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Introduction 

The origin of the notion of Lie group goes back to the work of the mathematician 

Marius Sophus Lie, in the second half of the 19th century. Since then, the notion has 

been thoroughly studied and the dual nature - algebraic and geometric - of Lie groups 

make them fundamental tools in many areas of mathematics and physics, especially 

for the study of the notion of symmetry. Following Hubert's idea of getting rid 

of the hypotheses of differentiability in Lie theory, a homotopy-theoretic version of 

Hilbert's fifth problem developed in the late '60s, the first precise statement being 

due to Rector [57], In this context, the relevant object is the classifying space of the 

Lie group, i.e. the orbit space of a free action of the group on a contractible space. 

Moreover, a fundamental structure theorem, based on the work of Iwasawa, shows 

that the homotopy-theoretic Btudy of "reasonable" Lie groups (i.e. Lie groups with a 

finite number of connected components), restricts to the homotopy-theoretic study 

of compact Lie groups. Now, when focusing on connected compact Lie groups, the 

normalizer of a maximal torus has proved to be a key invariant. One of the purpose of 

the present work is to investigate whether this is also true in the nonconnected case; 

the main actors will thus be normalizers of maximal tori in nonconnected compact 

Lie groups. Notice that, since the Lie algebra associated to a Lie group only gives 

information on the connected component of the identity, Lie groups have often been 

studied under the hypothesis of connectedness. However, nonconnected compact Lie 

groups arise naturally in mathematics: the orthogonal group O(n) of rigid motions 

that fix the origin of the euclidean space R" , or more generally, the isometry group 

of a compact Riemannian manifold are examples of such groups. Moreover, some 

physicists have recently revived the idea that nonconnected compact Lie groups might 

be the relevant mathematical objects in certain gauge theories (see for instance [41]). 

To a compact Lie group G, there is a naturally associated group extension given 

by G0 «-> G -w r , where G0 denotes the connected component of the identity of 

G and r = G/Ga denotes the finite group of connected components. For a fixed 

maximal torus T in G0 C G, we will consider two normalizers: the normalizer 

of T in G, denoted by N = NG{T), and its subgroup N0 = JVG.(T) obtained by 
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2 Introduction 

intersecting N with G0, i.e. the classical normalizer studied in the theory of connected 

compact Lie groups. For these latter groups, a well-known and remarkable theorem of 

Curtis, Wiederhold and Williams [16] shows that the normalizer of a maximal torus 

characterizes the group. Even more: the knowledge of this normalizer allows to 

reconstruct the corresponding connected compact Lie group. The precise statement 

is as follows: 

Two connected compact Lie groups are isomorphic if ana only if the nor­

malizes of their maximal tori are isomorphic. Moreover, a connected 

compact Lie group can be reconstructed from the normalizer of one of its 

maximal tori. 

The original proof only covered the semisimple case, however Osse later generalized 

the result to ali connected compact Lie groups [54, 55]. This theorem has inspired 

most parts of the present work, but before explaining in which way, we introduce a 

problem, apparently not directly related to it. In the beginning of the '90s, Mislin 

asked the following question motivated by the study of Lie groups from the homotopy 

point of view [26]: 

Let G0 and H0 be two connected compact Lie groups. If the classifying 

spaces BG0 and BH0 are homotopy equivalent, does-this imply that G0 

and H0 are isomorphic as Lie groups? 

The answer is affirmative and was first given by Osse in [53]. In [50], Notbohm even 

shows that the hypothesis of connectedness is superfluous. However, concerning 

the «unconnected case, Theorem 1.2 in [50] is crucial and depends on an important 

affirmation to which we have an objection. Indeed, example 2 on page 23 of the 

present work shows that the description in [50] of the set of isomorphism classes of 

compact Lie groups does not hold in general. One of the origins of this work was thus 

to give another proof of the affirmative answer to Mislin's question for nonconnected 

compact Lie groups. The theorem of Curtis-Wiederhold-Williams now comes back 

on stage: the main idea in our approach is trying to find a generalization of this 

theorem in the nonconnected case, and then apply it to give a new proof. Examples, 

which in particular show that the hypothesis of connectedness cannot simply be left 

out in the original theorem of Curtis-Wiederhold-Williams, lead us to conjecture a 

"generalized Curtis-Wiederhold-Williams theorem". 

Conjec ture . Two compact Lie groups G and G' are isomorphic if and 

only if their normalizers (N, N0) and (N', N0) are isomorphic as group 

pairs. 
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Concerning the original theorem of Curtis-Wiederhold-Williams, we also note that 

it does not answer the following natural question, formulated by Osse: 

What is the relation between the automorphisms of the normalizer of 

a maximal torus and those of the corresponding connected compact Lie 

group? 

A precise answer turns out to be needed in our approach to solving Mislin's question. 

Still related to the homotopy-theoretic version of Hubert's fifth problem, it should 

also be mentioned that the notions of "maximal torus", "normalizer" and "automor­

phism" are well defined in the context of p-compact groups [23|. The conjecture 

and the second question above have translations in this setting. In particular, a 

major problem in the theory of finite loop spaces is completing the classification of 

p-compact groups and the normalizer of a maximal torus has already proved to be 

the distinguishing invariant in many cases [47]. 

We end up thiB introduction with a description of the contents of the chapters. 

Chapter 1 is a collection of definitions and results on compact Lie groups and nor­

malizes of maximal tori that will be needed in this work. Most of these results are 

classical and cited without any proof. 

Chapter 2 gives a classification up to isomorphism of compact Lie groups with 

nonabelian connected component. This classification might belong to the category 

of results "well-known to the experts" (be cautious, this is not a category in the 

mathematical sense). However, we could not find any reference for it in the literature. 

Even the rather exhaustive work of de Siebenthal [18] in the '50s does not give the 

answer we need for the sequel. In more details, after reviewing the classical relation 

between group extensions with nonabelian kernel and low dimensional cohomology 

groups, we apply it to the particular case of compact Lie groups. We then define an 

action of the product of the outer automorphism group of G0 by the automorphism 

group of r , Out{<?0) x A u t ( r ) , on the set B of classes of equivalent extensions of 

the form G0^-* E -*Y. Finally, we use centralizers of principal subgroups of rank 

one for passing from "up to equivalence of extensions" to "up to isomorphism of Lie 

groups". More precisely, we get 

T h e o r e m . Two compact Lie groups are isomorphic if and only if the 

two corresponding cohomology classes in € are in the same orbit under 

the action o/Out(GD) x A u t ( r ) . 

We also give examples of the classification and take a look at the importance of 

semidirect products in compact Lie groups with a revisited "sandwich" theorem. 
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In chapter 3, we study the automorphism group of N0, i.e. of the normalize* in the 

connected case. We start with an overview of the notion of root diagram. We then 

give a description, based on classical cohomology of groups, of the automorphisms 

that induce the identity on the maximal torus T. Next, we present a decomposition 

of the outer automorphism group of N0 as a semidirect product, which answers the 

second question above and can be interpreted in the following terms: "the automor­

phisms of N0 are those of G0 together with automorphisms that induce the identity 

on the torus, which are non-extendable to G0 . " Precisely, we show the following: 

Theorem. Let W0 = NJT denote the Weyl group of G0. The outer 
automorphism group of N0 canonically decomposes as 

Out{N0) Sf HX{W0\T) x 0ut(Go), 

where the W0-moduleT is endowed with the natural action induced by the 

extension T <-* N0 -» IV0. 

In the last section of this chapter, we introduce some notions related to the Tits 

presentation of /V0 that are then used for the explicit calculation of the outer auto­

morphism group of some normalizers. 

Chapter 4 begins with the proof of a reconstruction process: starting from the 
group pair (JV1 N0), i.e. from the inclusion JV0 •-+ N, corresponding to the normalizers 
of a maximal torus in some compact Lie group G, we can cite the isomorphism class 
of G. The rest of the chapter is dedicated to showing that the "generalized Curtis-
Wiederhold-Williams theorem" is true in special cases, by proving that the mentioned 
reconstruction process is invariant under isomorphisms of pairs of normalizers. Ia 
particular, we get: 

Theorem. TAe conjecture is true in the following cases: 

(1) the isomorphism of pairs of normalizers induces an automorphism 
of N0 that is the restriction of some automorphism of G0 ; 

(2) the connected compact Lie group G0 corresponding to N0 is of adjoint 
type; 

(3) the connected compact Lie group G0 corresponding to N0 is simple. 

We also show that the general case can be reduced to a question about semidirect 
products. 

The purpose of chapter 5 is to present our approach for proving that two com­

pact Lie groups are isomorphic if and only if their classifying spaces are homotopy 
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equivalent, taking the connected case for granted. It starts with some recollections 
on classifying spaces and fibrations. Then some known results on mapping spaces 
involving classifying spaces are gathered. Section 5.3 contains a key result showing 
that the maps from BG to the classifying space Bo of the compact Lie group G 
corresponding to the quotient of G by the center of G0 are essentially unique. It also 
contains the following reconstruction result: knowing its classifying space BG, one 
can reconstruct the compact Lie group G up to isomorphism. Then, using point (I) 
of the above theorem of chapter 4, and a proposition due to Zabrodsky, we prove in 
section 5.5 that this reconstruction process is invariant under homotopy equivalence 
for all compact Lie groups. We therefore get: 

Theorem. Two (not necessarily connected) compact Lie groups are iso­

morphic if and only if their classifying spaces are homotopy equivalent. 

On the way to proving this last theorem, we also get the following result for the 

normalizer N0. 

Theorem. The map 

ßNo ; Out(iV0) —> Aut(BAf0), ty] •—+ [Bi}>] 

is an isomorphism of groups. In particular 

AMt(BN0) 2 H\W0\ T) » Out(G0). 

In other words, the group of homotopy classes of self-homotopy equivalences of BN0 

and the outer automorphism group of N0 are isomorphic. This extends to the class of 
normalizes N0 a result for connected compact Lie groups of Jackowski, McClure and 
Oliver [37], The fact that ßti„ is an isomorphism in this last theorem is a particular 
case of an unpublished theorem by M0ller. However, we believe that the precise 
description of AUt(ZJAf0) is new. 

Finally, the appendix contains some material and calculations related to the third 
chapter. 



Chapter 1 

Compact Lie groups and normalizers 
of maximal tori 

Starting with a minimal background on compact Lie groups, this chapter introduces 

some properties of normalizers of maximal tori, both in the connected and noncon-

nected cases. 

1.1 Background on Lie groups 

A (real) Lie group G is a group G equipped with the structure of a Bmooth manifold 

Buch that both maps 

GxG-^G, (g,h)^gh 

and 
G—tG, g^g-1 

are smooth. A homomorphism <p : G —> H of Lie groups is a homomorphism of 
groups that is also a smooth map. A connected Lie group will be called simple 
if it is not abelian and has no proper closed normal subgroup of strictly positive 
dimension. 

Examples 1.1 

1. Aay finite or countable group equipped with the discrete topology and the 
structure of a O-dimensìonal manifold is a Lie group, 

2. The unit circle S1 = {z € C : \z\ = 1} is a connected compact abelian Lie 

group. 

7 



8 Chapter 1. Compact Lie groups and normalizers of maximal tori 

3. The unitary group U(n) = {A € GLn(C) : 1A-A — 1} is a connected compact 

Lie group; note that U(I) = S1. 

4. The general linear group GLn(R) = {A € Mn(R) : det A ^ 0} is a Lie group; 
it is non-compact (for n ^ 2) and has two connected components. 

5. The direct product of Lie groups is the direct product of the corresponding 
abstract groups endowed with the smooth structure of the direct product of 
smooth manifolds. One can show that any connected compact abelian Lie 
group is a torus, i.e. a group isomorphic to the n-dimensional torus T" defined 
as the direct product of n copies of the circle group S1 -

In the sequel we will only consider the compact case and G will always dénote a 

compact Lie group. To G, there is a naturally associated group extension given by 

G0 <-• G -» r , where G0 denotes the connected component of the neutral element 

of G and T = GfG0 = Tr0(G) denotes the finite group of connected components. We 

give some examples of nonconneeted compact Lie groups. 

Examples 1.2 

1. Any group extension 

T" «-• E -* F, 

with F a finite group. 

2. The orthogonal group {A e GLn(R) : 1A-A = 1}, with the associated group 
extension 

SO(n) = 0(n)„ w O(n) % Z/2 . 

In fact O(n) = SO(n) * (diag(-l, 1 , . . . , I)) Si SO(n) * Z/2. 

3. The orthogonal group has a double cover called Pin(n). It is a nonconneeted 
compact Lie group, and for n ^ 2 we have 

Spin(n) = Pin(n)0 *-+ Pin(n) -» Z/2 . 

For n ^ 3 the group Spin(n) is the universal cover of SO(n). 

4. There is a famous "triality phenomenon" in Spin(8) expressed by the fact that 
its outer automorphism group is isomorphic to the symmetric group on three 
letters, i.e. Out(Spin(8)) Sf E3 . In the exceptional Lie group F4 this phe­
nomenon is embodied by a nonconneeted compact Lie group. Indeed F4 con­
tains Spin(8) as a subgroup of maximal rank and its normalizer A1F1(SpIn(S)) 
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fits in the extension 

Spin(8) «^ ATF,(Spin(B)) -» E3 , 

each element in Out(Spin(8)) being represented by an inner automorphism Cn, 
with n e Ak(SpIn(S)) (see [3, Chap. 16] and [10, Exercice 6, p. 113)). 

From works of Killing, E. Cartan and Weyl the precise structure of connected 
compact Lie groups is known. 

Theorem 1.3 

(i) If G0 is o connected compact Lit group, then 

G0^(S x H)IK, 

where S is a torus, H a !-connected compact Lie group and K a finite central 

subgroup of S x H . 

(U) Any 1-connected compact Lie group is a direct product of simple 1-connected 
compact Lie groups. 

(Hi) Let H be a 1-connected simple compact Lie group. Then H is isomorphic to 
one of the following 1-connected simple compact Lie groups: An = SU(n + 1), 
Bn = Spin(2n + 1), Cn = Sp(n), Dn = Spin(2n), G2, F4 , E3 , E7, E8, with 
n = 1,2,... (and n ^ 3 for the case Dn). 

A connected compact Lie group G0 will be said semisimple if the torus S in the pre­
vious theorem is trivial; it is equivalent to saying that the center Z0 = Z(G0) of G0 is 
finite, The unitary group V(n) is a connected compact Lie group that is not semisim-
ple. The centerless quotient G0 = G0JZ0 is called the adjoint group of G0. It is iso­
morphic to the image of G0 in the adjoint representation, which is the action of G0 

on its Lie algebra LG0 induced by conjugation, i.e. Ad : G0 —y GL(LG0), g i-v (cfl)*. 
We will also say that a centerless connected compact Lie group is of adjoint type. 
For more details on compact Lie groups see, for instance, the books of Adams [1], 
Bourbaki [10], Bröcker-tom Dieck (14), Mimura-Toda [42]. 

1.2 The normalizer of a maximal torus in the con­

nected case 

A closed subgroup T C G0 is called a maximal torus if it is a torus and if it is strictly 
contained in no other torus. It is not difficult to check that any non-trivial connected 
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compact Lie group has at least one maximal torus. The following fundamental 

theorem is a first illustration of the crucial role played by maximal tori in connected 

compact Lie groups. 

Theorem 1.4 Let G0 be a connected compact Lie group. 

(i) Any element in G0 is contained in a maximal torus. 

(H) Any two maximal toriT andT' of G0 are conjugate, i.e. there exists an element 

g G Ga such that cg(T) = gTg'1 = T'. In particular, the dimension of a 

maximal torus is an invariant of G0, called the rank OfG0. 

(Hi) The conjugates of a maximal torus T cover the group, i.e. 

G0= [JaTg-1. 
g€Gc 

A proof of this theorem can be found in [14, Chap. IV]. 

We now fix a maximal torus T in G0 . One of the most important object in this 
work will be the normalizer N0 of T in G0, defined by 

N0 = Nc.(T) = {neG0: Cn(T) = nTn~l = T } . 

The Weyl group of G0 is the finite quotient W0 = N0(T. The map 

W0 x T -+ T , (w = nT,t)>-> w-t = ntrT1 

defines a faithful action of W0 on T. Note that if G0 is nonabelian, N0 is a noncon-

nected compact Lie group, with the associated extension 

T = (W0)0 ^ N0 4» W0. 

The notation /V0 may seem clumsy, but it will be justified when we consider the case 
of a nonconnected compact Lie group G. 

Examples 1.5 

1. In U(n) the standard maximal torus T(U(n)) consists of the subgroup of diag­
onal matrices. The Weyl group W0(U(Ti)) is the symmetric group Sn and its 
action on T(U(Ti)) is given by permutation of the elements on the diagonal, i.e. 
for all a e W0(V(n)) = En , t = diagfo,... , Zn) e T(U(n)): 

(T-f = CT-diag(2iJ... ,Zn) = d i a g ( Z 1 - I ( J ) , . . . , Z 1 - I f n ) ) . 

The same holds for SU(n) C U(n), except that the standard maximal torus is 

given by T(SU(n)) = T(U(n)) ndet_ 1(l) S T""1. 
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2. In the particular case of the group of quaternions of unit norm S3 = SU(2), 

the previous example becomes 

T(S3) = {cos ip -M sin ^1 <p G M} = S1 

and 
W0(S

3J = S1IIjS1 £ Pin(2). 

We will use the same notation for W0(SU(2)), with the abuses 

(diagfc,,-1): 1*1 = I) = S1 

and 

J - O = ( J M €SU(2). 

under Cayley's isomorphism. 

3. In S0(3), the standard maximal torus is given by 

{
/ cos ip — sin tp O \ v 

simp cosv O :y e l * } . 

V O 0 1 / 

Let d = diag(—1,1, -1) £ S0(3) ; then for the normalizer we have 

jV0(S0(3)) = T(S0(3)) Ud-r(S0(3)) St 0(2). 

We now recall the precise statement of the theorem of Curtis, Wiederhold and 
Williams. 
Theorem 1.6 (Curtis-Wiederhold-Williams; Osse) Two connected compact Lie 
groups are isomorphic if and only if the normalizers of their maximal tori are iso­
morphic. Moreover, a connected compact Lie group can be reconstructed from the 
normalizer of one of its maximal tori. 

The original proof of the theorem for ßemisimple connected compact Lie groups 
can be found in the paper by Curtis-Wiederhold-Williams [16]; Osse later observed 
that the concept of root diagrams (see chapter 3) allows to extend the original proof 
to all connected compact Lie groups, and also proposed a new proof [55]. An inde­
pendent proof due to Notbohm is presented in [50]. 

There is another remarkable result that we will need: it is a theorem due to 
Tits Baying that, in the connected case, the normalizer has a presentation where the 
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generating set is a finite set added to the toral part. Before stating it we need to 

recall some facts and notations. Denote by LT the Lie algebra of the maximal torus 

T of G0. Let R = R(G0, T) c LT* be the root system of G0 associated to T and 

Rv c LT the corresponding coroot system. The Weyl group W0 acts on LT and is 

generated by the reflections s0 for a € R, explicitly given by 

sa : LT —+ LT, X .—• sa(X) = X- a ( A > v . 

Once a H^-invariant inner product (.,.) has been fixed the formula becomes 

For w = sQ e IVo, t € T, we will also use the notation wt = 3a(t). Define 
Ta = exp(Rav) = {( € T : sa(t) = t'1} ; this is a closed subgroup of T isomorphic 
to S1. Also define ha = exp(^-). Recall that for each root Q € R there exists a 
homomorphism of Lie groups va : SU(2) -+ G0, unique up to conjugation by an 
element of !T(SU(2)) = S1 , and satisfying, among other properties, 

. Iz0(S1J=T0 

• ^ C J S 1 ) C Jr-1K) ( C N0 \ T) 

• ^ ( - I ) = A0 

{see [10, §4, N° 5|). Fix a basis B of fi, and denote by £aß the order of the element 

saSß in W0. 

Theorem 1.7 (Tits) For all roots a € B let us choose an element qa in ^(j 'S1). 
Then for all a, ß € B, a ^ ß, and for allteT, the following relations hold: 

O) <£ = hQ 

(2) qa0ßqa-- = qßqaop---

laß factors laß factors 

(3) qatq;1 = sa(t). 

Moreover the group N0 is generated by the set T U {qa}açB and is defined by rela­
tions (1), (2) and (3), added to the fact that T is a subgroup of N0 . More precisely, 
any relation between elements of N0 is a consequence of (1),(2), (3) and of relations 
between elements of T. 
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Tits proved this theorem for split reductive semisimple algebraic groups [67, 68), 
however his proof can be translated for compact Lie groups (see the remark in the 
proof of Lemma 3 in [16], or Chapter 3 in [40]). 

We end up this section with a result relating the center Z(G0) of G0 to the center 

Z(N0) of JV0, which shows that they coincide in most cases. This result is due to 

Matthey and its proof is not published [19]. 

Theorem 1.8 (Matthey) 

(i) The center of N0 is the set of invariants of the W0-module T, i.e. 

Z(N0) = Tw". 

(U) The quotient Z(N0)IZ(G0) is an elementary abelian 2-group; more precisely 

Z(N0)IZ(G0)* (2/2)*, 

where k is the number of direct factors of type SO(2£ + 1) :n G0. 

For closely related results, consult the preprint of Dwyer and Wilkerson [24]. 

1.3 The normalizer of a maximal torus and related 

subgroups in the nonconnected case 

In this section we introduce and study some of the properties of an other fundamental 
object of this work: the normalizer JV = NQ(T) of a maximal torus T C G0 in 
the nonconnected compact Lie group G . We also define some related subgroups. 
Aiming at a generalization of the theorem of Curtis, Wiederhold and Williams to 
the nonconnected case we will suppose for the rest of this work that G0 is nonabelian. 

Let B stili denote a basis of the root system R associated to the fixed maxi­
mal torus T. The principal diagonal of G0 with respect to B is the 1-dimensional 
subspace 

D(B) = {X£LT: a(X) = ß(X), VQ,ß e B} n H C LT, 

where H is the maximal semisimple ideal of the Lie algebra LG0 • Then, taking the 
exponential, A = A(B) = exp(D(B)) is a closed subgroup of T isomorphic to S1. 

Definition 1.9 (de Siebenthal) A principal subgroup of G0 (associated to T) is a 

connected closed subgroup H satisfying 
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• H is not contained in any proper connected closed subgroup of maximal rank, 

• there exists a basis B of R such that A(B) C H. 

In particular, a principal subgroup verifies [H1V) = G0 for any maximal torus 
T". The remarkable work of de Siebenthal shows that any compact Lie group pos­
sesses a principal subgroup of rank 1, thus isomorphic to SU(2) or SO(3), and that 
two principal subgroups are conjugate [17, Chap. IV]. Let HT be such a principal 
subgroup of rank 1, associated to a fixed maximal torus T. We will denote by 
Z = ZC(HT) its centralizer in G. Before stating the main theorem of this section, 
we consider one more subgroup defined as the centralizer Q = ZG(A) in G of the 
subgroup corresponding to a principal diagonal. 

Theorem 1.10 For any compact Lie group G there exists a commutative diagram 

Z0 c - Z ~ r 

1 1 Il 
T c . Q » r 

1 1 I 
N0 c . N r 

i l I • 
G0 <= G » r 

where each row is a group extension, and where Z0 is the center of G0. 
Proof. The centralizer of HT in G0 is equal to the center Z0 of G0 (in fact, by 
a theorem of Borei and de Siebenthal [8], this property characterizes the closed 
subgroups of G0 that are not contained in any proper connected closed subgroup 
of maximal rank [10, Ex. 15, p. 116]). As Z intersects every component of G [17, 
Théorème 4, pp. 253-254], we get an extension Z0 <-> Z = ZG(HT) -* I \ The other 
statements are deduced from the fact that A c T contains a regular element, i.e. 
an element that is contained in exactly one maximal torus, T in the present case. 
(Consult |31) or [40] for more details.) D 

Remarks 1.11 

1. We say that the subgroup Q is an extended maximal torus in G. These sub­
groups share some important properties with maximal tori: they are all con­
jugate, and fixing one of them, its conjugates by the elements of G0 cover the 
whole group G. They appear in the literature under various disguises (see for 
instance Oliver [52, Section 1.] and Segal [61, §4.]), as explained in [31]. 
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2. The Weyl group of G is defined to be the quotient W = NfT. Associated to 

it, there are two group extensions, namely 

T^N -» W 

and 
W0 M. w -H r . 

An extended maximal torus furnishes a splitting of the second extension (since 
r = QfT C NfT = W). This Bhows that W S W0 « T. 

The following theorem is another application of principal subgroups of rank 1. 
It will be very useful when applying the theory of group extensions to the case of 
compact Lie groups in next chapter. For the proof, we refer to [18, Théorème, pp. 
46-47] (for another approach consult [10, §4.10.]). 

Theorem 1.12 (de Siebenthal) Let G0 be a connected compact Lie group and 
HT C G0 a principal subgroup of rank 1. Then the extension 

Inn(G„) ^> Aut(G0) ^ Out(G0) 

is split, i.e. 

Aut(G0) Sf Inn(G0) x 0ut(Go). 

A possible splitting is given by s : UUt(G0) —i Aut(G0), where s(a) is the unique 
automorphism mir - 1 (a) fixing HT pointwise. 

The fact that the extension associated to Aut(G„) is split was known before the 
work of de Siebenthal, at least in the semisimple case, and appeared in a paper of 
Dynkin [25]. 



Chapter 2 

Cohomological classification of 

compact Lie groups 

This chapter presents a cohomological classification of nonconnected compact Lie 

groups up to isomorphism, including some examples. It ends up with some related 

semidirect decompositions stated in a "sandwich" theorem. 

2.1 Extension associated to a compact Lie group 

and cohomology 

The relation between group extensions with nonabelian kernel and low dimensional 

cohomology groups is classical and well-known since the work of EHenberg and 

MacLahe [27], AB it is a basic tool in our approach to the classification of com­

pact Lie groups, we Btart this ßection with a brief overview of the general case before 

focusing on the special case of compact Lie groups. For a thorough treatment of 

the general case, we recommend the textbooks by MacLane [39], Robinson [59], or 

Adem-Milgram [4]; a more concise approach can be found in Kirillov's book [38], and 

a sketch, which we roughly follow, in Brown's [15]. An extension E of the group Q 

by the group K (some authors say of K by Q), denoted by K •-» E -» Q , induces 

an "outer action", i.e. a homomorphism ip : Q —> OUt(K). Conversely being given a 

pair of groups K and Q and a homomorphism tp : Q -J- Q\it(K) it is natural to try 

to classify all the possible extensions K "-4 E -» Q that induce ip. We will soon see 

that this can be done up to equivalence of extensions. But before, recall that two 

extensions K •-* E ~*> Q and K '-> E' -» Q are said to be equivalent if there exists 

17 
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a homomorphism p : E —• E' with the commutative diagram 

K c - E » r 

Il I» I 
K c . E' r 

It is then not difficult to show that p is an isomorphism and that the induced "outer 
action" homomorphisms are equal. The fundamental theorem of group extension 
theory shows that two cohomology groups completely describe the set E(K, Q, tp) of 
equivalence classes of extensions inducing <p. Let A = Z(K) be the center of K ; 
then ip induces, by restriction, a homomorphism tp : Q -> Aut{i4). 

Theorem 2.1 (Eilenberg-MacLane) 

(i) The set E(K1Q, <p) admits a free and transitive action by the abelian group 

HQ(Q; A). Hence either E(K, Q, tp) = 0 or else there is a (non-canonical) 

bijection E(K, Q, tp) « H^(Q; A), which depends on the choice of a particular 

element of E(K, Q, tp). 

(H) A homomorphism tp :Q -+ Out(K) gives rise to an "obstruction" in H^(Q; A), 
which vanishes if and only if E(K, Q,tp)^ 0 . 

A proof of this theorem can be found in MacLane's book [39], As an immediate 

consequence one gets the following simple special case: 

Corollary 2.2 If K has a trivial center then there is, up to equivalence, exactly one 
extension of Q by K corresponding to a given homomorphism Q -i Out(K). 

Remarks 2.3 

1. An even simpler situation arises when both the center and the outer automor­
phism group of K are trivial (such groups are called complete). This is exactly 
the case for which any extension with K as normal Bubgroup is a direct prod­
uct. As a first application to compact Lie groups, we observe that SO(2£ + 1) 
is complete, and thus for any extension SO(2£ + 1) «-• E -» Q we have 

E*SO(2£ + l)xQ. 

2. The cohomology of groups gives a satisfactory solution to the problem of group 
extensions. However, it does not classify them up to isomorphism as the clas­
sical example Q = K = ZjZ shows. In this case #2(Z/3;Z/3) = Z/3 but there 
are only two non-isomorphic groups with 9 elements. In fact, there are two 
non-equivalent extensions corresponding to E = Z/9. 
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We now want to apply the classical theory of group extensions to the case of 

compact Lie groups. We fix a nonabelian connected compact Lie group G0, a finite 

group r , and a homomorphism ip \V —> OUt(G0). We write Z0 for the center of G0 • 

Choosing a principal subgroup HT C G0 and fixing s as in theorem 1.12, we get the 

commutative diagram 

r — ^ - 0ut (G o ) — Aut(G„) 

V Aut (Z0) = Aut (Z0) 

In the sequel, we will use the notation O1 = (so 1/5)(7), for 7 e T . In the particular 

case of compact Lie groups, we get: 

P r o p o s i t i o n 2.4 

(i) The set of equivalence classes of extensions E(Y1 G0, (p) is in bisection with the 

cohomology group Hl(Y; Z0). 

(U) For all u 6 Hl(T; Z0) the corresponding extension G0 <-$ G -» T carries a 

natural structure of Lie group. 

Proof. By theorem 2.1, it suffices to see that S(Y, G0, ip) ^ 0 to prove (i). But this 

follows from theorem 1.12: the semidirect product G = G0 xt°v Y exists for any rp. 

The second statement is easily deduced from classical Lie group theory. D 

The bijection in this last proposition is not canonical. As stated in theorem 2.1, 

it depends on the choice of a particular element in £(Y, G01 tp). On the other hand, 

there is a canonical bijection between S(Y, Zo,0) and Hl(Y; Z0), thus a bijection 

A : £(Y, Z0, ip) —• £(Y, G0, ip) still depending on the previous choice. Let us describe 

this bijection by first recalling that Hl(Y; Z0) = Zl(V) Z0)JBl(Y; Z0), where, keeping 

the multiplicative notation in Z0, the cocycles are functions h : T x Y -t Z0 satisfying 

• /1(71, e) = /i(e,7a) = e (normalization) 

• {5/1)(71,72,73) =^(^(72,73))-^(7172.73)^-/1(7^7273)-^(71,72) - 1 = e 

for all 71,72,73 G T; the coboundaries satisfy the extra condition that there exists a 

function k : T -¥ Z0, with k(e) = e, and such that 

/1(71,72) = (*fc)<7i,72) = ^ { 7 2 ) ) ^ ( 7 1 7 2 ) - ^ ( 7 1 ) 

for all 71,72 Ç T. Let us choose the semidirect product G0 » T associated to the 

section s as the extension corresponding to the neutral element in Hl(Y; Z0). Then 
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for an element u = [ft] e H^(T; Z0), the corresponding class of extensions is given 
by [G0 *-> Gh -*» r ] , where Gh is the set G0 x T equipped with the multiplication 

<S,7)*i^,y)=(*-*,(sO-fc(%V),rV) 

(see [39], Chapter IV, §4 and §8). We will also denote by G0 «-*• Gu -» T any 
representative of the class of extensions corresponding to u e H^(T; Z0). We next 
give a canonical description of the inverse of A, i.e. a description that does not 
depend on the choice of a particular element in E(T, G0, <p). 

Lemma 2.5 For any principal subgroup of rank one H in G0, the map 

6 : S(Y,G0M -* S(T1Z01C1) 

[G0-+G -*T] —» [Z0 ̂  ZG(H) ^ T] 

is the inverse of A (and does not depend on the choice of H). In particular it is a 

bijection. 

Proof. As centralizers of principal subgroups of rank 1 are preserved by isomorphisms 
of G, 6 does not depend on the choice of a representative in ( G s 4 G - » r ] . Let 
u = [Z0 <-+ E\ -» r] = [ft] e Hp(V, Z0). Then we have the commutative diagram 

Z0 c . Eh r 

1 1 I 
G0C .G=Gh - r 

where Eh, is Z0 x F as a set. Let us show that Eh, = ZGH{HT) , HT being the principal 
subgroup of rank 1 of G0 corresponding to the fixed section s. By proposition 
1.10 it is enough to check that Eh is contained in Zch(HT) • Let (2,7) G Eh and 
(x,e) € HT ^ G0 ^ Gh,- We calculate 

(z,f)*h(x,e) = («-ff7(s)-ft(7ic)i7) 

= (2-1,7) 

and 

(a:,e)*fc(«,7) = {*'<r*(z)'Kw)>i) 
= (1-2,7) 

= (2-2: ,7) . 

by normalization, and because the restriction of tr7 to Hj is the identity by the choice 

of the section s. 
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Now, as the principal subgroups of rank 1 are all conjugate by an element of G0 

(see [17], Théorème, pp. 46-47), so are their centralizers. Therefore the extensions 

Z0 *-)• ZQ(H) -» r , for H running through the family of principal subgroups of rank 

1, all belong to the same class. Thus we have just proven that 0 is well defined and 

satisfies 0 o A = tde(r,20,^). As A is bijective, this shows that 9 = A - 1 . D 

We summarize the situation exposed in this section. 

Theorem 2.6 Suppose given G0, a homomorphism tp : T -¥ OUt(G0) and an ex­
tension Z0 <-* Z -» r for which the homomorphism T -» Aut(Z0) coincides with 
<p. Then, up to equivalence of extensions, there exists a unique compact Lie group 
G fitting into the commutative diagram 

Z0 c . z » r 

i 1 I 
G0 c * G - r 

i I I. 
Inn(G0)

 c AUt(G0) —~ OUt(G0) 
where the rows are group extensions. Moreover the given data allow to construct an 
extension G0 *-+ G -» T, in which the subgroup Z is the centralizer of a principal 
subgroup of rank 1. 

Conversely, one can recover the class of the extension Z0 *-* Z -» T in the 
extension G0 '-* G -» V by taking the centralizer of any principal subgroup of rank 1. 

2.2 Classification of compact Lie groups up to iso­

morphism 

All the possible classes of extensions of T by G0 correspond to the disjoint union 

e = £(r,c0)K U #J<r-,Zo). 
veHom(r,Out(G0)) 

We now define an action of 0ut(Go) x Aut(r) on this set. Let u= [Z,,'-* Z -»T]e 
Hl(T; Z0). For a G 0ut(Go), choose à E Aut(G„) such that 7r(&) = a and denote 
by ä € AiIt(Z0) the restricted automorphism. 

Lemma 2.7 

(i) The map Out(GQ) *£->£, {a, u) -4 u-a = a'(u) = [Z0
1^ Z -^T] defines a 

right action. The image a*(u) corresponds to the extension G0 '-* G -» T, and 
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belongs to H^(T; Z0) C £, where ifi = C0-I o tp, with c<,-i denoting conjugation 

by a"1 . 

(ii) The map AiIt(T) x £-+€, (ß, u) H- ß-u = ß.(u) = [Z0 4 Z -» T) defines a 

left action. The image /?*(u) corresponds to the extension G0 <-> G -» T, and 
- i belongs to tf|(r; Z0) C £, where 6=\poß 

Proof. As the proofs of the two parts of the lemma are very similar, we only treat 

the first one. Consider the following commutative diagram: 

Z0 — Z 0 ^ - ^ Z = Z0(HT) — T 

ó0^L^Ó0*—ì .G E _ r 
1 \c n U 

InIi(G0) = Aut(G„) « Out{G0) 

The principal subgroups of rank one are preserved by isomorphisms. As ä~l(HT) 
is clearly centralized by any element in Z, the statement about which extension 
corresponds to a*(u) follows from theorem 2.6. At the same time, this shows that 
the map is well defined. It is then straightforward to check that it is a right action. 
For the resulting homomorphism, we choose a set theoretic section v : T —> G of 
p : G -» F , and compute for 7 € F: 

^(7) = TrMiOQ)-1O C 7̂)O (to à) J 

= Tr(O-1 o ( i - 1 oc,,(7) ot) oà)J 

= TT(Q)-1 0 jr(i-1 0c(7) ot)o 7r(5)) 

= a - 1 0^3(7) o a 

= ( ¾ - ' 0 V)(7) • 

D 
Clearly for u € £ and a corresponding representative G0 *-* Gu -» T, we have 

Gu = G„.(U) Si Gß,(u) for all a G Out(G0), ß € Aut(r). Moreover, it is clear that the 
two actions commute and so we get a left action of 0ut(Go) x Aut(r) on £. Elements 
in the same orbit represent isomorphic groups; the main result in this chapter tells 
that the converse is true. 

Theorem 2.8 Two compact Lie groups GU] and G0, are isomorphic if and only if 

the corresponding cohomology classes Ui € H^ {V; Z0) C £ and tia Ç / / | a (r; Z0) C £ 

are in the same orbit under the action o/Out(G0) X Aut(r), 
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Proof. Let p : GU1 -)• Gu, be an isomorphism of compact Lie groups. Aa the 
connected component of the identity is preserved by an isomorphism, this gives rise 
to the commutative diagram 

G0
 c " GUl " F 

£|/S =\P =\ß 
G0 c * GU3 » T 

Let us define a = n(p) e OUt(G0) and ä = p\z0 • As the centralizers of principal 
subgroups of rank one are preserved by isomorphisms, and by theorem 2.6, this 
induces a new commutative diagram that we write as follows: 

•7 r ft05"' » fl°»l p 
£i0 ^ u 1 — 1 

Zn c z.„ « r 
/*2 ^2 

Thus, by Lemma 2.7, we have uj = (a-1)*/3,(uj) and so t*i and tt2 are in the same 
orbit. D 

2.3 Examples of the classification 

1. We take G0 = SU(2) and T = Z/2. As 0ut(Go) is trivial and Z0 & Z/2, we 
have 

£(Z/2,SU(2» « J J #J(Z/2;Z/2) = tf2(Z/2;Z/2) 2 Z/2. 
^EHom(Z/2,0) 

The group Out(G0)x Aut(r) being trivial, these two elements correspond to two 
non-isomorphic compact Lie groups. The first one is clearly Gu0 = SU(2)xZ/2. 
Let us give a description of the second one. Conjugating a matrix in SU(2) 
by j amounts to taking the complex conjugate of each entry in the matrix, i.e. 
cs : SU(2) - • SU(2), g H. Cj{g) = g- Let us denote by G111 = SU(2) Xj Z/2 
the semidirect product where the generator t of Z/2 acts as c, on SU(2). As 
the center of GV1 is given by {(j,t)} ^ Z/4, G0o and Gu, are non-isomorphic. 
Therefore Gttl is the second compact Lie group that we were looking for. 

2. We now take G0 = SU(2) x SU(2) « Spin(4) and keep T = Z/2. This time 
the outer automorphism group is given by 0ut(Go) = {[T]) , where r is the 
automorphism that exchanges the two factors, i.e. 

T : SU(2) x SU{2) —> SU(2) x SU{2), (3l k) i—»• (Zi, g) 



24 Chapter 2. Cohomological classification of compact Lie groups 

and Z0 = Z/2 x Z/2. We thus have 

£(Z/2, SU(2) x SU(2)) « J J # | (Z/2; Z/2 x Z/2) 

= ff2(Z/2; Z/2 x Z/2)) U H}d(Z/2; Z/2 X Z/2)) 

w (Z/2 x Z/2) U {0} . 

One then verifies that as extensions of the center, i.e. for centralizers of a 

principal subgroup of rank 1, these five non-equivalent extensions are in fact 

represented by only three non-isomorphic groups, namely 

ZUo ^ Z/2 x Z/2 x Z/2 

ZUl ^ Z/2 x Z/4 

ZU2 * Z/2 x Z/4 

Z u s 2 Z/2 x Z/4 

for the elements of H2{Z/2; Z /2 x Z / 2 ) ) , and 

Z^ S {Z/2 x Z/2) M Z/2 ot O 8 

(the group of symmetries of the square) for the element of H(-d(Z/2; Z /2 x Z / 2 ) . 
The group Z/2 x Z/4 yields three non-equivalent extensions, because among 
its three elements of order 2, only one is divisible by 2 (the element (0,2) in 
additive notation). Therefore this element must be characteristic and changing 
the non-trivial element of Z/2 x Z /2 that is mapped to it gives three extensions 
tha t must clearly be non-equivalent. At the level of Lie groups the five non-
equivalent extensions are represented by 

Gv0 = SU(2) x SU(2) x Z/2 

G111 = < S U ( 2 ) x S U ( 2 ) ) * i I t W Z / 2 

Gua = (SU(2) x SU(2)) xidxi Z/2 

GU3 = (SU(2)xSU(2))*JX,Z/2 

G„0 = (SU(2)xSU(2))x rZ/2 

(one checks that (—1,1, e) corresponds to the characteristic element of order 2 
in Zvx whereas it is (I1 - l , e ) in ZU2, and therefore GUi and GUì are certainly 
not equivalent). Finally, the group Out(G0) x Aut(r) S Z/2 x 0 acts on this 
set of equivalent extensions and it is clear that the only non-trivial orbit is 
(Gu11GUJ}, and that there are 4 non-isomorphic extension of Z/2 by the Lie 
group SU(2) x SU(2) St Spin(4). 



2.4. A "sandwich" theorem 25 

Remarks 2.9 

1. Ae we have chosen T to be cyclic, the calculations of cohomology groups in 
these examples can be done by hand using the classical explicit resolution (see 
for instance [29, §2.1, pp. 5-6]). 

2. It is clear, from what has been done in section 2.2, that the elements in 

Hç(r-,Z0) and in Hl Sl0lft(T\Zo) will be identified (at least) pairwise under 

the action of an element [a] e 0ut(Go). The second example is intended to 

show that identifications can even occur inside a given cohomology group (i.e. 

without changing the "outer" action of T on G0). 

2.4 A "sandwich" theorem 

In this section we propose a structure theorem for compact Lie groups using central­

izes of principal subgroups of rank 1 similar to the "Sandwich Theorem for compact 

Lie groups" that appears in the book by Hofmann and Morris [33, Corollary 6.75, 

p, 272]. 

Theorem 2.10 For any compact Lie group there are two surjective homomorphisms 

Gt = G0xZ-^ G - ¾ G^O0 * r 
(9o,z) i—> g0-z 

9 •—• [9Ì = 9Z0 

where the centralizer Z of a fixed principal subgroup of rank 1 acts on G0 by conjuga­

tion, and where Tr2 is the canonical projection corresponding to the normal subgroup 

Z0 ofG. 
For the kernels, we have ker TTI = Z0 and ker TT2 = Z0 ; in particular 

G^(G0X Z)IZ0 and G/Z0 * G0 a T. 

Proof. The assertion about 7rs are clear. 

The map ffi is well-defined and surjective (because Z intersects every component 
of G). A straightforward computation shows that it is a homomorphism. Finally we 
have 

kerff! = {(g,z) e G0 x Z :gz = e) 

= i&g-1) ZG0XZ) 

= {(g,g-1) ZZ0X Z0) 

* Z0. 
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because G0 n Z = Z0. D 

Remarks 2.11 

1. The origin of the name of this theorem is clear: any compact Lie group is 

"sandwiched" in between two semidirect products closely related to it. 

2. The component of the identity of G, is equal to G0 if and only if G0 is semisim-

ple. 

3. Our version of the "sandwich" theorem has the advantage of being more explicit 
than the one in [33] (the result therein is an existence theorem). Its drawback 
is the fact that Z is finite if and only if G0 is semisimple. 

4. Given a homomorphism ip : T -4 Out(G0) and an extension Z0 A E -^ T for 

which the action coincide with the restriction <p, there is a more direct way 

than the cohomological one to recover the corresponding compact Lie group 

G1 i.e. the one that fits into the commutative diagram 

Zo c . E « r 

1 1 I 
G0 c G » r 

Let us define the composition ö : E -« V Q Out{(7<,) A Aut(G„), where a is 
as in theorem 1.12. Then following Bourbaki [9, Lemme 7, pp. 210-211], we 
have 

G = (G0X9E)ZAZ0, 

where AZ0 is the image of the injection z0 >-*• (z'1, M(2O)) • Taking E=Z, 
this gives another proof of our version of the "sandwich" theorem. 

2.5 Splitting of the extension associated to a com­

pact Lie group 

In this last section we make a few observations on the splitting of the extension 
associated to a compact Lie group G. Notice that for all the examples of compact 
Lie groups (with nonabelian component of the identity) we have considered so far, 
the associated extension was split. In fact this situation occurs in many particular 
cases. Using Cartan subgroups (in the sense of Segal [61], i.e. those Adams called 
"SS subgroups" in honour of Segal and de Siebenthal [2]), de Siebenthal showed the 
following theorem (18, Théorème, p 74]: 
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Theorem 2,12 (de Siebenthal) Let G be a compact Lie group with G0 simply 

connected, or of adjoint type (i.e. Z0 is trivial). IfT = x0{G) is cyclic then G is a 

semidirtct product, i.e. G = G0 xi T. 

As an application of the "sandwich" theorem of the previous section, we will 

construct a compact Lie group G with an extension that is not split, i.e. a compact 

Lie group G that cannot be decomposed as a semidirect product of the form G0 » T. 

We Btart relating the splitting of the extension associated to G to that of the 

extension associated to the normalizer of a maximal torus N in G. 

Proposition 2.13 If the group of components T of G is nilpotent, then the extension 

G0 *-* G -» r w split if and only if the extension N0'-ï N -» F is split 

Proof. The "if part is clear. Conversely, let s : V ->• G be a section. By a result 
in Bourbaki [10, Corollaire 4, p.49], any nilpotent subgroup of a compact Lie group 
is contained in the normalizer of some maximal torus. Therefore, if needed after 
conjugation by an element in G0, we have s(r) C N, and we can conclude that the 
extension associated to N is split. D 

For an extended maximal torus Q we have the following situation. 

Proposition 2.14 If the group of components V of G is cyclic, then the extension 

G0 <-* G -» r is split if and only if the extension T <-»• Q -» T is split. 

Proof. The proposition readily follows from the fact that the conjugates of Q cover 

G. D 

Example 2,15 Consider the dihedral group D8 - {r, s \ r* = s2 = e , srs~l = r~l). 
Then the quotient 

G = (SU(2)xD8)/AZ/2, 

where ÀZ/2 denotes the central subgroup generated by (—l,r2), is a compact Lie 

group with G0 =" SU(2) mid V « V, the 4-group of Klein. 

Claim: The associated extension 

SU(2) ^ G -» V 

is not split. Let us check this claim. Let S1 denote the standard maximal torus in 

SU(2) , and N0, respectively N, the normalizer of S1 in G0, respectively G . We have 

N= {[t^-.tes1] U (IjV] ^ e S 1 ) u 
( M = EgS1) U ([7V] = IeS1) U 
([( ,S]IfGS 1) U ( b V l ^ e S 1 ) U 

( M a ] ^ e S 1 ) U {\jt,T8]:teS1}. 
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By contradiction, suppose that the extension associated to G is split. As V is abelian, 

thus nilpotent, we deduce, by proposition 2.13, that the extension associated to N 

is also split. We want to show that this is not possible by enumerating the elements 

of order 2 in N. In the component corresponding to r we calculate 

• M 2 = [t2,rs] = AZ/2 
4=> (t'y) = ( - 1 , r2) 
<=> t = ± i , 

• b v ] 8 = KJt)2, r2} 
= [-Lr*] 
= AZ/2 

(every element in this sub-component is of order 2). 

In a similar way we calculate, for n = O11, that in the component corresponding 
to rns the element [t,r"s] is of order 2 if and only if t = — 1 and that the sub­
component {\jt, rns] : t G S1} does not contain any element of order 2. Two of the 
three non-trivial elements in F = V must thus be mapped by the section to [—I, s] 
and [—1, rs], Therefore, the image of the third non-trivial element is 

[ - 1 , 4 1 - 1 , " ] Hl1SrS] = [ V - 1 ] = (-1.1-]. 

which is not of order 2. A contradiction that proves our claim. 

Remarks 2.16 

1. One can verify that this example is "minimal". 

2. An obstruction to the splitting of the extension associated to the extended 
maximal torus Q can be found in a paper by Oliver; this obstruction involves 
the representation ring of G and ita relation with the family of all p-toral 
subgroups of G [52, Corollary 3.11, p. 376]. In particular, on pp. 376-377, 
Oliver constructs a compact Lie group G = SU{2) » (Z/2 x Z/2 x Z/3) such 
that the extension corresponding to the extended maximal torus Q is noi split. 



Chapter 3 

Automorphisms of the normalizer TV0 

For connected compact Lie groups, the remarkable theorem of Curtis, Wiederhold 
and Williams shows that the normalizer of a maximal torus characterizes the group. 
However, it does not say anything on the relation between the endomorphisms of 
the normalizer and those of the group (the "functoriality" of the theorem). In this 
chapter, we study this relation for the special case of automorphisms. This problem 
was first proposed to us by Osse; we later realized that it was a crucial ingredi­
ent when trying to generalize the theorem of Curtis, Wiederhold and Williams, to 
nonconnected compact Lie groups {see chapter 3). 

By a result of de Siebenthal [18, Proposition 2, p. 56] (see also Bourbaki (10, 
Theoreme 1, p. 48]), every automorphism of a connected compact Lie group preserves 
some maximal torus, thus its normalizer, and yields, therefore, an automorphism of 
the normalizer by restriction. Conversely, can every automorphism of the normalizer 
be extended to an automorphism of the whole group? The following example shows 
that the answer is no! 

Example 3.1 Take G0 = SU{2ro) with m Js 2. Recall that the normalizer N0 of a 

maximal torus T is given by an extension T <-t N0 -» £ 2 m . Then the map 

ip : N0 —> N0 , n-—>(-I) t( ,r<n»-n, 

where c : E2n, -> Z/2 = {0,1} denotes the signature homomorphism, defines an 
automorphism of the normalizer. We investigate rj> for the case of the standard max­
imal torus consisting of the diagonal matrices of determinant 1. By contradiction, 
suppose that ip can be extended to SU(2m). As it is trivial on the maximal torus, 
this extension is a conjugation by an element I e T by a result of Bourbaki [10, 
Proposition 9, p. 30] (10, Proposition 9, p. 30]. We now check what it implies on 
the maximal torus and on an element n & N0 that exchanges the first two elements 

29 
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on the diagonal, i.e. 

n - d i a g ( 2 i , 2 2 l 2 3 , . . . ,2Sm)-Tl"1 = d i ag (z 2 ) Z\, Z3, • • • ,«2m). 

We have t-nt'1 = tf>(n) = —n, which is equivalent to n-1-£*n = n-i-n -1 = —(. As 
m ^ 2, this is clearly in contradiction with how n is acting on T. 

Once a maximal torus and its normalizer are fixed, the relation we want to study is 
naturally expressed in terms of outer automorphism groups. In this chapter, we will 
give a precise description of the non-extendable automorphisms of the normalizer and 
show that, together with the outer automorphisms of the whole group, they furnish 
a decomposition of the outer automorphism group of the normalizer as a semidirect 
product. 

3.1 Root diagrams 

The notion of root diagram generalizes the notion of root system and allows to treat 
the case of connected compact Lie group that are not semisimple. Root diagrams are 
introduced and studied in Bourbaki [10, §8-9), where it is shown that the classifica­
tion of connected compact Lie groups can be done in this purely algebraic setting. In 
fact, knowing the root diagram is equivalent to knowing the Stiefel diagram together 
with the integral lattice in the Lie algebra of the maximal torus. In this section, 
we propose a slightly modified version of the definition of root diagrams that was 
discussed at a seminar on normalizers of maximal tori and compact Lie groups, held 
at Neuchâtel during the year 1997-1998 [19]. The participants in this seminar were 
U. Suter, A. Osse, M. Matthey and the author. The idea of this definition of root 
diagram is due to Osse; its advantage is twofold: it is more tractable than Bourbaki's 
definition, and it shows clearly that the notion of root diagram is a generalization 
of that of root system. However, we will see that the two definitions are equivalent 
once an invariant inner product is fixed. For a thorough study of root systems we 
refer to the classical text of Bourbaki [H]. 

Definition 3.2 A (reduced) root diagram is a triple D = (V, M,*) satisfying: 

1. V is a euclidean space, M is a lattice in it, and $ is a finite subset of M \ {0} ; 

2. for all a € * and for all k e Z, ka € * if and only if k = ±1 ; 

3. for all Q G * , the map 

T/ i / 2 ( 1 , a ) 
sQ : V —• V, x '—y z - -r r « » 

(a, a) 
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called reflection of vector a, leaves the set $ globally invariant; 

4. for all a e * and x E M , ? ' 7 E Z. 
(a, a) 

The group of automorphisms of V generated by the reflections sa is called the 

Weyl group of D and is denoted by W(D). The inner product {.,.) is obviously 

W(D)-invariant. Hence the set $ is a reduced root system in the euclidean space 

R*, whose Weyl group is precisely W(D). 

The next lemma will link the definition presented here with Bouxbaki's. 

Lemma 3.3 Let D = (V, M; ¢) be a root diagram. Consider the set 

M0 = {xe M:(x,a) = 0, Va G $} . 

Then M0 is the subgroup MVV'D' of W (D)-invariants of M. Moreover it is a direct 

Summand in M and the set M0 U $ spans the vector space V . 

Proof. It is clear that M0 = MWW . 

Since Mo is a subgroup of the free abelian group M of rank n, it is itself a free 

abelian group of rank r ^ n . By the elementary divisors theorem, there exist bases 

{ei,. . . ,e„} of M and {eit... ,cr}of M0, and integers rfi,... , (^ such that ^ = djCj, 

for all j = 1, . . . , r . Let j e {1, . . . , r } ; by definition of M0, we have (e,, a) = 0 

for all a € * , hence the same holds for ej, and therefore ey E M0 and d,- = 1. This 

proves that M0 is a direct summand in M. 

Let us now Bhow that M0 U $ spans V. Let x e M ; for all a E 4*, we have 

sa(x) = x (mod Z*). As W = W(D) is generated by the sa's and Z* is globally W-

invariant, it implies wxmx (mod Z5>) for all w E W . Define y = T,wew ^ ^ € Mw ; 

obviously, y = \W\-x (mod £*) , and therefore x = (l/\W\)-y + z with y E M0 and 

z € Z $ . D 

Remark 3.4 Since M0 is a direct summand in M, one can find a Z-module N such 
that M = M0 © N. The example of U(2) shows, however, that this decomposition 
is neither orthogonal nor compatible with the action of W(D). 

As a consequence of this lemma, our definition of the notion of root diagram is 

equivalent to Bourbaki's, once a W(D)-invariant inner product has been fixed (which 

is practically always the case). 

The example that will interest us is the (covariant) root diagram of a connected 
compact Lie group G0 (with respect to the maximal torus T): it is given by the 
triple D(G0) = (LT,T(T),Ry), where T(T) is the integral lattice in LT, and Rv 

file:///W/-x
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is the set of coroots of G0 (see page 12). The Weyl group W(D(G0)) is canonicali)-

isomorphic to the Weyl group W0 of G0. Ia this particular case, M0 is equal to the 

intersection V(T) n 3(L<?0) of the integral lattice with the center of the Lie algebra, 

i.e. the non-semisimple part of the integrai lattice. 

Let us now define the notion of isomorphism of root diagrams. 

Defini t ion 3.5 Let D = (K 1 M,*) and D" = ( V 1 M ' , * ' ) be root diagrams. An 

isomorphism oj root diagrams between D and D' is an isomorphism of vector spaces 

f : V —> V (which is not necessarily an isometry) mapping M bijectively onto M', 

5> bijectively onto * ' , and satisfying, for all x G M and all a £ * , the compatibility 

condition , 
2 ( s , a ) _ 2 ( / ( x ) , / ( a ) ) 
(a ,a) (f(a),f(a))-

As an immediate consequence of this definition, the inner product on V is more 

or less irrelevant. More precisely, two W(D)-invariant inner products on V yield two 

isomorphic root diagrams. 

The automorphism group of a root diagram will be denoted by Aut(D) ; it can be 

shown that W(D) is a normal subgroup of Aut (D) . We finally collect several results 

on the relationship between root diagrams and connected compact Lie groups. 

T h e o r e m 3.6 (Bourbak i ) 

(1) For any root diagram D there exists a connected compact Lie group G0 with 

D(Gn) isomorphic to D. 

(2) Two connected compact Lie groups G0 and G0 ore isomorphic if and only if 

their root diagrams D(GC) and D(G0) are isomorphic. 

(S) For any connected compact Lie group G0, we have an isomorphism 

Aut(D(G0))/W(D(G0)) Si OUt(G0). 

All these results are proved in Bourbaki [10, pp. 40-42]. 

3.2 Automorphisms of N0 inducing the identity on 

the maximal torus T 

As T is the component of the identity oi N0, an automorphism ip G Aut(7V0) of 

the normalizer induces two automorphisms ^ r and $ fitting in the commutative 
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diagram 

Tc » N0-I^* wo 

Tc . J V 0 - - W 0 

The automorphism ip also induces a vector space automorphism ipt : LT -t LT on 

the Lie algebra of the torus. 

Before stating the first lemma in this section, let us recall that for a root a € R, its 

associated coroot av e LT and reflection s 0 , the Lie algebra of the torus decomposes 

as LT — lRav ©ffa, where Ha denotes the hyperplane fixed by s0 , i.e. the hyperplane 

orthogonal to av . 

Lemma 3.7 TAe automorphism $ permutes the reflections in W0. Moreover for 

Sß — iÄ(s<*), one has 

(i) $ß = i>tosao ìp;1 ; 

(n) MHo) = H8; 

(iti) *MHav) = R/?v. 

Proof. Let sa € W0 be a reflection, and let qa € N0 be an element such that 
*"(?<») = sa. Let us denote w = ip(sa) = irty(qa)). and H = ipt(Ha). Let also 
Y = ip,{X) € H, with X € Ha . The following calculation shows that w fixes H 
pointwise: 

= Ip, os0o ip~l o ip,(X) 

= M*) 
= y . 

Now the subgroup of W0 that fixes H pointwise has the form (sß) = {id,Sß} for 
some reflection Sß [34, Theorem 1.12 (d), p.22, and Proposition 1.14, p.24]. Since 
w is an element of order 2 , we can conclude that w — Sß . Moreover the previous 
calculation shows that (i) and (ü) are verified. 
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The last assertion follows from (t) and (H): for all X € LT we have 

3ßO$,(X) = ¢. OS0(X) 

Fixing an element X e LT\Ha, we have ^ . ( X ) e LT\H$t and the last equality 

shows that V,+(av) ' s a (non-zero) multiple of /3V . D 

Corol la ry 3.8 Ifipfr is the identity of T1 then ^ is the identity of W0. 

Proof. Let us write Sß = $(sa). As ip\r = idr, we also have rp* = id IT • Therefore 

Up = ip.(Ua) = Ha i and thus Sß = sQ. D 

We end up this section by recalling a relation between the automorphisms of an 

extension inducing the identity, on both the kernel and the quotient, and a group of 

cohomology. It will be used in our description of the outer automorphism group of 

the normalizes Let K «-• E -» Q be a group extension. Let us denote the center of 

K by A, endowed with the natural action 9 : Q -* Aut(j4) induced by the extension. 

Exploiting an exact sequence introduced by Wells (70], it can be shown, under some 

hypotheses (see below), that there is an injection of the cohomology group / ^ ( Q ; A) 

into the outer automorphism group of E [70], [58]. We will be interested in the case 

where K is abelian, i.e. K = A. Let also Aut(£ , A, Q) be the subgroup consisting of 

elements ip in Aut (£) that fix A pointwise and such that the induced automorphism 

\]> '• Q —* Q is also the identity, i.e. 

AvA(Et A, Q) = {tjie AiIt(E) : fyA = idA and $ = idQ). 

The precise statement we will need is as follows. 

T h e o r e m 3.9 Let A <-> E -» Q a group extension with A abelian. 

(1) There is an identification 

HHQ1A) = Am(E1A1Q)ZiTmE(A), 

where InnB(.4) = {^ G Autffî, A, Q) : $ = C0 , rath a € A) . 
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(£) Moreover if A is a maximal abelian normal subgroup of E (this is the case if 

and only if the restriction of 8 to the center of Q is an injection), then the 

induced application 

H\Q;A)—> OUt(E) 

is infective. 

A proof of this theorem can be found in the book by Adem and Milgram [4, 

pp. 87-88]. 

3.3 OUt(Ay as a semidirect product 

This is the central section of the chapter where we formulate and prove the theorem 
describing the precise semidirect decomposition of the outer automorphsim group of 
N0. 

Theorem 3.10 Let G0 be a connected compact Lie group, T a maximal torus in G0, 

and N0 the normalizer of T in G0. Let W0 = NJT be the Weyl group of G0 . Then 

the outer automorphism group of N0 canonically decomposes as 

OnI(N0) Si H\W0;T) x OvA(G0), 

where the W0-module T is endowed with the natural action induced by the extension 
T ^ N0 ^ W0. 

Remark 3.11 Since T is a maximal abelian normal subgroup of N0, theorem 3.9 
says that the cohomology group Hi(W0; T) can be seen as the subgroup of OUt(N0) 
given by 

Hl(W0;T) = AUt(N01T, W0)/InnWo(T) * Aut(N0,T, W0)/(TfZ(N0)) . 

In the sequel, we will always make this identification. 

We will prove theorem 3.10 by showing that there exists a split short exact se­
quence 

H\WolT) «-> Out(N0) -» OUt(G0). 

The first step will consist in showing that there is a canonical injection of the outer 
automorphism group 0ut(Go) into 0ut(No). Then, in the most important step, 
we will construct a surjective homomorphism 0ut{No) -» 0ut(G„), for which the 
injection in the first step is a splitting. Finally, we will identify the kernel of this 
surjection with the cohomology group Hl(Wa\ T). We subdivide these three steps 
in as many propositions. 
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Proposition 3.12 There is a canonical inclusion 

i : 0ut(Go) «-»• 0ut(JVo). 

of the outer automorphism group of G0 into that of N0. 

Proof. Let us consider Aut(G0,T) = {ip € Aut{G0) : tp(T) = T), the subgroup 
of automorphisms of C0 preserving T. As (p(N0) = JVc6(^(T)) = N0 for all 
ip G Aut(G„, T), we get a canonical homomorphism $ : Aut(G0, T) -t Aut(JV0) -» 
0ut(JVo). On the other hand, we know, by Bourbaki (10, Proposition 18, p. 42], that 

Aut{Göl T)/(Aut{G0, T) n Inn(G„)) = Out(G0), 

where AUt(G01T) H Inn(G0) = {<p G Aut(G„) : Sn G N0 with <p = Cn). Thus we get 

an induced map 

Aut(G0 lT)-^0ut(/Vo) 

0ut(Go) 

We conclude by showing that i is injective. Let tp e Aut(G0, T) ; we have [<p] G keri 
if and only if ip\No G Inn(JV0). Therefore we find n G N0 such that tp\Nm = c . So 
Cn

-1 ° <P\T = idr and thus, again by a result of Bourbaki [10, Proposition 9, p. 30], 
the automorphism c"1 o ip is a conjugation by an element ( G T. Hence [p] = [c„,] is 
trivial in Aut(G0, T)/(Aut(G0, T) n Inn(G0)) Sf Out(G0) and i is injective. D 

Proposition 3.13 There exists a surjective homomorphism 

p : 0ut(/Vo) -» 0ut(Go) 

for which the injection i is a splitting, i.e. such that poi is the identity of 0ut(Go) . 

At some point in the proof of this proposition, we will need a result on finite 
reflection groups that we introduce first. 

Lemma 3.14 Let W bea finite real reflection group and let W = Wi x Wj x . . . x Wn 

be its decomposition into irreducible components. Let tp be an automorphism of W 
that preserves the set of reflections in W (i.e. for any reflection sai the element 
<p{sa) is a reflection). Then (p preserves the decomposition of W into irreducible 
components, i.e. for all i we have <p(Wi) = Wj , for some j . 
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Proof. By definition of an irreducible component, and by the fact that any irreducible 
component is generated by the reflections it contains, two reflections sa and sa> are 
in the same component if and only if there exists m reflections sai = sa,... , s0m 

such that s0( et sa,+, do not commute, for all 1 ^ i < m — 1, and such that 
sa' = s0m • • • saisai • As tp preserves reflections, the previous equivalence implies that 
<p(sa) and tp(sa') are in the same component if and only if sa et sa- are in the same 
component. • 

Remark 3.15 One cannot drop the hypothesis on tp in this lemma: the Weyl group 

of SU(2) x SU(2) has two irreducible components; it is isomorphic to the Klein group 

whose automorphisms permute the three non-trivial elements, but it contains only 

two reflections. 

Proof of proposition SJS. Let ip G AUt(W0) ; the main part of the proof consists in 
showing that the vector space automorphism V". : LT -> LT is an automorphism of 
the root diagram D(G0)- As (^1 o ̂ 2)* — (^i)- ° (¾¾)*. >t will yield, by theorem 
3.6, a homomorphism p : AUt(W0) -t Out(G0). We finally check that p factorizes 
through a homomorphism p : 0ut(7Vo) -> Out(GD) with the required properties. 

Let us show that ip, G Aut(.D(G0)) in several steps. 

Step 1: Let X G T(T); by naturality of the exponential, we have expo^,(X) = 

tp o exp(X) = e, which implies ifi,(T(T)) C T(T). As ^ , is invertible, we can 

conclude that $„ maps T(T) bijectively onto itself. 

Step 2: We derive some formulae that will be useful in the next step. In particular, 
we get that the the compatibility condition in definition 3.5 is satisfied. Let av e Rv ; 
fix an element X € LT and decompose it as X = Y+ Z , with Y G Ka v and Z € HQ . 
Explicitly, we have Y = ffv'ff, -«v , and thus 

On the other hand, we have ipt{X) = tf>m(Y) +ip,(Z), with, again by lemma 3.7, 

il>.(Y) G I^flv and ip,(Z) G H0. Therefore we have 

*{ ' (^K),*.(«v))v*1 '" 

Comparing these two expressions for ip,(Y), we get that 

(X, av) (MX),M<xV)) 
(av,av) ty.(<*v) ,M<*v)) 

, V X e i T , V û v e i i v . 
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In particular, this equality shows that the compatibility condition in definition 3.5 

is satisfied. Now setting X = ßv € Rv, we get 

IOT r n , f l \\Mßv)\\ . 
II«! IFA« )11 

where 0 = <£(av ,/3V) et 0 = Z(^(av)ltpt(ß
v)). Symmetrically we also get 

l l « v l l r n n ._ H^K)II r r n , 

For two non-orthogonal coroots a v and / ? v , these last two expressions finally yield 

K I I _ \\M<*V)\\ 
ÏVII \\M0W)\\ ' (*> 

S t e p 3: This is the longer step of the proof in which we show that ip, maps the set 

of coroots Rv bijectively onto itself. We first show that the troublesome cases are 

those where G0 has direct factors of type SO(2£ + 1) . By lemma 3.7, ip, permutes 

the directions generated by the coroots. We have also checked in step 1 that ^ , 

preserves T(T). Moreover the set of Rv is contained in the integer lattice V(T), 

and it is almost always characterized by the fact that otv is "minimal", i.e. a v is the 

element of R + a v n (r(!T)\{0}) that is the nearest to the origin. The only exception 

is the following case [55, pp. 86-87]: R has an irreducible component of type Bt 

(I ^ 1, B\ = Ai) that corresponds in G 0 , to a direct factor SO(2£ + 1), and a is a 

short root. This translates in Rv by a dual irreducible component of type Ct, with 

a long coroot a v ; in this case l /2 -a v is the "minimal" element (we will say that a is 

a strechable root). By "minimality" of coroots in all the other cases, it only remains 

to treat this exceptional case. We subdivide step 3. 

• S imple case: We can suppose that G0 is isomorphic to SO(2£ 4-1) . The case 

£ = 1 is straightforward: the integral lattice is isomorphic to Z and is preserved by 

$<,, thus the generator Ifl-oP is mapped to ± 1 / 2 - Q V , and therefore ip, preserves 

Rv = { ± a v } . If I > 1, there are two possible lengths for the coroots, and the 

factor between the norms of a long and a short coroot is %/2. The only pathological 

case that could occur is the following: a long coroot a v (i.e. one corresponding to 

a strechable root) maps to twice a short coroot. A short coroot could then map 

to either a short coroot or half a long coroot (because tf)t(r(T)) = T(T)). Now 

a v = af is an element of some basis {a ) ' , . . . , a / . , , a / } of Rv, with a / and Q)L1 

non-orthogonal. Let us write 2-/3^ = ip*{oii), for some short coroot /3/ . We apply 

(*) with Q V = a} and 0V = Q^ -1 . Distinguishing the two possible cases for the 
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length of the image of the short coroot a / , , , we get 

sß.= KII 
HaMI 

l|2-#l! 2K_J 
llfcK-iïll 110.("JL1)H m 

*m 
= 2 

which is manifestly impossible and ends up the simple case. 

• Semisimple case: The only case to check is when G0 possesses at least one 

direct factor isomorphic to SO(2£ + 1) . By the classification of connected compact 

Lie groups (theorem 1.3), we can suppose that G0 = HxG,, where G, = SO(2f+1) , 

and H = (Gi x . . . x G,_i)/A", with K a central subgroup of the universal cover H = 

Gi X . . . x Gj_i of H. This also implies the following corresponding decompositions: 

T = (Ti x . . . x Tt-x)lK x T1, with LT = LT1 © . . . © LT,_i © LT1, as well as 

N0 = (Nix ...x N,-\)fK x N,, and W0 = W1 x . . . x H ^ 1 x Wt. By lemma 

3.7, the automorphism ip :W0 —t W0 permutes the reflections, and thus, by lemma 

3.14, it permutes the irreducible components of W0 . If the factor W1 (corresponding 

to SO(2f + I)) is preserved, we can conclude as in the simple case. If not, suppose, 

without loss of generality, that ^(W1) = W„. We therefore also have ^,(LTi) = LT1, 

and we have to check that the coroots of LT\ map to those of LTt. Let us consider 

the composite homomorphism 

K : Gx <-* Gi x . . , x G,-i -»(Gi x... x G.-i)/K •-* G0, 

which factorizes through the injection a : O1 = Gi /ker« . '-t G0, with ker* central. 

By restriction, we also have a ^ , : JVi = JVi/ ker « <-• N0 , and a^ : T1 = T\/ ker K «-> 

T. Let us then consider the composition 

i>i : JV, A N0 % N0 ^ JV. , 

where p , denotes the canonical projection. 

Claim. -01 is an isomorphism. First we show that ^ i is surjective. From the 

commutative diagram 

LT1
 tt* - L T 1 ^LT> • LT. ^ ^ LT, 

Ti 
Am 

we get that ^iif, : Ti —• T, is Burjective. On the other hand, we have 

Tpoä-.W1 = Ni/fi - ¾ 1¼ -2+ W,, 
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and we deduce that im fa meets every connected component of JV,. So im ̂ i is 
a subgroup of N5 that contains T, and that meets all components, therefore it is 
equal to JV, and we get the surjectivity of ^ i . For the injectivity, we first observe 
that the situation we have just described at the level of Weyl groups implies that 
ker Ip1 C Ti - Now ip o a is clearly injective, and maps Xi bijectively onto T,. As pt 

maps T, bijectively onto itself, we get that ^1 is injective. This proves our claim. 

Then, by the theorem of Curtis-Wiederhold-Williams, <?i must be isomorphic to 

SO(2^+1), and as G\ *-» G0, the situation reduces to the exchange of two isomorphic 

factors of type SO(2£+1). We can conclude by the same arguments as in the simple 

case that the coroots of LTi map to those of LT,. Doing the same for each factor 

SO(2£ + 1), it follows that ip, preserves Rv in the semisimple case. 

• General case: It is deduced from the following classical decomposition of the 
Lie algebra of the torus: 

i r = 3(£Go)©0Ra\ 
agfl 

where B denotes a basis of the root system. Moreover, we have © a e f lKa v = 
Eaefi'^0;V • Therefore, by lemma 3.7, tf>, preserves this decomposition of LT and, 
in this case as well, maps ß v bijectively onto itself. 

Steps 1,2 and 3 together show that ^* is an automorphism of D[G0). 

Finally, it is clear that inner automorphisms of N0 act as elements of the Weyl 

group of D(G0). By theorem 3.6, this implies that the homomorphism p factorizes 

through p : QuI(N0) -+ 0ut(Go). By construction, it is also clear that the compo­

sition poi : 0ut(Go) «->• 0ut(7v"o) -> Out{G0) is the identity. This shows that p is 

split-surjective, with i as a splitting, and completes the proof. D 

Proposition 3.16 The kernel ofp is 

ker P = H^W01T). 

Proof. By definitions: 

M e k e r p <=> j # ] € W(D) 

*=> (ip+:LT-yLT\eW0. 

So we find n € N0 such that t/u = (¾)- • Clearly [ip] = fo1 o ip] € C-Ut(TV0). Now 
(c^1 o ìp), = HtT and thus c"1 o ip\T = idr • Therefore, by corollary 3.8, the induced 
automorphism on W0 is also the identity, and we can conclude by invoking theorem 
3.9 (see remark 3.11). D 

Proof of theorem S.10. Propositions 3.12, 3.13 and 3.16 clearly constitute a proof. D 
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3.4 Tits systems and related notions 

In chapter 1, we stated a theorem of Tits on a presentation of the normalizer N0 (see 

page 12). Related to it, we introduce some definitions that will be useful for explicit 

calculations of Hl{W0\T). First recall that for every a G B, we chose an element 

Qo e "aO'S1) C w - 1 ( s a ) ; also recall that q\ = ha = e x p ( ^ } . 

Definitions 3.17 

1. We will call the finite subset A = {qa)açB of N0 \ T a Tits system and each 

coset CoCjS1) = Qa'Ta a Tits circle. 

2. A pseudo Tits system is a finite subset A = {qa}aç.B such that 

) for all a G B 

• oi = Kx for all a G B 

• <iß$: I^ (j'S1) for some ß Ç B. 

The corresponding coset ç^^ (S ' ) will be called a pseudo Tits circle. 

Before introducing a few properties of these objects, we recall that for any root 

a G R, the Lie algebra of the maximal torus decomposes as LT = Ra v © Ha , where 

R a v = {X e LT : * 0 (X) = -X) and H 0 = {X G LT : s 0 (X) = X) . Also recall 

that Ta = ^a(S1) = exp(Ra v ) S£ S1 and define £/* = exp( t f a ) . For the subgroup of 

fixed points F° = {t G T : sQ(t) = ( } , it is clear that we have t/0° C f ° . By the 

decomposition of the Lie algebra, we have T = T0-U° = Ta• F", with a generally 

non-trivial intersection Ta D F ° . (The notation 1/" comes from the fact that this 

group is the connected component of an important closed subgroup Ua of T: to each 

a G R corresponds a unique homomorphism pa : LT —• S1 such that Q = (pa)., and 

Ua is defined as U" = ker pa = ker p-a .) 

Lemma 3.18 Let a G B and ( = ru G T, with rçTa andueF". Then*-i/a{j'S') 

is a pseudo Tits circle if and only ifu2 = e and u e Fa \ (Ta n Fa), i. e. 

u€Pa = {F°nS)\(Tar\Fan S) 

where S = {t CT :t2 = e) is the subgroup of elements of order 2 in T . 

Proof. Let qa G ^ ( j S 1 ) . We have 

(*¾)2 = {ruqa)
2 = ruqaruqa = u2q2

a = v?ha , 

which is equal to ka if and only if u2 = e. The lemma then follows from the definition 

of pseudo Tits systems. D 
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Corollary 3.19 For a root a G B the number of distinct pseudo Tits circles is finite 

and given by 

2 ' 

Proof. The dementa u, u' G Pa are on the same pseudo Tits circle if and only if there 

exists r e r „ such that ru' = tx. So r = uu' G Ta n S and therefore r = i/Q(±l). D 

Example 3.20 By first considering the case SU(2), we get that the matrices 

/ 0 1 
- 1 0 

?Q1 

O 

O 

Qcn-I = 

I 1 
1 / 

/ 1 

Qa, = 

0 1 

- 1 0 

O 

O 

W 

O 

O 0 1 
- 1 0 / 

form a Tits system in SU(n). The corresponding Tits circles are given by q^T^ = 

gQj-{diag(l,... ,1,Z,- = 2,Zj+I = Z" 1 ,1 1 . . . ,1) : \z\ = 1} ; more explicitly, for j = 1: 

Qa1Ta1 = 

/ O z 
" 1 O O 

1 
— Z 

O 
1 J 

4 
It is easy to check that there is no pseudo Tits circle in SU(2). Then, for n ^ 3, 
considering the subgroup of elements of order 2 in T(SU{n)) and the action of the 
Weyl group, we calculate that for a given root a , the number of distinct pseudo Tits 
circles is 

#Pa = 2n"3 - 1 . 

The "first" pseudo Tits circle thus lives in SU(4) ; for ai it is given by translating the 
corresponding Tits circle by the element t\ = diag(l, 1, —1, —1), i.e. 

UQa1Ta1 = 

{ 0 z 0 0 \ 
-z-1 0 0 0 

0 0 - 1 0 
^ O 0 0 - 1 / 

:|z| = l j . 
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Lemma 3.21 

(1) Let A — {qa}açB and A' = {?J,}QeB be two Tits systems. Then A and A' are 
conjugate by an element of the maximal torus, i.e. there exists t e T such that 
ct{qa) ^QiforallaeB. 

(2) Let A = {qa}aeB and A' — {<£,}aefl &e ̂ wo pseudo Tits systems such that qa 

and gj, are on the same Tits or pseudo Tits circle for all a € B. Then A and 
A' are conjugate by an element of the maximal torus. 

Proof By definition, (1) clearly implies (2). It suffices to check (1) in the semisimple 
case. Let us write R = {on,..., a / } . By definition there exist elements r*i e 
Taì,... , Ty € Ta1 such that ^ 1 = riqQl , . . . , ¢ ^ = reqai. We have to construct an 
element tçT Buch that 

ct{qaf) = TjQa3 <=> Uast~
l = r}qai «=> tq0ir

xq-] =Tj (*) 

for all j . We show that there exists an element X € LT such that t = exp(X) 

has the right property. Fix elements Xj G It satisfying exp(Aj-aJ) = T$ . In LT the 

equality (*) then becomes 

exp(X) exp(s0i(A"))-1 = exp^aV) <=> exp[X - süi(X)) = exp(AjaJ). 

As sai(X) = X — 2i v' tftrQj i this last expression becomes 

for all j . As Rv is a basis of LT, the t scalars defined by 

determine the covariant coordinates of a vector X e LT, and, by construction, 

t = exp(X) has the desired property. D 

3.5 Some explicit calculations of OUt(Af0) 

We want to explicitly calculate the outer automorphism group of the normalizer 
for gome connected compact Lie groups. As the outer automorphism groups of 
connected compact Lie groups are well-known and classified, it suffices to calculate 
the subgroups corresponding to non-extendable automorphisms, i.e. by the previous 
section, the cohomology groups H1IW0; T). To do so, we are going to use the Tits 
presentation of the normalizer. We start with a group-theoretic characterization of 
^(W^T). 
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Lemma 3.22 Every non-trivial element in H1 (IV0; T) is of order S. Moreover 

H*(W0; T) is finite and, in particular, 

JT 1O^T) K © Z / 2 , 
finite 

i.e. Hl(W„;T) is an elementary abelian 2-group. 

Proof. Considering if1 (W0; T) as a subgroup of Out(JV„), we know that for [ip] G 
H1IW01T), there exists a representative j> G AUt(Af01T1W0). Having fixed a Tits 
system A = {qa}açB> it is clear, from the first Tits' relation in theorem 1.7, that 
if>(qa) ia on a Tits or pseudo Tits circle, for all a G B. By lemmas 3.18 and 3.21, 
there exist elements ( G T, and tQ € Fa C\S, such that the automorphism defined 
by ij> = Ct o if> satisfies ip(qa) = taqa , for all a G B . In particular <70(0?äl = '<* a n c ' 
tl = c, and [$ = [>] G/P(W0 ;T). Now, as $ G AUt(Af01T, W0) , we have 

ï>2(qa) = tifa*) = ì>(ta)ì>(q0) = t7
aqa = qa 

for all a G B , and we can conclude that i/r is the identity. Notice that [i/»] = 

[ip] G H1 (W0; T) is completely determined by the set of parameters {ta}aeB • Since 

ta G Fa n S for each a G B, and since S is finite, the finiteness of Hl(W0; T) follows. 

D 

We proceed with explicit calculations; these will be needed in chapter 4, and, 

except for quotients of SU(n), they cover all connected simple compact Lie groups 

with non-trivial center and non-trivial group of outer automorphisms. 

Proposition 3.23 In each case let T denote the respective maximal torus. We cal­
culate: 

(i) Hi(Wo(S\}(2));T) = 0 

i Z/2 n even 
ff,(WJ,(SU(n));:r) S \ ' fornai 

[ O n odd 

f Z/2 © Z/2 n even 
(B) Hl(W0$pm(2n))\T) * I ' ' forn} 2 

[ Z/2 n odd 

(S) H1(W0(SO(2n));T) « Z/2 for n ^ 3 

(4) H^W0(E6YT) = Q. 

Moreover, each non-trivial element in these cohomology groups has a representa­
tive $ G AUt(Af0, T, W0) such that, for all qa in a fixed Tits system A = {qa}açB, 

we have $(q0) = zqa for some z G Z(N0) D S . 
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Proof. In each case we work with the standard maximal torus. We fix a basis 

B = {QI , . . . , a / } , an associated Tits system A = {q, = ftyjtyes. and write w} = 

71-(¾-) = 8Oj • The general strategy is to look for a representative ip E AuI(N0, T, W0) 

as in the proof of lemma 3.22. As two such representatives differ by a conjugation 

with an element in T, every equality in this proof will be meant up to such a 

conjugation. For tj defined by ip(qj) = ifij, we will always choose one of the two 

elements in F"* n S 1 i.e. such that Wj-tj = t,- and tj = e. A quick glance at the 

Dynkin diagram of the groups we are considering shows that, for Qj ^= CCJ , the only 

possible values for £,j- = taiaj are 2 and 3 . From this observation, we derive two 

formulae that will be used throughout the proof- They are both directly deduced 

from the second Tits relation: 

• for tij = 2 we have ^¾- = ^c,- and, as ip is an automorphism, we get 

HQÌMQJ) = (̂V>W(fc) 

tiQitjQi = tjqjtiQi 

U[Wi- tj)qiÇj = (j(Wj-ii)9j9( 

U[Wi-Ij) = tj{Wyti) 

U[Wj-U) = tj(Wi-tj) [*) 

• for ti, = 3 we have çjÇjÇi = qjQiQj and, similarly, we get 

Ip(QiQjQi) = ^[QjQiQi) 

<=> U[IVj-UK(WiWj) U) = tj(ll)i -tj)[[WjWi)-tj) (**) 

The core of the proof is then a case-by-case checking. 

(1) : We will denote a diagonal element t in S C T C SU(n) by t = ( e i , . . . , c„) = 

(e*), where et = ± 1 for all k (and of course I l ' t = !)• Recall that Wj exchanges 

the j-th and [j + l)-st coordinates on the diagonal. Example 3.20 shows that there 

is no pseudo Tits circle in SU(2) and SU(3), and therefore that H1[W0[SU[2)); T) 

and Hl[W0(S\)(3)); T) are trivial. We now treat SU(4) ; a quick analysis of the 8 

elements in S shows tha t tj = ± 1 for j = 1,2,3. Then, as £12 = 3 = £23, applying 

formula (**) yields t\ = t2 = (3 . Therefore, there is only one non-trivial element in 

H1 (W0(SU(4)); T), represented by the automorphism described in example 3.1. The 

cases n = 2,3 constitute the base steps of an induction. Consider now the canonical 
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inclusions 

5n_a = SD SU(n- 2) ^ - Sn-t = S n SU(n - l) = 5 

1 1 1 
rn_2 = T n su(n - 2) c* Tn_! = m su(n -1) c — . T 

1 1 1 
SU(n - 2) c . SU(n - 1) <= - SU(n) 

The subgroup S„_2 is of index 2 in S„_i, itself of index 2 in 5 . Define then 
u = (I 1 . . . , 1 , - 1 , - 1 , Ij and u = (I 1 . , . , 1 , - 1 , -1 ) € 5 ; we have the decompo­
sitions 

S = Sn-iUvSn-i 

- S0_a U u5„_2 LI vS„_a U uuSn-a • 

We distinguish two cases, depending on whether the automorphism ifi preserves the 

normalizer of the maximal torus in SU(n — 1) or not. 

Case 1: Vv^-oCr,.-,) G Aut(JVSU(n_,) (T^1)) 

By induction, only two sub-cases can occur. 

• Vav(„-,){r-.) = irf^su(n-i){rn_,) and thus t, = 1 for j = 1,2,... ,n - 2. For 
j = 1,2,... , n — 3, we have ^,>-i = 2 and therefore 

Il = (jftOn-r/j-) = tn-^Wytn^) 

= > fn_i = ( e , . . . ,E1Cn-I1Cn-O = ( e , . . . ,¢ ,1 ,1) . 

Similarly, f„_a,n-i = 3 and formula (**) gives on the last three coordinates 

(I1I1I) = (E1I1I)-(I1Cl)-(I1I1C)=(CC1C), 

and therefore ip = id. 

• In case n is odd, 1PiN5V(^u(Tn-,) can also correspond to the non-trivial outer 
automorphism,i.e. forj = 1,2,... , n - 2 , ^(¾-) = (¾ witht = ( - 1 , . . . , - 1 , 1 ) . 
We exclude this case using £i,n_i = 2 ; indeed, on the last two coordinates 
formula (*) becomes 

(—Ii 1)-(1,-1) = (Cn-I,En-I)-(Ct1-I1Cn-I) 

==> ( -1 , -1) = (1,1), 

which is clearly impossible. 
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Case 2: ^„ , („ .„ ( r^ , ) Ì Aut{JV8U[fl_i)(T«-i)). 

Write t„~a = (/:(.), tn-2 = (At) and tn-t = (6k). By hypothesis there exists J0 e 

{1,2,... , n - 2} such that ^ , £ £„_!, i.e. tjB = twy, with aJB G 5„_i - We claim that 

tj = VSj , with Sj G Sn-I for all j = 1,2,... ,n — 2. 

First observe that Wj-v = v for all j = 1,2,... , n - 3 and that the last coordinate of 

v is not exchanged by u;n_2 . As tjBjB±i = 3 we get, by applying (**) and inspecting 

the last coordinate on each side of the equality, that (Ja±i = VSJ0±I with s,-„±i G Sn-I • 

By induction, this demonstrates the claim. 

Now we extract information from (j,n-i = 2, for all j = 1,2,... , n — 3. For 

instance, choosing j = n — 3 formula (**) reads on the last four coordinates 

(Mn-S1 Vn-2, fin-l, - I ) " (Sn-3, 5n-2, Sn-I1Sn)-

(/4.-3. fin-2, " I , Mn-l) = (S*-2, Sn-3, Sn-I, Sn) 

=*• ( l , l , - / * » - l , - / i n - l ) = ( ^ - 2 ^ - 3 , ^ - 2 ^ - 3 . 1 . 1 ) -

Repeating the argument for the other j'e shows that the lost two coordinates of 
tj are ( - 1 , - 1 ) , j = 1,2,... ,n - 3, and that t„_i = (<5,... , S1Sn-I, Sn) • By the 
decomposition of S in cosets associated to S„_2, we deduce that, in fact, 

tj = VSj, with Sj G Sn-2 for all j = l ,2 , . . .n - 3 . 

But, since v is invariant under Wj for j = 1,2,..., n — 3, the fact that the elements 
^(¾) = vsjlj satisfy the three Tits relations implies that the elements SjÇj have the 
same property. Therefore, setting i>(qj) = SJQJ for all j = 1,2,... , n — 3, defines an 
automorphism ij> of Nsu(n-2)(Tn-2) • Again by induction, two sub-cases can occur. 

• ip = idNBUin_v(T„-3) and thus Sj = 1, i.e. tj = v for j = l , 2 , . . . , n - 3 . 
But £1,,,-2 = 2 shows that this case is impossible by inspecting the last three 
coordinates. 

• In case n is even, we can also have Sj = ( - 1 , . . . , -1 ,1 ,1) , i.e. tj = —I 
for j = 1,2,... , n - 3 . Now £j,n_2 = 2 for j = 1,2,... ,n - 4 shows that 
(n_2 = (A,... , A , - 1 , - 1 , - 1 ) . We already know that t„_i = {$,... , 5 , - 1 , - 1 ) . 
Using in-z,n-2 = 3 and checking the last four coordinates, one sees that 
t„-n = —1; then £n-2,n~i = 3, and the last three coordinates finally implies 
t„-i = - 1 . In case n is even, we therefore get one non-trivial outer automor­
phism, as described in example 3.1. This concludes the proof for SU(n) . 

The proofs of the three other cases are similar and relegated to the appendix. D 
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Remarks 3.24 

1. Explicit calculations in adjoint groups show that there exist non-trivial ele­

ments in some cohomology groups H1 ( W0; T) that are not of the form described 

at the end of the proposition. 

2. Thanks to the isomorphism Spin(4) =" SU(2) x SU{2) we know that 

Hl(W0{SV{2) x SU{2)); S1 x S1) * Z/2 e Z/2 . 

Explicitly, this cohomology group is generated by the classes of 

^ t and ^ e Aut(jV,(SU(2)) x JV0(SU^)1S1 x S1, W0(SU(2) x SU(2))) , 

entirely defined by 

tf±: JV0(SU(2)) x iV0(SU(2)) —> N0(SV{2)) x /V0(SU{2)) 
î, = (j,l) , -> ( j , - l ) 

52 = (1,j) -—> ( I . - J ) 

and 

^ T : iV„(SU(2)) x /V0(SU(2)) —• /V0(SU(2)) x JV0(SU(2)) 
¢, = 0,1) ^ . (-J1I) 
52 = (1,;) —• (-1,J) 

Recalling that J/1 (W0(S U( 2) ) ; S1) = O, this shows that passing from the simple 
to the semisimple case generates new outer automorphisms of the normalizer 
that are not just obtained from permuting isomorphic factors or built up from 
outer automorphisms of each factor. So far, we have not find a way to com­
pletely control and describe this phenomenon. 



Chapter 4 

A generalization of the theorem of 

Curtis* Wiederhold-Williams 

4.1 Formulation of the generalization as a conjec­

ture 

Examples show that one cannot generalize the theorem of Curtis, Wiederhold and 
Williams (see page 11) by just dropping the hypothesis of connectedness: SO(3) 
and 0(2) have isomorphic normalize« of maximal tori, even though they are not 
isomorphic. Other examples can be constructed if one finds a nonabelian connected 
compact Lie group G0 in which the normalizer of a maximal torus N0 is cot a maximal 
subgroup. In this case the two nonisomorphic compact Lie groups, both with a 
nonabelian connected component of the identity, having isomorphic normalizers of 
maximal tori are G0 and any closed subgroup G such that N0CG CG0; for instance 
take G — JVF4(Spm(8)) Ç F4 = G0 as mentioned in chapter 1. The exhaustive 
list of such examples in the simple case can be found in Bourbaki [10, Exercise 6, 
p. 113] (consult the paper of Borei and de Siebenthal [8] for a thorough study of 
closed subgroups of maximal rank). These examples lead us to the following natural 
question, which we formulate as a conjecture. 

Conjecture Two compact Lie groups G and G' are isomorphic if and only if the 
normalizers of their maximal tori (N, N0) and (N', N0) are isomorphic as group 
pairs, i.e. if and only if there exists an isomorphism p : N -* N' giving rise to the 
commutative diagram 

N0 c . N « NfN0 

*\p =\p *\? 
N'0 c N' " N'/N'0 

49 
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This chapter is dedicated to show how far we could go in solving this conjecture. 

4.2 Reconstructing G from the inclusion N0^-N 

One way to prove the original Curtis-Wiederhold-Williamfl theorem is, given the 
normalizer JV0 of a maximal torus, to first construct a connected compact Lie group 
with normalizer N0 and then check that starting from an isomorphic normalizer 
yields an isomorphic connected compact Lie group. Our general strategy for trying 
to solve the conjecture is the same; the method, however, is quite different from the 
original one in the connected case. We start by comparing the set of equivalence 
classes of extensions corresponding to G with that corresponding to N. Fix the 
normalizer Ar

0 of a maximal torus T in a connected compact Lie group G0, and a 
finite group r . We will denote by 

£LU(T,N0) 

the subset of the set of equivalence classes of extensions £(T, N0) corresponding to 

classes having a representative element N0 •-• N -*» T that is the normalizer of a 

maximal torus in some compact Lie group G. Clearly, the subset EiAe(T, N0) is the 

relevant one in our problem; we first aim at finding a way to describe it. Since the 

extension JV0 «-> N -» T is a normalizer in G, the "outer action" homomorphism 

8 : F —• Out(N0) comes, by restriction, from an "outer action" on the connected 

component G0 of G, i.e. there is a commutative diagram 

where 0ut(Go) •-* 0ut(iVo) is the canonical injection of theorem 3.10. We now 
fix a pair of homomorphisms 6 and <p as in this last diagram. Recall from propo­
sition 2.4 that there is a bijection Hl(T; Z(G0)) « £{r,G0,yO ; similarly, we have 
Hg(T; Z(N0)) « £(T, N0,6), since taking the normalizer of a maximal torus in the 
semidirect product G0 *,0¥> T, where 3 denotes a section of Aut(G„) -» Out(GD), 
shows that £ [T, N0, B) is not empty. 

Remark 4.1 As a principal subgroup of rank 1 associated to T contains a regular 

element, every automorphism a = s(a) in the image of the section s associated to 



4.2. Reconstructing G from the inclusion N0*-* N 51 

this principal subgroup (see theorem 1.12) globally preserves T. Moreover a fixes HT 

pointwise, thus a, fixes the associated principal diagonal D(B) in LT. From this we 

deduce that both Weyl chambers containing D(B) are globally preserved. Therefore 

the induced automorphism a' on LT" preserves the basis B and a, preserves the dual 

basis Bv. The subgroup of automorphisms having this property will be denoted by 

Aut(G0,T, Bv). Summarizing, the section s associated to a principal subgroup of 

rank 1 yields, by restriction, a commutative diagram 

Out N0) — AUt(Wn, Bv) 

0ut(Go) — A u t ( G o i r , B v ) 

In particular, there also exists a class in £(T1N0,9) represented by a semidirect 

product, namely by N0 xto6 T. 

Before giving a description of £LÌB(V,N0) , we introduce more notations. Recall 
that the centers of G0 and JV0 coincide except on direct factors of type SO(2f 4-1) 
(theorem 1.8); decomposing the connected component as G0 = G0 x G\ where all 
such direct factors are gathered in G0, we also have corresponding decompositions 
for the torus and for its normalizer, i.e. N0 = N* x N0*. Thus we get two extensions 

Z(G0) = Z(Nl) ^ Z(N0) = Z(Nl
0) © 2(JV0

2) % Z(Nl) = Z/2 © . . . © Z/2 

and 

Z(Nl) * Z(N0) = Z(Nl) © Z(K) " Z(G0) = Z(Nl) • 

As the "outer action" preserves these decompositions, we get, by restriction to the 

centers, a commutative diagram 

0ut(tfo) — AUt(Z(G0)) x Aut(Z(/V2)) ^ * Aut(Z(/VD)) 

0ut(Go) AuI(Z(G0)) 

We define Ç by 0(7) = »"(0(7)) = (¢(7),^(7)) (£ is the restriction to the center of 
N% of the "outer action" on G^). The fact that the "outer action" preserves the 
decomposition Bays that the two above extensions are short exact sequences of T-
modules. 

Lemma 4.2 The maps induced in cohomology by the inclusions of centers yield the 
decomposition 

HmZ(N0)) = ÌU(H*(T; Z(G0))) ©i 2 . ( t f | ( r ; Z(JV0
2))) 

2 H%(V; Z(G0)) ® Hi(V-Z(Nl)). 
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In particular, we have 

* W r , N019) « im (i„) 2 / / | ( r ; Z(G0)). 

Proof. The long exact coefficient sequence (15, Chap. Ill, Proposition 6.1] gives 

.. . - > Hl[T- Z(G0)) - ¾ Hi(T; Z(N0)) - ^ Af(T; Z(Nl)) - > • • • 

and 

.. . —> J5T|(rj Z(Nl)) - ^ Af(T; 2(JV0)) - ^ Aj(T; Z(G.)) - > - - • 

By functoriality, wehavepi.oii, = idtì*(r;Z(Ga)) and P2*°t2. = tdtf»(r;Z(«2)) • There­
fore pi, and pa, are both surjective and iu and i2, are corresponding splittings. 
This shows that the above two parts of long exact sequences are in fact split exten­
sions and gives the decomposition announced in the lemma. Finally, by definition 
£Lie(r, N0,8) corresponds to im(t l t) . D 

Applying these observations to all "outer action" homomorphisms 8 : T —• Out(JV„) 

that factorize through Out(<?c) proves that we have the following identification: 

Corollary 4.3 

£ue(r, N0) « U *3(r; Z(G0)) « €(r, G0). 
veHom(r,Out(ff0)) 

The proof of lemma 4.2 shows that, starting from an extension class u cor­

responding to the normalizer of a maximal torus in a compact Lie group, it is 

possible to recover the extension class corresponding to the group: it is given by 

Pu(u) £ ff|(r; Z(G0)). We now state this as a proposition and give an explicit and 

"constructive" proof. 

Proposition 4.4 Given the group pair (N, N0) corresponding to the normalizer of 
a maximal torus in some compact Lie group G, one can reconstruct G, up to equiv­
alence of extensions. 

Proof. Starting from the inclusion N0 «-> N, the theorem of Curtis-Wiederhold-
Williams gives the connected component G0 of G and thus its center Z0 — Z(G0). 
So we get the inclusions Z0 C T C N0 C G0 . 

The "outer action" homomorphism for G is easily recovered. Indeed, the given 

inclusion trivially yields the corresponding extension 

N0^N -» r = AVTV0. 
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Thus we get the homomorphism 9 :T -¥ Out(jV„) that factorizes, by hypothesis, as 

in the commutative diagram 

OUt(JV0) 

Out(G0) 

where \p is the homomorphism we were looking for. 

We proceed with the central idea of the proof, which is to pass to the adjoint 

group of G0, i.e. the connected compact Lie group G0 = G0JZ0. Observe that Z0 

is normal in the compact Lie group G that we try to reconstruct and therefore also 

in N. The extension corresponding to G gives rise, when passing to quotients, to 

an extension G0 *-> G = GjZ0 -» T. Since Z0 is characteristic in G0, there is 

a natural homomorphism 0ut(G o ) —t 0ut(Go) which leads to the homomorphism 

q> : r -¾ 0ut(G<,) -* 0 u t ( G o ) , As the center of G0 is trivial, by theorem 2.4 there 

exists, up to equivalence, a unique extension of T by G0 giving rise to tp , namely 

G S O0 x »aß r , where s is a section of the canonical projection Aut(G„) -» 0ut (G o ) , 

chosen as in theorem 1.12. Moreover, by taking the quotient of the given normalizer 

extension by Z0 one gets another extension N0 = N0(Z0 <-4 N = N/Z0 -» F that is 

split. To see it, let us consider the maximal torus T — T(Z0 in G0 . We claim that 

N0 = NQ11(T) and N = NQ(T) . The proof is straightforward and we only show the 

first equality: 

ü€NGo(T) 
n = gZ0, g e G0: 

gZ0 • IZ0 • g'lZ0 = gtQ~lZ0 e f , V( e T 

fl = 9Z0, g G N0 

«=> fi € N0(Z0. 

Now by theorem 1.10 there is a commutative diagram 

ic . z — L _ r 

1 1 I 
jv0 c . /v « r 

i i Il 
G0 c G » r 

where each row is a group extension. Thus p is an isomorphism and v — p - 1 is the 

desired Bection. 
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The last part of the reconstruction of G consists in taking the pullback of the pair 

of morphisms (u, TT) : 

Z0 = Z0 

] ] 
N 

v 
Vc . W 

The universal property of the pullback shows that, up to equivalence, this is the only 

extension fitting in the above commutative diagram. Moreover, as principal sub­

groups of rank l i n a connected compact Lie group are all conjugate [18, Théorème 2, 

p. 252|, it implies that, again up to equivalence, P does not depend on the principal 

subgroup chosen to get the section s. Now suppose we know G, then it must fit into 

the commutative diagram 

Z0 = Z0 c W0 c . G0 

T i l l 
N Nc -G 

1» ! ! 
N ~ r r 

Since v is a section we get a East commutative diagram 

Z0 c . p „ r 

1 1 I 
G0 c » G « r 

So we have enough data to actually reconstruct a unique extension corresponding to 

G and conclude the proof (invoke theorem 2.6 or apply the construction described 

in remark 2.11, 3). D 

4.3 Problem of invariance under isomorphisms of 

group pairs 

At this stage, one has to be careful not to conclude that the conjecture is solved; the 

fact that the reconstruction process is well behaved with respect to isomorphisms 

of the pair (N, N0) has yet to be proved. Let p : Nu -» Nv be an isomorphism of 

normalizes of maximal tori that fits in the commutative diagram 

TV0 c . Nu r 

*\lp = p sip -Jp 
« c . W .. r 
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Let $u and 9V be the corresponding "outer action" homomorphisms, both with image 
in Qut(G0) <-4 Out(JV<,). Let A11 and hv be representative cocycles of the classes 
u e i î | (r; Z(N0)) and v € H^(T; Z(N0)) corresponding to the extension associ­
ated to JV1, and JV„ . Let Gü and G„ denote the.compact Lie groups correspond­
ing to Nv and Nv. To solve the conjecture, we have to show that Gu and Gv 

are isomorphic. By theorem 2.8 in chapter 2, we can tell when two compact Lie 
groups are isomorphic from the knowledge of the corresponding cohomology classes. 
Now we also have, by corollary 4.3, a bijection £ue(r,N0) « £(r,G0). Therefore 
Out(G„) x Aut(r) acts on S[Ae(F, N0) by carrying, through this bijection, the action 
described in lemma 2.7. Clearly, two extensions in the same orbit correspond to 
isomorphic normalizers. Showing that the converse is true would prove the "general­
ized Curtis-Wiederhold-Williams theorem". These considerations, together with the 
decomposition 0ut(iVo) S Hl(W0;T) x Out(G0) and the description of HX(W0;T) 
in lemma 3.22, Bhow that the situation we consider can be reduced as follows: 

Lemma 4.5 The conjecture is true if it holds for all isomorphisms of the pairs 

(Na, Na) and (NV,N0) that fit in a commutative diagram 

T c /V0 c * Nu ~ r 

Il - I ^ " I " I 
T c N0 c . Nv » r 

with [̂ ) € Hi(W0; T) and 02 = idNa . 

Remark 4.6 We give another interpretation of the problem of invariance under 
isomorphisms of group pairs, Both Out(G0) x Aut(r) and OUt(N0) x Aut(r) act 
on £ue(r, N0) ; to solve the conjecture, it suffices to show that there are no less 
orbits for the action of OUt(N0) x Aut(P) than for the action of Out{G0) x Aut(F). 
Obviously, the "generalized Curtis-Wiederhold-Williams theorem" is false if there 
exist two non-isomorphic compact Lie groups having isomorphic pairs of normalizers. 
In this case, when the projection h/i] e Out(/V„) of the restricted automorphism ^ of 
N0 is decomposed according to Out(/V0) ^ H1I1W0; T) x Out(G0), the component in 
H1CW0; T) is necessarily non-trivial. 

4.4 Extension of automorphisms 

We want to study more carefully the isomorphisms p that appear in lemma 4.5 and 
derive Borne conditions under which the conjecture is true. Suppose for a while that 
we look at the problem from another viewpoint. Namely, suppose we are given the 
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automorphism ip : N0 -* N0 and asked if it can be extended to an automorphism p 

as in the commutative diagram 

J V o c NU r 

N0 c . JV11 » r 

If p exists, then the corresponding compact Lie groups Gn and G„ are isomorphic. 

Indeed, in this case we have 

N0 c - Nv r 

N0 c - Nu » r 

- U -\t> I 
Af0 e * NV » r 

and therefore u = v and we can conclude that Gu ^ G0. We have proved the 
following lemma: 

Lemma 4.7 If the automorphism \p in lemma 4-5 can be extended to an automor­
phism of Nu then Gu 3* Gv , i.e. the conjecture is true in this case. 

The following easy observation will be useful. 

Lemma 4.8 Let E = K x Q be a semidirect product; let k e K and q € Q • If 

Cfc(ç) = kqk~l is an element of Q then ct(q) = q. 

Proof. As K < E, we have c*(ç) = kqk'1 = kqk~1q~lq = k'q, with k1 E K. But, 
by hypothesis, Kq e Q and therefore k' Ç K HQ, which is reduced to the neutral 
element. D 

Lemma 4.9 In the reduced situation depicted in lemma 4-5, 9U and9„ are equal, 
and, for 9 = 6U = 6V, we have 

In particular, for this reduced situation, u and v are classes in the same cohomology 
group Hl(F; Z(N0)). 

Proof. As in lemma 2.7, a direct computation shows that 0,,(7) = C[^(9u(y)) for 
all 7 e r (i.e. 9V = Cty] 0 $u). By hypothesis, 0U(7) and 0,,(7) are both ele­
ments of Out(G0), and [i>] is an element of Hl(W0\ T). Recalling that OUt(Af0) 9* 
H1 (W0, T) x 0ut(Go), we deduce, by lemma 4.8, that [ip] centralizes 0„(r) and 
therefore 6U = 9V . D 



4.4. Extension of automorphisms 57 

Proposition 4.10 Suppose that the connected compact Lie group G0 corresponding 
to N0 is of adjoint type, i.e. Z0 is trivial. Then the conjecture is true. 

Proof. It suffices to show that this holds for the reduced situation of lemma 4.5. As 

Z0 is trivial, every cohomology group appearing in the description of EiAc(T1N0) in 

corollary 4.3 is trivial. Therefore, by lemma 4.9, u = v and we can conclude that 

GU<*GV. O 

For a fixed section s as in theorem 1.12, recall that there is a commutative diagram 

— AUt(JV0) 

Out(G0) —Aut(G 0 [ T) 

We will write a = s o 8 and c, = (7(7) for 7 G F. Recall from chapter 2, page 19, 
that the extension corresponding to Nu is equivalent to [N0 <-4 JVhii -» T], where 
Nhu is the set N0 x V with multiplication 

(".7) *K (n\V) = (n.<7,(n')-M7. V),7-V) • 

The same holds for JV„, replacing hu by hv . 

We will denote by Autp(JVu, Nv) (where "p" stands for pathological) the set of 
isomorphisms of /Vu to Nv that induce an automorphism ij) of N0 satisfying 

(1) Vir='dr. 

(2) rJ>2 = i d N e , 

(3) M e H\W.\ T) n Z0^t(W0)(W) = H\W0; T) n ZoutwMn) . 

Definition 4.11 An automorphism iji of N0 satisfying conditions (1) and (2) and 
such that [̂ ] is a non-trivial outer automorphism will be called exotic. 

Lemma 4.12 There is a bijection between Autp(Nu,Nv) and the set of normalized 

maps 
f : r —> S2 = {t E T : t2 G Z(JV0)) C T C JV0 

such that 

(i) the map 

r x r ^ Z(N0) 
(7,7') —• ^ ( / (70) - / (77 ' ) - 1 - /^ ) 

is equal to the cocycle hu-k'1, i.e. represents the cohomology class u — v € 

HKT; Z(N0)); 
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(U) for ally G T we have 

IpOa1O ip~l = ¢ o O1 o ip = c/(7) o CT7. 

Explicitly, the bijection is given by 

/ — » ((n,7)-> (¢(")/(7),7)) G A u t p ^ . i V ^ . 

Proo/. Let p e Autp(7Vu, W„). We proceed in several steps to show that p is defined 

by a function / as stated. 

Step 1: As ip induces the identity on W0, p can be written as p(n, 7) = (p7(n), 7) 

for some maps P1: N0-* N0 denned for all 7 e P. Since p induces $011N0, we have 
in particular pe = rp. Decomposing an element in Nv as (n, 7) = (n, e) *hu (c, 7), we 

calculate 

p{n,7) = p{{nìe)*hu{eìf)) 

= *i(*i «) **.*>(«. 7 ) 

= (^),e)*ho(p7(e),7) 

= (^K(P1(C))Me, 7), 7) 

= (<P(n)(h(e),y) • 

Therefore, denning j :T -* N01 71-4 /(7) = p7(e), we get 

p(n,f)= (¢(")/(7),7) 

with /(e) = e. 

Step 2: We derive a formula which will show that / satisfies (t), and later (ü). On 
one hand, we have 

/>((«. 7Ï **,<*', V)) = P ( W > 0 M 7 , V ) . T V ) 

= (*(w7(»')M7,V))/(7V). li) 

= (*(n)#r 7 (n ' ) )M7, V)/(7. V), TT*) 

because ^ is the identity on the center Z(N0). On the other hand, we have 

p(«,7)*„Bp(n',V) = (tf(n)/(7),7)*h.fa(n0/CV),V) 

= ( ^ ) / ( 7 ) a 7 W n ' ) / ( 7 0 ) M 7 , V)1TV) • 

These two expressions being equal, we get 

¢ (^¢"0) / (770^(7 , V) = / (7KW(n0/<V))M7, V) (H) 
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for all n' e W0,7, Y e F. In particular, for Y = e, it becomes 

#M"')>/(7) = /(7KW"')) Vn'e w0]7 e r 
<==• WoffT)(n') = /(7)(^0^)(^)/(7)-1 Vn'GW0l7er 
* = * • IpOO1 = Cf1OO1OIp V 7 G T 

«=>• ^ 0 (T7 0 ^ - 1 = C/T 0 <r7 V 7 6 r , 

which is condition (it). 

Step 3: We check that / ( r j C T. For all 7 G T condition (it) gives 

{ipooyorp)(t) = (c/,oa7)(t) V ( e r 
=̂J- ay{t) = ch[a(t)) V i e r 

«=> t = ch{t) V i e r 

because \p is the identity on T and (T|r e Aut(T). Therefore /(7) is in the centralizer 

ZjV0(T) of T which ÌB equal to T. 

Step 4: For n' = e, formula (H) becomes 

/ ( r / ) M 7 , V) = / (7K( / (7 ' ) )M7 ,7 ' ) , 

which is equivalent to condition (t). 

Step 5: Finally, we show that /(7)2 e Z[N0) for all 7 e T. Let n = p~x € 

AiUp(JV11, Nv); by the first steps we have 17(11,7) = (VKn)s(7)»7) for some map g : 

r -¥ N0. For all n and 7, we calculate 

(n,7) = ip'1 ° p)(n,f) 

= ^('/'(")/(7),7) 

= (M(n)/(7))ir(7),7) 

= (^(/1)^(/(7))5(7),7) 

= ("/(7)0(7),7)-

Therefore 9(7) = / ( 7 ) - 1 for all 7 e F. Now g satisfies condition (ri), so we get 

CfIy)-I O (T7 = Cff(7) Oa1=IpOCTyOIfI = CfI1) O Q1 

for all 7. This implies that Cf^t ~ id^, and ends up step 5-

Conversely, given a map / : T - t Sz satisfying (i) and (H), a straightforward 
computation shows that 

((«,7)-> (^(")/(7),7)) eAutptJV^AT.). 

D 
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Remark 4.13 For u = v, this lemma is a particular case of a lemma in Wells' paper 

[70, p. 191]. 

Corollary 4.14 There exists p £ Autp{ JV141 JV0) if and only if there exists p? G 

AiAp(N*, N*), where v! = 0 and v1 = v - v. in H$(r-, Z(N0)). 

Proof. Let p € Autp(JVU]JV„) with induced automorphism x}>. The corresponding 
map / satisfies condition (H) of lemma 4.12, which does not depend on the cocyles 
u and v in Hg(T; Z(N0)). Now f also satisfies (t), which only depends on the 
difference u-v. Therefore, f defines an isomorphism p' € Autp(AV, Nv>), inducing 
the same automorphism tp, for all pairs of cocycles u', v' € Hg(T; Z(N0)) such that 
ti' — v1 = u—v . The other direction is treated symmetrically and the corollary follows 
as a particular case. G 

Corollary 4.15 Let p G kutp(NUiNv) and tp = p\na e AUt(W0), Suppose there 
exists an exotic automorphism rj G [i/»] and a section s fitting in the commutative 
diagram 

a : V - Out Af0) * Aut JV. 

Out(G0) — Aut(G0, T) 

such that rj e ^AUt(JV1,)(ff(n) • Then u = v, i.e. the extensions corresponding to Nu 

and Nv are equivalent. In particular the corresponding compact Lie groups Gu and 
Gv are isomorphic. 

Proof. By hypothesis, n commutes with every a7 . Therefore condition (H) in the 
lemma implies that the map / : T -* Sz corresponding to n has its image in Z(N0). 
In this case, (i) exactly says that h^-h'1 is a coboundary (see page 19), and thus 
u = v. D 

Remark 4.16 The section a in this corollary does not necessarily have to be asso­

ciated to a principal subgroup of rank one. 

4.5 Cases where the conjecture is true 

From what has been done in the previous sections, we already know that the "gen­
eralized Curtis- Wiederhold-Williams theorem" is true for particular cases. We now 
summarize the situation, and go one step further by showing that the conjecture is 
true in the simple case. 
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Theorem 4.17 In the following coses, the conjecture is true: 

(1) the automorphism ip is the restriction of some automorphism of G01 i.e. 

[i>] G 0ut(G o ) A OUt(JV0) ; 

(2) the connected compact Lie group G0 corresponding to N0 is of adjoint type; 

(S) the connected compact Lie group G0 corresponding to N0 is simple. 

Clearly, point (1) in the theorem follows from lemma 4.5, and point (2) is propo­

sition 4.10. The rest of this section is dedicated to prove point (3). The proof will 

be based on corollary 4.15 and on case-by-case checking using the classification of 

connected compact Lie groups and the calculations of H1 (W0; T) done in chapter 3. 

More precisely, we will consider pairs of automorphisms tp, a of the normalizer N0, 

such that ip is exotic and [a] G Out (G 0 ) . By lemmas 4.5 and 4.9, cases for which 

[ip] o [o-] o [ip]'1 T̂  [a] will not have to be considered; if, however, [i/>] o [o-] o [ip]'1 = [CT] 

we will show that well-chosen representatives commute in AuI(Af0) and that corollary 

4.15 can always be invoked to conclude. 

Before actually proving point (3) we reduce the cases to be checked. If 0u t (G o ) 

or H1 (W0', T) is trivial, corollary 4.15 clearly holds and point (3) follows. If G0 is 

centerless, then point (2) gives the conclusion. Therefore, from the classification 

of connected compact Lie groups and from proposition 3.23, point (3) is verified for 

Go = G3 , F 4 , E 6 , Er , E8 , SU(2) , SU(2n+1) , Spin(2n+1) , Sp(n) , sSpin(4n) (n ^ 

3 ) , and all their quotients except for SU(2n + 1). The remaining cases are: SU(2n) 

and possibly quotients of SU(n), SO(2n) and Spin(2n) for n ^ 4 (recall that the 

triality principle implies sSpin(8) ^ SO(8)). 

We now provide several lemmas needed to establish (3) for the remaining cases. 

Lemma 4.18 Let a € Aut(JV0) such that [a] € Out(G„). Then a preserves the set 

of Tits circles. 

Proof. This is a direct consequence of the unicity, up to conjugation by an element 

of S1 C SU(2), of the homomorphisms va : SU(2) - • G 0 . D 

Let us fix a basis B of the root system associated to the maximal torus T c G0. 

Denote by Bv the dual basis and choose an associated Tits system (see page 41) 

-4 ~ {?«" = Qa) aea • 

Lemma 4.19 Let tp be an exotic automorphism defined by tp(qa) = zqa , for all 

qa G A, for some z € Z(N0) D 5 . Suppose a G AUt(AZ0) satisfies a(A) = A and 

o(z) = z , Then ip and a commute, i.e. ipoo oxp = ipoo* o ip'1 = a. 
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Proof. The automorphisms ip and o clearly commute on T. It then suffices to check 

that ip o o o ip = a on A. But this follows from a straightforward computation. 

Indeed, let qß = o~(qa), then 

ipoo-oip(qa) = ip(a(ip(qa))) - ji(a(zqa)) = ^(2%0 = tf(*Mw) = ^q8 = Qß = <Kfc») • 

D 

Lemma 4.20 Let a € Aut(JV0, B
v) such that [a] e Out(G0). 77ien there exists 

t e T such that 

for all av 6 5 V . 

Proof. By point (iii) in lemma 3.7, we know that o(qav) = n , with 7r(n) = S(,,(av) e 
W0. Now, by lemma 4.18, n is on the Tits circle in Jr~'(s0.(av)). The conclusion 
then follows from the fact that Tits systems are conjugate by an element of T (see 
lemma 3.21). D 

Corollary 4.21 Let G0 be vnthout factors of type SO(2£ + 1 ) . If Out(G0) is cyclic, 

then the section s in the following commutative diagram 

OUt(N0) — Aut N0) 

OUt(Go)-AUt(G0 1T) 

can be chosen such that every u in the image of s globally fixes the Tits system A. 

Proof. By remark 4.1, there exists a section a such that 5 V is preserved. Let a be 
a generator of s(0ut(Go)). By the lemma there exists t £ T such that à = ct o a 
preserves A. To prove the corollary we have to show that the order of à is equal 
to the order of a. Now if om is the identity, we have aft = aft = id\T • Moreover 
5m(q,av) = ç<rr(Qv) = fc>v f°r al' av € Bv . Therefore dm is the identity on N0. By 
a result of Bourbaki [10, Proposition 9, p. 30], âm must be a conjugation by an 
element in Z(TV0) = Z(G0). D 

Recall that Out(Spin(8)) = {[a], [T]) 2 E3 , for some elements [a] of order 2 and 
[T] of order 3. The next lemma will give a description of the triality on the normaiizer 
of the standard maximal torus in Spin(8). In fact, a description of a representative 
T of (T] on a Tits system and on the center Z(Af0(SpIn(S))) = Z(Spin(8)) will be 
good enough for later use. Recall that T(Spin(8)) consists of the elements 

(cosii +eie?siniijfcosrj + e3e4sinx2) -"(cosi* +67CaSmI4) 
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in Spin(8). A basis of the Lie algebra LT{Spin(8)) = K4 is given, in the Clifford 
algebra C^(R8), by (^1 = eie2,V2 = 6364,1¾ = ebeo,vt = e7e8} and the exponential 
map is defined by ee«-»*»f' = cost + Ctj.^jsint. One checks that a basis Bv of the 
coroot system of LT(SpJn(S)) is given in (¾} by 

Q^ = (-1,-I1O1O1) 

c4 = (1,-1,0,0,) 

ai = (0,1,-1,0) 

<tf = (0,0,1,-1). 

By corollary 4.21, there exists r e m S{[T}) e Aut(N0(Spin(8)), £ v ) such that 

<*V2 

Let {gì, gì, Ç3,54} be the Tits system associated to Bv. 

Lemma 4.22 The action of T on {qi,Q2,Q3,Q*} " given by 

12 ^ gi ^ Q i 

Qs 

Moreover, for the non-trivial elements of the center o/Spin(8), we have 

— 11—ì a = eleîe^e^e5e6e^e& t-̂ + —a = —eie2e3e4e5efle7CB <—> —1 -

Proof. The assertion about the Tits system follows from lemma 4.20. Now the action 
on the center can be computed using the explicit description of the automorphism 
Tt of LT(Spin(8)). By linear algebra it is given, in the basis {VJ} , by the matrix 

u-\ 
/ _ 1 _1 - 1 1 \ 

1 1 - 1 1 
1 - 1 1 1 

V - i 1 1 i y 

The element w = Cie27r is mapped to —1 by the exponential map. We thus have 

-r(-l) = T 0 exp(iu) = exp(r,(w)). 

Straightforward computations give Mw = £(—w,Tr1Tr,-TT) and T{—1) = eMw = a = 

Ci ¢26364e5e6e7e8 • In particular, this implies that the orbit of —1 under the action of 
T has three elementB and give the conclusion. D 
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For SU(n), n ^ 3 , the theorem will follow from the next lemma. Let K C 
Z(SU(n)) be any central subgroup and QSU(n) = 0(SU(n)) = SV(n)/K be the 
associated quotient group. It is easy to check that a representative of the only non-
trivial outer automorphism [u] € Out(SU(n)) S Z/2 of SU(n) is given by complex 
conjugation, i.e. 

a : SU(n) —• SU(n), g •—> g. 

Clearly a fixes pointwise both the Tits system A associated to the standard maximal 
torus JT(SU(Ti)) described in example 3.20 and the Bubgroup S of elements of order 
2 in T(SU(n)). As a preserves any central subgroup, we also get that the only outer 
automorphism of QSU(ra) is given by 

• : Q SU(n) —> Q SU(n), [5]—•[$]. 

Now we can take for the Tits system associated the standard maximal torus QT = 

T(QSU(Ti)) = #T(SU(n))) the image QA = ${A) of A under the quotient map. 

Let SQT denote the subgroup of elements of order 2 in QT. 

Lemma 4.23 For any central subgroup K, the automorphism J fixes pointwise both 
the Tits system QA and the subgroup SQT • 

Proof. The first assertion is clear because QA = <j>(A) and a fixes A pointwise. 
If K n SQT = {1} the second assertion follows because SQT = 0(5) in this case. 
Otherwise, KTi SQT = {±1}- Let w = e2,ri,k-l be a generating element of K 
and m the integer such that mk = n. The subgroup of elements of order 2 in 
QSU(n) decomposes in two cosets SQT = <j)(S) U [C]-^(S), where one can choose 
C = diagfe2""2*, e2**'2k,..., e*"*/2*, (-l)"»e™/») € SU(n). To conclude it is enough 
to check that <T'[(] = [¢). Now J[C] = [o(0] = [<-1], and we are finished because 
Cs = u e K shows that [C] = [C"1]. G 

Proof of theorem $.1T. It only remains to check point (3) for the cases we described 
previously in this section. Let ip, a € AuI(N0) such that ip is exotic and [a\ G 
OUt(O0) • 

Case 1: QSU(n) for n ^ 3. We can choose the exotic automorphism tf> such 
that each qa € QA is mapped to taqQ for some ta € SQT- NOW, by lemma 4.23, 
the automorphism J is the identity on QA and on SQT . A simple variation on 
lemma 4.19 shows that Tp and J commute and we can conclude this case by invoking 
corollary 4.15. 

For the remaining cases, we know by inspection of the results of proposition 3.23, 

that the non-trivial outer automorphisms in H1 (W0; T) are in bijection with the 
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central elements of order 2. Each one can be represented by an exotic automorphism 

ipz given by $x{qa) = zQa, with z £ Z(N0)C\S = Z(G0)OS. For each CT, we choose 

a section s as in corollary 4.21. 

Case 2: SO(2n) for n ^ 4 . Obviously the only non-trivial central element z = —1 

is invariant under any automorphism. This case then follows from lemmas 4.19 and 

4.15. (Recall that Out(SO(2n)) = <[<r)} =" Z/2 ; we could also treat this case explicitly 

by working with the representative a = CE , where E = diag(—1,1, . . . , 1) e 0(2n)) . 

Case 3: Spin(2n) for n > 4 . Recall that Out(Spin(2n)) = {[<r]) = Z/2 for n ^ 5 . 

We subdivide this case: 

• Tp-x: since a preserves z = — 1 , we can conclude as in case 2 (except for n = 4). 

• for n even we also have ip±a: we are going to show that these two automorphisms 

do not centralize [a\ in Out(iV0). The automorphism a permutes a and —a (this 

is easy to check with [c„,] = [a], where ei e Pin(2n)). Let qa be an element of A 

that is fixed by a (two elements in A are permuted, the other ones being fixed). 

Then a straightforward computation gives ip±a o a o if>^l(qa) — -O1Q0 = ~q0 . 

A quick glance at the TitB circle in the appendix shows that —qa is not on a 

Tits circle. Therefore, by lemma 4.18, [ipaoo o ^i"1] is not in Out(G 0 ) . 

• for n = 8, we must also consider the outer automorphism [T] G Out(Spin(8)) 

of order 3. We choose the representative r given in lemma 4.22 . We now check 

the effect on the fixed element Ij3 in A. Again we compute 

. $-i o T o iftZifa) = -aqa, 

. ipaOTOiP;l(q3) ~ -q3, 

. Tp-aOTOiPzo{qz) = - ? 3 -

None of these images is on the Tits circle (in fact, as explained in the appendix, 

the Tits circle associated to q$ is {(cost + e3e« sin()(cosr- — e5e6sint) : ( e R} 

and the element of order 2 is —e3e4esee). Therefore if ^ is an exotic auto­

morphism, the "outer action" homomorphism must necessarily be contained in 

([<?]) C Out(Spin(8)) and we can conclude as in case 2. 

D 

4.6 Reduction to semidirect products 

We extract from sections 4.3 and 4.4 a reformulation of the critical situation for the 

conjecture in terms of semidirect products. Let w : AUt(G01T) -» 0ut (G o ) denote 
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the canonical projection. 

Proposition 4.24 The conjecture is true if and only if the following situation never 

holds: there exist two homomorphisms 0\, ai : T -¥ Aut(G0, T) such that tp = JTOa1 = 

TT o CT2 , and an isomorphism of pairs of normalizers 

P • N[0] = N0 *„, r—*Nv = Ntt »at r 

such that 

. v * (O] G i.(H2(T, Z[G0))) C H\V, Z(N0)), 

Proof. By lemma 4.5 and corollary 4.14, if the conjecture does not hold there exists a 
situation as depicted in the statement of the proposition. Conversely, the hypothesis 
v =£ [0] implies that p.(v) / p.{[0]) = [0] G /f2(r, Z(G0)), So the corresponding 
extensions Z^ = Z0 xffl T and Zp^v] are not isomorphic. But they correspond to 
centralizers of principal subgroups of rank 1 in G[0\ and Gv. Therefore these latter 
groups cannot be isomorphic even though their normalizers are isomorphic as pairs 
of groups. This concludes the proof. Q 

Remark 4.25 A different approach for trying to solve the conjecture is to find 
in the normalizer iV subgroups that play the same role as centralizers of principal 
subgroups of rank 1 do in the compact Lie group G (these are difficult to describe as 
subgroups of N and are not exactly the appropriate ones if the centers of N0 and G0 

do not coincide). In fact, we can show, by a careful comparison of the approaches 
of de Siebenthal and of Bourbaki for finding a section of AUt(G0) -» 0ut(Go) {[18, 
Théorème, pp. 46-47] and [10, §4.10.]), that the subgroups we are looking for are 
normalizers of a fixed Tits system A in the extended maximal torus Q C N . To 
solve the conjecture, it would suffice to show that such subgroups are preserved by 
isomorphisms of pairs of normalizers. This approach is essentially a reformulation 
of what has been done in the present chapter, however having it in mind might be 
useful for solving the conjecture in all cases. 



Chapter 5 

Normalizers and classifying spaces 

In the beginning of the '90s, Mislin asked the following question [26]: 

Let G0 and H0 be two connected compact Lie groups. If the classifying 

spaces BG0 and BH0 are homotopy equivalent, does this imply that G0 

and H0 are isomorphic as Lie groups? 

The answer is affirmative and was first given by Osse in [53]; there now exist several 
proofs in the literature [50, 45, 55, 72]. In [50], Notbohm even shows that the 
connectedness hypothesis is superfluous. The purpose of this chapter is to give 
another proof of this last statement, taking the result in the connected case for 
granted. The interest is twofold: our approach is constructive and it highlights the 
crucial role played by normalizers of maximal tori. 

5.1 Classifying spaces and fibrations 

To set up the background, we want to recall Borne material on classifying spaces and 
homotopy theory. All the definitions and results, especially on fibrations, that are 
used without mention can be found in either one of the textbooks by Whitehead [71|, 
Spanier [62], or Switzer [65]. In the whole chapter, "space" and "map" always mean 
topological space and continuous map. We will call a map p : E —*• B a fibration (or 
Hurewicz fibration) if it has the homotopy lifting property with respect to all spaces, 
i.e. if the following commutative diagram can be completed as indicated 

X x {0} E 

P 

Xx'l B 

67 
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for any space X. We will use the common notation F -* E -4 B for a fibration p 

with "fibre" F = p~l(b) over some designated point 6 G B. 

We first introduce the notion of principal bundle. Let G be a topological group; 

recall that an action of G on a space E is called free if g-x = x always implies g = e. 

Definition B.l A principal G-bundle ( = (p : E - t B) consists of a free right 
(faction 

J S x G - 1 £ , (x,ff)i—>x-s 

and a surjective map p : E -+ B such that 

(i) p(x-g) = p(x) for all x G E1 g € G ; 

(H) for each bG B, there exists an open neighbourhood H of 6 and an G-equivariant 
homeomorphism \p : P^(Kj) -t Vt x G such that 

P-1M)—-HxG 

Vi 

is commutative. 

More precisely, the G-equivariance of ip means 

<p(x-g) = v(x)-g, for all x e p _ i (H) , g G G, 

with G acting trivially on VJ, and by right translation on itself. 

The space E is called the total space, B is called the base space, and <p a triviali3ation 
over Vb. Let also Eb = p_1{&) be the yìòre oner the point 6 G B. 

Remarks 5.2 

1. The map p induces a homeomorphism between the orbit space EjG and the 
base space B, because condition (U) implies that p is an open mapping. 

2. As the G-action on E is free, the trivialisation over Vb implies that for all ò G B 
and all x G Eb the map 

G—* Eb, g>-^x-g 

is a homeomorphism. 



5.1. Classifying spaces and ßbr&tiom 69 

There is a natural notion of morphism associated to principal G-bundles: 

Definition 5.3 Let Ç = (p : E -> B) and £' = (jt : E' -* B') be two principal 

G-bundles. A morphism between these two bundles is a pair of maps (u,f) such 

that 

E-^E' 

• the diagram 

/ 
B -J-* B' 

is commutative, 

• the map u is G-equivariant, i.e. u(x-g) = u(x)-g, for all x e E and g € G . 

The two bundles are said to be isomorphic if u and / are homeomorphisms. A 

principal G-bundle is trivial if it is isomorphic to the product principal G-bundle 

BxG->B. 

Many geometric problems involve the study of G-bundles over a fixed space X. 

Classifying spaces will now enter the scene naturally, because they are intimately 

related to the classification of principal G-bundles {hence their name), We will give 

a brief account of this in the quite general setting of numerable principal G-bundles. 

Recall that £ = (p : E - • B) is numerable if there exists a open cover {KJieN of 

B such that §V( is trivial, and a partition of unity associated to it. For instance 

every principal G-bundle over a paracompact space, hence over a CW-complex, is 

numerable. More details can be found for instance in DoId [20], Husemoller [36], 

or Steenrod (in case the base space is a finite GVV-complex) [63]. Recall that for 

a principal G-bundle £ = (p : E -+ B)1 the pullback /*(£) of £ along a map 

/ : X ~¥ B is a principal G-bundle over X (36, Proposition 4.1, p. 44]. A first 

step towards translating the study of the set PrinG(X) of isomorphism classes of 

numerable principal G-bundles over X into a homotopy problem is the following: 

Theorem 5.4 Let ( be a numerable principal G-bundle over B. If f,g : X ~> B 

are homotopic, then the principal G-bundles f* (C) and g* (Q are isomorphic over X. 

Proof. See Theorem 9.9, p. 52 in Husemoller [36]. D 

For two spaces X and Y, let [X, Y] be the set of homotopy classes of maps of X 

UiY. 
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Definition 5.5 A principal G-bundle £c = (po : EG -¥ BG) is universal provided 

£c is numerable and for all spaces X the map 

[X, BG] —• P r i n c e ) , [/] >-> [/"(&)] 

is a natural bijection, i.e. the functor Princcf—) is represented by the space BG. 

The space BG is called a classifying space for the topological group G. 

This definition immediately implies that if fe = {PG - EG —• BG) and ('G = 
(Pc : EG' —¥ BG') are universal for G, then there exists a homotopy equivalence 
f : BG -+ BG' with £G = /'{&•). With a slight abuße of language, one can 
thus speak of the classifying space of a topological group. Its existence is given, 
for instance, by the Milnor construction [36, pp. 54-56]. We now collect several 
properties of classifying spaces. 

Theorem 5.6 

(i) There exists a functor £_ from the category of topological groups to that of 
universal principal bundles. 

(ii) A numerable principal G-bundle is universal if and only if its total space EG 

is contractible. 

(Hi) IfG and G' are topological groups, then B(G x G') ^ BG x BG'. 

(iv) Any inner automorphism cg of G induces a map Bc9 : BG —• BG that is 
homotopic to the identity. 

(v) Let H be a closed subgroup of G. Then the inclusion i : H «-> C? induce* a 
fibration 

G/H—+BH A ß G . 

(vi) A short exact sequence of topological groups 

K^G^Q 

with K closed in G, yields a fibration 

BK - A BG - ¾ BQ. 

(vii) If A is an abelian topological group, with a compactly generated topology (i.e. 

a set is closed if and only if it meets every compact set in a closed set), then 

there is a model for BA that is an abelian topological group. 
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(viii) Let G be a compact Lie group, Z a closed central subgroup of G and n : G -+ 

GfZ the quotient map. Then 

Bn: BG — • B(GfZ) 

is a principal BZ-bundle. 

(ix) IfG is a compact Lie group, then BG has the homotopy type of a CW-complex 

of finite type. 

The explicit proofs are scattered in the literature: For (i) and (ii) see DoId [20, §7 

and §8]. Proofs of (iii)-(v) and (vii) using the Milgram-Steenrod construction can be 

found either in Steenrod [64] or Adem-Milgram [4, Chap. II, §1]. For (vi) (and (v)), 

see Piccinini-Spreafico [56] or the exercises in torn Dieck [69, Chap. I1 §8]. Point (viii) 

is a special case of Theorem 7.7 in [56]. Finally, the last point, as well as the specific 

and concise approach for compact Lie groups and bundles over CW-complexes, can 

be found in Mimura-Toda [42, Chap. II, §6]. 

E x a m p l e s 5.7 

1. For a discrete group T, the long exact homotopy sequence of the fibration 

r -+ JBT -t- Br shows that B r is an Eilenberg-MacLane space K(T11}. In 

particular BZ/2 = K{Z/2,1) = RP=0 , and BZ = K(Z, 1) = S 1 . 

2. For the circle group S 1 , we have BS 1 = BBZ = K(Z, 2) = CF 0 0 . 

3. The Stiefel manifold of (orthonormal) fc-frames in R" is the subspace 

n ( n r ) = {(vu . . . , * * ) : * , - € S"" 1 , («,fa) = Si1) C (S""1)* . 

The Grassmann manifold G A ( R " ) is the set of fc-dimensional subspaces of R" 

with the quotient topology defined by the surjection 

Vk[W) — • G t ( R n ) , (V1,... ,vk) —> (V1,... ,«it) • 

The standard inclusions 

K" c R"+1 C Rn + 2 C - . . 

given by ( i i , . . . ,Xn) *-+ (xi, • •• , i n .O) induce inclusions 

Vt(R") C Vfc(R
n+1) C Vt(R"+2) C . . . 
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and 

Gk(Rn) C G fc(Rn+I) c Gk(R"+2) c . . . 

We take Kt(IR-) = U n ^ Vi(R?) = Um H(R") and G t(R°°) = U n ^ G4(DP) = 

Ii m Gt(R") , both with the inductive topology (a set is closed in the limit 

if and only if its intersection with every subspace in the sequence is closed). 

Then TT : Vi(IR00) —* G 4 (R 0 0 ) , where n is the obvious map, is a universal 

0(/c)-principal bundle and thus BO(k) = G 4 ( I 0 0 ) . 

In a similar fashion, we have BU(fc) = Gk(V0) and BSp(fc) = G1(MP0). 

For the special orthogonal, resp. special unitary, group one has BSO(ft) = 

SGt(R 0 0 ) , resp. BSU(A:) = SG 4 (C 3 0 ) , the space of oriented fc-subspaces in 

R00 , resp. C ° (36, p. 91]. 

4. By the theorem of Peter and Weyl, any compact Lie group G admits a faithful 

representation, i.e. there exists an injection G «-> H(N), for some N. There­

fore, one can take EG = VN(V") and BG = VN(V°)/G. 

We end up this review on classifying spaces, by recalling that the study of Lie 

groups from the homotopy point of view can be restricted to the compact case. 

Indeed let G be a Lie group with a finite number of connected components. Then a 

fundamental structure theorem says that, up to conjugation, G has a unique compact 

subgroup K and that the homogeneous space G/K is contractible [32, Theorem 

XV.3.1], Therefore by point (v) of theorem 5.6 there is a homotopy equivalence 

BG m BK. From now on, we will only consider classifying spaces of compact Lie 

groups, and always choose a model that is a CIV-complex of finite type. 

Next, we collect a few definitions and results on fibrations. 

Defini t ion 5.8 If p : E -1* B is a fibration, then a homotopy H : X x I —¥ E is a. 

vertical homotopy i(poH is stationary (in other words, H only moves points around 

in their fibre). 

Defini t ion 5.9 Let g : B —y B' be a map. A fibre map (over g) between two 

fibrations p : E -> B and p* : E' -* B' is a map f : E -t E' such that 

E—— B' 

P If 

B^~*B' 

is homotopy commutative. 
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In this last definition, uBing the homotopy lifting property for the fibration p1 , 

one can always replace / by a homotopic map / such that the diagram is (strictly) 

commutative. 

The next lemma is well-known; one can find a formulation with weaker hypotheses 

in DoId [20, Theorem 6.3]. 

Lemma 5.10 Let F -* E -» B and F' -* E' -»• B' be fibrations in the category of 
CW-complexes. Let f ; E —* E' be a fibre map inducing a homotopy equivalence on 
the fibres and on the base spaces, i.e. inducing the following homotopy commutative 
diagram 

F » E 'B 

s | - /J ftj* 
F ' E' B' 

Then f is a homotopy equivalence. 

Proof. The result follows from the long exact homotopy sequence, the five lemma 

for groups, and the classical result of J.H.C. Withehead [71, Theorem 3.5, p. 220], 

saying that a weak homotopy equivalence between CW-complexes is a homotopy 

equivalence. D 

Another classical fact is that the pullback is not well behaved in the homotopy 
category. However, if one of the maps is a fibration, then things become clearer. 
Given a diagram 

E 

X-J-^B 
where p is a fibration and / is any map, one can take its (usual) pullback and get 

the commutative diagram 
P -E 

f 
P 

B 
where q : P -» X is also a fibration, called the induced fibration from p by f. Then, 
in the homotopy category, the universal property of the pullback becomes 

Lemma 5.11 For any homotopy commutative diagram 

K — ^ - E 

h p 

X ^-^ B 
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where p is a fibration, there exists, up to homotopy, a unique map u : Y -» P such 
that 

Y 

\ 9 P 

X — B 
is homotopy commutative. 

Proof. Applying the homotopy lifting property, one can replace g by a homotopic 
map g' such that the first diagram is strictly commutative, i.e. such that pog" = foh. 
Then the universal property of the (usual) pullback gives a unique map u : Y - t P 
that makes the second diagram strictly commutative. Clearly, any map homotopic 
to u makes the diagram homotopy commutative. Conversely, applying the homotopy 
lifting property for q : P - • X, any map u' : Y -» P such that the second diagram is 
homotopy commutative has to be homotopic to u. This gives the uniqueness part. 
D 

Iu the sequel, we will use the two previous lemmas implicitly. 

5.2 Recollection of results on mapping spaces 

We recall, without proof, several theorems on mapping spaces involving classifying 
spaces that will be used in our approach. Let us start with some standard notations: 
For two spaces X and Y, let map(X, Y) be the space of maps from X to Y, with 
the usual compact-open topology; map(X, K)/ will denote the path component of 
/ : X ~¥ Y in map(X, Y). For two groups Tj and T3, let 

ReP(F11T3) = Hom(r,,r3)/Inn(r2) 

denote the set of homomorphisms Fi -> F2 modulo inner automorphisms of V^. 
Recall that a space is called aspherical if it is arcwise connected and if TTÌ(X) = 0 for 
all t ^ 2. The study of maps between classifying spaces goes back to the following 
classical result of Hurewicz [35, p. 219]: 

Theorem 5.12 (Hurewicz) For any pair of aspherical spaces X and Y, the map 

[X, Y] —> ReP(Tr1(X)1Tr1(K)) 
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is a bijection. 

A more general formulation and a proof can be found in Whitehead (71, Chap. V, 

§4, pp. 224-226). As a particular case, this theorem applies to classifying spaces 

of discrete groups, where it says that all maps between such spaces are induced by 

homomorphisms (for compact Lie groups, it is a well-known fact that this is not true 

in general). The answer to the natural question of when a homomorphism of Lie 

groups induces a homotopy equivalence is given by 

Theorem 5.13 (Evens, Minami) Let ip : G -) H be a homomorphism of compact 

Lie groups. Thenip is an isomorphism if and only if By>, : H.(BG;Z) -* H.(BH;Z) 

is an isomorphism. 

In particular, if Bip is a homotopy equivalence, then <p is an isomorphism. 

Evens mentions the finite group case in [28] and Minami gives a general proof of 

this result in [43]. 

Fbr a space X let Aut(X) be the group of classes of homotopy equivalences of X, 

i.e. Aut(X) is the group of classes [/] e [X, X] such that there exists g : X -* X with 

g o f ~ idx and f o g ~ idx • Let also X* denote the Bousfield-Kan p-completion of 

X [12, Chap. VI]. We will need [37, Proposition 2.7 and Corollary 3.7]: 

Theorem 5.14 (Jackowski-McClure-0 liver) Let G0 be a connected compact Lie 
group and let Z0 be its center. 

(J) The group Aut(BG„) is isomorphic to the outer automorphism group 0ut(Go) 
of G0 . More precisely, the map 

ft?. : OUt(G0) —> Aut(ßG0), la] i—• [Oa] 

is a group isomorphism (see also Theorem 5.8 of (55j). 

(B) The natural homomorphism Z0 x G0 -ì G0 induces a homotopy equivalence 
(BZ0)S -£> map«BGa)p, (BG0)$)id. 

Recall that a p-toral group P is a compact Lie group whose component of the 
identity P0 is a torus and whose group of components Pf P0 is a (finite) p-group. As 
in the case of discrete groups, the homotopy classes of maps from the classifying space 
of a p-torai group to that of a compact Lie group all come from homomorphisms [22, 
Theorem 1.1'],[72, Theorem A],[48, Theorem 5.1]: 
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Theorem 5.15 (Dwyer-Zabrodsky, Notbohm) Let P be a p-toral group and G 

a compact Lie group. Then the obvious map 

B:Rep{PtG)-^[BP,BG] 

is a bijection. 

We will also need results from Thorn's theory on the topology of function spaces 
|66|, as revisited by Notbohm and Smith (5I]. First, recall the following generaliza­
tion of the notion of principal G-bundle: a fibration p : E —• B is called principal 
if the fibre F is an //-space acting on E and the action satisfies p(xf) = p(x), for 
all XGi?, f e F. A classical theorem of Hurewicz shows that a principal G-bundle 
with paracompact base is a fibration, hence a principal fibration [21, Chap. XX, 
§3-4]. 

Theorem 5.16 (Thorn) Let X be a connected space. 

(1) Let A be an abelian group and n a positive integer. Then for any map f : X -t 

K(A,n) there is a homotopy equivalence 

map(X,K(A,n)), ~ f[K(H»"'(*,^)1.') . 

(S) Let 7T : Y -t B be a principal fibration with structure group H, and f : X -*Y 
a fixed map. Then the map 

p : map(A", Y) s —• map(A", B)noJ , /i i—y ir o h, 

is a principal fibration with fibre a union of components of mapfX, H). 

Cf. theorems 1.1 and 1.2 in [51] for the proof of these results. 

5.3 Reconstructing G from BG 

We first state some facts involving standard covering space theory. The following 
lemma is a direct consequence of the homotopy lifting property. 

Lemma 5.17 Let p : Y —• X be a covering projection, where X is a connected 
locally connected space and Y is connected. Suppose that there exist stlf-homotopy 
equivalences h and f such that 

P 

xJ^-x 
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is homotopy commutative. If h is homotopic to the identity idx then f is homotopic 

to a covering transformation ofp. 

Remark 5.18 Recall that a covering transformation ofp, or automorphism ofp, 
is a homeomorphism <j> : Y -* Y such that p o (f> = p. Under the hypotheses of the 
lemma, the group of automorphisms ofp is isomorphic to N111(X)(PiXi(Y)) fp*xi{Y) 
(62, Thin. 2, p. 85 ). 

Let G be a compact Lie group; let K «-» G -» Q be an extension of Lie 
groups, with K closed in G and Q finite. Recall that this extension gives rise 
to a homomorphism ip : Q —y Out(A") which can be composed with the map 
PK '• Out(K) -+ AutfBA") (as defined in theorem 5.14). On the other hand, the 
monodromy action for the corresponding fibration BK -4 BG -? BQ produces a 
homomorphism 6 : 7Ti(BQ) -+ Aut(BK"). A careful analysis of the situation shows 
the following lemma, together with its corollary. 

Lemma 5.19 There exists an isomorphism Ô : Tr1(BO) —• Q s™^ ^10* ^ e diagram 

7T1(BC) -Q 

is commutative. 

Corollary 5.20 Let H «-4 G be a closed subgroup of G, with GfH finite. Choose 
models for the classifying spaces such that p = Bi : BH —)• BG is a covering map 
(with fibre F w G/H). Then any covering transformation ofp is homotopic to Bc3 

for some g € Nc[H). 

As in chapter 4, we will now consider the extensions corresponding to a compact 
Lie group G and to the associated group G = GfZ0 , where Z0 denotes the center 
of the component of the identity G0 of G. Abusing language, we will say that the 
(not necessarily centerless) group G is of "adjoint type". Recall the commutative 
diagram 

Z0 = Z0 

1 1 
G0 c G » r 

G0 c G ~ r 
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Applying the functor B(—) to it yields a corresponding commutative diagram for the 

fibrations BG0 -+ BG -» BT and BO0 -> BG ^ BT. The next theorem tells that 

Bn : BG -* Bo ia essentially the unique fibre map under g = B-X\QB and over idr • 

Theorem 5.21 Up to homotopy, there is a unique fibre map f : BG -v BG such 

that the diagram 

BG0 BG Br 

BGo ,. BG „ BV 

is homotopy commutative. 

This theorem is one of the main ingredients in our approach for solving Mislin's 
question in the nonconnected case, as it appears both in the "reconstruction" and 
"invariance" parts. Before proving it, we recall a procedure, outlined by M0ller in 
[46] and based on previous papers of Booth, Heath, and Piccinini [6, 7], that relates 
the problem of finding maps between the total spaces of two fibrations with the 
space of based sections of another related fibration. We keep notations as in (46]; let 
p : U -» A and q : V -» B be fibrations over connected and pointed base spaces. Let 
9 '• P-1(*) ~~• 9-1(*) ^e a map between the fibres and h : (A, *) —y (B, *) be a map 
between the base spaces such that the pair (g, h) is compatible with the monodromy 
action of the fundamental group of the bases on the fibres, i.e. such that for all 
w e TTi(A, *) the diagram 

P-1M-W1W 
« | J* (*)(«) 

P-1W-W1M 
is homotopy commutative. The goal is to describe the space of fibre maps f :U -ï V 
under g and over A1 i.e. of maps that fits in the following homotopy commutative 
diagram 

P - 1 M - T 1 M 

I / I 
U ...i...,y 

'1 , I ' 
A 'B 

One defines the set 
fibmap(t7, Vf9 = U map(p-1(a),ç-1(Kû)))Sd 
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where j „ e | p 1OOiG-HM0))] ' s ^ e homotopy class making 

P - 1 W - ^ - A - 1 W 

c I IMO 
P-1W — O-1CM0)) 

homotopy commutative for any path Ç from the base point * to o e A. By pulling-

back q along /i, we get the identification 

nbmap(C/, K)J = fibmap(E/, V(V))I*1. 

The set fibmapft/, V)J carries a natural topology as defined in |7). The forthcoming 
lemma (see )46, pp. 310-311]) is a special case of corollary 2 and proposition 6 in |7], 
or of theorem 4.1 in [5]. 

Lemma 5.22 The space map(t/, V)* of maps of U into V under g and over h with 

the compact-open topology is homeomorphic to the space of based sections of the 

fibration 

HUP(P-1W-A"1**)), - + nbmap(t/, V)J —>A, 

where the projection onto A is the natural one. 

The proof of theorem 5.21 will consist in showing that the space of based sections 
of this last fibration, in our case, is trivial. To do so, we will need the general obstruc­
tion theory in fibre spaces involving homology with local coefficients and bundles of 
groups presented in Whitehead's book [71, Chap. VI]. We will keep notations as in 
this book, and refer to it for a thorough presentation of the theory. The lemma we 
will need in this context is the following: 

Lemma 5.23 Let p : E - t B = K(T, 1) be a fibration, with T a finite group. 
Suppose that the fibre F is connected and that Trn(F) is a Q-vector space for all n 
(in particular F is l-simple, i.e. ^(F) is abelian). Then, up to vertical homotopy, 
there is a unique based section of p. 

Proof. This section problem corresponds to the diagram 

L = *—' -E 

31s/ 
P 

' 4> = id 
K = B- =B 
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Following §6 of Chap. VI in [71], the primary obstructions to extending f lie in 

Hn+1 (K,*;<jfTrn(T)) = H^[K(T,I)-^n(F)) and the primary differences of two 

liftings lie in Hn (K,*; Q1Ttn(T)) = Bn(K(r, 1); TTn(JF)) (where Ttn(F) denotes the 

local coefficient system associated to the fibration). However, as the base of the 

fibration is K(T, 1) , these cohomology groups reduce to the usual cohomology groups 

of K(T, 1) with coefficients in the T-module Ttn(F) [71, Theorem 3.5*, p. 281], i.e. 

Hn+i(K(T, Ih-Jtn(F)) = Hn+1(K(r,l);Ttn(F)) 

and 

H"(K(T, 1); Ttn(T)) 3S Ir(K(T1I)^n(F)). 

Now, as r is finite and Trn(F) is a rational vector space for all n , we conclude, by 

a classical transfer argument (15, Corollary 10.2, p. 84], that all the cohomology 

groups of interest vanish. Existence and uniqueness of the section then follows from 

theorems 6.3 and 6.5, pp. 298-299, in [71]. D 

Next we will study the component map(BG0lBZ0)e of the constant map. Aa a 

last ingredient for proving theorem 5.21 we show that this mapping space is homo-

topy equivalent to BZ0. This is already known if G0 is semisimple [49, Proof of 

Proposition 1.2], however we did not find any reference for the general case. In the 

proof, we will use the first part of theorem 5.16 on Thorn's theory. 

L e m m a 5.24 The evaluation map 

ev : map(BG0 l BZ0), -+BZ0, / .—> / (*) 

is a homotopy equivalence. 

A homotopy inverse of ev is given by the map 

ip : BZ0 —> map(BG0 , BZ0)e, z i—* f>(«) : x <-• z) . 

Proof. We first recall that Z0 = Ax S, with A a finite abelian group and S a torus, 

and so we can take BZ0 = BAx BS = K(A, 1) x K(Tt1(S), 2) (where Jr1(S) Sf Z"). 

Thus we have 

HIaP(BG0 1SZ0), = map(BG0,BAxBS)c 

Sf map(BG0 ,B,4)Cl x map(BG0 , BS)1^, 

for two constant maps c\ and c^ . We compute these two terms separately using 

theorem 5.16: 

map(BG 0 ) B^) C l ~ K(H0(BG0, A), 1) 

= BA, 
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and 

map(BG 0 l BS) C î ^ A(W(OG0 1Tr1(S)) ,!) x K(H0(BG0MS)),2) 

~ K(H°(BG0MS)),2) 

s if(ir,(S), 2) 

= 5 S 1 

where the first factor vanishes because the first cohomology group of a 1-coruiected 

space is trivial for any coefficient (by applying the universal coefficient theorem |13, 

7.2, p. 282]). Therefore we have IHAp(BG0, BZ0)C a BZ0 . 

Now notice that ev o iji is the identity map of BZ0. Thus at the level of homotopy 

groups, we get for all n 

id = ev, o ¢, : Trn(BZ0) - ¾ jrn(map(BG0 l BZ0)C) - ^ Trn(BZ0). 

We deduce that evt is a surjective homomorphism between isomorphic groups for all 

n . But there are only two non-trivial cases: for n = 1, we have 

7Ti(map(B(?0l BZ0)C) S Tr1(BZ0) *A, 

a finite abelian group, and for n = 2 , 

7r2(map(BG0, BZ0)C) * Tr2(BZ0) S Z" . 

In both cases the Burjective homomorphism ev, has to be an isomorphism. Therefore 

eu is a weak homotopy equivalence between CW-complexes and thus a homotopy 

equivalence. It is then straightforward that the right homotopy inverse ip of ev is a 

homotopy inverse of eu. D 

We are now ready to prove the theorem. 

Proof of theorem 5.21. By lemma 5.22, it suffices to show that the fibration 

mapfBG^BGo) , — • nbmap(BG, BG)f
fl

d —* B r 

has, up to vertical homotopy, a unique based section. To do so, we will show that 

it fulfills the hypotheses of lemma 5.23. First, by (via) in theorem 5.6, the fibration 

BZ0 -> BG0 -A BGo is principal; applying the second part of theorem 5.16 to it 

and to the map id : BG0 —> BG0, we get a principal fibration map(BG0 , BG0) l d —• 

map(BG0 , BG0)9 . Following the argument in Notbohm and Smith [51, pp. 302-303] 

for this particular case, one checks that its fibre can be identified with the sections of 

the trivial principal BZ0-bundle BG0 x BZ0 -Y BG0 that are vertically nomotopic 
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to the trivial section. Therefore the fibre is reduced to map( IfG0, BZ0)C, where c is 

the constant map. Let us now consider the diagram 

cv 
mB.p(BG0, BZ0)e - BZ0 

map(BG0,BG0)id 

map(BGo,BGo)0 

where the diagonal map ad is as in theorem 5.14 (2), i.e. it is the adjoint of Ba, 

where a : G0 x Z0 -> G0 is the natural homomorphism. As it corresponds to the 

B Z0-principal action on BG0, one checks that ad = ioip, where ip is the homotopy 

inverse of ev, appearing in lemma 5.24. Therefore the above diagram is homotopy 

commutative. Thus we get a principal fibration 

BZ0-* E = map(BG0,BGa)id —• X = map(BG„,BG0)g. 

Now both BZ0 and E = map(BG0,BG0)w = {/ : BG0 4 BG01/ ~ id} are 
nilpotent, because so are connected tf-spaces [30, p. 62]. By proposition 5.5 in [12, 
Chap. Ill, p. 84] we get that X is nilpotent too. We also deduce from the long 
exact sequence in homotopy, which gives a surjection TTI(E) -** TTI(A) , that irj(A) is 
abelian. These facts allow to invoke proposition 6.5. in |12, Chap VI, p. 187], which 
says that 

(BZ0); —• E* —• X£ 

is a fibration. With the long exact sequence in homotopy and the second result in 
theorem 5.14, one shows that Jrn(A^) = 0 for all n and all primesp. By proposition 
5.1 in [12, Chap. VI, p. 183], these homotopy groups fit in a short exact sequence and 
their vanishing gives Ext(Z/p°°, Trn(X)) = 0 and /fomfZ/p00,Jrn(A)) = 0. But as 
Hn(X) is abelian and thus nilpotent, Ext(Z/p°° ,Ttn(X)) = 0 is equivalent to 7Tn(A") is 
p-divisible [12, Lemma 3.6, Chap. VI, p. 176]. Using this and //om(Z/p°°, Jrn(A")) = 
0, one easily checks by contraposition that Jrn(A) has no p-torsion. These two last 
properties being true for all primes p , this is equivalent to saying that Jrn(A*) is 
divisible and has no torsion, which is equivalent to saying that the abelian group 
7Tn(A) has a structure of Q-vector space (60, Example 10.8, p. 320], for all n. The 
conclusion is then given by lemma 5.23. O 
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Remarks 5.25 

1. In the previous proof, if G0 is semisimple it is easier to identify the fibre of 

map(BG0, BG0)id —*• map(BG„, BG0)S. 

Indeed, in this case one has 

[BG0, BZ0] = [BGo1 K(Z0,1)] * H* (BG0, Z0). 

But as BGo is 1-connected H^(BG0, Z0) = 0 (see the proof of lemma 5.24). 

Therefore map(BG0, BZ0) reduces to map(BG0, BZ0J0. 

2. If the fibration 

map{BG0,BGo)t —• fibmap(BG, BG)f —+ B r 

appearing in the proof were simple (i.e. if the fundamental group of the base 
would act trivially on the homotopy groups of the fibre), it would allow to use 
a "lighter" version of obstruction theory. It is certainly instructive to find an 
explicit example where the fibration is not simple. 

We are ready to state and prove the main result of this section. 

Theorem 5.26 Given BG, the classifying space of a compact Lie group G, one can 

reconstruct G up to isomorphism. 

Proof. Starting from BG, one gets a model for BG0 as its universal cover BG. 

Assuming the result in the connected case, we get the group G0 and hence the 
inclusions Z0 C T C N0 C G0, as well as the adjoint group G0 associated to G0. 

The group of components T of G is simply given by TTi(BG) - Supposing that we 
have a model for the fibration BG0 -> BG -> Br, lemma 5.19 gives a representative 
homomorphism <p : T —• Out(G0). So we have enough data to get the unique adjoint 
type group G corresponding to G, with all its relevant subgroups. 

Now we want to recover the normalizer N of the maximal torus in G. Pulling-back 
the fibration BZ0 —> BG -? BG along Bi, where i denotes the inclusion i : N •-> G, 
furnishes a new fibration with the commutative diagram 

BZn = = BZ0 

»BG 

JBTT 

BN Bi • BG 
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We claim that X is a model for BN. Indeed the universal property of the pullback 

yields a fibre map v : BN -* X that fits in the homotopy commutative diagram 

BZ0 — — BZ0 = BZ0 

1 . 1 I 
BN X BG 

I I I 
BN ^ = BN BO 

The situation at the group level implies that the composition idsz0 °u is the identity, 
and so u must be the identity. Therefore v : BN —• X is a homotopy equivalence 
and we can set BN = X. 

Invoking once more the universal property of the pullback gives a homotopically 

unique map BN0 A BN that is necessarily a model for Bi, where i : N0 ^-t N 

denotes the inclusion. Applying the "constructive" part in the proof of proposition 

2.3. in [50] to both fibrations in 

BT^^=BT 

I I 
BN0 BN 

I i 
BW0 * BW 

gives 

T T 

1 , 1 
N0- N 

! I 
W0 c 'W 

where the inclusion i is recovered by observing that JV0 is in fact a pullback in this 

diagram (see exercise 1, p. 94 in [15]). We conclude by invoking proposition 4.4. G 

Remark 5.27 In the above proof, we show that BN is obtained as a pullback. In 
fact it is not difficult to check that the same situation holds at the group level. How­
ever, one cannot immediately conclude that this implies the result at the classifying 
space level, as the functor B(—) does not preserve pullbacks in general. 
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5.4 Automorphisms of BN0 

For giving an affirmative answer to Mißlin's question in the nonconneted case, we will 

need some information on the group Aut(J3W0) of classes of self-homotopy equiva­

lences of the classifying space of the normalizer W0. We will in fact give a complete 

description of this group. The key ingredient for the last two sections is the following 

proposition due to Zabrodsky [72, Proposition 2.3]: 

Proposit ion 5.28 (Zabrodsky) Let T" ^ L -» W and 7™ ^ V -» W be finite 

extensions of tori. Then any map f : BL —• BL' is homotopic to a map Bp, for 

some homomorphism p: L-* L'. 

Lemma 5.29 Let [tp] £ H\W0\T) C OUt(W0). Then Bip is homotopic to the 

identity idBNo if and only if [tp] is trivial in H1(W'0;T). 

Proof. The "if part is clear. Conversely, suppose that Bip ~ idBNB • By contra­

diction, suppose tha t [ip] ^ [idN„]. By section 3.5 in chapter 3, there exists a Tits 

element qa in N0 such that ip(qa) is not on a Tits circle. Let Na A JV0 denote 

the 2-toral subgroup generated by T and qa . Any conjugation by an element of N0 

that preserves Na represents an element different from ip\Na in ReP(A7Q1W0), since 

such conjugations preserve Tits circles. We choose models for the classifying spaces 

such that the induced map p = Bi is a covering projection; we get the homotopy 

commutative diagram 

/ = B(ipiNa) 
BNa - ^ H BK 

P \P 
h = Bip * 

By lemma 5.17, / is thus homotopic to an automorphism of p , which can be identi­

fied, by remark 5.18, with an element of NwB({sa))/{sQ), where s0 = ir(qa) E W0. 

Therefore, by corollary 5.20, / = B(ip\Na) ~ Bcn, for some n e N0. By theorem 

5.15 applied to P = G = Na , this contradicts the fact that ip\Ng and Cn are different 

InReP(W 0 5W 0) . G 

T h e o r e m 5.30 The map 

ßN. : Out(JV.) — • AUt(BW0), M •—> [BJP] 

is on isomorphism of groups. In particular 

Aut(J3W„) Si Hl{W0\T) * 0 u t ( G o ) . 
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Proof. By proposition 5.28 of Zabrodsky the map is surjective. Thus, it remains 

to check that Bp ~ Bp' implies [p] = [f/] € Out(/V0). By theorem 3.10, we can 

decompose the representative elements as p — ip o a and p' = ip' o &, with [^]1 [ifr1] € 

H1 (Wo-, T) and Ia]1[CTl e Out(G0). Define n = f~l o ^ and r = a1 o a'1 ; clearly 

[v] € Hl(Wa]T) and [T] € Out{(70). Now, as Bp~ Bf/, we haveBrç = B{itf~loip) ~ 

B(o'oo—1) = BT. We claim that both are nomotopic to the identity idßp/, - Indeed, 

take models such that p = Bi: BT -)• BiV0 is the universal covering map. Then the 

diagram 

# T — ^ »BT 

P 

is homotopy commutative.' Lemma 5.17 implies that B(IJ\T) are B(T]T) homotopic 
modulo an automorphism of p , which are given by the action of the Weyl group. 
Thus B(T\T) is homotopic to Bcn for some rt € N0 . By theorem 5.15 applied to 
P = G = T, this is only possible if T\T is given by Cn and the same must hold for 
T G Aut(/V0) . Therefore BT ~ Br] are both homotopic to the identity as claimed. 
In particular, we also get that [r] is trivial in OUt(N0). Moreover, by lemma 5,17, 
the same holds for fo]. Therefore [a] = [a1] € 0ut(Go) c Out(/V0) and [ip] = [ip'] e 
Hl(W0; T) C OUt(TV0) and we can conclude that [p] = [//j G 0ut(/Vo). D 

Remark 5.31 In an unpublished paper [44], Miller ßhows that the map ßNa is in 
fact an isomorphism for any nonconnected compact Lie group. Also consult [47] for 
related results. 

5.5 Invariance under homotopy equivalences 

Li this section, we want to present our proof that the answer to Mislin's question is 
affirmative for nonconnected compact Lie groups as well. 

Theorem 5.32 Let G and G' be two compact Lie groups. Then G and G' are iso­

morphic if and only if their classifying spaces BG and BG' are homotopy equivalent. 

As in the case of the "generalized Curtis-Wiederhold-Wiiliams theorem" (see chap­
ter 4), reconstructing the isomorphism class of G starting from BG is not enough to 
answer positively to Mislin's question. We must still show that the reconstruction 
process we proposed is invariant under homotopy equivalences. Before presenting 
the proof of theorem 5.32, we introduce two technical lemmas. 
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Lemma 5.33 Let f : BG -*• BG' be a homotopy equivalence. Then f fits into a 

homotopy commutative diagram 

Ba 
BG0 BGQ 

BiJ \Bi> 
BG — BG' 

Uj/ 
BB * 

BT * • BV 

with a e Aut(G0, T) and ß € Aut(r). Moreover there exists an isomorphism of 
adjoint type groups n :G -* G' such that the diagram 

BG0
 B° • BG0 

Bi\ \Bi> 

BG — BG' 

Bit\ \Bn 

BG-8^BG' 

is homotopy commutative. 

Proof. As BG' is path connected, we can suppose that / is a pointed map [62, 
Chap. 7, Lemma 2, p. 380]. By the homotopy lifting property, f induces a homotopy 
equivalence on the universal covers BG0 = BG and BG'„ = BG'. Therefore we 
can suppose G0 = C0, theorem 5.32 being true in the connected case [53]. Thus / 
induces a homotopy commutative diagram 

BG0 — — BG0 

Bi\ ÌBi' 

BG £—- BG' 

BT - •--- - BT 

FOT the fundamental groups, it produces a commutative diagram 

TT1(BG) £ TTI(BG') 

^ ) - ^ / ^ - - . ^ 0 
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Defining ft = Bß completes the first diagram and makes it homotopy commutative, 

because J9r is an aspherical space [71, Chap. V1 §4], Finally, by theorem 5.14, there 

exists a e Aut((70lT) such that g <— Ba, and we get the first assertion. 

For the second assertion, let us consider the homotopy commutative diagram 

Ba 
BG1 

Let us construct maps at the level of groups: 

a 

Up to equivalence of extensions, G and G' are unique and given by eemidirect prod­
ucts. The two actions are related as shown in the commutative diagram 

0 

Out(<50) 

Out(G0) 

Aut(Ô0) 

h 
AUt(O0) 

i.e. G = G0 Xa Tand G' - Ö ö > v r , wither = $o$ and tr '= C0 o so9oß~l. One then 

checks that T/ :G -*G', (90,7) *-* 11(90,1) = (<*(9o),ß("f)) is an isomorphism making 
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the diagram at the group level commutative. By lemma 5.19, setting f = Bi\ makes 

the "front face" of the first diagram homotopy commutative. As Bn is a homotopy 

equivalence, we get, by theorem 5,21, that Bn o Bn is unique up to homotopy, and 

conclude that the whole diagram is homotopy commutative. D 

Lemma 5.34 Let p : N -» N' be an isomorphism of normalizers. Suppose that 

Bp : BN —• BN' fits in the homotopy commutative diagram 

Ba 
BN0 

Bi\ 

BN 

Bp 

BT 

Bp 

Bß 

BN0 

\BÏ 

BN' 

Bp' 

BT 

with [a] G 0ut((?o). Then, at the group level, there is a commutative diagram 

'1 
AL J ^ W 1 . " 

N N' 

with [ip] = Ip1N0] € Out(Go). 

Proof. The first diagram induces the homotopy commutative diagram 

Ba 
BW0 

Bi]1 

BW 

Bp\ 

BT-

Bp 

Bß 

BW0 

\ßi' 

BW' 

\BÎ/ 

BT 

Applying the functor TTI(—) yields, by 5.12, a commutative diagram at the group 
level 

W0 

W 

ß 

W0 

!•' 
W' 

r 
where the homomorphisms are given up to conjugation in the target groups. This 
implies that p{N0) = N0 and gives the second diagram in the lemma. To prove the 
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last assertion, we reapply the functor B(-) to it and get, by the homotopy lifting 

property and lemma 5.17, that Bfootf'1) is homotopic to a covering transformation 

of Bi : BiV0 -)• BJV. By corollary 5.20, these are given by the action of T on 

BN0, and thus are coming from Out(G0) in OUt(TV0). Therefore, by theorem 5.30, 

[tp] e 0ut(Go) as claimed. 

G 

Proof of theorem 5.SS. Let f : BG —• BG' be a homotopy equivalence. Apply­

ing lemma 5.33, as well as the construction of theorem 5.26, yields the homotopy 

commutative diagram 

BvË^BN. 

BG0
 BOt • BG1 

BN -BG 

BN 

BO -*U BG' 

*fa|jv) 

BG' BN' 

BN' 

with a e Aut(G<,) and r\ 6 Aut(G0). From this diagram we extract 

BN°B(a\Nc) 

BN0 

BN — 
*„ v 

BG 

BN' X 
BN 

Bili*) BN' 

BG' 

BG' 

where the map v : BN -¥ BN' exists and makes the diagram homotopy commutative 

by the universal property of the pullback. As a fibre map inducing the homotopy 

equivalence B(f?|#) on the base spaces and the self-homotopy equivalence B{a\ze) on 

the fibre BZ0, v is necessarily a homotopy equivalence. By proposition 5.28, there 

exists a homomorphism p : N -i N' such that v ^ Bp; by theorem 5.13, p has 
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to be an isomorphism. It satisfies the hypothesis of lemma 5.34, and thus we get a 

commutative diagram at the group level as in this lemma. We conclude by invoking 

theorem 4.17. • 



Appendix 

Tits circles in S0(2n) and Spin(2n) 

First recall that the standard maximal torus in SO(2n) consists of the matrices 

COB2TTXI —sin 2iiX\ 

sin 2TTXI COS 2TTXI 

COS2TTX„ — sin27Tirt 

v Sin 27TIn COS 27TIn t 

with Xi 1 . . . , I n G R. Choosing the root system described on page 9 of Adams' 

book [3], the action of the elements of an associated Tits system A = { c i , . . . , qn} 

is as follows: qi permutes xi and 12 and changes both signs, 92 permutes X1 and 

X2, 93 permutes X2 and X3 , ... , qn permutes xn-\ and xn . Calculations in the Lie 

algebra gives the coroots, from which one gets the circles Tj = Taj and the elements 

hj = hai = e x p ( ^ ) in T , and can deduce an associated Tits system. Writing 

„ , . ( COS2TTX —sin2?rx \ „ „ , „ , 
D(x) = € SO(2), 

\ sin2jrx cos 27TI J 

and 

one explicitly gets 

T1 = | d i a g ( D { i ) , I > ( 3 : ) 1 I 1 . . . , l ) : x e R } 

T2 = | d i a g ( D ( i ) , Z ? ( - a : ) , l , . . . , l ) : I Ê R | 

T3 = | d i a g ( l , D ( z ) , I ? ( - s ) , 1 , . . . , 1 ) : x E R } 

Tn = { d i a g ( l , . . . , 1, D(x),D(-x)):xeVt} 

93 
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and 

Qa1 = 

/ O E 
-E 0 

\ 
/ 1 

9oj = 

?a, = 

O 1 
- 1 O 

\ 

I / 

/ O I 
- 1 0 

/ I 

Qn = 

\ 

o i 
- i o ; 

Notice that for j = 2 ,3 , . . . ,n , this corresponds, under the standard inclusion 
SU(n) C S0(2n), to the situation depicted in example 3.20 (by uniqueness of the 
homomorphisms vaj, it shows that the corresponding qj are the right ones). The 
Tits circles are then simply given by ç/T,-. 

For Spin(2n), it suffices to consider the covering homomorphism $ : Spin{2n) -» 
S0(2n) and to "lift" the situation just described. The standard maximal torus 
r(Spin(2n)) = T = $~l(T) consists then of the elements 

(COSi1 +eie2 sin X1)(COS i 2 + e3e4 sin i2)---(cosin + e2n-ie2n sin x„). 

Defining Tt = 0~l(?j) and Qj as one of the two elements in ^ - 1 (¾) &ves t n e Tits 
circles CjTj1 for j = 1,2,... ,n. Recalling that for t/ € , the element 

ip{v) e 0(2n) is the reflection in the hyperplane orthogonal to v, one explicitly gets 

Ti = j (cosi + de2 sin x)(cosx + e3e* sin x) ; i £ R 

T2 

T3 

= j (cosx + eie2sinx)(cosx —e3e4sinx) ; i £ R ) 

= < (cosx + e3e4sinx)(cosx— e5e8sinx) : x € R> 

and 

Tn = Ucosx + ejn-sÊjn-ssinx^cosx- 62,,-1C2nSmX) : i £ R f 

¢1 = a-de^ei - e3)(e2 - fti) 

ft = fe3e4(ei-e3)(e2-e4) 

Qz = £e5e6(e3 - eb)(et - e6) 

Qn = Ìe2n-ie2n(e2n-3 ~ 6211-1)(62,,-2 - e 2 n ) . 
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End of the proof of proposition 3.23 

The labels (*) and (**) refer to the formulae on page 45. 

(2): Recall that the subgroup S of elements of order 2 in T C Spin(2n) consists of 

±1 together with the words of the form 

3 

of total length a multiple of 4 (as a convention, when we say "word" or "subword", 

we always mean reduced ones). We first consider Spin(4). In this case, the subgroup 

S of elements of order 2 in T is equal to the center Z(N0) = Z(G0) and both t\ and 

ti have two possible values: 

ii = 1 ~ z\Zi£%e,i 
ti = - 1 ~ -B^e2B3Ci 
t2 = I ~ —eie2ese4 

t? = — 1 ~ eiese3e<i, 

where, for each value, we have indicated the two equivalent choices according to the 
description of the Tits circles in the previous section. As ^ j 2 = 2, the result follows 
for Spin(4) (see also remarks 3.24). The case Spin(6) S SU(4) has already been 
treated. We wilt also need the case Spin(8). An analysis of the 16 elements in S 
shows that 

tj € {±1,±eìe2e3eteòeee7e8} = Z(N0) = Z(G0), for; = 1,2,3,4. 

Now tj$ = 3 for J = 1,2,4 and (**) yields 

tj = tj = t£ = t3, for j =1 ,2 ,4 , 

which shows that the result holds in this case as well. The cases Spin(6) and Spin(8) 
constitute the base steps of the induction. As for SU(n), we will consider the canon­
ical inclusions 

Sn-2 = SnSpin(2(n - 2)) c - Sn_, = 5nSpin(2(n - I)) = S 

1 1 1 
Tn-2 = T n Spin(2(n - 2) ) ^ * Tn., = T n Spin(2(n - 1) ) = T 

} 1 1 
Spin(2(n - 2)) c Spin(2(n - I)) c Spin(n) 

The subgroup Sn-2 is of index 2 in Sn-I, itself of index 2 in S. Denote 

u = e2n-5e2n-4e2n_3C2T>-2 and v = e2n-3e2n-2e2„_ie2n e 5 ; 
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we have uv = -620-6^20-4^-16211 and the decompositions 

S = Sn-JiIvSn-I 

= S„_2 UuSn_j II vSn_j II ut>Sn_3. 

We distinguish two cases, depending on whether the automorphism ip preserves the 

normalizer of the maximal torus in Spin(2(n — I)) or not. 

Case 1: ^„,„,„. ,„(r . , - , ) e Aut(N5vinWn-i)){Tn-i)) 

By induction, four sub-cases can occur. 

• Vw-M-O)(T.-,) = ̂ Sp ln(I(n-i„(rn-i) and thus tj = 1 for j = I 12, . . . ,1» - 1. 
We have to show that („ = 1, The possible values for tn are ±1 or a product 
of the form ± 11(^-1^)^-3^211-26¾-!¾.! of total length a multiple of 4. Let 
us treat the two non-trivial cases: 

> tn z= — 1. This case is ruled out because £n-i,n = 3 and (*+) gives the 

contradiction 1 = - 1 . 

t> („ = ± U{s2)-ie2j)s2n-3^2n-2^2n-i^2u • Let us show that this is equivalent 
to t„ = 1. First observe that for j = I 1 2 , . . . , n - 2, we have tj,n = 2 and 
thus 

l=tj(w„_,-tj) =(„_i(iuri0_i) 

= * ^n-I = Wj'tn-1 • 

Therefore, either tn does not contain the subword eie2 and we have t„ = 
—esn-jean-sesn-ifi^) and this is equivalent to („ = 1, or t„ contains 
the subword cie2 and we have tn = ±eie2---e2„ . But the latter case is 
impossible: indeed as £n-i,n = 3, applying (**) gives the contradiction 

l = ± C i C a - - - C 2 n . 

• VspmiKr-i»(rn-i)
 i s defined by ^(g>) = - ¾ for j = 1,2,... , n - 1. The same 

arguments as in the previous case show that In = — 1. 

• In case n is odd, we can have ^\NSph,Wn-t)^Tn-i) defined by ^(¾) = tqj with 
( = eie2-- e2n-a for j = 1,2,... ,n— 1. We show that this case is impossible 
using £ltn = 2 , Formula {*) gives 

tn(wi-tn) = t(wn-t) = -e2n-3€s„-2C2n-ie2n • 

Now either In contains the subword C2n-Se2n-Se2n-Ie2n or none of the symbols 

e2n-3,e2n-2,e2n_i,e2n. In both cases t^u/i-fn) does not contain the subword 

ß2n-3e2n-2C2n-ie2n, in contradiction with the above calculation. 
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• In case n is odd, we can also have V'lJVsptaW.i-iHC1«-!) defined by V*(<fc) = -*¾ 
with t as in the previous case for j = 1,2,... , n — 1. The same arguments 
show that this case is impossible as well. 

Case 2: ^„„„ . ,„„- ,„ (T , . . , ) Ì Aut(^Spin(2(n-i))(rn^i)) 

By hypothesis there exists J0 G {1,2 , . . . , n — 1} such that fJo ¢ S„_i. We claim that 

tj = vsj, with Sj- e Sn-i for all j = 1,2,... , n — 1. 

First observe that Wj-v = v for all j = 1,2,... ,n - 2 and that the subword B2n-Ie2n 

is not exchanged by Wj for j = I12, . . . , n — 1. Now aio has a neighbour at for 

some k G {1,2,.. . ,n— 1} such that £,-„,(. = 3. Formula {**) and the fact that the 

subword e2n-iG2n is not exchanged implies that ^ — vst for some si G S„_i. By 

connectedness of the sub-diagram of Dynkin of vertices {an, . . . , a n _i} , repeating 

the argument demonstrates the claim. We now show that 

t} = VSJ , with Sj G S„-2 for all j = 1,2,,.. , n - 2. 

The only case to exclude is the following: tj G uS„_2 for some j G {1,2,.. . , n - 2} . 

Write tj = re2n-6S2n-4^2n-i^2n f°r some r € Sn-2 • We have tjin = 2 and thus 

Mw^-tn) = *j(wi,-tj) = -e^-sefe-seîn-ieîn. 

This contradicts the fact that the element tn(wj-tn) does not contain the subword 

e2n-ae2n-2e2n-lC2n• 

Now, since v is invariant under Wj for j = 1,2,... , n — 2, setting t/>(tfc) = 5̂ ¾ for 

all these J'B defines an automorphism ^ of ArspiQ(2(n-2))(T1
n_2) • By induction, four 

sub-cases can occur. 

• ^ = UiAT8P1n(J,,,.,,) (Tn-J) and thus t}i = u for j = 1,2,... , n - 2. As n ^ 5 , we 
have £i,n_i = 2 and 

*„_!(«>!•(„_,) = u ( l U n _ r t ; ) = -e2n-5e2n~4e2n_3e2„_2 . 

This contradicts the fact that tn^(wj • tn~ì) does not contain the subword 

e2n-5C2n-4e2n-3e2n-2 • 

• Sj = —1, i.e. tj = -v for j = 1,2,... ,n - 2. This case is impossible by the 

same arguments. 

• In case n is even, we can also have Sj = eie2 • • • e2n-i , i.e. tj = t = e\e2 • • • e2n G 
2(Spin(2n)) for j = 1,2,... ,n — 2. We have to show that („_) = tn = 
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t. We already know that t„_i = Te2n-^In-ACan-se^^e^-iean for some r € 
r(Spin(2(n - 3))). As n ^ 5, for j = I12, . . . , n - 3, we have ^ 1 = 2 and 
(*) implies that i„_i = Wj-tn-i for these indices. Therefore, either r = 1, 
but this contradicts V 1 G S1 or r = e-iti- -^e2n-B and so t„_i = t. The 
same arguments with j = 1,2,... , n — 2 and £,;„ shows that („ = ( or („ = 
—e2„_3fi2T,_2e2n_ie2„. But the latter case is equivalent to t„ = 1 and is ruled 
out by £n_i,n and formula (**). 

• In case n is even, we can also have tj = -t = -e\e2 • • • C2n € Z(Spin(2n)) for 

j = 1,2 n — 2 and the same arguments shows that („_i = En = —t and 
conclude the case Spin(2n). 

(3): A diagonal element t = diagli, C2-I1... ,cn-l) of S C T C SO(2n) willsimply 

be denoted by (c( , es,. . . , en). For SO(6) the result follows by the same arguments 

as for SU(4J. The inductive step is easier than for the previous cases; it suffices to 

consider the canonical inclusions 

5„_, =Sf\ SO(2(n - I)) c .. S 

1 1 
Tn_! = T n SO(2(n - I)) c , T 

1 } 
SO{2(n - I)) c * SO(2n) 

The subgroup 5„_i is of index 2 in 5 . Denote v — ( I 1 . . . ,1 , -1) € S; we have the 
decomposition 

S = Sn-, U v£n_,. 

As before, we distinguish two cases, depending on whether the automorphism rß 

preserves the normalize! of the maximal torus in SO(2(n — I)) or not. 

Case 1: ^ ^ , , . , , , ( r , , . , ) e Aut(NSOi2(rl-i)ì(Tn-1)) 

By induction, only two sub-cases can occur. 

* V1IW8OPt-Di&"->J = *d««ow(—i»(T«-i) a n d t h u s <i = 1 for j = 1,2,... , n - 1. 
For j = 1,2,... , n — 2, we have ^ n = 2 and therefore 

1 = tjiWn-ftj) = tn-i(Wj-tn-i) 

= > V l = ( e , . - . ,C1Cn-I1En-I) = ( c , . . . , C , l , l ) . 

Similarly, ln-\,n = 3 and formula {**) gives on the last three coordinates 

(1,1,I) = (C1I1I). (I1C1I)-(1,1,C) = (C, c,e), 
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and therefore ij) = id. 

• ^IJVsOp(B-O)Cn-I) c a n ^ 0 correspond to the non-trivial outer automorphism, i.e. 

for j = 1,2, . . . , n - 1, i>(qj) = tqj with t = ( - 1 , . •. , - 1 , 1 } - We exclude this 

case using t i i n = 2 ; indeed, on the last two coordinates formula (*} becomes 

( - 1 , 1 ) - ( 1 , - 1 ) = (e„_i,en-i)-(e„-],e„_,) 

= > ( - 1 , - 1 ) = (1 ,1) , 

which is clearly impossible. 

Case 2: V ^ p o - o t C - . ) t ^KNso(2in-i)]{Tn-i)) 

By hypothesis there exists j a € { 1 , 2 , . . . , n — 1} such that tja ¢. Sn-I • By the same 

argument as for Spin(2n), we have 

tj = VSj, with Sj € S„-\ for all j = 1,2,. . . , n — 1. 

However, in the present case we have wyv = v for j = 1,2,. . . ,n— 1 , and therefore 

setting i/>(çj) = Sjq, for all these j ' s defines an automorphism $ of iVSo(2(n-i))(Xn_i). 

Again by induction, two sub-cases can occur. 

• xf> = idNsoWn_l))(r„_i) and thus (;- = v for j = 1,2,. . . , n - 1. But /Ji ,„ = 2 

shows that this case is impossible by applying (*) and inspecting the last two 

coordinates. 

• We can also have Sj = ( - 1 , - - - , - 1 , 1 ) , i.e. tj - - 1 for j = 1,2,. . . , n - 1. 

Using £„_!,„ = 3 , and (**) on the last three coordinates shows that tn = — 1 . 

This concludes the proof for S0(2n) . 

(4): For E s , we will work in the Lie algebra LT of the maximal torus to prove 

that there are no non-trivial automorphism. We use the explicit description given 

in Bourbaki [11, Pl, V. pp. 260-262]. The Lie algebra LT is the subspace of K8 

consisting of the vectors whose coordinates (XJ) satisfy ig = 17 = —x$. As E 8 is 

self-dual, we have Rw ^ R and so we get the following basis of # v : 

aì = | ( e i - e 2 - e 3 - e ^ - e 5 - e 6 - e 7 + e8) 

c% = Ci + e2 

«a = e2 - C i 

o% = ea-e2 

0% = eA- e 3 
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Since E6 is simply connected, the integral lattice V(T) is equal to the lattice generated 

by the coroots, i.e. T(T) = ZRV [10, Cor. 1, p. 35]. The strategy is rather clear: 

we are going to use the "central" situation of the coroot aft in the Dynkin diagram. 

Working with preimages in LT of the elements tj of order two, we will distinguish as 

many cases as there are values for U &nd show that all but one are impossible. By 

symmetry of the Dynkin diagram, for the second Tits relation we can restrict our 

attention to i,j G 1,2,3,4. 

We proceed by explicitly describing what will be needed in the case-by-case check­

ing. First let {.,.J denote the usual inner product on R8. As ( Q V , Q V ) = 2 for all 

Q V € flv , the formula for the symmetry sa becomes 

for all X e LT and for all a Ç. R. For instance, one gets 

S04 K ) = ai 

W*3f) = «? + «)( 
S04(Ot) = « ï + « ï 

««*(<*<) = ~at 

««4 (<*e) = a a 

We next rewrite the formulae (*) and (*») in the Lie algebra. Let U> tj G S C T, 

and choose XitXj 6 LT such that exp{A"j} = tt and exp(Xj) = tj ; in particular 

2Xf = 2Xj = Q mod T(T). In case Uj = 2 , ( * ) becomes 

Tp(Mi) = Sfarti) 
4=> ti(Wjti) = tj(Wi-tj) 

<=>• Xt + aat(Xi) = Xj+ SCt(Xj) mod T(T) 

•!=*• Xi+Xt-(Xita$)-a!l = Xj + Xj - (Xj , ctf)-af mod r(T) 

*=> (Xitaf)-aj =- (X^a^-a? mod T(IT) 

In case ^ = 3 , using the fact that 2(X1 - (X1, a j ) - a j ) = 0 mod T(T), a straight­

forward computation shows that 

Xi + S01(Xi) + sai (sa^Xi)) =X{ + ((Xi, 0 / ) ( 0 / , o / ) - (Xi, 0 / ) ) 0 / mod T(T) 

So (**) becomes 

^P(QiQiQi) = Tp(QjQiQi) 
< = > U(Wj-ti)((WiWj)-U) = tjiWi-tjMWjWij-tj) 

» Xt+S^(X1)+aat(aai(Xt)) = Xj + sai{Xj) + 3^(Xj)) mod T(T) 
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which is finally equivalent to 

X< + ((X,-, a j K a / , a?) - (Jf1, 0^))0/ = X, + ((X; , a W t f , a?) - (X,, QY))QV 

mod r(r). 
It is clear that exp-I(S) = ^ZRV . Starting from the generators \OJ , j = 

1,. . . , 6, one can find a representative for each of the 64 elements in S. For each 
j , the condition on A" e exp-I(S) so that exp(X) is invariant under the action of 
u)j- = saj is the following: 

* s «.,(JO== X - ( X ,ajfj-a/ mod T(T). 

As one can take X = - ^ o)f for some K c {1 , . . - , 6}, this is equivalent to 

(X1OJfK = (JE^1Qj)-Oy = O modr(r). 

and, finally, equivalent to 

(jX.ofleüz. 
Jc 

From this, one gets a set of representatives in LT for the subgroup F°i n S C T 
of elements of order 2 fixed by W, = saj, i.e. a set of representatives in LT for the 
possible values of tj. For example, if j = 4, one finds that there are 32 elements in 
F04 n S, and that exp-^F0 4 n 5) is generated by the 5 elements 

Recalling that possible values go by pairs, this gives the following 16 representatives 

X^exp-'fF^nS): 

1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 

O 

W 
Mf 
*K + <tf) 
i(«ï+aïï 
|(«S

V+«5V) 
I K + «?) 
! K + Q2

V+«3
V) 

9) 
10) 

i i ) 
12) 
13) 
14) 
15) 
16) 

J K + OÏ + QÏ) 
l K + a3

v+<) 
J K + oj + ojf) 
l ( o - + o v + a - ) 

i(o3
v + a v +o e

v ) 
!(ay + o^+oîf+oV) 

i K + «ï + aï+QÏ) 
i K + QÏ + ojf+oJf). 

In each case, the other value leading to an equivalent automorphism is simply ob­

tained by adding |a^ {because T\ = exp(IKa^)). We are now distinguishing 16 cases 
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according to the representatives X4 just described. For the rest of the proof, Xj 

will always denote an element of LT such that exp(Xy) e Faj D S. We still abuse 

notation and equalities are meant up to conjugation by an element of T1 i.e. up to 

addition of |QV to Xj. 

Case 1: Claim: if there exists i such that U = e> then for j such that fy = 3, we 

have tj ~ e. Indeed, (**) implies that 

X, + ((Xj , a(
v)(«,V , a)) - (Xj , a / ) ) a j = 0 mod T(T). 

Now 

( ( ^ , a r X a r , ^ ) - ^ - , ^ ) ) ^ = - ( ¾ , O T K - ( X y 1 aj).ajf 

= - ( X j , a ^ a y m o d r ( r ) , 

so that the previous relation becomes 

Xj ={A~y,aV).QjY mod T(T). 

But this holds if and only if Xj € §ZaJ , hence the claim. 

By hypothesis, we have t4 = 1 , therefore, by the claim and by connectedness of 

the Dynkin diagram, we have tj = e for all j = 1,. . . , 6 . This finishes the first case. 

Cases 2-3: By symmetry, we only consider X4 = ^a? . Let us first show that it 

implies X2 = j ja | . We have £u ~ 3, and (**) implies 

I a y s l o v + 0 . a v s X2 + ((X9toZ){a!tc$)-iXital))a* 

= X3-(X71Oi)-C^ mod T(T). 

Therefore, we must have 

X2 = Ia? + (X2, a2
v) a3

v mod T(T). 

An analysis of the possible values for X2 shows that this holds if and only if X2 = 

Now £33 = 2, and (*) furnishes 

(X3,a
v
2)-a

v
2 = (X3, a * ) ^ 

= (2 Q l , ' a 3) - a 3 

= -±a$ TROdT(T), 

which is clearly impossible. 
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Case 4: The same arguments as in the previous case show that X4 = ^(af + ctg) 

implies .X2 = fat + 0$) • This case is then ruled out using &3 = 2 and (*) as well. 

Cases 5-6: By symmetry, we only consider X4 = fa% + 03). This case is excluded 

by simply considering ti4 = 2 . Formula (*) produces 

(X11 aï).QÏ = (X4, aï)-a? 

= (|(«3r+«ïf),c*n-«y 

= -\a? modr(r), 

which is clearly impossible. 

Similarly, all the remaining cases are ruled out using a single Tits relation, and 

we simply indicate which one. 

Case 7: Impossible by using Iu = 2. 

Cases 8 and 12: It suffices to consider X4 = \{a( + 0% + QÌJ) > which is impossible 
by using t\4 = 2. 

Cases 9 and 11: It suffices to consider X4 = -(a* + 0:2+ °s) > which is impossible 

by using 4e = 2. 

Cases 10 and 13: It suffices to consider X4 = 5(0^+0^+0%), which is impossible 

by using lu = 2. 

Cases 14-15: It suffices to consider X4 = 5(0^ + 02 +0:3 +0%), which is impossible 

by using Iu — 2. 

Case 16: Impossible by using £i4 — 2. 

D 
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