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REsuME

Dans cette thése, nous nous intéressons a trois champs de la théorie de
I’échantillonnage. Ces trois champs sont I’échantillonnage spatial, la stratification
et finalement I'appariement statistique. Aprés un premier chapitre qui rappelle les
notions principales de la théorie de I’échantillonnage, la thése est constituée de deux
parties qui contiennent chacune deux chapitres.

La premiére partie concerne I’échantillonnage spatial. =~ Dans le secteur de
I'environnement en particulier, il est important de sélectionner un échantillon bien
étalé. Les populations que nous étudions sont souvent auto-corrélées, c’est-a-dire
que deux unités proches I'une de l'autre partagent les mémes caractéristiques et ne
devraient pas étre sélectionnées dans le méme échantillon. Dans le second chapitre,
nous proposons une méthode qui permet de sélectionner un échantillon tres bien
étalé. Le troisieme chapitre propose une méthode pour sélectionner un échantillon a
la fois étalé sur des coordonnées géographiques et équilibré sur des variables auxili-
aires. Cette méthode possede la particularité d’étre séquentielle, ce qui offre un champ
d’application plus large, notamment dans les trés grands ensembles de données.

La deuxieme partie de la thése aborde la stratification et 'appariement statistique.
Dans une enquéte, on améliore presque toujours ’estimateur si on sépare la popu-
lation en sous-groupes lorsque cette information est disponible. Ces sous-groupes
peuvent étre grands ou petits selon les caractéristiques des variables qui les condition-
nent. Le quatrieme chapitre propose un algorithme pour tirer un échantillon équilibré
dans des populations fortement stratifiées. Finalement, le cinquiéme chapitre parle
de Pappariement statistique qui consiste a fusionner deux enquétes. Nous utilisons
le probléme du transport optimal pour combiner les deux enquétes en une pseudo-
population qui permet de tirer des conclusions sur des variables mesurées uniquement
dans chacune des enquétes respectives.

Mots-clés Théorie des sondages; échantillonnage étalé; méthode du cube; popula-
tion fortement stratifiée; transport optimal






ABSTRACT

In this thesis, we are interested in three fields of sampling theory. These three fields
are spatial sampling, stratification and finally statistical matching. After the first chap-
ter recapitulating the main notions of sampling theory, the thesis comprises two parts,
each containing two chapters. The first part deals with spatial sampling. Particularly
in the environmental sector, it is important to select a well-spread sample. The pop-
ulations we study are often auto-correlated, i.e. two units close to each other share
the same characteristics and should not be selected in the same sample. In the second
chapter, we propose a method to select a very well-spread sample. The third chapter
proposes a method to select a sample that is both spread on geographical coordinates
and balanced on auxiliary variables. This method has the particularity of being se-
quential, which offers a wider scope of application, especially in very large datasets.
The second part of the thesis discusses stratification and statistical matching. In a sur-
vey, the estimator is almost always improved by separating the population into sub-
groups when this information is available. These subgroups can be large or small de-
pending on the characteristics of the variables that condition them. The fourth chapter
proposes an algorithm for drawing a balanced sample in highly stratified populations.
Finally, the fifth chapter discusses statistical matching, which consists in merging two
surveys. We use the optimal transport problem to combine the two surveys into a
pseudo-population that allows conclusions to be drawn on variables measured only in
each of the respective surveys.

Keywords Survey sampling; spread sampling; cube method; highly stratified popu-
lation; optimal transport
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INTRODUCTION

Survey sampling is a field of statistics that studies finite populations. There are dif-
ferent steps for statisticians working in the field of survey sampling. The first step is
data collection. All information that might be useful about the target population is
collected, and a database is created containing all the units on which the sample will
be selected. At this stage, some auxiliary variables can be used to establish unequal
inclusion probabilities and increase the precision of future estimators. Next, a random
sampling design is used to draw a sample. Statisticians working in survey sampling
always strive to find appropriate sampling designs to obtain better estimates. Next,
the variable of interest is recorded on the sampled units, and various treatments are
applied to deal with non-response and measurement errors. Finally, an estimation of
the target variable is performed, and variance estimation is generally achieved. All
of these steps are of concern to survey statisticians and have room for improvement
and constitute a vast area of research. In this research, we mainly focus on the pro-
cess of a random selection of the sample. This thesis is an assortment of published
articles. It investigates three main fields of survey sampling theory, spatial statistics,
stratification and statistical matching.

Spatial statistics has been a productive field in recent decades. Especially in envi-
ronmental surveys, data are auto-correlated meaning that two units close to each other
share the same characteristics. In this context, the survey statisticians need to use a
sampling method that selects a well-spread sample to ensure that units close to each
other are not selected in the sample. There are simple methods such as systematic sam-
pling or cluster sampling to select a well-spread sample in space. Systematic sampling
has some disadvantages. The method is not generalizable to more than one dimension
with prescribed unequal inclusion probabilities, thus unbiased estimation of sampling
variance is not possible. Clustered sampling divides the space into strata and selects a
few units in each stratum. Depending on the spatial coordinates, it may be difficult to
construct strata that have the same sizes. In this thesis, we propose two methods that
can select a well-spread sample. They handle equal and unequal inclusion probabilities
and every spatial configuration. They increase the quality of the estimators.

Stratification is a sampling strategy that consists of partitioning the population
into subgroups and then selecting a small sample from each subgroup. Stratification is
a useful technique for incorporating auxiliary information into the sample design and
reducing sampling error. In official statistics, it occurs naturally with auxiliary vari-
ables that could define strata, for example, gender, age or any categorical variables.
Stratification can also be defined by statisticians to use the appropriate structure to
reduce errors. If the information is available, the use of stratified sampling techniques
almost always reduces the errors of the estimators. This thesis presents a new algo-
rithm to select a sample in a highly stratified population.

Statistical matching occurs when two surveys have been performed on the same
population, but the quantities recorded are different. There are two different ap-
proaches to statistical matching. The micro approach aims to complement one file
with information from the other. The macro approach focuses on the characteristics
between these two variables of interest, for example, contingency tables if the vari-
ables are categorical or correlation if the variables are continuous. In addition, sur-



veys usually come with their own weighting scheme. This weighting scheme may
have been used to account for unequal inclusion probabilities or non-response treat-
ment. Weights are generally calculated to allow the files to be extrapolated to the full
population. These weights must be taken into account in the merging process. In this
thesis, we present an elegant method of merging two surveys. The first step consists
of harmonizing the weight schemes. Then, the method uses the optimal transport
problem to create a pseudo-population to analyse correlations or contingency tables.

After the first introductory chapter on sampling theory, the thesis is separated into
two parts, each containing two chapters. Spatial sampling is discussed in the first part
while stratification and statistical matching are discussed in the second part.

Chapter 1 is a brief introduction to the sample survey framework. It introduces the
concept of probability sampling design and the Horvitz-Thompson estimator (Horvitz
and Thompson, 1952; Narain, 1951). It presents the concept of balanced sampling that
will be used throughout this thesis.

In Chapter 2, which is a reprint of Jauslin and Tillé (2020), we discuss a spatial
sampling method that defines an elegant way to create strata with the aim of select-
ing a well-spread sample. Spatial sampling is a broad field. Many articles have been
published on spatial sampling designs, Stevens Jr. and Olsen (2004); Grafstrom and
Tillé (2013); Robertson et al. (2018) to mention just a few. Here we propose a new
method that can treat equal or unequal inclusion probabilities. We also show that in
some cases where the distance is carefully chosen, we obtain a regularity suggestive
of systematic sampling in one dimension. It was also of interest to think about what
systematic sampling in more than one dimension with unequal inclusion probabilities
might look like. Another novelty is a modification to measure the spread of the sample.
Tillé et al. (2018) have normalized Moran’s I index to be used in a more general context
than just on a grid. In this paper, we propose another modification of Moran’s I index,
that further increases the precision in the context of unequal inclusion probabilities.

In Chapter 3, which is a reprint of Jauslin et al. (2022b), we develop a method
to select a sample that is both well-spread on geographical coordinates and balanced
on a set of auxiliary variables. Grafstrom and Tillé (2013) have already proposed a
similar method. Nevertheless, the method we propose has the particularity of being
sequential. It means that the method does not need the entire dataset and can be
managed one unit after the other. This feature can be very interesting for stream
populations or for a sizeable dataset.

In Chapter 4, which is a reprint of Jauslin et al. (2021), we consider the problem
of a highly stratified population. A population is highly stratified when the number
of different strata is large. In this case, the usual technique, e.g. (Hasler and Tillé,
2014; Chauvet, 2009), becomes very time-consuming, especially if the sampling design
has unequal inclusion probabilities. The proposed technique is an improved algorithm
that reduces the computational problem. The method appears to be valuable for other
sampling methods. It is already used in another approach developed to do statistical
matching which is presented in Chapter 3 and a method to select a spatio-temporal
sample with optimal rotation of unit in time (Eustache et al., 2022a).

In Chapter 5, which is a reprint of Jauslin and Tillé (2023), we present a new method
to do statistical matching. It is common that two survey samplings have been done on
the same population but where the variable of interest recorded is not the same. In
that case, we are interested in merging the two analyses so that we can have some
results on the contingency table or correlation between variables of interest. The pro-



posed method uses the optimal transport problem and the stratified balanced sampling
algorithm to perform statistical matching.
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Definition 1.1.2

Chapter 1

SURVEY SAMPLING

Survey sampling is a field of statistics that studies the characteristics of a finite popu-
lation. Throughout this manuscript, the population will be denoted U and supposed
to be discrete and with cardinality N. The population is labelled from 1 to N

U={1,...,N).

Some characteristics are of interest on this population and are denoted as variable
Yk, k € U. This quantity is called the variable of interest. The survey statistician is
interested in the characteristics (or functions) of the variable of interest. For example,
the population total or the mean

Y:Z)’k,?=%zyk (1.1)

keU keU

Sometimes the population total is unknown and is also subject to estimation through

the relation
N = Z 1.
keU

To estimate these quantities, one possibility is to gather all the values of the population.
This is called a census. But due to cost or time constraints, collecting all the values of
the variable of interest is generally impracticable. The survey statistician uses a sam-
ple to estimate the functions of interest such as the population total. It is important
to emphasize here that the variable of interest has no source of randomness. In fact,
in this thesis, we restrict ourselves to the design-based approach. This approach sup-
poses that the population is a complete reflection of reality and that the only source of
randomness comes from the sample selection process. Another approach exists and is
called model-based. It supposes that the population U and the variables yi, k € U are
realizations of a super population model. These two approaches are completely differ-
ent. If the reader is interested in a model-based approach one could refer to Valliant
et al. (2013).

PROBABILITY SAMPLING

To estimate functions of variables of interest such as (1.1), the survey statistician uses
sampling design to then conduct a survey on this subset of the population.

Let S = {s | s C U} define the power set of U. A sampling design is a probability
function p : S — [0, 1] such that

p(s) =0 foralls € S and Zp(s) =1.
seS

A sample S is a random variable that maps the elements of S to an N vector of 0 or 1
such that
P(S=s)=p(s) foralls € S.
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Define 6y (s), k =1, ..., N, the indicator variable

1 ifkeS

0 otherwise.

ox(S) = {

For simplicity, we write 0x(S) = 0. There exist then a complete bijection between the
random variable S and the random vector § = (81, ...,0n). A sample s is a realization
of the random vector §.

Definition 1.1.3  Inclusion probability nty, forallk = 1, ..., N, is the probability that a particular unit
k is being collected in the random sample S. This inclusion probability can be deduced
from the sampling design

mx = P(k € S) =B, (6x) = Z p(s), forallk € U.
seS|sok

where E,(.) is a notation to stress that the expectation is taken on the sampling design
p. Second-order inclusion probability mye is the probability that both unit k and € are
selected in the random sample S:

ﬂ'k[=P(k€Sandf€S)=Ep(5k(5[)= Z P(S)-
seS|sa>{kt}

In without replacement sampling design, 0¢, kK = 1, ..., N are Bernoulli distributed
with parameters 7x. In general, the survey statistician does not deduce the inclusion
probabilities from the sampling design but sets them up in advance to fulfil the right
requirements. Some sampling design does not necessarily respect fixed sample size.
This means that the sum of the random vector § is not necessarily equal for all realiza-
tions. The expectation of the sample size can be calculated from inclusion probabilities
through the relation

E,(n,) =E, (Z 5k) = Z E,(6i) = Z k.

keU keU keU

where n; is a notation to emphasize that this is a random variable and not a scalar. To
estimate the total (1.1), Narain (1951); Horvitz and Thompson (1952) have proposed
the following estimator.

Definition 1.1.4  The Horvitz-Thompson estimator (also called the expansion estimator) of the total Y is

defined as:

~ 0
Y = Z y_k = yk_k (1‘2)
kes Tk ey Tk

Note that the last notation is only valid if 7 > 0 for all k € U. Throughout
this thesis, all inclusion probabilities are supposed to be greater than zero. Indeed, a
well-known result from survey theory is the following:

Result 1.1.1  The Horvitz-Thompson estimator is unbiased if and only if we have that m; > 0 for all
kelU.
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Proof. Directly we have,

S Yilor | _ YkEp (6k)
R P Vel RV

T
keU|n>0 keU|m>0

:Z%:Z)’k

T
keU|m>0 keU|nr>0

Yk — Z Yk-
keU keU|mr=0

The bias is then equal to

E,(N)-Y== >y

keU|my=0

which is null if and only if 713 > 0 forall k € U.

Result 1.1.2  The variance of the Horvitz-Thompson estimator is equal to

Definition 1.1.5

o Yeye
var, (Y) = Z Z ﬂkﬂ[Ake’

keU teU
where Axe = Tre — Time. An estimator of this variance is given by

var, (V)= Yiye Akt

kes tes "KL Tkt
If the sampling design is of fixed sample size, the variance could be rewritten
= 1 i e\
var(Y) = —5 Z Z (71'_ - 7'[_) Akg.
keU teU k ¢
Moreover, Sen (1953); Yates and Grundy (1953) have proposed the estimator
2
— - 1 Yk ye\ Are
Fmatfy= 155 (12 e
kes tes Tk ) ke

This estimator can take negative values, but if Ay < 0 for all k # € € U, then the esti-
mator is always positive. The proof of these results can be found in Tillé (2020, Chapter 2).

A sampling design that assigns the same probability for each sample of a fixed sample
size is called simple without replacement. The probability of each sample s € S is then
equal to

0 otherwise,

p(s) = { (]r\l])_l if' s have size n

wheren € {1,...,N}. The first order inclusion probabilities of this sampling design are
7w =n/N, k € U, and the Horvitz-Thompson estimator simplifies then to
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Note that simple random sampling without replacement does not define a way
of selecting the sample. It just says that if the probability of selecting a particular
sample is equal to p(s) = (IZ )_1, then it is a without replacement sampling design.
There are many ways of selecting the samples and different algorithms can lead to
the same sampling design. Tillé (2020, Chapter 3) gives many algorithms that lead
to simple random sampling without replacement. The survey statistician must then
also be aware of the algorithm that he used to select the sample. Depending on the
population some algorithms could be time-consuming and not efficient.

AUXILIARY INFORMATION

In most cases, the survey statistician also has auxiliary information. Throughout this
thesis, auxiliary information will be denoted as vector x; = (xx1,Xx2,...,Xkq) €
R4,k € U. As for the variable of interest, we can define the total of each auxiliary

variable as
X; = Zxki,i= 1,...,q.
keU

X=Zxk

Note that using this notation, X = (Xy, ..., X;) € R? while generally the bold capital
letter is used for matrix notation. The notation X € R? and Y € R” are the only
exceptions to this thesis. If the sample is known, we can, as for the variable of interest,
calculate the estimation of the totals,

S Xki .
Xi:Z—’,zzl,...,q.
ies Tk

keS

Using the vector notation, we obtain

and in vector notation,

A sampling design p(s) is said to be balanced on the q auxiliary variables if and only
if it satisfies the following balancing equation:

X=) Ny =x

Deville and Tillé (2004) developed the cube method that selects a balanced sam-
ple. This method will be presented in more details in the next chapters. As well as
the auxiliary variable, the population in environmental surveys contains spatial co-
ordinates z" = (Zx1,2k2, - - » Zkp) € RP, where p is the dimension of the considered
space. Spatial coordinates can be seen as auxiliary information. Grafstrém and Lund-
strom (2013) have shown that well-spread samples are also balanced. We discuss this
statement in the second and third chapters of this thesis. In an ideal case, the more the
sample is well-spread the better the estimates. Different measures exist to assess if a
sample is well-spread or not.

Another way of incorporating auxiliary information in sampling design is by us-
ing stratification. Due to limitations, e.g. data collection is complex because of high
distance or terrain, we stratify the population into several subgroups named strata.
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Suppose that the population is divided into H strataU = {U1,U,, . .., Uy} with respec-
tive sizes of N1, N2, ..., Ny. We say that the population is stratified if the strata form a
partition with the following properties:

H
U=|JUnNy>0,U,nU; =0, forallh,j€1,... . H.
h=1

The sizes of the strata sum to the population size,

H
Z N, = N.
h=1

Let define h™ = (hy,...,hy) € NV be a categorical vector that specifies the
stratum to which each unit belongs i.e. h; = j means that unit k belongs to strata U},
k € Uandj € {1,...,H}. Let 1(U;) € {0, 1}V the vector where the kth element is
equal to 1 if the unit k belongs to the stratum U; and 0 otherwise. Let H be the N x N
disjunctive matrix of the corresponding vector h such that

H=(1(U,),1(U3),...,1(Ug)).

The aim is still to estimate the total of a variable of interest y. The total Y can be then
rewritten

H H
Y=Zyk=z Z Yk:ZYh,
keU h=1 keUp, h=1

where Y, is the total of the variable y for the stratum Uy,

SPATIALLY BALANCED SAMPLING

When estimating the population total (1.2) the aim is to select a sample so that char-
acteristics of the population can be estimated with a relatively good precision. When
the population of interest came with spatial coordinates and inclusion probabilities
7k, k =1,...,N are equal, a spatially balanced sample can be intuitively defined as a
sample such that

1. The distances between selected units are equal.

2. In average, the selected samples cover the entire spatial configuration.

This informal definition is related to the intuitive thinking, sometimes incorrect,
that a sample should be representative of the population, i.e. a scaled-down version of
the population. Indeed, representativeness of a sample is generally a wrong intuitive
thinking in sampling theory. We generally over sample some part of the population
where the variance is larger, this at the end reduce the errors due to the sampling
design. That said, in environmental context representative sample plays an important
role. In particular, Grafstréom and Schelin (2014) have proposed a formal definition of
the representativeness of a sample which give an appropriate definition of what is a
spatially balanced sample.
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Figure 1.1 — Example of coherent subset and incoherent subset. We suppose only spatial coordinates
with Euclidean distance.

U

U* is a coherent subset

M U* is an incoherent subset

Leti € U andr > 0, we say that U* is a coherent subset of U if forall j € U, j is
included in U* if and only if d(i, j) < r, where d(i, j) is the distance between the units i
and j.

This definition is of course dependent of the distance. Depending on the pres-
ence of spatial coordinates or auxiliary variables, we could use Mahalanobis distance,
Euclidean distance or Hamming distance.

A sample s C U is said to be representative if for all coherent subset U* C U, we have
N
where n* is the number of sampled units from U* and N* the size of U*.

In other words, a sample is representative if for every coherent subset U* c U, the
proportion of sampled units in the coherent subset is equal to the one at the population
level.

A sample s is said to be spatially balanced or well-spread with respect to the inclusion
probabilities if for all coherent subset U* C U, we have

*
nzZﬂk

keU*

where n* is the number of sampled units from U*.

Note that in presence of equal inclusion probabilities 7, = n/N, this is exactly
equal to the definition of representative sample. Indeed, we have

N A

This definition is completely in agreement of the intuition that a well-spread sam-
ple with equal inclusion probabilities is representative. But in presence of unequal
inclusion probabilities, a sample can be spatially balanced but far from being repre-
sentative. Stevens Jr. and Olsen (2004) have also proposed another way to defining a
well-spread sample. They proposed to use the Voronoi polygons to measure the spread
of a sample.
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Let define Vi, C U, the kth Voronoi polygon, as the subset of population units j € U
that satisfy
d(k,j) <d(i,j). foralli € S.

Less formally, Vy is the subset of all population units that are closer to the kth unit
than any other units selected in the sample. Let v} denote the sum of the inclusion
probabilities inside Vi, k € S. By observing that

and from the following equality:

%E (Z Vk) = % ZE(Vk) =1,

keS keS

we can deduce that E(vy) = 1 for all k € S. Stevens Jr. and Olsen (2004) have defined
then a measure of the spread B based on the estimated variance of this expectation:

B= %Z(vk ~1)2,

keS

The closer this value is to zero, the better the sample is well-spread. Hence, this gives
us another definition of a well-spread sample.

A sample is said to be well-spread or spatially balanced with respect to the inclusion
probabilities if for all Voronoi polygons, v is equal or close to 1.

In the first part of this thesis we also introduce another way of defining a well-
spread sample. This quantity is called the Moran index (Moran, 1950) and measure the
spatial auto-correlation of the sample. A complete Section is dedicated on this measure
in Chapter 2.
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Chapter 2

SPATIAL SPREAD SAMPLING USING WEAKLY
ASSOCIATED VECTORS

Abstract

Geographical data are generally auto-correlated. In this case, it is preferable to select spread
units. In this paper, we propose a new method for selecting well-spread samples from a fi-
nite spatial population with equal or unequal inclusion probabilities. The proposed method
is based on the definition of a spatial structure by using a stratification matrix. Our method
exactly satisfies given inclusion probabilities and provides samples that are very well-spread.
A set of simulations shows that our method outperforms other existing methods such as the
Generalized Random Tessellation Stratified (GRTS) or the Local Pivotal Method (LPM). Anal-
ysis of the variance on a real dataset shows that our method is more accurate than these two.
Furthermore, a variance estimator is proposed. '

Keywords: GRTS, local pivotal method, cube method, stratification

INTRODUCTION

In most natural resources surveys, data contains spatial coordinates. The process of
selecting units from a population defined over a region of space is called spatial sam-
pling. These kinds of data are usually auto-correlated, meaning that two close mea-
surements are generally similar. In general, to estimate a total of a target variable,
selecting the units spatially best spread increases information colection and provides
better estimation. An important problem of spatial sampling is thus to optimize the
spread of the sampled units in space. A well-spread sample is called spatially balanced.
Grafstrom and Lundstrém (2013) and Grafstrom and Schelin (2014) give the formal def-
inition of a representative sample and discuss the theoretical justification of taking a
well-spread sample with unequal probabilities. Marker and Stevens Jr. (2009) and Han-
kin et al. (2019) present some examples of studies where the population considered is
in an environmental context such as lakes, wetlands, rangelands, and forests. Vallée
et al. (2015) discuss forest ecosystem evolution using a well-spread spatial sampling
design. Tillé (2020, Chapter 8), Tillé and Wilhelm (2017), Benedetti et al. (2017) and
Wang et al. (2012) give a review of the main spatial sampling methods. Quenouille
(1949) and Bellhouse (1977) showed that systematic sampling is the optimal design for
auto-correlated data.

Generalized Random Tessellation Stratified (GRTS) sampling is a spatial sampling
method proposed by Stevens Jr. and Olsen (1999, 2003, 2004). They use a mapping by
means of a quadrant-recursive function to map a finite subset of a multi-dimensional

I This chapter is essentially a reprint of: Jauslin, R., & Till¢, Y., (2020). Spatial Spread Sampling Using
Weakly Associated Vectors, Journal of Agricultural, Biological and Environmental Statistics, 25(3):431-451
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space into the real line. A one-dimension systematic sampling is then applied, possibly
with unequal probabilities (see also Theobald et al., 2007; Brown et al., 2015; Kincaid
et al., 2019). Robertson et al. (2018) have proposed a similar method called Halton it-
erative partitioning (HIP). It uses structural properties of the Halton sequence to draw
a well-spread sample. Dickson and Tillé (2016) have simply used the Traveling Sales-
man Problem (TSP) in order to map the population points in one dimension. Systematic
sampling is then applied. Grafstrom (2011) has proposed spatially correlated Poisson
sampling (SCPS). This method uses weights to create strong negative correlations be-
tween the inclusion probabilities of nearby units. Grafstrom et al. (2012) proposed the
Local Pivotal Method (LPM). It is a particular case of the splitting methods proposed by
Deville and Tillé (1998). It consists of randomly choosing between two nearby units at
each step and produces an automatic repulsion in the selection of the neighbour units.
Grafstrom and Tillé (2013) have generalized the LPM to obtain spread samples that are
also balanced on totals of auxiliary variables. All these methods are implemented in
the BalancedSampling R package (Grafstrom and Lisic, 2019).

Stevens Jr. and Olsen (2004) have proposed computing the Voronoi polygons
around the sampled units, after which they sum the inclusion probabilities of the pop-
ulation units belonging to each Voronoi polygon. The variance of these sums, called
“spatial balance”, is an indicator of the quality of spreading. Tillé et al. (2018) have
modified the index proposed by Moran (1950) so that it can be interpreted as a coef-
ficient of correlation between the units and their neighbourhood. The index provides
another measure of the quality of spreading.

Diggle et al. (2010) defined preferential sampling as a sample selection where the
sampling method is not independent of the spatial process, and where unequal inclu-
sion probabilities cannot be explained by auxiliary variables. It is important to empha-
size that, in this manuscript, the inclusion probabilities are supposed to be established
in advance. The sample selection is a random realisation of the sampling model and is
independent of all of the variables.

In this paper, we propose a new spatial sampling method. We start with the vector
of inclusion probabilities. Like in the cube method (Deville and Tillé, 2004; Till¢é, 2006)
inclusion probabilities are randomly modified at each step. It can be seen as random
walk that from the vector of inclusion probabilities ends up with a sample. By choosing
well, the modification direction at each step the sample selected is very well-spread.

The paper is organized as follows. Section 2.2 gives the notation and a basic setup
of the problem as well as the insight that a well-spread sample results in a Horvitz-
Thompson estimator with a smaller variance. In Section 2.3, we introduce the new
method that we propose and the process of sample selection. In Section 2.4, we describe
the indices that allow evaluation of the quality of the spreading: the spatial balance
index and the measure based on Moran’s I index. In Section 2.5, we present a variance
estimator for our method. In Section 2.6, we give simulation results of the algorithm
on artificial spatial configurations while Section 2.7 is dedicated to simulations on real
data. We used the geo-referenced “Meuse” dataset available in the R package “sp” of
Pebesma and Bivand (2005) with inclusion probabilities proportional to the “cadmium”
variable. Simulations show that the proposed method surpasses LPM, GRTS and SCPS
for the quality of the spreading, and the estimation accuracy.
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NOTATION

Basic setup

Consider a finite population U of size N whose units can be defined by labels k& €
{1,2,...,N}. Let S = {s|s c U} be the power set of U. These units are geo-referenced
in a space that can have more than two dimensions. A sampling design is defined by
a probability distribution p(.) on S such that

p(s) = 0forall s €S and Zp(s) =1.
seS

A random sample S is a random vector that maps elements of S to an N vector of
0 or 1 such that P(S = s) = p(s). Define ar(S), fork =1,...,N:

50 = 1 ifkeS
k=1 0 otherwise.

Then a sample can be denoted by means of a vector notation: ' =
(81,02, ...,0n). For each unit of the population, the inclusion probability 0 < 7 < 1
is defined as the probability that unit & is selected into sample S:

m=P(keS)=E@) = Y pls), forallk eU.

seS|kes

Let 7" = (my,...,7n) be the vector of inclusion probabilities. Then, E(8) = .
In many applications, inclusion probabilities are such that samples have a fixed size n.
Let the set of all samples that have fixed size equal to n be defined by

N
Zék = I’l} .
k=1

The sample is generally selected with the aim of estimating some population pa-
rameters. Let y; denote a real number associated with unit k € U, usually called the
variable of interest. For example, the total

YZZ)’k

can be estimated by using the classic Horvitz-Thompson estimator of the total defined

by
~ )
Yur =) YOk (2.1)
Tk
keU

S, = {6 e {0, 1}V

Usually, some auxiliary information XZ = (Xk1,Xk2, - - -, Xkg) € R regarding the
population units is available. In the particular case of spatial sampling, a set of spatial
coordinates zz = (Zk1, Zk2, - - - » Zkp) € RP is supposed to be available, where p is the
dimension of the considered space. A sampling design is said to be balanced on the

auxiliary variables xy, if and only if it satisfies the balancing equations

K= 2= Y x=x

keS keU
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Well-spread sample

A sample is well-spread "if the number of selected units is close to what is expected
on average in any part of the space" (Grafstrom and Lundstrém, 2013). In this section
we provide some insight as to why selection of a well-spread sample minimizes the
variance of the Horvitz-Thompson estimator. Let suppose we are in general linear
superpopulation model:

Vi = xZﬁ+sk, forall k e U,

where xy is a column vector of values taken by g auxiliary variables on unit k, 8 € R4
are g regression coefficients and & is a random variable that satisfies Eps(&x) = 0 and
vary (ex) = ¢*(xx) = goi, with ¢?(+) a Lipschitz continuous function. Note that E;(-)
and varyy (-) are the expectation and the variance under the model. Let also

covy (&k, &) = prpepre, withk # € e U,

where py¢ is a function that decreases when the distance between two units increase.
This notation shows that two close units are autocorrelated. Grafstrom and Tillé (2013)
showed that

2

ke — T TTe
+Z Z SDkSDt’Pkf?, (2.2)

keU teU k7te

.
—~ Xk
E,Ev(Yur-Y)*=E, (Z o Z Xk) B
keS

keU

where E, is the expectation of the design and 71z, = E,, (ara,) are the joint inclusion
probabilities. From equation (2.2) we can see that the first term of the right-hand
side is minimized if the sample is balanced on the auxiliary variables X. The second
term is minimized if 7y, is small whenever py, is large. Meaning that choosing a
well-spread sample (i.e. a sample where the 7z, are small) minimizing the equation
(2.2). Grafstrom and Lundstrom (2013) showed that if the inclusion probabilities are
set up proportional to the ¢, then (2.2) is even more minimized. As result, selection
of a well-spread sample jointly used with the Horvitz-Thompson estimator is a very
efficient procedure in terms of variance reduction.

WEAKLY ASSOCIATED VECTOR SAMPLING

General idea

Our sampling algorithm, Weakly Associated VEctor (WAVE) sampling starts with the
inclusion probability vector. At each step, this vector is randomly modified so that
at least one of the components of the vector is replaced by a 0 or a 1. So, in at most
N steps, a sample is randomly selected. This idea is also used in the cube method
proposed by Deville and Tillé (2004) to select balanced samples. The proposed method
is different from the cube method by selecting in a completely different way the vector
of modification of inclusion probabilities. By carefully choosing the direction of the
modification of the working vector, we can ensure that the selection of the sample will
be well-spread. This choice is described in Section 2.3.4.
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Distance

In order to describe the spatial structure of the population, a distance is defined as a
function m defined on the product set U x U such that

d:UxU — RY, (2.3)

and satisfies the property of non-negativity, symmetry, and triangular inequality. More
specifically, for all k, ¢, j € U the following properties hold:

d(k,0) >0, d(k,0)=0 & k=¢,
d(k, ) = d(L, k),
d(k,j) < d(k, ) +d(¢, ).

In most of applications, the usual Euclidean squared distance is used. It is defined
by,
dy(k, €) = (zx — 2¢) " (2 — 2¢), (2.4)

where z; and z, are the spatial coordinates of units k, £ € U. Sometimes it could be in-
teresting to compute the distance on auxiliary variables. In this case, the Mahalanobis
distance can be more appropriate,

dlzw(k,f) = (xx — Xg)TS_l(Xk - Xy),

where

S= % Z(xk —%)(x)-%)7, x= % Zxk.
keU keU

When the population is distributed on a N; X N, regular grid of R?, a tore distance
can be defined. We define a tore distance as the Euclidean metric calculated on a regular
tore. An advantage of using this distance is that the surface which we are working on,
no longer has corners and edges. With this tore distance, two units on the same column
(respectively row) that are on the opposite side have a small distance. More precisely,
a unit that is positioned at the right top corner of the grid will be equally distant to the
left top corner and the right bottom corner. It is like seeing the grid curved such that
it looks like a regular tore. The distance is then defined by:

d%(k’f) = min[(zx1 — ze1)?, (2x1 + N1 — 2e1)%, (zk1 — N1 — 201)?]

. 2.5
+min[(zx2 — z¢2)% (2k2 + N2 — 202)%, (22 = N2 — 2¢2)*] 25)

Let{1,...,9} beon aregular grid of size 3X 3, then the squared distance matrices defined
by Equations (2.4) and (2.5) are equal to

014125 45 8 01112 212 2
1 01 2 1 2 5 45 1 01 2 1 2 2 1 2
4 1 0 5 2 1 8 5 4 1102 212 21
1 25 0141 25 12 2 0111 2 2
Dg=|2 12 1012 1 2,Dr=|2 1 2 1 0 1 2 1 2|. (26)
521 4105 21 2 21110 2 21
4 581 2 5 01 4 12 212 2 011
545 212101 21 2 212101
8 545 21410 2 21 2 21110
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In the spatial configuration of a regular grid, some distances between points are
equal. The rank of the nearest neighbours is then assigned and duplicated values ap-
pear. In order to obtain a different rank distance for each unit, a small random quantity
is added to the coordinates so that it disturbs the given units and the distances are a
bit different from each other. Let & € R? and z; = z; + & the shifted coordinates,
Equation (2.5) is then replaced by,

di(k,6) = min[(Zx1 = ze1)% Zx1 + N1 = ze1)? (Zer — N1 — 261)°]
+min[(Zk2 — ze2)?, (Zkz + N2 — 2¢2)% (Zr2 — N2 — 22)].

¢ is called a “shift” and mg the shifted version of mr, for example if € = (1/12, 1/4),
the distance matrix Dg becomes,

0 090 1.24 0.57 1.40 1.74 1.57 2.40 2.74
1.24 0 090 1.74 0.57 1.40 2.74 1.57 2.40
090 124 0 140 1.74 057 240 2.74 1.57
1.57 240 274 0 090 1.24 0.57 1.40 1.74
Dg=|274 157 240 124 0 090 1.74 0.57 1.40]. (2.7)
2.40 2.74 157 090 124 0 140 1.74 0.57
0.57 1.40 1.74 1.57 240 274 0 090 1.24
1.74 057 1.40 2.74 157 240 124 0 0.90
1.40 1.74 0.57 2.40 2.74 1.57 090 124 O

The matrix is no longer a distance matrix since the symmetric axiom has been
dropped. A distance that has an unsatisfied symmetry axiom is called a quasi-metric.
Nevertheless, if an epsilon value is added instead of (1/12,1/4), then the values are
almost the same and the order is preserved in each row. In Figure 2.1, three simple
configurations are presented: Euclidean, tore and shifted tore distance on a 3x3 regular
grid. In the shifted distance graph, all the distances from point (1, 1) to the other grid
points are different.

The stratification matrix

Let k € U a unit in the population. The idea is to construct a strata G under some
distance metric such that the elements in G are ranked in increasing order. Define
G the set of the nearest neighbours of unit k, including k, such that their inclusion
probabilities are greater or equal than one by only one unit. Denote g; the number of
elements inside Gy, the spatial weights are then defined as follows

e if unit ¢ is in the set of the gx — 1 nearest neighbour of &,
wip =1 ¢ +1- Z 7 if unit ¢ is the gxth nearest neighbour of &,
J€Gk
0 otherwise.

(2.8)

W denote an N X N stratification matrix and each row of matrix W represents

a stratum. Each stratum is defined by a particular unit and its neighbouring units.
Nearest neighbours are defined with a metric function (2.3). If the metric is such that
ties values exist, then we can divide the quantity wy; into the different gz nearest
neighbours of the unit k that have the same distance. Or a shifted metric can be used
(exemplified in matrix (2.7)) such that all the distances are different. Each row of matrix
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Figure 2.1 - Simple example of a 3 X 3 regular grid set up on three different distances with a
gradient calculated from the points (1, 1). The left one is the classical Euclidean distance (2.4), the
right one is the tore distance given in (2.5) and the central graph is the shifted tore distance with
a shift equal to (1/12,1/4) (the black point on the graph). It illustrates the two different patterns
and the values of the grid points corresponding to the entries of the first row of the three previous
matrices (2.6).

W sums to 1. Thus matrix W is a right stochastic matrix. Most of the components of
matrix W are null. W can thus be encoded as a sparse matrix.

Let U = {1,2,3,4,5} a population of 5 units. Suppose that the inclusion probabilities
are equal tomw = (1/2,1/3,1/4,1/5,1/6) and that the order in terms of distance metric
from the unit 1 is exactly equal to 1,2,3,4,5. Meaning that the 5th unit is the farthest
from the first. Then Gy = {1,2,3} because 1/2 + 1/3 + 1/4 = 1.084 > 1 and w3 =
1/4+1—-(1/2+1/3+1/4) = 1/6.

Let{1,...,9} beon aregular grid of size 3X3 with inclusion probabilities equal T = 1/3,
forall k € U. Figure 2.2 shows different stratification matrices corresponding to Dg, Dr
and Dgs with a shift randomly generated from a random variable N'(0,1/100I) where I
is the identity matrix.

Let A be defined by

wii /M wiz/me -+ win/ANn
A = : : : . (2.9)
WN1/m1 WnN2/my - WNN/TIN

Matrices W and A are square but not necessarily full rank. The sum of the rows
of A is equal or approximately equal to the number of elements in each stratum. The
strata are represented by the rows and the contribution of a unit i in each stratum
is represented by the ith column. Figure 2.3 shows the sparsity pattern of the two
stratification matrices.

Let U be a population of size N = 250 and inclusion probabilities equal to ) = 1/25, for
all k € U. Suppose that spatial coordinates are generated independently from a uniform
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Figure 2.2 — Sparsity pattern of three stratification matrices. Spatial coordinates are 3 X 3 regu-
lar grid and the inclusion probabilities are equal to ® = (1/3,...,1/3). Depending on the way
of defining the nearest neighbours in Equation (2.8), different weight values are obtained. The
left stratification matrix uses the classical Euclidean distance (2.4), the central one the tore dis-
tance (2.5) and the right one uses a shifted tore distance with a shift randomly generated from a
random variable N (0, 1/100I).

distribution on the square unit, so that with probability one there are no tied distance
values. Since all 1/m; = 25 the non-zero entries of A are all equal to 1. Based on the
definition (2.8), the weights are all equal to the inclusion probabilities or zero. Figure 2.3
shows the sparsity pattern of the stratification matrices and exemplifies some initial strata.

Implementation

The method is described in detail in Algorithm 1. The main idea is derived from the
cube method (Deville and Tillé, 2004). At each step, vector x is randomly modified. To
modify r, we choose a vector that spreads at best. Ideally, the aim consists of obtaining
a sample d such that the following equality is satisfied:

AS=An=1.
This linear system define an affine subspace of R :
A={6cRY | A6 = An}
which could also be rewritten:
A =m+Null(A)

where
Null(A) = {v e RN | Av = 0}.

Depending on whether matrix A is full rank or not, the vector giving the direction is
not selected in the same way. If matrix A is not full rank, a vector that is contained in
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Intial strata Stratification matrix

Figure 2.3 — Representation of the strata defined by the spatial weights Equation (2.8). Spatial
coordinates of the units are generated randomly from a uniform distribution on the square unit
[0,1] x [0, 1]. The overall population size is equal to N = 250 and the inclusion probabilities are
identical and equal to y = 1/25 = 0.04. Meaning that the sample size is equal to n = 10. With
these parameters the expected number of units in each stratum is equal to 1/0.04 = 25. The left
graph shows the population and the selected units with its initial strata. On the right, it shows the
sparsity pattern of the matrix (2.9). All entries of the matrix are equal to 1.

the right null space is selected. If matrix A is full rank, we compute v,u a left and a
right singular vectors associated to the smallest singular value o of A i.e,

Av=c0u, ATu=ov.

By choosing the modification vector v, we ensure that we select the vector which
remains closest to the set A. Vector v is called the weakest associated vector to the
matrix A. Vector v is then centred to ensure the fixed sample size. By using these
weakest associated vectors, the initial spatial configurations are the least modified. At
each step, some inclusion probabilities 7 are modified and at least one component is
set to 0 or 1. Matrix A is updated from the new inclusion probabilities. This step is
repeated until there is only one component that is not equal to 0 or 1.

Algorithm 1 is implemented in a R package, which uses the Armadillo C++ library
into the R interface (Eddelbuettel and Sanderson, 2014). The implementation uses the
sparse matrix class. In fact, depending on the inclusion probabilities, matrix A given
in (2.9) could be strongly sparse. Even if the function benefits from the C++ imple-
mentation, it could be quite time consuming as the size of the population N increases.
Nevertheless, we will see in the next section that the algorithm performs better in
terms of two spreading measures than those currently used for the spatial balanced
sampling design.

SPATIAL BALANCE

Voronoi polygons

Stevens Jr. and Olsen (2004) suggested the spatial balance of a sample consists of using
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Algorithm 1: Algorithm for WAVE sampling

Let A=Ajand 7y = (nio), ey 71'1(\(,))) = m for the initialization step. For
r=0,1,2,...

1. From 7t;, extract 7r; vector x; restricted to the k such that 0 < ﬂ](:) < 1.Let J be
the length of ;.

2. Compute the J X J matrix A, of Equation (2.9) using inclusion probabilities 7;.
3. Calculate the rank r of matrix A;.

(a) If matrix A, does not have full rank, choose v, = (vit), - v(Jz)) eR’a
vector in the right null space of A;.

(b) If matrix A, has full rank, compute the singular value decomposition and
seek for v; a right singular vector associated to the smallest singular
value oy.

4. Next in order to ensure the fixed sample size, vector v, is centred:
— 1
V; =V — ijl@l],
icJ
where 1; is the J X 1 vector of one.

5. Find A, and A; the largest positive real numbers such that all the
0<a +a7" <tando <7 -9 <L k=1,...,J.

6. Compute

— 7, + A1V, with probability A5/(1; + A3)
1= %z — /12;;; with probability /?.1/(/11 + /12)

7. Return at 1. with 7r;,; until no units k remains such that 0 < n](:H) < 1.

the Voronoi polygons. The Voronoi polygon associated to the sample unit k is the set
of all units of the population that are closer to k than to any other sample units. Let
by be the sum of inclusion probabilities of the units belonging to the Voronoi polygon
associated with the sample unit k. If the sample is perfectly spread, by should be equal
to 1 for each k. Indeed, n units are selected in the sample, then

Zbk=2ﬂ'k=n,

keS keU

%Zbkzl.

The variance of the E[v] could be approximated and give a good measure of the spatial
balance of the sample. The spatial balance measure based on the Voronoi polygons is

and so
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defined by .
B(S) =~ (b= (2.10)

keS

Two samples are compared in Fig. 2.4. The left one is selected with a simple ran-
dom sampling without replacement and the right one is selected with WAVE sampling.
The darker the Voronoi polygon, the more units it contains. An perfectly well-spread
sample should have all polygons of the same colour.

The measure B has some limitations. It does not vary from a fixed finite range.
This does not allow a clear understanding if the sample is balanced or clustered (Tillé
et al., 2018). Moreover, the measure sometimes behaves incorrectly and suggests a
well-spread sample although it is not the case. Examples are given in the Supplemen-
tary Material Section. For these reasons, we suggest using another measure based on
Moran’s I index.

Simple random sampling Weakly associated vectors

Vi -

Figure 2.4 — Illustrated example of how the spatial balance measure based on the Voronoi is per-
formed. The population and sample sizes are respectively equalto N = 50 andn = 20, the inclusion
probabilities are identical and equal to my = 0.4. The spatial coordinates are generated from two
random uniform U(0, 1). Two sampling design are compared. The left one is the simple random
sampling without replacement and the right one is the weakly associated vector sampling.

Moran’s [ index

A second approach for measuring the spatial balance of a sampling design has been
proposed by Tillé et al. (2018). Consider a N X N spatial weights matrix,

0 Wiz o WIN
Wa1 0 -+ won
W=
WN1 WN2 - 0

A large value of wg, indicates that ¢ is a neighbour of k. Matrix W is not necessarily
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symmetric. The index proposed by Tillé et al. (2018) is defined by
(6 B 8W)TW(6 B 5w)
V(6 -6,)TQ(6 = 6.)(8 ~ 84,)TG(6 ~ b)

where 4 is the sample and

Ip(6) =

(2.11)

. 0'W1
w = mv
Q is the diagonal matrix containing wx. = }\,c;y Wie on its diagonal,
11™W
CUTWYU

G=C"QC, C=Q0'W

and 1 is a column vector of N ones. Tillé et al. (2018) pointed out that Iz can be
interpreted as weighted correlation between J; and the average of the d, that are in
the neighbourhood of k. We have that -1 < Ip < 1 and /g = —1 when the sample
is well-spread. Tillé et al. (2018) have proposed to use the inverse of the inclusion
probability g = 1/mk to define the neighbours of the unit k. Specifically, if the unit &
is selected it seems natural to consider /; — 1 neighbours in the population. Let | /|
and [hy] be respectively the inferior and superior integers of /. Spatial weights are
then defined as follows,

1 if unit ¢ is in the set of the | &; | nearest neighbour of k
Wie =3 hk — Lhi]  if unit € is the [y ]th nearest neighbour of &
0 otherwise .
(2.12)

For example, if a unit k has an inclusion probability of 73 = 0.35 then h; = 2.857.
Meaning that the first nearest neighbour of £ has a weight equal to 1 and the second
has a weight of 0.857. In case there are units that are at equal distance from each other,
Tillé et al. (2018) suggests to divide the spatial weights equally among them.

We propose a new way of defining the spatial weights. It consists of using spa-
tial weights defined in (2.8) rather than the weights (2.12). We set wyx = 0 for all
k € U. For the rest of the paper, Ip; will represent the measure based on the spatial
weights (2.12) and I the one based on (2.8).

VARIANCE ESTIMATION

If the sampling design is of fixed size, the variance of the Horvitz-Thompson estimator
of the total (2.1) is defined by

2
s 1 Yk Ve
var(Yyr) = ~3 Z Z (ﬂ_k - ﬂ—f) Ake,

keU teU

where Agp = mre — mxme and mge = E(6rd;) is the joint inclusion probabilities. For
complex sampling designs, quantities 74, are generally impossible to compute.

Many different estimators have been developed. Sen (1953) and Yates and Grundy
(1953) proposed one classical estimator:

2
— = 1 Vi o ye\ Ake
VarSYG(YHT):__§ E (———) —.

2k»eSEeS Tk e Tkt
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This estimator can take negative values, but it is non-negative when Az, < 0 for all
k # ¢ € U. A common problem with spatially balanced sampling designs is that
many joint inclusion probabilities are equal to zero. Indeed the probability of selecting
two close units is generally zero or very close to zero. In this case, vargys is not an
unbiased estimator of Var(?HT).

Tillé (2020, Chapter 5) gives a general estimator based on the variance estimator
of the conditional Poisson sampling. It is equal to

_ S Ck .
var,,, (Yar) = Z _z(yk - y;: 2,
kes "k
where
2cesceyelme
2ires Ce

Choosing ¢y, = (1 — mx)n/n — 1 we obtain the Hajek-Rosén estimator Hajek (1981)
defined by

ok
Vi = Tk

{y_k_ Zfesyf(l_ﬂ't’)/ﬂ'f}z. (2.13)

— = n
vargas(Yuar) = —— ) (1 —my)
n—lz Tk Yres(1—me)

keS

This variance estimator is simple to compute and has the advantage of using only
the first-order inclusion probabilities. It is a good estimator for maximum entropy
sampling design and simple random sampling without replacement. Grafstrom et al.
(2012) pointed out that the estimator seems to overestimate the variance for spread
sampling design. Grafstrom and Schelin (2014) proposed an estimator based on the
nearest neighbour in the sample. It is called variance estimator for spatially balanced
samples and is defined as follows:

2
— = 1 kY
varsg(Yur) = - Z (y_ - —k) , (2.14)

where {4 is the nearest neighbour to the unit k in the sample. Stevens Jr. and Olsen
(2003) proposed an estimator based on a local neighbourhood for each unit in the sam-
ple. It is called the local mean variance estimator and is given by

2
varpy (Yur) = Z Z Wke (i—i - Z kai—m) , (2.15)

keU teDy meDy m

where the weights wy, are computed such that they vary inversely as 7, and decrease
as the distance between unit k and ¢ increases. Moreover, it satisfies the constraint
2kes Wke = Dires Wke = 1. The set Dy is the neighbourhood of the unit & and is de-
fined by the unit itself and the three neighbourhoods of the three nearest neighbours.
Meaning that D contains at least four units and at most thirteen. This variance es-
timator is implemented by function 1ocalmean.var in the R package “spsurvey”
Kincaid et al. (2019). It produces a good estimator for the GRTS method. For the rest
of the manuscript, we will adopt the following notation: vary, M; (?HT) where j is the
number of neighbours used in the calculations. In Section 2.7, we compare the previous
estimators for different sampling designs.
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SIMULATIONS ON ARTIFICIAL SPATIAL CONFIGURATIONS

In this section, we propose three artificial spatial configurations to study the perfor-
mance of the WAVE sampling in terms of spreading measure. To generate the three
population datasets, the expected size of the population is equal to N = 144.

1. The dataset is generated from the Complete Spatial Randomness (CSR) that is a
Poisson process with intensity equal to N, meaning that the expected number
of points in the unit square is equal to N.

2. A Neyman-Scott cluster process (Neyman and Scott, 1958) is generated with 12
circular discs of radius 0.055 with units uniformly distributed around the centre.
Each cluster contains 12 units such that the population target size is equal to N.

3. Simple regular grid of size 12 x 12.

Figure 2.5 shows a sample selection by the WAVE sampling design on the three
different datasets. For the three configurations, the sample size is equal to n =3 and the
inclusion probabilities are all equal to 1, = n/N for all k € U. When units are regularly
dispersed in the space and when the inverse of inclusion probabilities is equal to an
integer that is a divisor of the population size N, the selected sample can be systematic,
which is the optimal solution.

Complete spatial randomness Neyman-Scott process Simple regular grid
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Figure 2.5 — Example of a sample selection by the WAVE sampling on the three different spatial
configurations, Complete Spatial Randomness, Neyman-Scott and regular grid. For each of them,
the inclusion probabilities are equal to . = n/N forallk € U.

For each population, 10,000 samples of size n respectively equal to 25, 50 and 100
are selected. Two cases are considered for the inclusion probabilities. In the first case,
all inclusion probabilities are equal

forallkeU,ﬂkzﬂ:E.
N

For the second case, the inclusion probabilities are unequal and sum up to n,

forall k,f € U, k # { we have my # mp and Z Tk = n.
keU

In each case we calculate the spatial balance based on the Voronoi polygons (2.10)
and measures based on Moran’s I index (2.11). The simulation results of the CRS
dataset are given in the Table 2.1. For the measures based on Moran’s [ index, the
WAVE sampling design performs better than the other algorithms. Moreover, for the
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Table 2.1 — Spreading measures results based on 10000 simulations on the Complete spatial ran-
domness dataset. The population size is equal to 144.

Sampling design

Equal probabilities Unequal probabilities

wave  lpml scps grts hip srswor wave  lpml scps grts  maxent

Ip,
n=16 -0.530 -0.348 -0.370 -0.220 -0.259 -0.030 -0.028 -0.009 -0.012 0.027 0.093
n=32 -0.693 -0467 -0464 -0.322 -0.392 -0.017 -0.125 -0.095 -0.085 -0.059 0.016
n=48 -0.807 -0.583 -0.506 -0.375 -0.373 -0.015 -0.436 -0.344 -0.318 -0.229 -0.020
Ip
n=16 -0.530 -0.348 -0.370 -0.220 -0.259 -0.030 -0.459 -0.316 -0.331 -0.201 -0.028
n=32 -0.693 -0.467 -0464 -0.322 -0.392 -0.017 -0.548 -0.393 -0.373 -0.261 -0.013
n=48 -0.807 -0.583 -0506 -0.375 -0.373 -0.015 -0.621 -0.469 -0.424 -0.292  -0.029

n=16 0.115 0.117 0.108 0.164 0.135 0.338 0.123 0.124 0.118 0.177 0.345
n =32 0.137 0.128 0.130 0.167 0.165 0.345 0.140 0.146 0.138 0.180 0.352
n =48 0.158 0.137 0.149 0.177 0.195 0.337 0.165 0.151 0.158 0.189 0.319

classical measure based on the Voronoi polygons, the WAVE sampling design performs
as well as and sometimes better than the local pivotal method. This can be explained
by the fact that the spatial balance measure based on the Voronoi polygons is less
sensitive to detect a well-spread sample and sometimes suggests a well-spread sam-
ple, although it is not the case (See Supplementary Material Section). For the equal
probabilities designs the measures /5, and Ip coincide. Indeed, the strata based on
the inverse inclusion probabilities are the same as the ones considered such that the
inclusion probabilities sum to 1. For unequal sampling designs, the differences are less
marked with the measure based on the inverse inclusion probabilities (2.12). This re-
sult comes from the heterogeneity of the strata and the randomness of the algorithm.
If the inclusion probabilities of a unit are nearly zero, then the size of the strata will
be very large. This effect can increase the spatial balance measure. Similar results for
the two remaining datasets can be seen in the Supplementary Material Section. This
analysis shows that the measure /g should be preferred to /p,.

APPLICATION TO THE MEUSE DATASET

This section investigates the application of WAVE sampling on the dataset “Meuse”
available in the R package “sp” of Pebesma and Bivand (2005). It is described as follows:
“This data set gives locations and topsoil heavy metal concentrations, along with a
number of soil and landscape variables at the observation locations, collected in a flood
plain of the river Meuse, near the village of Stein (NL). Heavy metal concentrations are
from composite samples of an area of approximately 15 m x 15 m”

In order to see how the WAVE sampling performs in terms of spread measures,
m = 10,000 samples of size respectively equal to 15, 30 and 50 are selected. As in the
previous simulation with an artificial population, two cases are considered, equal and
unequal probabilities. In the latter case, inclusion probabilities are set proportional to
concentration of copper. Locations with high concentrations of copper were therefore
more likely to be selected into the sample. Let Y be the total cadmium concentration
over the whole population. To show that the variance of the estimated total with
the WAVE sampling design is with the other method, we calculate the approximated
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variance with the following quantity:
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Figure 2.6 — Example of WAVE sampling on the Meuse dataset. The overall population size is equal
to 155. The inclusion probabilities are proportional to copper level variable and the sample size
is equal to 30. Plotted sizes of the units are proportional to the copper concentration. The Meuse
River is filled in light blue.

Figure 2.6 shows a sample selected with the WAVE sampling. The filled black cir-
cles are selected units while the hollow circles are those that are not selected in the
sample. We observe that the dataset is partially aggregated around the river showing
a strong spatial correlation.

Results of the three spatial balanced measures on 10’000 simulated samples are
given in Table 2.2. WAVE sampling performs better than other sampling designs in
terms of /g and Ip,. In terms of spatial balance measure B, the algorithms are compa-
rable to the artificial simulation, and the differences are less marked.

Results of the simulations on the variance estimator in Table 2.4 shows that the
WAVE sampling strategy has a lower variance than the method currently used. This
suggests that our method is more efficient in cases where there is a clear spatial corre-
lation. A design-unbiased variance estimator does not exist for the Horvitz-Thompson
estimator, but the spatially balanced estimator (2.14) seems to produce a good variance
estimator for this dataset. Although the latter slightly overestimates the variance none
of the other estimators seem to offer a better alternative. As there is no unbiased esti-
mator we favour a slight overestimation of the variance. Table 2.3 shows the coverage
rate as well as the ratio vsp/vssa for all sampling methods.
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Table 2.2 — Spreading measures results based on 10000 simulations on the Meuse dataset. The
population size is equal to 155.

Sampling design

Equal probabilities Unequal probabilities

wave  lpml scps grts hip srswor wave  lpml scps grts  maxent

Ip,
n=15 -0.518 -0.338 -0.351 -0.226 -0.230 -0.030 -0.340 -0.250 -0.246 -0.165 -0.003
n=30 -0.664 -0.427 -0.427 -0.266 -0.259 -0.019 -0.407 -0.298 -0.288 -0.172 0.024
n=50 -0.796 -0.519 -0.473 -0.302 -0.248 -0.011 -0.466 -0.326 -0.285 -0.204 0.038
I
n=15 -0.518 -0.338 -0.351 -0.226 -0.230 -0.030 -0.354 -0.244 -0.247 -0.153 0.009
n=30 -0.664 -0.427 -0.427 -0.266 -0.259 -0.019 -0.427 -0.290 -0.283 -0.154 0.048
n=50 -0.79 -0519 -0473 -0302 -0.248 -0.011 -0.455 -0.305 -0.263 -0.181 0.060

n=15 0.119 0.125 0.118 0.170 0.160 0.379 0.115 0.121 0.120 0.170 0.387
n =30 0.118 0.123 0.126 0.164 0.159 0.359 0.120 0.121 0.120 0.162 0.345
n =50 0.139 0.132 0.143 0.174 0.194 0.329 0.138 0.133 0.141 0.160 0.281

Based on these simulation results, we are confident that we propose here a new
method that allows selection of a sample with a really strong degree of spreading.
It performs better than the other sampling method. It can be generalized to higher
dimensions and respects the unequal inclusion probabilities.
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Table 2.3 — Results of 10000 simulations on Meuse dataset. The population size is equal to 155.
vsim is equal to the variance approximated by the simulations (2.16). var depends on the sampling
design. For the srswor and maxent methods, we used the estimator vargay (2.13) while for the
other sampling designs, we use varsp (2.14). Coverage rate of the 95% confidence intervals are
computed as well as the ratio between averages of var and vsyp.

Sampling design

Equal probabilities Unequal probabilities

wave lpml scps grts hip srswor wave Ipml scps grts  maxent

VSIM
n=15 1232 1387 1309 1517 1315 1.774 0.250  0.287 0.260 0.330 0.361

n=30 0533 0525 0538 0586 0.463 0805 0.116 0.109 0.096 0.115 0.150
n=50 0250 0.250 0.222 0.284 0.200 0.413 0.052 0.049 0.039 0.049 0.065

var
n=15 1.847 1670 1.635 159 1.701 1.784 0.393 0.362 0371 0.333 0.365
n=30 0692 0.687 0.670 0.657 0.639 0.808 0.154 0.153 0.152  0.150 0.153
n=50 0380 0375 0385 0353 0.337 0.403 0.081 0.078 0.080 0.080 0.066

Coverage of the 95% confidence interval
n=15 0925 0907 0914 0837 0.918 0.890 0973 0958 0.972 0.929 0.933
n=30 0953 0943 0942 0929 0.963 0924 0971 0972 0.983 0.966 0.942
n=50 0975 0.966 0977 0946 0.973 0.927 0978 0.979 0.990 0.979 0.944

Ratio var/vsyy
n=15 1499 1204 1249 1.052 1.294 1.006 1573 1.264 1.428 1.011 1.011
n=30 1298 1307 1246 1.121 1.380 1.003 1323 1.400 1.588 1.308 1.016
n=50 1521 1.501 1739 1.242 1.685 0976 1564 1.615 2.030 1.616 1.003

Table 2.4 — Results of 10000 simulations on Meuse dataset. The population size is equal to 155.
vsim (2.16) is equal to the variance approximated by the simulations. varsp (2.14) is the variance
estimator based on the nearest neighbours in the sample. varp; is equal to the estimator (2.15)
where the number of neighbouring units used is set to j = 2,3,4. vgay (2.13) is the Hajek-Rosen
estimator.

Sampling design
Equal probabilities Unequal probabilities
wave Ipml  scps grts hip srswor wave Ipml  scps grts  maxent
n=15
VSIM 1.232 1387 1309 1517 1315 1.774  0.250 0.287 0.260 0.330 0.361

varsg 1.847 1.670 1.635 1596 1.701 1455 0393 0362 0.371 0.333 0.321
varppy, 0962 0.889  0.889  0.855  0.930 0.786  0.224 0.206 0.209 0.194 0.183
varyps 1301 1256 1.261  1.230  1.308 1.147  0.293 0.279 0.282 0.269 0.259
varppq 1463 1445 1452 1430  1.487 1.352 0325 0.315 0.319 0.306 0.299
Vargay 1.808 1.824 1.829 1.826 1.854 1.784 0375 0.370 0.373  0.369 0.365

n=30
VSIM 0.533 0.525 0.538 0.586 0.463 0.805 0.116 0.109 0.096 0.115 0.150
varsp 0.692 0.687 0.670 0.657 0.639 0.634 0.154 0.153 0.152 0.150 0.143
vary pm2 0382 0373 0370 0362 0.356 0.348 0.094 0.090 0.090 0.089 0.082
varpps  0.555  0.543 0543 0.534 0534 0.512 0.130 0.127 0.127 0.126 0.118
varppe  0.654  0.649  0.649  0.641  0.652 0.616 0.150 0.148 0.148 0.147 0.140
vargay 0.808 0.805 0.806 0.808 0.814 0.808 0.153 0.154 0.155 0.154 0.153

n=>50
VSIM 0.250 0.250 0.222 0.284 0.200 0.413 0.052 0.049 0.039 0.049 0.065
vargpg 0.380 0.375 0.385 0.353 0.337 0.344 0.081 0.078 0.080 0.080 0.080
varppye 0214 0208 0213 0.196  0.190 0.190 0.050 0.048 0.049 0.048 0.045
varpps  0.308  0.294  0.298  0.284  0.280 0.276  0.068 0.068 0.069 0.068 0.065
varppms 0358 0349 0351 0.340  0.337 0.330 0.079 0.080 0.081 0.081 0.078
vargay 0406 0.407 0.407 0.404  0.405 0.403 0.065 0.066 0.066 0.066 0.066
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Table 2.5 — Results of 10000 simualtions of Moran’s I, spatial measure. The three spatial config-
urations of the Section 6 are taken into account.

Sampling design

Equal probabilities Unequal probabilities

Ip, wave  lpml scps grts hip srswor wave  lpml scps grts  maxent

Complete spatial randomness
n=16 -0.530 -0.348 -0.370 -0.220 -0.259 -0.030  -0.028 -0.009 -0.012 0.027 0.093
n=32 -0.693 -0.467 -0464 -0.322 -0.392 -0.017  -0.125 -0.095 -0.085 -0.059 0.016
n=48 -0807 -0.583 -0.506 -0.375 -0.373 -0.015 -0.436 -0.344 -0.318 -0.229 -0.020

Neyman-Scott process
n=16 -0.627 -0411 -0.336 -0.301 -0.255 -0.034 -0.158 -0.133  -0.116  -0.092 0.030
n=32 -0716 -0.493 -0416 -0.361 -0.306 -0.020 -0.433  -0.358 -0.297 -0.258 -0.016
n=48 -0.837 -0.570 -0.489 -0.385 -0.276 -0.014 -0.460 -0.381 -0.303  -0.282 -0.046

Simple regular grid
n=16 -0.576 -0.345 -0.384 -0.251 0.000 -0.028 -0.088 -0.063 -0.066  -0.037 0.031
n=32 -0.618 -0.400 -0.469 -0.274 0.000 -0.017 -0.124 -0.058 -0.077 -0.015 0.079
n=48 -0.743 -0444 -0.546 -0.345 0.000 -0.012 -0.505 -0.321 -0.383  -0.244 -0.037

DiscussioN

Environmental data are generally not uniformly distributed over a region of the space.
Thus, it is generally justified to use unequal inclusion probabilities to overrepresent
some parts of the population. As explained in Section 2.2.2, this reduces the variance
of the Horvitz-Thompson estimator, a phenomenon also observed in Section 2.7 on the
Meuse dataset.

In this manuscript, we present a sampling design that selects the units in a very
well-spread configuration. We have shown on the Meuse dataset that the method be-
haves very well on measurements of spatial spreading. Moreover, the approximated
variance of the Horvitz-Thompson estimator is lower with WAVE sampling than with
the other methods. Some second-order inclusion probabilities are null, therefore it is
impossible to estimate unbiasedly the variance of the estimator. However, we propose
different estimators and compare their performance. We show that it is possible to
estimate appropriately the variance and to construct confidence intervals that have
good coverage rates, particularly when the sample size is large. All of these results
indicate that our method is very efficient for the selection of a well-spread sample and
has better properties than the usual spatial sampling designs.

APPENDIX

This section presents the additional results of the Section 6. For each spatial configura-
tion presented in the paper, the three spatial measures are given. For each population,
10,000 samples of size respectively equal to 25, 50 and 100 are selected. Two cases
are considered for the inclusion probabilities: equal and unequal. In terms of spatial
measures, the WAVE sampling method performs better than the others do. Examples
where the spatial balance B behaves badly are given in Fig. 2.7 and Fig. 2.8.
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Table 2.6 — Results of 10000 simulations of Moran’s Ig spatial measure. The three spatial config-

urations of the Section 6 are taken into account.

Sampling design

Equal probabilities

Unequal probabilities

Ip wave  lpml scps grts hip  srswor

wave

Ipm1 scps grts  maxent

Complete spatial randomness
n=16 -0.530 -0.348 -0.370 -0.220 -0.259 -0.030
n=32 -0.693 -0467 -0464 -0.322 -0.392 -0.017
n=48 -0.807 -0.583 -0.506 -0.375 -0.373 -0.015

Neyman-Scott process
n=16 -0.627 -0.411 -0.336 -0.301 -0.255 -0.034
n=32 -0716 -0.493 -0416 -0.361 -0.306 -0.020
n=438 -0.837 -0.570 -0.489 -0.385 -0.276 -0.014
Simple regular grid
n=16 -0.576 -0.345 -0.384 -0.251 0.000 -0.028

n=32 -0.618 -0.400 -0.469 -0.274 0.000 -0.017
n=48 -0.743 -0444 -0.546 -0.345 0.000 -0.012

-0.459
-0.548
-0.621

-0.526
-0.561
-0.614

-0.462
-0.523
-0.564

-0.316  -0.331  -0.201 -0.028
-0.393  -0.373  -0.261 -0.013
-0.469  -0.424 -0.292 -0.029

-0.383  -0.339  -0.285 -0.031
-0.410 -0.355 -0.288 -0.015
-0.436  -0.347 -0.301 -0.032

-0.317  -0.340  -0.236 -0.026
-0.353  -0.389  -0.241 -0.018
-0.336  -0.395  -0.252 -0.027

Table 2.7 — Results of 10000 simulations of the spatial balance

configurations of the Section 6 are taken into account.

measure B. The three spatial

Sampling design

Equal probabilities

Unequal probabilities

B wave lpml  scps grts hip  srswor

wave

Ipm1  scps grts  maxent

Complete spatial randomness
n=16 0.115 0.117 0.108 0.164 0.135 0.338
n=32 0137 0.128 0.130 0.167 0.165 0.345
n=48 0.158 0.137 0.149 0.177 0.195 0.337

Neyman-Scott process
n=16 0.127 0126 0.170 0.162 0.168 0.467
n=32 0.182 0.174 0.201 0.205 0.239 0.485
n=48 0.187 0.161 0.178 0.206 0.240 0.452

Simple regular grid
n=16 0.050 0.074 0.059 0.096 0.000 0.275

n=32 0051 0.068 0.052 0.081 0.000 0.235
n=48 0.040 0.059 0.046 0.065 0.000 0.196

0.123
0.140
0.165

0.124
0.158
0.189

0.069
0.072
0.073

0.124 0.118 0.177 0.345
0.146  0.138  0.180 0.352
0.151 0.158 0.189 0.319

0.110  0.140 0.160 0.457
0.153 0.180 0.193 0.452
0.173  0.206  0.220 0.415

0.086 0.073  0.107 0.287
0.081 0.072 0.111 0.248
0.086  0.077 0.102 0.206
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Clustered Spread

Figure 2.7 - Let U = {1, ...,36} be on a regular grid 6 X 6, inclusion probabilities are all equal
tomy = m = 1/6. Measure B given in Equation (10) is equal to 0 for the clustered sample while
it should be a great value. B = 0.106 for the spread sample. On the other hand the Moran index
shows a correct behaviour with the two samples. For the clustered sample Ip = 0.71 while Ip =
-0.718 for the spread sample.

Example 1 Example 2

v [ —

1

Figure 2.8 — Let U = {1,...,36}. On the left figure, population is on a regular grid 6 X 6. On
the right figure, population is clustered around four units. Inclusion probabilities are all equal to
mr =1 = 1/9 (respectively mp = m = 1/12). Measure B for both examples is equal to 0 while it
should be a higher value. On the other hand, the Moran index shows correct behaviour with the
two samples. For the Example 1 1g = 0.732 while Ip = 0.199 for Example 2.
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Chapter 3

SEQUENTIAL SPATIALLY BALANCED SAMPLING

Abstract

Sequential sampling occurs when an entire population is unknown in advance and data are
received one by one or in groups of units. This manuscript proposes a new algorithm to se-
quentially select a balanced sample. The algorithm respects equal and unequal inclusion prob-
abilities. The method can also be used to select a spatially balanced sample if the population
of interest contains spatial coordinates. A simulation study is proposed, and the results show
that the proposed method outperforms other methods. !

Keywords: inclusion probability, spread sampling, stream sampling, survey methods

INTRODUCTION

A sample is said to be balanced if the Horvitz-Thompson estimators of the totals cal-
culated from the sample are equal or nearly equal to the population totals. The use of
balancing constraints was first proposed by Gini and Galvani (1929). They selected a
sample of 29 districts out of 214 to replicate certain population means. The selection of
the sample was not random, and the method was strongly criticized by Jerzy Neyman.
It is now well known that a sample can be selected randomly and balanced simultane-
ously. The cube method, which randomly selects a balanced sample, was proposed by
Deville and Tillé (2004). Recently, Leuenberger et al. (2022) proposed an improvement.
They showed that changing the order of the units before running the algorithm can
significantly increase the quality of the sample balance.

In environmental studies particularly, data contain spatial coordinates. When the
data are spatially autocorrelated, it is often more accurate to spread the sample in
space. Moreover, well-spread samples in space are balanced on auxiliary variables (see
Grafstrom and Lundstrom, 2013), even if the target parameters are nonlinear in the
auxiliary variables. Many sampling methods are currently used to select a well-spread
sample. One well-known algorithm is the Generalized Random Tessellation Sampling
proposed by Stevens Jr. and Olsen (2004). It maps a multi-dimensional space into a
real line and uses one-dimensionnal systematic sampling to select a sample. Grafstrom
et al. (2012) proposed the local pivotal method that introduces repulsion between two
nearby units to ensure that close units are not both selected. Benedetti and Piersimoni
(2017) proposed recursive modification of the inclusion probability vector using the
within sample distance of the spatial structure. Robertson et al. (2018) proposed using
the properties of the Halton sequence to select a well-spread sample. More recently,

IThis chapter is essentially a reprint of: Jauslin, R., Panahbehagh, B., & Till¢, Y., (2022). Sequential
Spatially Balanced Sampling, Environmetrics, 33(8), e2776
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Jauslin and Tillé (2020) proposed adaptation of the cube method using a contiguity
matrix to select a well-spread sample.

Grafstrom and Lundstrom (2013) showed that well-spread samples could also be
balanced on auxiliary variables. However, some methods can do even better. A com-
bination of the cube method and the local pivotal method, named doubly balanced
sampling, has been proposed by Grafstréom and Tillé (2013). This allows the selection
of a sample which is simultaneously well-spread and balanced on auxiliary variables.
Moreover, they showed that this method drastically diminishes the variance of the
Horvitz-Thompson estimator. Furthermore, Vallée et al. (2015) presented an applica-
tion of the doubly balanced sampling design for forest inventories. Throughout this
manuscript, we write “spatially balanced sample” or “well-spread sample” to refer to
the same interpretation.

All these methods apply to finite populations. This means that we must have access
to the entire population before using the sampling algorithm. We speak of streaming
data when the data arrive one by one or in groups of units. Examples are Internet
network data, financial data, and environmental or biological studies over a long pe-
riod of time. In these cases, the units may be distributed asymmetrically, meaning that
unusual units may appear in the stream and have a significant impact on the estima-
tor. Choosing balanced samples improves the precision of the estimator. Indeed, if
an eccentric unit is selected, the balancing constraints ensure that the variance of the
estimator is controlled. Having a sequential procedure for selecting a balanced sample
can be useful if the data stream is large. Other methods that select a balanced sample
need the entire population to select a sample, whereas with the proposed method, only
a group of units needs to be known.

In this article, we test the method on a finite population, rather than a stream
application. We have chosen to test the method on a finite population for two reasons.
First, we believe it is more important to compare methods on comparable data sets. We
can then measure the performance of the method against the usual methods. Secondly,
this method is the only one known that selects a balanced sample sequentially, so
we would have no point of comparison. The simulation results show that the finite
population method with sequential implementation has better properties in terms of
variance reduction than the usual methods.

In this manuscript, we propose a new method to select a balanced sample and a
spatially balanced sample if spatial coordinates are available. Moreover, the method is
sequential (i.e., the algorithm does not need to access the entire population to run). In
section 3.2, we introduce the basic concept of survey sampling theory. In section 3.3,
we expose the balancing equations formally and give insight into the interest of se-
lecting a sample that is both balanced and well-spread. In Section 3.4, we introduce
spread measure, while in Section 3.5, we present the outline of the method and explain
how the method selects a spatially balanced sample. Section 3.7 contains simulation
results on two datasets.

NOTATION

Throughout this manuscript, we consider a finite population U. The size of the pop-
ulation N can be known in advance or estimated, and especially in stream data, the
population size is often unknown. A sample s C U is a subset of the population U. A
sampling design is defined by a probability function p(.) on all possible samples such
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that
p(s) > 0and Z p(s) =1.
scU
Let S ¢ U denote a random sample, a random variable with probability distribution de-
fined by the sampling design P(S = s) = p(s). Theoretically, the inclusion probability
7 € (0,1), k € U can be deduced from the sampling design

m =Pk €5) = Z p(s).

scUlkes

In practice, inclusion probabilities are predetermined by statisticians, and these could
be equal with a fixed sample size (i.e. mx = n/N, or unequal, for example proportional
to an auxiliary variable). If it is not specified, in this manuscript, the population size
N is supposed to be known. Not knowing the parameter N can be problematic to
compute inclusion probabilities. In this particular case, a usual practice is to use two
phase sampling, i.e. use a minimum approximation of the population and do a second
step to adjust if the parameter N has been badly approximated for example if sample
size is too large (Tillé, 2019). Let ®# = (7y,...,7n) " denote the vector of inclusion
probabilities and § = (61, 52,...,0n)" the sample where

5k={ 1 ifkeS

0 otherwise.

Let y denote a variable of interest, where y; denotes the value of the variable for a
particular unit k € U. Let Y denote the total of the variable on the population U:

Y=Zyk.

This total can be estimated unbiasedly by using the Horvitz-Thompson estimator of

the total defined by
S k KOk
Yir =y Yk _ N YkOk (3.1)
kes Tk jeu Tk

If data are coming in a stream, we suppose that the units k € U are coming one by
one or by groups of units, for example, subpopulations {U;, U,, Us, . . . }. A necessary
condition to sample in stream data is to have a sequential sampling method (i.e. the
algorithm decides for one unit and then moves on to the next unit. It does not need
the whole population to select a unit.). Indeed, as the size of the population might be
unknown, it is generally impossible to wait for the full population data. Stream data
are various; the reader may find a general outline in Tillé (2019).

Suppose Xx = (Xk1,Xk2,---,Xkp)' € RP are auxiliary variables available for the
unit k£ € U. In an unequal probability sampling design, the aim is to select a sample
with a fixed sample size proportional to the variable of interest y. Since the variable of
interest is usually unknown for the whole population, we generally use an auxiliary
variable. Suppose that an auxiliary variable highly correlated to the variable of inter-
est exists, it could be used to establish unequal inclusion probabilities. As explained in
Tillé (2020, Chapter 4), if inclusion probabilities 7y are proportional to the variable of
interest yy, the ratio yi /mx, k € U are approximately constant, which lead to a vari-
ance reduction. In the data stream context, the question of sample size with prescribed
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inclusion probabilities is notably discussed by Cohen et al. (2009). Inclusion probabili-
ties can then be set up directly during the stream in order to reach the fixed sample size.
More specifically, for equal inclusion probabilities, Knuth (1981) proposed the reser-
voir method. The idea is to select the n first units as a sample and at each step where a
unit is added in the stream, the algorithm decides whether this unit is exchanged in the
reservoir with another unit. Chao (1982) proposed a generalisation of this method that
can handle unequal inclusion probabilities. The particularity of these two algorithms
is that the size of the population does not need to be known. In the algorithm of Chao
(1982), it is explained that some inclusion probabilities can be modified greater than
one at a transition step. A procedure is proposed to modify the inclusion probabilities
to ensure that they remain between 0 and 1. This constraint need to be handled also
for the proposed method, and we will see this in Section 3.5.

In addition to the auxiliary variables, let us suppose that the population contains
spatial coordinates z; € R4. Populations with spatial coordinates are often spatially
correlated (Wang et al., 2012). In that case, selecting a well-spread sample will reduce
the variance of the Horvitz-Thompson estimator (Grafstrom and Lundstréom, 2013). A
stronger insight into this is presented in the next section.

BALANCED SAMPLING

Suppose X = (Xk1,Xk2. - - -, Xkp) € RP are auxiliary variables available for the unit
k € U. A sample S is said to be balanced on auxiliary variables x, k € U if it satisfies
the balancing equations given by

Xk
e
kes Tk v
Let A = (x1/71,X2/72,...,Xn/7N)T = (a1,a2,...,ayn)" denote the auxiliary vari-

ables expanded by the inclusion probabilities. The selection of a balanced sample can
be written as the linear program

AT§=A"m,
§e{0,1}V.

Deville and Tillé (2004) have proposed the cube method to select a balanced sam-
ple. The method first consists in performing a random walk inside the hypercube to
approach a balanced sample. This first step is called the flight phase. Chauvet and Tillé
(2006) have proposed a fast implementation, which modifies the inclusion probabilities
7 into a slightly different vector of inclusion probabilities . This updated vector of
inclusion probabilities 7 verifies exactly the balancing constraints A" = AT . More-
over, at most there are p units that have inclusion probabilities not equal to 0 or 1. The
vector 7 is almost a sample, as it remains only at most p entries that are not equal to
0 or 1 remain. Mathematically, we have that 0 < 7y < 1, E(71) = 7y, k € U, and

TiXk
D= D ke
Tk

keS keU

A second phase is then launched on this updated vector to obtain a sample. This
phase is called the landing phase and consists either of dropping balancing constraints
one by one or using a linear program to discover the best solution. The latter method
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can only be launched if the value of p is not too high, as it could lead to a combinatorial
explosion. In the end, the random sample almost satisfies the constraint in the sense

that
RIS

keS keU

In the presence of not only auxiliary variables but also spatial coordinates, Graf-
strom and Tillé (2013) proposed a doubly balanced method that selects samples that
are well-spread and balanced on auxiliary variables at the same time. If the population
of interest has spatial coordinates, the units are generally spatially correlated. In fact,
if we assume a simple model, we can see that applying both approaches reduces the
variance of the estimator. Let us suppose a general linear model:

Yk =X, B+ex, forallk € U,

where g is a random variable that satisfies Ep;(ex) = 0 and vary (gx) = ¢?(xx) =
goi, with ¢?(.) a Lipschitz continuous function and Ej;(.), vary; being the expectation
and the variance under the model, respectively. Spatial correlation is modelled by the
function

covas (&k, &¢) = Orpepre, Withk # € e U

where py¢ is a function that decreases when the distance between k and ¢ increases.
Under this model, Grafstrém and Tillé (2013) show that the anticipated variance of the
Horvitz-Thompson estimator is

E,Em(Yur —Y)? =E, {(Z Z Xk) } Z Z Orpepie KL TKEL

keS keU keU teU
(3.2)

where 7i¢ = E|, (0xd¢) are the joint inclusion probabilities and E, (.) is the expectation
under the design. From the first term of Equation (3.2), the reduction of the variance
is done by selecting a balanced sample, whereas the second term is reduced if the
inclusion probabilities 7z, are small, while pg, is large. This means that a sample must
be selected in a spread and balanced manner to minimize the anticipated variance.

SPREADING MEASURES

A question arises naturally in spatial sampling: are there measures to see whether a
sample is well-spread? Stevens Jr. and Olsen (2003) proposed an index based on the
Voronoi polygon. Let b;, i € §, be the sum of inclusion probabilities within the ith
Voronoi polygons. The authors showed that the expected value of b; is equal to 1 and
proposed measuring how to vary these sums using the following quantity:

Z(b — 1) (3.3)

lES

Moran (1950) proposes measuring spatial correlations in particular cases where the
spatial coordinates are placed on a grid. Tillé et al. (2018); Jauslin and Tillé (2020) pro-
pose a normalized version that uses the notion of a spatial weight matrix W. Different
ways to compute a spatial weight matrix exist. A complete explanation on the spatial
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weight matrix can be found in Jauslin and Tillé (2020) and Tillé et al. (2018). Moran’s
index [ is given by

— (6 - SW)TW(‘S - Sw)
V@ -8.,)7Q(6-84,)(6-8,)7G(6 —b8n)

where § is the sample, and

1

(3.4)

5 - 6'W1
Y 1TWY
Q is the N X N diagonal matrix containing, for each k, },cyy Wie on its diagonal,
11™W
1TW1’

G=C"QC, C=0Q"'W-

and 1is a column vector of N ones. These two measures are the ones used to quantify
the spread in Section 3.7.

OUTLINE OF THE PROPOSED METHOD

In this section, we present the main idea of the method. Suppose a population U where
units arrive sequentially, by groups of units or one by one. Suppose also that auxiliary
variables X; = (Xk1,Xk2,...,%Xkp) ' € RP are available for each unit k € U. Inclusion
probabilities are supposed to be predetermined by the statistician. They are usually
defined as unequal and proportional to an auxiliary variable. In this case, the fixed
sample size is satisfied. If population size is unknown different solutions exist to set
up inclusion probabilities. A two-phase sampling can be applied using a minimal ap-
proximation of the population size N to set up inclusion probabilities. Then a second
phase is launched to adjust the sample size if it is too large at the end of the first phase.
Another option would be to opt for a non-fixed sample size and set up the inclusion
probabilities for each subpopulation U;. Whichever option is used, in both cases, the
following method will respect equal and unequal inclusion probabilities. This result is
shown in the following paragraph.

In addition to the inclusion probabilities, we want to respect balancing equations
and decide for the current unit observed in the stream. For simplicity, let us suppose
that the current unit is the first one. The algorithm works in the following way: it will
wait for a certain number of units, denoted J, so that it can decide on the considered
unit while satisfying the balancing equations. The number of units to wait depends
on the number of auxiliary variables and the inclusion probabilities. The variable J is
tested at each step to see if a solution exists. J is therefore dynamic and changes after
each decision. In general, J is much smaller than N, and the algorithm compensates
the decision taken on the current unit to the J — 1 remaining units. More formally, we
try to find vg, k = 2, ..., J, characterized by the following update, for k = 2,...,J:

=0, 7r,1< =k + Vg, with probability 1 — my

1-
dl vk, with probability (35)

=1, ﬂi=ﬂk—
USt

where 7711( are the updated inclusion probabilities if the decision is to omit the current
unit &, in this case k = 1, and the same goes for ﬂi, if we select the current unit k. The



3.5. Outline of the Proposed Method 43

balancing equations need to be satisfied, after which we obtain the following equality:

which implies

J X

k
2.7
=1 Tk

J X X 4 X 1-nm 4 X
z k 1 z k 1 2 k
Tk T Tk M Tk

k=2 I k= k=1
and
J
X x; 1—-m Xk
S -n-ngm,
k=2 Tk o 4! k=1 Tk
and thus
J
Xk
Z ﬂ_—Vk = Xj.
k=2 "'k
Note that by updating the inclusion probabilities as in Equation (3.5), independently
of the value v, the method respects inclusion probabilities, for all k = 2,...,J,
E,(nr) = (1-m)my +mns

1 — 71
(1= m) )+ (= 2
1

(1—m)m+ (1 —m)vi + e — (1= ) v
Tk,

where E,(.) is the expectation under the design. To ensure that updated inclusion
probabilities remain between 0 and 1, we must also have

0<m,m, <1, fork=2,...,J,
which induces the following constraints:

YS!
1—71'1

T
1—71'1

max{—nk,(nk—l) }SVkSmin(l—nk,ﬂk ),k:2,...,1. (3.6)

In order to find v, we propose to solve the following program:

J
maximize Z ViCik
k=2
I\ x
. k
subject to Z — Vi = Xy, (3.7)
=2 Tk
. Us
Vk > —min {nk, (1- ﬂk)l_;rl} )
. T
Vi < min (1 — Mk, T 1_”1) )

where cj is a cost function that is supposed to penalize the units that are distant to
the current one. A naive function is ¢y = (J — k), which decreases as k increases.
If there is no solution, the value of J is incremented by one, and we recompute until
a solution is found. The existence of the solution of the linear program (3.7) is not
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guaranteed, mainly because if J is not large enough, the balancing constraints and the
positivity of the updated inclusion probabilities cannot be satisfied jointly. However,
as J increases, the feasible region expands. The initial value for the variable J must
be larger than the dimension of x;. If we let x; = mg, then the method only respects
inclusion probabilities, and we obtain a fixed sample size.

Suppose now that some steps have proceeded and that the current step is the ith
one. Let P; = {n;, ..., m;+pr} denote the pool of available units at step 7, where M € N.
Note that the size of the pool M is not directly related to J. The pool P; is actually all
the available units for which we have waited to make a decision in the previous i — 1
steps. The algorithm will choose a unit in P; and decide on a certain amount of units J,
with J < M. The constraint on v depends on 7; (i.e., the inclusion probability of the
current unit  might have a serious impact on the potential value that v; could take).
Figure 3.1 shows possible v; against 7, for different values of 7;. The value 7y varies
from 0 to 1, and the lower and upper bounds of the value v are plotted. When 7; is
very small, it ends with a tight interval for v¢. On the other hand, as the inclusion
probabilities 7; increase, we obtain a larger range for v,. If the inclusion probability
of the current unit 7 is very small, we might have a sharp increase in the value J.
This is because the balancing equations are not symmetric for unequal probability
sampling. If a balanced sample is selected with unequal inclusion probabilities, the
complementary sample is not balanced.

To optimize the problem of a sharp increase in the value J, we propose, in all cases,
selection of the unit that has the largest inclusion probability in the pool P; of available
units. By taking the one that has the largest inclusion probability and reordering the
units with respect to it, we optimize the size of J.

If spatial coordinates are available, the proposed method could be used in an in-
teresting way to select a well-spread sample. Let P(;y = {7 (;),...,7(i+m)}, such that
7(i+j) is the jth closest unit to 7(;). The pool is thus reordered with respect to the dis-
tance to the unit that has maximum inclusion probability. Reordering will then modify
the primary inclusion probabilities of units closer to the current one. If a window has
a sum of inclusion probabilities close to 1, and if the decision of the ith unit is to select
it (i.e., the inclusion probability is transformed to 1), nearest neighbours of the ith unit
will not be selected. This leads to a selection process that spreads very well the sample
in the considered space.

If population units come from a stream, it is possible that some units have not yet
appeared and that their spatial coordinates are in the neighbourhood of the ith unit.
This side effect cannot be controlled, because, if we do not control which unit appears
in the stream, it is not possible to know whether a future unit might appear within the
considered window.

The proposed method is comparable to the doubly balanced cube method (Graf-
strom and Tillé, 2013). Depending on the auxiliary variables, there is a possibility that
the method does not end up directly with a sample. Some units might remain with
inclusion probabilities not equal to an integer. In this case, we propose to land the
method by launching the same process proposed in the landing phase of the doubly
balanced method or cube method, either by suppression of variables or by linear pro-
gramming. See Algorithm 2 for all details of the implementation.
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Figure 3.1 - For six different inclusion probabilities rt;, we let 7ty vary from 0 to 1. On the y-axis,

the bounds of vy in Equations (3.6) are calculated. The colored area represents eligible values of
Vi, the shaded line is the upper bound, while the bottom line is the lower bound.

VARIANCE ESTIMATION

Variance estimation of the Horvitz-Thompson estimator (3.1) requires second-order
inclusion probabilities. In general, these probabilities are not known, therefore, dif-
ferent variance estimators have been proposed. For maximum entropy design such as
conditional Poisson sampling, an appropriate estimator is the Hajek-Rosén estimator,

{y_k _ Xeesye(1 - ﬂe)/ﬂz}z
T Zfes(l _ﬂ't’) .

Gt (V) = —= > (1-m) (38)

keS

Deville and Tillé (2005) show that the variance for balanced sampling methods
can be computed as conditional variance with respect to balancing constraints. In
particular, they propose a general formula for variance approximation:

v Yk Ye
vargp,(Y) = Z ﬂ——Akf,

where

-1
bi — braj (Z biaiaiT) arby  k=¢

-1
—bray (Z b,—aiaiT) arby k#¢.
ieU
Different values for parameter by can be chosen. To obtain the exact variance of
the simple random sampling without replacement of fixed sample size, we must have
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Algorithm 2: Algorithm of sequential balanced sampling

Let 7 be the inclusion probability vector, z; € R? the spatial coordinates, and
x; € R? the auxiliary variables of the kth unit. Fori =1,2,. .., suppose a
pool of units P; = {m;, ..., Tirpm}-

1. Find 7r(;) € P;, the maximum inclusion probability value in the pool. Define
Py ={m@), ..., m+m)} as the pool of units reordered with respect to the
distance of 7(;) calculated using the spatial coordinates z; (i.e. r(;4) is the jth
closest unit to the unit 7(;)).

2. Find J and vg, k =i+1,...,J, such that the following linear program has a

solution:
J
maximize Z vi(J = (k—1))
k=i+1
X
subject to Z ﬂVk = X())
k=i+1 (k)
Vi = —min {ﬂ(k), (1- ﬂ(k)) 13;()” } >
. _ (i)
Vi < min (1 T(k)s (k) =) )

At each step, J increases, and units are reordered with respect to the distance
of the current unit.

3. Inclusion probabilities are modified on P(;). For k =i +1,...,J,letg = n(;),

(i) = 0 and (k) = T(k) + Vi with probability 1-g¢q,
1- (i)

niy=1 and 7y =mp) — vk with probability g.

()
The decision is then taken for unit 7(;).

4. The current unit 7 ;) and units that have inclusion probabilities transformed
into an integer are removed from the pool, and new units are included.

5. Repeat steps 1-4 until it is no longer possible to find a solution to the linear
program or if all inclusion probabilities are modified to an integer value.

6. In general, Some inclusion probabilities might not be equal to 0 or 1. A landing
phase is launched by using either the doubly balanced sampling algorithm or
the landing phase of the cube method if there is no spatial coordinate.

b =m(1—my) NL_p This approximated variance, calculated on the population using
the same formula on the random sample S, gives an estimator of the variance:

_ = Yk Yt~
vargar(Y) = Z —=Ages (3.9)
kes tes Tk Tt
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where

-1
Ck — ckaz (Z ciaiaiT) agcr k=¢

Are = ies -1
—crag (Z ciaiaiT) ascy k+¢
ieS
and ¢ = (1 —mg) 2 > Equation (3.9) can be rewritten by using residuals of the linear
model,
ex =Yk — X, B,
where

-1
B= {Z(l - ﬂz)aeaZ} Z(l — ”f)at’i}r—i,

teS leS

giving another expression for the Equation (3.9),

2
Fatpar(¥) = — Z(l—m(;—’;).

n=Pics

More details about variance estimation under balanced sampling designs can be found
in Deville and Tillé (2005). Estimator (3.9) does not consider the spatial structure of the
population. Grafstrom and Tillé (2013) propose another estimator based on a combina-
tion of the variance estimator (3.9) and the purely spatial variance estimator proposed
by Stevens Jr. and Olsen (2003),

2
. -~ n +1 ek B
varpps(Y) = I)—Z(l—ﬂk) (— —ek) , (3.10)
n=p p keS Tk
where
. Yeec,(1—me)er/me
k =

ZfeGk(l —me)

and Gy is the set of the p + 1 closest units of k in the sample. Grafstrém and Schelin
(2014) also developed a generalized local mean variance estimator,

2
sn() =3 Y (22 (3.11)

where £} is the nearest neighbour to the unit k in the random sample S. This expres-
sion of the estimator is a simple version where no equal distance exists. In its more
general expression, the estimator can handle equal distance between units in the pop-
ulation and is shown as appropriate for purely spatial sampling designs, such as in the
local pivotal method (Grafstréom et al., 2012), the proportional within distance method
(Benedetti and Piersimoni, 2017), Halton iterative partitioning (Robertson et al., 2018),
and the weakly associated vectors (Jauslin and Tillé, 2020). The following section is
contains a complete analysis of these methods and estimators.
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SIMULATIONS

Motivation on an artificial dataset

In this section, two artificial datasets are generated to analyse the performance of
the proposed method. The two datasets are generated using functions of the pack-
age spatstat developed by Baddeley and Turner (2005). The first dataset is gen-
erated from a complete spatial random process (CSR) using the function rpoispp,
while the second dataset comes from a Neyman-Scott (NS) process using the function
rNeymanScott. Figure 3.2 shows the two datasets generated; the CSR process is
completely random on the considered space, while the NS is clustered. The population
size N of each of the two datasets is equal to 300.

Different methods are compared with the proposed method. Firstly, we compare
with the doubly balanced sampling design proposed by Grafstrém and Tillé (2013),
and as this method selects a well-spread balanced sample, the performance should be
at least as good as our method. To see if we gain by incorporating the spatial struc-
ture of the population into the sampling method, we compare it with the cube method
(Deville and Tillé, 2004; Chauvet and Tillé, 2006). Next, we compare purely spatial
sampling designs, namely, the local pivotal method (Grafstrom et al., 2012), the pro-
portional within distance method (Benedetti and Piersimoni, 2017), the Halton iterative
partitioning method (Robertson et al., 2018) and the weakly associated vectors method
(Jauslin and Tillé, 2020). For each dataset, two sets of inclusion probabilities are com-
puted, one with equal inclusion probabilities and the other with unequal inclusion
probabilities. Five auxiliary variables are generated using different probability distri-
butions, a Gaussian distribution X; ~ N(0, 1), an exponential distribution X, ~ &(1),
a gamma distribution X3 ~ I'(3,1), a beta distribution X4 ~ $B(2,5), and uniform
distribution X5 ~ U(0,3). In addition, variable of interest y is computed using the
generated auxiliary variables

y=f(z1,22) + X1+ Xo + X5+ X4 + X5 + N(0, 1), (3.12)

sl oy 233

The quantity f(z1, z2) is a spatial autocorrelation computed from the density of a bi-
variate Gaussian distribution. The variable y is linear in the auxiliary variables. Fig-
ure 3.2 shows the set of unequal inclusion probabilities proportional to the quantity
f(z1,z2). Table 3.2 shows the relative deviation

where

. Tx. (s) — tx.
RDT = 100 x |28 71 | (3.13)
Ix;
where tx, is the true total of the variable X;, i € {1,...,5},7x,(s) = Yxes Xi.k/7k are
the estimated totals of the auxiliary variables {Xi, ..., X5} calculated on the sample

s, which is a realization of the random sample S specified by the sampling design,
and finally, j is a notation to specify the sampling design used, for example RD*"*
for simple random sampling. The relative deviation shows how well the totals of the
auxiliary variables are respected compared to the true totals. We observe that the three
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methods that select a balanced sample considerably decrease the relative deviation. All
the methods respect the sample size.

Let Y denote the total of the variables y. For each sampling design, we compute
the simulated variance based on m simulations. Let us denote this quantity by

var/, (V) = 1 Z {?HT(S) - Y}z . (3.14)

m
To measure the accuracy of the method, we compute the ratio between the simulated
variance of the sampling design and a reference simulated variance, namely, simple
random sampling with a fixed sample size for equal inclusion probabilities and a con-

ditional Poisson sampling for the set of unequal inclusion probabilities. We call this
quantity the relative variance reduction denoted by

Varﬁim(Y)

var{ s (Y)

RV’ =100 x (3.15)

This quantity gives the percentage of variance reduction compared to the maximum
entropy sampling design. In other words, it measures the accuracy of the sampling
design. The smaller this value is, the better we reduce the variance compared to the
simple random sampling (respectively for unequal designs, the conditional Poisson
sampling).

To see if the variance estimators discussed in Section 3.6 can retrieve the true vari-
ance, we compute the ratio between the variance estimator and the simulated variance.
This quantity is named the relative efficiency of the variance estimator and is denoted
by

var/ (¥)

RE’ =100 x =
vary; (Y)

(3.16)

Note that the variance estimator var’ () depends on the sampling design j. For the
proposed method and the doubly balanced sampling design, we use estimator (3.10),
while for the local pivotal design, the proportional within distance, the Halton iter-
ative partitioning, and the weakly associated vectors methods, we use the variance
estimator (3.11). Finally, for the simple random sampling design and conditional Pois-
son sampling design, we use the Hajek-Rosen estimator (3.8). From Table 3.1, based on
the results of the 10,000 simulations, we note that in terms of spread measures, the pro-
posed method is slightly better compared to the doubly balanced sampling design. Of
course, a purely spatial sampling design gives a better spreading measure. However,
in terms of variance, the proposed method is the one that decreases the variance of
the Horvitz-Thompson estimator the most compared to the simple random sampling
design or condition Poisson sampling. The variance estimators show acceptable per-
formance except for the unequal balanced sampling design. As the variable of interest
is correlated to the balancing variables, the variance depends more on the rounding
problem. The variance estimators discussed in Section 3.6 are known to fail to consider
the rounding problem. This effect is discussed further in Leuenberger et al. (2022).

Real example on amphibians dataset

In this section, the performance of the proposed method is analysed on a real dataset.
The “Centre de coordination pour la protection des amphibiens et des reptiles de Su-
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Table 3.1 — Results of 10,000 simulations on the variables of interest (3.12). The first column
represents relative variance reduction (3.15). The second columns contains the relative variance
estimator efficiency (3.16). The third and fourth columns correspond to the two spatial measures
(3.3) and (3.4), respectively.

Simulated Variances Variance Estimators Spread measures

RV RE B I

Neyman-Scott process

Equal
Proposed method 15.303 99.981 0.276 -0.109
Doubly balanced 20.427 74.581 0.316 -0.070
Cube method 28.439 80.492 0.470 -0.016
Local pivotal 75.684 112.498 0.145 -0.328
Proportional within distance 77.837 115.138  0.091 -0.456
Halton iterative partitioning 56.588 140.473  0.200 -0.216
Weakly associated vector 77.830 109.194  0.145 -0.524
Simple random sampling 100.000 103.678  0.465 -0.017

Unequal
Proposed method 6.976 2.680 0.277 -0.115
Doubly balanced 8.567 2.188 0.317 -0.070
Cube method 7.315 2.543  0.469 -0.015
Local pivotal 98.123 110.137 0.149 -0.323
Weakly associated vector 97.282 109.907 0.148 -0.516
Conditional Poisson sampling 100.000 99.177 0.473 -0.015

Complete Spatial Randomness

Equal
Proposed method 15.848 112.268  0.202 -0.115
Doubly balanced 22.457 77.951 0.237 -0.068
Cube method 30.954 79.184 0.355 -0.015
Local pivotal 83.738 108.654 0.109 -0.312
Proportional within distance 82.931 94.118 0.067 -0.433
Halton iterative partitioning 80.341 111.220 0.117 -0.262
Weakly associated vector 81.762 112.643  0.099 -0.487
Simple random sampling 100.000 99.514 0.353 -0.018

Unequal
Proposed method 8.696 1.682  0.202 -0.117
Doubly balanced 9.126 1.599 0.240 -0.064
Cube method 7.558 1.906 0.348 -0.014
Local pivotal 92.683 107.609 0.110 -0.309
Weakly associated vector 98.593 99.883 0.101 -0.479

Conditional Poisson sampling 100.000 97.904 0.349 -0.014
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Table 3.2 — Results of 10,000 simulations of the relative deviation (3.13) on the artificial dataset
presented in Section 3.7.1.

X Xy %€ X4 Xs
Neyman-Scott process
Equal
Proposed method 72.004  4.689  1.984 2.005 2.176
Doubly balanced 81.825 5.151 2380 2.226 2.432
Cube method 75.079  4.383  2.103 2.050 2.318
Local pivotal 342.078 15.724  8.238 8.387 9.049

Proportional within distance ~ 364.628 14.762  8.306 7.886 9.003
Halton iterative partitioning  306.922 14.245 10.358 7.924 7.620

Weakly associated vector 344991 15.149  8.004 8.501 9.115
Simple random sampling 335.823 15.640 8.086 8.117 9.015
Unequal
Proposed method 82.261  5.503  2.234 2328 2.439
Doubly balanced 86.840 5.613 2405 2409 2.562
Cube method 75.682 4.807 2.131 2.101 2.376
Local pivotal 346.160 15.770 8.121 8.326 9.017
Weakly associated vector 348.579 15.658  8.396 8.331 9.003

Conditional Poisson sampling 339.662 15917 8325 8.378 9.035

Complete Spatial Randomness

Equal
Proposed method 70.456  3.457 1902 2.019 2.426
Doubly balanced 80.290 4.807 2.348 2.201 2.494
Cube method 75.396 4.468 2.090 2.032 2.301
Local pivotal 332.964 15.811 8.066 8379 8.935

Proportional within distance ~ 325.536 15.990  7.955 7.997 9.319
Halton iterative partitioning 306.923 11.961  8.593 7.502 9.828

Weakly associated vector 327.274 15.868  8.158 8.236 8.851
Simple random sampling 337.471 15.548 8.035 8.270 8.964
Unequal
Proposed method 74.921  3.877 2.016 2479 2.733
Doubly balanced 83.685 4773 2319 2539 2.743
Cube method 75.100 4367  2.083 2.197 2434
Local pivotal 332.398 15.636 8.111 8.486 9.294
Weakly associated vector 330.964 15.606  7.995 8.477 9.123

Conditional Poisson sampling 339.515 15.720  8.100 8.485 9.117
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Figure 3.2 — Simulated dataset used for the analysis of Section 3.7.1. The two datasets each contain
300 units.

isse” provided a dataset containing spatial coordinates and auxiliary variables on am-
phibians. This dataset contains a list of 959 sites on which 19 species of amphibians are
potentially observed. Figure 3.3 shows two plots: the upper plot shows biogeographi-
cal regions of Switzerland, while the lower plot shows the different sites. The sizes of
the sites are displayed as well as the diversity score, which is the count of the number
of species observed on the site divided by the rarity score of the species. The rarity
score is an ordinal variable that determines the scarcity level of the species {1 = "en-
dangered", 2 = "critically endangered", 3 = "threatened", 4 = "potentially threatened"}.

Other auxiliary variables are available in the dataset. The ones used for our anal-
ysis are the altitude of the sites, the indicator variables of the biogeographical region,
and the area of the sites. Different sampling designs are analysed; the first one uses
equal inclusion probabilities, while the unequal design uses inclusion probabilities
proportional to the area variable. Table 3.4 shows the relative deviation of the aux-
iliary variables. Table 3.3 shows the results of 10,000 simulations. As explained in
Section 3.7.1, the performance of the proposed method is analysed using the ratios
(3.15) and (3.16). We note that the performance of our method is comparable to that of
the doubly balanced sampling. The proposed method has good properties: it reduces
the variance; shows good spread measures; and the variance estimator fails to catch
the rounding problem for unequal balanced sampling designs.

CONCLUSION

The increasing amount of data in our century is going to make stream sampling very
useful in a few decades. In some experiments in environmental studies, it is impos-
sible to know the entire population, and so sequential sampling is crucial. In this
manuscript, we propose a completely new sequential method to select a balanced
sample. This method respects equal and unequal inclusion probabilities. We showed
through simulations that the proposed method is comparable with the doubly balanced
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Figure 3.3 — The upper plot displays the biogeographical region of Switzerland, while the lower
plot gives the different sites of the amphibians dataset. The size of the point shows the area and
the gradient the diversity score.
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Table 3.3 — Results of 10,000 simulations on the diversity score of the amphibian dataset. The first
column represents the relative variance reduction (3.15). The second columns contains the relative
variance estimator efficiency (3.16). The third and fourth columns correspond to the two spatial

measures (3.3) and (3.4) respecti

vely.

Simulated Variance

Variance Estimator

Spread measures

RV RE B I
Equal
Proposed method 71.376 106.592  0.280 -0.160
Doubly balanced 69.231 110.391  0.196 -0.243
Cube method 73.937 103.168  0.400 -0.019
Local pivotal 70.240 119.056 0.132 -0.387
Proportional within distance 96.908 86.323  0.089 -0.479
Halton iterative partitioning 95.734 86.451 0.204 -0.223
Simple random sampling 100.000 95.826 0.435 -0.005
Unequal
Proposed method 68.453 6.842  0.225 -0.104
Doubly balanced 50.478 9.238 0.219 -0.092
Cube method 38.209 12.221 0.397 0.014
Local pivotal 90.041 103.984 0.154 -0.148
Conditional Poisson sampling 100.000 98.740  0.407 0.016
Table 3.4 — Results of 10,000 simulations of the relative deviation (3.13) for the amphibians dataset
presented in Section 3.7.2.
Area  Jura Central Plateau N Alps W Alps E Alps S Alps
Equal
Proposed method 0.765  4.068 0.352 3.208 33.531 11.482 5.085
Doubly balanced 0.795  4.057 0.352 3.219 33.883 11.379 5.149
Cube method 0.729  4.065 0.350 3.215 32.942 11.159 4.933
Local pivotal 2.832  10.403 2.731 8.255 42.388 17.321 5.691
Proportional within distance 4.064  9.891 2.836 7.221 37.176 13.419 4.595
Halton iterative partitioning 2.705 12.844 3.335 8.861  39.506  19.568  9.369
Simple random sampling 4.510 20.969 6.096 17.747  66.740  41.436 24.637
Unequal
Proposed method 14.574 28.955 12366 31.117 96.362  99.002 56.868
Doubly balanced 14.805 28.697 12.142  32.201 96.722  97.855 57.298
Cube method 14.423  27.578 10.995  29.972 98.300 98.165 56.205
Local pivotal 23.154 39.719 20.170  40.282 101.595 100.094 60.179
Conditional Poisson sampling 24.605 44.360 22.206 46.113 110.398 111.400 68.156
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sampling design in terms of variance of the Horvitz-Thompson estimator for a finite
population. To conclude, the method is an effective improvement for stream sampling
and proposes a real enhancement in this field.
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Chapter 4

ENHANCED CUBE IMPLEMENTATION FOR
HiGHLY STRATIFIED POPULATION

Abstract

A balanced sampling design should always be the adopted strategy if auxiliary information
is available. In addition, integrating a stratified structure of the population in the sampling
process can considerably reduce the variance of the estimators. We propose here a new method
to handle the selection of a balanced sample in a highly stratified population. The method
improves substantially the commonly used sampling designs and reduces the time-consuming
problem that could arise if inclusion probabilities within strata do not sum to an integer. !

Keywords: balanced sampling, clustered sampling, auxiliary information, unequal proba-
bility sampling

INTRODUCTION

In survey statistics, balanced sampling is a particularly efficient method when values of
auxiliary variables are available for all units in the population. The idea is to select the
sample so that the totals of the Horvitz-Thompson estimators of some auxiliary vari-
ables equal the population totals. There are different methods for selecting a balanced
sample. Deville and Tillé (2004) have proposed the cube method which successively
transforms the vector of inclusion probabilities into a sample. The method has been
improved by Chauvet and Tillé (2006) by reducing the computation time.

In many areas, it is very useful to use stratified sampling designs. As already in-
dicated by Neyman (1934), the variance of the Horvitz-Thompson estimator can be
reduced by constructing strata such that the variables are homogeneous within the
strata. Besides, Chauvet (2009) proposed a specific algorithm to obtain balanced sam-
ples in the strata of a population. However, this method becomes cumbersome when
the number of strata is large.

A highly stratified population is very common in survey sampling. For example, it
may be necessary to select individuals from a population while requiring that at most
only one individual from each household in a population is taken. Each household is
then a stratum. In spatial statistics, we can also construct small strata of neighbouring
units to obtain well-spread samples. Highly stratified sampling is also necessary for
some donor imputation methods: the objective is to select a respondent for each non-
respondent to impute its values. Each non-respondent then defines a stratum in which
a respondent must be selected (Hasler and Tillé, 2016).

LThis chapter is essentially a reprint of: Jauslin, R., Eustache, E., & Tillé, Y., (2020). Enhanced Cube
Implementation For Highly Stratified Population, Japanese Journal of Statistics Data Science, 4:783-795
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The balanced and stratified sampling method of Chauvet (2009) has been improved
by Hasler and Tillé (2014) to partially resolve the disadvantage of the time required to
process a highly stratified population. When the sum of the inclusion probabilities
in the strata is not an integer, the computation time can become problematic. This
problem arises, for example, when the objective is to select less than one individual
per household. Neither of the two methods already proposed solves the computational
time problem in these situations.

In this paper, we propose a new method to obtain a stratified balanced sample. This
new method is particularly interesting when the population is highly stratified and the
inclusion probabilities do not sum to an integer within the strata. We refer readers to
Tillé (2020) and Hankin et al. (2019) for more information on the general settings on
stratified balanced sampling design.

The document is organized as follows. Section 4.2 gives the basic notations and
settings. Section 4.3 presents the problem of selecting a balanced sample. In the sec-
tion 4.4, we review the cube method and how it is used to select a balanced sample.
In section 4.5, we discuss the issue of a highly stratified population and review the
methods used to select a sample in this case. In the section 4.6, we present the new
method and the section 4.7 is devoted to variance estimation. In the section 4.8, we
give the simulation results of the different algorithms on an artificial dataset while the
section 4.9 gives a conclusion on the new method.

BASIC SAMPLING NOTATIONS

Consider a finite population U of size N whose units can be defined by labels k €
{1,2,..., N}. Let define a variable of interest y. Suppose that we are trying to estimate
the following unknown total:

Y= wi. (4.1)

A sampling design is defined by the probability p(s) of selecting each possible
subset s C U such that ),y p(s) = 1. Consider a vector § = (J1,...,0x) " that maps
elements of a subset s to an N vector of 0s and 1s such that:

5k={1 ifk €s,

0 otherwise,

for k € U. For each unit of the population, the inclusion probability 7y, with 0 < 7 <
1, is defined as the probability of selecting k into a sample s:

me=P(kes)=E@)= ) ps).

scUl|kes

Letw = (71, ...,mn) " be the vector of all the inclusion probabilities. Let also 7y,
be the probability of selecting units k£ and ¢ together in the sample, with 7z = mg.
Assuming that 7y > 0 for all £ € U, the total (4.1) can be estimated using the classical
unbiased Horvitz-Thompson estimator defined by

= 0
v=> YOk (4.2)
ieu Tk
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STRATIFIED BALANCED SAMPLING

Usually, some auxiliary information is available for each unit k € U in a vector x; =
(XK1, ... ,xkq)T € R9Y, with ¢ € N. A sampling design is said to be balanced on the ¢
auxiliary variables if and only if it satisfies the following balancing equation:

R=Y XIS o
kes Tk keU Tk keU

Sometimes, selecting a sample that exactly satisfies the constraints is not possible due
to the rounding problem.

In many applications, inclusion probabilities are such that the selected sample has
a fixed size. In order to obtain a sampling design with fixed sample size, a linear com-
bination of the auxiliary variables must be proportional or equal to the vector of in-
clusion probabilities, i.e. there exists ¥ € RY such that ¥ "x; = my, for all k € U. This
gives

.
d T
Tk kEsﬂk

kes

The size of the sample will be fixed only if 7 is an integer. If it is not the case, the
sample size will be equal to the higher or lower integer to n.

More generally, the problem of selecting a balanced sample is written as the fol-

lowing linear system :

AT6=A"n,
{ 5 {01}V, (43)
where A = (x;/71,...,Xny/7n) . The aim consists then of obtaining a sample § that

satisfies (or approximately satisfies) the constraints.
Suppose that the population U is divided into H strata Uy, . . ., Uy, with respective
sizes of Ny, ..., Ng. The strata form a partition and respect the following properties:

H
U=\ JUn, Nu>0, UynUr =0, forall b€ € {1,..., H}.

h=1
Then, this implies that Zthl Ny, = N. The inclusion probabilities sum to a value ny,
in each stratum A, i.e. ny = Yyey, k- Leth = (hy, ..., hy)T be a categorical vector
that specifies the stratum to which each unit belongs. For example, /; = ¢ means that
unit k belongs to strata Uy, with k € U and € € {1, ..., H}. Another way to express
the stratum of each unit is to use the disjunctive form. Let H be the disjunctive matrix
of the corresponding vector h of size N X H, such that:

H=(1(U)),...,1(Un)),

where 1(Uy) € RY is a column vector such that its kth element is equal to 1 if the unit
k belongs to the stratum Uy, and 0 otherwise.

Obtaining a balanced sample in a stratified population is equivalent to adding strat-
ification constraints to the previous linear system (4.3). These constraints are con-
tained in the matrix H, so the modification of the linear problem gives:

HA)'6=(HA) =z,
(HA) 6= (HA ws
0e{0,1}V.
The number of constraints in the linear problem is then (¢ + H). In the next section,
a method to select a balanced sample is presented.
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CUBE METHOD

Deville and Tillé (2004) developed the cube method that selects a balanced sample
respecting the inclusion probabilities. The method can deal with equal or unequal
inclusion probabilities. The algorithm is separated into two phases.

« The first phase is called the flight phase. It modifies recursively and randomly
the vector of inclusion probabilities 7 into a sample by respecting exactly the
balancing constraints of the problem. The subspace induced by the linear system
(4.3) could be rewritten using the following notation:

A={6eRVIAT6 =ATx} =7+ Null(A"),

where Null(AT) = {u eRN|ATu = 0}. The idea is then to use a vector u of the
null space of AT in order to update randomly the vector zr. The whole procedure
of the update can be found in Deville and Tillé (2004). At each step, at least
one component is set to 0 or 1. Matrix A is updated with the new inclusion
probabilities. This step is repeated until the null space of AT is empty. At the
end of the flight phase, the final updated vector of r contains at most ¢ elements
that are still not equal to 0 or 1.

« The second phase is called the landing phase. This phase results in the sample
6 that respects as much as possible the balancing constraints. There are two
different ways to achieve it, by relaxing the g constraints one by one, or by
linear programming.

In the flight phase, the major computational cost comes from the research of a vector
in the null space of AT. Chauvet and Tillé (2006) have improved this time-consuming
inconvenience using a submatrix of A rather than the entire matrix. The idea is to
consider a submatrix that has one more row than the number of columns to ensure
that it has at least one vector in its null space. This submatrix, denoted by B, has then
a size of (g + 1) X g, with respect to ¢ < N and Rank(B) < g¢.

The interest of using this submatrix comes from the following result: a vector u
of Null(B™) completed by (N — (g + 1)) zeros is a vector of Null(AT). With this idea,
all the computations can be done using only a submatrix B. Usually, N is much larger
than g, the size of B is then much smaller than A. This implies obviously an important
gain of computational time. The method proposed in this paper uses the same idea. In
the next section, the particular case of highly stratified sampling is considered.

HIGHLY STRATIFIED POPULATION

It is always preferable to consider a stratified population in order to estimate the to-
tal (4.1). The variance of the Horvitz-Thompson estimator (4.2) can be considerably
reduced compared to the non-stratified estimator (4.1). However, when the popula-
tion is highly stratified (i.e. H is very large), the selection of a balanced sample with
classical methods becomes difficult due to the too large number of constraints in H.
In order to decrease the time-consuming problem, different approaches have already
been proposed.

Chauvet (2009) has developed an algorithm to select a balanced sample in a highly
stratified population. Firstly, a flight phase is applied inside each stratum. This allows
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modification of the inclusion probabilities such that these are as balanced as possible in
each stratum. Next, a flight phase is applied to the whole population. Finally, a landing
phase is carried out on units that are not still selected or rejected. This procedure has
the advantage of being simple to implement. Its major deficiency is when the number
of strata H becomes too large. The procedure remains then very slow and often cannot
even be used.

Hasler and Tillé (2014) have proposed another method to deal with highly stratified
population. As the previous method, it begins by applying the flight phase of the cube
method to each stratum of the population. Next, it carries out a flight phase on a union
of strata by adding another stratum at each step. By doing this, strata are managed
one after the other and the inclusion probabilities of certain strata are set to 0 or 1
during this step. The idea behind this procedure is to reduce the matrix H considered
because some strata are removed from the matrix when all its units are selected or
rejected. At the end, a landing phase is applied. However, if nj, is not equal to an
integer for a stratum Uy, this method also remains very time-consuming. Indeed, some
strata are never completely removed during the procedure and then the submatrix of
H considered becomes too large.

The properties of the cube method imply that the inclusion probabilities are satis-
fied and that the sample is balanced on the auxiliary variables in these two methods.
However, they still have difficulty in dealing with all the situations of highly strati-
fied sampling. In the next following section, a new method is presented in order to
completely resolve these drawbacks.

PROPOSED METHOD

In the fast implementation of the cube method proposed by Chauvet and Tillé (2006),
the main modification was to use a matrix smaller than A to update . This allows
considerable reduction of the computational cost. The idea of our method is similar
but adapted to a stratified population. It considers a matrix of constraints B smaller
than (H A) during the use of the cube method. The submatrix B must be found at each
step of the flight phase of the cube method. As explained in Section 4.3, the number
of balancing constraints depends on the number of strata H when the population is
stratified. Since all the strata must be considered, the number of balancing equations is
equal to (¢g+H). So, in the classical flight phase presented in Section 4.4, the considered
matrix B is of size (¢ + H + 1) X (¢ + H). The columns of B corresponding to strata
which do not contain any unit in the rows of B are only composed of 0. To update the
vector &, we find a vector in the nullspace of B. Since columns that are only equal to
0 are inefficient for this, they only increase the size of the matrix B and are irrelevant
for finding a null vector.

The idea of the proposed method is then to compute a matrix B, with still one more
row than the number of columns, but that considers a smaller number of strata. By
considering a matrix B with fewer rows, the corresponding vector of strata h will be
reduced. This subvector of h will contain fewer categories and then the corresponding
matrix H will have fewer columns. This is why obtaining the matrix B with exactly one
row more than its number of columns is not as easy as with an unstratified population.
Algorithm 3 shows how to find the number of rows to consider in order to obtain the
smaller matrix B such that B has exactly one row more than its number of columns.
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Algorithm 3: Find the submatrix B of (H A)

Let g be the number of auxiliary variables of A. Initialize ¢g' by ¢. For
t=1,2,3,... repeat the following steps:

1. Extract the first ¢’ rows of the vector h and denote it h’.
2. Denote H' the number of different strata in h’.
3. Update ¢'*' =g + H" + 1.

while ¢'* > ¢'.
Finally, B is defined as the ¢ first rows of the concatenated matrix (H* A’),
where A" and H' are the submatrix containing only its ¢ first rows.

Suppose that g = 2 and that the categorical vector is equal toh = (1, 1, 2, 2, 3, 3, 3, 4,
4,...)". We obtain

t=1: g'=2, hi=(1,1)7, H'=1 — ¢*°=2+1+1=4,
t=2: g*°=4, h’=(1,1,2,2)7, H*=2 — ¢*=2+2+1=5,
t=3: ¢>=5, h¥®=(1,1,2,2,3)T, H*=3 — g*=2+3+1=6,
t=4: g*=6, h*=(1,1,2,2,3,3)T, H*=3 — ¢ =2+3+1=6,
t= q° =q*

B contains then g* = 6 rows and 5 = 2 + 3 columns. So it is a matrix with only one more
row than the number of columns as desired.

The matrix B is found after having computed its number of rows ¢’ using Algo-
rithm 3. The first ¢* elements of h composed the strata membership vector h’. The
disjunctive matrix H' can then be found using h’. The matrix B is equal to (H' A’),
with A’ the submatrix of A containing only its ¢’ first rows. The units must be ordered
in such a way that the strata are clustered. If it is not the case, Algorithm 3 ends up
with a matrix that could be large. Indeed, the larger the value H' is, the larger the
size of the matrix B will be. The same procedure proposed by Chauvet and Tillé (2006)
can then be applied. If the population is highly stratified and the number of auxiliary
variables is acceptable, our procedure can be very efficient. Moreover, it handles in-
clusion probabilities that do not sum to an integer inside strata. Algorithm 4 presents
the whole method and is implemented in an R package (Jauslin et al., 2022a).

The Algorithm can be decomposed into two flight phases and two landing phases.
The first step is to apply a flight phase within each stratum. This step modifies the
inclusion probabilities so that they are balanced in each stratum. In the second step,
we first check that there are no strata containing only one unit. In this case, the bal-
ancing equations of these strata cannot be balanced, so we remove these units from the
treatment in order to manage them afterwards. Next, we apply the flight phase on the
other units by using the matrix B found by the Algorithm 3. This second flight phase
is repeated until the matrix B is no longer found or the null space is empty. Note that
the dimension of the computed matrix B can change depending on the stratum vector
h and the inclusion probabilities set to 0 or 1. At the end of this flight phase, we can
have H units that are alone in their stratum and also have maximum ¢ units for which
the balancing equations could not be satisfied. It is then no longer possible to find a
matrix B such that its kernel is not empty. Note that at the end of this step, the aux-
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iliary variables are still completely satisfied, i.e. the equation (4.4) with the modified
inclusion probabilities is perfectly satisfied.

The objective is to respect the strata sizes as much as possible. Therefore, the con-
straints on the strata are prioritized. We then perform a landing phase by suppression
of variables on the units that are in the strata containing at least two units. At the
end of this first landing phase, we have at most H units which are alone in their strata
and thus the corresponding disjunctive matrix is a diagonal matrix. We can drop the
variables corresponding to the strata and apply a landing phase only on the auxiliary
variable to finally find the sample.

If the vector h is reordered in a different way before the procedure is started, the
matrix B could change during the execution of the Algorithm 4. This has no impact on
the computational cost if the h vector is still clustered. Figure 4.1 shows an example of
what the matrix B looks like in the Chauvet and Hasler methods and the one computed
by the Algorithm 3.

}q+Ht+1

q+H+k§

Figure 4.1 - Illustration of how the B matrix is calculated within the flight phase in the discussed
methods. The light grey area represent the auxiliary variable matrix A while the dark grey area
is the H matrix. The B matrix is illustrated by the hatched area. The medium grey area is the
one inside of the matrix B where all values are equal to zero. On the left, we see how the matrix
B is computed in Chauvet and Hasler methods, while on the right, it is the matrix proposed by
Algorithm 3. We see that the matrix B on the left contains some columns that are only equal to
zero.

VARIANCE ESTIMATION

The variance can be approximated by using the method proposed by Deville and Tillé
(2005). Let the vector
z; = (H A,

where (H A) denotes the kth row of the matrix (H A). The variance of the Horvitz-
Thompson estimator of the total ¥ can be approximated by

2
o Yk
varg,,(Y) = Z Ck (7T_k - aTzk) , (4.5)

keU
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where

T

-1
N . v,
m and @ = (Z CfoZE) Z C[Z[ﬂ_—[.

teU teU

cp =mp(1—my)

There are many different ways to express the quantity ¢ and then this leads to
various approximations of the variance. Value ck can in particular be approximated
by

— n
ck=01-mp)————.
k= (1= me)— H+a)

We define the estimator of the approximated variance as the following equation:

2
wa(?) = Y (y—" - aTzk) . (4.6)
kes Tk

Note that the sum in the equation (4.6) is on the sample s using cx and @ instead of cx
and a.

SIMULATIONS

In this section, the performance of the method is evaluated on real data produced by
the Swiss Federal Statistical Office (2020). The dataset contains information on Swiss
establishments. We restrict the study to the Swiss region called Espace Mittelland
(a region of the second degree of the Nomenclature of Territorial Units for Statistics
(NUTS) of Switzerland). This region contains 5 cantons (a region of the third degree
of the NUTS) and 675 municipalities. For confidentiality reasons, the units considered
are the hectares of land in which at least one establishment is located. In order to be
able to estimate the variance, only 3 hectares of land per municipality are included
in the study. This implies that the dataset contains information from 2025 hectares
including at least one establishment.

We stratify the units in two different ways: by cantons and by municipalities. The
number of strata is then respectively equal to H. = 5 and H,,, = 675. Figure 4.2 shows
the dataset with the two proposed stratifications. The idea behind this procedure is to
compare the execution time for a stratified population with a low number of strata ver-
sus a high one. To compare the method, we will use balancing variables x; containing
the number of women employed in a sector j, with j = 1, 2, 3. Each sector represents a
type of activity: sector j = 1 involves the natural environment and agriculture, sector
J = 2 is manufacture and sector j = 3 is related to services. Table 4.1 shows the mean
time execution of three methods for highly stratified sampling: the methods of Hasler
and Tillé (2014) and Chauvet (2009), detailed in Section 4.5, and the new one presented
in this article.

Inside each stratum, the inclusion probabilities are equal. For each stratification,
we carry out two different types of sampling: one with inclusion probabilities that sum
to an integer number within each stratum and one with a non-integer sum. Then, we
consider n;, = 80 and n;, = 80.4, h € {1,..., H.}, for the first stratification. For the
second one, we take n, = 2andn, = 1.4, h € {1,..., H,,}. We choose to deal also with
non-integers ny, in order to compare the impact of this situation on the mean sampling
time.
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Cantons

47.4°N

Latitude
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46.6°N

46.4°N
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Municipalities

47.4°N
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46.4°N
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Np

Figure 4.2 — Data extracted from the Swiss establishments data base of the Swiss Federal Statistical
Office (2020). The data are restricted to the NUTS region 2. The upper plot is showing the separation
by Cantons H. = 5, the lower one the separation by Municipalities H,, = 675. The grey gradient
scale gives the number of units considered in each Canton. The data are selected such that each
municipality contains 3 units.

Chauvet’s method cannot be compared because its execution time is too long and
should be avoided for highly stratified population. However, it remains very efficient
if the number of strata is acceptable. If inclusion probabilities in a stratum sum to an
integer, Hasler’s method performs very well. However, the execution time increases
strongly when ny, is not an integer. The proposed method is very well-behaved and
the execution time is considerably reduced for a highly stratified population.

In order to compare the variance of the method with the others, we estimate the
variance using some variables of interest y ; that contain the total number of employees
of the sector j, j = 1,2,3. In Table 4.2, we compare the approximated variance (4.5),
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the estimated variance and the simulated variance computing using the equation:
Voim = — 3 {T(s) = Y}? (47)
stm m - ) .

where m is the number of simulations.

For each method, we vary the number of selected units within each stratum by
taking ny, equals to 2 for the stratification with H, strata and 80 for the stratification
with H,, strata. This implies samples of size equal 400 and 1350 respectively. The
variance estimator seems to be unbiased for the approximated variance. However, we
see that the approximated variance and estimator are slightly biased to the v;. This
comes from the landing phase of each method. We can conclude that the proposed
method is comparable in terms of variance to other methods.

CONCLUSION

The stratified sampling procedure is a well-known and appropriate procedure to re-
duce the variance of the Horvitz-Thompson estimator. In this paper, we propose a new
method and implementation that provide an excellent executing time and a flexibility
that the existing methods did not allow. In many surveys where the population is strat-
ified, the sum of inclusion probabilities within each stratum is not an integer. Other
methods are not directly applicable in this case. We have shown by means of simula-
tions that the variance of the estimator is not impacted by our method. All of these
results indicate that our proposed algorithm is very efficient for selecting a sample in
a stratified and highly stratified population.
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Algorithm 4: Complete proposed algorithm for highly stratified population

Consider & the N vector of inclusion probabilities such that 0 < 7 < 1, for

ked{l,..

., N}.

I. Perform a flight phase on each stratum according to the inclusion probabilities
m and the balancing constraints in AT. The vector x is updated by ! such that
some of its elements are set to 0 or 1. Compute the set of indices
i' ¢ {1,..., N} containing the unit indices that have an inclusion probability
still not equal to 0 or 1 and that are not alone in their strata. Define the set of
units that are alone in their strata and denote this set i.

II. Initialize ¢ by 1. Repeat step 1. to 7. until it is no more possible to find the
matrix B or until the vector u is null.

1.

Update the set if by adding the indices of the units that are contained in
only one strata and remove it from i’.

In A, h and 7, consider only units with indices in i’.
Apply the Algorithm 3 to find the submatrix B of (H A).

Compute u, a vector of the null space of B completed by 0s to obtain a
vector with the same size as i’.

. Compute A; > 0 and A, > 0, the two larger values such that

T
T

+ Aug

0
0 - /lzuk

N N

1 ,forall k € i.

N N
;V-N»N

Update r* by:

f+1 _ al + Aiu with probability /12/(/11 + /12),
N — A;u  with probability  A;/(2; + 25).

Update 7 by 7 + 1 and update i’ the set of indices containing the unit that
have an inclusion probability still not equal to 0 or 1.

III. Pool the set i’ and the remaining units i’ and do a landing phase until we have
only one unit alone in their strata. This step is done by suppression of variables
on the balancing matrix (H A), but only dropping the variables that are in A.

IV. Perform a landing phase by suppression of variables on the balancing variables
A on the remaining units.
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Table 4.1 — Results of 1000 simulations on the Swiss establishments dataset. The population size
is equal to 2025. We compute the mean time execution in seconds of each sampling procedure. We
vary the number of strata H and the number of units selected within each stratum ny,.

Algorithm

Proposed method

Hasler’s method

Chauvet’s method

Cantons (H =5)
ny = 80
ny, = 80.4

Municipalities (H = 675)

np =2
np =14

0.24
0.24

0.42
0.53

0.25
0.24

0.4
400.55

0.24
0.24

418.07
701.77

Table 4.2 — Results of 1000 simulations on a population of size 2025. The number of strata is
equal to 5 for Cantons and 675 for Municipalities. For each variable of interest y;, j = 1,2,3 and
for each sampling methods, we compute the ratio between the different estimators (i.e. approxi-
mated variance (4.5) as well as the variance estimator (4.6)) and the variance approximated by

the simulations (4.7).

Algorithm
Proposed method Hasler’s method Chauvet’s method
vsim var(Y) varapp(Y) vem vVar(Y) vargpp(Y) vem var(Y) vargpp(Y)

Cantons (H =5)

y1 1 0.945 0.959 1 0.994 1.019 1 1.064 1.08

y2 1 0.905 0.969 1 0.932 1.012 1 0.927 0.983

y3 1 0.891 0.927 1 0.864 0.911 1 0.84 0.879
Municipalities (H = 675)

y1 1 1.042 1.049 1 0.952 0.957 1 0.978 0.981

y2 1 1.024 1.028 1 1.035 1.036 1 0.951 0.954

yz3 1 0.995 0.994 1 0.933 0.937 1 0.849 0.853
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Chapter 5

AN EFFICIENT APPROACH FOR STATISTICAL
MATCHING OF SURVEY DATA THROUGH
CALIBRATION, OPTIMAL TRANSPORT AND
BALANCED SAMPLING

Abstract

Statistical matching aims to integrate two statistical sources. These sources can be two sam-
ples or a sample and the entire population. If two samples have been selected from the same
population and information has been collected on different variables of interest, then it is in-
teresting to match the two surveys to analyse, for example, contingency tables or covariances.
In this paper, we propose an efficient method for matching two samples that may each contain
a weighting scheme. The method matches the records from the two sources. Several variants
are proposed in order to create a directly usable file integrating data from both information
sources. !

Keywords: auxiliary information, balanced sampling, data integration, distance, unequal
probability sampling

INTRODUCTION

Integrating data from different sources represents a major challenge in statistics. Yang
and Kim (2020) and Kim and Tam (2021) discussed a set of methods for data integration.
Statistical matching is the field of statistics that deals with the best way to merge two
different files by matching units based on a group of common variables (D’Orazio et al.,
2006; D’Orazio, 2019).

Renssen (1998) distinguishes between two types of analysis. The macro approach
focuses on estimating a full joint distribution between the respective variable of inter-
est in the two samples. This can be, for example, a covariance matrix, a correlation
or a contingency table. The objective of the micro approach is to complement one file
with information from the other, imputation to correct non-response is an example
related to this approach (Haziza, 2009; Chen and Haziza, 2019). Kim et al. (2016) use
the technique of fractional imputation to perform statistical matching.

In this paper, we propose an efficient method for statistical matching. Units are
matched based on the proximity of a group of variables measured in both surveys.

IThis chapter is essentially a reprint of: Jauslin, R., & Till¢, Y., (2023). An Efficient Approach for
Statistical Matching of Survey Data Through Calibration, Optimal Transport and Balanced Sampling,
Journal of Statistical Planning and Inference, 225:121-131

71
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Moreover, both sources can either have common units or have an empty intersection.
One of the two sources may even contain the entire population. In addition, we impose
a set of constraints in order to take advantage of all the information available in the
two sources. This method can also be used for imputations and so can also be used for
micro approach analyses.

Both sources of information may contain a weighting system that allows the files
to be extrapolated to the full population. These weights are usually calculated to take
into account inclusion probabilities, non-response treatment and calibration. In of-
ficial statistics, the calibration methods have been proposed by Deville and Sarndal
(1992) and Deville et al. (1993) to adjust survey data on census data or a register. Cali-
bration can also be used to adjust or harmonize several surveys from different sources
(see Guandalini and Tillé, 2017, and references therein). Dudoignon (2018) through an
unpublished paper, proposed using the idea of optimal transport on internet audience
data. More recently, Gares et al. (2020); Gares and Omer (2022) have proposed opti-
mal transport for merging dataset by considering joint distribution of covariates and
outcomes.

We have set out a series of recommendations that a matching method should fol-
low: The method should match common units as a priority. The result of the matching
must integrate information from both sources. The matching should also take into ac-
count the weighting system. After matching, the estimated totals of the variables com-
mon to both sources must be identical to the totals before matching. Optimal matching
should take advantage of all the information available in both sources.

The proposed methods therefore allow the matching of two data files but also the
imputation of one file on another. First, calibration theory is used to harmonize the
two samples. Then a linear program is used to perform an optimal matching while
taking into account the weights. This program can be written as an optimal transport
problem. Finally, the values to be matched can be selected using a balanced stratified
sampling technique as presented in Jauslin et al. (2021) and implemented in the R pack-
age ‘StratifiedSampling’ (Jauslin et al., 2022a). The methods either perform matching
based on a division of weights, produce a prediction, or impute a value from one source
to another.

PROBLEM AND NOTATION

Consider a population U = {1,...,k, ..., N} of size N from which two random sam-
ples S; and S, of size respectively equals to n; and n; have been selected. It is assumed
that three groups of variables can be measured on the population units. The vectors
of variables x; € RP,k € U are measured on both units selected in S; and S,. The
vectors of variables y; € R?, k € U are measured only on the units selected in S;. The
vectors of variables z; € R", k € U are measured only on the units selected in S,.
The variables xz, k € U are called the matching variables. These variables are
supposed to be known for both samples S; and S, and could be discrete, such as sex or
citizenship, or continuous, for example, income or age. We also supposed that if some
units are common between sample S; and sample S it is because they shared the same
values on these matching variables. The set of variables y;, k € S; and z, € §; are
called the variables of interest. Figure 5.1 illustrates the matching problem. Hatched
areas are the unknown quantities of the two samples. A more general question occurs
on the accuracy of a specific conclusion made on the statistical match compared to
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the population (xg, yx,zx), k € U. Supposing empty intersection between samples,
as the variables y;, k € S are only observed in S; and variables z; € S; only in S,
it might be the case that the model is not identifiable. Some model assumption must
be made on the population (xx, yx,zx), k € U to ensure that a specific conclusion can
be made on the statistical match. Conditionally to the variables xy, the variables y
and z; must be independent. This assumption is called the conditional independence
assumption. D’Orazio et al. (2006) discuss this assumption in more detail. Throughout
this manuscript we suppose that we are in the conditional independence assumption
context.

X Y Z

Sl<—

SinSy < | N

S,

Figure 5.1 — Representation of the statistical matching with intersection. Hatched areas are un-
known quantities in each sample.

In survey sampling, samples are generally designed with complex weighting sys-
tems vig, k € 1 and vye, £ € ;. These weights can take into account the inverses of
the inclusion probabilities, a possible re-weighting to compensate questionnaire non-
response and a possible calibration. Frequently, a statistical match is made when one
of the two files is seen as the recipient file while the other one is seen as the donor
file. Throughout this manuscript, we will suppose, without loss of generality, that the
sample S is the recipient file while S, is the donor file. Generally we have n, > ny,
note that one of the two samples might be the whole population.

The population totals on the common auxiliary variables are equal to:

X=Zxk.

They be estimated either by sample S; or sample S3, which are mathematically written:

Xy = Z VikXk, Xy = Z VarXe. (5.1)
kGSl €€S2
Following the same idea on the variables of interest, the totals

Y=ZykandZ=sz,

keU keU
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can be estimated using the following estimators:

Y, = Z VikYk, ZLy2 = Z VorZe.

kESl KGSZ

In the micro approach, the two samples S; and S, are merged into a single usable
file, while the macro approach focuses on the joint distribution of the variables of
interest. Under the usual hypothesis that the variables y; and z; are independent
conditionally to the variables xi, the relationships between the variables y; and zx
can be analysed. For example, if the variables y; and z; are dummy variables with
respectively g and r variables, we could estimate the contingency table

_ T
Ny, = Z YiZp -
keU

If the variables of interest are continuous, we could compute the covariance matrix of
the totals
2y, =cov(Y,Z).

HARMONIZATION BY CALIBRATION

The two samples are assumed to have their own sampling weights: vig, k € S; and
vae, € € ;. To perform the matching, we need to harmonize the weights so that, they
sum to the same values and respect the totals given in Equations (5.1). We then look
for a new weighting system

Wlk,k S Sl and Wzg,g S SQ, (52)

such that we have the following results:

X1 = Z WXk = Xyo = Z WarXe.
keSS, €S,

One aspect that must be considered is the intersection between S; and S,. Several
cases can occur, the sample S; can be included in S, or vice versa, the intersection
can also be empty. Let ny2 = #(S1 N S,) denote the size of the intersection of the two
samples. Guandalini and Tillé (2017) analyse estimators of the form X, = Xy + (1-
a)ivz. They showed that, when p = 1, to best estimate X using both S; and S5, the
value of @ must be equal to

opt _ Var(ivz) - COV(XN, ivz)

a = — — — — .
Var(xvl) + V&I‘(XVZ) - COV(le, sz)

This optimal value minimizes the variance of X .. However, it depends on unknown
variances and on a covariance that must be estimated. Since variance estimators are
particularly unstable, we may find ourselves far from the optimal estimator. Guan-
dalini and Tillé (2017) suggest using a proxy value for @°®" that only depends on the
sample sizes and the size of the overlapped sample:

* _ ny —ni

=172 (5.3)
ny+ny—2nq

a
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We can then construct the estimator X* = a*ivl +(1- a/*)f(ﬂ. In particular, if S, C Sj,
then @* = 1 and X* = le. Moreover, if S1 NSy = 0, then a* = n{/(ny + ny).

In order to compute the two new weighting systems (5.2) close to vig, k € S; and
vae, £ € Sy, the two samples are calibrated X+ If G (Wi, v1k) is one of the pseudo-
distance defined in Deville and Sarndal (1992), we can search the weighting systems
that solve the following problem:

minimize Z G (Wi, vix) and Z Ge(wap, var)
keS; leS,
subject to Z WikXg = Z worxs = X7,
keS; €S,
N* = Z Wik = Z Wor =a” Z vik + (1 -a”) Z Vae.
keS; teS; keS; €S,
Wik, Wor = 0forallk € 1, € S,

To verify the constraint of positivity of the weights, we can, for example, use the
Kullback-Leibler divergence as pseudo-distance, i.e. Gx(W1k, Vik) = Wik log Wik /Vik.
Thus, the new weights obtained have the same sum:

2, W= Qv

kES] (ESZ

The new system weights define estimators for X, Y and Z.

Xw1 = Z WikXk = Xy = Z WorXe,

keS; leS,
Y1 = Z wikyk and Z,,, = Z WaorZe.
k€S1 [GSZ

The samples S; and S, are now linked by the matching variables that are both equal
to the same totals and they sum to the same value. The latter property is essential for
the optimal transport that follow in Section 5.5.

RENSSEN’S METHODS

A method for estimating contingency table was developed in Renssen (1998) and more
recently presented in D’Orazio et al. (2006). The general idea consists of harmonizing
the weighting systems as explained in the Section 5.3 and then uses the matching
variables xj to create linear models to get an estimated contingency table. At the first
step, regression coeflicients B, and B,, are computed from the samples S; and S5,
respectively, by using the weights, wix, k € S; and wye, € € S,, respectively. Using a
weighted linear model, the following coefficients are obtained:

-1
Byx = (Z WlkkaZ) (Z wlkxkx;{r) s

keSl keSl

-1
Bou= (3 v | ( 5 w) |

ASNY €S,
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The contingency table is then estimated using the matrix product:

~ - o
* T * T
NI = Byy |@ E wiXix, + (1-a") E warXeXp | By
keS; tesS,

where a* is the coefficient (5.3) that depends on the value n,. Renssen’s method can
be easily generalized to a continuous case, but some assumptions must be satisfied on
variables yx, k € S1 and z¢, £ € S,. For more information, we refer the reader to the
article by Renssen (1998) and the book by D’Orazio et al. (2006).

MATCHING BY OPTIMAL TRANSPORT

The main idea of our method uses the optimal transport to perform a statistical match-
ing. Optimal transport is an old mathematical problem that consists of finding the best
solution to minimize the cost of transporting some quantities of goods from a given
set of locations to a given set of destinations. In its simple case, the optimal transport
problem can be solved with a linear program. The optimal transport problem can be
written as the minimization of a cost function (the output of goods in factories must be
sent to the nearest sellers), subject to equality constraints (all goods produced by a fac-
tory must be sent to sellers). This corresponds exactly to the linear program method.
Optimal transport has been a very prolific topic in statistics for the past 10 years and
it is strongly related to the notion of Wasserstein distance. We refer the reader to
Panaretos and Zemel (2020) for further reading in the field of optimal transport and
Wasserstein distance.

In the particular case of statistical matching, we use the optimal transport problem
to match the units of two different samples. Let S; and S, denote the recipient and
donor samples, respectively. The idea is then to see which units of S, can be associated
with a particular unit k € §;. We start by computing an n; X n, matrix D containing
the distances between the units of S; and the units of S,. We can for example use the
usual Euclidean distance or a Mahalanobis distance defined as follows:

d*(k, 0) = (xx — x¢) TQ 1 (xk — x¢),
where
~ 1 = = = =
Qux = = {a/* Z wik(xxk = X)(xx = X) " + (1 - ) Z wae(xe — X) (x¢ — X)T} ;
keS; €S,

and
£

)
»)

N*

Note that the choice of the distance function can have a significant impact on
the optimal transport result. Depending on the type of matching variables, finding
a distance that makes sense can be a complex task. For example, if the matching
variables are only continuous variables, the Euclidean distance or the Mahalanobis
distance is appropriate. However, if the matching variables are discrete or mixed dis-
crete/continuous, some distance functions such as the Hamming distance can be used.
Gares and Omer (2022) discuss the choice of distance functions in more detail. Then,
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we search for weights Wy, for each couple k € S1,¢ € S,. To do this, we solve the
following linear program:

minimize Z Z Wee d(k,€)
keS; €S,
subject to Z Wie = woe forall £ € S5,
keSS,
Z Wie = wig for all k € Sy,
teS,
Wie = 0, forallk € S;, and £ € S,,

where Wy = min(wqg, war), for all couples of identical units in §; and S;. These con-
straints force the matching of identical units that can be selected from both samples.
This linear program is nothing more than an optimal transport problem for which
many efficient implementations exist.

Most of the Wy, weights are zero. It is therefore not necessary to manipulate a
large matrix of data. The completed calibration is not adversely affected in the linear
program. Thus, we have

Z Z Wkgxk = Z Z Wk,[X[ = i*

kESl fESz kES] [ESQ

The output of the linear program ends with a matrix of weights W of size (n; X
ny). The non-zero entries in the ith rows of the matrix W contain the corresponding
weights of the matched units in the sample S,. Figure 5.2 shows an illustration of the
statistical matching idea using optimal transport and what it is the output of the linear
program. We generally do not have a one-to-one match, which means that for each
unit k in §; we have more than one unit with weights not equal to 0 in S3. The next two
sections propose two different ways to obtain, from the output of the optimal transport,
a file where each unit from §; has only one imputed unit from S;. Without loss of
generality, in the following development, we suppose that sample S is completed by
realizing a prediction from §,.

Matching by using prediction

We can do a prediction by computing the weighted averages of the x, and z, of §,.
Formally, this gives the following quantity to compute:

W W,
K _ 7K forallk € Sy,0 €S,
2ies, Wke Wik

By using these new weights, we can then compute a prediction of the x; and the z;
k € Sl,

qdke =

Xi = Z qrexe and zg = Z qreze, forall k € Sy.
£esS, €S,

Note that Xy is not equal to the observed matching variables x. The matching quality
can be evaluated by comparing the x; with the predictions Xy. For the predicted values
Xk, the calibration is always valid. Indeed that

Z WikXg = Z wikXg = X
kESl kES]

However, the interest of the procedure is that we now have predicted values z; for
each unit of S; whereas these variables were only measured on .
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Matching with optimal transport

Output of the optimal transport

Figure 5.2 — Outline of the statistical matching using optimal transport.

Matching by using stratified balanced sampling

As explained in Section 5.5, the output of the optimal transport generally has repetition
of some units. In some cases, we are interested in obtaining a synthetic file without
any repetition of units. In this section, we propose an imputation method based on
the optimal transport result. We propose to use a balanced sampling method to select
from the repetition stratum of a unit k of Sy, only one unit of the units of S,. This is
in line with the hypothesis that S, is the donor file while S is the recipient file. To do
this, we randomly generate a matrix of Bernoulli random variables ay¢, k € S1,€ € S,
where age is 1 if unit € € S, is imputed to unit k£ € S;. Since each unit k of S; can only
receive one imputation, we must have

Z are =1, forall k € S;.
€€S2

We now want to generate the random matrix of ax, with expectations E(azs) =
gke in such a way that the following system of equations is satisfied at best

Z Z akEWkKX[ N Z Z Wiexe = X,

gkt

keS; €S, keS; €S,
areWee
DI N DI I
keS; €S, qkt keS; €S,

and with
Z axe =1, forall k € S;.
€S,

This sampling problem is known as ‘stratified balanced sampling’ (see Jauslin et al.,
2021; Hasler and Tillé, 2014; Jauslin et al., 2022a). Each unit k£ of S; can be seen as a
stratum for which a unit £ of S, must be selected.
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The imputed values are then

)o(k = Z areXe and ik = Z AareZe, forall k € S;.

fESz KESZ
Again, we have
° ~ _ S
Z WX ~ Z wixg = X,
kESl kESl

However, the interest of the procedure is that we now have values z; for each unit of
S1 whereas these variables were only measured on 5.

IfE,(.) is the expectation to the ay, conditionally to S; and Sy, then, for all k € Sy,
we have,

E,(xx) = Z Ey(ake)xe = Z qreXe = Xi,

£esS, leS,

and

Eq(zx) = Z Ey(ake)ze = Z qkeZe = Zk.

teS; €S,

ANALYSIS OF THE DATA

Once the optimal transport is performed, different analyses are possible. We can either
work directly with the optimal transport result or use the prediction or the imputations
methods. This gives us five possibilities to analyse the data.

1. Use the full results of the optimal transport problem (xg, X¢, yx,z¢, Wie, k €
Sl, l e Sz)

2. Use the predicted values (xx, Xk, Yk, Zk, Wik, K € S1) by predicting the values of
k € Si.

3. Use the imputed values (xx, Xk, Yk, Zk Wik, k € S1) by imputing the values of
k eS;.

4. Use the predicted values (x¢, X¢, V¢, z¢, Ware, £ € S3) by predicting the values of
{ e Sz.

5. Use the imputed values (x¢, Xz, y¢,Zg, Wae, £ € S3) by imputing the values of
l e Ss.

The estimations of the means are completely consistent for the five possibilities.
We obtain

ke, Lees, Wkeze  Tpes, WatZe  Xges, WikZk _ Dkes, WikZk

7 = = = ~
2kes, 2tes, Wke 2ires, Wat 2kes, Wik Ykes, Wik

and

Zkes, 2tes, WkeYk  Xkes, WikYk  ges, WaeYe  Lees, Waeye

Y= = = ~ ,
2ikes, 2ees, Wke 2ikes, Wik 2ires, Wat ites, Wat




5.7

5.7.1

Chapter 5. An Efficient Approach for Statistical Matching of Survey Data Through
80 Calibration, Optimal Transport and Balanced Sampling

If the variables are categorical, we can then estimate a contingency table using the
results of the optimal transport matching, or the prediction on §; (respectively on S5),

= Z Z Wieyrz, = Z WikYkZ; = Z WarYezy -
keS1 €S, keS; eSS,
We can also use the imputed values that give slightly different results,
N;Z = Z wikykZ; and Niz = Z Woryez, -
keS; €eS,

If the variables are continuous, we can estimate the covariances between the yy
and the z, variables. We can also work indifferently from S; X S2, S1 or S». In fact, we
have

3. = L Z Z Wie (v —Y)(Ze - Z)T

NS5
Z Wiy~ V) @ ~Z)"
kESl
Z war (e~ Y) (20~ 2)".
fESz

As previously seen, it is also possible to use the imputed values that give slightly dif-
ferent results . _ _
S= = > iy - -2)"
N keS;
and ) _ _
2. == ) wu(Ye -z -2,
N KESZ
Since E,(yx) = yx and E;(zx) = Zi, then E (Eyz) E, (Eiz) = Eyz. The three
estimators are thus very close to each other. One can thus use in an undifferentiated
way S1 X Sz, §1 or Sy.

SIMULATIONS

In this section we propose two simulations, the first one on a simulated normal dataset
where the conditional independence assumption holds and a second one on the Aus-
trian data EU-SILC (European Union Statistics on Income and Living Conditions).

Gaussian example

In this section we discuss a generated dataset such that the conditional independence
assumption (CIA) is satisfied. Let U be a population of 10 000 units generated such that
the matching variables x; € RP, k € U, the variables recorded only in S; yx € RY, k €
U and the variables recorded only in S;, zx € R", k € U are normally distributed with
joint distribution equal to

f(xy.z|p. %) = p —% {xy.2" - u} = {(xy.2" - u}|,

1
———€X
lzﬂ-p+q+r|2|
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where the parameters are defined as follow

M Xix 2:xy 2z
H= l’ly 4 3= ny zyy Eyz
H, Yoo Xy X

To ensure that the CIA holds, the quantity X, must be determined by the following
equality (D’Orazio et al., 2006):

2y, = nyz;}czxz

Let us suppose that p = 3, ¢ = 2 and r = 2. We simulate 10 000 samples of recipient
sample S; and donor S, by using simple random sampling without replacement with
sizes fixed to n; = 600 and n, = 3000. The parameters of the matching variables are
equal to

0 7.364 2579 —0.475
u,=10], Ze=[2579 5694 —0.021].
0 —0.475 —0.021 7.864

By using the properties of the Gaussian distribution, if yx = (yx; yi2)T € R4,k € U
and zx = (zx1 Zx2)' € R% k € U are linear combination of the matching variables,
the CIA holds and we can estimate the covariance matrix X, .. Linear combinations
are then equal to

Vi1 = 0.2xg1 — 0.3xk2 + Xg3 + &k,

Yk2 = 1.2xp1 + 0.4xp — 0.5x43 + &5,
Zk1 = —0.4xp1 +xp2 — 0.3xp3 + &k,
Zka = —1.4xp1+0.3xp5 — 0.6x13 + &,

where ¢ ~ N(0,1) and the variance-covariance matrix is given by

s - -3.667 —5.368
Y27\ 2,627 —9.772)°

Table 5.1 - Mean squared errors and their bias-variance decomposition on 10 000 simulations of
the estimation of the variance-covariance matrix .. Matrix notation B stands for the squared

bias while V denote the variance of the estimator X,.

Optimal transport

0.014 0.022 0.032 0.09 = 0.046 0.113
Bopz — opt _ MSE 2:opl‘ —
yz 0.013 0.046 yz 0.042 0.162 SE( yz ) 0.056 0.208
Renssen
0 0 0.104 0.255 = 0.104 0.255
Bren - Vren - MSE Eren —
yz (0.011 O) yz (0.162 0.568) ( yz (0.173 0.568)

Balanced imputation

0.011 0.021 0.055 0.127 S 0.066 0.148
Bbal — Vbal — MSE Ebal —
Yz (0.013 0.045) yz 0.086 0.235 ( yz 0.099 0.279
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Table 5.1 shows the mean squared errors of the simulations of the three different
methods. The mean squared error result shows that optimal transport procedure and
balanced imputation method are better. It is interesting to point out that even in the
linear case where the CIA holds, as in the previous Gaussian case, the optimal transport
methods give a slightly better MSE. Nevertheless, it is important to note here that the
optimal transport is slightly biased. This comes from the fact that optimal transport
and balanced imputation do not use a model prediction to create the match. This means
that for this particular case, the Renssen method has a bias that converges to zero
faster. In this Gaussian case, the CIA holds and could be written mathematically, but
in general, this assumption is not testable. The next section presents an example where
the CIA does not hold. Optimal transports methods will produce better estimates in
that case.

EU-SILC example

This section proposes a simulation study to see how the proposed method performs
compared to the method proposed by Renssen (1998) on the dataset eusilc available
in the R package Alfons and Templ (2013). This dataset contains 14 827 observations
and 28 variables. It is based on real Austrian data EU-SILC (European Union Statistics
on Income and Living Conditions). We slightly modified the dataset to remove the
missing values. It represents thus a dataset of 12 107 observations. Table 5.2 shows
a summary of the different variables used for the simulations. In particular, p1030
is the categorical variable representing the economic status while eqgIncome repre-
sents the continuous variable of household income. p1030 is the variable of interest
recorded only in S; while eqIncome is recorded only in S,. Figure 5.3 shows the
household income by economic status. Each simulation will estimate the average in-
come by category.

We run simulations using a stratified balanced sampling design (Jauslin et al., 2021)
with sample size n; = 1000 for each sample Sy and n; = 4000 for each sample S;. Inclu-
sion probabilities are selected such that the design respects an optimal stratification,
i.e., the number of unit selected in each stratum is proportional to the product of the
stratum size and the standard error of eqIncome. In addition, the samples are bal-
anced on the totals of the matching variables.

Let m = (my, ..., my) be the average income (of the population) by economic sta-
tus, whereas m/ (r) = {m](r), ..., n?é (r)},j = {opt, ren, bal} denote the estimation
of the averages on a particular simulation sample r. Let M = 10 000 denote the number
of simulations. To measure the effectiveness of the methods, we define the root mean
squared error relative to the true total

. 2
. \/ﬁ %1 {m{(”)—mi}
RRMSEl.J = ,i=1,...,7,j ={opt, bal,ren},
mi

as well as the relative bias

L S e -m) |
RB; = o~ ,i=1,...,7,] ={opt, bal,ren}.

Table 5.3 shows the results of the estimation of the average income within each
category based on 10 000 simulations. The table also displays the relative root mean
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squared errors as well as the relative bias. We can observe that the matching based
on optimal transport is the best in terms of mean squared error. Indeed, in the case
of non-linear variables, the model might have difficulties in creating a good match
using the linear model. However, if the distance matrix is well defined, the optimal
transport will find real relations between the variables more easily. In fact, the optimal
transport is more robust due to the two axes of the method. On the one hand, distance
minimization means that associated units are really close to each other. On the other
hand, the totals of the auxiliary variables are used as a regularized constraint to ensure
that the solution keeps the expected totals. These two constraints give us a method
that is more robust under the CIA compared to other methods.

Table 5.2 — Selected variables of the eusi1c dataset of the R package developed by Alfons and
Templ (2013). The first five variables are the ones used for the matching while the two last ones
are the variables of interest.

Matching variables

hsize The number of persons in the household.

db040 The federal state in which the household is located.
age The person’s age.

rb090 The person’s gender. (male or female)

pb220a The person’s citizenship (AT, EU and Other).

Variables of interests

working full time.
working part time.
unemployed.
pupil, student, further training,
unpaid work experience,
in compulsory military or community service.
in retirement or early retirement or has given up business.
6: permanently disabled or/and
unfit to work or other inactive person.
7: fulfilling domestic tasks and care responsibilities.

B W N =

p1030

(8]

egIncome Slightly simplified version of the household income.
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Figure 5.3 — Boxplot of the household income by economic status.

Table 5.3 — Results of 10 000 simulations for the estimation of average income per category. Relative
root mean squared errors as well as the relative bias are calculated for each economic status. The
overall mean squared errors are equal to 47.443 for the optimal transport, 61.154 for the balanced
imputation and 53.065 for the method of Renssen.

Economical Status

Method 1 2 3 4 5 6 7

RRMSE
opt 0.072 0.056 0.154 0.151 0.021 0.243 0.242
bal 0.074 0.076 0.175 0.168 0.034 0.296 0.252
ren 0.089 0.027 0.15 0.226 0.014 0.23  0.237

RB
opt -0.072 0.049 0.146 0.146 -0.016 0.225 0.24
bal -0.072 0.049 0.147 0.145 -0.015 0.226 0.239
ren -0.089 0.025 0.149 0.226 0.009 0.23  0.237
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CONCLUSION

Statistical matching is set to become a valuable tool with the increasing amount of
data created in this century. In this article, we propose new methods for matching two
complex surveys. The proposed statistical matching methods are flexible, depending
on the type of analysis we want to perform. We can either have a one-to-one unit
matching using stratified balanced sampling, or use the optimal output of the linear
program, or finally use prediction employing weighted averages.

Based on simulations, we observe that the proposed methods have lower cumula-
tive mean squared error. A major assumption that persists in statistical matching is
the conditional independence. Since in most cases this hypothesis is not satisfied, it is
generally difficult to do anything other than assuming this postulation. Our method
returns a mean squared error smaller in both cases whether conditional independence
assumption is satisfied or not. Thus, our results show that the proposed methods are
less sensitive to a conditional independence defect. This suggests that they are more
efficient and give a better quality statistical match.






Chapter 6

CONCLUSION

In this thesis, we address three main areas of survey theory; spatial statistics, stratifi-
cation and statistical matching. In Chapter 2, we show that well-spread methods are
effective in reducing the error of estimators. Especially in an environmental context,
the possibility of using well-spread methods should always be investigated. Chap-
ter 2 also investigates the measure to assess the spread of a sample. Tillé et al. (2018)
adjusted the Moran [ index to remain between zero and one. The spatial weights are
modified in Chapter 2 to better consider the spatial pattern and inclusion probabilities.
We show that the commonly used measure, based on Voronoi polygons, lacks accuracy
in some cases. More generally, it is not always so simple to apply a well-spread pure
method in a survey. In many environmental studies, the area of study is so large that
the use of these methods can be very expensive. An enlightening example of a huge
region using a balanced sampling design is provided by Vallée et al. (2015).

During my thesis, it was fascinating to study the problem of systematic sampling
in several dimensions. This problem is simple to present but not so simple to solve.
Even the definition of a systematic sample in multiple dimensions with unequal inclu-
sion probabilities is ambiguous. Chapter 2 shows that, if a distance without edges is
used, a better sample can be selected using the weakly associated vector method. A
future research area would be to clarify the definition of a systematic sample in mul-
tiple dimensions with prescribed unequal inclusion probabilities. Chapter 3 is closely
related to Chapter 2. It also shows that a well-spread sample increases the quality of
the estimator. Moreover, if auxiliary information is available, balancing increases the
quality of the estimators even more. This has already been shown in Grafstréom and
Tillé (2013), but the sequential feature is interesting for a large population. Neverthe-
less, the method has some limitations. If the number of auxiliary variables becomes
large, the number of units needed in the linear program increases rapidly. In fact, the
tendency in survey theory is to increase the database size and the auxiliary information
available.

Stratification is a powerful sampling tool to increase the quality of estimators. As
said in Tillé (2020, Chapter 4), if auxiliary information is available, it is almost always
a good idea to stratify. In Chapter 4, we show a method for the efficient selection of
a balanced sample from a highly stratified population. Indeed, we have significantly
reduced the execution time of the commonly applied method, namely Hasler and Tillé
(2014); Chauvet (2009). In particular, we reduce the execution time in its limiting cases,
i.e., unequal inclusion probabilities in the strata and a sum in the strata not equal to
an integer. These cases will be less rare in the future due to the increasing amount of
data. Our method appears also to be useful for other methods. Indeed, the method is
used in Chapter 5 if a synthetic file is desired. Stratification is a keystone of survey
sampling. Since the early days of random sampling, stratification has been a powerful
tool to increase the quality of estimators. Future research continues to be related to
stratification, for example Eustache et al. (2022b, 2020); Jauslin and Tillé (2023).

In Chapter 5 we study the statistical matching domain of survey theory. Using
the optimal transport problem, we propose an elegant way to merge two surveys. We
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propose a harmonization of the two sets of sampling weights using calibration. The
method can be used either for a micro or macro approach depending on if we are inter-
ested more in a synthetic file or a joint distribution between the variables of interest.
Optimal transport has also been a prolific topic in the last decade. For example, the
recent paper by Gares and Omer (2022) uses optimal transport to merge data sets. Op-
timal transport is now strongly related to the notion of Wasserstein distance. In this
thesis, we have not gone into the general theory related to Wasserstein distance, but
this could be an area of future research.

Throughout this thesis, we also explore the concept of balanced sampling. Bal-
anced sampling is actually present in every chapter of this thesis. In Chapter 2, the
method proposed is a balanced selection of the spatial strata. In Chapters 3 and 4 as it
is the objective of the methods. Finally, a stratified balanced sampling method is ap-
plied to create a synthetic file using the output of the optimal transport in Chapter 5.
This thesis, therefore, shows the importance of balanced sampling in survey theory
and how it is currently being used in the research field.

Finally, I have ensured that all the methods discussed in this thesis are implemented
and available for testing. All algorithms and methods presented in this thesis are avail-
able in the two R packages Jauslin and Tillé (2022); Jauslin et al. (2022a). Some of them
are implemented in R while others are encapsulated as C++ functions using Rcpp and
RcppArmadillo (Eddelbuettel and Sanderson, 2014).
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SYMBOLS AND NOTATION

Throughout this work, matrices appears in uppercase boldface letters, vectors in low-
ercase boldface. All vectors are considered to be column vectors.

GENERAL NOTATION
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weighted auxiliary variable xy /7y

matrix of the vector a; such that A = (aj,a,,...,ay)"
affine subspace {6 € RN | A§ = An}

sum of inclusion probabilities within the kth Voronoi polygons
regression coefficient

vector of regression coefficient

spatial balance measure based on the Voronoi polygons
submatrix of constraint

covariance between two random variables

di = 1/my survey weights

distance matrix

indicator variable that is equal to 1 if k € S and 0 otherwise.
expected value under the sampling design p(.)

expected value under the model M

pseudo-distance for calibration

strata index

vector of i

number of strata

disjunctive matrix of the corresponding vector h

Moran index (See (3.4) or (2.11))

length of subvector &

index of population or sample unit k € U or £ € U

sample size

sample size in the sample S if the size is random

sample size in the strata Uy,

population size

number of units in the strata U,

set of natural numbers

probability selection of the sample s

probability measure

Lipschitz continuous function to express a variance

number of auxiliary variable

diagonal matrix containing for each k, >,y Wie on its diagonal
function that decreases when the distance between k and ¢ increases
set of real numbers

relative deviation

relative variance

relative efficiency
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Ty first order inclusion probability
ke second order inclusion probability
o(.) Lipschitz continuous function
s sample or subset of the population, s C U
S random sample such that P(S = s) = p(s)
S estimator of the variance-covariance matrix
S power set of U
Sn set of all samples with fixed sample size n
o singular value of singular value decomposition
U population
u left singular vector of singular value decomposition
v right singular vector of singular value decomposition
var variance
varq,,  approximated variance calculated on the population
Varypp,  estimator of the approximated variance calculated on the sample
varsyg  Sen (1953), Yates and Grundy (1953) variance estimator
vargay;  Hajek-Rosén variance estimator
varry  Local mean variance estimator developed by Stevens Jr. and Olsen (2003)
varsp Spatially balanced estimator presented by Grafstrom and Schelin (2014)
vargar  variance estimator for balanced sampling design presented by Deville and Tillé (2005)
varpgs Doubly balanced sampling variance estimator developed by Grafstrom and Tillé (2013)
Wie spatial weight between k and ¢
w spatial weights matrix
X auxiliary variable
Xk value of the auxiliary variable for the kth unit
X vector of the total of the auxiliary variables
X estimator of the total of the auxiliary variables
y variable of interest
Vi value of the variable of interest for the kth unit
Y total of the variable of interest
Y , AHT Horvitz-Thompson estimator
z spatial coordinate
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