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Abstract. Concept lattice produced from a set of formal concepts is
used for representing concept hierarchy and has many applications in
knowledge representation and data mining. Different algorithms have
been proposed in the past for efficiently generating formal concepts and
building concept lattices. In this paper we introduce the idea of com-
bining existing algorithms in FCA with the aim of benefiting from their
specific advantages. As an example, we propose a hybrid model that
utilizes the NextClosure (NC) algorithm for generating formal concepts
and parts of the Nourine algorithm for building concept lattices. We com-
pare the proposed hybrid model with two of its counterparts: pure NC
and pure Nourine. Our experiments show that the hybrid model always
outperforms pure NC and for very large datasets can surpass the pure
Nourine, as well.
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1 Introduction

Formal Concept Analysis (FCA) [1,2] provides a unique framework for analyz-
ing data across various domains. There are two important components to this
framework: (1) formal concepts, by which the usual notion of real concepts in
the world are mathematically represented, and (2) concept lattices, that are used
for describing hierarchies of the concepts.

Different algorithms have been proposed for generating formal concepts [1,
3-9]. The NextClosure (NC) algorithm [1], proposed by Ganter, is one of the
best general purpose algorithms. It has been shown that NC requires much less
execution time compared to its counterparts [10].

Apart from formal concepts, concept lattices have been shown to be useful for
many applications specifically for transforming data into human understandable
structures. They are frequently used for knowledge representation [11] and data
mining [12]. According to Wille [13], each element in a lattice can represent a
concept and the corresponding graph indicates the relation between the concepts.
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As such, a concept lattice is an essential tool in FCA for describing generalization
and specialization relationships between formal concepts.

Many different algorithms have been also proposed for building concept lat-
tices from a binary relation [14-16,2,17-19]. One of the most promising one is
the Nourine algorithm [3] that has been shown to improve previous algorithms
such as Bordat’s algorithm [14] and the Ganter and Kuznetsov [20] algorithm.
This model is proposed for building lattices in a general framework and can be
used to compute Galois lattices, the maximal antichains lattices, as well as the
Dedekind-MacNeille completion of a partial order.

The Nourine algorithm is suitable for both, generating formal concepts and
building concept lattices. Although Nourine’s algorihtm is fast in building con-
cept lattices compared to many other algorithms, it is not as fast as NC for
generating formal concepts. Here, we would like to combine the advantageous of
NC (for generating formal concepts) and Nourine’s algorithm (for building con-
cept lattice) to develop a hybrid model that quickly generates formal concepts
and builds their corresponding concept lattice. We show through implementation
that such a hybrid model always outperforms pure NC' (where formal concepts
are generated by NC algorithm 1 and concept lattice is built by a separate al-
gorithm 3). Moreover, we show that if datasets are large enough (with high
density), the hybrid model can also outperform pure Nourine (where formal
concepts generation and concept lattice building are both implemented using
Nourine’s algorithms 2, 4, respectively).

2 The Theory

A formal context is denoted by a triplet (X,Y,I) where I is a |X| x |Y| binary
table that represents relation between a set of objects X = {1,2,...,m} (rows)
and a set of attributes Y = {1,2,...,n} (columns). I(x,y) = 1 indicates that
object x € X has attribute y € Y.

Assume A C X and B C Y denote a set of objects and attributes, respec-
tively. Then a pair (A, B) is a formal concept if and only if A% = B and B? = A.
Here, A* denotes a set of those attributes that all objects in A have in com-
mon. Similarly, B¢ denotes a set of those objects that all attributes in B have in
common. We denote by {(A1, B1), (A2, Ba), ..., (Ap, Bp)} the set of all p formal
concepts embedded in a given formal context (X,Y, I).

2.1 NextClosure versus Nourine’s Algorithm

An important property of the NC algorithm is that it calculates the list of all
intents {B1, Ba, ..., By} in lexicographic ordering fashion. The list of all extents
{A1, As, ..., Ap} then can be easily derived by applying the down operator d on
each element of the intent set, i.e., 4; = (B;)%,Vi (see algo 1, and [21] for more
information on NC).

Given a formal context (X,Y,I), the Nourine algorithm receives a basis
B={X\y? |y €Y} as a set of subsets of objects, and returns a set of pairs
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Algorithm 1 Generating formal concepts using NextClosure algorithm [1, 21]

Input: (X,Y,I) # a formal context
Output: {(A;, B;)} # formal concepts with lexic. ordered intents By < ... < Bp

Bi = (09"  # the least intent

=1

while B; #Y do
B; = (B;)" # replace the current intent B; with the next intent B (see below)
A; = (By)?
i+ +

end

BT = B® k where k € {1,...,n} is the greatest one for which B <; B® k
Bak=(BN{L,2,.k—1}U{k}H""
B<iB < keB \Band BN{1,2,...k—1} =B N{1,2,...k —1}

{(F;,v(F};))} that is isomorphic to the set of formal concepts {(4;, B;)}, calcu-
lated by NC. Here, F; = X\A4; and ~(F;) = B;. In other words, the Nourine
algorithm returns the list of all intents B; and the list of the extent complements
X\A4; (see algorithm 2).

Algorithm 2 Generating formal concepts using Nourine algorithm [3, 22]

Input: (X,Y,I) # a formal context
Output: {(F;,v(F:))} # a family of pairs describing formal concepts

1: B={X\y? |y €Y} # the basis: a set of subsets of X
2: F ={0} +# the root of lattice

3: for each B in B do

4:  for each F' in F do

5: F'=FUB

6: ifF' ¢ F

7 F=FU{F'} # append F' to F

8: Y(F')=~v(F)U{ys} # note that B = X\(y5)? and yg € Y
9: end

10:  end

11: end

2.2 The Concept Lattice as a Directed Graph

Each formal concept is indicative of the usual notion of a real concept in the
world. Concept lattices are a way to demonstrate hierarchical relations the con-
cepts. For instance, dog is a sub-concept of mammal (or equivalently mammal is
a super-concept of dog). That is all dogs are mammals but not all the mammals
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are dog. There might also be no relation between two concepts. These hierarchi-
cal relations between the concepts have a mathematical interpretation as shown
in the following.

A formal concept C; = (4;, B;) (e.g., dog) is a sub-concept of C; = (A4;, B;)
(e.g., mammal), if and only if B; (attributes that are required for a creature to
be considered as a mammal) is a subset of B; (attributes that are required for a
creature to be considered as a dog). In other words, C; is more specific than C;.
This also implies that A; (objects in the family of dogs) is a subset of A; (objects
in the family of mammals, which also include all the dogs). Mathematically, we
say

Cj<C¢<:>(AjCAi<:>BjDB¢) (1)

A concept lattice is a directed graph with p nodes each of which corresponds
to a formal concept. The concept C; is connected to C; with an arrow pointing
from C; to C; (denoted by C; — (), only if two conditions are simultaneously
fulfilled: (1) C; is a super-concept of Cj, i.e., Cj < C; and (2) no other concept
C); exists such that C; < Cp < C;.

In other words, each concept is only allowed to be connected to its parents
(infimum of its super-concepts) and its children (supremum of its sub-concepts).
For instance if animal — mammal and mammal — dog, then there must be no
direct edge in the graph from animal to dog, although animal is a super-concept
of dog, i.e., dog < animal but animal - dog.

2.3 Generating Concept Lattices using Lexicographically Ordered
Intents

For building a concept lattice (or equivalently a graph), we need to create a px p
adjacency matrix M to indicate which concepts are adjacent. We set M (i,5) =1
if C; — C; and M(i,j) = 0 otherwise.

In the following we assume that all formal concepts of a given context are
available and so we have access to the list of all intents {Bj, ..., B, }. If the formal
concepts are generated by the NC algorithm, the list of intents is lexicograph-
ically ordered. Without loss of generality, we can assume that the intents are
sorted as follows

B; < By < ...< By, (2)

where B; and B, correspond to the attributes of the most general concept C;
and the most specific concept C),, respectively.

Thanks to the lexicographically ordered intents (2), a concept C; is never a
super-concept of C; (i.e., C; £ C;), if j < i. This is because B; is never a subset
of B; when Bj is lexicographically less than B; (ie., B; < B; = B; 7 B, =
C; £ C;, ¥j < i). For further details about lexicographically ordered intents
and their properties see [21].

A direct consequence of the statements above is that the entries of the adja-
cency matrix M(i,7) for all j < i is 0. In other words, the adjacency matrix M
is an upper-triangular matrix. Note that if we did not have access to the list of
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lexicographically ordered intents, we could not easily argue that the lower trian-
gular entries of the adjacency matrix M are all zero. This feature significantly
speeds up generating concept lattices using naive methods, because we do not
need to spend time for calculating half of the entries of the adjacency matrix M.
However, even by using this trick we will show later that it does not outperform
Nourine’s algorithm for building concept lattice.

Algorithm 3 illustrates how concept lattice can be built using lexicographi-
cally ordered intents calculated by NC. In summary, if j < i, we set M (i,5) =0
and for the rest of the entries in the adjacency matrix (i.e., for j > i), we set
M(i,j) =1 (i.e., C; — C;) only if three conditions are simultaneously fulfilled:
(1) >4, (2) B, C Bj and (3) no other By, exists such that B; C B,,, C Bj.

Algorithm 3 Building concept lattice using lexicographically ordered intents

Input: a list of lexicographically ordered intents B; < B < ... < By,
Output: a p X p adjacency matrix M, where M (7,j) = 1 indicates C; — C}

1: M(i,5) =0, Vi, j
2: fori=1:pdo

3. temp = [True,...,True] # alist of p Boolean True

4 for j=i+1:pdo # we only need to check for j > ¢

5 if temp[j] == False # there was an m < j such that B; C By, C B;

6: jump to the next j

7 if B; ¢ B;

8: jump to the next j

9: fork=j5+1:pdo

10: If B; C By,  # if the condition is true then B; C B; C By = M (i,k) =0
11: templk] = False # to prevent unnecessary check for M (i, k) with k > j
12: end

13: M(i,j) =1

14:  end

15: end

For building a concept lattice using the Nourine algorithm, we do not use
the algorithm 3. In the original description of Nourine in [3], a covering graph
algorithm is proposed for this purpose that we rephrased in algorithm 4. The
Nourine algorithm for building concept lattices is fast because it benefits from
an auxiliary tree structure that is used for the representation of concepts.

2.4 The Hybrid Model: Combination of NextClosure and Nourine

Although generating formal concepts is significantly sped up by lexicographically
ordered intents (as it is the case in NC), naive methods for building concept
lattices (from those calculated formal concepts), e.g. algorithm 3, is not the
most efficient method. This is because the NC algorithm is originally designed
for generating formal concepts and not for building concept lattices. In contrast
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Algorithm 4 Building concept lattice using Nourine algorithm [3, 22]

Input: F = {F;}, {7(F3)}, B # basis B and the family of pairs {(F3, v(F3))}
Output: {ImSucc(F;)} # immediate successors of {F;}, i.e., ImSucc(F;) — F;

1: for each F in F do

2: count(F)=0

3:  for each B € B\Br do  # we define Br = {X\y?¢ | y € v(F)}
4 F'=FUB

5 count(F’) + +

6 f (F)| = count(F") + [y (F)|

7 ImSucc(F) = ImSucc(F) U {F'}

8 end

9

10:

end

to NC, Nourine’s algorithm was originally designed for building lattices including
concept lattice, although it can also be used for generating formal concepts.

The NC algorithm relays on a list of intents which are lexicographically
ordered, the Nourine algorithm does not provide an ordered list of intents at
all. Therefore, Nourine’s algorithm is not as fast as NC for generating formal
concepts. However, due to the maintenance of an auxiliary tree structure for
representing the formal concepts, Nourine is one of the most efficient algorithms
that currently exist for building concept lattices (see [3, 22] for more information
on Nourine’s algorithm).

Our proposed hybrid model (algorithm 5) benefits from the advantages of
both NC and Nourine’s algorithm. It generates the set of formal concepts {(A;, B;)}
using the NC algorithm 1 and then transform it to a set of {(F;,v(F;))} using
F; = X\A; and v(F;) = B;. Then it applies Nourine’s algorithm 4 on the set
{(F;,~v(F;))} to build the concept lattice.

Algorithm 5 Generating formal concepts and concept lattice using hybrid

Input: (X,Y,I) # a formal context
Output: a p X p adjacency matrix M, where M(i,5) = 1 indicates C; — C;

M(i,5) = 0 Vi, j

Generate formal concepts {(A;, B;)} using NC algorithm 1

Create a set {(Fi,v(F:))} = {(X\ A, Bi)}

Find {ImSucc(F;)} using Nourine algorithm 4

M(k,i) =1 for all Fy, € ImSucc(F;) # Fy is connected to F;, i.e., Fr, — F;
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3 Results

We first illustrate that the concept lattices generated by algorithm 3 (Fig. 1) and
algorithm 4 (Figs 2) for a given formal context (X, Y, I) (Table 1) are isomorphic.
Each formal concept in these two figures are represented by an ellipse. Note that
each red ellipse in the lattice of Fig. 2 corresponds to a blue ellipse in the lattice

Table 1. A formal context with the object set X = {0,1,2,3,4} and the at-
tribute set Y = {a,b,c,d,e}. For this formal context, the corresponding basis
that is given as input to the Nourine algorithm is B = {X\y¢ | y € Y} =
{{0,2,3},{1,3,4},{1,2,3},{0,3,4},{1,2,4}}.

Ixy) |a |b |c |d |e

0 o (1 1 |0 |1

1 110 |0 {1 |0

2 0 |1 |0 |1 |0

3 0 |0 [0 |0 |1

4 1 (0 |1 |0 |0

([0,1,2,3,4],[D

(0,31, ['eD (0,21, ['b']) (10,41, ['¢'D ([1,2],['dD ([1,4], [
({01, ['0', '¢', &) (121, ['0','d"]) ([4]. ['a','c) ([11, ['a', 'd'])

\/

([, 2, b, e, d, 'e'])

Fig. 1. The concept lattice in Table 1 generated by algorithm 3 using lexicographically
ordered intents derived using the NextClosure algorithm 1. Each concept C; is repre-
sented by a blue ellipse and contains its corresponding (extent, intent), i.e., (4;, B;).
The very top ellipse corresponds to the most general concept and the very bottom one
corresponds to the most specific concept.

We then compare the time spent for generating formal concepts and building
concept lattices using the different algorithms mentioned before in this paper.
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Fig. 2. The concept lattice in Table 1 generated by Nourine’s algorithm [3]. Each
concept C; is represented by a red ellipse and contains its corresponding (Fj, v(F3)).
Note that this lattice is isomorphic to the lattice of Fig. 1. Note also that each red ellipse
in this lattice corresponds to a blue ellipse in the lattice of Fig. 1 with F; = X\ 4, and
v(Fi) = Bi.

For this purpose we created a variety of artificial formal contexts with different
size and sparsity (see Table 2).

Table 2. List of formal contexts, created artificially, that are used for the comparisons.
Here, Density determines the fraction of 1 in the corresponding binary table.

Formal Contexts
Name |Objects |Attributes |Density
D1 25 26 50%
D2 26 17 76%
D3 500 15 30%
D4 1000 20 15%
D5 1000 15 60%
D6 2688 30 11%
D7 500 15 60%
D8 600 15 50%

Fig. 3 clearly shows that NC requires much less time than Nourine for gen-
erating formal concepts. This difference gets bigger when datasets are getting
bigger.

Fig. 4 depicts the time spent for building the concept lattices using Nourine’s
algorithm 2 and the naive algorithm 3 (that uses formal concepts calculated by
NC). Results indicate that Nourine performs much better than its counterpart.
Note that the time reported for building concept lattices is only for the calcula-
tion of the adjacency matrix and not drawing the graph.
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Although NC performs faster than Nourine for generating formal concepts,
Nourine builds concept lattice much faster than the naive algorithm 3. Therefore,
the pure Nourine (algorithms 2, 4) outperforms the pure NC (algorithms 1, 3).
The hybrid model (algorithm 5, or equivalently algorithms 1, 4), however, can
compete with the pure Nourine algorithm (see Fig. 5). That means, although
as our results show the hybrid model not always outperforms pure Nourine,
we can see that for large datasets with high density (i.e., a large percentage of
1 in the binary table of the corresponding formal context), the hybrid model
surpasses the pure Nourine algorithm. Therefore, in the context of Big Data and
depending on the characteristics of the formal context (such as the density),
it might be worth to first generate formal concepts using the NC algorithm,
and then to build the concept lattice using Nourine’s algorithm. Our prediction
is that for very big datasets with large density, the hybrid model surpass the
pure Nourine algorithm while for very large datasets with low density, the pure
Nourine algorithm outperforms the hybrid model.

3.0/ Nourine algo 2
25 || NCalgol

Time(s)

D1 D2 D3 D4

60 F . —55 . ‘ .
B Nourine algo 2

B NC algo 1

)
£ 30} 25 1
= ool 18

Fig. 3. The average time spent for calculating formal concepts using the NC algorithm
1 (blue) and the Nourine algorithm 2 (red) for different datasets in Table 2. Error
bars indicate the standard deviation (each implementation is executed 5 times with a
different random dataset).
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200 . T T \
Il Naive algo 3
180 Il Nourine algo 4

150
)
3] L
£ 100
|_

50

0

Fig. 4. The average time spent for building the concept lattice using the Nourine
algorithm 4 (red) and the naive algorithm 3 (blue) for some of the datasets in Table 2.
Error bars indicate the standard deviation (each implementation is run 5 times with a
different random dataset).

4 Conclusion

We proposed a hybrid model that combines the benefits of the NextClosure
algorithm for generating formal concepts and Nourine’s algorithm for building
concept lattices. We showed that our proposed hybrid model outperforms pure
NC and only for very large datasets can surpass the pure Nourine algorithm. Our
results suggest that we can derive a new framework for generating formal con-
cepts and building concept lattices by combining existing algorithms to benefit
from their advantages and overcome their shortcomings.
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: T : ‘
150 I Pure NC
I B Pure Nourine |]
= [ ] Hybrid
2 100} y 1
E
'—
50 F .
20
ﬁ 5 4 7 mmem 1010
0 : [ |
D1 D2 D3 D4
1000 T T T :
800 87 I Pure Nourine
ro 71l = Hybrid
= 600} 532 531 1
g
i 400 +F 286 .
232 240 240
°l +. n A
0
D5 D6 D7 D8

Fig. 5. The average time spent for both generating formal concepts as well as building
concept lattices using pure NC (algorithms 1, 3) (blue), pure Nourine (algorithms 2,
4) (red) and our proposed hybrid algorithm 5 (green), for different datasets in Table
2. Time for pure NC is not reported for datasets D5-D8 because it was shown to be
more time consuming than pure Nourine and the hybrid model for large datasets.
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