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� P F28M7JH2765f�;FM765S:SKLOE8M5jD6798;:S1W@\>L765 H27N>CP @\8[@\>��U547J5SF21}>L765���@\1SKL39:4365}765S:j>CPQ765S:SKG�z@\:SKLOE8
HUF 5S0/76D9:S147IHUF >A@\02>A@ED9KL798
@ V KL545W@\8;:J5SF21 >L765 B OE8MD9:SKLOE8M5NH P F28M7���@\1SKL39:43XD6OE��0[@ED9:47X798
BtOE8MD9:SKLOE8 H P KG8��E@\1SKA@\8;:45 V 36OE�,39:S1SKL�;FM765	�279:fB @\KG: >CPQOER�
S79:NH P F28��E@E5S:47 >GKG:S:4391W@\:SF2147�
��d765
14365SF2>G:W@\:45,KG��0�OE1S:W@\8r:45 OE8r: 798 0[@\1S:SKLD9F2>GKL791 39:43 OER2:4798rFM5 D6OE8MD6791S8[@\8r: >A@
��KG8MOE1W@ �
:SKLOE8�H27�>A@ 021479��KLZ9147��E@\>L79F21=0214OE02147,HUF�>A@\02>A@ED9KL798�
���
 � �M767 V 791=798 @ H2OE828M3,F28M7
765S:SKG�z@\:SKLOE8 798 B OE8MD9:SKLOE8 H P F28M7XD6OE8M5S:W@\8;:47XKL54OE0�391SKG�,39:S1SKL�;FM7��
��������� �!�#"$�&%$')(+*-,/.

(M, g) 0�1+24365-7 ,98:.;8 7 , 2=<�5-1�1 , 2=1�1>2@? * <BA�5�? . 2C? * 1�1+2EDF2HGF2
G , <�2=1�I ,9* 1 n J�KL1MG 8#N 1 ,/.PO 5@? * 1QI . 5�1 . 2RGF2TS�U�2E29VF2:7 h GF2 O 5�3W5-7 ,X8:.;8 (M, g) A�5-7

h(M, g) = inf
S

Vol S

min(Vol M1,Vol M2)
,

*-Y
S A�5-7Z? * 0[7 .�OZ\ 2=1QI	2=<�] O 2�GF2^I_I * 0�I^`;3W5-7 ,X8:.;8 Iba	2=7^< 8 2=IcGF2cG , <�2=1QI ,/* 1 n−1 GF2 Md 0 , AQ5-7 ./,/./,9* 1�1+2=1 .

M 2=1MGF2=0�D@I * 0�I^`e365-7 ,98f.;8 I M1 2 . M2 G * 1 .gO 2h] * 7iGH2^I . S J
jlk �F"nmWo�prqtsvu:w x kPy�z�{e| ')($,

(M, g) 0�1+2}365�7 ,X8:.;8 ? * <BA�5�? . 2~? * 1�1>2ZDF2^�v5 O�* 7�I
λ1(M, g) ≥ h(M,g)2

4 � *�Y
λ1(M, g) 2^I .�O 5)A$7E2=< ,9� 7E2�365 O 2=0[7cA$7 * A$7E2@G�0 O 5^A O 5�? , 2=1

5	V , I�I:5�1 . I=0�7 O 2^IPa * 1$? ./,9* 1QIlGF2 M J
� K OE8 @6
SOEF2:47 F28M7 ���;0�OE:S�MZ6547 5SF21 >A@ D6OEF21SR2F2147 H274�NKLD6D9KX��OE8_0/79F2:�798MD @EHU14791�>A@
021479��KLZ9147��E@\>L79F21J0214OE02147X798 B OE8MD9:SKLOE8 H27d>A@�D6OE8M5S:W@\8;:47YH27 � �M767 V 791h�
jlk �F"nmWo�prq���u:w������$s {�| 'R(+*-,/.

(M, g) 0[1+2H365-7 ,98f.;8 ? * <BA�5�? . 2�? * 1�1+2ZD�2�GF2CG , `
<�2:1QI ,9* 1 n J (n,

Ric(M, g) > −(n − 1)ag 5 O�* 7�I λ1(M, g) ≤ τ(n)(
√

ah(M, g) +
h(M, g)2) � *-Y

a 2=I . 0�1>2�? * 1QI . 5-1 . 2�A * I ,/./, 3W2�2 . τ(n) 0[1+2L? * 1�I . 5-1 . 2L1+2LG 8 AQ2:1$G�5-1 .
d 0Q2RGF2 O 54G , <�2=1�I ,9* 1+J

� 8M7 @\F2:S147 @\020214O%D4�M7 765S:�H27 ��KG8MOE14791zD679:S:474�E@\>L79F21�0214OE02147 798_BtOE8MD9:SKLOE8 H27
R/OE1S8M765j5SF21}>A@YD6OEF21SR2F2147 79:j>L7JHUKA@\�,Z9:S147 H27N>A@���@\1SKL39:43�
 � 8 021479��KL791j14365SF2>G:W@\: @X39:43
OER2:4798rF 0[@\1���
n� 14OE�,O!���
jlk �F"nmWo�prqC��u:w �4mW� z�{�| ')(+*-,/.

a 2 . d GF2=0�DC7 8 2 O I�I . 7 , ? . 2=<�2=1 . A * I ,/./, a^I�2 . n 0[1
2=1 ./, 2=7fJ�� O 2ZD , I . 2�0[1+2T? * 1�I . 5-1 . 2 c(n, a, d) > 0

. 2 O#O 2 d 0Q2�I , (M, g) 2^I . 0[1+2�365-`
7 ,X8:.;8 7 , 2=<�5-1�1 , 2=1n1+2lG�2hG , <�2=1QI ,/* 1 n G * 1 .�O 2RG , 5-< �:. 7Z2)2 .gO 5T? * 0�7	]=0[7Z2�GF2c� , ?E? ,
3 8 7 , N 2:1 .

diam(M, g) ≤ d 2 . Ric(M, g) ≥ −ag ��5 O�* 7^I
λ1(M, g) ≥ c.
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79:=>CPQ765S:SKG�z@\:SKLOE8 HUF�:S�M36OE14Z9�,7��
@ 39:43 @��,8M367�
���8�0[@\1S:SKLD9F2>GKL791	� � �M798 V 79:��a�MOEF
H2OE828M798;: HM@\8M5 � � ��� 
 � �

c =
π2

d2
e−

1
2
cn

√
ad2

, @f��76D cn = max{
√

n − 1,
√

2}.
� 7X5S0�76D9:S147IHUF >A@\02>A@ED9KL798TH27 � O;H V 7 � H27l�N�[@\��@ V KL545W@\8;:J5SF21 >L765 B OE1S�,765JHUK�� 3 �

14798;:SKL79>G>L765f@I39:43N�,OEKG8M5}39:SFMHUKL3���79:q>A@X�rFM765S:SKLOE8 547 0/O�5W7 8[@\:SF21479>G>L79�,798r: H27N5W@	��OEKG1}5SK
>L765 :S�M36OE14Z9�,765 � 79:��,547 V 398M391W@\>GKL54798r: @\F�� B OE1S�,765	
Q� @\020�79>LOE8M5 �;FM7I5SK (M, g) 765S:F28M7g�E@\1SKL39:43jD6OE828M7��U7fD6OE��0[@ED9:47 OE1SKL798r:W@\R2>L7��\>L7j>A@\02>A@ED9KL798?765S: H23��M82K%54F21�>CPQ798M5479�=R2>L7
Ωp(M) H2765 B OE1S�,765NHUK���3914798;:SKL79>G>L765 H27IH27 V 143 p H27 M � 0 ≤ p ≤ n 0[@\1

∆p = dδ + δd,

O	� d 765S: >A@ HUK�� 3914798r:SKL79>G>L7Y7��U:4391SKL79F2147X79: δ
54OE8 @EHW
SOEKG8r: B OE1S�,79> 0�OEF21f>A@?8MOE1S�,7 L2

5SF21 Ωp(M) 
 � @THUKG�,798M5SKLOE8 HUF�8MO!�r@\F_H27 ∆p 765S:?3 V @\>L7 @\F p
� KLZ9�,7z8MOE�=R2147 H27


 79:S:SK�H27 M �M79:N54OE8 5S0�76D9:S147I765S:NHUKL54D91479:	
 � 8 8MOE:4791W@
0 = λp,0(M, g) < λp,1(M, g) ≤ λp,2(M, g) ≤ · · · ≤ λp,k(M, g) ≤ · · ·

>L765��E@\>L79F2145J0214OE0214765JH27 ∆p �M798 14390/39:W@\8;:J>L765_��@\>L79F2145N0214OE0214765J8MOE8 8rF2>G>L765 5 P KG> � @
�=F2>G:SKG02>GKLD9KG:43�
 � K p = 0 �MOE8 1479:S14OEFQ��7I>L7I>A@\02>A@ED9KL798T@ V KL545 @\8r:J5SF21J>L765 BtOE8MD9:SKLOE8M5!
� PQ39:SFMH27JHUF,>A@\02>A@ED9KL798 H27 � O%H V 7 � H27_�J�[@\� �,OE8r:S147J�;FM7 >L7ND6OE��0�OE1S:479�,798r: HUF
5S0�76D9:S147 0/OEF21 1 ≤ p ≤ n− 1 765S: HUK�� 3914798r:NHUF 5S0�76D9:S147 HUF >A@\02>A@ED9KL798 @ V KL545 @\8r:N5SF21>L765 B OE8MD9:SKLOE8M5	
!��8 0[@\1S:SKLD9F2>GKL791	� >L7 :S�M36OE14Z9�,7"� 8M7�5W7 V 398M391W@\>GKL5W7 0[@E5X@\F��TB OE1S�,765
HUK�� 3914798r:SKL79>G>L765	�E�"#9�,7 @	��76D}>CP ���;0�OE:S�MZ6547f02>GFM5 BtOE1S:47fH27jD6OEF21SR2F2147 5476D9:SKLOE828M79>G>L7 R�OE1 �
8M367�
$��8 7�� 79:	� � 
 � OE>GR�OEKL5j79:L�)
 � OEF21S:4OEKL5fOE8r:jH2OE828M3 HM@\8M5 � � � � �%� H2765}7��279��02>L765
H27��E@\1SKL39:4365 @EHU�,79:S:W@\8r: H2765 0�79:SKG:4765���@\>L79F2145z0214OE0214765!�jD�PQ765S: � < � HUKG147
�;FoPQOE8�0�79F2:
BC@\KG147T�E@\1SKL791 >L79F21 �,39:S1SKL�rFM7 H27 54OE1S:47 �;FM7z>A@ OEF_>L765 021479��KLZ914765)��@\>L79F2145 0214OE0214765
8MOE8 8rF2>G>L765 :4798MH2798;:_��79145'& 3914OQ�%>L7 HUKA@\�,Z9:S147I79: >A@=D6OEF21SR2F2147I5476D9:SKLOE828M79>G>L765 14765S:W@\8;:
R�OE1S8M365	
� 7j:S�M36OE14Z9�,7'�d021436D636H2798r:q5WOEF2>LZ:��7}>A@ �;FM765S:SKLOE8?H27f5W@	��OEKG1�< �;FM79>G>L765�D6OE8MHUKG:SKLOE8M5
F28M7)��@\1SKL39:43�@EHU�,79:IF28M7=0�79:SKG:47)��@\>L79F21 0214OE02147,< HUKA@\�,Z9:S147,79:ID6OEF21SR2F2147 R�OE1S8M367�
� 8 H239R2F2: H27 14390/OE8M547 @Y39:43 H2OE828M3 0[@\1 
 
 � OE>GR/OEKL5 79:L��
 � OEF21S:4OEKL5 HM@\8M5 � � � � �%�
798 �,OE8;:S1W@\8r:z�;FoPQOE8 0/79F2:�OER2:47982KG1�0�OEF21�>L765?BtOE1S�,765�HUK�� 3914798r:SKL79>G>L765zF28_14365SF2>G:W@\:
5479�=R2>A@\R2>L7 @\F :S�M36OE14Z9�,7�� 54K�OE8�547 H2OE828M7�F28M7 �F�%0/OE:S�MZ65W7,5SF20202>L39�,798r:W@\KG147 5SF21
>L7I1W@	��OE8 H P KG8-
S76D9:SK��;KG:43XH27X>A@R�E@\1SKL39:43��
jhk ��"nmWo�p q)(>'+*�* 0[7 .X* 0�I�7 8 2 O I a � d �c2 . r I . 7 , ? . 2=<�2=1 . A * I ,/./, a^I@2 .B.X* 0 . 2=1 ./, 2=7
n � ,#O 2ZD , I . 2l0�1>2h? * 1QI . 5�1 . 2 c′(n, a, d, r) > 0

. 2 O#O 2 d 0�2 I , (M, g) 2^I . 0[1+2l365-7 ,X8:.;8
7 , 2:<�5�1�1 , 2=1�1+2�? * <BA�5�? . 24? * 1�1+2ZD�2@G�2�G , <�2=1QI ,/* 1 n 3 8 7 , N 5�1 .

diam(M, g) ≤ d �
|K(M, g)| ≤ a 2 . injrad(M, g) ≥ r � *-Y

K(M, g) 2 . injrad(M, g) G 8 I , V-1+2=1 .
7E2^IXA�2Z? ./, 3W2=<�2=1 .�O 5T? * 0[7f]=0[7E2RIf2E? ./,/* 1�1+2 O#O 2)2 .gO 2 7Z5	, * 1MG \ , 1.-	2Z? ./, 3 ,/.;8 GF2 M �g5 O�* 7^I

λp,1(M, g) ≥ c′,

A * 0�7 .X* 0 .
p J

�;�



� 7 14365SF2>G:W@\: @�39:43 @\�,39>GKLOE143 0[@\1 � 
 � �[@\82KG>G>LO�79:��L
���14Z:��765	�}�;F2KJH2OE828M798;: F28M7
�E@\>L79F21N7��U02>GKLD9KG:47XH27d>A@ D6OE8M5S:W@\8;:47 c′ HUF :S�M36OE14Z9�,7 
 �279:J798 �,79:S:W@\8r:J798 3:�%KLH2798MD67
>L7d1��E>L7XHUF 1W@f��OE8 H P KG8-
 76D9:SK��%KG:43XHM@\8M5JD679:S:47YD6OE8M5S:W@\8r:47 ��� � � � ��� � �

λp,1(M, g) ≥ c′′(n, a, d) · r4n2+8n−2.
��� �

� 8M7 D6OE8M5436�;FM798MD67dKG���,36HUKA@\:47I765S: �rFM7d5SK (Mn
i , gi)

765S: F28M7d5SF2KG:47dH27B��@\1SKL39:4365 1SKL7 �
�z@\8282KL79828M765 H27 HUKG�,798M5SKLOE8 n H27 HUKA@\�,Z9:S14765 79:fD6OEF21SR2F214765fF282K B OE1S�,39�,798r: R�OE1S8M365:479>G>L7 �;FM7 λp,1(Mi, gi)

:4798MH27@��79145 & 3914O 0�OEF21 F28_D6791S:W@\KG8 p � 1 ≤ p ≤ n � @\>LOE145
injrad(Mi, gi)

:4798MH @\FM545SK���79145 & 3914O � 1479�z@\14�;FM7T�M5SKo>L7=HUKA@\�,Z9:S147=79:N>A@zD6OEF21SR2F2147
5476D9:SKLOE828M79>G>L7,54OE8;:IR/OE1S8M365	����KG8MOE14791Y>L7=1W@	��OE8�H P KG8-
S76D9:SK��;KG:43,7654:d36�;F2K���@\>L798r:=< ��K �
8MOE14791 >L7l��OE>GF2�,7 �=
	�q>GFM5 54KG��02>L79�,798r:	��5SK OE8
547=H2OE828M7YF28M7h�E@\1SKL39:43?D6OE��0[@ED9:47 M79: �;FoPQOE8 BC@\KG:_�E@\1SKL791d5W@ �,39:S1SKL�;FM7 <,HUKA@\�,Z9:S147?79: D6OEF21SR2F2147=R/OE1S8M367=H27Y54OE1S:47=�rFM7
λp,1

:4798MH27���79145�& 3914OQ�a@\>LOE145J54OE8 1W@	��OE8 H P KG8-
 76D9:SK��%KG:43I:4798MH���79145 & 3914OQ�MD�PQ765S: � < � HUKG147
�rFoPQ79>G>L7 5 PQ7�� OE8MHU147�
 � 79:S:47 D6OE8MHUKG:SKLOE8w@TH2765�D6OE8M5W36�rFM798MD6765 :4OE0�OE>LO V KL�rFM765,KG��0/OE1 �
:W@\8r:4765	
$��8z0[@\1S:SKLD9F2>GKL791	�%5SK (M, gi)

:4798MH 0�OEF21q>A@XHUKL5S:W@\8MD67 H27 � 14OE�,O!� � � @\FM5454H2OE1 B
��79145dF28M7)�E@\1SKL39:43 H27�HUKG�,798M5SKLOE8 KG8UB 391SKL79F2147���
�
��2F
��@f�r@ @ �,OE8r:S143 � 798;:S147z@\F2:S14765
D4�MO�54765 �jHM@\8M5 � �2F � � R � 79: � �2F � � � �;FM7 M 0/O�545WZ6H27JF28M7d5S:S1SFMD9:SF2147dH27 �MR2143dH2OE8r: >A@
R[@E547I765S: >A@)��@\1SKL39:43d>GKG��KG:47��
jlk �F"nmWo�prq y 'h(>*-,#.

(Mi, gi) 0�1>2BI^0 ,#. 2 GF2c365�7 ,X8:.;8 I ? * <BA�5�? . 2^IlGF2�G , <�2=1QI ,9* 1 n
2 . (N,h) 0[1+2h365-7 ,X8:.;8 7 , 2:<�5�1�1 , 2=1�1+2R? * <BA�5F? . 2�GF2�G , <�2=1�I ,9* 1 m < n J (n, A * 0[7.X* 0 .

i
O 5r? * 0[7	]=0�7E2CIf2E? ./,/* 1�1+2 O#O 2tGF2 Mi 3 8 7 , N 2 |K(M, gi)| ≤ 1 �h2 . I , (M, gi)? * 1�3W2:7/VF2�3W2=7^I (N,h) A * 0[7 O 5�G , I . 5-1$?^2)GF2��L7 * < * 3	`��l5-0FIfG * 7��L��5 O�* 7^I�A * 0�7 .X* 0 .

i I=0�� If5-<)<�2=1 . V-7i5�1$G , O 2ZD , I . 2@0[1+2 N ]=7Z5 ./,9* 1 πi : Mi → N G * 1 . O 5 N ]:7Z2H2=I .
0�1+2 , 1	a=7i5-1 , O 365-7 ,98f.;8 J

� 790/798MHM@\8;:	��KG>M8oPQ7654:q0[@E5}5SF��z5 @\8r:}�;FM7 >L7 1W@	��OE8 H P KG8-
S76D9:SK��;KG:43 :4798MH27���79145 & 3914O
0/OEF21I0�OEF21Y�;FM7 >A@ 021479��KLZ9147���@\>L79F21X0214OE02147�8MOE8�8;F2>G>L7zHUF�>A@\02>A@ED9KL798�:4798MH27���79145
& 3914OQ
 � 8 0�79F2:?0[@\1�7��279��02>L7 D6OE8M5SKLH23914791 >L7 0214O%HUF2KG: 1SKL79�z@\8282KL798 H P F28M7T�E@\1SKL39:43
(N,h) �;FM79>LD6OE8M�rFM7 �YF282KL7IH P F28M7 �,39:S1SKL�;FM7 � �U367I@	��76D F28 :4OE147 02>A@\:NH2OE8r: OE8 BC@\KG::4798MHU147 >L7 HUKA@\�,Z9:S147_��79145 & 3914O��E>L7 1W@	��OE8zH P KG8-
 76D9:SK��%KG:43NHUF�0214O%HUF2KG:�:4798MH���79145 & 3914OQ�
�z@\KL5 54OE8 5S0�76D9:S147 7654:f>A@?1439F282KLOE8 H2765J5S0/76D9:S14765 H27 (N,h) 79:NHUF :4OE147��279:NH2OE8MDd8M7
D6OE8r:SKL798r: 0[@E5NH27I0�79:SKG:4765���@\>L79F2145N0214OE0214765	
 � 7d>A@��,OE:SK���7I>A@
� ��q��f�!�#"+��� '�� d 0�2 O#O 2^Ih? * 1$G ,/./,/* 1QI 0[1+2 365-7 ,98f.;8 d 0 , I \ 2�� * 1+G-7Z2R5�G�<�2 . `i2 O#O 2l0[1+2
� * 0)A O 0FI , 2=0[7^I � AQ2 ./,/. 2^I 365 O 2=0[7�I�A+7 * A+7Z2^I��
� @\1J@\KG>G>L79F2145!�U>A@?��KG8MOE1W@\:SKLOE8 ��� �j8oPQ765S: 5cA+7 ,9* 7 , 0[@E5 OE02:SKG�z@\>L7��M798 0[@\1S:SKLD9F2>GKL791

798 D67I�rF2KoD6OE8MD6791S8M7I>CPQ7��U0�O�5W@\8r:JHUF 1W@	��OE8 H P KG8-
S76D9:SK��;KG:43�
 � >o547 0�O�547IH2OE8MDX@\FM545SK >A@
� ��q��f�!�#"+��� ' * 2=0 . ` * 1 5-< 8=O ,/* 7E2=7 O 5@< , 1 * 7i5 ./,/* 1MGF2 O 5�A+7Z2=< ,X� 7E2R365 O 2=0[7�A$7 * A$7E2
1 * 1C1n0 O#O 2RG-0 O 5^A O 5�? , 2=1 GF2 � * G	VF2=`iGF2��_U[5-<!�

�d765j14390�OE8M54765 021436D9KL54765 @\F�� �rFM765S:SKLOE8M5 � 79: �?OE8r: 39:43I@\020/OE1S:436765 HM@\8M5 H2765 5SK �
:SF[@\:SKLOE8M5J:4OE0�OE>LO V KL�rFM765 OEF V 36OE�,39:S1SKL�;FM765J0[@\1S:SKLD9F2>GKLZ914765!
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a 2 . d GF2=0�D 7 8 2 O I I . 7 , ? . 2=<�2=1 . A * I ,/./, a�I 2 . (N,h)
0[1+2 365-7 ,X8:.;8 7 , 2=<�5-1n1 , 2:1�1+2 GF2 G , <�2=1QI ,/* 1 n J � O 2ED , I . 2 GF2^I ? * 1QI . 5-1 . 2^I
ε0(n, a, d, (N,h)) > 0 2 . Ci(n, a, d, (N,h)) > 0 A * 0[7 i = 1, 2, 3

. 2 O O 2^Id 0�2 I , (M, g) 2^I . 0�1+2 3W5-7 ,X8:.;8 7 , 2=<�5-1 , 2=1�1+2 GF2 G , <�2=1QI ,/* 1 n + 1 3 8 7 , N 5-1 .
diam(M, g) ≤ d � |K(M, g)| ≤ a 2 . ε = dGH((M, g), (N,h)) ≤ ε0 ��5 O�* 7^I
A * 0�7 1 ≤ p ≤ n �
��� J � J λp,mp+1(M, g) ≥ C1 	
��� J�
[J (n,

e 6= 0 � C2‖e(M)‖2
2ε

2 ≤ λ1,1(M, g) ≤ C3‖e(M)‖2
2ε

2 	
��� J
��J (n,

dimH2(N, R) = 1 �
C2‖e(M)‖2

2ε
2 ≤ λp,k(M, g) ≤ C3‖e(M)‖2

2ε
2 pour 1 ≤ k ≤ mp.
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I . 7 , ? . 2:<�2:1 . A * I ,/./, 3-2^I . 2 O#O 2=I d 0�2�I , M 2=I . 0�1+2 , 1	a=7i5�1 , O 365-7 ,X8:.;8 GF2tG , <�2:1QI ,9* 1
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A @EHU�,79:JF28T>LO V @\1SKG:S�2�,7X143679>X
 � 765N021SKG8MD9KG0[@\>L765 0214OE021SKL39:4365 HUFT5S0/76D9:S147=�rFM7X8MOEFM5
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n ≥ 2 � A ∈ SLn(Z) 2 . B ∈ Mn(R)
. 2 O I d 0Q2 A = exp(B) �

d
O 5 G , <�2=1�I ,9* 1 G-0�I * 0FI=`i2^I;A�5�?�2t?E5-7Z5�? .;8 7 , I ./, d 0�2�5WI�I * ? ,X8���O 5M3W5 O 2:0�7RA$7 * A$7E2 0

GF2 B 2 . d′
O 5�G , <�2=1�I ,9* 1 GF2HI * 1 1 * ,�5-0QJL� O 2ZD , I . 2H0[1vV-7 * 0	AQ2 G = G(B) ⊂

GLn+2(R) 2 . 0�1�7 8 I	2Z5-0 Γ ⊂ G
. 2 O d 0�2 Γ\G I *-,/. U * < 8Z* < * 7XAnUQ2l5-0 N ]:7 8 M G�2N ]:7Z2 T n GF2 N ]=7Z5 ./,9* 1 p : M → S1 ? * 1QI . 7^0 ,#. A�5�7PI^0�IXA�2=1QI ,9* 1�G-0)G , � 8E* < * 7XA$U , I=<�2

A J (n, GF2BA O 0�I * 1 I^0!A�A * I	2 d 0�2 O 2^IR< 8f. 7 , d 0�2^IhI=0�7 M I * 1 . U * < * V � 1+2=I�2 .�. 2 O O 2^Id 0�2 p I *-,/. 0�1+2cI^0�]=<�2=7^I ,9* 1H7 , 2=<�5-1n1 , 2:1�1+2�A * 0�7c0[1+2c< 8:. 7 , d 0Q2lGF2c3 *�O 0[<�2 1 I=0�7
S1 �g5 O�* 7^I��
��� J � J dimKer∆1

inv = d′ + 1 2 . ∆1
inv 5FG-<�2 . n− d′ 3W5 O 2:0�7^ILA$7 * A$7E2^I�1 * 1C1n0 O#O 2=I

G , I ./, 1+? . 2^I * 0�1 * 1+J
��� J�
[J *�* 0[7 .X* 0 .

a > 0 � ,#O 2ZD , I . 2C0�1>2C? * 1QI . 5-1 . 2 c(B, a) > 0
. 2 O O 2 d 0Q2�A * 0[7.X* 0 . 2c< 8f. 7 , d 0�2 , 1�3W5-7 , 5-1 . 2 g I=0�7 M G * 1 .�O 5�? * 0[7f]=0[7E2cI	2Z? ./,9* 1�1+2 O#O 2B3 8 7 , N 2

|K(M, g)| < a � * 1�5 λinv
1,i (M, g) < c �>A * 0[7 .X* 0 .

i J
��� J
��J (n,

d 6= n �B5 O�* 7�IcA * 0�7 .X* 0 .
a > 0 � ,#O 2ZD , I . 2�0[1+2T? * 1�I . 5-1 . 2 c′(B, a) > 0. 2 O O 2 d 0Q2cA * 0[7 .X* 0 . 2�< 8:. 7 , d 0�2 g I^0[7 M

O 5H? * 0[7f]:0�7E2�If2Z? ./,/* 1n1+2 O#O 2�3 8 7 , N 2
|K(M, g)| < a � * 1�5 λinv

1,d−d′+1(M, g) > c′ J(n,
d = n 2 . d′ 6= n �l5 O�* 7^I G 2^I . 1 , O A *�. 2=1 . �R2 .l,#O 2ZD , I . 2C0[1+2HI^0 ,#. 2�GF2

< 8f. 7 , d 0�2^I gε I^0[7 M
. 2 O O 2 d 0�2 O 5�? * 0[7f]=0[7E2)I *-,#. 0[1 , a * 7=< 8 <�2=1 . ] * 7=1 8 2�2 .

λinv
1,i (M, gε) → 0 d 0Q5-1$G ε → 0 � A * 0[7 .X* 0 .

0 < i ≤ n − d′ J(n,
d = d′ = n ��5 O�* 7�I G = R

n � M 2^I . 0[1 .X* 7E2l2 .bO 2^Iba * 7^<�2^I_U�5-7^< * 1 , d 0�2^I
I * 1 . 2ZD�5�? . 2=<�2=1 .LO 2^I�a * 7=<�2^I , 1n365-7 , 5-1 . 2^IfJ

��� J	�$J *�* 0[7 .X* 0 .
k ≤ d − d′ � ,#O 2ZD , I . 2�0[1+2la:5�< ,#O#O 2tGF2�< 8:. 7 , d 0Q2^I gk

ε I^0[7 M
GF24? * 0[7f]:0�7E2�2 . G , 5-< �:. 7E2@0[1 , a * 7=< 8 <�2=1 . ] * 7=1 8 I�A�5�7�7Z5^A�A * 7 .
� ε 2 . 0�1+2
? * 1QI . 5-1 . 2 c′′(B, k) > 0

. 2 O#O 2 d 0Q2 λinv
1,i (M, gk

ε ) → 0 A * 0[7 i ≤ k d 0Q5-1$G
ε → 0 �L2 . λinv

1,k+1(M, gk
ε ) > c′′ I , k < n J

�Tq�p �Qm ����q~%���' � 7T0/OEKG8;:
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 � �,OE8r:S147
�;FM7 >L7T8MOE�YR2147
H27T0/79:SKG:4765T��@\>L79F2145
0214OE0214765J0/79F2:	�M�;F[@\8MH >A@ :4OE0�OE>LO V KL7I>L7d0�791S�,79:	�UBtOE1S:479�,798;:���@\1SKL791 @f��76DX>A@ V 36OE�,3 �
:S1SKL7?H27Y>CPQ7�� OE8MHU1479�,798r:	
 � 79:S:47?5SKG:SF[@\:SKLOE8 HUK���Z9147=H2OE8MD=HUF
D @E5 O	�T>A@��MR2147=765S:dH27
HUKG�,798M5SKLOE8 1 �239:SFMHUKL3I0[@\1 
 
 � OE>GR/OEKL5 79:B�)
 � OEF21S:4OEKL5 HM@\8M5 � � � ���%� 

�Tq�p �Qm ����qt% y ' � @=H239�,OE8M54:S1W@\:SKLOE8 H27=� 
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>L7 D @E5 H P F28 7�� OE8MHU1479�,798r: 0[@\1 �MOE�,OE:S�M39:SKL765 H27T>A@ �MR2147 � 5SKG:SF[@\:SKLOE8 H27T>GKG��KG:47

���



@EHUKA@\R[@\:SKL�rFM7 �=�[KG> 8oP � @ 0[@E5JH27d0/79:SKG:4765��E@\>L79F2145 0214OE0214765!

�@q[p��Qm���� qC%[� '�� 8M7ND6OE8M5436�;FM798MD67 KG���,36HUKA@\:47 HUF 14365SF2>G:W@\:d� 
 
��X765S:f�rFM7 5SK[:4OEF2:
>L7I5S0/76D9:S147IH27 ∆1

inv
:4798MHH��79145�& 3914OQ�[@\>LOE145 >L7 V 14OEF20�7 G 765S: 82KG>G0�OE:4798r:	


� P @\F2:S147I0[@\1S:	�[D67d:S�M36OE14Z9�,7Y0/791S�,79:JH27YH2OE828M791JF28M7XD6OE8MHUKG:SKLOE8T8M36D676545W@\KG147X79:
5SF��z5W@\8r:47 5SF21 B 0�OEF21 >CPQ7��UKL5S:4798MD67 H27j0/79:SKG:4765���@\>L79F2145 0214OE0214765�0�OEF21�>L765 1

� BtOE1S�,765L�
xl"nmW"���� ��� mWqM% � 'R(+* 0�I O 2^I�U ,^A *�. U � If2^I�G-0 . U 8Z* 7 � <�2 ��� � , O 2ZD , I . 2T0[1+2@I=0 ,/. 24GF2
< 8f. 7 , d 0�2^I U * < * V � 1+2^I gε I^0[7 M

. 2 O#O 2 d 0Q2 λinv
1,1 (M, gε) → 0 d 0Q5-1$G ε → 0 I , 2 .

If2=0 O 2:<�2:1 . I , d 6= d′ � KX
Q7�
 I , O 5R7 8 G�0 ,/. 2 GF2�� * 7ZG�5-1�GF2 B 5h0�1�] O�* ? 1 , O A *�. 2:1 . 1 * 1
1�0 O � J
�@q[p��Qm���� q s z ' � 765 14365SF2>G:W@\:45}� 
 79:q�.� �,OE8r:S14798;: �;FM7�>L7qD6OE��0�OE1S:479�,798r: @E5E�;��0 �
:4OE:SKL�rFM7 HUF�5S0�76D9:S147zH27 ∆1

inv
765S:=765W54798r:SKL79>G>L79�,798;:?>GKL3 < >A@ 8[@\:SF2147�� H27z>A@ 0[@\1S:SKL7

82KG>G0/OE:4798;:47,H27 >A@ 1436HUF2KG:47,H27���OE14HM@\8 H27 B 
���8�7�� 79:	��>L7 R2>LO%D 82KG>G0/OE:4798;:Y765S:XD @ �
1W@ED9:4391SKL543I0[@\1 >L765NKG8��E@\1SKA@\8;:45 d 79: d′ H27 B 


�I@\8M5 >L7 D @E5 H2765 p
� B OE1S�,765	� p ≥ 2 ��>A@T54KG:SF[@\:SKLOE8 765S:=02>GFM5�D6OE��02>L7��27���79:�798

0[@\1S:SKLD9F2>GKL791Y>L7zD6OE14OE>G>A@\KG147T�.� 8oPQ765S:=0[@E5 �%1W@\Kq0/OEF21 n 79: p �;FM79>LD6OE8M�rFM7 � OE8r��791S1W@
@\F�0[@\1W@ V 1W@\02�M7 � 
 � 
G� �rFoP KG>}0/79F2:Y7��UKL5S:4791XF28M7z0/79:SKG:47��E@\>L79F21=0214OE02147,0�OEF21X>L765 2

�
BtOE1S�,765?@\>LOE145=�;FM7 B 8oP @ 0[@E5=H27,R2>LO%D,82KG>G0�OE:4798r: �=
 � 8�0�79F2:=D6790�798MHM@\8r: H2OE828M791
F28M7ND6OE8MHUKG:SKLOE8 8M36D6765W5W@\KG147 <d>CPQ7��UKL5S:4798MD67 H27 0/79:SKG:4765��E@\>L79F2145}0214OE0214765	�;<X5W@f��OEKG1f�rFM7
B 8oPQ765S:N0[@E5J5479��K � 5SKG��02>L7�
 ��8T7���79:	�MOE8 @�>L7��
jlk �F"nmWo�prqts %n'R(+* 0�I O 2^ITU ,^A *�. U � If2�G-0 . U 8Z* 7 � <�2 ��� �cI , B 2^I . I	2=< , `;I , <BA O 2=�
5 O�* 7�I ,#O 2ED , I . 2 c′′(B, a) > 0

. 2 O d 0�2�A * 0[7 .X* 0 . 2�< 8:. 7 , d 0Q2�U * < * V � 1+2 g I^0[7 M
G * 1 .�O 5T? * 0[7f]:0�7E2RI	2Z? ./,9* 1�1+2 O#O 2 3 8 7 , N 2 |K(M, g)| < a � * 1M5 λinv

p,1 (M, g) > c′′ J
�I@\8M5=>L7 DW�[@\02KG:S147 ����8MOEFM5,@\>G>LOE8M5?8MOEFM5 KG8r:43914765W54791,<TH2765 �MR214365�798 :4OE147 T k

5SF21�>L7 :4OE147 T 2 �YF282K H P F28M7 5S:S1SFMD9:SF2147 H27 �MR2143 021SKG8MD9KG0[@\>X
 � 79F21,:4OE0�OE>LO V KL7 765S:
@E54547 &�5SKG��02>L7�
 � 8�5W@\KG:X798�7�� 79:I�rFoP F28)�MR2143�021SKG8MD9KG0[@\>j798 :4OE147�5SF21d>L7 :4OE147 0/79F2:
#9:S147J�=F282K�H P F28M7d5S:S1SFMD9:SF2147dH27 82KG>���@\1SKL39:43 ��� � � � � � �=
�� 84��@XKLD9K/�,OE8r:S14791 F28 14365SF2> �
:W@\:X02>GFM5I021436D9KL5Y798�F2:SKG>GKL5W@\8r:=>L7 B @\KG:X�;FM7�>A@ R[@E5W7,765S:XH27,HUKG�,798M5SKLOE8 � �oD67 �MR2143
765S:�HUK���36OE�,OE1S02�M7 @\F 0214O%HUF2KG:,H P F28 :4OE147 79:�H P F28M7 82KG>���@\1SKL39:43 H27 HUKG�,798M5SKLOE8 3 

��F2KL5dOE8
D @\>LD9F2>L791W@ >L7 5S0�76D9:S147?HUF >A@\02>A@ED9KL798 147654:S1479KG8r:Y@\F�� B OE1S�,765IHUK���3914798;:SKL79>G>L765
KG8F��@\1SKA@\8r:4765 798 5SF2020/O�5 @\8r:N>L7 �MR2143d�=F282K H P F28M7I�,39:S1SKL�;FM7I�MOE�,O V Z98M7�


� 8 OER2:SKL798r: >L7I14365SF2>G:W@\:J5SF2K���@\8r:h�
jlk �F"nmWo�prqts$s>'R(+*-,/.

M 0[1 N ]:7 8 A$7 , 1+? , AQ5 O 1 * 1 . 7 , 3 , 5 O 2=1 .X* 7E2 T n I^0[7 O 2 .X* 7E2
T 2 J�� O�* 7�I

�
�J � J M 2^I . 0�1+2�1 ,#O 365�7 ,X8:.;8 2 . �LI , n ≥ 2 � M 2^I . U * < 8Z* < * 7;AnU�2 �

N × T n−1 �*-Y
N 2^I . 0[1+2 1 ,#O 365�7 ,X8:.;8 GF2RG , <�2:1QI ,9* 1 3 J


�
�J 
[J � O 2ZD , I . 2h0�1�3W2Z? . 2=0�7 V 3W2=7 ./, ?E5 O � . 5-1�V�2=1 . ��O 5 N ]=7E2 T n ��. 2 O d 0�2hI , M 2=I .
<)0�1 , G \ 0�1>24< 8:. 7 , d 0�2TU * < * V � 1+2=�h5 O�* 7�IlA * 0[7 .X* 0 .

p ∈ [1, n + 1] � ∆p
inv5�G-<�2 . 0�1>2�0[1 , d 0Q2 365 O 2=0[7�A$7 * A$7E2l1 * 1�1�0 O#O 2 λ J ( 5�<)0 O�./, A O , ? ,/.;8 2=I . Cp−1

n �
2 . λ = Vol(B)−2|V |2 � *-Y

Vol(B) 2^I .�O 2 3 *-O 0�<�2)GF2 O 54]Z5WI	2)G-0 N ]=7 8 A * 0[7O 5�< 8:. 7 , d 0Q2 , 1$G-0 ,#. 2!J
���X�
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G� 8oPQ765S: 0[@E5 8M36D676545W@\KG1479�,798r:z1SKL79�z@\8282KL798
0�OEF21X>L765I�,39:S1SKL�;FM765YD6OE8M5SKLH2391436765!
 � 7,5S0�76D9:S147 8M7�0�79F2:YH2OE8MD�0[@E5X5W7�H236HUF2KG147,HUK �
1476D9:479�,798;: H27d>A@=B OE1S�YF2>L7=H27 
��2828M79:S��

�Tq�p �Qm ����q�sQ��' � 8���OEKG:��;FM7 D6OE8r:S1W@\KG1479�,798;:f< >A@ 5SKG:SF[@\:SKLOE8,HUF�:S�M36OE14Z9�,7I� 
 �EF28
7�� OE8MHU1479�,798r:j0[@\1q�MOE�,OE:S�M39:SKL765}H27 >A@ �MR2147 0214O%HUF2KG:qF28M7 0�79:SKG:47L��@\>L79F21�0214OE02147��r79:
�;FM7 λ 7654: @\>LOE145 0214OE0�OE1S:SKLOE828M79>G>L7?@\F D @\1S143YHUF HUKA@\�,Z9:S147YH27I>A@ �MR2147��[< :4OE0�OE>LO V KL7
� �2367�

�Tq�p �Qm ����q�s ( ' �I@\8M5=>L7 D @E5?O	� n = 1 ��>A@ 1479�z@\14�;FM7 021436D636H2798;:47 147�
 OEKG8;:?>L765
14365SF2>G:W@\:45�H27 
 
 � OE>GR�OEKL5�79:P�)
 � OEF21S:4OEKL5��;F2KU39:SFMHUKL798r:qHM@\8M5 � � � ���%� >L7f540/76D9:S147fH2765
�MR214365 798=D67914D9>L765 5SF21 H2765�R[@E54765 �rFM79>LD6OE8M�;FM765 79: 5W@\8M5o147654:S1SKLD9:SKLOE8M5 5SF21 >A@ �,39:S1SKL�;FM7�

�
@\KL5 54KN>A@�HUKG�,798M5SKLOE8 H27 >A@ �MR2147 765S: 02>GFM5 V 1W@\8MH27 � n ≥ 2 �=�}F28w02�M398MOE�,Z98M78MOEFQ��7 @\F�@\020[@\1W@��L:��[KG>�7��UKL5S:47=HM@\8M5dD67?D @E5 H2765d7�� OE8MHU1479�,798r:45XHUF �MR2143=:479>L5 �;FM7
λ 8M7 :4798MH27z0[@E5R��79145 & 3914OQ
 � OEFM5=798_H2OE828M7914OE8M5 H2765 7��U79��02>L765 @\F�0[@\1W@ V 1W@\02�M7
��
 � 
 � K n ≥ 2 �}>L7T8MOE�YR2147 H27T0�79:SKG:4765@��@\>L79F2145 0214OE0214765 8M7TH2390�798MHyH2OE8MDT0[@E5
F282KL�;FM79�,798r:?H27 >A@ :4OE0/OE>LO V KL7�
 � 790/798MHM@\8;:	��OE8�@ 0[@E5XH27 >GKGR�791S:43,5SF21XD67 8MOE�=R2147
D6OE���,7X798�� 
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�I@\8M5 F28M7dH279F��UKLZ9�,7d0[@\1S:SKL7��2HUF DW�[@\02KG:S147 �,@\F DW�[@\02KG:S147 � �%8MOEFM5N@\>G>LOE8M5 8MOEFM5
KG8;:43914765454791=< >A@ �;FM765S:SKLOE8 ��
 � 7 :S�M36OE14Z9�,7 � � 8M7�D6OE8M5SKLH2Z9147z�rFM7 H2765 �MR214365XH2OE8;:
>A@ �MR2147z765S:XH27,HUKG�,798M5SKLOE8 � �2367�3 V @\>L7 < 1 � OE8 0�79F2:Y547�H279�z@\8MH2791?HM@\8M5X�;FM79>G>L7�,765SF2147
KG>I547 V 398M391W@\>GKL547�@\F�� �MR214765 H27
HUKG�,798M5SKLOE8 02>GFM5 V 1W@\8MH27�
 � OEFM5 @\>G>LOE8M5
KLD9K 8MOEFM5 KG8r:43914765W54791 02>GFM5 021436D9KL5439�,798r:z@\F��_5SKG:SF[@\:SKLOE8 H27��MR21W@\:SKLOE8M5,021SKG8MD9KG0[@\>L765
5 PQ7�� OE8MHU1W@\8r: 54F21 >L79F21 R[@E547��f>A@ �MR2147
39:W@\8;: @\>LOE145 F28y:4OE147 � D67T5WOE8r: >L765 5479F2>L765
KG8UBt1W@\82KG>��E@\1SKL39:4365 0�O�545436HM@\8r: F28M7 5S:S1SFMD9:SF2147TH27 V 14OEF20�7 �=
 � OE:S147 R2F2: HM@\8M5 D679:S:47
5476D6OE8MH27X0[@\1S:SKL7X765S:NH P @\1S1SK���791 @\F 14365SF2>G:W@\:J5SF2K���@\8r:l�
jhk ��"nmWo�p q�s ��'h(>*-,#.

a 2 . d GF2=0�Dr7 8 2 O I�I . 7 , ? . 2=<�2=1 . A * I ,/./, a^I�� n 0[1 2=1 ./, 2=7C2 .
(N,h) 0[1+24365�7 ,X8:.;8 7 , 2=<�5-1�1 , 2=1�1>24GF2HG , <�2=1QI ,/* 1�I . 7 , ? . 2:<�2:1 .�, 1	a 8 7 , 2=0[7Z2 �

n J
� O 2ZD , I . 2 G�2^I ? * 1QI . 5-1 . 2^I ε0(n, a, d, (N,h)) > 0 2 . C(n, a, d, (N,h)) > 0. 2 O#O 2^I d 0�2�I , (M, g) 2=I . 0�1+2@3W5-7 ,X8:.;8 7 , 2:<�5�1�1 , 2=1�1+2@GF2TG , <�2:1QI ,9* 1 n 3 8 7 , N 5-1 .
diam(M, g) ≤ d � |K(M, g)| ≤ a 2 . I , π : (M, g) → (N,h) 2^I . 0�1+2 N ]=7Z5 ./,9* 1
A$7 , 1$? , A�5 O 2BG�2 N ]:7Z2 T k d 0 , I *�,#. 0�1+2 ε `i5^A�A$7 * D , <�5 ./,9* 14G�2 �l5-0�I:G * 7�� 5-3W2Z? ε < ε0 �
5 O�* 7^I

λ1,1(M, g) ≥ C · Vol2(M, g).

�Tq�p �Qm ����q�s y ' � 8 OER2:SKL798r: F28M7 ��KG8MOE1W@\:SKLOE8 798�B OE8MD9:SKLOE8 HUF���OE>GF2�,7 H27 >A@
��@\1SKL39:43d79:f0[@E5 798 B OE8MD9:SKLOE8 HUF 1W@f��OE8 H P KG8-
S76D9:SK��;KG:43��%�z@\KL5N@f��76DdF28 7��U0/O�5 @\8r: 3 V @\>
< � �2KG8MH2390�798MHM@\���,798r:dH27I>A@ HUKG�,798M5SKLOE8TH27I>A@R�E@\1SKL39:43�


� 7X14365SF2>G:W@\:J54OEF2>LZ:��7XH279F�� �;FM765S:SKLOE8M5N�;F2Ko14765S:4798r: OEFQ��791S:4765l�
� � q �f�!�#"$�&s���'�* 2=0 . ` * 1 * ] . 2:1 , 7�0�1+2@< , 1 * 7Z5 ./,9* 1v2:1Ta * 1$? ./,/* 1vG-0 7i5	, * 1�G \ , 1�`
-	2Z? ./, 3 ,/.;8 5-3W2Z?R0[1M2ED^A * If5-1 .�, 1+G 8 AQ2=1+G�5-1 . GF2 O 5TG , <�2=1QI ,9* 1 �
� � q �f�!�#"$�&s ��'�* 2=0 . ` * 1vV 8 1 8 7Z5 O , I	2=7C?�2H7 8 I^0 O . 5 . 5-0�D p ` a * 7=<�2^I�G , � 8 7E2=1 ./, 2 O#O 2=I��
A * 0�7 .X* 0 .

p �
���X�X�
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V 398M391W@\>GKL5W@\8r:?>A@ D9>A@E5W547,H P���F2>L791 H2765��MR214365?798_D67914D9>L7z79:=�;F2K}0�OEF21S1W@ #9:S147 F2:SKG>GKL543
0/OEF21ND6OE8;:S1��E>L791J>L7X5S0�76D9:S147�


�I@\8M5q>L7NDW�[@\02KG:S147 
 ��8MOEFM5j39:SFMHUKL7914OE8M5jD6OE���,798;:	�;HM@\8M5}>L7ND @E5}H P F28��MR2143N021SKG8 �
D9KG0[@\>%798=:4OE147 T k �=F282K%H P F28M7j�,39:S1SKL�;FM7jKG8��E@\1SKA@\8;:47��EOE8=0�79F2: 547}1W@\�,798M791q< >CPQ39:SFMH27
H2765 0�79:SKG:4765c��@\>L79F2145d0214OE0214765IHUF >A@\02>A@ED9KL798�< D679>G>L7�HUF 5S0�76D9:S147=HUF
>A@\02>A@ED9KL798 14765 �
:479KG8r:z@\F���B OE1S�,765�HUK�� 3914798r:SKL79>G>L765,KG8��E@\1SKA@\8;:4765,0[@\1 >CP @ED9:SKLOE8 H27 T k 
��I@\8M5 >L7 D @E5
H2765 BtOE1S�,765XHUK�� 3914798r:SKL79>G>L765?H P F28)�MR2143,798�D67914D9>L7�� � OE>GR�OEKL5X79: � OEF21S:4OEKL5XH2OE828M798;:	�
@f��76D D6791S:W@\KG8M765 �F�%0/OE:S�MZ65W765z5SF21�>A@
�,39:S1SKL�;FM7���F28M7 ��KG8MOE1W@\:SKLOE8�HUFw5S0�76D9:S147 5SF21
>CPQOE1S:S�MO V OE8[@\> H2765 B OE1S�,765 KG8F��@\1SKA@\8r:4765R�
jlk �F"nmWo�prq�� z u:w x�x znzQ{�| ')(+*�,#.

(Nn, h) 0[1+2 3W5-7 ,X8:.;8 ? * <BA�5F? . 2^� S1 ↪→
Mn+1 → N 0[1 S1 ` N ]=7 8 A+7 , 1$? , A�5 O �B2 . gε 0[1+2�< 8f. 7 , d 0�2 S1 ` , 1�3W5-7 , 5-1 . 2)I^0[7 M. 2 O O 2 d 0�2 |K(M, gε)| < a � diam(M, gε) < d 2 . d 0Q2 O 5 O�* 1�V-0�2=0[7�GF2^I N ]:7Z2^IhI *-,/.
, 1	a 8 7 , 2:0�7E2 �

ε JL� O 2ED , I . 2HGF2=IH? * 1QI . 5�1 . 2^I C = C(n, a, d, (N,h)) 2 . ρ = ρ(n). 2 O O 2^I d 0�2 .X* 0 . 2Pa * 7=<�2LA+7 * A+7Z2)GF2 365 O 2=0[7�A$7 * A$7E2 λ ≤ C

ε
1
2ρ

2^I . S1 ` , 1n365-7 , 5-1 . 2	J
� OEFM5N@\>G>LOE8M5NH239�,OE8;:S14791JF28 14365SF2>G:W@\:N5W79�YR2>A@\R2>L7Y< D679>GF2KoH27 � OE>GR�OEKL5N79: � OEF21S:4OEKL5	�
�z@\KL5z5W@\8M5 F2:SKG>GKL54791 H P ���;0�OE:S�MZ6547T5SF21z>L7 HUKA@\�,Z9:S147 79:z>A@�D6OEF21SR2F2147THUF �MR2143��}79:
798
H2OE828[@\8;:XF28M7?��KG8MOE1W@\:SKLOE8�02>GFM5d021436D9KL547�HUF 5S0�76D9:S147 HUF >A@\02>A@ED9KL798�14765S:S1479KG8r:Y<
>CPQOE1S:S�MO V OE8[@\> H2765 B OE1S�,765 KG8F��@\1SKA@\8r:4765R�
jlk �F"nmWo�prq���%n'R(+*-,/.

(M, g) 0[1 N ]:7 8 A$7 , 1+? , AQ5 O 2=1�?�2=7Z? O 2c<R0[1 , G \ 0�1>2�< 8:. 7 , d 0Q2
S1 ` , 1�365-7 , 5�1 . 2	JgKL1�1 *�. 2 l0

O 2l<�5	D , <R0[< GF2=I O�* 1�V�0Q2=0[7^IRGF2^I N ]:7Z2^I	J
(+*-,/.

λ 0[1+2 365 O 2=0[7�A$7 * A$7Z2hGF2 ∆p J (n,
λ <

(
2π

l0

)2

��5 O�* 7^I O 2^Iba * 7=<�2^IgA$7 * A$7Z2=I
5WI�I * ? ,X8 2^I I * 1 .

S1 ` , 1n365-7 , 5-1 . 2^IfJ
�@q[p��Qm���� q��$s ' � @?D6OE8M5S:W@\8r:47 (2π

l0

)2 HUF :S�M36OE14Z9�,7I765S:fOE02:SKG�z@\>L7��2798 D67d54798M5
�rFoP KG>27��UKL5S:47 H2765��MR214365�0/OEF21�>L76�;FM79>G>L765q79>G>L7 765S:�3 V @\>L7N< F28M7L�E@\>L79F21�0214OE02147J@E5W54O;D9KL367
< F28M7 BtOE1S�,7 0214OE02147 8MOE8 KG8��E@\1SKA@\8;:47�
 ��8 7�� 79:	� (2π

l

)2 765S:�>A@ 021479��KLZ9147H�E@\>L79F21
0214OE02147�HUF�D67914D9>L7,H27 >LOE8 V FM79F21 l 
+�I@\8M5I>L7�D @E5IH P F28 �MR2143 :S1SK��;KA@\> M = N × S1

�YF282K H P F28M7 �,39:S1SKL�rFM7 0214O%HUF2KG:	�;>L765jB OE1S�,765 HUK���3914798;:SKL79>G>L765NH27J>A@YB OE1S�,765 α∧ f O	�
α 765S:dF28M7 p

� BtOE1S�,7=�[@\1S�,OE82KL�rFM7�H27 N 79: f F28M7=B OE8MD9:SKLOE8 0214OE02147 H27 S1 5W7914OE8r:
H2765qB OE1S�,765f0214OE0214765fH27 ∆p �%H27J�"#9�,7B�E@\>L79F21f0214OE02147d�rFM7 f 
 � OE���,7 >A@IB OE8MD9:SKLOE8
f 8oPQ7654:q0[@E5}D6OE8M5S:W@\8;:47��r>L765qBtOE1S�,765}0214OE0214765f@E5W54O;D9KL365f<d>A@c��@\>L79F21}0214OE02147 (2π

l

)2 8M7
54OE8r:N0[@E5J:4OEF2:4765JKG8��E@\1SKA@\8;:4765	
 � OE���,7 (2π

l

)2 765S:N>L7 λ0,1
HUFTD67914D9>L7=H27I>LOE8 V FM79F21

l �}>A@�D6OE8M5S:W@\8;:47
(

2π
l0

)2 HUFy:S�M36OE14Z9�,7 �U�T0�79F2: 5 P KG8;:4791S021439:4791 D6OE���,7 >A@�R/OE1S8M7
KG8UBt391SKL79F2147d5SF21 >CPQ798M5479�=R2>L7IH2765 �MR214765 H27 >A@=021479��KLZ9147c��@\>L79F21f0214OE02147dHUF >A@\02>A@ED9KL798
@ V KL545W@\8r: 5SF21N>L765NBtOE8MD9:SKLOE8M5 H27I>A@ �MR2147�
$�I@\8M5N>L7XD @E5 H2765 �MR214365 798 :4OE147��[OE8 0/79F2:
�,OE8r:S14791YF28 143654F2>G:W@\:Y5479�YR2>A@\R2>L7��oB @\KL5 @\8r:XKG8;:4791Z��7982KG1Y>A@ 021479��KLZ9147���@\>L79F21I0214OE02147
HUF >A@\02>A@ED9KL798 ∆0 14765S:S1479KG8;: @\F :4OE147��

���



jhk ��"nmWo�p qt�n��'h(>*-,#.
k ∈ N

∗ � T k ↪→ M
π→ N 0[1 N ]=7 8 2=1 .X* 7Z2 T k � ḡ 0�1+2

< 8:. 7 , d 0Q2 , 1�365-7 , 5�1 . 24I=0�7 T k 2 . f 0[1+2 a * 1+? ./,/* 1�I^0[7 N I . 7 , ? . 2=<�2=1 . A * I ,#./, 3W2	J( 0!A�A * I * 1QI d 0�2 M 2^I . <)0�1 , G \ 0�1+24< 8f. 7 , d 0�2 T k ` , 1�365-7 , 5-1 . 2 g
. 2 O#O 2 d 0�2hA * 0[7.X* 0 .

x ∈ N � O 5�7Z2^I . 7 , ? ./,9* 1 ḡx GF2 g
��O 5 N ]=7E2 π−1(x) 3 8 7 , N 2 ḡx ≤ f(x) · ḡ J(>*-,#.

λ 0�1>24365 O 2=0[7hA$7 * A$7Z2�G-0 O 5^A O 5�? , 2=1 5	V , I^I:5-1 . I=0�7 O 2^IBa * 7=<�2=I4G , � 8 7E2=1�`./, 2 O#O 2^I�GF2 M J (n,
λ < (sup

x∈N
f(x))−1 · λ0,1(T

k, ḡ) �_5 O�* 7�I O 2=I�a * 7=<�2=I�A$7 * A$7E2^I�5WI^`
I * ? ,X8 2^I I * 1 .

T k ` , 1�3W5-7 , 5-1 . 2=IfJ
�Tq�p �Qm ����qR�n��' � OE���,7 0�OEF21 >L7f:S�M36OE14Z9�,7 �U���\>A@ D6OE8M54:W@\8r:47 765S:�OE02:SKG�z@\>L7 HM@\8M5
>L7XD @E5JH P F28 �MR2143I:S1SK��%KA@\> �YF282K H P F28M7X�,39:S1SKL�rFM7I0214O%HUF2KG:	


� 8 0/79F2:NH236HUF2KG147=HUF :S�M36OE14Z9�,7 � � F28M7dKG8M3 V @\>GKG:43=798 BtOE8MD9:SKLOE8THUF �z@��%KG�=F2�
H2765?HUKA@\�,Z9:S14765 H2765��MR214765	
 � 790/798MHM@\8;:	��OE8�H2OEKG:?@6
SOEF2:4791?F28M7,�F�%0�OE:S�MZ6547 54F21Y>A@
�,39:S1SKL�;FM7 g 
 � 84��791S1W@ 798 7�� 79:N�;FM7 >A@?H2OE828M367IH P F28M7dR�OE1S8M7d5SF21 >L7 HUKA@\�,Z9:S147YH2765
�MR214765J8M7d0/791S�,79:N0[@E5JH27I�z@6
 OE14791J>A@=BtOE8MD9:SKLOE8 f HUF :S�M36OE14Z9�,7 � ��

xl"$m6" � � ���#mWqC� ( 'h(>*-,#.

k ∈ N
∗ � T k ↪→ M

π→ N 0[1 N ]=7 8 2=1 .X* 7E2 T k ��2 . ḡ 0�1+2
< 8:. 7 , d 0Q2 , 1�365-7 , 5�1 . 2cI=0�7 T k J ( 0!A�A * I * 1QI d 0�2 M 2^I . <)0[1 , G \ 0[1+2 < 8:. 7 , d 0�2 T k `, 1�365-7 , 5-1 . 2 . 2 O#O 2 d 0�2�A * 0�7 .X* 0 .

x ∈ N � O 5T7Z2^I . 7 , ? ./,9* 1rGF2 O 5@< 8f. 7 , d 0�2 �@O 5 N ]:7Z2
π−1(x) I *-,/. A$7 * A * 7 ./,9* 1�1+2 O O 2 � ḡ J

(>*-,#.
λ 0[1+2 365 O 2=0[7LA$7 * A$7E2)G-0 O 5=A O 5F? , 2:1+J (n,

λ <

(
π

d0

)2

� *-Y
d0 2^I .�O 2 <�5	D , `

<)0[< GF2^I�G , 5-< �:. 7E2^IBGF2^I N ]:7Z2^IbA * 0�7 O 5l< 8:. 7 , d 0�2 , 1$G�0 ,/. 2�AQ5-7 g ��5 O�* 7^I O 2^I a * 7^<�2^I
A$7 * A$7E2^IR5-I�I * ? ,98 2^I I * 1 .

T k ` , 1�365-7 , 5-1 . 2^I	J
�Tq�p �Qm ����q�� � '_� @ H239�,OE8M5S:S1W@\:SKLOE8�H2765=H279F���:S�M36OE14Z9�,765Y�,79:=798�3:�%KLH2798MD67,>L7
BC@\KG:q�rFM7 5SK2>A@ �=F2>G:SKG02>GKLD9KG:43JH P F28M7���@\>L79F21�0214OE02147 765S:�KG��0[@\KG147��r@\>LOE145�>L7 54OEFM5 � 765S0[@ED67
0214OE02147Y@E5W54O;D9KL3ID6OE8;:SKL798r:dH2765 B OE1S�,765 KG8F��@\1SKA@\8r:4765	


� 7JD4�[@\02KG:S147 � @\F21W@X0/OEF21jR2F2:jH27J�,OE8r:S14791 �rFM7 0�OEF21jOER2:47982KG1f>L7 :S�M36OE14Z9�,7 � � �
OE8 0�79F2:N547 1W@\�,798M791 <=F28M7I5SKG:SF[@\:SKLOE8 V 36OE�,39:S1SKL�;FM7I02>GFM5N5SKG��02>L7�
 �q8 0[@\1S:SKLD9F2>GKL791	�
OE8 �,OE8;:S14791W@��;FoP F28M7 �,39:S1SKL�;FM7 H27 D6OEF21SR2F2147 79:zHUKA@\�,Z9:S147 R/OE1S8M365 5SF21�>L7 �MR2143
765S:f0214O%D4�M7dH P F28M7 �,39:S1SKL�rFM7 KG8F��@\1SKA@\8r:47d0�OEF21 >A@E�rFM79>G>L7 >L765 �MR214765 54OE8r: :4OE:W@\>L79�,798;:
V 36O%H2365SKL�;FM765 �
jhk ��"nmWo�p qt� y 'h(>*-, 2:1 .

a 2 . d GF2=0�D 7 8 2 O I�I . 7 , ? . 2=<�2=1 . A * I ,#./, a�I^� n 0[1 2=1 ./, 2=7
2 . (N,h) 0�1>2�365�7 ,X8:.;8 7 , 2=<�5-1�1 , 2=1n1+2HGF2tG , <�2=1QI ,/* 1�I . 7 , ? . 2:<�2:1 . , 1	a 8 7 , 2=0[7Z2 �
n J�� O 2ZD , I . 2tGF2=I�? * 1QI . 5-1 . 2^I ε0(n, a, d, (N,h)) > 0 � τ(n, a, d, (N,h)) > 0 2 .
τ ′(n, a, d, (N,h)) > 0

. 2 O#O 2=I d 0�2TI , (M, g) 2^I . 0[1+2T3W5-7 ,X8:.;8 7 , 2=<�5-1�1 , 2=1�1+2TGF2
G , <�2=1QI ,/* 1 n 3 8 7 , N 5-1 . |K(N,h)| ≤ a � |K(M, g)| ≤ a � diam(M, g) ≤ d 2 .
I , π : (M, g) → (N,h) 0[1+2 N ]=7i5 ./,/* 1tA+7 , 1$? , A�5 O 24GF2 N ]=7E2 T k d 0 , I *-,/. 0[1+2 ε `
5^AFA$7 * D , <�5 ./,9* 1MGF2 � 5-0�I:G * 7 �~5-3W2E? ε < ε0 �g5 O�* 7�I ,#O 2ED , I . 2RGF2^I < 8:. 7 , d 0�2^I g̃ 2 . h̃
I=0�7 M 2 . N 7E2^IXA�2Z? ./, 3W2=<�2=1 . 2 . 0[1+2 N ]:7i5 ./,9* 14A+7 , 1$? , A�5 O 2 π′ : (M, g̃) → (N, h̃). 2 O#O 2^I d 0�2

� J �l\ 5�? ./,9* 1�G�2 T k I^0[7 (M, g̃) 2^I .g, I * < 8:. 7 , d 0�2 	

[J � 2^I N ]:7Z2^IhG�2 O 5 N ]=7Z5 ./,9* 1 π′ I * 1 .g.X*�. 5 O 2=<�2=1 . V 8Z* G 8 I , d 0�2^I 	

�



��J 1

τ
g ≤ g̃ ≤ τg 2 . 1

τ
h ≤ h̃ ≤ τh 	

�$J � 5�7E2^I . 7 , ? ./,/* 1�GF2 g̃
�CO 5 N ]=7E2H2^I .B. 2 O#O 2 d 0Q2 diam(π′−1(x)) ≤ τ ′ε ��A * 0�7.X* 0 .

x ∈ N J
�@q[p��Qm���� q��$� ' � 8@��791S1W@Y@\FM545SKa�rFM7N54KM>CPQOE8 5SF2020�O�547N�;FM7N>A@I�,39:S1SKL�rFM7 g 5SF21 M765S: T k � KG8��E@\1SKA@\8;:47��o@\>LOE145IOE8 0�79F2:d1479��02>A@ED6791XHM@\8M5d>L7?:S�M36OE14Z9�,7 � � >CP ���;0�OE:S�MZ6547
5SF21 >A@ D6OEF21SR2F2147YH27 (M, g) 0[@\1N>CP �F�%0�OE:S�MZ6547I02>GFM5 BC@\KGR2>L7 K(M, g) ≥ −a 


��8��M8��MHM@\8M5 >L7IDW�[@\02KG:S147 � �U8MOEFM5NH239�,OE8;:S147914OE8M5J>L7d:S�M36OE14Z9�,7 � � 798 F2:SKG>GKL5 @\8r:
>L765I14365SF2>G:W@\:45YH2765YD4�[@\02KG:S14765 �T< � �o79:X8MOEFM5=HUKL54D9F2:47914OE8M5YH27�>A@ 0�O�545SKGR2KG>GKG:43zH PQ7�� �
021SKG�,791j>A@=D6OE8M5S:W@\8r:47 C HUF :S�M36OE14Z9�,7 � � 798,B OE8MD9:SKLOE8 H P KG8F��@\1SKA@\8r:45 V 36OE�,39:S1SKL�;FM765
H27 (N,h) 
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�D�8�'90&"E��GF

� OEFM5�@\>G>LOE8M5�D6OE���,798MD6791�0[@\1 02143654798;:4791�F28_7��279��02>L7 H27T�E@\1SKL39:43 D6OE��0[@ED9:47
@EHU�,79:S:W@\8r: F28M7 0/79:SKG:47B�E@\>L79F21f0214OE02147�
 � 79:f7��279��02>L7 8MOEFM5f5W791W@XF2:SKG>L7 0[@\1j>A@=5SF2KG:47
D @\1 KG>oKG>G>GFM5S:S147IF28 D6791S:W@\KG8T8MOE�YR2147XH27I02�M398MOE�,Z98M765!


� 8 D6OE8M5SKLH2Z9147X>L7 V 14OEF20�7XH P � 79KL54798rR�791 V H27XHUKG�,798M54KLOE8 �

G =











1 x z
0 1 y
0 0 1



 , x, y, z ∈ R






.

� ��
G� �

� PQ765S: F28 V 14OEF20�7Y82KG>G0�OE:4798r:	� HUK�� 36OE�,OE1S02�M7�<
R

3 �/79: 5WOE8TD6798r:S147)��391SK��[7 Z(G) =

[G,G] = {
(

10z
010
001

)

, z ∈ R} 
�� 8 8MOE:47 Γ >L7 54OEFM5 � V 14OEF20�7JH27 G B OE1S�,3JH2765j�z@\:S1SKLD6765
<TD6O%7��zD9KL798r:45z798r:SKL79145	
 � PQ765S: F28 54OEFM5 � V 14OEF20�7 HUKL54D91479:,D6O%D6OE��0[@ED9:,H27 G ��79:�OE8
H23��M82KG:j>A@=82KG>���@\1SKL39:43 H P � 79KL54798rR�791 V H27 HUKG�,798M54KLOE8 �Y0[@\1 N = Γ\G 
 � @Y:4OE0/OE>LO V KL7
0/79F2: #9:S147XH236D91SKG:47YH27I:S14OEKL5 �z@\82KLZ914765l�
H 0[@\1 D6OE8M5S:S1SFMD9:SKLOE8�D�PQ765S:_F28M7 82KG>���@\1SKL39:43���D�PQ765S: � < � HUKG147 >L7 �;FMOE:SKL798r:wH P F28
V 14OEF20/7X82KG>G0/OE:4798;:J0[@\1NF28 54OEFM5 � V 14OEF20/7XD6O%D6OE��0[@ED9: �H D�PQ765S:�@\FM545SKfF28 �MR2143 798 :4OE147 5SF21?>L7 D67914D9>L7 H2OE8;: >L765��MR214765�54OE8;:	� HM@\8M5?>A@
0[@\1W@\�,39:S1SKL5W@\:SKLOE8TH2OE828M367d0[@\1 � ��
G� �=�U>L765 5WOEFM5 � �E@\1SKL39:4365JH PQ36�rF[@\:SKLOE8 x = cte 
� 765q54OEFM5 � ��@\1SKL39:4365qH27 G 54OE8;:qHUK���36OE�,OE1S02�M765f<

R
2 �E79:�>L79F2145q�rFMOE:SKL798;:45qHM@\8M5

N 5WOE8r:NH2765N:4OE14765 �H 798��M8��2D�PQ765S: F28 �MR2143d021SKG8MD9KG0[@\>o798 D67914D9>L7I5SF21 >L7 :4OE147��U>L765'�MR214765 39:W@\8r:JH23�� �
82KL765JD6OE���,7I>L765JOE1SR2KG:4765JH27I>CP @ED9:SKLOE8 HUFTD6798r:S147 Z(G) 5SF21 N 
� OEKG: X � Y 79: Z >L765 D4�[@\��0M5JH27B��76D9:479F2145 KG8��E@\1SKA@\8;:45 < V @\FMD4�M7I54F21 N 798 V 798 �

HU14365=798 (0, 0, 0) 0[@\1 ∂/∂x � ∂/∂y 79: ∂/∂z 
 � 765?D4�[@\��0M5?0[@E545W798r:�@\F��;FMOE:SKL798r:
5SF21 N �a79:���391SK��[798;: [X,Y ] = Z 79: [X,Z] = [Y,Z] = 0 
 � 8C��@��a<,>CP @\KLH27YH27=D6765

�



DW�[@\��0M5	��D6OE8M5S:S1SF2KG147zF28M7�BC@\��KG>G>L7,H27��,39:S1SKL�;FM7,0�OEF21X>A@E�;FM79>G>L7,>L7,HUKA@\�,Z9:S147 79:Y>A@
D6OEF21SR2F2147 547914OE8r:qF282K B OE1S�,39�,798r:fR�OE1S8M365���54OEKG: α � β 79: γ :S14OEKL5q143679>L5�0�O�5SKG:SK B 5 � �U365!

� OEF21 :4OEF2: ε ∈]0, 1] �%OE8 H23��M82KG: 5SF21 N >A@Y�,39:S1SKL�rFM7 gε

D6OE���,7 39:W@\8r: >A@I�,39:S1SKL�;FM7
KG8��E@\1SKA@\8;:47 < V @\FMD4�M7 :479>G>L7 �;FoPQ798 :4OEF2: 0/OEKG8;:	��>A@TR[@E547 (Xε, Yε, Zε)

H23��M82KL7 0[@\1
Xε = ε−αX � Yε = ε−βY 79: Zε = ε−γZ 5WOEKG:jOE1S:S�MOE8MOE1S�,367�
 � 765jD914O%D4�M79:45fH27 � KL7
798;:S147X>L765NDW�[@\��0M5JH27���76D9:479F2145 H27ID679:S:47IR[@E547X54OE8;:

[Xε, Yε] = Zγ−α−β
ε

79: [Xε, Zε] = [Yε, Zε] = 0.
� ��
 � �

� OE���,7 >L765 0[@\1W@\�,Z9:S14765 α � β 79: γ 54OE8r: 0�O�5SKG:SK Bt5!��>L765?8MOE1S�,765,H27 X � Y 79:
Z 0�OEF21 >A@��,39:S1SKL�;FM7 gε

54OE8;: KG8UB 391SKL79F214765 <w���fH2OE8MDT>L7THUKA@\�,Z9:S147
H27 N 14765S:47
R�OE1S8M3 �;F[@\8MH ε �E@\1SKL7�
g� P @\F2:S147 0[@\1S:	�fD6OE���,7 >L765 D4�[@\��0M5 Xε

� Yε
79: Zε

54OE8;:
KG8��E@\1SKA@\8;:45	� >L7z:4798M5479F21 H27zD6OEF21SR2F2147 0�79F2:?5 PQ36D91SKG147 798�BtOE8MD9:SKLOE8_H2765 D6O;7��zD9KL798;:45
H2765 D914O%D4�M79:45 H27 � KL7 798;:S147 D6765 DW�[@\��0M5	
 � 8 KG��0�O�547JH2OE8MDI< α � β 79: γ H27���391SK��[791
τ = γ − α − β ≥ 0 �2H27X54OE1S:47I�;FM7I>A@ D6OEF21SR2F2147X14765S:47I79>G>L7=@\FM545SK R�OE1S8M367�
� OE���,7X>A@Y�,39:S1SKL�;FM7I5SF21 N 7654:fKG8��E@\1SKA@\8;:47=< V @\FMD4�M7��M>CPQ765S0[@ED67IH2765 1

� BtOE1S�,765
HUK�� 3914798r:SKL79>G>L765�KG8F��@\1SKA@\8r:4765�765S: 5S:W@\R2>L7_0[@\1�>L7 >A@\02>A@ED9KL798�
 � 8~��@yD @\>LD9F2>L791�54OE8
5S0�76D9:S147X798 14765S:S1SKLD9:SKLOE8
< D679:J765S0[@ED67�
 � 8 0�79F2:NH236HUF2KG147YH27 � ��
 � � �rFM7

dX[
ε = dY [

ε = 0 79: dZ[
ε = −ετX[

ε ∧ Y [
ε ,

� ��
����
O	� U [ H2365SK V 8M7I>A@ 1

� B OE1S�,7XHUF[@\>L7XH27 U 0�OEF21 >A@ �,39:S1SKL�rFM7 gε
�279:JH2OE8MDX�;FM7

δ(X[
ε ∧ Y [

ε ) = −ετZ[
ε
79:

δ(X[
ε ∧ Z[

ε) = δ(Y [
ε ∧ Z[

ε) = 0.
� ��
 �;�

��8 14765S:S1SKLD9:SKLOE8 @\F�� 1
� BtOE1S�,765?KG8��E@\1SKA@\8;:4765	��>CPQOE0/391W@\:479F21 dδ

765S:Y8;F2>X
 � 8 @ H2OE8MD
�M8[@\>L79�,798;:

∆X[
ε = ∆Y [

ε = 0 79: ∆Z[
ε = ε2τ Z[

ε.
� ��
 
 �

� @ BtOE1S�,7jHUK���3914798;:SKL79>G>L7 Z[
ε
765S: H2OE8MDqF28M7�B OE1S�,7q0214OE02147fH27P��@\>L79F21�0214OE02147 λ = ε2τ 


� 8 ��OEKG:Y�rFM7z5SK τ > 0 � 0[@\1=7��279��02>L7,5SK α = 1 � β = 1 79: γ = 3 � D679:S:47��E@\>L79F21
0214OE02147 :4798MH���79145 � 
 � @T��@\1SKL39:43 N @EHU�,79:XH2OE8MD F28M7?0/79:SKG:47)��@\>L79F21d0214OE02147�
 � 8
0�79F2: 8MOE:4791d�;FoPQ798T147:��@\8MD4�M7���5SK τ = 0 �a0[@\1 7��279��02>L7=54K α = β = 1 79: γ = 2 �a>A@
��@\>L79F21 0214OE02147 λ 8M7 :4798MH 0[@E5���79145�& 3914OQ
 � @?�rFM7654:SKLOE8 � H2OEKG: H2OE8MD #9:S147JB OE1S�YF2>L367
H27I�z@\82KLZ9147X02>GFM5N021436D9KL547��
� � q �f�!�#"$�}%n' � ' S * <)<�2=1 . 365-7 , 2 O 2�1 * <�]:7Z2RGF2LAQ2 ./,/. 2^I 365 O 2=0[7�I_A$7 * A$7Z2=Ih5-3W2Z? O 5
V 8E* < 8:. 7 , 2)GF2 OE\ 2�� * 1$G-7E2=<�2=1 . �
����� � � �4.=+ % / ���
+ !"&��D& /0�
���	�
����� ��
���������
������������! ������

����@\8r:YH P @\R�OE14H2791Y>A@ D6OE8M5S:S1SFMD9:SKLOE8�B @\KG:47,0[@\1l��
 � OE:S:=H P F28�OE0/391W@\:479F21=>GKG��KG:47
0�OEF21�>L7 >A@\02>A@ED9KL798zH27 � O;H V 7 � H27_�J�[@\�H�E1W@\020/79>LOE8M5q>L7 14365SF2>G:W@\:qOER2:4798rF 0[@\1�
�
 �2F �
��@f�r@ HM@\8M5d>L7�D @E5IH2765 B OE8MD9:SKLOE8M5	
 �I@\8M5 � �2F � � @ � � �2F
��@f�r@ �,OE8r:S147�>CPQ7��UKL5S:4798MD67 �
54OEFM5 D6791S:W@\KG8M765JD6OE8MHUKG:SKLOE8M5 ��H P F28 OE0/391W@\:479F21 >GKG��KG:47d0�OEF21 >L7 >A@\02>A@ED9KL798T@ V KL545W@\8;:
5SF21 >L765 BtOE8MD9:SKLOE8M5	


�



� OEKG: M(n, d) >CPQ798M5479�=R2>L7 H2765b�E@\1SKL39:4365 1SKL79�z@\8282KL79828M765 (Mn, g) H27jHUKG�,798M54KLOE8
n :479>G>L765d�rFM7?>L79F21ID6OEF21SR2F2147�5476D9:SKLOE828M79>G>L7�79: >L79F21IHUKA@\�,Z9:S147)��391SK��[798r:X14765S0�76D9:SK���7 �
�,798r: |K(M, g)| ≤ 1 79: diam(M, g) ≤ d �M79: λk(M, g) >A@ k

� KLZ9�,7 �E@\>L79F21N0214OE02147
HUF >A@\02>A@ED9KL798 @ V KL545 @\8r: 54F21 >L765 B OE8MD9:SKLOE8M5JH27 M �2>L765_��@\>L79F2145N0214OE0214765 39:W@\8r:J14390�3 �
:436765X5 P KG>�� @ �YF2>G:SKG02>GKLD9KG:43�
 � 7�0214OER2>LZ9�,7,765S:XH PQ39:4798MHU147 D6OE8r:SKG8rF2�,798;:=0�OEF21X:4OEF2:
k >A@ B OE8MD9:SKLOE8 (M, g) → λk(M, g) < >CP @EHU�M3914798MD67,H27 M(n, d) HM@\8M5I>CPQ798M5479�=R2>L7H2765 765S0[@ED6765 �,39:S1SKL�;FM765ID6OE��0[@ED9:45	
 � PQ765S: KG��0/O�5454KGR2>L7=5SK OE8T�=F282KG:XD679: 798M5W79�YR2>L7
H27d>A@ :4OE0/OE>LO V KL7YH27h� 14OE�,O	� � � @\FM54H2OE1��b�[�z@\KL5 �2F
��@f�r@zD6OE8M5SKLH2Z9147I>CPQ798M5479�=R2>L7YH2765
765S0[@ED6765}�,39:S1SKL�;FM765j�,765SF214365 � , J#2	J �YF282K�H P F28M7N�,7654F2147 H27J0214OER[@\R2KG>GKG:43 ���YF282K
H27Y>A@z:4OE0/OE>LO V KL7�H27 � @\FM54H2OE1����,765SF214367 H23��M82KL7 D6OE���,7�5SF2KG:)�a54OEKG: (Xi, µi)

F28M7
5SF2KG:47zH PQ765S0[@ED6765=�,39:S1SKL�;FM765Y�,765SF214365!
 ��>G>L7 D6OE8F��791 V 7@��79145 (X,µ) 5 P KG>j7��UKL5S:47,H2765@\0202>GKLD @\:SKLOE8M5 �,765SF21W@\R2>L765 Ψi : Xi → X 79: F28M7 5SF2KG:47 5S:S1SKLD9:479�,798r:�0�O�5SKG:SK���7 εi��391SK��a@\8r:
��
 lim

i→∞
εi = 0 �

� 
 � P εi
� ��OEKL54KG8[@ V 7XH27 Ψi(Xi)

7654: X �
��
 � OEF21J:4OEF2: p, q HM@\8M5 Xi

�2OE8 @

|d(Ψi(p),Ψi(q)) − d(p, q)| < εi ;

��
 � OEF21J:4OEF2:47dB OE8MD9:SKLOE8 f 5SF21 X �MOE8 @

lim
i→∞

∫

f ◦ Ψidµi =

∫

fdµ,

D�PQ765S: � < � HUKG147?�rFM7Y>A@��,765SF2147 (Ψi)∗(µi)
D6OE8F��791 V 7R��79145 µ 0/OEF21 >A@�:4OE0�OE>LO V KL7BC@\KGR2>L7 � ∗ 


� >oOER2:SKL798;: @\>LOE145l�
jlk �F"nmWo�prq %$' y 'R(+*-,/. M(n, d)

OZ\ 5�GWU 8 7Z2=1+?�2�GF2 M(n, d) G�5-1QI OE\ 2:1QIf2=<�] O 24GF2^I
2^IXA�5F?�2^I)< 8f. 7 , d 0�2^IR<�2^I=0�7 8 I^�_2=1M<)0[1 , I�I:5�1 . ?=U[5 d 0�2)3W5-7 ,X8:.;8 (Mn, g) GF2hI:5T<�2=`
I^0[7Z2l7 , 2=<�5-1n1 , 2:1�1+2 1 * 7=<�5 O , I 8 2!J

� J � 5 a * 1$? ./,9* 1 λk I \ 8:. 2=1$G ? * 1 ./, 1�0�2=<�2=1 . � OE\ 2=1�If2=<�] O 2
M(n, d)\{(point, 1)} J


[J *�* 0[7 .X* 0 .
(X,µ) ∈ M(n, d) � ,#O 2ZD , I . 2l0[1 * A 8 7Z5 . 2=0[7R5-0 .X* `i5�G�- *-, 1 .

P(X,µ)5	V , I�If5-1 . I=0�7 L2(X,µ)
. 2 O d 0Q2 λk(X,µ) I *�,#.@8 V�5 O �vO 5 k ` ,9� <�2 365 O 2=0[7

A$7 * A$7E2)GF2 P(X,µ) J
��J ( 0!A�A * I * 1QI d 0�2 limi→∞(Mi, gi) = (X,µ) J (+*-,/.

ϕk,i 0�1+2ga * 1$? ./,/* 1�A$7 * A$7E2
1 * 7=<�5 O , I 8 2�5WI^I * ? ,X8 2 �RO 5R365 O 2=0[7gA$7 * A$7E2 λk(Mi, gi) 2 . Λk,i = {ϕ◦Ψi, ϕ ∈
L2(X,µ), P(X,µ)ϕ = λk(X,µ)ϕ} J � O�* 7�I limi→∞ d(Λk,i, ϕk,i) = 0 J

�@q[p��Qm���� qv%$' � ' �I@\8M5I>L7�D @E5XO	� >CPQ765S0[@ED67�>GKG��KG:47 (X,µ) 765S:IF28M7)�E@\1SKL39:43,1SKL7 �
�z@\8282KL79828M7���>A@ �,7654F2147,>GKG��KG:47 µ 79:=>CPQOE0/391W@\:479F21=>GKG��KG:47 P(X,µ)

8M7 54OE8r:=0[@E5X8M3 �

�



D676545 @\KG1479�,798r:Y>A@ �,765SF2147�1SKL79�z@\82KL79828M7 82Kq>L7�>A@\02>A@ED9KL798�H27,>A@4�E@\1SKL39:43���D6OE���,7,>L7
�,OE8;:S147X>CPQ7��279��02>L7X5SF2K���@\8r:l�
����q�p � �#q�%n' � ' � 8 D6OE8M5SKLH2Z9147J>L7N:4OE147 T 2 = {(s, t), s, t ∈ S1} � c : S1 → R

F28M7
B OE8MD9:SKLOE8 0�O�5SKG:SK���7 C∞ �279:N>A@=BC@\��KG>G>L7XH27d�,39:S1SKL�;FM765 gε(c)

H23��M82KL7X5SF21 T 2 0[@\1
gε(c) = ds2 ⊕ ε2c(s)2dt2.

� K f ∈ C∞(T 2) �2OE8T@�@\>LOE145

∆(T 2,gε(c))f(s, t) = −c(s)−1 ∂

∂s

(

c(s)
∂

∂s
f(s, t)

)

− ε2c(s)−2c(s)−2 ∂2

∂t2
f(s, t).

� K OE8 8MOE:47 λk(c)
>A@ k

� KLZ9�,7l�E@\>L79F21 0214OE02147YH27I>CPQOE0�391W@\:479F21 Pc
H23��M82K 5SF21 S1 0[@\1

Pc(f)(s) = −c(s)−1 d
ds

(
c(s) d

dsf(s)
) �M@\>LOE145

lim
ε→0

λk(T
2, gε(c)) = λk(c),

79:
lim
ε→0

(T 2, gε(c)) = (S1, µ)

@	��76D µ = c · ds 

�Tq�p �Qm ����q�%n'/% z 'P� 765NB OE8MD9:SKLOE8M5dD6OE8r:4798;FM765IHM@\8M5 Λk,i

OE8r: >A@�0214OE021SKL39:43 H P�#9:S147
D6OE8M5S:W@\8;:4765=54F21XD4�[@ED9F28�H2765 Ψ−1

i (x) � x ∈ X 
 � 79>A@ 5SK V 82K��[7���HM@\8M5I>L7�D @E5XO	��>L765
Ψi
H23��M82KL5W54798r: H2765 �MR21W@\:SKLOE8M5	�%�rFM7 >L765qB OE8MD9:SKLOE8M5f0214OE0214765 ϕk,i

54OE8;: @\020214O.�%KG�,36765
0[@\1JH2765 BtOE8MD9:SKLOE8M5 D6OE8M5S:W@\8r:4765 5SF21 >L765��MR214765	

���	�
� �
� � ����� ���������  ��� � 
	��
 �
����� � �!
����

� 36D679���,798r:	����
 � OE:S:,@ V 398M391W@\>GKL543 >L7 14365SF2>G:W@\:�H27 �MF
�E@	�r@ @\F���BtOE1S�,765�HUK B �
B 3914798r:SKL79>G>L765 ��� � O ��� R � � � � O ��� @ � �=
 � OEFM5 @\>G>LOE8M5 KLD9K 02143654798;:4791�>A@ D6OE8M5S:S1SFMD9:SKLOE8wH27
>CPQOE0�391W@\:479F21N>GKG��KG:47I798 8MOEFM5 14765S:S1479K V 8[@\8;:N0[@\1N54OEFMD9KL5 H27dD9>A@\1S:43Y@\F D @E5 H P F28 �MR2143
F ↪→ (M, g) → (N,h) 54F21}F28M7B�E@\1SKL39:43 1SKL79�z@\8282KL79828M7IH2OE8r:f>A@ �MR2147 765S:jF28M7J82KG> �
��@\1SKL39:43 F = Γ\G �[79:N�rF2K�:4798MH 0�OEF21 >A@ HUKL5S:W@\8MD67XH27l� 14OE�,O!� � � @\FM54H2OE1��M��79145N5W@
R[@E547�
 � OEFM5}8MOE:47914OE8M5 ∇aff >A@ID6OE828M7��UKLOE8 5SF21 F :479>G>L7J�;FM7 >L765fD4�[@\��0M5jKG8F��@\1SKA@\8r:45
< V @\FMDW�M7Y54OEKL798;:N0[@\1W@\>G>LZ9>L765	
� @_021479��KLZ9147�HUK��zD9F2>G:43�7654: H27 H239:4791S��KG8M791 F28�765S0[@ED67�54F21 >L76�rFM79>���@ @ V KG1
>CPQOE0�391W@\:479F21 >GKG��KG:47�
L�d@\8M5 >A@ D6OE8M5S:S1SFMD9:SKLOE8�H27 �2F
��@f�r@�� >CPQOE0�391W@\:479F21 P(X,µ)

HUF
:S�M36OE14Z9�,7X��
 � @ V KG:�5SF21 L2(N) ��D�PQ765S: � < � HUKG147 5SF21�F28�765S0[@ED67 H27fB OE8MD9:SKLOE8M5q< �E@\>L79F2145
143679>G>L765 5SF21j>A@XR[@E5W7�
[�I@\8M5j>L7 D @E5 H2765jB OE1S�,765fHUK�� 3914798r:SKL79>G>L765!�2OE8 F2:SKG>GKL547 F28 765S0[@ED67
H27 B OE1S�,765NHUK�� 3914798r:SKL79>G>L7X5SF21 >A@?R[@E5W7��U�z@\KL5J<h�E@\>L79F21NHM@\8M5 F28 76540[@ED67d02>GFM5 V 1W@\8MH
�;FM7

R

 ��>GFM5 021436D9KL5479�,798r:	�EOE8=D6OE8M54KLH2Z9147jF28+�MR2143���76D9:4OE1SKL79> V 1W@EHUFM3 E =

⊕m
j=0 Ej

5SF21 >A@ R[@E547=H2OE8r:dD4�[@E�;FM7��MR2147=765S:N�YF282KL7?H P F28 0214O%HUF2KG:d54D @\>A@\KG147 V 1W@EHUFM3 � , J 2	J:479> �;FM7 >L765 Ei 54OEKL798;:NOE1S:S�MO V OE8[@\F�� 798;:S147I79F�� ��8MOE:43 hE
�U79: OE8 �YF282KG:ND67 �MR2143

H P F28M7X54F20/7914D6OE828M7��UKLOE8 A′ H27IH27 V 143z���2D�PQ765S: � < � HUKG147YH P F28 OE0�391W@\:479F21JH27d>A@=B OE1S�,7
A′ = A′

[0] + A′
[1] + A′

[2]

�



O	�
H A′

[0] ∈ C∞(N,Hom(E∗, E∗+1)) �H A′
[1]
765S:JF28M7ID6OE828M7��%KLOE8 5SF21 E �;F2Ko02143654791Z��7I>A@ V 1W@EHUF[@\:SKLOE8 �

H A′
[2] ∈ Ω2(N,Hom(E∗, E∗−1)) 


� 8,0/79F2:j39:4798MHU147JD679:S:47J54F20/7914D6OE828M7��UKLOE8z0[@\1q>A@X14Z V >L7NH27 � 79KGR282K & <dF28zOE0�391W@\:479F21
5SF21 >CPQ765S0[@ED67 Ω(N,E) H2765?B OE1S�,765,HUK�� 3914798r:SKL79>G>L765,5SF21 N <���@\>L79F21,HM@\8M5 E 
 � @
�,39:S1SKL�rFM7 hN

79: >L7?0214O%HUF2KG:I54D @\>A@\KG147 hE
0/791S�,79:S:4798;:XH27 D6OE8M5S:S1SF2KG147 F28
0214O;HUF2KG:

54D @\>A@\KG147N5SF21 Ω(N,E) �r79:}H2OE8MDJH27NH23��M82KG1}F28zOE0�391W@\:479F21j@EHW
SOEKG8r: < A′ 8MOE:43 (A′)∗ �
79:JF28 >A@\02>A@ED9KL798
54F21 Ω(N,E) 0[@\1 ∆E = A′(A′)∗ + (A′)∗A′ 
!� 8 8MOE:4791W@ ∆p

E
>A@

14765S:S1SKLD9:SKLOE8 H27 ∆E
< ⊕

a+b=p Ωa(N,Eb) 

� OEF21=D6OE8M5S:S1SF2KG147�>L7 �MR2143,5SF21d>L76�;FM79>}@ V KG:I>CPQOE0/391W@\:479F21X>GKG��KG:47�� ��
 � OE:S:Y547?1W@ �

�,Z98M7?H P @\R�OE14H 798
F2:SKG>GKL5W@\8r: � � ��� � �	� @\F D @E5IO	� (M, g) 765S:dF28 �MR2143,@��,8M7 1SKL7 ��z@\8282KL798r�
��������� �!�#"$�&%$'/%n%n'�� 1 N ]=7 8 7 , 2=<�5-1�1 , 2=1 F ↪→ (M, g) → (N,h) 2^I . 0[1+2 N ]:7 8
5 �v1+2 7 , 2=<�5-1�1 , 2=1CI , �

� O 2lV-7 * 0!AQ24GF2�I . 7=0�? . 0�7E24G-0 N ]=7 8 2^I . ? * 1 . 2=1n0 G�5-1QI O 2lV-7 * 0!AQ2 Aff(F ) GF2^I
G , � 8Z* < * 7;AnU , I^<�2^IhGF2 F d 0 , A$7 8 If2=7=3W2=1 . ∇aff 	

� M 2^I . <)0�1 , G \ 0[1+2RG , I . 7 , ]=0 ./,9* 1HU * 7 ,��	* 1 . 5 O 2 T HM G * 1 .�OZ\ U *-O�* 1 * < , 2h2=I .
G�5-1�I Aff(F ) 	

� ?=U[5 d 0Q2 N ]:7Z2R2^I . <R0[1 , 2�G \ 0�1>2c< 8:. 7 , d 0�2 gFb

d 0 , 2^I . A�5-7Z5 O#O��:O 2LA�5-7c7Z5^A�A * 7 .�@O 5T? * 1n1+2ZD ,9* 1 5 �v1+2 ∇aff I=0�7 O 5 N ]=7E2 	
� N 2^I . <)0�1 , G \ 0[1+2l< 8:. 7 , d 0�2 hN 	
� O 5R< 8f. 7 , d 0�2 g I^0[7 M I \ 8 ?:7 ,/. g = hN ⊕gFb

7Z2 O 5 ./, 3W2=<�2=1 . �RO 5�G , I . 7 , ]=0 ./,9* 1
THM J

��8yH236D6OE��0�O�5W@\8;: >L765zB OE1S�,765 HUK�� 3914798r:SKL79>G>L765 H27 M 798w>L79F2145 0[@\1S:SKL765T��791S:SKLD @\>L7
79:=�MOE1SK & OE8;:W@\>L7��qOE8_0/79F2:�36D91SKG147 Ω∗(M) ' Ω∗(N,W ) ��O	� W 765S:?F28 �MR2143 54F21
N H2OE8r: >A@ �MR2147 765S: KL54OE�,OE1S02�M7�< Ω∗(F ) 
��d@\8M5 >L7
D @E5 H P F28 �MR2143 @��,8M7�� >L7
V 14OEF20/7 H27 5S:S1SFMD9:SF2147 HUF �MR2143 M 0214365W791Z��7 ∇aff � 79:?0[@\1�D6OE8M5436�;FM798r:�>CP @ED9:SKLOE8
H27�D67 V 14OEF20/7z5SF21 Ω∗(F ) 02143654791Z��7z>L7�54OEFM5 � 765S0[@ED67,H2765XBtOE1S�,765XKG8F��@\1SKA@\8r:4765	
 � 8
0/79F2: H2OE8MD H23��M82KG1�>L7 5WOEFM5 � �MR2143 E H27 W H27 �MR2147 Λ∗(n∗) ��@\KG8M54K �;FM7 >CPQ765S0[@ED67
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0[@\1z>A@
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D9KL798 ∆M

54F21 M 54OE8;:JD679>G>L7XH27 ∆p
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��� � O ��� R � �U:S�M36OE14Z9�,7z� � �
jhk ��"nmWo�p qr%n'/%�s 'R(n,

M 2^I . 0[1 N ]=7 8 5 �v1+2R7 , 2=<�5-1n1 , 2:1�I^0[7 N 2 . I ,L* 1 1 *�. 2
RM 2 . RF

O 2^I . 2=1QI	2=0[7�IlGF2h? * 0[7f]:0�7E2^Il7E2^IXA�2Z? ./, 3W2=<�2=1 . I^0[7 M 2 . I=0�7 Fb A * 0�7 O 5
< 8:. 7 , d 0Q2 gFb

� diam(F )
O 5t] * 7=1+2�I^0!A 8 7 , 2:0�7E24GF2^I�G , 5-< �:. 7E2^I�GF2^I N ]=7E2^I@2 . Π

O 5
I	2Z? * 1$G�2ga * 7=<�2ba * 1$G�5�<�2:1 . 5 O 2lGF2=I N ]=7Z2=I��g5 O�* 7^I ,#O 2ZD , I . 2RGF2^Il? * 1QI . 5-1 . 2^I a � a′ 2 .
c d 0 , 1+2lG 8 AQ2=1+GF2=1 . d 0�2hG�2 dim(M)

. 2 O#O 2=I d 0Q2�I , ‖RF ‖∞ diam(F )2 ≤ a′ 5 O�* 7^I
A * 0�7 .X* 0 .

p ≤ dim(M) �
σ(∆p

M ) ∩ [0, a · diam(F )−2 − c(‖RM‖∞ + ‖Π‖2
∞ + ‖T‖2

∞)[ =

σ(∆p
E) ∩ [0, a · diam(F )−2 − c(‖RM‖∞ + ‖Π‖2

∞ + ‖T‖2
∞)[.
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. 2 O O 2 d 0Q2
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[0]))
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dimKer∆p
∞ ≤

∑

a+b=p
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Ha(N,Hb(A′
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)
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gi 0[1+2LI=0 ,/. 2_G�2L< 8:. 7 , d 0�2^I d 0 , 2�� * 1$G-7E2 M I=0�7 N J ( 0!A$`
A * I * 1QI d 0�2 limi→∞ λ1,p(M, gi) = 0 J � O�* 7^I�5-0�< *-, 1QI OZ\ 0�1>2�GF2=I . 7 *-, I�? * 1$G ,#./,9* 1QI
I=0 , 365-1 . 2=IR2^I . 3 8 7 , NL8 2 �

� J � O 2ZD , I . 2 q ∈ [0, p]
. 2 O d 0Q2 bq(F ) < dimΛq(n∗)) 	
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[2],i

��54OE8r:I8;F2>G>L765	
 � 790/798MHM@\8;:	�o5SK�OE8
0214798MH
α = 0 � β = 1 79: γ = 2 798���
G���2OE8T@?R2KL798 F28M7X0/79:SKG:47���@\>L79F21 0214OE02147�
� @ :S14OEKL5SKLZ9�,7�D6OE8MHUKG:SKLOE8�7654:IKG>G>GFM5S:S14367 0[@\1X>L765I5SKG:SF[@\:SKLOE8M5=H27 �MR2143 021SKG8MD9KG0[@\>X
� KfOE8 D6OE8M5SKLH2Z9147 >A@���@\1SKL39:43 H P � 79KL54798;R/791 V D6OE���,7 F28 �MR2143 021SKG8MD9KG0[@\> 798 D67914D9>L7
5SF21z>L7 :4OE147 T 2 �qOE8w@ A′

[0],i = 0
� >A@ �MR2147 765S:�02>A@\:47 �,79:,>CP �MOE>LOE8MOE��KL7 H27 �MR2143

E 765S:X8M36D676545 @\KG1479�,798r: 5479��K � 5SKG��02>L7zD @\1=>L765 �MR214765?H2765 �MR214365 (Ei)i=0,1
54OE8;:=H27

HUKG�,798M5SKLOE8 1 
	� 8h��791S1W@JH P @\F2:S14765�7��279��02>L765�H27 �MR214365 021SKG8MD9KG0[@\F��?HM@\8M5 >L7}D4�[@\02KG:S147
��
 � 7d:S�M36OE14Z9�,7,��
G�.� H2OE828M7IF28M7dD6OE8MHUKG:SKLOE8 8M36D676545W@\KG147X<?>CPQ7��UKL5S:4798MD67IH27d0�79:SKG:4765
��@\>L79F2145N0214OE0214765	�[D67I�rF2K 14390�OE8MH <?>A@��;FM765S:SKLOE8 � �2�z@\KL5 0[@E5 <?>A@ �rFM7654:SKLOE8���
 � 


�I@\8M5 >L7YD @E5 0[@\1S:SKLD9F2>GKL791IH P F28M7 ��@\1SKL39:43 M �[5 PQ7�� OE8MHU1W@\8r:d5SF21JF28 D67914D9>L7�� � OE:S:
H2OE828M7I>L7YD6OE14OE>G>A@\KG147Y5SF2K���@\8r: ��� � O ��� R � � � OE1	
 �;�c�
xl"$m6" � � ���#mWqM%n' s z 'R(+*-,/.

gi 0�1+2�I^0 ,#. 2�G�2�< 8:. 7 , d 0�2^I d 0 , 2�� * 1+G-7Z2 M I=0�7 S1 J ( 0	A$`
A * I * 1QI d 0�2 limi→∞ λ1,p(M, gi) = 0 J � O�* 7^I�5-0�< *-, 1�I OE\ 0[1+2BGF2^I�GF2=0�D)? * 1$G ,#./,9* 1QI
I=0 , 365-1 . 2=IR2^I . 3 8 7 , NL8 2 �

�



� J � O 2ZD , I . 2 q ∈ [0, p]
. 2 O d 0Q2 bq(F ) < dimΛq(n∗)) 	


[J � O 2ZD , I . 2 q ∈ [0, p]
. 2 O d 0�2CI ,R* 1&1 *�. 2 Φ∗ ∈ Aut(H∗(Z))

OE\ 5F? ./,/* 1 G�2OE\ U *�O�* 1 * < , 24I^0[7 O 2 N ]=7 8 H∗(Z) �h5 O�* 7^I O 5 7 8 G-0 ,/. 2�GF2 � * 7ZG�5-1 GF2 Φq * 0
Φq−1 ? * 1 ./, 2:1 . 0[1 ] O�* ?R0�1 , A *�. 2:1 . 1 * 1 . 7 , 3 , 5 O J

� 7JDW�[@\02KG:S147 5SF2K���@\8r: 54791W@ID6OE8M5 @ED9143 <dF28M7 39:SFMH27JH2765f5SKG:SF[@\:SKLOE8M5fH27��MR214365f798z:4OE147
5SF21 >L7ID67914D9>L7��[�;F2K KG>G>GFM5S:S14798r:J>L7I0/OEKG8;: � HUF :S�M36OE14Z9�,7 ��
G�.��


�





� ���������
	�� �

� &  ��������� ��� 
�� �� ��  ���������� ���

��������� ��� 
� !����� � ��� ��� ��� � �����

� ����� 	 /0+ ��
 / �
+-�
�'E �DE�>��8�@�
� OEFM5�D6OE���,798��6OE8M5�0[@\1oH239�,OE8;:S14791 >L7�H239R2F2:�HUFY:S�M36OE14Z9�,7J� 
 798YD6OE8M5S:S1SF2KL5 @\8r:

>L7 V 14OEF20�7 G 79: >L7Y1436547 @\F Γ �;F2K�8MOEFM5 KG8r:4391476545W798r:	
 � OE8M5SKLH23914OE8M5 F28 �MR2143 M 798
:4OE147 T n 5SF21I>L7zD67914D9>L7,�rF2Kq7654:I>A@ 5SFM5S0�798M5SKLOE8�H P F28�HUK�� 36OE�,OE1S02�2KL5S�,7,>GKG8M3 @\KG147 ϕ147902143654798r:43Y0[@\1 >A@ �z@\:S1SKLD67 A ∈ SLn(Z) 
 � 8 :479>!�MR2143Y54791W@?�MOE�,36OE�,OE1S02�M7?<

M := T n × [0, 1]/(x,0)∼(ϕ(x),1) ,
� � 
G� �

� OEF21�D6OE8M5S:S1SF2KG147 G ��OE8 ��@ �YF282KG1
R

n+1 H P F28M7 5S:S1SFMD9:SF2147 H27 V 14OEF20/7 :479>G>L7 �rFM7
Z

n+1\Rn+1 = M 
 � K OE8 8MOE:47 (x1, · · · , xn, y) >L765 39>L39�,798r:45dH27 R
n+1 �[F28M7Y:479>G>L7

5S:S1SFMD9:SF2147XH27:�%1W@R��391SK��[791

(k1, · · · , kn, 0) · (x1, · · · , xn, y) = (x1 + k1, · · · , xn + kn, y)
� � 
 � �

H27J54OE1S:47 �rFM7J>L765}54OEFM5 � 76540[@ED6765jH27
R

n+1 H PQ36�rF[@\:SKLOE8 y = cte 0[@E545W798r: @\F �;FMOE:SKL798r:
D6OE���,7XH2765 :4OE14765 T n �M79:

(0, · · · , 0, l) · (x1, · · · , xn, y) = (Al

(
x1



xn

)

, y + l)
� � 
����

H27N54OE1S:47 �;FM7 >A@I5S:S1SFMD9:SF2147 H27��MR2143N54OEKG:qR2KL798 D679>G>L7NH23��M82KL7N0[@\1 � � 
G� �=
 � 79:S:47J5S:S1SFMD �
:SF2147j765S: 7���76D9:SK���79�,798;:�143 @\>GKL54367f798?H23��M82KL545 @\8r: G D6OE���,7f>CP KG�z@ V 7fHUF=02>LOE8 V 79�,798;:

(x1, · · · , xn, y) 7−→




Ay

0



0

x1



xn

0 1
0

y
1



 .
� � 
 �;�

� OE���,7 OE8 547N147654:S1479KG8r:N@\F��,�z@\:S1SKLD6765 A �rF2K�@EHU�,79:S:4798r: F28 >LO V @\1SKG:S�2�,7 B ��>CPQ7�� �
021476545SKLOE8 Ay 765S:YR2KL798 H23��M82KL7 798�0/O�5W@\8;: Ay = exp(yB) 
 � 8�0�79F2:XBC@ED9KG>L79�,798r:

���



��391SK��[791 �rFM7JD679:S:47 @\0202>GKLD @\:SKLOE8 765S:qKG8-
S76D9:SK���7��;�;FM7N54OE8,KG�z@ V 7 G 765S:}R2KL798zF28 5WOEFM5 �
V 14OEF20�7 H27 GLn+2(R) 79:?�rFM7 5W@ 5S:S1SFMD9:SF2147 765S:=R2KL798 D679>G>L7 H23��M82KL7z0[@\1 � � 
 � �Y79:� � 
����=
!��8��M8���>CP KG�z@ V 7�H27

Z
n+1 0[@\1ID679:S:47,@\0202>GKLD @\:SKLOE8�765S:dR2KL798
F28 54OEFM5 � V 14OEF20�7

HUKL54D91479: H27 G �a�rFoPQOE8T8MOE:4791W@ Γ 
 � @���@\1SKL39:43 M 765S:JH2OE8MDY�MOE�,36OE�,OE1S02�M7�@\FT�;FMO �
:SKL798;: Γ\G 


� 79�z@\14�rFM7�� OE8�0�79F2:R��391SK��[791,�rFM7 5SK A = ( 1 1
0 1 ) ��>L7 V 14OEF20�7 G OER2:4798;F 765S:

KL54OE�,OE1S02�M7I@\F V 14OEF20/7 H P � 79KL5W798 V 791 V H27 HUKG�,798M5SKLOE8 3 :479>a�;FoP KG>�765S:}02143654798;:43dHM@\8M5>CPQ7��279��02>L7XHUF 0[@\1W@ V 1W@\02�M7 ��
G��


� ��� � � %,��!"%�
�&"�8�
� OEKG: Xi

79: Y >L765ND4�[@\��0M5JKG8F��@\1SKA@\8r:45 < V @\FMDW�M7X798 V 798MHU14365J798 In+2
14765S0�76D9:SK �

��79�,798;:J0[@\1

∂

∂xi
=









0

0


 
 0



0

1






0

0



0

0 0









79: ∂

∂y
=




B

0



0

0



0

0 0 1
0 0



 .
� � 
 
 �

� 765 DW�[@\��0M54��391SK��[798r: [Xi, Xj ] = 0 79: [Y,Xi] =
∑n

j=1 bjiXj

�� 8 0/79F2: 147 �

�z@\14�;FM791z�;FM7 >CP @\0202>GKLD @\:SKLOE8 X 7→ [Y,X] 7654:,F28w798MH2OE�,OE1S02�2KL5S�,7TH27 >CPQ765S0[@ED67
Γ(TV M)

G H2765 DW�[@\��0M5 H27l��76D9:479F2145JKG8��E@\1SKA@\8;:45 ��791S:SKLD @\F��>�/D�PQ765S: � < � HUKG147=>CPQ765S0[@ED67
798 V 798MHU143 0[@\1 >L765 Xi

� 79:�H2OE8r: >A@T�z@\:S1SKLD67 765S: B 
 � 8 8MOE:4791W@ f D679:?798MH2OE�,OE1 �
02�2KL5S�,7�


� 8+� �U7qF28M7q�,39:S1SKL�;FM7q�MOE�,O V Z98M7 g 5SF21 M 798=547qH2OE828[@\8r:�F28M7�R[@E5W7 (Vi)i∈[1,n]H27 >CPQ765S0[@ED67 Γ(TV M)
G � D679:S:47
�,39:S1SKL�;FM7 39:W@\8r: :479>G>L7
�rFM7 (V1, · · · , Vn, Y ) 5WOEKG:OE1S:S�MOE8MOE1S�,367 798y:4OEF2: 0�OEKG8r:	
 � 8y8MOE:4791W@ (V [

1 , · · · , V [
n , Y [) 5 @�R[@E547 HUF[@\>L7�� 79:

C >A@T�z@\:S1SKLD67 H27 f HM@\8M5 >A@TR[@E547 (V1, · · · , Vn) 
 � 8 ��@ H239:4791S��KG8M791�>L7 5S0�76D9:S147
HUFT>A@\02>A@ED9KL798 ∆1

inv
14765S:S1479KG8;:d<,>CPQ798M5479�YR2>L7 Ω1(M)G H2765 1

� B OE1S�,765JKG8��E@\1SKA@\8;:4765X<
V @\FMDW�M7Y798 B OE8MD9:SKLOE8 H2765ND6O%7��zD9KL798r:45 H27 C 

��>GFM5 021436D9KL5W39�,798r:	�/OE8 @?>L7

�q�prprqts ' ��' � 5l<�5 . 7 , ?�2BG-0 O 5^A O 5�? , 2=1 ∆1

inv GF5-1QI O 5R]Z5WI	2 (V [
1 , · · · , V [

n , Y [) 2^I .

∆1
inv :




CtC

0J J J
0

0 · · · 0 0



 .

���[p "$� �f�	m����!�#"$���$� 765 D914O;DW�M79:45 H27 � KL7d798;:S147d>L765g��76D9:479F2145 H27 >A@Y8MOEFQ��79>G>L7dR[@E547
54OE8;:

[Vi, Vj ] = 0 79: [Y, Vi] =
n∑

j=1

cjiVj.
� � 
 � �

� OEKG: α F28M7 1
� B OE1S�,7 HUK���3914798;:SKL79>G>L7 KG8��E@\1SKA@\8;:47�
 � @
HUK�� 3914798r:SKL79>G>L7 7��%:4391SKL79F2147 765S:

H239:4791S��KG8M367 0[@\1}>A@X1479>A@\:SKLOE8 dα(U1, U2) = U1 ·α(U2)−U2 ·α(U1)−α([U1, U2])
�

� �



O	� U1
79: U2

54OE8r:,H2765�DW�[@\��0M5,H274��76D9:479F21	
 � K D6765,DW�[@\��0M5,54OE8r:�KG8��E@\1SKA@\8;:45 <
V @\FMD4�M7��[D679:S:47X1479>A@\:SKLOE8 H27:�;KL798;:l� dα(U1, U2) = −α([U1, U2])


 � 8 798 H236HUF2KG:h�

dY [ = 0 79: dV [
i = −

n∑

j=1

cijY
[ ∧ V [

j .
� � 
 � �

� @��z@\:S1SKLD67?H27X>A@zHUK���3914798;:SKL79>G>L7=7��U:4391SKL79F2147 d : Ω1(M)G → Ω2(M)G 5W791W@��[HM@\8M5
>L765 R[@E54765 (V [

1 , · · · , V [
n , Y [) 79: (Y [ ∧ V [

i , V [
i ∧ V [

j ) �

d :






−tC
0



0

0
0



0




 .

� � 
 ���

� 765 H279F���R[@E54765 54OE8;: OE1S:S�MOE8MOE1S�,36765	� H2OE8MD
>A@��z@\:S1SKLD67 HM@\8M5 D6765 R[@E5W765 H27 >A@
HUK���791 V 798MD67

δ : Ω2(M)G → Ω1(M)G 54791W@ H2OE8MD >A@T:S1W@\8M5S0�O�54367 H27z>A@T�z@\:S1SKLD67
D9K � H276545SFM5	
� OE���,7?>A@ HUK�� 3914798r:SKL79>G>L7 147654:S1479KG8r:47,< Ω0(M)G 765S: 8rF2>G>L7���>L7?>A@\02>A@ED9KL798 ∆ =
δd + dδ

547I1436HUF2KG:J5SF21 Ω1(M)G <?>CPQOE0/391W@\:479F21
δd 
 � 8 798 H236HUF2KG: >A@?�z@\:S1SKLD67YHUF

>A@\02>A@ED9KL798 ∆inv 14765S:S1479KG8r:d< Ω1(M)G 765S:	�2HM@\8M5J>A@?R[@E547 (V [
1 , · · · , V [

n , Y [) �

(
−C 0

0 · · · 0 0 · · · 0

)






−tC
0



0

0
0



0




 =




CtC

0



0

0 · · · 0 0



 .
� � 
G� � �

�J79�z@\14�;FM7H��� 8 @ B @\KG:=KLD9Kq>L7zD @\>LD9F2>j0/OEF21YF28 Y � �U3��oD�PQ7654: � < � HUKG147z0�OEF21XF28
D6791S:W@\KG8 DW�MOEK��TH27=D6OE828M7��UKLOE8
HUF �MR2143�
+� @\KL5 5SK OE8 DW�MOEKL5SKG: Y ′ :479>��rFM7 Y ′ − Y ∈
Γ(TV M)

G 79: F28M7 �,39:S1SKL�;FM7 :479>G>L7 �rFM7 (V1, · · · , Vn, Y ′) 54OEKG: OE1S:S�MOE8MOE1S�,367��f>L7
14365SF2>G:W@\:J54791W@?>L7d�"#9�,7=D @\1NOE8T@\F21W@ :4OEF-
SOEF2145 [Y ′, Vi] = [Y, Vi] =

∑n
j=1 bjiVj



� 8=0�79F2: 8MOE:4791��;FM7j>A@J�,39:S1SKL�;FM7fKG8r:4791Z�%KL798r:�0[@\1 >A@N143636D91SKG:SF2147 H27j>A@ �z@\:S1SKLD67 BHM@\8M5 F28M7 R[@E5W7=OE1S:S�MOE8MOE1S�,367�
 � 7?:S1W@	�E@\KG>qH27?14798MOE1S�z@\>GKL5W@\:SKLOE8�D6OE1S1476540/OE8MH
HM@\8M5

>L7 :S1W@f��@\KG>JH27H��
 � OE:S: @\F 0[@E545W@ V 7 @\F��rFMOE:SKL798;:zH27 (SE × HE) 0[@\1�>L7 V 14OEF20�7H27 :S1W@\8M5 B OE1S�z@\:SKLOE8 H27�
S@\F V 7 GE

 � KJH279F�� �,39:S1SKL�;FM765 H2OE828M798;: >A@ �"#9�,7 �z@ �

:S1SKLD67 C �aD679>A@,5SK V 82K��[7=�rFM7Y>L765 H279F�� 39>L39�,798;:45 D6OE1S1476540/OE8MHM@\8;:45 HM@\8M5 (SE ×HE)@\020[@\1S:SKL79828M798r:I<?>A@ �"#9�,7XD9>A@E54547IHM@\8M5 (SE ×HE)/GE



� �6F�� � E��'+0: �
+-�
� OEFM5 @\>G>LOE8M5zH239�,OE8r:S14791 HM@\8M5,D679:S:47 0[@\1S:SKL7 F28 >L79���,7 �;F2KN8MOEFM5z5W791Z�;KG1W@ <

B @\KG147Y>L7X>GKL798
798r:S147=>L7YD6OE8r:S1��E>L7 H27=>A@,D6OEF21SR2F2147 79:J>CPQ7��UKL5S:4798MD67?H27X0�79:SKG:4765���@\>L79F2145
0214OE0214765	


Pq�p p q�s>'/%n%$'h(>*-,#.

a
O 5)] * 7^1>2BI^0!A 8 7 , 2:0�7E2 GF2 O 5h365 O 2=0[7c5F]=I *-O 0Q2 GF2 O 5)? * 0�7	]=0[7Z2

If2Z? ./,9* 1�1>2 O O 2RGF2 (M, g) J � O 2ED , I . 2RGF2^Ih? * 1�I . 5-1 . 2=I τ(n) > 0 2 . κ(B)
. 2 O#O 2 d 0�2

τ−1a < Tr(C tC) < τa + κ.

� �



� @\020/79>LOE8M5}:4OEF2:jH P @\R�OE14H,>CPQ7��U021476545SKLOE8 54F2K��E@\8;:47 � H2OE8r:f>L7 >L76D9:479F21f0/OEF21S1W@X:S14OEFQ��791
>A@?H239�,OE8M5S:S1W@\:SKLOE8 HM@\8M5 � � � � 
 � �jH27 >A@?D6OEF21SR2F2147 5W76D9:SKLOE828M79>G>L7 K(U, V ) �UO	� U 79:
V 54OE8r:NH279F�� DW�[@\��0M5NKG8F��@\1SKA@\8r:45d< V @\FMD4�M7=H P F28 V 14OEF20�7XH27 � KL7I�;FM79>LD6OE8M�rFM7��

K(U, V ) =
1

4
‖ ad∗

U V + ad∗
V U‖2 − 〈ad∗

U U, ad∗
V V 〉 � � 
G� � �

−3

4
‖[U, V ]‖2 − 1

2
〈[[U, V ], V ], U〉 − 1

2
〈[[V,U ], U ], V 〉.

� OEFM5�@\>G>LOE8M5q@\0202>GKL�rFM791�D679:S:47f1479>A@\:SKLOE8,@\F��=D4�[@\��0M5qH27j>A@ R[@E547 (Vi, Y ) 
 � OEF21�D679>A@��
1479�z@\14�;FMOE8M5JH P @\R�OE14H �;FM7I>L765 �z@\:S1SKLD6765JH27 adY

79: adVi

5WOE8r:	�MHM@\8M5 D679:S:47IR[@E547

adY :

(

C
0



0

0···0 0

)

79: adVi
:

(

0
−c1i



−cni

0···0 0

) � � 
G� ���

� 8 798 H236HUF2KG: ad∗
Vi

Y = 0 � ad∗
Y Y = 0 � ad∗

Y Vi =
∑

j cijVj
79: ad∗

Vi
Vj = −cjiY

�
79:JH2OE8MDY�rFM7

K(Y, Vi) =
1

4
‖ ad∗

Y Vi‖2 − 3

4
‖[Y, Vi]‖2 − 1

2
〈[[Vi, Y ], Y ], Vi〉

=
1

4

∑

j

(
c2
ij − 3c2

ji − 2cijcji

)

= −
∑

j

c2
ji +

1

4

∑

j

(cij − cji)
2 � � 
G� �;�

79:
K(Vi, Vj) =

1

4
‖ ad∗

Vi
Vj + ad∗

Vj
Vi‖2 − 〈ad∗

Vi
Vi, ad

∗
VJ

Vj〉

=
1

4
(cij + cji)

2 − ciicjj.
� � 
G� 
 �

� P @\F2:S147T0[@\1S:	�}D6OE���,7 C 765S: >A@ �z@\:S1SKLD67 H27 f ��>L7 :4791S�,7TH27TH27 V 143 n − 2 HUF0�OE>��;8 �E�,7zD @\1W@ED9:4391SKL5S:SKL�rFM7 765S:IKG8MH2390�798MHM@\8r:=H27,>A@ �,39:S1SKL�rFM7 D4�MOEKL5SKL7�
 � 7,D @\>LD9F2>
�,OE8;:S147,�rFM7 54OE8
D6O%7��zD9KL798r:Y765S: κ =

∑

ij(ciicjj − cijcji)

!� 8
0�79F2:I798�H236HUF2KG147

�;FM7
n∑

i,j=1

K(Vi, Vj) + κ =
n∑

i,j=1

(
1

4
(cij + cji)

2 − cijcji

)

=
1

4

n∑

i,j=1

(cij − cji)
2,

� � 
G� � �
79:JH2OE8MDY�rFM7

n∑

i,j=1

c2
ji =

n∑

i,j=1

K(Vi, Vj) −
n∑

i=1

K(Y, Vi) + κ ≤ (n2 + n)a + κ,
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G� � �
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 � @d5476D6OE8MH27NH236D6OEF2>L7NHUF�BC@\KG:
�;FM7d>A@?D6OEF21SR2F2147X5476D9:SKLOE828M79>G>L7X5 PQ36D91SKG:ND6OE���,7dF28 0�OE>��%8 �E�,7d�MOE�,O V Z98M7XH27IH27 V 143
H279F�� 1479>A@\:SK���79�,798r:d@\F�� cij
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∆inv 
����pr"$� �f�	m ���!�#"+����q�% (>'/% � � K U 765S:�F28���76D9:479F21}D6OE>LOE828M7 :479>M�;FM7 CtCU =
0 ��@\>LOE145 tUCtCU = 0 �a79:dH2OE8MD ‖tCU‖ = 0 
	��@\1dD6OE8M5W36�rFM798;:	� dimKerC tC =
dimKer tC = dimKerC = d′ 
 � OE���,7 dimKer∆1

inv = 1 + dimKerC tC �MOE8
@?R2KL798 dimKer∆1

inv = d′ + 1 

����pr"$� �f�	m ���!�#"+����q}%�( ' s � � PQ765S: F28M7 D6OE8M5436�rFM798MD67 HUKG1476D9:47 HUF_>L79���,7� 
G�����fD6OE���,7 >A@�:S1W@ED67 H27 ∆1

inv
7654: D679>G>L7
H27 CtC �fD679:S:47 :S1W@ED67 7654: �z@6
SOE14367

798�B OE8MD9:SKLOE8 H27 a 79: B 
 � OE���,7 >L765R��@\>L79F2145?0214OE0214765�H27 ∆1
inv

54OE8r: 0�O�5SKG:SK���765	�
D4�[@ED9F28M7Y7654: �z@6
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����pr"$� �f�	m ���!�#"+����q %�( ' � �
� F2020/O�5WOE8M5f�;FM7 d 6= n 
 � OEKG: E0

>L7 54OEFM5 � 765S0[@ED67 D @\1W@ED9:4391SKL54:SKL�rFM7IH27 f @E545WO;D9KL3<X>A@l�E@\>L79F21f0214OE02147 0 
 � 8 8MOE:4791W@ E⊥
0
54OE8 OE1S:S�MO V OE8[@\> 0/OEF21f>A@YHUF[@\>GKG:43dHM@\8M5f>CPQ765 �

0[@ED67?H2765 1
� B OE1S�,765IKG8F��@\1SKA@\8r:4765 ��791S:SKLD @\>L765	
 � OE���,7 d 6= n �a>CPQ765S0[@ED67 E⊥

0
765S:IH27

HUKG�,798M5SKLOE8 8MOE8T8rF2>G>L7�
 � 8��E@��,OE8r:S14791d�rFM7I>L7Y�rFMOE:SKL798;: H27l� @f�%>L79K V �T765S:JF282K BtOE1 �
�,39�,798r:J��KG8MOE143Y5SF21 E⊥

0
�U0�OEF21N798M5SF2KG:47Y@\0202>GKL�;FM791N>L7I021SKG8MD9KG0�7XHUF ��KG82KG�z@�� 


�J79�z@\14�;FM765H��D6OE���,7 >L765 B OE1S�,765,79:�>L765 �,39:S1SKL�;FM765zD6OE8M5SKLH2391436765,5WOE8r:,KG8��E@ �
1SKA@\8r:4765	� >A@ 8MOE1S�,7 0/OE8MD9:SFM79>G>L7 H P F28M7 BtOE1S�,7 8M7 H2390/798MHU1W@T0[@E5 HUF_0/OEKG8;:�O	� OE8
>A@ D @\>LD9F2>L7�� D67z�;F2K}0�791S�,79:=H PQ36D91SKG147 �rFM7 R(α) = ‖dα‖2

‖α‖2 = |dα|2
|α|2
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KG>oBC@\F2:J8MOE:4791I�rFM7Y>A@�8MOE:SKLOE8 H PQOE1S:S�MO V OE8[@\>GKG:43 0�OEF21J>A@ HUF[@\>GKG:43=765S: KG8MH2390/798MHM@\8;:47
H27Y>A@z�,39:S1SKL�rFM7�
���8
0[@\1S:SKLD9F2>GKL791	� D6OE���,7 E0

765S:dH23��M82K KG8MH2390�798MHM@\���,798r:=H27Y>A@
�,39:S1SKL�rFM7�� E⊥

0
>L7X54791W@�@\FM545SKX
� OEKG: V [ ∈ E⊥

0
79: (Vi)

F28M7�R[@E547�OE1S:S�MOE8MOE1S�,367 H27 Γ(TV M)
G :479>G>L7��rFM7

(V1, · · · , Vd)
54OEKG:�F28M7 R[@E547 OE1S:S�MOE8MOE1S�,367 H27 E0

� 5SK d = 0 79:,H2OE8MD E0 = 0 �
OE8�D4�MOEKL5SKG:?@\>LOE145 (Vi)

OE1S:S�MOE8MOE1S�,367 �;FM79>LD6OE8M�rFM7���>A@ 5SF2KG:47,H27�>A@ H239�,OE8M54:S1W@\:SKLOE8
14765S:W@\8r:c��@\>GKLH27 �=
 � PQ76540[@ED67 E0

7654: 5S:W@\R2>L7?0[@\1 f �aH2OE8MD E⊥
0
765S: 54:W@\R2>L7Y0[@\1 tf �[79:

>A@I�z@\:S1SKLD67dH27 (tf)|E⊥
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HM@\8M5j>A@XR[@E547 (V [
d+1, · · · , V [

n) 7654: tD �rO	� D 7654:jF28M7 54OEFM5 �
�z@\:S1SKLD67YH27 C 
 � OE���,7X>A@�1479>A@\:SKLOE8 � � 
 � � 0�79F2:J5 PQ36D91SKG147 dV [ = −Y [ ∧ (tf)(V [) �
OE8 @

|dV [|2 = |(tf)(V [)|2 ≥ λ|V [|2, � � 
G� � �
O	� λ 765S: >A@=02>GFM5 0�79:SKG:47c�E@\>L79F21 0214OE02147XH27 DtD 
Q� P F28M7d0[@\1S:	�U>L7IH239:4791S��KG8[@\8;: H27
D679:S:47I�z@\:S1SKLD67���391SK��[7

Det DtD = (Det tD)2 = (Det(tf)|E⊥
0
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79:,H2OE8MD Det DtD 765S:�KG8MH2390/798MHM@\8;: HUF DW�MOEK��_H27 >A@ R[@E5W7 (Vi)
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0
) 765S:I8MOE8�8;F2>X
 ��8�7�� 79:	�o5SK tf|E⊥
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(α) = 0 � @\>LOE145 α ◦ f = 0 �oH2OE8MD α765S: OE1S:S�MO V OE8[@\>q<z>CP KG�z@ V 7?H27 f �[�;F2K D6OE8;:SKL798r:d>L765d54OEFM5 � 765S0[@ED6765 D @\1W@ED9:4391SKL5S:SKL�;FM765
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TrCtC ≥ TrDtD
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� 8 @ �,OE8;:S143T�;FM7 >L7T�rFMOE:SKL798;: H27H� @f�%>L79K V �yH27 α ∈ E⊥
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765S:z��KG8MOE143 0[@\1

F28M7 D6OE8M5S:W@\8r:47 c(f, a) KG8MH2390/798MHM@\8;:47IH27J>A@Y�,39:S1SKL�;FM7 79: HUF D4�MOEK�� H27 α 
 � OE���,7
dimE⊥

0 = n−d ��>L7N021SKG8MD9KG0�7 HUFz��KG82KG�z@��z8MOEFM5fHUKG:fH2OE8MD �rFM7J>L765 n+1−d 02>GFM5V 1W@\8MH2765b��@\>L79F2145�0214OE0214765�H27 ∆1
inv
54OE8r:���KG8MOE1436765�0[@\1 c 
 � OE���,7 dimKer∆1

inv =
d′ + 1 79: �rFM7 dimΩ1(M)G = n + 1 �[OE8 798 H236HUF2KG:J�;FM7 λinv

d−d′+1,1 > c 

� K d = n � @\>LOE145=KG> 7��UKL5S:47 P ∈ GLn(R) :479> �;FM7 P−1BP 54OEKG:=:S1SKA@\8 V F2>A@\KG147

5SF20�391SKL79F2147I@f��76D H2765 0 5SF21f>A@YHUKA@ V OE8[@\>L7��U79: D6OE���,7 P−1AP = P−1 exp(B)P =
exp(P−1BP ) �%>A@?�z@\:S1SKLD67 P−1AP 54791W@=:S1SKA@\8 V F2>A@\KG147Y5SF20�391SKL79F2147X@f��76DYH2765 1 54F21>A@ HUKA@ V OE8[@\>L7�
 � 8?798 H236HUF2KG:	�E798 0/O�5W@\8;: P ′ =

(
P 0
0 I

)
∈ GLn+2(R) �\�;FM7}>L7 V 14OEF20/7

P ′−1GP ′ ��O	� G 765S:d>L7 V 14OEF20/7�D6OE8M5S:S1SF2KG:Y@\F 0[@\1W@ V 1W@\02�M7 � 
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 � PQ765S: H2OE8MD F28
V 14OEF20�7I82KG>G0�OE:4798r:	
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� F2020�O�54OE8M5,�;FM7 d > 0 
 � OEF21 5SKG��02>GK��[791	��8MOEFM5z@\>G>LOE8M5z�,OE8r:S14791,>L7 14365SF2>G:W@\:

HM@\8M5j>L7 D @E5fO	�z>A@X0[@\1S:SKL7J82KG>G0�OE:4798r:47dH27J>A@X1436HUF2KG:47 H27���OE14HM@\8 H27 B 8M7 D6OE��0�OE1S:47
�;FoP F28 5479F2>�R2>LO;D H27c��OE14HM@\8��U>A@?D6OE8M5S:S1SFMD9:SKLOE8 H27 gk
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39:W@\8;: 5W79�YR2>A@\R2>L7IHM@\8M5 >L7dD @E5

V 398M391W@\>X

� 8 D6OE8M5S:S1SF2KG: F28M7 R[@E547 (V1, · · · , Vn) H27 Γ(TV M)

G 798 DW�MOEKL5SKL545W@\8;:�F28M7
R[@E547
H27t��OE14HM@\8 (V1, · · · , Vd)

H27 E0
� 798 0[@\1S:SKLD9F2>GKL791	� (V1, · · · , Vd′)

54791W@�F28M7
R[@E547 H27 Ker f �N�;FM7?>CPQOE8 OE8 >A@ D6OE��02>LZ9:47�H27?�z@\82KLZ9147��rFM79>LD6OE8M�;FM7 798
F28M7=R[@E5W7
(V1, · · · , Vd′)

H27 Γ(TV M)
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�� 8 8MOE:4791W@ C >A@Y�z@\:S1SKLD67 H27 f HM@\8M5 D679:S:47 R[@E547�
 � @

�z@\:S1SKLD67 C 8oPQ7654:J0[@E5 H27l��OE14HM@\8��a�z@\KL5 5 @�14765S:S1SKLD9:SKLOE8 < E0
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




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
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
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
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 � 8 0�O�547 V ε
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�[@f��76D νi(ε) = ε−1 0/OEF21 i ≥ d′ + k �

79: νi(ε) = ε−(1+d′+k−i)Vi
0�OEF21 i < d′ +k 
 � @d�z@\:S1SKLD67 Cε

H27 f HM@\8M5fD679:S:47 R[@E547��391SK��[791W@
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ij =
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νi(ε)
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 � � �
H2OE8MD cε
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0/OEF21I:4OEF2: ε 
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inv
54OE8r:J8rF2>G>L765	


� �



� K d 6= d′ �M@\>LOE145=� 
 
 � V @\1W@\8r:SKG: >CPQ7��%KL54:4798MD67XH P F28M7I0�79:SKG:47c�E@\>L79F21N0214OE02147�

���[p "+� �f�	m����!�#"$���b� � k �F"nmWo�prq�s>% � � OE���,7 B 765S:=5W79��K � 5SKG��02>L7���54OE8

OE1SR2KG:47I0[@\1 D6OE8-
 F V @\KL54OE8 765S:fB 791S�,367 ��� � ����� � � �%0�
 � � �=
 � OE���,7d>A@ D6OEF21SR2F2147X765S:
R�OE1S8M367���>A@ 8MOE1S�,7 H27 C 147654:47 R/OE1S8M367 �;F[@\8MH >A@ R[@E547 (V [

1 , · · · , V [
n , Y [) � 79:

H2OE8MD�>A@ �,39:S1SKL�;FM7 � ��@\1SKL7�
 � @ �z@\:S1SKLD67 C 765S:I0[@\1XD6OE8M5S:S1SFMD9:SKLOE8�HM@\8M5X>CPQOE1SR2KG:47
0[@\1zD6OE8-
 F V @\KL54OE8wH27 B ��H2OE8MD 79>G>L7 0214798MH �M8[@\>L79�,798;: 54765��E@\>L79F2145z@\F D6OEF2145 H27
>CPQ7�� OE8MHU1479�,798r:dHM@\8M5 F28M7I0[@\1S:SKL7XD6OE��0[@ED9:47 K H27ID679:S:47YOE1SR2KG:47�
� @IR[@E547 OE1S:S�MOE8MOE1S�,367 (V [

1 , · · · , V [
n , Y [) H27 Ω1(M)G 798 V 798MHU147��;0[@\1}0214O%HUF2KG:

7��U:4391SKL79F21	��F28M7 R[@E547 OE1S:S�MOE8MOE1S�,367,H27 Ω∗(M)G 
 � 765ID6O;7��zD9KL798;:45YH27?>A@ �z@\:S1SKLD67
H27 >A@dHUK�� 3914798r:SKL79>G>L7 7��%:4391SKL79F2147 d HM@\8M5qD679:S:47 R[@E547���79:qH2OE8MDJD679F�� H27 >A@ �z@\:S1SKLD67 H27
∆ = dδ+δd ��54OE8r:fH2765�B OE8MD9:SKLOE8M5jD6OE8;:SKG8rFM765 H27 C ⊂ K 
 ��@\1 D9OE8M5W36�rFM798;:	�r�;F[@\8MH
>A@=�,39:S1SKL�;FM7B��@\1SKL7��%>A@X�z@\:S1SKLD67IH27 ∆ 0214798MH 54765��E@\>L79F2145 HM@\8M5 F28 D6OE��0[@ED9: KG�z@ V 7
H27 K 
 � P KG>a7��UKL5S:47 F28M7 BC@\��KG>G>L7 H27 �,39:S1SKL�rFM765j:479>G>L7 �rFM7 λinv

1,p
:4798MH27B��79145'& 3914OY0�OEF21

F28 p ∈ [1, n] ��@\>LOE145�>A@ �z@\:S1SKLD67NH27 ∆ :4798MH)��79145�F28M7 �z@\:S1SKLD67 H27 1W@\8 V 5S:S1SKLD9:479�,798;:
KG8UB 391SKL79F21	�rD67N�;F2K[765S:}KG��0/O�5454KGR2>L7 02F2KL54�;FM7���0[@\1jD6OE��0[@ED9KG:43��;>A@d�z@\:S1SKLD67N>GKG��KG:47 54791W@
HM@\8M5J>CP KG�z@ V 7XH27 K �%H2OE8MDYH27I�"#9�,7I1W@\8 V �;FM7 ∆ 


��@\1 D6OE8M5436�rFM798;:	�r>CPQOE0�391W@\:479F21 ∆ 14765S:S1479KG8;: < Ω∗(M)G 8oP @EHU�,79:j0[@E5jH27N0�79:SKG:47��@\>L79F21N0214OE02147�


� ��� � � %,+-&".�/0.89 1@� �<��/0&)/0�89 1@&��D�8�'90&"E��@9
�q8 0/79:SKG:47 HUKG�,798M5SKLOE8��}OE8 0�79F2:"#9:S147 02>GFM5 021436D9KL5,�;FM7 >L765 :S�M36OE14Z9�,765 � 
 79:� ���/79: �,79:S:S147?798
3:�;KLH2798MD67=F28T>GKL798
5SKG��02>L7?798r:S147=>CPQ7��%KL54:4798MD67?H27Y0/79:SKG:4765 ��@\>L79F2145

0214OE0214765 79:N>A@ 5S:S1SFMD9:SF2147XHUF V 14OEF20�7 G �
xl"$m6" � � ���#mWq�s>' s���'R( 0	AFA * I * 1QI d 0Q2 n = 2

* 0 3 J (L\ , O 2ZD , I . 2 p ∈ [1, n] 2 . 0�1+2
I=0 ,/. 2lG�2�< 8:. 7 , d 0Q2^I�U * < * V � 1+2=I�I^0[7 M

. 2 O#O 2 d 0�2 O 5@? * 0[7f]:0�7E2hIf2E? ./,/* 1�1+2 O#O 2R5WI^I * `
? ,X8 2�I *-,#. 0�1 , a * 7=< 8 <�2:1 . ] * 7^1 8 2�2 . d 0Q2 λinv

1,p

. 2=1$G�2B3W2=7^I 0 �b5 O�* 7�I G 2^I . 1 ,#O A *�. 2=1 . J
�Tq�p �Qm ����q s ' sQ��' � PQ7654:X0[@\1Y7��279��02>L7�>A@ 5SKG:SF[@\:SKLOE8 7��%0�O�54367�798w��
G��� O	��OE8�@
p = 1 79: n = 2 


���[p "+� �f�	m����!�#"$� �b� � "nmW"���� ��� mWq�s>' sn� � � OE8r:S14OE8M5jH P @\R/OE14H,�;FM7 5 P KG>M7��UKL5S:47
p :479>��;FM7 λinv

p,1 → 0 �a@\>LOE145 d 6= d′ 
� K p = 1 �qD679>A@ H236D6OEF2>L7 HUF D6OE14OE>G>A@\KG147��.��
 � K p = n ��OE8 765S:�1W@\�,798M3 <
>A@
5SKG:SF[@\:SKLOE8 p = 1 0[@\1JHUF[@\>GKG:43XH27 � O;H V 7�


� 765S:47T>L765 D @E5 p = 2 79: n = 3 
�� 8 @�H23�
S<�D @\>LD9F2>L3 >L765z�z@\:S1SKLD6765 H27
δ :

Ω2(M)G → Ω1(M)G 79: d : Ω1(M)G → Ω2(M)G 
	� 8 798?H236HUF2KG:��;FM7}>A@J�z@\:S1SKLD67
H27

δd ��798z147654:S1SKLD9:SKLOE8 < Ω2(M)G 765S:jH27J>A@dB OE1S�,7��rHM@\8M5j>L765}R[@E5W765qKG8r:S14O%HUF2KG:4765N@\F
0[@\1W@ V 1W@\02�M7 � 
 � �

dδ :

(
tCC 0

0 0

)

.
� � 
 � 
 �

� OE���,7 >A@t�E@\1SKL39:43 765S:,H27 HUKG�,798M54KLOE8 4 ��>CPQOE0/391W@\:479F21zH27 � O%H V 7 ∗ 765S: F28M7KL54OE�,39:S1SKL7dH27 Ω2(M)G 
 ��8 14765S:S1SKLD9:SKLOE8 < Ω2(M)G �%OE8 @\F21W@
δd = ∗dδ∗ �;79: H2OE8MD

� �



δd 79: dδ
OE8;:,�"#9�,7 5S0�76D9:S147�
��?P @\F2:S147 0[@\1S:	��H P @\0214Z65z>A@T:S�M36OE1SKL7 H27 � O%H V 7�� >L7

5S0/76D9:S147dHUF >A@\02>A@ED9KL798 765S: >A@?1439F282KLOE8 H2765N5S0�76D9:S14765 H27
δd 79: dδ

�%OE8 H236HUF2KG:JH27ID67
�rF2Kj021436D6Z6H27 �;FoP F28M7 0/79:SKG:47@�E@\>L79F21?0214OE02147 8MOE8�8;F2>G>L7 H27 ∆2

inv
54791W@ F28M7 0/79:SKG:47

�E@\>L79F21N0214OE02147=8MOE8 8;F2>G>L7YH27 dδ|Ω2(M)G �a79:JH2OE8MDXF28M7Y0/79:SKG:47l�E@\>L79F21 0214OE02147YH27
tCC 
 � 7=1W@\KL5WOE828M79�,798r:Y@\0202>GKL�;FM3?< CtC HM@\8M5 >A@zH239�,OE8M54:S1W@\:SKLOE8
H27 � 
 
 � 14765S:47
�E@\>A@\R2>L7�0�OEF21 tCC 
!� 8�0/79F2:YH2OE8MDzD6OE8MD9>GF2147z�;FM7�5SK λinv

2,1
:4798MHM��79145+& 3914OQ��@\>LOE145

d 6= d′ 
� F2020/O�5WOE8M5 �;FM7 d 6= d′ 
\� >LOE145 >L7j8MO	�r@\F,H27 B 765S: 8MOE8 :S1SK��;KA@\>X�\0[@\1�D6OE8M5436�rFM798;:
d > d′ > 0 79: >A@ �YF2>G:SKG02>GKLD9KG:43zH27=>A@���@\>L79F21 0214OE02147 0 H27 B 765S:X@\F
�,OEKG8M5I3 V @\>L7
<�H279F��>
 � K n = 3 >A@,:S14OEKL5SKLZ9�,7���@\>L79F21J0214OE02147Y7654:J3 V @\>L7Y< >A@ :S1W@ED67=H27 B �;F2Ko765S:
8rF2>G>L7 02F2KL54�rFoPQ79>G>L7 765S:j143679>G>L7 79:f�rFM7 exp(TrB) = det(expB) = det A = 1 
[� OE8MD
d = n �279: G 765S: 82KG>G0�OE:4798r:	�aH P @\0214Z65Y� 
 
���


� ����� 57E �DE�!"E�>�&��71 ���@:'+-.
� OEFM5j@\>G>LOE8M5qKLD9KM�,OE8;:S14791j�;FM7 >CPQOE8,0/79F2:jD @\>LD9F2>L791}>L7 021479��KL791}8MOE�=R2147JH27 
 79:S:SK

HUF �MR2143 M KG8MH2390/798MHM@\���,798;:zH27 >A@ D6OE�MOE�,OE>LO V KL7���798_F2:SKG>GKL5W@\8r: >L7zB @\KG:?�rFM7 >L7
1436547 @\F Γ 765S: KL54OE�,OE1S02�M7?@\F V 14OEF20/7IBtOE8MHM@\�,798;:W@\> H27 M 

jlk �F"nmWo�prqts ' s � 'R(+*-,/.

M = Γ\G 0�1 N ]=7 8 2=1 .X* 7Z2 T n I^0[7 O 2h?^2=7i? O 2�? * 1QI . 7=0 ,#.
If2 O�* 1 ��� ��G 8#N 1 ,#. A�5-7�0[1+2�<�5 . 7 , ?�2 A ∈ SLn(Z) J � O�* 7^I O 2cA$7E2=< , 2=7�1 * <�]=7E2@G�2
� 2 .9./, G�2 M 2=I . b1(M) = 1 + dimKer(A − I) J
� 8 798 H236HUF2KG:l�
xl"nmW"���� ��� mWq�s ' s y 'R(n,

1 1 \ 2=I . AQ5WI 365 O 2=0[7�A$7 * A$7E2)GF2 A �g5 O�* 7^I O 2^I 1 ` a * 7^<�2^I�U�5-7^`
< * 1 , d 0Q2^IlGF2 M I * 1 .

G ` , 1�365-7 , 5�1 . 2^IfJ
� 8 ��791S1W@ @\F 0[@\1W@ V 1W@\02�M7 � 
 � 
 � F28 7��279��02>L7 �rF2K �,OE8;:S147 � 798r:S147�@\F2:S14765
D4�MO�54765 � �;FoPQOE8 0/79F2: 7���76D9:SK���79�,798;:	�/HM@\8M5 D6791S:W@\KG8M5 D @E5!�[@f��OEKG1dH2765 B OE1S�,765N�[@\1 �
�,OE82KL�rFM765N�;F2Ko8M7I54OE8;:N0[@E5 KG8��E@\1SKA@\8;:4765	
����pr"$� �f�	m ���!�#"+� ��� � k �F"nmWo�prq s>' s � � � OE���,7 G 765S: 5SKG��02>L79�,798;:
D6OE828M7��U7��d>L7 1436547 @\F Γ 765S:
KL54OE�,OE1S02�M7 @\F V 14OEF20�7�BtOE8MHM@\�,798;:W@\> HUF �rFMOE:SKL798;:
M = Γ\G 
�� OEF21fH239:4791S��KG8M791j>L7 021479��KL791j8MOE�YR2147JH27 
 79:S:SKaH27 M �rOE8��E@dD @\>LD9F2>L791
>CP @\R/39>GKA@\82KL543YH27I54OE8 V 14OEF20�7 BtOE8MHM@\�,798;:W@\>X


� @\020�79>LOE8M5N�;FM7d>L7 V 14OEF20/7 Γ 765S:JH27d>A@?B OE1S�,7��

(x1, · · · , xn, y) 7−→




Ay

0



0

x1



xn

0 1
0

y
1



 ,
� � 
 � � �

@f��76D (x1, . . . , xn, y) ∈ Z
n+1 
6�I@\8M5 >A@ 5SF2KG:47 H27}>A@ H239�,OE8M5S:S1W@\:SKLOE8��E8MOEFM5 8MOE:47914OE8M5

>L765 39>L39�,798r:45 H27 Γ KG8MHUK�� 391479���,798r:T5WOEFM5 >A@�B OE1S�,7 H27t��76D9:479F2145 >GK V 8M765 OEF H27
��76D9:479F2145JD6OE>LOE828M765	


�.�



� OEKG: g = (x1, . . . , xn, y) 79: g′ = (x′
1, . . . , x

′
n, y′) H279F�� 39>L39�,798r:45 H27 Γ 
 � 79F21

KG8���7914547I14765S0�76D9:SK���765J54OE8;:l�

g−1 =




A−y

(
x1



xn

)

−y



 79: g′−1 =




A−y′

(
x′
1




x′
n

)

−y′



 .
� � 
 � ���

� 7YD @\>LD9F2>�H27I>L79F21ND6OE���YF2:W@\:479F21 [g, g′] = gg′g−1g′−1 H2OE828M7��

[g, g′] =





(
x1



xn

)

+ Ay

(
x′
1




x′
n

)

− Ay′

(
x1



xn

)

−
(

x′
1




x′
n

)

0



 ,
� � 
�� � �

54OEKG: [g, g′] = ((Ay − I)

(
x′
1




x′
n

)

− (Ay′ − I)

(
x1



xn

)

, 0) 

� 8&��OEKG: �rFM7 [Γ,Γ] ⊂ ((A − I)Zn, 0) 
�� 36D9KG0214O;�;FM79�,798r:	� 54K OE8 � �U7 g =

(0, . . . 0, 1) 79: �;FoPQOE8�B @\KG:R�E@\1SKL791 (x′
1, . . . , x

′
n) ��OE8_OER2:SKL798r:,�;FM7 [Γ,Γ] ⊃ ((A −

I)Zn, 0) �[79:NH2OE8MD [Γ,Γ] 765S:N7��M@ED9:479�,798r: ((A − I)Zn, 0) 
� P KG�z@ V 7 H27
Z

n 0[@\1 (A − I) 7654:zF28�5WOEFM5 � 1436547 @\F H P KG8MHUKLD67 �M82K HUFw1436547 @\FH2765 798r:SKL79145 H27 Im(A − I) �[H2OE8MDX>L7=�rFMOE:SKL798;: H27 (Zn, 0) 0[@\1 ((A − I)Zn, 0) 7654:H27 >A@ B OE1S�,7 Zk × H � O	� k = codim Im(A − I) 79: H 765S:?F28 V 14OEF20�7��M82K �
3:��798;:SFM79>G>L79�,798r:I:S1SK��%KA@\> � �[79:��M8[@\>L79�,798;: >CP @\R�39>GKA@\82KL543 Γ′ = Γ/[Γ,Γ] HUF V 14OEF20�7
Γ 7654:}H2OE8MDNH27 >A@ B OE1S�,7 Zk+1×H 
 � 7 021479��KL791}8MOE�=R2147JH27 
 79:S:SK[H27 M 765S:qH2OE8MD

b1(M) = 1 + dimKer(A − I).
� � 
��U� �

���[p "+� �f�	m����!�#"$� �b� � "$m6" ��� ���#mWq�s ' s y � � K 1 8oPQ765S: 0[@E5_��@\>L79F21J0214OE02147?H27
A �;@\>LOE145 0 8oPQ765S:q0[@E5g��@\>L79F21}0214OE02147JH27 B �r79:}0[@\1jD6OE8M5W36�rFM798;:	�;798@��791S:SF HUFz0�OEKG8r:
� 
 
G��� b1(M) = dimKer∆1

inv = 1 
 ��OEF2:4765j>L765 1
� B OE1S�,765}�[@\1S�,OE82KL�;FM765f54OE8r:}H2OE8MD

HM@\8M5J>L7d8MO	�r@\FTH27 ∆1
inv

�279:N798 0[@\1S:SKLD9F2>GKL791 54OE8r: G
� KG8F��@\1SKA@\8r:4765	


� ���;� � � ��� ��!"�89
�
��� ����� � 
 �  �!
�� � � � 
 � � � ��� �
��� 
 � � � � � � 
��

2 �
���
��� 
�� �� 	� ��� 
�� �  
 � � 
 �

� OEFM5�@\>G>LOE8M5 H2OE828M791 KLD9K%F28=7��279��02>L7jH27 �MR2143j798=:4OE147j54F21�>L7fD67914D9>L7}0�OEF21�>L76�;FM79>
d = d′ = 0 79: ∆2

inv
@EHU�,79: F28M7 0�79:SKG:47B��@\>L79F21 0214OE02147�
 � 79: 7��279��02>L7d�,OE8r:S147I�;FM7

>L7XD6OE14OE>G>A@\KG147z�.� 8M7I547 V 398M391W@\>GKL547Y0[@E5J< n 79: p �rFM79>LD6OE8M�;FM7�

� 8TH23��M82KG:N>L7 �MR2143XD6OE8M5SKLH239143X0[@\1N>A@?�z@\:S1SKLD67

A =

(
A′ A′′

0 A′

)

,
� � 
�� � �

@	��76D
A′ =

(
2 1
1 1

) 79: A′′ =

(
0 1
0 0

)

.
� � 
�� ���

���



� ��� �Ts>' ��� ' � 5�<�5 . 7 , ?�2 A 2^I . If2=<�] O 5F] O 2 � 0�1>2�<�5 . 7 , ?^2)GF2 O 5�a * 7^<�2






eλ 1 0 0
0 eλ 0 0

0 0 e−λ 1
0 0 0 e−λ







,
� � 
�� 
 �

*-Y
λ 2^I . 0�1�7 8 2 O 1 * 1t1�0 O J
����pr"$� �f�	m ���!�#"+� ��� @ �z@\:S1SKLD67 A′ @EHU�,79: H279F��&�E@\>L79F2145 0214OE0214765 143679>G>L765

0/O�5SKG:SK���765!�}�;F2K 54OE8;: KG8���791454765 >CP F28M7TH27 >CP @\F2:S147
D @\1 Det A′ = 1 
�� 8y8MOE:4791W@ λ>L7,143679>}0�O�5SKG:SK BN:479>f�rFM7 D6765=H279F�� ��@\>L79F2145Y0214OE0214765 54OEKL798;: eλ 79: e−λ 
 ��>G>L765 54OE8r:
@\FM545SK ��@\>L79F2145N0214OE0214765JH27 A @	��76DX>A@ �=F2>G:SKG02>GKLD9KG:43=H279F�� 
 � 8 0�79F2:_��391SK��[791J�;FM7I>L7
0/OE>��%8 �E�,7YD @\1W@ED9:4391SKL5S:SKL�;FM7?H27 A 765S:J5WOE8 0�OE>��;8 �E�,7=��KG82KG�z@\>X
 � 765 54OEFM5 � 765S0[@ED6765
0214OE0214765NH27 A 54OE8;:NH2OE8MDd:4OEFM5 >L765 H279F�� H27IHUKG�,798M54KLOE8����279: 0[@\1ND6OE8M5436�rFM798;:	�U>L765
H279F�� R2>LO%D65NH27X5W@?1436HUF2KG:47YH27 ��OE14HM@\8 54OE8;: ( eλ 1

0 eλ

) 79: ( e−λ 1
0 e−λ

) 

� ��� �Ts>' � ��' � O 2ED , I . 2l0�1+2�I^0 ,/. 2hG�2�< 8:. 7 , d 0Q2 gε I=0�7 M = Γ\G(B) 2 . 0[1+2�I^0 ,#. 2
GF2l<�5 . 7 , ?�2^I Cε 5WI^I * ? ,X8 2^I . 2 O O 2^I d 0�2

Cε =







λ ε 0 0
0 λ 0 0

0 0 −λ ε
0 0 0 −λ







.
� � 
�� � �

����pr"$� �f�	m ���!�#"+� � � OE���,7XOE8T@
exp

(
λ e−λ

0 λ

)

=

(
eλ 1
0 eλ

) 79: exp

(
−λ eλ

0 −λ

)

=

(
e−λ 1
0 e−λ

)

,

� @?�z@\:S1SKLD67 A @EHU�,79:NF28 >LO V @\1SKG:S�2�,7Y5W79�YR2>A@\R2>L7=<

C =







λ e−λ 0 0
0 λ 0 0

0 0 −λ eλ

0 0 0 −λ







.
� � 
�� � �

� OEKG: (V1, V2, V3, V4)
>A@ R[@E547 HM@\8M5Y>A@E�;FM79>G>L7 >A@ �z@\:S1SKLD67 H27z>CPQ798MH2OE�,OE1S02�2KL5S�,7 f765S:I3 V @\>}< C 
 � KqOE8 0/O�547 V ε

i = εαVi
0�OEF21 i = 1, 3 � V ε

2 = εα+1eλV2
79: V ε

4 =
εα+1e−λV4

O	� α 765S:XF28�143679>j5S:S1SKLD9:479�,798;:Y0�O�5SKG:SK Bi�o>A@ �z@\:S1SKLD67zH27 f HM@\8M5?D679:S:47
R[@E547I54791W@

Cε =







λ ε 0 0
0 λ 0 0

0 0 −λ ε
0 0 0 −λ







.
� � 
������

� >I5SF��,: H2OE8MD H27�H23��M82KG1 gε
798 0/O�5 @\8r: �;FM7
>A@ R[@E547 (V ε

1 , V ε
2 , V ε

3 , V ε
4 , Y ) 765S:OE1S:S�MOE8MOE1S�,367�
 � 7XBC@\KG:d�rFM7Y>A@zD6OEF21SR2F2147?14765S:47=R/OE1S8M367 �;F[@\8MH ε → 0 H236D6OEF2>L7 HUF>L79���,7 � 
G���

� �



� ��� �Ts '�� z ' � 5�365 O 2=0[7�A+7 * A+7Z2 λinv
2,1 (M, gε)

. 2:1$G@3W2=7^I �!8 7 * d 0�5�1$G ε → 0 J
���[p "+� �f�	m����!�#"$� �
� 8t��@zD @\>LD9F2>L791d>A@z�z@\:S1SKLD67?H27 d : Ω2(M)G → Ω3(M)G HM@\8M5dH2765 R[@E54765dH27

>A@?B OE1S�,7 (V [
i ∧ V [

j , V [
i ∧ Y [) 79: (V [

i ∧ V [
j ∧ Y [, V [

i ∧ V [
j ∧ V [

k ) 

�q8 F2:SKG>GKL5W@\8r: � � 
 � �=�MOE8 OER2:SKL798r: �rFM7 dV [

i ∧ Y [ = 0 0/OEF21J:4OEF2: i �279:J�;FM7

d(V [
1 ∧ V [

2 ) = (λV [
1 + εV [

2 ) ∧ Y [ ∧ V [
2 − V [

1 ∧ λV [
2 ∧ Y [

= −2λV [
1 ∧ V [

2 ∧ Y [,
� � 
 �M� �

d(V [
1 ∧ V [

3 ) = (λV [
1 + εV [

2 ) ∧ Y [ ∧ V [
3 − V [

1 ∧ (−λV [
3 + εV [

4 ) ∧ Y [

= −εV [
2 ∧ V [

3 ∧ Y [ − εV [
1 ∧ V [

4 ∧ Y [,
� � 
 � � �

d(V [
1 ∧ V [

4 ) = (λV [
1 + εV [

2 ) ∧ Y [ ∧ V [
4 − V [

1 ∧ (−λV [
4 ) ∧ Y [

= −εV [
2 ∧ V [

4 ∧ Y [,
� � 
 � ���

d(V [
2 ∧ V [

3 ) = λV [
2 ∧ Y [ ∧ V [

3 − V [
2 ∧ (−λV [

3 + εV [
4 ) ∧ Y [

= −εV [
2 ∧ V [

4 ∧ Y [,
� � 
 ���;�

d(V [
2 ∧ V [

4 ) = λV [
2 ∧ Y [ ∧ V [

4 − V [
2 ∧ (−λV [

4 ) ∧ Y [ = 0,
� � 
 � 
 �

d(V [
3 ∧ V [

4 ) = (−λV [
3 + εV [

4 ) ∧ Y [ ∧ V [
4 − V [

3 ∧ (−λV [
4 ) ∧ Y [

= 2λV [
3 ∧ V [

4 ∧ Y [.
� � 
 � � �

� @��z@\:S1SKLD67XH27 d HM@\8M5 >L765 R[@E5W765

(V [
1 ∧ V [

2 , V [
1 ∧ V [

3 , V [
1 ∧ V [

4 , V [
2 ∧ V [

3 , V [
2 ∧ V [

4 , V [
3 ∧ V [

4 , V [
i ∧ Y [)

79:
(V [

1 ∧ V [
2 ∧ Y [, V [

1 ∧ V [
3 ∧ Y [, V [

1 ∧ V [
4 ∧ Y [, V [

2 ∧ V [
3 ∧ Y [,

V [
2 ∧ V [

4 ∧ Y [, V [
3 ∧ V [

4 ∧ Y [, V [
i ∧ V [

j ∧ V [
k )

765S:NH27X>A@=BtOE1S�,7












−2λ 0 0 0 0 0
0 0 0 0 0 0
0 −ε 0 0 0 0
0 −ε 0 0 0 0
0 0 −ε −ε 0 0
0 0 0 0 0 2λ

0

0 0













.
� � 
 � � �

� 8H��OEKG: �rFM7I�;F[@\8MH ε :4798MH���79145 & 3914OQ�aD679:S:47I�z@\:S1SKLD67X:4798MHH��79145NF28M7X�z@\:S1SKLD67=H27
1W@\8 V 5S:S1SKLD9:479�,798;:qKG8UB 391SKL79F21	
$� 8 0/79F2:q798�H236HUF2KG147ND6OE���,7N@\F�0[@\1W@ V 1W@\02�M7 � 
 �X�;FM7
>CPQOE0�391W@\:479F21

δd @EHU�,79:YF28M7�0/79:SKG:47��E@\>L79F21X0214OE02147�� �rF2Kq5W791W@ @\FM545SK�0�79:SKG:47���@\>L79F21
0214OE02147XH27 ∆ 


���



�
� � � ��� � ��������� � � 
�� � � ������� 
�� � � ����� �� 
 ��� 
 ��� � � 
 �!�
� 


� OEFM5I@\>G>LOE8M5dKLD9K�39:SFMHUKL791d02>GFM5I798 H239:W@\KG> F28 7��279��02>L7?0[@\1S:SKLD9F2>GKL791XH27+�MR2143 798
:4OE147 T 2 5SF21 >L7ID67914D9>L7��M0�OEF21 �,79:S:S147X798 3:�%KLH2798MD67I02>GFM5SKL79F2145 H27I54765 0214OE021SKL39:4365	
� 7 �MR2143X765S:ND6OE8M5S:S1SF2KG: 0[@\1 >L7I:S�M36OE14Z9�,7z� 
 �M@	��76DX>A@ H2OE828M367XH27

A =

(
1 0
0 1

) 79: B =

(
0 2π

−2π 0

)

.
� � 
 � � �

� @?�z@\:S1SKLD67 exp(xB) 7654:NH27I>A@=BtOE1S�,7
(

cos 2πx sin 2πx
− sin 2πx cos 2πx

)

.
� � 
 � ���

� PQ765S: H2OE8MDd>A@?�z@\:S1SKLD67XH P F28M7d14OE:W@\:SKLOE8 H P @\8 V >L7 2πx � 8MOEFM5 >A@=8MOE:47914OE8M5 R(2πx) 
� 7 V 14OEF20�7 G 5 PQ36D91SKG:l�
(

R(2πx) 0 y
0 z

0 1 x
0 1

)

, x, y, z ∈ R.
� � 
 
 � �

� 8 021479��KLZ9147 1479�z@\14�;FM7�765S: H27 D6OE8M5S:W@\:4791X�;FM7=>A@���@\1SKL39:43 M = Γ\G 765S: F28
:4OE147��
� ��� �Ts>' (>%$'

Γ 2^I .P, I * < * 7;AnU�2 � Z
3 2 . Γ\G 2^I . G , � 8Z* < * 7;AnU�2 � T 3 J

��8 7���79:	�M>L7d1436547 @\F Γ 5 PQ36D91SKG:h�
(

1 0
0 1

0 y
0 z

0 1 x
0 1

)

, x, y, z ∈ Z.
� � 
 
 � �

� 8 0/79F2:���391SK��[791 �rFM7 Γ 765S:fR2KL798 @\R�39>GKL798�
 � @\1N@\KG>G>L79F2145	�UD6OE���,7 >A@Y:4OE0/OE>LO V KL7dHUF
�MR2143z765S:Y798;:SKLZ91479�,798r:�H239:4791S��KG8M367 0[@\1Y>A@ �z@\:S1SKLD67 A ��>L7 �MR2143z7654:YR2KL798�:S1SK��%KA@\>X

� 8 0/79F2: 1479�z@\14�;FM791N>L7 B @\KG:N�;FM7 Γ 54OEKG:N@\R�39>GKL798 765S:ND6OE�M3914798r: @	��76DI>L7 BC@\KG: �;FM7ID6754OEKG: >L7 V 14OEF20/7IBtOE8MHM@\�,798;:W@\> H P F28 :4OE147�


� 8z@dH2OE8MDND6OE8M5S:S1SF2KG:qF28 V 14OEF20�7NH27 � KL7N143654OE>GF2R2>L7N5SKG��02>L79�,798;:}D6OE828M7��U7JH2OE8r:
F28�54OEFM5 � V 14OEF20�7zD6O%D6OE��0[@ED9:=765S:=D6OE���YF2:W@\:SK BZ
��q8�D6OE��0[@\1W@\KL54OE8�� OE8 @ 0�OEF21X>L765
V 14OEF20/765 82KG>G0�OE:4798r:45 >L7d14365SF2>G:W@\:J54F2K��E@\8;: ��� � @ �E��� �c�
jlk �F"nmWo�prqts ' (n� 'R(+*-,/.

N1 2 . N2 GF2=0�D�V-7 * 0	AQ2=IRGF2 �b, 2�1 , O A *�. 2=1 . I I , <BA O 2=<�2=1 .
? * 1�1+2EDF2^I��h2 . Γ1 � Γ2 G�2=0-DMI * 0�I^`/V-7 * 0	A�2^IC? * ? * <BA�5F? . I�GF2 N1 2 . N2 7E2^I;AQ2Z? ./, 3W2=`
<�2:1 . J � O�* 7^I .X* 0 .�, I * < * 7XAnU , I=<�2�2=1 . 7E2 Γ1 2 . Γ2 I \ 8:. 2=1$Gt2=1r0[1 , I * < * 7;AnU , I^<�2
2=1 . 7E2 N1 2 . N2 J
��8 0[@\1S:SKLD9F2>GKL791	�[5SK[F28 V 14OEF20�7 82KG>G0�OE:4798r: 5SKG��02>L79�,798;:JD6OE828M7��27 D6OE8;:SKL798r: F28 54OEFM5 �
V 14OEF20/7ID6O%D6OE��0[@ED9:JKL54OE�,OE1S02�M7=<

Z
n �M@\>LOE145 KG> 765S:J@\R/39>GKL798�
 � 7 V 14OEF20/7 G KG>G>GFM5S:S147

H2OE8MDI>L7 B @\KG:N�;FM7XD67d:S�M36OE14Z9�,7Y8M7I547 V 398M391W@\>GKL547X0[@E5 @\F�� V 14OEF20�765N143654OE>GF2R2>L765!

� P @\F2:S147 0[@\1S:	�2D6OE���,7 M = Γ\G 79: F28 :4OE147��254OE8 021479��KL791 8MOE�=R2147XH27 
 79:S:SK

765S:?3 V @\>N<T5W@THUKG�,798M5SKLOE8���H2OE8MD b1(M) = 3 
 � 1	��5479>LOE8�>L7 :S�M36OE14Z9�,7
� 
 ��5SK OE8
�YF282KG: G H P F28M7 �,39:S1SKL�;FM7dKG8F��@\1SKA@\8r:47d>L7 8MO!�r@\F H27 ∆p

inv
765S: H27 HUKG�,798M54KLOE8 1 
 � 8

798 D6OE8MD9>GF2:h�
� �



� ��� �Ts ' (Q��'R(+*�,#.
g 0�1>2�< 8:. 7 , d 0Q2 G ` , 1�3W5-7 , 5-1 . 2 � V�5-0Q?=U�2�I^0[7 M J � O�* 7^I ,#O 2ZD , I . 2

I=0�7 M GF2=I 1 ` a * 7^<�2^I�U�5-7^< * 1 , d 0�2^I d 0 , 1+2�I * 1 . A�5-I G ` , 1�365-7 , 5�1 . 2^IfJ
� 8@��OEKG:}H2OE8MDJ�;FM7 >A@d0214OE0�O�5SKG:SKLOE8T� �=79:q>L7JD6OE14OE>G>A@\KG147 � 
 ��� 8M7N547 V 398M391W@\>GKL54798r:f0[@E5
<=:4OEF2:4765 >L765 54OE>���@\1SKL39:4365	
��J36D9KG0214O%�rFM79�,798;:	�U>L7 V 14OEF20/7 G KG>G>GFM5S:S147 >A@?5SKG:SF[@\:SKLOE8 O	�
>A@ �=F2>G:SKG02>GKLD9KG:43,H27?>A@T�E@\>L79F21d0214OE02147 1 HM@\8M5 A 7654:d54:S1SKLD9:479�,798r:Y5SF20�391SKL79F2147�< >A@
�=F2>G:SKG02>GKLD9KG:43=H27 0 HM@\8M5 B 


�q8��M8��[OE8 0�79F2: 1479�z@\14�rFM791 �rFM7IH P @\0214Z65J>L765 B OE1S�YF2>L765 � � 
G� �;� 79: � � 
G� 
 �=�M0�OEF21
>A@ �,39:S1SKL�rFM7 KG8F��@\1SKA@\8r:47 54F21 M :479>G>L7 �;FM7 >A@ R[@E547 (∂/∂x, ∂/∂y, ∂/∂z) 5WOEKG:=OE1 �:S�MOE8MOE1S�,367I<Y>CPQOE1SK V KG8M7��;>A@YD6OEF21SR2F2147d5SF21 M 765S:j8rF2>G>L7 � OE8 0/79F2:���391SK��[791f�;FM7 D�PQ765S:
798 V 398M391W@\>[BC@\F��,0�OEF21jF28M7J�,39:S1SKL�rFM7 KG8F��@\1SKA@\8r:47d�;FM79>LD6OE8M�rFM7 �=
 � 8T�E@X147 BtOE1S�=F2>L791
D67 14365SF2>G:W@\:N79: 798 H2OE828M791 F28M7IH239�,OE8M5S:S1W@\:SKLOE8 :S14Z65 5SKG��02>L7d�rF2K�8M7 BC@\KG:f0[@E5N@\020�79>
@\F�� BtOE1S�=F2>L765 HUF 0[@\1W@ V 1W@\02�M7 � 
����
� ��� �Ts ' ( (>' � O 2ZD , I . 2CI^0[7 R

3 0[1+2C< 8:. 7 , d 0�2 , 1n365-7 , 5-1 . 2RA * 0�7 O 5 I . 7=0�? . 0�7E2M?E5-`
1 * 1 , d 0Q2�GF2�V�7 * 0!AQ2�5F] 8=O , 2=1Q�R2 .�, 1n365-7 , 5-1 . 2hA * 0[7 OE\ 5�? ./,/* 1 � V�5�0�?=UQ2�G�0rV-7 * 0	AQ2
G J
���[p "$� �f�	m����!�#"$� � � 8
D6OE8M5SKLH2Z9147 5SF21

R
3 >A@z�,39:S1SKL�rFM7 79FMD9>GKLHUKL79828M7�D @\8MOE82KL�;FM7��

79: OE8_8MOE:47 x � y 79: z >L765 D6OE14H2OE828M36765,D @\8MOE82KL�;FM765	
 � K a � b 79: c 54OE8;: H2765?143679>L5
� �2365	�%>A@?0[@\1W@\�,39:S1SKL5W@\:SKLOE8 H27 G H2OE828M367I0[@\1 � � 
 
 � � H23��M82KG: >CP @ED9:SKLOE8 < V @\FMDW�M7XH27
(a, b, c) D6OE���,7Y39:W@\8;:





a
b
c



 ·





x
y
z



 =





a + x
(

b
c

)

+ R(2πa)

(
y
z

)



 .
� � 
 
 � �

� 8 ��OEKG: �;FM7 >CP @ED9:SKLOE8*H27 (a, b, c) 765S: >A@ D6OE��0/O�54367 H P F28M7�14OE:W@\:SKLOE8 79: H P F28M7:S1W@\8M5S>A@\:SKLOE8�
 � PQ7654: H2OE8MD=F28M7?KL54OE�,39:S1SKL7?0/OEF21 >A@,8MOE1S�,7 79FMD9>GKLHUKL79828M7�D @\8MOE82KL�;FM7�

��@\1 D6OE8M5436�;FM798r:	�[D679:S:47I8MOE1S�,7X765S:NKG8��E@\1SKA@\8;:47=< V @\FMDW�M7X0�OEF21N>CP @ED9:SKLOE8 H27 G 


� 79�z@\14�rFMOE8M5J0/OEF21��M82KG1 �rFoPQOE8 0�79F2: BC@ED9KG>L79�,798r: V 398M391W@\>GKL5W791 D679:N7��279��02>L7Y798
HUKG�,798M5SKLOE8 5SF20�391SKL79F2147 798 D6OE8M5S:S1SF2KL5W@\8;: F28M7J�z@\:S1SKLD67 A D6OE8r:4798[@\8;: F28 R2>LO%DJH27 >A@
B OE1S�,7 ( 1 0

0 1 ) �20[@\1N7��279��02>L7��

A =







1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1






79: B =







0 2π 0 0
−2π 0 0 0

0 0 0 1
0 0 0 0







.
� � 
 
 � �

� 7 �MR2143dOER2:4798;F HM@\8M5 D67dD @E5 54791W@=F28M7 5WOE>��E@\1SKL39:43I@f�r@\8;:NF28M7 :4OE0/OE>LO V KL7IH27 82KG>���@ �
1SKL39:43��2�z@\KL5 H2OE8r:N>L765 BtOE1S�,765 �[@\1S�,OE82KL�;FM765 8M7I54OE8r:N0[@E5N:4OEF2:4765NKG8F��@\1SKA@\8r:4765!
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� ���������
	�� �

� &  ��������� ��� 
�� �� ��  ���������� ���

��������� 	�� ��������	��!� � ��� 
� ������ � ��� ���


� ����

F������ � E,�<E !"E�>�&"� ��/ 9 �4� 
 /0+ �A1 � �@:'+-.
� OEFM5 @\>G>LOE8M5 KLD9K�H239�,OE8r:S14791 >L7I:S�M36OE14Z9�,7 ��� 
����pr"$� �f�	m ���!�#"+����qtsns '/% � � OEKG: M F28 �MR2143I021SKG8MD9KG0[@\> H27IR[@E5W7 T 2 79:JH27

�MR2147 F 
 � @ R[@E547IHUF �MR2143I0/79F2:N5 PQ36D91SKG147

[0, 1] × [0, 1]/∼,

O	� ∼ 765S:I>A@ 1479>A@\:SKLOE8 H PQ36�rF2K���@\>L798MD67z798 V 798MHU14367z0[@\1 (x, 0) ∼ (x, 1) 79: (0, y) ∼
(1, y) 
 � 7+�MR2143 M 0�79F2:X@\>LOE145 5W7=H23��M82KG1d0[@\1 >A@zH2OE828M367���0�OEF21 :4OEF2:d0�OEKG8r: p HUFR/OE14H ∂K H27 K = [0, 1] × [0, 1] H P F28 HUK�� 36OE�,OE1S02�2KL5S�,7 ϕp

H27z>A@ �MR2147���79:?798
0/O�5W@\8;:

M = K × F/(p,x)∼(q,ϕ−1
q ◦ϕp(x)),∀x∈F,∀p,q∈∂K,p∼q.

� ��
G� �
� P �F�%0/OE:S�MZ65W7 H27 021SKG8MD9KG0[@\>GKG:43I547 :S1W@EHUF2KG: KLD9K�0[@\1f>L7JBC@\KG: �;FM7 0/OEF21f:4OEF2: p, q ∈ ∂K:479>L5N�rFM7 p ∼ q 79:N0�OEF21 :4OEF2: g, x ∈ F �2OE8T@

(p, g · x) ∼ (q, g · ϕ−1
q ◦ ϕp(x)),

� ��
 � �
D67 �;F2KdKG��0/O�5W7
@\F�� ϕ−1

q ◦ ϕp
H P�#9:S147 H2765 :S1W@\8M5S>A@\:SKLOE8M5 < HU14OEKG:47 5SF21 >A@ �MR2147�


� 8 0�79F2:JH2OE8MD��a5 @\8M5N0�791S:47YH27 V 398M391W@\>GKG:43 547I147654:S1479KG8MHU147��[0�OEF21J>L7XDW�MOEK��TH2765 ϕp
�

@\F V 14OEF20�7zH2765=:S1W@\8M5S>A@\:SKLOE8M5=H27z>A@ �MR2147�� �rF2Kf765S:XKL54OE�,OE1S02�M7 < F 
 � 7��MR2143 765S:
H2OE8MD=H239:4791S��KG8M3 0[@\1 >A@zH2OE828M367�H P F28M7 @\0202>GKLD @\:SKLOE8�H27 ∂K HM@\8M5 F 
 � OE���,7�5W@
:4OE0/OE>LO V KL7Y8M7XH2390/798MH 0[@E5JH27I>A@,D9>A@E54547XH P �MOE�,OE:4OE02KL7?H27YD679:S:47?@\0202>GKLD @\:SKLOE8��[>CPQ798 �
5479�YR2>L7�H2765 �MR214365d021SKG8MD9KG0[@\F�� H27 �MR2147 F 54F21 >L7?:4OE147 T 2 765S:d0[@\1W@\�,79:S143�0[@\1d>L7
V 14OEF20/7 B OE8MHM@\�,798r:W@\> H27 F 
 � >/5 P @ V KG:N798 BC@\KG:NH P F28 7��279��02>L7IH27 D9>A@E5W547dH PQOERM5S:S1SFMD �
:SKLOE8 ��� � : 
 � � ��� � 
 �f�rF2Ko765S:	�UHM@\8M5 >L7ID @E5 V 398M391W@\> H P F28 F

� �MR2143d021SKG8MD9KG0[@\>�5SF21 F28M7
� 




��@\1SKL39:43JD6OE��0[@ED9:47 N F28 39>L39�,798r: H27 H2(N,π1(F )) 79:j�;F2K[�,7654F2147N>CPQOERM5S:S1SFMD9:SKLOE8HUF �MR2143=< #9:S147I:S1SK��;KA@\>X
� OE8M54KLH23914OE8M5 �z@\KG8;:4798[@\8r: F28 �MR2143�021SKG8MD9KG0[@\> M H27 �MR2147 T n � 79:
(a1, · · · , an) ∈ π1(T

n) = Z
n 5W@ D9>A@E54547�H PQOERM54:S1SFMD9:SKLOE8�
 � OEFM5
@\>G>LOE8M5 �=F282KG1

R
n+2 H P F28M7=5S:S1SFMD9:SF2147=H27 V 14OEF20/7Y:479>G>L7=�;FM7X>A@�:4OE0/OE>LO V KL7?HUFT�;FMOE:SKL798r:I< V @\FMDW�M7
0[@\1

Zn+2 54OEKG: D679>G>L7 HUF �MR2143�
 � OEF21,D67 B @\KG147�� 8MOEFM5 D4�MOEKL54KG14OE8M5�>L7z14790214365W798r:W@\8r:
γ : ∂K → T n H27I>A@ D9>A@E545W7IH PQOERM5S:S1SFMD9:SKLOE8TH27I>A@?�z@\82KLZ9147=5SF2K���@\8r:47��

γ|{0}×[0,1] = γ|[0,1]×{0} = γ|[0,1]×{1} = 0,

γ(1, t) = (ta1, · · · , tan),∀t ∈ [0, 1],

� ��
����

H27I54OE1S:47I�;FoP F28 39>L39�,798r: (x1, · · · , xn) ∈ T n H27d>A@ �MR2147X@\F H276545SFM5 H27 (0, t) ∈ K54791W@ KLH2798;:SK��[3 < >CPQ39>L39�,798r: (x1 + ta1, · · · , xn + tan) @\F H276545SFM5IH27 (1, t) 
 � KqOE8
8MOE:47 (x1, · · · , xn, y1, y2)

>L765Y39>L39�,798;:45=H27
R

n+2 �oOE8r��79F2:YH2OE8MDzH23��M82KG1?5SF21XD679:
798M5479�=R2>L7XF28 0214O%HUF2KG:N:479>��;FM7
(k1, · · · , kn, 0, 0) · (x1, · · · , xn, y1, y2) = (x1 + k1, · · · , xn + kn, y1, y2)

� ��
 �;�
H27 54OE1S:47z�;FM7zH P F28M7 0[@\1S:?>L765Y54OEFM5 � 76540[@ED6765?H27

R
n+2 H PQ36�rF[@\:SKLOE8 (y1, y2) = cte

0[@E545W798r: @\F �;FMOE:SKL798r: D6OE���,7YH2765 :4OE14765	�279:J:479>o�rFM7
(0, · · · , 0, l1, l2) · (x1, · · · , xn, y1, y2) =

(x1 + y2a1l1, · · · , xn + y2anl1, y1 + l1, y2 + l2),
� ��
 
 �

H27X5WOE1S:47I�rFM7d>A@�54:S1SFMD9:SF2147XH27 �MR2143X798 :4OE147X5W791W@?R2KL798 D679>G>L7XH23��M82KL7I0[@\1 � ��
����=

� 8 0�79F2: 7�� 76D9:SK���79�,798r:XD6OE8M5S:S1SF2KG147?F28M7=:479>G>L7=54:S1SFMD9:SF2147?H27 V 14OEF20�7=798 02>LOE8 �

V 7 @\8;:
R

n+2 HM@\8M5 Mn+3(R) 0[@\1N>CP @\0202>GKLD @\:SKLOE8T54F2K��E@\8;:47��

(x1, · · · , xn, y1, y2) 7−→






In

0



0

a1y1



any1

x1



xn

0
1
0
0

0
1
0

y1
y2
1




 .

� ��
 � �

� OE:4OE8M5 G >CP KG�z@ V 7�H27 D679:S:47,@\0202>GKLD @\:SKLOE8�
 � PQ765S:dF28 54OEFM5 � V 14OEF20�7 H27 Mn+3(R) �
79:N>L7Y�rFMOE:SKL798;: Γ\G O	� Γ 765S: >L7X1436547 @\F H2765J798;:SKL79145 H27 G 765S:JHUK�� 36OE�,OE1S02�M7=< >A@
��@\1SKL39:43 M �2�;F2K�765S:NH2OE8MDXF28M7d82KG>��E@\1SKL39:43�
� F2020�O�54OE8M5 �z@\KG:4798[@\8r:X�;FM7 n ≥ 2 
!� 8T0�O�547 d = pgcd(a1, · · · , an) 79: a′i =
ai/d


 � OEKG: P = (pij) ∈ M(n, Z) F28M7 �z@\:S1SKLD67 :479>G>L7 �;FM7 pi1 = a′i
79:?�;FM7 54765

��76D9:479F2145 D6OE>LOE828M765 B OE1S�,798r:JF28M7XR[@E547IHUF 1436547 @\F
Z

n 
 � 8T@�@\>LOE145

P−1

(
a1



an

)

=

(
d
0



0

) � ��
 � �
79:
(

P−1 0

0 I

)






In

0



0

a1y1



any1

x1



xn

0
1
0
0

0
1
0

y1
y2
1






(
P 0

0 I

)

=







In

0



0

dy1
0



0

x′
1




x′
n

0
1
0
0

0
1
0

y1
y2
1







� ��
 � �

� �



@f��76D ( x′
1




x′
n

)

= P−1

(
x1



xn

) 
!� 8 0/79F2: ��OEKG1I�rFM7=>L7 V 14OEF20�7 P ′−1GP ′ �/@	��76D P ′ =
(

P 0
0 I

) �27654: KL54OE�,OE1S02�M7=<
R

n−1 × G′ �2O	� G′ 765S: >L7 V 14OEF20�7












1 0 dy1 x
0 1 0 y1

0 0 1 y2

0 0 0 1







, x, y1, y2 ∈ R







.
� ��
 ���

�?P @\F2:S147 0[@\1S:	�UD6OE���,7 detP ′ = 1 79: �;FM7 P ′ 765S: <=D6O%7��zD9KL798r:45 798r:SKL79145!�;>L7 1436547 @\F
H2765 �z@\:S1SKLD6765=< D6O%7��zD9KL798r:45Y798r:SKL79145IH27 P ′−1GP ′ 7654:d7��M@ED9:479�,798r: P ′−1ΓP ′ ��O	�
Γ 765S:N>L7X1436547 @\FTH2765 798r:SKL79145 H27 G 
 � @���@\1SKL39:43 M = Γ\G �[�;F2K�765S: HUK���36OE�,OE1S02�M7
< P ′−1ΓP ′\P ′−1GP ′ 0/79F2:NH2OE8MDX5 PQ36D91SKG147

M ' (Zn−1 × Γ′)\(Rn−1 × G′) ' T n−1 × N,
� ��
G� � �

O	� N = Γ′\G′ �2798 8MOE:W@\8r: Γ′ = >L7X1436547 @\F H2765N798;:SKL79145JH27 G′ 

� 7 D @\>LD9F2>/�,OE8r:S147d�;FoPQOE8 0�79F2: 547N1W@\�,798M791N@\F D @E5jO	� >L765 ai

� i ≥ 2 54OE8r: 8;F2>L5	

� 8 5SF2020/O�5W791W@�HM@\8M5 >A@�5SF2KG:47I�;FM7ID�PQ765S:N>L7ID @E5!�279:JOE8 0/O�5W791W@ a1 = a 
����pr"$� �f�	m ���!�#"+����qtsns ' s � � OEKL798r: Xi

� Y1
79: Y2

>L765ND4�[@\��0M5 H27���76D9:479F2145
KG8F��@\1SKA@\8r:45d< V @\FMD4�M7Y798 V 798MHU14365 798 In+3

1476540/76D9:SK���79�,798;:J0[@\1

∂

∂xi
=









0

0


 
 0



 0



0
t

1






0







0

0



0

0 0









,
∂

∂y1
=






0
0





0

a
0



0

0





0

0
0 0 1
0 0 0
0 0 0





79: ∂

∂y2
=

(

0 0

0
0 0 0
0 0 1
0 0 0

)

.

� 765�D4�[@\��0M5���391SK��[798r: [Xi, Xj ] = 0, [Xi, Yj ] = 0 79: [Y1, Y2] = aX1

 � 8

8MOE:4791W@ V >L7 ��76D9:479F21 aX1
�MH2OE8r: OE8 0�79F2:N1479�z@\14�rFM791 �rFoP KG> 765S:N8MOE8 8;F2> � 5SK a 765S:8rF2>X�2>L7 �MR2143X7654: :S1SK��;KA@\> �=


� OEKG: g F28M7 �,39:S1SKL�rFM7T�MOE�,O V Z98M7 5SF21 M �q79: (Vi)
F28M7 R[@E547 H27 Γ(TV M)

G

:479>G>L7,�rFM7 (V1, · · · , Vn, Y1, Y2)
54OEKG:YOE1S:S�MOE8MOE1S�,367 798�:4OEF2:X0�OEKG8r:Y79:Y�;FM7 V1

54OEKG:
D6OE>GKG8M3 @\KG147Y< V 
 � 765JD914O%D4�M79:45JH27 � KL7X798r:S147Y>L765���76D9:479F2145JH27XD679:S:47XR[@E547I54OE8r:h�

[Vi, Vj ] = 0, [Vi, Yj ] = 0, 79: [Y1, Y2] = ηV1, η ∈ R
∗.

� ��
G��� �
� 8 798 H236HUF2KG:l�

dV [
1 = −ηY [

1 ∧ Y [
2
79: dV [

i = dY [
j = 0, i > 1,

� ��
G� � �
O	� (V [

1 , · · · , V [
n , Y [

1 , Y [
2 ) 765S:J>A@zR[@E547=HUF[@\>L7=H27 (V1, · · · , Vn, Y1, Y2)


 � 765NB OE1S�,765
H27 D679:S:47 R[@E547TH27 Ω1(M)G 798 V 798MHU14798r:	�f0[@\1z0214O%HUF2KG: 7��U:4391SKL79F21	�qF28M7 R[@E547 H27
Ω∗(M)G D6OE��0�O�54367XH27XBtOE1S�,765J0214OE0214765 H27 ∆inv


 ��8T7�� 79:	�2KG> H236D6OEF2>L7=H27 � ��
G� � �
���



�;FoPQ79>G>L765q54OE8;:q:4OEF2:4765�B 791S�,36765q5W@\FUB D679>G>L765qH27 >A@ BtOE1S�,7 V1∧Vi1 ∧· · ·∧Vik

�
ij 6= 1 �=�H2OE8;:J>A@ HUK�� 3914798r:SKL79>G>L7 ��@\F2:l�

d(V1 ∧ Vi1 ∧ · · · ∧ Vik) = −ηY1 ∧ Y2 ∧ Vi1 ∧ · · · ∧ Vik ,
� ��
G� ���

79:	�a02F2KL54�;FM7
δ = (−1)n(p+1)+1 ∗ d∗ �a79>G>L765d54OE8;: :4OEF2:4765dD6O\B 791S�,36765 5 @\FUBjD679>G>L765dH27

>A@?B OE1S�,7 Y1 ∧ Y2 ∧ V1 ∧ Vi1 ∧ · · · ∧ Vik
H2OE8r:J>A@ D6O%HUK�� 3914798r:SKL79>G>L7h�E@\F2: �

δ(Y1 ∧ Y2 ∧ V1 ∧ Vi1 ∧ · · · ∧ Vik) = −ηV1 ∧ Vi1 ∧ · · · ∧ Vik .
� ��
G� �;�

��8 147654:S1SKLD9:SKLOE8 < Ωp(M)G �%>L765fBtOE1S�,765 H27 >A@=R[@E547d54OE8;:NH2OE8MD �[@\1S�,OE82KL�;FM765	�25W@\FUB
Cp−1

n−1
B OE1S�,765 D6O\B 791S�,36765 79: Cp−2

n−1
B OE1S�,765NB 791S�,36765d�rF2K 54OE8r:dH2765NB OE1S�,765 0214OE0214765

H27B�E@\>L79F21f0214OE02147d3 V @\>L7 < η2 
 � PQOE0�391W@\:479F21 ∆p
inv

@EHU�,79: H2OE8MDJF28M7 F282KL�;FM7���@\>L79F21
0214OE02147I8MOE8 8rF2>G>L7��[H27d�=F2>G:SKG02>GKLD9KG:43 Cp−1

n−1 + Cp−2
n−1 = Cp−1

n
79:N3 V @\>L7=< η2 = |V |2 
� K OE8 D4�MOEKL54KG:fF28M7 R[@E547 OE1S:S�MOE8MOE1S�,367XH27 >A@YBtOE1S�,7 (V1, · · · , Vn, Y ′

1 , Y
′
2) �2@	��76D

Y ′
i = Yi +

∑n
k=1 ξkVk

�UOE8 @\F21W@=:4OEF-
 OEF2145 [Y ′
1 , Y ′

2 ] = [Y1, Y2]

 � 7 14365SF2>G:W@\: 8M7dH23 �

0�798MH H2OE8MDY0[@E5 HUF D4�MOEK�� H27X>A@zD6OE828M7��%KLOE8
5SF21N>L7��MR2143�
$� 79�z@\14�rFMOE8M5 798��M8 �;FM7
5SK�>CPQOE8 D4�MOEKL5SKG:YF28M7 @\F2:S147��,39:S1SKL�;FM7z5SF21I>A@ R[@E547 � 798�547�H2OE828[@\8;:?H279F���DW�[@\��0M5
�MOE1SK & OE8;:W@\F��
�;FM79>LD6OE8M�rFM765 Y ′

1
79: Y ′

2
79:I798T>L765I54F2020/O�5W@\8;:IOE1S:S�MO V OE8[@\F��M� OE8
OER �

:SKL798MHU1W@T>L7 �"#9�,7z143654F2>G:W@\: 798 1479��02>A@ � @\8r: V 0[@\1 V ′ = [Y ′
1 , Y ′

2 ]
��@	��76D D6OE���,7

��@\>L79F21N0214OE02147 η2 = |V ′|2 = Vol(B)−2|V |2 


F���� � ���<E��@1
+-���D�8� /09 1@�89 �@:@+ .89 �'+-&"��
 &)��%��
�?9��'+�!"� /0E,+-�
T

2

�I@\8M5=D679:S:47,0[@\1S:SKL7��o8MOEFM5?@\>G>LOE8M5X�,OE8;:S14791?�;FM7�>L765 �MR214365=D6OE8M5S:S1SF2KG:45?HM@\8M5X>L7
:S�M36OE14Z9�,7 ��� 0�79FQ��798r: @EHU�,79:S:S147��f5SK n ≥ 2 �qF28y7���OE8MHU1479�,798;: <�HUKA@\�,Z9:S147
79:
D6OEF21SR2F2147YR/OE1S8M365 0�OEF21N>L76�;FM79> λ 8M7I:4798MH 0[@E5���79145�& 3914OQ
� OEKG: M F28 :479> �MR2143�
 � OEFM5Y@\>G>LOE8M5=H P @\R/OE14H��,OE8r:S14791Y>L7,>L79���,7,5SF2K���@\8r:Y�;F2K
8MOEFM5J0/791S�,79:S:S1W@�H27ID6OE8;:S1��E>L791 >A@ D6OEF21SR2F2147@�

�q�prprq���'#% (>'+*�* 0[7 .X* 0 . 2�< 8:. 7 , d 0�2�U * < * V � 1+2 g I^0[7 M � O 5)? * 0[7	]=0�7E2 I	2Z? ./,9* 1�`
1+2 O O 2RGF2 M 3 8 7 , N 2 |K(M, g)| ≤ 3

4 |V |2 J
���[p "$� �f� ���!�#"$� � � 8 547 02>A@ED67 HM@\8M5 >A@ �"#9�,7 R[@E547 (V1, · · · , Vn, Y1, Y2)

�;FM7
D679>G>L7 F2:SKG>GKL54367_HM@\8M5
>A@�H239�,OE8M5S:S1W@\:SKLOE8 H27 ��� 
 � 
 �d7 � ��
G��� �=�IOE8 0�79F2:
1W@\02KLH27 �
�,798;:zH236HUF2KG147 �;FM7 adVi

= 0 ��79:,�;FM7 ad∗
Yi

Yj = 0 D @\1�0/OEF21�:4OEF2:���76D9:479F21 U �
< ad∗

Yi
Yj, U >=< Yj, adYi

U >=< Yj , [Yi, U ] >= 0 
L�d7T02>GFM5	�jD6OE���,7 <
ad∗

Yi
Vj, U >=< Vj , [Yi, U ] > �%OE8 @\F21W@ ad∗

Yi
Vj = 0 0/OEF21 j 6= 1 � ad∗

Y1
V1 = µY279: ad∗

Y2
V1 = −µY1


� @?BtOE1S�=F2>L7 � � 
G� � � H2OE828M7YH2OE8MD��

K(Vi, Vj) = 0, K(Y1, Y2) = −3

4
‖[Y1, Y2]‖2,

� ��
G� � �
� �



K(V1, Yi) =
µ2

4
, 79: K(Vi, Yj) = 0 0/OEF21 i 6= 1.

� ��
G� � �
� OE���,7�H P F28M7�0[@\1S: µ2 = ‖V ‖2 �/79:XH P @\F2:S147,0[@\1S: V = [Y1, Y2]

��>A@ �z@6
SOE1W@\:SKLOE8
HUF >L79���,7X798 H236D6OEF2>L7IKG���,36HUKA@\:479�,798;:	


� 8,7�� OE8MHU1479�,798r: <dR[@E547�� �U7NHUF"�MR2143 M 0[@\1}H2765q�,39:S1SKL�;FM765q�MOE�,O V Z98M765f765S:
H239:4791S��KG8M3�0[@\1dF28M7?B @\��KG>G>L7�H27 R[@E54765 (V ε

1 , · · · , V ε
n ) H27 Γ(TV M)

G � 1479�z@\14�rFM7��
OE8 8M7X5SF2020�O�547d02>GFM5 KLD9Ko�;FM7 V ε

1
765S:ND6OE>GKG8M391W@\KG147=< V �=
 � OEFM5J@\>G>LOE8M5 02143654798;:4791JKLD9KH2765�7��U79��02>L765�H PQ7�� OE8MHU1479�,798r:45 @E5454O%D9KL365 < H2765?BC@\��KG>G>L765�H27 R[@E54765�H27 >A@ BtOE1S�,7

(V ε
1 , · · · , V ε

n ) = (ε−α1V1, · · · , ε−αnVn) �2O	� (V1, · · · , Vn) 765S: F28M7dR[@E547 � �2367�
 � K
bi
79: bε

i
54OE8r:d>L765XD6O%7��zD9KL798r:45YH27 V HM@\8M5I>L765dR[@E54765d14765S0�76D9:SK���765 (V1, · · · , Vn) 79:

(V ε
1 , · · · , V ε

n ) �MOE8 @\F21W@
bε
i = εαibi.

� ��
G� � �
� ��q[p�� � q���'/% � ' � K αi > 0 �E0�OEF21q:4OEF2: i ��@\>LOE145}>L7 HUKA@\�,Z9:S147JH27 >A@ �MR2147 :4798MH���79145
0 � @\KG8M5SK}�;FM7�>L765 bε

i

 � 8�@ H2OE8MD�F28 7���OE8MHU1479�,798;: < D6OEF21SR2F2147,R�OE1S8M367,HUF �MR2143

5SF21 >A@?R[@E547 T 2 �279:N>A@R��@\>L79F21N0214OE02147 λ = ‖V ‖2 =
∑n

i=1 (bε
i )

2 :4798MH4��79145 & 3914OQ

� 8�0�79F2: D6790/798MHM@\8;:,D6OE8M5S:S1SF2KG147 H2765?7�� OE8MHU1479�,798r:45,0/OEF21 >L7654�;FM79>L5Y>L7 D6OE� �

0/OE1S:479�,798;: HUF 5S0/76D9:S147Y765S: HUK�� 3914798r:	�/79:J798 0[@\1S:SKLD9F2>GKL791 :479>L5 �rFoP KG>o8oP � @\KG: 0[@E5JH27
0/79:SKG:4765���@\>L79F2145 0214OE0214765h�
� ��q[p�� � q � ' s z ' � F2020�O�54OE8M5��rFM7 αi = 0 � 0/OEF21?:4OEF2: i > 1 � α1 > 0 ��79:?�;FM7
>L765JD6OE��0�O�5W@\8r:4765IH27 V1

HM@\8M5 >A@zR[@E547 (X1, · · · , Xn) 54OEKL798;: KG1S1W@\:SKLOE828M79>G>L765I798;:S14779>G>L765	
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>L7��MR2143 798 F28M7 54OE���,7 H27 ���2KG:S8M7:�_H27 k �MR214365,798 D67914D9>L765,H2OE8r: k − 1 54OE8;::S1SK��;KA@\F�� 
 � 8 1479:S14OEFQ��7 H2OE8MD >L7 BC@\KG: �rFM7J>L7��MR2143 0/79F2:f5 PQ36D91SKG147 D6OE���,7 >L7 0214O;HUF2KG:
H P F28 �MR2143I798 D67914D9>L7X79:JH P F28 :4OE147IH27XHUKG�,798M5SKLOE8 k − 1 


�I@\8M5 >A@ 5SF2KG:47��E5SK ω 765S: F28M7jBtOE1S�,7fKG8MHUF2KG:47f0[@\1 F28�39>L39�,798;: ω̄ H27 G∗ � OE8 36D91SKG1W@
0[@\1 BtOEKL5 0[@\1 @\R2FM5�H27q>A@\8 V @ V 7 � e(ω) �Y@\FY>GKL79F H27 � e(ω̄) ��
W�d7q02>GFM5	�!��791S1W@N0[@\1 B OEKL5
e D6OE���,7dF28M7X@\0202>GKLD @\:SKLOE8 H27 G∗ HM@\8M5N>CPQ765S0[@ED67 H2(N,h) H2765 2

� BtOE1S�,765 �[@\1S�,O �
82KL�rFM765 H27 N �2798 F2:SKG>GKL5W@\8r:N>L7 BC@\KG:N�;FM7 H2(N,h) 765S:ND @\8MOE82KL�rFM79�,798;:JKL54OE�,OE1S02�M7< H2(N, R) 


� �





� ���������
	�� �

�  �� � ��� ��� � �!�������'
���� � 
 	 � 
���
����

� ��������� � 	��� �	������

� OEFM5 @\>G>LOE8M5NKLD9K�H239�,OE8;:S14791 >L765 143654F2>G:W@\:45 �U��� � ��79: � 
 398MOE8MD6365JHM@\8M5J>CP KG8r:S14O �
HUFMD9:SKLOE8�
 � 79F�� � D9K 5 P @\0202F2KL798r: 765454798r:SKL79>G>L79�,798;: 54F21 >L7

Pq�p p q)(>'/%n'R(+*-,/.

(M, g) 0�1>2c365-7 ,X8:.;8 7 , 2=<�5-1�1 , 2=1�1+2=� ϕt 0�1�� *�. 5	V , I�If5-1 . A�5�7, I * < 8:. 7 , 2lI^0[7 M 2 . X
O 2�?=U[5-<BA�GF2)3W2Z? . 2=0[7�5WI^I * ? ,X8 J_KL1�I^0!A�A * I	2�GF2�A O 0�I d 0�2

X 1 \ 2^I . A�5-I 0�1 , a * 7^< 8 <�2=1 . 1�0 O J(+*-,/.
E 0�1HI * 0�I^`Z2^IXA�5F?�2RGF2 Ω∗(M) I . 5F] O 2gAQ5-7 O 2 O 5^A O 5�? , 2=1M2 . A�5-7 (ϕ∗

t )t∈R � λ
0�1+2l365 O 2=0[7LA$7 * A$7E2)G-0 O 5^A O 5�? , 2=1�7E2^I . 7E2 , 1 . �

E ��2 . Eλ
OE\ 2^IXA�5F?�2_A$7 * A$7E2)5WI�I * ? ,X8 J

(L\ , O 2ZD , I . 2 T
. 2 O d 0�2 ϕ∗

t+T = ϕ∗
t A * 0�7 .X* 0 .

t ∈ R 2 . d 0Q2 λ <

(
2π

T‖X‖∞

)2

�
5 O�* 7�I (ϕ∗

t )t∈R 5!V ,#.g. 7 , 3 , 5 O 2=<�2=1 . I^0[7 Eλ J
����pr"$� �f�	m ���!�#"+� �b� �#q[prp q (>'/% � �J79�z@\14�;FMOE8M5 :4OEF2: H P @\R�OE14H=�;FoPQOE8?0/79F2:

5SF2020/O�5W791��;FM7 T = 2π �\>L7 14365SF2>G:W@\: V 398M391W@\>M547 H236HUF2KL5W@\8r:�0[@\1q54KG��02>L7fDW�[@\8 V 79�,798r:
H27��E@\1SKA@\R2>L7�
��?P @\F2:S147 0[@\1S:	�q0[@\1,:S�M36OE1SKL7TH27 � O;H V 7��qOE8w0/79F2:z5W7 14765S:S1479KG8MHU147T<
>CPQ39:SFMH27NH2765�B OE1S�,765qD6O\Bt791S�,36765!
 � 8z5SF2020�O�54791W@dH2OE8MDN�;FM7 λ 765S:�F28M7���@\>L79F21�0214OE02147
H27

δd|Ker δ

79: Eλ
H2365SK V 8M791W@�>L7X54OEFM5 � 765S0[@ED67d0214OE02147?@E5454O%D9KL3IHM@\8M5 Ker δ


� OEKG: ω ∈ Eλ

 � 8 5W@\KG:N�;FM7 LXω = iX ◦ dω + d ◦ iXω 


� P F28M7X0[@\1S:	�[OE8 @ LXω = lim
t→0

ϕ∗
t ω − ω

t

 ��F2KL5W�rFM7 ϕt

765S:NF28M7XKL5WOE�,39:S1SKL7��M>L765
BtOE1S�,765 ϕ∗

t ω
79: ϕ∗

t ω−ω
t

54OE8r:qHM@\8M5 Ker δ
�\79:qH2OE8MD LXω @\FM545SK2D @\1 Ker δ

765S:�B 791S�,3�

�?P @\F2:S147X0[@\1S:	� d ◦ iXω 765S:NHM@\8M5 Imd 
� OE���,7 Ker δ

79: Imd 54OE8;:NOE1S:S�MO V OE8[@\F��>�[>L765fBtOE1S�,765 LXω 79: d ◦ iXω 5WOE8r:
OE1S:S�MO V OE8[@\>L765	
 � 7d:S�M36OE14Z9�,7=H27 ���%:S�[@ V OE147XH2OE828M7XH2OE8MD��

‖LXω‖2
2 + ‖d ◦ iXω‖2

2 = ‖iX ◦ dω‖2
2.

� 
 
 � �
� 8 798 H236HUF2KG:

‖LXω‖2
2 ≤ ‖iX ◦ dω‖2

2 ≤ ‖iX‖2‖dω‖2
2 ≤ ‖iX‖2λ‖ω‖2

2.
� 
 
����

� 




� 8 ��@ �z@\KG8;:4798[@\8r:,�z@6
SOE14791 >A@ 8MOE1S�,7 H27 iX
H P F28M7 0[@\1S:	��79:�3:�E@\>GFM791�D679>G>L7 H27

LXω H P @\F2:S147X0[@\1S:	

p ���:"$m ���!�#"$� ��q ‖iX‖

� OEKG: α ∈ Ωp(M) 
� OEKG: m ∈ M � 79: (X1, · · · , Xn) F28M7 R[@E5W7�OE1S:S�MOE8MOE1S�,367,H27 TmM :479>G>L7��;FM7
X = µX1


 � 8 0�O�547 αm =
∑

i1<···<ip

αi1,··· ,ipX
[
i1 ∧ · · · ∧ X[

ip

 � 8 @,@\>LOE145

iX(αm) =
∑

i1<···<ip

αi1,··· ,ipiX(X[
i1 ∧ · · · ∧ X[

ip).
� 
 
 �;�

� K i1 = 1 �M@\>LOE145 iX(X[
i1
∧ · · · ∧ X[

ip) = µX[
i2
∧ · · · ∧ X[

ip



� K i1 6= 1 �M@\>LOE145 iX(X[
i1
∧ · · · ∧ X[

ip
) = 0 


�dOE8MD iX(αm) = µ
∑

i2<···<ip
α1,i2,··· ,ipX

[
i2
∧ · · · ∧ X[

ip
�279:

|iX(αm)|2 = µ2
∑

i2<···<ip

α2
1,i2,··· ,ip ≤ µ2

∑

i1<···<ip

α2
i1,··· ,ip = |X|2|αm|2.

� 8 798 H236HUF2KG:

‖iX(α)‖2
2 =

∫

M
|iX(αm)|2dv ≤

∫

M
|X|2|αm|2dv ≤ ‖X‖∞

∫

M
|αm|2dv

≤ ‖X‖∞‖α‖2
2.

79:JH2OE8MD
‖iX‖ ≤ ‖X‖∞

� 
 
 
 �
� � � � � � ��q ‖Lxω‖

� OE���,7 ϕt
765S:jF28M7NKL54OE�,39:S1SKL7�� ϕ∗

t
@ V KG:j0[@\1}KL54OE�,39:S1SKL7 5SF21 Eλ


 � K/OE8 5SF2020�O�547
�;FM7 t 7→ ϕt

765S: 2π
� 0�391SKLO;HUKL�;FM7�� ϕt

KG8MHUF2KG:XH2OE8MD=F28
�,OE1S02�2KL5S�,7 S1 → SO(Eλ)�;FoPQOE8 0�79F2:NH236D6OE��0/O�54791 798 54OE���,7XH27d147902143654798;:W@\:SKLOE8TKG1S1436HUFMD9:SKGR2>L765!
� 765N147902143654798;:W@\:SKLOE8M5JKG1S1436HUFMD9:SKGR2>L765 H27 S1 54OE8;:l�
H >A@?147902143654798r:W@\:SKLOE8 :S1SK��;KA@\>L7 S1 → SO(1), t 7→ Id �H >L765o14OE:W@\:SKLOE8M5 HUFY02>A@\8 S1 → SO(2), t 7→ R(kt) =

(
cos kt − sinkt
sinkt cos kt

)
, k ∈ Z∗ 
� F2020�O�54OE8M5 �z@\KG8r:4798[@\8;:Y�rFM7Y>A@zH236D6OE��0�O�5SKG:SKLOE8
BC@E54547?@\020[@\1W@��L:S147 @\F �,OEKG8M5 F28M7

14OE:W@\:SKLOE8�
!� 8 0�79F2: DW�MOEKL5SKG1JF28M7YBtOE1S�,7 ω 6= 0 5SKG:SFM367YHM@\8M5 >L7X54OEFM5 � 765S0[@ED67Y5S:W@\R2>L7@E545WO;D9KL3�
 � 8T@�@\>LOE145

‖LXω‖ =

∥
∥
∥
∥
lim
t→0

ϕ∗
t ω − ω

t

∥
∥
∥
∥

= |k| · ‖ω‖ ≥ ‖ω‖. � 
 
 � �
����76D � 
 
���� 79: � 
 
 
 �=�MOE8T798 H236HUF2KG:l�

‖ω‖2 ≤ λ‖X‖2
∞‖ω‖2,

� 
 
 � �

� �



79:��M8[@\>L79�,798r:
λ ≥ 1

‖X‖2∞
.

� 
 
 � �
� @ D6OE8MD9>GFM5SKLOE8THUF >L79���,7=798 H236D6OEF2>L7XKG���,36HUKA@\:479�,798;:	


����pr"$� �f�	m ���!�#"+� ���&� k �F"$m6o[p q ��% � � PQ765S:dF28M7 @\0202>GKLD @\:SKLOE8�HUKG1476D9:47 HUF
>L79���,7 
 
G� @	��76D E = Ωp(M) �o>L7��[OE: ϕt

39:W@\8r:?KG8MHUF2KG:=0[@\1=>CP @ED9:SKLOE8 H27 S1 
 � 7
D4�[@\��0 X 765S:J@\>LOE145NF28 DW�[@\��0C��791S:SKLD @\> S1 � KG8F��@\1SKA@\8r:	
� KoOE8 0[@\1W@\�,Z9:S147 ϕt

H27d�z@\82KLZ9147?< #9:S147 2π
� 0/391SKLO%HUKL�rFM7��M>A@ >LOE8 V FM79F21 l H P F28M7

�MR2147N54791W@I3 V @\>L7 < 2π|X| �r>A@d8MOE1S�,7 H27 X 8M7NH2390�798MHM@\8r:}0[@E5jHUFz0�OEKG8r:fD4�MOEKL5SK[54F21
>A@ �MR2147�
 � 8T@ H2OE8MD

|X| =
l

2π

� 
 
 ���
79: 0[@\1JD6OE8M5436�;FM798r:

‖X‖∞ =
l0
2π

.
� 
 
G� � �

� K λ <
(

2π
l0

)2 ��@\>LOE145 λ < 1
‖X‖2

∞

79:=H2OE8MDz>L765IB OE1S�,765Y0214OE0214765?H27 Eλ
54OE8;: S1 �

KG8F��@\1SKA@\8r:4765	

����pr"$� �f�	m ���!�#"+� ����� k ��"nmWo�p qh�n� � �J79�z@\14�;FMOE8M5o:4OEF2:�H P @\R�OE14HX�;FM7qHM@\8M5

>A@ H239�,OE8M54:S1W@\:SKLOE8�HUF
:S�M36OE14Z9�,7 �U����>A@ H236D6OE��0/O�54KG:SKLOE8�H27 Ωp(M) 798�39>L39�,798r:45KG1S1436HUFMD9:SKGR2>L765f7654:}F28M7 H236D6OE��0/O�5SKG:SKLOE8 798 54391SKL7JH27 �MOEF21SKL791 0[@\1}1W@\020�OE1S: <X>A@ �MR2147
S1 �E>A@d147902143654798r:W@\:SKLOE8 :S1SK��;KA@\>L7J79:q>L765�147902143654798;:W@\:SKLOE8M5 θ 7→ R(kθ) D6OE1S14765S0�OE8MHM@\8r:14765S0/76D9:SK���79�,798;: @\F�� BtOE8MD9:SKLOE8M5 D6OE8M5S:W@\8r:4765 79: @\F�� BtOE8MD9:SKLOE8M5 2π

k

� 0�391SKLO;HUKL�;FM765NHUF
D67914D9>L7�
 � 8���@d14790214798MHU147 D679:S:47NKLH2367J79:j>CP @\0202>GKL�rFM791 @\Fz:4OE147 T k 0�OEF21}H236D6OE��0�O�54791
Ωp(M) 798
5WOE���,7?798 54OEFM5 � 765S0[@ED6765IH27=BtOE1S�,765dKG8��E@\1SKA@\8;:4765XHM@\8M5dF28M7 HUKG1476D9:SKLOE8
79:z0�391SKLO;HUKL�;FM765 HM@\8M5zF28M7
@\F2:S147 0/OEF21 798M5SF2KG:47 @\0202>GKL�;FM791 >L7 >L79���,7 
 
G�
<�D6765
54OEFM5 � 765S0[@ED6765	


��>GFM5j021436D9KL5439�,798r:	�U5SK/OE8z0�O�547 T k = R
k/Z

k �
R

k 39:W@\8r:f�YF282K H P F28M7N�,39:S1SKL�;FM7
79FMD9>GKLHUKL79828M7 � 0[@E5d8M36D6765W5W@\KG1479�,798r:I>A@z�,39:S1SKL�rFM7 79FMD9>GKLHUKL79828M7 D @\8MOE82KL�;FM7 �=� 79: 5SK Γ765S:�>L7 1436547 @\FyHUF[@\>JH27

Z
k � Γ = {γ ∈ R

k, 〈γ, γ′〉 ∈ Z,∀γ′ ∈ Z
k} �qF28M7 R[@E547

H2765 BtOE8MD9:SKLOE8M5 0214OE0214765 H27 T k 765S: H2OE828M367 0[@\1 fγ = cos(2π〈γ, x〉) 79: gγ =
sin(2π〈γ, x〉) � γ ∈ Γ

� ��OEKG1 0[@\1 7��U79��02>L7 � � � � � � � �f0�
 ����� �=
 � KIOE8 8MOE:47 γ⊥
>CPQOE1S:S�MO V OE8[@\>MH27 γ HM@\8M5 R

n � >L765 B OE8MD9:SKLOE8M5 fγ
79: gγ

54OE8;: KG8��E@\1SKA@\8;:4765q54OEFM5 >CP @ED9:SKLOE8
H27 γ⊥ 
!� 8
0�79F2:d1479�z@\14�rFM791X�;FM7���5SK Γ H2390�798MH H27?>A@z�,39:S1SKL�;FM7 D4�MOEKL5SKL7�54F21

R
k �

D67 8oPQ765S: 0[@E5 >L7 D @E5 H27 >CPQ798M5479�YR2>L7 H2765 γ⊥
γ 6=0


���8 7�� 79:	�jD�PQ7654: >CPQ798M5W79�YR2>L7 H2765
�F�%0/791S02>A@\8M5���76D9:4OE1SKL79>L5 H27

R
k 798 V 798MHU14365j0[@\1 H2765 39>L39�,798r:45 H27

Z
k 
�� OE:4OE8M5 A D679:

798M5479�YR2>L7�
���8 147 V 14OEF20[@\8r:I>L765JBtOE8MD9:SKLOE8M5 0214OE0214765d798TBtOE8MD9:SKLOE8
H27Y>L79F21dHUKG1476D9:SKLOE8
KG8F��@\1SKA@\8r:47��[OE8TOER2:SKL798r:J>A@ H236D6OE��0�O�5SKG:SKLOE8

C∞(T k) =
⊕

V ∈A

C∞(T k)V ⊕ R
� 
 
G��� �

O	�
R
147902143654798;:47�>L765 B OE8MD9:SKLOE8M5yD6OE8M54:W@\8r:4765	� 79:�O	� C∞(T k)V 7654:w>CPQ765S0[@ED67

H2765XB OE8MD9:SKLOE8M5 C∞ H P KG8;:43 V 1W@\>L7 8;F2>G>L7 � D�PQ7654: � < � HUKG147 OE1S:S�MO V OE8[@\>L765,@\F�� B OE8MD9:SKLOE8M5

� �



D6OE8M5S:W@\8;:4765 �T79: KG8��E@\1SKA@\8;:4765 HM@\8M5 >A@�HUKG1476D9:SKLOE8 V 
 ��@\1
D6OE8M5S:S1SFMD9:SKLOE8��dD4�[@E�;FM7
C∞(T k)V 765S: KG8F��@\1SKA@\8r: 0[@\1 ∆ 79:N0[@\1N>CP @ED9:SKLOE8 H27 T k 


�d7I>A@?�"#9�,7IB @ �6OE8�� Ωp(M) 0/79F2: 5 PQ36D91SKG147

Ωp(M) =
⊕

V ∈A

Ωp(M)V ⊕ Ωp(M)T
k

,
� 
 
G� � �

O	� Ωp(M)T
k 765S:,>CPQ765S0[@ED67 H2765 p

� B OE1S�,765 T k � KG8��E@\1SKA@\8;:4765 79: Ωp(M)V >CPQ765S0[@ED67
H2765 p

� B OE1S�,765?HUK�� 3914798r:SKL79>G>L765,KG8F��@\1SKA@\8r:4765�0[@\1 >CP @ED9:SKLOE8 H27 V 79:�OE1S:S�MO V OE8[@\>L765z<
Ωp(M)T

k 
 � OE���,7 V 8M7dH2390�798MH 0[@E5fH27 >A@=�,39:S1SKL�;FM7 54F21fDW�[@E�rFM7 �MR2147��UD4�[@ED9F28
H2765 Ωp(M)V 765S:dR2KL798 H23��M82KX� 79:X54791W@ H27?02>GFM5dKG8F��@\1SKA@\8r:X0[@\1 ∆ 79:d0[@\1I>CP @ED9:SKLOE8
H27 T k 
�� 8 @X@\KG8M5SKa0[@\1S:SKL79>G>L79�,798r: H236D6OE��0�O�543N>L765}BtOE1S�,765jHUK���3914798;:SKL79>G>L765 H27 M 798
54391SKL7YH27 �MOEF21SKL791J0[@\1 1W@\020�OE1S: < >A@ �MR2147�
� OEKG: V ∈ A � λV

M
F28M7g�E@\>L79F21 0214OE02147jHUF?>A@\02>A@ED9KL798 14765S:S1479KG8r:q< Ωp(M)V 79: λV

T k>A@?021479��KLZ9147l�E@\>L79F21N0214OE02147YH27 Ωp(T k)V
� 1479�z@\14�rFM7��279>G>L7I765S: 8MOE8 8rF2>G>L7YD @\1N>L765

B OE1S�,765q�[@\1S�,OE82KL�;FM765 HUF,:4OE147N02>A@\:f54OE8r:q>L765}B OE1S�,765qKG8F��@\1SKA@\8r:4765N�=
$� 8 D4�MOEKL5SKG:f5SF21
T k F28,D4�[@\��0 KG8F��@\1SKA@\8r: XT k

OE1S:S�MO V OE8[@\>�< V 79:qOE8z8MOE:47 XM
>L7ND4�[@\��0@��791S:SKLD @\>

5SF21 M KG8MHUF2KG: 0[@\1 XT k

 � P @ED9:SKLOE8 5SF21 Ωp(M)V HUF �[OE: ϕt

@E545WO;D9KL3 < XM
765S:

0�391SKLO;HUKL�;FM7��M79:N5SKoOE8 8MOE:47 T 5W@?0/391SKLO%H27�� λV
T k
765S: 0[@\1JD6OE8M5S:S1SFMD9:SKLOE8 7��2@ED9:479�,798;:

(
2π

T‖XT k‖∞

)2 
$� P @\F2:S147?0[@\1S:	�/D6OE���,7 ḡx ≤ f(x) · ḡ �[>L765 8MOE1S�,765IH27 ‖XT k‖∞
79: ‖XM‖∞ 5WOE8r:N>GKL365 �

‖XM‖∞ ≤ (sup
B

f)1/2 · ‖XT k‖∞,
� 
 
G� ���

H2OE8MDX54K λV
M < (supB f)−1λV

T k
�[@\>LOE145

λV
M < (sup

B
f)−1

(
2π

T‖XT k‖∞

)2

≤
(

2π

T‖XM‖∞

)2

,
� 
 
G� �;�

79: >L7 >L79���,7 
 
G� 5 P @\0202>GKL�rFM7I@f��76D E = Ωp(M)V 79:j>L765fB OE1S�,765f0214OE0214765N@E5454O%D9KL36765
< λV

M
54OE8r: ϕ∗

t

� KG8��E@\1SKA@\8;:4765	�aH2OE8MD T k � KG8��E@\1SKA@\8;:4765	
� K λM
7654: F28M7t��@\>L79F21 0214OE02147 HUFy>A@\02>A@ED9KL798*@ V KL5W5W@\8r: 5SF21 Ωp(M) 79: �;FM7
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(
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0�OEF21=:4OEF2: t 
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 � OE>GR�OEKL5N79: ��
 � OEF21S:4OEKL5 ��� � � ���%� �c�
��������� �!�#"$� ��'/%n' KL1rG ,#. d 0�2 O 2)? * 0!A O 2�GF2R< 8:. 7 , d 0Q2^I (g, h) G 8#N 1 , 2^IlI^0[7 M 2 .
N 7E2^I;AQ2Z? ./, 3W2=<�2=1 . 2=I . 5�G�5^A .;8 ��O 5 N ]:7i5 ./,9* 1�A$7 , 1$? , A�5 O 2 T k ↪→ Mn π→ N I , �� J π : (M, g) → (N,h) 2^I . 0[1+2 I^0�]=<�2=7�I ,/* 1t7 , 2=<�5-1�1 , 2=1�1+2 	�X� J OE\ 5�? ./,/* 1MGF2 T k I=0�7 M 2^I .�, I * < 8:. 7 , d 0Q2 	�X�X� J O 2^I N ]=7E2^I�I * 1 .�.X*�. 5 O 2=<�2=1 . V 8E* G 8 I , d 0�2^I 	��� J .X* 0 . 2 1 ` a * 7=<�243W2=7 ./, ?E5 O 2 ω

, 1$G-0 ,/. 2 A�5-7T0�1 8=O 8 <�2=1 . G�2 G∗ 3 8 7 , N 2 dω =
π∗(e(ω)) J

� 8H��79F2:J�,OE8;:S14791 �;FoP F28M7X�,39:S1SKL�;FM7YH27YD6OEF21SR2F2147YR�OE1S8M367X5SF21NF28 �MR2143X021SKG8 �
D9KG0[@\>�798 :4OE147X765S: 0214O%D4�M7XH P F28M7Y�,39:S1SKL�rFM7=@EHM@\02:4367��
jlk �F"nmWo�prq ��' s 'R(+*-, 2=1 .

a 2 . d GF2=0�D 7 8 2 O I I . 7 , ? . 2=<�2=1 . A * I ,#./, a^I���2 . T k ↪→
(Mn, g)

π→ (N,h) 0[1 N ]=7 8 A$7 , 1+? , AQ5 O 2=1 .X* 7E2	JC� O 2ZD , I . 2 GF2^I ? * 1QI . 5-1 . 2^I
ε0(n, a, d, (N,h)) > 0 � τ(n, a, d, (N,h)) > 0 � τ ′(n, a, d, (N,h)) > 0 2 .
c(n, a, d, (N,h)) > 0

. 2 O O 2^I d 0�2 I , |K(N,h)| ≤ a � |K(M, g)| ≤ a �
diam(M, g) ≤ d 2 . I , π 2^I . 0�1>2 ε `�5^A�A+7 * D , <�5 ./,9* 1vGF2 �l5-0FIfG * 7�� 5-3-2Z? ε < ε0 �
5 O�* 7�I , O 2ZD , I . 2_G�2^Ig< 8:. 7 , d 0Q2^I g̃ 2 . h̃ I^0[7 M 2 . N 7Z2^I;AQ2Z? ./, 3W2=<�2=1 . 2 . 0�1+2 N ]=7Z5 ./,/* 1
π′ : (M, g̃) → (N, h̃)

. 2 O O 2^I d 0�2
� J � 2R? * 0	A O 2 (g̃, h̃) 2^I . 5FG�5^A .;8 ��O 5 N ]=7Z5 ./,9* 1 π′ 	


[J 1

τ
g ≤ g̃ ≤ τg 2 . 1

τ
h ≤ h̃ ≤ τh 	

�M�



��J � 5t7E2^I . 7 , ? ./,/* 1�GF2 g̃
��O 5 N ]=7E2�2^I .c. 2 O#O 2 d 0Q2 diam(π′−1(x)) ≤ τ ′ε ��A * 0[7.X* 0 .

x ∈ N 	
�$J � 5 ? * 0�7	]=0[7Z2HIf2E? ./,/* 1�1+2 O#O 2HGF2 (M, g̃) 3 8 7 , N 2 |K(X,Y )| ≤ c ��A * 0�7 .X* 0 . 2

A�5 , 7Z2)GF2l3W2E? . 2=0[7�IhU * 7 , �!* 1 . 5-0�D * 7 . U * 1 * 7=< 8 I (X,Y ) J
� 8 0�OEF21S1W@?@\>LOE145N@\0202>GKL�;FM791 >L7 14365SF2>G:W@\:NH27c��
�� O%H�&6KGF
�z5479>LOE8 >L76�;FM79> 5SK H279F��z�,3 �
:S1SKL�;FM765 54OE8r: 0214O%D4�M765	�2@\>LOE145 >L765 5S0�76D9:S14765 HUF >A@\02>A@ED9KL798 0�OEF21 D6765 H279F��z�,39:S1SKL�;FM765
54OE8;:N0214O%D4�M765 @\FM5W5SKP�
jhk ��"nmWo�p q � ' ��u:w���"$�+s {�| ')(+*-,/.

g 2 . g̃ GF2=0�Dv< 8:. 7 , d 0�2^It7 , 2=<�5-1�1 , 2=1�1>2^IHI^0[7
0[1+2l365-7 ,98f.;8 M GF2RG , <�2=1�I ,9* 1 n ��2 . τ 0�1+2R? * 1QI . 5-1 . 2LA * I ,/./, 3-2	J (n,�O 2^IhGF2=0�DT< 8 `. 7 , d 0Q2^I 3 8 7 , N 2=1 . 1

τ g ≤ g̃ ≤ τg �g5 O�* 7�I
1

τn+2p+1
λp,k(M, g) ≤ λp,k(M, g̃) ≤ τn+2p+1λp,k(M, g),

A * 0�7 .X* 0 . 2=1 ./, 2=7^I k ≥ 0 2 . p ∈ [0, n] J
�Tq�p �Qm ����q ��'���' � 7,:S�M36OE14Z9�,7 � 
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 mW" ��" �!� �!�#"$� ��' � 'R(+*-,/.

T k ↪→ (Mn, g)
π→ (N,h) 0�1 N ]:7 8 A$7 , 1$? , A�5 O 2=1 .X* 7E2

<)0[1 , G \ 0�1>2H< 8:. 7 , d 0Q2 , 1�365�7 , 5-1 . 2 g
. 2 O d 0�2 π I *-,/. 0[1+2CI^0�]=<�2=7^I ,9* 1&7 , 2=<�5-1�`

1 , 2=1�1>2	J *_* 0�7 .X* 0 .
a > 0 2 . d > 0 � ,#O 2ED , I . 2�G�2^I�? * 1QI . 5�1 . 2^I τ(n, a, d) > 0 2 .

c(n, a) > 0
. 2 O O 2^I d 0�2�I , |K(N,h)| ≤ a � K(M, g) ≥ −a 2 . diam(M, g) ≤ d �

5 O�* 7^I ,#O 2ZD , I . 2�0[1+2�< 8:. 7 , d 0�2 , 1�365-7 , 5�1 . 2 g̃ I=0�7 M
. 2 O#O 2 d 0�2 O 5 N ]=7Z5 ./,/* 1 π :

(M, g̃) → (N,h) I *-,#. 0[1+2lI^0�]=<�2=7^I ,9* 1M7 , 2=<�5-1�1 , 2=1n1+2 � N ]=7E2^I .X*�. 5 O 2=<�2=1 . V 8E* `
G 8 I , d 0Q2=I)2 .

1

τ
g ≤ g̃ ≤ τg.
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Pq�p p q � ' � 'R(+*-,/.
a > 0 2 . T k ↪→ (Mn, g)

π→ (N,h) 0�1 N ]=7 8 A$7 , 1$? , A�5 O
2=1 .X* 7E2M<)0[1 , G \ 0[1+2M< 8f. 7 , d 0�2 , 1�365-7 , 5-1 . 2 g

. 2 O d 0Q2 p I *-,/. 0�1+2�I^0�]=<�2=7^I ,9* 1
7 , 2=<�5-1�1 , 2=1�1>2^� |K(N,h)| ≤ a ��2 . K(M,g)(X,Y ) ≥ −a A * 0[7 .X* 0 . ? * 0!A O 2 (X,Y )
GF2L3W2E? . 2=0[7�I_U * 7 ,��	* 1 . 5-0�D * 7 . U * 1 * 7^< 8 I	J � O�* 7^I��[A * 0�7 .X* 0 . 2 1 ` a * 7^<�2BG , � 8 7Z2=1 ./, 2 O#O 2
3W2=7 ./, ?E5 O 2 ω

, 1$G-0 ,/. 2LAQ5-7 OZ\ 5�? ./,9* 1MGF2 T k � * 1M5 �
� J |dω(X,Y )|2x ≤ 8a

3
|ω|2x ��A * 0[7 .X* 0 .

x ∈ M 2 .h.X* 0 . ? * 0!A O 2�GF2�3W2Z? . 2=0�7^I
U * 7 ,��	* 1 . 5�0-D * 7 . U * 1 * 7^< 8 I X 2 . Y 	


[J ‖dω‖∞ ≤ 4an(n − 1)

3
‖ω‖∞ J

����p "+� �	�	m ���!�#"$� � � OEKG: x ∈ M � y = π(x) � X̃ 79: Ỹ H279F��yD4�[@\��0M5 H27 NOE1S:S�MOE8MOE1S�,365 798 y �q79: X 79: Y >L765,1479>L7:��365 H27 X̃ 79: Ỹ < M 
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 � �M� � H2OE828M7

KN (X̃, Ỹ ) = KM (X,Y ) +
3

4

∣
∣[X,Y ]V

∣
∣
2
,

��� 
 ���
O	� [X,Y ]V H2365SK V 8M7d>A@,D6OE��0/O�5W@\8;:47���791S:SKLD @\>L7YH27 [X,Y ] 
Q� P @\F2:S147I0[@\1S:JOE8 @��2798
F2:SKG>GKL5W@\8r:N>L7IB @\KG:N�;FM7 ω 765S:���791S:SKLD @\>L7��

dω(X,Y ) = X · ω(Y ) − Y · ω(X) − ω([X,Y ])

= −ω([X,Y ]).
��� 
G� � �

� 8 798 H236HUF2KG:l�
|dω(X,Y )|2x = |ω([X,Y ])|2x ≤ |ω|2x|[X,Y ]V |2x

≤ 4

3
|ω|2x(Ky(X̃, Ỹ ) − Kx(X,Y )).

��� 
G��� �
� OE���,7 DW�[@ED9F28 H2765 D6OEF202>L765 (X̃, Ỹ ) 79: (X,Y ) 765S: OE1S:S�MOE8MOE1S�,3X798 x 79: y �;OE8 @
>L765 �z@6
 OE1W@\:SKLOE8M5 |Ky(X̃, Ỹ )| ≤ a 79: Kx(X,Y ) ≥ −a �279:JH2OE8MD

|dω(X,Y )|2x ≤ 8a

3
|ω|2x.

��� 
G� � �
��:fD6OE���,7d>CP KG8M3 V @\>GKG:43 021436D636H2798;:47X765S:��;1W@\KL7 �rFM79>��;FM7 5WOEKG:j>L7 D4�MOEK�� H27 (X̃, Ỹ ) �;KG>
798 H236D6OEF2>L7 �M8[@\>L79�,798r:

|dω|2x ≤ 4an(n − 1)

3
|ω|2x ≤ 4an(n − 1)

3
‖ω‖2,

��� 
G� ���
D67I�rF2K�@EDW�MZ:��7X>A@�H239�,OE8M5S:S1W@\:SKLOE8�
� 7I5476D6OE8MH >L79���,7X�,OE8r:S147��[HM@\8M5N>L7ID @E5NH P F28 �MR2143I798 D67914D9>L7��M�;FoP < D6OEF21SR2F2147
R/OE1S8M367��2>A@?>LOE8 V FM79F21 H2765��MR214765���@\1SKL7I0�79F H P F28M7 �MR2147Y< >CP @\F2:S147�


Pq�p p q � '/%�� 'h(>*-,#.

S1 ↪→ (Mn, g)
π→ (N,h) 0[1 N ]:7 8 A+7 , 1$? , A�5 O 2=1 ?�2:7i? O 2

I^0[7 N � . 2 O d 0�2 g I *-,/.l, 1�365-7 , 5-1 . 2M2 . π I *-,/. 0[1+2CI=0Q]=<�2=7^I ,9* 1 7 , 2:<�5�1�1 , 2=1�1+2	J
� �



*�* 0�7 .X* 0 .
a > 0 2 . d > 0 � ,#O 2ZD , I . 2 τ(n, a, d) > 0

. 2 O d 0�2�I , |K(N,h)| ≤ a �
K(M, g) ≥ −a 2 . diam(M, g) ≤ d �g5 O�* 7^I�A * 0[7 .X* 0 .

x, y ∈ N � * 1M5
1

τ
ly ≤ lx ≤ τly,

*-Y
lx 2 . ly G 8 I , V-1+2=1 .gO 2^I O�* 1�V�0Q2=0[7^I)GF2^I N ]=7E2^I)5-0�GF2^I^I^0�I)GF2 π−1(x) 2 . π−1(y)

7E2^IXA�2Z? ./, 3W2=<�2=1 . J
���[p "$� �f�	m����!�#"$� � � 8�DW�MOEKL5SKG:=5SF21Y>L7��MR2143 M F28M7 1

� B OE1S�,7���791S:SKLD @\>L7 ω H2OE8r:
>CP KG8;:43 V 1W@\>L7X5SF21 D4�[@E�;FM7 �MR2147I765S:f3 V @\>L7I< 1 
 � OEKG: U >L7 DW�[@\��0���791S:SKLD @\> KG8MHUF2KG: 0[@\1
>CP @ED9:SKLOE8 H27 S1 �rF2K>��391SK��[7 ω(U) = 1 
 � @=8MOE1S�,7 |U | H27 D67dD4�[@\��0 765S: D6OE8M5S:W@\8;:475SF21NDW�[@E�rFM7��MR2147��M79:N5 PQ36D91SKG: |U | = π∗f �UO	� f 765S: F28M7dB OE8MD9:SKLOE8 5SF21 N 
Q�d7I02>GFM5!�
798 :4OEF2: 0/OEKG8;: x H27 N �q>A@ 8MOE1S�,7 f(x) H27 U 765S: 3 V @\>L7 < >A@
>LOE8 V FM79F21 H27 >A@
�MR2147 @\F�H2765454FM5=H27 x 
�� 8 �E@ �,OE8r:S14791��rFM7 f 765S:=R/OE1S8M367 798�B OE8MD9:SKLOE8�H27 a 79:
d 
$�J79�z@\14�;FM7@� ω 8oPQ765S: 0[@E5J>A@�BtOE1S�,7?HUF[@\>L7YH27 U 0�OEF21 >A@,�,39:S1SKL�rFM7�
 � @�8MOE1S�,7
0�OE8MD9:SFM79>G>L7Y5SF21 >A@ �MR2147 π−1(x) 765S: |ω| = 1

f
�279:JOE8T@ U [ = f2ω 


� OEKG: x ∈ N �r79: X̃ F28���76D9:479F21fF282KG:W@\KG147 :W@\8 V 798r:N< N 798 x 
 � OEKG: X̃i
F28M7 R[@E547

OE1S:S�MOE8MOE1S�,367IH27dD4�[@\��0M5 H27B��76D9:479F2145N@\F4��OEKL5SKG8[@ V 7dH27 x �r:479>G>L7d�;FM7
DX̃1

X̃1 = 05SF21 D67 ��OEKL5SKG8[@ V 7��N79: X̃1|x = X̃ 
 � 8 1479>LZ:��7�D679:S:47 R[@E5W7�< T HM 798 8MOE:W@\8r:
Xi = π∗(X̃i)

79: X = X1

 � 765ND4�[@\��0M5B��391SK��[798r:

[Xi, U ] = 0.
��� 
G� 
 �

��8 7�� 79:	�2D6765 D914O;DW�M79:45NH27 � KL7d54OE8r:NH239:4791S��KG8M365 0[@\1 [Xi, U ] = d
dt (Φt)∗Xi

�UO	� Φt765S:d>L7 �[OE:IKG8MHUF2KG:I0[@\1I>L7 D4�[@\��0 U 
���@\1XH23��M82KG:SKLOE8�H27 U ��D67 �[OE:XD6OE1S14765S0�OE8MH�<
>CP @ED9:SKLOE8 H27 S1 54F21 M 
 � 765ND914O%D4�M79:45 H27 � KL7I54OE8r:NH2OE8MDX8rF2>L5	�2D @\1 >L765NDW�[@\��0M5 Xi54OE8;: S1 � KG8��E@\1SKA@\8;:45	
 � 8z8MOE:4791W@=0[@\1 @\KG>G>L79F2145 U ′ >L7JDW�[@\��0 H27N8MOE1S�,7 1 H23��M82K/0[@\1
U ′ = U/|U | 


� 8M��@ D @\>LD9F2>L791I>A@ D6OEF21SR2F2147�5W76D9:SKLOE828M79>G>L7 K(X,U) 798 BtOE8MD9:SKLOE8 H27 f 79:XH2754765c��@\1SKA@\:SKLOE8M5 � � 79�z@\14�rFM7H�/>L7�DW�[@\��0 U 8oPQ765S:d0[@E5I8MOE1S�,3�� �z@\KL5YD67?D @\>LD9F2>j765S:
02>GFM5 5SKG��02>L7I�rFM7Y5SK OE8 F2:SKG>GKL547I>L7IDW�[@\��0 U ′ �=
 � 79:S:47XD6OEF21SR2F2147Y5 PQ36D91SKG:

K(X,U) = 〈R(X,U)X,U〉
= 〈DU DX X − DX DU X − D[X,U ] X,U〉, ��� 
G� � �

O	� 〈·, ·〉 H2365SK V 8M7 >A@ �,39:S1SKL�;FM7�
 � 7 ��76D9:479F21
DX X 765S:w�MOE1SK & OE8;:W@\> 79: ��@\F2:

π∗(DX̃1
X̃1)

� ��OEKG1 ��
 7 � ��� 0�
 � �����=�a79: 0[@\1 D6OE8M5W36�rFM798;:
DX X = 0 @\F���OEKL5SKG8[@ V 7

H27 x 
 � OE���,7XH P @\F2:S147X0[@\1S: [X,U ] = 0 �MOE8 765S: 1W@\�,798M3?< D @\>LD9F2>L791
K(X,U) = −〈DX DU X,U〉. ��� 
G� � �

� OEF21=D67 BC@\KG147��oOE8�F2:SKG>GKL5W791W@ >A@ B OE1S�YF2>L7,5SF2K���@\8r:47�� �rF2KqD @\1W@ED9:4391SKL5W7,>A@ D6OE828M7��UKLOE8
H27 � 7:�;K � � K��%KG:W@��

2〈DZ1 Z2, Z3〉 = Z1 · 〈Z2, Z3〉 + Z2 · 〈Z3, Z1〉 − Z3 · 〈Z1, Z2〉
+〈[Z1, Z2], Z3〉 − 〈[Z1, Z3], Z2〉 − 〈[Z2, Z3], Z1〉.

��� 
G� � �

���



��8
F2:SKG>GKL5W@\8r:I>CPQOE1S:S�MO V OE8[@\>GKG:43 H27 (X1, · · · , Xn, U) 79:d>L7=B @\KG:I�;FM7 [Xi, U ] �
� � OE8

OER2:SKL798r:
2〈DU X,U〉 = X · 〈U,U〉 = X · f 2 = 2fdf(X)

79:
2〈DU X,Xi〉 = −〈[X,Xi], U〉,

79:NH2OE8MD
DU X = df(X)U ′ − 1

2

n∑

i=1

〈[X,Xi], U〉Xi.
��� 
G�.���

� 7d021479��KL791J:4791S�,7I0�79F2:N5 PQ36D91SKG147 df(X)U ′ = df(X)
f U �20[@\1ND6OE8M5W36�rFM798;:

DX(df(X)U ′) =

(

X · df(X)

f

)

U +
df(X)

f
DX U

=

(
(DX df)(X)

f
+

df(DX X)

f
− (df(X))2

f2

)

U

+
df(X)

f
DX U

��� 
 ��� �

=
Hess f(X,X)

f
U − (df(X))2

f2
U +

df(X)

f
DX U,

798 F2:SKG>GKL5W@\8r: >L7 B @\KG:N�;FM7
DX X = 0 
��d7d02>GFM5	�2>A@?1479>A@\:SKLOE8 ��� 
G� � � H2OE828M7

2〈DX U,U〉 = X · |U |2 = 2fdf(X),

79:NH2OE8MD
〈DX(df(X)U ′), U〉 = f Hess f(X,X).

��� 
 � � �
� @�H2391SK���@\:SKLOE8 H2765 :4791S�,765 5SF2K��E@\8;:45JH27 ��� 
G�.��� H2OE828M7

DX(〈[X,Xi], U〉Xi) = (X · 〈[X,Xi], U〉)Xi + 〈[X,Xi], U〉DX Xi.

� F[@\8MHTOE8
D @\>LD9F2>L7?>L7Y0214O%HUF2KG:I54D @\>A@\KG147=H27?D679:S:47 7��%0214765W5SKLOE8
@	��76D U �[>L7=021479��KL791
:4791S�,7f5 P @\828rF2>L7���79:�D6OE���,7 >A@ 1479>A@\:SKLOE8 ��� 
G� � ��H2OE828M7 〈DX Xi, U〉 = 〈[X,Xi], U〉 �KG> 14765S:47

〈DX(〈[X,Xi], U〉Xi), U〉 = 〈[X,Xi], U〉2. ��� 
 ��� �
� @ 54OE���,7XH2765N36�;F[@\:SKLOE8M5 ��� 
 � � � 79: ��� 
 ��� � H2OE828M7

K(X,U) = −f Hess f(X,X) +
1

2

n∑

i=1

〈[X,Xi], U〉2. ��� 
 � ���

��8 8MOE1S�z@\>GKL5W@\8r: >L7c��76D9:479F21 U �2OE8 OER2:SKL798r:

K(X,U ′) = −Hess f(X,X)

f
+

1

2f2

n∑

i=1

〈[X,Xi], U〉2. ��� 
 � �;�

� 




� 765 H2791S82KL79145 :4791S�,765z0�79FQ��798r: #9:S147 �z@6
SOE14365 798 B OE8MD9:SKLOE8yH27 >A@�D6OEF21SR2F2147�
'��8
7�� 79:	�MOE8 @

〈[X,Xi], U〉 = U [([X,Xi]) = f2ω([X,Xi]) = −f2dω(X,Xi),
��� 
 � 
 �

79:JH2OE8MD��[798���791S:SF HUF >L79���,7 � 
 � �

〈[X,Xi], U〉2 ≤ f4 8a

3
|ω|2 =

8a

3
f2.

��� 
 � � �
��@\1q�F�%0�OE:S�MZ6547���>A@dD6OEF21SR2F2147J5W76D9:SKLOE828M79>G>L7NH27 M 765S:���KG8MOE14367N0[@\1 −a 
 � 8z@dH2OE8MD
�M8[@\>L79�,798;:R�

Hess f(X,X)

f
≤
(

4n

3
+ 1

)

a.
��� 
 ��� �

� OEKL798;: x 79: y H279F��=0�OEKG8r:45�H27 N �\79: γ F28M7 V 36O%H2365SKL�;FM7f��KG82KG��KL5W@\8r:47b
SOEK V 8[@\8r:
D6765NH279F�� 0�OEKG8r:45	
 � OE:4OE8M5 µ >A@=B OE8MD9:SKLOE8 H23��M82KL7X0[@\1

µ(t) = ln f ◦ γ(t).
��� 
 � � �

��8TH2391SK��E@\8;: µ 0[@\1N1W@\020/OE1S: < t �MOE8 OER2:SKL798;:h�

µ′(t) =
df(γ′(t))
f ◦ γ(t)

��� 
 � ���
79:

µ′′(t) = −
(

df(γ′(t))
f ◦ γ(t)

)2

+
df(Dγ′(t) γ′(t)) + D df(γ′(t), γ′(t))

f ◦ γ(t)

= −µ′(t)2 +
Hess f(γ′(t), γ′(t))

f ◦ γ(t)
.

��� 
�� � �

� 8T@ H2OE8MD��[798H��791S:SF H27d>A@ �z@6
SOE1W@\:SKLOE8 ��� 
 ��� ���

µ′′(t) ≤ Hess f(γ′(t), γ′(t))
f ◦ γ(t)

≤
(

4n

3
+ 1

)

a.
��� 
��U� �

� F2020�O�54OE8M5d�rFM7 x 765S:JF28 0�OEKG8r:IO	� f �a79: H2OE8MD µ �a@\:S:479KG8;:X54OE8 ��KG82KG�YF2�H
 � 8 @
@\>LOE145 µ′(0) = 0 79:NH2OE8MD��M798 1479�z@\14�rF[@\8;: �;FM7 d �z@6
SOE147d>L7XHUKA@\�,Z9:S147YH27 N �

µ′(t) ≤
(

4n

3
+ 1

)

at,
��� 
�� � �

79:
µ(t) ≤ 4n + 3

6
at2 ≤ 4n + 3

6
ad2.

��� 
�� ���
� 7 1W@\020�OE1S: f(y)

f(x)
765S:
H2OE8MD �z@6
 OE143 0[@\1
F28M7 D6OE8M5S:W@\8r:47 τ = exp( 4n+3

6 ad2) 
� OE���,7
OE8�@��,OE8;:S143
D679:S:47T�z@6
SOE1W@\:SKLOE8 798 0214798[@\8r: 0/OEF21 x F28 0/OEKG8;: O	� f@\:S:479KG8;: 54OE8 ��KG82KG�=F2�H�a79>G>L7I54791W@��;1W@\KL7 5Ba * 7 ./,9* 7 , 0�OEF21 F28 x �;FM79>LD6OE8M�rFM7�


� �



�J79�z@\14�;FM7)�%54K/>L765'�MR2147d54OE8;: KL54OE�,39:S1SKL�;FM765	�M@\>LOE145 >L7dD4�[@\��0 U 765S: H27 8MOE1S�,7
D6OE8M5S:W@\8r:47�
 � >f7654: @\KL543 H27T��391SK��[791z< >CP @\KLH27 H27 ��� 
G� � �=�rFM7

DU U 765S:,@\>LOE145=8;F2>X�
D�PQ765S: � < � HUKG147X�;FM7d>L765��MR214765N54OE8;:N:4OE:W@\>L79�,798r: V 36O%H2365SKL�rFM765!
����pr"$� �f�	m ���!�#"+� ��q � � ��mW" ��" �!� �!�#"$� ��' � �>� 7 R2F2:N765S: 798 B @\KG: H27 V 398M391W@ �
>GKL54791d>L7=>L79���,7 � 
G� � @\F�� �MR214365I798
:4OE147 0/OEF21d�,OE8r:S14791=�rFM7 g 765S: 0214O;DW�M7�H P F28M7�,39:S1SKL�rFM7I0�OEF21 >A@E�;FM79>G>L7I:4OEF2:4765N>L765��MR214765 54OE8r:JKL54OE�,39:S1SKL�rFM765!
� OEKG: Ū ∈ G 8MOE8 8rF2>N79: U >L7 DW�[@\��0���791S:SKLD @\>NKG8MHUF2KG:�0[@\1 Ū 54F21 M 
 � OEKG:
x0 ∈ N 
 � 8_D4�MOEKL5SKG: Ū H27 54OE1S:47 �rFM7 |U | = 1 @\F H276545SFM5?H27 x0


��d7z02>GFM5!� OE8
KG��0/O�547?< Ū H P @f��OEKG1dF28 D6O;7��zD9KL798;:dHUKG1476D9:479F21d1W@\:SKLOE828M79>X��D�PQ765S: � < � HUKG147 �;FM7 Ū 765S:
D6OE>GKG8M3 @\KG147?<zF28C��76D9:479F21dH27

Z
k ⊂ G 
 � P @ED9:SKLOE8 HUF �[OE:I@E5454O%D9KL3=< U KG8MHUF2KG:I@\>LOE145

F28M7��MR21W@\:SKLOE8 S1 ↪→ M
π→ (M ′, g′) 
$� 8,0�79F2:}D6OE8r:S1��E>L791j>A@ID6OEF21SR2F2147 H27ND67��MR2143�


��8 7���79:	�MF2:SKG>GKL5W@\8r: >A@=BtOE1S�=F2>L7YH27+�?P � 79KG>G>X�MOE8 0�79F2:N36D91SKG147

KM ′(X̃, Ỹ ) = KM (X,Y ) − 3

4
|[X,Y ]V |2

= KM (X,Y ) − 3

4

|dω(X,Y )|2
|ω|2 ,

��� 
��%�;�

O	� X̃ 79: Ỹ 54OE8;:NH279F��T��76D9:479F2145NOE1S:S�MOE8MOE1S�,365 H27 M ′ � X 79: Y >L79F2145 1479>L7:��365 14765 �
0/76D9:SK B 5j54F21 M �;79: ω >A@ 1

� BtOE1S�,7 KG8MHUF2KG:47 0[@\1j>CP @ED9:SKLOE8 H27 T k :479>G>L7 �;FM7 ω(U) = 1 
� 7 >L79���,7 � 
 � 0/791S�,79:jH27fD6OE8;:S1��E>L791}>L7 H2791S82KL791�:4791S�,7N798 B OE8MD9:SKLOE8,H27 >A@dD6OEF21SR2F2147
H27 M �M79:NH2OE8MD

KM ′(X̃, Ỹ ) ≥ −a − 2a = −3a.
��� 
�� 
 �

� 7d>L79���,7 � 
G� � @E5W5SF2147X@\>LOE145N�;FoP KG>�7��%KL54:47dF28M7XD6OE8M5S:W@\8r:47 τ(n, a, d) :479>G>L7X�;FM7
1

τ
≤ |U | ≤ τ.

��� 
�� � �
� OE:4OE8M5 g̃ >A@ �,39:S1SKL�rFM7�KG8��E@\1SKA@\8;:47z5SF21 M OER2:4798rFM7z798��,O;HUK��a@\8;: g HM@\8M5Y>A@ HUK �1476D9:SKLOE8���791S:SKLD @\>L7 H27Y5WOE1S:47=�;FM7X>L765 �MR214765d54OEKL798r: KL54OE�,39:S1SKL�;FM765d< π−1(x0)

�[79:d798
D6OE8M54791Z�E@\8;: >A@,HUKL5S:S1SKGR2F2:SKLOE8
�MOE1SK & OE8r:W@\>L7 79:J>A@ �,39:S1SKL�;FM7=�MOE1SK & OE8r:W@\>L7�@E5454O%D9KL36765 <
g 
 � OEF21 D679:S:47I8MOEFQ��79>G>L7X�,39:S1SKL�;FM7��2>A@ 8MOE1S�,7XH27 U 765S: F282K B OE1S�,39�,798r:d3 V @\>L7Y< ��
� @?1479>A@\:SKLOE8 ��� 
�� � �f0�79F2:J5 PQ36D91SKG147

1

τ2
g̃(U,U) ≤ g(U,U) ≤ τ 2g̃(U,U),

��� 
�� � �
� @\1 D6OE8r:SKG8;F2KG:43�� ��� 
�� � �}5 PQ39:4798MH <X8oP KG��0�OE1S:47d�rFM79>+��76D9:479F21L��791S:SKLD @\>X
 � OE���,7 g 79:
g̃ 54OE8r:NKLH2798;:SKL�rFM765 5SF21 >A@ HUKG1476D9:SKLOE8T�MOE1SK & OE8r:W@\>L7��/OE8 @\F21W@ �M8[@\>L79�,798r:

1

τ2
g̃ ≤ g ≤ τ 2g̃.

��� 
�� � �
� OEF21 D6OE8MD9>GF2147��}1479�z@\14�;FMOE8M5 �rFM7 54KN>A@ �,39:S1SKL�;FM7 5SF21 M 765S:z:479>G>L7 �;FM7 >L765

�MR214765?5WOEKL798r:�KL54OE�,39:S1SKL�;FM765	� >A@ �MR21W@\:SKLOE8 S1 ↪→ M
π→ (M ′, g′) KG8MHUF2KG:47 0[@\1 >L7D4�[@\��0 U 765S:j< �MR2147N:4OE:W@\>L79�,798r: V 36O;H2365SKL�;FM7�
���@\1jD6OE8;:SKG8rF2KG:43��;>L765 �MR214765jHUF"�MR2143

T k ↪→ M → N 5WOE8r:J79>G>L765J@\FM5W5SK :4OE:W@\>L79�,798r: V 36O;H23654KL�rFM765	


� �



��� F�� � % 9 >�.8�@.=+ %�!
� 8C�E@ �z@\KG8;:4798[@\8r:dH239�,OE8r:S14791 >L7I:S�M36OE14Z9�,7 � 
 � 
 � OEF21dD67dBC@\KG147��MOE8H��@ 5 P KG8M5 �

02KG14791 H P F28M7 H239�,OE8M5S:S1W@\:SKLOE8 H P F28 :S�M36OE14Z9�,7dH27 � OE:S: ��� � O ��� R � �;:S�M36OE14Z9�,7 � �=�;�;F2K
F2:SKG>GKL547X>L765 14365SF2>G:W@\:45JH27 � � ��� � �%� 
� OEKG: g F28M7J�,39:S1SKL�;FM7 54F21 M ��391SK��a@\8r: >L765f�F�%0�OE:S�MZ6547JHUF :S�M36OE14Z9�,7 � 
 � 
 � OEF2:
H P @\R�OE14H ��798,F2:SKG>GKL5W@\8;:}F28,143654F2>G:W@\:}H27 143 V F2>A@\1SKL5W@\:SKLOE8 H PQ�JR2147654DW� ��� � ��� � ��� �E:S�M36O �
14Z9�,7 ��
G� � �=� OE8�D6OE8M5S:S1SF2KG:XF28M7,�,39:S1SKL�rFM7 g1

5SF21 M :479>G>L7,�;FM7 1
τ1

g ≤ g1 ≤ τ1g
�

|K(M, g1)| ≤ a 79: ‖Di R‖ ≤ Ai(n, a, τ1)
�/O	� τ1 > 1 765S: F28 143679> � �U3��/79:

D
79:

R H2365SK V 8M798;:Y14765S0�76D9:SK���79�,798r:=>A@ H2391SK���367zD6O	��@\1SKA@\8r:47 79:X>L7 :4798M5479F21YH27�D6OEF21SR2F2147
0�OEF21N>A@?�,39:S1SKL�;FM7 g1



� 8z@\0202>GKL�;FM7 798M5SF2KG:47 >L7f:S�M36OE14Z9�,7 � 
 � H27 � � ��� � �	� �\�;F2KM@E545SF2147 >CPQ7��UKL5S:4798MD67 H27

D6OE8M5S:W@\8;:4765 ε0(n, (N,h)) � κ(n,A) � κ′(n,A, (N,h)) 79: κi(n,A, (N,h)) 79:NH P F28M7
�MR21W@\:SKLOE8 π′ : (M, g1) → (N,h) :479>L5z�;FM7 5SK π 765S:zF28M7 ε

� @\020214O �UKG�z@\:SKLOE8�H27� @\FM54H2OE1���@f��76D ε < ε0(n, (N,h)) �/@\>LOE145l�
H 0/OEF21 :4OEF2: x ∈ N �M>L7=HUKA@\�,Z9:S147=H27 π′−1(x) 0�OEF21J>A@,�,39:S1SKL�rFM7 g′ 765S:JKG8UB 3 �1SKL79F21 < κε �H >A@d5476D6OE8MH27fBtOE1S�,7fB OE8MHM@\�,798r:W@\>L7JH27 >A@ �MR2147L��391SK��[7 ‖IIπ−1(x)‖∞ ≤ κ′ 0�OEF21
:4OEF2: x ∈ N �H >A@=54F2R2�,79145SKLOE8 π′ 765S: κi

� 143 V F2>GKLZ9147��2D�PQ765S: � < � HUKG147I�;FM7 ‖Di π′‖∞ ≤ κi
�;0�OEF21

:4OEF2: i ∈ N



��8��M8��j0�OEF21 F28M7 :479>G>L7 �MR21W@\:SKLOE8 π′ �q>L765 0[@\1S:SKL765 ��79:�� H27 � � ����� �%� H2OE828M798;:
>A@ D6OE8M5S:S1SFMD9:SKLOE8 H P F28 �,39:S1SKL�;FM7 g2

5SF21 M �;F2K 7654: T k � KG8��E@\1SKA@\8;:47 79:=:479>G>L7 �;FM7
|Di(g2 − g1)| ≤ c(n,A, (N,h), i) � 0/OEF21 :4OEF2: i ∈ N


 � 79:S:47 H2791S82KLZ9147 3 V @\>GKG:43
@E5454F2147,>CPQ7��UKL5S:4798MD67 H P F28M7 D6OE8M5S:W@\8;:47 τ2(n,A, d, (N,h)) :479>G>L7 �rFM7 1

τ2
g1 ≤ g2 ≤

τ2g1
�279:N0/791S�,79: @\FM545SKoH27ID6OE8r:S1��E>L791 >A@�D6OEF21SR2F2147X0�OEF21 >A@?�,39:S1SKL�;FM7 g2



� 8 0�79F2: @\>LOE145 @\0202>GKL�;FM791 >A@Y0214OE0�O�5SKG:SKLOE8 � 
 � �%�rF2K/8MOEFM5 H2OE828M7 F28M7 �,39:S1SKL�;FM7

g3
�rF2K ��391SK��[7Y>L765 0�OEKG8r:45 � � � < � �X�X� �jH27d>A@�H23��M82KG:SKLOE8 � 
G��

� OEF21 OER2:47982KG1 >A@ �,39:S1SKL�;FM7 g̃ HUF :S�M36OE14Z9�,7 � 
 � �2KG>o14765S:47Y<?�,O%HUK��[791J>A@ HUKL54:S1SK �R2F2:SKLOE8 �MOE1SK & OE8r:W@\>L7YH27J�z@\82KLZ9147I<=D67 �;FM7 g̃ ��391SK��[7 >L7 0/OEKG8;: � �
� �jH27 >A@YH23��M82KG:SKLOE8

� 
G��
�� 79�z@\14�rFMOE8M5J:4OEF2:JH P @\R�OE14H �rFM7YD6OE���,7X>CP @\0202>GKLD @\:SKLOE8 e : G∗ → H2(N) 7654:>GKG8M3 @\KG147�� KG>j5SF��,:=H27,�,OE8r:S14791 >CPQ3 V @\>GKG:43 dω = π′∗(e(ω)) 0�OEF21XF28M7zR[@E547zH27 G∗ 
� OEKG: (ωi)
F28M7 R[@E547�H27 G∗ OE1S:S�MOE8MOE1S�,367z0/OEF21I>A@ �,39:S1SKL�;FM7 g3


�� OEF21?D4�[@E�;FM7 i �
dωi

5 PQ36D91SKG:
dωi = π′∗(αi + dβi),

��� 
������
O	� αi

765S:XF28M7�BtOE1S�,7z�[@\1S�,OE82KL�rFM7 79: βi
F28M7 B OE1S�,7zD6O\B 791S�,367�
�� 8�H23��M82KG:=F28M7

8MOEFQ��79>G>L7XBtOE1S�,7c��791S:SKLD @\>L7 ω′
i = ωi − π′∗(βi)


 � 79:S:47dBtOE1S�,7 ��391SK��[7

dω′
i = dωi − π′∗(dβi) = π′∗(αi) ∈ H2(N).

��� 
 � � �
� P KG8;:479145476D9:SKLOE8 H2765 8MO	�r@\F�� H2765 BtOE1S�,765 ω′

i
H23��M82KG: F28M7
8MOEFQ��79>G>L7 HUKL54:S1SKGR2F2:SKLOE8

�MOE1SK & OE8;:W@\>L7�
 � 8*H23��M82KG: g̃ D6OE���,7 39:W@\8;: >A@��,39:S1SKL�;FM7�5SF21 M :479>G>L7 �;FM7 π′ :
(M, g̃) → (N,h) 54OEKG:?F28M7 5SF2R2�,79145SKLOE8_1SKL79�z@\8282KL79828M7 79: g̃ = g3

5SF21?>CPQ765S0[@ED67

� �



��791S:SKLD @\>X
 � 79:S:47 �,39:S1SKL�;FM7���391SK��[7 >L7z0�OEKG8r: � K��M�XH27z>A@ H23��M82KG:SKLOE8 � 
G� HUF�BC@\KG:=H27��� 
 � � �=

� 8 H2OEKG:J798MD6OE147 ��391SK��[791 g̃ 765S: 0214O%D4�M7XH27 g3


�� 79�z@\14�rFMOE8M5N�;FM7

g̃ − g3 =
∑

i

(ω′2 − ω2) =
∑

i

(2π′∗(βi) ⊗ ωi + π′∗(βi)
2).

��� 
 �M� �

� 1	� 
 
 � OE>GR/OEKL5=79:h�)
 � OEF21S:4OEKL5YOE8;:Y�,OE8;:S143zHM@\8M5 � � � ���%�d� >L79���,7,�h
�� � �I�rFoP KG>
7��%KL5S:47 F28M7dD6OE8M5S:W@\8r:47 κ(n, a, d, (N,h)) > 0 :479>G>L7d�rFM7 >L765fBtOE1S�,765 βi

:479>G>L765 �rFoPQOE8
>L765?@TH23��M82KL765R��391SK��[798r: ‖βi‖∞ ≤ κ � D67 �rF2Kf0/791S�,79: H27 D6OE8MD9>GF2147�
�� 79�z@\14�rFM7t�
>L7,>L79���,7 �h
�� � H27 � � � ���	� F2:SKG>GKL547 >L7,BC@\KG:=�;FM7 0/OEF21?>A@ �,39:S1SKL�;FM7 g3

� >A@ 8MOE1S�,7
H27�>A@ 5476D6OE8MH27,BtOE1S�,7�BtOE8MHM@\�,798;:W@\>L7 7654:YD6OE8r:S1��E>L3 79:=�;FM7�>A@ 54F2R2�,79145SKLOE8 π′ 765S:
κi
� 143 V F2>GKLZ9147�
 � >q8oPQ765S:XH2OE8MD,0[@E5Y3:�;KLH2798;:=�;FoPQOE8�02F2KL54547�OER2:47982KG1=>L7�:S�M36OE14Z9�,7 � 
 �

798�5SF2020�O�5W@\8r:Y�;FM7�>A@ �,39:S1SKL�;FM7�KG82KG:SKA@\>L7 g 765S:XKG8��E@\1SKA@\8;:47 79:Y798�547 0[@E545W@\8;:YH2765
14365SF2>G:W@\:45NH27 � � ����� �%� 


��8��M8��qKG>J14765S:47 < �,OE8r:S14791 �;FM7 >A@ D6OEF21SR2F2147TH27 (M, g̃) 14765S:47 R/OE1S8M367 HM@\8M5>A@ HUKG1476D9:SKLOE8��MOE1SK & OE8;:W@\>L7�
 � OEKG: x ∈ N � X̃ 79: Ỹ H279F��v��76D9:479F2145 OE1S:S�MOE8MOE1S�,365
:W@\8 V 798r:45z< N 798 x � ω̄ F28M7 1

� B OE1S�,7 KG8F��@\1SKA@\8r:47 H27 T k � ω >A@ 1
� B OE1S�,7 KG8MHUF2KG:47

5SF21 M 0/OEF21 >A@zHUKL54:S1SKGR2F2:SKLOE8T�MOE1SK & OE8;:W@\>L7 @E5W54O;D9KL367?< g 79: ω′ >A@ 1
� BtOE1S�,7=KG8MHUF2KG:47

0/OEF21 >A@zHUKL5S:S1SKGR2F2:SKLOE8�@E545WO;D9KL367 < g̃ 
 � 765 H279F�� BtOE1S�,765 ��391SK��[798;: dω′ = π′∗(α) 79:
dω = π′∗(α + dβ) �2O	� α 765S: F28M7 2

� B OE1S�,7I�[@\1S�,OE82KL�rFM7YH27 N 79: β F28M7 1
� B OE1S�,7

H27 N 

� P @\0214Z65}>A@ B OE1S�YF2>L7 H27 �?P � 79KG>G>X��KG>/5SF��,:q0�OEF21jD6OE8r:S1��E>L791f>A@XD6OEF21SR2F2147 5476D9:SKLOE8 �

8M79>G>L7 K(M,g̃)(π
′∗(X), π′∗(Y )) H27=�z@6
SOE14791I>A@ 8MOE1S�,7�H27 [π′∗(X), π′∗(Y )]V 
 � 1	�

OE8 0/79F2:J36D91SKG147YH P F28M7I0[@\1S:	�
ω′([π′∗(X), π′∗(Y )]V ) = dω′(π′∗(X), π′∗(Y )) = α(X,Y ).

��� 
 � � �
�?P @\F2:S147X0[@\1S:	�MOE8 @

‖α‖∞ ≤ τ ′(n, a, d)‖α‖2,
��� 
 � ���

H P @\0214Z65 � � K � �%� �2D @\1 α 765S: �[@\1S�,OE82KL�;FM7��[79:
‖α‖2 ≤ ‖α + dβ‖2 = ‖dω‖2 ≤ ‖dω‖∞,

��� 
 ���;�
798 F2:SKG>GKL5 @\8r: >L7�BC@\KG:_�;FoP F28M7yB OE1S�,7��[@\1S�,OE82KL�;FM7�765S:_>L7y02>GFM5_0�79:SKG: 39>L39�,798r:
H27 5W@ D9>A@E54547 H27 D6OE�MOE�,OE>LO V KL7 0/OEF21*>A@ 8MOE1S�,7 L2 
 �q8��M8�� >L7 >L79���,7 � 
 �
0/791S�,79:_H27�D6OE8;:S1��E>L791_>A@�8MOE1S�,7yH27 dω 798 B OE8MD9:SKLOE8 H27 a 79: ‖ω‖∞ �=79:�>A@
8MOE1S�,7 H27 ω 7654: D6OE8r:S1��E>L3 798 B OE8MD9:SKLOE8�H27 ‖ω′‖∞ 
 � OE���,7 >A@ �z@6
SOE1W@\:SKLOE8yH27
ω′([π′∗(X), π′∗(Y )]V ) OER2:4798;FM7 7654:qKG8MH2390/798MHM@\8;:47 HUF D4�MOEK��,H27 ω̄ ��OE8 @dR2KL798 F28M7
�z@6
 OE1W@\:SKLOE8 H27 |[π′∗(X), π′∗(Y )]V | 798 BtOE8MD9:SKLOE8TH27 n � a 79: d 
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� ��
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���� � ����������� 	��� !	������ �����

��������� 	�����������	���� � ��� 
� ������

�;����� � &"�@E,+ %,/0&"E�� 1 � 9 �<� 
 / + �21'�89
1
B�� E,+ �D�89 ��%,+ !"� (�E B

! ���D�71 � �@:'+-.
� 765,143654F2>G:W@\:45zH2765zDW�[@\02KG:S14765 021436D636H2798r:45 8MOEFM5,0�791S�,79:S:4798r: �z@\KG8r:4798[@\8r: H27

H239�,OE8r:S14791 >L7q:S�M36OE14Z9�,7 � � 
%� 8=@_�;FY�;FoPQOE8Y0�OEFQ��@\KG: 547�1W@\�,798M791�@\F=D @E5 H P F28��MR2143
�YF282K�H P F28M7=�,39:S1SKL�;FM7 @EHM@\02:4367�
!� 8t��@,H2OE8MD?�,OE8r:S14791d>L7=14365SF2>G:W@\: HUF :S�M36OE14Z9�,7� � 0/OEF21NF28 �MR2143 ��391SK��a@\8r:J>L765JD6OE8MD9>GFM5SKLOE8M5JHUF :S�M36OE14Z9�,7 � 
 � �
jlk �F"nmWo�prq y '#%$'R(+*-, 2=1 .

a > 0 � d > 0 GF2:0-DT7 8 2 O I�� n � k 2 . m
. 7 *-, Ih2=1 ./, 2=7^I . 2 O Id 0Q2 n = k+m ��2 . (Nm, h) 0[1+2_365-7 ,98:.;8 7 , 2:<�5�1�1 , 2=1�1+2	JQ� O 2ZD , I . 2BG�2^IB? * 1QI . 5-1 . 2^I

c(n, a, d, (N,h)) 2 . ε(n, a, d, (N,h)) I . 7 , ? . 2=<�2=1 . A * I ,#./, 3W2^I . 2 O O 2^I d 0�2CI , ḡ 2=I .
0�1+2B< 8:. 7 , d 0Q2cI^0[7 O 2 .X* 7E2 T k . 2 O O 2 d 0�2 diam(T k) < ε 2 . I , T k ↪→ Mn → N 2=I .
0�1 N ]=7 8 A$7 , 1$? , A�5 O <)0�1 , G \ 0[1t? * 0!A O 2RGF2�< 8:. 7 , d 0Q2=I (g, h) 5�GF5^A .;8 5�0 N ]=7 8 2 .g. 2 Od 0Q2 g = ḡ 2=1�7E2^I . 7 , ? ./,/* 1 �@O 5 N ]=7E2^� diam(M, g) < d 2 . |KM (X,Y )| ≤ a A * 0[7.X* 0 . 2�A�5 , 7E2 (X,Y ) GF2l3W2Z? . 2:0�7^IlU * 7 ,��	* 1 . 5-0-D * 7 . U * 1 * 7^< 8 I^�g5 O�* 7�I * 1M5

λ1,1(M, g) ≥ c · Vol2(T k).

� 8 5 PQ765S: KLD9K H2OE828M3 D6OE���,7 �F�%0/OE:S�MZ65W7 �rFM7 >A@T�,39:S1SKL�;FM7 5SF21 N 765S: � �2367�
 ��8
7���79:	� F28M7z���;0�OE:S�MZ6547 5SF21?>A@ D6OEF21SR2F2147 8M7 8MOEFM5?5W791W@ 0[@E5?5SF��z5W@\8;:47�
 � 8 ��791S1W@
@\F 0[@\1W@ V 1W@\02�M7 5SF2K���@\8r:dHM@\8M5 �;FM79>G>L7Y�,7654F2147=OE8T0/79F2: 765S0/3914791dOER2:47982KG1 >L7X�"#9�,7
14365SF2>G:W@\: @f��76DYH2765 �F�%0/OE:S�MZ65W765N02>GFM5 BC@\KGR2>L765	
����pr"$� �f�	m ���!�#"+� �

�I@\8M5 F28 021479��KL791�:479��0M5	�\8MOEFM5q@\>G>LOE8M5�H239�,OE8;:S14791q>L7f:S�M36OE14Z9�,7 HM@\8M5�>L7jD @E5�O	�
>L7��MR2143 M 8M7qD6OE8;:SKL798r: 0[@E5�H27�54OEFM5 � �MR2143q:S1SK��;KA@\>X� D�PQ7654: � < � HUKG147}�;F[@\8MHd>CP @\0202>GKLD @\:SKLOE8
e : G∗ → H2(N,h) 7654: KG8-
 76D9:SK���7�
 � OEFM5 V 398M391W@\>GKL547914OE8M5 798M5SF2KG:47I>L7d14365SF2>G:W@\: <?F28
�MR2143z021SKG8MD9KG0[@\> �;FM79>LD6OE8M�rFM7�
�� P @\F2:S147 0[@\1S:	� OE8_547,14765S:S1479KG8MHU1W@
@\F�� B OE1S�,765 T k �
KG8F��@\1SKA@\8r:4765	� 798���791S:SF H2765 14365SF2>G:W@\:45 HUF D4�[@\02KG:S147 
 � D6OE14OE>G>A@\KG147 � 
 �=
 ��8 7���79:	�
>L7 5S0�76D9:S147 H2765zBtOE1S�,765 OE1S:S�MO V OE8[@\>L765 @\F�� BtOE1S�,765 KG8F��@\1SKA@\8r:4765 54791W@���KG8MOE143T798


 �



B OE8MD9:SKLOE8 H27=>A@ D6OE8M5S:W@\8;:47 ε HUF
:S�M36OE14Z9�,7�� 79:dOE8
0�OEF21S1W@ :4OEF-
 OEF2145IDW�MOEKL5SKG1ID679:S:47
D6OE8M5S:W@\8;:47 5SF��z5W@\���,798r:�0�79:SKG:47jH27f54OE1S:47j�rFM7}>L7j5S0�76D9:S147fH2765oB OE1S�,765 OE1S:S�MO V OE8[@\>L765
@\F�� BtOE1S�,765JKG8F��@\1SKA@\8r:4765 54OEKG: 02>GFM5 V 1W@\8MH �;FM7I>L7d:4791S�,7 c · Vol2(T k) 
� F2020�O�54OE8M5fH2OE8MD e KG8-
 76D9:SK���7�
 � @YH239�,OE8M5S:S1W@\:SKLOE8 547NH23914OEF2>L7 798 H279F��z39:W@\0�765	

� P @\R�OE14H �%OE8 547 1W@\�,Z98M7I<X>CPQ39:SFMH27dH2765��E@\>L79F2145 0214OE0214765 H27 >CPQOE0�391W@\:479F21 e∗e �;>CP @EH �

SOEKG8r:J39:W@\8;: H23��M82K�798 �=F282KL545W@\8;: H2(N) H27X5W@?8MOE1S�,7 L2 �

� ��� � y ' s>' � O 2ZD , I . 2 ε(n, a, λ0,1(N,h), λ1,1(N,h)) > 0 2 . c(n, a, λ0,1(N,h)) >
0

. 2 O d 0�2 A * 0[7 .X* 0 . 2 1 ` a * 7=<�2 ϕ I=0�7 M T k ` , 1�3W5-7 , 5-1 . 2}2 . * 7 . U * V * 1+5 O 2 �
Ker∆1(M, g) � I , O 2 d 0 *�./, 2=1 . GF2L��5	, O 2 , V-U�G�2 ϕ 3 8 7 , N 2 R(ϕ) < ε �b5 O�* 7�I ,#O 2ZD , I . 2
0[1+2�a * 7^<�2 ω

, 1+G-0 ,/. 2�A�5-7 0[1 8=O�8 <�2:1 . G�2 G∗ . 2 O#O 2 d 0�2 ‖e(ω)‖2 ≤ c · ε‖ω‖2 J
���[p "+� �f�	m����!�#"$� � � OEKG: ϕ F28M7 1

� B OE1S�,7IHUK���3914798;:SKL79>G>L7 T k � KG8F��@\1SKA@\8r:47XH27 M 

� 8 0�79F2:N36D91SKG147

ϕ = π∗(α) +

k∑

i=1

π∗(ai) · ωi,
�C� 
����

O	� α 765S:�F28M7 1
� BtOE1S�,7 H27 N � ai

H2765 B OE8MD9:SKLOE8M5qH27 N 79: ωi
>L765 1

� BtOE1S�,765���791S:SKLD @\>L765
KG8MHUF2KG:4765J0[@\1NF28M7IR[@E547IOE1S:S�MOE8MOE1S�,367=H27 G∗ 
 � 8T@�@\>LOE145l�

dϕ = π∗(dα +

k∑

i=1

ai · ei) +

k∑

i=1

dπ∗(ai) ∧ ωi,
�C� 
 �;�

O	� ei
H23654K V 8M7I>CP KG�z@ V 7XH27 ωi

0[@\1 >CP @\0202>GKLD @\:SKLOE8 e : G∗ → H2(N) 
Q�d7d02>GFM5	�20�OEF21
:4OEF2: i OE8 @

‖δ(π∗(ai)ωi)‖2 = (δ(π∗(ai)ωi), δ(π∗(ai)ωi)) = (π∗(ai)ωi,dδ(π∗(ai)ωi)),

O	� (·, ·) H2365SK V 8M7z>L7 0214O;HUF2KG:?54D @\>A@\KG147 L2 
 � OE���,7 π∗(ai)ωi
765S:IF28M7 B OE1S�,7 T k �

KG8��E@\1SKA@\8;:47��
δ(π∗(ai)ωi)

765S:?F28M7�B OE8MD9:SKLOE8_KG8F��@\1SKA@\8r:47���D�PQ765S: � < � HUKG147 �;FM7zD�PQ765S:?>L7
1479>L7:��3 H P F28M7 B OE8MD9:SKLOE8 5SF21 N 
 ��@\1 D6OE8M5436�rFM798;:	� dδ(π∗(ai)ωi)

765S:j>L7N1479>L7:��3 H P F28M7
1
� B OE1S�,7X5SF21 N �279:N765S:NH2OE8MDXOE1S:S�MO V OE8[@\>L7 < π∗(ai)ωi



� KG8[@\>L79�,798r:	�/OE8 @��
δϕ = π∗(δα).

�C� 
 
 �
� 8 0�79F2:XD @\>LD9F2>L791X021436D9KL5439�,798;:=�;FM79>G>L765X54OE8r:I>L765 1

� B OE1S�,765I�[@\1S�,OE82KL�;FM765YH27 M 

� 8 5W@\KG: H23�
4<,�;FM7X>L765JBtOE1S�,765 �[@\1S�,OE82KL�;FM765 5WOE8r: KG8F��@\1SKA@\8r:4765	��H2OE8MDYH27Y>A@ B OE1S�,7
H2OE828M367X798 �C� 
����=
 � K ϕ 765S: �[@\1S�,OE82KL�rFM7��aOE8T@ H27I02>GFM5 dϕ = 0 79: δϕ = 0 �MH2OE8MD

δα = 0, dai = 0 0�OEF21 :4OEF2: i �M79: dα +

k∑

i=1

ai · ei = 0.
�C� 
 � �

� OE���,7d>L765fB OE8MD9:SKLOE8M5 ai
54OE8r:ND6OE8M54:W@\8r:4765	� ∑k

i=1 ai · ei
7654:jF28M7 2

� B OE1S�,7d�[@\1S�,O �
82KL�;FM7 H27 N �aH2OE8MD�OE1S:S�MO V OE8[@\>L7,< >A@zB OE1S�,7?7��M@ED9:47 dα 
!� 8�@ H2OE8MD ∆α = 0 79:
∑k

i=1 ai · ei = 0 
 � OE���,7 e 765S: KG8-
 76D9:SK���7���>L765 ei
BtOE1S�,798;:IF28M7?B @\��KG>G>L7?>GKGR2147�� 79:


 �



H2OE8MD ai = 0 0�OEF21N:4OEF2: i 
 � 8TOER2:SKL798;: �M8[@\>L79�,798;: �;FM7X>L765NBtOE1S�,765J�[@\1S�,OE82KL�rFM765H27 M 54OE8;:N>L765 1479>L7:��365JH2765 BtOE1S�,765J�[@\1S�,OE82KL�rFM765 H27 N 
� F2020/O�5WOE8M5}�;FM7 ϕ 765S:}H27 8MOE1S�,7 1 ��D�PQ765S: � < � HUKG147 �;FM7 ‖α‖2 +
∑k

i=1 ‖ai‖2 = 1 
� 7I�rFMOE:SKL798;: H27 � @f�%>L79K V � H27 ϕ 5 PQ36D91SKG:J@\>LOE145

R(ϕ) = ‖δα‖2 + ‖dα +

k∑

i=1

ai · ei‖2 +

k∑

i=1

‖dπ∗(ai)‖2.
�C� 
 � �

� F2020/O�54OE8M5d�;FM7 R(ϕ) < ε 0/OEF21 F28 ε > 0 H2OE828M3�
 � OE���,7 ‖α‖2 +
∑k

i=1 ‖ai‖2

765S:�3 V @\>J< 1 ��>CP F28 H2765 :4791S�,765,H27 >A@ 54OE���,7 765S: 02>GFM5 V 1W@\8MH27 �;FM7 1
1+k


 � OEFM5
@\>G>LOE8M5NHUKL5S:SKG8 V FM791J>L765JD @E5 ‖α‖2 > 1

1+k
�279: ‖ap‖2 > 1

1+k
0�OEF21NF28 p ∈ [1, k] 
� F2020/O�5WOE8M5 ‖α‖2 ≥ 1

1+k
�

� @ B OE1S�,7 ϕ 7654:�OE1S:S�MO V OE8[@\>L7 < Ker∆1 ��D�PQ7654: � < � HUKG147J< >CPQ798M5479�YR2>L7 H2765�1479>L7:��365
H27�BtOE1S�,765o�[@\1S�,OE82KL�rFM765 H27 N 
 � @\1 D6OE8M5436�rFM798;:	� >A@fB OE1S�,7 α 765S:�79>G>L7 � �"#9�,7jOE1S:S�MO �V OE8[@\>L765N@\F��,BtOE1S�,765 �[@\1S�,OE82KL�;FM765 H27 N �U79: H2OE8MD ‖dα‖2 + ‖δα‖2 ≥ λ1,1(N,h) 


� K ‖δα‖2 ≥ ‖dα‖2 �M@\>LOE145 ‖δα‖2

‖α‖2 ≥ λ1,1(N,h)
2


 � 1	�MOE8 @ >L765NH279F�� KG8M3 V @\>GKG:4365

‖α‖2 ≥ 1

k + 1

�C� 
 � �
79:

‖δα‖2 ≤ R(ϕ) < ε,
�C� 
 ���

H2OE8r:JOE8 0�79F2:NH236HUF2KG147I>A@ �z@6
SOE1W@\:SKLOE8
λ1,1(N,h)

2(k + 1)
< ε.

�C� 
G� � �
� 8 0/79F2:JDW�MOEKL5SKG1 ε 5SF��z5W@\���,798r:J0/79:SKG:N0�OEF21N39>GKG��KG8M791 D67ID @E5!


� K ‖dα‖2 ≥ ‖δα‖2 �M@\>LOE145 ‖dα‖2

‖α‖2 ≥ λ1,1(N,h)
2


 � 8 0�79F2:NH236HUF2KG147YH27 �C� 
 � � �rFM7

‖dα +

k∑

i=1

aiei‖2 < ε.
�C� 
G��� �

� 8���79F2:q�,OE8r:S14791 < 0[@\1S:SKG1}H27 �C� 
G��� ���;FM7 02F2KL54�rFM7 dα 765S:���KG8MOE143���>L765 ai
��79:}H2OE8MD

>L765 dai
>L7 54OE8r:�@\FM545SKX� D67 �;F2KjD6OE8;:S1476HUKG1W@ >L7,BC@\KG:=�;FM7 R(ϕ) < ε 
 � >fH236D6OEF2>L7 H27�C� 
G��� �c�

‖dα‖2 + ‖
k∑

i=1

aiei‖2 + 2(dα,

k∑

i=1

aiei) < ε
�C� 
G� � �

79:NH2OE8MD
λ1,1(N,h)

2(k + 1)
− ε < −2(dα,

k∑

i=1

aiei),
�C� 
G� ���

� 7 02>GFM5!� 798 F2:SKG>GKL5W@\8r:X>L7?BC@\KG:X�;FM7 ei
765S:I�[@\1S�,OE82KL�rFM7�� H2OE8MD�D6O\Bt791S�,367z79:X�rFoPQ798

14765S:S1SKLD9:SKLOE8T@\F�� 1
� BtOE1S�,765 OE8 @

δ = ∗d∗ �MOE8 OER2:SKL798;: (dα, aiei) = (α, δ(aiei)) =


 �



(α, ∗(dai ∧ (∗ei)))

 ��8 @\0202>GKL�rF[@\8;: 0�OE8MD9:SFM79>G>L79�,798r: >CP KG8M3 V @\>GKG:43=H27 � D4��� @\1 &���OE8

798 H236HUF2KG:

(dα, aiei) ≤
∫

N
|α||dai ∧ (∗ei)|dv ≤

∫

N
|α||dai||ei|dv

≤ ‖ei‖∞
∫

N
|α||dai|dv = ‖ei‖∞(|α||dai|)

≤ ‖ei‖∞‖α‖‖dai‖ ≤ ‖ei‖∞‖dai‖
�C� 
G� �;�

79:��M8[@\>L79�,798;:
λ1,1(N,h)

4
− ε < 2

k∑

i=1

‖ei‖∞‖dai‖.
�C� 
G� 
 �

� OE���,7 5479>LOE8=>L7q>L79���,7 � 
 � � ‖ei‖∞ 765S: �z@6
 OE143j798YB OE8MD9:SKLOE8?H27 a 79: n � OE8=OER2:SKL798r:
5SK ε 7654:d54F��z5W@\���,798r:=0/79:SKG:dF28M7 ��KG8MOE1W@\:SKLOE8�H27 ∑k

i=1 ‖dai‖ � D67?�;F2KqD6OE8r:S1476HUKG:
>L7dBC@\KG:N�;FM7 ∑k

i=1 ‖dai‖2 < ε 

�q8 D4�MOEKL5SKL5W5W@\8r: ε 5SF��z5W@\���,798;:N0/79:SKG:N798 BtOE8MD9:SKLOE8 H27 λ1,1(N,h) � a 79: n �2OE8

0�79F2:JH2OE8MDX36D @\1S:4791N>L7ID @E5 ‖α‖2 ≥ 1
1+k



� F2020�O�54OE8M5 ‖ap‖2 ≥ 1

1+k
�� K OE8 8MOE:47 āi

>A@h�E@\>L79F21 �,O	��79828M7IH27 >A@YB OE8MD9:SKLOE8 ai
�%OE8 0�79F2:fDW�MOEKL5SKG1 >A@=R[@E547

(ωi)
H27 5WOE1S:47 �;FM7 āi = 0 0/OEF21 i ≥ 2

� KG>�5SF��,: H27 DW�MOEKL5SKG1ND6OE���,7 8MOEFQ��7 @\F ω1
>A@

B OE1S�,7XHUK�� 3914798r:SKL79>G>L7 ∑k
i=1 āiωi

�=
 � 8T@�@\>LOE145
‖dai‖2 ≥ λ0,1(N,h)‖ai‖2 �C� 
G� � �

0�OEF21 i ≥ 2 79:
‖da1‖2 ≥ λ0,1(N,h)‖a1 − ā1‖2.

�C� 
G� � �
� OE���,7 ‖dai‖2 < ε 0�OEF21N:4OEF2: i �2OE8 @ H2OE8MD

‖ai‖2
2 <

ε

λ0,1(N,h)

�C� 
G� � �
0�OEF21 i ≥ 2 79:

‖a1 − ā1‖2
2 <

ε

λ0,1(N,h)
.

�C� 
G�.���
��8 0[@\1S:SKLD9F2>GKL791	�[5SK ε 765S:N5SF��z5W@\���,798;:J0�79:SKG:	�2OE8T@ p = 1 


� 8 0/79F2:J@\>LOE145 36D91SKG147

‖dα +
k∑

i=1

aiei‖2 = ‖ā1e1‖2 + ‖dα + (a1 − ā1)e1 +
k∑

i=2

aiei‖2

+2(ā1e1,dα + (a1 − ā1)e1 +
k∑

i=2

aiei).
�C� 
 ��� �

� 8T@ H P F28M7X0[@\1S:
(ā1e1,dα) = ā1(δe1, α) = 0,


 �



79:NH P @\F2:S147X0[@\1S:
(ā1e1, aiei) ≤ ‖ā1e1‖2 · ‖aiei‖2 ≤ ‖ā1e1‖2‖ei‖∞‖ai‖2

< ‖ā1e1‖2

√
ε‖ei‖∞

λ0,1(N,h)
,

�C� 
 � � �
D679:S:47qH2791S82KLZ9147�KG8M3 V @\>GKG:43q147654:W@\8r: �%1W@\KL7�0�OEF21 i = 1 798X1479��02>A@ � @\8;: ai

0[@\1 (ā1−a1)

� OE���,7 ‖dα +

∑k
i=1 aiei‖2 < ε �MOE8 @ �M8[@\>L79�,798;:

‖ā1e1‖2 < 2|(ā1e1,dα + (a1 − ā1)e1 +

k∑

i=2

aiei)| + ε

79:NH2OE8MD
‖ā1e1‖2 − 2n

√
ε‖e‖

λ0,1(N,h)
‖ā1e1‖ − ε < 0.

�C� 
 ��� �
� 8y798 H236HUF2KG: �;FM7 ‖ā1e1‖ 765S: 798MD @EHU143T0[@\1 >L765 1W@ED9KG8M765 HUFy0�OE>��;8 �E�,7 X2 −
2n

√
ε‖e‖

λ0,1(N,h)X − ε � 79:Y798�0[@\1S:SKLD9F2>GKL791Y�z@6
SOE143�0[@\1Y5 @ 02>GFM5 V 1W@\8MH27,1W@ED9KG8M7�
 � OE���,7
‖e‖ 765S: �z@6
SOE143X798 B OE8MD9:SKLOE8 H27 n 79:NH27I>A@?R�OE1S8M7X5SF21 >A@�D6OEF21SR2F2147 � >L79���,7 � 
 � �=�>A@,02>GFM5 V 1W@\8MH27?1W@ED9KG8M7�HUF 0/OE>��%8 �E�,7 5 PQ36D91SKG:ID6OE���,7 F28M7?D6OE8M54:W@\8r:47�H2390�798MHM@\8r:
H27 n � a 79: λ0,1(N,h) ���=F2>G:SKG02>GKL367 0[@\1 √ε 
$� 8zOER2:SKL798;:fH2OE8MDJ>L7N14365SF2>G:W@\:j54OEF2�[@\KG:43
798 0214798[@\8r: D6OE���,7 ω >A@ BtOE1S�,7 ā1ω1



� 84�E@=�z@\KG8r:4798[@\8;:J��KG8MOE14791 >L7d5S0�76D9:S147dH27 e∗e 798 BtOE8MD9:SKLOE8 HUF���OE>GF2�,7IH27 >A@

�MR2147 T k 

� ��� � y ' s���' � O 2ZD , I . 2@0[1+24? * 1�I . 5-1 . 2 c(n, a, (N,h)) > 0

. 2 O#O 2 d 0Q2 O 5�A$7E2=< ,9� 7Z2
365 O 2=0�7_A$7 * A$7E2hG�2 e∗e I *-,/. < , 1 * 7 8 2�A�5-7 c · Vol(T k)2 J

����pr"$� �f�	m ���!�#"+� � � OEKL798r: λ1, · · · , λk
>L765���@\>L79F2145d0214OE0214765XH27 e∗e D9>A@E545436765HM@\8M5I>CPQOE14HU147�D914OEKL545W@\8;:	
 � OE���,7 e 765S:IKG8-
S76D9:SK���7�� D6765���@\>L79F2145I0214OE0214765X54OE8;:X8MOE8

8rF2>G>L765J79: >A@�021479��KLZ9147���391SK��[7

λ1 =

∏

i λi
∏

i6=1 λi
=

Det(e∗e)
∏

i6=1 λi
.

�C� 
 � �;�

� @\1 @\KG>G>L79F2145!�2>L765���@\>L79F2145N0214OE0214765JH27 e∗e ��391SK��[798r: λi ≤ ‖e∗e‖ �MH2OE8MD

λ1 ≥ Det(e∗e)
‖e∗e‖k−1

≥ Det(e∗e)
‖e‖2k−2

.
�C� 
 � 
 �

� P KG�z@ V 7dH27 e 7654:jF28 54OEFM5 � 765S0[@ED67 H27 Ker∆2(N) H27dHUKG�,798M5SKLOE8 k �%798 V 798MHU143
0[@\1IF28�54OEFM5 � 1436547 @\F HUF 1436547 @\F�H2765dB OE1S�,765d�[@\1S�,OE82KL�;FM765Y798r:SKLZ914765=H27 N 
 � KqOE8
14765S:S1479KG8r: e 79: e∗ <JD67f54OEFM5 � 765S0[@ED67��\OE8 0/79F2:�36D91SKG147 Det(e∗e) = (Det e)2 � O	� Det e765S:j>L7 H239:4791S��KG8[@\8r:NH P F28M7 �z@\:S1SKLD67dH27 e 36D91SKG:47 HM@\8M5 H2765fR[@E54765fOE1S:S�MOE8MOE1S�,36765NH27
G∗ 79: Im e �MD67I�;F2KoH2OE828M7

λ1 ≥ (Det e)2

‖e‖2k−2
.

�C� 
 � � �


�




� 7}>L79���,7 � 
 � H2OE828M7jF28M7q�z@6
SOE1W@\:SKLOE8�H27 ‖e‖ 798XB OE8MD9:SKLOE8 H27 n 79:�H27q>A@NR/OE1S8M7
a 5SF21j>A@XD6OEF21SR2F2147dH27 M ��KG>a8M7J14765S:47 H2OE8MD �;FoP <I��KG8MOE14791 Det e 
�� OE:4OE8M5 Det′ e >L7H239:4791S��KG8[@\8;:XH27Y>A@z�z@\:S1SKLD67=H27 e HM@\8M5J>A@zR[@E547?D @\8MOE82KL�rFM7?H27 G∗ = R

k∗ 79: F28M7
R[@E547 OE1S:S�MOE8MOE1S�,367,H27 Im e 
 � 8 @ @\>LOE145 Det e = (Det′ e)(Vol T k) 
 � OE���,7 >L765
KG�z@ V 765?HM@\8M5 Ker∆2(N) H2765Y39>L39�,798r:45 H27z>A@ R[@E547 D @\8MOE82KL�rFM7 H27 G∗ 54OE8r:?H2765
B OE1S�,765X798r:SKLZ914765!�o>L7�H239:4791S��KG8[@\8r: Det′ e � �rF2Kq7654:Y@\FM545SK�>L7)��OE>GF2�,7,H27 e([0, 1]k) �
765S: F28 �YF2>G:SKG02>L7 HUFH��OE>GF2�,7?H P F28TH2OE�z@\KG8M7YB OE8MHM@\�,798r:W@\>�HUF 1436547 @\F H2765NB OE1S�,765
798;:SKLZ914765qHM@\8M5 Im e 
 � OE���,7 0[@\1}@\KG>G>L79F2145 Det′ e 765S:�8MOE8?8;F2>X�EKG>254791W@ H2OE8MD ��KG8MOE1430[@\1 >L7H��OE>GF2�,7 H27 D67TH2OE�z@\KG8M7 B OE8MHM@\�,798r:W@\>X
 � K OE8y8MOE:47 ρ >L7 ��KG82KG�=F2��H2765
8MOE1S�,765 H2765 2

� B OE1S�,765N�[@\1S�,OE82KL�;FM765 798;:SKLZ914765J8MOE8T8rF2>G>L765	�aD67���OE>GF2�,7Y765S:J��KG8MOE143
0[@\1 >L7T��OE>GF2�,7 H P F28M7 R/OEF2>L7 H27 1W@f��OE8 ρ

2
HM@\8M5 Im e ��79:�H2OE8MD ��KG8MOE143 0[@\1?F28M7

D6OE8M5S:W@\8;:47�8M7 H2390/798MHM@\8;:Y�;FM7?H27 n 79:XH27=>A@ �,39:S1SKL�;FM7 h H27 N 
 � 8
0�79F2:dH2OE8MD
R2KL798 36D91SKG147

λ1 ≥ c(n, a, (N,h)) · Vol(T k)2.

� OEFM5=@\>G>LOE8M5=�z@\KG8r:4798[@\8;:,5SF2020�O�54791Y�;FM7 e 8oPQ7654:Y0[@E5XKG8-
S76D9:SK���7�
 � OE:4OE8M5 l >A@HUKG�,798M5SKLOE8 H27N54OE8�8MO!�r@\F�
 � 7 021479��KL791j8MOE�YR2147 H27 
 79:S:SK[H27 M 7654:j@\>LOE145 b1(N)+
l 
 ��8w7�� 79:	��OE8�@t�%Fw�;FM7 5SK F28M7 1

� B OE1S�,7 ϕ = π∗(α) +
∑k

i=1 π∗(ai) · ωi
765S:

�[@\1S�,OE82KL�;FM7��[D679>A@�54K V 82K��[7��MH P @\0214Z65 �C� 
 �;� 79: �C� 
 
 ���

∆α = 0,dai = 0 0/OEF21N:4OEF2: i �279:
k∑

i=1

ai · ei = 0.
�C� 
 ��� �

� OE���,7 >L765}BtOE8MD9:SKLOE8M5 ai
54OE8r: D6OE8M5S:W@\8r:4765!
 � PQ798M5W79�YR2>L7IH2765 ai

:479>L5 �;FM7 ∑k
i=1 ai ·

ei = 0 765S:f7��2@ED9:479�,798;: >L7J8MO!�r@\F H27 e 
 � PQ765S0[@ED67dH2765jBtOE1S�,765j�[@\1S�,OE82KL�rFM765 H27 M765S:IH2OE8MD�>CPQ76540[@ED67�798 V 798MHU143 0[@\1I>L765I1479>L7:��365XH2765 B OE1S�,765d�[@\1S�,OE82KL�rFM765=H27 N 79:
>L765 B OE1S�,765_��791S:SKLD @\>L765JKG8MHUF2KG:4765N0[@\1N>L765J39>L39�,798r:45JH27X8MO	�r@\FTH27 e 


� 8 0�79F2:�14790214798MHU147 >A@ H239�,OE8M5S:S1W@\:SKLOE8 021436D636H2798;:47 798 0214798[@\8;:,0/OEF21 (ωi)iF28M7 R[@E547 H27 G∗ :479>G>L7 �;FM7 ωk−l+1, · · · , ωk
54OEKG:jF28M7JR[@E5W7 H27 Ker e

� >L7NBC@\KG:j�;FM7 >A@
B OE1S�,7 ϕ 7654:dOE1S:S�MO V OE8[@\>L7 @\F��TB OE1S�,765d�[@\1S�,OE82KL�rFM765Y547 :S1W@EHUF2KG:I0[@\1I>L7=B @\KG:X�;FM7
ak−l+1, · · · , ak = 0 � 79: 798 39:SFMHUKA@\8r: e∗e 14765S:S1479KG8;:d<�>CPQOE1S:S�MO V OE8[@\> H27 Ker e 
 � 8
OER2:SKL798;:zH27 >A@ �"#9�,7 BC@ �6OE8_>L7 14365SF2>G:W@\:�HUF_B @\KG: � 
 � ��< 5W@f��OEKG1,�;FM7 >A@T021479��KLZ9147
��@\>L79F21j0214OE02147dHUF >A@\02>A@ED9KL798 5SF21 M 7654:j��KG8MOE14367I<YF28M7 D6OE8M54:W@\8r:47 �YF2>G:SKG02>GKLD @\:SK���7
0214Z65J0[@\1 >A@ 021479��KLZ9147���@\>L79F21N0214OE02147XH27 (e∗e)|(Ker e)⊥



� OEF21f��KG8MOE14791}>L7N5S0�76D9:S147NH27 (e∗e)|(Ker e)⊥

��OE8 H2OEKG: #9:S147 F28 0/79F,02>GFM5f@\:S:4798r:SK B
HM@\8M5J>A@?�z@\82KG02F2>A@\:SKLOE8TH2765NR[@E5W765NH27 G∗ 
� OEKG: B = (ω1, · · · , ωk)

F28M7=R[@E547XOE1S:S�MOE8MOE1S�,367 H27 G∗ 79: B′ = (ω′
1, · · · , ω′

k)F28M7=R[@E547YHUFT1436547 @\FTH2765 798r:SKL79145dH27 G∗ �[:479>G>L765d�rFM7 (ω1, · · · , ωl)
79: (ω′

1, · · · , ω′
l)54OEKL798;:,H2765 R[@E54765�H27 Ker e

� D6OE���,7 >CP KG�z@ V 7 HUF 1436547 @\F H2765�798;:SKL79145zH27 G∗ 765S:
D6OE8;:4798rFM7 HM@\8M5IF28�1436547 @\F���>L7�8MO!�r@\F�H27 e 7654:X7���76D9:SK���79�,798;:?798 V 798MHU143�0[@\1=H276539>L39�,798;:45 798;:SKL79145 �=
 � @ �z@\:S1SKLD67=H27d0[@E545W@ V 7XH27 B < B′ 765S:NH27X>A@=BtOE1S�,7

P =

(
P1 P2

0 P3

)

,


 �



O	� P1
7654:�F28,R2>LO;DJD @\1S143NH27 :W@\KG>G>L7 l 
 � KM547NH2OE828M7NF28M7 R[@E547NOE1S:S�MOE8MOE1S�,367 H27 Im e �

>A@��z@\:S1SKLD67?H27 e 5 PQ36D91SKG: 54OEFM5 >A@ B OE1S�,7 (0, A) HM@\8M5 >A@�R[@E547 B 79: (0, A′) HM@\8M5 >A@R[@E547 B′ �;O	� A 79: A′ 54OE8r:fH2765qR2>LO%D65jD @\1S14365fH27 :W@\KG>G>L7 k− l 79:P��391SK��[798r: A′ = AP3

� 7J540/76D9:S147 H27 (e∗e)|(Ker e)⊥

765S:}D679>GF2K/H27 A∗A 
$� 8 0/79F2:f36D91SKG147��;D6OE���,7 HM@\8M5
>A@ H239�,OE8M5S:S1W@\:SKLOE8THUF BC@\KG: � 
 � ���

λ1 ≥ Det A∗A
‖A∗A‖k−l−1

≥ (Det A)2

‖A‖2(k−l−1)
,

�C� 
 � � �

O	� λ1
7654:f>A@Y021479��KLZ9147c��@\>L79F21f0214OE02147d8MOE8 8;F2>G>L7IH27 e∗e 
�� 7 02>GFM5	�%OE8 @ Det A′ =

Det A · Det P2
79:JH2OE8MD

Det A =
Det A′

Det P3
= Det A′Det P1

Det P
.

�C� 
 � ���
� 7JH239:4791S��KG8[@\8;: H27 A′ 7654:	��D6OE���,7J021436D636H279���,798;:	�U��KG8MOE143N0[@\1f>L7ND6O	��OE>GF2�,7dHUF
1436547 @\F H2765}B OE1S�,765 798r:SKLZ914765 HM@\8M5 Im e �U79: Det P 5 P KG8;:4791S0214Z9:47 V 36OE�,39:S1SKL�rFM79�,798;:
D6OE���,7I>CP KG8F��7914547=HUF���OE>GF2�,7XH27 T k 
� >%14765S:47 < ��KG8MOE14791 Det P1


 � OE���,7 Ker e 7654:�798 V 798MHU143 0[@\1�H2765�39>L39�,798;:45q798 �:SKL79145qH27 G∗ ��>CPQOE1S:S�MO V OE8[@\>�H27 Ker e 0�OEF21q>A@IHUF[@\>GKG:43 H23��M82KG:qF28z54OEFM5 � :4OE147 T k−l H27
T k 
[�d7J02>GFM5	�%>L7 HUF[@\> H27 H27 >CP @\> V Z9R2147dH27 � KL7 G(T k/T k−l) HUF �;FMOE:SKL798r: T k/T k−l

765S: KL5WOE�,OE1S02�M7,< Ker e 
 � @ �z@\:S1SKLD67 P1
7654:dH2OE8MD?>A@ �z@\:S1SKLD67�H27?0[@E545W@ V 7 H P F28M7

R[@E547zOE1S:S�MOE8MOE1S�,367 H27 G∗(T k/T k−l) HM@\8M5=F28M7,R[@E5W7 HUF�R[@E547zOE1S:S�MOE8MOE1S�,367 H27
G∗(T k/T k−l) HM@\8M5 F28M7 R[@E547 HUF 14365W7 @\F_H2765�798;:SKL79145,H27 G∗(T k/T k−l) ��79: 0[@\1
D6OE8M5436�rFM798;: Det P1

765S:q>CP KG8���7914547JHUF���OE>GF2�,7JH27 T k/T k−l 0/OEF21}>A@d�,39:S1SKL�rFM7J�rFMO �
:SKL798r:	
 � 7YHUKA@\�,Z9:S147?H27 T k/T k−l 765S:N�z@6
SOE143X0[@\1 ε �[D6OE���,7?D679>GF2K H27 T k �M79:J0[@\1
D6OE8M5436�rFM798;:J54OE8���OE>GF2�,7?@\FM545SKX

�;� � � � ��/0& / �89 ( %�!"���'+ 9 �@+-E,�'+-�89 ��/ �'E,+ �D�21@�89

2
B � E�+-�D�89

�'%�+-�DE��@&�� �@�89 �8� /0& �=+-�89
� OEFM5I@\>G>LOE8M5 KLD9K�HUKL54D9F2:4791IH27=>A@���@\>L79F21 H27?>A@ D6OE8M5S:W@\8r:47 c(n, a, d, (N,h)) HUF:S�M36OE14Z9�,7 � 
G���r79:f798,0[@\1S:SKLD9F2>GKL791 H27N>A@d�z@\82KLZ9147 H2OE8r: 79>G>L7JH2390�798MH,H27N>A@d�,39:S1SKL�;FM7

h 5SF21 N 

�I@\8M5q>A@XH239�,OE8M54:S1W@\:SKLOE8 HUF :S�M36OE14Z9�,7��r>A@ V 36OE�,39:S1SKL7 H27 N KG8;:4791Z�;KL798;: �;F[@\:S147

BtOEKL5��fOE8 @�R�7654OEKG8 H27 D6OE8;:S1��E>L791 5W@ D6OEF21SR2F2147 0/OEF21 @\0202>GKL�;FM791 >A@ B OE1S�YF2>L7 H27
�?P � 79KG>G>�79:j�z@6
SOE14791 >L765 ‖ei‖ � 798 � 
 � @\020[@\1W@\KL5454798r: >L765���@\>L79F2145f0214OE02147 λ1,1(N,h)79: λ0,1(N,h) � 798��M8 OE8 B @\KG: KG8;:4791Z��7982KG1,798 � 
 � �T>L7 ��KG82KG�YF2� H2765=8MOE1S�,765�H2765� � BtOE1S�,765 �[@\1S�,OE82KL�;FM765 8MOE8 8rF2>G>L765JH2OE8;:J>A@ D9>A@E545W7XH27ID6OE�MOE�,OE>LO V KL7Y765S:N798;:SKLZ9147�


� 8 0/79F2:z8MOE:4791z�rFM7 HM@\8M5,>A@ H239�,OE8M5S:S1W@\:SKLOE8�HUF_BC@\KG: � 
 � �qOE8w@ 5W79F2>L79�,798r:
R/7654OEKG8 H P F28M7z��KG8MOE1W@\:SKLOE8 H2765?H279F�� �E@\>L79F2145?0214OE0214765 λ1,1(N,h) 79: λ0,1(N,h) 
� P KLH2367d765S:f798 BC@\KG:fH27 5 P @E545SF214791 �;FM7J>L7 5S0�76D9:S147 H27 (N,h) 8oP KG8r:4791 B Z9147d0[@E5 HM@\8M5f>A@1476D4�M7914D4�M7fH2765o0�79:SKG:4765���@\>L79F2145 0214OE0214765�H27 M 
�� 8Y5W@\KG:�0[@\1 @\KG>G>L79F2145 �rFM7 λ0,1(N,h)0/79F2: #9:S147Y��KG8MOE143?798 B OE8MD9:SKLOE8 HUF HUKA@\�,Z9:S147 79: H27X>A@ D6OEF21SR2F2147?H27 N

� D Bi
a:S�M36O �
14Z9�,7 �;�=� 79: λ1,1(N,h) 798
B OE8MD9:SKLOE8�HUF�HUKA@\�,Z9:S147��oH27?>A@ D6OEF21SR2F2147,79:IHUF 1W@f��OE8


 �



H P KG8-
S76D9:SK��;KG:43 H27 N
� :S�M36OE14Z9�,7 
 �=
	��8?OEF2:S147��\F28M7fR�OE1S8M7j5SF21 >A@ D6OEF21SR2F2147 765S:�@\FM5W5SK

5SF��z5 @\8r:47I0�OEF21 @\0202>GKL�;FM791N>A@?B OE1S�YF2>L7XH27 �?P � 79KG>G>X
� @�H239�,OE8M5S:S1W@\:SKLOE8THUF B @\KG: � 
 � � KG8;:S14O;HUF2KG: �rF[@\8MH <,79>G>L7d>A@�D6OE8M5S:W@\8r:47
ρ(N,h) = inf

α∈H2(N,h)\{0}

[α]∈H2(N,Z)

‖α‖2
�C� 
�� � �

HM@\8M5 >A@���KG8MOE1W@\:SKLOE8 H27=>A@�021479��KLZ9147R��@\>L79F21 0214OE02147?HUFT>A@\02>A@ED9KL798�
 � > 765S: 8[@\:SF21479>
H27=547YH279�z@\8MH2791d5SK�>CPQOE8T0/79F2: D6OE8r:S1��E>L791 ρ(N,h) <,>CP @\KLH27YH2765 �"#9�,765JKG8��E@\1SKA@\8;:45
V 36OE�,39:S1SKL�;FM765 �;FM7 λ0,1(N,h) 79: λ1,1(N,h) �
� � q �f�!�#"$� y ' � %$'�� D , I . 2=` . ` ,#O 0[1+2 ? * 1QI . 5-1 . 2 c(n, a, d, r) > 0

. 2 O#O 2 d 0Q2 I ,
(Nn, h) 2^I . 0[1+2 365-7 ,98f.;8 7 , 2=<�5-1n1 , 2:1�1+2 3 8 7 , N 5-1 .

diam(N,h) ≤ d 2 .
|K(N,h)| ≤ a 2 . injrad(N,h) ≥ r ��5 O�* 7^I ρ(N,h) ≥ c �

� 8w@\1 V F2�,798r: H27 D6OE��0[@ED9KG:43 0�791S�,79:zH27 �,OE8r:S14791 �rFoP @	��76D >CP �F�%0�OE:S�MZ6547 H27
1W@	��OE8 H P KG8-
S76D9:SK��;KG:43Y��KG8MOE14367��[OE8T0/79F2:N14390�OE8MHU147=@��,1S�z@\:SK���79�,798;:X< >A@��;FM765S:SKLOE8� 
��U��


 mW" ��" �!� �!�#"$� y ' �$s>'+*�* 0�7 .X* 0 . 7 8 2 O I a, d, r > 0 2 .�.X* 0 . 2=1 ./, 2=7 n ∈ N

∗ � , O
2ZD , I . 2�0[1+2�? * 1QI . 5�1 . 2 c(n, a, d, r) > 0 � 1 * 1�2ED^A O , ? ,/. 2 �H. 2 O#O 2 d 0�2)I , (Nn, h) 2^I .
0[1+2 365-7 ,98:.;8 7 , 2=<�5-1n1 , 2:1�1+2t3 8 7 , N 5-1 .

diam(N,h) ≤ d 2 . |K(N,h)| ≤ a 2 .
injrad(N,h) ≥ r ��5 O�* 7^I ρ(N,h) ≥ c J
���[p "$� �f�	m����!�#"$� � � 8TD6OE8M5SKLH2Z9147=>L7X:4OE147 T = T b2(N) ���%F D6OE���,7=�;FMOE:SKL798r:dH27
H2(N,h) 0[@\1 >L7Y1436547 @\F
H2765NB OE1S�,765J�[@\1S�,OE82KL�;FM765I798r:SKLZ914765!
 � @z�,39:S1SKL�;FM7 h 5SF21
N KG8MHUF2KG:}F28M7J8MOE1S�,7J79FMD9>GKLHUKL79828M7 5SF21 H2(N,h) �;F2KM0[@E545W7J@\Fz�;FMOE:SKL798r: 5SF21 T 798
F28M7j�,39:S1SKL�rFM7f02>A@\:47 h̄ 
W� KG8MOE14791 ρ(N,h) 147:�;KL798;:q<N��KG8MOE14791�>L7j1W@f��OE8�H P KG8-
 76D9:SK��%KG:43
H27 (T, h̄) 


� 8�5W@\KG: ��� � � � �%� � �;FM7 >CPQ76540[@ED67 H2765 �,39:S1SKL�;FM765 h 5SF21 N :479>G>L765 �;FM7
diam(N,h) ≤ d 79: |K(N,h)| ≤ a 79: injrad(N,h) ≥ r 765S: 1479>A@\:SK���79�,798r:XD6OE� �0[@ED9:=0/OEF21X>A@ :4OE0/OE>LO V KL7 Cα 
��d7�02>GFM5	� >A@ �,39:S1SKL�;FM7 h̄ H2390/798MH�D6OE8r:SKG8rF2�,798;:,H27
h 
��q8 7�� 79:	� 5SKIOE8 547
H2OE828M7TF28 143679> ε > 0 79: F28M7T�,39:S1SKL�;FM7 h 5SF21 N �fOE8
@\F21W@�� 0�OEF21I:4OEF2:47 �,39:S1SKL�;FM7 h′ 5SF��z5W@\���,798;:X0214O;DW�M7,H27 h 79:I:4OEF2:47 2

� B OE1S�,7 α�[@\1S�,OE82KL�;FM7�0�OEF21 >A@ �,39:S1SKL�;FM7 h � |‖α‖2 − ‖α‖′2| ≤ ε‖α‖∞ ��O	� ‖ · ‖2
79: ‖ · ‖′2H2365SK V 8M798;: >L765 8MOE1S�,765 0/OEF21 >L765 �,39:S1SKL�rFM765 h 79: h′ 14765S0�76D9:SK���79�,798r:	
 � OE���,7

<
D6OEF21SR2F2147T79:zHUKA@\�,Z9:S147 R�OE1S8M365	��>A@ 8MOE1S�,7 L∞ H2765 BtOE1S�,765z�[@\1S�,OE82KL�rFM765 765S:
D6OE8;:S1��E>L367 0[@\1�>L79F21 8MOE1S�,7 L2 � D Bi
 � � K � �	� 79: KG8M3 V @\>GKG:43 ��� 
 � ���S�=��OE8 0�79F2:�36D91SKG147
|‖α‖2 − ‖α‖′2| ≤ τ(n, a, d, r)ε‖α‖2


 � K α′ 7654: >L7 14790214365W798r:W@\8r:}�[@\1S�,OE82KL�rFM7 0�OEF21
h′ H27J>A@=D9>A@E54547 H27 D6OE�MOE�,OE>LO V KL7dH27 α �%OE8 0�79F2:jH2OE8MD �M8[@\>L79�,798r: :S14OEFQ��791 F28@��OEK �
5SKG8[@ V 7 V H27 h :479>��rFM7d0�OEF21N:4OEF2:47I�,39:S1SKL�;FM7 h′ HM@\8M5 V �

‖α′‖′2 ≤ ‖α‖′2 ≤ (1 + ε)‖α‖2.
�C� 
�� ���

� F2KG:S:47Y<�14765S:S1479KG8MHU147I>L7���OEKL5SKG8[@ V 7 V �2OE8T@?1436D9KG0214O%�rFM79�,798;:
‖α‖2 ≤ (1 + ε)‖α′‖′2,

�C� 
��%�;�

��



D67X�rF2K KG��02>GKL�;FM7XR2KL798 >A@�D6OE8r:SKG8;F2KG:43=H27 h → h̄ 
 � PQ798M5479�=R2>L7YH236D91SKG: 0[@\1 h̄ �;F[@\8MH
h ��@\1SKL7 765S:zH2OE8MD 1479>A@\:SK���79�,798;: D6OE��0[@ED9: HM@\8M5,>CPQ765S0[@ED67 H2765z�,39:S1SKL�rFM765z02>A@\:4765
HUF :4OE147�
 � >N7��UKL5S:47 0[@\1,D6OE8M5W36�rFM798;:zF28M7 �,39:S1SKL�;FM7 5SF21 T �;F2KN143 @\>GKL547 >A@
R�OE1S8M7
KG8UBt391SKL79F2147 HUF 1W@	��OE8wH P KG8-
 76D9:SK��%KG:43 H27 T �rF[@\8MH h �E@\1SKL7�
 �q8 0[@\1S:SKLD9F2>GKL791	�}D679:S:47
R/OE1S8M7dKG8UB 391SKL79F2147Y765S: 8MOE8 8;F2>G>L7

� 8�0�79F2:=547,H279�z@\8MH2791?5SKq>L7z14365SF2>G:W@\:Y14765S:47��;1W@\Kj@	��76D H2765Y�F�%0/OE:S�MZ65W765X02>GFM5
B @\KGR2>L765 �
� ��q��f�!�#"+� y ' � (>'�� D , I . 2=` . ` ,#O 0[1+2)? * 1QI . 5-1 . 2 c(n, a, d) > 0

. 2 O O 2 d 0�2hI , (Nn, h)
2^I . 0[1+2�365-7 ,98:.;8 7 , 2=<�5-1n1 , 2:1�1+2)3 8 7 , N 5-1 .

diam(N,h) ≤ d 2 . |K(N,h)| ≤ a 2 .
5 O�* 7�I ρ(N,h) ≥ c �

� >oB @\F2:N8MOE:4791 0[@\1 @\KG>G>L79F2145 �rFoP F28M7Y��KG8MOE1W@\:SKLOE8T8MOE8 7��%02>GKLD9KG:47Y8M7I0�791S�,79:J0[@E5
H P @\�,39>GKLOE14791z>L765,��KG8MOE1W@\:SKLOE8M5 H23�
4< D6OE828rFM765 H27 >A@
021479��KLZ9147���@\>L79F21,0214OE02147 HUF
5S0/76D9:S147�
 � 8 @?R/7654OEKG8 H PQ7654:SKG�z@\:SKLOE8M5J021436D9KL54765l�
� ��q��f�!�#"+� y ' � � 'R(n,

diam(N,h) ≤ d � |K(N,h)| ≤ a 2 . injrad(N,h) ≥ r �
AQ2=0 . ` * 1 < , 1 * 7Z2:7 ρ(N,h) A�5�7 0�1>2}? * 1QI . 5-1 . 2 2ED^A O , ? ,/. 2 c(n, a, d, r) > 0 �*�O 0�IRA$7 8 ? , I 8 <�2=1 . �LA�2=0 . ` * 1 . 7 * 0�3W2:7C0[1+2H? * 1QI . 5-1 . 2 c GF2 O 5�a * 7=<�2 c′(n, a, d) ·
Vol(N,h)α(n) * 0 c′(n, a, d) · injrad(N,h)α(n) �
� 8�0/79F2:Y8MOE:4791Y�rFoPQ7��U02>GKLD9KG:4791Y>L7,1��E>L7,HUF ��OE>GF2�,7zH27 N HM@\8M5YD679:S:47z��KG8MOE1W@\:SKLOE8
0/791S�,79:}H PQOER2:47982KG1 HM@\8M5q>L7N:S�M36OE14Z9�,7 � 
G� F28M7J��KG8MOE1W@\:SKLOE8 H27 λ1,1(M, g) 798�B OE8MD �:SKLOE8 HUFH��OE>GF2�,7XH27 (M, g) 
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� �2KG:S� �NKLD6D9K=D9F21Z�E@\:SF2147_@\8MH KG8-
S76D9:SK��;KG:e� 1W@EHUKGFM5 R�OEF28MH276H�R�79>LO � ���
� * 0[7^1+5 O�* a�� , �B2:7Z2=1 ./, 5 O ��2 * <�2 . 7�, ����OE>X
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 � ��� H � ����� � ������� �2�z@\:S��
 � �! 	��� ��� � � � 


��
'
 � ��
 � ��
�"$# � � � �P�F�)
�" ��	%	%
 � 79: � 
'& � �r�'
�� � � � F21 F28M7jKG8M3 V @\>GKG:43 KL5WOE0/391SK �
�,39:S1SKL�rFM7d�;F2K V 398M391W@\>GKL5W7 D679>G>L7dH27 �}@\F2> � 3:�[� � � 14OE�,O	� ��� �^1�3W2=1 ./,/* 1>2^I( 5 . U�2=<�5 ./, ?E5F2 �Q��OE>X
 � � �20�
 � � 
 H � � � � �.� ��
 


��
 7 � � � �h
 � 
�" ��	�	 � � ��, 1QI . 2 , 1 ( 5-1 , a *-O GWI 
 � 021SKG8 V 791�)q791S>A@ V �o�.� � � 

��
 � � 
 � ��
 � � 
*" � 	,+ � � 79:)��
 ��
 ��� � � � >A@\:R��76D9:4OE1 R2F28MHU>L765	��HUKG1476D9: KG�z@ V 765

@\8MH_�2K V �M791,147 @\> @\8[@\>��%:SKLD :4OE145SKLOE8 ��� �[J �B<�2=7	J ( 5 . U�J (+* ?!J �b��OE>X
 � �
0�
 � �U� H � � �����.��� 
 


��
 � � ��� �l
-" 
 ��� 79: � 
 � 
/. � � � , �B2=7E2=1 ./, 5 O a * 7=< , 1}5 O VF2	]:7i5 , ? .X* A *-O�* V	, 
� 021SKG8 V 7910)q791S>A@ V ���.� � � 

��
 F � ��� ��
," �1	 ��� � � � 8MOE:47}OE8=:S�M7qKL54OE0�791SKG�,79:S1SKLDfD6OE8M5S:W@\8r: ��� �B1�1$5 O 2^IPIf? , 2:1�`./, N d 0Q2^IhG�2 OE\ 2�3 ( �[��OE>X
o� 
 �M0�
 � � � H � � � ���.� � � 

� � � � ��� 
 

� 
 �'4�
 � 	 79:h�)
5� 
 ���r��
 � 	 � � � 8MOE:47,OE8 :S�M7��M145S:I8MOE8 & 7914O 79K �

V 798F��@\>GFM7,O\Bf:S�M7 � @\02>A@ED9KA@\8 @ED9:SKG8 V OE8 p
� B OE1S�,5 ��� ( 5-1�0�I:?:7 , A . 5 ( 5�`. U�2=<�5 ./, ?E5 �Q��OE>X
 � � �U0�
�� � � H � ��� ���.��� � 


� � � ����� 
 
6� 
 �748
 � 	 79:C�)
6� 
 ������
 � 	 � � � 79:SKG:4765H�E@\>L79F2145 0214OE0214765 H2765 p
�

BtOE1S�,765THUK���3914798;:SKL79>G>L765 79:TD9>A@E54547�H P���F2>L791 H2765 S1 � �MR214365 ��� �B1�1$5 O 2^I
I:? , 2=1 ./, N d 0�2^IhGF2 OE\ 2�3c( ����OE>X
�� ���20�
 � ��� H � � 
 � ������� 


� � � � 
 � ��
�� �o�M������� 79:b�R
��)
:9 4 � ��� S * <BA�5-7 , I * 1<; UQ2 * 7E2=<RI , 1R� , 2=<�5-1�1 , 5-1
��2 * <�2 . 7�, 
 � OE1S:S� � � OE>G>A@\8MH ��F2R2>GKL5S�2KG8 V � OE��0[@ V 8F��� �.� � 
 


� � ��� � ��� ��
8� �o�M��� ��� � 
�
�= ��� � � � 79:B� 
8& ��
5+�
 � � � � KG>G0/OE:4798;:J5S:S1SFMD9:SF214765
@\8MH=KG8��E@\1SKA@\8;:q�,79:S1SKLD65�OE8�D6OE>G>A@\0M5476H �z@\82K B OE>LH25 ��� �[J �B<�J ( 5 . U�J (+* ?6J ���OE>X
 
 �U0�
�� ��� H � �E� ���.��� � 


� � � �E��� ��
�� �o�M������� � � O�*,> 2=7 ] * 0[1$G�a * 7 . U�2tI=<�5 O O 2^I . 2 , VF2:1�365 O 0Q2 * a . U�2
� 5^A O 5�? , 5-1 
 �q1SKG8MD679:4OE8 � 82K��+

��14765W5	� �.� �E� 


� �



� � �M� � � � �)
�� 
 �;� � � ��� 


 � 79: � 
�� � & 
 � ��� �b� 3�, O A *�. 2=1 .L* 7f] ,/. I , 1tIf2=< , `
I , <BA O 2 ��, 2h5 O VF2	]=7Z5WI 
 )}@\8 � O�5S:S1W@\8MHH� 79KG82�MOE>LH �o�.��� ��


� � � � � � � 
 � � � � � �r�7
 79: �L
�. ��� � ��	 � � � 8 :S�M7 >LO �f765S:z79K V 798F��@\>GFM7 O\B :S�M7� O;H V 7 � @\02>A@ED9KA@\8 ��� � * 0�7=1$5 O$* a�� , �B2=7Z2:1 ./, 5 O ��2 * <�2 . 7�, �-��OE>X
�� 
 �E8�� � �
0�
 ��� � H � � � ���.��� � 


� � ��� 
 � � 
�� �o� � � 79:b�)

	 ��
 � � � � KG145S:�79K V 798F��@\>GFM7 765S:SKG�z@\:47fOE8)�JKL79�z@\8282KA@\8
�z@\82K B OE>LH25 ��� � *��
� 5��9G * ( 5 . U�2:<�5 ./, ?E5 O � * 0�7=1$5 O �Q��OE>X
 � ���M0�
�� 
 � H � �E� ��.��� 
 


� �dO � ��� ��
�� 
 � � � ��� � ����K V 798F��@\>GFM765IO\Bq:S�M7 � @\02>A@ED9KA@\8 OE8 B OE1S�,5 ��� * 7 * ?6J * a
�B<�J ( 5 . UQJ (+* ?!J ����OE>X
 ��
 �20�
�� � � H ��� ��� �.� � � 


� �MO�� 
 � �h
,= 

�1+ � �b� � � 0/76D9:S1W@\> � 76�;FM798MD6765�@\8MH � HUKA@\R[@\:SKLD � KG��KG:45 ��� S * <)<�J
<�5 . U�J�A$U ,WIfJ ����OE>X
o� � � �20�
 
 � H ��� � �o�.��� 
 


� �2F � � @ � 
�
7= ��� � � � � � � OE>G>A@\0M5SKG8 V O\B/1SKL79�z@\8282KA@\8��z@\82K BtOE>LH25j@\8MH�79K V 798F��@\>GFM765
O\B � @\02>A@ED67=OE0/791W@\:4OE1 ��� �^1�3-2=1 ./,9* 1+2^I <�5 . U�2:<�5 ./, ?E5�2 ����OE>X
 � � �M0�
 
 � � H

 � � �o�.� � � 


� �2F � � R � 
�
�= ��� � � � � � � OE>G>A@\0M5SKG8 V 1SKL79�z@\8282KA@\8,�z@\82K B OE>LH25�:4OIOE8M765 � KG:S� >LO �f791
HUKG�,798M5SKLOE8���� � * 0[7=1$5 On* a � , �B2=7E2=1 ./, 5 O ��2 * <�2 . 7 , �-��OE>X
 � 
 �\0�
U� ��� H � 
 � ��.� � � 


� �2F � � � 
�
�= ��� � � � � � � OE>G>A@\0M5SKG8 V 1SKL79�z@\8282KA@\8,�z@\82K B OE>LH25�:4OIOE8M765 � KG:S� >LO �f791
HUKG�,798M5SKLOE8 �4� ��� �[J ( 5 . U�J (+* ?!J ��5=A�5-1 �6��OE>X
.� 
 � 8�� � � 0�
 � � � H � 
 � �%�.� � ��


� � � � � � ��� 
�& � �r�'
�� �[�)
�� �o� � � 79:���
 � ��� 
 � � ��� � � � � , 2=<�5-1�1 , 5-1 ��2 * <�2 . 7�, 
� 021SKG8 V 791�)q791S>A@ V �o�.� � � 

� � 1 � ��� ��
�& ��
*+6
 � � � ��@\F2> � 7:�[�/PQ5 KL54OE0�791SKG�,79:S1SKLD=KG8M7 V @\>GKG:e� ��� A+7 8 A+0Q] O , ?E5-`./,9* 1H� � 2g( � �.� � � 

�Q� 7 ����� �h
�� ���1+ � ���b� �I��5SF��zD9KL798;:fD6OE8MHUKG:SKLOE8 :S�[@\:f@ �z@\0202KG8 V O\B>�JKL79�z@\8 �

82KA@\8?�z@\82K BtOE>LH?R�7j@ �MR2147}R2F28MHU>L7 ��� * 7 * ?!J * a �B<�J ( 5 . U�J (>* ?!J �!��OE>X
%�����
0�
 � � � H � � � ���.� ��� 


� � K � ��� ��
 � � � � � 8�:S�M7 � OER/OE>L7:�?D6OE8M5S:W@\8r:j@\8MH :S�M7 p
� 540/76D9:S1SF2� O\B @dD6OE��0[@ED9:

1SKL79�z@\8282KA@\8 �z@\82K B OE>LH ��� �B1n1$5 O 2^IHI:? , 2=1 ./, N d 0Q2^I�GF2 OZ\ 2�3c( �P��OE>X
 � ���
0�
 � 
 � H � � �����.� � � 


� � O ��� @ � ��
 ��
 ��� � � � OE>G>A@\0M54KG8 V @\8MH!:S�M7*HUK�� 7914798r:SKA@\> B OE1S� � @\02>A@ED9KA@\8 �
:S�M7 D @E547 O\B @ 5SKG8 V F2>A@\1 >GKG��KG: 5S0[@ED67 ��� A$7 8 A$0�] O , ?E5 ./,9* 1 � ������� �
�z@\:S��
 � �! ����� � � � ��


� � O ��� R � ��
 ��
 ��� � � � OE>G>A@\0M54KG8 V @\8MH_:S�M7 HUK�� 7914798r:SKA@\> B OE1S� � @\02>A@ED9KA@\8}� :S�M7
D @E547 O\B,@_5S�,O%OE:S� >GKG��KG: 5S0[@ED67 ��� ��0 � 2 ( 5 . U�J � * 0[7=1$5 O ����OE>X
I��� ���
0�
 � ��� H � � � � ������� �2�z@\:S��
 � �! 	��� ��� ������


� � � � ��� ��
 � � 79: � 
 ��
�� � � � � �q5S:SKG�z@\:4765�O\B[79K V 798F��@\>GFM765qO\Ba@ D6OE��0[@ED9:�1SKL79�z@\8 �
82KA@\8 �z@\82K B OE>LH ��� * 7 * ?^2E2ZG , 1�VWI ( ,W<BA * I , 0�< * 1 * 0[7Z2 ( 5 . U�J �>��OE>X
 � � �
0�
 ��� 
 H � �������.� � � 


���



� ���)� ��� �l
 � � ���r��
 79: �l
�� �M�'��

	 � � � � �M7?@EHUKA@\R[@\:SKLD=>GKG��KG:	� � O%H V 7=D6OE�MO �
�,OE>LO V �
@\8MH � 791W@	� 5S0/76D9:S1W@\>q5W76�rFM798MD67?B OE1X@ �MR21W@\:SKLOE8 ��� � * 0[7^1$5 O�* a
� , �B2=7E2=1 ./, 5 O ��2 * <�2 . 7�, �Q��OE>X
 �U���U0�
o� ��
 H � � ��� �.��� � 


� � 7 � � � � 
 � � 
 � � � � � � � OE>G>A@\0M5SKG8 V 1SKL79�z@\8282KA@\8 �z@\82K B OE>LH25X:4O :S�M7,D9KG14D9>L7 ���
( 5 . U�2=<�5 ./, I:?:U�2���2 ,#. If?=UF7 , a . ����OE>X
 ����� �20�
 � � � H � � � �o�.� � ��


� � � � � � �l
 � 
 � � � ��� 	 79: ��
 ��
�� � ��� � ��� � � ��OE1SFM5 R2F28MHU>L765dO	��791I@�:4OE1SFM5 ���
* 7 * ?!J * a �B<�J ( 5 . UQJ (+* ?!J ����OE>X
o� � �20�
 � � H � ���o�.� � ��


� � @ �E��� � 
�� � ���o� � � � � � ��� � , I:?:7E2 . 2CI=0Q]9V�7 * 0!AnI * a �b, 2�V-7 * 0!AnI 
 � 021SKG8 V 791
)q791S>A@ V �o�.� �E� 


� � : 
 � � �h
�� � �M� � ��
 ��� ; UQ2 .X* A *-O�* V	, * a N ]=7E2�]=0[1$G O 2^I 
	��1SKG8MD679:4OE8 � 82K���79145SKG:e�
��1476545	� �.� 
 ��


� �oF � � � � 
�. �1	 ��� + � ���b� � � OE>G>A@\0M5SKG8 V �}5WOE>��;�z@\82K B OE>LH25 @\8MH KG8UBt1W@\�MOE�,O V 7 �
8M76OEFM5}5S0[@ED6765 ��� � , �B2:7fJ���2 * <�J �gAFA O J ����OE>X
 � ��8 � ����0�
 � 
 � H � � ���a�.��� � 


� �





� �!����� ����� � � 
�� �������

�:�+�	mW" �b� � �!�#"+� �

%n' � � ���f�	q[� � q ��q �PqF�!� �	q ��� � �#q���m � ��mW" ��m6q � ��� � � � � � � �#q�� %
��
G��
 � 8 7��U79��02>L7��2>A@?82KG>��E@\1SKL39:43YH P � 79KL54798;R/791 V H27IHUKG�,798M5SKLOE8 � 
 
�
l
 �
��
 � 
 � 0�391W@\:479F21J>GKG��KG:47 
 
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �

��
 � 
G��
 � 7XD @E5JH2765 B OE8MD9:SKLOE8M5 
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �
��
 � 
 � 
 � OE8M5S:S1SFMD9:SKLOE8 H27I>CPQOE0/391W@\:479F21 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �
��
 � 
���
!� 79:SKG:4765���@\>L79F2145 0214OE0214765�
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �

s>' ����"+� ��mWq�p q[�+� � k "+p "��no���q�� ��qH� ��m6� ��q����	"nmWq�� �!��m �#q � qFm � �#q %n%
� 
G��
 � :S1SFMD9:SF2147Y�MOE�,O V Z98M7 
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 ���� 
 � 
 � @\02>A@ED9KL798 
�
l
�
 
 
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � �� 
���
 � OEF21SR2F2147 
�
l
�
 
 
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � �� 
 ��
 � 79:SKG:4765���@\>L79F2145 0214OE0214765 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � 
� 
 
 
 )}@\1SKL39:4365 H27I0/79:SKG:4765JHUKG�,798M5SKLOE8M54
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � �� 
 � 
 � OE�,OE>LO V KL7YHUF �MR2143 
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �.�� 
 � 
 � �279��02>L765 
�
l
�
 
 
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 ���

� 
 � 
G��
!� 79:SKG:4765���@\>L79F2145 0214OE0214765N0�OEF21N>L765 2
� B OE1S�,765JHUK�� 3914798r:SKL79>G>L765 ���

� 
 � 
 � 
 � :S1SFMD9:SF2147X�MOE�,O V Z98M7Y8MOE8T@\R�39>GKL79828M7X5SF21 >L7I:4OE147 
�
 
�
l
 � �
� ' ����"+� ��mWq�p q[�+� � k "$pr"��$o���q�� ��q�� ��mW��� ��m-�/� � � � ���
� q�� �	"nmWq����!��m

� qC�	"nmWq s (
��
G��
 � OE0/OE>LO V KL7=79:N5S0/76D9:S147YHUF �MR2143R
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � 

��
 � 
 � � OE8MHU1479�,798r:45dH2765��MR214365N021SKG8MD9KG0[@\F�� 5SF21 >L7d:4OE147 T 2 
 
 
�
 
�
l
 � �
��
���
 � �279��02>L765
H27 �MR214365 021SKG8MD9KG0[@\F�� 5SF21 H2765 R[@E5W765TH27 HUKG�,798M5SKLOE8

5S:S1SKLD9:479�,798;: 5SF20�391SKL79F214765 < � 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � �
��' j "��P"��#"��+�#q ��q���� ��mW���	��m-�#� � � � ���
� q����	"nmWq�� � %
(>' � "nm-p q ���/�	� �Qm-� ���+�	q���qF� �PqF�!� �	q �
� � �#q���m �	��mW" ��m6q � � (
� '��T�F"+p �F�	mW�#q ��q���� ��m6� �	��m-�/� � � � ��� ��q[���	"$m6q � ��%
� 
G��
 � 39:S1SKL�rFM765 @EHM@\02:436765r
�
 
�
 
�
l
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 �M�
� 
 � 
 � KG:SF[@\:SKLOE8 H27d�,39:S1SKL�rFM7YKG8F��@\1SKA@\8r:47 
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
 � �

� 




� 
���
 � @E5 V 398M391W@\> 
�
 
l
�
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
�
 
 
�
 
�
 � �

y ' 
 q��!� �	q �
� � �#q���m � ��mW" ��m6q � ��q���� ��m6� �	��m-�/� � � � ��� ��q[���	"$m6q � ( %
� 
G��
��TKG8MOE1W@\:SKLOE8 HUF 5S0�76D9:S147IH2765 1

� BtOE1S�,765J0[@\1N>L7c��OE>GF2�,7YHUF �MR2143 
�
 
 �� 
 � 
 � 79:SKG:4765@��@\>L79F2145 0214OE0214765 79: 8MOE1S�,7 H2765 2
� B OE1S�,765 �[@\1S�,OE82KL�rFM765

798r:SKLZ914765 
�
 
�
 
l
�
 
�
 
�
 
 
�
l
�
 
�
 
 
�
 
�
l
�
 
 
�
 
�
 
 �
��� � �#�#"��nm�� � k �#q ��%

� �


