Counting Reeb Chords on

Spherizations

THESE DE DOCTORAT

présentée a la Faculté des Sciences de I’Université de Neuchéatel

pour obtenir le grade de docteur és sciences par

Raphael Elias Wullschleger

soutenue avec succes le 12 septembre 2014

et acceptée sur proposition du jury

Prof. Dr. Felix Schlenk Université de Neuchatel, directeur de theése
Prof. Dr. Alain Valette Université de Neuchatel

Prof. Dr. Urs Frauenfelder Universitiat Augsburg, Allemagne

Institut de Mathématiques
Université de Neuchatel
Rue Emile-Argand 11
CH-2000 Neuchatel






|
Faculté des sciences
Secrétariat-décanat de Faculté
Rue Emile-Argand 11
p 2000 Neuchatel - Suisse
UNIVERSITE DE o
NEUCHATEL Tél: + 41 (0)32 718 2100

E-mail: secretariat.sciences@unine.ch

IMPRIMATUR POUR THESE DE DOCTORAT

La Faculté des sciences de I'Université de Neuchatel
autorise I'impression de la présente thése soutenue par

Monsieur Raphael WULLSCHLEGER

Titre:

“Counting Reeb Chords on Spherizations”

sur le rapport des membres du jury composé comme suit:

- Prof. Felix Schlenk, Université de Neuchéatel, directeur de these
- Prof. Alain Valette, Université de Neuchatel
- Prof. Urs Frauenfelder, Universitat Augsburg, Allamagne

Neuchatel, le 9 octobre 2014 Le Doyen, Prof. B. Colbois

/ (M.

Imprimatur pour these de doctorat www.unine.ch/sciences







Summary

In classical physics, one is interested in finding solutions of the Newtonian equations
of motion. If there is a certain number of bodies which attract each others and if one
assumes an initial configuration of these masses, then one would like to understand the
time evolution of this system according to Newton’s equations, i.e. the change of position
and momentum of all these bodies as functions of time. But already in the case of three
bodies — say, the moon, the sun and the earth — one knows only very little and this
question remains essentially unanswered.

Rewriting the Newtonian equations of motion in an equivalent way leads to Hamil-
ton’s equations. Solutions of Hamilton’s equations are paths — in physical terms — in
phase space, whereas in mathematical terms one calls this space the cotangent bundle.
So classical physical evolution takes mathematically place in cotangent bundles.

Symplectic geometry is a new and prominent subject within differential geometry,
one of the few basic branches of mathematics. The cotangent bundle is probably the
most famous representative of a so-called symplectic manifold. It holds true that the
old physical questions got via the steps explained above a new and strong geometrical
interpretation.

Floer homology is a powerful tool to study solutions of Hamilton’s equations. It
gives the possibility to use topological information about the cotangent bundle to obtain
qualitative and quantitative results on solutions of Hamilton’s equations.

The energy is a property of a physical system which remains constant during evo-
lution of time. Therefore, it is natural to look for solutions of Hamiltonian systems on
surfaces as certain subsets — called energy hypersurfaces — of cotangent bundles which
are characterized by the fact that the energy function takes for all points of these sur-

faces the same value. Roughly speaking, solutions of Hamilton’s equations along energy



hypersurfaces are called Reeb chords. The spectrum of such an energy hypersurface
is simply the set of all times needed to move along the paths which are solutions of
Hamilton’s equations. So it is the set of times required to walk along the Reeb chords
of a given energy hypersurface. In particular, the counting function associated to an
energy hypersurface is studied. This function calculates the number of solutions whose
times are shorter than a given value.

In this thesis, steps are taken towards an understanding of the time spectrum of
fiberwise starshaped hypersurfaces in cotangent bundles. The base manifold is through-
out assumed to be a closed connected Riemannian manifold. It is shown that under
the additional assumption of exponential- resp. polynomial growth of the fundamental
group of the base manifold, the counting function grows at least exponentially resp. at
least polynomially in time. Generally, for every fiberwise starshaped hypersurface over a
closed connected Riemannian manifold, the associated counting function grows at least
linearly in time. These are asymptotic results. Afterwards the question of understand-
ing fast Reeb chords is considered. An estimate for the time of the fastest resp. of
the second fastest Reeb chord is given. More specifically, this question is addressed by
choosing special base manifolds, or configuration spaces, such as Lie groups or generally
(Riemannian) symmetric spaces. Estimates for the times of the k fastest Reeb chords are
deduced. These estimates depend on the geometry of the base manifold only. Another
attempt is of group theoretic nature. If the fundamental group of the base manifold
is of order k, then there are at least k£ Reeb chords satisfying an upper time bound k
times the diameter of the (compact) base manifold. Finally, some results concerning the

stability of the time of the fastest Reeb chord are presented.

Raphael Wullschleger

Keywords. Hamiltonian Dynamics; Symplectic Geometry; Lagrangian Floer Homol-

ogy; Contact Geometry; Reeb Dynamics
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Notations and Symbols

N:={1,2,3,..}

Ny = {0,1,2,3,..}
Z:=1{.,-2,-1,01,2.}
Ry ={zeR|z>0}

Ry :={z eR |z >0}

Fp

ZQ = F2 = Z/QZ

M, (M, g)

4,9

d = diam M

M

The natural numbers

The natural numbers with 0

The integers

The strictly positive real numbers

The non-negative real numbers

A series of coefficient fields, see Section 2.2.3
The set of integers Z modulo 2

A closed (i.e. compact without boundary)
connected finite-dimensional smooth mani-
fold. Usually furnished with a Riemannian

metric g, we speak of the Riemannian mani-

fold (M, g)

A pair of points in M. The point ¢ is the
starting point of a geodesic segment, whereas

¢’ is the point where this curve ends
The diameter of the manifold (M, g)

The cotangent bundle associated with M
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T*M

A, AT

P(H,q.¢),P"(H.q,q)

G K, G,

Ulg, H), V(q)

CFq,q/,E

CFy

The fiber of the cotangent bundle T*M over
the base point x € M

A fiberwise starshaped hypersurface in T M
Forx € M: X, := XNT; M, see Section 2.1.2

A function H: T*M — R, called the Hamil-

tonian, see Section 2.1.1

The Hamiltonian action functional associ-
ated with H and the reduced action or the

time, see Section 2.1.1

The set of solutions of Hamilton’s equations
starting in 77 M and ending in 77, M; b indi-

cates an upper action-bound
Three special Hamiltonians, see Section 2.2

q € M and H: T*"M — R a Hamiltonian
function, see Definitions (2.11), (2.12)

The counting function counts Reeb chords

from ¥, to ¥, defined in (2.9)

Floer chain groups of Conley—Zehnder in-

dex k

C, == {q € M | x conjugate to ¢} is the set
of conjugate points of p € M

XII



Abstract Mathematics is about
“interesting structures”. What
makes a structure interesting is
an abundance of interesting
problems; we study a structure

by solving these problems.

Chapter 1 M. Gromov, |20]

Introduction

The first chapter shall describe in detail the questions addressed in this thesis and the
results obtained. Starting from basic physical principles, we will focus on the naturality
and the importance of the problems considered, and we will place the topic in the broader
context of mathematical research. By doing so, we follow the books of Arnol’d |7] and

of Hofer-Zehnder [25|. Finally, we give an overview of the results obtained.

1.1 The questions of this thesis

The roots of the questions of this thesis lie in physics. Classical mechanics is the first
analytic approach to describe physical phenomena. This theory focuses mainly on un-
derstanding the time evolution of the positions of physical bodies which exert forces
on each others. The definitions and principles were introduced in the Mathematical
Principles of Natural Philosophy (Philosophise Naturalis Principia Mathematica) by 1.
Newton in the year 1687.

Let us consider the motion of a certain number n of point-mass particles in three-
dimensional real space R®. The totality of these n particles forms the physical system.
More precisely, if we fix one of these n particles, say P;, where i € {1,...,n} specifies our

choice, the time evolution of the position of P; can be described by a coordinate map,

zi: R — R?’,



The variable ¢ refers to time. These coordinate maps shall assumed to be at least twice
continuously differentiable mappings. As an illustration we can consider the so-called

world lines traced by these points under time evolution, see Figure 1.1.

R CR3 xR

. €2

€

to time ¢

Figure 1.1: This figure shows the world lines (as paths in “space-time” R x R) of
two particles P, and P,. The horizontal axis stands for the time parameter of the
two coordinate maps. Observe that, possibly, there is a (collision) time t' for which
x1(t') = xo(t') holds true and in addition, that the vector z(t) := (x1(t), z2(t)) € RS is
a point in six-dimensional real space.

So far, we treated the n particles, or the n bodies, separately. In physics, one is
interested in interactions between the particles or in understanding the forces exerted
on a given body by the other bodies. Therefore, it is natural to define a mapping

depending on time and describing the positions of these n particles at once,

r: R — R,

to— a(t) = (v1(t), ..., zalt) ,

where R3" stands for the direct product of n copies of R3, just because all the n particles
can move freely in three-dimensional space. Since the x; are differentiable mappings, we

can consider their derivatives




called the velocity vectors at the time ¢y, as well as the acceleration vectors at %

d2$i

v € R3.

t=to

Newton’s principle of determinacy, one of the principles of classical mechanics, im-
plies that the initial positions (zg); of all n point-masses and their initial velocities
(vo); uniquely determine the motion of the system. So, the vector of initial positions
xo = ((x0)1, -, (T0)n) and the initial velocities vg = ((vg)1, ---, (v0)n) must determine also
the acceleration of any body at any time. Mathematically, this means that there exists
a map I (F for force)

F:QCR"™xR™ xR — R™

such that
Z(t) = F (x(t),z(¢),t). (1.1)

The equations (1.1) are the well-known Newtonian equations of motion of classical me-
chanics. Observe that we set all masses m; equal to one. The map F' introduced above
is found by experimental means. Forces are measurable. Note that the domain €2 of F
is often a strict subset of R x R®® x R. This is the case for example if one considers
two bodies and the forces exerted on them due to gravity. One has to exclude the points
of collision, since for these F' is not defined.

Newtons equations of motion (1.1) form a system of ordinary differential equations
for the time evolution of the positions x;, or the trajectories, of the n point-masses. As
explained at the beginning, we are interested in finding these trajectories to predict the
time evolution of the considered physical system.

A physical system is said to be conservative if there exists a continuously differen-
tiable function U

U:QCcR”™ —R

such that
F(x(t),z(t),t) = =VU(z(t)). (1.2)

This function U is called the potential or the potential function. As it is apparent from



equation (1.2), the function U evaluated at a point is formally an energy and describes
the energy of a particle according to its position relative to the others. For such a system
of n particles we introduce its total kinetic energy (which is the sum of the individual

kinetic energies of the n particles):
. Lo 2
K@@y:QE:%@.
i=1

We assumed that all the n bodies are point-mass particles, so they do not have any
spatial extent what could lead to rotational energy or similar. Then we can speak of the

total energy of the considered system:
E(x(t),z(t)) := K(z(t)) + U(x(t)). (1.3)

The following theorem points out the very important property of conservative systems.

For a proof, see Theorem 1.1.4.

Theorem 1.1.1 (Energy conservation). Let x be a solution of equation (1.2), then the

total energy E is constant along this solution x, 1.e.

dE
Vip € R: S (x(t),#(t))] = 0.
dt e

So far, we derived Newton’s equations of motion and we tried to point out why we
are interested in finding their solutions. The next step is to show that the solutions of a
conservative system can be determined via a variational principle, “Hamilton’s principle
of least action”. The calculus of variations is concerned with the extremals of functions,
or functionals, whose domain is an infinite-dimensional space, the space of all curves
from one point to another one.

Let us consider the Lagrangian or the Lagrange function of a conservative system,

defined by
L(y(t),7(t) :== K(¥(t)) = U(v(¢)), (1.4)



and the associated action functional

B(y) = / L), 4(0), 1) de (1.5)

where v : [to, t1] — R3" is a C%-path in R*". A theorem says that the extremals, formally
iven by d®(y) = 0, see Arnold [7] for details, coincide with the solutions of Newton’s
equations of motions,

&= -VU(x).

This is Hamilton’s principle of least action. Suppose that 7 : [to,t;] — R is an
extremal of the functional ®. Then it is necessary and sufficient that v satisfies the

so-called Fuler-Lagrange equations

d

5 VeL(r(),7(t)) = VoL (v(t),4(1)) = 0. (1.6)

This variational principle opens the door to the vast area of the calculus of variations.
But the drawback from the point of view of mathematics is still there: the Euler-
Langrange equations (1.6) are in fact a system of n second-order ordinary differential
equations.

The Euler-Lagrange equations (1.6) are evaluated at points lying on paths = defined
on a time interval having values in the space R?", for example x : [0,1] — R3". In
particular, this holds true for very short segments of this path x. These segments can
be viewed as short segments of paths in a chart of some manifold M. Therefore, we can
consider our situation in the more general setting of manifolds. This means formally

that the Lagrangian is a smooth function on the tangent bundle T'M of M,

L: TM — R,
(1.7)

(x,v,) — L(x,v,) .
Note that we omit here an explicit time-dependence of L — see below for an explanation —
and also that we allow all possible dimensions dim M = n for the manifold M. Assumed

constraints on the physical space reduce the dimension of M by one, two or higher.

Denote by T*M the cotangent bundle of M and define L,(-) :== L(x,-) : T,M — R.



Definition 1.1.2 (Fiberwise Legendre transform map). Let M be a smooth manifold
and L a Lagrangian. The fiberwise Legendre transform map of L, or Legendre transform

map of Ly, is the map

L: TM — T°M,
(x,v,) +— L(x,v) = (x,dL; (vy)) .

Note that the differential dL,(-) : T, M — T} M evaluated at the point v, gives dL,(v,) €
T:M. Hence, (x,dL, (v,)) € T*M. We define the fiberwise Legendre transform of L by

H: T"M — R,
(z,a,) +—— H(x,a,) = sup,er, pr (a2(v) — L(z,v)) .
This function H is usually called the Hamiltonian or the Hamilton function associated
to L. Note that if L is of the form K — U, then H is of the form K + U. So in this case
H coincides with the total energy F of the system.

Let U C T'"M be an open set, choose coordinate functions ¢;, w;, on U, i € {1,...,n}.

If L is fiberwise strictly convex, i.e. if the fiberwise Hessian of L is positive definite

0*L
det (8w¢8wj> >0,

then the fiberwise Legendre transform map £ of L is a diffeomorphism. For a given

path v : R — M, consider its analog in the cotangent bundle, given by the Legendre

transform map

L)) = (1), py(1)) == L (v(t),4(1)) -
Theorem 1.1.3. The path v : R — M 1s a solution of the Fuler-Lagrange equations
(1.6) if and only if the path L(7y) : R — T*M satisfies the so-called Hamilton equations,

d oOH d oOH

%pi:_aqi’ a%‘zﬁ—pi,

where ¢;,pi, 1 € {1,...,n}, are local coordinates on T*M.



One can write down the Hamilton equations in the following compact form

2(t) = JVH(2(1)),

where

Hamilton’s equations build a system of 2n first-order differential equations. This is
in contrast to the system of n second-order differential equations given by the Euler-
Lagrange equations, (1.6). We will make the abbreviation Xy := JVH and call it
the Hamiltonian vector field, see below for the details. An energy hypersurface of the
cotangent bundle is a regular level set of the Hamiltonian H : T*M — R. This energy
hypersurface will be denoted by 3. In this thesis, we will study the solutions of the
dynamical system

Y(t) = Xg(y(t)), 7:R—=T'M

on energy hypersurfaces. Solutions of Hamilton’s equations must lie on such energy
hypersurfaces, see Theorem 1.1.4 below.

Let us describe the setting of our questions. Consider the cotangent bundle 7% M of a
n-dimensional closed connected Riemannian manifold (M, g), where g is the Riemannian
metric on M. A symplectic structure on a smooth manifold P is a non-degenerate closed
2-form w € Q?(P), see Definition 2.1.1. Choose a point T = (x,&,) € T*M and consider
the standard projection m: T*M — M defined by (z,&,) — z. We then are able to

define globally a differential 1-form,

AT (vs) = &, (dn(@)(vs)) »  ve € Ty (T°M) . (1.8)

This is the so-called Liouville or tautological 1-form, see Hofer-Zehnder [25]. The
cotangent bundle T*M equipped with the 1-form (1.8) leads to a symplectic mani-
fold (T*M,d)). Choose a hypersurface > in T*M which is fiberwise starshaped with
respect to the origin, i.e. ¥, := X NT M is strictly starshaped with respect to the zero
element 0, € T*M. A contact form on ¥ is a 1-form 1 on ¥ with n A (dn)"~' > 0



everywhere. An example is the 1-form A|x. A contact form 7 determines a contact
structure on X, the oriented hyperplane field £ := ker(n) C TX. In our case this shall
be & := ker(Als). Choose a smooth function H : T*M — R which is fiberwise ho-
mogeneous of degree two such that X is a regular level set of H, so ¥ is an energy
hypersurface. The Hamiltonian vector field Xy belonging to the function H is defined
by d\(Xpy,) = dH(-). Since all levels are compact, this vector field has a flow ¢'

satisfying Hamilton’s equations

%%@t(x) =Xu (¢'@), =eT"M. (1.9)

We explained above that the solutions of the Euler-Lagrange equations (1.6) coincide
with the extremals of the action functional ® (1.5). A main object of this thesis is the
Hamiltonian action functional which generalizes (1.5) to the setting of cotangent bundles:
Let € ,/T*M be the space of paths of W!*-Sobolev type in T*M on the unit interval
[0,1] C R from the point v(0) € 3, to the point v(1) € X,. Then we can introduce the

Hamiltonian action functional

Ag: Q. T*M — R,
Y= Au(y) = A= fy H(v() dt

In accordance with what we said concerning the Lagrangian action functional, it is
well-known that the solutions of (1.9) are the critical points of the Hamiltonian action
functional Ag. In the field of symplectic geometry, Floer homology is a powerful tool to
study the critical points of the Hamiltonian action functional. Floer homology is a Morse
theory for this functional. So it provides the possibility to use topological information
about the cotangent bundle 7% M to get qualitative and quantitative results concerning
the solutions of Hamilton’s equations (1.9). We will pursue this approach to get answers
to our questions.

The following result generalizes Theorem 1.1.1.

Theorem 1.1.4 (Flow invariance of H). If @' is the flow of the Hamiltonian vector field
Xy, then it holds true that for all x € T*M and for all t € R (for which the flow is



defined)

Proof. Indeed,

CH (@) = dH (&) - ! (x) = dH (¢'(2)) - X (¢'(2)

dt
= dX\ (Xu (¢'(2)), Xu (¢'(2)))

= 0,

by antisymmetry of d\. O

Recall that we assumed that the Lagrangian L (1.7) does not depend explicitly on the
time ¢. This implies via the Legendre transform the same for the Hamiltonian H. If H
depends explicitly on time, then this invariance property does not hold.

The contact form A|y determines by the following two conditions the unique Reeb

vector field R on T by
dAs)(R,-) =0, As(R)=1.

The associated flow is called the Reeb flow ¢r of R. One can show that the Reeb flow
g of ker(\|y) is a reparametrization of the flow ¢gl|y of Xy restricted to X, we refer

to Lemma 4.8.4. A Reeb chord is a flow line of .

Question A. Is it true that for any two points q,q' € M, there exists a Reeb chord from
YgtloXy ?

This is a version of the Arnol’d Chord Conjecture for fibers of a starshaped hypersurface
in the cotangent bundle. Let (C,£) be a (2¢ + 1)-dimensional contact manifold and
let L be an integral submanifold of £&. If dim L = ¢ then the submanifold L is called
Legendrian, see [31]. The Arnol’d Chord Conjecture stated in [6] asks in the case of
a contact manifold C' for a Reeb chord which starts and ends in a given Legendrian
submanifold L of C'.

Consider the length spectrum of the Riemannian manifold (M, g) given by

044 (g) := {lengths of all geodesic segments from ¢ to ¢’} .
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In this definition, the length is induced by the Riemannian metric g. The study of the

length spectrum of a Riemannian manifold is an important problem, with many results

and many open questions, see Berger [11, Chapter 10| and Paternain [42, Chapter 5].
In this thesis we are interested in a more general problem: We study the spectrum

of fiberwise starshaped hypersurfaces ¥ of the cotangent bundle T*M. Define the set
S(2,q,¢):={T (v) | v a Reeb chord on ¥ from ¥, to X},

where the number 7 () is the time needed by the Reeb chord 7 to go from ¥, to .
It is given by

and where the numbers 7 (7y) are listed with multiplicities. Knowing the set o, ,(2) is

equivalent to knowint the counting function
CF,ys(T) =#{r€8(X,q.¢) | 7<T}. (1.10)
If one fixes a time T, then the counting function gives the number CF, ;s (T') of Reeb

chords starting in the fiber ¥, and ending in some point of ¥ before or at the time 7'.

Question B. Is it possible to find a function fs, : R — R with fsx(T) — 400 (T — 4+0)
such that
CFq7q/72(T) > fE(T) >0

independently of the points q,q € M ¢

1.2 Summary of the results

Let (M, g) be an n-dimensional closed connected Riemannian manifold and denote by
d := diam M the diameter of M. Consider a fiberwise starshaped hypersurface > C T*M
in the cotangent bundle 7*M and a Hamiltonian function K: T*M — R homogeneous
of degree two. Assume that % is a regular value of K such that ¥ = K~} (%) We refer
to Section 2.2 for details.
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In this section, we state the main results of the thesis and explain the connections
between them. The main tools for analyzing the spectrum of spherizations are Morse
theory, Floer homology, and results on the growth of finitely generated groups and of
the homology of based loop spaces. Morse theory for the energy functional gives lower
bounds for the number of geodesic paths between two non-conjugate points in terms of
the homology of the based loop space of M.

Assume first that our Reeb flow is a geodesic flow on the Riemannian manifold (M, g).
Assume that ¢, ¢’ are non-conjugate. We would like to understand the function CF , 5 ()
counting geodesics from ¢ to ¢’ of length < ¢. Since we are looking for lower bounds
of this number that are “true for all metrics ¢”, we only look for homologically visible
geodesics (Definition 4.1.18), and hence use Morse theory: Consider the energy func-

tional
&) = 3 | alito). 50 a (111)

on the space of candidates Q;q,M of Wh2paths v: [0,1] — M with v(0) = ¢ and
v(1) = 1. The critical points of £, are precisely the geodesics from ¢ to ¢'. If we
denote by £7(q,¢') the sublevel set {y € Ql M | £(y) < a}, and notice that for
a geodesic, twice the energy equals the length squared (Lemma C.3.4), the classical

Morse-inequalities tell us that

CF,,=(t) > dimH, <€;2/2(q,q’),IF> = Zdim H; (5;2/2(q,q’),F> (1.12)
j=0

provided that ¢, ¢’ are non-conjugate. Indeed, this condition is equivalent to saying that
&y is Morse. On the right hand side, H, denotes singular homology, and coefficients are
taken in a field F. The sum on the right hand side is finite, since 5;2/ 2(q, ¢') is homotopy
equivalent to a finite dimensional CW-complex, see Milnor [32]. The inequality (1.12)
looks wonderful, since it seems to translate our geometric-dynamical problem into a
topological one. However, two questions arise:

Question 1. How can we understand dim H, (Sg(q, q),F)?

Question 2. And what if ¢, ¢ are conjugate 7

Let us first address the choice of the coefficient field F. To get the best possible
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estimate in (1.12), one should take the supremum over all fields F. By the universal
coefficient theorem, it suffices to consider only one field per characteristic, say Q and
the finite fields ), for p prime. Note that in Chapter 4 we will prove related results for
special choices of F. For example we will choose F = Z, in Section 4.2.3.

The numbers dim H, (5;‘((1, q), ]F) are in general too hard to compute. One reason is
that they may depend rather irregularly on a, g and ¢, ¢’. In particular, the function a —
dim H, (8 (4,4), IF) may not be monotone increasing. To remedy for these irregularities,
we consider the numbers dim (¢ H, (£5(¢,¢'),F) instead. Here if: £2(q, ¢') — QL /M is
the inclusion. The number dim (% H, (5;((1, ¢),F) is the dimension of the part of the
homology of €, M that can be represented by cycles in £7(q,¢'). A cycle in £(q,q') is
still a cycle in Q, , M, while it may be bounded in € , M but not in £}(q,¢'). Hence

dim H, (£)(q,¢'),F) > dim:fH, (£3(¢.¢).F) .

The functions b, 4y (a) := dim (¢ H, (Eg(q, q ),F) are much better behaved: Clearly,
they are monotone increasing in a. A more fundamental reason that we are interested
in geodesic chords that are homologically visible in the total path space Q; M, and not
just in the sublevel £¢(q,¢'), is the following: We shall find Reeb chords by sandwiching
the sublevel of ¥ between two sublevels of &;, and this will lead to a lower bound of
CF,x(t) in terms of b, , ,(a), but not in terms of dim H, (Eg(q, ¢),F). The following
theorem will provide lower bounds of CF, , 5, in terms of the homology H, (Q;:Z, M, ]F)
It is proven in Section 2.2.3. See the different parts of Section 2.2 for the definitions and

notions used in the statement.

Proposition 1.2.1. Fiz two points q,q € M such that ¢’ is not X-conjugate to q. Let
g be a Riemannian metric on M such that q,q are not g-conjugate. Scale g such that

G<F. Lta<bando>o,>1 be such that
a,b,a/o,0b ¢ S(G,q,q) and a/o,b¢ S(F,q,q) .

Then for any field F the number of Reeb chords from ¥, to X, in class o with action
in (\/2a/c,v/2b] is bounded from below by the rank of the homomorphism induced by
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nclusion

H, (Qe“ " (g, ¢, ); F) — H, (Qe (q,q,a);F) .

By H, we denote reduced homology. The Proposition 1.2.1 is a consequence of the
Abbondandolo—Schwarz isomorphism, see [3], from the Floer homology groups of T* M
to the homology groups of the based loop space Q}Lq,M )

1.2.1 Exponential and polynomial growth of the number of so-

lutions

We give an overview on asymptotic results of the counting function CF, . By doing
so, we answer Question B in special cases.

Since M is a closed manifold, its fundamental group (M, q), for ¢ € M, is a finitely
presented group. Choose a finite set S of generators of m(M,q). For each positive
integer m the function yg(m) counts the number of distinct elements in (M, ¢) which
can be written as words with at most m letters from S U S™1. If the following limit is
strictly positive, we say that 71 (M, q) has ezponential growth,

lim 1982s(m)

. 1.1
m—-+00 m 0’ +OO) ( 3)

Note that this limit exists, but depends on S.

Similarly, the polynomial growth of m (M, q) is defined by

YG) = limsupM €]

0, 4+00] . 1.14
m—+too  lOgm ] (1.14)

Note that 7(G) does not depend on S.
See Section 2.5 for details and examples of spaces with fundamental groups of expo-

nential resp. polynomial growth.

Theorem 1.2.2 (Exponential and polynomial growth of the number of solutions). Let
q€ M. If 11(M,q) has exponential growth, then for every ¢ € M the number of orbits

of the flow Yl|s, from X, to Xy grows at least exponentially in time,

CFq,q’,E(t) % et .
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Analogously, if m1(M,q) has polynomial growth k, it follows that for every ¢ € M the

counting function CF, y 5 grows at least polynomially in time,
CF qyx(t) =t*.
To give a partial answer to Question A and to Question B, let the fundamental group

of M be finite.

Theorem 1.2.3 (Linear growth of Reeb chords). If m (M) is finite, then it follows that
Cquq/,g (t) =1.

The proof uses the well-known result of Serre [46] that for any simply-connected man-
ifold M there is a sequence of integers (k¢),oy for which the Betti numbers by, (M, F)

of the corresponding based loop space QM are not zero.

1.2.2 Time bounds for the first and the second Reeb chord

In Section 1.2.1 about exponential and polynomial growth we gave asymptotic results on
the counting function CF, , 5. In particular, the constants appearing in the expressions

for the lower bounds are not well-understood. This issue shall be addressed next.

Convention 1.2.4. Let (M, g) be furnished with a Riemannian metric g such that the
Hamiltonian functions F,G defined in Section 2.2.1 satisfy

F>G.

Denote by d := diam(M, g) the diameter of (M, g).

Chapter 5 covers the details on how to deduce a concrete upper bound on the times
of the first two shortest Reeb chords from >, to ¥.
Due to basic geometric facts, we know that for every Riemannian metric g satisfying

the Convention 1.2.4 the following estimate for the first Reeb chord holds. Denote by

14



dist(q, ¢') the distance of ¢ and ¢’ with respect to g. Then,
Ti(2,q,¢") < dist(q,q) -

Given a simply-connected manifold M, let ky be the smallest integer k£ such that
Hy(M;F) # 0. Then ky € {2,...,dim M }.

Theorem 1.2.5. Let X be a fiberwise starshaped hypersurface in T* M with M simply-
connected. Assume that g satisfies the Convention 1.2.4. If ¢' is not X-conjugate to q,
then

To(S.q,q) < Skd+ (2K — 1)3d (,/5, — 1)

< 2kid (4+3/5,) .

Recall that n is the dimension of M and d refers to the diameter d = diam(M, g).
The existence of the short Reeb chords with the given time bound relies on results of

Nabutovsky—Rotman, see [34] and for more details the sections in Chapter 5.

1.2.3 Time bounds for the first £ Reeb chords — via Morse theory

Fix k € N. In Chapter 4 we explane two approaches to get concrete upper bounds on
the times of the first £ Reeb chords on ¥.

We start with Morse theory in infinite dimensions under the assumption that the
energy functional (1.11) is a so-called perfect Morse function on the space of candi-
dates Q; oM (for almost all pairs ¢, ¢’) with respect to F. The notion of a perfect Morse
function is explained in Section 6.1. This allows us to interprete k geodesic segments (on
M) with given length bounds as homologically visible, see the Definition 4.1.18. Their
existence is guaranteed by the work of Nabutovsky—Rotman [37]. Via Proposition 1.2.1

we then get

Proposition 1.2.6. Let M be n-dimensional [2-dimensionall. If for ¢ € M and almost
every ¢ the energy functional &, is an F-perfect Morse function on Q;q,M, then for

every pair of points q,q' € M and for every k € N there exist at least k Reeb chords T,
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from X, to Xy satisfying the time bound

T (&) < 2n(k+1)%d,
[T (&) < (22k —21)d] .

The expression in square brackets accounts for the 2-dimensional case. In general
it is a very hard problem to understand whether &, is a perfect Morse function. This
question leads deeply into the field of algebraic topology.

Work done by Bott-Samelson [14] yields that &; is perfect with respect to Zs-
coefficients on Q;’q,M (for almost all pairs ¢, ¢) if M is a compact Riemannian symmetric
space. This fact and Proposition 1.2.6 imply the following result:

Let (G, gyi) be an n-dimensional compact connected Lie group carrying a bi-invariant
Riemannian metric gp; and let H C G be a closed connected subgroup. Note that we

can scale g,; such that this metric satisfies the Convention 1.2.4 and is still bi-invariant.

Theorem 1.2.7. Let G/H be a compact symmetric space with the induced Riemannian
metric. Further, let q,q € G/H be two arbitrary points and fix k € N. Then there exist
k Reeb chords Z, on T*(G/H) from ¥, to ¥, satisfying the time bound

T(30) < \/2 (2 (n(k + 17%d)* + d).
[T(aée) < \/2 <(22(k — Dd +dist(a.¢'))* | d> ] .

2

An analogous statement holds true if M is a compact simply-connected Lie group,
see Proposition 4.2.20, but with respect to any coefficient field F. Therefore, we treat
this special case individually.

Moreover, Chapter 4 consists of other results concerning the Conley—Zehnder index

of the k Reeb chords 7, and manifolds M of non-positive curvature.

1.2.4 Time bounds for the first £ Reeb chords — via topology

For the next step we pursue a group-theoretic approach: We forgo the last geometric

restrictions on M and say something about quantitative existence results of Reeb chords
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on Y under topological assumptions on the order of the fundamental group (M, q).
An important ingredient is a beautiful proposition due to Gromov (Proposition 4.4.2)

and further work done by Nabutovsky—Rotman [37|. This all together yields

Theorem 1.2.8. If w1 (M) has infinite or finite order > k, then for every pair q,q' € M

there exist at least k Reeb chords Z, from ¥, to ¥, satisfying the time bound

T (i) < kd.

1.2.5 Stability of the minimal time of Reeb chords

Denote by 71(2) the minimal time, or the smallest element of the time spectrum of
a given fiberwise starshaped hypersurface ¥. We then consider the CC-stability of the
minimal time 77(2): Let {3;}ren be a sequence of fiberwise starshaped hypersurfaces

of the cotangent bundle T* M.

Definition 1.2.9 (C°-Convergence of fiberwise starshaped hypersurfaces). The sequence

hI converges in the CP-sense to ¥ if for every € > 0 there exists N, such that
keN 9 Y
(1-e) DS C DY, C(1+¢e)D'E, forallk> N..

We want to understand what happens with the sequence (71(X))pen if (Xk)4en

converges in the C%sense to X.

Proposition 1.2.10. Fiz ¢ € M and suppose that {3 hren converges in the C°-sense
to 3. Then for all ¢ € M it holds true that

T (Xe) = Ti(X)

as k — 0.
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Chapter 2

Methods and Spaces

This chapter shall explain the basic notions and definitions which will be used later on.

We also outline the main methods and theorems that we will apply.

2.1 Background and Setting

Throughout this thesis, let (M, g) be an n-dimensional closed connected Riemannian
manifold of diameter d := diam(M), where n € N is a natural number. Let |- |, be the
norm on the fibers of the tangent bundle T'M induced by ¢g. Consider the cotangent
bundle 7* M which is isomorphic to the tangent bundle 7'M via the isomorphism

T: TM—T'M

(q,v) = (q,04), where ay(w) = g,(v,w).
Using T', define a Riemannian metric ¢* on the fibers of the cotangent bundle T*M by

ga(a,B) == g4 (T g, ), T (¢, 8)), Ve,Be€T;M, qe M.

Denote the canonical coordinates on T*M by (g, p).

Definition 2.1.1 (Symplectic manifold, [31]). Let P be C*°-smooth manifold. A sym-

plectic structure on P is a non-degenerate closed 2-form w € Q*(P), i.e. if
1. dw =0, and f
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2. forpe P and v € T,P it follows that Vw € T,P : w,(v,w) =0=v =0.
The pair (P,w) is then called a symplectic manifold.

Note that this definition implies that a symplectic manifold is of even dimension and
orientable, see [31].

The cotangent bundle 7T*M with the standard Liouville 1-form A = pdq is the basic
example of a symplectic manifold (7% M, d)\). Choose 8 > 0 and introduce the Rieman-

nian Hamiltonian function G : T*M — R,

G(q.p) == Bygy(p.p), (2.1)

which will be denoted by G(q,p) =: S|p 3* =: Blp|>. Let q,¢' € M, and consider the

space of paths 7 : [0, 1] — M of Sobolev class-(1,2) from ¢ to ¢/,
QoM = {v e WH([0,1], M) [ 7(0) = ¢, (1) = ¢}, (2.2)
as well as the space of continuous paths from ¢ to ¢
Qg M ={y € C([0,1], M) [ v(0) = ¢,7(1) =4} .
Recall the definition of the energy functional &£ : Q}Lq,M — R,
Tt
€)= 3 i 3(2)], dt (2.3)
and of the length L : Qé,q,M — R of such a path,
1
£ = [ ol (24)

For a > 0 we consider the sublevel sets

ENq,q) = {reQ M|E(y) <a} (2.5)
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as well as

Q}]:Z,M ={veQ M| L) <a}.

2.1.1 The action functional and the time

A Hamiltonian function is a smooth function on a smooth manifold. Choose a Hamil-
tonian function H : T*M — R on the symplectic manifold (7*M,d)). The functional
Ap: Qéﬁq,T*M — R,
1
Anl) = [ A= [ HGO) @ (2.6)
0

is called the action, and the reduced action or the time is defined by

Twszwwz/Qu. (2.7)

We look for paths v : [0,1] — T*M with v(0) € TyM and (1) € T;M solving

Hamilton’s equations
Y =JVH(y({) = Xu(y(t), Xu:=JVH, (2.8)

and denote by P(H,q,q') the set of all such solutions. The vector field Xy : T*M —
T(T*M) is called the Hamiltonian vector field of H. This vector field has a flow called the
Hamiltonian flow ¢%;. The action functional (2.6) is C*°-smooth, and its critical points
are precisely the elements of the space P(H, ¢, q’) of C*°-smooth paths ~: [0,1] — T*M
solving (2.8). If we specify an action bound Ag(vy) < C € R, we denote the set of
solutions which satisfy this action bound by P¢(H,q,q¢') € P(H,q,q).

Convention 2.1.2. Throughout this thesis we will consider a proper Hamiltonian func-

tion K: T*M — R; then its Hamiltonian flow ©h exists for all times.

2.1.2 The spherization and fiberwise starshaped hypersurfaces

We are interested in finding solutions of the Hamiltonian equations (2.8). These solutions
are Hamiltonian flow lines lying in certain hypersurfaces of the cotangent bundle. Let

us describe these so-called fiberwise starshaped hypersurfaces.
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The positive real numbers ¢ € R, freely act on the cotangent bundle T*M by
Ve: T*M — T*M, (q,p) — (q,¢cp). On T*M there is the Liouville 1-form A = pdg and
we have v5(\) = ¢\, so A does not descend to the quotient S*M := T*M /R, but the
kernel does since ker(c\) = ker(A) =: £. The contact manifold (S*M,¢) is called the
spherization of the cotangent bundle T*M. The choice of a nowhere vanishing 1-form «
on S*M with ker(a) = ¢ (called the contact form) defines a vector field R, called the

Reeb vector field of a, by the two conditions

Its flow ! is called the Reeb flow of a. A Reeb chord is a flow line of ¢,.

To give a more concrete description of the manifold (S*M,¢) and the flows ¢!,
consider a fiberwise starshaped hypersurface > of T*M. We think of it as a smooth
hypersurface which is fiberwise starshaped with respect to the zero-section: For every
q € M the set ¥, = ¥ NT7yM bounds a set D, in T*M, i.e. 0D, = ¥, that is strictly
starshaped with respect to the origin 0, € T;M. The restriction Aly, of the Liouville
1-form on T*M to ¥ is a contact form for the contact structure & = ker(\|y,) on X,
that gives it the structure of a contact manifold. The diffeomorphism ¥ : ¥ — S*M,
(q,p) — (q, ﬁ . R+> obtained by radial projection is a contactomorphism, so (X, &x)
and (S*M, &) are contactomorphic. One can show that there is a bijection from the set
of Reeb flows on (S*M, ) to the set of Reeb flows i on the set of fiberwise starshaped
hypersurfaces > in T* M. This equivalence gives two ways to study the counting function
CF, ¢ » introduced in the Section 2.1.3 from a dynamical point of view.

On the other hand, one can describe our problem in a more geometrical way. We
follow Hofer and Zehnder [25, Chapter 4|. Let ¥ C T*M be a submanifold of the
cotangent bundle of codimension one. The cotangent bundle T*M together with the
standard symplectic structure w := dX is a symplectic manifold. If we restrict w to
vector fields in TS C T(T*M), i.e. if we restrict the 2-form w to the odd-dimensional

subspaces T,,% C T,(T*M) for x € ¥, then w is necessarily degenerate. The kernel of
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this restriction is therefore of dimension one. This defines a line bundle, Ly, C T'X,
Ly ={(z,8) € T,Y | w,(&m) =0,Vn €T, }.

The line bundle Ly, is called the characteristic line bundle of the hypersurface . This
line bundle gives the direction of every Hamiltonian vector field Xy having ¥ as a
regular energy surface, i.e. if H : T*M — R is constant on ¥ and dH # 0 on ¥ then
Xu(z) € Ly(z) for x € . Note that Ly is determined by the hypersurface ¥ and by
the symplectic structure w, hence by geometric quantities. Note that if 3 is interpreted
as a contact manifold as above it holds true that the associated Reeb vector field R
lies also in Ly, and satisfies trivially M|y (R) = 1. A characteristic of ¥, or a solution
of (t) = Xpy(x(t)), going from one point to another one on ¥, is an embedded open
interval I C ¥ satisfying
TIC Ls,.

The set of characteristics of 3 agrees with the set of unparameterized solutions solving
Hamilton’s equations for every Hamiltonian vector field Xz on ¥ having ¥ as a regular
energy surface. So these characteristics agree also with the traces of Reeb chords on the
hypersurface X.

For more details and examples of fiberwise starshaped hypersurfaces, we refer to

Section 2.3.

2.1.3 The counting function CF,, x

Consider the length spectrum of a Riemannian manifold (M, g) given by
04.¢(9) = {lengths of all geodesic segments from ¢ to ¢'}.

In this definition the length is induced by the Riemannian metric g. The study of the

length spectrum of a Riemannian manifold is an important problem, with many results

and many open questions, see Berger |11, Chapter 10| and Paternain [42, Chapter 5.
Here we are interested in a more general problem: We study the spectrum of a fiber-

wise starshaped hypersurface > C T*M of the cotangent bundle 7% M by interpreting
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it as a contact manifold. Consider the set (the time spectrum of 3, see Section 2.2.2)
S(2,q,4):={T (v) | v a path on ¥ from %, to X, solving ¥ = R(7)},

where the number 7 (7) is the time (or the reduced action of 7), see (2.7), needed by
the Reeb chord v to go from ¥, to ¥, and R is the Reeb vector field of the contact

manifold (X, A|g). Consider the counting function
CF(LCI/vE(T) = # {T € S (27 q, q/) | T S T} . (29>

If one fixes a time T, then the counting function gives the number CF, , s (T) of Reeb

chords starting in the fiber ¥, and ending in some point of ¥, before or with the time T.

Notation (Growth type). Given functions f,g: [0,00) — [0,00) U {+00}, we write
f = g if there exist constants C, ¢ such that f(t) > g(Ct) + ¢ for all t > 0. Moreover,
we write f =~ g if f =g and g = f.

We say that f has linear growth if f(t) ~ t, that f has polynomial growth if p = f
for some polynomial p, and that f has ezponential growth if f(t) ~ e'. We say that f
and ¢ have the same growth type if f ~ g. O

In the subsequent chapters we will study the growth type of the counting func-
tion CF, , » for different choices of base manifolds M (of 7*M). This is done by deriv-
ing lower bounds for CF, 5 from homological visible geodesic segments of (M, g), see

Definition 4.1.18.

2.2 Lagrangian Floer Homology and the Sandwiching
method

In this section we give a short summary of those parts of Lagrangian Floer homology
used later on. We follow Macarini-Schlenk [30] and modify the ideas slightly to get a

suitable formulation for our purposes.
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2.2.1 The Hamiltonians G_ < K < G

Let X C T*M be a fiberwise starshaped hypersurface. This property allows one to define

a function F': T*M — R by the two requirements

Flg = =, F(q,sp) = s°F(q,p) forall s >0 and (q,p) € T*M.

N —

This function is fiberwise homogenous of degree 2. (If 3 was not fiberwise starshaped,
homogeneity of F would not make sense.) Further, F is of class C' and moreover
smooth off the zero section. To make it smooth, we introduce another smooth function

f: R — R, where ¢ shall be fixed appropriately later on. See Figure 2.1.

f(r) =0, r < e
f(r)=r, r>e
f'(r) >0, r> g’
0< f'(r) <2, VreR.

Then fo F:T*M — R is smooth. Let G : T*M — R be the usual Riemannian

f(r)

Figure 2.1: The “cut oftf” function f.

Hamiltonian G(q,p) = %|p|2. Multiply the Riemannian metric ¢ of M by a positive
constant, so the value G(q,p) € R gets scaled independently of (¢,p). Hence, we can
assume F'(q,p) > G(q,p), V(q,p) € T*M, where the inequality shall be sharp, i.e. there
exists a point (q,p) € T*M such that F(g,p) = G(g,p). We abbreviate this by F' > G.
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Then we can choose a positive constant o, > 1 such that 0,G > F. The constant
0, = 04(2) is called the module of starshapedness of ¥. We refer to Section 2.2.4 for
more on this geometric quantity.

To construct Lagrangian Floer homology, we need the following definitions, see [30]

for details. Consider the r-disc
D(r)={(¢,p) €eT"M | |p| <1},

and fix b > 0. Choose a smooth function 7: R — R

(

(r) =0 if r <20,

T(ry=1 if r> 220,

7'(r) >0 forallreR.

\

Moreover, we define the following three Hamiltonians G_, K, G, : T*M — R

Gi(¢,p) = 0,G(q,p),
K(q,p) = 1 —=7(p)(f o F)(g,p) +7(I))G+(q.p), (2.10)
G_(q¢,p) = (1 =7(|p))(f o G)(q,p) + T(Ip])G+(q,p) -

SoG_. <K <Gyand K = foF and G_ = foG on {G < b}. Since {F < b} C

{G_ < b}, we in particular have
K=foF on {F <b}.

Moreover,

G_.=K=0G; outside {G > 4b}.

Figure 2.2 illustrates these Hamiltonians. Consider the space of Hamiltonian functions

He(Gy) = {H: T*M > R|H e C®(T*M), H= G, on T"M\ D (@b)} .
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| | G = 3lpP

Figure 2.2: The functions G_ < K < G4, schematically.

Fix now ¢ € M. Define
D, (\/§b> — {p eT M ||p| < \/§b} cD <\/§b> NT*M.
Given H € H /5, (G ) let

Ulg, H) :Z{Q’EMI

oy (Dq (\/@))) and D, <\/§b) intersect transversely.} (2.11)

The set U(q, H) is open and of full measure in M, see [30]. Let us define the following

set which is also of full measure in M, again taken from [30]:
Vig) :==U(q,G-)NU(q, K) N U(q, G+). (2.12)

Definition 2.2.1 (X-conjugate points). Fiz ¢ € M and assume ¥ = H™ () for a
reqular value 3 of the Hamiltonian H. We say that ¢ € M is Y-conjugate to q if
q ¢ U(H,q). (Then it follows trivially that ¢’ ¢ V(q).)
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2.2.2 Hamiltonian action spectra

The action spectrum S (H,q,q') of a (proper) Hamiltonian function H: T*M — R is
the set of critical values of Ay : Qéyq,T*M — R,

S(H,q,q) = {Au(z) |z € P(H,q,q)}.

For b € R define the subsets S° (H,q,q') :== S (H,q,q') N (—o0, b].

Let again F': T*M — R be the function with £~} (%) = Y that is fiberwise homo-
geneous of degree 2, and denote by 7: T*M — M the projection along the fibers. We
denote by R(X,q,q’) the set of Reeb chords from ¥, to ¥,. Now we define the time

spectrum of X:

S(X,q,¢) :={A0) [ e R(Z,q,4)}-
Similar to the action spectrum, we set S* (%, q,¢') := S (%, ¢,¢) N (—o0, b].
Lemma 2.2.2. Fiz v € P(F,q,q).
(1) Ar(v) = F(7).

(ii) The time of the unique Reeb chord ¥ € R(3,q,q") for which the trace of m o4
equals the trace of oy is A(Y) = /2 F(%).

(i11) In particular, SV (2,q,¢) =8 (F,q,q) for every b > 0.

Proof. For point (i), see the proof of Lemma 3.1. of [30] with h : x — x. Concerning
point (ii), Proposition 4.8.4 implies

v (@) =570 (2),

where the function o (¢, x) is of the form o(t,z) = s(z)t with s(z) > 0 constant in the ¢

variable, see the proof of Proposition 4.8.4. Let us calculate,

A(?)Z/Ol )d

A () at
R
= %/0 A(A(s(z)t)) dt
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The second step is a change of variables and the third step follows because 7 is a Reeb
chord. On the other hand, we know that F' is fiberwise homogeneous of degree two, and

in addition that F|y, = 5. Calculate,

what implies that s(x) = \/21FT’ therefore A(y) = /2 F(7).

The last point (iii) is a direct consequence of point (ii). O

Now fix a < b (where a < 0 is not excluded). We can choose £ > 0 in the definition
of the function f so small that for every non-constant v € P°(f o F,q,¢') we have
(f o F)(y) > ¢, and for every non-constant v € P°(F,q,q') we have F(y) > e. Since

f(r) =r for r > ¢, we then have
S(a,b} (f o F, q, q/) — S(G,b] (F, q, q’) . (213)

Furthermore, Proposition 3.2 in [30] shows that v € S (K, ¢, ¢') if and only if v C {F <
b}. Since K = fo F on {F < b}, we conclude with Lemma 2.2.2 (iii) and (2.13) that

Lemma 2.2.3. S(V2a.V2 (2,¢,¢) =8 (F q,¢) =S (K,q,¢) foralla,beR.

This lemma generalizes to our Hamiltonians F' and K the well-known fact that a

geodesic path of length ¢ has energy %ﬁg, see Lemma C.3.4.

2.2.3 From the Homology of Qé,q,M to the time spectrum of X

Let X C T*M be a fiberwise starshaped hypersurface, and let K : T*M — R be the func-
tion constructed in Section 2.2.1. Denote by Qé’q,’aM the set of Wh2-paths ¢: [0,1] — M
with ¢(0) = ¢ and ¢(1) = ¢’ that lie in the homotopy class a. We often drop ¢, ¢’ from the
notation. Given a Riemannian metric g on M, the energy functional &;: Q; goM — R

is defined by



For a < b consider the subsets

Eq.q, ) ={qeQ  M|E(q) <a

q,9’ s

and the quotient space

Qe (¢, ¢ ) = E" (¢4, ) /E" (¢, ) -

Proposition 2.2.4. Fix two points q,q € M such that q' is not ¥-conjugate to q. Let
g be a Riemannian metric on M such that q,q are not g-conjugate. Scale g such that

G<F. Lta<bando>o,>1 be such that
a,b,a/o,0b ¢ S(G,q,q) and a/o,b& S(F,q,q) .

Then for any field F the number of Reeb chords from ¥, to X, in class o with action
in (\/2a/0,v/2b] is bounded from below by the rank of the homomorphism induced by
inclusion

H. (Q€“/ (g, 0);F) = H. (Q€“" (¢4, ) ;FF).
By H, we denote reduced homology.

Remark. Given a,b, o, g we find a',V, o/, ¢’ as close to a,b, o, g as we like and
such that ', V', 0/, ¢’ meet the hypothesis of the proposition. Indeed, the complement of
S (G,q,¢)US®(F,q,q') in R is open and dense. O

Proof of Proposition 2.2.4. We throughout fix ¢,¢' € M, a,b, o and g as in the propo-
sition, and also fix the field F. The proof is based on Floer homology for Lagrangian
intersections. We only recall those properties of Lagrangian Floer homology that we use
in the proof, and refer to Section 4 of [30] and the references therein for more details.
Let K: T*M — R be the function constructed in Section 2.2.1. (It depends on
a,b,0,,9.) The Floer chain group CFb(K, «) is the F-vector space freely generated
by the chords in P*(K,q,q,a). The Conley—Zehnder index (see Section 6.2) of these
chords (normalized such that it agrees with the Morse index in case of a non-degenerate

geodesic chord) gives this vector space a grading *. The Floer boundary operator on
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CF’(K, ) is a map of degree —1. Its homology is the Floer homology HF? (K, a). Since
the boundary operator maps CF’(K,a) to itself, it descends to the quotient groups
CF*Y(K, o) = CFY(K,a)/ CF4(K, ). The resulting homology is denoted HF(*¥ (K, ).
The Floer homology of the functions G_, G, is defined in the same way. There is a

commutative diagram

Pa_c,

HF’(G_, a) HFY? (G, ) —22 - H, (£ (a)) (2.14)

o |

HF (K, a) —— > HFY (G, a) 2o H, (€7 (a)) .

Here, the three maps ® between Floer homologies are Floer continuation maps, and

®g_ ¢, is an isomorphism. The upper map ASM is the composition

HFY? (G, a) —22 = HMY? (L, o) —M 1, (£ ()

of the Abbondandolo—Schwarz isomorphism from Floer homology to the Morse homology
[3] of the Legendre transform L of G with the Abbondandolo-Mayer isomorphism from
this homology to the homology of QL*M [2]. Finally, the two unlabeled vertical arrows
are induced by inclusion.

For the left part of this diagram it is important that the boundaries of the action
windows do not belong to the spectrum of the Hamiltonian functions. This is guar-
anteed by our assumptions: The definition (2.10) of G_ implies that Ag_(v) > b if
v € P(G_,q,q) lies outside {G < b}. Since G_ = fo G on {G < b}, we thus have
S (G_,q,¢) = §°(G,q,¢) and hence S(G_,q,q). Moreover, b ¢ S(F,q,q') by as-
sumption, whence b ¢ S (K, q,q') by Lemma 2.2.3. Finally, b/o,b ¢ S (G4, q,q') because
b,ob ¢ S(G,q,q¢) and S (G1,q,¢) = S(0G,q,¢) = +8(G.q,¢).

The above diagram holds true with b replaced by any ¢ < b, provided that again
the boundaries of the action intervals do not belong to the spectrum of the Hamiltonian
functions. This is clear for ¢ < 0, and it holds for ¢ € (0, ] in view of the computation
in the proof of Lemma 3.3 of [30], provided we choose € = £(¢) in the the definition
of f small enough. In particular, our assumptions imply that the diagram holds with b

replaced by a/c. Since the homomorphisms in the above diagram are all defined at the
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chain level, we then obtain the commutative diagram

o

HF/(G_, ) =~ HF@" 4G, 0) —E—~ 1. (Q€w/o (@) (215

| | |

HF @7 (K o) HF @/ (G ) H, (Q€@! (a)) .

By H. we denote reduced homology. It follows that the cardinality of P/ (K, a) is at
least the rank of the right vertical map. The theorem follows together with Lemma 2.2.3.
O

For later reference, we state the “absolute case” separately:

Proposition 2.2.5. Fiz two points q,q € M such that ¢' is not YX-conjugate to q. Let
g be a Riemannian metric on M such that q,q are not g-conjugate. Scale g such that

G < F. Let b > 0 be such that
b S(G,q,4) US(Foqq).

Then for any field F the number of Reeb chords from ¥, to ¥, in class o with action in

[0, \/%] is bounded from below by the rank of the homomorphism induced by inclusion
H., (Eb (¢, ) ;IF) — H, (5"b (q,¢, ) ;F) )

Remark. In Proposition 2.2.4 we assumed in addition, this in contrast to the situation
in Proposition 2.2.5, that b/c ¢ S(G,q,q¢). Note that this condition is implicitly

satisfied as it follows directly from Macarini-Schlenk [30, Proposition 3.3]. O

2.2.4 The module of starshapedness o,

In Section 2.2.1 the module of starshapedness of ¥ was introduced. We give a geometric
interpretation. By assumption it holds true that ¥ = F~! (%) Comparing this set to
G! (%) and to (o, G)™* (%) shows that these hypersurfaces are nested or “sandwiched™
First, ¥ lies — by touching its boundary at least at one point — in the bounded part of

G~ (3), while (0, G)7! (1) is enclosed by . If S;M = {(q,p) € T*M | |p| = r} is the r-

2

32



co-sphere bundle, we can see G (3) = {(¢,p) € T*M | (¢,p') € S;M and p = router D'},
so G7! (%) = S M, and similarly we get (o, G)™* (% =S¢ M for the minimal

Touter T

Touter > 0 and the maximal ripner > 0. So, for @ = (¢, Touter p’) € S M we have

Touter

2 2
1.2 _ 1 T3 A 1 12 ’
G(.T) - irouter - 92 Touter 7"122: p - (r::r::) 2 |rinnerp| - Ug G(, Tinner P ) Therefore,
oy = (%) . If a result does not depend on the actual choice of the Riemannian
mner

metric g, one can choose o, to be independent of ¢ by considering the following (smaller)

Tinner

2
constant of starshapedness: o := inf, { (’"‘L> } See Figure 2.3 for an illustration.

Figure 2.3: The sandwiching of ¥ by the two co-sphere bundles (0, G)™! (1) and G™* (3)
restricted to the fiber 7M. Note that ¥, must intersect (o, G) ™" (%)q and independently

Gt (%)q for at least one ¢ € M.

We next give a class of examples of fiberwise starshaped hypersurfaces for which one

can calculate the module of starshapedness.

Examples. (Physical Hamiltonians). Consider a physical Hamiltonian

Hppye: T*M — R,

(¢;p) = Hpnys(q,p) = Blp* + V(q).
One can understand this Hamiltonian as the sum of a Riemannian Hamiltonian (2.1)
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and a smooth function V: M — R. If V(q) < %, then ¥ := H;hlys (%) is fiberwise convex
w.r.t. 0, € T; M. Since M is a closed manifold, V" attains its maximum and minimum.
Denote them by Viax := maxen V(x) < % and Vi, = mingep V(x). For the maximal
and the minimal momenta we compute

1
= -V .
|p|?nax - : — ’ |p|r2nln - .
B p

2 2 1
Touter ‘p’max 2 Vmin
0‘9 = _— = = 1 .
Tinner ’p‘min 2 Vmax

(Co-sphere bundles). If the fiberwise starshaped hypersurface ¥ C T*M is a

Hence,

co-sphere bundle, i.e. if it is given by ¥ = {(¢,p) € T*M | g,(p, p) = r} for some r € R,
then 0,(2) = 1. O

2.3 Fiberwise Starshaped Hypersurfaces

This section is devoted to examples of fiberwise starshaped hypersurfaces in the cotan-

gent bundle of a closed connected and finite-dimensional smooth manifold M.

Examples. We give three classes of fiberwise starshaped hypersurfaces on some base
manifolds M.

(Co-sphere bundles). Let (M, g) be a closed connected Riemannian manifold. If
the fiberwise starshaped hypersurface ¥ C T*M is a co-sphere bundle, i.e. if it is given
by ¥ = {(q,p) € T*M | g4(p,p) = r} for some r € R, then ¥, = X NT M is a circle of
radius /7 in 7, o M for every q.

(Level sets of physical Hamiltonians). Let Hy be a physical Hamiltonian

Hyys: T°M — R,
(q,p) +— Hpnys(q,p) = Blp*+V(q).

as it introduced in Section 2.2.4. Consider a regular level set ¥ of Hpnys. The set
Yy =X NT;M is as before a circle in every fiber, but to the contrary, the radius of the
circle depends smoothly on the base point ¢, r = r(q).
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(Fiberwise convex hypersurfaces). Let (M, F) be a closed connected Finsler
manifold. The Finsler structure F' leads to a Minkowski norm, sometimes also called an

asymmetric norm, on every tangent space T, M,

F,: T,M —» R,

(¢,v) — Fl(q,v).

see for example Shen [47] for an exposition of Finsler geometry. In particular, F, is
a convex function since it is an asymmetric norm, meaning since F,(v) # F,(—v)
in general. According to Alvarez Paiva [4], one can consider the dual normed vector

space (1M, F;), where

Fr: T:M — R,

q

(¢,p) — E7(p) = supyer,u {Ip(v)] | Fy(v) <1} .

Then, he defines a Hamiltonian function Hg: T*M — R by

He: T:M — R,

(¢,p) +— Hp(q,p) = F;(p).

Level sets of Hp are fiberwise convex since level sets of convex functions are convex sets.

Therefore, for any regular « the related level set H,'(«) is fiberwise starshaped. O

A norm of a closed fiberwise starshaped hypersurface. Denote by F'SH (T*M)
the set of closed fiberwise starshaped hypersurfaces of the cotangent bundle 7* M. Intro-
duce the following multiplication on F'SH (T*M). For ar € R and A € FSH (T*M),
- (rA) = r- A= {(¢,rp) € A | (¢,p) € A}. Observe r- A € FSH(T*M).
An addition is given as follows. Take A, A" € FSH (T*M) and define + : (A4, A") —
A+ A = {(q,{(si +m)ei}iy) | (¢, {siei}l=y) € A, (¢, {rie;};) € A’}, where the
addition in the fibre variables componentwise. Again, A + A’ € FSH (T*M) due to
definition. The “zero vector” is the null section M of T*M. Therefore, F.SH (T*M)

admits the structure of an n-dimensional R-vector space. A basis can be given by
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E;:={(q,p) € T*M |pi=e¢;} € FSH (T*M), i € {1,...,n}. Consider the quotient
QFSH (T*M) := FSH (T*M) /{r-cosphere bundles, r € R} .
On this vector space QFSH (T*M), the map

N: QFSH(T*M) — R

Y o— N(X):= maX(q,p)ex Ip| — ming pyex p|

is a norm. It is formally analogous to the Hofer norm introduced in the book by Hofer
and Zehnder [25, Page 146]. Let II € QFSH (T*M). If II has a certain norm, say 0,
this means that II can be “sandwiched” inbetween two spherical hypersurfaces such that
the difference of their radii is equal to §. By a spherical hypersurface of radius r we
understand the following set: S, := {(¢,p) € T*M | |p| =r} € FSH (T*M). It might
be possible to deduce non-trivial relations relating the norm N(X) to its module of

starshapedness o ().

2.4 Action windows for limit solutions

Let us define the set of action bounded solutions. Fix a,b € R U {—o0} with b > a,

q,q € M and let H: T*M — R be a Hamiltonian satisfying the Convention 2.1.2.
Pao(H,q,q) :={n€P(H,q,q) | a < Au(n) <b} . (2.16)

If a = —oo we simply write P*(H, q,q).

Notation (Action window). We call a closed interval [a,b] C R an action window for

H and q,¢,if a,b e R\ S (H,q,q). O

Define for A € R the set of action bounded solutions of Hamilton’s equations asso-

ciated to H:

Sola(M,H) := {z € W"([0,1],T*M) | Ap(z) < Aand & = Xy(z(t)} . (2.17)
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See Section C.3.1 for Definitions of the Sobolev spaces. Obviously, P4(H,q,q') C
Sola(M, H). Similarly,

Solia,p (M, H) :={z € W"([0,1],T*M) | A < Ap(z) < B and & = Xy(z(t))} .
It is important to notice that we understand the space
CO([0,1],T*M) == { f € C°([0,1],R*¥) | f C ®(T*M) C R**}
as the space (C°([0,1],T*M), || - ||co) equipped with the norm

”fHCO = HfHOO([D,u,T*M) = HfHCO([O,lLR2K) = tem[gﬂﬁ ’f(t)‘RQK .

We refer to the discussion given in Section C.3.1. Let K be the Hamiltonian introduced

in (2.10).

Lemma 2.4.1. Fiza,b € RU{—oco} withb > a and q € M. Let (q,) be a sequence of

neN

points in M with g, — ¢ € M if n — oo. Further, let (v,) be a sequence satisfying

neN
Yn € PY(K,q,q,) for all n. Then, there exists a v € P2(K,q,q') and a subsequence

(Yo )men Such that ~,,, — v in the C%-sense as m — co.

Proof. By assumption, we have Vn € N a smooth path 7, from >, to ¥, solving

Hamilton’s equations,
An(t) = Xk (1a(t)), VE € [0,1] and a < Ag(y,) <b.

Observe that (7y,),,cny € S0l[a5(M, K). So we can apply the Arzela-Ascoli Theorem C.1.1
to the space Solf, 5 (M, K'), which is due to the Lemmas 4.8.2, 4.8.3 bounded and equicon-
tinuous, hence relatively compact. Therefore there exists a path v € C°([0,1], T* M) such
that for a subsequence (V,,),,en € (Yn)neny We can conclude v, — 7 if m — co. Now
we have to show that v(0) € 3, and (1) € X, that v € C*([0,1],7*M) and that it
satisfies Hamilton’s equations (2.8).

We know that there exists v € C°([0, 1], T*M) such that lim,, o Yn,, = 7. Equiva-
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lently, lim,, o0 || Yn, — ¥llco = 0, which means by definition that

lim max |y, (t) — 7(t)|gex =0,

m—00 te[0,1]

SO Yn,, () converges uniformly to v(¢) on [0, 1]. This explains why v(0) € £, and (1) €

Yy . Furthermore, the limit solution «y satisfies

this follows by contradiction. We know that X is a smooth vector field, hence it is
continuous and therefore the sequence X (7,,, (t)) converges uniformly on [0, 1] (because

Yn., (1) does and thus 4, (t) too). For every m € N, we have

s0, because of uniform convergence

lim i (t) = doo(t),

m—0o0

and by continuity
i X, (2 () = Xie(200(t)),

Therefore
A(t) = Xk (y(1)).

We conclude that v is in fact one time continuously differentiable. By bootstrapping we

see even that v € C°°([0, 1], T* M), this means v € P’(K,q,q). O
Lemma 2.4.2. Let g€ M, ¢ € U(q, K). Suppose that there exist functions fs,h: R —

R with fx(t) = 400 if t — 400 such that

dim P HF (K, q,¢) = fs(t).

kEZ

Fixr € R\ S(K,q,q). Then there exist numbers a,b € R\ S (K,q,q") satisfying
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b>a>r such that
dim @P HF" (K, q,¢') > 0.

kez
Proof. Fix r € R\ S(K,q,q¢'). Recall that dimHF{(K,q,¢') is finite for a € R\
S (K, q,q') because P*(K, q,q') is a finite set. We refer to [30] and [3]. Then we know that
dim @&yez HFL (K, q,¢') is finite. Due to assumption we know that there exist functions
such that dim ®gez HFZ(t)(K, ¢,q) = fs(t) with fg(t) — oo for (t — o0) and the claim
follows. O

Remark. Note that Lemma 2.4.2 can be used to deduce the existence of action windows:
Due to [25] we know that the action spectrum S (K, ¢, ¢’) is compact and nowhere dense
in R. Therefore, if we have found an interval (a,b] as in the lemma, we know that
there exists an o' € R\ S (K, ¢q,¢) with o’ > a such that for all Floer-Homology classes
V] € Brex HF\ (K, q,¢') it follows that Ax(v) € [a/,b]. The latter interval is an

action window for K, ¢ and ¢'. O

Lemma 2.4.3. Let H be a Hamiltonian and consider for k € N and for ¢ € {1,...,k}

k sequences (x})._ of solutions of Hamilton’s equations (4.19). Suppose there exists an

ieN
N € N such that for all t1,05 € {1,...,k} with {1 # ly it holds true that Ay (xg) =+
Ay (mé\;) Then there exist k mutually disjoint action windows [ag, be], i.e. if {1 # {5 it

follows that [ag,,be,] N [ar,,be,] = 0, k subsequences () and k solutions vy, such

meN
that

AH (Izm) € [ag, bg]
for all i, > N with x" — ~, (for m — o0) and Ay (v¢) € [ay, be).

Proof. The proof follows from the finiteness of k, the continuity of Ay and the previous

lemmas. O

2.5 The growth of the fundamental group (M)

Since M is a closed manifold, its fundamental group 71 (M) is a finitely presented group.
Consider, more generally, a finitely generated group G. Choose a finite set S of gener-

ators of G. For each positive integer m, let vs(m) be the number of distinct elements
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in G which can be written as words with at most m letters from SUS™!. Hence vg(m) is
the number of vertices of the Cayley graph of GG with respect to S that lie in the closed
m-ball centered at the neutral element.

According to Milnor [33] we know that the following limit exists, but depends on the
choice of S. Tt is called the exponential growth.

1
VG, S) = lim 288N gy (2.18)
m—+00 m

We say that G has exponential growth if v(G,S) > 0, i.e. if yg(m) = ™.
The polynomial growth of G is defined as

Y(G) = limsupM € [

0, +00). 2.19
m—too  lOgm ] (2.19)

This limit indeed does not exist necessarily, but it independent of the set of generators S.
One says that G has polynomial growth if v(G) < +oo. By Gromov’s theorem from [21],
a finitely generated group G has polynomial growth if and only if G has a nilpotent
subgroup G of finite index (that is, G is virtually nilpotent). The growth v(G) of these
groups is highly computable: The equality v(G) = ~v(G;) follows from Corollary [18,
Corollary IV.24] and the fact that the growth of groups is a quasi-isometry invariant.
Let (Gk)k21 be the lower central series of Gy inductively defined by Gii1 = [G1, Gil.

Then the Bass—Guivarc’h formula

Y(Gr) =) kdim((Gk/Gri) @2 Q) (2.20)

k>1

holds true. We in particular have that v(G) is an integer.

Examples. If a closed manifold M admits a Riemannian metric of negative sectional
curvature, then (M) has exponential growth, i.e. v (m(M)) > 0. We refer to Mil-
nor [33, Theorem 2| for details. The fundamental group of the 2-torus 72 := R?/Z?
is given by m (T?) = Z?, therefore vi1,0),01)1(m) = (m + 1)> + 1 and hence T? has
polynomial growth « (m (7?)) = 2. Similarly for the d-torus 79 := RY/Z¢ we get
7y (7r1 (Td)) =d.
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Let M be a manifold whose fundamental group is given by 7 (M, -) = {Id, a} which
is torsion free, i.e. there exists no natural number ¢ such that a’ = Id. Then it follows

that vy(m (M, -)) = 1. O
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Chapter 3

Asymptotic Results

In this chapter we state the asymptotic results and prove them. We will show expo-
nential and polynomial growth of the growth function CF 4 5, under certain topological
conditions imposed on the base manifold M. Further, we will prove linear growth of
CF,  » without additional assumptions.
Let (M, g) be an n-dimensional closed connected Riemannian manifold and denote by
:= diam M the diameter of M. Consider a fiberwise starshaped hypersurface ¥ C T*M
in the cotangent bundle 7*M and a Hamiltonian function F': T*M — R homogeneous
of degree two. As it was done for the explanation of the setting in Section 2.2, assume

that 1 is a regular value of F such that ¥ = F~' (3).

3.1 Exponential and polynomial growth of the number
of solutions

If the fundamental group of M has exponential resp. polynomial growth, then we can
show that the number of solutions of Hamilton’s equations grows exponentially resp.
polynomially in time, independently of the starting and the end point. For the notion

of growth of groups we refer to Section 2.5.

Theorem 3.1.1 (Exponential and polynomial growth of the number of solutions). Let

q€ M. If 1 (M, q) has exponential growth, then for every ¢ € M the number of orbits
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of the flow Yl|s, from X, to Xy grows at least exponentially in time,
CF g x(t) = €.

Analogously, if m1(M,q) has polynomial growth k, it follows that for every ¢' € M the

counting function CF, y 5 grows at least polynomially in time,
CF,g5(t) = t".

Proof. Assume first that ¢’ is not X-conjugate to ¢. Choose a Riemannian metric g on M
such that G < F and such that ¢,q' are not g-conjugate. Let 8f,... ,ﬁf be a set of
generators of 1 (M, q). Let ¢; be the length of a shortest curve in M representing f3;, and
set ¢ = max {/ly,...,¢;}. Fix a path c from ¢ to ¢’ of length < diam(A/, g). Composition
with ¢ induces a bijection

(M, q) — m (24 M) .

For m € N let y5(m) be the number of elements in (M, q) that can be written as
words of length < m in the generators 8, ..., Bf. Then we find vg(m) elements «
in different components of my(€2, M) that can be represented by geodesics of length
< {m + diam(M, g). Set b = 5 (¢m + diam(M, g))z. Increasing b slightly if necessary,
we can assume that b ¢ S(G,q,¢) U S (F,q,q'). By Lemma 3.2.3, the homomorphism

induced by inclusion
HO (gb(q) qu CV), Q) — HO (gab(qv qla Oé), @) .

has rank at least one. In view of Proposition 2.2.5 we thus find at least yg(m) elements «
in different components of WO(Q; o M) that can be represented by Reeb chords of action
< ¢m + diam(M, g). This implies the proposition in the case that ¢’ is not ¥-conjugate
to q.

Assume now that ¢’ is X-conjugate to ¢q. Choose a sequence of points ¢/, in M
that are not Y-conjugate to ¢ and such that ¢/, — ¢’. For n large we can canonically

identify 7o (€, , M) with mo(Q, ,M). For a € mo(Q} M) of word-length < m we find as
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above Reeb chords 72 of action < ¢m + diam(M, g) from ¢ to ¢,. By the Arzela—Ascoli
theorem, a subsequence of v5 converges to a Reeb chord v* from ¥, to ¥, of action
< ¢m + diam(M, g). Since v* lies in class «, the Reeb chords y* are all different.

The steps above can be done for every m € N. Knowing that the function yg(m)
grows exponentially resp. polynomially in m, we can conclude that the counting function

CF, ¢ » grows exponentially resp. polynomially. This concludes the proof. m

3.2 Existence of Reeb chords and linear growth

If M is simply-connected, then we can prove that the function CF,, 5 grows at least
linearly. This conclusion implies that there are infinitely many solutions of Hamilton’s

equations (2.8) from ¥, to ¥,.

Theorem 3.2.1. Let M be simply-connected and choose points q,q' € M. Then the

counting function CFy g5 grows at least linearly,
CF,yx(t) =t.

Remark. We consider for this proof singular homology with respect to coefficients in a
field F,. This we do for convenience. The result due to Serre, which we will use below,

admits more general coefficient groups. O

Proof. Let G1 and K be the Hamiltonians introduced in (2.10) and recall that ¥ =
K (4). Choose ¢ € M and ¢’ € V(q).

Let us restate a result of Serre’s thesis [46]: For any simply-connected space M
there is an infinite number of integers & for which the Betti numbers by (M, F,) of the

corresponding (based) loop space QM are not zero, so
H{k € Z | by(QM,F,) £ 0} = +oc.

Let dim M = n and choose a subsequence kg, ¢ € N, of those k’s for which b, (QM,F,) #
0 such that

2n < ky < kg < ...
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and

|k‘g — kg_1| > 2n. (31)

Let a € Ry. Due to Proposition A.0.9 we know that there exists a constant ¢ = ¢(g)

such that for all £ > 1 it holds
Hy (E%(q,¢);F,) =0 for k% c(g) > a.
According to Serre we know that
dim Hy, (9, ,M) >0,
and due to Lemma 4.8.6 (which follows from Gromov’s theorem A.0.6)
dim Hy, (€*(q,¢")) > 0, (3.2)

for an a, satisfying
1 —
3 (Ckg)Q > ap > c(g)k] .

/

Note that this intermediate result is independent of the points ¢,q¢’. For ¢ large

enough we can suppose,

c(g)ki > % (U (k[ + Mdim M)) : (3.3)

We then re-choose the sequence (k;),.y from above such that

clg)ki g > % (6 (k’g + M dim M)) . (3.4)

So for every ¢ we have,

Qe—1 . ay
ke € [ ) + 2dim M, @} : (3.5)

Now let (¢).),n be a sequence such that ¢. € V(q) for all r and ¢. — ¢ ¢ V(q) as
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r — oo. Since (3.2) does not depend on ¢, ¢, the estimates (3.2) hold for every r.

Fix a = ¢(g)k? and b = %(Uk’g)Q + & with € > 0 such that a < b if necessary.
Replace a by a sufficiently close ag such that ay < a resp. replace b by a sufficiently
close by satisfying by > b, if a resp. b should be an element of the action spectrum of F
or of G. Choose 0 > 0, > 1 such that a/o, ob lie also not in the action spectrum of F

and of G. Because of (3.2) and Lemma 3.2.4,
Hy (Q€“Y(q, . );F,) = Hy, (€%(q,4.);F,) #0,
for all @’ < a due to construction. Choose ¢’ = a/o < a. Then,
Hy, (Q€“/7*(q,q.);F,) = Hy, (€%(q, ¢.); F,) — Hy (E(q,¢));F,) .

because of the choice of b and Gromov’s theorem A.0.6 the map is a surjective homomor-
phism. Therefore, the rank of the homomorphism in Proposition 2.2.4 does not vanish:

So there is for all r and for all ¢ a non-trivial Floer homology class
] € HF 7Y (K. 0. q))

Finally, we apply Lemma 2.4.1 to the sequence 7% So there is a subsequence of ~¢
which converges to a solution v¢. Because of (3.1), of (3.5) and via Lemma 6.2.4 we know
that the ConleyZehnder index k’ of 7' satisfies k‘, # k’ if £ # ¢'. According to the
estimate (3.4) we see that the interval between k, and ks, is constant. Therefore, the
counting function CFy . 5, grows for all pairs of points at least linearly. This concludes

the proof. 0

Theorem 3.2.2. For any fiberwise starshaped hypersurface ¥ over M and for any two

points q,q' € M the function CF, 5 grows at least linearly,
CF ¢ 5(t) =t.

Proof. 1f w1 (M) is infinite, the theorem follows from Theorem 3.1.1, since then (M)

grows at least linearly. Indeed, if 7 (M) grows only polynomially, Gromov’s theorem
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in [21] implies that 71 (M) has a nilpotent subgroup I' of finite index. Its growth agrees
with the one of m(M) in view of the following fact: It follows from Corollary [18,
Corollary IV.24] and the fact that the growth of groups is a quasi-isometry invariant.
By the Bass—Guivarc’h formula (2.20) v(I") is a non-negative integer. If 4(I") = 0, then
all the quotients ['y/T'y4; are finitely generated Abelian groups that are torsion, and
hence finite. Thus I' = I'; is finite too.

So assume that 7, (M) is finite. Let p: M — M be the universal covering space. Since
71 (M) is finite, M is compact. Let >} C T*M be the fiberwise starshaped hypersurface
covering ¥ C T*M. Given ¢,¢ € M choose lifts §,¢' € M. Reeb chords from §Jq~ to iqp
project to Reeb chords from ¥, to ¥, of the same action. We can thus assume that M

is simply connected. To conclude the proof we apply Theorem 3.2.1. O

Lemma 3.2.3. Let X be a topological space and Y C X a subspace. Then the map

to: Ho(Y) — Ho(X) induced by inclusion does not vanish.

Proof. Fix a point y € Y. Then [y] € Ho(Y), and to([y]) = [y] € Ho(X) does not

vanish. O

Since we want to apply Theorem 2.2.4, the following lemma is very important for
our purposes. In particular we will use it to prove that the rank of the homomorphism

induced by inclusion does not vanish. By ﬁk we denote reduced homology.

Lemma 3.2.4. Let q,¢ € M. Fiza <b and k € N. Assume
Hy (€%(q,q');Fp) = 0.

Then
Hy (€(q,q); F,) = Hy (Q€“¥ (¢, ¢'):F,) -

Proof. The proof follows by the long exact sequence of the pair £%(q,¢') C £%(q, ¢)
0 — H, (Sb(q,q’);F,,) — Hp (5b(qaq,)75a(q, q/>§Fp) — 0,

and the isomorphism Hy (Eb(q, 7),Eq,q); IFp) ~ H, (QE(“’b}(q, q); IFp) : O
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Chapter 4

Special Configuration Spaces (M, g)

In the following paragraphs we will focus on special configuration spaces (M, g). Sym-
metric spaces, in particular Lie groups. and in addition configuration spaces (M, g) with
assumptions on their fundamental groups m (M, ) will be the the examples. It is the
goal to find many Reeb chords starting in >, and ending in ¥,. One way to achieve
this is to use existing results concerning the length spectrum of (M, g). We will use
this information and other geometric properties of (M, g) to count Reeb chords on the
hypersurface ¥. In order to do this, we have to apply infinite-dimensional Morse theory
for the energy functional. By providing definitions, lemmas and proofs, we go on step
by step and present the details of this vast and technically rather involved subject.
Again as in Chapter 3, let (M, g) be an n-dimensional closed connected Riemannian
manifold. Then the hypersurface > C T*M shall be fiberwise starshaped and we choose
the 2-homogeneous Hamiltonian function F': T*M — R as constructed in Section 2.2.
Assume that % is a regular value of F such that ¥ = F'~! (%) In addition we introduce

the following convention.

Convention 4.0.5. Let (M, g) be furnished with a Riemannian metric g such that the
Hamiltonian functions F, G defined in Section 2.2.1 satisfy

F>G.

Denote by d := diam(M, g) the diameter of (M, g).
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4.1 Towards a finer quantitative understanding

As explained in the introduction of this thesis, one is interested in describing quantitative
existence results of Reeb chords. These results should be as concrete as possible. The
next proposition, which is qualitatively a similar result as Theorem 3.2.1, should be seen
as a starting point for more concrete results concerning this direction. The proof uses
different ideas and results than the statements presented later on. Naimly, we apply

ideas of Schwarz [50], for more details see Appendix B.

Proposition 4.1.1. Let M be simply-connected. Then for every pair of points q,q € M
and for every k € N there exist at least k Reeb chords T,: [0,1] — T*M, ¢ € {1,2, ..., k},

from X, to Xy satisfying the time bound
T(.ﬁfz) S Qk:(n — 1) .

Hence CF, y x(g9(k)) > k, where g(k) := Ck(n — 1).

This proposition proves linear growth of the counting function CF, x, similar to
Theorem 3.2.2. Whereas the constants of this case are much harder to understand:
The constant C' is Gromov’s constant found in the proof of Theorem A.0.5. It might
be possible to get bounds on C. Nabutovsky and Rotman considered this point of
view in [37, Chapter 8]. The proof of Proposition 4.1.1 is given in Section 4.6. From
Proposition 4.1.1 the case of finite fundamental group follows at once by passing to the

universal cover (cf. Remark 7.8 in Gromov [22]).

Remark. By assuming further conditions on the base manifold M, one gets a better
upper bound. For example — see the discussion above — if M is a simply-connected and
closed manifold satisfying Hyo(M, Q) # 0 then the time estimates in Proposition 4.1.1
can be improved to

T(ﬂfe) S Qk )

because of Hi(QM, Q) = Hy(M,Q) 22 0, see [49]. Further, it is readily seen that Propo-
sition 4.1.1 implies the existence of infinitely many solutions of Hamilton’s equation
starting in some and ending in any possibly other point of M. For geodesic flows, this

result was already known due to Serre [46]. O
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4.1.1 Applying infinite-dimensional Morse theory

We will use infinite-dimensional Morse theory to get more precise quantitative existence
results of Reeb chords on Y. We describe this approach in the following paragraphs.
For the next steps we follow Chang [16] and Palais [40]. Let W be a C*-Hilbert

manifold.

Definition 4.1.2 (Palais-Smale condition, [16]). Given f € C'(W;R) and ¢ € R,
we say that f satisfies the (PS). condition if any sequence (Tn,),oy C W along which
f(zn) — ¢ and df (z,) — 0 (for n — o0) possesses a convergent subsequence. We say

that f satisfies the (PS) condition if it satisfies (PS). for all ¢ € R.

If f is a proper C'-function f : @ — R on some topological space @ (i.e. f~'([a,b])
is compact in @ for all closed intervals [a,b]) then f satisfies automatically the (PS)
condition. But since W is infinite-dimensional, i.e. not locally compact, it is impossible
that f is proper on W. Nevertheless, such an f can fulfill the Palais-Smale condition.

Define the critical set K of f € C*(W;R) by
K:={zeW|df(x)=0}. (4.1)
Lemma 4.1.3. Let [a,b] C R. If f € CY(W;R) satisfies (PS). for all ¢ € [a,b], the
critical set Kigp := K N f~([a,b]) is compact.

Proof. Choose a sequence (), oy such that (z,),.y C Koy, then f(x,) € [a,b] and
df (z,) = 0 for all n. The (PS). condition for ¢ € [a,b] implies the existence of a
convergent subsequence (xn].)jeN and of a ¢* = ¢* ((2,),,cy) € [a,b] such that f (z,,) —

c* if (j = 00). Hence K, is compact. O

Corollary 4.1.4 (|16]). If f € CY(W;R) satisfies the Palais-Smale condition (PS). for
c €R, then K.:= KN f~!(c) is compact.

Proof. If (xy),cn C K., then f(z,) = c and df (x,) = 0 for all n. The (PS). condition

implies the existence of a convergent subsequence and hence K. is compact. O
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Lemma 4.1.5 ([16]). If f € C*(W;R) satisfies the Palais-Smale condition (PS). for
all ¢ € [a,b] and if KN f~([a,b]) = 0, then &g, 8y > 0 such that

ldf (@) > 2oV € £~ ([a — do, b+ o).

Proof. If not, there exists a sequence z,, € f~! ([a — %, b+ %D ,n=1,2,..., satisfying
df (x,,) — 0. According to (PS). for all ¢ € [a, b], there exists a convergent sub-sequence

T, — =¥, which implies z* € K N f~*([a, b]). This is a contradiction. O

Proposition 4.1.6 ([40, Page 307|). If p is a critical point of f € C*(W;R) then there
is a uniquely determined continuous symmetric bilinear form H(f), on T,W, called the

Hessian of f at p, with the following property: If ¢ is any chart at p

H(f)p(v,w) =d* (fop™) ., (pv), p(w)) (4.2)

»(p)

Given a Banach space V and a bounded symmetric bilinear form B on V we say

that B is non-degenerate if the linear map

T7:V — Vr
v +— T(v)(-) = B(v,-)

is a linear isomorphism from V to V*, otherwise B is called degenerate. Thus there is
a dichotomy of critical points of f into non-degenerate and degenerate critical points.
We define the index of B to be the supremum of the dimensions of subspaces @) of V'
on which B is negative definite. Denote by v the nullity of T, i.e. the dimension of the
subspace N C V such that Vw € N : T'(w) = 0. This means that if vp > 0, then T is

not an isomorphism.

Definition 4.1.7 ((Non-)Degeneracy and Morse-index, [40]). Let f be a C*-real valued
function on a C*-Hilbert manifold W and p a critical point of f. Then p is (non-)de-
generate if the Hessian H(f), of f at p is (non-)degenerate. The Morse index of f at p
is defined as the index of the Hessian H(f), of f at p.

Proposition 4.1.8. Suppose that the function f € C*(W;R) satisfies the Palais-Smale

condition (PS). for all ¢ € la,b] C R and has only non-degenerate critical points
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in f~Y([a,b]). Then the set
Koy (f) ={z e W | f(x) € [a,b] and df (z) = 0}

18 finite.

Proof. This is a consequence of the fact that non-degenerate critical points are isolated

and of Lemma 4.1.3. OJ

Recall from Klingenberg [28] that the path space Q, ,M carries the structure of
a smooth Hilbert manifold. This means that the tangent spaces of this manifold are

Hilbert spaces. Let us consider as f the energy functional on chhq,M given by

g: Q}Z,QIM —) R
v o= E() = ) g((E), A () dt.

This functional is of class C? on Q;’q/M and satisfies the Palais—Smale condition, see
Abbondandolo—Figalli |1, Propositions 4.1 and 4.2]. According to Jost [26, Chapter 5.1]
the differential d€(v) in a point v € Q M vanishes (i.e. 7 is a critical point of £) if

and only if 7 is a geodesic segment:

Lemma 4.1.9 ([26]). Ify € chbq,M, then v is a critical point of the energy functional €

if and only if v is a geodesic segment from q to ¢'.
Proof. See Lemma 5.1.1 in [26] and the remarks below. O

Note that a geodesic segment is necessarily parametrized proportionally to arc-
length, [32, 26]. This means by Lemma C.3.4 that a geodesic segment is also a critical
point of the length functional £. Since L is invariant under reparametrizations, if one
is interested in finding critical points of £, one could look for critical points of £ in
the class of paths parametrized proportionally to arc-length. But the functional £ has
better analytic properties. (For instance, £ is not differentiable at paths of length 0.)

Moreover, for such a geodesic segment -, it is explained in [26, Chapter 5.1| how to

compute the second variation of £ at the point 7. This leads to the definition of the
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so-called index form of the geodesic segment ~,

1
L(X,)Y) 12/0 <g’y(t) (V%X, V%Y> — gy (B(Y, X)Y, 7)) dt (4.3)

for X,Y € TWQé’q,M . Using the symmetries of the curvature tensor R as well as the
properties of the Riemannian connection V, one concludes that /,(X,Y") is bilinear and

symmetric in X and Y. Integrating by parts yields

1
LIX.Y) = g0 (V4X.Y) (O

1
—/ (gv(t) (V%V%X, Y) — Gy (B(7, X)Y, ﬁ)) de. — (4.4)
0
Applying now the Cauchy-Schwarz inequality, we get
1L,(X, Y) < CXO) Y5,

where

1
2

1
||Y||’Y = (A <g'y(t) (v%K V%Y> —I— g’y(t) (Y, Y)) dt) fOl" Y E T’YQ;,QIM'

Note that if one chooses local coordinates in a neighborhood of ~(t), ¢t € [0,1], then

clements X, are of the form X, = Xf/(t

standard Sobolev norm of W2 ((a,b),R™). So I,(X,-) is a bounded linear functional

y0;; hence ||X||, coincides locally with the

on the Hilbert space TWQ;q,M and hence continuous. The same argument applies to
the X-variable. Due to the Lax-Milgram theorem, see for example [51, Aufgabe V.6.18|,
it follows that I, is a continuous bounded bilinear symmetric operator on TVQ;q,M X
TWQé,q,M . Therefore, by Proposition 4.1.6 we know that the Hessian of the energy
functional &€ in v is of the form H,(£) = I,. For the understanding of the Morse-index
resp. of the nullity of the geodesic segment 7, we follow |26, Sections 5.2, 5.3|.

Definition 4.1.10. Let v : [0,1] = M be a geodesic segment. A wvector field X along v
is called a Jacobi field if
VAV%X+R(X,’7)’7 =0.

dt
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The following lemma follows at once from (4.4).

Lemma 4.1.11 (Lemma 5.2.1, [26]). A wvector field X along a geodesic segment ~ :
[0,1] = M is a Jacobi field if and only if the index form I, satisfies

L(X,Y)=0

for all vector fields Y along v with Y(0) =Y (1) = 0.

The space of Jacobi fields is not empty: Given v,w € T, M, there exists a unique

Jacobi field X satisfying X (0) = v and VX =w,see Lemma 5.2.3 in [26].

Definition 4.1.12 (Conjugate points along a geodesic). Let vy : [0, 1] — M be a geodesic
segment. For to,t; € [0,1], v(to) and y(t1) are called conjugate along v if there exists a
Jacobi field X (t) along ~y that does not vanish identically and satisfies

X(ty) = 0 = X ().

Let V, be the space of vector fields along the geodesic segment v : [0,1] — M.
Further, denote by V7 C V, the subspace consisting of all vector fields V' along v
satisfying V(0) = V(1) = 0.

Lemma 4.1.13. Let v : [0,1] — M be a geodesic segment. Then there is no pair of

conjugate points along v if and only if the index form I, is positive definite on V3.

See the proof of Lemma 5.3.1 in [26].
In accordance with Definition 4.1.7 we introduce the Morse-index of a geodesic seg-

ment.

Definition 4.1.14 (Morse-index of a geodesic segment). The Morse-index u(vy) of a
geodesic segment v : [0,1] — M 1is the dimension of the largest subspace of V. on which
L, is negative definite. The nullity v(vy) of 7y is the dimension of the largest subspace of

Vf; on which I, is zero.

For the development of Morse theory in the infinite-dimensional setting the following

lemma is fundamental.
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Lemma 4.1.15 (Lemma 5.3.2, [26]). For a geodesic segment v : [0, 1] — M the numbers
w(y) and v() are finite and

v(v) =dim {X € V| X a Jacobi field } .

Proof. See the proofs of Lemmas 5.2.1 and 5.3.2 in [26]. H

Lemma 4.1.16. Let v:[0,1] — M be a geodesic segment.
v(y) = 0 <= the points v(0) and v(1) are non-conjugate.

Proof. The proof follows easily from the definitions. O

According to Definition 4.1.7 and the previous explanations, we see that if ¢ and ¢’ are
non-conjugate along every geodesic segment 7y, then the energy functional £ is a Morse
function on Q; oM since all its critical points are non-degenerate. For given ¢ € M, the
points p € M that are non-conjugate to ¢ lie dense in M and form a set of full measure
with respect to the Riemannian measure on M. This follows from the fact [29, Chapter
10] that the exponential map exp, : T,M — M is a local diffeomorphism at V' € T, M
if and only if ¢ is not conjugate to p = exp, (V') along the geodesic v(t) := exp,(tV),
t € [0,1], and from Sard’s theorem.

Corollary 4.1.17. Fix a real number a > 0 and g € M. Then for almost all p € M the

critical points of the energy functional £ with energy at most a

K0 (€) € E%q,p)

build a finite set.
Proof. Immediate application of Proposition 4.1.8. m

We would like to develop the ideas and the reasons why we are interested in under-
standing the circumstances which allow the energy functional £ (on some path space)

to be a so-called perfect Morse function. This involves the development of some other
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parts of (infinite-dimensional) Morse theory. For an explanation of this class of Morse
functions we refer to Chapter 6.

Define for a geodesic segment ~ € Q;q,M as a critical point of £ with £(7)

Il
o

according to Chang [16| the so called r-th critical group with coefficient field F

Co(&,7) =H,(£%q,¢) NU,, (E(q,d) \ {7}) N U, F)

where r € Ny and U, C Qé’q,M is an open neighborhood of v such that ~ is the only
critical point of £ in U,. This means K NU, = {y} for K = {n € Q, .M | d€(n) = 0}.
Recall the definition of £¢(q,¢’) in (2.5). The group C,.(£°(q,q’),~) does not depend on
the U, chosen, as follows from the excision property of homology. We know that if ¢ is
non-conjugate to g the critical values of &£ lie isolated on the real line and have finitely
many associated critical points. Indeed, suppose the critical values of £ accumulate
near b € (0,a), so K, builds an infinite set and therefore ¢, ¢" are conjugate in view of

Lemma 4.1.17. So, there is an ordering of critical values as
0<cp<cr <y <...
because &£ has values only on the closed positive real half line. Define
K. = {z;-};iil CK, i=0,1,2,...,
such that & (z;) =c¢,Vje{l,..,m;}. Choose 0 < gy < ¢; and for every i choose
0<e <min{ci1 —¢,c—cq1}, i=1,2,3,....

For a pair of regular values a,b € R with a < b, define the r-th Morse type number of
& with respect to (a,b), r € Ny:

M,(a,b) := Y dimH, (€% (q,¢),€(q,¢');F). (4.5)

a<c;<b

Suppose a non-degenerate critical point v of £ has Morse index ind(y) = 7 € N.
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Then there is the following connection to the critical groups, [16, Theorem 4.1]:

F, ifr=y

0, ifr##j.

Cr(E,7) =

One can prove (see again Chang [16]) that for an (isolated) critical value ¢ of £ and

K. = {#}_, and for sufficiently small £ > 0,

H. (8C+E(Q7 ¢),E(a,d); F) = H, (&(q, C]/), Eq, q/) \ Ko;F) = @ Ci(€, zj).
j=1
This implies the following connection between the critical groups and the Morse type

numbers of &:

M, (a,b) = Z ZdimCr (S,zé) , 7 € Np.

a<e;<b j=1
By assuming the finiteness of the coefficients of the following series, we get the follow-
ing implicit statement of the Morse inequalities for £ on €, M, see Theorem 4.3 of

Chang [16],

Z M, t" = Z /BrtT + (1 + t)Q(t)v (46)
r=0 r=0
where () is a formal series with nonnegative coefficients, M, = Z;Zl dim C,.(&, ),

{21,.., 21} = KN EYa,b]) and where 3, = B.(a,b) = dimH,(E%4q,q),E%q,q);F)
for r € Nj.

As an application, let (;),_n be a sequence of of isolated local minima of £. Then

JjeN

F r=0
Cr(€, 7)) =
0 r=#0,

by definition of singular homology.

Consider for a regular value D > 0 of £ the space £ (g, ¢') and choose a real number

b> max €&
n€K|o,p)(€) (77)

98



which exists since Kjg pj(€) consists only of finitely many critical points and analogously
a < mingex, ¢ €(n). We replace in the exposition above Q;q,M by €P(q,q"). Then
M, = M,(a,b) is the number of critical points of £ on £P(q, ¢') of Morse index r, while
B, = Br(a,b) is the r-th Betti number of the space £P(q,q'). For this latter space the
coefficients in (4.6) are finite and the series exist.

Recall the notion of a perfect Morse function. In this particular setting it means the
following: The energy functional is an F-perfect Morse function on £P(q, ¢') if it holds
true that

S S ar
r=0 r=0

Equivalently, @ = 0. This is also equivalent to
M, = ﬁru Vre NOa

i.e. the number of critical points of f of Morse index r equals the r-th Betti number of
EP(q.q).

More generally, if F is a Hilbert manifold and F' C E a compact subspace, a Morse
function f on F is called F-perfect if the associated Morse series and Poincaré series are
equal. See Section 6.1 for more details concerning perfect Morse functions.

Consider the Morse homology for the energy functional on the path space Q;’ oM of
a Riemannian manifold (M, g) with ¢’ non-conjugate to q. We denote these homology
groups by H, ({CM, (&,),0.};F), following the notation used in [3]. This version of
Morse homology for Hilbert manifolds is explained in |2, 3].

Definition 4.1.18 (Homological Visibility). Let (M, g) be a closed Riemannian man-
ifold, and let q,¢' € M be non-conjugate. A critical point v of the energy functional
&y Q}M,M — R is called homologically visible, if

0,y =0 and [y] #0 in H, {CM., (&,),0.};F).

If we have given a manifold F admitting an F-perfect Morse function f, then we
know that every non-degenerate critical point p of f is homologically visible. If we

suppose that ~ is the only global minimum of &£, then the Morse inequalities imply
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Bo(a,b) = Moy(a,b) =1, i.e. this global minimum is homologically visible.

Nabutovsky and Rotman discover — see for example Theorem 4.7.1 — a collection
of geodesic segments on an n-dimensional Riemannian manifold satisfying some length
bound. Note that they suppose n > 1. We wish to be able to see that these geodesics
are homologically visible. Then we can use the Abbondandolo-Majer respectively the
Abbondandolo—Schwarz isomorphisms to find the same number of Reeb chords on the
starshaped hypersurface ¥ C T* M with the given length bound which is directly related
to the action bound. By doing so, we get some insight into Gromov’s constant C'
Therefore, in our setting, we need to prove that the energy functional &£ : Q;q,M — R

is an F-perfect Morse function on Qé’ oM for some coefficient field F.

Remark. An other idea to achieve that every geodesic which is found by Nabutovsky
and Rotman is homologically visible could go along the following question: Is there a
Riemannian metric on M such that every geodesic on M is non-degenerate (as a critical
point of £) and homologically visible? But the author has no idea how to go in the
direction of an understanding of this question. If the Riemannian metric of g on M
is bumpy, then there are finitely many geodesics, hence they lie isolated and are non-
degenerate. But this does not imply homological visibility. Consider for example the
height function f on the “heart shaped” sphere in two dimensions as in Figure 4.1. Then

f has four non-degenerate critical points, but only the minimum is homologically visible.

O

The steps explained above shall be carried out in some detail. Let (M, g) be an
n-dimensional closed connected Riemannian manifold. Suppose that the Riemannian
metric ¢ satisfies the Convention 4.0.5. Moreover, denote by d := diam(M,g) the
diameter of (M,g). Choose two distinct points ¢,¢' € M such that ¢’ is not con-
jugate to q. Let Q}Lq,M be the associated path space. Assume that there is some
coefficient field F such that the energy functional £ is an F-perfect Morse function
on € M. (See the Section 4.2 for statements when this assumption holds.) Fix
a natural number £ € N. Then according to Theorem 4.7.1 there are k geodesic
segments xy, £ € {1,...,k}, connecting ¢ with ¢’ in M, satisfying the length bound
L(xg) < 2n(k + 1)%d [< 22(k — 1)d + dist(q,¢')], V¢ € {1,...,k}. The expression in
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Figure 4.1: A representation of the mentioned “heart shaped” sphere S2. The points m,
and msy are local maxima and a linear combination of them is homologically visible, i.e.

represents the generator of H, <§2;]F>. Whereas mj3 is a local minima and my is the

global minima, which represents zeroth degree singular homology Hy (gz; IF)

square brackets refers to the 2-dimensional case, see Section 4.7. Since the x, are geodesic
segments, one interpretes them as smooth paths connecting ¢ with ¢’ parameterized by
arclength. By Lemma C.3.4 we can conclude £?(x,) = 2E(zy), VL € {1,...,k}. There-

fore we have the energy bound in n-dimensions [ 2-dimensions |,

Ex) < 2(n(k+1)%d)*, vee{l,... Kk}, (4.7)
[5(952) < (22(k_1>d;diSt<q’q/))2,w€{1,...,k}]

Define the real number D(k, d, ¢, ¢) := 2 (n(k + 1)2d)’ [:: (ZQ(kfl)d;diSt(q’q/))z }
Consider for ¢ € M \ ((V(¢))°UC,) the homomorphism induced by inclusion

vt H <€D(k’d’q’q’)+8(q,q’);F) — H; (5”D(k’d’q’q’)+8(q,q’);IF) , (4.8)

where C, := {p € M | ¢’ conjugate to ¢}. For the definition of the set V(q) see Sec-
tion 2.2. We add the summand ¢ > 0 to guarantee that D(k,d, q,¢') and oD(k,d, q,q'),
for 0 > 0, > 1, do not belong to the action spectrum of F' or GG. This can be achieved
because the action spectrum is a compact and nowhere dense subset of R. Note that
the union (V(q))¢ U C, has zero Lebesgue measure in (M, g). Due to the assumption

that £ is an F-perfect Morse function on Q; oM, this implies that each of the k geodesic
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segments found by Nabutovsky and Rotman as explained in Section 4.7 represent dif-
ferent nontrivial homology classes in H, (€D(k’d’q’q/)+5(q, q )JF) All these classes must
exist also in H, (8 oD(kdad)te (g g); IF) due to perfection of £. Therefore, the rank of the

homomorphism (4.8) satisfies
dim ¢; He (5D(k’d’q’q/)+€(qu q’);F) = dim H, (5”D(k’d’q’q/)+s(q, q’);]F) :

We are interested in measuring the time or the reduced action of Reeb chords on
the prescribed hypersurface ¥ = F~! (%) Thus we use the homomorphism (4.8) to

interprete the geodesic segments z, via Proposition 2.2.5 as nontrivial Floer homology
classes of HI*?(’“’Cl"J’CII)J“‘5 (K,q,q;F). This gives the existence of k Reeb chords (as repa-
rameterized restrictions of the Hamiltonian flow lines of K to X, see Lemma 4.8.4),
denoted by Z,: [0,1] = X C T*M for ¢ € {1,..., k} starting in 7,(0) € ¥, and ending

in Z4(1) € ¥,. More precisely, this follows from
dim HFP®440+ (K, g, ¢; F) < dim CFP 40+ (K. g, ¢} F).

Hence, by using Lemma 2.2.2 we can estimate the time for Z,:

A(Fg) = V2 Ak (x0) < /2 (D(k,d, q.¢) +¢),

which yields for all £ € {1,...,k}

2
§z
A

2n(k + 1)%d (4.9)

=
=N
o~
N—
AN

22(k — 1)d + dist(q,¢) ]

because € > 0 is arbitrary small. From the discussion above it follows for i, j € {1, ..., k}

with ¢ < j that Ag(z;) < Ag(x;). This can be done for all ¢ € V(g). So choose a

sequence ¢, — ¢ ¢ V(q), hence we get k sequences of solutions (xgn)meN

27(0) € Ty M and 27'(1) € T; M. We know that for i < j that Ax(2]") < Ax(z]).

satisfying

Observe that we can choose all the b, smaller or equal than the expressions given in

(4.7). Therefore we find by Lemma 2.4.3 k different Reeb chords with ~;(0) € T M and
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v;(1) € T;; M satisfying the time bounds (4.9). So we can state:

Proposition 4.1.19. Choose a natural number n > 1. Let M be n-dimensional [2-
dimensional]. If, for ¢ € M and ¢ € M\ (V(q))°UC,) the energy functional & is an
F-perfect Morse function on Q;q,M, then for every pair of points q,q' € M and for every
k € N there exist at least k Reeb chords Z,: [0,1] = X C T*M, { € {1,2, ..., k}, from ¥,
to Xy satisfying the time bound

hu
eﬁjz
AN

2n(k +1)%d,

[T (2) < 22(k—1)d+dist(q,q") < (22k — 21)d]

where ( € {1,2,...,k}. Therefore CFyy x(g(k)) > k if we define
g(k) :==2n(k +1)%d [:= 22(k — 1)d + dist(q,q) ] .

Let us do the following remark for later use in the Section 4.2.

Remark. If a given lower bound of dim H. (£%(g, ¢”); F) is due to a construction which
uses a certain fized pair of points ¢,q” € M, the homomorphism (4.8) needs to be

adjusted. For this case we have according to Lemma C.2.1
H. (%¢,¢");F) = H. (£7(q,¢); F)

for some other pair of points ¢,¢' € M the additional term d for the energy upper
bound. This leads to the following adjustments of the time bounds for £ Reeb chords

Zy in Proposition 4.1.19

A(Ee) < /2 (2 (nlk +1724)* + d). (4.10)
[Am) . \/2 ((22(k: 1) ; distlg, ) d)
O

In Proposition 4.1.19 we have found k& Reeb chords on ¥ satisfying a certain time

bound. Unfortunately, we do not know anything about their Conley—Zehnder indices.

63



At least we can give an upper bound in terms of the geometry of M.

Corollary 4.1.20. The Conley—Zehnder indices vy of the k Reeb chords T, found in

Proposition 4.1.19 above must satisfy

dim
P
1 :
[W < =V/(22(k — 1)d + dist(q, ¢))? + 8
P

rp <

M
V/(dim M (k + 1)2)? + dim M

where £ € {1,...,k} and p = p(M, g) > 0 is the injectivity radius of (M, g).

Observe the following simplification of the first estimate.

dim

P
(dim M)? o2

< V(G120 +1

< (dim M)?
p

M
re < v/ (dim M(k + 1)%d)? + dim M

(k+1)*d+1) .

Proof. Fix a > 0. Due to Proposition A.0.9 we know that there exists a constant ¢ = ¢(g)
such that for all £ > 1 it holds

Hy (E%(q,¢');F,) =0  for k*c(g) > a.

p
dim M

The constant c¢(g) is given by c¢(g) = 2( )2 where p is the injectivity radius of

(M, g). Choose ¢' € V(q). By using the notation of the proof of Proposition 4.1.19, we
L D(k,d,q,q')+

consider the k Floer homology classes in HF* (bdadyre (G4, q,q;F) which gave rise to

the existence of the £ Reeb chords x, on 3. These k classes can be interpreted via the

isomorphism for ¢ € M\ ((V(¢))°UC,)

L D(k,d,q,q")+ /
HEZ (G, qF) — HL (7049904 (g, ¢ ) ) (4.11)
where C, := {p € M | ¢ conjugate to g}, as representatives of non-trivial singular
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homology classes in H,, (SD(k’d’q’q')“(q, q); IF) of some degree r,. Therefore,

1
2 < Dk d .
r[_c(g) ( ) 7Q7q)

For the case when ¢’ ¢ V(q), one chooses as above k sequences, invokes once again
Lemma 2.4.3, applies afterwards Lemma 6.2.4 to get bounds on the Conley—Zehnder

indices of the k limit solutions and has hence an additional correction summand:

1 .
r; < @(D(k,d,q,q') +2dim M) .

Finally, D(k,d, q,q’) is chosen to be equal to the expressions given in (4.7):

r2 < (CI%QMV ((dimM(k + 1)2<1l)2 + dimM)
{rg - % ((22(k - 1)d;rdist(q,Q’))2 +4)}

4.2 If M is a Lie group or a symmetric space

We are going to prove results concerning the existence of short Reeb chords on Lie groups
and symmetric spaces. Essentially, it will be used that the energy functional is a perfect
Morse function on the respective path spaces. To show these facts, we apply results of
Bott [12] and of Bott—Samelson [14] who use for their work a version of the Lacunary
Principle 6.1.3 and in the case of symmetric spaces a version of the Completion Principle
6.1.4. Because of this and since the two approaches lead to different results and insights,

we treat them individually.
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4.2.1 Variationally complete Lie group actions and orbits of

maximal dimension

In this section we essentially follow Bott—Samelson [14]. Let K be a compact Lie group,

(W, g) a Riemannian manifold and 7 a smooth map

T KxW — W

(k,p) +— w(k)p:=mn(k,p).

called the left action of K on W. Denote by

O(p) = n(K)p = {n(k,p) | k € K}

the K-orbit of p € W in W under the action of . We write also Og(z) to precise
the group H acting on x. Let V' C W be the K-orbit of a point p € W. Then V is a
smooth submanifold of W. It is well known that W can be given a Riemannian metric
gpi such that m(k,-) : W — W acts by isometries, i.e. Va,b € W, k € K : dg,,(a,b) =
dg,, (m(k,a), 7(k,b)). Let us do the

Convention 4.2.1. Throughout this section we choose (W, g) := (W, gy;).

Denote by ¢ the Lie algebra of K identified with the tangent space to IC at its neutral
element. The action of K on W induces a representation of the Lie algebra € of IC by
vector fields on W. These vector fields can be defined as follows. Let X be an element
of ¢ and let h : R — K be the corresponding 1-parameter subgroup satisfying h(O) = X.
The unique homomorphism % is given by t — exp(t.X), see [23, Chapter 2].

Definition 4.2.2 (Infinitesimal C-motions). For x € W, let h, : R — W be the curve
defined by hy(a) = w(h(a))z for any o € R. The assignment & +— h,(0) defines a
vector field X on W, which is called the infinitesimal IC-motion corresponding to X .

More precisely, the map hy(3) - TsR — TyyW is given by ha(B) = dﬁ(h(ﬁ),x)h(ﬁ).

The tangent space to the KC-orbit O(z) at x € W is given by the values of all
possible infinitesimal K-motions at z: T,0(z) = {X(z) | X € £}. On the other hand,
the stabilizor of x given by K, = {k € K | n(k,z) = 2} is a Lie subgroup of K and its
Lie algebra is s, := {X € ¢ | X(z) =0}.
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Definition 4.2.3 (Defect and Maximal Dimension). Let p € W. The defect 6(p) of the
point p is the difference between the mazximum of the dimensions of KC-orbits in W and

the dimension of the KC-orbit of p,

d(p) :== sup dim 7, O(x) — dim 7,0(p) .
zeW

We say that a point p € W has mazimal dimension if its defect is zero, i.e. §(p) = 0.

As an immediate application we get the following statement: We know that for
x € W it holds true that n = dim T, W = dim T,,0(x) + dims,. Therefore, if p € W is

of maximal dimension, it follows for x that

d(z) = dims, — dims,.

Definition 4.2.4. A geodesic v of W s called KC-transversal if for each t € R the
tangent vector 4(t) is orthogonal to the KC-orbit of the point y(t), this means that 4(t) is
orthogonal to the tangent space of the submanifold O(vy(t)) of W at ~(t).

Proposition 4.2.5. The geodesic v is K-transversal if there exists a tg € R such that
Y (to) is orthogonal to O(v(ty)).

See |14, Page 973| for the proof. Therefore, there are a lot of such K-transversal
geodesics, provided that IC does not act transitively on W. If so, there are none since

O(v(to)) = W.

Example. Consider the K = S'-action on W = S? C R? (with the induced metric from

R3) given by the rotation of the sphere around the vertical axis.

R: St x §? — S?
cos(#) sin(¢p) cos(0) sin(p + «)
a, | sin(f) sin(p) —> | sin(0) sin(¢ + )
cos(0) cos(0)

This action is not transitive, but acts by isometries on S?. All geodesics (great circles)

of S? which are S'-transversal pass through the north and the south pole of S?. This
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means that there are infinitely many S'-transversal geodesics. O

Recall that a geodesic variation {V,} of a geodesic v in W is a smooth map V :
R x I — W where I C R is an open interval containing 0, such that for each o € I the
map V, : R — W, defined by V,(t) = V(¢,a) is a geodesic and V = 7. Denote by J,
the set of Jacobi fields along ~.

Definition 4.2.6. Suppose 7 is a K-transversal geodesic. A Jacobi field is called trans-
versal if it is derived from a geodesic variation {V,} of v in which all V,, are K-transversal

geodesics.

Proposition 4.2.7. If v is a K-transversal geodesic, then the restriction of any in-

finitesimal IC-motion to ~y is a transversal Jacobi field.
Again, see [14] for the proof.

Definition 4.2.8. Let v be a K-transversal geodesic and let to € R. We denote by

J;r(to) the subspace of J., of those transversal Jacobi fields which at ty are tangent to the
IC-orbit of y(to).

Let X be an infinitesimal C-motion, which therefore restricts to a transversal Jacobi
field  along the K-transversal geodesic 7. Because of T,0(z) = {X(z) | X € £} we
know that 7 is tangent to the orbit at every point of v, hence n € J¥ (t) for all ¢. Since
we will be interested in the behaviour of transversal Jacobi fields at the two end points
of a geodesic segment s (of some underlying geodesic ), we introduce the following

notion.

Definition 4.2.9 (Variational Completeness). The action of K on W is called varia-
tionally complete if every transversal Jacobi field n, which is tangent to the KC-orbits for
two different points of the underlying geodesic ~y (i.e. for which there exist to,t; € R,
to # t1, such that n € J7(to) N JI(t1)) is induced by K, i.e. is the restriction to v of an

infinitesimal KC-motion.

We will introduce later on the Morse index of a geodesic segment s. If the action
of K on W is variationally complete, then the Morse index of s equals » ., , d(s(t))
which is heavily used to show the “Completability Condition 8.4” of [14, Pages 979, 980].
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We want to introduce now the Morse index for geodesic segments and to relate it to

the notions discussed in this section so far. Therefore, we need to consider path spaces.

Definition 4.2.10 ([12]). If A, B are subsets of W, then Q(W; A, B) denotes the metric
space of all piecewise smooth curves u of the unit interval [0,1] in W from A to B, i.e.
with w(0) € A, u(l) € B, parametrized proportionally to arc-length, with the distance

between two curves u and u' defined as

dow.a,p) (u,u') = sup d(u(t),u'(t)) + |L(u) = L ()] .

te(0,1]
Here d is the distance in W, and L denotes the length of the curves.

Notice that Q(W; A, B) is a subspace of the space of all continuous curves from A to
B. If the latter space is topologized by the compact-open topology, then the inclusion
map is continuous and induces an isomorphism in singular homology, [14, Page 968]|, or
in [32, Chapter 17|. This fact will be used to establish the isomorphism from singular
homology to Floer homology.

Let x € W and let V = O(p) C W be the K-orbit of a point p € W such that z ¢ V'

to avoid trivial complications.

Notation (Transversal geodesic segments). Denote by S = S(W;z, V) C Q(W;xz,V)
be the set of K-transversal geodesic segments, parameterized on [0, 1], with initial point

2 and with terminal point on the submanifold V. O

Similarly, we denote by S(W;V, x) the K-transversal segments starting in V' and ending
in z.

For any ¢y € R, let A,(ty) be the subspace of J, consisting of those Jacobi fields
vanishing at tg, i.e.

Ay (to) == {n € Jy [ n(te) = 0} (4.12)
We next define the Morse index of a geodesic segment s € S(W;x, V).

Definition 4.2.11 (Morse index). The index \s (relative to V') of the geodesic segment
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se S(W;x,V) is given by

A=Y dimJT(1) N AL ().
0<t<1
In words, A is the following: Bott and Samelson call a value ¢, € [0,1) and the point
s(tg) focal (for V'), if there exists a non-trivial Jacobi field along v (the underlying
geodesic of s) that is tangent to V' for ¢t = 1 and vanishes for ¢ = ¢y, see [14, Page 977];
this means if the space J7(1) N A,(to) is of positive dimension. Hence, the Morse index
As equals the number of focal points of s (for V'). The segment s is called non-degenerate
if dim J7(1) N A,(0) =0, i.e. if t = 0 is not a focal value. Also in [14] it is proven that
the Morse index of a geodesic segment is always a finite number, this implies that the
points of maximal dimensions lie dense in . The notion of density is understood with

respect to the topology of W.

Remark. We will consider the situation when the submanifold V' C W just consists
of a point V' = {pt}. In this case, the tangent space of V is zero-dimensional, which
implies that the condition above for a point being focal simplifies to the statement that
the transversal Jacobi field must vanish in both end points, i.e. in V' and in x. Then

this focal point is a conjugate point, see the Definition 4.1.12. O
The following statement shows the importance of the introduced notions:

Proposition ([14, Proposition 9.1, Page 979|). Let the point x lie on a K-orbit of
maximal dimension and suppose the action of IC is variationally complete. Then all

geodesic segments making up the set S = S(W;x, V') are non-degenerate.
The following proposition is a very important result for the coming steps.

Proposition 4.2.12 ([12, Proposition 4.1, Page 259]). Let x € W be a point such that
for all s € S(W;x,V) it holds true that x = s(0) is not focal for V. Then the set

S(W,z, V) contains only a finite number of segments of length less than a given number.

The next proposition is a direct consequence of Definition 4.2.1.
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Proposition 4.2.13. Let p,x € W be two distinct points. If p € W is a fived point for
the action of K on W, i.e. if

Ox(p) = {pr},

then all the geodesic segments starting in x and ending in p are K-transversal and there-

fore elements of S(W;x,p).

Another consequence is that such a geodesic segment s € S(W;x,p) must be a

non-degenerate critical point of the energy functional £ on the associated path space.

4.2.2 An excursion into symmetric spaces

In this section we recall basic properties of symmetric spaces that we shall use later on.
We follow Jost [26].

Let (W, g) be a Riemannian manifold. Recall that a map o : W — W is called an
isometry if o is a diffeomorphism of W onto itself which satisfies 0*g = ¢g. An isometry

o preserves distances, i.e. dy(o(a),o(b)) = d,(a,b)Va,be W.

Definition 4.2.14 (Symmetric Space). A Riemannian manifold (W, g) is called sym-

metric if for every p € W there exists an isometry o, : W — W with

op(p) = p,

dO'p(p) = —Idpr.

Such an 1sometry is also called an involution.

Lemma 4.2.15. An involution o, : W — W of a symmetric space reverses the geodesics
through p. Thus, if v : (—e,e) — W is a geodesic with v(0) = p (as always parametrized
by arc-length), then o,(y(t)) = v(—t).

Proof. The isometry o, maps geodesics to geodesics. If «y is a geodesic through p (with
7(0) = p), then
doy(p)(7(0)) = =¥(0).

The claim follows since a geodesic is uniquely determined by its initial point and initial

direction. O

71



Lemma 4.2.16. Let v be a geodesic in the symmetric space W, 7 € R and v(0) = p,
(1) = . Then,

2 (op(7(#))) = ~(t + 27)

for all t for which v(t) and v(t + 27) are defined. For v € Tyy)/W, doy(do,(v)) €
Ty t+2myW is the vector at ~(t + 27) obtained by parallel transport of v along 7.

Proof. Let 5(t) := v(t + 7). Then, 7 is a geodesic with 7(0) = z. It follows from the

preceding lemma that

oo, 01(1) = oa(3(-1)
= oi(—t=7)
= Alt+7)

= ~(t+27).

Let v € T,W and let V' be the parallel vector field along v with V' (p) = v. Since o, is
an isometry, do,(p)(V(+)) is also parallel. Moreover, do,(p)(V (p)) = —V (p). Hence, as

before,

doy(v(O) (V1) = —V(3(~1)
do, o doy,(YO)(V(1(1)) = V(3(t+27)).

]

A corollary of the Lemma 4.2.16 is that a symmetric space is geodesically complete,
because every geodesic can be indefinitely extended. Moreover, the Hopf-Rinow theorem
implies that in a symmetric space any two points can be connected by a geodesic, see
[26, Section 6.3].

Let G be a connected Lie group and K a closed subgroup, and denote by (G, K)
their (Riemannian) symmetric pair, for precise details we refer to [23, Chapter IV]. It
is well known that a symmetric space is a manifold of the form G/K, where (G, K) is

some symmetric pair.
Examples. The complex projective space (G, K) = CP" equipped with the Fubini-
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Study metric is a symmetric space, in addition a Kahler manifold.

The n-spheres (G, K) = S", n > 2, are symmetric spaces, in particular this is true
for S? which does not carry the structure of a Lie group. The isometry group of S®
acts transitively on S", so it suffices to provide an involution oy at the north pole

N =(0,...,0,1). Tt is given by the restriction of the map oy : R**t — R,

ON(T1, T2y ooy Tpg1) = (—T1, =T, ey =Ty, Tpy1) -

Clearly, on(N) = N and doy(N)|gn = — Idgysn.
In the case of R" equipped with the Euclidean metric, the involution at p € R" is
given by the map
op(x) =2p—2x.

Hence this space is also symmetric. O

4.2.3 Application to symmetric spaces

After this excursion into symmetric spaces we turn to the main questions of this thesis.
Let G to be a compact connected Lie group and H C G a closed connected subgroup.
We introduce on G a bi-invariant Riemannian metric gp; whose existence is granted by
standard Lie group theory. Then (G, H) is a symmetric pair and G/H with the induced

metric (from G) is a symmetric space.

Theorem (R. Hermann, [24]). Let KC be a connected subgroup of the group of isometries
of a compact connected symmetric space M. Then, K acts in a variationally complete

manner on M.

This theorem is a generalization of a result of Bott [12] according to which the action
of G acting on itself by conjugation is variationally complete, and of Bott—Samelson [14]

who prove that the action of H on GG/H is variationally complete:

(h,gH) +— h*HgH::th.

As in Section 4.2.1, let S(M;V,q") be the set of K-transversal geodesic segments
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on the manifold M with initial point on the submanifold V' C M and terminal point
¢ € M\ V. Denote by S.(M;V,q') the Zy-vector space generated by the elements of
S(M;V,q') as a basis and graded by their Morse index.

Theorem 4.2.17 (Bott—Samelson [14, Page 976]). Let V' be a K-orbit of some point of
M. If the action of K on M is variationally complete and ¢ ¢ V' lies on an orbit of

maximal dimension, then there is the isomorphism
H, (UM, V,q),Zs) = S.(M;V,q).

Recall that the set of points ¢’ € M satisfying 6(¢') = 0 — i.e. those points lying on
an orbit of maximal dimension — is dense in M. The notations used are H, (A4,-) =
D,2,H: (4,-), and analogously for S, (M;V,¢').

Denote the neutral element of the Lie group G by eg. This element is a fixed point

of the action of GG on itself by conjugation. Let

P: G — G/H
g — P(g):=gH

be the natural projection. Now, the image of e under P is a fixed point eq/p := P(eq)
of xy: h+y Pleg) = h*y H = hH = H,Vh € H. Choose in the Theorem 4.2.17 of
Bott-Samelson M = G/H, K = H, further as V = {eq/u} and a point ¢’ # eq/y lying

on an orbit of maximal dimension. Then we have
H, (UG/H,ecu,q),Zs) = S.(G/H;eqin, q). (4.13)

This implies that all the geodesic segments from ey to ¢’ are non-degenerate and
homologically visible. Therefore, the energy functional £ is a Zgy-perfect Morse function
on (G /H;eq/n,q') and necessarily this space is free of torsion, see Section 6.1. So, by
the reasoning given in Section 4.1.1 we get for a fixed k£ € N the time bound (4.9) for at

least k& Reeb chords from to ¥y. To get the statement for all pairs of points we

€G/H
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need the following isomorphism (for D > 0)
H, (&7 (ec/m.q') Z2) — H. (EPT(q,¢) ; L) (4.14)

forqe G/H\ (V(¢))*U{w € G | §(w) # 0}) (recall F~*({1}) =), to show that the
previously found time-bounded Reeb chords exist for almost all pairs (¢,¢") € G/H x
G/H. To get this isomorphism we applied Lemma C.2.1 and note that the index * of
homology in the isomorphism (4.14) stands for a non-negative integer, in contrast to
its use in (4.13). Then we apply the isomorphism to Floer homology. Finally, we do
the same steps as it was used in the proof of Proposition 4.1.19 to get the same time
estimates as in (4.10) for every pair (¢,q') € G/H x G/H, more precisely, we get for a
fixed k € N the time bound (4.10) for at least k£ Reeb chords from 3, to 3.

Let (G, g»i) be an n-dimensional compact connected Lie group carrying a bi-invariant
Riemannian metric gp; and let H C G be a closed connected subgroup of GG. Recall that
compactness of the symmetric space G/H implies compactness of G. Recall that we
need for the sandwiching method that the Riemannian metric on G/H satisfies the
Convention 4.0.5. The Riemannian metric g;; can always be scaled such that it satisfies

the convention and is still bi-invariant.

Theorem 4.2.18. Let G/H be a compact symmetric space with the induced Riemannian
metric satisfying the Convention 4.0.5. Further, let q,q € G/H be two arbitrary points
and fix k € N. Then there exist k Reeb chords 7, : [0,1] — T*(G/H), { € {1,....,k} from
Y, to Xy satisfying the time bound given in (4.10) with F = Z,.

Note that in this proposition we did not assume the manifold to be simply connected.
Furthermore, this proposition leads to the interest to know concrete values of d =

diam(M, g). We refer to Yang [52] for results on this question.

Corollary 4.2.19. Let M be a compact symmetric space. Then we have the following

lower bound for the counting function CFy 4 (1),

OFzaqt m\/

V2 —2d dlstqq
CFqu()— 29d ( )‘i‘l},

75



for all t > /d [2 \/ﬁ] and for all q,q € M.

This corollary is a consequence of the results of Nabutovsky and Rotman, we refer to

Section 4.7.

4.2.4 Examples

As already discussed in Section 4.2.2, examples of compact symmetric spaces are S” and
CP". A more complicated one is the the four-dimensional symmetric space S? x S? with

the product metric gsz2g2. The isometry group of S? x S? is given by

A B
IgSQXSZ = C D S O<6) A, D e O(?)) and B=C=0

or B,DeO@B)and A=D =0} C O(6),

a subgroup of the group of six-dimensional orthogonal matrices O(6), see the paper of

Castro—Urbano [15]. Set N = (0,0,1,0,0,1). Consider the map

on: S$2xS? — $?2x§?

T — on(x) = (—x1, —T9, T3, —Ty4, —T5, Tg),

where z = (1, T9, T3, T4, 5, ) € S* x S%. Obviously, if z = N = (0,0, 1,0, 0, 1) it holds
true that ox(x) = x and by the transitive action of the connected component of the
neutral element of the isometry group ZGs2.s2 we can construct an involution for all
points x € S? x S2. For the details we refer to the example S™ discussed in Section 4.2.2.

We can calculate lower bounds for the counting function CFy 4, of a fiberwise star-

shaped hypersurface ¥ C T* (S? x S?):

1 ,/t2 =27

>
~ 4T 2

CFEyqq(1) -1

Y

for all t > +/27 and for all ¢,¢' € S? x S2.
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4.2.5 The case of Lie groups

We now consider the special case of Lie groups. In this case, the results of the previous
section are true over all coefficient fields F.

Let IC be a compact connected Lie group, W a smooth manifold, and recall the basic
notions introduced in Section 4.2.1. First, we explain the setting of Bott in [12]. Let s
be a geodesic segment starting on a submanifold V' C W. We consider the subset J, of
Jacobi fields ¢ — Y; along s such that there exists a smooth variation V,, of s through

geodesics with Vy = s satisfying

(

Yif = 25 Va). 1 ER fEC(W)

Vo (0) € V,

B (Vat)],_y € (TV)", q=Va(0).

\

A point § € W is called a regular point [12] if there is no geodesic segment s (of a
geodesic v in W) starting in V' and ending in ¢’ such that at least one element 7 of J;
vanishes in ¢’. To the contrary, if there is a Jacobi field 7 vanishing in ¢/, then ¢ is also
called a focal point, see [12]. Therefore, focal points generalize the notion of conjugate
points given in Definition 4.1.12, i.e. these notions coincide if the submanifold V is a
point, V = {p}, and because 2 (Va(t))|t:0 must vanish.

Denote by £ the Lie algebra of K identified with the tangent space to K at its
neutral element. Choose a regular point ¢ € W\ {q}. A geodesic segment is called -
transversal for the map 7 — as it is given in Section 4.2.1, see [12| — if its initial direction
is perpendicular to the orbit V' = Ox(s(0)) of its initial point, i.e. if the tangent vectors
are orthogonal to each other. For such a m-transversal segment s one can consider the
restriction of 7(X) to vector fields along s, denoted by 74(€). Denote by A™(s) the set
of Jacobi fields which vanish at the end-point of s. The action of I on W via 7 is called

variationally complete [12] if for any m-transversal geodesic segment s
A" (s) C ws(€) C 7(¥).
Notice, that this definition of variational completeness is equivalent to the one given in
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Definition 4.2.9, see [14]. Let ¢(p) be the subspace of £ whose image under 7 vanishes
at p € W. Then we can associate to the orbit O(p) of p a dimension [12, 14|, naimly

dim O(p) = dim ¢ — dim ¢(p).

We will say a KC-orbit O(p) has mazimal dimension [12] if dimO(p) = dim#®. Let
S = S(W;V,q) be the set of m-transversal geodesic segments from V' to ¢, i.e. with
initial point on V and with terminal point ¢’. Compare this to the Definition 4.2.1.

Then we can prove the analog of Proposition 4.2.1:

Proposition ([12, Proposition 6.1, Page 261|). Let the action of K on W be variationally
complete, and let V' be the orbit of any point p of W under IC, O(p) = V. If a regular
point, ¢ ¢ V is chosen on an orbit of mazimal dimension, the index py(s), of any

segment s € S(W;V,q') is given by

pv(s) = Z AT <S|[0,t]>

0<t<a
where s = gl -

So also in this slightly different setting we have the consequence that such a geodesic
segment s € S(W;V, ¢) must be a non-degenerate critical point of the energy functional
€ on the associated path space. In Proposition 3.2 [12] it is shown, that the Morse index
py (s) of s is always a finite integer, what implies directly that the regular points ¢’ ¢ V'

lie dense.

4.2.6 Application to Lie groups

Let M be a closed and simply-connected Lie group. In the notation introduced above,
define W := M and K := M, fix 7 : M x M — M to be the adjoint action of M on M
given by (g,h) — g-h-g~ ' and set ¢ € M. Choose a submanifold V' = O(p), where
q # p € M. Bott’s version of the Morse series

MMV, d50)= Y v

s€S(M,V,q')
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runs over all geodesic segments s € S(M,V,q') by adding up t*v(®). This formal series
is equivalent to the left hand side in (4.6). Note that to consider this series makes sense
only if all the coefficients are finite numbers. But there are only a finite number of
geodesic segments in S(M,V,¢’) of length less than a given number, see [12, Proposition
4.1]. Let Hi(Q(M,V,q¢');F) denote the singular homology group of degree k with respect
to some coefficient field F, then the Poincaré series of Q(M,V,q') relative to F is given
as follows:

PQUM, V. q);F;t) =Y dimHy(Q(M,V,q);F)t*.
k=0

In [12, Section 10|, Bott proves the following theorem.

Theorem (Bott [12]). The space of paths Q(M,V,q') is free of torsion. Its odd Betti
numbers vanish, and the Poincaré series of Q(M,V,q') coincides with the Morse series

of UM, V., q).

The maximal orbits build an open set in M, so ¢’ can always be chosen to lie on
a maximal orbit, see the remark after Proposition 6.1 in [12]. Note that the theorem
by Bott holds for all coefficient fields F. The theorem follows from the Morse inequal-
ities, which say that the Morse series dominate the Poincaré series, from the Lacunary
Principle, see Theorem 6.1.3, and from the fact that the adjoint action of M on M is
variationally complete, see [12, Sections 7 and §|.

Choose a bi-invariant Riemannian metric g on M (as the Lie group above). Recall
that on every compact Lie group there exists such a bi-invariant Riemannian metric.
This choice of Riemannian metric is made by Bott in his proof of variational completeness
of the adjoint action, in particular to have the geodesics in the form of translates of one-
parameter subgroups of M.

Let N = {e} be the orbit of the unit element e € M under the adjoint action of M
on M, meaning that we consider the space of paths Q(M, e, ¢"). The point ¢ is a regular
point, so it is not conjugate to the neutral element e. So on the space (M, e,q') the
energy functional £ is an F-perfect Morse function, because ¢’ was assumed to lie on
an orbit of maximal dimension and the adjoint action is variationally complete. This in
contrast to the result for symmetric spaces in Section 4.2.3. Therefore, by the reasoning

in the last section we get for a fixed £ € N the time bound (4.9) for at least & Reeb
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chords from ¥, to ¥,. To get the general statement we need the isomorphism (for
D >0)
H, (€P(e,q);F) — H, (£P™(q,¢); F)

for g € M\ ((V(q))°UC,), to show that the previously found time-bounded Reeb chords
exist for almost all pairs (¢,q') € M x M, then we apply the isomorphisms to the
Floer homology groups. Finally, we do the same steps as it was used in the proof of
Proposition 4.1.19 to get the same time estimates as in (4.10) for every pair (¢,q’') €
M x M, more precisely, we get for a fixed k& € N the time bound (4.10) for at least k

Reeb chords from 3, to ¥,. So we can state the next

Proposition 4.2.20. Let (M, gy;) be an n-dimensional, compact simply-connected Lie
group carrying a bi-invariant Riemannian metric gy satisfying the Convention 4.0.5.
(Recall the remarks done before Theorem 4.2.18.) Further, let q,q' € M be two arbitrary
points and fix k € N. Then there exist at least k Reeb chords from ¥, to ¥y satisfying
the time bound given in (4.10) with arbitrary coefficient field F.

4.3 Spheres, CROSSes and their products

Let ¢,¢' € M and denote by Tx(X, q,¢’) the time of the k-th fastest Reeb chord from 3},
to X, for any ¢’ € M. For more details and the proofs of the propositions, we refer to

Schlenk—Wullschleger [45].

4.3.1 Spheres and CROSSes

Let (M,g) be a round sphere S¢, d > 2, or a CROSS (compact rank one symmetric
space), namely one of RPY, CP", HP", CaP?. We scale the symmetric Riemannian
metric such that diam(M, g) = 7. Then CP' = S? and HP' = S*. We thus agree that
n > 2. Let ¥ C T*M be a fiberwise starshaped hypersurface. For convenience, we
scale ¥ (instead of g) such that DX C DX, (which is equivalent to Convention 4.0.5).
Fix g € M.
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Proposition 4.3.1. (i) If ¢ # q is not X-conjugate to q, then
To(2,q,¢") < kr forall k> 1. (4.15)

(ii) If ¢ is L-conjugate to q, then the estimate (4.15) still holds true for S* and RP,
while for CP™, HP™ and CaP? we have

Te(2,q,¢) < 2k — )7 for all k> 1.

All geodesics emanating from ¢ are closed of length 27. The first conjugate point is

at distance 7, besides for RP? where this point is ¢ itself, and its multiplicity is

Sd | RPY | CP" | HP" | CaP?
d—1|d—-1| 1 3 7

(4.16)

Assume that ¢’ is not g-conjugate to ¢. Then ¢ := disty(q,¢’) € (0,7). The lengths of

the geodesics from ¢ to ¢’ are

0, 2m— 0, 2w+ 0, 4w — 6, 4w+ 0, ...

In particular, the length of the k’th geodesic is < km. In view of Table (4.16) the Morse

indices of these geodesics are

S RP? cpn HP" CaP?
(d=1)j|(d=1)j|dj,dj+1|(d+2)j, (d+2)j+3]|225,22j+7

(4.17)

where j > 0. On RP? there are two geodesics of index (d —1)j, and they lie in different
components of QRP?. The table is readily compiled by recalling that dim CP" = 2n,
dim HP" = 4n, dim CaP? = 16.

Lemma 4.3.2. Hy(QM;Zs) = Zs if k appears in Table 4.17, and Hy(QM;Zs) = 0

otherwise.

Proof. For all M different from S? and CP" there are no consecutive numbers k, k+1 in

Table 4.17, and so the claim follows from the Morse Lacunary principle, Theorem 6.1.3.
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To cover also the cases S? and CP", we appeal to the Bott-Samelson Theorem 4.2.17,
according to which — as it is explained in Section 4.2.3 — the energy functional £; on the
based loop space of a compact symmetric space is Zo-perfect, i.e., each index k critical

point of &, gives a Zy-summand of Hy(Q2M; Zs). O

4.3.2 Products of Symmetric spaces

Let (Mi, g1), (Mas, g2) be two closed Riemannian manifolds. Endow the product M =
M; x M, with the Riemannian metric g = g1 @ ¢g». Geodesics on this product are of

the form v(t) = (11(¢),72(t)) with geodesics v; on (M;, g;). Their length is Ly(y) =

\/Egl (71) + £2,(72). A point ¢ = (q1,¢2) is not g-conjugate to ¢’ = (¢;, ¢3) if and only
if ¢; is not g;-conjugate to ¢, for both ¢ = 1,2, and in this case the Morse index of a
geodesic 7 from ¢ to ¢’ is the sum of the Morse indices of v; and ~s.

Products of symmetric spaces are still symmetric spaces, and so by [14] their energy
functional is still a perfect Morse function for non-conjugate points. Given a starshaped
hypersurface ¥ C T*M with DX C DX, we can thus again estimate T,(X, ¢, ¢') from

above in terms of the length-spectrum of g.

Proposition 4.3.3. (i) If ¢ # q is not X-conjugate to q, then Te(X,q,q") < l, where
Uy, is the k-th number in the sequence obtained from arranging the numbers vm? + n? 7w

with m,n € N in increasing order. In particular,

limsup 7+(%, q,¢") /VEkr < 1.

k—o0

(ii) If ¢’ is S-conjugate to q, then Te(%,q,q¢") < kv/2T.

4.4 Group-theoretic considerations

So far, we considered the closed and connected Riemannian manifold (M, g) to be simply-
connected, or we restricted g to be a bi-invariant Riemannian metric. But note that
we assume ¢ to satisfy the Convention 4.0.5. Recall the results on symmetric spaces
and Lie groups. In this section we forgo this geometric restrictions and we try to

say something about quantitative existence results of Reeb chords on X under certain
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topological assumptions. More precisely, we will use information about the order of the

fundamental group m (M, -).

Theorem 4.4.1. Let ¢ € M. If m(M,q) has infinite or finite order > k € N, then
for every ¢ € M there exist at least k Reeb chords Z,, { € {1,...,k}, from X, to ¥,

satisfying the time bound
T(zp) < kd.

Proof of Theorem 4.4.1. We use the following theorem by Nabutovsky and Rotman:

Theorem (Nabutovsky—Rotman, see Theorem 4.7.3). If the fundamental group m (M)
of a closed Riemannian manifold M of diameter d is either infinite or finite of order > k,
then for every pair of points q,q" € M there exist at least k geodesics connecting q and ¢

of length < kd that lie in different homotopy classes.

To prove this theorem, Nabutovsky and Rotman use Gromov’s beautiful result that we
recall as Proposition 4.4.2 below.

Scale g such that G < F' (Convention 4.0.5). We know,
dim Hy (S%TQ(q,q’);Fp> = #mo (S%TQ(q,q’)) = 1I2(q.¢),

where I17(q, ¢') is the set of homotopy classes of (1, 2)-Sobolev paths z: [0, 1] — M from
q to ¢’ which can be represented by a path of length at most r. So,

#mo (5%(’“)2((1, Q’)) =15(q,q") > k

since every geodesic segment guaranteed by the theorem of Nabutovsky-Rotman is a
path of (1,2)-Sobolev type.

Let ¢ € M and ¢ € Us(q) be not g-conjugate. Assume that 3(kd)* ¢ S(F,q,q') U
S (G,q,q) (if not, we add an € > 0).

So the rank of

to: Ho (5%(’“‘1)2(% q,); Fp) — Hy (5”"’%(’“‘1)2(@1, q,); Fp)
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is > 1 for a € 11¥(q, ¢') which follows from Lemma 3.2.3. Hence

1 2
dim HFZ ¥

(K,q,q¢',o;F,) > 1. (4.18)
Now, fix ¢ ¢ Us(q) or ¢ g-conjugate to ¢q. Let (¢, )nen be a sequence such that
¢, € Us(q), not g-conjugate to ¢ for all n and ¢/, — ¢’ as n — oc.

Define the space of action bounded solutions lying in homotopy class a.

1 .
SOl%(kd)Q(Kv M7 Oé) = {’}/ S WozLQ([Ov 1]7T*M) | AK(7> < E(kd>277 = XK(’Y(t))}

By the steps above, in particular, because the right hand side of (4.18) does not
depend on the point ¢/, we find for all n a solution =, € Sol%(kd)g(K, M, «) satistying
7 (0) € Ty M and v,(1) € Ty, M.

The space Soly )2 (K, M, a) is bounded in the C%norm due to Lemma 4.8.2 and

thanks to Lemma 4.8.3 equicontinuous. By the (continuous) Sobolev embedding
W1’2<[07 1]7 T*M) — CO([Ov 1]7 T*M)

we find in every equivalence class v € SOl%(kd)z(K , M, ) a continuous representative,
denoted by Y.ons. The set of all those Yeon: is by the Arzela—Ascoli theorem relatively com-
pact in C°([0, 1], T* M), so we know that there exists a solution 7., € S0l (ray2 (K, M, «)
satisfying 7. (0) € Ty M and 7,,(1) € T, M. Finally, we restrict all these flows to ¥ and
reparametrize them, to get the k£ different Reeb chords. O

As already stated one could give here an estimation of the Conley—Zehnder indices,
analogous to Corollary 4.1.20.

We close this section with a discussion of the first part of M. Gromov’s proposition
[22, Proposition 3.22] mentioned above. This wonderful result is essential for the purpose
of this section and it gives a characterization of the fundamental group of a compact

Riemannian manifold.

Proposition 4.4.2 (Gromov [22, Proposition 3.22|). Let (M, g) be a compact Rieman-
nian manfold. For each q € M, the fundamental group m (M, q) is generated by a finite
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number of classes represented by loops based at q having length at most 2 diam(M, g).

Proof. For each element « of the fundamental group 71 (M, ¢), we choose a representative
loop a based at ¢ € M. For € > 0 we divide each loop a into pieces of length less than e.
Connect by following a minimizing geodesic each of the endpoints of these segments with
q, so if the endpoint of some segment is called z, then we denote by ¢, the minimizing
geodesic going from ¢ to x, see Figure 4.2. Then a is homotopic to the product of
the loops cxa|[x,x/]c;1 based at ¢, where x, 2’ denotes the consecutive pair of endpoints

(bounding a subsegment of a from x to 2 of length less than ) along a. Therefore, we

M

Figure 4.2: The idea of Gromov’s construction: The path along a from x to 2’ is alj 4.
So if one starts in g, travels along c,, then a|f 4 and via ¢,y back to ¢, one traversed a
closed loop of length smaller than 2 diam(M) + . The figure is taken from [22].

have found a system of generators for 71 (M, q) represented by loops of length less than
2diam(M) +e¢. It follows from the Arzela—Ascoli Theorem that for each a > 0 there are
only finitely many elements of 71 (M, ¢) that can be represented by a geodesic of length
< a. Hence the set of lengths of geodesics that are minimal in these homotopy class is
discrete. So, for sufficiently small e, the interval (2diam(M),2diam(M) + €) contains
no length of a closed minimizing geodesic based at q. Consequently, each of the loops
¢y, We have constructed is homotopic to a loop of length at most 2 diam(M)
and all the homotopy classes in 7 (M, q) have representatives that can be generated by

products of those loops cmahm’m/]c;,l. ]
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4.5 Manifolds of non-positive curvature

It is well-known that geodesics on Riemannian manifolds (M, g) of non-positive curvature
have no conjugate points. This means that the Morse indices of all geodesics are zero.
Therefore by Morse homology they all are representants of (different) homology classes
of Hy ({CM, (&),0:}). So every geodesic is homologically visible and hence £ is an
F-perfect Morse function on Qaq,M for all pairs of points ¢,¢" € M.

4.6 Other results

Proposition 4.6.1 (Existence of Reeb chords). If M is simply-connected and q,q' € M,

then there are infinitely many Reeb chords from ¥, to Xy .

Remark. For almost all ¢ € M, technically if ¢’ lies in a dense subset V(q) (2.11) of
M, see Section 2.2, the Abbondandolo—Schwarz and the Abbondandolo—Majer isomor-
phisms, see [3] and 2], establish immediately infinitely many Reeb chords from ¥, to
Y. Via a part of the steps which will be explained in the proof below. O

Proof. Recall the result of Serre’s thesis, see [46]: For any simply-connected space W
there is an infinite number of integers k for which the Betti numbers b, (QW,F,) of the

corresponding (based) loop space QW are not zero, so
#{k € Z | by (QWV,F,) # 0} = +o0.

Hence, this holds for W = M. Let dim M = n and choose a subsequence k;, £ € N, of
those k’s for which b,(Q2M,F,) # 0 such that

n < ky < kg < ...

and

|]€g — k’g_1| > 2n.

Fix an element k; of this subsequence. Take ¢ € M and ¢ ¢ V(q), see (2.10) and
(2.11). We know that there is the homotopy equivalence from the space of (based) loops
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Q,,M = QM on M (we omit the base point, since M is simply-connected) to the space
of paths from p to p':
QM — QpJ,/M.

By Lemma [27, Page 15| we know that the inclusion
QM — QM

is a homotopy equivalence, what implies that their homology groups are isomorphic, so

because of by, (M, F,) # 0 we have
0 # by, (QM,F,) = by, (.o M,F,) = by, (Qéyq,M, IFp) .
Therefore, we know that there exists an element given by
0 # a € Hy, (Q;q,M, IF,,) .

Now, choose a sequence ¢, — ¢ ¢ V(q) with ¢, € V(q), Vn € N. So we find for all n

nontrivial cycles v,

0 # o € Hy, (4, M,F,) .

The theorem of Gromov, see Theorem A.0.5, implies the Lemma 4.8.6 (here we use
that M is assumed to be simply-connected). This means that we can consider the cycle
a;, as an element in Hy, (SB(’W)(Q, n), Fp) for all n € N. Now, since every g, € V(q), the
Floer homology groups HF¢ (K, ¢, ¢,,; F,) are defined, see Section 2.2. For every n € N

there is the homomorphism induced by inclusion
ty : Hi, (EP%9%2(q, ), F,) — Hy, (€77%9%(q, ), F,)

(B(k¢) is a strictly monotonically increasing function B: Z — R and ¢ > 0 is added
if B(k¢) or oB(ky) should be an element of the action spectrum of F' or G). By the
same arguments as in the proof of Theorem 3.2.1, we conclude that the rank of ¢,

does not vanish. Hence by Proposition 2.2.5 it follows that there exists a solution
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Yn: [0,1] = ¥ C T*M of Hamilton’s equations
T = Xg(x) (4.19)

starting from ¥, and ending in 3, with Conley-Zehnder index p(7,) = k; and action
Ag(7n) < B(ke). So we end up with a sequence of solutions of (4.19) with bounded
action and Conley—Zehnder index k,. It follows trivially that

Yn € SOZB(k[)(M, K), ¥YnéeN.

We apply Lemma 2.4.1 with a = —oo and b = B(ky). Then there exists a limit solution
v € PPEI(K, q.q).

According to Proposition 6.2.4 the Conley—Zehnder index of v satisfies
w(y) € [ke — 2n, ke + 2n).

But we have assumed the k;’s to satisfy |k, — k1| > 2n. Therefore, if we do the whole
process for every k, chosen, we get infinitely many different solutions of the Hamiltonian
equations starting in 77M and ending in 73, M. Finally, we restrict all the solutions v
to X and reparameterize them according to Lemma 4.8.4. So we find infinitely many

Reeb chords starting in >, and ending in ¥,. This concludes the proof. O]

Proof of Proposition 4.1.1. Let ¢ € M be the base point of the based loop space 2, M :=
Q..M. By Schwarz’s Lemma B.0.11, there is for a certain » € Ny a homology class
a € H, (Q2,M,TF,) such that all it’s Pontryagin products o, k € N, are non zero elements
in Hy, (Q,M,F,). (One could give here directly an estimation of the length of the images
of o*, but this is not needed.)

Let G be the Riemannian Hamiltonian G (¢, p) = 0,4 |p|* introduced in (2.10) and
recall that we had ¥ = K~!(1). Choose a pair ¢,¢' € M such that ¢’ € V(g). We know
due to the proof of Proposition 4.6.1 that

o € Hy, (QM,F,) = Hy, () M. F,) = Hy, (2 ,M,F,) .
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Therefore, by Lemma 4.8.6 of € Hy, <€%(ri)2(q, q), IFp>.

We have the homomorphism induced by inclusion
ue . Hy, (g%(ri)2+s(q7q/)7Fp> — H,, (80%<ri)2+€(q,q/)7]Fp> 7

where € > 0 and o > o, > 1 are chosen such that 3 (Ckr)?, o1(Ckr)? are not elements of

the action spectrum of F' and G. (Note that we could also consider the homomorphism

Lk, Hpr (8%@’”)2*5(% q’),]Fp) — Hy, (£(¢.¢'),F,).) The rank of ¢, satisfies
rank(sy,) > dim Hy, (£397%(q,¢') F, ) > 1.

This allows us to invoke Proposition 2.2.5 which implies the existence of £ Reeb chords
(according with Lemma 4.8.4 as reparameterized restrictions of the Hamiltonian flow
lines of K to X), denoted by Z,: [0,1] — ¥ C T*M for ¢ € {1,2,...,k}, starting in a
point 7,(0) € ¥, and ending in another point #,(1) € ¥,. We then apply Lemma 2.2.2
and get

A(i’g) = \/ 2AK(Z‘2) < Ql{?”f’ + 2¢

for an appropriate e > 0 and all ¢ € {1,2,...,k}. The latter estimation gives an upper
bound for the reduced action of the k Reeb chords from ¥, to £, for ¢ € V' (¢). By using
the Lemma 2.4.3 as it was done in the proof of Theorem 3.2.1, one gets the statement
for every pair of points ¢,¢ € M.

Fix F, = Q. Sullivan explains for this choice of coefficients in [49, Page 45| how
the knowledge of the minimal model of M has as a consequence the following relation
between the generators of the first algebra, called v;, and those of the minimal model
of the associated based loop space of M denoted by 7%,;: dim~; = dim?%; + 1. Hence, we
know that the natural number r chosen above must satisfy » < dim(M) — 1 =n — 1.

Therefore,

.A(.f?g) S Qk(n — 1) s

for all ¢ € {1,2,...,k}. This concludes the proof. a
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4.7 On the results of Nabutovsky and Rotman

In Section 4.1.1 we introduced the notion of a homological visible geodesic segment.
Later on, we give an explanation of perfect Morse functions in chapter 6. If the path
space Q}L oM of a given manifold M admits the energy functional as a perfect Morse func-
tion, then we can use infinite-dimensional Morse theory to understand all the geodesic
segments from ¢ to ¢’ (on M) as homologically visible. Therefore, we are primarily
interested in existence results of geodesic segments from ¢ to ¢’ (and later on we will
wonder whether the energy functional is a perfect Morse function on Q;q,M ). In this
section we give a short overview of some existing results concerning the first question.

A. Nabutovsky and R. Rotman have studied deeply the following question: Is there
a function f : Ny x Ny — R such that for every n-dimensional closed Riemannian
manifold M of diameter d and every pair of points ¢,¢' € M there exist at least k
geodesic segments from ¢ to ¢ of length at most f(k,n)d 7 See for example [35], [36]
or [37]. An example explained in [10] shows that one cannot take f(k,n) = k as it is
possibly suggested by the round two sphere, by starting in the north-pole going along
one of the great-circles to the south-pole and afterwards back by following the same
great-circle to the north-pole and so on.

The most general answer to this question until today is given in [37| by f(k,n) =
4nk?, where q and ¢’ are not required to be distinct. But first we focus on the following

result which concerns the two-dimensional case:

Theorem 4.7.1 (Nabutovsky-Rotman [36]). Let M be a smooth Riemannian manifold
of diameter d diffeomorphic to S?. Then for each pair of points q,q € M there exist at

least k geodesic segments connecting the points q and q' of length at most (22k — 22)d +
dist(q, ¢') < (22k — 21)d < 22kd.

This means that in the two-dimensional case one can take f(k,n) = 22k. In fact, this
theorem implies the same upper bound for all closed Riemann surfaces. Generally, for

all closed n-dimensional Riemannian manifolds (n > 1) they have the following result.

Theorem 4.7.2 (Nabutovsky—Rotman [37]). Let M be a closed n-dimensional Rieman-

nian manifold with diameter d. Then for each pair of points q,q' € M there exist at
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least k geodesic segments starting at q and ending in ¢ of length at most
(2n — 1.5)k* + (2n — 3.5)k — (1 — (=1)"))d + (2n — 1.5)k dist(q, ¢'), if k is even,
and on the other hand, if k is odd
(2n — 1.5)k* + (2n — 3.5)k — (1 — (=1)"))d + (2n — 1.5)(k + 1) dist(q, ¢').

Remark. Nabutovsky—Rotman mention in [37] that both of these length estimations

for k odd and k even can be majorized by
((2n — 1.5)k* + (4n — 5)k — (2n — 3.5))d < 2n(k + 1)%d < 4nk*d. (4.20)

Note that for the two shortest geodesic segments they have the better upper bound
2nd(< 4nk*d) on their lengths, see [34]. O

A different approach is pursued by Nabutovsky and Rotman in the proof of the

following theorem:

Theorem 4.7.3 (Nabutovsky—Rotman [37]). If the fundamental group m (M) of a closed
Riemannian manifold M of diameter d is either infinite or finite of order > k, then for
every pair of points q,q' € M there exist at least k geodesics connecting q and ¢ of length

< kd that lie in different homotopy classes.

This theorem gives under the assumption on the fundamental group 71 (M) very precise
and nice results on the length of geodesic segments from ¢ to ¢’ on M. With this
approach Nabutovsky and Rotman find the desired form of the function f. Indeed,
f(k,n) = k. To prove this theorem, they use essentially the nice Proposition 4.4.2 on
the fundamental group of a compact Riemannian manifold M given by Gromov and a
notion called “complexity” which measures the minimal length of a word in terms of
generators of the fundamental group.

In a series of results concerning the existence of geodesic segments, Nabutovsky and
Rotman considered also estimations of the two shortest ones. This result is remarkable

and nice in its simplicity. The constants which arise are for our purposes very convenient.
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Theorem 4.7.4 (Nabutovsky—Rotman [34]). Let M be a closed n-dimensional Rieman-
nian manifold, T = min;{i | m;(M) # 0}, and let d be the diameter of (M, g). Then for
each pair of points q,q € M there exist at least two distinct geodesics from q to ¢ of

length not exceeding 2Td (< 2nd).

4.8 Tools and technical lemmas

We will need to do estimations and calculations. For this purpose we would like to
understand the behavior of the Hamiltonian function K introduced in (2.10) for large
momenta, i.e. for |p|, large.

Recall that the set D(4b) C T*M is compact and that K is smooth. Then the

following two quantities are welldefined.

Kpax = max |K(q, 4.21
(qyp)eD(%)! (¢:p)| (4.21)
Gmaxg := max |V, K(q, 4.22
q (0p)eD(4b) ’ q (q p)| ( )
Gmaxp := max |V,K(q, 4.23
pim  max (V,K(0,p) (4.23
Ghmax = Max {Gmax.¢» Gmaxp} - (4.24)

By V, resp. V, we denote the gradient of K with respect to the base- resp. the fiber
variables ¢ = (q1,...,q,) and p = (p1, ..., q,). Further, we have shown in Section 2.2.1
that the Hamiltonians (2.10) satisfy G_ < K < G,. Since we know that G_ and the
Riemannian Hamiltonian G, grow quadratically in the fiber variables for p larger than

4b, see Figure 2.2, we can deduce the following estimates.

dK (¢,p)(n) — K(q,p) > |pI* = Konas (4.25)
VoK (¢, 0)] < Graxg (Ip° + 1) (4.26)
VoK (¢, p)| < Graxp ([P + 1) (4.27)

Note that n = >, pia%- is the Liouville vector field. The estimate (4.25) follows from
the fact dK(q,p)(n) = (VK(q,p),n(q,p)) = (VpK(q,p),n(g,p)): For |p| > 4b, we can
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conclude that (V,K(q,p),n(q,p)) = |p|*>. We then subtract the term K.y to correct the
estimate for the term —K(q,p). The estimates (4.26) and (4.27) are deduced similarly.

Lemma 4.8.1. The Hamiltonian function K introduced in (2.10) satisfies the following

estimate,

| X (q,0)lrreany = [VE(@, D) v < V5 Grnax (1 + |p

2
TiM ) -

Observe that this lemma is useful since it can be used for example to estimate the
usual length used in Riemannian geometry of a solution v € P(K, ¢,¢’). In particular,
we would like to point out that |p| appears to the power of two which is convenient when

one recalls that the action functional is defined for W12-Sobolev functions.

Proof of Lemma 4.8.1.

VK (q, )17 ary = VoK (@ 0)[Ferenn + VoK (¢, 0) e

<Gl (1+]p

2t + G+ [l ar)?

<Gl (1+]p

%;M)2 + 4anax(1 + |p

Tm)’

=5G2, (14 pf2y)?

max

7y

= |VE(q,p) vy < V5 Gax(1+ |p

Ton) -
In the third step we used the fact that for x € R it holds that

1+z<2(142%).

0
Consider the space
CO([0,1],T*M) := { f € C°([0,1], R* ) | f C ®(T*M) C R**}
as the space (C°([0,1],T*M), || - ||co) equipped with the norm
[fllco = l[fllcoqo,y,r=any = lfllcoqo,rery := max [ f(E)]rex - (4.28)

te[0,1]
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We refer to the discussion given in Section C.3.1. Define for a Hamiltonian function
H:T*M — R satistying the Convention 2.1.2 and for A € R the set of action bounded

solutions of Hamilton’s equations associated to H:
Sola(M,H) := {x € W"([0,1],T*M) | Ap(z) < Aand & = Xy(z(t)} . (4.29)
Obviously, PA(H, q,q') C Sola(M, H). By the continuous Sobolev embedding
wt2([0,1],T*M) c C°([0,1], T*M)

we know that every element of the set (4.29) (being an equivalence class of Sobolev
functions) can be represented by a continuous function.
The following Lemma can be proven in a more general setting than it is done here,

we refer to the paper of Abbondandolo-Schwarz |3, Lemma 1.10].

Lemma 4.8.2. Again, let K be the Hamiltonian defined in (2.10). Then for every
q,¢ € M and for every action bound A € R the set Sols(M,K) is bounded in the

C%-norm || - ||co-

Note that this lemma implies trivially that the space of solutions with fixed end-

points PA(K, q,q') is also bounded in the C°-norm.

Proof. Let x = (q,p) € Sols(M, K). Then let us calculate,

A% Ale) = [ (NG@) - Kale) d
- / (dA(n, X ((8))) — K (x(t)) dt
- / (dK (¢, p)(n) — K(x(t))) dt

0
1
2 |p|2dt_Kmax
0

Due to Lemma 4.8.1 and from the estimation above we know that ||| 110170 18

bounded:

1
121 22 (0.0, amy) :/ ||y di
0
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1
= / IVK(q,p)|rerm) dt
0

1
S \/gGmax/ (1 + |p %";M) dt
0

< V5 Gax (1 4+ A+ Kiay) -

So in short,

||j||L1([0,1},T(T*M)) S \/gGmax (1 + A + Kmax) . (430)

This result will be used a couple of times. Finally, we want to have an estimate for
the Whlnorm of z. Let us do the following calculation. See the Appendix C.3.1 for

definitions of the Sobolev spaces used here.

”'CEH%/VQZ([O,I],T*M) = Hx‘ﬁ/VOv?([O,l],R?K)

1224102011 ) + 1201102 (0,17 )

1
< max (lale) + [ (laalt)]e) dt
Tq 0
< COHSt(M) + (A + Kmax)

< 4+00.

It is well-known that L? = W% C L' = W%! so z is also an element of L'([0, 1], T*M),
therefore,

e WH([0,1],T*M), VazePXK,q,q). (4.31)
Then by Sobolev embedding the result follows,
H'THCO([O,l],T*M) S CH:CHWlJ([O,l],T*M) (432>
= C (Hl.HLl([O,l]JRK) + H‘j:HLl([OJ],RK)) S const. < +o0.

]

Lemma 4.8.3. Let K be the Hamiltonian function defined in (2.10). Then the space

Sola(M, K) is equicontinuous.
Proof. Let v € Sola(M,K). Let t,s € R with t > s and define B := A + K .. We
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start in accordance with (4.28) by estimating the distance between 7(t) and ~y(s) (the

first inequality follows simply from triangle inequality in R*£),

= [ [ XeO(T)lre-an dr

< V5 Grna : (1 + !p|%;M> dr
= V/5 G <<t —5) + / | (Ipa(r)
< V5 Gnax ((t— s) +B/:d7>

= V5 Gmax(1 + B)(t — 5)
= V5 Gax (1 + A+ Kooy (t — 5)

Bne — B+B> d7>

The first estimate comes from the fact that the metric dr«), is induced by the Rieman-
nian metric on 7*M and measures the length of the shortest geodesic between (t) and
v(s), therefore, if one measures the length between the latter two points along the curve
v, it is certainly at least longer than the one given by measuring the distance along the

shortest geodesic. Because of Lemma 4.8.2 we get

1 t
B2 [ B> [ 1)
0 s

%&‘M dr Z 0 )
what means
t
| B dr - B <o,
So v is equicontinuous. O

The Arzela—Ascoli theorem C.1.1 implies that the set of solutions with bounded ac-
tion Sol (M, K) is relatively compact in C([0, 1], 7* M) with respect to the norm (4.28),

since it is bounded and equicontinuous.

Remark. Let us introduce for A, B € R, with B < A, the set of two sided action
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bounded paths.
Solja,p(M,H) :={x € Sola(M,H) | B< Au(x) < A}. (4.33)

The space (4.33) is relatively compact in C([0, 1], T*M). O

Lemma 4.8.4. Let ¥ C T*M be a fiberwise starshaped hypersurface. If 3 is the level
set of a Hamiltonian function H : T*M — R with H '(a) = ¥ such that « is a regular
value of H, then the Reeb flow ¢ of ker (A|y,) is a reparametrization of the Hamiltonian

flow pyly restricted to 3.

Remark. It follows from Lemma 4.8.4 that if there is another hamiltonian G : T*M —
R such that the fiberwise starshaped hypersurface Y satisfies also ¥ = G~1(a/), where
o' € R is a regular value of G, then the flow ¢% | is a time reparametrization of the

flow ¢L|y. So, the orbits do not depend on the Hamiltonian defining ¥. O

Proof. The symplectic form w = d\ is a volume form on 7% M, hence the restriction to
the hypersurface ¥ is degenerate and of rank 2n — 2, recall dim(M) = n. So its kernel

is 1-dimensional. We have by definitions of the Reeb vector field R on X

I1l
—_

/,R)\

Il
o

LRd)\|TE

and of the Hamiltonian vector field — because ¥ is a level set of H the gradient is
perpendicular to ¥ —

[‘XHw|TE = _dH|TZ =0.

These are two expressions defining the kernel of w|,.. Therefore,
Xu(z) =a(z)R(z), Ve e X,

for a positive smooth function a : ¥ — R, so we have

a(xo,t)

o (x0) = 07 (w0), 20 € X,
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where ¢ : R — R is a smooth and strongly monotone function. And this function is a

reparametrization of the restricted Hamiltonian flow. Now, we want to find this function

o, see [53|. It is given by the solution of the following Cauchy initial value problem,

where xg € 2.

do 1
at = alpz@on > Y
0'(0, SL’O) =0

(The > 0 is incorporated to emphasize strong monotonicity of the solution.) To see this,

observe the following calculation.

d O'(t,a:()) d dU

g

E@R (w0) = %SDR(%)E(@ )

do

= R(¢k(20))— (8, 20)
— (g (20)) Xir (@ln) o (1,0
= (g (0)) X () ——

= Xu(pr(0))-

Because the flow of a vector field is unique it follows that ¢t ()

O'(O, xo) =0.

Lemma 4.8.5. Let X C T*M be a fiberwise starshaped hypersurface.

a(p(zo))

= %) (1) with
[

If 33 is the level set

of a Hamiltonian function H : T*M — R with H () = X such that « is a regular value

of H, then the reduced action of the restricted Hamiltonian flow |y such as the one of

the Reeb flow g of ker (\|y) equal the time needed by pr to go from oY (xg) = 29 € X

to o (zo) €3, i.e.
AO (SOH|2> = AO(SOR) = O-(x07 1)7

where we used the notations introduced in Lemma 4.8.4.

Proof.



Y (d ey, do
:/OA(d A a >d<txo>)dt
1
0
a(l,zo) d
— A ==t (4 >d0 <:/ )\>
/ (da 7 (1) )

o(l,x0)
= / do = o(1,zo).
0

For the second step we used Lemma 4.8.4 and for the fifth one the property that it holds
true that A < = ot xO)(a:O)> =1 for Reeb vector fields. O

Lemma 4.8.6. There exists a constant C > 0 depending only on (M, g) such that each
element of H; (Q;q,M) can be represented by a cycle whose image lies in 5%(@)2(% q).

Proof. See [19] and Theorem A.0.5 for the proof. O
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Chapter 5

The Lower Part of the Time Spectrum

In this chapter we estimate the times of the first two Reeb chords of the fiberwise
starshaped hypersurface > in 7% M. This is done by topological arguments and by using
existing results concerning the length spectrum of (M, g).

After being focused on the two fastest Reeb chords, we consider stability of the first
one: The time of the fastest Reeb chord is stable under continuous deformations of the

hypersurface .

5.1 The times of the first two Reeb chords

We want to estimate the times of the first two Reeb chords of 3. Due to basic geometric
facts, we know that for every Riemannian metric g satisfying the Convention 4.0.5 the
following estimate for the first Reeb chord holds. Denote by dist(q, ¢') the distance of ¢

and ¢’ with respect to g. Then,
Ti(2,¢,q") < dist(q,q) -

In the next step we focus on the second Reeb chord of . Given a simply-connected

manifold M, let ky be the smallest integer k such that Hy(M;F) # 0. Then ky €

{2,...,dim M}. This follows from Hurewicz’s theorem. For convenience, we introduce
the following definition £ := L7 . = Q;:Z,M for a > 0.
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Theorem 5.1.1. Let X be a fiberwise starshaped hypersurface in T*M with M simply-
connected. Assume that g satisfies the Convention 4.0.5. Abbreviate d = diam(M, g).
If ¢’ is not X-conjugate to q, then

T:(3,q.¢) < 8kjd+ (2ki — 1)3d (\/o, — 1)

< 2kjd (44 3y/ay) .
Remark. The theorem is for M simply-connected, since if not it is known that
To(X) < 2d.

See Theorem 4.7.3. O

Proof. We abbreviate the length functional by £ = £, , , and the energy functional by
£ = &g and set § = disty(q,¢'). We also set S = 3d /g, — 1), fix ¢ > 0 and write
S. = S + . We will show the statement in the theorem for S replaced by S., which
suffices since ¢ > 0 is arbitrary. Let 7; be a shortest geodesic from ¢ to ¢'. Its length
is 0.

By Theorem 7.3 of [36] with (p,q,z) = (¢,¢,¢) and k = 1 one of the following

assertions takes place:

(1) There exists a geodesic ¥, from ¢ to ¢’ of length ¢ € (6,0 + 2d] which is a local
minimum of £ and is such that the connected components of v; and 7, in £ are

disjoint for all L € [¢,¢ + S.]. See Figure 5.1.

(2) There exists a field F and a non-trivial class in Hg, (€ ,M;F) that can be repre-
sented by a cycle in LF where L = (6kg — 1)d + (2ko + 1)8 + (2ko — 1) S-.

In Case (2) the theorem (with S replaced by Ss.) follows from Proposition 2.2.5
from the explanations in [36] by considering Schwarz’ spherical cycles. The factor kg
appears with a power of two after maximizing the length upper bound of the paths
which represent Schwarz’ cycle.

In Case (1) the connected components of 71 and 7, in €% are disjoint for all a €

[102,1(0+ S.)?]. The definition of S shows that Vo,3d=3d+ S. Since /7, > 1 and
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"1

Figure 5.1: An intuitive image of the first assertion: The geodesic segment 7, has length
d; the local minimum -, of £ is of length ¢ € (6,0 + 2d].

¢ < 3d, it follows that /o ¢ < £+ S. Choose a regular value ¢, > ¢ of £ such that
(, < {4+ d and

Vogly < £+ 5.

With b := $£3 we then have b < 5 (¢ + S.)?. Hence the map

Ho (€%(q,¢); Q) — Ho (£7°(¢.¢); Q)

has rank > 2 because 71,7, are local minima and so their indices are zero. Proposi-

tion 2.2.5 shows that 73(2,q,¢") < ¢, < 4d. ]

5.2 On the C'-stability of the minimal time

Let us first introduce some notion. Let (3;),cy be a sequence of fiberwise starshaped
hypersurfaces and > another fiberwise starshaped hypersurface of the cotangent bun-

dle T* M.

Definition 5.2.1 (C°-Convergence of fiberwise starshaped hypersurfaces). The sequence

(Xk)pen converges in the C°-sense to ¥ if the following holds true:

Ve>0dNeN :¥YVm>N = sup ( sup dT*M((x,ozm-pm),(x,pw))> <e,

zeM \ px€TFY
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where (z, 0, - pr) € T, and (z,p,) € TiX. The previous point

(:L‘7am p:c) = (xaam(pxa Em) pﬂc) € T;Em

is just the point of intersection of %, with the linear line (or subvector space) going
through the two points (x,0,) € TXM and (x,p,) € TrY, where oy, is an element
of the positive real numbers Ry. This construction is possible because the considered

hypersurfaces are fiberwise starshaped.

Observe that this definition is equivalent to the one given in Section 1.2.5.

Let ¥ C T*M be a fiberwise starshaped hypersurface. Define for n € N and ¢,
with 1 > ¢, > 0 and lim,_,,, &, = 0 the “fiberwise shrinked” (fiberwise starshaped)
hypersurfaces

Y, =1—-¢,)- %, (5.1)

“n

[T

where the operation “-” stands for fiberwise multiplication, i.e. § - X := {(q,dp) | (¢,p) €
Y} C T*M if § € R,. It is easy to see that ¥, — ¥ for n — oo in the C°-sense.
(Equivalently, one can consider %, := (1 +¢&,) - X.) If we fix two points q1,q2 € M
then 77(3) shall denote the shortest time — the smallest reduced action — needed by
the Reeb flow to go from ¥, to ¥ ,. We want to understand that 7;(%,) — T:(X)

(or T1(2,) = Ti(X)) as n — oc.

Lemma 5.2.2. Let (£;),oy be a sequence of fiberwise starshaped hypersurfaces, each
of them giwen as a reqular level set of a Hamiltonian function H : T*M — R. So
there is a sequence (ax)yey Of reqular values of H, i.e. this means that we have for all k
H Y (a) = Xg. In addition, let ¥ = H*(a) be another fiberwise starshaped hypersurface

and suppose that a, — a for n — co. Then (X),cy converges in the C°-sense to X.

Proof. Because M and T3 are compact sets, one finds a /N such that

dr<m (($vam(px> EM) 'pa:) ) (m,p;,;)) <€

for all m > N. O
As in Section 2.2 we choose K : T*M — R to be the smooth Hamiltonian with the
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property ¥ = K~} (%) where % is a regular value of K. According to the theorem of
Sard we know that the singular values of a smooth function are rare, so we can assume
the existences of a sequence (ay), . and of an ¢ satisfying 1 > ¢ > 0 such that every
a, € (—e+ 1,1+ ¢) is a regular value of K for n € N and that a,, — % as n — oo.

Define the Hamiltonians

K,(z) = iK(ac), neN, (5.2)

Qn

and set 3, := K ! (%) = K~ (a,). Note that 3, converges to 3 in the C%-sense because

n

of Lemma 5.2.2.

Lemma 5.2.3. Fiz g € M. Then for almost all ¢ € M it holds true that
T (En) = Ti(2)

as n — Q.

Proof. Since M is closed it is according to the Hopf-Rinow theorem a complete metric
space with respect to the metric induced by the Riemannian metric g. We know that
the sets U(K,,q) are open and of full measure in M, see [30]. Due to the theorem of

Baire, the set

V(g) := () UK, q)

is dense in M. In the following, we consider an easily modified version of the Langrangian
Floer Homology explained in [30]: Therein, the k' Floer chain group CF{(H,q,q’;F,)
is defined as the finite-dimensional [F,-vector space freely generated by the solutions
x:[0,1] = T*M of & = Xg(z) of Conley—Zehnder index k. We define the Floer chain
groups CF?’“(H ,q,q';F,) as the finite-dimensional [F,-vector spaces freely generated by
the solutions x : [0, A] — T*M of & = Xy(z) of Conley—Zehnder index k. This means
that we consider solutions of Hamilton’s equations on this modified time interval of

Conley-Zehnder index k satisfying the following action bound
A A
A (z) = / p(x(t))dg(x(t))dt — / H(z(t))dt < a.
0 0
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We denote the reduced action by Aj (z) = fOA p(x(t))dq(z(t))dt, trivially A} (x) = Ag(z).
Further, we have in the same sense CF}C’“(H, ¢.¢;F,) =CFy.(H,q,¢;F,).

Let us fix the point ¢’ € V(¢). Due to the Abbondandolo-Schwarz isomorphism (we
use the existence of geodesics from ¢ to ¢’ on M) and the use of the Sandwiching method

(Section 2.2) we can conclude for all n the existence of a non-trivial Floer homology class

0 # [ya] € HFg" P (K, q,¢5Fp), €0 >0, (5.3)
with
%&L (’Yn) = By.
Analogously,
0# [y] € HF§™=(K,q.¢';F,), o >0,
and

Ag(v) = B.

Notice that we have found for every n € N a solution
Yo i 0,0, = 2, CT*M

of & = Xk, (z) on %, in the time interval [0,a,]. By a change of variables we can
interprete all the =, as solutions z : [0,1] — R of Hamilton’s equations & = Xk (z),
i.e. elements of P(K, q,q): Consider the maps «a,, : [0,1] — X, C T*M defined by
an(t) == yn(ant). It is easily seen that a,(t) = Xk (a,(t)), therefore, o, € P(K,q,q)

for all n € N. A small calculation gives the following identity,
A () = ay Ak (), neN. (5.4)

We assumed that Y, converges in the C°-sense to X. Therefore, we know that -,
converges uniformly to v : [0, 1] — 3 C T*M. Define a = v : [0,1] — 3. So a, — « for
n — oo. It follows by the continuity of the action that Ax(a,) — Agx(a) for n — oc.
This implies that {Ax(a,), n € N} is a bounded set, say, bounded by C' > 0. (Recall

the definition (4.29) and the following two lemmas afterwards.) This means that if we
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consider the compact set Solc(M, K) we can conclude v = a € Solo(M, K).
Finally, let us calculate the limit of the shortest time 71(%,) for n — oo where we

use just the definitions and the identity (5.4):

lim 7;(%,) = lim A% (3,)

n—o0 n—oo

= lim 4/2 A‘}}Ln (V)

n—o0

= lim v/2a2 Ak ()
= li_)rn (an\/QAK(an))

2./4}{(0()
= A(a).

This last expression must be equal to the shortest time of the Reeb flow on ¥ from ¥, to
Y, because the shortest times 7;(X,,) of Reeb flows on ¥, are given by a,/2 Ax (),

see Lemma 2.2.2, and the action spectrum Ag(+) is discrete, hence

]

Observe that the proof of Lemma 5.2.3 can easily be modified such that one gets the
statement that if ¥, converges to ¥ in the C%sense, then for almost all pairs of points
of M the time of the k' shortest Reeb chord on Y, converges to the one of the k'
shortest Reeb chord on ¥. (Because the action spectrum is discrete.) This is not true

for all pairs of points in M. But for the shortest time the following holds true:

Proposition 5.2.4. Fiz g € M. Then for all ¢ € M it holds true that
71 (En) = Ti(%)

when n — 00.

Proof. Fix ¢ € M and ¢’ ¢ V(q). The situation is the same as in the beginning of the

proof of Lemma 5.2.3, up to the following: Choose a sequence {g, }nen such that for all

107



n one has ¢, € V(q) and that lim,,_,~, ¢, = ¢’. Replace in equation (5.3) the endpoint ¢

by ¢, i.e. we consider
0 # [ya) € HEG P 7 (Ko, g, gns Fy), 20 > 0,

as in the proof above. Also therein, we argued why the set Solc(M, K) is compact.
Consider now the following closed subset of Sola(M, K):

Soly, o(M,K) :={z € C([0,1],%) | Ax(z) < C and & = Xg(z)}

It is closed and hence compact in C([0,1],7*M). Therefore, the action Ag attains on
Soly, o(M, K) its minimum. Denote this value by M(K, %, q,¢') = M. As in the proof
above, because the action is continuous we have that Agx(a,) — M if n — oo. So this
sequence of minimal actions converges to the minimal action on Soly, (M, K), although
the action spectrum of solutions with starting points in ¥, and endpoints in ¥, may

not be discrete. This concludes the proof. O

Corollary 5.2.5. Fiz g € M. Then for all ¢ € M it holds true that
Ti(Z,) = Ti(%)

when n — oo. The same s true for {T1 (in) }neN.

Proof. Consider the Hamiltonians in (5.2): Choose a, := K(z) for any = € X,. So,
a, — 1 for n — oo and it holds true that ¥, = K ! (%) Afterwards one invokes

Proposition 5.2.4. 0
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Chapter 6

Perfect Morse Functions and the

Conley—Zehnder Index

In this chapter we will first address the class of so-called perfect Morse functions.
Roughly speaking, a perfect Morse function has the distinguished property that the
Morse inequalities are in fact equalities. Then we are able to make use of the very
convenient consequence that knowledge about the Betti numbers of the manifold leads
directly to geometrical insights, and vice-versa. Unfortunately, perfect Morse functions
are rare.

Afterwards we will give an explanation of the Conley—Zehnder index for symplectic
arcs. Before we close this chapter, we will focus on a few properties of this index which

we use in other chapters.

6.1 Perfect Morse functions

A Morse function f : F — R on a (real) C*-Hilbert manifold E is a C*-function whose
Hessian is non-degenerate at all critical points, so they are isolated. For the definitions
of these notions see Section 4.1.1 on Morse theory in infinite dimensions. Define the

spaces

Es*:={zc E| f(x) <a}
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and

Es*:={zxe FE| f(z) <a},

as well as

K.=={a € B| f(z) = c, df(x) = 0}

for a critical value c of f.

Consider for a critical value ¢ the triple (E=¢, E<¢\ K., E<¢) and note that
E<¢C E=°\ K. C E=°.

The associated long exact sequence in singular homology with respect to any coefficient

field F is

% H,(E<°\ K., E<“F) — H, (E< E<%F)

— H, (B¢, B<°\ K;F) %3 H, , (BE<\K,, E<%TF)

The following definition is a special case of the notion of a “perfect function” given by

A. Oancea in his talk on “Completing manifolds in Morse theory”, see [39].

Definition 6.1.1 (Perfect Morse Function). Let E be a C?-Hilbert manifold and F a
coefficient field. A Morse function f : E — R on E is called F-perfect if for all critical
values ¢ of f and for all n € Ny it holds true that the connecting homomorphisms are

trivial, i.e. 0, = 0. This means that the long exact sequence considered above splits

0 — H,(E**\K.,E<“F) — H,(E=* E<4F)
— H, (E=,E=*\ K;F) — 0.

Note that it is not necessary to assume f to be Morse. It is enough that f is differentiable,
as mentioned by Oancea in his talk.

The following steps are due to Chang [16, Section 1.4]. Let a and b be two regular
values of the function f and suppose a < b. In addition, let f satisfy the Palais-Smale
condition 4.1.2 on [a, b]. Define by By := dim (H;c (ESI’, E<a; IF)) the k-th Betti number
of the pair (E<*, E<%) and by C} the number of critical points of f of index k in
fHa, b]).
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Lemma 6.1.2 (Morse Equalities). Let f : E — R be an F-perfect Morse function on E
satisfying the Palais-Smale condition (PS) on [a,b]. Then for all M € Ny

M M
Z(_DMkak _ Z(_DMkak
k=0 k=0

and in particular

> (1)FC =) (-1)* By
k=0 k=0

Moreover,

B, =Cy, VkeN,.

Proof. We do a special case of Theorem 4.3. in Chang [16]. He considers for a triple of

(topological) spaces Z C Y C X the long exact sequence

O HL (Y 2 ) —— Hy (X, Z:) — H (XL Y ) 2, (Y 25

As a further step, we choose (Z,Y, X) = (E<¢, E=¢\ K., E<¢) and compute

dimH, (E=°\ K., E<%F) = dimIm, +dimIm,
dimH, (B, E<%F) = dimImj, + dimIm.,

dimH, (B¢, E~*\ K;F) = dimIm,_; + dimImj,,
and

H, (E=°,E~°\ K;F) + dimH, (E*\ K., E~%F) (6.1)
— dimH, (E=°, E~%F)

=dimImag, + dimIma,_; .

Observe that the right hand side of (6.1) is zero due to the fact that f was supposed to
be F-perfect. This and the proof of Theorem 4.3. in [16] concludes the lemma, while the
last assertion follows by induction over k. Due to Proposition 4.1.8 we know that the

considered series are finite. O]
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We want to address the question when a given Morse function f on a C?-(Hilbert)
manifold E is F-perfect. Very good references concerning this section are [8] and [13].
For compact surfaces, some work was done by Andrica, see [5]. If we look for an F-
perfect Morse function on E then the homology groups Hy(F;F) must be torsion free,
to state a necessary condition. We do not know of other necessary conditions. At least,
there is an indication given by Smale, that for a finite-dimensional F non-trivial torsion
could be the only obstruction to the existence of a perfect Morse function: If E is a
simply-connected closed manifold of dimension greater than five with no torsion in the
homology of E (w.r.t. some coefficient field ), then there is a non-degenerate function
f on E with the Morse type numbers equal to the Betti numbers of E. Then f is an
F-perfect Morse function on E. See [48, Theorem 6.3]. What is known about sufficient
conditions?

Let

Mt f) = 3 im0

peCrit(f)
be the Morse series (a formal power series in t) of some Morse function f on E. The
sum ranges over the critical points p € Crit(f) of f and ind(p) indicates the Morse
index of p € Crit(f). One can rewrite the series M(¢; f) in the following easy way
M(t; ) = S omu(f)t*. Then one calls my(f) the k-th Morse type number of f.
Recall that we introduced them already in (4.5) for the case when f is the energy

functional on E = Q;q,M . Further, there is the well-known (formal) Poincaré series

Pt E) = Z dim H, (E; F) t*.

k=0

The group Hj denotes the usual k-th singular homology group of E with respect to
a coefficient field F. The number §;, := dim Hg(E;F) is the k-th Betti number of E.
Also here we refer to the (more special) definitions made in Section 4.1.1. Suppose that
M(t; f) and P(t; E) exist. Then, as explained in the book by Chang [16], the following
holds:

M(t; f) =P E) + (L+1)QE ),

where Q(t; f) = Yoy qit® is a formal power series in ¢ with non-negative coefficients
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qr > 0. Instead of this equation often one writes the so called Morse inequalities,

M(t; f) > P(t; E).

Due to Bott [13] there is the so called Morse Lacunary principle:

Theorem 6.1.3 (Morse Lacunary Principle). Suppose no two consecutive powers of t
in M(t; f) occur. Then Q(t; f) = 0 and hence f is an F-perfect Morse function on E
for every coefficient field F. In particular, E (with respect to coefficients in the field IF)

is then torsion-free.
The Lacunary Principle is used in the proof of Proposition 4.2.20.

Proof. Let m; be the coefficients of the Morse series M(¢; f) and denote by p; those of

the Poincaré series P(t; f). The Morse inequalities imply the following relations:

mo—po=qo and m; —p;=¢q;+q-1Yj€{l,2, ..}

We already know that ¢; > 0. Now, if mg; = 0 (or mg;41 = 0), j € Ny, we get
—p2j = G2; + q2j—1 > 0, hence py; = 0 and ¢o; + g2;-1 = 0. Therefore g; = 0 for all

j € Ny, i.e. Q(t; f) = 0.
From the step above, if p, = dim Hg(F;F) # 0, then it must hold that p,_; =

dim Hy_1(E;F) = 0, hence from the universal coefficient theorem

0~ Hy 1 (E;F) 2 (H,_1(E; Z) ® F) @ Tor(Hy,_o(E; Z), F)

it follows that
Hy 1(E,Z) =0 and Tor(H, o(E;Z),F)=0.

Let us compute,

Hi(E;F) = (Hy(E; Z) ® F) @ Tor(Hy_y(E; Z),F) = Hy(E: Z) ® F .

So the singular homology groups of E with coefficients in F are torsion-free. m

113



For example, if we take the two-torus £ = T? in R? (standing on one side on the
plane and slightly tilted) and choose the height function of T2 as a Morse function on
T?, then we see that the height function is — for example for F = Z — an F-perfect
Morse function. Consider the n-sphere S* and again the height function f : S" =
{z eR"| 3" 2?7 =1} — R defined by f(z1,...,2,) = z,. We get the two critical
points (0,...0,4+1) € R", where the one with z, = —1 corresponds to the minimum of
f and the other one to the maximum. The Morse index of the first is zero and the one
of the maximum is n. By the Morse Lacunary Principle we get for n > 1 that f is
for all coefficient fields F an F-perfect Morse function on S™. Another easy way to see
this is just by writing down the Morse and the Poincaré series of f, in this case for all
n € N. On the other hand, the height function on the “heart shaped” 2-sphere S? is not
a perfect Morse function, see remark 4.1.1 and figure 4.1. A reference for a less trivial
example and a further application of Morse’s Lacunary Principle is R. Botts “favorite
example” of an F-perfect Morse function on the n-dimensional complex projective space
CP", see [13, Page 338|.

A further sufficient condition is the so-called Completion Principle. We prove it
for a finite-dimensional manifold E (this restriction is not necessary, see Oancea [39]).
Suppose that p € FE is a non-degenerate critical point of f at level ¢ € R and of
Morse index ind(p) = k. The Morse lemma implies that in a suitable coordinate system

x1, ..., T, centered at p, the function f has near p the form

f(@1,emy) =c— ] — a3 — .. — Tj + Thy + .. + 22
Define the k-disc
vyi={z |2+ a5+ .. 41, <€rpy =... =1, =0}

The set v, is then a disc near p, whose boundary dv, is a (k — 1)-sphere in the space

E..={zeE| f(zx)<c—e}

We call p completable if this sphere 0v, bounds a singular chain (w.r.t. coefficients in
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some field F) in E,_. for an € > 0 small enough.

Theorem 6.1.4 (Completion Principle [8]). If f is non-degenerate and all its critical

points are completable, then f is an F-perfect Morse function.
The Completion Principle is used in the proof of Theorem 4.2.18.

Proof. Let p be a non-degenerate critical point of f which is completable and with
f(p) = c. Recall Definition 6.1.1. Consider the following parts (for all n) of the long
exact sequence in homology of the triple (E=¢, E=¢\ K., E<¢):

> H, (ES¢, E<°\ K;F) 25 H,_y (ES°\ K, E<F) —> - --

We know that p is completable (w.r.t. F), i.e. there is a singular k-chain « (with image
lying in E<¢) whose boundary is dv,. It is the boundary of the disc v, which exists
since p is non-degenerate. This means that the (k — 1)-sphere Jv, can be taken as the
representative of a homologically trivial cycle in H, 4 (ESC \ K., E<¢ IF) Since this is
true for all the critical points of f one sees that the connecting homomorphisms 9,, are

all trivial and therefore the Morse function f is F-perfect. m

As an example consider the round two-sphere S?. As the function f we take the
height function from above. The north-pole is a non-degenerate critical point of f of
index 2. The boundary of an e-disc Dy centered at the north-pole is an S'. It is bounded
by the closure of S? \ Dy. So the north-pole N is completable. For the south-pole S
this follows trivially.

Then, as a second example, consider the “heart shaped” S? which was introduced
in Section 4.1.1. Again we choose as the function f the height function as drawn in
Figure 6.1. Let us start by choosing an e-disc D,,, around the non-degenerate critical
point m; of index 2. Deform D,,, such that its boundary (an S') lies in a level set of
f, i.e. there is a regular value « of f with dD,,, C f~*(«). The disc D,,, is bounded
by the closure of S? \ Dy, So there exists only one singular chain as a candidate which
could complete the point m;. But this chain does not lie in the sublevel of « since it

represents also the point ms, see the figure. Hence m; is not completable.
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Figure 6.1: A representation of the “heart shaped” sphere S? with the level set o).
The points m; and ms are local maxima. The e-disc D,,,, centered at m; is bounded by

the closure of S?\ D,,, which itself lies not in the sublevel set {x €S?| flz) < oz}.

6.2 The Conley—Zehnder index for symplectic arcs

Let (W :=T*M,d\) be the cotangent bundle. Choose according to Convention 2.1.2 a
Hamiltonian function H: W — R and fix a > 0.

Floer chain groups are generated by non-degenerate critical points of the action
functional associated to a Hamiltonian function H : M — R on a compact smooth
manifold M. To get a grading of these groups, one introduces the so-called Conley—
Zehnder index by associating to a solution z € P(H,q,q’) of Hamilton’s equations
#(t) = Xy (x(t)) an integer u(x). The Floer chain group CF}(H, q,q’) is then the finite-
dimensional vector space freely generated by the elements of P*(H, q, ¢') of Maslov index
k.

Given a non-degenerate solution = € P(H, q,q’') of the Hamilton equation, we follow
Audin-Damian [9, Chapter 7] and choose a symplectic basis of the tangent space Ty, W.
We call it

Z(t) = (Zi(1), .., Zon(t)).

Write the solution in different notation z(t) = ¢*(xg), with x(0) =: xo. We know that
the flow (! preserves the symplectic form (p')" w = w. This means that the linearization
Tow¢' of ¢! in the base Z(t) is a symplectic matrix A(t) € Sp(2n,R). So, the map
t — A(t) is a path of symplectic matrices with A(0) = Id and A(1) such that 1 is not in
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its spectrum, because x is assumend to be non-degenerate. Let us define for 0 < 7 € R
SP(1) :={¢ :][0,7] = Sp(2n,R) | ¥(0) = Id, det(Id —¢(7)) # 0}
and denote by U(n) the unitary matrices. The determinant map
det : U(n) — S*
induces an isomorphism of fundamental groups
det, : T (U(n)) — 71 (S') = Z.
This can be seen by computing the homotopy exact sequence of the fibration
SU(n) < U(n) — S*

and by using the fact that SU(n) is simply connected. The quotient Sp(2n,R)/U(n) is
contractible, so 7 (Sp(2n,R)) = Z. This isomorphism can be represented by a continu-
ous map

p:Sp(2n,R) — S*

which restricts to the determinant map on Sp(2n,R) N O(2n) ~ U(n), where O(2n)
denotes the set of orthogonal 2n x 2n matrices. Write ¢ € Sp(2n, R) in the form ¢ = PQ,
where P is symmetric positive definite and @ € O(2n) is an orthogonal matrix. Then
one constructs a retraction of Sp(2n,R) onto U(n), see McDuff-Salamon [31, Pages 45
and 46| for details.

Lemma 6.2.1 (Salamon—Zehnder [43]). The space Sp(2n,R)* := {A € Sp(2n,R) |
det(Id —A) # 0} has two connected components

Sp(2n,R)* := {A € Sp(2n,R) | £det(Id —A4) > 0}.

Moreover, every loop in Sp(2n,R)* is contractible in Sp(2n,R).
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For the proof, see [43, Page 1316]. As examples consider the two matrices
W+ :=—1d € Sp(2n,R) ",

and

1

W~ = diag (2, —1,...,—1, 5 -1,..., —1) € Sp(2n,R)".

In the proof of this lemma, Salamon and Zehnder construct n continuous (and periodic)

functions (because there are n eigenvalues “of the first kind”, see [43, Page 1315] for

details)
a, :Sp(2n,R)" = [0,27], v=1,..,n
satisfying
exp (z Za,,(A)) =p(4), AeSp2n,R)*

v=1
where

0<ai(A)<...<a,(4) <27
such that

exp(ia, (A)) = £1,

that is,

a,(A) € {0, 7,27} (6.2)

Further, they choose the a,, such that there is the same number of v’s with «,(A) =0
and with a,(A) = 27. We return to the construction of the Conley—Zehnder index.

For any path v : [0, 7] — Sp(2n,R) we choose a function « : [0, 7] — R such that

p(y(t)) = e (6.3)

Define
Ar(y) = 2020 (6.4)

For A € Sp(2n,R)* take a path v4 : [0,1] — Sp(2n,R)* with 74(0) = A and v4(1) €
{W*,W~}. Then it follows from the lemma above that A;(4) is independent of the
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choice of this path 7,4, because Sp(2n, R)* is path connected and A;(v4) just depends
on the fixed endpoints of y4. Define

r(A) == Ay(ya), A€ Sp(2n,R)". (6.5)
The Conley—Zehnder index of a path ¢ € SP(7) is defined by
w() == AL (V) +r((r)), (Conley—Zehnder index). (6.6)

So this index can roughly be described as a mean winding number for the linearized
flow along z(¢) or the number of times an eigenvalue crosses 1. To get the hands on this

number, let us convince ourselves that the Conley—Zehnder index is really an integer.
Proposition 6.2.2. The Conley-Zehnder index is an integer.

Proof. We follow Salamon—Zehnder [43]. We extend ¢ € SP(7) to a smooth path
v : [0,7 4+ 1] — Sp(2n,R) which agrees with ¢ on [0, 7] and satisfies v(¢) € Sp(2n,R)*
for 7 <t <7+ 1 with y(r +1) € {W*, W~}. Since Sp(2n, R)* is path-connected this

extension exists. By definition, it follows that

p() = Ar(¥) + A(¥(T))
= AT—H('V)‘

So, let us calculate a(7 + 1).

p(WT)=p(y(r+1)) = det(X +iY)
= det(X)
— det(—1d,) = (—1)"

= eia(7+1) _ (_1)n

=a(tr+1)=mn+2nl, [€Z.
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Here we used the fact that —Id = W € U(n) is of the form

X =Y
Yy X

what means that X = —1Id,, and Y = 0. It follows from the determinant property of p
that p(B) = det(X + ¢Y"). Now, we focus on the other quantity «(0): Similarly,

p(1(0)) = p(1(0)) = p(Id) = 1" = a(0) = 27m, m € Z.

This leads to

2wl — 2
Arq(y) = ™ 7; T 42 —2m e

Notice that p(W~) = (—1)""! which leads to the same conclusion. O

Proposition 6.2.3 (Salamon-Zehnder [43]). For A € Sp(2n,R)* we have

()] <.
Proof. 1f y4(1) = W+, then
) - [0 lé(ama))—au(mo»)
< %é\ﬂ—au 74(0))]
< %ih]:lmrzn
If v4(1) = W™, then
O e e X ”1 0u(3(1)) = 0,(74(0))
< —|on 7~ a1 0)

v=1 V;éke[l n|

1
< 27r—|— (n—1)m
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Both estimates use (6.2), and in the second case there is one 1 = k such that o, (W™) €
{0, 27}, because % is an eigenvalue of the first kind, hence the estimate with 27. So, we

can conclude from to the latter two calculations that |r(A)| < n. O

Proposition 6.2.4. If v, € P(H,q,q) with (vm) = k € Z for all m € N and
lim,, o0 Ym =7 € P(H,q,q') in C*, then it holds that

w(y) € [k —2n,k + 2n].

Proof. Let m € N.

[1(ym) — k| = |Ar(ym) + 7(ym(7)) — K|
< A (Ym) = KL+ [r(m(7))]
= 2|r(ym(7))]
< 2n.
We have used triangle inequality and Proposition 6.2.3. [
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Appendix A

A Theorem of Gromov

Let (M, g) be a smooth simply-connected and closed Riemannian manifold. For ¢, ¢’ €
M, let QuoM = {y € Cps([0,1], M) | v(0) = g and y(1) = ¢} be the set of piece-wise
smooth paths in M from q to ¢/, and let QF M = {y € QoM | Ly(v) < a}, where L,
is the length given by the Riemannian metric g. In this chapter we consider singular

homology with respect to a fixed coefficient group I'. We omit I' from the notation.

Theorem A.0.5 (Gromov). There exists a constant C' > 0 depending only on g such
that given any pair of points q,q € M and any positive integer i, any element in

H;(Qyy M) can be represented by a cycle whose image lies in Q%],M.

Remark. Theorem A.0.5 can be restated as follows: There is a constant C' = C(g) > 0

such that for every ¢ € N the homomorphism
Ci
H; (9255, < Hi(Sy, M)
induced by the inclusion
Ci
QoM = QuyM
is surjective. O

Theorem A.0.5 is half of the following, for our purposes very convenient theorem.

For i € N let L(i) be the smallest real number 7" such that the homomorphism

H; (QF M) — Hi(Qqqe M)
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induced by inclusion

T
QoM — Qqo M
is surjective.

Theorem A.0.6 (Gromov |22|, Section 7.3). If M is a compact simply-connected Rie-
mannian manifold with path space QM , then there are constants C,C such that

Ci < L) < Ci.
Remark. The result is usually stated for simply connected manifolds. From this the

case of finite fundamental group follows at once by passing to the universal cover (cf.

Remark 7.8 in [22]). O

Due to Serre [46] we know that the loop space QM of any compact simply-connected
manifold M admits an infinite number of integers k for which the Betti numbers b (QM)
are non-zero. Recall that the spaces QM and €2, M are homotopy equivalent. There-
fore, if we fix ¢ € N such that b;(QM) # 0, we know that there is a non-trivial homol-
ogy class [a] € H; <Qif;,)M ) which can be represented by a cycle whose image lies in
Q(if;,)]\/[ . Again according to Serre we know that there is a j € N, with 7 > ¢, satisfying
|Cj — Ci| > 0 what implies L(j) > L(i) and with b;(Q, M) # 0. Since L(j) is the
smallest real number such that the homomorphism

H, (@M ) > By (20 M)

9,9

is surjective, we can conclude that there must be a non-trivial element
’ L(j)
o] € 1 ()

which can be represented by a cycle o/ whose image restricted to a non-empty subset

A C [0,1]9 (because of L(j) > L(i)) lies in Qig)M \ Qifj,)M, meaning

j L(j Lz
ot AC (0,1 — QLM N\ QM
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Assume, such an o/ with this property does not exist. Then one can choose L(j) smaller
what leads to a contradiction. This means that the lengths of the images o/(A) are
strictly longer than the lengths of all the images of all the cycles representing homology
classes in H; (QQL,E;‘,) M )

Proof of Theorem A.0.6. Let us first prove the existence of the constant C' = C(M),
the basic ideas are out of [22]. Fix an ¢ € N and then choose the smallest number L(7)
such that H; (Qig)M) — H;(Q, M) is surjective. According to Milnor [32, Chap-
ter 16| we know that the space Q;S,)M is homotopy equivalent to a d(i)-dimensional
(smooth) manifold, since every element can be homotoped to a broken geodesic. Ac-
cording to Serre [46] we know that for every i there exists an k € (0,7) C N such that
Hi i x(Qq M) # 0. So, let us increase ¢ by such a k, define ¢/ := i + k. Now we look
for the smallest number L(7') such that H; <Qif;,,)M ) — Hy(Qy M) is surjective. Due
to the construction of Milnor this means that L(i) < L(i') because of i < ¢’ and be-
cause we consider i'-cycles instead of i-cycles. The former need strictly longer paths to
get realized. We know that L(i) has to grow as a function in 4, otherwise this would
contradict Serre’s Theorem. Also due to construction of Milnor this growth has to be
linear in i, because d grows linear in ¢ and there is a constant D = D(M) such that
L(¢) = D(M)d(¢) for ¢ such that H, (Qi;@M) ~ H, (X)) £ 0. So L(i) < Ci for
another constant C = C'(M) > 0.

For the proof of the existence of the constant C' we follow [41]. Let {V,} be a finite
covering of M by convex open sets. Recall that a set is convex if any two points in it
are joined by a unique geodesic that stays in the set. Choose a triangulation T" of M
that is fine enough so that each closed simplex of 7" lies in one of the V,,. We shall also
assume that the 1-skeleton of T' consists of geodesic segments. For each point p € M,
let T'(p) be the closed face of 7' of minimum dimension that contains p and let O(p) be
the union of all maximal simplices of T that contain p.

Given a positive integer k, we define open subsets (24,4 M), of € M in the following

way. We shall say that w € (€M), if for each integer j = 1,2, ..., 2% the image under
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w of each subinterval [(i=1)/2% i/2%] lies in one of the sets V,, and
O(w(U=1/24)) U O(w(3/2+)) C Va

lies in the same V.

Let Br(M,q,q") C (44M), be the space of broken geodesics v such that v €
(Qg,¢# M), and the restriction to each subinterval [(i—1)/2+,7/2*] is a geodesic parameterized
at constant speed. Each v € By(M, ¢, ¢') determines a sequence of points {p; = v(4/2)}
which has the properties

1. pop=x and pyr =y
2. O(pj_1) UO(p;) lies in a single V,, Vj = 1,...,2"

Conversely any sequence {p;}, 0 < j < 2% with these properties determines a broken
geodesic in By (M, q,q'). Because if one has two neighbouring points p;_1,p; there is —
due to the second property — a unique geodesic connecting them. Moreover, the corre-
spondence between broken geodesics in By (M, ¢, ¢') and sequences of points is bijective.
Because the parameterization will distinguish different geodesics with the same trace.
Observe that this correspondence induces on By(M,q,q') a cell decomposition: A cell

that contains v € B(M, q,q’) is given by:

T(p1) x T(pa) x - x T(pae_1).

Observe that py and pyx were kept fixed. For example, if one had the following cell decom-
position of a broken geodesic with three different legs T'(p1) x T'(p2) and dim(7T'(p;)) =
dim(7T(p2)) = 2, then we have six faces.

Therefore we can think of By(M,q,q’) as a finite cell complex. Due to the fact that
the dimension of By(M,q,q’) is

dim(By(M, z,y)) = (2* — 1) dim(M).

(Take the highest stratum, or just maximize a cell decomposition with respect to di-

mension.) By using Milnor’s trick, see [32], one can show that (€4, M), deformation
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retracts onto B(M,q,q).

Since M is simply connected, there exists a smooth map f : M — M such that f
collapses the 1-skeleton of the triangulation 7" to a point and f is smoothly homotopic
to the identity. One starts by constructing this f from the identity, so it is homotopic

to it. Observe also that f naturally induces a map on €, oM

[ QoM = QpgypanM

v = for.

Now we prove the following intermediate lemma.

Lemma A.0.7. There exists a constant C' = C'(g) > 0 such that for any N> k > 1,
we have

f (i-skeleton of Bx(M,q,¢)) C Q50 phM
for all i < dim By(M, q,¢').

Proof. Consider a cell
K =T(p1) X T(pa) X -++ X T(par_y)

with dim(K) = Z?i;l dim (T'(p;)) = i < dim Bi(M, q,q’). Take a path v € K. Then
v is a broken geodesic, each leg of which lies in one of the sets V. Since f sends the

1-skeleton of the triangulation to a point we can estimate the length of the path

/

afterwards:

Siaw|a= [ el

Ly (f(’Y))

< @)l [ 1ol a
< (@) - d- N (o).

where N(7) denotes the number of legs of v that do not lie in the 1-skeleton (due to
collapsing) and d := max,(diam(V,)). Now, we go on calculating N(y). The 1-skeleton

is made up of geodesic segments. Moreover, the leg of a broken geodesic v that joins
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T(p;) and T(pj41) must lie in the l-skeleton if 1 < j < 2" — 1 and dim(7'(p;)) =
dim(7T'(p;+1)) = 0. Hence, the only legs of v that could fail to lie in the 1-skeleton are
the initial leg, which starts at x, the final leg, which ends at y, and legs that begin or
end in a T'(p;) with nonzero dimension. For example, if one leg starts or ends in a 7'(p;)
with nonzero dimension, there could be — for every j € {1,...,2¥ — 1} and at most — a
second leg joining the first one in this T'(p;), so we can roughly estimate

2k—1

N(y) <242 dim(T(p;) =2+ 2i < 4,

i=1

where the last estimation comes from the fact that in the theorem A.0.5 we assumed ¢

to be a positive integer. Now, if we set C’ := 4-max,c s ||df (x)|| - d, we obtain the result
L, (f(’Y)) < ("i.

]

We shall show that for all ¢,¢" € M, any n € H;(Sfq),r(¢)M) can be represented by
a cycle whose image lies in ng(/;), 1M, where (' is the constant given in lemma A.0.7.
Since f is homotopic to the identity, the naturally induced morphism on homology f; is

an isomorphism, so there exists a p € H;(£, M) such that f.(11) = n. Observe,

QoM = U (Qq,q’M)k-
k=1

If we are given a cycle that represents u, this cycle will have an image that lies by the last
observation in (€24, M), for some k. Retract (€4, M), onto By(M, q,q’). Then our cycle
can be moved by a homotopy into the i-skeleton of By(M,q,q’). (This can be achieved
by using a standard theorem of algebraic topology which says that if one is given a CW
complex W and j dimensional cycle, then the latter cycle can be homotopically deformed
into the j-skeleton of W.) This means that we have deformed the cycle homotopically
in a homologous way, so if h is this homotopy we have [i/] = [h o i//], where u' is a
representative of the class u. Now, by lemma A.0.7 f maps all points in the i-skeleton

of Bix(M,q,q") to points in Q?{;)J(q,)M and hence f*(,u) = 7 can be represented by a
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cycle whose image lies in Q?(l;% £ q,)M , concretely:
flw) = flho W) = [fohou) =[] =,

where 7’ has its image in Q]q(/;) s M-
We know that the spaces Q, M and €, M, for 2,y € M, are homotopy equiv-

alent, hence H;(Qy o M) ~ H;(Qy ,M). Now, we take 2’ = f(¢) and ¥’ = f(q¢’). Then

Clit2diam(M) ¢

n € H;(Q, M) can be represented as a cycle having an image in Q.0

Q(C'+2~diam(M)

)i : . .
0 M, where the path is possibly longer than the one in Qg s M) and

the latter estimate comes from the fact that N > ¢ > 0. Finally, we define C :=
C’" + 2 - diam(M) and conclude the theorem. O

Proposition A.0.8 (Milnor’s lemma). Consider a closed n-dimensional Riemannian

manifold (M, g). Then there exists a constant ¢ = c(g) such that for every k > 1,
H;, (Q;Z,M) =0 for a < ck and for all q,q' € M.

As the proof will show, one can take ¢ = p?/(2n), where p is the injectivity radius

of (M, g).

Proof. We follow [32, Section 16]. Fix a > 0. We can assume that Q-0 M # 0. Let p
be the injectivity radius of (M, g). Set h = [2a/p*], and consider the equidistant sub-
division T ={0 =ty <t; <--- <t, =1} of [0,1],ie. t; = j/h. Thent; —t;_; =1/h <
p?/(2a). Then for every v € Q=% M the distance between the points 7(t;_1),v(t;) is < p.
Hence there is a unique geodesic from ~(¢;_1) to y(t;) of length < p. We can thus define
the set Q;Z, (T, M) C Q;Z,M of broken geodesics. This space is homotopy equivalent
to Q;Z,M . Moreover, a broken geodesic v € Q;Z, (T, M) is uniquely determined be the
(h — 1)-tuple

((7(t1)7 7(t2)7 s ,'Y(th—l)) € Xh—lM-
Hence Q;fl‘, (T, M) is homeomorphic to an open subset of x;,_1M. In particular,

. a 2n
dim Q¢ (T, M) = n(h—1) < —a.

2
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Hence Hy (Q;Z,M) = Hy (Q;Z,(T, M)) =0if &k > 2p—§a, ie., Hy (Q;Z,M) =0ifa <
.

2n

]

Proposition A.0.9. Consider a closed n-dimensional Riemannian manifold (M, g)

Then there ezists a constant ¢ = c(g) such that for every k > 1,
Hy (E%q,q')) =0 for a < ck?® and for all q,q' € M .
As the proof shows, one can take ¢ = ¢(g) = 2 (” 2

5) , where p is the injectivity radius
of (M, g).

Proof. The proof follows from Gromov [22].
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Appendix B

An Article by Schwarz

In this chapter we collect results from Albert Schwarz’ paper [50] which only exists in
Russian. In this article, Schwarz gives the following quantitative version of the result of

Serre [46]:

Theorem B.0.10 (Schwarz, [50]). Let M be a closed and simply-connected Riemannian
manifold and q,q € M. Then there exists a sequence of numbers ¢y, ca, ... appearing as
the lengths of geodesic segments from q to ¢ with ¢, < cpi1 for all k. More precisely,
there exists a number d > 0 such that for all k € N it holds that ¢ < kd and {cx}ren

forms an arithmetic progression.

The following lemma which he uses to prove this theorem is taken from “Mathematical

Reviews on the web” by the American Mathematical Society.

Lemma B.0.11 (Schwarz, [50]). In the space of loops Q,M, there is a homology class x
and a cohomology class & such that {(x*, &%) = k! for k =1,2,3,.... Here z* is the k-fold

Pontryagin product of x and &* is the k-fold cup-product of €.
From this lemma he concludes the following proposition.

Proposition B.0.12 (Schwarz, [50]). One can choose homology classes
X1, L2, ooy Ty .. € H(Qy g M)

such that there exists a number d such that for all k the homology class x can be realized
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mn Q’;Z,M. Further, there is a cohomology class & such that

Finally, Schwarz makes the following remark:

Remark. (Schwarz, [50]) The theorem holds also for closed Riemannian manifolds with

finite fundamental group. Compare this to Gromov’s remark 7.8 in [22]. O

Remark. The family name of Schwarz is sometimes written as Svarc, Svarc or also

Shvartz. O

For proofs and explanations of Schwarz’ results mentioned above we refer to the
work of Nabutovsky—Rotman [37] and [35]. They carry out the proofs and give sufficient

information concerning Schwarz’ ideas.
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Appendix C

Topology and Functional Analysis

C.1 The Arzela—Ascoli theorem

We prove the Arzela-Ascoli theorem for continuous maps on general compact metric
spaces. For the proof, we follow [44].
Let (X, dx) be a compact metric space, (Y,dy) a general metric space and denote
by
C(X,)Y):={f: X =Y | f continuous}

the space of continuous functions from X to Y. It is an easy exercise to see that the

function d : C(X,Y) x C(X,Y) — R defined by

d(f,g) = maxdy (f(x), g(x)), ¥ f,g € C(X,Y) (C.1)

zeX

is a metric on the space of continuous functions C'(X,Y).

Theorem C.1.1. Let K C C(X,Y). K is compact with respect to the metric d if and

only if K is closed, bounded and equicontinuous.

Proof. “=". K is compact, so it is sequentially compact, which implies that K is closed
and bounded. Now we show the equicontinuity of K. Let ¢ > 0. K is a compact metric

space, so there are finitely many elements f1, ..., f,, € K such that

n

UB§<fi) = K. (C.2)

i=1
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For every i € {1,...,n} there is a ¢; > 0 such that for every x,y € X

dX(:L‘ﬁy) < 51 = dY(fz(J:)?fz(y)) <3 (C?’)

Wl M

because X is compact and so the functions f; are uniformly continuous. Define

Choose z,y € X with dx(z,y) < 0 and f € K. By (C.2) there exists ¢ € {1,...,n} such
that
(CA4)

Hence for all z,y € X,

dy (f(), f(y)) < dy(f(2), fi(z)) + dy (fi(z), fi(y)) + dY(fi((C3/4)>> fy) <e.

(C.4)E (C.3)

£ £
< 3 <3 <3

“«<=". For this part of the proof, there will be four steps A, B, C and D.
A.

Lemma C.1.2. There exists a sequence (zx)ren C X such that for all 6 > 0 there exist

m(8) € N with JI"9) Bs(xy,) = X.

Proof. We do this by an inductive construction.

First step: For ¢ = 1 there are finitely many points 1, ..., ;1) € X such that

m(1)
U Bozi(z) = X.
k=1

Second step: For § = % there are xp,(1y11, ..., Tm(2) € X such that

m(2) m(2)
X= U Buile) =] Bsslm).
k=m(1)+1 k=1
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(n-+1)-th step: For 6 = n+r1 there are T, ()41, -, Tmn+1) € X such that

m(n+1) m(n+1)

X = U By 1 (x) U Bs_ 1 ().

n)+1

This means that the sequence (z)ren is constructed for ¢ > 0: Choose n € N such that

1 < § and fix m(6) :=m(n), then

X5 | Bs(z) o | Balan) = X.
k=1 k=1

B.

Lemma C.1.3. Let (f,)nen C K be a sequence. Then there exists a subsequence (fn,)ien

such that the limit

yr = lim fp, (xg)
1— 00
exist for every k € N.

Proof. Let k = 1, then the sequence (f,,(21)),,cy of real numbers is bounded. Hence has
due to the theorem of Bolzano—Weierstrass a convergent subsequence. In other words,

there exists a strictly monotonically growing function g;: N — N such that the limit

yr = lim fo, (1)

exists. Then also the sequence ( Jor(9) (x2))Z < is bounded and has therefore a convergent
subsequence. Hence there exists a strictly monotonically increasing function go: N — N

such that the limit
Y2 = }Lrglo f91092(i) (x2)
exists.

Inductively, we find a sequence of strictly monotonically increasing functions g5 : N —

N such that the limit

Yk = Zlgc{lo for0g20...090(1) (Tk)
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exists. Let

n; := g1 0gs0 ... 0 g;(i)

for i € N. Then (fn,@) (xk))pk is a subsequence of (fy,0g,0...0g: () (mk))keN and converges
to yg. This holds for all k, which implies the lemma.
O

C.

Lemma C.1.4. Let (fu)nen C K be a sequence. Then (fn)nen is a Cauchy sequence

with respect to the metric d.

Proof. Let € > 0. Because of equicontinuity of K, there is 6 > 0 such that for all f € K
and for all z,y € X

dx(2,y) <6 = dy(f(@), f()) < 5. (C.5)
By step A, there exists m(0) =: m € N with
U Bs(ax) = X. (C.6)

Due to Step B and by Cauchy’s criteria of convergence the following holds: Vk €
{1,...,m} there exists N(k) € N such that Vr, s > N(k) we have

dy (fo, (Tk), fr, (21)) <

[GSERO)

.....

Lemma C.1.5. In the notation used above, we have for all r,s > N

d(fn'r7fn5) = gle%?(dY (fnr(iv),fns($)) < €.

Proof. Let r,s > N and x € X. Due to (C.6) there exists a k € {1,...,/m} such that

dx(z,x) < d. Hence, Vo € X, we have

dY(fnr (.%), fns (x))
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< dy(fu. (@), fu.(@x)) + dy (fa, (xr), fu, (@x)) + dy (fo, (28), fu, () <e.
(©5)_ (c.7) ©5),

D.

Lemma C.1.6. There exists f € K such that f, — f with respect to the metric d.
n—o0

Proof. The metric space (C(X,Y),d) is complete, see Lemma C.1.7. Therefore, there

exists f € C(X,Y) satisfying f,, — f with respect to the metric d. Since K is closed
n—oo

fekK. O

This last step concludes the theorem. O
Lemma C.1.7 (Completeness). The metric space (C(X,Y),d) is complete.
Proof. Take a Cauchy sequence (g,) C C(X,Y). Fix € > 0.

=3 N(e):VYn,m > N(e),d(gn, gm) < €

= Vn,m > N(e)Va € X dy(ga(2), gm(x)) < €

= ¢, uniformly convergent

=3dgeCX,Y): 9, —

n—o0

= C(X,Y) is complete.

C.2 Some Topology

Lemma C.2.1. Leta > 0. Let (M, g) be a n-dimensional closed connected Riemannian
manifold and let q,q',q" € M be three different points, define d := diam(M, g). Then

there is a homotopy equivalence

Eq,q) — Eq,q").
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Proof. Let v € £%(q,q') and choose a minimal geodesic ¢ from ¢’ to ¢”. Consider the

homotopy,
t1+s), telo1-2
Hig. {100, te01-g
c(t(l+s)—1), te[l-3,1]
Observe that H(-,0) = v € £%(q,q¢') and H(-,1) € £7(q, ¢"). ]

Lemma C.2.2. Let {z, : [0,1] = T*M},en be a sequence of solutions of Hamilton’s
equations (2.8). If x, converges uniformly to another solution x : [0,1] — T*M of
(2.8), then there exists N € N such that for all m > N it holds that x,, and xo are

homotopic.

Proof. (Idea of the proof is due to [17|.) Notice that the set x([0,1]) C T*M is an
embedded submanifold of the cotangent bundle 7% M. Due to the Tubular Neighborhood
theorem we know that there exists an open neighborhood U C T*M of x+([0,1]) C U
such that U is diffeomorphic to the normal bundle N of 2 ([0, 1]). We assumed that the
solutions x,, converge uniformly to ., in the metric (4.28). This implies that there exists

N € N such that for all m > N it follows that z,,([0,1]) C U. Via the diffeomorphism
B:UCT"M — N c T(T*M)

we find that every xz,,(]0,1]) (as an image of B) is a section of the normal bundle of
B(z([0,1])) = 250([0,1]) in T*M. The normal bundle is a vector bundle and hence
fiberwise contractible. Therefore, there is a homotopy H: [0,1] x N — N pulling each
B(x,,) onto . Now, if we precompose the latter homotopy with the diffeomorphism B
given above, we get finally the homotopy H’: [0,1] x U — U defined by H(t, B(x)) € U

for x € U. This proves the lemma. n

C.3 Some functional analysis

C.3.1 The Sobolev spaces

We want to define the Sobolev spaces W*?([0, 1], 7* M) whose elements are equivalence

classes of functions f : [0,1] — M, where (M,g) is an n-dimensional Riemannian
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manifold and k,p € Ny.

According to the Nash embedding theorem [38], there exists K € N such that we
can isometrically embed M into RX, ¢: M — REX. Hence T*M isometrically embeds
into T*RE = R2K:

o: T"M — TM — T*RE =R?K

(¢.p) +— T Yq,p) = (q,v) — (p(q),de(q)v)

The map T': T*M — T'M was introduced in Section 2.1. We then are able to give a defi-

nition of the (k, p)-Sobolev space of functions (on [0, 1]) into the cotangent bundle 77 M:
WEP([0,1], T* M) == {v € W ([0,1],R*) |y C &(T*M)} . (C.8)
Let v € Wk»([0,1],T*M), then we can define the (k, p)-Sobolev norm
HV”W’W([OJLT*M) = ||7HW1€»P([0,1],R2K)- (C~9)
More generally,
WhR(0, 1], M) = {3 € WH ([0, 1, R¥) | 7 € (M)} (c.10)
and similarly as above, for v € Wk?([0,1], M) we define the (k, p)-Sobolev norm
IVl o,1,00) 7= IV llwer(o,ag,m5) - (C.11)

C.3.2 On the involved functionals

Lemma C.3.1. Let B — M be a vector bundle, M a smooth compact manifold. If
F : B — R is a fiberwise strictly convex function which is also fiberwise homogeneous of

degree k, for k € N, then there exists a constant K = K(M) such that
Lok k
E|,U|q S F<Q7U> S K|U‘q'

(| - |4 s the norm on the fiber B, over q.)
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Proof. Suppose F(q,v) > 0, what implies that v # 0. Then,

min F<q,h>-|v|’;SF<q,v>=F(q,i)~|v|’f< max  F(q,h) - |off,

heBy, |hlq=1 [v], T heBy, |hlg=1
with
c(q):= min F(q,h)>0 and C(q):= max F(q,h)>0,
(q) L (¢,h) (9) he X (¢,h)

because of our assumption F(q,v) > 0. Define the quantity D(q) := max {ﬁ, C(q)}.
Since C'(q) depends continuously on ¢, we introduce the sequence of continuous functions
Gn : M — R defined by G,(q) := C(q) +n,n € N. Then, there exists the smallest
N such that Gn(¢) > D(r) > C(r) > 0, what implies 0 < GNl(q) < ¢(r). Define
max,en Gn(q) =: K(M) =: K. All this implies:

1 k k
Eh}‘q S F<Q7U> S K‘U‘q'

]

Lemma C.3.2. Let T*M be the cotangent bundle of a compact manifold M, X\ the
standard Liouville form and x € Q;q,T*M, forq,qd € M. If Hy,Hy : T*M — R are two
Hamiltonian functions with the property that for all t € [0,1] it holds that

Hy(x(t)) > Hy(x(t)),

then we have

Proof.

A, () = A, () = /O(Ha(w(t))—Hl(w(t)))dt

1
/ 0dt =0
0

v
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Remark. It would be enough to ask Hy(x(t)) > Hy(z(t)) for almost all ¢ € [0, 1], but
since by Sobolev embedding theorem z is also a continuous function this distinction is

not of importance here. O

Lemma C.3.3. Let M be a smooth and connected manifold. The functionals L,E
W2([0,1], M) — R are continuous with respect to the norm of W2([0, 1], M).

Proof. According to Section C.3.1, the Sobolev norm on W2([0, 1], M) implies by defi-
nition

||$||%/V1,2([o,1],M) = ||I||12/VO’2([0,1],M) + ||:t||124/0a2([0,1],M)‘
Hence as being a norm, the expression for ||x||%v172([071]’ Ay Just given is a continuous
function on W1'2(]0,1], M) and so the difference ||x||%v172([071]’M) - ||x||€v0,2([0,1],M) too,

what means that the energy functional ||$'||%,V0,2([0’1]7 wmy = €() is continuous. Let z;,, €

Wh2([0,1], M) such that x,, — x in WH2([0, 1], M). So,

0 < L) — £(@)] < |VE@) — VEG)| 50 (n— o0),
which implies that the length functional £ is also a continuous function for elements in

the Sobolev space W12([0, 1], M). O

Lemma C.3.4. Let v € WY%([0,1], M). Then

L2(y) < 2E(v),

with equality if and only if for a given constant C' € R it holds true that || = C almost

everywhere.

Proof. We apply the Cauchy-Schwarz inequality to L,

L(y) < (/Olldt)é (/01 Wdt)% :ﬂ(%/ol ]"y|2dt); =V2E3(y).

The second part follows from the proof of the Cauchy-Schwarz inequality. m

There is a one-to-one correspondence between the elements of P(H, q,q’) — the space

of C**-smooth paths z : [0, 1] = T*M solving @(t) = Xpy(z(t)), z(j) € T ;)M — and
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the set ¢}, (Dy(X)) N Dy (X) given by the evaluation map

EV :P(H,q,q") = ¢(Dy(¥)) N Dy(%)

x— (1)

Lemma C.3.5. The map EV is bijective.

Proof. Assume there are x,2' € P(H,q,q') : x # 2/ with x(1) = 2/(1). Then,

= oy(2(0)) = ¢ (2/(0))

= ¢ ¢u(2(0)) = ¢ ¢y (2'(0)), t € 0,1
= ¢ (2(0)) = ¢k («'(0)), s € [0,1]

= x(s) = 2'(s), Vs € [0, 1]

Therefore the contradiction hence E'V is injective. Take an element of the target space

(1) € 63 (Dg(X)) N Dy (X).

= ¢p(x(0)) = 2(1)
= ¢ (z(0) = 2(1 —t), t €[0,1]
= ¢y (2(0)) = z(s), s € [0,1]

=z cP(H,q,q).

So EV is surjective. O

C.3.3 A metric on the space of Sobolev functions

Sometimes we need to have a metric on the space of Sobolev functions from the unit
interval to the cotangent bundle. It can be constructed as follows. According to the
Nash embedding theorem [38] there exists K € N such that we can isometrically embed
(the Riemannian manifold) M into RX, ¢: M — RX. Hence T*M isometrically embeds
into T*RE = R2K:

¢: T*M — R,
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So, let us define the distance between two curves 1, o € WH2([0,1], T*M).

d(ZL‘l, 1'2)2 ::HQS or; —¢o -/I/'2||12/V1,2([071LR2K) (C.12)
=|lpozi—¢o x2H%2([071],R2K)
2
H—cb $1——¢0$2 :
L2([0,1],R2K)
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