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ABSTRACT 

A new analytical method for designing holographic optical elements (HOEs) in 

focussing laser scanner applications is presented. These elements are designed 

to have minimum aberrations and optimum scan line definition. The required 

aspherical wave for recording an efficient volume holographic scanner is derived 

from a computer generated hologram (CGH). Moreover, the CGH corrects also 

the aberrations that arise from change of wavelengths between recording and 

readout of the scanning element. Such a change is imposed by the discrepancy 

between the spectral sensitivity of the photosensitive recording materials 

(typically <520 nm) and the wavelength of the readout sources (>630 nm. 

He-Ne. AlGaAs). 

It is shown that the analytical method can be easily applied to specific scan 

problems using second order approximation for the incident and the outgoing 

beams. The optimum design of a holographic disk scanner, which generates a 

straight line in space by a circular motion, is emphasized. The results reveal 

that the focussed spots along the straight line always contain astigmatism. 

However, by accepting small deviations from the straight line, the astigmatism 

can be eliminated and the quality of the focal spot can be improved. For 

example, we obtained spot diameters (at half intensity) of less than 85 (am for a 

maximum scan line déviation of ±8 Lim and less than 60 tim for a maximum scan 

line deviation of ±30 iim, at any position within the scan length of ±105 mm and 

an image plane distance of 300 mm. 

By extending the method to higher order approximations, it was found that 

aberrations perpendicular to the scan line can be reduced with appropriate 

corrections of the hologram phase function. However, astigmatism and other 

higher order aberrations, especially along the scan line cannot be removed 

completely, 



3 

CONTENTS 

1. INTRODUCTION 5 

2. THEORY 9 
2.1 Basic equations 9 
2.2 Scan equation 12 

2.3 Holography with astigmatic pencils of rays 14 

3. SCANNING CONFIGURATIONS 19 

3.1 Linear translation scanners 19 
3.2 Disk configuration scanners 24 

3.2.1 Scan equation and astigmatism 24 
3.2.2 Discussion of astigmatism 29 

3.2.3 Curved scan line 38 
3.3 Drum configuration scanners 42 

4. EXPERIMENTAL INVESTIGATIONS 46 
4.1 Realization of the holographic scanners 46 
4.2 Experimental set-up for measuring the performance 50 

of the scanners 
4.3 Specific scanner configurations and results 53 

4.3.1 Uncorrected scanner 53 
4.3.2 Straight-line scanner 57 
4.3.3 Astigmatism-free scanner 61 
4.3.4 Concluding remarks 62 

5. HIGHER ORDER ABERRATIONS 65 
5.1 General phase function 65 
5.2 The principle of the error function 70 
5.3 Higher order analysis for disk configuration scanners 72 
5.4 Design examples 75 

6. CONCLUSIONS 79 

ACKNOWLEDGMENTS 80 

APPENDIX: Ray tracing 81 

REFERENCES 83 



5 

1. INTRODUCTION 

Holographie optical elements (HOEsI can serve as the deflecting as well as the 

focussing element in laser scanners. They have been incorporated into super­

market point of sale systems [1.2], laser-beam printers [3] and are expected to 

be useful in a wide range of future applications [4,5]. The review article by G. T. 

Sincerbox |6] is a good general introduction in holographic scanners. In the 

following we shall briefly present the principles of holographic laser scanners, 

describe some basic configurations and recent developments, and then give a 

summary of our own work. 

Fig. 1.1. Principle of holographic laser scanners. 

A focussing HOE (holographic lens) can be realized by recording the 

interference pattern of two coherent spherical waves, a reference wave and an 

object wave, in a photosensitive holographic emulsion. By illuminating the HOE 

with a readout wave (e.g. a replica of the reference wave), the object wave is 

reconstructed and produces a focused beam. As the HOE is translated (Fig. 1.1), 

the image point moves also and generates a scan line parallel to the mechanical 

motion. This is a rather simplistic view of holographic deflection and is only 

intended to present the basic concept. 
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Rather than translating the hologram, the configurations with rotating elements 

are of greater practical interest. One such configuration, shown in Fig. 1.2, is the 

disk scanner, using a flat substrate and collimated illumination, proposed in 

1967 by Cindrich [7]. It has aberration-free reconstruction when the reference 

beam Is either parallel to the rotation axis, or originates from a point on the 

rotation axis. Another configuration with a rotating element, shown in Fig. 1.3. is 

the drum configuration scanner, demonstrated in 1975 by Pole and Wollenman 

18], where the hologram is on a cylindrical surface. The point of convergence of 

the outgoing wave remains in a plane orthogonal to the rotation axis, thereby 

simplifying the problem of getting a straight scan line. There exist many other 

similar configurations with spherical concave or convex surfaces (Beiser, et al. 

[9]. in 1973) and others, that work in transmission or reflection. Because of the 

rotational symmetry of these scanner types, the image point describes a circle 

or an arc. For some applications, such as point of sale systems, a curved scan 

line can be accepted. However, for other applications, such as laser printers, 

the straightness of the scan line and the spot quality are far more critical. 

Disk-like devices are relatively easy to manufacture. As a result, substantial work 

has been conducted for approximating a straight-line image by disk 

configuration scanners. A possible solution for designing a straight-line scanner 

is to employ an auxiliary optical element. For example, the design proposed 

1977 by Ih [10] uses a spherical deflector, whereas the design proposed 1981 

by Kramer (11], uses an imaging lens. Of course, it would be advantageous to 

avoid additional elements, if possible. This could be done by exploiting the full 

potential of HOEs, that are recorded with aspherical wavefronts. Indeed, having 

aspherical waves, it is possible to design almost any special HOEs. Aspherical 

wavefronts can be formed by properly combining several spherical waves [12], 

by exploiting specially designed optical systems [13], by using computer 

generated holograms (HOEs) [14], and so on. A step in this direction was made 

in 1976 by Bryngdahl and Lee [15]. using CGHs for holographic scanners. 

Another serious problem in holographic laser scanning that must be solved, is 

the wavelength shift between recording and reconstruction, which causes 

strong aberations. The wavelength shift is imposed by the discrepancy between 

the spectral sensitivity of the photosensitive materials (typically < 520 nm , for 

high efficiency holographic materials) and the wavelength of the 

readout sources (> 630 nm, for He-Ne or AlGaAs lasers). 
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Fig.1.2. Disk configuration scanner. 
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Fig.l ,3. Drum configuration scanner. 
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No matter how the hologram is produced, it is possible to represent the 

hologram structure by a phase function <I>(x,y). To find the ideal phase function 

* for a special scan configuration is, in general, a complex problem. Possible 

solutions involve numerical optimum design methods, similar to the ones 

commonly used for optimizing lens systems in classical optics. A merit function 

has to be defined, which describes the scan quality, and by changing the 

wavefront parameters this merit function is minimized (16,17], Such methods 

work well to fìnd a local minimum for the specified configuration, but do not 

yield informations about a general solution, nor about the influence of the 

different parameters. An alternative method to determine the hologram phase 

function Q> analytically, first introduced in 1983 by Winick and Fienup, is based 

on minimizing of the mean-squared wavefront [18,19]. This method, however, 

was never applied for designing holographic scanners. 

This thesis presents a new analytical method [20,21], which is differential 

rather than integral, for determining the phase function necessary to solve 

particular scan problems. With this method it is possible to determine the basic 

behaviours of scanners and the results are not limited to a special choice of 

phase functions <t> for describing the hologram. Furthermore,.since the results 

are more explicit, it is possible to determine the influence of the geometrical 

parameters and the scan line geometry on the spot quality, thereby yielding 

improved scanner configurations. 

In the remainder of this thesis, chapter 2 introduces the basic principles and 

develops the generalized scan equation. The application of the analytical method 

to specific scan configurations (3.1 Linear translation scanners, 3.2 Disk 

configuration scanners, 3.3 Drum configuration scanners) is easily possible using 

second order approximation for the incident and the outgoing beams. The 

emphasis is on the optimum design of holographic disk scanners (section 3.2). 

which generate a straight line in space by a circular motion. In the experimental 

part (chapter 4) disk scanners are realized with a wavelength shift between 

recording (514 nm) and reconstruction (633 nm). The scan quality (line 

straightness and spot quality) are compared with the theoretical results. To 

determine the degree of freedom for higher order corrections, the theory has 

been extended up to fourth order (chapter 5). The quality of the analytical 

solutions is examined by geometrical ray tracing. 
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2. THEORY 

2.1 Basic equations 

A laser beam is deflected and focussed by a holographic optical element (HOE), 

which can be described by a phase function O(x.y). While displacing the HOE, 

the incident beam moves along a line x(s) in the hologram plane and the image 

point describes another line y(t} in space (Fig.2.1). In order to generate a 

particular line y(t) in space, it is necessary to determine the appropriate phase 

function <I>(x,y). 

Fig.2.1. General scan configuration. The hologram moves along a line x(s) in the hologram plane and 

the image point describes another line y(t) in space. 

A local coordinate system u,v,w is introduced, so that the w-axis is normal to 

the hologram plane. During the scan motion, this coordinate system Is fixed in 

space, as are the incident laser beam and the generated line y(t). The origin of 

the system u.v.w is at the center of the incident laser beam in.the hologram 

plane and on the line x(s). For each position t on the line y(t) the local phase 

function *F(u.v.t) In the hologram plane can be written as 

^(u.v.t) = 4> (u.v.t) - Or(u.v). (2.1) 
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where O describes the phase of the outgoing wave, focussed on the line yft), 

and <Dr represents the phase of the incident reconstructing laser beam. 

The coordinate system x,y is fixed in the hologram plane and moves with it 

during the scan. The incident laser beam moves in the hologram plane on the 

line x(s). At each point on x(s), characterized by the parameter s, the incident 

beam reconstructs a point on the line y(tj, characterized by the parameter t. 

Therefore, within the pupil of the laser beam centered at the point s. the phase 

function <J>(x.y) of the hologram should be identical to the phase function 

^Ffu.v.t) given in Eq.(2.1). In general, this condition cannot be fulfilled rigorously 

for all points of a continuous scan. To get at least a local match of the two phase 

functions <1> and 1P. they are both expanded in Taylor series about the point x(s). 

which corresponds to the origin of the u.v- coordinate system, viz. 

0(U1V1S)=Ci(X(S))+ — | s U1 + I 5 U1 u, + . . . . (2.2) 
du, 2 3u,3u. 

i.j = 1.2, 
31F i 1 32T i 

^(u.v.t) = m O . t ) + — l t U1+ LJLJL- 11 U1U.+ . . . . (2.3) 
dut 2 dUjôu. 

Here and in the following, two notations are used for (he components of the 

spatial vectors, namely u = (u.v.w) = (u,.u2.u3) and x = (x.y.z) = (X11X21X3). 

We require now, that the two series are equal up to second order, where the 

first order derivatives determine the direction and the second order derivatives 

the curvature of the outgoing wave. This yields the following six conditions: 

<D(x(s)) = vF(0,O,t), (2.4) 

i.j= 1,2, (2.5) 

(2.6) 

To find the phase function 3>(x.y), the relations between the derivatives in the 

two coordinate systems x.y and u,v have to be established. These relations 

depend on the geometry of the particular scan problem, and can be formally 

30> I 
r— Is 
3U1 

a2o> I 

3u(3u, 

= 

's 

31F I _ _ | t = 
3u, 

32Y 

dujdu, 

i iyu . 

It^hglt) 
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expressed with the aid of five functions f, and f,,, namely 

» I8 = ^ l 8 ) . (2-7) 

3Xj3xj A^ ou tdum 

Introducing Eqs.(2.5) and (2.6) in Eqs.(2.7) and (2.8), yields 

S = W P g 1 I t ] , (2.9) 

82O 

Sx1 

3x. ̂Xj 
^ f y t h . f U . h ^ t ^ g ^ t ) . (2-10) 

The five relations of Eqs.(2.9) and (2.10) have to be fulfilled simultaneously by 

one and the same phase function <D(x.y) along the line x(s). Thus. Eqs.(2.9) and 

(2.10) determine all possible solutions, for which the outgoing wave has the 

desired direction and the desired curvature, 

For the solution of a particular scan problem, it is necessary to determine first 

the functions h,(t) and h|.(t). They are. following Eqs.(2.5) and (2.6), equal to the 

first and second derivatives of the local phase function Tfu.v.t) [Eq.(2.1)] 

required at the origin (u=v=0) to focus the outgoing wave into the point t along 

the line y(t). In addition, one has to establish'for the particular scan geometry 

the relations (fit fi() between the derivatives in the two coorti Jnatc systems x.y 

and u.v IEqs.(2.7) and (2.8)] to get finally the Eqs.(2.9) and (2.10) in explicit 

form. The value of the phase function <t>(x.y) along x(s) lEq.{2.4)] follows by 

integration of Eq.(2.9). In section 2.3 it will be shown that, in general, an 

astigmatic solution can be found by this way for any particular scan problem. 

Later, in chapter 5. higher order aberrations will also be considered. 
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2.2 Scan equation 

As mentioned above, Eqs.(2.9) and (2.10) describe all possible solutions. Of 

special interest is the relation between the two scan parameters s and t. If the 

incident laser beam falls onto the hologram with the beam center at a point s on 

x(s), it will reconstruct a well defined point t on y(t); thus, t is related to s. To 

find the scan function t(s). it is necessary to follow the evolution of the first and 

second derivatives of <P(x,y) along the line x(s). They are given by 

(2.11) 
d o 9<D dx 33> dy 

ds dx ds dy ds 

d2<D_ 92O dx 2 d2d> 

ds 2 9x2 ds dydx 

32O ,dy l 9 B2Q 
+ — - (^-) 2 + 

c'y2 ds dxdy 

ds 

dx 

ds 

dx 

ds 

dy_ 

ds 

d<t> d 2 x 

dx ds2 

9<t> d2y 

By ds 2 

(2.12) 

Using Eqs.(2.9) and (2.10) yields the following conditions for the derivatives 

along the line x(s): 

** I 8 = J 1 W ^ + 8 1 M * . (2.13) 
ds ds ds 

d2d> i , . , dx . , , . dy dx , . d2x 
T T - l s - f i i i M t - r - ) 2 + & i l t ) - ~ - r + g i ( t ) T T ds z -ds ds ds ds^ 

+ g22(tÄ+g,2(t,f fUfclt)i£L 
ds ds ds ds-̂  

(2.14) 

Equations (2.13) and (2.14) are derivatives of one and the same phase function, 

so they are not independent. The change of the first derivative along s must be 

equal to the second derivative, which means that 

d , d<D I , d2d> I 
— ( — ls) = — - l s • ( 2 1 5 ) 
ds ds ds2 

Introducing Eqs.(2.13) and (2.14) into Eq.(2.15) and using g12 = g2] yields the 
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scan equation 

dt dg. dx dg9 dy dx dy dx dy 
- ( — — + — — ) - g l l ( — ) 2 - g 2 2 (—) 2 - 2g1 2 = 0. (2.16) 
ds dt ds dt ds ds ds ds ds 

which is a differential equation for the scan function t(s). The function t[s) is 

obtained by.integrating Eq.(2.16) and is therefore completely determined by the 

geometry of the scan problem. As a consequence, the scan motion on the line 

x(s), necessary to perform a certain scan length on the line y(t), is given by t(s) 

and cannot be chosen freely. 
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2.3 Holography with astigmatic pencils of rays 

When limiting the Taylor expansion to only two orders, the outgoing wave can 

be described as an astigmatic pencil of rays (Fig.2.2). It is characterized by the 

direction of propagation, given by the wavevector k, and the two focal lines at 

the distances P1 and p2. respectively. This corresponds to a second order, 

approximation, where astigmatic waves can occur [22]. In this approximation, 

the optical phase is found to be 

(JIp(XJ = <t>TO + ( — ) X1 + — (——) X1 X, 
dXt 2 3X1SXj z 

i.j = 1.2,3. (2.17) 

The Z-axis is chosen to be parallel to the direction of propagation, so that 

OOp/dX) = 0, @$p/3Y) = 0 and [d^p/dZI = k, where k = 2K/X is the wavenumber. 

The curvature of the wavefront is then described by the three-dimensional. 

symmetric tensor with the components K^x= a. iCyy = b, and Kx^ = Kyx = c. as 

Z\ 
KiJ = 

axjSXj 
= k 

a c 0 

c b O 

0 0 0 

(2.18) 

\ ] 

> 

Pz" ^ ^ ~ ~ ^ 
Pl 

X 

"ìy 

/ I k 

JK Y' 
Y 

Fig.2.2. Astigmatic pencil of rays. 
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Diagonalization of the tensor vi( yields the principal direction y and the 

principal radii of curvature P1 and p2 (Fig.2.2). 

tan2\|/ = 2 c / ( a - b ) . (2.19) 

1/p,,P2 = (l/2)(a + b) ± [(l/2)(a - b) cos2\|r + c sin2\|/]. (2.20)-

From Eq.(2.20) the mean radius of curvature pm . i.e. the distance to the circle of 

least confusion, and the astigmatism A are deduced as 

l / p m = (1 /2) (1 / P ] + l/p2) = (]/2)(a + b), (2.21) 

A = ( l / 2 ) ( l / p j - l/p2) = ( l / 2 ) ( a - b ) c o s 2 y + cs in2y . (2.22) 

Using Eq.(2.19) the amount of astigmatism can be written differently as 

A2 = (a - b)2/4 + c2 . (2.23) 

The phase in the hologram plane H'(u,v) is essentially governed by the condition 

of phase matching, which reads 

T(uH) = <yuH) - Or(uH), (2.24) 

where r means the reconstructing reference and P the reconstructed astigmatic 
wave front. Therefore the phase distributions for each pencil of rays in the 
hologram plane has to be calculated first. The geometrical relation between the 
hologram plane and the reconstructed pencil of rays is sketched in Fig.2.3. The 
direction of propagation is given by two angles a and ß. so that the components 
of the wavevector k are 

ku = k sinp, \ , = k since cosß. k ,̂ = k cosa cosß, (2.25) 

with - n /2 < a < JT/2, - n/2 < ß < Ji/2 and k = 2 n/X. 

Note that the wavevector k is assumed to point in the positive direction of the 

w-axis. This restriction is necessary to distinguish between divergent (p > 0) 

and convergent (p < 0) waves. 
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Fig.2.3. Geometrical relation of the hologram plane (u,v) and a pencil of rays. The wavevector k is 

parallel to the Z-axis. k' is the projection of k onto the plane (v,w). 

The transformation from the (X.Y.Z) to the (u.v.w) coordinates is performed by 

two subsequent rotations. The first is around the Y-axis by the angle ß and the 

second is then around the u-axis by the angle o. The corresponding 

transformation matrix R is found to be 

R = 

cosß 0 sinß 

- sina sinß cosa sina cosß 

.- cosa sinß - sina cosa cosß 

(2.26} 

Furthermore, the direction of the outgoing wave and the tensor of curvature 

have to be projected onto the hologram plane. This projection tensor P becomes 

in (u.v.w) coordinates 

P = 

1 0 0 

O 1 0 

L o o o 

(2.27) 
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For the direction m p of the outgoing wave and the tensor of curvature %p in the 

hologram plane follows then 

nip = P R k = k (sinp, sina cosß), 

XP = P R K R - 1 P = 

(2.28) 

(2.29) 

a cos2ß -a sina sinß cosß + e cosa cosß 

.-a sina sinß cosß + e cosa cosß a sin2a sin2ß - 2c Sina cosa sinß + b cos2a 

where k and K are given in the (X1Y1Z) system and m p and Xp ir* the hologram 

plane (u.v). 

During the scan motion the direction of propagation k and the curvature K of 

the outgoing wave will change with the scan parameter t (Fig.2.1). This means 

that both Eqs.(2.28) and (2.29) are functions oft through a(t), ß(t), a(t), b(t) and 

c(t). To generate a particular scan line y(t) in space, these functions have to be 

established from geometrical considerations. For a straight line y(t) in space, 

the direction of the outgoing wave remains in a plane, which can be assumed to 

contain the u-axis of the hologram plane (Fig.2.3). In this case, a is constant 

during the scan (a = const). 

The incident beam (C>r) can be treated in the same second order approximation. 

It keeps its position in space during the scan motion. The direction of 

propagation is now characterized by the two angles y and 5. where y 

corresponds to a and 5 to ß in Fig.2.3. We assume that the incident wave is 

spherical with radius p. which means that a = b = 1/p and c = O. Thus the 

direction m r and the tensor of curvature xr of the incident wave in the 

hologram plane become 

m r = k (sino, siny cos5), 

X r=(k/p) 
cos28 - siny sinS coso 

_- siny sin5 cosò sin2y sin25 + COS2Y 

(2.30) 

(2.31] 

Using the relations of Eqs.(2.28) to (2.31), the local phase distribution in the 
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hologram plane can be calculated up to second order from 

V(uH.t) = V0 + mT uH + (l/2)(uH)T x uH , (2.32) 

where m and x are obtained from the condition of phase matching in Eq.(2.24). 
to yield 

m(uH.t) = (—lt) = mp(uH.t) - mr(uH) = hj(t). ' (2.33) 

X(uH.t) = (- lt) =Zp(uH.t) - Zr(uH) = 13I1W- (2-34) 
dUjCfu, 

Equations (2.33) and (2.34) describe the first and second derivatives of the local 
phase function H'tu.v.t), i.e. hj(t) and h f̂t) in Eqs.(2.5) and (2.6). In order to 
proceed and determine the hologram phase function 0(x,y), the relations 
between the derivatives in the two coordinate systems x,y and u,v have to be 
established. They depend on the geometry of the scanning configuration, and, in 
particular, on the motion x(s) of the incident beam in the plane of the HOE 
scanner. This will be done for three different scanning geometries in chapter 3. 
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3. SCANNING CONFIGURATIONS 

In this chapter three different scanning configurations are analyzed, namely 

linear translation scanners, disk configuration scanners and drum configuration 

scanners. 

3.1 Linear translation scanners 

We shall first explore the linear translation scanners, where the hologram 

moves along a straight line x(s) and the outgoing wave generates also a straight 

line y(t] in space, as shown in Fig.3.1. The linear motion of the hologram is 

assumed to be parallel to the generated line y(t) and parallel to the x-axis, 

which is therefore also parallel to the u-axis. In this situation, it is convenient to 

use x as the scan parameter s in the hologram plane (x = s) and the deflection 

angle ß as the scan parameter t in space (ß = t). The derivatives of O in the two 

coordinate systems x,y and u.v jEqs.(2.7) and (2.8)1 are then simply related by 

3d> _ dd> 52O 

9x, 9u, 

B2O 

3Xj3x, dujöu, 
i,j = 1,2. (3.1) 

I n c i d e n t 
beatn-s. 

/ \ 
V 

x (s 

- * 

y 
p 

X 

U 

Holoqram 

»-- \^^^ 

JsX* w 

f 

**js^ 

y CO— 

Fig.3.1. Linear motion x(s) of the hologram to generate a straight line y(t). 
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Introducing these relations into Eqs.(2.9) and (2.10). yields for the derivatives 

of <&{x,y) on the scan line x(s) = (x, y=0) 

^ L 0
 s eßi = h,(ßi. ^ - ly=o = ftjiP) = h,(ß). (3.2) 

Bx1 ôx,ctx, 

where h( and h,. are given by the local phase Tfu.v.ß) required for the desired 

outgoing wave [Eqs.(2.5) and (2.6)]. 

Using second order approximation, the functions hj(ß) and hjj(ß) can be 

obtained with the help of Eqs.(2.33) and (2.34). For the scan geometry shown in 

Fig.3.1, with a * 0 and 0 = 0 , follows 

h1 = k sinß. h 2 = k (sina cosß - sin-y), (3-3) 

h H = k ( a c o s 2 ß - 1/p). (3.4a) 

h ] 2 = h2 1 = k (e cosa cosß - a sina sinß cosß), (3.4b) 

h 2 2 = k (a sin2a sin2ß - 2 c sina cosa sinß + b cos2a - cos^y/p). (3.4c) 

To get the scan equation [cf. Eqs.(2.15) and (2.16)] and the phase function 

<£(x,y), it is necessary to follow the development of 0(x,y) along the scan line 

x[s) = (x. y=0). Perpendicular to the scan line, i.e. in the y-direction, a second 

order (parabolic) approximation of O(x.y) will be sufficient to satisfy Eqs.(3.2). 

Therefore, the phase function may be written as 

*(x.y) = k Ia0[K) + a,(x) y + (1/2) a2(x) y2]. (3.5) 

Applying Eqs.(3.2), (3.3) and (3.4) to Eq.(3.5). yields finally 

a0 ' = sinß. a0" = a cos2ß - 1/p. (3.6) 

aj = sina cosß - siny, a / = e cosa cosß - a sina sinß cosß. (3.7) 

a2 = a sin2a sin2ß - 2 e sina cosa sinß + b cos2a - cos2y/p. (3.8) 
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with ' = d /dx and " = d 2 /dx 2 . 

An ideally focusscd (spherical) outgoing wave requires that a = b = - cosß/f and 

c = 0, where f is the distance between the hologram and the image plane 

IFig.3.1]. 

Since the relation a0" = d(a0 ')/dx has to be fulfilled, Eqs.(3.6) yield the scan 

equation 

dß/dx-a(ß) cosß + l/{p cosß) = 0, . (3.9) 

where a(ß) = - cosß/f. Equation (3.9) determines the relation ß(x) between the 

scan angle ß and the displacement x of the hologram. 

Similar to Eq.[3.9), it is necessary to fulfill a^ = daj /dx, which yields from 

Eqs.(3.7) 

dß/dx - a(ß) cosß + c(ß)/(tancc tanß) = 0. (3.10) 

Since the scan equation (3.9) and Eq.(3.10) have to be satisfied simultaneously, 

then for c(ß) we obtain the condition 

C(P) = t ana sinß/(p cos2ß). (3.11) 

As can be seen from Eq.(2.23), c essentially determines the astigmatism A of 

the outgoing wave. It becomes minimal ( IAI = I c I ) for a = b. This condition can 

be satisfied by choosing a2 from Eq.(3.8) accordingly. As a consequence, there 

remains an astigmatism IAI= IcI, given by Eq. (3.11). with the principal 

direction y = 45 deg [Eq.(2.19)1. The astigmatism is equal to zero for ß = 0. but 

it is not possible to maintain A equal to zero for all scan angles ß, unless the 

incident wave is plane (p = «) or the scan plane is perpendicular to the 

hologram (a = 0). 

In summary, it is possible to find a well defined phase function O(x.y) |Eq.(3.5)] 

for the hologram, which produces within second order approximation an ideally 

focussed (spherical) wave on a straight line in space. 
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For a better understanding of the scan equation, it is convenient to replace the 

angle ß by the scan length L = f tanß in the image plane (Fig.3.1), so that 

Eq.(3.9) becomes 

dL/dx = - [1 + f/(p COS3P)]. (3.12) 

The right hand side of Eq.(3.12) is the differential magnification M of the scan. 

namely the ratio between the movement dL of the focus on the line y(t) and the 

displacement dx of the hologram. In the case of a plane incident wave (p = «), 

one obtains M = I , which means that the displacement of the hologram is equal 

to the scan length. If the incident wave is divergent (p > O). then M >1 and the 

displacement of the hologram becomes smaller than the scan length. 

To get more informations, including higher order aberrations, of these second 

order solutions, we have applied geometrical ray tracing (Appendix) to the 

holograms described by Eq.(3.5). The calculations have been made for a distance 

from scan line to hologram off= 300 mm, a divergent incident beam with p = 

50 mm and a diameter D = 5 mm of the beam in the hologram plane (Fig.3.1). 

To avoid astigmatism, the inclination of the scan plane was chosen to be a = 0 

[Eq.(3.11)]. Figures 3.2 show the spot diagrams for three hologram positions x 

with the corresponding scan lengths L = O, 67.9 and 105 mm. The inclination 

of the incident wave is y= 0 deg in Fig.3.2(a) and 7= - 10 deg in Fig.3.2[b). The 

second case shows strong higher order aberrations in the y-direction. which are 

caused by the inclination of the incident beam. These aberrations, 

perpendicular to the scan line x(s), can be corrected by introducing adequate 

higher order terms a((x) in the phase [Eq.(3.5)], whereas in the direction of the 

scan line (x-direction), the aberrations are completely determined by the 

solution of the scan equation (3.9). 
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Fig.3.2. Spot diagrams for three linear hologram positions x, corresponding to the scan lengths L. The 

geometrical parameters (Fig.3.1) are f = 300 mm, D = 5 mm, p =50 mm, a = 0deg and 

a) y = 0 deg, 

b)y=-10deg. 
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3.2 Disk configuration scanners 

Disk configuration scanners are widely used in holographic scanning, because, 

they are relatively easy to manufacture. In this section, the problem of 

generating a straight line by a circular motion of a holographic disk scanner will 

be discussed in detail. 

3.2.1 Scan equation and astigmatism 

In the case of a circular motion, the hologram rotates around the z-axis (Fig.3.3) 

with the rotation angle ¢. The line x(s) is a circle of radius R and so it is 

convenient to use <J> as the scan parameter s in the hologram plane (ij) = s). The 

generated line y(t) Is again a straight line, and the deflection angle ß will be 

used as the scan parameter t in space (ß = t). The generated line is assumed to 

be parallel to the hologram plane, with the scan plane tangential to the 

hologram motion, which means that the u-axis is tangential to the circle x(s) 

(Fig.3.3). Instead of cartesian coordinates x,y, polar coordinates r.<*> are 

introduced in the hologram plane. The derivatives of the phase function O in the 

two coordinate systems r,<J> and u,v on the circle x(s) = (r=R. ¢) are then related 

by 

9£ = R i^. ?*=!*. (313) 
3$ 3u 3r 3v 

3<J»2 Bu2 3v 3rd$ 3u3v 3u 3r2 dv2 

Introducing these relations into Eqs.(2.9) and (2.10), yields for the derivatives 

of <D(r.<>) on the scan line (r = R) 

30 dO 
- = Rh,(P). — = h2(ß). 
d«> • 3 r 

32O „ 32O 
a— = R2 h u (ß) - R h2(ß) • °— = Rh ] 2(ß) + 1I1(P)1 

3<fi2 dr30 

32O 

or2 = h22(ß). 

(3.15) 

(3.16) 

where Yi1 and h,. are given by the local phase ^(u.v.ß) required for the desired 

outgoing wave |Eqs.(2.5) and (2.6)]. 
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Fig.3.3. Circular motion x(s) of the hologram (rotating disk) to generate a straight line y(t) in space. 

As in the case oflinear motion, we assume for the phase function O M ) a 
second order (parabolic) approximation perpendicular to the scan line. 
Therefore, the phase function may be written, similar to Eq.(3.5), as 

O M ) = k Ia0M + a ^ ) (r - R) + (1/2) a2(<t>) (r - R)2]. (3.17) 

Using second order approximation, the functions hjfßj and h(.(ß] can be 

obtained with the help of Eqs.(2.33) and (2.34) for the scan geometry shown in 

Fig.3.3 with 5 = 0 . Introducing the results into Eqs.(3.15) and (3.16), yields 

finally 

a0 ' = R sinß, a0" = R2(a cos2ß - 1/p) - R(sina cosß - sirrtf. (3.18) 

S1 = Sina cosß - siny, a / = sinß + R(c cosa cosß - a Sina sinß cosß). (3.19) 

a2 = a sin2a sin2ß - 2 c Sina cosa sinß + b cos2a - cos2y/p, (3.20) 

with ' = d/d<t> and " = d2/d<(>2. 
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Since the relation a0" = d(a0')/cty has to be fulfilled, we obtain from Eqs.(3.18) 

the scan equation 

dß/d$ - R a(p) cosß + R/(p cosß) + sino - siny/cosß = O, (3.21) 

which determines the relation ß($) between the scan angle ß and the rotation <> 

of the hologram for a given curvature a{ß) of the outgoing wave in the scan plane. 

The geometry shown in Fig.3.3 requires for ideal focussing that a(ß) = - cosß/f; 

therefore, the scan equation becomes 

dß/dtfi = R I- cos2ß/f - l/(p cosß)] - Sina + siny/cosß. (3.22) 

As in the derivation of Eq.(3.21), and since the relation a j ' = da , / d$ must be 

fulfilled, we obtain from Eqs.(3.19) 

dß/d<t> - R a(ß) cosß + 1 /since + R c(ß)/(tana tanß) = O. (3.23) 

Now the scan equation (3.21) and Eq.(3.23) have to be satisfied simultaneously. 

Thus for c the condition becomes 

c(ß) = (tanß /R) I (tana/ cosß) (R/ p - siny) - cosa). (3.24) 

As can be seen from Eq.(2.23), c essentially determines the astigmatism A of 
the outgoing wave. It becomes minimal ( IAI = I c I ) for a = b; this condition can 
be satisfied by choosing a2 from Eq.(3,20) accordingly. As a consequence, there 
remains an astigmatism IAI = IcI, given by Eq.(3.24), with the principal 
direction Y = 45 deg |Eq.(2.19)]. The astigmatism is equal to zero for ß = 0, but 
it is not possible to maintain A equal zero for all scan angles ß. 

Figure 3.4 shows the astigmatism A represented by c(ß) xR as a function of the 

scan angle ß for an inclination a = 45 deg of the scan plane. In the case of a 

hologram designed for an incident plane wave (p = °°. y = - 45 deg, case I), the 

astigmatism grows continuously with the scan angle ß. A better solution can be 

obtained, if the hologram is designed for a convergent spherical incident wave 

(case II), which compensates for the astigmatism at the end of the scan. From 

Eq.(3.24), we find that p/R = - 25 for c = 0 at a scan angle of ß = 19 deg. 

Alternatively, by changing the angle of the incident wave to y = 0 deg. a similar 



27 

improved solution can be obtained for a divergent wave of p/R =1 .5 (case III). In 

general, other favorable geometries for minimizing the average astigmatism may 

be found from Eq.(3.24). 

X 
LJ 
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0.01 -

0.00 

-0.01 

-

I I I I 

I/ 

/ II 

10 15 

BETA (DEG) 

20 25 

Fig.3.4 Angular dependence of ihe astigmatism A represented by the product of c(ß) x R, where R is 

the disk radius: 

I) Plane incident wave p/R = », a = 45 deg, y - - 45 deg, 
II) Convergent incident wave p/R = - 25, a = 45 deg, y = - 45 deg, 

III) Divergent incident wave p/R - 1.5, a = 45 deg, Y= Odeg. 

As in the case of linear motion, we have applied geometrical ray tracing to the 

holograms described by Eq.(3.17). The calculations were done for a distance 

from scan'line to hologram off = 300 mm. a beam diameter D = 5 mm and a 

radius R = 40 mm in the hologram plane. Figure 3.5(a) shows the results for an 

incident plane wave (case 1) at three different rotation positions <J)R of the 

holographic scanner, namely $R = 0, 6.2, 12.4 deg, which correspond to ß = O, 

9.6, 19.3 deg. respectively. The maximum scan length in the image plane is L = 

f tanß = ±105 mm. The arc length on the circle in the hologram plane used for 

this scan is only ±8.6 mm, which'is quite small for a beam diameter D = 5 mm. 

Therefore, the higher order aberrations are expected to be considerable. 
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Fig.3. 5. Spot diagrams for three circular hologram positions 0R (PHlK), corresponding to the scan 

angles ß. The geometrical parameters (Fig.3.3) are f = 300 ram, D = 5 mm, R = 40 mm. 

(a) Plane incident wave p = «, a = 45 deg, 7 - - 4 5 deg (case I), 

(b) Convergent incident wave p = - 1000 mm, a = 45 deg, y = - 45 deg (case II), 

(c) Divergent incident wave p = 60 mm, a = 45 deg, y = 0 deg (case 111). 
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Figures 3.5(b) and 3.5(c) show the spot diagrams for the better solutions with 

respect to astigmatism, using a convergent incident wave (p = - 1000 mm, case 

II) and a divergent incident wave (p = 60 mm. case III), respectively. The 

improvement is quite evident. 

As seen from Fig.3.5. the focal spots are asymmetric. Although the principle ray 

follows a straight line, the center of gravity of the spot deviates slightly. Our 

numerical ray-tracing calculations revealed, that these deviations are less than 

±18 |im for a beam diameter of D = 5 mm and less than ±8 \im for D = 3 mm. 

Note that the phase * is described up to second order by Eq.(3.17). Equations 

(3.18) to (3.20) show, that in the direction of the scan line z(s] = (r=R, ¢), the 

solutions for <D are completely determined by the first and the second order 

terms, whereas, perpendicular to the scan line, corrections with higher order 

terms are still possible. We shall explore the effect of such higher order terms 

in chapter 5. 

3.2.2 Discussion of astigmatism 

The function c(ß) [Eq.(3.24)] essentially determines the astigmatism A of the 

outgoing wave by Eq.(2.23). We shall now consider c(ß) and its influence on the 

spot quality during scanning in greater detail. The astigmatism can be 

minimized for many of different geometrical arrangements. Instead of checking 

them all, we shall first extract the basic parameters of c(ß). and then determine 

their behaviour for representative arrangements. 

Equation (3.24) shows that c(ß) is an odd function, so that c(ß) = - c(-ß). In 
general, as shown in Fig.3.4, the functions c(ß) are equal to zero at the origin (ß 
= 0) and again at another angle ß0; for the special case of curve I in Fig.3.4, ß0 is 
also equal to 0. Introducing ß0 as a parameter, Eq.(3.24) can be simplified to 

• c(ß) = Etanß cosa/R)[(cosß0/cosß) - 1], (3.25) 

where 
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cos ß0 = (tana/cosa) [(R/p) - siny]. (3.26) 

During the scan motion the disk rotates around its axis and ß increases up to a 

maximum given by the total scan length. Thus, in Eq.(3.25) three remaining 

basic parameters can be modified in order to reduce the astigmatism: (1) the 

angle ß0. where c(ß) is zero. (2) the inclination a of the outgoing wave and (3) 

the disk radius R. Note that all disk configurations, regardless of their 

geometry, which have the same basic parameters, will have the same 

astigmatism. For example, in the two cases shown in Fig.3.4, one has a 

convergent incident wave at y = 45 deg (case II) and the other a divergent 

incident wave at y = O deg (case 111), yet their astigmatism [c(ß)I behaviors are 

identical. 

Equation (3.25) shows, that the astigmatism decreases with an increasing a and 

disappears for a -» 90 deg. Also, that the astigmatism varies linearly with the 

disk radius R. However, in addition to astigmatism, there are other factors that 

influence the spot quality; for example, higher order aberrations and the pupil 

size. Therefore, to Include the effects of the pupil size and higher order 

aberrations, the holographic disk scanners are analyzed with the aid of the ray 

tracing method explained in the Appendix. 

Using the ray tracing method, the spot quality can be represented by the spot 

diagrams, as shown, for example, in Fig.3.5. The points in this diagrams, given 

by the vectors x( = (x,,y(), are the intersection points of the traced rays with the 

image plane. To compare the quality of the different spot diagrams, a merit 

function for aberration EA, is introduced 

EA = [(Z I x, • (X1) 1
2/N),]max. j = 1.2 M. (3.27) 

where (Xj) = Z Xj/N is the gravity point of the spot diagram, N the number of 

rays (index i) traced for each scan position and M is the number of positions 

(index j). In general, the function EA is determined for several positions of 

rotation, uniformly distributed over the hologram; from the origin <>R = O, (ß = O) 

to the maximum scan angle. In our case, the function EA was calculated for 5 

scan positions, and at each position a bundle of 49 rays was traced. 
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We shall now discuss the influence of the basic parameters ß0, a and R on the 

astigmatism |Eq.(3.25)I as well as to the spot quality (ray tracing] for some 

typical examples. Especially disk scanners are considered with radius R = 40 

mm, hologram to scan line distance f = 300 mm and an exit pupil diameter D = 

5 mm (for ß = 0 ). The exit pupil is kept constant for the different scanner 

geometries, so as to always compare solutions with the same diffraction limited 

spot size. The scan length L is related to the deflection angle ß by L = f tanß 

(Fig.3.3), where L = ±105 mm and ß = +19.3 deg at the end of the scan. The 

wavelength X appears as a scale factor (k = 2 K A ) in the hologram phase function 

0(r,0) given by Eq.(3.17); therefore. X does not influence the corrections. 

1) Influence of ß0 

Earlier we arbitrarily set ß0 at 19 deg. Now we shall vary ß0 continuously to 

determine, in more detail, its influence on the spot quality. Two different 

geometrical disk configurations were considered. One was a symmetrical 

arrangement with an incident plane wave p = « and a = - j . The variation of ß0 

was achieved by varying a (= - y) according to Eq.(3.26). This arrangement is 

advantageous for realizing high efficiency volume holograms; the fringes in the 

holographic emulsion are approximately perpendicular to the hologram plane 

(exactly perpendicular in the center) and so. emulsion shrinkage does not 

change the grating geometry. The other configuration was non-symmetrical 

with a = 45 deg and y = 0 deg. so the incident wave was parallel to the rotation 

axis of the disk. Here, the variation of ß0 was achieved by changing the curvature 

p of the incident wave |Eq.(3.26)]. The calculated results of the merit function 

for the two configurations were very similar, so only the results for the 

symmetrical arrangement are given in Fig.3.6. As shown, the minimum occurs at 

ß0 = 19.5 deg. which is near the scan end ßE (= 19.3 deg). 

The behaviour of the astigmatism A. described by c(ß), for the minimum (ß0 = 

19.5 deg) is presented in Fig.3.7. Starting at the origin, the function c(ß) grows 

to an extremum. changes its direction, strikes the zero-axis at ß0 and grows 

again until the edge of the aperture in the hologram plane at Op. which 

corresponds to the deflection angle ßp. 
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Figure 3.8 shows the spot diagrams for the best solution with respect to the 

merit function EA for the symmetrical configuration, using an incident plane 

wave p = « and the angles a = - Y= 44.15 deg (ß0 = 19.5 deg). There are few 

aberrations in the scan center <J>R = 0, and then the aberrations increase. 

Nevertheless, the spots remain still well concentrated. The standard deviations 

(r,2)1 ' '2 of the spot distributions are less than 92 \im. As a consequence of 

balancing the aberrations, the spot quality at $R = 6.28 deg is equivalent to the 

spot quality at the end ofthe scan, §R = 12.57 deg. 

i 
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* * S c o l o Cmra): 1 
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BETft - 0 DEC BETA - 9.60 DEC BETA - 19.29 DEG 

Fig.3.8. Spot diagrams for three circular hologram positions fyg. (PHIR), corresponding to the scan 

angles ß. The geometrical parameters (Fig.3.3) are f = 300 mm, D = 5 mm, p =<», a = -y= 44.15 

deg. The maximum scan length L = f tanß is ±105 mm. 

2) Influence of a 

The angle a is the inclination ofthe scan plane (Fig.3.3). the plane in which the 

principal ray moves during scanning. We calculated the merit function for 

aberration EA as a function of a, with P0 = ßE = 19.3 deg. These calculations were 

again performed for two geometrical configurations, and the results are shown 

in Fig.3.9. Curve I (marked with 'o') describes the symmetrical arrangement 

with a = - y and curve II (marked with '+') describes the non-symmetrical 



34 

configuration with Y=O deg. In both cases the curvature p of the incident beam 

was varied simultaneously with a to keep the position of ß0 at 19.3 deg 

[Eq.(3.26)]. Following Eq.(3.25) for the astigmatism, the aberrations should 

improve for an increasing angle a. This is true until a minimum value is 

reached, but then the spot quality becomes worse again. 
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Fig.3.9. Merit function for aberration versus a. 

I) Symmetrical case with a = - y, (o). 

II) Nonsymetrical case with y.- 0, (+). 

The increasing values for the merit function for larger a values can be explained 

by the following reasoning: 

When a increases to 90 deg. the astigmatism decreases to zero according to the 

function cosa, as given in Eq.(3.25J; thus the slope of c(oc) at 90 deg is linear. 

On the other hand, the influence of the astigmatism (and higher order terms) 

on the spot quality depends strongly on the aperture. In our case, the pupil 

diameter D of the outgoing wave was kept constant to ensure a constant 

diffraction from the aperture. Thus, the illuminated spot on the disk grows 
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towards infinity with D/cosa in the y-direction, with a slope, which is also 

infinite. As a result, the increase of the aberrations, due to the aperture effects. 

is much stronger than the decrease of the cosine function, so the merit function 

becomes worse. 
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Fig.3.10. Spot diagrams for three circular hologram positions <>R (PHlR), corresponding to the scan 

angles ß. The geometrical parameters (Fig.3.3) are f = 300 mm, D = 5 mm and for the two cases: 

a) p = 364 mm, a = • y = 42.0 deg, symmetrical configuration. 

b) p = 215mm, a = 65deg, y= 0deg, non-symmetrical configuration. 

The maximum scan length L = f tanpis±105 mm. 
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The spot diagrams at the minima positions of a for the two configurations were 

also calculated, and the results are presented in Fig.3.10. Figure 3.10a shows 

the spot diagrams for the symmetrical configuration with ct = - y = 42.0 deg and 

a divergent incident wave p = 364 mm. Figure 3.10b shows a non-symmetrical 

configuration with a = 65 deg. y = 0 deg and a divergent wave p = 215 mm. The 

standard deviations (rt
2)1^2 of the spot distributions were found to be less than 

80 \im for the symmetrical configuration and less than 59 pm for the better 

non-symmetrical configuration. 

3) Influence of the disk radius R 

Equation (3.25) indicates, that the astigmatism varies linearly with the disk 

radius R. This is not so for the spot quality, as can be seen in Fig.3.11. Here the 

influence of the disk radius R on the spot quality, described by the merit 

function for aberration, is shown. Curve I depicts the results for a pupil 

diameter of D = 5 mm (marked with 'o'). whereas curve II is for D = 10 mm 

(marked with '4'). The calculations were made for an incident plane wave p = «, 

and the angles a = - y= 44.17 deg (ß0 = 19.3 deg). By increasing R. the spot 

quality becomes better, but then, we can observe a saturation for large radii. 

Note, that even for a diameter of D = 10 mm, it is already necessary to work 

with a very large disk. 

The length of the scan path in the hologram plane, necessary to generate a 

given scan length L, grows with the disk radius R. if dß/d$ is independent of R. 

A longer scan path simplifies the corrections, because the overlapping area in 

the hologram plane between two scan positions is smaller. From Eq.(3.22) it 

follows, that in the case of an incident plane wave p = « . dß/d$ varies slowly 

with R, when R « f. For larger R. dß/d$ increases, thereby limiting the scan 

path. For large disk radii a linear translation scanner (section 3.1) is approached, 

and R no longer influences the spot quality. 
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Fig.3.11. Merit function for aberration versus the disk radius R, for an incident plane wave p = « and 
theanglesa = -7 = 44.17 deg. The pupil diameters are D = 5 mm, (o) and D= 10 mm, (+). 

Concluding remarks 

By taking the problems associated with the aperture size and higher order 

aberrations into account, advantageous geometrical arrangements for 

holographic disk scanners can be deduced from Eq.(3.25), which describes the 

astigmatism. We found that configurations with the same basic parameters ß0, a, 

and R have identical behaviour with respect to astigmatism, but their behaviour 

may differ with respect to the spot quality. Consequently, in addition to the 

astigmatism, it is necessary to include the spot quality, using the ray tracing 

method, when designing holographic disk scanners. 



38 

3.2.3 Curved scan line 

In sections 3.2.1 and 3.2.2 we considered the generation of a straight line for 

disk configuration scanners. There, the principal ray always describes a straight 

line and remains in the scan plane with an inclination of a = constant. In 

practice, the generated line must remain straight within some tolerance limits. 

For point of sale systems the tolerances are fairly large, so that even 

uncorrected systems are suitable [I]. However, for laser printer applications. 

the required tolerances are more stringent. For example, they must not exceed 

100 jim for a total scan length of at least 200 mm. In this section we shall 

consider the relation between deviation from a straight line and astigmatism, 

and show that, by alleviating the requirements for straightness, it is possible to 

improve the spot quality. Astigmatism free, axial symmetric configurations to 

generate curved lines, were reported in the literature |7,8|. These lines are 

always circles centered at the rotation axis, and are therefore strongly curved. 

The question is, whether there are other solutions with less deviations. 

For a curved line, the principal ray does not move in a plane, so a[$) becomes a 

function of ¢. Nevertheless, the basic Eqs.(3.18) to (3.20) for a disk scanner are 

"still valid. By exploiting the derivatives of the coefficients O0 and E1, it is possible 

to develop the scan equation [Eq.(3.22)1 and the equation for astigmatism 

|Eq.(3.24)), with a = a(<|)). The scan equation remains the same as Eq.(3.22), but 

the equation for the astigmatism changes to 

R c(ß(<|>)) = tanß |(tana/cosß)(R/p - siny) - cosa] + da/dt)), (3.28) 

where da/dijt is an additional term, which allows us to compensate for the 

astigmatism. In particular, c(ß) = 0 requires 

da /d0 = - tanß [(tancc/cosß)(R/p - sin?) - cosa). (3.29) 

This differential equation can be solved for ct(4>) to yield 

a«>) = a c + Aa(<». (3.30) 

where a c is a constant deflection angle. The deviation of the generated line in 

the image plane is now given by Ay = f tan (Aa). 
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The derivative da/d<j> compensates for the typical astigmatism c[ß(cj))], depicted 

in Fig.(3.7). A larger astigmatism leads to a stronger curved scan line. In chapter 

3.2.2 the scan angle P0, where the astigmatism disappears, was introduced as a 

useful optimizing parameter. In the case of a curved scan line, it is necessary to 

redefine ß0, or the corresponding value §Ql as the value where da/d<|> disappears. 

For small variations of a{$), ß0, obtained by this new definition, is nearly 

identical to the value determined by equation (3.26), where the astigmatism 

disappears. 

The position of ß0 (or Q0) now influences the line straightness. For straight line 

scanning, ß0 is set near to the end ßE of the scan in order to minimize the 

aberrations. For a curved scan line, for which the astigmatism can be 

eliminated, a new position of ß0 has to be found in order to minimize the 

deviation. 

Similar to the merit function for aberration EA |Eq.(3.27)]t a merit function for 

linearity EL is introduced to assess the deviation from a straight line, namely 

EL = [(Yj-(Y^]013x, j = 1.2 M. (3.31) 

were Y,= (y,). = £vj /N is the mean value for one scan position, N is the number of 

rays (index i) traced for each scan position and M is the number of positions 

(index j). The vectors x, = (Xj.Vj) are the points of intersection of the traced rays 

with the image plane. Since the generated scan line is parallel to the x-axis, 

only y, is of interest for linearity. The merit function EL becomes minimal for a 

minimal deviation from the straight line generated by the holographic disk. For 

our calculations 5 scan positions, each with 49 rays, were considered. 

We calculated the merit function for linearity EL as a function of the angle ß0 for 

the same disk geometry as before. Specifically, the diameter of the exit pupil 

was D = 5 mm, the hologram to scan line distance was f = 300 mm and the disk 

radius was R = 40 mm. A symmetrical case a = - y was established, using an 

incident plane wave (p = °°). Figure 3.12 shows the results. The minimum of the 

merit function is found at ß0 = 13.5 deg = 0.7 ßg.. The values of Aa and da /d$ as 

functions of ¢1 were also determined and the results are sketched in Fig.3.13. 

The variation of Ay in the image plane, is balanced until the end of the scan, 
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whereby Ay = f tan[Aa(<J>)]. In fact Act(<j>), which gives the angle for the principal 

ray, is not exactly zero at the end of the scan. This is due to the definition of the 

merit function, which sets the center of gravity of the spot diagram as the 

center of the spot and not the principal ray. 
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Fig.3. J 2. Merit function for linearity versus P0, for a = - y and an incident piane wave p = -

When the astigmatism is compensated for, the spot quality should be improved. 

This is indeed confirmed by the spot diagrams shown in Flg.3.14. The 

calculations were performed for an incident plane wave p = « . and with a c = - y 

= 44.6 deg. Note that the standard deviations (T1
2)1/2 of the spot distributions are 

less than 53 jam. which is better than for the corresponding case of straight line 

scanning (Fig.3.8). where the standard deviations were as large as 92 Jim. The 

total calculated variation of the scan line is less than ±30 ^m. 

By allowing small deviations from a straight line, it is possible to compensate for 

the astigmatism of a disk configuration scanner. If the astigmatism is large, then 

the deviation becomes large. This additional flexibility opens many possibilities 

in scanner design and optimization. 
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3.3 Drum cpnfiguration scanner 

Our analytical design method for holographic scanning elements is not limited 

to planar holographic substrates. For example, the method can be applied to a 

drum configuration scanner, where the holographic substrate is a cylinder 

(Fig.3.15). Such a configuration simplifies the problem of straight line scanning. 

because the output beam remains in a plane orthogonal to the rotation axis [8], 

In this section, we shall develop the scan equation and the equation for the 

astigmatism of a drum configuration scanner. 

!—Rotation axis 

i—Incident beam 

Fig.3.15. Drum configuration scanner. 

Figure 3.15 shows the basic geometry of a drum configuration scanner. The 

cylinder turns around its axis, with the rotation angle of ¢. The line x(s) is a 

circle of radius R equal to the radius of the drum. Therefore, it is convenient to 

use $ as the scan parameter s in the hologram surface ($ = s). The generated 

line y(t) is again a straight line and the deflection angle ß will be used as the 

scan parameter t in space (ß = t). The generated line is assumed to be 

perpendicular to the cylinder axis and the u-axis of the local coordinate system 

is tangential to the circle x(s). Instead of the cartesian coordinates x.y.z. the 

cylindrical coordinates ¢, r. y are introduced. On the hologram surface r = R and 



43 

therefore. $,y are the appropriate variables. The derivatives of <3> in the two 

coordinate systems 4>,r,y and u.v.w on the circle x(s)-= (¢. r = R, y = 0) are then 

related by 

d± = Rd±, i±=M (332) 
ö0 du dy dv 

Ï U U R ^ - R ^ . ?-*.R»!Ï_. i!*_*i. ,3.33, 
3(J)2 3 u 2 9w 3yd$ dudv dy2 dv2 

Since the hologram surface is not identical with the u,v-plane of the local 

coordinate system, the derivative with respect to w also appears in Eq.(3.33). 

Introducing Eqs.(3.32) and (3.33) into Eqs.(2.9) and (2.10). yields for the 

derivatives of 0(<]>,y) on the scan line (r = R) 

Z z I s R h 1 , — = h 2 . (3.34) 
d§ dy 

— = R 2 h „ - R L , ZLZl = R h 1 0 - Z_Zl = h „ . (3.35) 
d<?2 " 3 By^ 12 3y 2 2 2 

where h( and h;, (j.j = 1.2) are given by the local phase 4*(utv,p) required for the 

desired outgoing wave |Eqs.(2.5) and (2.6)1 and similarly h 3 = (3M'/3w). 

As for the linear translation and disk scanners, we assume for the phase 
function d>(t->,y) a second order (parabolic) approximation perpendicular to the 
scan line. Therefore, the phase function may be written similar to Eq.(3.5) as 

Ofo.y) = k [a0((j)) + B1(Q) y + (1/2) a2(0) y2]. (3.36) 

Using second order approximation, the functions hf(ß) and h„(ß) can 

be obtained with the help of Eqs.(2.33) and (2.34) for the scan geometry shown 

in Fig.3.15 when a * O and 8 = 0. Although h 3 has not been calculated explicitly 

in chapter 2.3. it can be obtained similarly from Eq.(2.25). This can be done by 

replacing a and ß with y and 8 = O for the incident beam, to yield 

h- = k(cosa cosß - cosy). (3.37) 
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Introducing the results into Eqs.(3.34) and (3.35), yields 

a 0 ' =Rs inß . a0" = R2(a cos2ß - 1/p) -R(cosacosß - cosy), (3.38) 

aj = sina cosß - siny, S1' = R(c cosa cosß - a Sina sinß cosß). (3.39) 

a2 = a sin2a sin2ß - 2 e sina cosa sinß + b cos2a - cos^ /p . (3.40) 

with ' = d/d<J> and " = d 2 /d0 2 . 

Since the relation a0" = d(a0')/d<f> has to be fulfilled, we can then obtain from 

Eqs.(3.38) the scan equation 

dß/d$ - Ra(ß) cosß + R/(p cosß) + cosa - cosy/cosß = O. (3.41) 

Equation (3.41) determines the relation between the scan angle ß and the 

rotation <J> of the holographic cylinder for a^ivcn curvature a(ß) of the outgoing 

wave in the scan plane. The geometry shown in Fig.3.15 requires for ideal 

focussing a(ß) = - cosß/f, and, therefore, the scan equation becomes 

dß/d$ = R [- cos2ß/f - l/(p cosß)] - cosa + cosy/cosß. (3.42) 

As in the derivation of Eq.(3.41). it is also necessary to fulfill a^ = daj/d<j>. Then, 

from Eqs.(3.39) we obtain 

dß/dt> - R a(ß) cosß + R c(ß)/(tana tanß) = 0. (3.43) 

Since the scan equation (3.41) and Eq.(3.43) have to be satisfied simultaneously, 

then for c the condition becomes 

c(ß) = (tana tanß/(R cosß)] |(R/p) + cosa cosß - cosy]. (3.44) 

As can be seen from Eq.(2.23), c(ß) determines essentially the astigmatism A of 

the outgoing wave. It becomes minimal (IAI = IcI) for a = b. This condition can 

be satisfied by choosing a2(<J>) from Eq.(3.40) accordingly. Yet. there remains an 

astigmatism IAI = IcI, given by Eq.(3.44). If the scan plane is perpendicular to 
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the cylinder axis (a = O). as sketched in Fig.3.15. then even this astigmatism 
can be reduced to zero for all scan angles ß. This result is not surprising and 
could also have been derived from simple geometrical considerations. It shows 
that the outgoing beam has to be normal to the hologram surface and 
perpendicular to the rotation axis, as it was proposed in the literature [81. 
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4. EXPERIMENTAL INVESTIGATIONS 

This chapter reports the experimental investigations of our calculated 

holographic disk scanners, which were recorded with the aid of computer 

generated holograms (CGHs). First the set-ups for recording and reconstruction 

will be described. Then the experimental results for three different disk 

scanners will be presented. 

4.1 Realization of the holographic scanners 

For given readout geometry and wavelength Xr the holographic scanner phase 

function <D(x.y) can be calculated according to Eq.(3.17). The phase C> is formed 

by recording the interference of a spherical object wave 0>o and an aspherical 

reference wave O R at the recording wavelength XR (* X1). The relation between 

the phases in the hologram plane is then given by 

0 = ( D 0 - c D R . (4.1) 

The spherical wave d>0 is chosen, so that the Bragg-con di ti on is fulfilled and that 

the spatial bandwith of the aspherical wave <DR is low. The aspherical wave is 

generated with the aid of a CGH. 

The experimental set-up for recording is shown in Fig.4.1. The laser beam is 

split into a plane wave branch for the reference wave and a spherical branch for 

the object wave. The CGH is inserted into the plane wave branch of the 

recording set-up. A telescopic lens system creates an image 1:1 of the CGH at 

the holographic scanner, which is inclined with respect to the CGH Image 

plane. The phase function d>CCH necessary to generate <&R in the hologram plane, 

can be calculated with the aid of the ray tracing method, taking into account the 

optical path length between the CGH image plane and the hologram plane 

(Appendix). The carrier frequency v of the CGH, which is a binary hologram, 

separates the higher-order wave fronts from the zero order, so that by using a 

spatial filter, only the first order is allowed to pass, thereby forming the desired 

aspherical wave. 
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Holographic disk 

CGH Spatial 
filter 

Argon laser 

Rotation 
axis 

CGH 
image 

Fig.4.1 Recording set-up io realize a holographic scanning element with the aid of a computer 

generated hologram (CCH). 

The CGH also includes a correction for the change in wavelength between 

recording and readout of the scanning element [23]. The wavelength shift is 

imposed because the spectral sensitivity of the high efficiency photosensitive 

materials is typically < 520 nm, whereas the wavelength of the readout sources, 

used for the laser scanners, are > 630 nm (e.g. He-Ne, AlGaAs). 

In order to obtain high diffraction efficiency for the holographic scanners, the 

Bragg-condition has to be fulfilled (24). The Bragg-condition requires for the 

wavevectors 

kp - k f - k Q - k R . (4.2) 

where lk r l= Ik1J= 2itA r and lkR l= Ik 0 I = 2itAR . Note, that P stands for the 
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reconstructed outgoing wave, r for the reconstructing incident wave, O for the 

object wave and R for the recording reference wave. We chose our geometry, so 

that Eq,(4.2) is satisfied for the principle rays in the scan position of zero 

deflection. Thus, the Bragg-condition yields the direction k 0 of the spherical 

object wave O 0 in Eq.(4.1). 

The radius pQ was chosen to minimize the spatial bandwith of the aspherical 

wave 0 R . generated by a CGH. The CGH is a thin binary hologram, that is 

recorded with the aid of a computer. The phase detour method of Brown and 

Lohmann [25] was applied to represent the CGH phase function. The calculated 

structure was drawn with a Benson plotter and photographically reduced (24 x) 

to the final size (26 mm x 26 mm). An enlarged section of a CGH is shown in 

Fig.4.2. The total number of lines of the CGH, the space-bandwith product, that 

can be generated, depends on the capability of the computer output device. In 

our experiments the space-bandwith product was 768 lines. This limits the 

spatial carrier frequency v of the CGH to v = 30 lines/mm. On the other hand. 

the carrier frequency v has to be high enough to avoid overlapping between the 

first and the second diffraction order in the frequency plane, where the first 

order wanted has to be filtered (Fig.4,1). This condition is fulfilled (14], if 

v > 1.5 U. (4.3) 

where U is the spatial bandwith of the desired aspherical wavefront. As a con­
sequence. U has to be kept as low as possible. To minimize the spatial bandwith 
of the aspherical wave, the curvature 1 / p 0 of the spherical object, wave O 0 in 
Eq.(4.1) must be chosen so that the aspherical wave O R will be as close to a 
plane wave as possible. 

A wavelength shift between recording and reconstruction causes mainly a strong 

astigmatism [23], which must be compensated for by the CGH. The astigmatism 

can be described with the aid of the second order theory [22], In the case of 

hologram recording and reconstruction, where the wavevectors k( are in a 

common plane, the curvatures 1/p, are related by 

kr(cos2ep/ppn - cos2er/Prii) = kR(cos2e0/p0i - cos2eR/pR'i). 
(4.4) 

k r ( l / p / - l / p r - L ) = k K ( l / P c / - ] / p R - L ) . 
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The curvatures l / p , 1 are perpendicular to the plane of incidence, whereas 1/P1
11 

are parallel to the plane. The angles 6, are between the wavevectors k, and the 

hologram normal. The radius of the spherical wave pQ = p 0 ' = P 0
1 was chosen. 

that the mean curvature l / p m = ( l /pR" - l/pR") of the astigmatic wave is 

eliminated; this choice reduces the spatial bandwith of the aspherical wave. 

Fig.4.2 Section of the CGH , drawn with a Benson plotter. 

* Recorded by H. Buczek and J . M. Teijido at the CSEM. Neuchâtel. Switzerland. 
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4.2 Experimental set-up for measuring the performance of the scanners 

In the following we shall describe the experimental set-up for measuring the 

image spot quality and its position with respect to a straight scan line. 

Incident laser 
beam 

Magnification 
lens 

K O E ^ CCD 

Camera 

Holographic 
disk 

Rotating scatter 
J plate 

Observation system 

4,3 Experimental set-up for measuring [he performances of the holographic scanners. The holographic 

disk rotates around its axis and generates a line perpendicular to the drawing plane. The observation 

system is translated along the generated line to determine the image point for different scan positions. 

We determined the spot quality of the holographic scanning elements at 

different scan positions. Figure 4.3 shows the experimental set-up for 

measuring the image spot quality and its position with respect to a straight line. 

An incident laser beam is deflected by the holographic disk scanner and 

focusscd on a scatter plate at the image plane. The holographic disk rotates 

around its axis and generates a scan line y(t) in the image plane; the scan line is 

perpendicular to the drawing plane. The observation system, also shown in the 

photograph in Fig.4.4, magnifies the image point and detects the spot quality 

with a CCD camera. Thus, it is possible to obtain the form as well as the profile 

of the spot simultaneously (Fig.4.5). To avoid the disturbing laser speckles, the 

scattering plate was rotated. During scanning, the observation system, including 
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the scatter plate, was translated parallel to the generated scan line. The scan 

line deviation Ay of the spot as a function of the scan length L was measured 

with the aid of a micrometer mounted on the observation system (Fig.4.4). 

In our experiments, the scanning elements were segments of a disk, as shown 

in Fig.4.6. A complete holographic scanner would, of course, be a disk with 

several holograms, each generating its own line. 

Fig.4.4. Observation system with a rotating scatter plate, microscope objective and CCD-camcra. The 

vertical position of the system is measured with the aid of the micrometer. 
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I 
(a) (b) 

Fig.4.5. a) Form and profile of an image point observed with the CCD-camera. 
b) Scale: grating period = 20 |im 

Fig.4.6. Holographic disk. 
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4.3 Specific scanner configurations and results 

Three disk configuration scanners were recorded, namely (I) uncorrected 

scanner. (II) straight-line scanner, (III) astigmatism-free scanner. Certain 

geometrical properties were identical for all three scanners: (a) symmetrical 

arrangement for the incident and outgoing beams (a = - y); (b) total deflection of 

about 90 deg( I a I + IYI); (C) scan length L = ±105 mm; (d) distance from the 

hologram to the scan line f = 300 mm; and (d) disk radius R = 40 mm. Also, the 

readout beam was a plane wave at the wavelength XT = 633 nm. 

To distinguish the geometrical parameters pR. fR, ctR. yR , 1R for recording, from 

the parameters pr, fr ccr. yr, ?.r for reconstruction, we shall write them with an 

index. Note, that fr is the distance from the hologram to the scan line, which is 

equal to the radius of the reconstructed object in the scan center (deflection 

angle ß * OJ. 

4.3.1 Uncorrected scanner 
i 

The uncorrected scanner was realized by holographically recording the 

interference of a plane reference wave pR = •» and a spherical object wave fR = 

300 mm. The recording wavelength XR was equal to the reconstructing 

wavelength Xr = 633 nm. and the angles were a = - y = 45.0 deg for recording as 

well as for reconstruction. 

The holographic disk was reconstructed with an incident plane wave at 45 deg. 

using the set-up shown in Fig.4.3. When rotating the disk around its axis, the 

focus point generated a scan line in the image plane. First, we determined the 

deviation Ay from a straight scan line. Figure 4.7 shows the experimental (+) 

and theoretical results (solid line). The calculations were performed using the 

ray tracing method, where the position of the focal spot in the image plane was 

assumed to be the center of gravity of the spot diagrams. As expected, the line 

generated by the uncorrected case I is strongly curved, ranging to ±500 (im. As 

shown, the experimental results follow closely the theoretical predictions. 

Next we determined the spot quality for two different beam diameters D at 

various scan positions L = O. ±30 mm. ±60 mm. +90 mm. ±105 mm in the 



54 

image plane. The experimental as well as the calculated results are shown in 

Fig.4.8 for D = 5 mm, and Fig,4.9 for D = 3 mm. In the scan center L = O mm. 

the generated spot is diffraction limited, because the recording and 

reconstruction parameters were identical. For a beam diameter of D = 5 mm, 

the spot diameter at half intensity is D s = Xf/D = 38 yim {X = 633 nm, f = 

300mm) and for D = 3 mm, D 5 = Xf/D = 63 jim. With an increasing scan length L 

the spot becomes strongly astigmatic, as shown for the experimental results as 

well as for the calculated spot diagrams. The strong aberrations are due to 

changes in geometry when the disk is rotated. In the case of a wavelength shift 

between recording and reconstruction, there would be additional aberrations. 

which would decrease the spot quality even in the scan center (L = 0 mm). To 

get improved results, the CGH must, therefore, compensate for the aberrations 

due to the disk rotation and the wavelength shift-
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Fîg.4.7. Calculated and measured deviation Ay of the scan from a straight line as a function of the scan 

length L for the uncorrected scanner. The maximum scan length was L = ± 105 mm. Calculated (soîid 

line) is based on the center of gravity of the spots. Experimental (+). 
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Fig.4.8. Spot quality for the uncorrected scanner with D = 5 mm (diffraction limited spot size 

D s = 38 Jim at half intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding to the scan lengths of L = 0, ± 30, ± 60, ± 90 and + 105 mm. The scan line y(t) is 

parallel to u'-axis and the configuration is symmetrical with respect to the v'-axis. 
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Fig.4.9. Spot quality for the uncorrected scanner with D = 3 mm (diffraction limited spot size 

Ds = 63 tim at half intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding io the scan lengths of L= 0, + 30, ± 60, ±90 and ± 105 mm. The scan line y(t) is 

parallel to u'-axis and the configuration is symmetrical with respect to the v'-axis. 
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4.3.2 Straight-line scanner 

According to our analytical design method, the straight-line scanner, discussed 

in section 3.2.2, should be much better than the uncorrected scanner and 

should generate a straight line with minimized astigmatism of the focal spot 

(Fig.3.8}. To test this prediction, we recorded and tested a straight-line 

scanner. For recording, the reference wave was an aspherical wave generated by 

a CGH, the object wave was a spherical wave with radius fR = 428 mm and the 

angles were ctR = - yR = 34.5 deg. The recording wavelength >,R = 514 nm is now 

chosen to be different from the reconstructing wavelength Xr = 633 nm. The 

geometrical parameters for reconstruction were pr = « (i.e. incident plane 

wave), and a r = - yr = 44.15 deg. 

The calculated and experimental results are shown in Figs.4.10 - 4.12. Figure 

4.10 shows the deviation Ay from a straight line as a function of the scan length 

L. Although, our design predicts a strictly straight line, there is some curvature. 

After closer scrutiny, we determined that indeed, the principle ray of the 

corrected scan moves strictly on a straight line; however, the center of gravity 

of the focal spot does not. The theoretical calculations for the center of gravity 

(solid line) were performed using the ray tracing method. The maximum 

deviation was found to be ±8 (im for a total scan length of L = ±105 mm, both for 

the experimental and theoretical results. 

\ 
Next we determined the spot quality for two different beam diameters D at 

various scan positions L = O. ±30 mm, ±60 mm, ±90 mm, ±105 mm in the 

image plane. The experimental as well as the calculated results are shown in 

Fig.4.11 for D = 5 mm, and Fig.4.12 for D = 3 mm. As shown, the spot size is 

significantly improved, when compared to the spots of the uncorrected scan­

ner; note the different scales for the corrected and the uncorrected scanners. 

In Fig.4.11 we can see. that for a diameter of D = 5 mm a uniform scan is still 

not possible. The nearly diffraction limited spot size in the center (L = 0 mm) is 

much better than the spot at the end of the scan (L = ±105 mm). The 

decreasing quality can also be observed in the spot diagrams. The aberrations 

are much larger than the diffraction from the aperture. A smaller aperture 

increases the diffraction effect, but decreases the aberrations. This can be seen 

in Fig.4.12 from the experimental results, whereas the theoretical predictions 

only indicate the geometrical aberrations. For a diameter D = 3 mm. the 
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straight-line scanner generates a scan line with a good uniformity of the focal 
spot. The experimental spot size (diameter at half intensity) was found to be 
smaller than 85 Jim for any position within the maximum scan length of 
L = ±105 mm. 
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Fig.4.10. Calculated and measured deviation of the scan from a straight line Ay as a function of the 

scan length L for the straight-line scanner. The maximum scan length was L = ±.105 mm. Calculated 

(solid line) is based on the center of gravity of the spots. Experimental (+). 
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F i g A l l . S pol quality for the straight-line scanner with D = 5 mm (diffraction limited spot size 

D9 = 38 Jim at half intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding to the scan lengths of L = 0, ± 30, ± 60, ± 90 and ± 105 mm. The scan line y(i) is 

parallel to u'-axis and the configuration is symmetrical with respect to the v'-axis. 
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Fig.4.12. Spot quality for [he straight-line scanner with D = 3 mm (diffraction limited spot size 

D5 = 63 Jim at haif intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding to the scan lengths of L = 0, ± 30, ± 60, ± 90 and + 105 mm. The scan line y(t) is 

parallel to u'-axis and the configuration is symmemcul with respect to the v'-axis. 
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4.3.3 Astigmatism-free scanner 

Still better performance for the spot quality can be realized by a scanner which 

accepts a slightly curved scan line to compensate for the astigmatism of the 

outgoing wave. We recorded such a scanner, described in section 3.2.3 

(Fig.3.14). according to our design method and then determined its behaviour. 

For recording, the reference wave was an asphericalwave. generated by a CGH. 

the object wave was spherical with a radius fR = 430 mm and the angles were 

aR = - yR = 34,81 deg. The recording wavelength \R = 514 nm was again chosen 

differently from the reconstruction wavelength \r = 633 nm. For reconstruction. 

the incident beam was a plane wave pr = « a n d the angles ccr = - yc = 44.6 deg. 

The calculated and experimental results are shown in Figs.4.13 - 4.15. For this 

scanner a slightly curved scan line is expected. Figure 4.13 shows the deviation 

Ay from a straight line as a function of the scan length L for the experimental (+) 

and theoretical results {solid line). The calculations were performed using the 

ray tracing method, where the position of the focal spot in the image plane was 

assumed to be the center of gravity of the spot diagrams. We found, that the 

scan line is slightly curved, within ±30 inn around a center line, for a total scan 

length of L = ±105 mm. as it was predicted by the theoretical calculations. 

Next, we determined the spot quality for two different beam diameters D at 

various scan positions L = O. ±30 mm. ±60 mm. ±90 mm, ±105 mm in the 

image plane. The experimental as well as the calculated results are shown in 

Fig.4.14 for D = 5 mm, and Fig.4.15 for D = 3 mm. From the ray tracing results. 

the spot quality is expected to be still better than in the case of a straight-line 

scanner. This is in fact so. comparing the results shown in Fig.4.14 

(astigmatism-free scanner) with Fig.4.11 (straight-line scanner). Already for a 

diameter of D = 5 mm the spot has a good uniformity during scanning, where 

the experimental spot size (diameter at half intensity) was found to be smaller 

than 60 \im for any position within the maximum scan length of L = ±105 mm. 

As shown in the results of Fig.4.15 the maximum spot diameter becomes larger 

for a beam diameter D = 3 mm. Consequently, it is not useful to work with a 

smaller aperture, because the aperture diffraction effect is now more influential 

than the reduction of the aberrations. 
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Fig.4.13. Calculated and measured deviation Ay of the scan from a straight line as a function of the 

scan length L for the astigmatism-free scanner. The maximum scan length was L = ± 105 mm. 

Calculated (solid line) is based on the center of gravity of the spots. Experimental (+). 

4,3.4 Concluding remarks 

Three symmetrical disk configuration scanners reconstructed with plane 

incident beams were evaluated. The uncorrected scanner showed strong 

aberrations even without a wavelength shift between recording and 

reconstruction, and is deemed impractical for most applications. Improved 

results were obtained for scanners, which were recorded with the aid of CGHs 

according to our design methods. These improved results were obtained also 

when the recording wavelength \R was different from the reconstruction 

wavelength X.r. Specifically, for the straight-line scanner, the experimental spot 

diameters (at half intensity) for a scan length of L = +105 mm and an image 

plane distance off= 300 mm were found to be,less than 85 urn for a maximum 

deviation of the straight line of ±8 Jim, whereas for the astigmatism-free scanner 

the spot diameters were less than 60 |im for a maximum deviation of ±30 jim. 

The choice for selecting one scanner design over the other depends on the 

specific requirements for the scanners. 
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L>0 L<0 L<0 

1Ö5 mm 

90 mm 

60 mm 

30 mm 

0 mm 

Fig.4.14. Spot quality for the astigmatism-free scanner with D = 5 mm (diffraction limited spot size 

D s = 38 (Jm at half intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding to the scan lengths of L = 0, ± 30, ± 60. ± 90 and ± 105 mm. The scan line y(t) is 

parallel to u'-axis and the configuration is symmetrical with respect to the v'-axis. 
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Fig.4.15. Spoi quality for the astigmatism-free scanner with D = 3 mm (diffraction limited spot size 

D s = 63 (im at half intensity). Experimental results and geometrical ray tracing for nine scan positions, 

corresponding to the scan lengths of L = 0, ± 30, ± 60, ± 90 and ± 105 mm. The scan line y(t) is 

parallel to u'-axis and the configuration is symmetrical with respect to the v'-axis. 
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5. HIGHER ORDER ABERRATIONS 

In the preceding chapters the phase function of holographic scanners were 

found by using second order approximation for the incident and outgoing 

beams. We shall now consider, whether it is possible to further improve the 

scanner design by using also third or fourth order terms to describe the beams. 

We shall begin by extending the second order theory to higher order in a 

general manner, and then, to avoid overly cumbersome formulas, we shall 

present a simplified method. Finally, we shall apply the simplified method for 

designing disk configuration scanners. 

5.1 General phase function 

To extend the second order theory up to n-th order, additional derivatives of 

the local hologram phase function ^(u.v.t) Ih1It), hy(t) in Eqs.(2.5) and(2.6)] 

have to be calculated. To do so, we follow the procedure outlined in section 2.3, 

First a general optical phase C>(X) is developed up to n-th order around the 

propagation axis given by the wave vector k IEq.(2.17)]. We assume, that the 

phase is known in the X,Y-plane (Fig.2,3), which is perpendicular to k. To 

calculate the phase <3>(u,v), where the uv-plane (hologram plane) is usually 

different from the X.Y-plane. the propagation of O in the Z-direcrion, namely 

0(X,Y,Z). must first be determined. As the beam waist is large compared with 

the wavelength, the eikonal equation ([261, p. 112) is valid in this region for 

describing the propagation. Once $(X,Y,Z) is known, a coordinate 

transformation from the X,Y,Z-system to the u,v,w-system yields the local phase 

O(u.v,w=0) in the hologram plane. Now, from this local phase it is possible to 

obtain the incident Or(u,v) and the outgoing beams Op(u,v,t) as general phases; 

the outgoing beams represent a continuous set of waves focussed on the scan 

line y(t). Finally, the local hologram phase Tfu,v,t) is obtained from the 

condition of phase matching [Eq.(2.24)]. 

We shall now consider the steps necessary to obtain the derivatives of the local 

phase ¥ , the functions h, ,(t). We begin by describing a general wave up to the 

n-th order, where the optical phase function 4>(X) is developed in a Taylor 

series, namely 
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3<fc l 3 2 O 1 33O 
OfX) = O n + - X1 + - Z-^L- X 1 X + - — X1X1X1 . + . . . , (5.1) 

9X1 2 3X1SXj 1 O 3X,3Xj9Xk ^ 

w i t h i . j .k = 1,2,3, w h e r e (X,Y,Z) = (X11X21X3). We a s s u m e , t h a t t h e p h a s e function 

d> is given up to fourth order in the X,Y-plane and the Z-axis is parallel to the 

direction of propagation. Since there is no symmetry, all coefficients must exist. 

Equation 5.1 thus becomes 

0>(X.Y,Z=0) = % + k |(l /2J(A20X2 +2 A1J XY + A02 Y
2) (5.2) 

+ (1/6)( C30 X
3 + 3 C21 X2Y-+ 3 C12 XY2 + C0 3 Y

3) 

+ (1/24)( S4 0 X4 M S 3 1 X 3 Y+6 S 2 2 X
2Y2+ 4 S 1 3 XY3 + S04Y

4Jl, 

where the notation 

Ä ^ s S l m n (5'3) 

is used for the coefficients OfX1Y10Z11. Also. A stands for the second order (1+m+n 

= 2), C for the third order and S for the fourth order coefficients. If n is equal to 

zero, only S ]m is written. All derivatives are given at the origin (X=Y=Z=O). Recall 

that in section 2.3 we defined 32d>/3X2 = a, 3 ^ / 3 Y 2 = b and 32<P/3X3Y = c. 

The coefficients A^ , C1.^ S j jk , describing the propagation in the Z-direction, 

are given by the coefficients of the phase in the X.Y-plane and by the propa­

gation. As mentioned above, the eikonal equation determines the condition for 

propagation, which means 

(grad<J>(X))2 = n2(X). (5.4) 

The function <j> represents the optical path length, also called the eikonal. and n 
the refractive index. The optical phase <t> and the path length <> are related by <t> 
= k ¢. The eikonal equation (5.4) can now be written differently as 

(gradO>(X))2=k2n2(X). r (5.5) 

where k = 2jt/X and in our case n(X) = 1. Because the Z-axis is chosen to be 

parallel to the direction of propagation, we get 
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Ô0> „ 
= 0. 

dx 
ao> 
3Y 

= 0, 
30 , 

= k, 
3Z 

(5.6) 

I n t r o d u c i n g t h e p h a s e O (Eq.5.1) in to t h e e ikonal equa t ion (5.5), y ie lds for the 

coefficients equa l to zero 

O2O 

(5.7) 

axaz 1U1 " 

330 - c - o 
axaz» 102 ' 

^ = S 1 0 3 = o. 
axaz3 103 

-aw ^1 ' 
a 3 ° - c - o 

3 ^ - s - o 
3 Y 3 Z 3 - S ° 1 3 - a 

3Z2 

PO 

3Z3 

34O 

3Z4 

"002 " • 

= ^003 = ^ ' 

= S004 = O. 

a n d for t h e coefficients different from zero 

C201 " " ^ O + A1L )• 

C . l l l = " A1L (^O + ^ l ' 

C 0 2 t = " ( A L l 2 + A022)-

S301 = " 3 (A20 C 3 0 + A n C 2 1) , 

S 2 U = " C 2 1 (2 A 2 0 + A 0 2 ) - A n (2 C 1 2 + C 3 0 ) . (5.8) 

^202 = 2 ' ^20 + 2 -^20 A l 1 4 AJ1 ' ' W -

S121 = " C 1 2 (A20 + 2 A02) - A n (2 C 2 1 + C0 3) . 

S ] 12 = 2 A l l ( A20 + 2 A 2 0 A 0 2 + A 0 2 + A 1 1 ) , 

S031 = • 3 (A11 C 1 2 + A 0 2 C 0 3 ) . 

SQ22 = 2 ( A 1 1 A20 + 2All V + ^ '• 
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The phase function (D(X) can now be represented completely by the phase in the 

X,Y plane O(X,Y,Z=0) |Eq.(5.2)] and the propagation terms C i J k . S1Jk [Eq.(5.8J|, 

namely 

<D(X,Y,Z) = O(X,Y.Z=0) + k [Z + (1/6)(3 C201 X2Z + 6 C 1 n XYZ + 3 C0 2 1 Y2Z) 

+ (1/241(4S3 0 1X3Z+ 1 2 S 2 n X 2 YZ+6 S2 0 2 X2Z2 (5.9) 

+ 12 S 1 2 1 XY2Z+12 S 1 1 2 XYZ2+ 4 S0 3 1 Y
3Z+ 6 S 0 2 2 Y2Z2)]. .. 

The phase in the hologram plane H^u.v.t) is essentially governed by the 

condition of phase matching, which is 

y(uH,t) = Op(uH.t) - Or(uH), (5.10) 

where r means the reconstructing beam and P the reconstructed wave front, 

focussed on the line y(t). The phase distributions for each wave in the hologram 

plane has to be calculated first. The geometrical relation of the hologram plane 

u.v,w=0 and the X.Y.Z-coordinate system of the waves is sketched in Fig.2.3. 

The direction of propagation is given by two angles a, ß, for the outgoing wave 

and y, 5. for the incident wave. The transformation from the (X,Y,Z) to the 

(u,v,w) coordinates is performed by two rotations in sequence. The first around 

the Y-axis by the angle ß (S respectively) and the second around the u-axis by 

the angle a [y respectively). The corresponding transformation matrix is given 

in Eq.(2.26). 

The calculations proceed along the same line as in section 2.3. The derivatives 

of the local phase function *F(u,v.t), i.e. h1Jk(t) in Eqs.(2,5) and (2.6) have to be 

established. For a spherical incident wave with the curvature 1/p and the angles 

y and 5 (8 = 0), the derivatives are 

hj = k sinß, h 2 = k (sina cosß - slny). 

h n = k (A20COS2P- 1/p). 

A20 sina sinß)], 

2 A1 ì sina cosa sinß + A02 cos2a - cos^y/p), 

h J 2 = k (cosp ( A1 j cosa 

h 2 2 = k ( A20SIn2O sln2ß 
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h 111 = k IC30 cos3ß - 3 (A20
2 + A1 j

2) sinß cos2ß], 
(5.11) 

h 1 ] 2 = k [- C3 0 sina sinß cos2ß + C21 cos2ßcosa + siny/p2 

- (A20
2 + A11

2) (sina cos3ß - 2 sina sin2ßcosß) 

- 2 A n (A20 + A02) cosa sinß cosß], 

n]22 = ^ IC30 C0SP s in 2 as in 2 ß - 2 C21 sina cosa sinß cosß + C1 2 cos2a cosß 

- (A20
2 + A1 j

2)(sin2a sin3ß - 2 sin2a cos2ß sinß) 

- 2 A1 J(A20 +A02) (sina cosa cos2ß - sina cosa sin2ß) 

- (A 1 1
2 + A02

2J(COS2O sinß)]. 

n222 s ^ [- C 3 0 s in3a sin3ß +• 3 C21 s in2a cosa sin2ß - 3 C1 2 s ina cos2a sinß 

+ C0 3 cos3a - 3(A20
2 + A1 j

2) s in3a sin2ß cosß 

+ 6 A1 ̂ A20 + A02) sin2a cosa sinß cosß 

- 3(A1 j 2 + A02
2) sina cos2a cosß + 3 siny cos2y/p2 | , 

with h i jk = h |kJ = h tój = . . . . 

The functions hjjk(t) are the derivatives of the local phase function M'fu.v.t). 

defined as 

a3T 
sh I J k , i.j.k= 1.2. (5.12) 

and similarly for the first and the second derivatives h, and hj(. Note that for 

non-planar holograms, the w-coordinate is also necessary (i.e. i.j.k = 1.2,3} 

because (he hologram is no longer in the u,v-plane. 

The expressions h i jk up to third order are already cumbersome and become 

even worse for fourth order. Although it is possible to proceed with the 

calculations, the interpretation of the resulting formulas will be difficult. 

An alternative technique, in which the wavefronts are analyzed by the principle 

of the error function, is more promising for investigating higher order 

aberrations, as will be shown in the following section. 
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5.2 The principle of the error function 

A general scan geometry is assumed as sketched in Fig.2.1, where a laser beam 

is deflected and focussed by a holographic optical element (HOE). The hologram 

structure can be described by a phase function <J>(x,y). While displacing the HOE. 

the incident beam moves along a line x(s) in the hologram plane and the image 

point describes another line y(t) in space. As done in chapter 2. a local 

coordinate system u,v,w is Introduced, so that the w-axis is normal to the 

hologram plane. During the scan motion, the origin of the system u.v.wis at the 

center of the incident laser beam and on the line x(s) in the hologram plane. 

Now, we describe the hologram reconstruction in the local coordinate system 

u.vas 

*r(u.v) + 0(u,v,s) = Op(u.v,t) = 0,fu,v,t) -i- F(u.v.t). (5.13) 

The readout beam Or(u,v) (plane or spherical wave) illuminates the hologram 

<I>(u.v,s) at.x(s) and generates an outgoing wave ¢p(u.v,t). focussed onto the scan 

line y(t). As known from the previous chapters, the outgoing wave is usually not 

ideally spherical. Thus, it can be represented as a spherical wave <t,(u,v,t) plus 

an error function F(u.v,t). Since now all waves, except for the error F(u,v,t), are 

spherical, the analysis becomes simpler than in section 5.1. It should be noted 

that the error function contains all the aberrations which are no longer easy 

separable. 

During scanning, the hologram phase function O(u.v.s) changes With the 

parameter s, which describes the position of the readout beam on x(s) in the 

hologram plane. The outgoing wave <&p(u.v,t) changes with the parameter t. 

which describes the position of the focus on the generated line y(t) in space. 

The relation between s and t is not a priori known. The difference between the 

outgoing wave and the reconstructing wave in the hologram plane as a function 

oft [Eq.(5.13)] can be described by a function Tfu.v.t), namely 

^(u.v.t) sOpfu.v.t) - <Dr(u.v) = <D,(u.v,t) + F(u.v.t) - * r(u.v). (5.14) 

The calculations proceed now along the same lines as in section 2.1. First, the 

two phase functions C>(u.v.s) and y(u.v.t) are both expanded in Taylor series 

about the point x[s) |Eqs.(2.2) and (2.3)]. Then, to get a local match, we require 
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that the two series are equal up to the n-th order [Eqs.(2.5) and (2.6)]. Finally. 

to determine the hologram phase function <J>(x,y), where x.y are the hologram 

coordinates (Fig.2.1), the relations between the derivatives of the two 

coordinate systems x.y and u.v have to be established [Eqs.(2.7) and (2.8)]. This 

yields the relations between (he derivatives of the hologram phase function 

O(x.y) and the derivatives of the local phase function Tfu.v.t). i.e. the functions 

h, j(t) [Eqs.(2.9) and (2.10)]. 

To calculate the derivatives of the local phase function ^(u.v.t) at the point x(s). 

it is necessary to determine first the phases of the spherical waves <Dj(u,v,t) and 

<l>r(u,v). Following Figs.2.1 and 2.3. the spherical wave O1 is given by 

0[(u.v.t) = k [(u + sinß/a)2 + (v + sina cosß/a)2 + (cosa cosß/a)2!1 '2 . (5.15a) 

Since «t>, is assumed to be ideally focussed onto the scan line y(t), the directions 

a(t) and ß(t) and the curvature a(t) are completely determined by the scan 

geometry. Note that a(t) is negative for a convergent wave. Similarly, the readout 

beam is given by 

* r(u.v.t) = k[(u)2 + (v + psinY)2 + (pcos^2]1 /2 , (5.15b) 

where y is the inclination with respect to the hologram normal and p is the 

radius of curvature. 

Now. we get from Eq.(5.14) for the functions hj ,(t) = d^Yiu.vX)/dxi^.du. 

h, = sinß + F l . 

h 2 = sina cosß - siny + F 2 , 

h n = a cos2ß - 1/p + F11, 

h 1 2 = - a sina slnß cosß + F 1 2 , 

h 2 2 = a (1 - s in2a cos2ß) - cos2y/p + F, 

H111 = - 3 a2 sinß cos2ß + F 1 1 1 . 

(5.16a) 

b) 

O 

d) 

e) 

O 
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h j , 2 = a2 Sina cosß (3 sin2ß - 1) + siny/p2 + F 1 1 2 - g) 

h 1 2 2 = a2 sinß (3 s in 2a cos2ß -1) + F 1 2 2 , h) 

h 2 2 2 = 3 a2 Sina cosß (sin2a cos2ß -1) + 3 sinycos2y/p2 + F 2 2 2 , i) 

h ] 1 H = 3 a 3 ( - l + 6 sin2ß - 5 sin4ß) + 3 / p 3 + F m i . k) 

h 1 1 1 2 = 3 a3 (sina sinß cosß (3 - 5 sin2ß) + F 1 1 1 2 . 1) 

h i 122 = a3 (-1 + 3 sin2a cos2ß + 3 sin2ß - 15 sin2a sin2ß cos2ß) m) 

+ (1 -3s in 2 y) /p 3 + F n 2 2 . 

ni222 = 3 a3 sina sinß cosß ( 3 - 5 sin2a cos2ß) + F 1 2 2 2 , n) 

h2222 = 3 a3 (- 1 + 6 sfn2a cos2ß - 5 sin4a cos4ß) o) 
+ 3(1 -6Sm2Y+ 5sin4y)/p3 + F 2 2 2 2 , 

where F, j(t) = a^fu.v.tJ/Ôu,.^^. 

Next, the local derivatives of <D(u.v,s) have to be calculated and matched with 

the above Ji1 .. For this purpose, we consider a particular geometry, namely a . 

disk configuration scanner generating a straight line in space. 

5.3 Higher order analysis for disk configuration scanners 

The principle of the error function Is now applied to a disk configuration 

scanner. The geometrical arrangement is shown in Fig.3.3, where the polar 

coordinates r,({i are the hologram coordinates. The line x(s) is a circle of radius 

R, i.e. <f>(s]= ò, r(s) = R. Similar to Eq.(3.17), we assume for the phase function 

<3>(r,if)) a fourth order approximation perpendicular to the scan line, namely 

d>(r.<t>) = k [a0 + aj(r-R) + — a2(r-R)2 + — a3(r-R)3 + — a4(r-R)4]. (5.17) 
2 6 24 

where ak = ak(<|>). 



73 

The incident beam is a spherical wave with a radius of curvature p and inclined 

at an angle y. As shown in Fig.3.3. the generated line y(t) should be a straight 

line in space. Therefore, the deflection angle ß|t) is chosen to be equal to the 

scan parameter t (p = t), the inclination cc(ß) is constant (a = ac), and the 

curvature a(ß) is determined by the focussing condition a(ß) = - cosß/f. 

To determine the functions ak (¢), we proceed as shown in section 2.1 in 

general, and in section 3.2 for disk configuration scanners in detail. First, the 

relations of the hologram coordinates r,<J> and the local coordinates have to be 

established [Eqs.(2.7J and (2.8)]. Then the derivatives of the hologram phase 

function <I>(x,y) IEq.(5.17)] and the derivatives of the functions ^(u.v.t). i.e. h, ,(t) 

in Eqs.5.16) have to be matched along x(s) |Eqs.2.9 and 2.10]. This yields finally 

F1 = a0 ' /R - sinß, (5.18a) 

F2 = a1 - Sina cosß + siny. b) 

F n = a 0 7 R 2 - (a cos2ß - 1/p) + (sina cosß • siny)/R +F 2 /R. c) 

F 1 2 = aj ' /R + a sina sinß cosß - sinß/R - F ( /R. d) 

F 2 2 = a2 - a (1 - s in2a cos2ß) + cos^ /p , e) 

F 1 1 1 = a0 '"/R3 + 3 a2 sinß cos2ß - 3 a sina sinß cosß/R + sinß/R2 fi 

+ 3 F 1 2 / R + F ! / R 2 . 

F 1 1 2 = B1VR2 - 2 (acos2ß - l / p ) / R + [a (I - s in2a cos2ß) - cos2y/p]/R g) 
+ (sina cosß - siny)/R - |a2 sina cosß (3 sin2ß - 1) + siny/p2 ] 

+ ( F 2 2 - 2 F n ) / R + F2 /R2 , 

F 1 2 2 = a2 ' /R + 2 a sina sinß cosß/R - a2 sinß (3 s in 2a cos2ß - 1 ) - 2 F 1 2 /R. h) 

F 2 2 2 = a3 - 3 a2 sina cosß (sin2a cos2ß - 1 ) - 3 siny cos^y/p2. i) 

F 1 1 1 1 = a 0 " ' / R 4 + . . . . k) 
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F 2 2 2 2 = a4 + 3 a3 (1 - 6 s in 2acos 2ß + 5 sin4ct cos4ß) o) 

- 3 ( 1 - e s i n ^ + S s i n ^ J / p 3 , 

where ak = ak«>) and ak"(<t>) = dak/d<>, etc. The parameters cc(ß) and a(ß) of the 

outgoing spherical wave are given by the scan geometry [a = a c , a(ß) = - cosß/f). 

The relation ß(<|>) between the readout position § and the deflection angle ß is 

still unknown, but it will be determined later by the requirements of the scan 

[see also scan equation Eq.(3.21)]. The errors become finally also functions of 

the position ¢, namely F1 , = F1 j(ß(Q)). 

Now, step by step, we try to determine the coefficients ak(ij>) from Eqs.(5.18), 

while setting the errors F1 . to zero whenever possible. To obtain the functions 

a0'((» and a ^ ) , we can set F, = 0 in Eq.(5.18a) and F2 = 0 in Eq.(5.18b) without 

any restrictions and for any ß(<j)). When setting F1 1 = 0, an additional equation for 

a0(<j)) is obtained from Eq.(5.18c), which contains a0"((J>). Since the relation 

d(a0 ')/d$ a a0" has t o b e fulfilled, we obtain now the scan equation [Eq.(3.21)], 

which determines the function ß($). At this point, we have F1 = F 2 = F n = 0 

realized and ß(<|>), a^Q). a^fy) determined. 

Therefore, the error F1 2 in Eq.(5.18d) Is completely determined and cannot be 

set to zero, unless an additional degree of freedom is introduced. As found in 

section 3.2 for the astigmatism, it is not possible to compensate for the error 

F 1 2 when the scanning is constrained to a straight line (a = a^. Only by 

accepting a curved scan line a(i)>) it is possible to set F 1 2 = 0. Equation (5.18d) 

then determines the required deviation àcc(<t>) = <x(<f>) - ac [see Eqs.(3.29) and 

(3.30) in section 3.2.3]. 

The structure of the remaining equations (5.18e) through (5.18o) shows, that 

only the errors F2 2 , F2 2 2 and F 2 2 2 2 can be set to zero by choosing the functions 

a2(4)), a3(<t>). and a4(<fi) appropriately, whereas all other F1 . are entirely given by 

the previously determined ak(<t>) and their derivatives. Note, that F 2 2 = 0 deter­

mines an optimum solution for a2(4>). but it does not necessarily correspond to 

an optimized astigmatism. 
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The analytical method reported in the preceding chapters requires, that for all 

scan positions the outgoing beam is focussed on the generated scan line y(t) 

with a minimum of astigmatism. If the geometry of the scan configuration and 

the scan line y(t) is specified, then the solution is already determined up to 

second order, and with it most of the higher order aberrations, which cannot be 

compensated by higher order terms in <J>(x,y). In particular, the coefficient a0 

determines the phase function on the line x(s) [C>(x(s)) = k a0I and the scan 

equation Eq.(3.21), describing the relation ß(i})). Higher order corrections are 

essentially'limited to the direction perpendicular to the scan line x(s). But they 

cannot compensate for the errors on the scan line, that are introduced by the 

second order theory, 

Setting whenever possible the errors F1 , to zero is a straightforward analytical 

method. Such a procedure would yield phase functions d>(x,y) for which the 

holographic scanners will have low aberrations and distortions. However, the 

optimum solution may correspond to a more balanced distribution of the errors 

F1 .. This can be done, for example, by using numerical methods, which are 

beyond the scope of this thesis. 

5.4 Design examples 

To show the influence of higher order terms on the hologram phase function 3>, 

we shall present two typical design examples for disk configuration scanners. In 

each example one scanner was designed with a phase function up to second 

order, and another with a phase function up to fourth order. The analysis in 

these examples exploited the ray tracing method. Because the second order 

theory is more tractable, we found it useful first to optimize the phase function 

with respect to scan line geometry, focussing and astigmatism, in order to 

obtain the coefficients a0, a t and a^. Then, the coefficients a3. a4 can be 

determined from Eqs.(5.16i) and (5.16o) by setting F 2 2 2 = 0 and F 2 2 2 2 = 0. 

Case 1 

In the first example, the proposed design procedure is applied to a disk 

configuration scanner, that generates a straight line y(t) in space [a((j)) = const). 
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The relevant parameters that were chosen are: the radius of the disk scanner 

R = 40 mm, the distance from the hologram to the scan line f = 300 mm. the 

beam diameter D = 5 mm and the maximum scan length L = ±105 mm. The 

incident wave was a divergent spherical wave with radius p = 610 mm, and the 

inclination angles of the outgoing and incident waves were a = 75 deg and 

y = 0 deg, respectively. 

Figure 5.1 shows the calculated spot diagrams at three different rotation 

positions 0R of the holographic scanner, namely <j>R = 0, 8.3. 16.6 deg. which 

correspond to ß = 0. 9.7, 19.3 deg. respectively. These are given both for the 

phase functions described up to second order (Fig.5.1a) as well as up to fourth 

order (Fig.5. Ib). As shown, the hologram designed according to the second 

order approximation yields relatively poor spot quality. We determined, that this 

results from excessive aberrations when the phase function (in the direction 

perpendicular to the scan line x(s)| is limited up to second order. 

As shown in Fig.5:2b. such aberrations can be corrected by extending the phase 

function up to fourth order. For example, for ij)R = 16.6 deg, ß = 19.3 deg. the 

standard deviation of the spot size for the second order solution is 107 jim 

whereas for the fourth order solution it reduces to 22 ^im. Note, that the 

diffraction limited spot size is 38 ^m (half intensity). 

Case II 

In the second example the design procedure was applied to a disk configuration 

scanner, which accepts a slightly curved scan line to compensate for the 

astigmatism of the outgoing wave. I.e. a = a(<J>). This is the same scanner that was 

described in section 3.2.3. The incident beam was a plane wave (p = «) and the 

angles were ccc = - 7 = 44.6 deg. Furthermore, the disk radius was R = 40 mm. 

the distance from the hologram to the scan line f = 300 mm, the beam diameter 

D = 5 mm and the maximum scan length in the image plane L = ±105 mm. 

Figure 5.2 shows the calculated spot diagrams at three different rotation 

positions <JiR of the holographic scanner, namely <j>R = 0, 6.2, 12.5 deg, which 

correspond to ß = 0, 9.6. 19.3 deg, respectively. The spot diagrams of the 

scanners designed according to the second order approximation (Fig.5.2a) arid 
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according to the fourth order approximation (Fig.5.2b) are nearly identical. So 

we see, that design procedures with higher order approximations do not always 

lead to improved results. In fact, for the configuration of case II, it is the second 

order approximation which already sets the lower limit on the spot size. It may 

be possible, however, to obtain more symmetric spots by additional 

manipulations of the errors F1 .. 

Scala Imaì: Ì 

PHIR - 0 DEG PHJR - 6.31 OEG 

BETA - D DEC BETA - 9.67 DEG 

(a) 

PH]R - 16. 62 DEG 

BETA - 19. 29 DEG 

S c o l a [min]: 1 

PHIR - 0 DEG PHJR - B. 31 OEG 

BETA - 0 DEG BETA - 9 . 6 7 OEG 

PHIR - 1 6 . 6 3 DEG 

BETA - 1 9 . 2 9 DEG 

<b) 

Figs.5.1. Spot diagrams for three circular positions <t)jj (PHlR) of the hologram, corresponding to the 

scan angles ß. The geometrical parameters (Fig.3.3) are f - 300 mm, D = 5 mm, R = 40 mm, the 

incident wave is a divergent spherical wave with p = 610 mm and the angles are a = 75 deg, y= Odeg. 

(a) Second order solution. 

(b) Fourth order solution, 
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" Scalo [mm] 

PH]R • 0 GEG 

BETA - 0 DEU 

(a) 

PHIR - 6.2* DEG 

BETA - 9.60 DEG 

PHIR - 12. 48 DEG 

BETA - 19.29 DEC 

PHlR - D DEG 

BETA - O DEG 

PHIR - 6.24 DEG 

BETA - 9.60 DEC 

PHIR - 12. ÜB DEC 

BETA • 19.28 DEG 

(b) 

Figs.5.2. Spot diagrams for three circular positions ¢^ (PHlR) of the hologram, corresponding to the 

scan angles ß. The geometrical parameters (Fig.3.3) are f = 300 mm, D = 5 mm, R = 40 mm, the 

incident wave is a plane wave with p = « and the angles arc a = - y = 44.6 deg. 

(a) Second order solution. 

(b) Fourth order solution. 
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6. CONCLUSIONS 

In the course of this research work we investigated a new analytical method for 

designing holographic disk scanners that generate straight lines y(t) in space. 

The results revealed, that in the direction of the scan line x(s) the solutions are 

completely determined by the first and second order derivatives, describing the 

direction and the curvature of the outgoing wave. Furthermore, we found that a 

circular motion cannot generate a straight line in space without astigmatism in 

the focal spot. By accepting a slightly curved scan line, the astigmatism can be 

eliminated and the spot quality improved. 

The second order analytical solutions were examined with the help of 

geometrical ray tracing and compared with experimental results. We measured 

spot diameters (at half intensity) of less than 60 Jim for a maximum scan line 

deviation of ±30 urn and less than 85 ^m for a maximum scan line deviation of 

±8 firn, for any position within the scan length of ±105 mm at an image plane 

distance of 300 mm. The experimental results and the theoretical predictions 

were in a good agreement. 

Extending the method to higher order approximations, we found that 

aberrations perpendicular to the scan line can be minimized with appropriate 

corrections of the hologram phase function. However, astigmatism and other 

higher order aberrations, especially in the scan direction, cannot be removed 

completely. It is possible that numerical optimum design methods could be 

used to further improve the solutions found by our analytical approach. 

Our design method needs not be restricted to holographic optical scanning 

elements. For example, other HOEs which have to transform a continuous set of 

input wavefronts into a continuous set of output wavefronts. can also be 

designed with our method. 
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APPENDIX: Rav tracing 

The performance of HOEs can be analyzed using the ray tracing method 

[27,28,29], which is very common in conventional lens design. In ray tracing 

through lens systems, the path of the light is determined with the help of 

elementary geometry, by successive application of the law of refraction (or 

reflection). In holography, the law of refraction has to be replaced by the law of 

grating diffraction. 

The holographic recording and reconstruction process is essentially governed 

by the condition of phase matching in the hologram plane xH = (x.y), which is 

given by 

Op(xH) = Or(xH) + m 100(xH) - 3>Rf*H)] = ^ ¾ ) + m *H(XH J- ( A 1 ) 

where the index P denotes the reconstructed wave front, r the reconstructing 

reference. O the object wave and R the recording reference wave. The hologram 

phase function is described by <T>H; and the order of diffraction is indicated by m 

(m = 0 ,+1, ±2, . . .). Note, that in our case only the order +1 is of interest. 

The phase matching condition [Eq.(Al)] in the hologram plane yields relations 

for the normal projections k ^ of the wâvevectors k, (i = P,rfO,R) onto that 

plane, namely 

kPH = krH + m lkOH - kRHl = krH + m K H • ^ 

where the phase O and the wavevector k are related by k(xH) = grad[<D(xH)]. 

The length of the wavevector during reconstruction is given by I IE1. I = 2rcAr. Thus 

for the component normal to the hologram plane the z-component kPz of the 

outgoing wave follows for a transmission HOE 

kp, = sign(kr) [kr
2 - k ^ k ^ ] 1 / 2 (A3) 

sign(kPi,) denotes the sign of kPz. In the case of a reflection hologram, we have to 

write - signfkpjj in Eq.(A3). ' 
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Equations (A2) and(A3) describe the law of grating diffraction, which allows for 

tracing a finite ray through the holographic components. 

The shape and the size of an image spot can be determined, by executing the 

ray tracing for a bundle of rays representing the illumination by a finite 

wavefront. In this thesis, the results are presented as spot diagrams (i.e. 

Fig.3.2). which are the points of intersection of the calculated rays with the 

image plane. 

The propagation of the phase function can also be calculated with the aid of 

geometrical ray tracing, taking into account the optical path length. If the phase 

O A is known at a point A, the phase <I>8 at another point B is given by 

0>B = OA + l n k , (A4) 

where n is the refractive index and 1 the geometrical path length between the 

two points A and B. 
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