequence. )

An almost immediate llFrEh'Dt of this result, which is not stated in L‘Lc:-gi—-
cal Grounds”, is thac:

Theorem 3.2. For every situation !\ and every formula ¢: A & ¢ iff
A E g 0.

This shows that wEAk crOUNDING can be defined in terms of FDE-conse-
quence when restricted to a relation between sets of literals and arbitrary
formulas.

These theorems state deep links between lc-gical grcrunding as charac-
terised above and FDE-consequence. But one can go significandy fur-



ther thanks to the sequent calculus for FDE introduced in the previous
section.

Notice that the seven introduction axioms of that calculus EIDIIESPDIICL
in an obvious sense, to the seven basic rules for gmund'lng, while none of
the elimination axioms corres pc-ncls, in the same sense, to a :mzepl:able links
of grc-und. Also, remember that WEAK GROUNDING c-beys both a princi Plf:
of Cut and a principle of Weakening. Would dropping the elimination
axioms from the sequent calculus for FDE give us an adequate characteri-
sation of WEAK GROUNDING?

Not quite, for two reasons: first, weak gmunding is not many-many, and
second, weak gmundiﬂg is reflexive, and while ¢ - ¢ is FDEPrﬂvablﬂ, its
proofs all make use of elimination axioms. Yet consider the system FDE,,
defined from system FDE by dropping the elimination axioms and adding
an axiom for reﬂexivit}r:

System FDE,

Introduction axioms: Structural axiom:

ilg, v @A Reflexivity:
2.0 - ¢V

B.U - v b ¢
15,0 — —(¢ A V)

i7.0 = =

Structural rules:

Cut:

AT,y o, ATV
A AT, T

Wﬂnkﬂning:

NET
AN =ILTE
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Then = FDEg 15 Essenl:iaﬂ}r many-one, i.e. for all sets of formulas /A and T,
A Epgy I it A Eppg, ¢ for some ¢ € T (the right-to-left direction is
immediate thanks to Weakming, and the left-to- right direction can easﬂ}r

be pr-:wed |:-}" induction on the length of the derivations). And it can be
shown that:

Theorem 3.3. For all A and ¢: A = ¢ iff A \-rog, ¢
ﬁﬂﬂf For the lﬁft-tc--right direction, b}r induction on the hﬂight of the
gmun-:ling trees, and for che right—mulei:t direction, by induction on the

lﬂngth of the derivations.

This hﬁing established, it is clear that a more direct characterisation of weAK

GROUNDING is provided by the following calculus for many-one sequents,
which differs from the previ-:-us calculus Dnl}r in its structural rules:

System FDE, (for WEAK GROUNDING)

Introduction axioms: Structural axiom:
il.g, v = @ Ay Reflexivity:
2.0 - ovy
3.y - yYve ¢+

7.6 b —p

Structural rules:

Cut:

Ay $ANEQ
A A ¢

Wﬂﬂkﬂﬂiﬂg:

A+ ¢
AN+
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Theorem 3.4. For all A and ¢: A = ¢ iff A -rog .

Pmaﬁ Same strategy as for the previous theorem.

The strict relations can also be characterised in a similar way. The case of

STRICT GROUNDING is 5traightf0rwa.rd:

System FDE, (for sTRICT GROUNDING)

Tntvoduction axions:

il.g, ¥ - @
2.0 - ¢ v
3.0 - ¥vd
i7.¢ - —g)

Structural rules:

Cur:
Arv v AN+
AA -
Amalgamation:
Ar-¢ AL g
AAN - @

Theorem 3.5. For all A and ¢: A > ¢ iff A \-ro, @.

Pmaﬁ Same strategy again.

The case of sTRICT GROUNDING* is more -:c-mplicatﬂd and leads to a cal-

culus thart is less elegant:

System FDE, (for STRICT GROUNDING")

Tntroduction axions:

il.g, ¥ ¢ AW
2.0 ¢ v

B30 v

i7.0 - o
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Introduction rules: Structural rules:
For conjunction: Restricted Curt (¢ € A'):
Ao A+ Ay P, A+ ¢
AA - oAY AN+ @
A+ ¢
A odng

For disjunction:
A —p AR v
A A - (v i)
A+ =g
A —pF —pv9)

Theorem 3.6. For all A and ¢: A &% @ iff A -rpe; ¢,
Pranf Same strategy again.

Theorems 3.1 to 3.6 constitute substantial elements of our understanding
of the relationships between logical grounding and first-degree entail-
ments. | surmise that the}r are far from tf::lling the whole story, and in
particular I would not be surpris\f:d if the three relations of lc-gical grc-und—
ing involved in these theorems could be nearl}r characterised in terms of

FDE-consequence. 3

3. Material from which this paper stemmed has been presented at the Kir Fine Conference

(Varano Borghi, Iraly, July-August 2013), the workshop Groundedness in Semantics and Beyond
(Oslo, August 2013) and the workshop Preefs Thar and Proafs Why (IHPST, Paris, November
2013). | am grateful to the audiences of these events for helpful comments and discussions. This
work was carried out while [ was in charge of the Swiss Narional Science Foundation projects
‘Grounding—Metaphysics, Science, and Logic’ (Neuchatel, CRSI11-147685) and “The Nature of
Existence: Neglected Questions at the Foundations of Ontology’ (Neuchartel, 100012-150289),
and a member of the Spanish Ministry of Economy and Competitiveness “The Makings of Truth:
Narure, Extent, and Applications of Truthmaking’ (Barcelona, FFI2012-35026).
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