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Introduction

The origin of the notion of Lie group goes hack to the work of the mathematician
Marius Sophus Lie, in the second half of the 19th century. Since then, the notion has
heen thoronghly studied and the dual nature - algehraic and geometric - of Lie groups
make them fuodamental tools in many areas of mathematics and physics, especially
for the study of the notioa of symmetry. Following Hilbert’s idea of getting rid
of the hypotheses of differentiahility ia Lie theory, a homotopy-theoretic version of
Hilbert’s fitth prohlem developed in the late '60s, the first precise statement being
due to Rector |57}. In this coatext, the relevant ohject is the classifying space of the
Lie group, i.e. the orbit space of a free actioa of the group on a contractible space.
Moreover, a fundamental structure theorem, based on the work of Iwasawa, shows
that the homotopy-theoretic study of *reasoaahle” Lie groups (i.e. Lie groups with a
finite numher of conaected components), restricts to the homotopy-theoretic study
of compact Lie groups. Now, when focusing on connected compact Lie gronps, the
normalizer of a maximal torus has proved to be a key iavariant. Oue of the purpose of
the present work is to investigate whether this is also true in the nonconnected case;
the main actors will thug he normalizers of maximal tori in nonconnected compact
Lie groups. Notice that, since the Lie algebra associated to a Lie group only gives
information on the connected compouent of the identity, Lie groups have often heen
studied under the hypothesis of connectedness. However, nonconnected compact Lie
groups arise naturally in mathematics: the orthogonal gronp O(n} of rigid motions
that fix the origin of the enclidean space K™ , or more generally, the isometry group
of a compact Riemannian manifold are examples of such groups. Moreover, some
physicists have recently revived the idea that nonconnected compact Lie groups might
he the relevant mathematical ohjects in certain gauge theories (see for instance [41]).

To & compact Lie group (7, there is a aaturally associated group extensioa given
by G, <= G -+ [, where G, denotes the connected componeat of the identity of
¢ and [' = G/G, denotes the finite group of connected components. For a fixed
maximal torus T ja G, C &, we will consider two normalizers: the normalizer
of T in G, denoted by N = Ng(T), and its subgronp N, = Ng {T) obtained by

-~
’
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2 Introduction

intersecting N with G, , i.e. the clagsical normalizer studied in the theory of connected
compact Lie groups. For these latter groups, @ well-known and remarkable theorem of
Curtis, Wiederhold and Williams [16] shows that the normalizer of a maximal torns
characterizes the group. Even more: the knowledge of this normalizer allows to
reconstruct the corresponding connected compact Lie group. The precise statement
is as follows:

Two connected compact Lie groups are isororphic if ond only if the nor-
malizers of their maximal tors are isomorphic. Moreover, o connected
compact Lie group can be reconsiructed from the normalizer of one of ils
mazimal tori.

The original proof only covered the semisimple case, however Osse later generalized
the result to all connected compact Lie groups 54, 55). This theorem has inspired
most parts of the present work, but hefore explaining in which way, we introduce a
problemn, apparently not directly related to it. 1n the beginning of the '90s, Mislia
asked the following question motivated by the study of Lie groups from the homotopy
point of view [26]:

Let G, and H, be two connecled compact Lie groups. If the classifying
spaces BG, and BH, are hamelopy equivalent, does-this imply that G,
ond H, ore isomorphic as Lie groups?

The answer is affirmative and was first given hy Osse in [53]. 1n {50], Nothohm even
shows that the hypothesis of connectedness is superfluous. However, concerning
the nonconnected case, Theorem 1.2 in [50] is crucial and depends on an impartant
affirmation to which we have an objection. Indeed, example 2 on page 23 of the
present work shows that the description in [50] of the set of isomorphism classes of
compact Lie groups does not hold in general. One of the origins of this work was thus
to give another proof of the affirmative answer to Mislin’s question for nonconnected
compact Lie groups. The theorem of Curtis-Wiederhold-Williams now comes hack
on stage: the main idea in our approach is trying to find a generalization of this
theorem in the nonconnected case, and theu apply it to give a new proof. Examples,
which in particular show that the hypothesis of connectedness cannot simply be left
ont in the original theorem of Curtis-Wiederhold-Williams, lead us to conjecture a
“generalized Curtis-Wiederhold-Williams theorem”.

Conjecture. Tuwo compoct Lie groups G end G' are isomaorphic if and
only if thetr normolizers (N, No) ond (N', N!) are isomorphic a5 group
pairs.



Concerning the original theorem of Curtis-Wiederhold-Wiiliams, we also note that
it does not answer the following natural question, formulated by Osse:

What is the relotion between the aunfomorphisms of the normalizer of
o mazimal torus and those of the corresponding connected compact Lie
group?

A precise angwer turns out to he needed in our approach to solving Mislin's question.

Still related to the homotopy-theoretic version of Hilbert's fifth prohlem, it should
also he mentioned that the notions of “maximal torus”, “normalizer” and “antomor-
phism” are well defined in the context of p-compact groups [23]. The conjecture
and the second question ahove have translations in this setting. In particular, a
major problem in the theory of finite loop spaces is completing the classification of
p-compact groups and the normalizer of a maximal torus has already proved to be
the distinguishing invatiant in many cases [47].

We end up this introduction with a description of the contents of the chapters.
Chapter 1 is a collection of definitions and results on compact Lie groups and nor-
malizers of maximal tori that will be needed in this work. Most of these resuits are
classical and cited without any peoof.

Chapter 2 gives a classification up to isomorphism of compact Lie groups with
nonabelian connected compenent. This classification might belong to the category
of regulte “well-known fo the experis” (be cautious, this is not a category in the
mathematical sense). However, we could not End any reference for it in the literature.
Even the rather exhaustive work of de Siebenthal [18] in the 505 does not give the
anawer we need for the sequel. In more details, after reviewing the classical relation
between group extensions with nonabelian kernel and low dimensional cohomology
groups, we apply it to the particular case of compact Lie groups. We then define an
action of the produnct of the outer automorphism group of G, hy the automorphism
group of I', Out{G,) x Aut(I'), on the set £ of classes of equivalent extensions of
the form G, — E — I'. Finally, we use centralizers of principal subgroups of rank
one for pasging from “up to equivalence of extensions” to “np to isomerphism of Lie
groups” . More precisely, we get

Theorem. Two compact Lie groups are isomorphic if ond only if the
two corresponding cohomology closses in £ are in the same orbif under
the action of Out(G,) x Aut().

We also give examples of the classification and take a look at the importance of
gemidirect products in compact Lie groups with a revisited “sandwich” theorem.



4 Introduction

In chapter 3, we study the antomorphism group of N, , i.e. of the normalizer in the
connected case. We start with an overview of the notion of root diagram. We then
give a description, based on classical cohomology of groups, of the automorphisms
that induce the identity on the maximal torus T'. Next, we preseot a decomposition
of the onter automorphism group of IV, as a semidirect product, which answers the
second question ahove and can he interpreted in the following terms: “the aulomer-
phisms of N, ore those of G, together with ontomorphisms thot induce the identity
on the {orus, which are non-estendoble to G, .” Precisely, we show the following:

Theorem. Let W, = N,/T denote the Weyl group of G,. The outer
oulomorphism group of N, canonically decomposes as

Out(N,) = H'{(Wo; T') » Out{G,),

where the W,-module T is endowed with the notural cction indnced by the
extension T — N, - W, .

In the last section of this chapter, we introduce some notioos related to the Tits
presentation of N, that are then used for the explicit calculation of the outer auto-
morphism group of some normalizers.

Chapter 4 hegins with the proof of a reconstruction process: starting from the
group pair (N, N,), i.e. from the inclugion N, — N , corresponding to the normalizers
of a maximal torus in sotne compact Lie group G, we can cite the isomorphism class
of G. The rest of the chapter is dedicated to showing that the “generalized Curtis-
‘Wiederhold-Williams theorem” is true in special cases, by proving that the meotioned
reconstruction process ig invariant under isomorphisms of paira of normalizers. In
particular, we get:

Theorem. The conjecture is true in the following cases:

(1) the isomorphism of pairs of normalizers induces an automorphism
of N, that is the restriction of some gutomorphism of G, ;

(2) the connected compact Lie group G, corresponding to N, is of adjoint
type;

(3) the connected compact Lie group G, corresponding to N, is simple.

We also show that the general case can be reduced to a question ahont semidirect
products.

The purpose of chapter 5 is to present our approach for proving that two com-
pact Lie groupe are isomarphic if and only if their classifying spaces are homotopy



equivalent, taking the connected case for granted. It starts with some recollections
on classifying spaces and fibrations. Then some known results on mapping spaces
involving classifying spaces are gathered. Section 5.3 contains a key result showing
that the maps from BG to the classifying space B of the compact Lie group G
corresponding to the quotient of G by the center of G, are essentially unigue. It also
contains the following reconstruction result: knowing ite classifying space BG, one
can reconstruct the compact Lie group G up to isomorphism. Theu, using point (1)
of the ahove theorem of chapter 4, and a proposition due to Zabrodsky, we prove in
section 5.5 that this reconstruction process is invariant under homotopy equivalence
for all compact Lie groups. We therefore get:

Theorem. Two (not necessarily connected) compact Lie groups are iso-
morphic if and only if their classifying spaces are homotopy equivelent.

On the way to proving this last theorem, we also get the following result for the
normalizer N, .

Theorem. The map
Br, : Out(No) — Aut(BN,), [y] —+ [By]
is an isomorphism of groups. In particular

Aut(BN,) = HY(W,; T) » Out(G,).

In other words, the group of homotopy classes of self-homotopy equivalences of BN,
and the outer automorphism group of N, are isomorphic. This extends to the class of
normalizers N, a result for connected compact Lie groups of Jackowski, McClure and
Oliver [37]. The fact that Sy, is an isomorphism in this last theorem is a particular
case of an unpublished theorem by Mgller. However, we believe that the precise
description of Aut{BN,) is new.

Finally, the appendix contains some material and calculations related to the third
chapter.



Chapter 1

Compact Lie groups and normalizers
of maximal tori

Starting with a minimal background on compact Lie groups, this chapter introduces
gome properties of normalizers of maximal tori, both in the conuected and noucon-
nected cases.

1.1 Background on Lie groups

A (real) Lie group G is a group G equipped with the structure of a smooth menifold
guch that both maps
GxG— G, (g.h)— gh

and
G— G, g—r g

are smooth. A homomorphism ¢ : G = H of Lie groups is a homomorphism of
groups that is also a gmooth map. A connected Lie group will be called simple
if it is not abelian and bas no proper closed normal subgroup of strictly positive
dimension.

Examples 1.1

1. Any finite or countable group equipped with the discrete topology and the
tructure of a 0-dimensional manifold is a Lie group.

2. The unit circle 8! = {z € C: |2} = 1} is a connected compact abelian Lie
group.
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3. The wnitary group U{n) = {4 € GL,(0) : ‘A-A = I} is a connected compact
Lie group; note that U(1) = §*.

4. The general finear gronp GL,(R) = {A € M,(IR) : det A # 0} is a Lie group;
it is non-compaet (for n > 2) and has two connected components.

5. The direct product of Lie groups is the direct product of the corresponding
ahstract groups endowed with the smooth structure of the direct product of
smooth manifolds. One can show that any connected compact abelian Lie
group is a torus, i.e. a group isomorphic to the n-dimensional torus T" defined
as the direct product of r copies of the circle group §'.

In the sequel we will only consider the compact case and G will always denote a
compact Lie gronp. To G, there is a naturally associated group extension given by
G, «3 G —» ', where G, denotes the connected component of the nentral element
of G and I' = G/G, = ,(G) denotes the finite group of connected components. We
give some examples of nonconnected compact Lie groups.

Examples 1.2
1. Any group extension
™ E—»F,
with F a finite group.
2. The orthogonal group {A € GL.(R) : ‘4.4 = 1}, with the associated group

extension
S0(n) = O(n), = O(n) = /2.

In fact O(n) = 8O(n) = {diag{—1,1,...,1)} = SO(r) x Z/2.
3. The orthogonal group has & double cover called Pin(n). It is a nonconnected
compact Lie group, and for n > 2 we have
Spin(n) = Pin(n), — Pin(n) - Z/2.
For 13 2 3 the group Spin{n} is the universal cover of SO(n).

4. There is a famous “triality phenomenon” in Spin(8) expressed by the fact that
its onter antomorphism group is isomorphic to the symmetric group on three
letters, i.e. Out(Spin(8)) & Ty. In the exceptional Lie gronp F4 this phe-
nomenon is embodied by a nonconnected compact Lie group. Indeed Fy con-
tains Spin(8) as a subgroup of maxiinal rank and its normalizer Nz, {Spin(8))
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fits in the extension
Spin(8) <= Np,(Spin{R)) — Z;,

each element in Qut(Spin(8)) being represented by an inner automorphism ¢, ,
with n € Ni,(Spin(B)) (see [3, Chap. 16] and [10, Exercice 6, p. 113]).

From works of Killing, E. Cartan and Weyl the precise structure of connected
compact Lie groups is known.

Theorem 1.3
(1) If G, 15 a connected compact Lic group, then
G, 2(Sx H)/K,

where § is o lorus, H a 1-connected compact Lie group and K a finite central
subgroup of S x H .

i1} Any 1-connected compact Lie group is o direct product of simple 1-connected
compact Lie groups.

{iii) Let H be a 1-connected simple compact Lie group. Then H is tsomorphic to
one of the following 1-connected simple compact Lie groups: A, =SU{n +1),
B, = Spin(2n + 1), G, = Sp(n), D, = Spin(2n), Gz, Fy, Es, By, Eg, with
n=12,... fendn >3 for the case D,).

A connected compact Lie group G, will be said semisimple if the torus S in the pre-
vious theorem is trivial; it is equivalent to saying that the center Z, = Z{G,) of G, is
finite. The unitary group U(rn) is a connected compact Lie gronp that is not semisim-
ple. The centerless quatient G, = G./Z, is called the adjoin? group of G, . It is iso-
morphic to the image of G, in the adjoint representation, which is the action of G,
on its Lie algebra LG, induced by conjugation, i.e. Ad : G, — GL{LG,), g ++ (g;). .
We will alzo say that a centerless connected compact Lie group is of adjoint type.
For more details on compact Lie groups see, for instance, the books of Adams [1],
Bourbaki [10], Brocker-tom Dieck [14], Mimura-Toda. [42)].

1.2 The normalizer of a maximal torus in the con-

nected case

A closed subgroup T' C G, is called a mazimal torus if it i3 a torus and if it is strictly
contained in no other torus. 1t is not difficult to check that any non-trivial connected
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compact Lie group has at least one maximal torus. The following fundamental
theorem is a first illustration of the crucial role played by maximal tori in connected
compact Lie groups.

Theorem 1.4 Let G, be a connected compact Lie group.
(1) Any element in G, is contained in ¢ mazimal torus.

(i) Any two mazimel LoriT end T’ of G, ore conjugele, i.e. there exists on element
g € G, such that ¢(T) = gTg™! = T'. In porticulor, the dimension of o
mazimal torus is on snvertoni of G, , called the rank of G, .

{iii) The conjugetes of o mazimal torus T cover the group, i.e.

Go=J gTg™.
e

A proof of this theorem can be found in [14, Chap. IV].

We now fix a maximal torus T in G,. One of the most important object in this
work will be the normalizer N, of T' in G, , defined by

No=Ne,(T)={n€G,: c,(T) =nTn'=T}.
Tbe Weyl group of G, is the finite quotient W, = N,/T . The map
W, xT =T, (w=nT,t) = wi=nin"

defines a faithful action of W, on T'. Note that if G, is oonabelian, N, is a noncon-
necled compact Lie group, with the associated extension

T = (No)o o Ny W,.

The notation N, may seen clumsy, but it will be justified when we consider the case
of a nonconnected compact Lie group G .

Examples 1.5

1. In U(n) the standard mazimal terus T(U(n)) cousista of the subgroup of diag-
onal matrices. The Weyl group W, (U(n)) is the symmetric gronp I, and its
action on T(U(n)) is given by permnutation of the elements on the diagoval, i.e.
for all & € W, (U(n)) = E,, t =diag(za,... ,2,} € T(U(n)):

o-t = o-diag{z,... ,2) = diag(z,-1();- - ; Zo-1(m)) -

The same bolds for SU(r) C U(n), except that the standard maximal torus is
given by T(SU(n)) = T(U(n)) ndet™*(1) = T*! .
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2. In the particular case of the group of quaternions of unit norm §% = SU{2),
the previous example becomes

T(8% = {cosp + ising, p € R} = §'

and
N,(S*} = §' 11 j§' & Pin(2).

We will use the same notation for N,{SU(2}), with the abuses

{diog(z, 27} : [z = 1} = §*

01

23 e

j—i= (
under Cayley’s isomorphism.
3. In SO(3), the standard maximal torus is given hy

cose —sing 0
T(SO(3))={ sing cosp O :(pE]R}.
0 0 1

Let d = diag{—1,1, —1) € 50(3} ; then for the normalizer we have

N,(SO(3)) = T(SO(3)) L 4-T(SO(3)) & O(2).

We now recall the precise statement of the theorem of Curtis, Wiederhold and
Williams.

Theorem 1.8 (Curtis-Wiederbold-Williams; Osse} Twe connected compact Lie
groups are isomorphic if and only if the normalizers of their mazimal tori are iso-
morphic. Moreover, o connecled compact Lie group can be reconstructed from the
normalizer of one of its mazimal tori.

The original proof of the theorem for semisimple connected compact Lie groups
can be found in the paper by Curtis-Wiederhold-Williams [16]; Osse later observed
that the concept of root diagrams (see chapter 3} allows to extend the original proof
to alt connected compact Lie groups, and also proposed a new proof [55]. An inde-
pendent proof due to Nothohm is presented in [50].

There is another remarkahble result that we will need: it is a theorem due to
Tite saying that, in the connected case, the normalizer has a presentation where the
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generating set is a finite set added to the toral part. Before stating it we ceed to
recall some facts and notations. Denote by LT the Lie algebra of the maximal torus
T of G,. Let R = R{G,,T) C LT* be the root system of G, associated to T and
RY ¢ LT the corresponding coroot system. The Weyl group W, acts on LT and is
generated by the reflections s, for @ € R, explicitly given by

8, LT — LT, X +— 82{ X} = X — a(X)o".

Once a W,-invariant inner product (.,.) has been fixed the formula becomes

For w = 3, € W,, t € T, we will also use the notation w-? = s,(). Define
To = exp{Ra¥) = {t € T : g,(t) = ¢7}; this is a closed subgroup of T isomorphic
ta 8'. Also define b, = exp(-‘-'}). Recall that for each root o € R there exists a
howomorphism of Lie groups », : SU(2) = G,, unigue up to conjugation by an
element of T(SU(2)) = §', and satisfying, among other properties,

. w(S)=T,
o 1, (j8) C 1 (a,) (C NA\T)
o vo{-1)=h,

{see 10, §4, N° 5]). Fix a hasis B of R, and denote by £.g the order of the element

3a8p in W,.

Theorem 1.7 (Tits) Fer all roots o € B let us choose on element g, in v, (78').
Then forella, € B, o #8, and for alit € T, the following relations hold:

{]) qg = h,

(2)  Qa999a s = 9pGads -
N s N s
l,g factors log factors

(3) Galgy' = Salt).

Moreover the group N, 13 generated by the set T U {qa}aep ond is defined by rela-
tians (1), (2) and (3), added to the fact thet T is a subgroup of N,. More precisely,
any relation between elements of N, i8 0 conseguence of (1), (2),(3) and of relations
between elements of T .
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Tits proved this theorem for split reductive semisimple algebraic groups [67, 68],
however his proof can be translated for compact Lie groups {see the remark in the
proof of Lemma 3 in [16], or Chapter 3 in [40]}.

We end up this section: with a result relating the center Z{G,) of G, to the center
Z(N,) of N,, which shows that they coiacide in most cases. This result is due to
Matthey and its proof is not published [19].

Theorem 1.8 (Matthey)
(i} The center of N, is the set of invariants of the W,-module T, i.e.

Z(N,) =T".

(ii) The guotient Z(No)/Z(G,) is on elementory abelinn 2-group; more precisely
Z(N,)/2(G,) = (2/2)",
where k is the number of direct factors of type SO(26+1) in G,.

For closely related results, consult the preprint of Dwyer and Wilkerson [24].

1.3 The normalizer of a maximal torus and related
subgroups in the nonconnected case

In this section we introduce and study some of the properties of an other fundamental
ohject of this work: the normalizer N = Ng(T) of a magimal torus T € G, in
the nonconnected compact Lie group G. We also define some related subgroups.
Aiming at a generalization of the theorem of Curtis, Wiederheld and Williams to
the nonconnected case we will suppose for the rest of this work that G, is nonebelian.

Let B still denote 2 hasis of the root system R associated to the fixed maxi-
mal terus T'. The principal dicgensl of G, with respect te B is the 1-dimensional
subspace

D(B) = {X € LT : o(X) = B(X),Ya,A € BynH C LT,

whére H is the maximal semisimple ideal of the Lie algehra LG, . Then, taking the
exponential, A = A(B) = exp(D(B}) is & closed subgroup of T isemorphic te 8.

Deflaition 1.9 (de Siebenthal) A principal subgroup of G, {associated to T) iz a
connected closed subgroup H satisfying
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s H is not contaiced in any proper connected closed subgroup of maximal rank,
o there exists a hasis B of R such that A{B) C H.

In particular, a principal subgroup verifies (H,T"} = G, for any maximal torus
T". The remarkable work of de Siehenthal shows that any compact Lie group pos-
sesses & priacipal subgroup of rank 1, thus isomorphic to SU(2) or $O(3), and that
two principal subgroups are conjugate [17, Chap. IV]. Let Hr be such a priocipal
subgroup of rank 1, mssociated to a fixed maximal torus T'. We will denote by
Z = Zg(Hr) its ceotralizer in G. Before stating the main theorem of this section,
we consider ane more suhgroup defined as the centralizer @ = Zg(A) in G of the
subgroup corresponding to a principal diagonal.

Theorem 1.10 For any compact Lie group G there erists o commutotive diogram

Z, < Z T
1 ] I!
Tc Q T
] 1 II
N, c N r
] ] ||
G, < G r

where each row is o group exlension, and where Z, is the center of G, .

Proof. The centralizer of Hr in G, is equal to the center Z; of G, (in fact, by
a theorem of Bore! and de Siebenthal (8], this property characterizes the closed
subgroups of G, that are not contaioed in any proper connected closed subgroup
of maximal rank [10, Ex. 15, p. 116]). As Z intersects every component of G [17,
Théoréme 4, pp. 253-254], we get an extension Z, — Z = Zg(Hr) «# I'. The other
statements are deduced from the fact that A C T containg a regular element, i.e.
an element that is contained in exactly one maximal torus, T in the present case.
(Conault |31) or [40] for more details.) a

Remarks 1.11

1. We say that the subgroup @ is an eztended mazimal terus in G. These sub-
groups share some important properties with maximal tori: they are all con-
jugate, and fixing one of them, its conjugates by the elements of G, cover the
whole gronp G. They appear in the literature under various disguises (see for
instance Oliver [52, Section 1.] and Segal [61, §4.]), as explained in [31].
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2. The Weyl group of G is defined to be the quotient W = N/T . Associated to
it, there are two group extensions, namely

Tes No» W

and
W, W .

An extended maximal torus furnishes a splitting of the second extension (since
I'=Q/T C N/T =W). This shows that W = W, nu T.

The following theorem is another application of principal subgroups of rank 1.
1t will be very useful when applying the theory of group extensious to the case of
compact Lie groups in uext chapter. For the proof, we refer to |18, Théordme, pp.
46-47| (for anotber approach consult [10, §4.10.]).

Theorem 1.12 (de Siecbenthal) Let G, be o connected compoct Lie group and
Hy C G, o principal subgroup of rank 1. Then the extension

10a(G,) <> Aut(G,) = Out{G.)
is split, i.e.
Aut(G,) & 1nn(G,) » Out(G,).

A possible splitting is given by 3 : Out{G,) = Aut(G,), where s(a) 45 the unigue
automorphism in 7~ (a) firing Hy pointwise.

The fact that the extension associated to Aut(G,) is split was known before the
work of de Siebanthal, at least in the semisimple case, and appeared in a paper of
Dyzkin [25].



Chapter 2

Cohomdlogical classification of

compact Lie groups

This chapter presents a cohomological classification of nonconnecied compact Lie
groups up to tsomorphism, including some examples. It ends up with some related
semidirect decompositions stated in a “sandwich” theorem.

2.1 Extension associated to a compact Lie group

and cohomology

The relation between group extensions with nonabelian kernel and low dimensional
cohomology gronps is classical and well-known since the work of Eilenberg and
MacLane [27]. As it is a basic tool in our approach to the classification of com-
pact Lie groups, we atart this section with a brief overview of the general case hefore
focusing on the special case of compact Lie groups. For a thorough treatment of
the general case, we recommend the textbooks hy MacLane |39], Robinson [59], or
Adem-Milgram [4]; a more concise approach can be found in Kirillov’s book [38], and
a sketch, which we roughly follow, in Brown's [15]. Ao extension E of the group @
by the group X (some authors say of K by Q}, deooted by X — E —» Q , induces
an “outer action”, i.e. a homomorphism ¢ : @ —+ Out{K). Cooversely being giveu a
pair of groups K and @ and a homomorphism  : @ — Qut(K) it is natural to try
to classify all the possible extensions K < E — ) that induce . We will soon see
that this can be done np fo equivalence of extensions. But before, recall that two
extensions K — FE —» @ and K — E' — Q are said to he equivalent if there exists

17
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a homomorphism p : £ = £ with the commutative diagram

K-« E r

!l lo ||

Kc E r
It is then not difficult to show that p is an isomorphism acd that the induced “outer
action” homomorphisms are equal. The fuadamental theorem of group extension
theory shows that two cohomology groups completely describe the set E(K,Q, ¢) of

equivalence classes of extensions inducing . Let A = Z(K) he the center of K;
then ¢ iaduces, hy restrictioe, a homomorphism & : @ — Aut(A4).

Theorem 2.1 (Eilenberg-MacLane)

(¥) The set E(K,Q,¢) odmils o free and transitive action by the abelion group
H3(Q; A). Hence either E(K,Q,¢) = @ or else there is a (non-canonical)
bijection E(K,Q, ) = H,;(Q;A), which depends on the choice of o particular
element of E(K,Q, ).

{i5) A homomorphism i . Q@ — Qut(K} gives rise to on “obstruction” in H3(Q; A},
which vonishes if and only f E(K,Q, ¢} #£ @.

A proof of this theorem can be found in MacLane'’s hook [39]. As an immediate
consequence one gets the following simple special case:

Corollary 2.2 If K has a trivial center then there is, up to eguivalence, ezactly one
extension of @ by K corresponding fo o given homoemorphism Q — Out(K) .

Remarka 2.3

1. An even simpler situation arises when both the center and the outer automor-
phism group of K are irivial (such groups are called complete). This is ezactly
the case for which any extension with KX as normal subgroup is a direct prod-
uct. As a first application to compact Lie groups, we ohserve that SO(2¢ + 1)
is complete, and thus for any extension SO(2€ + 1) — E —» Q we have

E~SO2+1)x Q.

2. The cohomology of groups gives a satisfactory solution to the problem of grovp
extensione. However, it does not classify them up to fsomorphism as the clas-
sical example @ = K = Z3 shows. In this case H¥(Z/3;Z/3) = Z/3 hut there
ere only two noo-isoinorphic groups with 9 elements. In fact, there are two
non-equivalent extensions corresponding to £ = Z/9.
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We now want to apply the classical theory of group extensions to the case of
compact Lie gronps. We fix a nouahelian connected compact Lie group G,, a finite
granp I, and a homomorphism ¢ : T — Out(G,) . We write 2, for the center of G, .
Chooesing a principal subgronp Hr C G, and fixing s as in theorem 1.12, we get the
commutative diagram

¥ . out{@,) -+ Aut(a,)

S Ir

Aut(Z,) == Aut (Z,)

r

In the sequel, we will use the notation oy = {30 @){7), for 4 € I'. In the particular
cage of compact Lie groups, we get:

Proposition 2.4

(i) The set of equivalence clusses of extenssons E(T, Gy, ¢) 18 in bijection with the
eohomology group H3(T; Z,) .

(i) For ali u € H(T; Z,) the corresponding extension G, <+ G — T carries a
natunal structure of Lie group.

Proof. By theorem 2.1, it snffices to see that £(T, G,, ) # @ to prove (1) . But this
follows from theorem 1.12: the semidirect product G = G, M, I' exists for any ¢.
The second statement is easily deduced from classical Lie group theory. 0

The hijection in this last praposition is not canonical. As stated in theorem 2.1,
it depends on the choice of a particular element in E(T', G,, ) . On the other hand,
there iz a canonical hijection hetween E(T, Z,, @} and HX(T; Z,), thus a bijection
A E(L, Z,,¢) = E(T, Gy, ) still depending on the previous choice. Let us describe
this hijection hy first recalling that H3(T; Z;) = ZZ(D; 2,)/ BY(T'; Z,) , where, keeping
the multiplicative notation in Z,, the cocycles are functions b : I' xI' — Z, satisfying

o him, el =hle, ) =¢ {normalization)
o (8R) (1,72, 78) = O (Blv2, 13))- B2, 98) 2B, ema) By m) ™ = e

for all 11,7z, 73 € T'; the cohoundaries satisfy the extra condition that there exists a
function k : T — Z,, with k{e) = e, and such that

Al m) = (86)(m, 12) = o (R(1)) - B(mm) ™" k()

for all 1,2 € ['. Let us choose the semidirect product GG, » I' associated to the
section s as the extension corresponding to the neutral element in H2(T; Z,). Then
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for an element u = [k] € H3(T; Z,), the corresponding class of extensions is given
by [G, — Gx —» [, where Gy, is the set G, x I' equipped with the multiplication

(91 'T) * (9'1 'T') = (9'%(9’)"‘(’7.7). 7"{)

(see [39], Chapter IV, §4 and §8). We will also denote hy G, — G, — T any
representative of the class of extensions correspoading to u € Hg,(l" 1 Zo). We aext
give a canonical description of the iaverse of A, i.e. a descriptioa that does not
depend on the choice of a particular element in £([, G,, ¢) .

Lemma 2.6 For any principal subgroup of rank ene H in G, the map

9: S(F, GO: ¢") — E(Fl ZD: ¢)
[Go=a G T — [Zo Ze(H)

is the inverse of A (and does not depend on the choice of H). In particular it is a
bijection.

Proof. As centralizers of principal subgroups of rank 1 are preserved by isomorphisms
of G, O does not depend on the choice of a representative in {G, — G - I]. Let
u=|[Z, ~ Ey -» I = [h] € H3}(', Z,) . Then we have the commutative diagram

Z,c E, r
G,——G=G,——T
where Ey is Z, x " as a set, Let ua show that By = Zg, (Hr), Hr beiug the priacipal
subgroup of rank 1 of G, correspoading to the fixed section s. By proposition
1.10 it is enongh to check that Ey is contained in Zg, (Hy). Let (z,4) € Ej and
{z,e) € Hr £ G, € G). We calculate

(3'01(3)"1(7,6), 'T)
(Z'.‘lﬁ, 'r)

(Z, 'r) *h (1:1 E)

and

(z-00(2) k(e 1), 7)
(-"—"'z“T)
(Z'.‘lﬁ, 'r) »

(z,€) *a (2,7)

Il

by normalization, and because the restriction of o, to Hr is the identity by the choice
of the section g.
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Now, as the principal subgroups of rank 1 are all conjugate by an element of G,
{see [17], Théoréme, pp. 46-47), 50 are their centralizers. Therefore the extensions
Zy =+ Zo(H) - T, for H running through the family of principal subgronps of rank
1, all belong to the same class. Thus we have just proven that 8 is well defined and
satisfies B o A = ider 2, 5. As A i bijective, this shows that © = AL, o

We summarize the situation exposed in this section.

Theorem 2.6 Suppose given G,, a homemorphism ¢ : T = Out{G,) and en ez-
tengion Z, — Z — T for which the homomorphism ' = Ant(Z,) coincides with
@. Then, up o equivalence of extensions, there ezists a unigue compact Lie group
G fitking into the commutative diagram

Z, < Z r
] 1 |
G, © G r
| | le

Inn{G,} = Aut{G,) — Out{G,)

where the rows are group exlensions. Moreover the given data allow to construct an
ertengion G, = G —» ', in which the subgroup Z is the centralizer of ¢ principal
subgroup of rank 1.

Conversely, one can recover the class of the extension Z, — Z — T in the
eztension G, — G — T by laking the centralizer of any principal subgroup of rank 1.

2.2 Classification of compact Lie groups up to iso-
morphism

All the possible classes of extensions of I’ by @, correspond to the disjoint union

E=ET,G)~ ][  HUT:Z).
wEHam(T,Dut{Co))

We now define an action of Out{G,) x Aut(l’) on this set. Let u = |2, > Z ST)e
HA(T; Z,). For a € Out(G,), choose & € Ant(G,) such that m{&) = a and denote
by @ € Aut (Z,) the restricted automorphism.

Lemma 2.7

(i) The map Out(Go) x £ = £, {a,u) = vo=a*(u) = [Z, Z.—‘:» T] defines a
right action. The image o*(u) corresponds to the extension G, <% G 5T, and
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belongs to H‘%(I‘; Z,) C E, where ¢ = cp-1 049, with co-1 denoting conjugation
byat.

Bo!
(ii) The map Aut(T) X £ -+ £, (8,u) = B-u = Bu(u) = [Zo > Z = T| defines a
left action. The image S.{u) corresponds to the extension G, e E? T, ond
belongs to H}(T; Z,) C £, where=po .

Prosf. As the proofs of the two parts of the lemma are very similar, we only treat
the first one. Consider the following commutative diagram:

7,—2 e z,c B 7= Zo(Hy) ﬁ

| S |

G —2 G, —1t ¢—1F T

[ le v
Inn(G,) © Aut(G,) —— Out{G,)

The principal subgroups of rank one are preserved by isomorphisms. As é~!(Hy)
is clearly centralized by any element in Z, the statement abaul which extension
corresponds to a*(u) follows from theorem 2.6. At the same time, this shows that
the map is well defined. 1t is then straightforward to check that it is a right action.
For the resulting homomorphisin, we choose a set theoretic section v : I' =& G of
p:G -1, and compute for y € I

W = (0@ oapmoliod))
ﬂ'(a‘_l =] (i_l 0 Cyfy) © t) ] &))
w{@) " o 7(i™! 0 cypyy 0 1) 0 W(@))
alop(y)ow

(ca-r 0 )(7)-

il

fl

(|

Clearly for u € £ aud a corresponding representative G, = G, — [, we bave

Gu = Goewy = Gauw for all a € Out(G,), B € Aut(l)) . Mareover, it is clear that the

two actions commute and so we get a left action of Out{G,) x Aut(I’) ou £. Elements

in the same orbit represent isomorphic groups; the main result in this chapter tells
that the converse is true,

Theorem 2.8 Two compact Lie groups Gy, and G, are isomorphic if and only if
the corresponding cohomology classes uy € H3 (T Z,) C € andus € HL(T; Z,) C €
are in the same orbil under the action of Out(G,) x Aui(T).
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Proof. Let p : G, = G,, be an isomorphism of compact Lie gronps. As the
connected component of the identity is preserved hy an isomarphism, this gives rise
to the commutative diagram

G, G, r
=|p ~|p g!ﬁ
G, < e, r

Let us define @ = #n({p) € Out{G,) and & = p|z,. As the centralizers of principal
subgroups of rank one are preserved by isomorphisms, and by theorem 2.6, this
induces a new commutative disgram that we write as follows:

ZD c [ ﬁ‘_l Zul 16 o

I glﬁ: plz., ||

Zo Zys r
Ha 4]

Thus, by Lemma 2.7, we have ug = (a™')*f.(t;) and so 1 and u; are in the same
orhit. O

2.3 Examples of the classification

1. We take G, = SU(2) and ' = Z/2. As Out(G,) is trivial and Z, 2 Z/2, we
have

E(Z/2, 802~ ]I HUZ/ZZ/2) = B (Z/2,Z/2) =2/2.
wpeHom{£/2,0}

The group Out(G,)x Ant(l') being trivial, these two elements carrespond to two
non-isomarphic compact Lie groups. The first one is clearly G, = SU(2)xZ/2.
Let us give a description of the second one. Conjugating a matrix in SU{2)
hy j amannts to taking the complex conjugate of each entry in the matrix, i.e.
5 : SU(2) = SU(2), g =+ ¢;{g) = 3. Let us denote by G, = SU(2) »; Z/2
the semidirect product where the generator ¢ of Z/2 acts as ¢; on SU{2). As
the center of G, is given hy {(5,£)} & Z/4, G, and G,, are non-isomorphic.
Therelore G, is the second compact Lie group that we were looking for.

2. We now take G, = SU(2) x 8U(2) = Spin(4} and keep [' = Z/2. This time
the outer autemorphism group is given by Out{G,} = {[7]}, where r is the
antomorphism that exchanges the two factors, i.e.

7 :SU(2) x SU(2) — SU(2) x SU(2), {g.h) —> (h, )
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and Z, = Z/2 x Z/2. We thus have

£(Z/2,5U(2) x SU(2)) U HAZ/22/2 x2/2)
wEHOm(Z/2,Z/2)
HYZ/2,Z/2 x £/2)) 11 HA{Z/2%,Z)2 x Z/2))

~ (£/2 x 2/2) 1 {0}.

2

One then verifies that as exteusions of the center, i.e. for centralizers of a
principal subgronp of rank 1, these five non-equivalent extensions are in fact
represented by only three non-isomorphic gronps, namely

Z/2 x Z[2 x 22
Z/2 x Z/4
Z/2 x Zf4
£/2 x L[4

112

Zy,
Zu,
Zus
Ziuy

R

174

for the elements of H*(Z/2;Z/2 x Z/2)), and
Zy X (Ef2xZf2)nZf2 = Dy

(the group of symmetries of the square) for the element of HZ(Z/2; Z/2x Z/2).
The group Z/2 x Z/4 yields three non-equivalent extensions, because among
its three elements of order 2, only one is divisihle hy 2 (the element (0, 2) in
additive notation). Therefore this element must he characteristic and changing
the non-trivial element of Z/2 x Z/2 that is mapped to it gives three extensions
that must clearly be oon-equivalent. At the level of Lie groups the five non-
equivalent extensions are represented by

Gu, = 8U(2) x SU(2) x Z/2

Gu = (SU(2) x SU(2)) #yxia /2
Gu = (SU(2) x SU(2)) %ians Z/2
Guy = (SU(2) x SU(2)) 25, Z/2

Gv, = (SU(2) x SU(2)) x, Z/2

(one checks that (—1, 1, €) corresponds to the characteristic element of order 2
in Z,, whereas it is (1, —1,e) in Z,,, and therefore G, and G,, are certainly
not equivalent). Finally, the gronp Out(G,) x Ant(T") 2 Z/2 x 0 acts on this
set of equivalent extensions and it is clear that the only non-trivial orbit is
{Gy,s Gy, }, and that there are 4 non-isomorphic extension of Z/2 by the Lie
group SU(2) x SU(2) = Spin(4).
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Remarks 2.9

1. As we have chosen I' to be cyclic, the caleulations of cohomology gronps in
these examples can be done by hand using the classical explicit resolution (see
for instance |29, §2.1, pp. 5-6]).

2. It is clear, from what has been done in section 2.2, that the elements in
H}(T;Z,) and in ch,,:x opi L3 Zo) will be identified (at least) pairwise under
the action of an element [a] € Out(G,). The second example is intended to
ghow that identifications can even occur inside a given cohomology group (i.e.
without changing the “outer” action of [ on G,).

2.4 A “sandwich” theorem

In this section we propose a structure theorem for compact Lie groups using central-
izets of principal subgroups of rank 1 similar to the “Sandwich Theorem for compact
Lie groups” that appears in the book by Hofmann and Morris [33, Corollary 6.75,
p. 272). ‘

Theorem 2.10 For an;.r compact Lie group there are two surjective homomorphisms
GCo=G,nZ I ¢ I GG, =l
(90:2) — gz
g — lo=92
where the centralizer 2 of a fized principal subgroup of ronk 1 acts on G, by conjuga-
tion, and where 7y 15 the canonical projection corresponding to the normal subgroup
Zyof G.

For the kernels, we have kerm, & Z, and kera; = Z,; in particular
C2(Gon2)/Z, ond G/Z,=G,xl.

Proof. The assertion abont wp are clear. ]

The map = i3 well-defined and surjective (because Z intersecis every component
of ). A straighiforward computation shows that it is 8 homomorphism. Finally we
have

kermy, = {{9,2)€GoxZ:g-z2=¢}
{{s.97") € Gon Z}
{{9,97") € Z, x Z,}

= Z,.
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hecause G,NZ = Z,. 3
Remarks 2.11

1. The origic of the name of this theorem is clear: any compact Lie gronp is
“sandwiched” in between two semidirect products closely related to it.

2. The component of the identity of G, is equal to G, if and only if G, is semisim-
ple.

3. Ourversion of the “sandwich” theorem has the advantage of beiog more explicit
than the one in {33 (the result therein is an existence theorem). Its drawback
is the fact that Z is finite if and only if G, is semisimple.

4. Given 8 homomorphism ¢ : I' — Out(G,) and an extension Z, H ESD for
which the action coincide with the restriction @, there iz a more direct way
than the cohomological one to recover the correspoodiog compact Lie group
G, i.e. the one that fits into the commutative diagram

Z,~—— F

] ]

G, e——t G ——e [

T
||

Let us define the composition & : £ —» [ % Out{G,) %+ Aut(G,), where s is
as in theorem 1.12. Then following Bourbaki (9, Lemme 7, pp. 210-211], we
have

G = (Go Xa E)/AZg,

where AZ, is the image of the injection z, — (27!, u(z,)). Taking E = Z,
this gives anotber proof of onr version of the “sandwich” theorem.

2.5 Splitting of the extension associated to a com-
pact Lie group

In this last section we make a few observations on the splitting of the extensioa
associated to a compact Lie group G. Notice that for all the examples of compact
Lie groups (with nonabelian component of the identity) we have considered so far,
the associated extension was split. In fact this situation occurs in many particular
cases. Using Cartan subgroups (in the sense of Segal [61], i.e. those Adams called
“8S snbgroups” in honour of Segal and de Siebenthal [2]), de Siebeothal showed the
following theorem [18, Théordme, p 74]:
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Theorem 2.12 (de Siebenthal) Let G be s compact Lie group with G, simply
connected, or of sdjoint type (i.e. 2, s triviel). If ' = 7,(G} is cyclic hen G s a
semidirect product, t.e. G =G, xT.

As an application of the *sandwich” theorem of the previgus section, we will
construct a compact Lie group G with an extension that is not split, i.e. a compact
Lie group G that cannot he decomposed as a semidirect product of the form G« T,

We start relating the splitting of the extension associated to G to that of the
extension associated to the normalizer of a maximal torus N in G.

Propoaition 2.13 If the group of components T of G fs nilpotent, then the estension
Go = G —» I ig split if ond only if the extension N, — N —» I is aplit.

Proaf. The "if” part is clear. Conversely, let 5 : I' = G he a section. By a result

in Bourhaki [10, Corollaire 4, p.49], any nilpotent subgroup of a compact Lie group

is contained in the normalizer of some maximal torus. Therefore, if needed after

conjugation hy an element in G, , we have (I') C V, and we can conclude that the

extension associated to /V is aplit. a
For an extended maximal torus @ we have the following situation.

Propoaition 2.14 If the group of components I' of G is cyclic, then the exlension
G, — G — T is split if and only if the extension T — @ — I' iz sphit.

Proof. The proposition readily follows from the fact that the conjugates of @ cover
G. (W]

Example 2.15 Consider the dihedral group Dg = {r,s|r* = s = ¢, grs~! =r-1}.
Then the guotient

G = (SU(2) x Ds)/AZ/2,
where AZ/2 denotes the central subgroup generated by (—1,7%), is a compact Lie
group with G, 2 SU(2) and I' & V', the 4-group of Klein,
Claim: The associated extension

SUR) =G =V

is not split. Let us check this claim. Let S! dendle the standard maximal torus in
SU(2}, and N,, respectively NV, the normalizer of §' in G, , respectively G . We have

N= {[te]:te8) U {[te:tc8} 1
{lt,r]: ¢85} 1 {[jtr}:t€8} 1
{It.8]:tes'} U {Wt,s]:teS} 1
{[t,re]:tes') U {ljt,rs]:te8}.
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By contradiction, suppose that the extension associated to G is split. As V is abelian,
thus nilpotent, we deduce, by proposition 2.13, that the extension associated to N
is also split. We want to show that this is not possible by enumerating the elements
of order 2 in N . In the compouent corresponding to r we calculate

e [t = [ = AZS2
= (L") = (-1,7%)
= t=d=i,

o [t.r? = [(G17

= i—l,'rn]
= AZf2

(every element iu this sub-component is of arder 2).

In a similar way we calculate, for n = 0,1, that in the component cotresponding
to r"s the element [t,7"s] i of order 2 if and only if ¢ = —K and that the sub-
component { [j£,r"s] : ¢ € §' } does uot contain any element of order 2. Two of the
three non-trivial elements in I' = ¥V must thus be mapped by the section to [—1, 3]
and [—1,rs]. Therefore, the image of the third non-trivial element is

[_113]'[_117'31 = [11 37'3] = [llr_l] = [—-I,l‘],

which is not of order 2. A contradiction that proves our claim.

Remarks 2.16
1. One can verify that this example is “minimal”.

2. An obstruction to the splitting of the extension associated to the extended
maximal torus @ can be found in a paper by Oliver; this obstruction involves
the representation ring of G and its relation with the family of all p-toral
subgroups of G [52, Corollary 3.11, p. 376]. ln particular, on pp. 376-377,
Oliver constructs a compact Lie group G = SU(2} » (Z/2 x Z/2 x Z/3) such
that the extension corresponding to the extended maximal torus € is not split.
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Automorphisms of the normalizer N,

For connected compact Lie groups, the remarkahle theorem of Curtis, Wiederhold
and Williams shows that the normalizer of a maximal torus characterizes the group.
However, it does not say anything on the relation hetween the endomorphisms of
the normalizer and those of the group (the “functoriality” of the theorem). In this
chapter, we study this relation for the special case of automorphisms. This problem
was first proposed to us by Osse; we later realized that it was a crucial ingredi-
ent when trying to generalize the theorem of Curtis, Wiederhold and Williams, to
noaconnected compact Lie groups (see chapter 3).

By a resnlt of de Siehenthal {18, Proposition 2, p. 56] {see also Bourbaki {10,
Théoréme 1, p. 48]), every automorphism of a connected compact Lie group preserves
some maximal torus, thus its normalizer, and yields, therefore, an automorphism of
the normalizer hy restriction. Counversely, can every automorphism of the normalizer
be extended to an antomorphism of the whole group? The following example shows
that the answer is no!

Example 3.1 Take G, = SU{2m) with m > 2. Recall that the normalizer N, of a
maximal torus T is given by an extension T < IV, 5 Yam . Then the map

PN, — N,, nr— (—L)0N.p

where € : By, —+ Zf2 = {0,1} denotes the signature homomorphism, defines an
automorphism of the normalizer. We investigate ¢ for the case of the standard max-
imal torus consisting of the diagonal matrices of determinant 1. By contradiction,
suppose that ¢ can he extended to SU(2m). Aas it is trivial on the maximal torus,
this extension is a conjugation hy an element ¢ € T by a result of Bourbaki [10,
Proposition 9, p. 30] [10, Proposition 9, p. 30]. We now check what it implies on
the maximal torus and on an element n € N, that exchanges the first two elements

29
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on the disgonal, i.e.
n-diaglz, 22,23, .. , 2am) 0" = diag(ze, 21, 23, - - » Z2m) -

We have t-n-t~! = ¢y(n} = —n, which is equivalent to n~' t-n =n-t-n~! = —t. As
m 2 2, this is clearly in contradiction with how n is actingon T'.

Ouce a maximal torus and its normalizer are fixed, the relation we want to study is
naturally expressed in terms of outer autoworphism groups. In this chapter, we will
give a precise description of the non-eztendable automorphisms of the aormalizer and
show that, together with the outer automorphisms of the whole group, they furnish
8 decamposition of the outer automarphism group of the normalizer as a aemidirect
product.

3.1 Root diagrams

The nation of root diagram generalizes the aotioa of root aystem and allowa to treat
the case of coanected compact Lie group that are not semisimple. Root diagrams are
introduced and studied in Bourhaki [10, §8-9], where it is showa that the classifica-
tion of connected compact Lie groups can he done in this purely algebraic setting. Ia
fact, knowing the root diagram is equivalent to knowing the Stiefel diagram together
with the integral lattice in the Lie algebra of the maximal torus. lo this asectioq,
we propose a slightly modified version of the definition of root diagrams that was
discussed at a seminar an narmalizers of maximal tori and compact Lie groups, held
at Neuchatel during the year 1997-1998 [19]. The participants in this semiaar were
U. Suter, A. Osse, M. Matthey and the authar. The idea of this definitioa of root
diagram is due to Osse; its advantage is twofold: it is more tractable than Bourhaki’s
definition, and it shows clearly that the nation of root diagram is a gemeralization
of that of raat aystem. However, we will see that the two definitions are equivalent
once an invariant inner product is fixed. For a thorough atudy of root aystems we
refer to the classical text of Bourbaki [11).

Definition 3.2 A (reduced) root diagram is a triple D = (V, M, 3) satisfying:
1. V is a exclidean space, M is a lattice in it, and & is a finite aubset of A \ {0};
2. forallac @ and forall k€ Z, ke € @ if and only il k = £1;

3. for all @ € &, the map

2(z, o)

gV —V, z+—rx— R
(a,0)
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called reflection of vector a, leaves the set ¥ globally invariant;
2z, a)
(a,0)

The group of automorphisms of V generated by the reflections s, is called the
Weyl group of I? and is denoted by W(D?). The inner produet {.,.) is obviously
W({D)-invariant. Hence the set ® is a reduced root system in the enclidean space
R®, whose Weyl group is precisely W (7).

The next lemma will link the definition presented here with Bourhaki’s.

4 forallae®andzxe M, €Z

Lemms 3.3 Let D= (V, M; ®) be a root diagram. Consider the set
M,={zeM:(z,a)=0, YVac d}.

Then M, s the subgroup MWD} of W (D)-invariants of M . Moreover it is a direct
summand in M and the set M, ® spans the vector space V.

Proof. Tt ia clear that M, = MW(D)

Since My is a suhgroup of the free ahelian group M of rank n, it is itself a free
ahelian group of rank r < n. By the elementary divisors theorem, there exist bases
{e1,....en} ol M and {ey,... ,¢} of M, , and integers d,, . .. , dr such that ¢; = dyey
forall j=1,...,r. Let j€{1,...,r}; by definition of M, we have (¢;, a) =0
for all « € ®, hence the same holds for e;, and therefore e; € M, and d; = 1. This
proves that M, is a direct summand in M.

Let us now show that M, U ® spans V. Let z € M; for all @ € &, we have
8.{z) = z (mod Z®). As W = W{D) is generated hy the s,’s and Z® is glohally W-
invariant, it implies wz = x (mod Z®) for all w € W . Define y = Lyew wr € MW ;
ohviously, y = |W|-z {mod Z®), and therelore z = (1/|W|)-y + = with y € M, and
rEEP. a

Remark 3.4 Since M, is a direct summand in M , one can find a Z-module N such
that M = M, & N. The example of U{2) shows, however, that this decompasition
is neither ortbogonal nor compatible with the action of W{D).

As a consequence of this lemma, our definition of the notion of root diagram is
equivalent to Bourhaki's, once a W{D)-invariant inner product has heen fixed (which
is peactically always the case).

The example that will interest us is the {ecovariant) root disgrom of a connected
compact Lie gronp G, (with respect to the maximal torns I'): it iz given hy the
triple D{G,) = (LT,[{T), R¥), where ['(T) is the integral lattice in LT, and RY
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is the set of coroots of G, (see page 12). The Weyl group W{D(G,)) is cauonically
isomorphic to the Weyl group W, of G,. In this particular case, M, is equal to the
intersection I'(T) N 3{LG,) of the integral lattice with the center of the Lie algebra,
i.e. the non-semisimple part of the iutegral lattice.

Let us now define the uotion of isomorphism of root diagrama.

Definition 3.5 Let D = (V, M, %) and D' = (V', M’,®’) be root diagrams. An
isomarphism of root diagrams between D and IV is an isomorphism of vector spaces
[ : V — V' (which is not necegsarily an isometry) mapping M bijectively onto M’
& hijectively onto ', and satisfying, for all z € M and all o € &, the compatibility

2Az,0) _ 2f(z). /(0))
(@) (fla) fle))
As an immediate consequence of this definition, the inner product on V is mare
or less irrelevant, More precisely, two W{D)-invariant inner products on V yield two
isomorphic root diagrams.

condition

The autamorphism group of a root diagram will be denoted by Aut{D); it can be
shown that W{D) is a normal subgroup of Aut(D}. We finally collect several results
ou the relationship between root diagrams and connected compact Lie groups.

Theorem 3.6 (Bourbaki}

{1} For any root diagrom D there ezists a connected compact Lie group G, with
D(G,) isamorphic te D .

(2) Two connected compact Lie groups G, and G' are isomorphic if and only if
their root diagrams D(G,} and D{G},) are isomorphic.

(8) Far any connected compact Lie group G,, we have an isomarphism

Aut(D(Go))/W(D(G,)) = Out(Go).-

All these results are proved in Bourbaki [10, pp. 40-42].

3.2 Automorphisms of N, inducing the identity on
the maximal torus T

As T is the component of the identity of N,, an sutomorphism ¢ € Aut(N,) of
the normalizer induces two automorphisms ¥ and 1 fitting in the commutative
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diagram

Te— N, — " W,

51?’47 =]y i =
Te— N, e W,
The automorphism 1 also induces a vector space automorphism 4, : LT — LT on
the Lie algebra of the torus.

Before stating the first lemima i this section, let ns recall that for a root & € R, its
associated coroot oY € LT and reflection s, , the Lie algebra of the torus decomposes
as LT = RoV & H, , where H,, denotes the hyperplane fixed by s, , i.e. the hyperplane
orthogonal to oY .

Lemma 3.7 The automorphism ¢ permules the reflections in W,. Moreover for
35 = P(sa), one has

(1) sg=thos,0y";
(i) Yu(Ha) = Hg;

(i) u(Ra*) =RE".

Proof. Let s, € W, be a reflection, and let g, € N, be an element such that
7{ge) = 82 Let us denote w = $(s,) = 7(¥(ga)), and H = ¥.(H,). Let also
Y = ¢.(X) € H, with X € H,. The following calculation shows that w fixes H
pointwise: :

wY = (c,;,(qﬂ)).(Y)
(Yocgo $1.(Y)
Y 0 (g )e 09 (Y)
V.05, 09 (V)

P 082 0 Y 0 th{X)
= (X)

=Y.

Now the subgroup of W, that fixes H pointwise has the form (sg} = {id, sz} for
some reflection g5 [34, Theorem 1.12 {d), p.22, and Proposition 1.14, p.24]. Since
w i8 an element of order 2, we can conclude that w = s5. Moreover the previous
calculation shows that (z) and (i) are verified.
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The last assertion follows from (i) and (i1): for all X € LT we have

sao P (X) . 0 84(X)

o ) -2

vﬂ’.(X 2nv ] )

(X) - 2852 .(0)

— (ﬂv B} .BV = (av av)‘lfb( )

I

Fixing an element X € LT\H,, we have ¥.(X) € LT\Hg, and the last equality
ghows that 1.(a") is a {non-zero} multiple of 4¥. (]

Corollary 3.8 If Yyr is the identily of T, then ¥ is the identily of W,.

Proof. Let us write sg = ¥(s,). As gy = idr, we also have ¥, = idpy. Therefore
Hg=,(H.) = Hy, and thus 8g = s4. a

We end up this section by recalling a relation between the automorphisms of an
extension inducing the identity, on both the kernel and the quotient, and a group of
cohomology. It will be nsed in our description of the outer sutomorphism group of
the normalizer. Let K «— E —» () be a group extension. Let us denote the center of
K by A, endowed with the natural action 8 : @ — Aut(A) induced by the extension.
Exploiting an exact sequence introduced by Wells {70], it can be shown, under some
hypotheses (see below), that there is an injection of the cohomology group H?(Q; A)
into the outer automorphism group of E {70], [58]. We will be interested in the case
where K is ahelian, i.e. K = A. Let also Aut(E, 4, Q) be the subgroup consisting of
elements 4 in Aut{E) that fix A pointwise and such that the indnced antomorphism
Y : @ = Q is also the identity, i.e.

Aut(B, A, Q) = {y € Aut(E) : th4 = ids and P = idg}.
The precise statement we will need is as follows.
Theorem 3.9 Let A= E — @ a group extension with A abelian,
{1) There is an identification
H'Y(Q;A) = Aut(E, A,Q)/ Tnng(4),

where lning{A) = {¢ € Awt(E, A, Q): ¥ =c., witha € A}.
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(2) Moreover if A is a mazimal abelian normal subgroup of E (this is the case if
and only if the restriction of 8 to the cenler of @ is an injection), them the
induced application

HYQ; A) — Out(E)
is injective.
A proof of this theorem can be found iu the hook by Adem and Milgram [4,
pp. 87-88].

3.3 Out(N,) as a semidirect product

This is the central section of the chapter where we formulate and prove the theorem
describing the precise semidirect decompaosition of the outer automorphsim group of
N,.

Theorem 3.10 LetG, be a connecied compact Lie group, T & moximal torus in G, ,
and N, the normalizer of T in G,. Let W, = N, /T be the Weyl group of G,. Then
the outer automorphism group of N, canonically decomposes as

Out{N,) = HY(W,; T) » Ow(G,),

where the Wy-medule T iz endowed with the naturel action induced by the exlension
T N, W,.

Remark 3.11 Since T is a maximal abelian normal subgroup of N,, theorem 3.9
says that the cohomology group H*(W,; T) can he seen as the subgroup of Qut(N,)
given by

HYWy;T) = Aut(N,, T, W)/ Tony,(T) ¥ Aut(N, T, W,)/ (T/Z(N,)) -
1n the sequel, we will always make this identification.

We will prove thecrem 3.10 hy showing that there exists a split short exact se-

quence
HY Wy TY < Out(N,) = Out(Go).

The first step will consist in showiag that there is a canonical injection of the outer
automorphism group Oui(G,) into Out(N,). Then, in the most important step,
we will construct a surjective homomorphism Qut{N,) — Out{G,}, for which the
injection iu the first step is a splitting. Finally, we will identify the kernel of this
surjection with the cohomology group HY{W,;T). We subdivide these three steps
iu a8 many propositions.
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Proposition 3.12 There is a cenonical inclusion

i: Out{G,) — Out(N,).
of the outer automorphism group of GG, into that of N, .

Proof. Let us consider Aut(G,, T) = {¢ € Aut{G,) : p(T) = T}, the subgroup
of automorphisms of G, preserving T'. As @(N,) = Ne,(@(T)) = N, for all
¢ € Aut{G,,T), we get a canonical homomaorphistn ¢ : Aut{G,,T) =+ Aut(N,) —»
Ont(NV,) . On the otber hand, we know, by Bourbaki {10, Proposition 18, p. 42], that

Ant(G,, T) /(Aut(Ga, N Inn(Go)) & Out(Cl),

where Aut(G,,T) N Inn(Go) {v € Aut(G,) : In € N, with ¢ = ¢,}. Thus we get
an induced map

Aut{G,,T) 9. Out(N,)

Out{G ,,)

We conclude by showing that i is injective. Let ¢ € Aut{G,, T); we have (] € keri
if and only if |y, € Ino{N,). Therefore we find n € N, such that ¢|y, = c,. So
c;! o ¢plr = idr and thus, again by a result of Bourbaki [10, Propesition 9, p. 30],
the automarphism ¢;;® o ¢ is & conjugation by an element ¢t € T. Heace [¢] = [c,] is
trivial in Aut(G,, T)/{Aut(G,, T) NIno(G,)) = Out{G,) and i ia iojective. D

Proposition 3.13 There erists a surjective homomorphism
p: Out{N,) - Out(G,)
Jor which the injection i is o splitting, i.e. such that poi is the identily of Qut(G,) .

At some point in the proof of this proposition, we will need a result oo finite
reflection groups tbat we introduce first.

Lemma 3.14 Let W be a finite real reflection group and let W = WixWax.. . x W,
be its decomposition inlo irreductble components. Let @ be an automorphism of W
that preserves the set of reflections in W (i.e. for any reflection s,, the element
¢(34) is a reflection). Then ¢ preserves the decomposition of W inlo irveducible
components, i.e. for all i we have {W;) = W}, for some j.
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Proof. By definition of an irreducible component, and hy the fact that any irreducible
component is generated hy the reflections it coutains, two reflectious s, and sy are
in the same component if and only il there exists m reflections 85, = 8ay... 80,
such that s, et 8., do not commute, for all 1 € i £ m — 1, and auch that
84’ = Sy - - - BozBar - AS @ preserves reflections, the previous equivalence implies that
v(8a) aud p(sy) are in the same comnponent if aud only if s, et s, are iu the same
component. O

Remark 3.15 One cannot drop the hypothesis on p in this lemma: the Weyl group
of SU(2) x SU(2) has two irredncihle components; it is isomorphic to the Klein group
whose automorphisms permute the three non-trivial elements, but it countains only
two reflections.

Proof of proposition 8.18. Let ¢ € Aut(N,); the main part of the proof consists in
showing that the vector space automorphism ¢, : LT -+ LT iz an aufomorphism of
the root diagram D{G,). As (¢ o th2)s = (¢1)s @ ()., it will yield, by theorem
3.6, a homomorphism p : Aut(N,) = Out(G,). We finally check that 5 factorizes
through a homomorphism p : Out(N,) — Out(G,} with the required properties.
Let us show that ¢ € Aut(D{G,)} in several steps.

Step 1: Let X € I'(T); by naturality of the exponential, we have exp oy (X) =
¥ o exp(X) = e, which implies ¥.(I'(7T)) C I'(T). As i, is invertible, we can
conclude that 1, maps I'(7") bijectively onto itself.

Step 2: We derive some formulae that will be usefnl in the next step. In particular,
we get that the the compatibility condition iu definition 3.5 is satisfied. Let o¥ € RY;
fix an element X € LT and decomposeitas X =Y +2Z,withY € Ra¥ and Z € H,.

Explicitly, we have ¥ = %;—:’i-a"' , and thus

On the other hand, we have ,(X) = ¥.(¥) + v.(Z), with, again hy lemma 3.7,
%{Y) € RAY and ,(Z) € Hg. Therefore we have

(e (X), YY)
(W(a¥),¥u(a¥))

Comparing these two expressions for %.(Y), we get that

$(Y) = a(a¥}.

(X’av) — (Kb.(X),w.(aV)) v v
(o¥.a¥) ~ (gu(a¥),$u(a¥) WYX €eLT, VoY e RY.
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In particular, this equality shows that the compatihility condition in definition 3.5
is satisfied. Now setting X = ¥ € RV, we get

18 g B

lo¥] = Tputam) %%
where § = £(a", ") et ¢ = L(.(2"), (")) . Symmetrically we also get
fla¥ll o= ldedl]
18 = o
For two non-orthogonal coreots o and Y, these last two expressions finally yield
le’ll _ e}l
1A = T *)

Step 3: This is the longer step of the proof in which we show that 1, maps the set
of coroots RV hijectively onto itself. We first show that the troublesome cases are
those where &, has direct factora of type SO(2£ + 1). By lemma 3.7, 1. permutes
the directions generated by the coroots. We have also checked in step 1 that .
preserves ['(T). Moreover the set of RV is contained in the integer lattice ['(7),
and it is almost always characterized by the fact that o is “minimal”, i.e. a¥ is the
element of R, a¥ N ([(T)\{0}) that is the nearest to the origin. The only exception
is the following case [55, pp. 86-87]: R has an irreducihle component of type B;
(121, B; = A;) that corresponds in G,, to a direct factor SO{2£ 4 1), and e is a
short root. This translates in RY hy a dual irreducible component of type €y, with
a long coroat aV; in this case 1/2.a" is the “minimal” element (we will say that « is
a strechable root). By “minimality” of corcots in all the other cases, it only remains
to treat this exceptional case. We subdivide step 3.

+ Simple case: We can suppose that G, is isomorphic to SO({2¢ +1). The case
£ =1 is straightforward: the integral lattice is isomarphic to Z and is preserved by
th,, thus the generator 1/2-a¥ is mapped to £1/2-a", and therefore ¢, preserves

V = {+a¥}. If £ > 1, there are two possible lengths for the coroots, and the
factor hetween the norms of a long and a short coroot is /2. The only pathological
case that could occur is the following: a long coroot oV (i.e, one corresponding to
a strechable root) maps to twice a short coroot. A short coroot could then map
to either a short coroot or half a long coroot (because .{I'(T)) = I'(T)). Now

Y = oy is an element of some basis {a},...,0}_,,a}} of RV, with o) and o},
non-orthogonal. Let us write 2-8) = (o), for some short coroot 5. We apply
() with a¥ = a} and §¥Y = o} ,. Distinguishing the two possible cases for the
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length of the image of the short coreet o}, , we get

. . . St _ g
V3= |l I - 2-8/1 - 2]l _ lery_s
llogZall e (ool s (o M Jat_,l
172lagT =22,

which ig manifeatly impossible and ends up the simple case.

* Semisimple case: The only case to check is when G, possesses at least one
direct factor isomorphic te SO{2£ + 1}. By the classification of conrected compact
Lie groups (theorem 1.3}, we can suppose that G, = H x G, , where G, = S0(2¢+1),
snd H = (Gy x...xG,_1)/K , with K a central subgroup of the universal cover H =
Gi1%...x G,y of H. This also implies the following corresponding decompesitions: |
T={Tx..xTy}/K xT,, with LT = LTy & ...® LT, & LT, as well as
Ny = (N x...x Ny )/K x Ny, and W, = Wy x ... x W, x W,. By lemma
3.7, the automerphism 9 : W, & W, permutes the reflections, and thus, hy lemma
3.14, it permutes the irreducible compooeats of W, . If the factor W, (corresponding
to SO(2¢ + 1)) is preserved, we can coeclude as in the simple case. 1f not, suppose,
without Joss of generality, that ¥)(W,} = W, . We therefore also have ¢, (LT}} = LT,
and we have to check that the coroots of LT} map to those of LT, . Let us consider
the composite homomorphism

K:GL G X XGay »(G1x...xG)/K— G,

which factorizes through the injection a : Gy = Gi/ ker k = G, , with kerx central.
By restriction, we also have a|g, : Ny = Ni/kerk = N,, and Qg T = 71/ kerx —
T. Let us then consider the compesition

b NS NAINEN,

where p, deootes the canonical projectioo.
Claim. t is an isomorphism. First we show that 1 is surjective. Frem the
commutative diagram

LT t: T ¢'.|;.T. I, (P-)::LT. T,
T] d)!lfl TB

we get that ¢y, : T, = T, is surjective. On the other hand, we have

‘JJO&:W:|=N1/ IEPWGE}W.,
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and we deduce that im 1, meets every connected componect of N,. So im ¢, is
a subgroup of N, that contains T, and that meets all componeats, therefore it is
equal to N, and we get the surjectivity of ;. For the injectivity, we first observe
that the situation we have just descrihed at the level of Weyl groups implies that
kery, ¢ Ty. Now 4 o «x ia clearly injective, and maps T hijectively onto 7,. Asp,
maps T, bijectively outo itself, we get that ¢, is injective. This proves our claim.

Then, by the theorem of Curtis-Wiederhold-Williams, &) must be isomorphic to
SO(2¢+1), and as &) — G,, the situation reduces to the exchange of two isomorphic
factors of type S((2£41). We can conclude by the same arguments as in the simple
case that the coroots of LT} map to those of LT,. Doing the same for each factor
S0(2¢ 4+ 1), it follows that 42, preserves R in the semisimple case. ‘

¢ Geuneral case: It is deduced from the following classical decomposition of the
Lie algehra of the torus:

LT = 3{LG,) ® PRa",
ach

where B denoteas a basis of the root system. Moreover, we have @, egRa¥ =
TaenRaY . Therefore, by lemma 3.7, v, preserves this decomposition of LT and,
in this case as well, mnaps RY bijectively onto itself.

Steps 1,2 and 3 together show that ¥, is an automorphism of D{G,).

Finally, it is clear that inner sutomorphisms of N, act as elementa of the Weyl
group of D(G,). By theorem 3.6, this implies that the homomorphism p factorizes
through p : Qut(N,) -+ Out(G,). By construction, it is also clear that the compo-
sition p o i : Qut{G,) — Out{N,) — Out{G,) is the identity. This shows that p is
split-surjective, with ¢ as a splitting, and completes the proof. 0

Proposition 3.18 The kernel of p is
kerp = HY(W,; T).
Proof. By definitions:

[¢] € kerp <= pl¥] € W(D)
= (¢. ; LT—rLT) € W,.

So we find n € N, such that ¥, = (¢,).. Clearly [¢} = [ o 9] € Qut{N,). Now
{cz! o). = idyr and thus ¢! o Yy = idr . Therefore, by corollary 3.8, the induced
antomorphism on W, is also the ideutity, and we can conclude by invoking theorem
3.9 (see remark 3.11}. (]

Proof of theorem 8.10. Propositions 3.12, 3.13 and 3.16 clearly constitute a proof. O
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3.4 Tits systems and related notions

In chapter 1, we stated a theorem of Tits on a presentation of the normalizer N, {see
page 12). Related to it, we introduce somne definitions that will be useful for explicit
calculations of H!(W,; T). First recall that for every @ € B, we chose an element
ga € Va(§S') € 771 (5a) ; also recali that g2 = Aq = exp(L}.

Definitions 3.17
1. We will call the finite subset A = {ga}acs of N, \ T & Tits system and each
coset 1, (§8') = g Ty, & Tits circle.
2. A pseudo Tits system is a finite subset A = {§,}acp such that
¢ joem(s,) forallae B
s Z=h, forala e B
o G & va(j8") forsome fe B.
The corresponding coset Gavp(S!) will be called a pseudo Tits circle.

Before intraducing a few properties of these objects, we recall that for any root
a € R, the Lie algebra of the maximal torus decomposes as LT = Ra" @& H,, , where
RoY = (X € LT : 34{X) = =X} and H, = {X € LT : 5,(X) = X}. Also recall
that T, = v,(S") = exp(Ra") = §' and define UF = exp(H,). For the subgroup of
fixed points F* = {t € T s,(t) = t}, it is clear that we have UZ C F*. By the
decomposition of the Lie algebra, we bave T' = T,,.US = T,,. F*, with a generally
non-trivial intersection T, N F2. (The notation U2 comes from the fact that this
group is the connected component of an important closed subgroup U/* of T: to each
o € R corresponds a unigue homomorphism g, : LT — §! such that o = (p,)., and
U ig defined as U® = kerp, = kerp_o )

Lemma 3.18 Leic€ Bondt=ru €T, withr € T, and u € F*, Then t-1,(58')
i a pseudo Tits circle if and only if W = e andu € Fo\ (T N F?), i

e Py =(F*nS)\(TaNF*NS)
where $ = {t € T : * = e} is the subgroup of elements of order 2 in T'.
Proof. Let g, € v, (jS'). We have
(to)’ = (ruga)® = rugaruge = v’} = v’ha,

which is equal to A, if and only if u? = e. The lemma then follows from the definition
of psendo Tits systems. 0
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Corollary 3.19 For a root a € B the number of distinct pseudo Tits circles is finste

and given by
#Fa
7
Proof. The elementa u, ¥’ € P, are an the same pseuda Tits circle if and only if there
exists 7 € T, such that ru’ = u. So r = uw’ € T, N S and therefore r = i, (£1). O

Example 3.20 By first cousidering the case SU(2), we get that the matrices

a1 1
-1 40 O 01 0O
1 -1 10
Ja, = 1 v Qg = 1 yroe
o) 0
1 1
1
O
Qan-y 1 1
0. 01
-1 0

form a Tits system in SU(n). The corresponding Tita circlea are given by ¢, T, =
0oy -{ding(l,... |1,z = z,z;a = 27", 1,..., 1) : |z| = 1} ; more explicitly, for j = 1:

¢ =z
-z q 0O
qthTm = { 1 : '|z'| = 1} .
O

1

1t is easy to check that there is na pseudo Tits circle in SU(2). Then, forn 2 3,
cousidering the subgroup of elements of order 2 in T(SU{n)) and tbe action of the
Weyl group, we calculate that for a given root &, the number of distinct pseudo Tits

circles ia 4P
e _on-3_
3 2 1.
The “first” psendo Tits circle thus lives in SU(4) ; for a it is given by translating the

correspanding Tits circle by the element ¢; = diag(1,1,—-1,-1), i.e.

=1

)}

iy q:nTm = { _3

¢

-1

_-ooo

a
]
-1
0

[ =2 =T
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Lemma 3.21

(1) Let A= {gu}aca ond A’ = {¢,}acn be two Tits sysiems. Then A and A’ are
conjugate by an element of the rmazimaol torus, i.e. there exists t € T' such thal

calg) =g, forallae B.

(8) Let A = {du}ocn ond A = {§.)}oes be two pseudo Tits systems such that §,
and g, are on the same Tits or pseudo Tits circle for all @ € B. Then A and

A’ are conjugate by an element of the mazimal torus.

Proof. By definition, (1) clearly implies (2). It suffices to check {1} in the semisimple
case. Let us write R = {ay,...,a}. By definition there exist elements r, €
Toayro..,7e € T, such that g, = riga,,--- . ¢4, = Tega, - We have to construct an
element ¢ € T spuch that

ClGey) =TiGa; = at™ =Tiga, = Hgat gy =15 (%)
for all j. We show that there exists an element X € LT such that ¢ = exp(X)
bas the right property. Fix elements ); € R satisfying exp{Aja)) = r;. In LT the
equality (*) then becomes

exp(X) exp(sq, (X)) = exp(Mja)) <= exp(X — 8a,(X)) = exp(Xa]) .

As 5, (X) =X - 2%"—‘:,%'&;' , this lagt expression hecomes
(X, af)
(e, a},)
for all 5. As R is a basis of LT, the £ scalars defined hy
_ )\J-(a}', a}")

2

determine the covariant coordinates of a vector X € LT, and, by construction,
t = exp(X) haa the desired property. ]}

v

exp(2 a) —Maf)=¢e

a5 = (X, &)

3.5 Some explicit calculations of Out{N,)

We want to explicitly calculate the outer automorphism group of the normalizer
for some connected compact Lie groups. As the outer automorphism groups of
connected compact Lie graups are well-known and classified, it suffices to celculate
the suhgroups corresponding to non-extendable automerphisms, i.e. by the previous
section, the cohomelogy groups H'(W,: T). To do so, we are going to use the Tits
presentation of the normalizer. We start with a group-theoretic characterization of
HY{w,:T).
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Lemma 3.22 Every non-frivial element in H'(W,;T) is of order 2. Moreover
HY(W,; T) is finite and, in particular,
HY(W,;T) 2 P Z/2,
finite

i.e. HY(W,; T) is an elementary abelian 2-group.

Proof. Considering H'(W,;T) as a subgroup of Qut{N,), we know that for [¢] €
HYW,; T, there exists a representative ¢ € Aut(N,, T, W,). Having fixed a Tits
system A = {g.}aes, it is clear, from the first Tits' relation in theorem 1.7, that
(g, 13 on a Tiis or pseudo Tits circle, for all @ € B. By lemmas 3.18 and 3.21,
there exist elements ¢ € T, and {, € F*N.9, such that the antomorphism defined
by ¥ = ¢ o ) satisfies Y{g.) = lags, for all @ € B. In particular g,toq]! = t, and
£ = e, and [§] = [¢] € H(W,;T). Now, as ¢ € Ant(N,, T, W,}, we have
1I'?(‘In) = 1I')-'(tn‘]'a-) = 1;';('5“)1;').((]0) = tzth = Qa
for all & € B, and we can conclude that 9* is the identity. Notice that [] =
[%] € H'(W,; T) is completely determined by the set of parameters {to}acs . Since
ta € F4N S for each o € B, and since § is finite, the finiteness of H'(W,; T [ollows.
]
We proceed with explicit calculations; these will be needed in chapter 4, and,

except for gnotients of SU(n), they cover all connected simple compact Lie groups
with non-trivial center and non-trivial group of outer automorphisms.

Proposition 3.23 In each ease let T denole the respective mazimal torus. We eal-

culate:
(1)  H(W,(SU(2);T) =0
HYW,{SU(n)); T} = { z2 : ::‘:" forn>3
) Z/2®Z/2 n even
{8)  H'(W,{Spin(2n)); T) = { 22 " odd fornz2
{3)  HYW,(SO({2n));T) = Z/2 fornz3

(4} HYWo(Ee)T) =
Moreover, each non-trivial element in these cohomology groups kas o represento-
tive ¥ € Aut(N,, T, W,) such that, for oll g, in a fized Tits system A = {ga}aeB,
we have ¥(q,) = 2q, for some z€ Z(N,)N S
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Proof. In each case we work with the standard maximal torus. We fix a basis
B = {ay,... ,ar}, an assuciated Tits system A = {g; = ga;}n,en, and write w; =
7(g;) = 84, . The general strategy is to look for a representative ¢ € Aut(N,, T, W)
as in the proof of lemma 3.22. As two such representatives differ by a conjugation
with an element in 7', every equality in this proof will be meant up to such a
conjugation. For & defined by 4(g;) = tjg;, we will always choose one of the two
elements in F2 N S, ie. such that w;-¢; = t; and {f = e. A quick glance at the
Dynkin diagram of the groups we are considering shows that, for o; # a;, the only
possible values for &; = £4,; are 2 and 3. From this observation, we derive two
formulae that will be used thronghout the proof. They are both directly deduced
from the second Tits relation:

o for &; = 2 we have g;q; = g;¢; and, as 1 is an automorphism, we get

%b[Qin) = ﬂb(‘}jqi)

= Plale) = vlg)wla)

= tiaitsq; = Ligiti

= Glwet)ee = 4lwit)ee

— t‘-{w‘--tj) = I‘.J(Tﬂj't,')

= ti{wyts) = tslwety) {*)

o for ¢; = 3 we have qigyq = g;¢ig; and, similarly, we get

Yggn) = $lgeg)
= Glwyt){(way) 6) t(wi-t;)((wywi) t5) (*%)

i

The core of the proof ig then a case-by-case checking.

(1): We will denote a diagonal element £ in 5 C T C 8U(n) by t = (e1,... ,6) =
(éx), where ex = =1 for all & (and of course 1€, = 1). Recall that w; exchanges
the j-th and (7 + 1)-st coordinates on the diagonal. Example 3.20 shows that there
is no pseudo Tits circle in SU(2) and SU(3), and therefore that H!(W,{5U(2)); T
and HYW,{SU(3)); T) are trivial. We now treat SU(4); a quick analysis of the 8
elements in & shows that ¢; = 1 for j = 1,2,3. Then, as f1» = 3 = fa3, applying
formula (**) yields ¢, = t; = ¢;. Therefore, there iz only oue non-trivial element in
HY(W,(SU(4)); T"), represented by the automorphism described in example 3.1. The
cases n = 2,3 constitute the base steps of an induction. Consider now the canonical
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inclusions
Sn2=9n8Un-2)~§,,=85n80(n-1)—— §

! !

Te=TnNSUR-2)—T,,=TNSU(n—-1)— ’1"
8U(n—2)—+ 8U(n — 1) ——— SU(n)
The subgroup S,z is of index 2 in §,_), itself of index 2 in §. Define then
u={(1,...,1,~, -1 and v = (1,...,1,-1,—-1) € §; we have the decompo-
sitions
S = S,,_lllen_l
= Sn_q | ‘I.IS"_Q I TJS,,_g I uv.S',,_g .

We distinguish two cases, depending on whether the antomorphism ¥ preserves the
normalizer of the maximal torus in SU(n — 1) or not.

Case 1: d’INSU(nfl)(Tﬂ—l) € Aut{Nsy(n-1)(Tn-1))
By induction, only two sub-cases can oceur.

* Y aygaon)Tacy) = ide("_,](g;‘_,) and thus t; = I for j=1,2,... m—2. For
F=12,...,n =3, we have {;,_, = 2 and therefore

1= tj(wnur t;) = taa(wjtn-)
= = Wirkea
= tn-l=(Eu-'->fpfn—1|fn—l)=(f|---1511:1)-

Similarly, £,_2n-1 = 3 and formula (+4+) gives on the last three coordinates
(11 1, 1) = (E. 1, 1)'(1151 1)(1| 1|€) = (51 L E) 3
and therefore y = id.

» In case 1 is 0dd, Yinzy,_,y(Tam) €8N0 also correspond to the non-trivial outer
automorphism, ie forj =1,2,... ,n—2, ¢¥(g;) = tgy witht = (-1,... ,-1,1).
We exclude thia case using &, 5.1 = 2; indeed, on the last two coordinates
formula () becomes

("'1| 1)'(11 _1)
= (_11_1)

Il

(fn—ll En—l) . (fn—ls fn—l)
Ly,

which is clearly impossible.
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Case 2: Yngy.- 1,(7'.._1) ¢ Aut{Ngy(n-ny(Tua))
Write 43 = (s), tn—2 = (M) and ¢,-1 = (&). By hypothesis there exists j, €
{1,2,...,n -2} such that ;, & S,_1, i.e i;, = vg;, with g;, € §,_,. We claim that

ty=ws;, withg; €8, forallj=12,...,0-2.

Firet ohserve that wyv =v for all j = 1,2,...,n — 3 and that the last coordinate of
v is not exchanged hy wn_z. As £, ;41 = 3 we get, by applyiug (++) and inspecting
the last coordinate on each side of the equality, that ;.41 = vsj,1 with 8,41 € Sa .
By induction, this demonstrates the claim.

Now we extract information from £,_y = 2, for all j = 1,2,... ,n = 3. For
instance, choosing § = n — 3 formula (*+) reads on the last four coordinates

(“‘ﬂ—!h Ho=2, Bn-1, —1}' (6'1—3: 6n—2, 6!’:—1 ' 6“)'
(nun—3| Fn—-2, _11 ﬂ'n-l) = (6“-—21 6"!—'3s 6n—l ) 61‘&)
= (11 1, —pna, _Jun—l) = (51;—26“—3, 5,;-2(5"_3, 1, 1) .

Repeating the argument for the other j's shows that the last two coordinates of
t; are {~1,-1}, j = 1,2,... ,n — 3, and that t,_y = (4,... ,8,8,_1,6,) . By the
decomposition of S in cosets associated to0 Sn-2, we deduce that, iu fact,

t;=vs;, withg; €8y pforallj=12.. .n-3.

But, since v is invariant under w; for j = 1,2,... ,n — 3, the fact that the elements
¥(g;) = vs;q; satisfy the three Tits relations implies that the elements ;q; have the
same property. Therefore, setting {(g;) = 8;q; forall j = 1,2,... ,n — 3, defiues an
automorphism ¥ of Nsu(n_z)(Tn-g) . Again by induction, two sub-cases can occur.

oy = tdNgyn_ayiTh_s) a0d thus 55 = 1, ie ¢ = vior j = 1,2,...,n -3,
But £} o—2 = 2 shows that this case is ilnpossible hy inspecting the last three
coordinates.

» In case n is even, we can also have s; = (-1,...,-1,1,1}, ie. t; = -1
for j =1,2,...,n—3. Now o =20rj=12..,n—4 shows that
ta-z ={A, ..., A, —1},—1 —1). Wealready know that#,_; = {6,... ,4,—1,-1).
Using #n—sn—2 = 3 and checking the last four coordinates, one sees that
to2 = —1; then fu_2n1 = 3, and the last three coordinates finally implies
ta-1 = —1. In case n is even, we therefore get one nou-trivial outer automor-
phism, as descrihed in example 3.1. This concludes the proof for SU(n).

The proofs of the three other cases are similar and relegated to the appendix. O



48 Chapter 3. Automorphisms of the normalizer N,

Remarks 3.24

1. Explicit calculations in adjoint groups show that there exist non-trivial ele-
ments in some cohowalogy graups H(W,; T) that are not of ihe form described
at the end of the proposition.

2. Thanks to the isomorphism Spin(4) 2 SU(2) x SU{2) we know that
HYW,(SU(2) x SU{2));S' x S = Z/2 @ /2,
Explicitly, this cohomalogy group is generated by the classes of
¥+ and tiz € Aut{ N (SU(2)) x N,(SU(2)),8' x 8!, W,(SU(2) x SU(2))) ,
entirely defined by

Bat NSU@) X N(SUE) — N(SU) x No(SU(2))
¢ =(51) — (4,—1)
g = (LJ) — (ll _J)

and

e s No(SU(2)} x No(SU(2)) — No(SU(2)) x N,(SU(2))
¢ =(51) — (-41)
o =(1,7) — (-1L3)

Recalling that H*(W,(3U(2));8!) = 0, this shows that passing from the simple
ta the semisimple case generates new outer sutomorphisms of the normalizer
that are not just abtained fram permuting isomorphic factars or built up from
outer antamarphisims of each factor. Sa far, we have not find a way to com-
pletely control and describe this phenomenaon.



Chapter 4

A generalization of the theorem of
Curtis-Wiederhold-Williams

4.1 Formulation of the generalization as a conjec-

fure

Examples show that one canuot generalize the theoremn of Curtis, Wiederhold and
Williams (see page 11) by just dropping the hypothesis of connectedness: SO(3)
and O(2} have isomorphbic normalizers of maximal tori, even though they are not
isomorphic. Other examples can be coustructed if one finds a nonabeliau connected
compact Lie group G, in which the normalizer of a maximal torus N, is not a maximal
subgroup. In this case the two nonisomorphic compact Lie groups, both with a
nonabelian connected component of the ideuntity, having isomorphic normalizers of
maximal tori are G, and any closed subgroup G such that N, & G & G, ; for instance
take G = Ng,(Spin(8)) & Fs4 = G, as mentioned in chapter 1. The exhaustive
list of such examples in the simple case can be found in Bourbaki [10, Exercise 6,
p. 113] (consult tbe paper of Borel and de Siebenthal [8] for a thorough study of
closed subgroups of maximal rank). These examples lead us to tbe following natural
question, which we formulate a8 a counjecture.

Conjecture Two compact Lie groups G and &' are isomorphic if end ouly if the
normalizers of their mazimal tori (N,N,) and (N',N}) are isomoarphic as group
pairs, t.e. if and only if there exists en isomorphism p: N — N’ giving rise to the
commutative diagram

N, N —— N/N,

=l =l s
N, e N' —r N'/N,

49
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This chap.ter is dedicated to show how far we could go in solving this conjecture.

4.2 Reconstructing GG from the inclusion N, =&+ N

One way to prove the original Curtis-Wiederhold-Williams theorem is, given the
normalizer N, of 8 maximal torus, to first construct a connected compact Lie group
with normalizer N, and then check that starting from an isomorphic normalizer
yields an isomorphic connected compact Lie group. Our general strategy for trying
to solve the conjecture is the same; the method, however, is quite different from the
original one in the connected case. We start by comparing the set of equivalence
classes of extensions corresponding to G with that corresponding to N. Fix the
normalizer N, of & maximal torus T io a connected compact Lie group G,, and a
finite group I'. We will dencte hy

ELie(T, N,)

the subset of the set of equivalence classes of extensions E({I", N,} corresponding to
classes having a representative element N, — N —» I’ that is the normalizer of a
maxiinal torus in some compact Lie group G . Clearly, the subset Ep..(I', N,) is the
relevant one in our problem; we first aim at finding a way to describe it. Since the
extension N, = N — T is a normalizer in G, the “outer action” homomorphism
8 : I' = Qut(N,) comes, by restriction, from an “outer action” on the connected
component G, of G, i.e. there is a commntative diagram

r

Out(N,)

[/}
Sk
Out(Ga)

where Out(G,) < Qut{N,) is the canomical injection of theorem 3.10. We now
fix a pair of homomorphisms # and ¢ as in this last diagram. Recall from propo-
sition 2.4 that there is a bijection Hg([‘;Z(G,,)) = E([, G, ) ; similarly, we have
HH{T; Z(N,)) = (T, No, 8), since taking the pormalizer of 8 maximal torus in the
gemidirect product G, X0, [', where 3 denotes a section of Aut(G,) - Oui(G,),
shows that E(T, N,, §) is not empty.

Remark 4.1 As a principal subgroup of rank 1 associated to T contains a regular
element, every automarphism ¢ = s{a) in the image of the section s associated to
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this priucipal subgroup (see theorem 1.12) globally preserves T'. Moreover o fixes Hp
pointwise, thus o, fixes the associsted principal diagonal D{B) iu LT. From this we
deduce that both Weyl chambers containing L2(#) are globally preserved. Therelore
the induced automorphism o* ou LT preserves the basis B and ¢, preserves the dual
basis BY . The subgroup of automorphisms having this property will be denoted by
Aut{G,, T, BY). Summarizing, the section s associated to a principal subgroup of
rank 1 yields, by restriction, 8 commutative diagram

D Out(N.) =~ Aut(N,, BY)

Sl

Out{G,) — Aut(G,, T, BY)
In particular, there also exists a class in E{[, N,, §) represented by a semidirect
product, namely by N, X, I'.

r

Before giving a description of £.;.(L, N,) , we introduce more notations. Recall
that the centers of G, aud N, coincide except on direct factors of type SO(2¢ + 1)
{theorem 1.8); decomposing the connected component as G, = G} x G? where all
such direct factors are gathered in G2, we also have corresponding decompositions
for the torus and for its normalizer, i.e. N, = N! x NZ. Thus we get two extensions

Z(Go) = Z(NY S Z(N,) = Z(NN @ Z(ND) 3 Z(N)) = 22 @ . .. & /2
and .
Z(N2) 3 Z(N.) = Z(N}) ® Z(N?) 55 2(G.) = Z(N}).
As the “outer action” preserves these decompositions, we get, by restriction to the

centers, a commutative diagram

f

r Out{N,) — Aut(Z(G,)) x Aut{Z(N2)) = Aut{Z(N.))

"

r

Out{G,) Aut(Z(G,))
We define £ by G(7) = r(8(7)) = (@{7), £(7)) ( is the restriction to the center of
N2 of the “outer action” ou G?). The fact thst the “outer action” preserves the
decomposition says that the two above extensions are short exact sequences of I'-

modules.

Lemma 4.2 The maps induced in cohomnology by the iuclusions of centers yield the
decomposition

H([;Z(No))

Il

in, (HA(T Z(G,))) PR zuv:)))
H3(T; 2(G.)) @ HE(T Z(N?)).

12
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In porticular, we have
Erie{D, Np, ) == im (3y,) = H;([‘; Z{G,)).
Proof. The long exact coefficient sequence [15, Chap. II1, Proposition 6.1] gives
.. — HYT; 2(G0) 25 HY(T; 2(N.) B HAT Z(N2) — ..

and
.. — HY(T; Z(N2) 22 HJ(T; Z(No)) 2% HE(T; 2(Go)) — ..

By functoriality, we have py, 041, = fdys(r,z(6,)) and p2, 012, = idps(r,z(v2y) - There-
fore p;, and p;, are both surjective aad i;, and {7, are corresponding splittings.
This shows that the above two parts of long exact sequences are in fact split exten-
sious and gives the decomposition announced in the lemma. Finally, by definitioo
E1:e(l, N,,6) corresponds to im {f;,). [}
Applying these observations to all "outer action” bomomorphisms @ : I' — Out{N,}
that factorize through Out{(,) proves that we bave the following identification:

Corollary 4.3

Erie{l', No) = I HA(T; 2(G.)) = E(T,G,) .
weHom (I, Out(G,))

The proof of lernma 4.2 shows that, starting from an extension class u cor-
responding to the normalizer of a maximal torus in a compact Lie group, it is
possible to recover the extension class corresponding to the group: it is given by
p.(u) € HYT; Z{G,)). We now state this as a propositioo aud give an explicit and
“constructive” proof.

Proposition 4.4 Given the group pair (N, N,) corresponding {o the normalizer of
a marimal torus in some compact Lie group G, one can reconstruct G, up lo eguin-
alence of exlensions.

Proof. Starting from the inclusion N, — N, the theorem of Curtis-Wiederhold-
Williams gives the connected component G, of G and thus ita center Z, = Z(G,).
So we get the inclusions Z, CT C N, C G,.

The “outer action” homomorphism for G is easily recovered. Indeed, the given
inclusion trivially yields the correspooding extension

N, = N-sT=N/N,.
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Thus we get the homomorphism 8 : I' =+ Qut(iV,) that factorizes, by hypothesis, as
in the commutative diagram

r Out(N,)

Ny

Out(G,)

where i is the homomorphism we were looking for.

We proceed with the central idea of the proof, which is to pass to the adjoint
group of G, i.e. the connected compact Lie group G, = G,/Z,. Observe that Z,
is normal in the compact Lie group G that we {ry to reconstruct and therefore slso
in ¥. The extension corresponding to & gives rise, when passing to quotients, to
an extension G, < @& = @/Z, » I'. Since Z, is characteristic in G,, thers is
a natural homomorphiam Out(G,) & Out(G,) which leads to the homomorphism
@: T 5 Out(G,) = Qut(G,). As the center of G, is trivial, hy theorem 2.4 there
exists, up to equivalence, a unique extension of ' by G, giving rise to &, namely
G & &, 30T, where 3 i5 5 section of the canonical projection Aut{G,) - Out(G,),
chosen ag io theorem 1.12. Moreover, by taking the guotient of the given normalizer
extension by Z, one gets another extension N, = No/Z, = N = N/Z, —+» T that is
split. To see it, let us consider the maxima) torus T = T/Z, in G,. We claim that
Ny = Ng,(T) and N = Ng(T). The proof is straightforward and we ouly show the
firat equality:

fi=gZ,, g€C,:
92,12, g 2, = gtg7 2, € T, ¥teT
= A=gZ,, gEN,

= A€ N,/Z,.

A€ENg (T) = {

Now by theorem 1.10 there is a commutative diagram

1< z—2.r
[ "
Ay — T
] | ||
G, —G »T

where each row is & group extension. Thus p is an isomorphism and » = p~! is the
desired section.
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The last part of the reconstruction of G consists in taking the pullback of the pair
of morphisma (v, T) :

&y

z -

!
L
r<~ .§

The universal property of the pullback shows that, up to equivalence, this ia the only
extension fitting in the ahove commutative diagram. Moreover, as priacipal sub-
groups of rank 1 in a connected compact Lie group are all conjugate }18, Théoréme 2,
p. 252}, it implies that, again up to equivaleoce, P does oot depeod on the priacipal
subgronp chasen to get the section 5. Now suppose we know G, then it must fit into
the commutative diagram

Z, Z, < N, < G,
] [ ] ]
Pc N Nc G
o, b
re N r r

Since » is a section we get a last commutative diagram

ZyE—s P T

T

G, ——+ G

So we have enough data to actually reconstruct a unique extension correspoadiag to
G and conclude the proof (iavoke theorem 2.6 or apply the construction described
io remark 2.11, 3). O

4.3 Problem of invariance under isomorphisms of

group pairs

At this stage, one has to he careful not to canclude that the coajecture is solved; the
fact that the reconstruction process is well behaved with reapect to isomorphisms
of the pair (¥, NV,) has yet to he proved. Let p: Ny, — N, be an isomorphism of
normalizers of maximal tori that fits in the commutative diagram
N, < Ny r
=lp=p lp 5
N, < N, r
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Let @, and 8, he the corresponding “outer action” homomaorphisms, both with image
in Out(G.) &y Out(N,). Let h, aod h, be representative cocycles of the classes
u € HE (T;Z(N,)) and v € HE (T'; Z(N,)) corresponding to the extensiou associ-
ated to N, and N,. Let G, and G, denote the compact Lie groups correspond-
ing to N, and N,. To solve the coujecture, we have to show that G, and G,
are isomorphic. By theorem 2.8 in chapter 2, we can tell when two compact Lie
groups are isomorphic from the knowledge of the corresponding cohomology classes.
Now we also have, by corollary 4.3, a bijection Epi(I', No) = E(T',G,) . Therefore
Out{@,) x Aut{I') acts on £;(T, N,) by carryiug, through this bijection, the action
descrihed io lemma 2.7. Clearly, two extensions in the same orbit correspond to
isomorphic normalizers. Showing that the converse is true would prove the “general-
ized Curtis-Wiederhold-Williams theorem”. These considerations, together with the
decomposition Qut{N,) = H'(W,;T) % Qut{G,) and the description of H(W,;T)
in lemnma 3.22, show that the sitvation we consider can be reduced as follows:

Lemma 4.5 The coujecture s true if it holds for all isomorphisms of the pairs
{Ny, No) and (N, N,) that fit in a commutative diagram

Tc N, < Ny T
| = =
TC N, < N, T

with [¢] € H(W,; T} end % = idp, .

Remark 4.6 We give another interpretation of the problem of invariance under
isomorphisms of group pairs. Both Out{G,) x Aut(T) and Out({N,) x Aut(T) act
on &£1;{T', N,); to solve the conjecture, it suffices to show that there are no less
orbits for the action of Out{N,) X Aut(I') thaa for the action of Out{G,) x Aut(T}.
Obviously, the “generalized Curtis-Wiederhold-Williams theorem” is false if there
exist two nou-isomorphic compact Lie groups having isomorphic pairs of normalizers.
lu thie case, when the projection [¢)] € Out{N,) of the restricted automorphism ¢ of
N, is decomposed according to Qut{N,) & H'(W,; T') x Out(G,), the component in
HYW,;T) is vecessarily non-trivial.

4.4 Extension of automorphisms

We want to study more carefully the isomorphisms p that appear in lemma 4.5 and
derive some conditions under which the conjecture is true. Suppose for a while that
we look at the prohlem from another viewpoint. Namely, suppose we are given the
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automorphism ¥ : N, = N, and asked if it can be extended to an automorphism g
a8 in the commutative diagram

N o N, — T

oo |
t

.No W _N“ —_— r
If p exists, then the correspouding compact Lie groups G, and G, are isomorphic.
Indeed, in this case we have

Nee—— N, —T

=yt =gt
N,&—N,——T
=ly = |

N,e—+N,——T

and therefore 4 = v aud we can conclude that G, = G,. We have proved the
following lemma:

Lemma 4.7 If the auvtomorphism ¢ in lemma {.5 can be extended to an automor-
phism of N, then G, = G, , i.e. the confecture is true in this case.

The following easy observation will be useful.

Lemma 4.8 Let E = K 0 Q be o semidirect product; letk € K ondge Q. If
cx(g) = kgk™' is an element of Q then ce(q) =4¢.

Proof. As K a E | we have cx(g) = kgk™' = kgk~'¢~"g = kg, with ¥ € K. But,
by hypothesis, ¥'g € @ and therefore &' € K n Q, which is reduced to the neutral
element,. g

Lemma 4.9 In the reduced situation depicied in lemma {.5, 8, and 8, are equal,
and, for 8 =8, = @,, we have

[¥] € H'(Wo; T) 1 Zoww,) (B(T))

In particular, for this reduced situation, u and v are classes in the same cohomology
group HE(T; Z(No)).

Proof. As iu lemma 2.7, a direct computation shows that 8.(7) = cg(fu(v}) for
gl v € T (ie. 6, = ¢y o 8,). By hypothesis, 8,(v) and 8,(y) are both ele-
ments of Out(G,), and ] is an element of H'(W,; T). Recalling that Qut(N,) &
HY(W,;T) » Out(G,), we deduce, by lemma 4.8, that [)] centralizes §,(I') and
therefore 8, = 8, . ]
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Propoaition 4.10 Suppose thet the connected compact Lie group G, corresponding

to N, is of adjoinl type, i.e. Z, is trivial. Then the canjecture is true.

Proof. 1t suffices to show that this holds for the reduced situation of lemma 4.5. As

2, is trivial, evety cohomology group appearing in the description of £14.(", V) in

corollary 4.3 is trivial. Therefore, by lemma 4.9, ¥ = v and we can conclude that

G.2G,. a
For a fixed section s as in theorem 1.12, recall that there is a commutative diagram

d
I — 2 Oub(N,} —— Aut(N,)
\ Ij ‘T
14 8
Out{G,) — Aut{G,,T)
We will write ¢ = sof and o, = o(v) for v € I'. Recall from chapter 2, page 19,

that the extension corresponding to N, is equivalent to [No = Ny, — T], where
Ny, is the set N, % T' with multiplication

(7 7) #a, (7, 7) = (o0 (n)-hulr¥) 7).
The same holds for N,,, replacing h, by h,.

We will denote by Aut,(N,, N,) (where “p" stands for pathologicel) the set of
isomorphisms of N, to IV, that induce an automorphism ¢ of &, satisfying

(1) #’IT = idp )
(2) ‘bz = !'dN, 1
(3) [¥] € HY(Wy; T) N Zouw,y (8(T)) = H' (W,; T) N Zouiw.y (0(T))-

Definition 4.11 An automorphism ¥ of N, satisfying conditions (1) and {2) and
such that (] is a non-trivial outer automorphism will be called erotic.

Lemma 4.12 There 15 o bijection between Auty{N,, N,) and the set of normalized
meps
S T—8={teT:t*€ Z(N,)}cTCN,
such that
(i) the map
' — Z{N,}
(1Y) — oS- fyy) 7 f()
is equal to the cocyele hy-hZ', ie. represents the cohomology cless u — v €
Hg(F;Z(ND));
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(i) for all y € T we have
goa,0¢” =gooy o =cpy o0y

Egplicilly, the bijection is given by
fr— ((n,"/) — (‘w(n)f('r),'r)) € Auty{ Ny, V).

Proof. Let p € Auty[N,, N,). We proceed in several steps to show that g is defined
by a function f as stated.

Step 1: As ) induces the identity on W,, p cau be written as p(n,7) = (py(n),7)
for some maps p, : N, = N, defined for all v € I'. Siuce p induces ¢ on N,, we have
in particular p, = . Decomposipng au element in N, as (n,7) = (n,e) #5, (&,7), we
calculate

p((n,€) #n, &.7))

pln,e) #, ple,7)

(¥(n), ) #n, (py(e),7)
($(n)oelor(e))hule, 1), )
((a)py(e), 7).

Therefore, defining f: T = N,, v+ f(7) = p,{e), we get
plo,7) = ($(0)/(1),7)

el )

fl

with fle)=e.
Step 2: We derive a formula which will show that f satisfies (i), and later (¢). On
one hand, we have

p{(n M), (2,7)) = plaay(nthu(r,7),77)

(W(aos (Wl YN () 1Y)
($(a)lay W Dhu(r,7) (1Y) 77)

because 4 is the identity on the center Z(N,). On the other hand, we have

(@) (1) 7) 4. (0N, 7)
()N VNl 7))

These two expressions heing equal, we get

o (NS (1 )hulr, ) = f(Max{d (W) DRlr,7) )

p(n, 7} #a, p(n’, ")
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for all ' € NV,,v,v € '. In particular, for 4 = e, it hecomes

#oy(nO () = f)ey(¥(n) Vo' € Nyyel
= (oo ln) = fr)eyop)@}flx)™ V'€ Novel
=+ Yooy, = ¢ 0009 vyel
—= goayoyp™! = ¢ o0y Yyel,

which is condition () .
Step 3: We check that f(I) € T. For all y € I" condition (i1) gives

(boayod)(t) = (e 004)(t) VIET
= a{t) = eplo(})) VteT
<= t = c!.,(t) VteT

because 1 is the identity on T and o) € Aut(T). Therefore f{v) is in the centralizer
Zn,{T) of T which is equal to T.
Step 4: For n’ = ¢, formuia (ff} becomes

Tl Y) = Fo(F(Y (v, 7))

which is equivalent to condition (1) .

Step 5: Finally, we show that f{7)? € Z(N,) forall y ¢ I'. Let n = p7' ¢
Autg{ Ny, N,); by the first steps we have n(n,v) = {¢(n)g(v),) for some map g :
I' &+ N,. For all n and -, we calculate

(e 0 p)(n,7)
n{H(m)f(1,7)
() (a1, )
(#*(mp(F(Ma(1)7)
(nf()e(r17) -

Therefore g{y) = f(7)}™* for all ¥ € I'. Now g satisfies condition (fi), so we get

(n,7)

Ci(7)=1 © Oy = Cgfy) 0Ty =P 00y O = Cyy) 00y

for all y. This implies that cs(,z = idw, and ends up step 5.
Conversely, given a map [ : ' —+ 5z satisfying (f) and (ii), a straightforward
computation shows that

(0,7 7 (B()1(7),9)) € Auty(V,, N,).
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Remark 4.13 For u = v, this lemma is a particular case of a lemma in Wells' paper
[70, p. 191}

Corollary 4.14 There exists p € Aut,(N,,N,) f and only if there exists g/ €
Ant{ Ny, Ny), where w' =0 and v/ = v —u in HF(T; Z{N,)).

Proof Let p € Autp{Ny, N,) with induced automerphism 4. The corresponding
map f satisfies condition (#7) of lemma 4.12, which does not depend on the cocyles
u and v in HH{[; 2(N,)). Now f also satisfies (5}, which enly depends on the
difference & — v. Therefore, f defines an isomorphism o' € Aut,{Nw, Ny}, inducing
the samne antomarphism 1, for all pairs of cocycles u',v' € HJ{(T'; Z(N,)) such that
u’'—¢' = u—v. The other direction is treated symmetrically and the coroliary follows
as a particular case. 0

Corollary 4.15 Lef p € Autp(N,, N,) and ¢ = p», € Aut(N,). Suppose there
exists an ezotic sutomerphism n € (Y] and o section s fitting in the commutative
diagram

o T ele QUL <2 Aut(I,)

N

Out(G,) — Aut(G,, T)
such that € Zaun,) (o)) . Then u =y, ie. the extensions corresponding to N,
end N, are equivalent. In particular the corresponding compact Lie groups G, and
Gy are isomorphic.

Proof. By hypethesis, n commutes with every ¢,. Therefore condition {ii) in the
lemma implies that the map f: ' = Sz corresponding to » has its image in Z{N,).
In this case, {i) exactly says that hy-A;! is & coboundary {see page 19), and thus
u=uv. ]

Remark 4.16 The section s in this corellary does not necessarily have to be asso-
ciated to a principal subgroup of rank one.

4.5 Cases where the conjecture is true

From what has heen done in the previous sections, we already know that the “gen-
eralized Curtis-Wiederheld-Williams theorem” is true for particular cases. We now
summarize the situation, and go one step further hy showing that the conjecture is
true in the simple case.
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Theorem 4.17 In the following cases, the conjecture is true:
{1) the automorphism ¢ is the restriction of some automorphism of G, , i.e.

[1)] € Out(G,) < Out(N,);

(2) the connected compact Lie group G, corresponding to N, is of adjoint type,
{8) the connecled compact Lie group G, corresponding to N, is simple.

Clearly, point (1) in the thearem follows from lemma 4.5, and point (2} is propo-
sition 4.10. The rest of this section is dedicated to prave point {3). The proof will
be based ao carollary 4.15 and on case-by-case checking using the classification of
connected compact Lie groups and the calculations of H*(W,; T) done in chapter 3.
More precisely, we will consider pairs of antomorphisms 3, o of the normalizer N,
gnch that ¢ is exotic and [o] € Out(G,). By lemmas 4.5 and 4.9, cases for which
[¥]e[o]o () # o] will not have to be considered; if, bawever, [¢] o [o] o if]~! = {o]
we will show that well-chosen representatives commute in Aut{XN,) and that corollary
4.15 can always be iovoked to cooclude.

Before actually proving point {3) we reduce the cases to be checked. If Ont(G,)
or H'(W,;T) is trivial, corollary 4.15 cleariy holds and point {3} follaws. If G, is
ceoterless, then point {2) gives the conclusion. Therefore, from the classification
of connected compact Lie groups and from proposition 3.23, point {3) is verified for
Go =Ga, Fu, Bg, Br, By, SU(2), SU(2n+1}, Spin(2n+1), Sp(n), s8pin(4n) (n >
3), and all their gnatients except for SU(2n + 1) . The remaining cases are: SU(2n)
and possibly quotients of SU(n), SO(2n) and Spin(2n) for n > 4 (recall that the
triality principle implies 8Spin(8) = SO(8)).

We now pravide several lemmas needed to establish (3) for the remaining cases.

Lemma 4.18 Let 0 € Aut{N,) such that [¢] € Ont(G,). Then o preserves the sel
af Ttts circles.

Proof. This is a direct consequence of the nnicity, up to conjugation by an element
of §' € SU(2), of the bomomorphisins v, : SU(2) =+ G,. O
Let us fix a basis B of the root system associated to the maximal torus T' C G, .
Denote by BY the dual basis and choose an associated Tits system {see page 41)
A={gav = fh}aEB'
Lemma 4.19 Let ¢ be an ezotic automorphism defined by ¥{g.) = zq,, for all
9o € A, for some 2z € Z{N,)NS. Suppose ¢ € Ant(N,) satisfies o{A) = A and
a{z)= 2. Then v and o commule, i.e. foooyY =toogoyp™' =0.
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Proof. The automorphisms ¢ and ¢ clearly commute on T'. 1t then suffices to check
that Yoo oy = g on A. But this follows from a straightforward compntation.
Indeed, let gg = 0{gs), then

Pooov(ga) = (o (1h{ga))) = ¥la(2qa)) = ¥izgs) = ¥(2)¥{gs) = 2°qs = g8 = o {ga) .
m)

Lemma 4.20 Let 0 € Aut{N,, BY) such that [0] € Out{G,). Then there ezists
t €T snch that

o U((Ia:") = Gou{av)
foralla¥ e BY,

Proof. By point {iii) in lemma 3.7, we know that g{g.v) = n, with #{n) = s,,(av) €
W,. Now, by lemma 4.18, 5 is on the Tits circle in #7}(80,(av)). The conclusion
then follows from the fact that Tits systems are conjugate by an element of T (see
lemma 3.21). 0

Corollary 4.21 Let G, be without factors of type SO(28 + 1) . If Out(G,} is cyclic,
then the section g in the following commutative disgram

Out{N,) —~ Aut(N,)

‘r
Out(G,) — Aut(G,,T)
can be chosen such that every o in the image of s globally fizes the Tits system A.

Proaf. By remark 4.1, there exists a section s such that BY is preserved. Let o be
a generator of s(Out(G,)). By the lemma there exists ¢ € T such that § = g oo
preserves A. To prove the corollary we have to show that the order of & is equal
to the order of . Now if o™ is the ideniity, we have S =dap= idjz . Moreover
™(gav) = Zar(av) = Quv for all a¥ € BY. Therefore 3™ is the identity on N,. By
a result of Bourhaki [1G, Proposition 9, p. 30], 4™ must be a conjugation by an
element in Z(N,) = Z{G,). 0

Recall that Out{Spin(8)) = {[a],[7]) & B3, for some elements [o] of order 2 and
[7] of order 3. The next lemma will give a description of the ttiality on the normalizer
of the standard maximal torus in Spin(8). In fact, a description of & representative
T of [r] on a Tits system and on the center Z{N,{Spin(8))) = Z(Spin(8)) will be
good enough for later use. Recall that T'(Spin(8)) consists of the elements

(cosz + erez8in 21 )(cos x; + ezeq sinxs) - - - {cos T4 + eres 8in T4)
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in Spin(8). A basis of the Lie algebra LT(Spin(8)) = R* is given, in the Clifford
algebra CE(R®), by {v = ejea,v2 = e3eq,Us = e5€5, W = ezeg} and the exponential
map is defined by e®-1#2* = cost + e3;_1e955in £ . One checks that a basis BY of the
coroot system of LT(Spin(B)) is given in {v;} by

af = (-1,-1,0,0,)
ay = (1,— 100)
a: = (‘ 1 )
&f = (1 1 — )

By corollary 4.21, there exists 7 € r o #([r]) € Aut{N,(Spin(8)), BY) such that

af 7 af = af ¥ o
a¥ Vv af

Let {g1, 92, g3, g4} be the Tits system associated to BY.
Lemma 4.22 The action of v on {q;, g2, 93, @4} is given by

Qg g @
93;“}3

Moreover, for the non-trivial elements of the center of Spin(B), we have
-1 t—'r—) 0 = £)1E3E364EC565E7C5 — —a = —E189E3E4E5€5C7ER — -1,

Proof. The assertion about the Tits system follows from lemma 4.20. Now the action
on the center can be computed using the explicit description of the automorphism
7. of LT(Spin(8)). By linear algebra it is given, in the basis {v;}, by the matrix

-1 -1 -1 1
PN S I B B B
2 1 -1 11

-1 1 11

The element w = e;£;7 is mapped to —1 by the exponential map. We thus have
7(~1) = 7 0 exp(w) = exp({r.(w)).

Straightforward computations give Mw = L(—=, 7,7, —n) and 7(-1) = eM* =a =
€1€3€384E585€7€a . In particular, this implies tbat the orbit of —1 under the action of
7 has three elements and give the conclusion. O
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For SU(n), n = 3, the theorem will follow from the next lemma. Let K C
Z(8U(n)) be any central subgroup and Q8U(n) = ¢(SU{n)) = §U(n)/K he the
associated quotient group. It is easy to check that a representative of the only pon-
trivial outer automorphism [o] € Out(SU(n)) = Z/2 of SU{n} is given by complex
conjugation, i.e.

o:5U(n) — SU(n), 9— 3.

Clearly o fixes pointwise hoth the Tits system A associated to the standard maximal
torus T(S8U(n)) descrihed it example 3.20 and the suhgroup S of elements of order
2inT(8U(n)). As o preserves any central subgroup, we also get that the only outer
automorphism of ¢ SU(n) iz given by

¢’ : Q8U(n) — QSU(n}, (o] — (al-

Now we can take for the Tits system associated the standard maximal torus QT =
T(@SU(n)) = ¢(T(5U{n))) the image QA = ¢(A) of A under the quotieat map.
Let Sgr depote the subgroup of elements of order 2 io QT'.

Lemma 4.23 For any central subgroup K , the automorphism o’ fizes pointwise both
the Tits system G A and the snbgroup Sgr .

Proof. The first assertion is clear hecause QA = ¢(A) and o fixes 4 pointwise.
If K N Sqr = {1} the second assertion follows because Sgr = ¢(5) in this case.
Otherwise, K N Sgr = {£1}. Let w = ¢*™/*.1 be a generating element of K
and m the integer such that mk = n. The subgroup of elements of order 2 in
Q 5U{n) decompoases in two cosets Sgr = ¢{5) 1 {{]- ¢{5), where one can choose

¢ = diag{e®i/? o2n/2k oW/ (_))me2nif?) € SU(n) . To conclude it is enough
to check that ¢'[¢] = [¢]. Now &’[¢] = [o{¢)] = [¢™Y], and we are finished because
¢* =w € K ghows that [(} = [(7]. a

Proof of thearem 4.17. Tt only remains to check point (3) for the ceses we descrihed
previously in this section. Let ¢, ¢ € Aut(/V,) such that ¢ is exotic and [o] €
Out{G,}.

Case 1: QS5U(n) for n > 3. We can choose the exotic automorphism % such
that each g, € QA is mapped to {,q, for some ¢y € Sgr. Now, hy lemma 4.23,
the automorphistn ¢’ is the identity on QA and on Sgr. A simple variation on
lemma 4.19 shows that 1 aud ¢’ commute and we can conclude this case hy invoking
corollary 4.15.

For the remaining cases, we know hy inspection of the resuits of proposition 3.23,
that the non-trivial outer autormorphisms in H'(W,;T) are in hijection with the
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central elementr of order 2. Each one can be represented by an exotic automorphism
. given hy ¥:(ga) = 2¢., with z € Z(N,) NS = Z{G,) N S. For each o, we choose
a sgection g as in corollary 4.21.

Case 2: 50(2n) for n > 4. Ohviously the only non-trivial central element z = —1
is invariant under any antomorphism. This case then follows from lemmas 4.19 and
4.15. (Recall that Out{30(2n}) = ([o]) = Z/2; we could also treat this case explicitly
by working with the representative ¢ = ¢, where E = diag(—1,1,...,1) € O(2a)).

Case 3: Spin(2n) for n 2 4. Recall that Qut(Spin(2n)) = {lo]} = Z/2 for n > 5.
We subdivide this case:

» ) since ¢ preserves z = —1, we can conclude as in case 2 {except for n = 4).

o for n even we also have ¥4, we are going to show that these two antomorphisms
do not centralize [7] in Ont(N,) . The automorphism ¢ permutes a and —a (this
is eagy to check with [¢,,] = [¢], where e, € Pin{2n)). Let ¢, he an element of 4
that is fixed hy & (two elements in A are permuted, the other ones heing fixed}.
Then a straightforward computation gives ¥4, 0 0 0 ¥5 ' (ga) = —a’ga = ~gq -
A quick glance at the Tite circle in the appendix shows that —g¢, is not on a
Tits circle. Therefore, by lemma 4.18, [1, o ¢ 0 9;1] is not in Out(G,) .

e for n = 8, we must alse consider the outer automorphism [7] € Out{Spin(8))
of order 3. We choose the representative T given in lemma 4.22 . We now check
the effect on the fixed element g in A. Again we compute

. YaoTodli{gs) = —ags,
vaoTo; @) = —gq,
Yaorogpi(es) = —gs.

None of these images is on the Tits circle {in fact, as explained in the appendix,
the Tits circle associated to ¢ is {(cost + eseqsint){cost — esegsint) : ¢ € R}
and the element of order 2 is —eseqeses). Therefore if ¢ is an exotic auto-
motphism, the “outer action” homomorphism must necessarily be contained in
{[¢]} € Oni(Spin{8)) and we can conclude 88 in case 2.

O

4.6 Reduction to semidirect products

We extract from sections 4.3 and 4.4 a reformulation of the critical situation for the
conjecture in terms of semidirect products. Let 7 : Aut{G,, T} —+ Out{G,) denote
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the canonical prajection.

Proposition 4.24 The conjecture is true if and only if the following situation never
holds: there erist two homomorphisms gy, 0y : T' = Aut(G,, T) such thet p = rogy =
7 o dy, ond on isomorphism of poirs of normalizers

2:Ng=No g, T == Ny = Ny %, I

such that
e v#[0) € i.(Hz(I‘, Z(G.))) C HYT, Z(N,)),

o (¥ = pw,] € HY (W TN Zouw,) (w(T))

Proof. By lemma 4.5 and corollary 4.14, if the conjecture does not bold there exists a
situation as depicted in the statement of the proposition. Conversely, the bypothesis
v # [0] implies that p.(v) # p.{[0]) = [0] € H*[, Z(G,)). So the corresponding
exteusions Zjo; = Z, ¥, I' and Z,,, () are not isamorphic. But they correspond to
centralizers of principal subgroups of rank 1 in Gy and G,. Therefore these latter
groups cannot be isomorphic even though their normalizers are isomorphic as pairs
of groups. This concludes the proof. a

Remark 4.25 A different approach for trying to solve the conjecture is to find
in the normalizer N subgroups that play the same role as centralizers of principal
subgroups of rank 1 do in the compact Lie group G (these are difficult to describe as
subgroups of V and are nat exactly the appropriate ones if the centers of N, and G,
do not coincide). In fact, we can show, by a careful comparison of the approaches
of de Siebenthal and of Bourbaki for finding a section of Aut{G,) -+ Out(G,) (|18,
Théoréme, pp. 46-47] and |10, §4.10.)}, that the subgroups we are looking for are
normalizers of a fixed Tits system A in the extended maximal torus @Q C N. To
solve the conjecture, it would suffice to show that such suhgroups are preserved by
isomorphisms of pairs of normalizers. This approach is essentially a reformulation
of what has been done in the present chapter, however having it in mind might be
useful for solving the coujecture in all cases.
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Normalizers and classifying spaces

In the beginning of the '90s, Mislin asked the following question [26]:

Let G, ond H, be two connected compact Lie groups. If the classifying
spaces BG, ond BH, ore homolopy equivalent, does this imply that G,
end H, ore isomorphic as Lie groups?

The answer is affirmative and was first given by Osse in [53]; there now exist several
proofs in the literature [50, 45, 55, 72]. In [50], Notbohm even shows that the
connectedness hypothesis is superfluious. The purpose of this chapter is to give
another proof of this last statement, taking the result in the connected case for
granted. The interest is twolold: our approach is constructive and it highlights the
crucial role played by normalizers of maximal tori.

5.1 Classifying spaces and fibrations

To set np the hackground, we want to recall some material on classifying spaces and
homotopy theory. All the definitions and results, especially on fihrations, that are
used withont mention can be found in either one of the textbooks by Whitehead [71),
Spanier {62], or Switzer [65). In the whole chapter, “space” and “map” always mean
topological space and continuous map. We will call a map p: E = B a fibration {or
Hurewiez fibrotion) if it has the homotopy lifting property with respect to all spaces,
i.e. if the following commutative diagram can he completed as indicated
X x {0} ——;E
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for any space X . We will nse the common notation F — £ 4 B for a fhration r
with “fibre” F' = p~!(b) over some designated point b€ B.

We first introduce the notion of principal hundle. Let G be a topological gronp;
recall that an action of G on a space E is called free if -z = z alwaysa implies g =e.

Definition 5.1 A principal G-bundle £ = (p : E — B) consists of a free right
G-action
ExG-—E, (z,9)—> 9

and a snrjective map p: £ -+ B snch that
(3) p(z-g) =pz) forallz € B, g€ G;

(#%) for each b € B, there exists an open neighbonrhood V;, of b and an G-equivariant
homeomorphism ¢ : p~ (V) -+ V; x G such that

AVA

More precisely, the G-equivariance of ¢ means

is commntative.

p(z.9) = ¢(z)-g, forallzep™(V), g€G,
with G acting trivially on ¥}, and by right translation on itself.

The space K is called the total space, B is called the base space, and ¢ a Lrivialisation
over Vy. Let also Ey = p~!{b) be the fibre over the point b€ B.

Remarks 5.2

1. The map p induces a homeomorphism between the orbit space E/G and the
base space B, because condition {ii) implies that p is an open mapping.

2. Asthe G-action on E is free, the trivialisation over V, implies that forallb e B
and all £ € K the map
G — Eln gr— zg

is a homeomorphism.
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There is a natural notion of morphism associated to principal G-bundles:

Definition 5.3 Let £ = (p: E — B) and £ = (p' : £ = B') he two principal
G-bundles. A morphism between these two bundles is a pair of maps (u, f} such
that

s the diagram
.

4
_LB‘

o]

p

-—

&

is commutative,
s the map u is G-equivariant, i.e. u{z-g) = u{z)-g, forallz € E and g€ G.

The two bundles are said to be isomorphic if u and f are homeomorphisms, A
principal G-hundle is trivial if it is isomorphic to the product principal G-bundie
BxG—B.

Many geometric problems inveolve the study of G-bundles over a fixed space X .
Classifying spaces will now enter the scene naturally, because they are intimately
related to the classification of principal G-bundles {hence their name). We will give
a brief account of this in the quite general setting of numerable principal G-bundles.
Recall that £ = (p : £ —+ B) is nutnerable if there exists a open cover {V;}ien of
B such that &, is trivial, and a partition of unity associated to it. For instance
every principal G-bundle over a paracompact space, hence over a CW-complex, is
numerable. More details can he found for instance in Dotd [20], Husemoller [36],
or Steenrod (in case the base space is a finite CW-complex) [63]. Recall that for
a principal G-bundle £ = (p : E — B), the pullhack f*{f) of £ along a map
f : X - B is a principal G-bundle over X [36, Propasition 4.1, p. 44]. A first
step towards translating the stndy of the set Pring{X) of isomorphism classes of
numerable principal G-bundles over X into a homotopy problem is the following:

Theorem 5.4 Let £ be o numerable principal G-bundle over B, If fig: X - B
are homotopic, then the principal G-bundles f*(£) and g*(£) are isomorphic over X .

Proof. See Theorem 9.9, p. 52 in Husemoller [36]. D
For two spaces X and Y, let [X, ¥] he the set of homotopy classes of maps of X
toY. ’
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Definition 5.5 A principal G-bundle £¢ = (pg : EG — BG) is universal provided
é¢ is numerable and for all spaces X the map

{X, BG} — Prince(X), [fI — [f*(s)]

is a natural bijection, .e. the functor Priveg(—~) is represented by the space BG .
The space BG is called a elassifying space for the topological group G .

This definition immediately implies tbat if é = (pg : EG = BG) and §; =
{p; : EG' = BG') are universal for @, then there exists a homotopy equivalence
f : BG = BG' with § = f*(é;}. With a slight abuse of language, one can
thus speak of the classifying space of a topolagical group. Its existence is given,
for instance, by the Milnor construction [36, pp. 54-56]. We now collect several
properties of classifying spaces.

Theorem 5.6

(i) There exists o functor €. from the calegory of topological groups io that of
aniversal principal bundles.

{ii) A numerable principal G-bundle is universal if and only if its {otal space EG
is contractible.

(ii) If G and G' are topolagical groups, then B(G x G') ~ BG x BG'.

fiv] Any inner automorphism ¢, of G induces a map Be, : BG — BG that is
homotopic to the identity.

{v) Let H be a closed subgroup of G. Then the inclusion i : H — G induces o
fibration
G/H — BH 24 BG.

(i) A shart ezact seqgnence of topological groups
khalhq
with K closed in G, yields o fibration
BK 2 BG 25 BQ.
(vii) If A is an abelian tapological group, with a compactly generated topology fi.e.

a set is closed if and only if it meels every compact set in a closed set), then
there is a model for BA that is an abelian topological group.
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fviii) Let G be a compact Lie group, Z a closed central subgroup of G and 7 : G —
G/Z the quotient map. Then

Br: BG — B(G/Z)
is a principal BZ-bundle.

(iz) IfG is a compact Lie group, then BG has the homotopy type of a CW -complex
of finite type.

The explicit proofs are scattered in the literature: For (i) and (ii) see Dold [20, §7
and §8]. Proofs of (iii)-(v) and (vii) using the Milgram-Steenrod construction can be
found either in Steenrod [64] or Adem-Milgram [4, Chap. II, §1]. For (vi) (and (v)),
s¢e Piccinini- Spreafico [56] or the exercises in tom Dieck [69, Chap. 1, §8]. Point (viii)
is a special case of Theorem 7.7 iu [56]. Finally, the Jast point, as well as the specific
and coucise approach for compact Lie groups and bundles over CW -complexes, can
be found in Mimura-Toda {42, Chap. 11, §6].

Examples 5.7

1. For a discrete group T', the long exact homotopy sequence of the fihration
I' =+ ET — BT shows that BT is an Eilenberg-MacLane space K(I',1}. In
particular BZ/2 = K{Z/2,1) = RP*, and BZ = K(Z,1}) =§'.

2. For the circle group §', we have BS! = BBZ = K(Z,2) = CP>.
3. The Stiefel manifeld of {orthonormal) k-frames in R" is the subspace
Vi(R*) ={(v1,... ,0e) 10 € S™7, (mfuy) = 65} € (S")%.

The Grassmann manifold G(R") is the set of k-dimensional subspaces of R®
with the guotient topology defined by the surjection

Vi(R?) — Gi(R®), (v1,...,0) ¥ {v1,... ,ta).
The standard inclusions
R'CR™Y CR™I ...
given by (z1,...,2n} — (z1,... , Ty, 0) induce inclusions

Ve(R™) € (R™) € V(R™) ...
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and
Gi(R™) C Gi(R™*) c G(R™) C ...

We take Ve(R®) = Unps Vi(R") = lim Vi(R") and Gu(R™) = Upy Ga(R") =
nli-Elgo Gi(R™), both with the inductive topology (a set is closed in the limit
if and only if its intersection with every subspace in the sequeoce is closed).
Then 7 : Vi(R®) —» Gp(R*), where = is the obvious map, is a universal
QO(k)-principal bundle and thus BO(k) = G.(R™).

In a similar fashion, we have BU(k) = G,(C®) aod BSplk) = G ().
For the special orthogonal, resp. special unitary, group ooe has BSO(k) =
SG(R®), resp. BSU{k) = SG(C*), the space of oriented k-subspaces in
R, resp. € [36, p. 91].

4. By the theorem of Peter and Weyl, any compact Lie group G admits a faithful
representation, i.e. there exists an injection G — U(N), for some N. There-
fore, one can take EG = Vy(C*} and BG = Vy(T*)/G.

We end up this review on classifyiog spaces, by recalling that the study of Lie
groups from the bomotapy paint of view can be restricted to the compact case.
Indeed Iet & be a Lie group with a finite number of connected components. Then a
fundamental structure theorem says that, up to conjugation, G has a unique compact
subgroup K and tbat the homogeneous space G/K is contractible [32, Theorem
XV.3.1]. Therefore by point (v) of theorem 5.6 there is a bomotapy equivalence
BG ~ BK . From now on, we will only consider classifying spaces of compact Lie
groups, and always chaase a model that is a CW-complex of finite type.

Next, we collect a few definitions and results on fibrations.

Definition 5.8 If p: £ =+ B is a fibration, then a bomatopy H : X x I -+ Fisa
verticel homotopy if po H is stationary (in other words, H anly moves points around
in their fibre).

Definition 5.0 Let g : B — B’ be a map. A fibre map (over g) between twa
fibrations p: E — B and p’': £ = B' isa map f: E =+ E’ such that

E-L-E"

1

B-2.p

is homatopy commutative.
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In this last definition, using the homotopy lifting property for the fibration p’,
one can always replace f by a homotopic map f such that the diagram is (strictly)
commutative,

The next lemma is well-known; one can find a formulation with weaker hypotheses
in Dold {20, Theorem 6.3].

Lemma 5.10 Let F —» E — B and F' = E' — B' be fibrations in the colegory of
CW -complexes. Let f : E — E’ be a fibre map inducing a homotopy eguivalence on
the fibres and on the base spaces, i.e. inducing the following homotopy commutative

diagram
F E B
I B
F E' B'

Then f 15 a homotopy equivalence.

Proof. The result follows from the long exact homotopy sequence, the five lerama
for groups, and the classical result of J.H.C. Withehead [71, Theorem 3.5, p. 220],
saying that a weak homotopy equivalence between CW-complexes is a homotopy
equivalence. ]
Another classical fact is that the pullback is not well behaved in the homotopy
category. However, if one of the maps is a fibration, then things become clearer.
Given a diagram
E
|

x1.5
where p is a fibration and f is any map, one can take its (usual) pullback and get

tbe commutative diagram
P——E

P

X2 .
where ¢ : P = X is also a fibration, called the induced fibration from p by f. Then,
in the bomotopy category, the universal property of the pullback becomes

Lemma 5.11 For any homotopy commuintive diagram
y—2.g
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where p is a fibration, there exists, up to homotopy, o unigue mopu : Y — P such
thot

18 homotopy commutotive.

Proof. Applying the homotopy lifting property, one can replace g hy a homotopic
map ¢’ such that the first diagram is strictly commutative, i.e. such that pog’ = foh.
Theo the universal property of the {usual) pullback gives a unique mapu:¥ = P
that makes the second diagram strictly commutative. Clearly, any map homotopic
to u makes the diagram homotopy commutative. Conversely, applying the homotopy
lifting property for g : P — X, any map v’ : ¥ -+ P such that the second diagram is
homotopy commutative has to he homotapic to u. This gives the uniqueness part.
O

In the sequel, we will use the two previous lemmas implicitly.

5.2 Recollection of results on mapping spaces

We recall, without proof, several theorems on mapping spaces iovolving classifying
spaces that will he used in our approach. Let us start with some standard potations:
For two spaces X and Y, let map{X,Y) he the space of mapa from X to Y, with
the usual compact-open topology; map{X,Y); will denote the path component of
f:X =Y in map(X,Y). For two groups Ty and I'z, let

Rep([‘l, Fg) = HOITI(P], Fg)/]ﬂn(rg)

denote the set of homomorphisms I =+ I'z modulo inner automorphisms of I'z.
Recall that a space is called aspherical if it is arcwise connected and if m{X) = 0 for
all 1 2 2. The study of maps between classifying spaces goes hack to the following
classical result of Hurewicz (35, p. 219):

Theorem 5.12 (Hurewicz) For any pair of aspherical spaces X ond Y, the mop
[X,¥] — Rep(m (X}, m(Y))
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s o bijection.

A more general formulation and a proof can be fonnd in Whitehead [71, Chap. V,
§4, pp. 224-226). As a particular case, this theorem applies to classifying spaces
of discrete groups, where it says that all maps between such spaces are induced by
homomorphisms (for compact Lie groups, it is a well-known fact that this is not true
in general). The answer to the natural question of when a homomorphism of Lie
groups induces a homotopy equivalence is given by

Theorem 6.13 (Evena, Minami) Let ¢ : G — H be 6 homomorphism of compact
Lie groups. Then o is an isomorphism if and only if By, : H.(BG; %) — H.(BH; %)
is an fsomorphism.

In particular, if By is a homolopy equivalence, then @ is an tsomorphism.

Evens mentions the finite gronp case in [28] and Minami gives a general proof of
this result in ]43].

For a space X let Aut(X) be the group of classes of homotopy equivalences of X,
i.e. Aut(X) is the gronp of classes [f] € [ X, X] such that there exists g : X = X with
gof ~idy and fog~ idy. Let also X denote the Bausfield-Kan p-completion of
X {12, Chap. VI|. We will need [37, Proposition 2.7 and Corollary 3.7):

Theorem 5.14 {Jackowaki-McClure-Oliver) Let G, be a connected compact Lie
group and et Z, be tf5 center.

{1) The group Aut(BG,) is isomorphic to the outer antomorphism group Out{G,)
of G,. More precisely, the map

Be, : Out(G,) — Aut(BG,), |a] — [Bo]
is 6 group isomorphism {see also Theorem 5.2 of [55]).

(2) The natural homomorphism Z, x G, = G, induces a homotopy eguivalence
(BZ,}) =+ map((BG,)2, (BGo))ia -

Recall that a p-toral group P is a compact Lie group whaose component of the
identity P, is a torus and whose group of components P/P, is a (finite) p-gronp. As
in the case of discrete groups, the homotopy classes of maps from the classifying space
of & p-toral gronp to that of a compact Lie group all come from homomorphisms [22,
Theorem 1.1,[72, Theorem A],[48, Theorem: 5.1):
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Theorem 5.15 {Dwyer-Zabrodzky, Notbobm) Let P be o p-toral group and G
o comgpact Lie group. Then the obvious map

B : Rep(P,G) — |BP, BGj
is o bifection.

We will also need results from Thom’s theory on the topology of function spaces
|66], a8 revisited by Notbohm and Smith [51]. First, recall the following generaliza-
tion of the notion of principal G-bundle: a fibration p : E = B is called principal
if the fibre F is an H-space acting on E and the action satisfies p(z- f) = p(z), for
allze E, f € F. A classical theorem of Hurewicz showa that a principal G-bundle

with paracampact base is a fibration, hence a principal fibration [21, Chap. XX,
§3-4).

Theorem 5.16 (Thom) Let X be a conneeted space.

(1) Let A be an abelian group and n o positive infeger. Then for anymap f: X -
K(A,n) there is a homotopy equivalence

map(X, K(A,n))s = [] K(H"(X, 4),1).

i=1

{2) Letw: Y — B be a principal fibration with structure group H ,and f : X 2 Y
a fited map. Then the map

p: map(X,Y); ~— map(X, B)og, hr— moh,
is ¢ principal fibration with fibre a union of components of map(X,H}.

Cf. theorems 1.1 and 1.2 in [51] for the proof of these results.

5.3 Reconstructing G from BG

We first state same facts involving standard covering space theory. The following
lemma ia a direct consequence of the homotopy lifting property.

Lemma 5.17 Let p : ¥ = X be ¢ covering prajection, where X is o connected
locally connected space and Y is connecled. Suppose that there exist self-homotopy
equivalences h and f such that

Y—f-—lr’
p p
x -t x
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s homolopy commutotive. If h iz homalopic to the identily idy then f is homotopic
to a couering transformdtion of p.

Remark 5.18 Recall that a covering transformation of p, or aulomorphism of p,
is & homeomorphism ¢ : ¥ — ¥ such that po ¢ = p. Under the hypotheses of the
lemma, the group of automorphisms of p is isomerphic to Ny, x) (a7 (Y))/pomi (YY)
[62, Thm. 2, p. &5 |.

Let G be a compact Lie group; let X 56 35 ¢} be an extension of Lie
groups, with KX closed in G and @ finite. Recall that this extension gives rise
to a homomorphism ¢ : @ — Out(K) which can be composed with the map
Br : Out{K) ~ Ant{BK) (as defined in theorem 5.14). Oo the other hand, the
monodromy action for the corresponding fibration BK Bpoek% B@Q produces a
homomorphism 8 : m (BQ} —+ Aut(BK). A careful analysis of the situation shows
the following lemma, together with its corollary.

Lemma 5.19 There ezists an isomorphism §: m(BQ) = Q such that the diagram

m(BQ)

S e

Aut{BK)

18 commulative.

Corollary 5.20 Lei H <y G be o closed subgroup of G, with G/H finite. Choose
models for the classifying spaces such that p = Bi : BH — BG is a covering map
(with fibve F == GJH ). Then any covering trensformation of p is homolopic te Be,
Jor some g € Ng(H).

As in chapter 4, we will now consider the extensions corresponding to & compact
Lie group @ and to the assaciated group G = G/Z,, where Z, denotes the center
of the component of the identity G, of G. Abusing language, we will say that the
(not necessarily centerless) group @ is of “adjoint type”. Recall the commutative

diagram
Zs Z,
] 7
G.C G I
I
Goc G r
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Applying the functor B(—) to it yields a carresponding commutative diagram for the
fibrations BG, —+ BG — BI' and BG, =+ BG — BI'. The next theorem tells that
Br: BG — BG is essentially the uaique fibre map under g = Bm;, and over idr .

Theorem 5.21 Up to homolopy, there is a unigue fibre map f : BG — B@G such
that the diagram

BG, BG Br
g= Bmc,l lf ”
B4, B& ar

18 homotopy commutative.

This theorem is one of the main ingredients in our approach for solving Mislin's
question in the nonconnected case, as it appears both in the “reconstruction” and
“invariance” parts. Before proving it, we recall a procedure, outlined by Mgller ia
{46 and based on previons papers of Booth, Heath, and Picciniai [6, 7], that relates
the problem of finding maps between the total spaces of two fibrations with the
space of based sections of ancther related fibration. We keep notations as in [46]; let
p:U = Aand g: V — B be fibrations over conoected and pointed base spaces. Let
g p1(#) = g71(#) be a map between the fibres and £ : (4, ) —» (B,+) be a map
between the base spaces such that the pair (g, ) is compatible with the monodromy
action of the fundamental group of the bases oa the fibres, i.e. such that for all
w € m(A, ¢} the diagram

) L g7'()
w) |m(B)w)

is homotopy commutative. The goal is to describe the space of ibremaps f : U/ = V'
under g and over k, i.e. of maps that fits in the following homotopy commutative
diagram

-1 -V
pl \ Lq

One defines the set

fibmap(U, V =11 map( l(h('l)))gn

aEA
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where g, € [p7(a), ¢'(h{a))] is the hometopy class making

P ) L g (v
¢| |A(¢)
re) =2 ¢ (ha))

homotopy commutative for any path ¢ from the base point » to a € A. By pulling-
back ¢ along b, we get the identification

fibmap(U, V)% = fibmap(U, A*(V))i4 .

The set fibmap(U, V)? carries a natural topology as defined in |7]. The forthcoming
lemma (zee {46, pp. 310-311}} is a special case of corollary 2 and propesition 6 in {7],
or of theorem 4.1 in [5}.

Lemma 5.22 The space map(U,V)}} of maps of U into V under g and over h with
the compaci-open topology is homeomorphic to the space of based sections of the
fibration

map(p~'(*}, ¢! (%)), — fibmap(U, V): — A,

where the projection onto A 1s the natural one.

The proof of theorem 5.21 will consist in showing that the space of based sections
of this last fibration, in cur case, is trivial. To do so, we will need the general obstruc-
tion theory in fihre spaces involving homology with local coefficients and bundles of
groups presented in Whitehead’s hook [71, Chap. V1]. We will keep notations as in
this book, and refer to it for a thorough presentation of the theory. The lemma we
will need in this context is the following:

Lemma 5.23 Let p : E =+ B = K(I',1) be a fibration, with ' a finite group.
Suppose that the fibre F is connected and that =, (F) is a Q-vector space for alln
(in particular F is 1-simple, i.e. m(F) is abelian). Then, up {o vertical homotopy,
there is ¢ unique based section of p.

Proof. This section problem corresponds to the diagram
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Following §6 of Chap. VI in [71], the primary obstructions to extending f lie io
HY P K ;¢ m(F)) = HH(K(T,1);7a(F)) and the primary differences of two
liftings lie in H™{K, &, ¢*ma(F)) = HYK(T,1); ma(F)) (where m,(F) denotes the
loeal coefficient system associated to the fibration). However, as the base of the
fibration is K(T', 1), these eohomology gronps reduce to the usual cohomology groups
of K([',1) with coefficients in the T-module m,(F) {71, Theorem 3.5%, p. 281], i.e.
Hn+l(K(Fl I)Eﬂn(}-)) = H“+1(K(Pl 1} ﬂ'n(F))
and
HYK(T, 1) ma(F)) & HYK (T, 1), ma( F)) -

Now, as [ is finite and #,(F) is a rational vector space for all n, we conclude, by
a classical transfer argument {15, Corollary 10.2, p. B4], that all the cohomology

groups of interest vanish. Existence and unigueness of the section then follows from
theorems 6.3 and 6.5, pp. 298-299, in {71]. O

Next we will study the component map{BG,, 8Z,), of the constant map. As a
last ingredient for proving theorem 5.21 we show that this mapping space is homo-
topy equivalent to BZ,. This is already known il G, is semisimple [49, Proof of
Proposition 1.2}, however we did not find any reference for the general case. In the
proof, we will nse the first part of theorein 5.16 oo Thom’s theory.

Lemma b.24 The evaluation mep
ev: map{BG, BZ,). — BZ,, f — f(*)
iy a homefopy equivalence.
A homgotopy inverse of ev is given by the map
¥ : BZ, — map(BG,, BZ,),, 2+ (Y(2) : x> 2).

Proof. We first recall that Z, = A x §, with A a finite abelian group and $ a torus,
and so we can take BZ, = BA x BS = K(A, 1) x K(m(8), 2) (where m(5) & Z7).
Thus we have

map(BG,, BZ,), map(B8G,, BA x BS).

map{8G,, BA)., x map{BG,, BS),,,

IR

for two constant maps ¢ and cz. We compute these two terms separately using
theorem 5.16:

map(BG,, BA),, ~ K{H(BG,,A),1)
K(A1)
BA,

12
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and

map(BG,, BS),, ~ K(H'(BG,mi(8)},1) x K(HYBG,,m(S)),2)
K{HYBG,,m(5)),2)
~ K{m(8),2)

= BS,

12

where the first factor vanishes because the first cohomology group of a 1-connected
space is trivial for any coefficient (by applying the universal coefficient theorem |13,
7.2, p. 282]). Therefore we have map(B8G,, BZ,). ~ BZ,.

Now notice that ev o) is the identity map of BZ,. Thus at the level of homotopy
groups, we get for all n

id = ev, o, : Tn{BZo) 5 mu(map(BGo, BZ,),) = mo{BZ,).

We deduce that ey, is a surjective homomorphism between isomorphic groups for all
n. But there are only two non-trivial cases: for n =1, we have

mi{map(BG,, BZ,),) 2 m(BZ,) 2 A,
a finite abelian group, and forn =2,
ma(map(BG,, BZ,),) & mo{ BZ,) 2 2" .

In both cases the surjective homomorphism ew, has to be an isomarphism. Therefare

ev is a weak homatopy equivalence between CW-complexes and thus a homotopy

equivalence. It is then straightforward that the right homotopy inverse ¢ of ev is a

homotopy inverse of ev. ’ O
We are now ready to prove the theorem.

Proof of theorem 5.21. By lemma 5.22, it suffices to show that the fibration

map(BG,, BG,), — fibmap(BG, BG)i! — BT

has, up to vertical homotopy, a unigue based section. To do so, we will show that
it fulfills the hypotheses of lemma 5.23. First, by (viii} in theorem 5.6, the fibration
BZ, —+ BG, & B@, is principal; applying the second part of theorem 5.16 to it
and to the map id : BG, — BQ,, we get a principal fibration map(BG,, BG,)ix —
map(BQG,, BG,), . Following the argument in Notbahm and Smith [51, pp. 302-303]
for this particular case, one checks that its fibre can be identified with the sections of
the trivial principal BZ,-bundle BG, x BZ, =+ BG, that are vertically homotopic
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to the trivial section. Therefore the fihre is reduced to map{BG,, BZ,)., where ¢ is
the constast map. Let us now coasider the diagram

map({BG,, BZ,), ~— BZ,

o~

ad

map(BGa, BGo)id

map{BG,, BG,),

where the diagonal map ad is as in theorem 5.14 (2), i.e. it is the adjoist of Bar,
where & : G, X Z, = G, is the natural homomorphism. As it corresponds to the
B2, priecipal action on BG,, one checks that ad = i o ¢, where ¢ is the hamotopy
inverse of ev, appearing in lemma 5.24. Therefore the above diagram is homotopy
commutative. Thus we get a principal fhration

BZ, —+ E = map{BG,, BG,)is — X = map{BG,, BG,),.

Now hoth BZ, and E = map(BG,, BG,)u = {f : BG, 3 BG,|f ~ id} ate
nilpotent, hecause 8o are connected H-gpaces [30, p. 62]. By propositios 5.5 in [12,
Chap. 111, p. 84] we get that X is nilpotent too. We also deduce from the long
exact sequence in homotopy, which gives a surjection m, (E) —» m,{X), that m (X) is
abelian. These facts allow to invoke proposition 6.5. in |12, Cbap VI, p. 187], which
saya that
(BZ,)p — Ey — X

is a fibration. With the long exact sequence in homotopy and tbe second result ia
theorem 5.14, one shows that m,{X) = 0 for all & and all primes p. By proposition
6.1in {12, Chap. VI, p. 183], these homotopy groups fit in a short exact sequence and
their vanishiog gives Ext(Z/p®, 1,(X)} = 0 and Hom(Z/p®,m,(X)} = 0. But as
n{X) is abelian and thus nilpotent, Ext(Z/p™, wa( X)) = 0 is equivalent to 7, (X) is
p-divisible [12, Lemma 3.6, Chap. VI, p. 176]. Using this and Hom(Z/p*, #,(X)) =
0, one easily checks hy contraposition that #,(X) has no p-torsion. These two last
properties heing true for all primes p, this is equivalent to saying that m,(X) is
divisible and has no torsion, which is equivalent to saying that the ahelian group
Ta{X) has a structure of Q-vector space |60, Example 10.8, p. 320], for all n. The
conclusion is then given by lemma 5.23. 0
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Remarks 5.25
1. Iz the previous prool, if &, is semisimple it is easier to identily the fihre of
map(BG,, BG, g — map{BG,, BG,), .
Indeed, in this case one hasg
[BG,, BZ,| = |BG,, K(Z,, 1) = H'(BGo, Zo) .

But as BG, ig 1-conaected HY{BG,, Z,) = 0 (see the proof of lemma 5.24).
Therefore map(BG,, BZ,) reduces to map(BG,, BZ,). -

2. Ii the fibratioo
map(BG,, BG,); — fibmap(BG, BG)\* — BT

appearing in the proof were simple (i.e. if the fundamental group of the hase
would act trivially on the homotopy groups of the filre), it would allow to use
8 “lighter” version of obstruction theory. It is certainly iustructive to find an
explicit example where the fibration is rot simple.

We are ready to state and prove the main result of this section.

Theorem 5.26 Given BG, the classifying space of a compact Lie group G, one can
reconstruct G up o isomorphism.

Proof. Starting from BG, one gets a medel for BG, as its universal cover BG.
Assuming the result in the connected case, we get the group G, and hence the
inclusions Z, ¢ T C N, € G,, as well as the adjeint group G, associated to G,.
The greup of compoeents I" of G is simply given by m{BG). Supposing that we
have a medel for the fihratioo BG, - BG —+ BI', lemma 5.19 gives a representative
homomorphism ¢ : I' & Qui(G,). So we have eoough data to get the unique adjoint
type group & corresponding to G, with all its relevant subgroups.

Now we want to recover the normalizer IV of the maximal torus in G . Pulling-back
the fikration BZ, —+ BG 25 BG along Bi, where I denotes the inclusioo  : ¥ — @,
furnishes a new fibration with the commntative diagram

BZ, BZ,

l l

X BG

| 8 |B=
BN BG




84 Chapter 5. Normalizers and classifying spaces

We claim that X is a model for BN . Indeed the universal property of the pullback
yields a fibre map v : BN — X that fits in the homotopy commutative diagram

u

Bz, BZ, BZ,
BlN hd )l( BlG
| | |
BN EN B@G

The situation at the group level implies that the composition idpz, ou is the identity,
and 50 u must be the identity. Therefore v : BN — X is a homotopy equivalence
and we can set BN = X .

Invoking once more the universal property of the pullback gives a homotopically
unique map BN, = BN that is necessarily & model for Bi, where i : N, = N
denotes the inclusion. Applying the “constructive” part in the proof of proposition
2.3. in [50] to both fibrations in

BN, 8N
BW, 8w

gives

where the inclusion 4 is recovered by observing that N, is in fact a pullback in this
diagram (see exercise 1, p. 94 in [15]). We conclude by invoking proposition 4.4. O

Remark 5.27 In the ahove proof, we show that BN is ohtained as a pullback. In
fact it is not difficult to check that the same situation holds at the group level. How-
ever, one cannot immediately conclude that this implies the result at the classifying
space level, as the functor B(—) does not preserve pullbacks in general.
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5.4 Automorphisms of BN,

For giving an affirmative answer to Mislin’s question in the nonconneted case, we will
need some information on the group Aut(BN,) of ¢lasses of self-homotopy equiva-
lences of the classifying space of the normalizer N,. We will in fact give a complete
description of this group. The key ingredient for the last two sections is the following
praposition due to Zabrodsky [72, Propasition 2.3):

Proposition 5.28 (Zabrodsky) Let T — L —» W and T™ — L' - W' be finite
extensions of tori. Then gny map f : BL — BL' is homotopic to & map Bp, for
some homomorphismp: L — L',

Lemma 5.29 Let |y] € H (W, T) C Out(N,). Then By is homotopic to the
identity idpn, if and only if ()] is trivial in HY(W,; T).

Progf. The “if* part is clear. Conversely, suppose that By ~ idgy,. By contra-
diction, suppose that 1] 5 [{dw,]. By section 3.5 in chapter 3, there exists a Tits
element g, in N, such that ¥(q,) is not on a Tits circle. Let N, AN N, denote
the 2-toral subgroup generated by T and q,. Any conjugation hy an element of N,
that preserves N, represents an element different from ¥y, in Rep(N,, N,), since
such conjugations preserve Tits circles. We chonse models for the classifying spaces
such that the induced map p = B{ is a covering projection; we get the homotapy
commutative diagram

=B
BN, / (Yiw,) BN,
p P
-_— 1
BN, —=8%__ N,

By lemma 5.17, f is thus homotopic to an automorphism of p, which can be identi-
fied, hy remark 5.18, with an element of Ny, {{s,))/(82), where 8, = 7{g,) € W,.
Therefore, by corollary 5.20, f = B{yyn,) ~ Bey, for some n € N,. By theorem
5.15 applied to P = G = N, , this contradicts the [act that ¢y, and ¢, are different
in Rep(IV,, Vo). O

Theorem 5.30 The map
Br, : Out(N,) — Aut(BN,), [¥] —> [By]
is an isomorphism of groups. In particular

Aut(BN,) 2 HY(W,;T) x Out(G.) .
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Proef. By proposition 5.28 of Zabrodsky the map is surjective. Thus, it remains
to check that Bp ~ Bp' implies [p] = [¢'] € Ovt{N,). By theorem 3.10, we can
decompose the representative elements as p = o ¢ and p' = ¢ o0’ with {9],[¢¥] €
HYW,;T) and |o],[¢'] € Out(G,}. Definen = &' o4 and v = ¢’ 0 0~ ; clearly
[7] € H'(W,; T) and [r] € Out(G,). Now, as Bp ~ Bp', we have B = B{y/ logh) ~
B(o’ae™") = Br. We claim that both are homotopic to the identity idap, . ludeed,
take models such that p = Bi: BT — BN, is the universal covering map. Theo the
diagram

B(nor3!
BT (o) BT
P p
-1y ok
BNO B(ﬂO‘T ] 'dBN’, BN,

is homotopy commutative. Lemma 5.17 implies that B(mr) are B(nr) homotopic
modulo an automorphism of p, which are givea hy the actioa of the Weyl group.
Thus B(nr) is homotopic to Be, for some n € N,. By theorem 5.15 applied to
P =G =T, this is only possible if nr is given hy ¢, and the same must hold for
7 € Aut{N,}. Therefore Br ~ Bn are hoth homotopic to the identity as claimed.
In particular, we also get that [r] is trivial in Out(N,). Moreover, hy lemmas 5.17,
the same holds for [n]. Therefore [o] = [¢'] € Cut(G,) C Out{¥,) and [¢f] = [¢] €
H'(W,; T} C Out(N,) and we car conclude that [g] = [p] € Cut(N,). ]

Remark 5.31 In ac unpublished paper [44], Maller shows that the map Sy, is in
fact an isomorphism for any nonconoected compact Lie group. Also consult [47] for
related resulis.

5.5 Invariance under homotopy equivalences

In this section, we want to present our proof that the answer to Mislin’s question is
affirmative for nenconnected compact Lie groups as well.

Theorem 5.32 Let G and G’ be two compact Lie groups. Then G and G' are iso-
morphic if and only if their classifying spaccs BG and BG' are homotopy equivalent.

Ag in the case of the “generalized Curtis-Wiederhold-Williams theorem” (see chap-
ter 4), reconstructing the isomorphism class of G startiog from BG is not enough to
answer pogitively to Mislin’s question. We must still show that the reconstruction
process we proposed is invariant under homotopy equivalences. Before presenting
the proof of theorem 5.32, we introduce two technical lemmas.
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Lemma 5.33 Let f : BG — BG' be a homolopy equivalence. Then f fits inlo o
homotopy commutative diagram

B
BG,—> . BG,
Bi] lBi’
B6—+f . Be
Bpi pr’
Br —22 . pr

with a € Aut{G,, T} and § € Aut(Tl"}. Moreover there erists an isomorphism of
adjoint type groups 1 : G — G such that the diagram

Ba

BG, BG,
B ] | 87
B —1 . Be'
Brl ]Br’
8¢ —21. s

&5 homotopy commulative.

Proof As BG' is path connected, we can suppose that f is a pointed map [62,
Chap. 7, Lemma 2, p. 380]. By the bomotopy lifting property, f induces a homotopy
equivalence on the universal covers BG, = BG aud BG, = BG'. Therefore we
can suppose G, = G/, theorem 5.32 being true in the connected case [53]. Thus f
induces a homotopy commutative diagram

BG, —— BG,

Bil |Bi
BG BG
g= Bp, Jg’ =B
Jth ¥
B[ ------ - BT
For the fundamental groups, it produces a commutative diagram
‘JTI(BG) i-’ Tfl(BGJ)
') l = o _f R q_l Ejiﬂ
m(Br) -t- N =% (BI')
5
B
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Defining k = Bf3 completes the first diagram and makes it homotopy commutative,
becanse BT is an aspherical space [71, Chap. V, §4]. Finally, by theorem 5.14, there
exists & € Aut(G,,T) snch that g ~ Ba, and we get the first assertion.

For the second agsertion, let ns consider the homotopy commutative diagram

BG, — 2 BG,
g, 28 | BG,
BG ! BG
PN ~
B 9
pe -2l " BG
B[‘\ Bg BI‘\
BT BB BU
Let us construct maps at the level of groups:
/ | a | \

G Glo e G, ¢
\.. - X A ./
G -- _3_ . &

r A r

Up to equivalence of extensions, G and G are unique and given by semidirect prod-
ucts. The two actions are related as shown in the commutative diagram
r—L. ou(@.) 2= an(Gy)
B l lqm lqs
I —— Out{G,) — Aut(G,)

6.0 =G,%,Tand & = G, 9T, with e = 508 and ¢’ = cs0s0608~" . One then
checks that 7: G = G', (o 7) = (g0, 7) = (@{g6), (7)) is an isomorphism making
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the diagram at the group level commutative. By lemma 5.19, setting f = By makes
the “front face” of the first diagram homotopy commutative. As Br is a homotopy
equivalence, we get, by theorem 5.21, that By o Br is unique up to homotopy, and
conclude that the whole diagram is homotopy commutative. ]

Lemma 5.34 Lef p: N = N' be an isomorphism of normalizers. Suppose that
Bp: BN — BN fits in the homolopy commutative diagram

BN,—2% g,
5 | B¢
BN 22 pnr
i
Br 5 BT
with [6] € Out(G,). Then, af the group level, there is & commutative diagram
N, Y= pin, N,
T
N 14 N

with [§] = [pn,] € Out(Go) .
Proof. The first diagram induces the homotopy commutative diagram
Bo

BW, BW,
- -
Bw 52, gy
| o |
BT 85 BT
Applying the Functor mi(—) yields, by 5.12, a commutative diagram at the group
level
w,—2 .w,
7T
w—° . w
pl lp’
r 2 r

where the homomotphisms are given up to conjugation in the target groups. This
implies that p(N,) = N, and gives the second diagram in the lemma. To prove the
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last assertion, we reapply the functor B(-) to it and get, by the homotopy lifting
property and lemma 5.17, that B(e ¢4~} is homotopic to a covering transformation
of Bi : BN, - BN. By corollary 5.20, these are given by the action of I' on
BN, , and thus are coming from Out(G,) in Out(#,). Therefore, by theorem 5.30,
[¥] € Out(G,) as claimed.

a
Proof of theorem 5.82. Let f : BG -» B(' be a homotopy equivalence. Apply-
ing lemma 5.33, as well as the construction of theorem 5.26, yields the homotopy
commutative diagram

BN, Blayw,) BN,
B[Go Ba BL,,

BN BlG Blc' BN
BG 2" . e

BN / Blme) \ BN

with & € Aut{G,) and 5 € Ant{G,) . From this diagram we extract

BN, B(ayw,)
N
BN,

BN —|—— BG
~

BN BG'

BN

B( BE

where the map v: BN — BN’ exists and makes the diagram homatopy commutative
by the universal property of the pullback. As a fibre map inducing the homatopy
equivalence B(ng) on the base spaces and tbe self-homotopy equivalence B{ayz,) on
the fibre BZ,, v is necessarily a homotopy equivalence. By proposition 5.28, there
exists a homomorphism p: N — N’ such that v ~ Bp; by theorem 5.13, g has

Yl.m‘.*) BN’
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to be an isomorphism. It satisfies the hypothesis of lemma 5.34, and thus we get a
commutative diagram at the group levei as in this lemma. We conclude hy invoking
theorem 4.17. O



Appendix

Tits circles in SO(2n) and Spin(2n)

First recall that the standard maximal torus in SO(2n) consists of the matrices

€co827%) —s8in2wE
sin2rz;, cos2mm

cos 2nz, —sin2ra,

sin27T,  cOB2RZ,
with z,,...,z. € R. Choosing the root system described on page 9 of Adams’
book [3], the action of the elements of an associated Tits system A = {qg1,... ,¢n}
is a8 follows: @ permntes z; and z; and changes both signs, g; permutes z; and
T2, gy permutes Tz and T, ..., gn permutes z,_; and z,. Calculations in the Lie
algebra gives the corcots, from which one gets the circles Ty = T,; and the elements
hy=h, = exp(%) in T, and can deduce an associated Tits system. Writing

D{z) = c?s 27z —sin27rx
ain 27z cos 2wz

e=(39).

) €50(2),

one explicitly geis

T, = {diag(D(z),D(r),I,...,l):zG]R}
T, = {diag(D(m),D(-—w],l,...,I):zER}
Ty, = {diag(],D(r),D(-a:],]I,...,I):mE]R}

T, = {diag(l, ,I,D(:r:),D(—:r)) rz € R}

93
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and
{ O E { 01 3
-E 0O -10
1 1
Qo = 1 ) oy = 1 N
\ 2 1/
1 1
( 01 ( 1 )
-1 0
Gay = 1 y ey Q@ = 1
01
| -1 0/
Notice that for § = 2,3,...,n, this corresponds, under the standard inclusion

SU{n) € S0O({2n), to the sitnation depicted in example 3.20 (hy uniquensss of the
homomorphisms vy, , it shows that the corresponding g; are the right ones). The
Tita circles are then simply given by ¢;T;.

For Spin(2n), it suffices to consider the covering homomorphism ¢ : Spin{2n) —»
S$O(2n) and to “lift" the situation just described. The standard maximal torus
T{Spin(2n)) = T = ¢~1(T} consists then of the elements

(cosz, + ejex8in 2 ) (cos 22 + ezeqsingy) - - - (COS T, + Eon_1E0n SINT,,) .

Defining 75 = ¢~'(T}) and §; as one of the two elements in ¢~'(g;) gives the Tits
circles §7T5, for § = 1,2,... ,n. Recalling that for v € 8% C R*" | the element
@(v) € O2n) is the reflection in the hyperplane orthogonal to v, one explicitly gets

Ty = {(oos %+ e1e28inz){COST + ezeqsinz) i 3 € R}
Ty = {(msx + eiez sin x){cos & — ezeysinz) : T € R}
Ty = {(cosx + egey 8in z){cosx — gepsinT) 1T € ]R}
T, = {(cosa: + €2,,-3€3q—25IN Z){COS T — e2n_1E2, 8IR T} : 2 € IR}
and
fi = jeeden — es)(ez —ed)
§: = %Es&lfel - Es)(ez - 84)
@3 = leses(es — es){e4 — e5)

I = %ezn-lezn(ezn—a — €gn_1){Ean—2 — €n) .
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End of the proof of proposition 3.23

The labels (*) and (#*) refer to the formulae on page 45.

(2): Recall that the subgroup S of elements of order 2 in T C Spin{2n) consists of
+1 together with the words of the form
+ H €2j-1€25

)
of total length a multiple of 4 (as a convention, when we say “word” or “subword”,
we always mean reduced ones). We first consider Spin(4) . In this case, the subgroup
S of elements of order 2 in T is equal to the ceater Z{N,) = Z(G,) and hoth ¢, and
t2 have two possible values:

tl = 1 ~ €; Cg8gey
th = -1 ~ —Ey€gL3ey4
tz = 1 ~ —E€1€2E8364
t2 = —=1 ~  ereoeseq,

where, for each value, we have indicated the two equivalent choices according to the
description of the Tits circles in the previous section. As £33 = 2, the result follows
for Spin(4) (see also remarks 3.24}. The case Spin(6) 5 SU(4) has already heen
treated. We will also need the case Spin(8). An analysis of the 16 elements in S
ghows that

t; € {£1, Lejeseseqeseseres} = Z(No) = Z(G,), forj =1,2,3,4.
Now &3 = 3 for j = 1,2,4 and (##) yields
t=tl=t3=ts, forj=124,

which shows that the rasult holds in this case as well. The cases Spin{6) and Spin(8)
constitute the base steps of the induction. As for SU(n), we will consider the canon-
ical inclusions

Sp—2 = SN 8pin(2(r — 2}) & Snoy = SN Spin(2{n—1}))—+ §

| |

Tz =T NSpin(2(r - 2)) & T,_; =T NSpin{2(n — 1)} —-T

| |

Spin(2(n — 2)) = Spin(2(n — 1)) & Spin(n)

The suhgronp Sn_; is of index 2 in S, , itself of index 2 in §. Denote

U = E3n_5Em_4fon_3€2n-2 800 V= €3n_3€2n-2€2,_18m € 5
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we have uv = —ep,_g&2q-4€2n-1 €3, B0d the decompositions

S Sn—l U vS.,_;

Sn—2 [ B¢ uSn_g I8 Usn_g I8 I.lUSn_g .

]

We distinguish two cases, depending on whether the automorphism  preserves the
normalizer of the maximal torus in Spin(2{n — 1)) or not.

Case 1: ¢INSpin(1(n—l))(Tn—l) € Aut{Napingztn—1)){Tn-1))

By induction, four sub-cases can occur.

. ¢IIN59‘E(2M—1H(T"—1} = id”&pln(?(n——l])(Tﬂ—l) and thus ;= 1forj=1,2,... ,n—-1.
We have to show that {, = 1. The possible valnes for £, are £1 or a product
of the form =+ [T(ez;_ye25)e2n_3€20—762n—182s Of total length a muitiple of 4. Let
ug treat the two non-trivial cases:

& &y = —1. This case is ruled out because 4,_;, = 3 and (**) gives the
contradiction 1 = —1.

b 1, = & [T(eaj_1825)€2n—3620—2620—1620 . Liet us show that this is equivalent
tat, = 1. First observe that for j =1,2,... ,n—2, we have §;, = 2 and
thus .

1= t,-(w,,_; 'tj) = tn_](w_f'tn_])
- thoy = w,—tn_l .
Therefore, either ¢, does not contain the snbword ejez and we have ¢, =
—E2n_3E2m—2€2n—182n, and this is equivalent to {, = 1, or ¢, contains
the subword e;e; and we have £, = tejep--- e3,. But the latter case ig
impossible: indeed as £,-14 = 3, applyiug (x+) gives the contradiction
1=2eje5---€2,.

* PN pinianenniTo—s) 18 defined by ¥(g;} = —¢; for j = 1,2,... ,n— 1. The same
arguments 8s in the previous case show that ¢, = —1.

¢ In case n is odd, we can have ¥iwg, g1, T_y) defined by ¥{g;) = tg; with
t=eeg---ep_p forj=1,2,...,n—1. We show tbat this case is impossible
using £y, = 2. Formnla {*) gives

talwta) = t{w, £} = —ean_gean-2€am_1€mm -

Now ejther t, contains the subword €s,-z€on-182n_1€2, Or none of the symbols
€2n-3, €2n—2, €2n—1, €2, - In both cases t,{w;-1,) does not contain the subward
€2n-3€20_262n_1€2n , In contradiction with the above calculation.
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 In case u is odd, we can also have Y\ny,,, .., (T. ) defined by ¥{g;) = —tg;
with 2 as in the previous case for j = 1,2,... ,u — 1. The same arguments
show that this case is impossible as well.

Case 2: Ngnqarnoin(Taa) £ AVH{Nspinan-1))(Tn-1))
By hypothesis there existe 7, € {1,2,... ,w—1} such that ¢;, ¢ S,_;. We claim that

ty=vs;, withs; €8, forallj=12,...,n-1.

First observe that wyw =v forall = 1,2,... ,n — 2 and that the subword e;,_j¢,
is not exchanged by w; for j = 1,2,... ,n — 1. Now a;, has a neighbour a, for
some k € {1,2,... ,n — 1} such that £;, s = 3. Formula {#+) and the fact that the
subword ez,—3€a, is not exchanged implies that 2, = vs, for some s; € S,_y. By
connecteduess of the sub-diagram of Dynkin of vertices {a,...,q—1}, repeating
the argument demonstrates the claim. We now show that

tj=vs;, withs; €S, oforallj=12,...,n~2.

The only case to exclude is the following: t; € uS,_2 for some j € {1,2,... ,0—2}.
Write #; = rean_5€an-4€an—1€2, fOr sOme r € 5, 5. We have £;, = 2 and thus

talwy-tn) = ti(Wn -t5) = —€on-3€mm-2620-160n -

This contradicts the fact that the element &,(w;-t,) does not contain the subword
€2n—3€2n-2€20-1%2n -

Now, since v ig invariant under w; for j = 1,2,... ,n— 2, setting P{g;) = s;q; for
all thege j’s defines an antomorphism P of Nepinfz(n—2))(Ta—2) . By induction, four
gub-cases can occur.

® P = fdyg noay(Tosy B0d thus &, = v for j=1,2,... ,n—2. ASn 25, we
have £, ,-; = 2 and

taoa{wytao1) = v(Was1-¥) = ~e2n_5€2n-482n—382m—2 -

This contradicte the fact that 2n_y{w;-¢s,) does not contain the subword
€2n—5€2n-4E2n—-3€2n-2 .
e 8;=—1,iet; =—vforj=12,...,n —2. This case is impossible by tbe

same arguments.

e Incaseniseven, wecanalsohave s; = eje2- - egn_q, i by =t =e1e3- €2, €
Z(Spin(2n)) for j = 1,2,... ,n— 2. We have to show that t,., = £, =
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t. We already know that t,_) = rezn-5€0n-4€2n-3€2n-282n-182, fOT SOMe T €
T(Spin{2(n —3))). Asn25,forj=1,2,...,n~3, we have £;,-; = 2 and
{*) implies that i,-; = w;-,_; for these indices. Therefore, either r = 1,
but this contradicts ¢,y € S, or r = eje3---€m_g and so t,_y = ¢. The
same arguments with 7 = 1,2,... ,n — 2 and {;, shows that ¢, =t or ¢, =
—€gn—3fon-262n—1€2n . But the latter case is equivalent to t, = 1 and is ruled
out by #,_;, and formula (*+) .

» In case n is even, we can also have ¢; = —t = —eje; - - - e, € Z{Spin{2n}) for
§=1,2,...,n~2 and the same arguments shows that ¢{,_, = ¢, = —t and
conclude the case Spin{2n).

{3): A diagonal element ¢ = dieg{er-1,e2-1,. .. ,6,.X) of § C T C SO(2n) will simply
be denoted by (), €2,...,6n). For SO{6) the reault follows by the same arguments
as for SU(4). The inductive step i easier than for the previous cases; it suffices to
consider the canonical inclusions

Sp1=8N8S0(2(n-1))e—u §

Toox = TNSO(2(n — 1)) ——e T

80(2(n - 1)) =—— S0(2n)
The subgroup S,_; is of index 2 in §. Denote v = (1,...,1,—1) € §; we have the

decomposition
5= Sn_] It US,—,-] .

As before, we distinguish two cases, depending on whether the antomorphism
preserves the normalizer of the maximal torns in SO(2(n — 1)) or not.
Case 1t Yngoraoip(Taos) € AL Nson-1))(Tn-1))
By induction, only two sub-cases can ocenr.
. ¢INSD[ﬂ[n—1]](Tw—1] = idNSO(R(n—l))(Tn-—l) and thus ¢; = X1 for j = 1,2,... ,n—1,
For j =1,2,...,n—2, we have {;, = 2 and therefore
1 = ti{wn-1-ts) = ta_1(wj-ta1)
=2 lpo1 = Witaa
= t“_l=(€,...,E,En_],En_])=(E,...,E,1,1).

Similarly, £,_1» = 3 and formula {(##) gives on the last three coordinates

(1:1:1] = (E:lu 1)'(1361 1)'(131|5) = (51 £, E) '
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and therefore ¢ = id.

® YNeoraiasy(Tnr) CBN als0 correspond to the non-trivial outer antomarphism, i.e.
for j =1,2,... ,n—1, ¥(g) = tg; with t = (—1,...,-1,1}. We exclude this
case using €1, = 2; indeed, ou the last two coordinates formula (+} becomes

(cn-la fn—l)'(en—la crz—])
(1,1),

(-1,1)-(1,-1)
= (-1,-1)

which is clearly impossible.

Case 2: YiNypopo_nTo-1) & Aut(Nsogrn-1y(Tn-1))
By bypothesis there exists j, € {1,2,... ,n — 1} such that {;, ¢ §,_;. By the same
argument as for Spin(2n), we have

t; =uvs;, withs; € Spyforallj=12,... n~1.

However, in the present case we have w;v =vfor j =1,2,... ,n—1, and therefore
setting ¥{q;) = s;¢; for all these j’s defines an sutomorphism ¥ of Nsoga(n-13)(Tn-1)-
Again by induction, two sub-cases can occur.

* ¥ = iflnggyn_yyy(Tay) 30d thus & = v for j = 1,2,...,n—1. But £, = 2
shows that this case is impossible by applying (*) and inspecting the last two
coordinates.

e We can also have 8; = (-1,...,-1,1},ie. t; = =Ifor j = 1,2,... ,n—1.
Using £n_1.» = 3, and (*+) on the last three coordinates shows that {, = —1.
This concludes the proof for SO(2nr).

{(4): For Eg, we will work in the Lie algebra LT of the maximal torus to prove
that there are no non-trivial automorphism., We use the explicit description given
in Bourbaki [11, Pl. V. pp. 260-262]. The Lie algebra LT is the subspace of R®
consisting of the vectors whose coordinates (z;) satisfy 75 = #y = —73. As Eg is
gelf-dual, we have RY 2 R and a0 we get the following basis of RV :

oy = jley—e2—ea—es—e5—eg—er + es)
o = e +e
af = ep—-e
o = ea—e2
Gfg = €4 — €3

a = es—ey



100 Appendix

Since Eq is simply connected, the integral lattice ['(T") is equal to the lattice generated
by the coroots, i.e. [{T) = ZRY [10, Cor. 1, p. 35]. The strategy is rather clear:
we are going Lo use the “central” situation of the coroot af ia the Dynkia diagram.
Waorking with preimages in LT of the elemeots £; of order two, we will distinguish as
many cases as tbere are values for ¢y and show that all but one are impossible. By
symmetry of the Dynkin diagram, for the second Tits relation we can restrict our
attention 10:,7 € 1,2,3,4.

We proceed by explicitly describing what will be needed io the case-by-case check-
ing. First let {.,.) denote the nsnal inner product on R®. As (a¥, a¥) = 2 for all
a" € R, the formula for the symmetry s, becomes
(X,a")
(a¥, a¥)

for all X € LT and for all a € R. For instance, one gets

sa{X)=X -2 'QV=X_'(X:Q’V)'0V!

saafel) = af
taf0f) = of +of
Sa,{0y) = ay +aof
safed) = —of
sac(ey) = af +af
sa.(0g) = of

We next rewrite the formulae (+) and {*+) in the Lie algebra. Let ¢;,¢; € SC T,
and choose X;, X; € LT such that exp(X,) = ¢ and exp(X;) = ¢;; ia particular
2X;=2X; =0 mod I(T"}. In case &; = 2, (*) becomes

Ylaig)) = ¥lga)

—p t;(w,-'t;) = t_,'(w."t:')

= Xi+8a,(Xi) = Xj+3a.(X)) mod I{T')
= X.'+X,'-(X.', u}’)—u}’ = Xj+Xj—(X_-,', O.':’)Qr mod T'(T)
= {Xi, af)a) = (X;,af)a) mod T'{T)

In case &; = 3, using the fact that 2(X¢ —{X;, a_‘,-‘)oa}‘) =0 mod I'(T), a straight-
farward computation shows that
Xi+ 80,(X:) 4 80, (30, (X0)} = X+ (X5, & )a] , a}) = (X:, a)))af  mod I(T)
Sa (++) becomes

Wagin) = V@agy)

R ti(w; 1) ((wiw;) &) (- (i) - £5)
<= Xi+ 8a,(Xi) + 8o (sa;(x-')) Xy + 00,(X5) + 80,(30,(X;))  mod T(T)
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which is finally equivalent to
-xi + ((Xia O‘;)(Q}’, a:l) - (Xil a:l))a:l = 'x.‘r' + ((XJ ] a:’)(alyl (l:) - (XJ ] a:))a:

mod T{(T).
1t is clear that exp~'(§) = JZRY. Starting from the generators 3o}, j =
1,...,6, one cau find a representative for each of the G4 elements in 5. For each
7, the condition on X & exp~'(S5) so that exp(X) is invariant uuder the action of
Wj = $§q, is the following:

X =8, (X)=X - (X, a])a] mod I(T).

As one can take X = % Y ay for some K C {1,...,6}, this is equivalent to
keK

1
(X,a})aj = (5 > o a))0f =0 mod I(T).
k

and, finally, equivalent to
(Y a),a])e2Z.
k

From this, one gets & set of representatives in LT for the subgronp F¥nN&§ C T
of elements of order 2 fixed by w; = 34, i.e. & set of represeutatives in LT for the
possible values of ¢;. For example, if j = 4, one finds that there are 32 elements in
Fe4n 8, aud that exp™ (F24 N S) is generated hy the 5 elements

1, 1, 1

2% 50‘4) 5

1 1
5 a¥, E(a;’+a;’), E(a¥+a§’).

Recalling that possible values go by pairs, this gives the following 16 representatives
X, eexp I (F=n8):

1) 0 9) i(a) +o) +of)

2) lof 10) i{af +of +af)

3) zay 1) 3ed +ay +ag)

4} Haf +af) 12) 1oy +af +ay)

5 3oy +of 13) i{af +of +af)

6) (o +af) 14) 3(af +of +o¥ +af)
7) 3oy +oy) 15) (oY + oy +af +ay)
8) o) +of +o3) 16) 3oy +ay +of +ay).

Tn each case, the other value leading to an equivalent automorphism is simply ob-
tained by adding 1a} (because 7y = exp(Ra})). We are uow distinguishing 16 cases
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according to the representatives X, jnst described. For the rest of the proof, X;
will always denote an element of LT such that exp(X;} € F% N S. We still abuse
notation and equalities are meant up to conjugation by an element of T, i.e. up to
addition of }ay to X;.

Case 1: Claim: if there exists ¢ such that ¢; = e, then for § such that &; =3, we
have t; = e. Indeed, (*+) implies that

X; + (X5, ¥ )a¥, o)) = (X5, of))a) =0 mod T(T).

Now

(X3, o )a , of) = (X5, af))a} = —(X;, af)-af — (X;, of)-af

3
=(X;, of)-af mod I(T),

n

g0 that the previous relation becomes
X_-,' = (XJ', a:")a;’ mod F(T].

But this holds if and only if X; € 3Zay , hence the claim.
By hypothesis, we have t; = 1, therefore, hy the claim and by connectedness of
the Dynkin diagram, we have {; = e for all j =1,... 6. This finishes the first cage.

Cases 2-3: By symmetry, we only consider X, = -;-a"{ . Let us first show that it

implies X = Jaf. We have €y = 3, and (++) implies

1 1
~ay = -a) + 0.0

sal = X2+ (X2, a{)(a} , o) ~ (Xa, o))}

X; = (Xa, 6))-af wmod T(T).

Therefore, we must have

1
X;= Ea}’ +{Xz, of)-af mod I(T).
An analysis of the possible values for X3 shows that this holds if and only if X, =
1.V
5&1 .

Now £33 = 2, and () {urnishes

(X3 ! a:)'a;"

[t

(Xn, G;)'G;

1
(Ea‘ll 3 05’)'0@:

1
—Ea?{ mod [(T),

which is clearly impossible.
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Case 4: The same arguments as in the previous case show that Xy = (o} + af)
implies X = 2{)’ + o). This case is then ruled ont using f23 = 2 and () as well.
Cases 5-6: By symmetry, we only consider Xy = }(e¥ +ay¥). This case is excluded
by simply considering £, = 2. Formuls (%) produces

(X1, a)ef = (Xe, af)af

1
(E(a¥ + a:\;) 1 &Y)'ﬂf

Il

1
—Ea}’ mod I'(T),

which s clearly impossible.

Similarly, all the remaining cases are ruled ont using a single Tits relation, and
we simply indicate which one.
Case T: lmpossible by using £, = 2.
Cases 8 and 12: It suffices to consider Xy = (o + of + oY), which is impossible
by using 44 = 2.
Cases 9 and 11: It suffices to consider X; = 3(aY + o + o), which is imposaible
by using fig = 2.
Cases 10 and 13: It suffices to consider X, = £{a} +af + ), which is impossible
by using f14 = 2.
Cases 14-15: It suffices to consider Xy = }(a) + o + af +ay), which is impossible
by using &4 = 2.
Case 16: Impossible by using £14 = 2.



Bibliography

[1] J. F. Adams. Lectures on Lie Groups. W. A. Benjamin Inc., 1969,

[2] ). F. Adams. Maps between classifying spaces. II. Inventiones math., 49:1-65,
1978.

13] J. F. Adams. Lectures on Exceptional Lie Groups. Edited by Z. Mahmud and
M. Mimura, Chicago Lectures in Mathematics, The University of Chicago Press,
1996.

[4] A. Adem and R. J. Milgram. Cohomology of Finite Groups. Springer, 1994.

5] P. Booth. The section problem and the Lifting problem. Math. Z., 121:273-287,
1971.

[6] P. Booth, P. Heath, and R. Piccinini. Characterizing universal fibrations. In
P. Hoffman, R. Piccinini, and D. Sjerve, editors, Algebraic Topology, Vancouver
1977, Lecture Notes in Math., volume 673, pages 168-184. Springer, 1978.

[7] P. Booth, P. Heath, and R. Piccinini. Fibre preserving maps and functional
spaces. In P. Hoffman, R. Piccinini, and DD. Sjerve, editors, Algebraic Topology,
Vancouver 1877, Lecture Notes in Math., volume 673, pages 158-167. Springer,
1978.

[8] A. Borel and J. de Siebenthal. Les sous-groupes fermés de rang maximum des
groupes de Lie clos. Comment. Math. Helv., 23:200-221, 1949.

{9] N. Bourbaki. Groupes et Algébres de Lie {Chapitres 2 et 3). Hermann, 1972.
f10] N. Bourbaki. Groupes et Algébres de Lie (Chapitre 8). Masson, 1983.
|11} N. Bourbaki. Groupes et Algébres de Lie (Chapitres 4, 5 et 6). Masson, 1983.

{12] A. K. Bousfield and D. M. Kan. Homotopy fimits, completions and localizations.
Lecture Notes in Math. 304, Springer, 1972.

105



106 Bibliography

[13] G. E. Bredon. Topology ond Geomeiry. GTM 139, Springer, 1993.

[14] Th. Brécker and T. tom Dieck. Representations of Compoct Lie Groups. GTM
98, Springer, 1985.

[t5] K. 8. Brown. Cohomology of Groups. GTM 87, Springer, 1982.

[16] M. Curtis, A. Wiederhold, and B. Williams. Normalizers of maximal tori. In
P. Hilton, editor, Localization sn Group Theory and Homotopy Theory, Lecture
Notes in Math., volume 418, pages 31-47. Springer, Berlin, 1974.

[17] J. de Siebenthal. Sur les sous-groupes fermés d'un groupe de Lie clos. Comment.
Math. Hely., 25:210-256, 1951.

[18] J. de Siebenthal. Sur les groupes de Lie compacts non connexes. Commen.
Math. Helv., 31:41-89, 1956/57.

|19] Groupe de topologie de Neuchftel. Normalizers of maximal tori in compact Lie
groups. Séminaire interne, 1998.

[20] A. Dald. Partitions of unity in tbe theory of fibratioos. Anw. Math, 78:223-255,
1963.

j21) 1. Duguadji. Topology. Allyn and Bacan, Inc., Bostan, 1966.

[22] W. Dwyer and A. Zabrodsky. Maps betweeo classifying spaces. In J. Aguadé
and R. Kane, editors, Algebraic Topology, Barcelona 1986, Lecture Notes in
Math., volume 1298, pages 106-119. Springer, Berlin, 1987.

|23] W. G. Dwyer. Lie groups and p-compact groups. In Proceedings of the Mnter-
national Congress of Mathematicians, Berlin 1998, volume 2, pages 433442,
Documenta Matbematica, 1998,

[24] W. G. Dwyer and C. W. Wilkersco. Centers and Coxeter elements. Preprint,
2000.

|25) E. B. Dynkin. Automorphisms of semi-simple Lie algebras. Dokl. Aked. Nouk.
SSSE (N.S.), 76:629-632, 1951.

[26] L. Smith {ed.). Classifying spaces of compact Lie groups and finite loop spaces;
problem session. Mathematica Gottingensis, Heft 41, 1991.

]27] §. Eilenberg and S. MacLane. Cohomology theory in abstract groups, 11, Group
extensions with non-abelian kecnel. Ann. of Math., 48:326-341, 1947,



107

|28] L. Evens. The cohomology ring of a finite group. Trans. Amer. Math. Sac.,
101:224-239, 1961.

[29] L. Evens. The Cohomology of Groups. Oxford University Press, 1991.

[30] P. Hilton, G. Mislin, and J. Roitberg. Localization of Nilpotent Groups aund
Spaces. North-Helland, 1975.

[31] J.-F. Hammerli. Une géuéralisation de la uotion de tore maximal dans les
groupes de Lie compacts non counexes. Travail de diplome, Institut de Mathé-
matiques de 1'Université de Neuchatel, 1995.

[32] G. Hochschild. The Structure of Lie Groups. Holden-Day, Inc., 1965.

[33] K. H. Hofmann and S, A. Morris. The Structure of Compact Groups. de Gruyter,
1098.

|34] J. E. Humphreys. Reflection Groups and Cozeter Groups. Cambridge University
Press, 1990,

[35] W. Hurewicz. Beiiriige zur Topologie der Deformationen, 1V: Asphirische
Riume. Proc. Akad. Welenach., 39:215-224, 1936.

{36] D. Husemoller. Ftbre Bundles. GTM 20, Springer, third edition, 1994.

[37] S. Jackowski, J. McClure, and B. Oliver. Self homotopy equivalences of classi-
fying spaces of compact counected Lie groups. Fund. Math., 147:99-126, 1995,

{38] A. A. Kirillov. Elements of the Theory of Represeut'ations. Springer, 1976.
[39] S. Mac Lane. Homology. Springer, 1963.

[40] M. Matthey. Sur les sous-groupes principaux et les normalisateurs des tores
maximaux des groupes de Lie compacts connexes. Travail de diplome, Institut
de Mathématiques de I'Université de Neuchatel, 1995.

|41} B. Mclnnes. Disconnected forms of the standard group. Preprint 1096177,
International Centre for Theoretical Physics, Trieste, October 1996.

{42] M. Mimura and H. Toda. Topology of Lie Groups, I and II, volume 91. Trans-
lations of Mathematical Monographs, Ametican Mathematical Society, 1991.

[43] N. Minami. Group homomorphisms inducing an isomerphism of a functor. Math.
Proc. Camb. Phil. Soc., 104:81-93, 1988,



108 Bibliography

[44] J. M. Mgller. Homotopy endomorphisms of non-connected Lie groups. Unpub-
lished.

[45] J. M. Maller. Rational equivalences hetween classifying spaces. Moth. Z. (to
appear).

[46] J. M. Mgller. Exteosioos of p-compact groups. In Algebraic Topology: New
Trends in Localizetion and Periodicity. Progress in Mothematics, volume 136,
pages 307-327. Birkhauser, Basel, 1996.

J47] J. M. Mgller. Deterministic p-compact groups. In W. G. Dwyer, editor, Stoble
and unsteble homotopy (Toronto, ON, 1996}, pages 255-278. Amer. Math. Soc.,
1998,

[48) D. Nothohm. Maps hetween classifyiog spaces. Moth. Z., 207:153-168, 1991.

[49] D. Notbohm. Maps hetween classifying spaces and applications. Journal of
Pure and Applied Algebra, 80:273-204, 1993.

[50) D. Nothohm. On the ’classifying space’ functor for compact Lie groups. J.
London Math. Soc., (2) 52:185-198, 1995.

[51] D. Nothohm and L. Smith. Rational homotopy of the space of homotopy equiv-
alences of a flag manifold. In J. Aguadé, M. Castellet, and F. R. Cohen, editors,
Algebraic Topology, Barcelona 1990, Lecture Notes in Moth., volune 1509, pages
301-312. Springer, Berlin, 1992.

{52] B. Oliver. The representation ring of a compact Lie group revisited. Comment,
Math. Helv., 73:3563-378, 1998.

I53] A. Osse. Sur le classifiant d’un groupe de Lie compact connexe. C. R. Acad.
Sci. Paris, 315, Série 1:833-838, 1992,

[54] A. Osse. Anneauzr des Représentations et Espaces Classifiants des Groupes de
Lie. PhD thesis, Université de Neuch&tel {Suisse}, 1994,

[65] A. Osse. A-structures and representation rings of compact connected Lie groups.
Journal of Pure and Applied 4lgebra, 121:63-93, 1997.

[56] R. A. Piccinini and M. Spreafico. The Milgram-Steenrod construction of classi-
fying spaces for topological groups. Expo. Math., 16:97-130, 1998,

|57] D. L. Rector. Subgroups lof finite dimensiooal topological groups. Joumnal of
Pure and Applied Algebra, Vol. 1, No. 3:253-273, 1971.



109

(58] D. J. S. Robinson. Automorpbisms of group extensions. Io H. L. Manocha and
J. B. Srivastava, editors, Algebra and its Applications, Lecture Noles in Pure
and Applied Mathematics, volume 91, pages 163-167. Dekker, 1984.

(59] D. J. S. Robinson. A Course in the Theory of Groups. Springer, GTM 80, 2ud
ed., 1996.

[60] J. J. Rotman. Ar Infroduction to the Theory of Groups. GTM 148, Springer,
1995.

[61) G. Segal. The representation ring of a cormpact Lie group. Publ. Math. IHES,
34:113-128, 1968.

[62) E. H. Spanier. Algebrate Topolegy. McGraw-Hill, 1966.

[63] N. Steenrod. The Topology of Fibre Bundies. Princeton Math. Ser. 14, Privcetoo
University Press, 1951.

[64] N. Steenrod. Milgram’s classifying space of a topological group. Topology,
7:349-368, 1968.

{65] R. M. Switzer. Algebraic Topology - Homotopy and Homology. Springer, 1975.

[66] R. Thom. L’homologie des espaces fonctionnels. In Collogue de Topologie ol
gébrigue, Louvain, pages 29-39. Librairie universitaire, Louvain, 1956,

[67] J. Tits. Normalisateurs de tores I. Gronpes de Coxeter étendus. Journsl of
Algebra, 4:96-116, 1966.

{68] J. Tits. Sur les constantes de structure et le théoréme d'existence des algebres
de Lie semi-simples. Publ. L. H.E.S., 31:21-58, 1966.

[69] T. tom Dieck. Transformation Groups. Studies in Mathematics 8, de Gruyter,
1987.

[70] C. Wells. Automorphisms of group extensions. Trensactions of the American
Mathematical Society, 155(1):189-194, 1971.

[71] G. W. Whitebead. Elements of Homotopy Theory. GTM 61, Springer, 1978.

[72] A. Zabrodsky. On spaces of functions between classifying spaces. fsrael J. Math.,
76:1-26, 1991.



