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Abstract. We study a random process with reinforcement, which evolves following the dynamics of a given diffusion process in a
bounded domain and is resampled according to its occupation measure when it reaches the boundary. We show that its occupation
measure converges to the unique quasi-stationary distribution of the diffusion process absorbed at the boundary of the domain. Our
proofs use recent results in the theory of quasi-stationary distributions and stochastic approximation techniques.

Résumé. Nous étudions un processus stochastique avec renforcement, qui évolue suivant une diffusion dans un domaine borné, avec
ré-échantillonnage suivant sa mesure d’occupation lorsqu’il atteint la frontiere. Nous montrons que sa mesure d’occupation converge
vers ’unique distribution quasi-stationnaire de la diffusion absorbée au bord du domaine. Nos preuves s’appuient sur des résultats
récents en théorie des distributions quasi-stationnaires et sur des techniques d’approximation stochastique.

MSC2020 subject classifications: Primary 60B12; 60J60; 60B10; 60F99; secondary 60J70

Keywords: Random processes with reinforcement; Stochastic approximation; Pseudo-asymptotic trajectories; Quasi-stationary distributions

1. Introduction

Let (2, (F1)re[0,+00)> (Xt)re0,400), (Px)xeEufa}) be a time homogeneous Markov process with state space £ U {9}, where
E is a measurable space and 0 ¢ E is an absorbing state for the process. This means that X; = 0 implies X; = 9 for all
t > s, P, -almost surely for all x € E and, in particular,

Ty :=inf{t > 0, X; = 0}

is a stopping time. We also assume that P, (79 <oo) =1and P,(r < 73) >0 forallr >0 and Vx € E.

We consider a random process (Y;);>0 with reinforcement, which evolves following the dynamic of X when it lies
in E and which is resampled according to its occupation measure when it reaches 9. More precisely, given a probability
measure u on E, we set

o0
k
Y = Z ﬂfelekflﬂk)xt(,)@kfl, vt >0,
k=1

where 6y =0,
o (X ,(1), t > 0) is arealization of the process (X;, t > 0) with X(()l) ~ @ (i.e. under IP;,) and the stopping time 6; is defined
as 01 = rgl) the first hitting time of 9 by X1,
e given XV, (X,(Z), t > 0) is a realization of the process (X, t > 0) with X(()z) ~ [, » where
0

wor =g ). Sy, ds

and 6, — 6 = 7.” the first hitting time of 8 by X®,
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e forall k > 1, given xO x@ . x® (X,(Hl),t > 0) is a realization of the process (X;, t > 0) with X(()kH) ~ Loy
where

1%

Mo, = a 0 5)/_Y ds

the first hitting time of 8 by X **1.

and O+ — O = t(;k“)

We also define for all t > 0

1 [ 1 [t
=+ /O by ds. i pu(f)= - /0 F(¥y)ds, VfeBy(E).

This process has been studied in several situations, with the main goal of proving an almost sure convergence result
for the occupation measure u; when t — +o00. In the finite state space case and in a discrete time setting, Aldous,
Flannery and Palacios [1] solved this problem by showing that the proportion of colours in a Pélya urn type process
converges almost surely to the left eigenfunction of the replacement matrix, which was also identified as the quasi-
stationary distribution of a corresponding Markov chain (we refer the reader to the surveys [15,19] and to the book [11]
for general references on quasi-stationary distributions; basic facts and useful results on quasi-stationary distributions
are also reminded in Section 3). Under a similar setting but using stochastic approximation techniques, Benaim and
Cloez [3] and Blanchet, Glynn and Zheng[6] independently proved the almost sure convergence of the occupation measure
w; toward the quasi-stationary distribution of X. These works have since been generalized to the compact state space
case by Benaim, Cloez and Panloup [4] under general criteria for the existence of a quasi-stationary distribution for
X. Continuous time diffusion processes with smooth bounded killing rate on compact Riemanian manifolds have been
recently considered by Wang, Roberts and Steinsaltz [21], who show that a similar algorithm with weights also converges
toward the quasi-stationary distribution of the underlying diffusion process. Recently, Mailler and Villemonais [14] have
proved such a convergence result for processes with smooth and bounded killing rate evolving in non-compact (more
precisely unbounded) spaces using a measure-valued Pélya process representation of this reinforced algorithm.

The aim of the present paper is to solve the question of convergence of the occupation measure toward the quasi-
stationary distribution of X when this process is a uniformly elliptic diffusion evolving in an open bounded connected
open set D with C? boundary 9 D, with hard killing when the process hits the boundary. This answers positively the open
problem stated in Section 8 of [4]. Note that the difficulty is twofold: firstly, the state space E = D is an open domain
in R? and is thus non-compact; secondly, the absorption occurs through killing at the boundary, which corresponds to an
infinite killing rate.

Our main assumptions concern the C? regularity of the domain and of the parameters of the diffusion X. They are
satisfied in particular if the coefficients of the stochastic differential equation satisfied by X are Holder continuous. Our
assumptions ensure the existence of a unique quasi-stationary distribution « for X and allows us to prove the almost
sure convergence of the occupation measure (i;);>0 toward «. As in [2,3,21], we make use of stochastic approximation
techniques (in the sense of [2,5]). These works strongly rely on the proof techniques of [16], which are based on technical
regularity results that do not adapt well to the present setting. Our proof uses instead recent advances in the theory of quasi-
stationary distributions [8] together with coupling arguments, in order to prove that the occupation measure dynamics are
globally asymptotically stable. Combined with the general results on asymptotic pseudo trajectories of [2,5], this entails
the almost sure convergence of the occupation measure.

The paper is organised as follows. In Section 2, we state our main assumptions and results. In Section 3, we gather
useful general results on quasi-stationary distributions from [8,10] and prove new general results on a key operator A,
which has its own interest and should be useful for future adaptation of the methods developed below. Section 4 is devoted
to the proof of our main result, which consists in checking that the occupation measure of the resampling points is (up
to a time change and linearization) an asymptotic pseudo-trajectory of a measure-valued dynamical system related to the
operator A (we refer the reader to [2] for an introduction to asymptotic pseudo-trajectories and their use in stochastic
approximation theory).

2. Main result

From now on, we consider a diffusion process (X;,¢ > 0) in a connected bounded open set D of R4, d > 2 with C?
boundary d D and absorbed at d D. We assume that X is solution to the SDE

dX, = o(X;)dB; +b(X,)dt, @2.1)
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where (B;,t > 0) is a r-dimensional Brownian motion, b : D — R is bounded and continuous and o : D — R9*" is
continuous, oo* is uniformly elliptic and for all p > 0,

_ 2
sup lo® —oF <gp) (2.2)
x,yeD, |x—y|=p o

for some function g such that fol g(r)dr < oo. Note that, in this case, the process (¥;, ;)r>0 described in the Introduction
is well-defined since one can prove that ; — 400 a.s. [4, Lemma 8.1].

In [7, Section 5.3], it was proved that, under the above regularity assumptions, the killed diffusion process X admits a
unique quasi-stationary distribution, i.e. a probability measure & on D such that

a=P,(X,€-|t<T1y), Vt=>0,

where 73 denotes the hitting time of d D by the process. Moreover, it is well known that, in this case, there exists a
positive constant Ag such that P, (r < 75) = exp(—Agt) for all # > 0 (see Section 3 for more results on quasi-stationary
distributions).

Remark 1. In fact, the result of [7, Section 5.3] is stronger and entails the exponential convergence in total variation
norm of the conditional law of X toward «, uniformly in the initial distribution. The proof relies on the fact that Condi-
tions (A1) and (A2) as enunciated in the next section are satisfied by the process X (see Section 3 for details and additional
properties).

Remark 2. This last property was also proved to hold true for general one-dimensional diffusions in D = [a, +00) or
D =a, b] absorbed at the boundary of D and coming down from infinity in [9] and for diffusion processes X in compact,
connected C2 manifolds M with C? boundary dM absorbed at M when the infinitesimal generator of X is given by
L= %A + Z, where A is the Laplace-Beltrami operator and Z is a C! vector field in [7]. All the results of this paper,
and in particular the next one, can be extended to these two situations.

The main result of this article is the following one.

Theorem 2.1. For all bounded measurable function f : D — R, one has

u f ——af as.
t—+00

Moreover, 6, /n — 1/ y almost surely when n — +00.

3. Properties of the Green operator

The results of Section 3.1 are valid for general absorbed Markov processes, not only for diffusion processes absorbed at
the boundary of a domain. In Section 3.2, we provide properties on the measure-valued dynamical system induced by the
Green operator of the process. Although not specific to diffusion processes, the later part uses the fact that the semi-group
of the underlying process is Lipschitz regular.

3.1. General properties

Let us consider in this section a Markov process (X, > 0) on a measurable space E U {3}, absorbed in 9 at time
Ty :=inf{t > 0, X; = 9},

assumed a.s. finite. We also assume that P, (r < t3) > O forallt >0and all x € E.
A probability measure « on E is called a quasi-stationary distribution if

Po,(X;e-|t<1) =0, Vt=>0.

It is well known that a probability measure « is a quasi-stationary distribution if and only if there exists a probability
measure i on E such that

lim P,(X;€eAlt <15) =a(A) (3.1)
t—>—4+00
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for all measurable subsets A of E. The fact that « is a quasi-stationary distribution also implies the existence of a constant
Ao > 0 such that

Pyt < Ty) = e ™0, (3.2)

In [8], the authors provide a necessary and sufficient condition on X for the existence of a probability measure o on E
and constants C, y > 0 such that

|P.(X; € |t <1y) <Ce™"', VYueMi(E),t>0, (3.3)

_O‘”TV

where M (E) is the set of probability measures on E and || - ||y is the total variation norm defined as ||u| — uz|lTv =
SUP feB, (B | fllao<i 111 () — p2(f)| for all i, po € M (E), where By (E) is the set of bounded measurable functions
on E. This immediately implies that « is the unique quasi-stationary distribution of X and that (3.1) holds for any initial
probability measure ui.

The necessary and sufficient condition for (3.3) is given by the existence of a probability measure v on E and of
constants tg, c1, ¢ > 0 such that

P,(Xpy€-1to<19) >crv, VxekE (A1)
and
P,(t <1y) > Py (t <13), Vt>0,x€E. (A2)

Under Conditions (A1) and (A2), it follows from the general results of [8, Prop. 2.3] that there exists a bounded
function n : E — [0, 0o0) such that «(n) = 1 and, for all x € E and all # > 0,

|eM Pt < Ty) — n(x)| < Cle™ . (3.4)

In the case of diffusion processes, 7 is a nonnegative solution to Ln = —Aon where L is the infinitesimal generator of the
process X in the set of bounded measurable functions equiped with the L° norm. The constant y is the same as in (3.3).
In particular, there exists a constant C” such that

Pt <ty) <C'e™ Vi>0,Vx€E. (3.5)

One can actually obtain a better bound combining Theorem 2.1 and Equation (3.2) of [10]: there exists a time #; > 0 and
a constant D such that, forall t > ¢ and all x € E,

2Py (t < T9) —n(x)| < Dy(x)e™". (3.6)

We may — and will — assume without loss of generality that De™ "t < 1/2.
We denote by P; the (nonconservative) semigroup of the Markov process (X;,t > 0), acting on the set B,(E) of
bounded measurable functions on E and defined for all such function f by

Ptf(x) :Ex[f(xt)ﬂz<ra], Vx eE.

Note that we made here the slight abuse of notation that f(9) - 0 = 0. Because of (3.5), we can define the Green operator
A on By(E) as

Af(x)=Ey [/Ta f(Xs)ds] = /OO Py f(x)ds (3.7
0 0

and this operator is bounded on By (E) equiped with the L° norm. Let M (E) be the set of probability measures on E.
For all u € M1 (E), we also define the notation

7 00
nar= [ Af(x)u(dx)zEﬂ[/o f(xads}: | npsas

so that in particular Af (x) =6,Af and 0 Af = fooo e Mo fdt =af/ro. Since A is bounded, the operator ¢'4 is well-
defined for all ¢ > 0.
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Proposition 3.1. Assume that Conditions (A1) and (A2) are satisfied. Then, for all u € M{(E), all f € By(E) and all

n > 1, we have

a(Hrm | _ CC"+ NN flloo
Ao - (Ao + )"

nA" f —

El

where the constants C, C', C" and y are those involved in (3.3), (3.4) and (3.5). We also have for some constant B

o)
v mm \Ao+y

and for all t > 0,

Proof. We first check by induction that for all n > 1,

nA"
/,LA"]].

et

Rdrore=]
- _ e 0Go+y) |
[,LetA]l

o =<
TV n(m)

pA" f = / e WP, f du.

This is of course true for n = 1. Assuming it is true for a given n > 1, we have

pA = / wPs A" f ds

// n_l)'uPPtfdtds
i
:/o “P“f/o (n— 1)

00 41
= —uP, fdu,
0 n!

which concludes the induction. Then, it follows from (3.3), (3.4) and (3.5) that

dtdu

‘MA"f / — e ) d

u' —AoU
<[ 1),|uP o f = a(F)e M ()| du

00 un—l
< P,
= /0 n—1)! |:M u

e
<(cc’"+c’ ——e T gy,
<(cc"+ )||f||oo/0 e u

why f
uwh,1

- Ot(f)' +a(f)|uPl— e‘“”u(n)]] du

The inequality (3.8) follows.
We then deduce from (3.8) that

pnA"
WAL

—a < 1
v KA'L
2(CC”"+C"

T (ot y)'nATL

Now, it follows from (3.6) that

; o0 un—l
uA"1 > —uP,1du
W D)

[[nA™ — g ey + [nA"L = wmay"|]

(3.8)

(3.9)

(3.10)

(3.11)
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00 n—1
> () / “ e MM gy
=2 ) =

1

B M(n)e—kotl < t?_l t{z—z 1 )

- 4+t
2 Ao(n =D AF(n —2)! A
fu(m)e*on
> — 3.12
T2 (3.12)
Combining the last two inequalities entails (3.9).
Similarly, for all t >0, f € By(E) and u € M{(E), we deduce from (3.8) that
pe't f
et o)
1 t" _ _
< ot DS leatf —neig"a(h] +a(hlumig" — naml]
n>0
i /
e +c )”f”mexo‘—w_
- ,ue’A]l
Now, it follows from (3.12) that
—Aot
ety > HIe 56
The last two inequalities entail (3.10). U

3.2. Properties of a measure-valued dynamical system

We begin with the following proposition, which ensures that A is regularizing. In particular, for all f € C,(D, R) (which
denotes the set of bounded continuous functions from D to R), x € D > §;Af is in Cp(D, R). This Feller property
implies that v = v A is continuous with respect to the weak topology on the set M (D) of non-negative measures with
finite mass on D. Similarly, one deduces that (, v) € [0, +00) x M(D) — ve'4 € M(D) is continuous.

Proposition 3.2. For all bounded measurable functions f : D — R, the application x +— 6, Af is Lipschitz continuous,
with Lipschitz norm proportional to || f || co-

Proof. From Priola and Wang [17], one deduces that there exists a constant Cpjp > 0 which does not depend on f such
that, forall # > O and all x,y € D,

CLip
1AW

Applying this inequality to x — §, P, f at time 1 and using inequality (3.5), one deduces that

18x Prf =8y Prf] < I1f lloo-

18x Pri1 f = 8y Prr1 f1 < Clipll P f lloo < CLipC” Il flloce ™"

Asa consequence,

CLip

Vi

which concludes the proof of Proposition 3.2. (I

1 00
0xAf —yAf] < x — yl/0 1 loodt + |x — yl/1 CLipC" [ f oo™V at,

The following proposition states the uniqueness of the evolution equation satisfied by the continuous process
(ve't Jve' 1 p)>o.
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Proposition 3.3. For each probability measure v on D, the equation

W pe, eo=v, (3.13)
dt

where F is a measure valued function defined, for all non-negative finite measures v on D by
F(v)=vA — (vAlp)v, (3.14)

admits a unique weak solution in C ([0, +00), M (D)), where M(D) is equiped with the weak topology, in the sense that,
for all bounded continuous function f : D — R and all t > 0,

t
o (F) = po(f) + /0 Fps)(f)ds.

In addition, this unique weak solution takes its values in M1 (D) and is given by ¢, = ve'4 Jve'41p.

Proof. The fact that (ve'4 Jve' Alp) >0 satisfies (3.13) is immediate. Let us check that this equation has no other solution.
In order to do so, we consider one of its solutions (¢;);>0 and introduce the measure valued process defined by

t
@ = exp(/ qos(AJlD)ds)wz, vt > 0.
0

This process is weak solution to the linear evolution equation

0%

:NA’ D =V,
a1 % %0

whose unique weak solution is # ve'A. Indeed, let # — 1, v; be two weak solutions to the linear equation. Set |, —
vi| =supy |ps f — v; f| where the supremum is taken over the set of continuous function f : D > R such that || f||loc <
1. Then ¢ + |u; — v¢| is lower semicontinuous, hence measurable, as a supremum of continuous functions. Thus, by
Gronwall’s lemma (measurable version, see [13]), | — v¢| < |uo — volel 4l This proves uniqueness.

As a consequence, for all # > 0,

@ ve'4

= T T A
@ lp  veldlp

which concludes the proof of Proposition 3.3. ]

4. Proof of Theorem 2.1

The general idea of the proof is inspired from [2] and consists in proving that a time-change of the sequence of probability
measures

1 n
=~ > 87, where Z; :=Y,, (4.1)

i=1

is an asymptotic pseudo-trajectory (see [2] for the definition of an asymptotic pseudo-trajectory) of a measure-valued

. . . A . Lo .
dynamical system related to the normalized semigroup Ue”,‘j: i The asymptotic properties given in Proposition 3.1 then

allow to deduce that 7,, almost surely converges to «. The proof is divided in three steps. First, we prove in Section 4.1
tightness properties on the measure-valued process (ii7);>0. The convergence of 7, to « is proved in Section 4.2, using
a key lemma on asymptotic pseudo-trajectories properties for 7,, proved in Section 4.3. Theorem 2.1 is then be deduced
from the convergence of 7, using martingale arguments in Section 4.4.

4.1. Tightness

The following proposition entails that the paths of (u;, # > 0) are a.s. relatively compact in the set of probability measures
on D endowed with the weak topology.
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Proposition 4.1. For all ¢ > 0, there exists n > 0 such that, almost surely,

liminf i, ({x € D:d(x,9D) < n}) <e.

t—>—+00

Proof. Let ¢p : D — R be the distance to d D. There exists a neighborhood N of 8D in D where ¢p is Ci so that we
can apply Itd’s formula: for all # > 0 such that Y; € AV,

1
d¢p(Yr) = (0 (Y))*Vp(Yy)) -dBi + Vép(Y;) - b(Yy) dr + ETT(U(Yt)*DzﬁbD(Yt)U(Yz)) dt.

We introduce the random time-change 7 (¢) such that

(1)
[ relo 0000 13+ 1) ds =1

and we observe that there exist constants 0 < ¢g < Co < oo such that ¢y < t/(¢) < Cg for all £ > 0. Then, there exists a
Brownian motion W such that the process Z; := ¢p (Y (;)) satisfies

dZt:th+tht, Vl S.t. Z;EN,

where the process H is progressively measurable and bounded by a constant H > 0. B
We introduce a > 0 such that {x € D : d(x,dD) < 2a} C N and the reflected drifted Brownian motion (Z;, t > 0)
solution to

dZ,=dW, — Hdt +dL? —dL%, Vt>0

and such that Zy = ¢p(Yo) A a, where L7 is the local time of Z at x at time z. B
Since the jumps of Z are positive, one can prove following [20, Prop. 2.2] that Z; < Z; a.s. for all # > 0. Moreover,
the process Z is ergodic and satisfies almost surely

1 t
- / 85 ds —— m,
t Jo $ t——+00
where m(dx) = Ce2H *110,41(x) dx is the stationary distribution of Z on [0, a].
Now, for all ¢ > 0, there exists n > 0 such that m (0, n) < ¢. Hence, almost surely for all ¢ large enough

1 (1) 1 t ,
/LT(I)({x eD:d(x,dD) < n}) < m A ]lzr_]m«;ds < %/0 17,47 (u)du

Co [! Coe
< — 1; _du<—.
cot Jo ws<n Co

Since t : Ry — Ry is continuous and t/(¢) > ¢ for all ¢ > 0, this concludes the proof of Proposition 4.1. ]
The previous proposition entails that, for all ¢ > 0, there exists n > 0 such that, almost surely, 6, 1g,({x € D :
d(x,dD) > n}) = (1 — 2¢)6, for n large enough. The following proposition is of a slightly different nature and it will be

used later in order to prove that there exists a constant ¢ > 0 such that, almost surely, 8, g, ({x € D :d(x,9D) > n}) > cn
for n large enough.

Proposition 4.2. For all ¢ > 0, there exists n > 0 such that, almost surely, one has

NS RS
}}Lnirécf); E l Il-d(Ygi,aD)Zn >1-2¢ “4.2)
i=
and
— -
liminf — > (1 — 2¢e)coE(Ty), 4.3)
n——+o0o n

where Ty =inf{t > 0, Z, = 0}, Zo = n and the constant co and the process Z were defined in the proof of Proposition 4.1.
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Proof. Fix ¢ > 0. From Proposition 4.1, there exists > 0 such that, almost surely, ug, {x € D :d(x,0D) > n}) > 1—2¢
for n large enough. For all k e N={1, 2, ...}, we define the random variable in N U {+o0}

Uk :inf{n >k, /,Lgn({x eD:d(x,0D) > n}) <1- 28},

so that IED(LJ,‘:O:1 {ur = +00}) = 1. We also define the sequence of points (Z’,f)nzo in D by

7k _ Yo, ifn<uy,
" xo ifn>uvy,
where x¢ is an arbirary point in {x € D : d(x,dD) > n}. By definition, the law of Yy, = X(()n'H) conditionally to
oy, .-, Mg, and Yg,, Yo, ..., Yg, | is ug,. Moreover, {n < v} is measurable with respect to ug,, ..., tg,, and hence,
for all n > k, (we denote by P" the probability conditionally to we,, ..., ue, and Yp,, ..., Y, )

P"(d(zf, D) = n) =P"(d(Yg,, dD) = n)Ly<y, + Lu<y,
> o, ({x € D:d(x,0D) = n})Lycy, + Ly, =1 - 2e.
Using the law of large numbers for submartingales, this implies that, almost surely and for all k > 1,

1 n
liminf % "1k pysy = 1 - 26
i=1

n—4oon

Observing that, almost surely, there exists k > 1 such that Z’,j =Yy, for all n > 1, this concludes the proof of (4.2).
To prove (4.3), we observe that, due to the coupling argument of the proof of Proposition 4.1,

n
0)
On =D aztapy=nTo -

i=1

where (To(i))izl are i.i.d. copies of Ty such that Y_‘O(i) is independent of VAT Zf for all i > 1. Therefore, we can use the
law of large numbers for submartingales as above to conclude the proof of Proposition 4.2. (|

4.2. Study of the empirical measure of the resampling points

In this subsection, we focus on the behaviour of the random sequence of measures (1),),>1 defined in (4.1). Our aim is to
prove the following proposition using the theory of pseudo-asymptotic trajectories.

Proposition 4.3. The sequence of probability measures (n,),eN converges almost surely to a with respect to the weak
topology.

Proof. We follow an approach inspired from [2]. Let (t,),>1 be definedas 1y =0and v, = yo + y3+-- -+ y,, forn > 2,
where

1

= Vn>1.
T i DALy

We consider the linearly interpolated version (7;)sef1,+00) Of (7n)neN defined, for all n > 0 and all ¢ € [1,,, Ty+1], by
~ =1
N =00+ ————Ont+1 — M),
Tn41 — Tn

where we define by convention g = 8, for some fixed xp € D.
Let (fx)xen be a sequence of bounded continuous functions from D to R such that the metric

o0
[vi fr — v fxl
dor, vy =y M2l
= 2l filleo

metrizes the weak topology on measures on D.
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The main point of the proof consists in using [2, Theorem 3.2] to prove that 7 is an asymptotic pseudo-trajectory
of (3.13). By Proposition 3.3, this means in our setting that, for all 7 > 0,

I i, e 0 (4.4)
1m su s~ - | =V .
l—)"roose[oPT] Uss T]teSAﬂ_D

This is stated in the next lemma, proved in the next subsection.

Lemma 4.4. The measure-valued process 7 is almost surely an asymptotic pseudo-trajectory for the distance d on the
set of probability measures on D of the semi-flow induced by (3.13) and defined in Proposition 3.3.

Once this is proved, Proposition 4.3 follows easily: indeed (7;);>0 is almost surely a relatively compact asymptotic
pseudo-trajectory of the semi-flow induced by (3.13) for which {«} is a compact global attractor, which implies the result
(see for instance [4, Corollary 5.3] and [2,5]). O

4.3. Proof of Lemma 4.4

For all n > 1, we have

SZrH—l —

w1 = Yut1(F ) + Ung1).

NMn+l1 — M =

where, recalling the definition of A in (3.7) and of F in (3.14),

1

——— and U = Alp)s —n,A.
i+ D Alp 1 = (M Alp) Zpv1 — Nn

Yn+1 =

Fix ¢ € (0,1/4) and n > 0 small enough so that the conclusions of Proposition 4.2 hold true. Setting ¢ :=

infyep acx,0D)>1 ‘s‘ng A COISTO, which is positive by Proposition 3.2, we define for all £ > 1 the random variable in

N U {400}

oy =inf{n >k, n,Alp <corb, <cn}.

The conclusion of Proposition 4.2 entails that IP’(UZO: {ox =+o0}) = 1.
Following [2], before proving Lemma 4.4, we begin by proving the next lemma.

Lemma 4.5. Almost surely, for all bounded measurable function f : D — R, the numeric sequence (3_y_, v¢Up f)n
admits a finite limit when n — +00.

Proof. For all £ > 0, we introduce G, the o-field generated by ug,, ..., Mopirs 01, ..., 0pprand Zy, ..., Zg. Fix k > 1.
We start by observing that

{Egok}z{Vne{k,k—i—l,...,ﬂ—1},nnA]lD>cand0n>cn}egg_1,

so that oy is predictable with respect to the filtration (G¢)¢>0.
Following [18, Lemma 1], we define Ny, = y,U, f and

nAOCYk

M =" (N —Ee-1Np),
=1

where Ey_; denotes the expectation conditionally to Gy_;. Observe M,gk) is a martingale with respect to (G,)¢>0 and that

1 ne—1Af 1 Ne—1Af
Nz=—( (Zz)—7> and E, (Ne=-|pof——77).
¢ f ne—1Alp 14 2 ne—1Alp
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We have, forall n >0

n
ElMP|* = > E[INe = Eo 1 Ne[* <oy |
=1

; 2112
<23 B[INP + (B NeP] 4 ) o,
=1 =1

As a consequence, the martingale (M,Sk))nzo is uniformly bounded in L? and hence converges almost surely. Let us now

prove that 222? E,_1 N¢ converges almost surely when n — +o0.

We have, forall £ > 1,

1 ne—1Af
E|E¢—1[Nelli<o, | = ZE o, fle<o, — AL Lo<o,
_1Alp

For all £ < k, this quantity is almost surely bounded by 2| || /£. For all £ > k, the definition of o} entails that

1 1 1
E|E¢_1[Ne]L <-Ef{ ———————)6 1 4.5
[E¢—1[Ne] €§0k|_e (eg (Z—I)W—lAJlD> 116, f Le<oy (4.5)
1
—E||6 - —-1Dne—1Af |1 . 4.6
+c£(£—1) [|Oere, f — ( Me—1Af | Le<o, | (4.6)

We first consider the term in (4.6). It follows from the fact that (¢4114g,,, f — £neAf)e=0 is a (G¢)e>o-martingale and
from Cauchy—Schwarz inequality that
2
E[|Oem, f — (€ — Dne—1Af [Le<o, ]
2
<E[|6cpo, f — €= Dne-1Af|7]

iéq

O >
[ rexoyas —oz a| |
0

e .
<20 712 D E((r")}) <211 £1%.¢ sup Ex (77). 4.7)
i=1 e

where sup, . p Ey (132) < 400 since, by (3.5),

+o00 +o00 +00
E.(t}) =2E, (/ P dt) < 2[ P (t < 7y)dt < 2/ tC" e dt.
0 0 0

Consider now the term in (4.5).

E ! ! Op g, f1 ’
O  (£—1Dne1Alp thor S Lza
0y 2
“”@@Q‘afmﬁmﬂ>”m
1/ 1% )
= mﬂ((ﬂ — Dne—1Alp — 6¢) Lo<; |
IS

20 sup E, (7).
= - et B Eelw)

where we used (4.7) with f = 1p to obtain the last inequality.
We deduce that E[E;—1 (N¢Lo<c, )| is O(€~3/2) (beware that the O may depend on k), so that E| Y} ¥ E,_ | N¢| <
+00 and hence that ZZQT" E¢_1N¢ < 0o almost surely.
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Because of the a.s. convergence of the sequence (M,(lk))neN, we conclude that (Zzgfk N¢)neN converges almost surely
when n — +oo for all k > 1. Since, almost surely, there exists k > 1 such that o} = 400, this concludes the proof of
Lemma 4.5. ([l

Proof of Lemma 4.4. We introduce the time-changed version (7;)s¢[1,+00) Of the sequence (1,),eN as 1; = n, for all
n>1andall t € [t,, T,4+1). We also define U, = Uy4 forall t € [1,, Ty41)-

To apply [2, Theorem 3.2], one needs to prove that (7;);>0 is almost surely relatively compact, that it is almost surely
uniformly continuous and that all limit points of (8,(7));>0 in C(R4, M(D)), endowed with the topology of uniform
convergence for the metric d on compact time inervals, are almost surely weak solutions of (3.13), where ®;(%) :=
(ﬁt+s)s >0-

The fact that (77;),;>0 is relatively compact is an immediate consequence of Proposition 4.2 and the almost surely
uniform continuity is also immediately obtained from the construction of 7, since for all s, f € [T, Tn+1],

o]

A i <Y

k=0

ls —1|
2k7/n+1||fk||oo

JeZny) — fi(ZD) + -+ fi(Zn)
n+1 nn—+1)

< —|5s — 1| (4.8)

(n+ D¥nt1
and since inf,;>1(n + 1)y,+1 > 0 almost surely by Proposition 4.2.

In order to prove the last point, we adapt the method developed in [2, Proposition 4.1]. Assume that there exists an
increasing sequence of positive numbers (,,),>0 converging to +o00 such that (0, (1})),>0 converges to an element 7>
in C(Ry, M(D)) with respect to the uniform convergence on compact time intervals. Our aim is to prove that 7°° is a
weak solution to (3.13).

Forall f € Cp(D,R.), define L] : C(Ry, M(D)) — RO+ by

t

Lﬁ(v)(t) =vf +f F(g) fds, YveC(Ry, M(D)),
0

so that, using the equality f[tH(F(ﬁu) + U du = =7 + 45,

O, f =LL(©.() + A] + B/, (4.9)
where, for all s > 0,

7 t+s ¥ t+s _
Al (s) = / (FG)f — FG) f)du and B (s) = f 0o f du.
t t

For all u € [0, +00), let us denote by n, the unique non-negative integer such that u € [t,,, Ts,+1). Then, proceeding
as in (4.8), one easily checks that

L 2lgll
1748 — Tugl < =, VgeCy(D,Ry).
n, +1

u

Since n,, — 400 when u — 400 and since F(v) f = vAf — (vAlp)vf, where Af and Alp are bounded continuous
functions, we deduce that A‘tf (s) converges to 0 when ¢ — co.
Also, forall t € [t,, Tp+1) and t + 5 € [Tn+m> Tntm+1)>

n+m—1
B/ ()] < Gapt = OWnir f1+| Y vesr1Ueir £+ 6 = Tagm) | Unims f1
l=n+1
n+m—1
<VartlUnp1 Fl+| D vertUesr |+ Vatms 1 [ Unmr f1-
{=n+1

Hence Lemma 4.5 implies that B,f (s) also goes to 0 when t — +o0.
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Finally, since L]; is clearly sequentially continuous in C([0, +00), M(D)), one finally deduces that, for all f €
Cp(D,Ry),

t
RO f = RS+ /0 F(T°)fds, ¥i=0,

which means that 77 is a weak solution to (3.13) and hence, by [2, Theorem 3.2], that 7 is an asymptotic pseudo-trajectory
of the flow induced by (3.13). (]

4.4. Proof of Theorem 2.1
Fix any bounded measurable functions f : D — R. Forall n > 1, we set
Uy = 0p+1) 10441, f — N AS.

The random sequence (W,,),>1 is a (G¢)¢>o-martingale and

n .[A(i+l)
w=3 | " (XD ds — 5z, Af.
i=1

This martingale property implies that

I‘If ? ] ZE[

<2/ £113, sup Ex(z3).
xeD

(t+l)

F(XID)ds — 87, Af

]

From [12, Theorem 1.3.17], we deduce that n~'W,, goes almost surely to zero when n goes to infinity, that is

—mmAf —— 0.

n—-+00

9(1‘1+1)M9n+1 f a.s
n

Since Af is continuous and bounded for any bounded measurable function f (see Proposition 3.2), one deduces from
Proposition 4.3 that, almost surely,

On MG,, f

n n——400

— aAf =af/io.

Applying this result to f = 1p, one deduces that 6,,/n converges to 1/1¢ almost surely and hence that g, f converges
to af almost surely. Since, for all t € [6,, 6,,+1),

1

On

”)enufuoo

1 t
liae f— o, f1 = ;‘/e f(Ys)ds| +

||f||oo( —en)+(

On
<2 1— ,
||f||oo< oo )

the almost sure convergence of i, to «f when t — 400 follows from the almost sure convergence of 6, /n to the positive
constant 1/X¢.

f(Y)ds

IA
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