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A B S T R A C T

In the geosciences, inverse problems, wherein observations corresponding to model outputs are known and
model parameters are unknown, are commonplace. Many of these problems involve coupled physical, chemical,
and other processes that can be modelled using forward finite-element models. Here, we present a novel in-
terface, COMPEST, that connects the parameter estimation and uncertainty analysis package, PEST, with the
finite-element modelling package, COMSOL Multiphysics. To demonstrate some of the capabilities of this ap-
proach, we also develop and present a novel model for the degradation and transport of chlorohydrocarbons in
low-permeability units. This model integrates isotopic fractionation arising from degradation and diffusion.
Three implementations of this model with increasing complexity are used to demonstrate the functionality of the
developed interface. This linkage provides a means for parameter estimation, uncertainty analysis, and singular
value decomposition to gain insight into the behaviour, identifiability, and interdependence of the various
parameters in the model. COMPEST is written so as to be suited to a wide range of scientific and engineering
applications and thus can be used to link any COMSOL model with PEST. This enables the use of advanced
inverse modelling techniques previously unavailable to COMSOL users.

1. Introduction

Coupled numerical modelling of multiple types of physical, che-
mical, and other processes is a powerful tool in the investigation of a
wide range of geoscientific problems. While in certain domains of sci-
ence and engineering, coupled numerical models may, to a high level of
precision, simulate the behaviour of systems, in hydrogeology the
sparseness of data and the inherent heterogeneity of the earth generally
force us to use models in a subtly different way. The concept of the
coupled numerical model functioning as a data processing tool–as op-
posed to a system simulator–is therefore commonplace. In any appli-
cation where data is sparse or has measurement error, there will be
uncertainty associated with any resulting prediction. In order to inform
decisions and to obtain the highest value from a model, this uncertainty
needs to be quantified. Furthermore, in highly parameterised models,
the optimization problem may be ill-posed or difficult to solve, ne-
cessitating a certain class of inverse problem techniques in order to
constrain the results (Tikhonov et al., 2013).

There exist several modelling packages which enable the modelling
of multiple physical and chemical processes (for an overview, see Keyes

et al., 2013). COMSOL Multiphysics (COMSOL, 2014) is a versatile fi-
nite element modelling package that enables the coupling of physical
processes and offers model set-up via a high-level GUI. Several modules
are offered for specific applications and, critically, any value or equa-
tion can be modified or introduced by the user. It has seen use in a
diverse range of fields such as acoustics (e.g. Hammarström et al.,
2010), fuel cell development (e.g. Sezgin et al., 2016), and chemical
engineering (e.g. Wei and Weavers, 2016). In hydrology, the multi-
physics modelling approach can address problems that involve both
general, distributed groundwater issues and more unique, multi-
disciplinary problems (Li et al., 2009). COMSOL, in particular, has been
used to investigate groundwater-surface water exchange (Chui and
Freyberg, 2009; Halloran et al., 2017), groundwater dating (Cardenas,
2007; Gleeson et al., 2015), plume transport (Fjordboge et al., 2012),
and groundwater-vegetation interactions (Lowry et al., 2011). Notably,
this software has recently been interfaced with the discrete-element
package YADE (Pirnia et al., 2018) and with the geochemistry packages
PHREEQC (Nardi et al., 2014) and GEMS (Azad et al., 2016). While
COMSOL offers basic parameter estimation functionality, it is otherwise
lacking in its ability to quantify uncertainty, evaluate data worth, and
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treat highly parameterised models.
In the field of hydrology, and in hydrogeology in particular, the

software package PEST (Doherty, 2015, 2016a) and associated
packages, BeoPEST (Schreuder, 2009), PEST++ (Welter et al., 2015)
and pyEMU (White et al., 2016), have been widely adopted to solve
inverse problems using models. PEST is model-independent and can be
used to estimate the values of given parameters, make predictions,
calculate sensitivities and uncertainties, and evaluate the relevant value
of observations. Application examples include parameter estimation
(“model calibration”) in geochemical (van Breukelen and Griffioen,
2004) and hydro-physical (Moeck et al., 2015) models, sensitivity
analysis in watershed (Bahremand and De Smedt, 2008) and nutrient
transport (Baginska et al., 2003) models, and predictive analysis in
coupled hydrology-vegetation (Schilling et al., 2014) and water quality
(Nolan et al., 2011) models. There is also increasing interest in using
PEST to evaluate impacts on parameter uncertainty reduction by se-
lected observations via data worth analysis (Wallis et al., 2014; Kikuchi,
2017).

While the range of scenarios that can be addressed by combining
multiphysics finite-element modelling with inverse methods is ex-
tensive, we focus here on a set of problems involving the transport and
degradation of chlorohydrocarbons in the subsurface.
Chlorohydrocarbons are common groundwater contaminants (e.g.
Elsner et al., 2010; Hunkeler et al., 2005) whose potential health effects
are well documented (e.g., Scott and Cogliano, 2000; Lee et al., 2003).
Typically, these contaminants enter the subsurface as dense non-aqu-
eous phase liquids (DNAPLs) and are then slowly dissolved and trans-
ported via advective and diffusive flow. There exist many examples of
remediation attempts–e.g., pump-and-treat (Mackay and Cherry, 1989),
permeable reactive barriers (Obiri-Nyarko et al., 2014), nanoscale zero-
valent iron (Crane and Scott, 2012), and thermal methods (Heron et al.,
2016)–which often bear significant financial cost. Consequently, mon-
itored natural attention (MNA) by microbiota present in the subsurface
is frequently chosen for at least part of the duration of remediation
efforts (Meckenstock et al., 2015). Crucially, chlorohydrocarbons have
been observed to diffuse into aquitards (low permeability units) and
subsequently back-diffuse into the overlying aquifer (Parker et al.,
2008). This phenomenon can drastically lengthen the duration of plume
persistence even when remediation efforts are undertaken (Seyedabbasi
et al., 2012; Yang et al., 2017). Nevertheless, degradation can occur in
the aquitard (Wanner et al., 2016) and therefore understanding the
relevant reaction and transport dynamics is crucial for making predic-
tions about contaminant fate.

In the subsurface, dechlorination (degradation in which Cl atoms
are removed from the parent compound) of chlorohydrocarbons can
occur biotically or abiotically and at a wide range of rates. Each mo-
lecule of a compound has several isotopologues that contain different
proportions of isotopes of a given element (here, C and Cl). Due to the
differences in bond strength, reaction kinetics of a given degradation
step are dependent on the isotopes present in the molecule. This results
in isotopic enrichment or depletion in the parent and daughter com-
pounds, the degree of which depends on the dechlorination mechanism
(Chapters 18 and 25 of Adrian and Löffler, 2016). This relative en-
richment can be measured using compound-specific isotope analysis
(CSIA) which can be used to provide information about the fate of
groundwater contaminants (Meckenstock et al., 2004).

In this work, we present a framework that links PEST and COMSOL
Multiphysics via a novel java-based interface, COMPEST. We also pre-
sent the details of a model for isotopic enrichment during degradation
of tetra-, tri-, and cis-di-chloroethene (PCE, TCE and cDCE, respec-
tively). We demonstrate three implementations of this model, adding
complexity in each subsequent implementation, to exhibit and evaluate
some of the capabilities of the COMSOL-COMPEST-PEST set-up.

2. Theory

2.1. Parameter estimation and inverse problems

We present here a brief overview of parameter estimation theory for
inverse modelling problems. For a deeper treatment refer to, e.g.,
Parker (1994), Cullen et al. (2013), or Doherty (2015).

One can consider a forward model to be a matrix function X (size
×m n) that transforms a vector of parameters p (length n) to a vector

of observations b (length m):

+ =p bX (1)

where represents the uncertainty or error on each observation in b .
In many cases, this matrix function may be non-linear. In inverse
modelling, the typical aim is to determine p given b . If m n, and X 1

exists, the problem may be well-posed. If measurement error is zero
( = 0) and =m n, pest , in this case sometimes called the “naïve inverse
solution,” can be determined exactly:

= =p p bXest
1 (2)

Using the same assumptions, but allowing <m n and also assuming
that X does not have a non-zero null space (i.e., v 0 such that

=vX 0 ), we must multiply both sides of Equation (1) by X X X( )T T1 to
obtain:

=p bX X X( )T T1 (3)

Clearly, the assumptions involved in the above are violated in many
real-world applications. Measurement uncertainty is always present and
the quantity of parameters to be determined in the inverse model may
exceed the number of observations (i.e., >m n). This leads to the
problem of parameter non-uniqueness, commonplace in hydrogeology
and geophysics.

To take noise into account, we can define a weight matrix Q:

= CQ ( )r
2 1 (4)

where r
2 is a proportionality constant and C ( ) is the diagonal co-

variance matrix describing uncertainty in observations p . The residual
vector =r b pX is the difference between observations and model
outputs. As =Q Q I1 , we can define an objective function to be mini-
mized in order to determine the optimized parameters p given ob-
servations b :

= =r r b p b pQ X Q X( ) ( )
T T (5)

By minimizing the objective function, we can obtain an estimate of
the parameters pest with an error of

=p p X QX X Q( )est
T T1 (6)

which has a co-variance of

=cov p p X QX( ) ( )est r
T2 1 (7)

In practice, the behaviour of a non-linear model can be estimated
linearly through evaluation of the Jacobian matrix

= …b
p

b
p

J
n1 (8)

which is substituted, along with residual vector r , into Equation (6):

=p p rJ QJ J Q( )est
T T1 (9)

Minimization of the objective function thus becomes an iterative pro-
cess wherein J must be evaluated at each inverse modelling step.

Singular value decomposition (SVD) is a factorization method that
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decomposes a matrix–in this case, the Jacobian–into three components:

=J U V * (10)

Here, U and V are unitary matrices of sizes ×m m and ×n n, re-
spectively. is a diagonal matrix (size ×m n) where the values on the
diagonal, referred to as singular values, decrease with increasing index
(i.e. > + +i i i i, 1, 1, etc.). This matrix decomposition technique allows
singular values below a selected threshold to be discarded through
matrix truncation, rendering calculations significantly more efficient,
and is thus used in many compression algorithms and machine-learning
applications (e.g., Andrews and Patterson, 1976; Zou and Shi, 2016).
For inverse problems, SVD proves to be powerful in increasing the ef-
ficiency of numerical regularization and, in particular, in the treatment
of problems where >n m or where the behaviour of certain parameters
is not fully independent. In this case, matrix truncation reduces the
number of orthogonal, linear combinations of parameters in p (ei-
genvectors) to be estimated. The sum of the squares of these vectors for
a given parameter is referred to as the identifiability, ξ. More formally,
Doherty and Hunt (2009) define the identifiability of the jth parameter
as

= V V( )j
T

j j1 1 , (11)

where V1 is the truncated V matrix containing the selected eigenvec-
tors. More extensive information on SVD can be found in, for example,
Strang (2016), while Doherty (2016a) details its implementation in
PEST.

A final relevant technique is the Marquardt lambda (λ) (Gauss-
Marquardt-Levenberg method). This technique applies a dynamic
damping factor to avoid parameter overshoot, thus reducing the
number of model runs required for regularization. With the introduc-
tion of the Marquardt Lambda, which is decreased with each inverse
modelling step, the estimate of parameter error (Equation (9)) becomes:

= +p p rJ QJ I J Q( )est
T T1 (12)

Jacobian evaluation, SVD, and the Marquardt λ are all implemented
in PEST.

2.2. Isotope fractionation and CSIA

The behaviour of concentration C of a given species i can be de-
scribed by the convection-diffusion-degradation equation:

= +
nC

t
D C v C

C
t

( )
( )

reactions

i
i i i

i

(13)

where D is the diffusion coefficient; n, porosity; and v , the advective
velocity. This equation, with isotopic fractionation implemented
through the terms D (diffusion) and C t[ / ]reactionsi (degradation and
production), is implemented in the finite-element model.

Isotopologues are molecules of the same compound containing dif-
ferent proportions of isotopes of a given element (e.g., for water:
H O H1 16 1 , H O H1 18 1 , etc.). Isotopic fractionation arises due to slight dif-
ferences in the manifestations of various phenomena in each iso-
topologue. It can be caused by a variety of mechanisms. For con-
taminants in the saturated subsurface, degradation and, to a lesser
extent, diffusion are the primary mechanisms for fractionation.
Degradation involves the breaking of bonds in the parent molecule. As
heavier isotopes generally have stronger bonds than their lighter
counterparts, this results in a relative enrichment of heavy isotopes in
the parent compound and a relative depletion in the daughter com-
pound.

Diffusion can also contribute to varying isotopic profiles (LaBolle
et al., 2008). The diffusion coefficient of a heavier molecule DH is
generally lower than that of a lighter one DL, and can be approximated
by the Chapman-Enskog relationship:

=D
D

m
m

H

L

L

H

*

* (14)

where m* denotes the reduced mass of a compound of molecular mass m
in a given solvent of molecular mass msol:

=
+

m m m
m m

2 .sol

sol

*
(15)

Isotopic enrichment or depletion is generally given in per-mille (‰)
terms in comparison to a reference value. For carbon:

=
( )
( )C 1 1000‰

C
C sample

C
C VPDB

13

13

12

13

12
(16)

and for chlorine:

=
( )
( )Cl 1 1000‰

Cl
Cl sample

Cl
Cl SMOC

37

37

35

37

35
(17)

where VPDB is the Vienna Pee Dee Belemnite standard (Coplen et al.,
2006) and SMOC is the Standard Mean Ocean Chloride standard (Wei
et al., 2012).

Compound-specific isotope analysis (CSIA) is the set of techniques
used to measure the isotopic enrichment of a given element in a se-
lected compound. The techniques involve the isolation of the selected
compound and transformation to a measurement gas, followed by mass
distribution analysis using a mass spectrometer (Schmidt et al., 2004;
Meckenstock et al., 2004; Cincinelli et al., 2012). By measuring the
relative distribution of molecular masses of a given compound, an es-
timate of isotopic enrichment can be made. CSIA has been a useful tool
in identifying degradation pathways of chlorinated organic con-
taminants (e.g., Audí-Miró et al., 2013; Badin et al., 2016; Palau et al.,
2017; Ponsin et al., 2017). For a given compound, each degradation
pathway differs in its isotopic enrichment factor (ε) and, jointly, its
kinetic isotope effect (KIE) (for an extensive discussion of these, see, for
example Elsner et al., 2005; Elsner, 2010). To first-order, the kinetic
isotope effect is defined as:

= k
k

KIE L

H (18)

where kL and kH refer to the reaction (degradation) rate of the light and
heavy versions of a given compound. Here, we focus on the apparent
isotope effect (AKIE) A, which is the manifestation of the ensemble of
relevant kinetic isotope effects measurable with CSIA. For the vast
majority of reactions, including chlorohydrocarbon dechlorination,

>A 1. Isotopic enrichment factors and apparent kinetic isotope effects
have been measured for a number of organic and inorganic degradation
pathways and the database of values continues to grow (Adrian and
Löffler, 2016, Chapters 18 & 25). Enrichment factors can be converted
to AKIEs by (Elsner et al., 2005):

=
+

A
z

1
1 /1000reactive position (19)

where z is the number of indistinguishable, reactive sites and
reactive position is the enrichment factor corresponding to the reactive
position.

For a simplified case considering only heavy (H) and light (L) ver-
sions of a parent compound (e.g., PCE with one 13C vs. zero 13C), the
rate of change in concentration C due to reactions is:

= + =C
t

C
t

C
t

C
C

C
C

PCE PCE PCE
PCE

PCE

PCE
PCE

PCE

PCE

H L
H

H
L

L

(20)

where α denotes the reaction rate of the individual isotope.

L.J.S. Halloran, et al. Computers and Geosciences 126 (2019) 107–119

109



More generally, the total decay rate of compound γ is defined as R
and the total production rate as R 1 (i.e., the total decay rate of
compound 1 ). The rate of change in concentration of isotopologue
i as compound 1 is degraded to γ and compound γ is degraded to

+ 1 is thus (adapted from Van Breukelen et al., 2005; Badin et al.,
2018):

=
+

+C
t

R
C
C

R
C
Ch j( 1)

,
1

1
( 1)

( 1) ( 1)
,

1i
h i

h
i j

i

iso iso

(21)

Here, the rate of production of i is determined by the first term and
the rate of degradation by the second term. The terms ( 1)iso and

+( 1)iso refer to the sets of isotopologues of the parent and daughter
compounds, respectively. The matrices are the transition matrices
which determine the relative amounts of each isotopologue in the
parent compound ( 1)h that produce i and relative amounts of each
isotopologue of the daughter compound +( 1) j that are produced. For
chloroethenes, these matrices, discussed in section 3.2, are generally
sparse due to only one Cl, and no C, being lost in each degradation step.

3. Software and model

3.1. COMPEST

COMPEST is written in java, making use of the COMSOL
Multiphysics java API. The tool is constructed so as to be general, with
user options controlled via simple text files. In performing parameter
estimation and uncertainty analysis, PEST varies the values of user-se-
lected input parameters, via COMPEST, in order to estimate the
Jacobian matrix. COMPEST, in effect, functions as an inter-agent for

PEST and COMSOL Multiphysics (Fig. 1).
Java is an object-oriented, platform-independent, compiled lan-

guage. As such, the compiled COMPEST class file can be run on any
computer that has a java environment installed. In addition to standard
java utilities, COMPEST requires parts of the com.comsol.model
package. This package must therefore be added to PATH variables in
the operating system or referenced explicitly when invoking java.
Extensive instructions are included in the code repository.

Any model built in COMSOL Multiphysics can be used with
COMPEST and PEST. Any values to be varied by PEST (e.g., for esti-
mation or sensitivity analysis) must be defined as “variables” (as op-
posed to “parameters”) during model preparation and should be deleted
in the final .mph file called by COMPEST. The set-up of PEST input files,
including the PEST control file (.pst extension), is the same as for any
PEST application (Doherty, 2016a). Any number of observations or
variables can be used when invoking COMPEST, although model out-
puts corresponding to the observations should be set up in COMSOL
prior to execution. COMPEST exports these model outputs to .dat files
(Fig. 1) which are then interpreted according to .ins files.

3.2. Model of groundwater contaminants

For the models considered in this paper, we consider isotopologues
of PCE, TCE, and cDCE. While other decay sequences including trans-
DCE are possible, in practice the decay sequence PCE TCE cDCE VC
(vinyl chloride) dominates (Fig. 2b). We consider the upper 1m of an
aquitard overlain by an aquifer (Fig. 3). In all cases considered here,
diffusive flow is assumed to dominate in the aquitard and thus ad-
vective flow is negligible. The initial Cl37 and C13 values of present
contaminants are, in effect, set to ∼0 by defining the concentrations of
each isotopologue according to =Cl Cl[ / ] 0.31976637 35

SMOC and

Fig. 1. Program flow showing interaction between COMPEST, COMSOL Multiphysics, PEST and external files. For simplicity, multiple files written by PEST are not
shown here (see Doherty, 2016a). More detail on the procedure is available in the software repository.
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=C C[ / ] 0.011180213 12
VPDB (Fig. 2).

Two mechanisms for isotopic fractionation are implemented in the
models: diffusion and degradation. The fluid diffusion coefficients, D,
for each isotopologue are defined in relation to that of the average mass
for the compound according to Equation (14). For PCE, the diffusion
constants differed from the average by between −0.227% (PCE with 4

Cl37 and 2 C13 ) and +0.059% (PCE with 0 Cl37 and 0 C13 ). Similarly,
isotopologue diffusion constants differed from the average by between
−0.270% (TCE with 3 Cl37 and 2 C13 ) and +0.042% (TCE with 0 Cl37

and 0 C13 ) for TCE and by between −0.401% (cDCE with 2 Cl37 and 2
C13 ) and +0.084% (cDCE with 0 Cl37 and 0 C13 ) for cDCE. Hydrogen

isotopes were not considered in the model.
The implemented isotope model (Equation (21)) is a modified ver-

sion of the Badin et al. (2018) General Model. By considering iso-
topologues rather than isotopocules, we reduce the number of sub-
species to be modelled for a given compound from 2 2N NC Cl to

+ +N N( 1)( 1)C Cl , where NC and NCl designate the number of C and Cl
atoms, respectively. This reduction (from 64 to 15 species for PCE, for
example) is due to the insensitivity to isotope position in the definition
of an isotopologue. This, in effect, averages the secondary isotope effect
(where a heavy isotope is in a non-reacting position) for all iso-
topologues. Badin et al. (2018) showed that an isotopocule-level model
would only be needed in the hypothetical case of significantly con-
trasting position-specific secondary isotope effects, a phenomenon that,
to date, has not been experimentally observed.

The model relies on transition matrices where the reaction rate of
a given isotopologue depends on AKIE's: AC p, (C, primary), AC s, (C,
secondary), ACl p, (Cl, primary), and ACl s, (Cl, secondary). Using the
nomenclature PN N,c37 l c13 , TN N,c37 l c13 and DN N,c37 l c13 , where P refers to PCE,
T refers to TCE, and D refers to cDCE, we calculate the transition ma-
trices by reducing the position-sensitive portion of the Badin et al.
(2018) general model. In these matrices (Tables A1–A3), we see that
for parent isotopologues where =N 0Cl , only one non-zero matrix ele-
ment exists. This reflects the fact that only one daughter isotopologue is

possible as there are no Cl37 atoms to be lost during dechlorination.
Similarly, where =N NCl Cl37 (i.e., all Chlorine atoms present are Cl37 ),
there is only one non-zero row element as there are no Cl35 atoms to be
lost. For all other isotopologues, there are two non-zero row elements
due to the possibility that either a Cl35 or Cl37 atom can be lost.

In the final example, explicit spatial and temporal variations in re-
action rates are implemented. Depth-dependent reaction rates are im-
plemented via a function f z( )z (Table 1) and time-dependent reaction
rates via a function ft . Following Van Breukelen et al. (2017) and Badin
et al. (2018), optional Monod Kinetics (Kompala et al., 1984) are also
implemented using the equation for each isotopologue i of compound
γ:

= =
+( )f f B C µ
BC

C K
,t

m
Monod ,Max

,
i

i

i (22)

where B is the biomass concentration consuming i and µ ,Max the
maximum reaction rate per unit of B. If a stable bacterial population is
assumed, this equation can be simplified (Bekins et al., 1998; Van
Breukelen et al., 2017):

= =
+( )f f C R
C

C Kt
m

Monod
,

i
i

i (23)

where R is an reaction rate constant for compound γ. These functions
are implemented as multipliers to Equation (21) and R is integrated into
the ft terms so that the reaction rate for a given isotopologue i of
compound γ is defined as:

=

+

+

C
t

f z f
C
C

f
C
C

( )z t
h

t
j

, 1
( 1)

,
1 ( 1)

( 1)

,
( 1)

,
1

i
h i

h

i j
i

iso

iso (24)

Fig. 2. a) Relative mass distributions for cDCE, TCE, and PCE at Cl 0‰37 (relative to SMOC) and C 0‰13 (relative to VPDB). b) PCE, TCE and cDCE molecules.
The corresponding relative distributions of isotopologues for c) cDCE, d) TCE, and e) PCE. In c), d), and e) the columns correspond to different numbers of 37Cl atoms
and the rows to different numbers of 13C atoms.
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In the examples presented here, Neumann-type boundary conditions
were defined as:

=D
C
z

0i
i

(25)

for each isotopologue i.

4. Applications

Three examples of different COMPEST applications using versions of
the model detailed in Section 3.2 are presented here. A heat-transport
example is included in the Supplementary Information file to demon-
strate how COMPEST can be used for other, unrelated applications.

4.1. Example 1: single-parameter, single-species model

To demonstrate COMPEST and the set-up procedure of the neces-
sary files, we first consider a simple implementation of the model dis-
cussed in Section 3.2. We generate test observations of concentration
and C13 data for PCE with selected parameters (Table 1). These data
are generated for =t 0, 5, & 10 years, and for depths of 20 and 50 cm

below the aquifer-aquitard interface. The total number of observations
provided to PEST is thus twelve: six PCE concentration measurements
and six PCE C13 measurements using CSIA. In practice, this type of
dataset could be obtained over three sampling campaigns at two depths
at the same location.

The ft function is defined as a constant, =R 0.1 yrPCE
1, for PCE. We

employ the procedure outlined in Fig. 1 to estimate a single unknown
parameter, RPCE. Weights for the two observation types are adjusted
using the PEST utility program PWTADJ1 (Doherty, 2016b) to ensure
that both C13 and CPCE contribute significantly to the objective func-
tion. PEST is given an initial value of =RPCE 0.001 yr−1, with bounds of
[10 , 10 ]5 2 yr−1, and the parameter is log-transformed internally. While
the underlying model for isotope fractionation is relatively complex,
estimating a single parameter for a well-constrained application is
straight-forward and requires only 29 model runs to determine the
parameter exactly (i.e., =RPCE 0.1000 yr−1). By applying weights of
zero to the concentration data or to the C13 , basic insight into the
utility of the concentration data and CSIA data in constraining the
model can be gained. In the given configuration, when only C13 data is
used, PEST requires 32 model runs, while when only CPCE data is used,
29 model runs are required. This example illustrates the procedure in

Fig. 3. a) Schematic showing the general process of diffusion into an aquitard (low permeability unit) and subsequent back-diffusion to the aquifer. The example
models consider the aquitard and the upper domain boundary is the aquifer-aquitard interface. b) Schematic showing a simplified version (only C isotopes) of the
degradation process that leads to isotopic enrichment and depletion. Here, the rate of degradation of each of the displayed isotopologues of PCE depends on the
primary and secondary AKIEs of carbon (AC p, & AC s, ) which leads to isotopic enrichment of the parent compound. For simplicity, isotopologues of TCE are not shown.
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linking PEST and COMSOL Multiphysics using COMPEST and is re-
commended as a point of introduction for readers seeking to use the
software.

4.2. Example 2: multi-parameter, multi-species model

The second example uses the same isotopic modelling approach
outlined in Section 3.2 with most of the parameter values (Table 1)
identical to those in the example of Section 4.1. As in the previous
example, observation data is generated for two depths (20 and 50 cm)
and three times (0, 5, & 10 years). However, here we make use of the
concentration, C13 , and Cl37 values for PCE, TCE and cDCE, resulting
in 54 observation data points. To increase the complexity of the para-
meter estimation task, we attempt to estimate the values of 10 para-
meters: ACl p, , ACl p, , ACl p, , & ACl p, (AKIEs); DPCE, DTCE, & DcDCE (diffusion
coefficients); and RPCE, RTCE, & RcDCE (compound degradation rate
constants). All but the AKIEs are log-transformed in PEST for parameter
estimation. The primary AKIEs are limited to the theoretical range
defined by the Streitwieser limit (Elsner et al., 2005) (A [1,1.013]Cl p, ;
A [1,1.057]C p, ) while the secondary AKIEs are given a slightly more
restrictive range (A [1,1.0065]Cl p, ; A [1,1.0285]C s, ). Each is given an
initial value of 1. Diffusion coefficients are given initial values of
10−9m2/s and restricted to the range [10−12,10−7] m2/s, while RPCE,
RTCE, and RcDCE are given initial values of 10−3 yr−1 and restricted to
the range [10−5,102] yr−1.

In Example 1 (Section 4.1), the Jacobian matrix (Equation (8)) was
size 12× 1; here, it is 54× 10 due to the increased number observa-
tions and parameters. As >m n, the problem may still be well-posed,
but requires a higher number of model executions. During execution of
the procedure outlined in Figure 1 and 19 optimization iterations were
undertaken, resulting in 413 total model executions. Eight of the
parameters were estimated exactly, while AC p, and AC s, were both es-
timated to be equal to 1.01041. Sensitivity analysis reveals that these
two parameters the largest contributors to the objective function after
parameter optimization (Fig. 4).

4.3. Example 3: variable reaction kinetics and SVD

In the final example, we introduce depth-dependent reaction rates
and Monod kinetics, resulting in a significantly more complex model.
We use this example to demonstrate the use of SVD in reducing the

number of model runs required and in evaluating the eigenvectors of
the solution space and the identifiabilities (Equation (11)) of the
parameters.

Depth-dependent reaction rates of the form

= =f z z
z

e d( ) 1 erf 1 2
z

z
z

0 0
0 2

(26)

have been proposed as an appropriate model to explain observed con-
taminant concentration profiles in low-permeability units (Wanner
et al., 2016, 2018). This form has been implemented in Equation (24)
with z0 as a variable parameter. Following Van Breukelen et al. (2017)
and Badin et al. (2018), Monod Kinetics (Equation (23)) were also
implemented in the equation with differing values for R and Km for each
compound (Table 1). As with the other examples, at =t 0 there is a
1mol/m3 concentration of PCE (Table 1) in the upper 10 cm of the
aquitard.

In the full model output, the dynamics of the degradation sequence
and diffusion process can be clearly observed (Fig. 5). At the aquitard-
aquifer boundary, the concentrations reach higher values and this oc-
curs sooner than at deeper locations. The shifts in C13 and Cl37 are
slightly more pronounced at deeper locations. Both of these behaviours
are manifestations of the higher concentrations of PCE at shallow
depths. PCE takes time to diffuse deeper into the aquitard and, during
this time, is partially degraded to TCE and, subsequently, cDCE. During
degradation, isotope shifts occur to a degree governed by the AKIEs. At
early times, the isotope shifts of cDCE in particular are highly pro-
nounced due to the exceedingly small amount of the compound, which
requires two degradation steps to be produced, present.

The procedure of Fig. 1 is carried out with SVD restricted to a
maximum of six singular values (eigenvalues). A total of 14 parameters
(Fig. 6) are set as unknowns to be optimized. These include those of
Section 4.2 as well as z0 (Equation (26)) and the Km values 23). As PEST
is run in SVD mode and restricted to using only six linear combinations
of the 14 parameters in the model, no parameters are estimated exactly
(Table 2). However, the number of model runs executed is 189, less
than half of those required in the simpler modelling case of Section 4.2.

5. Discussion

The PEST-COMPEST-COMSOL set-up is a powerful tool for esti-
mating parameters and for understanding sensitivities and uncertainty
in a forward model. The investigated phenomenon of isotope fractio-
nation arises due to two processes, degradation and diffusion. The

Table 1
Values of parameters used in the examples presented in Section 4. Realistic D,
Km, & R values for chlorinated ethenes in clay aquitards were sourced from
Badin et al. (2018). Examples 1, 2 and 3 are presented in Sections 4.1, 4.2 and
4.3, respectively. n/a= not applicable.

Variable Example 1 Example 2 Example 3

DPCE 9.4E-10m2/s 9.4E-10m2/s 9.4E-10m2/s
DTCE n/a 1.01E-9m2/s 1.01E-9m2/s
DcDCE n/a 1.13E-9m2/s 1.13E-9m2/s

=C t( 0)PCE 1mol/m3

∈[−.1m,0m], 0 else
1mol/m3

∈[−.1m,0m], 0 else
1mol/m3

∈[−.1m,0m], 0 else
=C t( 0)TCE n/a 0 0
=C t( 0)cDCE n/a 0 0

Km,PCE n/a n/a 0.0588mol/m3

Km,TCE n/a n/a 0.0699mol/m3

Km,cDCE n/a n/a 0.100mol/m3

AC p, 1.02 1.02 1.02
ACl p, n/a 1.005 1.005
AC s, 1.000 1.001 1.001
ACl s, n/a 1.0005 1.0005
RPCE 0.1/yr 0.1/yr 0.1/yr
RTCE n/a 0.0685/yr 0.0685/yr
RcDCE n/a 0.0446/yr 0.0446/yr
fz 1 1 Equation (26)
z0 n/a n/a 2m

Fig. 4. Relative sensitivities of the objective function to the parameters in
Example 2 at final estimated parameter values. AC p, and AC p, were the only
parameters whose estimated values differed from their true values.
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interplay between these two processes governs the temporal and spatial
distribution of parent and daughter contaminant compounds in aqui-
tards. This type of problem is a prime example of those to which the
demonstrated method is well-suited.

The first example (Section 4.1) demonstrated a simple treatment of
the inverse problem using the forward finite-element model. The
complete fractionation framework using Equations (13), (14) and (24)
is implemented, but only one parameter, RPCE, is defined as an un-
known. With one parameter and two types of observations, the input
files (Fig. 1) are relatively simple, and should provide a point of entry
for users. In the example, exact determination of the parameter was
obtained with PCE concentration and PCE C13 observations, both
combined and individually.

Example 2 (Section 4.2) uses the same model with simple reaction
kinetics, but introduces additional parameters and observation types
including those of daughter compounds TCE and cDCE. PEST was run in
parameter estimation mode and SVD was not invoked, resulting in all
parameters except the carbon AKIEs AC p, and AC s, being determined
exactly. This result suggests that it may not be able to determine these
parameters independently without restrictive parameter range as-
sumptions. Closer inspection of the matrices (Tables A1-A3) reveals
that AC p, and AC s, are never present independently. The terms appear as

+A A1/ 1/C p C s, , and A A1/( )C p C s, , in many of the values. This reflects the
fact that we consider only isotopologue-level effects (i.e., insensitive to
the relative positions of individual atoms) in the model (Equation (21))
and that carbon atoms are never lost during degradation. The primary C

AKIE is more pronounced and reflects the isotopic effect on reaction
kinetics when a C13 atom is present in a reacting position. Likewise, the
secondary C AKIE describes the effect of a C13 atom in a non-reacting
position. As CSIA measures the mass distribution of a specific com-
pound (and thus the isotopic enrichment values) and not the exact
distribution of isotopes at each position in the compound, there would
be no advantage in using a more complex isotopocule-level model. The
insight into parameter interdependencies and sensitivities in this ex-
ample illustrates the type of understanding that can be gained though
the presented inverse modelling approach.

Finally, the third example (Section 4.3), wherein the majority of
model parameters are allowed to vary, illustrates the utility of SVD in
evaluating parameter identifiability and sensitivity. In the finite-ele-
ment model, spatially-dependent reaction rates and Monod kinetics are
introduced. The inclusion of these in models of contaminant degrada-
tion in low-permeability units has been discussed by Wanner et al.
(2016), Van Breukelen et al. (2017) and Badin et al. (2018). The sin-
gular values of SVD span a large range (Fig. 6b). This suggests that
acceptable model performance in predicting the evolution of con-
taminant concentration and isotopic enrichment (i.e., the same types of
observations that the model is calibrated against) can be obtained by
using a smaller number of “superparameters” or eigenvectors. These
eigenvectors are linear combinations of the model parameters and, to-
gether, span the solution space. The degree to which the solution space
is spanned by using fewer eigenvectors than parameters (here, six ei-
genvectors for 14 parameters) is shown by the identifiabilities (Fig. 6c)

Fig. 5. Model output for three depths in the model Example 3, where Monod kinetics and depth-dependent reaction rates are implemented.
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which gives an indication of the effect of individual parameters on
model output and, consequently, the ability of PEST to constrain them.
Parameters with larger errors using the truncated SVD (Table 2) gen-
erally correspond to those with the lower identifiabilities.

In the presented examples, the models could be executed relatively
rapidly (< 15 s on Intel i7 2.8 GHz PC with 16 GB RAM), which posed
little issue in using COMSOL to solve the inverse problem. For larger
models (e.g., those with a large number of nodes and/or highly non-
linear behaviour), users may wish to investigate running COMPEST
with BeoPEST (Schreuder, 2009) or PEST++ (Welter et al., 2015) and
using multiple COMSOL Multiphysics servers running in parallel.

6. Conclusions and outlook

Using forward finite element models as tools to solve inverse pro-
blems can be a powerful approach. COMSOL Multiphysics allows for a
high degree of model versatility and can couple multiple processes.
Although it is not a likely candidate to supplant distributed hydro-
logical models such as SWAT (Arnold et al., 2012) or Hydrogeosphere
(Brunner et al., 2009) for catchment hydrology applications, its
adaptability to specific problems makes it appealing for various appli-
cations in the geosciences (e.g., Butler and Sinha, 2012; Jin et al., 2014;
Zhou et al., 2014; Lippmann-Pipke et al., 2017). In any inverse mod-
elling application, parameter estimates are more valuable in making
assessments if there is an understanding of the modelling approach's
ability to determine the true values of these parameters. PEST, used in
conjunction with COMPEST and COMSOL Multiphysics, can be used to
provide this type of insight.

Fig. 6. Details of SVD with six eigenvectors in Example 3: a) eigenvectors (values ranging between −1 & 1) and their corresponding b) singular values (eigenvalues).
c) Identifiabilities (Equation (11)) of the parameters and the corresponding contribution of the six eigenvectors (‘EV1’ – ‘EV6’) with the greatest singular values.

Table 2
Parameter estimates and their error with respect to the true parameter values
(Table 1) for a six-parameter SVD run. †For AKIEs, error is calculated for the
estimate of (A 1).

Parameter Estimated Value Error Identifiability (ξ)

RPCE 8.3707E-02 −16% 9.882E-01
RTCE 5.8057E-02 −15% 9.872E-01
RcDCE 9.9942E-04 −98% 1.064E-05
DPCE 7.9926E-10 −15% 9.404E-01
DTCE 7.2967E-10 −28% 5.074E-02
DcDCE 5.0561E-10 −55% 4.896E-04
AC p, 1.0107E+00 −46%† 4.993E-01
ACl p, 1.0035E+00 −30%† 1.000E+00
AC s, 1.0100E+00 899%† 5.007E-01
ACl s, 1.0013E+00 159%† 1.000E+00
z0 3.2473E+00 62% 3.292E-02
Km,PCE 4.9997E+01 −15% 1.321E-05
Km,TCE 4.9988E+01 −28% 1.839E-05
Km,cDCE 5.0000E+01 −50% 4.086E-10
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Geoscientists investigating problems where multiple physical, geo-
chemical, and other processes interact often need models to constrain
parameters that cannot be directly measured. We have demonstrated
how COMPEST facilitates this by performing inverse modelling using
forward finite-element models. The case of isotopic fractionation of
groundwater contaminants due to degradation and diffusion is ex-
emplary of the style of problem for which we expect COMPEST to be
useful. It is our hope that geoscientists who require parameter estimates
and uncertainty analysis find the presented code and demonstrations
useful. Likewise, we also encourage those using finite-element models
to address inverse problems in domains outside of geoscience to explore
the method outlined here.

Code availability

• Name of code: COMPEST
• Developer and contact info: Dr. Landon J.S. Halloran (landon.
halloran@unine.ch, +41 327182649, www.ljsh.ca), Centre
d'hydrogéologie et de géothermie, Université de Neuchâtel, rue
Émile-Argand 11, 2000 Neuchâtel, Suisse.
• Year first available: 2019
• Hardware required: Windows PC (tested with Windows 10)
• Software required: COMSOL Multiphysics Server (tested with ver.
5.3) and COMSOL Java API, Java IDE (tested with ver. 1.8), PEST
(ver. 12.1.0 executable included with COMPEST).
• Program language: Java
• Program size:∼44MB (all files, including examples);< 20 KB
(COMPEST source code and class, not including dependences and

input files)
• How to access the source code: COMPEST, all associated files, a
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Appendices

Table A1
Transition matrix PCE TCE for the decay of PCE to TCE

T0,0 T0,1 T0,2 T1,0 T1,1 T1,2

P0,0 1 0 0 0 0 0
P0,1 0

+AC p AC s
1
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1
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0 0 0 0

P0,2 0 0
AC p AC s
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P3,1 0 0 0 0 0 0
P3,2 0 0 0 0 0 0
P4,0 0 0 0 0 0 0
P4,1 0 0 0 0 0 0
P4,2 0 0 0 0 0 0

T2,0 T2,1 T2,2 T3,0 T3,1 T3,2

P0,0 0 0 0 0 0 0
P0,1 0 0 0 0 0 0
P0,2 0 0 0 0 0 0
P1,0 0 0 0 0 0 0

(continued on next page)
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Table A1 (continued)

T0,0 T0,1 T0,2 T1,0 T1,1 T1,2
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Table A2
Transition matrix cTCE DCE for the decay of TCE to cDCE

D0,0 D0,1 D0,2 D1,0 D1,1
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Table A3
Transition matrix cDCE VC for the decay of cDCE to vinyl chloride

V0,0 V0,1 V0,2 V1,0 V1,1 V1,2
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