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Abstract. We consider stochastic processes {x,},>0 of the form

Xn4l — Xpn = y"+1(F(xn) + Un-H)

where F : R™ — R™ is C?, {y;}i>1 is a sequence of positive numbers decreasing to 0
and {U;}i»1 is a sequence of uniformly bounded R™-valued random variables forming
suitable martingale differences. We show that when the vector field F is Morse-Smale,
almost surely every sample path approaches an asymptotically stable periodic orbit of
the deterministic dynamical system dy/dt = F(y). In the case of certain generalized urn
processes we show that for each such orbit I, the probability of sample paths approaching
I" is positive. This gives the generic behavior of three-color urn models.

0. Introduction

Let F : R™ — R™ be a smooth map and A C R™ a compact set. We consider discrete
time stochastic processes {x,},>0 defined on A (i.e. x, € A for all n > 0) by

Xng1 = Xn = Va1 (F(xn) + Unt1) M

where {y;}i>1 is a sequence of positive numbers and {U;};>; is a sequence of R™-valued
random variables defined on a probability space (2, F, P). We suppose that:
(i) The sequence {y;} is decreasing and ) _; y; = +00. Such a sequence will be called
a decreasing gain sequence. '
(ii) There exists an increasing sequence of subsigma fields {F,},>o for (2, F, P) such
that
(a) U, is measurable with respect to F,,
() EUn1|Fa) =0.
(1ii) There exists K > 0 such that || U, ||< K for all n > 0.
Throughout this paper || - || denotes the Euclidean norm on R™ and (,} the associated
inner product. We may denote by d the induced distance.
Processes described by (1) encompass several generalized urn models and stochastic
approximation algorithms. Concerning the asymptotic behavior of these processes, the
literature usually focuses on questions having the following form: does {x,} converge
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almost surely to some random variable x.,? If so, what is the support of x,,? What is
its probability law?

A natural approach to the asymptotic behavior of the sequences {x,} is to consider
them as approximations to trajectories of the vector field F, that is, to compare them to

solutions of
dy

=S =FO. @

One can think of Equation (1) as a kind of Cauchy-Euler approximation scheme for
numerically solving Equation (2), with decreasing step size y, and added noise U,,. It is
natural to expect that, owing to assumption (b), the noise washes out in the long run, and
that almost surely limit points of a sample path {x,} are closely related to the behavior
of trajectories of Equation (2).

Until recently, most work in this direction has assumed the simplest dynamics for F,

for example that F is the negative gradient of a function u. With suitable assumptions
it was proved that almost surely sample paths converge to a local minimum of «.

The main purpose of this paper is to show how the asymptotic behavior of {x,}
can be described in terms of the asymptotic behavior of the flow @ generated by the
vector field F, even in nonconvergent situations, provided the dynamics of @ are not too
complicated. In particular, we consider the asympotic behavior of urn models associated
to a Morse-Smale vector field.

The key to our results are recent papers by Pemantle (1990) and Benaim (1993).
Pemantle showed that under reasonable assumptions, the probability that sample paths
converge to an unstable equilibrium of F is zero. Benaim showed that almost surely the
limit set of a sample path {x,} is a compact connected invariant set of chain recurrent
points of the flow of F.t

We extend Pemantle’s arguments to cover unstable periodic orbits and apply our
results to certain urn models in which F is a Morse-Smale vector field.

Example 0.1. (Generalized urn processes.) The unit m-simplex A™ C R™*! is the set
A" = [v e R™ . y; >0, Zv,- = 1].

We consider A™ as a differentiable manifold (with corners), identifying its tangent space
at any point with the linear subspace

E" = {z eR™!: ) g =0].

An urn initially (i.e. at time n = Q) contains ng > 1 balls of colors 1,...,m + 1. At
each time step a new ball is added to the urn and its color is randomly chosen as follows:
let x,; be the proportion of balls having color i at time n and denote by x, € A™ the
vector of proportions x, = (xp 1, ..., Xn,m+1). The color of the ball added at time n + 1
is chosen to be i with probability f;(x,), where the f; are the coordinates of a function
f A" > A",

1 Recently we have proved that the restriction of ® to R(F) is chain recurrent.
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Such processes, known as generalized Polya urns, have been considered by Hill, Lane
and Sudderth (1980) for m = 1; Arthur, Ermol’ev and Kaniovskii (1983); Pemantle
(1990). Arthur (1988) has used urn processes as models of competing technologies.

An urn process is determined by the initial urn composition (xy, ng) and the urn
Sunction f : A™ — A™. The process {x,},>0 is a nonstationary Markov process whose
probability law we denote by P, ). We assume that the initial composition (xg, np) is
fixed once for all. If no confusion can arise we set P = P »,y- The o-field F, is the
field generated by the random variables xo, . .., x,.

The expected number of balls of color j at time n+1, given the value of the proportion
vector x,, is a random variable having expected value f;j(x,). From this it is easily
computed that the expected value of x,4, given the value of x,, satisfies the equation

(no +n + DEXn41x2) = (no + n)xn = f(xa).
Defining the random variables
Upt1 = [xng1 — EQxnyr 1x0)J(no +n 4+ 1),

we see that

1
Xyl — Xp = m(—xn + f(xn) + Uny) 3

and
E(UnnlFn) = EUnqrlxs) = 0.

This shows that {x,} is a Markov process.

In discussing urn models we shall usually identify the affine space {v € R™*! :
Z;":ll v; = 1} with the linear subspace E™ by parallel translation and also with R™ by
any convenient affine isometry. Under the latter identification, process (3) takes exactly
the form (1), where F : R™ — R”™ denotes any map which equals —Id 4+ f on A™, and
Yol = 1/(no+n+1).

An equivalent geometrical description of the urn process {x,} is as follows. For each n,
denote by s, the random variable whose value is one of the m-1 vertices (ej, ..., en41)
of A™, chosen according to the probability distribution (fi(x,), ..., fm+1(xs)). Then

Xn41 1S the convex combination:

Xnt1 = (1 - yn-H)xn + Vnti1Sn+1- (4)

Example 0.2. (Stochastic approximation.) Let {£;};>; be a sequence of independent
identically distributed R¢-valued random inputs to a system and let x, € A denote a
parameter to be updated, n > 0. We suppose the updating to be defined by a known
bounded map & : R™ x RY — R™, and the following stochastic algorithm:

Xng1 = Xn = Yng1 B (Xn, Ent1)-

Let 1« be the common probability law of the &,. Introduce the average vector field

F(x) = / h(x, E)du(E)
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and set
Uny1 = h(xy, Eny1) — F(x4).

It is clear that this algorithm has the form given by (1). Such processes have been used for
stochastic learning and adaptive algorithms (e.g. Kushner and Clark, 1978; Beneveniste,
Metivier and Priouret, 1990)

Outline of contents. §1 reviews earlier results by Pemantle and Benaim on which the
paper is based. The main results, Theorems 2.1, 2.5 and 2.7, are presented in §2. The
dynamics needed for their proofs is developed in §3 and the probability in §4.

1. Chain recurrence and nonconvergence to unstable equilibria
Throughout the paper F : R® — R™ denotes a C" mapping, 1 < r < 0.

Since the stochastic process {x,}.>0 takes values in the compact set A, the nature of
F outside A does not affect the behavior of (1). Therefore we assume, without loss of
generality, that F is bounded, that is, sup{|| F (x)||} < co. It follows that F is completely
integrable, i.e. F generates a C” flow

O:R xR* - R™,
(t, x) > @, (x)

defined by

b, = Id,
dd,(x)

o = F(®(x)).

A notion of recurrence for F well suited to analysis of the asymptotic behavior of
(1) is chain recurrence (Conley, 1978). A point z € R™ is said to be (&, T') recurrent if
8 > 0, T > 0 and there exist an integer k, points y; in R™ and numbers ¢;,0 < j < k—1,
such that:

5 2T; |lyo—zll <& [Py () = yjmll <8, G=0,....k—=1) »e=z.

If z is (8, T) recurrent for all § > 0, T > 0 then z is called chain recurrent.

We denote by R(F) the set of chain recurrent points for F. This is a closed invariant
set which contains the nonwandering set of F and, consequently, the limit sets of solution
curves of F.t To describe the asymptotic behavior of (1) we consider the limit set of
any sequence {yn}n,>0 in R™, denoted by L({y,}). It is defined, as usual, as the set of
p € R™ such that lim_, «, y,, = p for some sequence ny — oo.

The following result, which s purely deterministic, is proved in Benaim (1993) (which
requires only that F be locally Lipschitz). The subscript n runs over the natural numbers.

t z is wandering if there is a neighborhood R of z and a positive number T such that R N &, R is empty
for all t > T. Otherwise z is nonwandering. A chain recurrent point can be wandering. For example,
consider the vector field sin’(6/2) on the unit circle parameterized by 6 € R/27R, whose flow is defined by
dB/dt = sin®(8/2): Every point is chain recurrent, but only the equilibrium 6 = 0 is nonwandering.
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THEOREM 1.1. (Benaim, 1993.) Suppose given sequences {u,}, {b,} in R™ and a
decreasing gain sequence {y,}. Let {y,} satisfy the recursion

Y1 = Yn = Va1 (F (V) + thpy1 + bayr).

Assume:

(i) {yn} is bounded.
(“) limn—»oo bn =0.
(iii) For each T > 0,

k
lim sup{ll > viuwll: keN, 0<z -1, sTl =0,
n—eo i=ntl

where T, =3 i, Vi

Then:

(a) the limit set L({y,}) is a nonempty, compact, connected set which is invariant under
the flow @ of F; and

(b) L{y.}) C R(F), the chain recurrent set of F.

Returning to our basic stochastic process

Xngl — Xn = Va1 (F (x,) + Unsr), &)

we recall that ({x, : @ — R™},>¢) is a sequence of random variables. For any point
w €  we may consider the limit set L ({x,(w)}), called a sample limit set. We consider
it as the value at w of the set-valued random variable L({x,}). By the usual abuse of
language, we refer to this random variable as the limit set of process (5).

We now derive the following probabilistic consequence from Theorem 1.1:

COROLLARY 1.2. Assume there exists 8 = 1 such that the decreasing gain sequence {y;}i>1

of (5) satisfies
Z yil+8 < 00.
i

Then almost surely sample limit sets of process (5) satisfy:

(a) L({x,}) is a nonempty, compact, connected set which is invariant under the flow of
F; and

(® L({xs}) CR(F)NA.

For § = 1, this is an easy consequence of the L? bounded martingale convergence
theorem. Indeed, we let u, = U,, Z, = [ ,¥U; and b, = 0. The sequence
{(Z,, Fa)lnmo is a martingale (ie. Z, is F, measurable and E(Z,.,|F,) = Z,) and
we have

sup E(ll Z, I) < K*) y2 < 0.

n>0 ;
It follows that {Z,} converges almost surely (see e.g. (Hall and Heyde, 1980)). Thus
liMpo 00 SUPj>g I| Zutj — Za ||= 0. This validates assumption (iii) of Theorem 1.1.
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For § > 1, {Z,} may be non-convergent. However the following result can be
deduced from Metivier and Priouret (1987, Corollaire 11): let {U,},>0 be a sequence of
F,. measurable random variables such that E(U,41|F,) = 0 and

sup E([| Uy 1) < 00
n>0

for some ¢ > 2. If 3,0 **/* < 0o, then

k
lim ( sup |l D Uil ) =0
200 \ k:0<u—t<T) ;511

almost surely. Thus, letting § = g/2 proves assumption (iii) of Theorem 1.1. Since (i)
and (ii) are obvious, Corollary 1.2 follows. O

Let p € A be an equilibrium of F; that is F(p) = 0. As usual, if all eigenvalues
of DF(p) have nonzero real parts, p is called hyperbolic. If all eigenvalues of DF(p)
have negative real parts, p is linearly stable. If some eigenvalue has positive real
part, p is linearly unstable. 1t is well known that if p is linearly stable then it is also
asymptotically stable, that is, all forward trajectories starting in some neighborhood of
p converge uniformly to p. It is also well known that if p is linearly unstable then
it cannot be asymptotically stable; in fact there is a neighborhood of p containing no
complete forward orbit other than p.

Suppose p is a hyperbolic equilibrium of F which is linearly unstable. Then the set
of initial values whose forward trajectories converge to p—the stable manifold W;(p) of
p—is the image of an injective C” immersion R¥ — R™ where 0 < k < m. Consequently
W;(p) has measure 0 in R™. This suggests that for the stochastic process (5), convergence
of sample paths {x,} to p is a null event, provided the noise {U,} has sufficiently large
components in the unstable directions at p. Such a result has been proved under mild
continuity assumptions on F by Lane, Hill and Sudderth (1980) for urn models in the
one-dimensional case. More recently (Pemantle, 1990) obtained the following result of
this kind for the general case of (5) provided the vector fields F is C? and the gain
sequence is well behaved.

For any real number a, let a* = max(a, 0).

THEOREM 1.3. (Pemantle, 1990.) Let p € A be a linearly unstable hyperbolic equilibrium
of F. Assume:

(iy FisC>

(i) A/n* <y, <B/n* where0<A<B, L <u<l.

(iii) There exists b > O such that for all unit vector ® € R™:

E((Unt1, ©)F| Fp) 2 b.
Then: P(lim,_, oo x, = p) = 0.
Remark 1.4. It can be seen, by using Lemma 4.2 and the reasoning involved in the proof
of Theorem 2.1, that Pemantle’s theorem remains true for 0 < & < 1. In fact the proof

for 0 < p < 1/2 is easier than for 1/2 < u < 1. The proof of Theorem 2.1 in §4 can
easily be adapted to give a proof of Pemantle’s theorem.
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In Theorem 2.1, proved in §4, we extend Pemantle’s result: almost surely sample
paths do not approach a linearly unstable hyperbolic periodic orbit.

2. Main results
A nonstationary periodic orbit of F is called a cycle.

Let I' C A be a cycle of period T > 0. For any p € I', the spectrum of D®7(p)
(the Jacobian matrix of ®7 at p) can be written as {1} U C(I") where C(I") is the set of
characteristic multipliers. If C(I") does not meet the unit circle of the complex plane, I’
is called hyperbolic. If C(T") is strictly inside the unit circle, T is called linearly stable.
If C(I") meets the exterior of the unit circle, i.e. if some eigenvalue of D®r(p) has
modulus strictly greater than one, [ is linearly unstable.

A linearly stable cycle has the property of being an attractor: a nonempty, compact
invariant set A having a neigborhorhood B such that

lim d(®,z, A)=0
t—00

uniformly for z € B. The union of all such B is an open neighborhood of A called its
basin. When the basin is the whole state space then A is a global attractor; in this case
the vector field is called dissipative.

Suppose T is a hyperbolic cycle. It is well known that I" has a neighborhood in which
I" is the only nonempty invariant set. It therefore follows from Theorem 1.1 that if L is
a sample limit set of process (5), then almost surely either L =T orelse LNT = .

We prove in §4 the following extension of Theorem 1.3, concerning sample paths {x,}
of process (5):

THEOREM 2.1. Let T C A be a hyperbolic linearly unstable cycle of F. Assume:
(i) FisC>2
() A<y <Z where0<A<B 0<pu<l.

ni — nf

(iii) There exists b > 0 such that for all unit vector ® € R™:
E(<Un+1, ®)+|-7:n) > b.

Then
P(L({x,)) =T)=0.

The preceding results can now be used to describe the global asymptotic behavior of
(5) when the vector field F is Morse-Smale. Since the sample paths {x,} remain in A,
we may assume that the point at infinity is a source for F, or in other words, that the
flow @ of F has a global attractor.

A C™ (r > 1) vector field on a manifold M is called Morse-Smale if
(i) All periodic orbits (equilibria and cycles) are hyperbolic, and all intersections of

their stable and unstable manifolds are transverse.
(i1) Every alpha or omega limit set is a periodic orbit (equilibrium or cycle).
(iii) F is transverse to the boundary d M.
(iv) F has a global attractor.
It is known that these conditions imply that there are only finitely many periodic orbits.
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Morse-Smale vector fields play an important role in the modern theory of dynamical
systems in the sense that they constitute a nice class of structurally stable vector fields
on compact manifolds (Palis, 1969; Palis and Smale, 1968). Furthermore, Morse-Smale
vector fields on an orientable compact surface coincide with structurally stable vector
fields and are generic (Peixoto, 1962).

Suppose F is a Morse-Smale vector field. Denote by L(F) the union of all alpha
and omega limit sets of F and by Per(F) the union of all periodic orbits (equilibria and
cycles). If F is Morse-Smale, L(F) decomposes as L(F) = Per(F) =TqU.---UTYy
where the T; are the distinct hyperbolic periodic orbits (perhaps equilibria). In addition,
L(F) has a partial order structure defined by I'; < T'; if and only if W*(I';)NW*(I';) # @,
where W* and W* denote stable and unstable manifolds (see e.g. proposition 3.2 of (Palis,
1969)). It can be shown that R(F) = L(F) = Per(F).t

Corollary 1.2 implies that if F is Morse-Smale then the limit set of process (5) is
almost surely one of the T';. Denote the probability of this, for a given I';, by

p(y) = P(L({x,}) = T).

The following result then follows from Corollary 1.2, Pemantle’s Theorem 1.3 and
Theorem 2.1:

COROLLARY 2.2. Assume:

(i) There exists 8 > 1 such that y_ .o ¥, < .

(i) F is a Morse-Smale vector ﬁeld._

Let {T;,i = 1,...,1} denote the set of periodic orbits in A. Then:

@ Y, pT)=1.

(b) If conditions (i) through (iii) of Theorem 2.1 are satisfied, then p(T';) > 0 = I'; is
linearly stable.

Remark 2.3. The structural stability of Morse-Smale systems implies that if a vector
field F’ is sufficiently close to F in the C! topology, then F’ is also Morse—Smale, and
there is a one-to-one correspondence I'; <> I';’ between periodic orbits of F and of F’,
taking equilibria to equilibria and cycles to cycles. It is then interesting to compare limits
sets of process (5) for F/ and F. If the hypotheses of Corollary 2.2 are satisfied, then it
is reasonable to conjecture that

Fl,i_IPFP(Fi') =p(T).
This would be a kind of stochastic stability for process (5) when F is Morse-Smale.

It is usually difficult to verify that a particular vector field is Morse-Smale. But it
is not uncommon to deal with a vector field F admitting a strict Liapunov function h
on the state space: this means that & is a nonnegative, continuous real-valued function
which strictly decreases along nonconstant forward trajectories. Examples include many
error functions for learning algorithms, and energy functions in dissipative mechanical
systems.

The following result is a consequence of Theorems 1.3 and Corollary 1.2:

1 For example, this can be deduced from a filtration for L(F), the existence of which follows from §7 of (Pugh
and Shub, 1970).
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COROLLARY 2.4. Assume:
(i) F is C? and dissipative, and the equilibria are hyperbolic;
(it} F admits a strict Liapunov function h which has a unique local minimum at p;
(iii)
at == pu
where 0 < A<B, 0<u<l.
(iv) There exists b > O such that for all unit vector ® € R™:

E((Un+l’ ®)+ |]:n) = b.
Then for process (5), lim,_, o x, = p almost surely.

Proof. From assumptions (i) and (ii) it follows that R(F) is a finite set of hyperbolic
equilibria, of which only p is linearly stable. The hypotheses of Corollary 1.2 and
Theorem 1.3 hold, and those theorems imply the conclusion. O

Urn processes. We now consider processes (5) in the special case of urn processes,
Equation (3). We use the notation of Corollary 2.2, setting A = A™, and recalling the
identification of the affine subspace spanned by A™ with R™.

The following result will be used in Theorem 2.7 to strengthen conclusion (b) of
Corollary 2.2 to a double implication:

THEOREM 2.5. Assume:

(i) The urn function f : A™ — A™ is C'.

(i) f(A™) C Int{A™).

(iii) The vector field F = —1Id + f has an attractor A C Int(A™).
Then for limit sets of the urn process (3):

P(L({x,}) CA) > 0.
The proof is given in §4

Remark 2.6. Theorem 2.5 leads to a somewhat paradoxical result. For stochastic
approximation (Example 0.2), one often uses a result like Theorem 1.1 to study a
stochastic process through the dynamics of the average vector field F. Frequently (e.g. in
many neural learning methods) F is the negative gradient of an error function E assumed
to have nondegenerate critical points, and one commonly identifies limit sets of sample
paths {x,} with local minima of E. While this is a correct application of Theorems 1.1
and 1.3, one cannot conclude—as is sometimes assumed—that if xo is very close to a
local minimum p, then x, converges to p almost surely: Theorem 2.5 implies this is
false in the generic situation that E is a Morse function. It may be true, however, that the
probability is very small that a sample path starting near one local minimum converges
to another one. This is an interesting question for further research.

For Morse—Smale urn models we have the following result:

THEOREM 2.7. Assume:
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(i) The urn function f : A™ — A™ is C2.

(i) f(A™) C Int(A™).

(ii1) There exists a Morse-Smale vector field F on R™ such that F|an = =Id + f
Then:

@ Y pT) =1

(b) pTy) > 0 & T is linearly stable.

If f is not required to satisfy (ii), one can construct urn functions so that the vector
field —Id + f has two different point attractors p, ¢ € A™, in such a way that if the
urn process starts sufficiently near p, the probability of its entering the basin of g is 0.
For example, take m = 3, p=e|, ¢ = e;, and assume f; and f3 are identically zero in a
neighborhood of e;.

On the other hand, from the point of view of global analysis the condition that
F(A™) C Int(A™) is not very restrictive, as the following result shows.

Let U"(A™) denote the space of C”" urn functions f : A™ — A™, r being a positive

integer. Let A be the subset of U”(A™) of functions satisfying f(A™) C Int(A™).
LEMMA 2.8. A is open and dense in U™(A™).

Proof. The openness is obvious. For the denseness, let {¥,} denote the flow of some
C® vector field H on A™ transverse to the boundary of A™ and pointing inward A™,
e.g. H(z) = b — z where b € A™ is the barycenter. For sufficiently small € > 0, any
function f € C"(A™, A™) can be approximated by g = f o ¥, with g(A™) C Int(A™).

g

Remark 2.9. Most of our results on urn processes remain valid if the assumption
f(A™) C Int(A™) is replaced by the weaker hypothesis:

(i) If z € Int(A™) then f(z) € Int(A™);

(ii) If z € 3(A™) then there exists i € {1,...,m + 1} such that z; = 0 and f;(z) # 0.

Consider now the particular case of three-color urn models; thus m = 2.

Let x"(A?) be the space of C” vector fields on A? transverse to the boundary of AZ.
Denote by MS(A?%) C x"(A?) the subspace of Morse-Smale vector fields. According
to Peixoto’s Theorem (1962), M S(A?) is open and dense in x'(A?).t

Define the map T : A — x"(A?) by T(f) = —Id + f. It is readily seen that T (A)
is open and T defines an homeomorphism from A onto T (A). It therefore follows from
Lemma 2.8 that T~!'(MS(A?)) is open and dense in .4, hence in U"(A?%). Thus we have
proved the following corollary of Theorem 2.7:

COROLLARY 2.10. Let r be a positive integer > 2. There exists an open dense subset
B C U’ (A?) such that for any urn function f € B, conclusions (a) and (b) of Theorem
2.7 hold.

1 Peixoto’s theorem is usually stated for oriented compact surfaces without boundary, but remains true for
vector fields on A? provided that we restrict attention to vector fields transverse to the boundary.
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3.  Geometric dynamics of hyperbolic cycles

From now on we assume that the vector field F : R” — R™ is C", r > 2; and that
I C A denotes a hyperbolic linearly unstable cycle. Since I' is a compact trajectory of
a C" vector field it follows that " is a C"*! submanifold of R™.

In his proof that convergence of {x,} to a linearly unstable equilibrium p is a null
event, Pemantle (1990) studied the distance 7(z) from a point z to the local stable
manifold W}(p) of p, measured parallel to the unstable linear subspace E*(p). In our
case p is replaced by a cycle I'.

We need a similar function for I'. Complications arise because each p € I" has its
own local unstable manifold W$(p), and its own unstable subspace E*(p), and it is not
obvious how to define n(z).

We proceed to define n(z) in a neighborhood A(I"). A simple way to define N'(I")
is to take all points of the form x + v where, for each p € I', x runs through W’(p) and
v € E“(p) with ||v|| sufficiently small. But in order to obtain the needed facts about
N(TI") we use the following equivalent but more long-winded definition.

The neighborhood N(T") and the maps my, =. The flow {®} of the C" vector field F is
C’, that is, the map (¢, x) - ®,(x) is C”". Standard theory of differential equations (e.g.
Hartman 1964, Chapter V, Theorem 4.1) gives us a little extra smoothness, however.
First, ®,(x) is C™t! in ¢ (trajectories are C"*! curves). Moreover the rth derivatives in
x of the maps ®,, denoted by D" ®,(x), are continuously differentiable in ¢.

Denote by T-R™ = I"' x R” the tangent vector bundle of R™ restricted to I', and note
that this is a C™*! manifold.

The restricted tangent flow Tr® in TrR™ is defined by

Tr®, : TrR” — TrR", (p,y) = (®:(p), DP:(p)y).

This flow, which covers the periodic flow ®|I", maps fibres linearly to fibres. It will
be important to know that the flow Tr® is C” in (¢, p, y) (and not merely C"!). The

reason is that for D®,(p), as a matrix-valued function of ¢, is the solution to the linear,
nonautonomous variational equation

d
— D, (p)

T DF(®,(p))DP,(p),
D®y(p)

1.

Here p is a parameter belonging to the C"*! manifold ", Since the DF(x) is C"~! in
x and C" in p € T, the solution (¢, p) — D®,(p) to the variational equation is C” in ¢
and, seemingly, only C"~! in p.

But locally p is an affine function of ¢, which is a ¢! function on I'. Thus in a
neighborhood N of a point pg € I' we can write p = @y, po where s is a C"*! function
on N. Then we see that D®,(p) is a composition of C” maps, since

D®,(p) = D®yp(py(Po) 0 DD s (po)~".

Similar considerations apply to mixed derivatives. Therefore the solution to the
variational equation is C” in (¢, p).
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By hyperbolicity (see for example Hirsch and Pugh (1970), Hirsch, Pugh and Shub
(1977)) there exist positive constants ¢, @ and a decomposition of TrR™ as the direct
sum of three vector bundles:

TrR™ = E*(I') ® E“(T") @ E®(I")
which is invariant under Tr &, and such that for all p e I", ¢ > 0:
| DO(P)Espy 1< ce™, (6)

| DY_ (Pl 1< ce™,
E®(p) = span(F (p))

where p x E*(p) denotes the fibre of E*(I") over p, and a similar notation applies to
E*(p) and E®(p).

Because T is linearly unstable, the dimension of E¥(p) is at least 1.

Each E“(p) is a linear subspace of R™. The map p + E*(p) is a C" map from
[ into the Grassmann manifold of linear subspaces of the appropriate dimension. The
proof relies on the fact that Tr &, maps p x E*(p) to ®,(p) x E*(P,(p)) and that T+ P
is a C" flow. The projection map

Hy:E'T)—>T, (p,v)—>p

is C" of rank 1. Similar remarks apply to E*(I") and E®(I").
For p € T and sufficiently small ¢ > 0, the local stable manifold of p is defined to
be the set:

We(p) = (x € R" : V1 2 0]|®:(x) = Pi(p)ll < €, and lim ||®;(x) ~ P:(p))I| = O}.

Using stable manifold theory (e.g. Hirsch and Pugh (1970), Hirsch, Pugh and Shub
(1977); Hartman 1964), we take € small enough so that W(p) is a C" (embedded)
submanifold of R™, whose tangent space at p is T,W;(p) = E*(p).
It follows from the definition that:
(i) W:(p) is disjoint from Wi(q) if p #q.
(i) If g = d,(p) then Wi(g) = W/ (p).
We set W)(T') = Uper Wi (p). This is the local stable manifold of T'. It follows from
the latter that
(i) W) is a C" submanifold, with T,W:(I") = E*(p) ® E®(p).
(i) W(T) is invariant under @, for t > 0.
(i) The map ¢ : W)(I') — T defined by ¢(W!(p)) = p, is C" of rank 1; in fact
(¢, W), T') is a C" fibre bundle.
It is known that

W)y ={zeR™":Vt >0, d(®:,(2),T")) < €}.

This implies for each z € R™: either the trajectory of ®,(z) eventually stays at a distance
> ¢ from TI', or else there is a unique p € I' such that ®,(z) € W:(p) for some s > 0,
in which case ||®,(z) — ®,(p)|| = O(e™™"), where a > 0 is the same as in (6).
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The pullback (Hirsch 1976) of the C” vector bundle Hp : E*(I") — T by the C" map
¢: Wi — T is a C" vector bundle H; : Y —, W} (T") where

Y ={(p,v,x): pel,x e Wi(p), ve E'(p)},

Hl ((Ps v, x)) = (p’ x)'

We can identify I with the set I'g C ¥ comprising all points (p,0,0), p € I". We can
also identify E*(I") with Hl_ll“o, equating (p, x) with (p,0, x). And we can identify
W?(T") with the subset

{(P’Oax)5p el xe W:(P)C Y}

With these identifications we observe that the two restricted flows T ®|E*“(I") and
&|W:(I"), which are C” and agree on T', extend to a C" flow W in Y, defined by

Vi (p, v, x) = (B (p), DO (p)v, 1 (x)).

We define a map
Hy:Y—>R" (p,u,x)=>x+v.

Then H, is C" because x and v are C’ functions of (p,v,x) € Y.

The tangent map of H, at a point (p, 0, 0) € [y is easily computed to be invertible.
The inverse function theorem implies that H5 is a C” local diffeormorphism at each point
of Ty. Since H, maps Iy to ' by the diffeomorphism (p, 0, 0) — p, it follows that H,
restricts to a C" diffeomorphism

H: M(Ty) - NI

between open neighborhoods M(Tg) C Y of Iy and N (I") C R™ of T.
Now define maps

m N(@) =T, m:NT)— W)
as follows. For z = H(p, v, x) € M(Tg),
m@@)=p, 7(2) =x.

For p € T define M.(p) = {x + v :x € Wi(p),v € E“(p)}. For z € N(I') we set
E¥(z) = E*(m(2)).

LEMMA 3.1. :
() #7'(p) =N ()N M(p) forall p .

iy 77'(x) = N(T) N (x 4 E*(x)) for all x € W(T).
(iii) myom =my.

(iv) Forall z € N(I'):

R™ = Ker Dn(z) ® Ker (Id — Dn(z)),

and
Ker Dn(z) = E*(2).

(v) mandm are C".

Proof. Follows from the definitions. (]
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A Riemannian metric and the function n. Fix | > 0 and define a Riemannian metric
- llx on R™ by

]
Vx,veR™: (||, = \/f [1DD_, (x)v||*dt.
0

The following dynamical estimates are essential. Notice that part (iii) of the next
lemma is just a continuous time version of a classical result for diffeormorphisms acting
on hyperbolic sets (Hirsch and Pugh, 1970).

LEMMA 3.2. The Riemannian metric ||-||, defined above satisfies the following conditions:
(i) For anyl > O there exist constants c¢; > 0, ¢c; > 0 such that:

Vx € N(I'), Yv € R, ¢illvl] < [[v]lx < callvll.
(it} For any l > O there exists ¢3 > 0 such that:
Vx,y € N(T), Yv € R™, | {lv]lx — [lvlly | esllvll.
(iii) For any sufficiently large | > O there exists B > 0 such that:
Vp €T, Yv € E“(p), [ID®(p)vllo,y = e Jvll,, ¢ > 0.
Proof. (i) Let
I
¢> = inf / 4
xeN() Jo ||DP,(x)71}[2
and

1
3= sup /||Dq>,(x)||2dt.
xeN () Jo

The estimates

[ID®; ()|[Iv]] = [|DP(x)v]] = ”D(D—Ilvll
t

1
o~
imply (1).
(i1) By the Minkowsky inequality, we have

!
Hivllx = fvlly I2$/0 I(D®—,(x) — DO, (»)II*.

However, since the flow is smooth, there exists L > 0 such that for all x, y € A/(I") and
all t € [0,1]
[|1D®_(x) — DP_ (VI < Ll|lx —yll.

Then we obtain (ii) with ¢3 = +/IL.
(iii)) We work with the reversing flow ¥, = ®_,. Let p € T and v € E*(p). For
s > 0, the chain rule implies

1 s+l
DY, (Pl = / IDW,s (pYvl[dt = / I D%, (pvl[Pde
0 s

s+l s
2 + / D% (pyolPds = [ Doyl
! 0
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Directions that are expanding for & are contracting for W, and thus we have
2 2 -2
[IDW, (pIvlly, () < ¢ e vl

where o and ¢ are the positive constants from (6). Therefore,
DU (pII1%, .y < IIWI12 + scPe™ vl — f IDW,(pyvlld:.
0

From this we get the inequality

1D (p)vll},(py — V112
<(P) 4

im < —[IP(1 = ™)
=0, s>0 A

We now choose I large enough such that (1 — c2e~2*) > 0. Using assertion (i) of this
lemma, we obtain

DY (P)Vllw,(p) < € #Ivllp
with B = (1 — c?e™2%)2¢y > 0. As W, = ®_, this proves (iii). |

We now define a function n that measures the distance from the local stable manifold
in the expanding direction:
n:N() - R,
n(x) = lx = 7 r x)-
Recall that a function E from a Banach space X into R is said to have a right derivative
at x € X if for all v € X the limit {iim,_,g ;>0 E(x + tv) — E(x)/¢ exists. In this case
we denote the limit by DE(x)v. The resulting map DE(x) : X — R is called the right

derivative of B at x. If E is differentiable at x, this is the same as the usual Frechet
derivative of E at x.

PROPOSITION 3.1. The map n : N(I') — R enjoys following properties:

(i) nisC" on N(I') — W¥(T).

(i) For all x € N(T') N Wi(T"), the right derivative Dn(x) : R" — R is continuous,
convex and positively homogeneous.

(ii1) There exists k > 0 and a neighborhood U C R™ of O such that

Yx e N(T),Yv e U : n(x +v) > n(x) + Dn(x)v — k|[v]}?,

where Dn(x) denotes the derivative at x when x ¢ W}(I'), and the right derivative
at x when x € W(I').
(iv) Let x € N(T'). If x § Wi(T') then

HVn@)ll = ¢.
If x € W(T') then
Vv e R™: Dy(x)v > cl[v — Dr(x)vl|
(v) Forallx € N(T) and v € R™:
Dn(x)(F(x) +v) = Dn(x)F(x) + Dn(x)v
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(vi) There exists an open neighborhood N'(T') C N(T)of T, and A > 0, such that
Vx e N'(T),Yv e R™ : Dn(x)v > An(x).

Proof.
(i) is obvious.
(i1) Let X = C°([0, {], R) be the Banach space of continuous functions on [0, /] with

the uniform norm. Define € : X — R by E(f) = ,/fé [|F(O}?>. The function E is

convex and continuous (with Lipschitz constant /D). Therefore it admits a right derivative
DE(f) at any point f € X, which is convex continuous and positively homogeneous.
We also have the standard inequality:

Vee X: E(f)—E(f—h) <DE(HHh < E(f+h) - E(). Q)
On the other hand, it is easy to verify that for f # 0 we have

S Af @), h(D)dt

DE(f)h =
v E(f)

; )
and
DEO)h = E(h). ©)
Let g : N(I') > X denote the map defined by
8@)(t) = DP_,(m(2))(z — 7(2)).

Then g is C” because Tr®, m and m; are C’, and:

n(z) = E(g(2)).
Continuing the proof of (ii), make the following estimate:

n(x +sv) —n(x)  E(gx) +sDg(x)v + O(sHv][»)) — E(g(x))
N N

_ BGw +ng(sx)v> ZS@W) L o, (10)

where the last equality holds because E is Lipschitz. It is now clear that n admits a right
derivative at x given by

v Dn(x)v=DE(g(x))Dg(x)v.

The convexity (continuity, positive homogeneity) of Dn(x) follow from the convexity
(continuity, positive homogeneity) of DE(g(x)) and the linearity of Dg(x).

(iii) In equation (10) we let s = 1 and we use equation (7).

(iv) Fix x € N(I') — WZ(T") and let v, = [x — w(x)]/n(x). Since vy € E*(x) by (ii)
of Lemma 3.1, assertions (iv) and (iii) of Lemma 3.1 imply Dx(x)v, = Dm(x)v, = 0.
Therefore, for all ¢ € [0, []

= _ 8@ _ gx)@)
Dg(x)vx(t) = DO_,(m1(x))vx = - B
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Thus,
DE(g(x))g(x)
E(g(x))
and, using (8), we obtain Dn(x)v, = 1. On the other hand, The Cauchy-Schwartz
inequality and assertion (i) of Lemma 3.2 give

Dn(x)v, =

D’](X)Ux = (Vn(x), Ux) S ”vn(x)””vx” 5 ”Vn(x)” ”vxi‘llﬂl(x)

1
= IVl —.
Ci

This proves ||Vn(x)l| > c;.
Now, suppose that x € Wi(I'). We have x = m(x) and consequently

Dg(x)v(t) = DP_,(m (x))(v — Dr(x)v).
Using (9) and Lemma 3.2, (i) we obtain:
Dn(x)v = |lv = Dr(x)vlln,x) = c1llv — D (x)vl].

(v) This is obvious for x € N (") — WI(T") because n is differentiable at x. If
x € W), then x = m(x) and D (x)F(x) = F(x). Therefore

Dg(x)(F(x) + v)(t) = DP_(m (x))(v — D7 (x)v)

and it follows from (9) that Dn(x)F(x) = 0 and Dn(x}(F(x) + v) = Dn(x)v.

(vi) Let N;(I") = {x € R™ : d(x,T) < r}. Obviously, there exists ry > 0 and 5 > 0
such that for all r < ry and all 0 < ¢ < ty, N;(I') c N(I") and &,(N,(I")) c N(). In
the following it is implicitly assumed that x € N, (") and ¢ € [0, fo]. We have

n(@:(x)) = [P (x) = 7(P (X)) ]z, (0,0
= |JA(t, x) + B(t, x) + C(t, )iz, (0,00
where
Alt,x) = @,(@(x)) — n(P(x)),
B(t,x) = D)) (x—m(x)),
Clt,x) = @(x)—®(mw(x)) — DO(m(x))(x — mw(x)).

The proof decomposes in three steps.

Step 1. For any § > O there exists r\(8) such that 0 < r|(8) < ro, and if 0 < r < ri(8)
and € N, (), then:

VA, X)x, @, < Stn(x).

Proof. Since the flow ¢ is C? and the second derivatives D*®;(x) are continuously
differentiable in ¢ (see beginning of §3), the same hold for A. Noting that A(0, x) =0,
we then have:

dA
At x) = A(t, m(x)) + a_x(t’ () (x — 7w (x)) + Otllx — w(x)I).

On the other hand A(r, w(x)) = 0 because WI(I") is an invariant manifold and 7= = Id
on W} () NN(I). It follows that

dA
AQ x) = —— (6 2 (D)(x = 7)) = O]lx — 7(0)I?). 1
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It remains to estimate 24 (¢, w(x))(x — 7 (x)). Since x — w(x) € E*(x) Dr(m(x))(x —

dx

m(x)) = 0 by Lemma 3.1, (iv) and by derivation of A we obtain

3—?0, 7 (x0)(x — 7 (x))
= —Dr[®m@x)]DP (7 (x))(x —m(x))
= —Dr[® (@ (x))ID P () (x))(x — 7 (x))
+D P (r(x))(x — w(x)) — DP(m1(x))(x — 7w (x))].
By invariance of the splitting E* @ E* @ E® under the tangent flow, the vector

v = DO®,(m(x))(x — mw(x)) belongs to E“(P,(m(x)). Thus, using Lemma 3.1, (iv)
again, we get Dx[®P,(x(x))]v = 0, and consequently,

(%fa,n(x»(x —r(x))
X

= O([|1DP:(w(xN(x — 7 (x)) — DP (1 (x))(x — w(xNID. 12)

Since ® is C?, D?®,(x) is continuously differentiable in ¢ and D®y(x) = Id, the
following estimate holds

D (7 (x))(x — m(x)) — DO, (1 (X)) (x — w(x )]
= 0(t|lm(x) — m )llIx = wCOID. (13)

Putting (11), (12) and (13) together, and using Lemma 3.2, (i) we see that

O (tllx — 2l o 1w () = 1 )|+ N1x = 7 ()I1])
O (n(){[l () — m O+ e — 7w ()1

Since 7| = m|r = Id, the claim is proved.

A, X)r @, ()

Step 2.° Let 8 be the positive constant given by Lemma 3.2, (iii). There exists 0 < r, < rg
such that if 0 < r < ry and x € N,(I'), then:

1B 0l lmyconcey > (1 4 §t>n(x)
Proof. From the definition of B(t, x) we have
B(t, x) = D&, (1 (0))(x — 7)) + (DD, G (1)) (x — 7)) — D& (1)) (x — 7 ().
From this, using Lemma 3.2, (iii}, estimate (13) and Lemma 3.2, (i) we deduce
B Dl > 0 + 0@n(@lix () = m ().

Therefore, for r small enough, x € N,(T") and t < t; we have

3
B, X)lo,em0xn = €”'nx) - gtn(x) z (1 + Zﬂ>n(x)' (14)

Now, using Lemma 3.2, (ii) and the definition of B(¢, x), we see that
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VB, )y 0,0 — B Xl o, 0ry )y |
= O (Y|m (P, (x)) — &, (m )| |x — 7w e
= O (||m1 (P (x)) — ©, (@ (xN]In(x)).

Let A, (¢, x) = m(®,(x))—®,(m1(x)). Then A, is C?; and A, (0, x) = A, (¢, m; (x)) = 0.
Thus A, (t, x) = O(t||x — 7 (x)]]). It follows that for r small enough and x € N, (") we
have

LB, )@, ~ BE X o,y | gﬂ(x). (15)

From (14) and (15) we deduce the claim.

Step 3: For any § > 0 there exists r3(8) such that 0 < r(8) < é, and for 0 < r < ry(8)
and x € N, (") we have:
N, X3y (@, < en(x).

Proof. Tt is clear that C(¢, x) = O(t||x — m(x)||%). This proves the claim.
To conclude the proof of (vi) we choose § < /4 and r < inf(r|(8), ry, r3(8)). Then
we obtain
Vx € N (T) n(®;(x)) = (1 + At)n(x)

with A = B/2 — 28. 1t follows that Dn(x)F (x) > An(x) on N,(I"). O

4. Proofs of main theorems
Proof of Theorem 2.1. In this section the subscript n runs from O or 1 to oo, as
appropriate from the context.

The following lemma due to Pemantle (1992, Lemma 5.5) is the probabilistic key of
the proof of Theorem 2.1. .

LEMMA 4.1. (Pemantle, 1992.) Let {S,} be a nonnegative stochastic process, S, =
So+ X_i, Xi where X, is F,, measurable. Assume
A < B
S
where 0 < A < B, % < p < 1. Assume there exist constants by > 0, by > 0, b3 > 0 and
an integer Ny such that for all n > Ny:
@ | Xo I1Z 81V
(“) 1(S,.>b2y,.+1]E(Xn+1|]:n) = 0.
(iii) E(S2,, — SAF) = byyl
Then P(lim,_ o S, =0) = 0.

This lemma is stated and proved in (Pemantle, 1992) for A = 1 and i = 1 but the proof
adapts without difficulty to A > 0 and % < wu < 1. The same result is proved, but not
stated, in (Pemantle, 1990).

For 0 < u < 1/2 we use the next lemma:
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LEMMA 4.2. Let {S,} be a stochastic process, S, = So + ZL, X; where X, is F,
measurable. Let {y,} be such that Z y,.2 = 00. Assume there exists b3 > 0 and some

i
integer Nq such that for all n > Ny E(S2, | — S2|Fy) = bay2 .
Then P(lim,_,x S, = 0) =0.

n
Proof. Let Z, = S2 — Y byy}. We have E(Znp1 — ZulFy) = 0. Thus, {(Zy, Fo)lnzno
is a submartingale. =

Suppose P(lim,_, o S, = 0) > 0. Then for all € > O there exists N > Ny such that
P(usnil Sn 1< €)) > 0.

Assume | Sy |< € and define the stopping time T = inf{k > N;| S; |> €). As
usual,we let n A T = inf(n, T). The sequence {(Z,7, Fn))nzn i a submartingale

and we have Z,,r < €. It follows from the submartingale convergence theorem that
nAT

{Z.AT}nzn converges almost surely. Thus {Z bs yi2 }u=n is almost surely bounded. This
i=0
implies T < oo almost surely. (]
We now prove Theorem 2.1. Here we closely follow Pemantle (1990, 1992).
Choose r > 0 such that {x € N(I'); n(x) < r} ¢ N'(T') where N'(I') is the
neighborhood given in Proposition 3.1, (vi).
Let N be an integer. Assume n(xy) < r and let T be the stopping time defined by

T =inflk > N; n(x) > r}.

We prove Theorem 2.1 by showing that P(T < o0) = 1.
Without loss of generality we assume N = 0. (The proof is the same for any N.)
Define two sequences of random variables {X,},>; and {S,} as follows:

Xn+l = [T[(X,,.H) - n(xn)]llnsT] + yn+11(n>7’]y

n

So=nxo), o =So+ ) Xi.

i=1

The process {S,} is clearly nonnegative. Notice that if T = oo then X, =
n(xp+1) — n(x,) and S, telescopes into S, = n(x,). This will be used at the end of
the proof.

We now verify that hypotheses (i), (ii) and (iii) of Lemma 4.1 are satisfied.

Condition (i) follows from the Lipschitz continuity of n and the boundness of the
sequences {F(x,)}, {U,}.

Condition (ii). Let k' = k(||F|| + K) where k is given by Proposition 3.1, (iii),
[|[F|| = sup{F(x); x € A} and K is the uniform bound of the U,. If n < T, using
Proposition 3.1, (ii), (iii), (v) and (vi) we have

NXas1) = N(Xn) = Var1An(Xn) + Va1 Dn(xp)Upr — k’yn2+1~ (16)
Thus

llnleE(Xn+l|]:n) > l[nfT) [(yn-HA-n(xn) - k/y,12+1) + yn+1E(Dn(xn)Un+ll]:n)] .
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By convexity of the right derivative of n (Proposition 3.1, (ii)) and the conditional Jensen
inequalitity we have

EDn(xn)Up41|1Fn) = Dn(xn) E(Ups11Fp) = 0.

Thus
Ln<r EX gt 1 Fn) = Liner) V1 An(xa) — K'v 24 0). (17)

Ifn> T, X,H_] = ¥Yn+1, SO
1{n>T]E(Xn+l|fn) > 1(n>T)yn+1 > 0. (18)

Putting (17) and (18) together and letting b, = k' /A proves condition (ii) of Lemma 4.1.
For Condition (iii) of Lemma 4.1, we observe that

E(SE, — S2|Fn) = E(X2 |\ F) + 28 E(X i | Fo)-

If S, = byyn+1, the right-hand term is nonnegative by condition (ii), previously proved.
If Sy < baYusr1, (17) and (18) imply S, E(Xp411F) = —bgk’y,?H. Thus

E(S2,, — SHFn) = E(X2 || F) ~ 262Ky .
Therefore, to prove condition (iii) of Lemma 4.1, it suffices to show that
E(X2, )\ F) = bayly

for some b; > 0 and n large enough. From (16) we deduce

Lnsr) (EXF 01 F) = [Yann E(Dn () Unp ) IF) — Ky 1) 20, (19)
Using Proposition 3.1, (iv) and assumption (iii) of Theorem 2.1 we see that
L <rinpgws(E(Dn(x)Un) ) F) — e1b) > 0. (20)

If x, € WJ(I'), choose a unit vector v, € Ker(Id — Dr(x,))*. By Lemma 3.1, (iv) we
have
< Upy1,0p >=< Upyy — Dr(x,)Ups1, v > .

Let A denotes the event A = {n < T} N {x, € WI(I')}. By using Proposition 3.1 (iv),
the Cauchy-Schwartz inequality and assumption (iii} of Theorem 2.1 we obtain

LUE(Dn(x)Uns1) | Fr)
LAE(|Uns1 — DR (x)Unsall 1F) =

A AE((Unp1 — D) Upr, va) 1)
I LTAE((Un41, 0a) 1 F)

A%

v

C]bl_A.
Putting (19), (20), (21) together and (18) give
E(X:.;.]l]:n) > Yns101b — klynz+1

On the other hand E(X?,,|F,) > E(X;,,|F.)* by the Jensen inequality. It follows that

E(X2, || Fs) = bayl,, for by = (c1b)? and n large enough, as is desired.
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Condition (i) through (iii) of Lemma 4.1 being satisfied, the probability is zero that
{S,} converges to zero, according to Lemma 4.1 for % < i < 1 and Lemma 4.2 for
O<uc< %

Now suppose T = oco. Then

N(xn) = Sn

and {x,} remains in N7(T"). Therefore by Corollary 1.2,
L({x,}) CN'TYNR(F) =T.

Moreover L({x,}) is a nonempty compact invariant set, so that L({x,}) = I'. This
implies n(x,) — 0, and therefore S, — 0 because S, = n(x,) when T = co. Since
P(S, — 0) =0, T is almost surely finite. O

Proof of Theorem 2.5. The proof is based on a coupling argument comparable with those
used for m = 1 by Hill, Lane and Sudderth (1980), based on the following topological

lemma:

LEMMA 4.3. Let f bea C"(r > 1) urn function with f(A™) C Int(A™). Let A C Int(A™)

be an attractor for the vector field F = —Id 4+ f on R™, with basin of attraction B. Let

W C B be a neighborhood of A. Then there exist a neighborhood V. .C W of A, an urn

function g : A™ — A™ and a C* vector field G on R™ such that:

@) g(A™) C Int(A™)

(i) Giam = —Id+ g and G|y = Fly.

(iii) The chain recurrent set R(G) = A U Ag, where Ay is a finite set of hyperbolic
equilibria, none of which attracting or repelling.

(iv) The closure of V is a compact C* manifold and G |g=\v is Morse-Smale.

Proof. Wilson (1969) constructs a C* function u on B which is nonnegative and has
negative derivative along forward trajectories of F in B\ A. It follows that for sufficiently
small ¢ > 0, the set V = {x : u(x) < c} is a C* compact submanifold V C W to whose
boundary F is transverse, pointing to Int(V). We fix such a V.

The hypothesis that f(A™) C Int(A™) implies that at every boundary point z €
dA™, F(z) is transverse to dA™ and points into Int(A™). The vector field defined by
J(z) = —z has the same property. We glue together F and J to obtain a vector field
FO which agrees with J near A™ and with F on a neighborhood of V. Explicitly,
F%z) = (1 = r(2))(—2) + r(z) F(z) where the C* real-valued function r is identically
1 in a neighborhood of dA™ and identically O in a neighborhood of V. Replacing F by
FO, we assume that F(z) = —z in a neighborhood of R™\Int(A™).

By another glueing argument, we assume that in a neighborhood W; of 3V, F has
the form Vhy, the gradient of a C* function k¢ with the following properties:

(a) 0V is a level surface of hg, and hp(3V) =0,
(b) hg has no critical points on 3V,
(€) ho>0in W\V,

Let & be a C™ function defined in a neighborhood of R™\Int(V), agreeing with
lz]|2/2 in some neighborhood of R™ \ Int(A™) and with hq in a neighborhood of 3V.
Choose A to be > 0 in R™ \ Int(V).
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Let @ > 0 be so large that the interior of the closed ball B, C R™, of radius « and
centered at the origin, contains A™, and also so that h(z) < a2/2 forallze WnNYV.
Let M  R™ denote compact the C*° submanifold

M = B, \Int(V).

Then h|M : M — R is a nonnegative C*® function. Its maximum value < «?/2 is
taken on the boundary component 3 B,; while its minimum value O is taken on the other
boundary component V. These boundary components are noncritical level surfaces of
h.

There is a Morse function on M coinciding with A in a neighborhood of dM. Thus
we may assume h is a Morse function.

We make nontrivial changes in 4 as follows:

(a) Applying the cancellation method of Morse (1960) and Smale (1961a), we assume
that & has no local maximum or minimum points in Int(M).

(b) Applying the approximation theorem of S. Smale (1961b), we assume that Vi is a
Morse—Smale vector field.

Next we extend the —Vh over R™, setting it equal to —z = —V||z]|?/2 at z outside B,,

and equal to F in Int(V). The resulting vector field G' is Morse-Smale on R™ \ V.

Now let ¢ : R™ — R be a positive C* function, equal to 1 within a compact
neighborhiood V; of A in Int(V), such that 0 < o(z) < 1 for z € V \Int(V). For
each ¢ > O define the vector field G* on R™ by G'(z) = 0(2)'G'(z). The orbits of G
are reparametrizations of those of G'. It follows that G' is a dissipative Morse-Smale
gradient field outside V, for all t > 0.

It is easy to see that for ¢ sufficiently large, G* has the property that the map
g = Id + G' maps A™ into Int(A™). Fix one such ¢ and set g = g'. Now define
the vector field G = Id + g.

Outside V this vector field G is a gradient with a finite set of equilibrium, and V lies
in the basin of attraction of A. This implies that the chain recurrent set of G consists of

equilibria and A. This completes the proof of Lemma 4.3. O

Continuing the proof of Theorem 2.5, let A C Int(A™) be an attractor for F. We
need to prove p(A) > 0.

The hypothesis that f(A™) C Int(A™) implies that the flow {®}, of vector field
F = —Id+ f takes A™ into Int(A™) for all t > 0.

We suppose the initial urn composition given by (xg, ng). Define another urn process
{yn}, with initial composition (yg, ng) = (x¢, no) and urn function g = G + Id, where g
and G are the urn function and the vector field given by Lemma 4.3. Notice that G is
transverse to dA™ by (i) of Lemma 4.3.

By Lemma 4.3 (iii), Corollary 1.2 and Theorem 1.3 it is clear that

P(Xo,no)(nlingod(ynv A)y=0=1.
Thus,

Pisono (lnler;od(yn, m =0} [U (ﬂ{yn e V})D _1,

k>0 \n=k
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where V is the neighborhood given by Lemma 4.3. Therefore, there exists k > 0 such
that Px, ne)(Ax) > O where A denotes the event

Ay = {nl_i_)ngod()’n, A) = O}m { m{}'n € V}]
n>k

By the Markov property, we have

P(xg,ng)(Ak) = E(xo.no)[(P(yk,n0+k)(A0)] > 0,

where E(y, ) denotes the expectation for the law Py ny)-

Define V(’;Ovno)(g) as the set of all possible values for y, (the state of the process at

time k) when the inittal urn composition is (xp, ng) and the urn function g. That is,
Vi . (8) is defined recursively by: V2 (g) = {xo} and

Vet @ ={0 -y +ne: yeVE (g, ie{l,...,m+1}, gi(y) > 0},
where y; = 'nolﬂ .
As the random variable y, takes value in V(’;O’no)(g), there exists a nonempty set
SC V(';O_nn)(g) such that for all y € S, Py ny+1y(Ag) > 0. Since f = g on V we get
Vy € S, P(y'n0+k)(nlin;°d(xn, A)=0)>0.
The cardinality of S being finite, there exists § > 0 such that
Vy e S, P(y_n0+k)(nler;°d(xn, A)=0)> 4.
Using again the Markov property we obtain:
Piony(im d(xn, A) =0) = Exo,n0) [ Plaa,mo+iy (1im d(xa, A) = 0)]
E xo.n0) Lixies) Pose oty (1im d(xn, A) = 0)]
> 8 Pyng) (X € ).

%

Because f and g both map A™ into Int(A™), it is obvious that V;;'no(g) =Vt (f).

Xo.Mg

Therefore, Py np(xx € S) > 0 and consequently, P ng)(liMyoy o0 d(xq, A) =0) > 0. O

Proof of Theorem 2.7. Statement (a) follows from Corollary 2.2. As for (b), Theorem
2.5 implies that p(I";) > O when TI'; is linearly stable.

To prove the converse, we first verify the hypotheses of Pemantle’s Theorem 1.3.
Conditions (i) and (ii) are obviously satisfied.

For condition (iii) we define maps Y; as follows. For each j € {1,..., m+ 1}, define

Y;: A" — E™,
x> e — f(x)
where ¢; is the jth vector of the canonical basis of R™*!,
Let ® € TA™ = E™ be a unit vector. We have
m+1

E((Unt1, ©) Jta = x) = Y fi(x){¥i(x), ©)*,
i=1
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By compactness of A™ x {® € E™ : ||®|| = 1}, condition (iii) of Theorem 2.1 reduces

to:
m41

Y fi)¥i), @) > 0.

i=I

Suppose the contrary. Note that fi(x) > 0, as f(A™) C Int(A™). Thus for all
iel,....m+1

m+1

(Y:(x),0)=0; - Y f;(x)©; <0.

j=1
Relabel the ©; sothat ©) < ... < ©O,41. As :”:11 ®; =0, it must be that ©; < Op41,
otherwise ® would be zero. Thus we get the contradiction:

m-+1

Ontt < ) fi(08; < Opyy 0.

j=1

The proof of Theorem 2.7 is completed by applying Theorem 1.3 if T'; is an
equilibrium, or Theorem 1.1 if it is a cycle.
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