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On a Question of Dusa McDuff

Felix Schlenk
1 Introduction
We endow Euclidean space R*™ with the standard symplectic form
n
wo:dei/\dyi. (1.1)

i=1

A C*®-smooth embedding ¢ of an open subset U of R?™ into R?™ is called symplectic if
@*wo = wo. An embedding of an arbitrary subset S of R?™ into another subset S’ of R?™
is called symplectic if it extends to a symplectic embedding of a neighbourhood of S into
R?™, We denote by B2"(ntr?) the closed 2n-dimensional ball of radius r, and by Z?™(7) the

closed 2n-dimensional symplectic cylinder
72" (m) = B(m) x R*" 2, (1.2)

The following theorem is one of the most fundamental results in symplectic topology.

Nonsqueezing theorem (Gromov [3]). The ball B*™(a) symplectically embeds into the
cylinder Z°™(nt) only if a < . O

Note that a symplectic embedding preserves the Euclidean volume form (1/n!)wg, and
that for any a > 0 there exists a volume preserving embedding of B?"(a) into Z?"(m).
Gromov's nonsqueezing theorem, therefore, demonstrates that the symplectic structure

of a map is much more rigid than the volume preserving structure. It implies that the
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78 Felix Schlenk

group of symplectic diffeomorphisms of R?™ is C°-closed in the group of all diffeomor-
phisms of R?", see [5, Chapter 2.2] or [8, Chapter 12.2].

In view of the nonsqueezing theorem, we fix a € ]0, 7t]. We recall that the simply
connected hull T of a subset T of R? is the union of its closure T and the bounded compo-
nents of R2 \ T. We denote by p the Lebesgue measure on R?, and we set [i(T) = u(T). It is

well known that the nonsqueezing theorem is equivalent to each of the identities

a= igf u(p(e(B*(a)))),

a= igfﬁ(p (¢(B*™(a)))),

(1.3)

where ¢ varies over all symplectic embeddings of B?"(a) into Z?"(n) and where p :
Z2™(m) — B?(m) is the projection, see [2] and [10, Corollary B.10]. Following [7, Section 3],

we consider sections of the image ¢(B2"(a)) instead of its projection, and define

o(a) = infsup u(p(9(B*"(a)) N Dy)),

@ x

o(a) = infsupfi(p(¢(B*™(a)) N Dy)),

@ X

(1.4)

where ¢ again varies over all symplectic embeddings of B2"(a) into Z?™ (), and where
D, C Z*™(r) denotes the disc D, = B%(7) x {x}, x € R?"~2. Clearly,

o(a) <o(a) <a. (1.5)

It is also well known that the nonsqueezing theorem is equivalent to the identity

o(m) = (1.6)

Indeed, the nonsqueezing theorem implies that for every symplectic embedding ¢ of
B2™(m) into Z?™ (), there exists x € R?™~2 such that ¢(B2™(m)) N D, contains the unit cir-
cle S' x {x}, see [6, Lemma 1.2]. Therefore, on her search for symplectic rigidity phenom-
ena beyond the nonsqueezing theorem, McDuff asked in [7] for lower bounds of the func-
tion o(a), and whether o(a) — 7was a — 7. It was known to Polterovich that o(a)/a — 0

as a — 0, see again [7]. We will prove the following theorem.

Theorem 1.1. For the functions o(a) and o(a) it holds true that
(i) o(a) =0forall a € 0,7;
(ii) o(a) =0forall a € ]0, . O
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The symplectic embeddings in the definitions of ¢(a) and 6(a) were not further
specified. Following a suggestion of Polterovich, we next ask whether the vanishing phe-
nomenon, described by Theorem 1.1, persists if we restrict ourselves to symplectic em-
beddings which are close to the identity mapping in a symplectically relevant sense. We
denote by H.(2n) the set of smooth functions H : R°™ — R whose support is a compact
subset of Z?™(mt). For H € H.(2n), we define the Hamiltonian vector field Xy through the

identities
wo(Xn(z),") = dH(z), zeR™, (1.7)
and denote by ¢y the time-1-map of the flow generated by X;;. Moreover, we set

IH|| = sup H(z) — inf H(z). (1.8)

zZER2n zeR2n

For each a € ]0, 1] we define

on(a) = inf { sup u(p(on (B2"(a)) N D)) + H] },
* (1.9)
G (a) = inf { sup f(p (&n (B ()) N D)) + M| },

where H varies over 3 (2n). Clearly, o(a) < on(a) and 6(a) < on(a). In particular,

op(m) =

Theorem 1.2. For the functions oy(a) and 014(a) it holds true that
(i) op(a) =0forall a € ]0,7;
(ii) on(a) =0forall a € ]0,n|. 0

In order to see Theorem 1.2 in its right perspective we set

Ham. (Z°"(n)) = {$n | H € H(2n)}, (1.10)
and define the energy E(¢) of ¢ € Ham,(Z?"(n)) by

E(¢p) =inf {|H| | ¢ = ¢ for some H € H(2n)}. (1.11)

In the framework of Hofer geometry, the energy of a Hamiltonian diffeomorphism is its

distance from the identity mapping, see [5, 6, 9]. Notice that

on(a) = inf { sup u(p(6(B*"(a)) N D)) + E(@)},
* (1.12)
Gu(a) = inf { sup i(p (¢ (B*"(a) N Dx)) +E(®) ,
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80 Felix Schlenk

where ¢ varies over Ham.(Z?"(m)). Theorem 1.2, therefore, says that the vanishing phe-
nomenon, described by Theorem 1.1, persists if we restrict ourselves to the Hamiltonian
diffeomorphism of Z?"(nr) whose Hofer distance to the identity mapping is arbitrarily
small.

The proof of Theorem 1.1 is easy: we just have to slice the ball by planes x; =
const, and then translate the ith slice by i vertically in the y;-direction by a symplecto-
morphism ¢;. The proof of Theorem 1.2 is analogous but much trickier since we need to
control the behaviour of the maps ¢; on those parts of their compact supports that are
not translated vertically.

The symplectic embedding methods developed in this paper will be further ap-
plied in [11]. Being elementary and precise, we hope that they will prove useful in other

symplectic embedding problems as well.

2 Results

We start with stating a generalization of Theorem 1.1. We denote by [t the outer Lebesgue
measure on R?, and by i(T) = p(T) the Lebesgue measure of the simply connected hull of
the subset T of R?. For each subset S of the cylinder Z?" (), we define

o(S) = infsup fi(p(@(S) N Dy)),

e x (2.1)
o(S) = ir(;fsgp fi(p(e(S)NDy)),

where ¢ varies over all symplectic embeddings of S into Z™ (7). We denote by Z?™(a) the

closed cylinder BZ(a) x R?™,

Theorem 2.1. Consider a subset S of Z2™ (7). Then
(i) o(S) =0;
(ii) ©(S) = 0if S € Z*™(a) for some a < 7. O

In view of identity (1.6) we have 6(S) = 7 whenever S contains the ball B?" ().
Question 2.2. Is it true that 6(Int B*" (7)) = 7?

A slightly weaker version of Theorem 2.1 has been proved in [10] by using a sym-
plectic folding method. The method used here is more elementary and can also be used
to prove a generalization of Theorem 1.2. We denote by H(2n) the set of smooth and
bounded functions H : R?™ — R whose support is contained in Z?™ () and whose Hamil-

tonian vector field X}; generates a flow on R?™. Again, the time-1-map of this flow is then
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On a Question of Dusa McDuff 81
denoted by ¢ . Using notation (1.8) we define, for each subset S of Z?™ (),
on(S) = iﬂf{ sup E(p(dn(S)NDy)) + HH||},

(2.2)
6(8) = inf { supi(p(on($) N D)) + [IM] },

where H varies over H.(2n) if S is bounded, and over H(2n) if S is unbounded. In order to

state the main result of this paper we need yet another definition.

Definition 2.3. A subset S of Z2™(n) is partially bounded if at least one of the coordinate

functions x,,...,%n,Y2,...,Yn is bounded on S.

Theorem 2.4. Consider a partially bounded subset S of Z2™ (7). Then

(1) on(S) =0
(ii) on(S) =0if S ¢ Z?™(a) for some a < . O
Of course,
on (22 () = o1 (Z2*™(n)) = on(Int Z°™(n)) = o (Int 2°™(m)) = . (2.3)

Question 2.5. Is it true that o (Z?™(a)) = 6n(Z?™(a)) = 0forall a € ]0, 7[?

Theorems 2.1 and 2.4 are proved in Sections 3 and 4. In Section 5, we reformulate these

theorems in the language of symplectic capacities.

3 Proof of Theorem 2.1

The main ingredient in the proof of Theorem 2.1 is a special embedding result in dimen-
sion 4. We will use coordinates z = (u,v,x,y) on (R* du A dv + dx A dy). We denote by
E(xy) C R* the affine plane

E(x,y) = RZ X {(X,U)}, (31)
and given any subset S of R*, we set

E(SNExy) =BP(SNExy)),

~ A (3.2)
B(SNEx,y) =A(P(SNExy))-
Fix an integer k > 2. We set
T €
€=, 5 — o (3.3)
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and we define closed rectangles P, P/, and Q in R?(u,v) as

P =1[0,7 x [0,1],
P =1[5,m— 8] x [6,1—38],
Q = [36,7— 38 x [36,1 — 38].

The support of a map ¢ : R* — R* is defined as

supp ¢ = {z € R* | 9(z) # z}.

(3.5)

Proposition 3.1. There exists a symplectomorphism ¢ of R* such that supp ¢ C P’ x R?

and such that for each (x,y) € R?,

w(e(P' xR x [0,1]) NExy) < 2€,

ﬁ((p(Q x R x [0, ]]) N E(x‘y)) < 2e.
Proof. We define closed rectangles R, R/, and R” in R?(u,v) as

R =10, €] x[0,1],
R/ = [5,¢— 58] x [5,1 — 3],
R" — 25, ¢ — 28] x [26,1 — 28],

and we define closed rectangular annuli A and A’ in R?(u,v) as

A=R\R, A’'=R/\R".

Then,R=A UA’UR”, see Figure 3.1.

We choose smooth cut-off functions f1,f, : R — [0, 1] such that

0) té[éveié])
1, te[25,e— 28],

0, t¢[s,1-3|
fz(t){ ¢ ]
1, tel[2s,1-29)

and we define the smooth function H : R* — R by

H(w,v,x,y) = =1 (W)f2(v)(1 + €)x.

(3.10)

(3.11)
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Figure 3.1 The decomposition
R=AUA'UR".

The Hamiltonian vector field Xy of H is given by

—f1(u)fs(v)x

2
Xu(uw,v,x,y) = (1+¢) ﬂ (w)f2(v)x

The time-1-map ¢ has the following properties:

(P1) supp ¢ C R’ x R?,

(P2) ¢y fixes A x R?,

(P3) ¢y embeds A’ x R? into A’ x R?,
(P4) ¢y translates R” x R2 by (1 + €)1y,

where we set 1, = (0,0,0,1).

On a Question of Dusa McDuff 83

(3.12)

For each subset T of R?(u,v) and eachi € {1,...,k}, we define the translate T; of T

by
T, = {(u+ (i— 1)6,\1) [ (w,v) € T}'

With this notation we have

k k
P=[JRi=[JAiUA{UR!,

i=1 i=1

(3.13)

(3.14)

see Figure 3.2. Set Hi(u,v,x,y) = iH(u — (i — 1)e, v, x,y). We define the smooth function
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v

Figure 3.2 The decomposition P = [J¥ , Ry = U\, A{ UA{UR{ fork =4.

H:R* = Rby

€ Tt

(3.15)

and we define the symplectomorphism ¢ of R* by ¢ = ¢ In view of identity (3.12), we

see that ¢ is of the form

(P(u»V»XJJ) = (ul)\)l»va/)a

and in view of properties (P1)-(P4), we find that
(P1) supp ¢ C P/ x R2,
(P2) o fixes J_, A; x R?,
(P3) @ embeds A/ x RZinto A/ x R2 i=1,... Kk,
(P4) ¢ translates R/ x RZbyi(1+ €)1y, i=1,... k,

see Figure 3.3.
3.1 Verification of estimates (3.6) and (3.7)
Fix (x,y) € R?. We set

P =p(@(P' xR x[0,1]) NEey)),

Q=p(@(QxRx[0,1]) NE,y)-

Lemma 3.2. The estimate pu(P’) < 2¢ holds.

(3.16)

(3.17)
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5 4e do

4+3e- ............................................

Figure 3.3 The intersection of @ (P xR x [0, 1]) with
a plane{(u,v,x,y) | v, x constant} forv € [25,1 — 23].

Proof. Using the definitions e = 7r/k and 6 = €¢/4k we estimate

H(AJUA{) =e— (e —45)(1—45) < i=1,...,k (3.18)

mio

Case 1 (y € [i*(1 4 ¢€),i*(1 + €) + 1]). According to properties (P2)—(P4) we have P’ N R/ =
@ if i # i*, and so
k

P CcRe-UJAIUAL (3.19)

i=1

In view of estimate (3.18) we, therefore, find that

w(P) < e+ k% = 2e. (3.20)

Case2(y ¢ Ufﬂ [i(T+€),i(1 + €) +1]). According to properties (P2)—(P4) we have P’ N
R/ = @ foralli, and so

k
P c|JAUAL (3.21)

i=1
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Figure 3.4 The subsets A, A{,andR{ of Q,i=1,...,4.
Therefore,

w(P) <e. (3.22)
Estimates (3.20) and (3.22) yield that p(P’) < 2e. [ |
Lemma 3.3. The estimate {1(Q) < 2e holds. O
Proof. In view of the special form (3.16) of the map ¢, we have

0=p(e(Qx{x}x[0,1]) NExy))- (3.23)
Fori=1,...,kwe consider the intersections

A =QnNA;, Al =QnAI, R =QnNR{. (3.24)

Each of the sets A; and A/ consists of one closed rectangle if i € {1,k}, and of two closed
rectangles if i € {2,...,k — 1}, see Figure 3.4. The crucial observation in the proof is that

for each i the simply connected hull of the part

P(@(AL x () x [0,1]) N Efey) (3.25)

of Q is a simply connected subset of A!. Indeed, according to property (135), the closed

and simply connected set @(A] x {x} x [0, 1]) is contained in A{ x {x} x R, and so, the simply

connected hull of @(A{ x {x} x [0,1]) N E(, ) is a simply connected subset of A{ x {(x,y)}.
We denote by 0 the simply connected hull of Q.
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Case 1 (y € [0,1]). According to properties (132)—(1;41), wehave QNA; =A;and QNR{ =&

for all 1. In view of the above observation we conclude that

k
Qc | JAiuAL (3.26)

i=1

In view of estimate (3.18) we, therefore, find that

R(Q) <ks =e. (3.27)

=l m

Case 2 (y € [i*(1+¢€),i*(1 + €) + 1]). According to properties (P2)—(P4), we have QN A; =

@ foralliand QN R = @ if i # i*. In view of the above observation we conclude that

K
QcRre-U[JAL (3.28)
iz
Therefore,
u(@) <e+e=2e. (3.29)

Case3 (y ¢ [0,1]U Ufﬂ [i(1+¢€),i(1 + €) + 1]). According to properties (P2)—(P4), we have

QNA;=9nNR{ =woforalli In view of the above observation, we conclude that

K
ac | JAL (3.30)
i1
Therefore,
u(@) <e. (3.31)

Estimates (3.27), (3.29), and (3.31) yield that {i(Q) = p(@) < 2e. This completes the proof
of Lemma 3.3. u

In view of Lemmas 3.2 and 3.3, estimates (3.6) and (3.7) hold true. The proof of

Proposition 3.1 is thus complete. [ |

3.2 End of the proof of Theorem 2.1(i)

Fix k > 2 and set ¢ = m/k. We choose a symplectomorphism « of R?(u,v) such that P’ C

o(B2(m)). We refer to [10, Lemma 2.5] for an explicit construction. Choose an orientation
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preserving diffeomorphism f : R — ]0, 1[, and denote by f’ its derivative. Then the map

BiRZ—Rx]0,1,  (xy)+— (ﬁ,f(y)) (3.32)

is a symplectomorphism. We define the symplectic embedding @ : R*™ < R2™ by

O = ((a«" xid)o@o(axxp))xidin_as, (3.33)
where ¢ is the map guaranteed by Proposition 3.1. Since

supp @ C P’ x R? € «(B*(m)) x R?, (3.34)

we have ®(Z?"(n)) C Z*™(m). For each subset S of Z?™(r) and each point z = (x,y,z3, ...,

zn) € R¥"~2 we have
®(S)ND, C ®(Z*™(n)) ND,
= ((a " xid) o @ o (ax B))(Z*(m) NDixy) (3.35)

C (( ! xid) o @) (a(B(m)) x R x [0,1]) N Ex.y)-

Using this, the facts that [t is monotone and o' preserves y, inclusions (3.34), and esti-

mates (3.6) and (3.18), we can estimate

B(D(S)ND,) < p(e(x(B*(m) x R x [0,1]) N Efxy))
=p(@(P' xR x [0,1]) NE(xy)) + n(x(B*(m) \ P') (3.36)

< 3e.

Since this holds true for all z € R°™~2 and since k > 2 was arbitrary, we conclude that
o(S)=0.

3.3 End of the proof of Theorem 2.1(ii)

Choose a < 7t so large that S C Z?™(a). We choose k > 2 so large that a < u(Q). We then

find a symplectomorphism o of R?(u,v) such that

«(B*(a)) € Q,  «B*(m) D P/, (3.37)
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Q P

Figure 3.5 The symplectomorphism «.

see Figure 3.5. Again we refer to [10, Lemma 2.5] for an explicit construction. We choose
a symplectomorphism  : R? — R x ]0, 1] as above and define the symplectic embedding
® : R?™ — R?™ by

O =((a" xid)og@o(xxp))xidym_4. (3.38)

Since supp @ C P’ x R? C «(B?(m)) x R? we have ®(Z?™(a)) C Z?*"(n). For each z =

(X%, Y,23,...,2zn) € R2"2 we have

®(S)ND, C ®(Z*™(a))ND,
= ((a«7" xid) o @o(ax B))(Z*(a)) N Dixy) (3.39)
C ((a! xid) o @)(Q x R x [0,1]) N E(x.y)-

Using this, the facts that [l is monotone and o~ ' preserves i, and estimate (3.7), we can
estimate

B(@(S)ND:) < fi(e(Q x R x [0,1]) N Efxy)) (3.40)
€.

IN

Since this holds true for all z € R>™~ 2, and since we can choose k as large as we like, we

conclude that 6(S) = 0. The proof of Theorem 2.1 is complete.

4 Proof of Theorem 2.4

As in the proof of Theorem 2.1, the main ingredient in the proof is a special embedding
result in dimension 4. We denote by H{(R*) the set of smooth and bounded functions H :

R* — R whose Hamiltonian vector field X}, generates a flow on R*. Again, the time-1-map
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of this flow is then denoted by ¢4, and we set
IIH|| = sup H(z) — inf H(z). (4.1)

zER2n zeR2n

Fix an integer k > 2, and set
d=—, vV=—. (4.2)

We use the notation of Section 3, and in addition, we define the closed rectangle PY in
R?(u,v) by

PY =[v,m—v] X [v,T—v]. (4.3)

The support of a function H : R* — R is defined as

suppH = {z € R* | H(z) # 0}. (4.4)

Proposition 4.1. There exists H € 3((R*) such that suppH C PY x R? and ||H|| < 2e and
such that for each (x,y) € R?,

m(pr(PY xR x [0,1]) NEfy)) < 3e, (4.5)
ﬁ((bH(Q x R x [0, 1]) N F—(x,y)) < 3e. (4.6)
O

Proof. As in the proof of Proposition 3.1, we start with describing a local model of our
map. We define the closed rectangles R, R’, and R” and the closed rectangular annuli
A and A’ as in the proof of Proposition 3.1, and we define the closed rectangle RY in
R?(u,v) by

RY =[v,e—v] x [v,1—]. (4.7)
We also define closed intervals I, I’, and I"” in R(x) by

I=10,¢€], I'=1[5¢e—38], 1" =[26,e — 28], (4.8)
and set

J=10,8] Ule—29,¢], J'=16,28]U]e —26,e — 8], (4.9)
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thenI =JU]J' UI”. We finally set
13121 ‘|‘(21—])6, ‘giZZi—e—FZ"L&. (4.10)

Lemma 4.2. For eachi € {1,..., k}, there exists a smooth function H; : R* — R with the
following properties:
(P1); suppHi CRY x I x R,
P2); ¢y, fixes A x I x [0,1],
3)i ¢, embeds A’ x I x [0,1]into A’ x [ X R,
)
)

-

(
(
(P4); ¢n, fixesR” x J x [0,1],

(P5); ¢, embeds R” x J’ x [0, 1] into

RH X (IU ]/) X RHRH x I x ([‘gl)gl—i_é} U I:ﬁ‘l. - eagi])) (411)

(P6); ¢n, translates R” x I” x [0, 1] by 2i1y,
(P7)s [Hil| < 2e,
see Figure 4.1. O

Proof. We will first construct a Hamiltonian diffeomorphism ¢r of small energy which
disjoins R” x I x [0, 1] from itself, and will then construct a Hamiltonian diffeomorphism
¢, whose support is disjoint from R x I x [0, 1], and which translates the image ¢r(R” x
I” x [0,1]) far along the y-axis. The composition ¢, o ¢ o q;g: will be the desired map
¢n,. Both ¢ and ¢, are similar to the map ¢y constructed in Section 3, but now F and
Gi have also an x-cut-off factor. In order to make the support of ¢, disjoint from R x
I x [0,1], the function G; must also have a y-cut-off factor. This will lead to technical

complications.

Step 1 (construction of the map ¢r). We choose smooth cut-off functions f; : R — [0, 1],
j=1,2,3,such that

f](t): O) t% [6v€76])
1, tel26,e—28),

fa(t) = ool (4.12)
1, te [25,1 ,25])
0, tg¢l,

fg(t)z ¢

1, tel”,

£20Z JoquIsAON (1. UO Josn saijeT] sep 9}noe4 enbayiolaig Aq £4£099//2/2/€002/2101ME/UIWY/WOD"dNO-0IWSPESE//:SARY WO POPEOIUMOQ



92 Felix Schlenk

Yy Y

25 €

Figure 4.1 An impression of the map ¢, .

and we define the smooth function F : R* — R by

F(u,v,x,y) = —f1 (w)f2(v)f3(x)(1 + €)x.

By the choice of the cut-off functions f;, f;, and f3 we have

suppF C R’ x I’ x R,

and since [f3(x)x| < e — b for all x, we have

IFl < (14 ¢€)(e —8) < 2e.

The Hamiltonian vector field Xr of F is given by

Notice that

Xr(z) = (1+€)(f3(x)x +f3(x))1y forallze R” x I x R.

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Figure 4.2 The cut-off function g4 (t).

Step 2 (construction of the map ¢¢,). We choose smooth cut-off functions g; : R — [0, 1],
j=1,2,3,4, such that

0) tgé[v,efv],

91(t) =
1, telse—79],
0, t&[v,1—v],
92(t) =
1, tel[5,1-38],
(4.18)
0) t ¢ I,
93(t) =
1, tel
0, t<ui,
g9a(t) =
1, t>yi+o.
We can assume that g5(t) > 0if t < e — 9, and that g4(t) > Oforall t € R and
1 . . .
94(’5):5(’5*@1) ifte [Ji4+v, 0 +8—v], (4.19)
see Figure 4.2. We define the smooth function G; : R* — R by
Gi(w,v,x,y) = —9g1(u)92(v)93(x)9a(y) (2L — T — ¢)x. (4.20)

The Hamiltonian vector field Xg, of G; is given by
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—g1(w)g;(v)g3(x)ga(y)x
91 (w)g2(v)g3(x)ga(y)x
—g1(w)g2(v)g3(x)g4(y)x

X, (z)=2i—1—¢) ‘()
(¢}
91(wW)g2(v) (95 0)x + g3(x)) g4 (y)

(4.21)

In view of the choice of the cut-off functions g; and g, we find that forallz € R’ x I x R,

0
. 0
Xe(z) = (2L—-1—¢) : (4.22)
—093(x)g4(y)x
(9509)x + 93(x)) 94 (v)
Also, notice that
supp g, = supp ¢g! C RY x I x [§i,00|. (4.23)

We define the smooth function H; : R* — R by

Hi(z) = F(dbg! (2))- (4.24)

According to the transformation law of Hamiltonian vector fields under symplectic

transformations, we have

dH, = b, oprodg. (4.25)

Step 3 (verification of properties (P1);—(P7);)

Property (P1);. This property follows from inclusions (4.14) and (4.23). In order to verify
(P2);—(P7); we observe that inclusion (4.23) and identity (4.25) imply that

dn,(z) = (bpg, o pr)(z) forallze RxIx[0,1]. (4.26)

Properties (P2); and (P4);. Assume that z € A x I x [0,1], or that z € R” x J x [0,1].
Inclusion (4.14) implies that ¢(z) = z. Inclusion (4.23) and identity (4.26) now imply
that ¢, (z) = z.

Property (P3);. Assume thatz € A’ x I x [0, 1]. According to inclusion (4.14) and identity
(4.17), we have ¢r(z) € A’ x I x R. Identities (4.22) and (4.26) now imply that ¢y, (z) €
A’ x ITxR.
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Property (P5);. Assume thatz € R” x ]/ x [0, 1]. Identity (4.17) yields
br(z) e R" x J' x R. (4.27)

Identity (4.21) implies that the restriction of ¢, to R” x I x R is of the form

da, (w,v,x,y) = (u,v, 9(x,y)), (4.28)

where ¢ is a symplectomorphism of I x R. Let ¢r(z) = (uo, Vo, X0, Yo). According to iden-
tity (4.26), we need to show that

(p(Xo,yo) e(Ju ]/) X RHI X ([gi,gi +5] U ﬁji* €,ﬁi}). (4.29)

Assume first that yo < yi. Inclusion (4.23) implies that

¢ (x0,Y0) = (x0,Y0) €] x R. (4.30)

Assume now that yo > y;. We let

y(t) = (x(t),y(t), telo1], (4.31)
be the segment of the solution of the system of ordinary differential equations

X(t) = (2 —1—¢)(—g3(x(1)) 94 (u(t))x(1)),

(4.32)
U(t) = (2 —1—¢)(g3(x(t))x(t) + g3 (x(1))) g4 (u(1))

starting at y(0) = (xo,Yo). Then y(1) = @(x0,Yo). Since g4(y) > 0 for ally € R, the first
equation in (4.32) implies that x(t) < O forall t € [0,1], and so x(t) < xo < € — 6§ for all
t € [0,1]. Since g4(x) > 0 for all x < e — &, the second equation in (4.32) implies that
y(t) > 0forallte0,1].

Case 1 (yo > Ui + ). Since g4(yo) = 1 and y(t) > 0, we have g4(y(t)) = 1 forall t € [0,1],
and so x(t) =0 forall t € [0, 1]. In particular, y(1) € J' x R.

Case 2 (yo € [Ui, Ui + 6] and xo € ]5,26[). Since x(t) < 0 and y(t) > 0 forall t € [0,1], we
find that x(1) € [0,25[,and soy(1) € JUJ’') x R.

Case 3 (yo € [Ui, Ui + 8] and xo € Je — 26, ¢ — d[). We claim that

v(1) €[0,8] x RU[8, € — 8] x ([U1, Ui + 8] U [Ui — €,Ti]). (4.33)
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We consider the closed rectangle

C= [6_253€_6] X [-giagi—i_é}) (434)
and we denote the left, right, top, and bottom edges of C by Ly, L, Lt, and L. It is enough
to prove claim (4.33) for (xo0,y0) = v(0) € Li UL, UL U Ly, see Figure 4.3. Notice that, as

long as y(t) € [6,€ — 8] X [Ui, Ui + 0], system (4.32) reads

X(t) = (2i—1—e)(—gi(u(t))x(1)),

. ' (4.35)
Y(t) = (21— 1-¢€)ga(y(1)),
and that
x(t) =0,
(4.36)
yt)=21—1—c¢,
ify(t) € [6,e — 8] X [Ji + §, 00].
Assume y(0) € Ly. Then g4(yo) = g4(yo) = 0, and so (4.35) implies that
v(1) =v(0) = (x0,U1) € [6,€ — 8] x [Us, Ui + 8] (4.37)
Assume y(0) € L. Then (4.36) implies that
Y(1) =v(0) +(0,2i—1—¢) = (x0,U1) €[5, — 8] x [Ui — €, Ts]. (4.38)

Assume y(0) € L,. In order to understand the locus of ¢(L,), we consider the horizontal

and the vertical line
Lpn=[8,e—8] x {Ui+0}, L, ={8)x [Ui, Ui +3], (4.39)

and first check that the trajectory v, starting at (e — 6,U; +v) € L, crosses L,, see Figure
4.3. According to choice (4.19), system (4.35) reads

x(t) = (2i—1—¢)-(—x(t)),

(y(t) — 1)

(4.40)

on| — o —

yt) = 2i-1-¢)
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Figure 4.3 Theimage ¢(C), the curvesy, and y* and a curve y starting
at (e — d,yo) withyo > y*.
aslong asy~(t) € [5,€ — 8] X [Ui +V, Ui + & —v]. We set

t* = lo e—?d
T

(4.41)

Solving (4.40) for the initial condition (x¢,yo) = (e — 8,Yi +v), and using v((e — §)/0) =
5 —v, we find that

Y~ (%) = (8,0s + 8 —v) € L. (4.42)

It follows that there exists a unique y* € |y; + v, y; + 8] such that
(i) the curve y(t) does not cross Ly, if yo € |Ui,y*|,
(ii) the curve y(t) does cross Ly, ifyo € [y*, Ui + 8[.
The trajectory y* starting at (e — 5,y*) is shown in Figure 4.3.
In case (i), either y(t) does not cross the line L, in which case y(1) € [5,e — 8] x

[Ui, Ui + 0], or y(t) crosses L, in which case x(t) < 0 implies y(1) € [0, 8] x R.
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Assume now that we are in case (ii), and that y(t) = (x(t),y(t)) is the trajectory
starting at (yo, € —§). We define to through the identity y(to) € Ly, see Figure 4.3. In order
to estimate to from above, we first notice that identity (4.42) and y; +v < yo imply that

y(t") >vi+8—. (4.43)

In view of the second equation in (4.35), the fact that y(t) and g4(y) are increasing, and

estimate (4.43), we have
yt)>2i—-1—¢) <1 — %v) forallt > t*. (4.44)

Using estimate (4.44), identity (4.41), that v = §/4k, and b = €/4k, we can estimate

v

(21 —1 —e)(l—%v)

(81log(4k — 1) +6)

to <t* +

_ (4.45)
2L—1—¢
1

S _e”

In view of the second equation in (4.36), and the relation y; = (§i +6) + (2i — 1 —¢€), we
thus finally find

Gi>y() =0i+6+ (1 —to)(2i—1—¢€) > i —€ (4.46)

and soy(1) € [5, € — 8] x [Ui — €, i)

Assume finally that y(0) € L. Since x(t) < 0 and y(t) > O forall t € [0,1], we
have y(1) € [0, e — 28] x [Ui, 0o|. The part of ¢(L;) contained in [5, e — 28] x [Ji + &, 00| lies
above the corresponding part of ¢(L,) and below the line {(x,y) | y = Ui}. Our result for
¢(L;) therefore implies that this part of ¢(L,) is contained in [, e — 28] x [yi — €, Ui], see
Figure 4.3. We conclude that (4.33) also holds true for all points y(0) € L;. This completes
the verification of property (P5);.

Property (P6);. Assume thatz € R” x I x [0, 1]. Identity (4.17) yields
¢r(z) =z+ (1+€)ly €eR”" x 1" x [T+ €,00]. (4.47)

In view of identities (4.26) and (4.22), and the choice of the cut-off functions g; and g4,

we therefore find

dH,(z) =dbg, (z+ (T +e)ly) =z+ (1 +e)ly + 2i—1—€)ly =z+2ily. (4.48)
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Property (P7);. Using definition (4.24) of H;, and estimate (4.15), we finally estimate
Hl[ = [IF|| < 2e.
The proof of Lemma 4.2 is complete. |

We proceed with the proof of Proposition 4.1. As in Section 3 we define for each
subset T of R?(u,v) and eachi € {1,... k}the translate T; of T by

Ti={(u+(G—-T)ev) | (u,v) €T}, (4.49)

and for each subset X of R(x), eachi € {1,...,k},and j € Z, we define the translate X;; of X
by

Xij = {x+4(i—-1)5+je|x € X}. (4.50)

Let H; be the functions guaranteed by Lemma 4.2, and define for each i € {1,...,k} and
j € Z the smooth function H;; : R* — R by

Hij(z) = Hi(u— (1—1)e,v,x —4(i—1)5 —je,y). (4.51)

In view of Lemma 4.2, we have the following properties:
(P1)y; supp Hi; C RY x Ij; x R,
P2)y; dn,, fixes A x Ij; x [0,1],
P3)iy; ¢, embeds A{ x I; x [0,1] into A{ x I} x R,
)ij dn,; fixes RY x Ji; x [0,1],
)

ij ¢n,, embeds R{" x Ji; x [0, 1] into

R{/ X (]ij @] I{)) X RHR{’ X Iij X ([gi,gi -|—5] U [ljl — €,gi]), (4.52)

(P6)i; ¢ny, translates R{ x I} x [0, 1] by 2i1y,
(P7)y [[Hysll < 2e.
Since the sets RY x Ij; x R are mutually disjoint, properties (P1)i; guarantee that

the function

H(z) = Z > Hi(2) (4.53)
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belongs to 3((4). Properties (P1); also imply that supp H C P¥ x R2. Properties (P1);; and
(P7);; imply that

[H|| < sup [[Hy]| < 2e. (4.54)
1)

4.1 Verification of estimates (4.5) and (4.6)

Fix (x0,Yo) € R?. We set

Pv :]D(d)]-[(PV x R x [0, 1]) mE(Xo,yo))v

(4.55)
Q=p(dn(Q xR x[0,1]) NE(xq.ys))-

Since
k
=T T111-25 25, (4.56)
i=1j€Z

there exists a unique pair (io,jo) € {1,...,k} x Z such that xo € [_25’25[101'0- Fori e

{1,...,k} we define j; by

. jO ifi S :LOa
ji = (4.57)
jo—1 1ifi>i,.

According to properties (P1);;, we have

PYNRy = p(d)HUi ((PV N Rl) x Iy, x [O, ]]) N E(meo))’ (458)
ANRi =p(dry;, ((QNRy) x Lij, x [0,1]) NE(xy.y0)) (4.59)
see Figure 4.4.
Lemma 4.3. The estimate u(P") < 3e holds. O

Proof. According to definition (4.10) of §; and y;, the sets
20,20+ 1] U [5, 01 + 8] U [Us —€,55], 1=1,...,k, (4.60)

are mutually disjoint.
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Figure 4.4 The (u,x)-cut-off region of the function H.

Case 1 (yo € [2i*,21* + 1)U [Ui~, Ui+ + 8] U [Ui- — €,Yi+]). According to identity (4.58) and
properties (P2);;,—(P6)ij,, we have PY NR{ = @ if i ¢ {iy,1"}, and so
k
PV C Ry, URe U [ JALUAL (4.61)

i=1

In view of estimate (3.18) we, therefore, find that
n(Pv) <2e+ k% = 3e. (4.62)

Case 2 (yo ¢ U]f:1 21,21+ 1] U [Ui, Ui + 8] U [Ui — €,Ui]). According to properties (P2)i;,—
(P6)ij, we have P¥ N R/ = @ if i # 1o, and so

K
PV CRi, UJALUAL (4.63)
i=1
Therefore,
n(PY) < 2e. (4.64)
Estimates (4.62) and (4.64) yield that p(PY) < 3e. |

Lemma 4.4. The estimate [1(Q) < 3e holds. O
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Proof. Fori=1,... k, we define A;, A/, and R/ as in (3.24). As in the proof of Lemma 3.3,
the crucial observation in this proof is that for each i the simply connected hull of the

part

‘p(d)Hi].i (.All X Iiji X [O, 1]) M E(’m,yo)) (465)

of Q is a simply connected subset of A/. Indeed, according to property (P3);;,, the closed
and simply connected set ¢p,; (A{ x Lij, x [0,1]) is contained in A{ x L;j; x R, and so the
simply connected hull of ¢, (A{ x Lij; x [0,1]) N E(x, 4,) is @ simply connected subset of
Al x {(x0,Yo)}-

Again we denote by Q the simply connected hull of Q. According to definition
(4.10) of §; and yi, the k + 1 sets

[0,]], [21,21—1— ]] U [giygi -1-5] U [‘gi— E,gi}, i=1,...,k (466)

are mutually disjoint.

Case 1 (yo € [0,1]). According to identity (4.58) and properties (P2);;,—(P6)i;j, we have QN
Ai = Aj foralliand QN R! = @ if i # iy. In view of the above observation, we conclude
that

R Kk

QCRi, U JAIUAL (4.67)

i=1

In view of estimate (3.18) we, therefore, find that

n(Q) < etk =2e (4.68)

=l o

Case 2 (yo € [2i*,21* + 1 U [Ui~, Ui+ + 8] U [Ui~ — €,Yi+]). According to properties (P2)ij,—
(P6)i;,, we have QN Ay = @ foralliand QN R = @ifi ¢ {ip,i*}. In view of the above

observation we conclude that

k
QC Ry, URi- U | J AL (4.69)

i=1

Therefore,

w(Q) < 2e+e=3e. (4.70)
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Case 3 (yo ¢ [0,1] U U]f:] [21,214+ 1] U [Ui,Ui + 8] U [Ui — €,Ui]). According to properties
(P2)i;,—(P6)ij,, we have QN Ay = @ foralliand Q N R = @ if i # ip. In view of the

above observation, we conclude that

k
QcRi, U JAL (4.71)
i=1
Therefore,
n(Q) <e+e=2e (4.72)

Estimates (4.68), (4.70), and (4.72) yield that 1i(Q) = u(ﬁ) < 3e. This completes the proof
of Lemma 4.4. [ |

In view of Lemmas 4.3 and 4.4, estimates (4.5) and (4.6) hold true. The proof of

Proposition 4.1 is thus complete. [ |

4.2 End of the proof of Theorem 2.4(i)

Consider a partially bounded subset S of Z?"(m). There exists i € {2,...,n}and b > 0,
such that x;(S) C [~b,b], or yi(S) C [—b,b]. We can assume, without loss of generality,
that i = 2. If x(S) C [~b, b], we define the symplectomorphism o of R?(x,y) by o(x,y) =
(—y,x), and we let o be the identity mapping otherwise. Define the symplectomorphism
Tof R?(x,y) by

1 1
T(x,y) = <2b X Y + 2). (4.73)
The composition id, x(to 0) x idyn,_4 maps S into

B?(m) x R x [0,1] x R4, (4.74)

Fix k > 2. We choose a symplectomorphism « of R?(u,v), such that P¥Y € «(B?(m)). Let H €
H(R*) be the function guaranteed by Proposition 4.1. We define the smooth and bounded
function K : R’™ — R by

K(z1,22,23,...,2zn) = H(et(z1), (To 0)(22)). (4.75)
Since

suppH C PY x R? C «(B?*(m)) x R, (4.76)
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the support of K is contained in Z?™(7), and since ||H| < 2¢, we have
K[} = [[H]] < 2e. (4.77)

Moreover, the transformation law of Hamiltonian vector fields under symplectic trans-
formations shows that K € H(2n) and

bx = ((oc x (t06)) "o dro(ax(to 0‘))) % idan_4. (4.78)

For each subset S of Z?™(7r) and each point z = (x,y,z3,...,zn) € R?" 2 we have

ox(8)N D < ((ax (t00)) "o o) ((BA(m) x R x [0,1]) M Eey

(4.79)
= ((o " xid) o dpi) (a(B*(m)) x R x [0,1]) N Exr y)

where we set (x’,y’) = (T o 0)(x,y). Using the facts that it is monotone and &' preserves

i, inclusions (4.76), and estimates (4.5) and 7w — u(PY) < €, we can estimate

(b () N D2) < u(dbn(a(B?(m) x R x [0,1]) NEpery )
= w(pu(PY xR x [0,1]) NEq yry) + w(e(B*(m)) \ PY) (4.80)
<4e.

Since this holds true for all z € R?"~2 we conclude, together with estimate (4.77), that
sup i(¢x(S) N D) + K| < 6e. (4.81)
z

Recall that k > 2 was arbitrary, and that e = 7t/k. If S is unbounded, we therefore con-
clude that o(S) = 0. If S is bounded, we denote by ¢, t € R, the Hamiltonian flow gener-
ated by K. Since K is supported in Z°" () and since S is bounded, we find a ball B ¢ R?™"2
such that

U k() c B*(m) x B. (4.82)

te(0,1]

Choose a smooth compactly supported function f : R?*~2 — [0, 1] such that f[g = 1. The
function K : R2™ — R defined by

K(Z],Zz, .. ,zn) = f(zz, . ,zn)K(m . ,zn) (4.83)
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belongs to H.(2n). Moreover, ||EH < K] £ 2e and ¢¢(S) = dk(S). In view of estimate
(4.81), we therefore find

sup (b (S)ND.) +|[K]| < 6e. (4.84)

Since k > 2 was arbitrary, we conclude that o(S) = 0. The proof of Theorem 2.4(i) is

complete.

4.3 End of the proof of Theorem 2.4(ii)

Consider a partially bounded subset S of Z?™(7) which is contained in Z?™(a), for some

a < 7. Proceeding as above, we find that the composition id, x(to o) xid2,,—4 maps S into
B%(a) x R x [0,1] x R*™ 4, (4.85)

We choose k > 2 so large that a < u(Q). We then find a symplectomorphism o of R?(u, v)
such that

«(B*(a)) € Q,  «(B*(m) D P". (4.86)

We define K : R?™ — R by formula (4.75). Then K € 3{(2n) and |K|| < 2e. For each z =
(X%, Y,23,...,2zn) € R2"2 we have
dx(S)ND, C ((« ' xid) o dp)((B*(a)) x R x [0,1]) NEx y)

(4.87)
C ((of1 xid) o dn)(Q x R x [0,1]) NE(xr y)-

Using the facts that {i is monotone and o~ preserves {i, and estimate (4.6), we can esti-

mate

A(dk($)ND2) < H(Pn(Q xR x [0,1]) NEer y 1)
3 (4.88)

IN

Proceeding as above and recalling that we can choose k as large as we like, we conclude
that 6(S) = 0. The proof of Theorem 2.4(ii) is complete.

5 Measuring intersections by symplectic capacities

Up till now we have measured the intersections ¢(S) "D, by the outer Lebesgue measure
it and by {i. There are many other ways of measuring a subset of R? in a symplectic way.

We recall the following definition from [1, 5].
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Definition 5.1. A symplectic capacity on (R?, w) is a map c associating with each subset
T of R? a number c(T) € [0, 0] in such a way that the following axioms are satisfied.

(A1) Monotonicity: ¢(T) < c(T') if there exists a symplectomorphism ¢ of R? such

that (T) C T".

(A2) Conformality: c(AT) = A%c(T) forall A € R\ {0}.

(A3) Nontriviality: c¢(B?(m)) = 7.
A symplectic capacity ¢ on R? is called intrinsic if it satisfies the following stronger
monotonicity axiom.

(A1) Monotonicity: ¢(T) < c¢(T’) if there exists a symplectic embedding ¢ : T — T'.

Examples of intrinsic symplectic capacities on R? are the outer Lebesgue measure i, the
Gromov width [3] and the Hofer-Zehnder capacity [5]. Examples of symplectic capacities
on R? which are not intrinsic are 1, the first Ekeland-Hofer capacity [1] and the displace-
ment energy [4]. Indeed, for each of these symplectic capacities we have c(S') = 7, while
¢(S') = 0 for any intrinsic symplectic capacity. It is known that for any a € ]0, 7] there
exists a symplectic capacity c on R? such that c(S') = a, see [10, Proposition B.11].

For each subset S of Z?™(7r) and each symplectic capacity c on R?, we define

o(S;c) = infsupc(p(¢(S) N Dy)), (5.1)

©  x
where ¢ varies over all symplectic embeddings of S into Z?™ (7). With this notation we
have o(S) = o(S; ) and 6(S) = o(S, ).

Corollary 5.2. Consider a subset S of Z2™(7) and a symplectic capacity c on R?. Then
(i) o(S;c) = 0if cis intrinsic;
(ii) o(S;c) =0if S € Z*™(a) for some a < 7. O

Proof. Consider a bounded subset T of R?. According to [10, Theorem B.7] we have c¢(T) <
i(T) for every intrinsic symplectic capacity c on R?, and c(T) < 1i(T) for every symplectic

capacity ¢ on R?. Corollary 5.2 thus follows from Theorem 2.1. [ |

For each subset S of Z?™(7r) and each symplectic capacity c on R?, we define

on(S;c) :iﬂf{ sup ¢(p (1 (S) N Dx)) + ||HH}, (5.2)

where H varies over H.(2n) if S is bounded, and over H(2n) if S is unbounded. With this

notation we have o(S) = o (S; ) and o1 (S) = o (S, ).
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Corollary 5.3. Consider a partially bounded subset S of Z2"(7) and a symplectic capacity
c on R?. Then

(i) on(S;c) =0if cis intrinsic;

(ii) on(S;c) =0if S ¢ Z?™(a) for some a < . O

Proof. Corollary 5.3 follows from Theorem 2.4 in the same way as Corollary 5.2 followed

from Theorem 2.1. |
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