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Abstract

Symplectic geometry is the underlying geometry of Hamiltonian
dynamics. Since the proof of Gromov’s non-squeezing theorem in 1985,
symplectic embeddings have been at the heart of symplectic geometry. This
thesis studies some symplectic embedding problems in dimension 4. We
start by completely solving the problem of embedding an ellipsoid into a
cube. This result is a refinement of the theorem proved by Gromov, McDuff-
Polterovich and Biran about embeddings of a disjoint union of equal balls
into a cube. In the second part of the thesis, we construct explicit embed-
dings of a disjoint union of balls into certain (non-disjoint) unions of an
ellipsoid and a cylinder. It follows from Hutchings’ ECH capacities that
these embeddings are optimal.

Keywords: Symplectic embeddings; ECH capacities; Pell numbers
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Résumé

La géométrie symplectique est la géométrie sous-jacente a la dynamique
hamiltonienne. Depuis la démonstration du théoreme de non-tassement de
Gromov en 1985, les plongements symplectiques se trouvent au coeur de la
géométrie symplectique. Cette these étudie certains problémes de plonge-
ments symplectiques en dimension 4. Nous commencons par résoudre com-
plétement le probléme des plongements d’ellipsoides dans des cubes. Ce ré-
sultat est un raffinement du théoréeme de Gromov, McDuff-Polterovich et
Biran sur les plongements d’une union disjointe de boules égales dans un
cube. Dans la deuxieme partie de la these, nous construisons des plonge-
ments explicites d’une union disjointe de boules dans certaines unions (non-
disjointes) d’ellipsoides et de cylindres. Il découle des capacités ECH de
Hutchings que ces plongements sont optimaux.

Mots clés: Plongements symplectiques; Capacités ECH; Nombres de Pell
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Chapter 1

Introduction

In the first section of this introduction, we give a motivating example
for symplectic geometry: the N-body problem. Symplectic geometry arose
from celestial mechanics, and some of its characteristic phenomena can be
easily observed in this example. In Section 1.2, we generalize this example to
Hamiltonian dynamics and introduce the mathematical framework in which
the thesis will be placed. We reprove the observations of Section 1.1 in
this general setting and introduce the notion of symplectic structure. In
Section 1.3, we introduce symplectic embedding problems, the main topic
of this thesis, by making a brief survey of some main results in the field.
Finally, in Section 1.4 we present the results of the thesis and explain some of
its consequences. This introduction has been mainly inspired by the books
[A], [S2] and [Z]. Readers who are interested in a more detailed introduction
are referred to these books.

1.1 The N-body problem

The N-body problem of celestial mechanics consists in studying the mo-
tion in the 3-dimensional space R3 of N particles with masses my,...,my >
0 which are subject to gravitational forces. Denote the position of the par-
ticles at time ¢t € R by x1(¢),...,2n(t) € R3. By Newton’s second law

of motion, the force F;(x1,...,xxN) acting on the particle x; satisfies the
equation
Tj— T .
FZ' (ml,...,xN) :Zmimjig = m;x; (111)
j#i |zj — @i
where ¢ = 1,..., N. These equations are not defined at collisions, that is,

at the points

A= {(a1,...,on) € RN | 3 £ j with 2 = 2}



The space C := R3V\ A where the equations (1.1.1) are defined is called
the configuration space of the N-body problem. The gravitational field

F:=(F,...,Fy):C— R

has the important property to derive from a potential, which means that
there exists a function U: C — R called the potential energy, such that

F=-VU.

The potential energy depends only on the positions of the particles and is
explicitly given in the N-body problem by

U(.%'l,..., ZZ mlm]

= 1j>2’ j_xz‘

The momentum of the system at time ¢ € R is the vector y € R?*" given
by
Yy = (yly---ny): (mlﬁvl,...,mNm'N). (112)

The phase space of the N-body problem is then defined as the set
Pi=C xRN = (R A) x RN c RSN

consisting of all possible pairs (x,y) of positions z € R3N \ A and momenta
y € R3N of the particles.

We define the kinetic energy as the function K : RV — R depending
only on the momenta of the particles and given by

N
K (y1,---,yN) Z_Z

=1

\yz\

and the mechanical energy as the function H: P — R defined on the phase
space and given by
H(z,y) =U(x) + K (y).

By differentiating H with respect to x and y, we obtain

= Py,
T = By T,y
. 0H

g= -5 (@)

These equations are called the Hamiltonian equations. Notice that the first
equation is just a rephrasing of (1.1.2) while the second equation is a rephras-
ing of (1.1.1). The physical content of these equations is thus strictly the
same as Newton’s law. It is however a fruitful point of view to classical



mechanics, as we will make apparent in the sequel. A first remark is that
we have transformed the second-order ordinary differential equation (1.1.1)
in a first-order ordinary differential equation.

The vector field
oOH

dy

OH
C Or
defined on the phase space P is called the Hamiltonian vector field associated
to H. We want to study the flow ¢}, associated to X, that is, the map
@by I x P — P defined by the equations

Xy =

d , . ‘
E(pfiz; = Xpg (@H(Z)) , (1.1.3)
PH\Z) = %

for all z := (z,y) € P, where I C R is the maximal interval of existence of
the flow.

The first important property of this flow is the conservation of mechan-
ical energy.

Fact 1.1.1. The flow @Y preserves the mechanical energy H, that is, for
any initial condition z € P and for allt € R,

H (oly(2)) = H(=).

Proof. 1t suffices to prove that % (H o ph) = 0. In view of (1.1.3), we have
d £\ _ t t
7 (H o <PH) =dH (@H) Xu (@H)

OH OH OH OH
= (#n) gy (#ir) =5 (¥ir) G ()

=0.

The second property of the flow is the conservation of volume.

Fact 1.1.2. (Liouville’s theorem) The flow @Y preserves the volume, that
is, for any domain D C P and for allt € R,

Volyh, (D) = VolD.

Proof. If suffices to prove that the divergence of Xy vanishes. We have

00H 9 0H _



Another important property of the flow ¢t is the conservation of the
symplectic structure. This property is a refinement of the conservation of
volume, in the sense that the conservation of the symplectic structure im-
plies the conservation of volume. To prove this, it is however convenient
to generalize the N-body problem and to use the formalism of differential
forms. In this framework, we will then prove the properties of the Hamilto-
nian flow ¢}, stated in this section. This is the object of the next section.

1.2 Hamiltonian dynamics

In order to generalize the N-body problem, consider on P C RV the
standard symplectic form

3N

wo = Z dx; N\ dy;.
=1

It is clear that dwy = 0, i.e. wq is closed. Moreover, wq is non degenerate,
since its 3N-th power

wiN = BN)ldwy Adyy A ... Adasy A dysn

is a multiple of the standard volume form. These two properties of the
standard symplectic form wy give rise to the following.

Definition 1.2.1. A symplectic manifold (M,w) is a smooth manifold M
equipped with a closed non-degenerate differential 2-form w. The form w is
called a symplectic form.

The non-degeneracy of w implies that the dimension of M is even:
dim M = 2n. Moreover, it implies that %w" is a volume form on M.

In order to find a general definition for the Hamiltonian vector field Xy,
remark that Xy satisfies the equation

wo (XH,) =dH.

Moreover, due to the non-degeneracy of wy, it is the unique vector field with
this property. This leads to the following definition.

Definition 1.2.2. Let H: M — R be a smooth function. Due to the
non-degeneracy of w, there exists a unique vector field Xy on M such that

w(Xpy,-) = dH. (1.2.1)

The function H is then called a Hamiltonian function while the vector
field Xy is called the Hamiltonian vector field associated to H. The flow %,
associated to H is called the Hamiltonian flow associated to H.

4



We are now in position to prove in the general situation the properties
of the Hamiltonian flow ¢!, stated in the previous section. We start with
Fact 1.1.1: the conservation of mechanical energy.

Proposition 1.2.3. The flow ¢! preserves the Hamiltonian function H,
that is, for any initial condition z € M and for allt € R,

H (¢l (2)) = H(2).
Proof. We have
% (Holy) = dH (o) X ()
- (o () (o)) =0

The second equality follows from (1.2.1) while the last equality follows from
the non-degeneracy of w. O

We now prove the conservation of the symplectic structure.

Proposition 1.2.4. The flow ¢4 preserves the symplectic form w, that is,
(¢h) w=w for all t € R.

Proof. We have

Lx,w=dx,w+ LXH\d(ﬁ/ =ddH = 0.
=0

The second equality follows from (1.2.1). O

Definition 1.2.5. Let (M;,w;) and (Ma,ws2) be two symplectic manifolds.
A map ¢: M7 — Ms is called symplectic if p*ws = wy.

In dimension 2, symplectic maps agree with volume preserving maps
that preserve the orientation since a symplectic form is a volume form. In
higher dimension, it is still true that symplectic maps preserve the volume.
Consider the volume forms €y := %w? on Mi and Qs := %wg on Ms.
Proposition 1.2.6. A symplectic map @ preserves the volume, that is,
LP*QQ = Ql.

Proof. We have

P Q=9 (mwz) = m(@ wa)" = wr =
O
In particular, we deduce Fact 1.1.2 from Propositions 1.2.4 and 1.2.6.

Corollary 1.2.7. The flow @Y preserves the volume.



1.3 Symplectic embeddings

In the previous section, we have seen that diffeomorphisms which arise
as time ¢ maps of Hamiltonian flows preserve both the volume and the
symplectic structure. Symplectic geometry studies among other things the
properties of symplectic maps. They lie somewhere between the rigid Eu-
clidean isometries and the flexible volume preserving maps. One goal of
symplectic geometry is to determine in which contexts symplectic maps are
rather flexible, and when they are rather rigid. One way to observe both
phenomena is via symplectic embeddings.

Definition 1.3.1. Let (M;,w;) and (Ma,ws2) be two symplectic manifolds.
A symplectic map ¢: My —> M> is called a symplectic embedding if ¢ is a
homeomorphism on its image. We denote it by ¢: M; < M.

Notice that due to the non-degeneracy of symplectic forms, symplectic
maps are always immersions. It is thus enough to require the symplectic
map to be a homeomorphism on its image in order to get an embedding.

The first important embedding result is undoubtedly Gromov’s non-
squeezing theorem (see [G]). We consider the Euclidean 2n-dimensional
space (R?",wq) endowed with the canonical symplectic form

n
wo = Zd.%'l A dy;.
i=1
Denote by
n
B(a) := {(xl,yl,...,a:n,yn) eR™ | & (fo —i—y?) < a}
i=1

the ball of radius \/g > 0 and by

Z(A) := {(:Ul,yl,...,xn,yn) e R?" | W(m%—i—y%) <A}

the symplectic cylinder, that is, the product D?(A) x R?"~2 of the disc of
area A > 0 with R?" 2,

Theorem 1.3.2. (Gromov’s nonsqueezing theorem) There exists a symplec-
tic embedding B(a) <> Z(A) if and only if a < A.

The theorem says thus that the problem of symplectically embedding a
ball into a symplectic cylinder is rigid: the best possible symplectic embed-
ding is the inclusion.



In contrast with Gromov’s nonsqueezing theorem, if we define the
isotropic cylinder by

ZB0(A) = {(ml,yl, Ty Yn) ERP | 1 (x% + x%) < A} ,

then B(a) < Z°(A) for all @ > 0. Indeed, the linear map . : R2" —s R2"
given by

ve(z,y) = (e, éy)

is symplectic for all ¢ > 0, and for any a > 0 there exists € > 0 such
that . (B(a)) C Z'°(A). This shows that the problem of symplectically
embedding a ball into an isotropic cylinder is flexible.

Important obstructions to symplectic embeddings are given by symplec-
tic capacities which have been introduced by Ekeland and Hofer in [EH].
Denote by SM(2n) the set of symplectic manifolds of dimension 2n.

Definition 1.3.3. Assume n > 2. A symplectic capacity is a map
c: SM(2n) — [0, +o0]

with the following properties.
(Monotonicity) If there exists a symplectic embedding

(My,wi) <> (Ma,ws)
then
c(My,wr) < c(Ma,ws).
(Conformality) If o > 0, then

c(M,ow) = ac(M,w).
(Nontriviality) ¢ (B(1)) > 0 and ¢(Z(1)) < oc.

The nontriviality axiom excludes the volume to be a symplectic capac-
ity. In view of the monotonicity axiom, symplectic capacities are sym-
plectic invariants and can thus be used to find obstructions to symplectic
embeddings. An example of a symplectic capacity is the Gromov width
G: SM(2n) — [0, +o0] which is defined by

G(M,w) = sup{a | Jo: (B(a),wo) < (M,w)}

where wg = Y1 ; dx; A dy; denotes the canonical symplectic form on R2™,
Gromov’s width measures the size of the biggest ball that symplectically em-
beds into the manifold. In fact, G (B(a)) = G (Z(a)) = a, so that Gromov’s
nonsqueezing theorem follows by monotonicity from the fact that Gromov’s
width is a capacity.



The next step is to refine this capacity. Indeed, Gromov’s width can for
example not distinguish a ball from a cylinder. This problem is solved by
considering the following ball-packing problem. We define for all £ > 1 a
capacity Gj: SM(2n) — [0, +o0] by

k
Grp(M,w) := sup {a | o H (B(a),wy) <> (M,w)} ) (1.3.1)

i=1

that is, G, measures the size of the biggest disjoint union of equal balls
which embeds into the manifold. Of course, G; is the Gromov width. Now,
Go distinguishes a ball from a cylinder. Indeed, G2 (Z(a)) = a while we
deduce from volume considerations that G (B(a)) < a.

A way to measure the flexibility (or rigidity) of this ball-packing problem
is the following. We define for each k € N the k-th packing number of the
symplectic manifold (M,w) by

pr (M,w) = sup{%é\?;;m : H(B(a),wo) < (M,w)}. (1.3.2)
k

The k-th packing number of M thus describes the supremum of the volume
ratio which can be filled by symplectic embeddings of k disjoint equal balls
B(a) into M. Thus, if pp (M) = 1, the ball-packing problem by k balls is
flexible. On the other hand, if py (B(1)) < 1, there is some rigidity: we say
that there is a packing obstruction.

These symplectic invariants are still not very well understood in arbitrary
dimensions. However, there are some results in dimension 4. For example,
all the capacities G and the packing numbers p; have been computed for
the 4-dimensional ball B*(1) by Gromov [G], McDuff-Polterovich [MP] and
Biran [B1]. They found the following table.

k 1 2 3 4 5 6 7 8 >9

Gv 1 53 5 3 2 3 § © vk
1 3 20 24 63 288

pe 1 5 17 1 355 %5 &1 3% 1

This result shows that, while there is symplectic rigidity for many small k,
the problem is flexible for large k.

We can get one step further in the refinement of these results. Define a
symplectic ellipsoid by

2 2 2 2
E(a’laa’2) - {(‘Tlayly‘rQ?y2) 6R4 : Tr(xl +y1) + 7T(x2+y2) = 1} .

aq a2



McDuff showed in [M2] that the ellipsoid F(aq, as) symplectically embeds
into the ball B(A) if and only if a certain finite disjoint union of balls
11; B (w;) embeds into B(A). The sizes w; of the balls B (w;) are related to
the continued fraction expansion of Z—f In particular, if £ > 1 is a positive
integer, then

E(a, ka) < B(A) if and only if f[ B(a) < B(A). (1.3.3)
=1

In [MS], McDuff and Schlenk used this result to solve the problem of em-
bedding a 4-dimensional ellipsoid into a ball. They determined the function
cep: [1,4+00] — [1,+o0[ defined by

copla) == inf {4 : B(1,a) < B(A)}. (1.3.4)

Since E(1,a) <> B(A) if and only if E(\,Xa) <> B(AA), this result in-
deed completely solves the problem of embedding an ellipsoid into a ball.
Moreover, by using (1.3.3), one can recover the capacities G (B(1)) and the
packing numbers py, (B(1)) by looking at embeddings of E(1,k) <» B(A)
since for all integers k > 1,

1

con(b) = Z By

The structure of the graph of cgp turns out to be very rich. For
1 < a < 7 where 7 := 1+—2‘/5 is the golden ratio, the graph consists of
an infinite piecewise linear staircase oscillating between flexible parts and
more rigid parts. For 7* < a < 8+ %, the graph is equal to the volume con-
straint except on a finite number of intervals. For a > 8 + 3_16’ the problem
is flexible since cgp(a) coincides with the volume constraint.

There is another way to characterize the function cgpp. If (M,w) is a
4-dimensional symplectic manifold, then there exists a whole sequence of

symplectic capacities associated to M
0=co(M,w) <c1 (M,w) <ca(M,w)<...<00

called ECH capacities, which have been introduced by Hutchings in [H1] us-
ing his embedded contact homology. ECH capacities give sharp obstructions
to certain symplectic embeddings. In particular, Hutchings and McDuff
showed in [H1] and [M3] that E(a,b) < E(c,d) if and only if ¢; (E(a,b)) <
¢k (E(c,d)) for all k > 0. This gives another characterization of the function
cgp, although it seems very difficult to deduce the shape of the graph of
cpp directly from the ECH capacities.



1.4 Presentation of the results

1.4.1 Symplectic embeddings of 4-dimensional ellipsoids into
cubes

In Chapter 2, we solve the problem of embedding a 4-dimensional sym-
plectic ellipsoid into a 4-dimensional cube. This is joint work with Dorothee
Miiller and has been accepted for publication in the Journal of Symplectic
Geometry ([FM]).

Recall that McDuff and Schlenk determined in [MS] the function cgp
defined by (1.3.4) whose value at a is the infimum of the size of a 4-ball
into which the ellipsoid E(1,a) symplectically embeds (here, a > 1 is the
ratio of the area of the large axis to that of the smaller axis of the ellipsoid).
In Chapter 2, we look at embeddings into 4-dimensional cubes instead, and
determine the function

cpc(a) == inf{A D BE(la) < C(A)}

whose value at a is the infimum of the size of a 4-cube C(A) = D?(A)x D?(A)
into which the ellipsoid E(1, a) symplectically embeds (where D?(A) denotes
the disc in R? of area A).

As for the function cgp, this function refines the result of Gromov [G],
McDuff-Polterovich [MP] and Biran [Bl], where they computed for the
4-cube C(1) all the capacities Gy and the packing numbers py defined by
(1.3.1) and (1.3.2). They found the following table.

k 1 23 4 5 6 7 =8
Ge(C(1) 11 2 2 2 2 & o
pe(C) 5 1 5 5 % B 3% L

Now since McDuff showed in [M2] that

k
E(a, ka) <> C(A) if and only if H B(a) < C(A),
i=1

we see that here also the capacities G (C(1)) and the packing numbers
Pk (C(1)) can be recovered from the function cgc since for all integers k > 1

1

welh) = G ey

10



The structure of the graph of cgc turns out to be very similar to the
one of cgp. For a less than the square o? of the silver ratio o := 1 + \/5,
the function cg¢ is piecewise linear, with an infinite staircase converging to

(02,1/02/2) (see Figure 2.1.1). This staircase is determined by Pell num-
L

32}, the function cgc coincides with the volume

bers. On the interval {02, 7
constraint \/g except on seven disjoint intervals, where cg¢ is piecewise lin-

ear (see Figure 2.1.2). Finally, for a > 73% the functions cpc and \/g are
equal.

For the proof, we first translate the embedding problem E(1,a) — C(A)
to a certain ball packing problem of the ball B(2A). This embedding prob-
lem is then solved by adapting the method from [MS], which finds all ex-
ceptional spheres in blow-ups of the complex projective plane that provide
an embedding obstruction.

We also prove in Chapter 2 that for any rational numbers a,b > 0, there
exists a symplectic embedding E(a,b) — P(c,d) := D?(c) x D?(d) if and
only if there exists a symplectic embedding

B(a,b) [[ Ble) [[ B(d) — B(c+d),

where B(a,b) denotes a certain disjoint union of balls []; B (w;). The se-
quence of sizes w; of the balls B (w;) are determined by the continued frac-
tion of the rational number g.

A corollary of this result is that ECH-capacities are sharp for the problem
of symplectically embedding an ellipsoid into a polydisc, that is,

E(a,b) < P(c,d) if and only if ¢, (E(a, b)) < cx (P(c,d))

for all £k > 0. From this, we deduce that the ellipsoid E(1,a) symplectically
embeds into the cube C'(A) if and only if E(1,a) symplectically embeds into
the ellipsoid E(A,2A). Our embedding function cgc thus also describes the
smallest dilate of F(1,2) into which E(1,a) symplectically embeds.

1.4.2 Symplectic embeddings into the union of an ellipsoid
and a cylinder

In Chapter 3 we study symplectic embeddings into the union of an el-
lipsoid and a cylinder. The results of Section 3.1 are joint work with Keon
Choi, Daniel Cristofaro-Gardiner, Michael Hutchings and Vinicius G. B.
Ramos and are part of [CGFHR] that has been accepted for publication in
the Journal of Topology.

11



Let a,b,c > 0 be positive real numbers. Denote by
Z(a,b,c) == Z(a)U E(b,c)

the (non-disjoint) union of the symplectic cylinder Z(a) = D?(a) x R? and
the ellipsoid E(b, ¢).

In Section 3.1 we solve some ball packing problems of Z(a,b,c). More
precisely we determine for certain values b,c¢ > 0 the embedding capacity
function

c(wy, ..., wp;b,c) == inf{)\ | HB(wi) < Z()\,)\b,)\c)}

i=1

for all positive real numbers w1, ..., w, > 0. We first compute the obstruc-
tion for these ball packings given by ECH capacities, leading to a lower
bound on ¢ (wi,...,wy;b,¢). We then show that this lower bound is also
an upper bound, by an explicit packing that is obtained by an embedding
construction called symplectic shearing.

In Section 3.2 we construct an explicit embedding of F (36, g) into
Z(1,6,6), using the symplectic folding method. This construction has the
following consequences.

It shows that the problem of embedding an ellipsoid F(a,b) into the
union of an ellipsoid and a cylinder Z(c,d,e) = Z(c) U E(d, e) is not rigid
in general. Indeed, E(36, g) ¢ Z(1,6,6) which excludes trivial embeddings,
and vol (E(36, g)) > vol (E (6,6)) which excludes embeddings of E(36,2)

that take values in the ball B(6) = E (6,6) alone (cf. [MS]).
Moreover, this embedding shows that the ball packing construction of

Section 3.1 is not always optimal. Indeed, since ]_[?21 B (g) 4 E (36, g),
the embedding F (367 g) SNy (1,6,6) implies the existence of an embedding

/6 s
115 <—> < Z(1,6,6)
i=1 5

while the shearing method of Section 3.1 would only give

30
6\ s 36
IIB - = =Z(1 .

i=1

12



Chapter 2

Symplectic embeddings of
4-dimensional ellipsoids into
cubes

2.1 Introduction

2.1.1 Statement of the result

Let (R4,w) be the Euclidean 4-dimensional space endowed with the
canonical symplectic form w = dzi A dy; + dza A dys. Any open subset
of R* is also endowed with w. Simple examples are the symplectic cylinders
Z(a) := D%*(a) x R? (where D?(a) is the open disc of area a), the open
symplectic ellipsoids

2 4,2 2 | 2
E(a,a2) = {(x17y179627y2) eR* : ™ (21 + 91 + ™ (22 +45) < 1}7

al as

and the open polydiscs P (a1, as) := D? (a1) x D? (az). We denote the open
ball E(a,a) (of radius v/a/7) by B(a) and the open cube P(a,a) by C(a).
Since D?(a) is symplectomorphic to an open square, D?(a) x D?(a) is indeed
symplectomorphic to a cube.

Given two open subsets U and V, we say that a smooth embedding
p: U <= Visa symplectic embedding if p preserves w, that is, if p*w = w. In
the sequel, we will write p: U < V for such an embedding. Since symplectic
embeddings are volume preserving, a necessary condition for the existence
of a symplectic embedding U <> V is, of course, Vol(U) < Vol(V), where
Vol(U) := %wa A w. For volume preserving embeddings, this is the only
condition (see e.g. [S1]). For symplectic embeddings, however, the situation
is very different, as was detected by Gromov in [G]. Among many other
things, he proved the following.

13



Example 2.1.1. (Gromov’s nonsqueezing Theorem) There exists a sym-
plectic embedding of the ball B(a) into the cylinder Z(A) if and only if
a < A

Notice that the volume of the cylinder Z(A) is infinite, and that for any a
the ball B(a) embeds by a linear volume preserving embedding into Z(A).
Similarly, we also have

Example 2.1.2. There exists a symplectic embedding of the ball B(a) into
the cube C(A) if and only if a < A.

The above results show that symplectic embeddings are much more spe-
cial and in some sense “more rigid” than volume preserving embeddings.
A next step was to understand this rigidity better. One way of doing this
is to fix a domain V' C R* of finite volume, and to try to determine for each
k € N the k-th packing number

pe(V) = sup{%ﬁ/&a)) : |_|B(a) < V}.

Here, ||, B(a) is the disjoint union of k equal balls B(a). It follows from
Darboux’s Theorem that always pg(V) > 0. If px(V) = 1, one says that V'
admits a full packing by k balls, and if px (V) < 1, one says that there is a
packing obstruction. Again, it is known that if we would consider volume
preserving embeddings instead, then all packing numbers would always be 1.

In important work by Gromov [G], McDuff-Polterovich [MP] and Bi-
ran [B1] all the packing numbers of the 4-ball B and the 4-cube C were
determined. The result for C is

E 1 2 3 4 5 6 7 >8
1 2 8 9 48 224
e 3 1 5§ 10 » 3 1

This result shows that, while there is symplectic rigidity for many small k,
there is no rigidity at all for large k.

In order to better understand these numbers, we look at a problem
that interpolates the above problem of packing by k equal balls. For 0 <
a1 < ag, consider the ellipsoid E (a1, aq) defined above, and look for the
smallest cube C(A) into which F (aj,as) symplectically embeds. Since
E(a1,as) < C(A) if and only if E(Aai,Aag) <> C(MA), we can always
assume that a; = 1, and therefore study the embedding capacity function

cpc(a) == inf{A c BE(la) < C(A)}

on the interval [1,00[. It is clear that cgc is a continuous and nondecreas-
ing function. Since symplectic embeddings are volume preserving and the

14



volumes of E(1,a) and C(A) are 2a and A? respectively, we must have the
lower bound

Se

< cpela).

It is not hard to see that | |, B(1) < E(1,k). Therefore, | |, B(1) <> C(A)
whenever E(1,k) < C(A). In [M2], McDuff has shown that the converse
is also true! Our ellipsoid embedding problem therefore indeed interpolates
the problem of packing by k equal balls, and we get

_ Vol(BE(Lk) %
PHO) = FC (eno®)) ~ (epo)

First upper estimates for the function cgc(a) were obtained in Chap-
ter 4.4 of [S2] by explicit embeddings of ellipsoids into a cube. These
upper estimates also suggested that symplectic rigidity for the problem
E(1,a) < C(A) should disappear for large a.

In this paper, we completely determine the function c(a) := cgc(a). In
order to state our main theorem, we introduce two sequences of integers:
the Pell numbers P, and the half companion Pell numbers H,, which are
defined by the recurrence relations

Py=0,P =1, P,= 2P, 1+ P2,
Hy=1H=1, H,=2H, 1+ Hy .

Thus, P2 :2, P3 = 5, P4 = 12, P5 = 29, and H2 :3, H3 = 7, H4 = 17,
Hs = 41,.... The two sequences (ay),,»o and (B,),o are then defined by

2P?
~ntl if n is even, Hny2 if n is even
HE H, ’
W= g2 fni=3 p 42
+1 . . . Lni2 . .
2;55 if n is odd; P, if n is odd.
The first terms in these sequences are
9 50 17
a0:2<[5’0:3<a1:§<[5’1:5<a2:§<5g:?<....

More generally, for all n > 0,

< ap < Bp <ot < Bpr1 < ...,

and both sequences converge to o2 = 3 4+ 2v/2 = 5.83, which is the square
of the silver ration o := 1+ /2.

15
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FIGURE 2.1.1 — The graph of ¢ on the interval [1,0?]
Theorem 2.1.3. (i) On the interval [1,0?],
1 ifacl,2],
1 .
C((I) — \/E a ’Lf(l € [O‘mﬂn] ’
Qn+1 .
5 i a€ (B annl,
for allm >0 (see Figure 2.1.1).
i) On the interval |02, 75| we have c(a) = /& except on seven disjoint
32 2

intervals, where c is piecewise linear (see Figure 2.1.2).

(i) For a > T35 we have c(a) = ,/%.
The proof of (i) is given in Corollary 2.5.2, a more detailed statement as
well as the proof of (ii) are given in Theorem 2.7.2, while the proof of (iii)

is given in Lemma 2.4.1 and Proposition 2.7.7.
A similar result has been previously obtained by McDuff-Schlenk in [MS]

for the embedding problem E(1,a) <> B(A). These two results show that
the structure of symplectic rigidity can be very rich.

For further results on packings of various symplectic manifolds by balls
and ellipsoids we refer to [B2], [BuH1], [BuH2|, [BuP], [LMS] and [O].
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o2 6 61 61 61 62 772
8 5 3 2 32

FIGURE 2.1.2 — The graph of ¢ on the interval [02, 73—12}

2.1.2 Relations to ECH-capacities

There is a more combinatorial (but non-explicit) way of describing the
embedding function cgc(a). Indeed, in [H1], Hutchings used his embedded
contact homology to construct for each domain U C R? a sequence of sym-
plectic capacities C%C 1 (U), which for the ellipsoid E(a,b) and the polydisc
P(a,b) are as follows.

Form the sequence Ng(a, b) by arranging all numbers of the form ma+nb
with m,n > 0, in nondecreasing order (with multiplicities). Then for k£ > 0,
the k-th ECH-capacity c§oy (E(a,b)) is the (k + 1)-th entry of Ng(a,b).
For instance, cpep (E(1,1)) = {0,1,1,2,2,2,3,3,3,3,4,...}.

Moreover, for polydiscs,

o (Pla,b)) = min{am+bn : mneN; (m+1)(n+1) > k+1}.

There exists a canonical way to decompose an ellipsoid E(a, b) with ¢ ra-
tional into a finite disjoint union of balls B(a, b) := L; B (w;) with weights w;
related to the continued fraction expansion of 7. We shall explain this de-

composition in more detail and prove the following proposition in the next
section.

Proposition 2.1.4. Let a,b,c,d > 0 with { rational. Then there exists a
symplectic embedding E(a,b) — P(c,d) if and only if there exists a sym-
plectic embedding

B(a,b)| |B(c)| | B(d) < B(c+d).

17



Hutchings showed in Corollary 11 of [H2] how Proposition 2.1.4 implies
that ECH-capacities form a complete set of invariants for the problem of
symplectically embedding an ellipsoid into a polydisc:

Corollary 2.1.5. There exists a symplectic embedding E(a,b) — P(c,d)
if and only if ko (E(a,b)) < oy (P(e,d)) for all k > 0.

It seems to be hard to derive Theorem 2.1.3 from Corollary 2.1.5 or vice-
versa.

As a further corollary we obtain

Corollary 2.1.6. The ellipsoid E(1,a) symplectically embeds into the cube
C(A) if and only if E(1,a) symplectically embeds into the ellipsoid E(A,2A).

Proof. By Corollary 2.1.5, E(1,a) symplectically embeds into C'(A) if and
only if &y (E(1,a)) < ko (C(A)) for all k > 0. By McDuff’s proof of
the Hofer Conjecture [M3], E(1,a) symplectically embeds into E(A,2A) if
and only if by (B(1,a)) < oy (E(A,24)) for all k > 0. The corollary
now follows from the remark on page 8098 in [H2], that says that for all
k>0

o (B(1,2)) = chen (C(1). 2.1.1)

For the easy proof, we refer to Section 2.2. O

Remark 2.1.7. Recall that the ECH-capacities of B(1) and C(1) (or E(1,2))
are

cpon (B(1)) = (Oxl, 1%2 9X3 gx4 gx5 5X6 gxT7 7x8 gx9 ¢x10 ) ,
CECH (C(l)) — (OX17 1><17 2><27 3><27 4><37 5><3’ 6X4, 7><4’ 8X5, 9><5’ . ) .

One sees that the sequence cpom (C(1)) is obtained from cgpcm (B(1)) by
some sort of doubling. This is reminiscent to the doubling in the definition
of the Pell numbers: The Fibonacci and Pell numbers are defined recursively
by
Fn+1:Fn+Fn71a Pn+1:2Pn+Pnfla

and while the Fibonacci numbers determine the infinite stairs of the func-
tion cpp(a) for a < 74 (with 7 the golden ratio, see [MS]), the Pell numbers
determine the infinite stairs of the function cpc(a) for a < o2, This rem-
iniscence may, however, be a coincidence. Indeed, for the ellipsoid F(1,3)
the sequence

CECH (E(l,?)) — <0><1’ 1><1,2><1,3><2,4><2,5X2,6X3,7X3,8X3,9X4, . )

is obtained from cpcop(B(1)) by some sort of tripling, but the beginning of
the function describing the embedding problem E(1,a) <> E(A,3A) seems
not to be given in terms of numbers defined by G,+1 = 3G, + Gr—1.
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2.2  Proof of Proposition 2.1.4 and equalities (2.1.1)

In Section 2.2.1, we explain the canonical decomposition of E(1,a) with
a € Q into a disjoint union of balls. We then prove Proposition 2.1.4 in
Sections 2.2.2 and 2.2.3, and in Section 2.2.4 we prove equalities (2.1.1).

2.2.1 Decomposing an ellipsoid into a disjoint union of balls
In [M2], McDuff showed the following theorem.

Theorem 2.2.1. (McDuff [M2]) Let a,b > 0 be two rational numbers. Then,
there exists a finite sequence (w1, ..., wyr) of rational numbers such that the
closed ellipsoid E(a,b) symplectically embeds into the ball B(A) if and only
if the disjoint union of balls ;B (w;) symplectically embed into B(A).

The disjoint union L; B (w;) is then denoted by B(a,b). Following [MS],
we will now explain one way to compute the weights wq,...,wys in this
decomposition. Notice that in [M2], the weights of the balls B (w;) are
defined in a slightly different way. The proof that these weights agree with
the weight expansion of a defined now can be found in the Appendix of [MS].

Definition 2.2.2. Let a = Z > 1 be a rational number written in lowest
terms. The weight expansion of a is the finite sequence w(a) := (w1, ..., war)
defined recursively by

e w1 =1, and w, = wypy1 > 0 for all n;

o if w; > w11 = ... =w, (where we set wp := a), then

Wy if wigr +... Fwppr = (0 — i+ Dwipg
W41 = < wy,
w; — (n —i)w;y1 otherwise;

e the sequence stops at w, if the above formula gives w,+; = 0.

Remark 2.2.3. If we regard this weight expansion as consisting of N + 1
blocks on which the w; are constant, that is

x1 x1 x1
w(a)=1,...,1,z1,...,21, ..., TN,...,TN) = (1 0,z 1,...,33NN),
——

l() 11 lN
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2\2\2%

FIGURE 2.2.1 — The weight expansion of %.

then 1 = a — Iy < 1, and if we set g = 1, then for all 2 < 7 < N,
T; = x;_9 — l;_1x;_1. Moreover, the lengths of the blocks give the continued
fraction of a since

1

a=1ly+ i :Z[ZQ;ll,...,lN].
[AE——
A —
+ZL
N

Example 2.2.4. The weight expansion of %5 is (1X2,g,%xg,%X2). The

continued fraction expansion of %5 is thus [2;1,3,2]. Notice that we also

have ) ) )
25 9 7 2 1
T _92.1 Z 3.(2 2.2 .
9 +<9) * (9) * <9>

This is no accident and is best explained geometrically as in Figure 2.2.1.
The general result is stated in the next lemma.

Lemma 2.2.5. (McDuff-Schlenk [MS], Lemma 1.2.6) Let a =
rational number with p,q relatively prime, and let w := w(a) = (
be its weight expansion. Then

>1 bea
1y ey WAL)

ISESYS]

(i) wM:%;
(i) S w? = (w,w) = a;
(iii) Ywi=a+1— .

2.2.2 Representations of balls and polydiscs

In the proof of Proposition 2.1.4, we shall use certain ways of representing
open and closed balls and open polydiscs. Recall that B(a) is the open ball
in R* of capacity a = 7r?, and that P(a,b) = D?(a) x D?(b), where D?(a)
is the open disc in R? of area a.
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2.2.2.1 Representations as products

Denote by (a,b) the open square ]0,a[ x ]0,b[ in R2. Since D?(a) is
symplectomorphic to the open square ]0,a[ x |0, 1[, the polydisc P(a,b) is
symplectomorphic to

O(a,b) x O(1,1) € R%(z) x R*(y).
Next, consider the simplex
A(a) = {(xl,xg) €R*(z) : 0<my,m9; o1 + 12 < a}.
Then B(a) is symplectomorphic to the product
A(a) x O(1,1) € R%*(z) x R%(y),

see [T] and Remark 9.3.1 of [S2].

2.2.2.2 Representations by the Delzant polytope

Denote by wgp the Study-Fubini form on the complex projective
plane CP?, normalized by [p1 wsr = 1. We write CP?(a) for (CP?, awgr).
Its affine part CP?\ CP! is symplectomorphic to the open ball B(a). (In-
deed, for a = m, the embedding

2= (21,22) [21 RV \212}

is symplectic.)

The image of the moment map of the usual T2-action on CP2(a) is
the closed triangle A(a). For b < a, the preimage of A(b) C A(a) is
symplectomorphic to B(b). By precomposing the torus action with suitable
linear torus automorphisms, one sees that also the closed triangles based
at the other two corners of A(a) correspond to closed balls in CP?(a). We
refer to [K]| for details.

The image of the moment map of the usual 7%-action on C? maps the

polydisc P(c,d) to the rectangle [0, c[ x [0,d] C R?(z).

2.2.3 Proof of Proposition 2.1.4
Let now a,b,c,d > 0 with § rational. We need to show that
E(a,b) < P(c,d) <= B(a,b)UB(c)UB(d) < B(c+d).

"—": By decomposing F(a,b) into balls as before, we find that
B(a,b) < P(c,d) (see also [M2]). Fix e > 0. Then we have also
(1—¢)B(a,b) <> P(c,d). Now represent the open balls B(c), B(d), B(c+ d)
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FIGURE 2.2.2 — Closed balls in CP?(a) and the moment image of P(c,d)

and the polydisc as in Section 2.2.2.1 above. We then read off from Figure
2.2.3 that
(1 —¢)B(a,b) UB(c)UB(d) < B(c+d).

This holds for every € > 0. In view of [M1] we then also find a symplectic
embedding B(a, b) LI B(c) U B(d) < B(c+ d).
“e=": Assume now that B(a,b)U B(c)UB(d) <> B(c+d). Fix e > 0.
Then
(1—¢)B(a,b) UB(c—e)UB(d—¢) < CP%*(c+d).

According to [M1], the space of symplectic embeddings of B(c—e)UB(d—¢)
into CP?(c + d) is connected. Any such isotopy extends to an ambient
symplectic isotopy of CP2(c + d). In view of this and by Section 2.2.2.2 we
can thus assume that the balls B(c — ¢) and B(d — ¢) lie in CP?(c + d) as
shown in Figure 2.2.4.

The image of the balls (1 —€)B(a,b) must then lie over the gray shaded
closed region. However, since the balls B(c — ¢) and B(d — ¢) are closed,
the image of (1 — €)B(a,b) cannot touch the upper horizontal or the right
vertical boundary of the gray shaded region. Moreover, according to Re-
mark 2.1.E of [MP] we can assume that this image lies in the affine part of
CP?%(c+d), i.e., the image of the balls (1—¢)B(a, b) lies over the gray shaded
region deprlved from the dark segment, and hence, by Section 2.2.2.2, in
P(c + e,d + ¢). We may suppose from the start that ¢,d > 1. Then
Plc+ed+e) C (1+ 6) (¢,d). We have thus found a symplectic em-
bedding (1—¢)B(a,b) = (1+¢)P(c,d). It is shown in Theorem 1.5 of [M2]
that then also (1 —&)E(a,b) <> (1 + ¢)P(c,d). Hence

1—¢
1+¢

E(a,b) < P(c,d).
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T2 A
c+d
B(c—¢)
d+e
d
¢ cte c+d ;1

FIGURE 2.2.4 — How B(c — ¢) and B(d — ¢) lie in CP?(c + d)
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It now follows again from [M2] that E(a,b) <> P(c,d). (To be precise, [M2]
considers embeddings of ellipsoids into open balls; however, the same argu-
ments work for embeddings of ellipsoids into polydiscs.) O

2.2.4 Proof of equalities (2.1.1)
Lemma 2.2.6. For all k > 0,
cbon (E(1,2)) =

c
Proof. We will prove that c&. . (E(1,2)
to the unique integer d such that

52452 x5 [157]

For % (E(1,2)), this follows from the fact that the number

bor (C(1).
) and c§py (C(1)) are both equal

ﬂ{(m,n)6N3:m+2n<d}

of pairs of nonnegative integers (m,n) such that m + 2n < d is equal to
{%J [%W This, in turn, can easily be deduced from the identities

ﬁ{(m,n) eNgzm+2n:2l} :ﬂ{(m,n) GN%:m+2n:2l+1} =1+1
On the other hand, we have
Ao (C) =chey (P(L,1) =min{m+n:(m+1)(n+1) > k+1}.
Fix a nonnegative integer k. Let mg,ng € Ny be two nonnegative integers
such that
mo+no=min{m+n:(m+1)(n+1) > k+1}.
Without loss of generality, mg > ng. Moreover, we can always take mq, ng
such that mg — ng € {0,1}. Indeed, assume that mg = ng + ¢ with ¢ > 2.
Then for my = mo — 1 and ny = ng + 1, we get
(my +1) (nf + 1) =mg (no +2) = (no + ¢) (no +2) = ng + (¢ + 2)ng + 2c¢
>nd+(c+2ng+c+1=(ng+c+1)(ng+1)
=(mo+1)(no+1) > k+1.

Thus (mg, n() also realizes the minimum. Now, if my + ng is even, then
mg = ng and we have to show that

{Qmo + 1J {Qmo +1
2 2

| =m0 (mo -+ 1) < &

2mg + 2 2mqg + 2
)|
The first inequality follows from the minimality of mg 4+ ng while the second
one follows from the fact that (mg + 1) (ng + 1) > k 4+ 1. The case mqg + ng
odd is treated similarly. O

<(m0+1)2:{

24



2.3 Reduction to a constraint function given by
exceptional spheres

In this section we explain how the function c(a) can be described by the

volume constraint \/g and the constraints coming from certain exceptional

spheres in blow-ups of CP2. Since the function ¢ is continuous, it suffices
to determine ¢ for each rational @ > 1. The starting point is the following
lemma, which is a special case of Proposition 2.1.4.

Lemma 2.3.1. Let a > 1 be a rational number with weight expansion
w(a) = (w1,...,wp) and A > 0. Then the ellipsoid E(1,a) embeds sym-
plectically into the cube C(A) if and only if there is a symplectic embedding

B(A) U B(A) U; B (w;) < B(2A).

With this lemma, we have converted the problem of embedding an el-
lipsoid into a cube to the problem of embedding a disjoint union of balls
into a ball. In [MP], the problem of embedding & disjoint balls into a ball
was reduced to the question of understanding the symplectic cone of the
k-fold blow-up Xy of CP%. Let L := [CP!] € Hy(Xy,Z) be the class
of a line, let Fy,..., Ey € Hy (Xy,Z) be the homology classes of the excep-
tional divisors, and denote by I, e1, ..., e, € H? (X, R) their Poincaré duals.
Let —K := 3L — }_ E; be the anti-canonical divisor of X}, and define the
corresponding symplectic cone Cx (Xi) C H? (Xg,R) as the set of classes
represented by symplectic forms w with first Chern class ¢; (X}, w) Poincaré
dual to —K.

Theorem 2.3.2. (McDuff-Polterovich [MP]) The union L¥_, B (w;) embeds
into the ball B(u) or into CP%(u) if and only if ul — > wie; € Cx (Xp)-

To understand Cg (X)), we define as in [MS] the following set
Er C Hy (Xk).

Definition 2.3.3. & is the set consisting of (0; —1,0,...,0) and of all tuples
(d;m) == (d;mq,...,my) with d > 0 and m; > ... > my > 0 such that
the class E(g,,) = dL — }>m;E; € Hy(Xg) is represented in X by a
symplectically embedded sphere of self-intersection —1.

We will often write £ instead of & if there is no danger of confusion. We
then have the following description of Cx (X).

Proposition 2.3.4. (B [B1], Li-Li [LiLi], Li-Liu [LiLiu])
Cic (Xp) = {a € H? (Xp) : 0? > 0, a (B) > 0,YE € &}

In order to give a characterization of the set £, we need the following
definition as in [MS].
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Definition 2.3.5. A tuple (d;m) := (d;mq,...my) is said to be ordered if
the m; are in non-increasing order. The Cremona transform of an ordered
tuple (d;m) is

(2d — my —mg —mg;d —mg —mg,d —mi —ms,d —my — Mo, My, ..., M) .

A Cremona move of a tuple (d;m) is the composition of the Cremona trans-
form of (d;m) with any permutation of the new obtained vector m.

Proposition 2.3.6. (McDuff-Schlenk [MS], Proposition 1.2.12 and
Remark 3.3.1)

(i) All (d;m) € & satisfy the two Diophantine equations

> mi=3d—1,

S m?— 1.
(ii) For all distinct (d;m), (d';m’) € & we have
Zmlm; <dd'.

(iii) A tuple (d;m) belongs to & if and only if (d;m) satisfies the Diophan-
tine equations in (i) and (d;m) can be reduced to (0;—1,0,...,0) by
repeated Cremona moves.

Remark 2.3.7. Working directly with Lemma 2.3.1, Theorem 2.3.2 and Propo-
sition 2.3.4 we find, as in [MS], that the only constraints for an embedding

E(1,a) < C(A) are A > \/g and, for each class (d;m) € &,
2A4d > (m1+ma) A+ ((ms,...,mg), w(a)). (2.3.1)

One can start from here and use Proposition 2.3.6 to prove Theorem 2.1.3.
The analysis becomes, however, rather awkward, since the unknown A ap-
pears on both sides of (2.3.1).

To improve the situation, we shall apply a base change of Hs (X}), and
express the elements of £ in a new basis. Consider the product S? x S?
(whose affine part is a cube), and form the M-fold (topological) blow-up
XM (52 X 52) A basis of H2 (XM (52 X 52)) is given by Sl, SQ, Fl, e ,FM,
where S; := [S? x {point}], S2 := [{point} x S?| and Fy,..., F)s are the
classes of the exceptional divisors.

Notice that there is a diffeomorphism ¢: X, (52 X 52) = Xyt ((CPQ)
such that the induced map in homology is

Py - H2 (XM (52 X 52)) — H2 (XM+1 ((CP2))
Sl — L — E1
SQ — L —E2
F1 — L— El—EQ
F; — Eiti.
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The existence of such a ¢ is clear from a moment map picture such as
Figure 2.2.4 above. With respect to the new basis Sy, So, FY, ..., Fi we
write an element of Hy (Xps (S? x S?)) as (d,e;my,...,mpr). Then

@*(daevm) = (d+6_m1;d_m156_m1,m25"'amM)‘

In the new basis, the constraint given by a class in £ can be written in a
more useful form:

Proposition 2.3.8. (i) All (d,e;m) € En satisfy the two Diophantine
equations
> mi=2(d+e)—1,
Z m? = 2de + 1.

(ii) For all distinct (d,e;m), (d',e';m’) € Epr, we have
Zm,m; < de' + de.

(iii) A tuple (d,e;m) belongs to Enr if and only if (d,e;m) satisfies the
Diophantine equations of (i) and its image under p, can be reduced to
(0;—1,0,...,0) by repeated Cremona moves.

Proof. Let E € £. The two identities in Proposition 2.3.6 (i) correspond to
ci(E)=1and E-FE = —1. For E =dS; + eSs — > m;F; these identities

become
c (E) :2d+26—2mi =1,

E-E=-% m;+2de=—1,
proving (i). Assertion (ii) of Proposition 2.3.6 corresponds to positivity of

intersection of .J-holomorphic spheres representing F, E’ € £. For distinct
elements F = (d,e;m) and E' = (d,¢/;m') in € we thus have

E-FE =de +ed —» mymj >0,
proving (ii). Assertion (iii) holds since @, is a base change. O

In the sequel, given two vectors m and w of length M, we will denote by
(m,w) = M myw; the Euclidean scalar product in RM™. Notice that we
will also use this notation for vectors m and w of different lengths, meaning
the Euclidean scalar product of the two vectors after adding enough zeros
at the end of the shorter one.

Proposition 2.3.9. Let a > 1 be a rational number with weight expansion
w(a) = (wr,...,wnr). For (d,e;m) € €, define the constraint

(m, w(a)

u(d,esm)(a) = —
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Then
= sw { [T udeama].
(d,e;m)eé 2
Proof. By Lemma 2.3.1, E(1,a) <> C(A) if and only if
B(A) U B(A) U; B (w;) < B(24).
By Theorem 2.3.2, this is true if and only if

M
(QA) | — A€1 — Aez — Z Wi €12 € CK. (2.3.2)
=1

Denote by s1, ss, f1,-.., far the Poincaré duals of Sy, S, Fi, ..., Fy. The
base change in cohomology is then

©*: H?(Xam41 (CP?))  —  H? (X (S? x S?))
l — s1+s2—f1
e1 — 82—f1
€9 — S1 —f1
€; — fi—l-

In this new basis of H? (Xj; (S? x S?)), (2.3.2) therefore becomes

M
Asy + Asg — Z’U)ifzqu € Ck. (233)
=1

In view of Proposition 2.3.4, (2.3.3) translates to the conditions that for all
= (d,e;m) € &, we have 242 — > w? > 0 and

Asi(E) + Aso(E szfz (d+e)A— Zmzwl > 0.
Recall from Lemma 2.2.5(ii) that S w? = a. We conclude that
E(1,a) < C(A) if and only if A > /% and for all (d,e;m) €

A > > Miw; _ <m,w(a)>.
d+e d+e
This proves the proposition. O

Remark 2.3.10. By the symmetry between d and e in the formula for
u(d,e;m)(a), we can assume that all elements (d,e;m) € € have d > e
We will use this convention throughout the paper.

The rest of this paper is devoted to the analysis of the constraints given
in Proposition 2.3.9. This analysis follows the one in [MS]. However, several
modifications are necessary.
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2.4 Basic observations

Lemma 2.4.1. For all a > 8, c¢(a) = \/g

Proof. For all (d,e;m) € &, we have by definition of p and
Proposition 2.3.8 (i)

(m.w(a)) _ Smi _2d+e)-1 a
d, e; = = 2< /=
(d, e;m)(a) d+e d+e d+e < 2
for all a > 8. Therefore, by Proposition 2.3.9, ¢(a \/7 for all a > U
Lemma 2.4.2. The function ¢ has the following scaling property: for all
A=,
c(Aa) Q
Aa

Proof. By definition of ¢, E(1,a) < C (c(a) 4 ¢) for all & > 0. Since E(1,a)
symplectically embeds into C'(A) if and only if E(\, Aa) symplectically em-
beds into C(AA), this is equivalent to E(\, Aa) <> C (Ac(a) + ¢) for all £ > 0.
Since E(1,Aa) C E(A, Aa) when A > 1, this implies that

E(1,)a) < C (Ac(a) +¢€)
for all e > 0. Thus
c(Aa) = inf {A: B(1,Aa) < C(A)} < Ac(a) = Aa@
as claimed. O

Lemma 2.4.3. For M < 7, the sets Ey; are finite and the only elements
are

(0,0;—1), (1,0;1), (1,1;179), (2,1;17°)
(3, 1,1%7), (3,2;2°2,17%), (3,3;2°%,17%), (4,3;2%6,1

) (2727271X5) 9
), (4,4;3,2%6) .

Proof. By Proposition 2.3.8 (i), we have for a class (d,e;m) € & with
m = (mi,...,mg),

2

k k
(2(d +e) —1)* (Z ) <k2m?:k(2de—|—1),
=1 i=1
which is equivalent to
4(d? +¢?) + 8de — A(d + €) + 1 < 2kde +F,

and to 4 b1
d>+e2 < ; de+d—{—e—|—%.
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Now, if £ < 7, then

3 3 3 3
2 2 9 C 2 (42 2 =z
d“+e <2de+d+e+2§4(d —|—e)+d+e+2,

using the fact that 2de < d? + e%. This last inequality is equivalent to
d* —4d+e* —4e <6

and finally to
(d—2)%+ (e —2)° < 14,

which shows that d, e < 5. This shows that the sets £y are finite for M < 7.
To find the list of classes given above, it suffices to compute the solutions
to the Diophantine equations of Proposition 2.3.8 (i) having /(m) < 7 and
d,e < 5, and to show that they reduce to (0, —1) by Cremona moves, which
is the case. U

Definition 2.4.4. A class (d,e;m) € £ is said to be obstructive if there
exists a rational number a > 1 such that u(d,e;m)(a) > \/g

Lemma 2.4.5. Let (d,e;m) € € be an obstructive class. Then either e = d
ore=d—1.

Proof. Suppose by contradiction that there exists a class (d,e;m) € £ ob-
structive at some point a > 1 such that d = e + k with £ > 2. Then, using
Proposition 2.3.8 (i) and Lemma 2.2.5 (ii), we obtain

\/E < u(d em)(a) = M@ mlllw(@)] _ v2de +1va
2 e

- X

d+e d+e d+e
V2(e+Eke+1ya  V4e? +4dke+2V/a - V4de? + dke + k2 \/a
B 2e + k V22 + k) V2(2e + k)

a
pr— 5,
which is a contradiction. O

Remark 2.4.6. This lemma will be very useful in the sequel, because when-
ever we will have to prove some properties of obstructive classes, it will be
sufficient to prove them for classes of the form (d,d;m) or (d + %, d— %; m)
only. Since this will happen many times, we will not explicitly refer to this
lemma each time.

Definition 2.4.7. We define the error vector of a class (d,e;m) at a point
a as the vector € := ¢ ((d, e;m),a) defined by the equation

_d—i—e
- V2a

m w(a) +¢.
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Lemma 2.4.8. Let a = 2 > 1 be a rational number with weight expan-
sion w(a) and let (d,e;m) € E. Then

(i) p(d,e;m)(a) < 2djjrre‘/_ In particular,

w(d, d;m)( \/1+2d2\/7and,u d—l—%,d—%;m)(a)gw/l—i—ﬁ 5
(i7) p(d,e;m)(a) > \/g if and only if (e, w(a)) >0,

(iii) If p(d,d;m) \/> (resp. p(d+ %,d — (a) > \/g), then
(e,e) <1 (resp (e,e) < 1),

(i) =M e = % (y(a) — %) + 1, where y(a) :== a + 1 — 2v/2a.

Proof. (i) By the Cauchy-Schwarz inequality, Proposition 2.3.8 (i) and
Lemma 2.2.5, we have

(d + e)p(d, esm)(a) = (m, w(a)) < [m]| [w(a)]| = v2de T 1v/a.

In the case of a class (d,d;m) we find that

V2EZF1va  [2d2+1 \/E 1 \/E
im)(a) < - & =14 51/%,
pld, dsm)(a) 2d 22 \/2 NEYAR

and in the case of a class (d + 3,d — 3;m) that

(d+_d e f =yl 4d2\/7

(ii) Since
(el = (m = “Eu(@.w(@) = (mw(@) = T Ju(@)]?

= (m,w(a

- <d+e>\/§

we see that (¢,w(a)) > 0 if and only if u(d,e;m)(a) = fmw(a)) -, 5.
(iii) For a class (d,d;m),
2d* + 1 = (m,m) = 2dw(a)—l—e 2
v a "Va
22
=2 + 22 d{w(a), ) + (&)
NG
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shows that if u(d,d;m)(a) > /g, then by (ii) (¢,e) < 1. Similarly, for a
class (d+ %,d — 1;m),

2d2+1:2d2+£d< (a),e) + (g, )

2 Va
shows that if yu(d + 3,d — 1;m)(a) > /%, then (g,¢) < 3.
(iv) By Proposition 2.3.8 (i) and Lemma 2.2.5, we see that

M

d+e
2(d+e)—1:2m~ ( +1—_)+Z€z.
i=1 V2a
Thus
d+e d+e
— +1-2v2a) — ——+1,

; Vo (at1-2via) -
from which the result follows. O
Corollary 2.4.9. Suppose that c(a \/7 for some rational a > 1. Then

(i) There exist classes (d,e;m), (d,e;m') € € (possibly equal) and € > 0

such that
C(Z)_ :U'(dve;m) ifze]a—g,a],
) w(d,€sm!) if 2 € la,a+€l.

(ii) The set of classes (d,e;m) € € such that p(d,e;m)(a) = c(a) is finite.

(7ii) For each of the intervals of (i), there exist rational coefficients o, B = 0
such that ¢(z) = a+ Pz.

Proof. Since c(a) > /4, there exists D € N such that c(a) > /1 + 5z \/7
Since c is continuous, there exists € > 0 such that c(z) > \/1+ 5z \/7 for

all z € Ja—¢e,a+¢[. Now, if u(d,e;m)(z) > /1 + ﬁ\/; the inequalities
of Lemma 2.4.8 (i) imply that d < D. There are thus only finitely many
classes with p(d,e;m)(z) > (/1 + DQ\/> and for all z € Ja —e,a+¢[, ¢(z)
is the supremum of u(d,e;m)(z) taken over finitely many classes. This
proves (i) and (ii). To prove (iii), notice first that the constraints u(d, e;m)
are piecewise linear functions. Indeed, let w(a) = (wy(a),w2(a),...) be the
weight expansion of a, where the w; are seen as functions of a. Then the
. .o . . . _ (maw)
wj; are piecewise linear functions and so is u(d, e;m) = ==, We can thus
write ¢(z) = a + Bz for z belonging to one of the intervals of (i). Now,

since c is nondecreasing, 5 > 0, and by the scaling property of Lemma 2.4.2,
a > 0. |
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Definition 2.4.10. A class (d,e;m) € £ is called perfect if there exists
b> 1 and k > 0 such that m = kw(b), that is, such that the vector m is a
multiple of the weight expansion of b.

Lemma 2.4.11. Let (d,e;m) € € be a perfect class for some b > 1 with
d=eord=e+1. Then c(b) = u(d,e;m)(b) > \/g and (d,e;m) is the only
class such that u(d,e;m)(b) = c(b).

Proof. We first treat the case d = e. Let (d,d;m) € £ be a perfect class:
m = kw(b) for some b > 1. By Proposition 2.3.8 (i),

2d% < 2d* + 1 = (m,m) = &% (w(b), w(b)) = &b,

from which we deduce that d < /-i\/g . Then

(. dzm)(p) = PO _ b @

This shows that (d,d;m) is obstructive at b. But then (d,d;m) is the only
obstructive class at b. Indeed, if (d', ¢’;m’) € £ is a class different of (d, d; m),
by positivity of intersections (Proposition 2.3.8 (ii)),

K(m/ w(b)) =Y mim; < d(d +¢€').

Thus
gy - b w®) dmw) d b
s e m)(b) = d+¢ gﬁ(m’,w(b»_ﬁ< 2

Consider now a class of the form (d + %, d— %; m) By Proposition 2.3.8 (i),
we have

1
2d% < 2d* + 5= (m,m) = &% (w(b), w(b)) = k>b,

and thus d < /ﬁl\/g as in the case of a class (d,d;m). The rest of the proof

is then identical. O

Definition 2.4.12. Define the length of a vector m, denoted by I(m), as
the number of positive entries in m, and denote by [(a) the length of the
weight expansion w(a) of a.

Lemma 2.4.13. Let (d,e;m) € € be an obstructive class. Let I be a mazi-
mal nonempty open interval on which p(d, e;m)(a) > \/g Then there exists

a unique ag € I such thatl(ag) = l(m). Moreover for alla € I, l(a) > 1 (ag).
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Proof. Let us first prove that for all a € I, [(a) > l(m). If {(a) < I(m), then,
by Proposition 2.3.8 (i),

I(a)

Z m? < 2de + 1.

=1
Thus
o (maw(@) _ S m? w()| _ Vade
wld, em)(a) = d+e s d+e d+e\/> \/7

and so a ¢ I. Let us now prove the existence of an ag with [ (ag) = I(m).
Let w(a) = (wy(a),wa(a),...) be the weight expansion of a, where the w;
are again seen as functions of a. The w; are piecewise linear functions and
are linear on intervals that do not contain elements a’ with [ (a’) < i. Hence
if all @ € I would have I(a) > I[(m), then the I(m) first w; would be linear,

and p(d,e;m) also. But this is impossible since /% is concave. Thus there

2
exists ag € I with [ (ag) = I(m). The proof of uniqueness of ag follows from
the fact that if @ < b and [(a) = I(b), then there exists ¢ € ]a,b[ such that
l(c) < (a). O
Lemma 2.4.14. Let (d,e;m) € &€ be such that u(d,e;m)(a) > \/g Let
J={k,....k+s—1} be a block of s > 2 consecutive integers such that the

wi(a) are equal for all i € J. Then we have the three following possibilities

1. mp=...=mpyrs1
mk—lzmk+1 = ... = Mk4s—1
3. Mp=...=Mkys—2 = Mis—1 + 1.

Moreover, there is at most one block of length s > 2 where the m; are not
all equal, and if such a block J exists, then >, ; g2 > %1

The proof is similar to the proof of Lemma 2.1.7 in [MS].

Corollary 2.4.15. If a class of the form (d + %,d - %,m) is obstructive,
then the m; are constant on each block.

Proof. Suppose there exists a block J of length s > 2 on which the w;(a) are
not all equal. Then by Lemma 2.4.14, Zze ge2 > =1 L> % which contradicts
Lemma 2.4.8 (iii), which states that 3" 2 < % O

Lemma 2.4.16. Let (d,e;m) € € be an obstructive class at some rational
a>1 with l(a) =l(m). Let wgiq,...,wkrs be a block which is not the first
block of w(a).

(i) If the block is not the last one, then

Img — (Mpg1 + -+ Mpasi1)] < Vs + 2.
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If the block is the last one, then

Imp — (Mgg1+ oo+ Mpys)| < Vs + 1

(ii) It is always the case that
M
mk—Zmi< M—k+1.
i=k+1
The proof is similar to the one of Lemma 2.1.8 in [MS].

Proposition 2.4.17. Let (d,e;m) € & be an obstructive class at a point
a =: g € Q written in lowest terms with l(a) = l(m). Let mps be the

last nonzero entry of the vector m and let I be the maximal open interval
a

containing a such that p(d,e;m)(a) > \/g Then there exist integers A < p
and B < (mpr + 1)q such that

A+ Bz ifz<a,z€1,

(d+ e)u(d, e;m)(2) :{ (A+myp) + (B—mumq)z ifz>a,z €1

Again, the proof is similar to the one of Proposition 2.3.2 in [MS].

2.5 The interval [1,0?]

The goal of this section is to prove part (i) of Theorem 2.1.3.

2.5.1 Preliminaries

Let us first recall that the Pell numbers P, and the half companion Pell
numbers H,, are defined by the recurrence relations

Py=0,P=1 P,= 2P, 1+ P, 2,
Ho=1,H,=1, Hp,=2H, 1+ Hp2,

respectively. It is then easy to see that
Hy, =P, + Py1.

Using this, we define the sequence (a),,~( by

2P?2
LQH _. bn if n is even,
_} Hi Gn
Ay 1= H2
nil . Pro s odd.
2Py dn
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Set W(ay) = gow (ay). Then, define W’ (ay,) as the tuple obtained from
W (a,) by adding an extra 1 at the end. Define the classes E (a;,) by

(Pot1Hp, Pop1 Ho; W () if n is even,

F (o) =
(an) { (PoHpt1, PoHpi1; W () if n is odd.

For instance,

B (ag) = (1,1;1%)

(o) = (3,324, 1),

E(ap) = (15, 15:9%5.5. 4, 1x5) ,

E(as) = (85,85;50X5,39, 11X3,6,5,1X6) .

Moreover, we define the sequence (ﬁn)n>0 by

H
nt2 _, Pn if n is even,
_J Ha n
Bni=1 p . p
nt2 _. o if n is odd.
P, dn

Set W (B) = gnw (Br). Then the classes E (f3,,) are defined by

(1 (Hp + Hpyo), L (Hp+ Hpg2) ; W (5n)) if n is even,
(3 (Pn+ Pog2) + 3,5 (P + Poy2) — 5 W (Bn)) if n is odd.

For instance,

E(ﬂn) = {

Theorem 2.5.1. For alln >0, E (o), E (B,) € €.

The proof that E (o) € € is given in the next subsection, while the
proof that F (f3,,) € £ is given in Corollary 2.6.19. Theorem 2.5.1 implies
part (i) of Theorem 2.1.3:

Corollary 2.5.2. On the interval [1,0?],

1 ifae(l,2],
1 ,
C((Z) — \/E a ’l,f(l € [O‘mﬂn] 9
an2+1 Zfa € [/Bnaan-i-l] ’

for alln > 0.
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Proof. Since for alln > 0, E (f3,,) is a perfect class, we know by Lemma 2.4.11
that ¢ (Bn) = 1 (E (Brn)) (Bn). Hence

(Ba) = /22

for all n > 0. Indeed, for n even, we compute

c (Bn) _ 2H, <w (/Bn) , W (/Bn)> _ 2H, By _ 2Hp 42
Hn+2 +Hn Hn+2+Hn Hn+2 +Hn
_ 2(Pyy2+ Puy1) _ 2(Puyo+ Puy1)  Huppo \/m
C Pio+ P+ P+ Py 4P, 11 2Py 2 7

and for n odd,

c(Bn) = 2P, (w (Bn) ,w (Bn)) _ 2P, 0n _ 2Py 42
" Pn+2+Pn Pn+2+Pn Pn+2+Pn
_ Py _ Py _ Py _ [Oin 41
%(Pn-l—Q_Pn)"i_Pn Poy1+ Py Hy, 2
Furthermore, ¢ (o) = (/% for all n > 0. Indeed, for n even, we have

H2a Hya b a
. _ nOn _ HnOn oy \/z
,u( (an)) (Ozn) 2Pn+1Hn 2Pn+1 Hy 2

Thus for all (d, e;m) € & distinct from E (v, ), we get by Proposition 2.3.8 (ii)
that
PopiHy(d+e) = (m, W' (an)) 2> HrZL (m,w (am)) ,

and hence
<m’ w (an» Pn+1Hn Pn+1 (679
d N = g = = .
M( ,6, m) (Oén) d+ e H% Hn 2
Next, for n odd, we have
2P? P H,
,U'(E(Oén)) (an) _ n%n _ nQn _ n+1 _ %
2P, Hy 11 H,q 2P, 2

Thus for all (d,e;m) € € distinct from E (), we get
PyHpia(d+e) = (m, W' (an)) 2 2P7 (m,w ()

and hence

(m,w (o))  PyHpy1  Hpp Qi
lUJ( 76ﬂm) (an) d+€ QPg 2Pn )
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Thus, by Proposition 2.3.9, we have ¢ (ay,) = |/%* for all n > 0 as required.

Since ¢ is nondecreasing, we get that c¢(a) = /5= for a € [Bn, ant1].

Moreover, we have that for all n > 0

c(Bn) _ c(an) .

Bn A

Indeed, for n even,

c(ﬁn)_\/%_ H, O{_2":0(04”)

Bn Bn 2Py oy ap
and for n odd,
cB) VTEE B T clan)
Bn Bn Hy, Qp o
Hence, by the scaling property of Lemma 2.4.2, the function ¢ has to be
linear on [ay,, 5,] and thus c(a) = \/2104771& for a € [ay, Br). O

2.5.2 The classes F («,) belong to £

Lemma 2.5.3. The classes E (ay,) satisfy the Diophantine conditions of
Proposition 2.3.8 (i).

Proof. We will prove this separately for n even and odd. In both cases, we
will use Lemma 2.2.5 and the relation

—P; 4 2Py, Py 1 +P3, =1
which can be easily deduced from the following identity
Py = (=1)*"! (PeHam — HpPa)

given in Corollary 2.6.8 (v). For n = 2m, we obtain

2P3 1
2m 2m
= 2(2Py + Pam—1)? + (Pam + Pomn1)?
=9P;  + 10Ps, Po—1 + 3P5,_4
= 8P, +12Pp Po 1+ 4P5_y — (= Piy + 2Pom Pom 1 + P31 )
=4Pp+1Hop — 1 = 2(d + 6) —1;

2P;
D_mi = Hyp  wi +1 = Hy, — 5
2m

=2P] 1 H3, +1=2de+1.

+1
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Moreover, for n = 2m — 1,

H3 1
§ : 2 2 : 2 2

m—1
= (P2m + P2m71)2 + 2P22m71
=P} +2Py, P, 1 +3P2
- 4P2mP2m71 + 4P22m,1 - <_P22m + 2P2mP2m71 + P22m71)
=4Py—1Hopy — 1 = 2(d + 6) —1;

H2
Somi=4Py, Y wi+1= 4P24m_1# +1
2m—1
=2P2 | H2 +1=2de+1.
This proves the lemma. U

We will now prove separately for n even and n odd that the classes
E (o) reduce to (0; —1) by standard Cremona moves.

2.5.2.1 The classes E (ag,) reduce to (0;—1)

One readily checks that the classes E (aw,) reduce to (0;—1) for m =
0,1,2. In the following, we reduce the classes E (agp,) for m > 3.

Lemma 2.5.4. The continued fraction expansion of qop, is
[5: {1,430 1,1,3,1, {4,137 1]
Moreover, with u; := (2H; — Pj) Hop + HjPoy,,
E (a2m) = (Pam+1Hom, Pom+1 Hom;
1 x5 1 x4 1 x4
(§u2m) , U2m—1, (§u2m—2) yeeey U3, (5“2) )

1 1 X3
ut, Hop + §P2m, <§P2m> s Pon—1,

1 x4 1 x4
(§P2m—2) 7P2m—37---7(§P2) 7P1,1>-

Proof. Since () is an increasing sequence converging to 0?2 < 6 and
= %0 > 5, the first term of W' (agy,) is

= () ()
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To determine the next terms, we will first prove that for all & > 1,
Ugk41 > %ugk > ugp_1. Indeed

Ugk+1 = (2Hop+1 — Poks1) Hom + Hopt1Pom,
= (4P, + Pog—1) Hop, + (2Ho, + Hop—1) Por,

1 1
> <§P2k + sz—1> Hap,y + §H2kp2m

1 1
=3 (2Ho — Poy) Hopmy + §H2kp2m

1

= U2k
2

5 1
= (P2k1 + §P2k72 + P2k3) Hypp, + (H%l + §H2k2) P,

> (Pog—1 + 2Pog—2) Hopm + Hop—1Pory
= (2Ho—1 — Pog—1) Hom + Hop—1 Popy

= U2k—1-
The second term of W' (ag,,) is

2P .1 — 5Ha,, = 3P, — 2Py, Poy—1 — 3P5,, 4
= (2Hom-1 — Pom—1) Hom + Hopm—1Pom,

= Ugm-1 < §u2m-

Now for all k£ > 1, we have

1
Uogy1 — 4 <§u2k) = (2Hok+1 — Pog1 — 4Hop + 2Poy) Hopy
+ (Hapy1 — 2Hoi) Popy

1
= (2Haok—1 — Pog—1) Hom + Hop—1 Popy, = ugp—1 < o U2ks

1

1
U2k ~ Ugk—1 = (sz - §P2k —2Ho, 1 + P2k1) Hs,,

1
+ <§sz - H2k—1> Py,

1 1 1
=3 (2Hak—2 — Pog—2) Hopm, + §H2k—2p2m = 5Uzk—2

< U2k—1-

Thus the first terms of W' (aw,,) are

1 x5 1 x4 1 x4
<§u2m> ; U2m—1, <§u2m2> yoee s U3, <§u2) , Ut
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3
The next terms are Ho,, + %Pgm, (%Pgm) - , Por 1. Indeed

1 1
Juz — U1 = Ho,y + §P2m < Hop + Py = u;

1 1 1
Uy — (HQm + §P2m) = §P2m < Hop, + §P2m§

1 1 1
Hop + = Poyy — 3 (_PQm) = Py < 2Py
2 2 2
Notice that for all k > 1,
1
Pry1 > §Pk > Py_1,

and thus 1 1
Py —4 <§P2k) = Py_1 < §P2k§

1 1
§P2k — Py = §P2k72 < Pop—1.

This proves that the last terms of W' (aw,,) are

1 x4 1 x4
(§P2m—2) 7P2m—37---7(§P2) P11

with the last 1 added by definition of W’ (cgp,). O

Let us introduce now some notations in order to simplify the expressions
of the classes.

Definition 2.5.5. Set

1 » ; 1 A 1 x4
Al = <<§qu> y U2k—1, (PQkHQm)X ) <§U2k—2> y U2k—35 - -+ <§u2)

1 1 x3
u17H2m+ §P27TL7 (§P2m) 7P2m—1> 9
1 x4 1 x4
By = (§P2m—2) s Pom—3,. ., (§P2m2k+2) s Pom—2k+1,
1 X8 2 1 X8 2
§P2mf2k s (Pam—ok—1)"",. .., §P2 (P)77 1),

Vkm = (P2k+1H2m + Hop Poyy; AZL7 Bkm) :
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Thus A} has the structure {4,1,2,{4,1}”’671),1,3, 1} and B has the
structure [{4, 1} <= gy 9y x(m=k) 1}. We use here the convention that
if k = m, B]? has the structure [{4, 1}x0m=1) ,1} and that if K =1, B" has
the structure [{8, 9} x(m=1) ,1}.

The structure of the reduction process of a class E (ag,,) will be the
following. First, we compute in Lemma 2.5.7 that the image of F (aay,)
under ¢, is V"' = (Pamy1Hom + Hom Pam; Alv, B)Y). Then, we reduce V"
in Lemma 2.5.8 and Lemma 2.5.9 to

1 1 x3
V= <H2m§H2m - §P2m7 (§P2m) 7(P2m—1)X27B1n>

in 4(m — 2) + 8 Cremona moves. Finally, we show in Lemma 2.5.10 and
Lemma 2.5.11 that V™ reduces to (0; —1) in 5(m — 2) 4+ 8 moves.

Remark 2.5.6. Since the Cremona transform of a class (d;m) only modifies
the first 3 entries of the vector m, we will write some of the first entries of
the classes and will abbreviate the other terms by (x). It is important to
notice that the terms denoted by (%) will always be left invariant during the
reduction process. Then, each time after applying the Cremona transform,
we will reorder the entries of m. We will not always reorder the entries in
decreasing order, but this will have no consequence on the reduction because
we will reorder them in a way such that the first 3 entries of the vector m will
always be the 3 biggest entries in decreasing order. We will write down each
step of the reduction, that is the class obtained after applying the Cremona
transform and reordering. But sometimes when the reordering will not be
obvious, we will write the intermediate step before reordering and denote
by — the Cremona transform of a class and by ~~ the reordering of a class.
We will freely use the three relations

Pn:2Pn71+Pnf2, Hn:Pn‘{'Pnfla
Poy—g = (—=1)* " (P Ham — HiPam) -
Lemma 2.5.7. The image of E (aam) by @« is the class
Px (E (a2m)) - (P2m+1H2m + Hop Pom; A27B$) =Vn-

m

Proof. The first terms of E (ag,,) are <P2m+1H2m,P2m+1H2m; %u2m, (*))

Since %ugm = H2 , we get

X2
oo (B (2n) = (2Pamis Ham ~ By (PomsaHa — 13,) " ()
= (P2m+1H2m + Hom Pom; (Poy Hom)? (*)) -

After reordering this class, we see that we indeed obtain V," as required. 0O
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Lemma 2.5.8. For all 3 < k < m, V™ reduces to V;| in 4 Cremona
moves.

Proof. We have
1
vy = (szHHzm + Hog Pos 3 ((2Hok — Pog) Hom + ot Po) ™
(2Hop, 1 — Pog—1) Hom + Hop—1 Pam, (Po Hom ) ™2, (*)) —

((—H% + %P%) How, + 2 Hop Py (Hog—1 Hom) %,
2 ((2Hai, — Poy) Hop + Hop Pory) , (2Hog—1 — Pag—1) Hopm+
+Hop 1 Popn, (Poj Hom )2 (*)) ~

((—H% + %P%) Hom + $HopPom; 5 ((2Ho, — Pak) Hom + Hop Pa)
(2Hoy—1 — Poy—1) Hom + Hop—1Pom, (PoyHom) ™,
(Hop—1Hom) ™, (*)) -

(%PQkH2m + 2 Hop— o Pom; <2sz - %sz) Hom + 3 Hop—2Pom, Poj—2Ho,
Poj—1Hoy, — Hoj—1 Py, Pox Hopm, (Hok—1Hom) (*)) ~

(%PQkH2m + § Hop— o Po; Poge Hop, (Hok—1Hom) ™ |
<2sz - %sz) Hom + 3 Hot—2Poyy, Pok—2Hop,

Pom—(2k-1); (*)) -

(2P2k—1H2m + Hop—2Po; (2H2k - %P%) Hom, + 5 Hok—2Pop,,
(-%PQk—szm + %HQk—2P2m) . y Hog—1Hom,
<2sz - %sz) Hom + 3 Hot—2Poyy, P2 Hop,

Pom—(2k-1); (*)) ~

(2Pop 1 Hom + Hog o Poyy; Hop—1 Hop,

((2H2k - %sz) Hom + %H2k72p2m) . y Pop 2 Hop,
(%sz—(%—z)) * s Pon(2k-1) (*)) -

X2
<P2k—1H2m + Hop—2Pom; Pog—oHom, (—%P%—Qﬂzm + %HQk—QPm) ;

1 X2
P2k—2H2ma(§P2m7(2k72)) ,sz(%l)a(*)) ~

Poy1 Hom + Hop o Pom; (Pop_oHom) 2, (1 “
ok—1Hom + Hok—2 Py (Pog—2Hopm) 7(§P2m7(2k72)) ;

P2m—(2k—1)a (*)) :

Now, after reordering this last class, we obtain V™, as required. U
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Lemma 2.5.9. V5" reduces in 8§ Cremona moves to the class

1 1 x3
VM= (HQm;Hzm - §P2m, <§P2m> a(P2m—1)X2 ,B11n> .
Proof. We have

17 x4
‘/Qm = <29H2m + 17Po; (11H2m + 7P2m) s 9Hom + TP,

3 x4 1
(12H2m)><2 ; (2H2m + §P2m) 7H2m + P2ma H2m + §P2m7 (*)) ;
(25Hom + 4 Poms 11 Hapn + 4 Pomy, 9Hapm + TPy, (12Hom)

X4
(7H2m)><3, (2H2m + %PQm) 7H2m + P2m7H2m + %P2m7 (*)) )

3 x3 3 3 x4
18Hap + § Pomi 12Honm, (THom) ™, AHop, + 3 Pan, (2Hom + 5Pom)
2Houm, Hom + Pomy Hom + 3 Pormy Pom—3, (*)) ;
3 X2 3 x4
10Hzp + 3Pon; THom, (4Hom + 3P ) (2Hom + 3Pom)
1 1 X2
2Hom, Hom + Pomy Hom + 5 Pom, (§P2m—2) s Porn 3, (%) |5
3 x4 %9
5Hop, + 3P2m; <2H2m + §P2m) s (2H2m) aH2m + P2ma
X2
H2m + %P2ma (%PQWL*Q) ,P2m*3, (*)) )
(4Hom + 3 Pom; 2Ham + 3 Poms (2Hom) >, Hom + Pam, Hom + % Pom,
x4
(Hap) ™3, (%sz—Q) s Por—3, (*)) ;
(2H2m + %P2m; Hom + Pom, Hom, + %PQWL’ %PQm, (HQm)XB,
1 x4
<§P2m72) 5P2m73, (*) )
x4
<2H2m; (Hopm) ™, Hoyp — 2 Po, Popy1, (%PmeQ) s Pam—3, (*)) ;
1 1 x4
(HQm;H2m — 5Pom, Poy—1, (§P2m—2) s Pom—3, (*)) .

After reordering this last class, we obtain V'™ as required. U
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Lemma 2.5.10. For allm >3, V™ reduces in 5 Cremona moves to V™1

Proof. We have

X3 X8
Vvm = (Hgm; Hgm — %Pgm, (%PQm) P (PQm—l)XQ ) (%PQm—Q) ) (*)) ;
1p .1 x3 (1 x8 )
Hom — 5Pom; 53 Pom, (Pam—1)"", (§P2m—2) SONE
x9
<%P2m;P2m1, (%szfz) ,(*)> ;
x7
(PQm—1§P2m—1 — 3 Pom—2, (%PQm—Q) 7(*)) ;
X5
(PQm—l — $Pom—2; Ham—o, (%P2m—2) 7(*)) ;

1 1 x3
<H2m2; Hom—2 — 5 Pom—2, <§P2m—2) ,(*)> .

After reordering this class, we obtain V™~! as required. U
Lemma 2.5.11. V? reduces in 8 Cremona moves to (0;—1).

Proof. We have
V? = (17;11,6%%,5%2 1%1)
(11;6,5<3, 1%,
(6;5,1712);
(5;4,1%10);
(4;3,178);
(3:2,17%)
(2;179);
(1;1%%);
(0;—1). O

2.5.2.2 The classes E (ag,—1) reduce to (0;—1)

One readily checks that the classes F (agy,—1) reduce to (0; —1) for m =
1,2. In the following, we reduce the classes E (agy,—1) for m > 3.

Lemma 2.5.12. The continued fraction expansion of qopm—1 s

[5: {1,402 1,3,1,1, {4,110V
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Moreover, if vj := (2H; + P;) Hop, — Hj Py, then
E (agm-1) = (Pam—1Hom, Pom—1Hom:

1 x5 1 X4 1 X4
<§U2m2) > U2m—3, <§U2m4) yeee U3, <502) )

1 X3 1
U1, (HZm_ §P2m) 7§P2map2m—1a

1 x4 1 x4
<§P2m2) 5P2m3a"'a<§P2> ,P171> .

X5
Proof. The first terms of W/ (ag;,,—1) are (%Ugm 2) since %vgm o =2P2 |
and 5 < agy,—1 < 6 for m > 2. Before determining the next terms, we prove
that for all & > 1, vogy1 > 21}% > Ugr_1. Indeed
Vo1 = (Hopy1 + Pogg1) Po + (2Hop41 + Popy1) Pom—1
= (5P +2Pop—1) Poyy + (8Pop + 3Pop—1) Poy1

3
> (sz + §P2k1) Py, + (§P2k + P2k1) Py

1
=3 (sz + Poy) Popy, + 3 (2H9i, + Poy) Pomn—1

1

:—’U2
2 k

5 7
= <§P2k—1 + sz—2> Py, + <3P2k—1 + §P2k—2 + sz—s) Py
> (2Pok—1 + Pog—2) Pory + (3Paj—1 + 2Poj—2) Py
= (Hop—1 + Pog—1) Porn + (2Hoj—1 + Pog—1) Porm—1
= V2k—1-
So the next term of W' (agp—1) is H3, — 5 (2P, 1) = vom—3 < v2m 9.
Moreover, for all k& > 1,
1
Vg1 — 4 (50%) = (2Hap41 + Popy1 — 4Ho, — 2Poy,) Hop,
— (Hog41 — 2Hyy) Por,

1
= (2Hok—1 + Pop—1) Hop — Hop—1 Poy, = o1 < o V2k3

1

FV2k — U2k —
2

1
(sz + §P2k —2Ho, 1 — P2k1) Hs,,
1
§H2k — Hop1 | Popy
1

1 1
(2H2k—2 + Pop—2) Hop, — §H2k—2p2m = 5V2k-2

< V2—1-

46



This proves that the first terms of W’ (agy,—1) are

1 x5 1 x4 1 x4
(57}2771—2) y V2m—3, (57}2771—4) e e U3, (57}2) , V1.

x3
The next three terms are (Hgm — %Pgm) , %Pgm, Py,—1 since

1 1
vz - U= Hoyy — §P2m < 3Hoym — Poyy = v1;

1 1 1
vy — 3 (HQm - §P2m) = §P2m < Hap, — §P2m§

1 1 1
Hyy,, — §P2m - §P2m =Py < §P2m-

Since the last terms are the same as those of W’ (agy, ), the lemma is proved.

O

Let us introduce again some notations.

Definition 2.5.13. Set

R 1 x4 5 1 x4
Al = ((50%2) ,Vok—3, (Hog—1Hom — Hog—1Pom) %, (50%4) ,

1 x4 1 X3 1
U2k—5y - s (502) U1, (HQm - §P2m) 7§P27n7p2m—1 ;

R 1 x4 1 x4
By ::<(§P2m—2) 7P2m—37---7(§P2m2k+2) s Pom—2k+1,

1 *8 X2 1 x® X2
§P2m—2k (Pom—2k-1)"" 5., §P2 (P71
Vkm = (PQkHQm + H2k—1P2m; A?’Bkm) .

Note that 3,2” is actually equal to the vector B} that we used in the reduc-
tion of the classes E (agy,). Here, A" has the structure

41,2, {4,11°%% 3,1.1]
and BIT has the structure
|:{4’ 1}><(k71) , {8, 2}><(mfk) , 1:| )

We use again the convention that if kK = m, f)’n”{ has the structure [{4, 1}X(m_1) , 1}

and that if k = 1, B} has the structure [{8, 9} x(m=1) ,1}.
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Lemma 2.5.14. The image of E (aam—1) by ¢« is the class
Px (E (042m—1)) = (PQmHQm — Hop1Poy; A%, Bm) = Vrzn

Proof. The first terms of F (agy,—1) are

1
<P2m1H2m, Poyp—1Hom; 5 V2m=2; (*)> .

Since %Ugm_g =2P2 |, we get

X2
ox (B (a2m-1)) = <2P2m1H2m — 2P} i (P2m—1H2m — 2P22m—1) ) (*)>
= (PomHam — Hom—1Pom;
(Hom—1Hom — Hom1Pom) ™2, (*)) .

After reordering, this last class is (PgmHgm — Hopy1Po; fl%, B%) = VJL”
as required. O

A

Lemma 2.5.15. For all 3 < k < m, V" reduces to f/k”ll in 4 Cremona
moves.

Proof. We have
Vi = (PQkHZm — Ho—1Pom; 3 ((2Hop—2 + Pog—2) Hop — Hop—oPo)?,

(2H2k—3 + Pog—3) Hop — Hop—3Pop,
(Hop—1Hap — Hop 1Por)®, (%) —

((H2k72 + %sza) Hopy — (%H%fz + 4P2k72) Po;
(2Pys,—2 Hom — 2P —2Payn) ™,
2 ((2Hog—2 + Poj—2) Hop — Hop—2Poy,)
(2Hok—3 + Pog—3) Hop — Hop—3Pom,
(Hap—1 Hom — Hop—1Po)™?, (*)) ~

((HQk—Z + %PQk—z) Hop — (%sz—Q + 4P2k—2) Pom;
2 ((2Hog—2 + Poj—2) Hop — Hop—2Pop,)
(2Hoy—3 + Pop—3) Hom — Hok—3Pom, (Hop—1Hom — Hoj 1 Po) ™
(2Po—2Ham — 2Po 2 Pon)*® (%)) =

((H2k72 + %P2k72) Hop — (%H%fz + 4P2k72) Po;

(H2k72 - %szd) Hom — 3 Ho—2Poy, Ho—3Hom — Hoj—3Pony,
Py, _1Hopy — Hop—1Popy, Hop—1 Hopy — Hopo—1 Porp,
(2Pay_oHopm — 2Pog o Porn) ™, (*)) ~
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((HQk—Z + %PQk—z) Hop — (%sz—Q + 4P2k—2) Pom;
Hop—1Hom — Hog—1Poy, (2Pag—2Hom — 2Poj—9Po) ™
(H2k72 - %P2k72) Hom — $Ho—2Poy, Hop—3Hom — Ho—3Popy,

Por—(2k—1)5 (*)) —

(PZk—lHQm — 2P 2 Pom; (HQk—Z - %PQk—z) Hom — Hoj—2Poy,
(_%P2kf2H2m + %szdpzm) . 2P _oHopm — 2Pop o Poyy,
(HQk—Z - %P%—z) Hom — 3 Ho—2Pom, Ho—3Ham — Hoj—3 Py,
Py—(ar1y, (¥))  ~

(Pok—1Hom — 2Poy 2 Poyn; 2Poy, 2 Hoyy — 2Py 2 Poy,

((H%fz - %P%fz) Hop — %H2kf2p2m) . s Hop—3Hom—Hop 3P,

1 X2
<§P2m—(2k—2)) ,sz—(zk—n,(*)) —

(Pog—2Hom — Hop—3Pom; Hop—3Hom S Hap 3P,
X
(—%PQk—szm + %H2k—2P2m) s Hop—3Hom — Hop—3Pom,

1 X2
(§P2m—(2k—2)) s Pon(2k-1)> (*)) ~
(P2k72H2m — Hop,—3Pam; (Ho—3Hom — Hap—3Pom) ™7,
1 x4
<§P2m7(2k72)) s Pom—(2k—1)> (*)) .
Now, after reordering this last class, we obtain Vk"il as required. U

Lemma 2.5.16. ‘72m reduces in 5 Cremona mowves to the class

A

1 1 A
i (1 ).
Proof. We have

R 3 x4
= (12H2m TPy (4H2m - §P2m) \3Hom — Pom,

1 X3
(7H2m - 7P2m)><2 ) <H2m - §P2m) ) (*)) ;

(12Haum — % Poyn AHog — 3 Payn, 3Hom — o, (THam = TPan)
x3 1 x3
(4Hapm — 4Pon) ™, (Hom — 3Pom) (*)) :
(10Hz., — 3 Poyns THop, — TPa, (4Hap, — 4Psn)* ,2Hap, — 3 Popn,

X3
(HQm - %sz) s Pom—1, Pom—3, (*)) ;
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3 x2 1 x3
S5Hom — 4Pom; 4Hom — 4 Popy, (2H2m - §P2m) ) (HQm - §P2m) )

X2
Pom—1, (%szfz) s Pom—3, (*)) ;

X3
<2H2m — Pom; (H2m - %sz)  (Pom—1)?, (%szfz) s Pon 3, ( )
X3 x4
(HQm - %P2m§ (HQm - %PQm) 7(P2m—1)><2 ) (%sz_z) s Pam - 3’( )) :
After reordering this last class, we obtain V™ as required. U

Lemma 2.5.17. For allm > 3, V™ reduces in 5 Cremona moves to V™1,

Proof. We have

N[ —
.
3
-
3
L
S
N[ —
-
3
&
N—
X
Nej
*
SN—

X5
(PQm—l — $Pom—2; Ham—s, (%P2m—2) 7(*)) ;

x3
<H2m2; Hom—2 — +Pan_a, (%sz—z) ,(*)> ;

Hom-2 — 3 Pon—2; 2 Pay—2, Pam s, (*)) -

/

After reordering this class, we obtain Vm=1 ag required. U
Lemma 2.5.18. V2 reduces in 7 Cremona moves to (0; —1).

Proof. We have
V2 = (11;6,5%3,1¥11);
(6;5,1712);
(5;4,1x10);
(4;3,17%);
(3;2,1%6);
(2;1%5);
(1;172);

(0;-1). O
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2.6 The interval o2 6]

In this section we prove that c(a) = % on the interval [02,6], which
is a part of Theorem 2.7.2. Notice that the class (2,2;2,1%°) gives the
constraint %1 on [0%,6]. If thus suffices to show that no class gives a

stronger constraint. We begin by showing this on the interval [5%, 6}, and

will then spend some efforts to extend it to [02,6].

Proposition 2.6.1. Fora € [51—3,6}, we have c(a) = GTH'

Proof. Write a =5+x € {5%,6{. Then w(a) = (1*°,z,wr, ..., wyr). Since
12

r > 13, 1 —x < §, thus at least the first nine of the weights wz,...,wy
are equal. Then, by Corollary 1.2.4 in [MS], the M — 6 balls of weights
wr, ..., wy fully fill the ball of weight A\, where a = 5 + 22 + A2. Thus to
prove that c¢(a) = %1 on [02,6], it suffices to check that the seven balls of

weights 1%, 2, A embed into the cube C %), or in other words, that
the finite number of classes of £y with M < 7 don’t give any embedding
constraint stronger than “TH for these seven balls.

This is clear for the classes belonging to £y with M < 6. The strongest
constraint of & comes from the class (4, 3; 2%6, 1) for which

1042 A

Notice that 10+27"”+)‘ < (5+i)+1 if and only if A < QTT:”. Recall that

2
a=5+x=>54 224+ N\, whence \2 = z — 2. Since z — 2% < (%Tm)

for z € “—%, } Thus the class (4, 3; 2%6, 1) indeed gives no stronger con-
straint than %1. Finally, by continuity of ¢, ¢(6) = 64i1 = %. O

Proposition 2.6.2. Let (d,e;m) € € be a class such that p(d,e;m)(a) >
atl > \/g for some a € [0%,6]. Then
(i) d < % for a class of the form (d,d;m) and d < % for a
class of the form (d + %,d - %;m).

(ii) Moreover, if we denote N> := 1 — "M, &2 (respectively \*> = -
M, €2) for a class of the form (d,d;m) (respectively for a class of

the form (d+ g3,d — 3;m)), then \* > dQ\/gy(a).

Proof. (i) Let us first prove this for a class of the form (d,d;m). By
Lemma 2.4.8 (i), we have

a+1 / 1 \/E
. < .=
1 < wu(d,d;m)(a) < /14 52 \/ 2
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Thus ( )2
a+1 1
Aol N, R
8a <2d2
2
d< ¢
va?—6a+1

Similarly, for a class of the form (d + %, d— %; m), we have

and so

a+1 1 1 1 J/a
d+d—Sim)(a) < 14— /2
L <+ 3 - (@) <14 7 2

2 2’
and thus
P
Va2 —6a+1
(ii) For a class of the form (d,d;m), we have by Proposition 2.3.8 (i),
2d 2d
2d*> + 1 = (m,m) = <%w(a) +e¢, %w(a) + a>
2v/2d
=2d° + % (w(a),e) + (g,¢e) .
Thus
1 Ja
(w(a),e) = (1- (&,6)) = /2. (2.6.1)
~——2dV 2
=\2

On the other hand

az L dsm)(a) = @) 1 <%w(a) +6,w(a)>
= \/g—i- 2_1d (e, w(a)) .

(g, w(a)) > Qd(azl — g) = %d (a+1—2\/ﬁ).

Thus

=y(a)

Inserting (2.6.1) in this inequality, we get

2d\ 2 ~ 29\
2
)\2>d2\/gy(a).
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Similarly, for a class (d + %, d— %; m), we have

1 2v/2d
2d% + = = 24% + X —
3 * Va

w@.2) = (5= €))7/ 5

N——’
=)\2

(w(a),e) + (e,¢)

SO

The rest of the proof is then identical to the case of a class (d, d;m). O

Notice that the continued fraction of 02 = 34+2v/21is [5;1,4,1,4,...]. We
will now define the so called convergents c; of o and some other numbers
ug(7) and vg(j) which will play a crucial role in the proof of Theorem 2.6.21.

Definition 2.6.3. For all k,j > 1, set
oy = [5;{1,4}*““—1),1} - [5;{1,4}*““—2),1,5} :
co = [5; {1,41°%]
ur(j) = 55 {1, 4y Y 15,5,
on(j) =[5 {1,457 1]

Lemma 2.6.4. For all k,j > 1, we have the following relations written in
lowest terms

1
. 3P40 ~ Poys
(’L) C2k—1 = 77 y  Cok = P ’
5Pok 2%+1

1P P.

.. . JPojta + Popy2)

(i) ug(j) = 27 ;
3 (J Paky2 + Pax)

23 Pot2 + Pojir

iti) ve(j) = 22 .
( G) 53 Pt + Poj—1

Proof. We use the fact that if [ag;aq,...,an] is a continued fraction and
Z—‘; = [ap; aq,...,a] is its k-th convergent written in lowest terms, then for

any real number z,

) _ TPk +Dr—1
[a(]aal,"' ,ak,CC] -
Tqr + qr—1

written in lowest terms.

(i) We argue by induction on k. Assertion (i) is clear for kK = 1. Assume
it holds for k — 1. Then

1 1
7Pk + Popr1 5 Pop42
i =1 ,

5P 2+ Por 1 5 Por,

Cop1 = [5;{1,4}“‘6*1),1} _
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and

P. 2P P
Copy = [5; {1,4}%} _ Dok + 205,40 _ ks
Py 1+ 2Py, Popyq

The proofs of (ii) and (iii) are then straightforward. O
Corollary 2.6.5. We have
(i) ca<ecs<...<cgp<..<o0’<..<cpy1<...<c3<c,
(77) cory1 < ... <up(2) < ur(l) =vr(6) < vp(7) < ...< cop—1.

Proof. (i) It is a property of convergents that the even convergents (re-
spectively odd convergents) of a real number a form an increasing sequence
(respectively decreasing sequence) converging to a.

(ii) This follows from Lemma 2.6.4 and the identity Poyy1Pok—1 _P22k =1
for all £k > 1. O

Lemma 2.6.6. To prove that a quadratic identity of the form
Q(S) = Z a/isz+iP3+j + ijp25+j + (—1)86 =0
1,520 j=0

holds for all s > 0, it suffices to check it for three distinct values of s.
Moreover, if Q is homogeneous and linear (that is, c =0 and a;; = 0 for all
i,7), it suffices to check it for two distinct values of s.

Proof. The proof is similar to the proof of Proposition 3.2.3 in [MS]. The
only part of the proof which is slightly different is the proof of their
Lemma 3.2.2, which we have adapted in the following Lemma 2.6.7. U

Lemma 2.6.7. For all i > 0, there exists a finite number of rational coef-
ficients a;j, c; such that the identity

Py i Ps = Z a;jPostj + (—1)°¢c

j=0
holds for all s > 0. Moreover, ¢; = =3 ;> aij P
Proof. In view of the relation
P, =2P,_1+ P;_2 (2.6.2)

it suffices to prove it for two distinct values of i. We claim that for ¢ = 0
and ¢ = 2 we have the following relations for all s > 0:

4P? = Py — P, — (—1)°, (2.6.3)
8PsioPs = Pogy1 + Posy3 —6(—1)%,
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To prove this, we use the two well-known identities for Pell numbers,

P = PPy — (-1, (2.6.5)
Py, = P}+P?,. (2.6.6)

We start with ¢ = 0. The relation is true for s = 0. Now, if s > 1,
applying (2.6.2) to (2.6.3) gives

8P? = P2, +2P? + P2 | —2(—1)".
Using again (2.6.2), we get
6P2 = P2, + P2, —2(—1)® =4P? + 4P,Ps_1 +2P% | — 2(-1)*. (2.6.7)
Finally, applying once more (2.6.2), we obtain
2P} = 2P 1 (2Ps + Pso1) — 2(=1)° = 2P 1 Py — 2(—1)°,

which is true by (2.6.5).
For i = 2, applying (2.6.5) to the LHS of (2.6.4), and (2.6.6) to the RHS,
we obtain

8P52+1 + 8(_1)S+1 = P32+2 + 2P32+1 + P52 —6(-1)°,
which is equivalent to
6P2y = P}y + P7 —2(=1)"",

which is true by (2.6.7).
Finally, we easily check that the formula for ¢y and ¢y holds. O

Corollary 2.6.8. For all k,7 > 1, we have:
(i) If we abbreviate u := uy(j) =: &, then ¢* (u* — 6u+1) = 52 + 65 + 1,
(ii) If v:=wv(j) = %, then ¢* (v2 —6v + 1) = j2 — 45 — 4,

(iii) If we denote g = ui(2), then p*> —6pq+q¢*> —16 =1,
and if% = ui(3), then p* — 6pq + ¢*> — 12 = 16,

(iv) If we denote g := v(6), then 5p? — 30pq + 5¢° — 32 = 8,
and if% = v(7), then 3p? — 18pq + 3¢> — 28 = 23.

(v) Pop_t, = (=Y (PyHyy, — HyPoyy) for allm >0 and k < 2m.

Proof. By Lemma 2.6.6 we only have to check the first four identities for
three values of k. It is easy to see that they are true for £k = 1,2, 3. Similarly,
it suffices to check the last identity for three even and three odd values. [
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Lemma 2.6.9. Set o(a) := 2L and ¢(a) = \/g Then

(i) o (ur(j + 1)) > (ur(j)) for all k,j > 1,
(i7) o (vi(3)) > Y (ve(j + 1)) for allk > 1,5 > 6.

Proof. (i) Abbreviate u := wug(j + 1) and «' := wug(j). Due to Corol-
lary 2.6.8 (i) we have
o (GH1)+6(G+1)+1

u° = 3 + 6u — 1.
q

We have to prove that “T‘H > \/%/ which is equivalent to

u? +2u+1> 8/,

which becomes

i+ 1)2+6(+1)+1
q
and finally
8(u —u)g® < (j+1)2+6(j+1)+1. (2.6.8)
By Lemma 2.6.4 (ii)
, 2 (iPokya + Poaks2) 3 ((G + 1) Popra + Pogio)

5 (7 Paks2 + Pay) 2((j + 1) Pogy2 + Poy)

(J+DPs o — (7 + )P Popra + jPoryaPor — P31
((J + 1) Pogy2 + Por) (j Port2 + Po)
P35 — P Popia

((4 + 1) Pogy2 + Poi) (§ Poky2 + Por)
4

((j + 1) Pogi2 + Por) (j Pory2 + Par)

since P22k+2 — Poi Pogrqy =4 for all k > 1 by Lemma 2.6.6. Inserting this in
(2.6.8) gives

8((j +1)Pogq2 + Pay)
JPok 2 + Py

<(G+1)2+6(j+1)+1,

since ¢% = i ((j+1)Pogaa + P%)Q. This inequality is now true for all k,j >
1 since the left hand side is smaller than 16, and the right hand side is bigger
than 17.

(ii) Abbreviate v := vg(j) and v' := vg(j+1). Due to Corollary 2.6.8 (ii),
we have - ‘
o P-4

+ 6v — 1.
e
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We have to prove that ”Il > 4/ %/ which is equivalent to

1)2+2v+1>81)',

which becomes

.2 _ 4 . _ 4
‘% +8v > 8/,
q
and finally
8(v' —v)g? < 5% — 45 —4. (2.6.9)
By Lemma 2.6.4 (iii)
, $iPokio + Por1 35+ 1) Pago + Paiya

v == —

15 Pok + Poj1 2(j 4+ 1Py + P

_ 3Pk Pokso + (G + 1) Por Poria — jPorPoksr — (G + 1) Por—1 Poy0
2 (%J'P% + P2k—1) (%(j + 1) Poy, + P2k—1)
_ Py Popy1 — Pop_1Pogy2
2 (%jp% + P2k71) (%(j + 1) Py, + P2k71)

_ -1
 (53Pu+ P ) (3G + 1P + P

5J42k 2k—1) (500 + ok + I9k—1

since Pog Pogt+1 — Pog—1Popyro = —2 for all £ > 1 by Lemma 2.6.6. Inserting
this into (2.6.9) gives

8 (%jp% + P2k71)
2+ 1) Py, + Py

<j*—4j 4,

2
since ¢ = (%J'P% + ng_l) . This inequality is now true forallk > 1,5 > 6
since the left hand side is negative, and the right hand side is positive. [

Definition 2.6.10. A point a € [0?,6] is said to be regular if for all
(d,e;m) € € such that I(m) = I(a), it holds that u(d,e;m)(a) < 2.

Proposition 2.6.11. Assume that the points

Cop_1 forallk > 1,
ug(j) forallk > 1,5 > 2,
vp(j) forallk > 1,57 >6

are regular. Then c(a) = “FL on [02,6].

Proof. Assume by contradiction that c(ag) > aog—l for some ag € [02,6].

Since for all a € ]o?,6], we have c(a) > 2 > \/g, the function c(a) is
piecewise linear on ]o?,6] by Corollary 2.4.9. Let S C ]o?,6[ be the set
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of non-smooth points of ¢ on ]02, 6[. Decompose this set as S = S, US_,
where Sy (respectively S_) consists of the points s € S near which c is
concave (respectively convex). Since c(s) > = for all for all s € S,

13>
Proposition 2.6.1. And since ¢ (0?) = #, it follows that the set Sy is
non-empty. Let s = maxSy. Then so € Jo?,6[. By Corollary 2.4.9 (i)
there exists (d,e;m) € £ and € > 0 such that

the biggest point of S is in S_ because c(a) = “TH for a € [52 6} by

c(z) = p(d,e;m)(z) (2.6.10)

on [sg,so +€[. Abbreviate u(z) := p(d,e;m)(z). Then, u(so) = c(sg) >
804—“ > /% . Let I be the maximal open interval containing sy on which

w(z) > \/g for all z € I. By Lemma 2.4.13, there exists a unique s’ € T

with I(m) = I(s'), and I(m) < [(z) for all other z € I. Moreover, by
Proposition 2.4.17, the constraint p(z) is given by two linear functions on I:

(2) = a+ Bz ifz<s,z¢el,
e = o +p'z ifz>58,2¢€l.

Thus, s’ is the only non-smooth point of g on I. But since so € Sy and
i < ¢, 5o is also a non-smooth point of p, and so s’ = syg. Now, since c is
nondecreasing and by (2.6.10), we see that 3 > 0.

Let £ > 1 be such that sy € [cogt1, Cop—1]. Since coxy1 and coi_1 are regu-
lar by assumption, we have sy € |cogi1,Cok—1]- Notice that
ug(j) = copr1 and vg(j) — cor—1 as 7 — oo. Let u_,uy be the two points
from the sequence

Copy1 < ... < uk(2) < uk(l) = Uk(ﬁ) < Uk(7) < ... < Cok—1

of Corollary 2.6.5 (ii) such that sp € [u_,u4]. Since u_ and u are regular by
assumption, we must have sy € Ju_,uy[. But then Lemma 2.6.9 shows that

p(so) > st > u’4+1 =@ (u_) > (ug) = /5% . And since ' > 0, we find

that p(us) = p(so) > /%, and thus uy € I, and so [ (uq) > 1(so). But,
for all z € Ju_,uy[ we have [(z) > [ (u—) and I(z) > [ (u4). In particular,
[ (so) >l (uy), which is a contradiction. O

Lemma 2.6.12. The points uy(j) with k > 1,5 > 2 are regular.

Proof. Abbreviate u := ug(j) =: g. Let us first prove that a class of the form

(d+3%,d—1%;m) with I(m) = [(u) cannot give an obstruction bigger than “+.
Suppose by contradiction that there is such a class (d + %,d — %Jn) By

Proposition 2.6.2 (i) and Corollary 2.6.8 (i),

\/§d< 2 B 2
wWu  gVuZ—6u+1 2 +65+1
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which is smaller than 1 for all j > 2. Since {(m) = I(u), m; > 1 for all 1.
Thus

o vad\® 2 2
Ze?}g(l—m> >J<1—W> =:5(j).

Now, since s(j) is increasing for j > 2 and s(2) > 2, we have
pld+3,d—L4m)(u) < \/g < by Lemma 2.4.8 (ili). The lemma is

thus proven for a class of the form (d + 5,d — 3;m).

Let us now prove it for a class of the form (d, d;m). Suppose that there
exists a class (d,d;m) € € with {(m) = I(u) such that p(d,d;m)(u) > “HL.
By Proposition 2.6.2 (i) and Corollary 2.6.8 (i),

\/§d< 2v/2 2V
wWu  gVuZ—6u+1 iZ+6j+1

which is smaller than 1 for all j > 2. Since {(m) = I(u), m; > 1 for all 1.
Thus

2 2
2d 2v/2
Sesi(1-20) s ili- 22 )~
avu Vi +6j+1
Now, since s(j) is increasing for j > 2 and s(4) > 1, we have
w(d,d;m)(u) < \/g < %t by Lemma 2.4.8 (iii). So the lemma is proven for

Jj=4
It remains to show the lemma for j = 2,3. By Proposition 2.6.2 (ii),

2
ZE? =1-X<1- dQ\/gy(u).

2
2d 2
0:Z€ZZ+)\2—1>]'<1—;/_W> —|—d2\/ay(u)—1

2 [ . W2
== — d* — —=d+j—1=: f(d).
<q2u+ uy(U)> PNORAE f(d)
To obtain a contradiction, we need to show that f(d) > 0 forall d > 1. Since
y(u) > 0 for u > o2, it is sufficient to show that the discriminant of f(d) is
negative, that is:

Thus

852 ‘ 2j 2
= _4G-1D = = <0,
2 (-1 <q2u + uy(U)>

which is equivalent to



_0P

Taking squares and using u 2> We get

0< 22+ pq ((j = 1)%* = 6 = 1*pa+ (j — 1)%¢* — 8j(j — 1)) .
(2.6.11)
For j = 2, this gives

0<—8+pq(p2—6pq+q2—16),

and this inequality is true since pg > 26 and p?> — 6pg + ¢> — 16 = 1 by
Corollary 2.6.8 (iii). For j = 3, we get

0< 9+ pg (2p° — 12pq + 2¢° — 24),

and this inequality is also true since pq > 57 and 2p? — 12pq + 2¢> — 24 = 32
by Corollary 2.6.8 (iii). This concludes the proof. O

Lemma 2.6.13. The points vi(j) with k > 1,5 > 6 are reqular.

Proof. Abbreviate v := vi(j) =: %. Let us first prove that a class of the form

(d+%,d—3%;m) with I[(m) = I(v) cannot give an obstruction bigger than 1.
Suppose by contradiction that there is such a class (d + %,d — %;m). By

Proposition 2.6.2 (i) and Corollary 2.6.8 (ii),
V2d _ 2 B 2
Wu gV —6v+1 2 —4j—4

which is smaller than 1 for all j > 6. Since I[(m) = I(v), m; > 1 for all 1.
Thus

o VEa\t 2 L
Ze?}](l—m> >]<1_\/ﬁ> =: 5(4).

1
29
pw(d+ 3,d — Lim)(v) < \/g < by Lemma 2.4.8 (iif). The lemma is
thus proven for a class of the form (d + %, d— %; m).

Let us now prove the lemma for a class of the form (d,d;m). Sup-
pose that there exists a class (d,d;m) € & with {(m) = [(v) such that
u(d, d;m)(v) > 2. By Proposition 2.6.2 (i) and Corollary 2.6.8 (i),

\/§d< 2V2 _ 2V2
wWu gVP—6u+1 P-4 —4

which is smaller than 1 for all j > 6. Since I(m) = l(u), m; > 1 for all 1.
Thus

Now, since s(j) is increasing for j > 6 and s(6) > we have

o VE\ 2v2  \*_
Zq}](l—m) >j<1—\/ﬁ> =:5(j).
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Now, since s(j) is increasing for 7 > 6 and s(8) > 1, we have
p(d,d;m)(v \/> < 2 by Lemma 2.4.8 (iif). So the lemma is proven

for 7 > 8.

It remains to show it for j = 6,7. If j = 6, the same arguments as in the

proof of Lemma 2.6.12 in the cases j = 2,3 show that a point v;(6) =: £ is

q
regular if (2.6.11) is satisfied for j = 6, that is if and only if
72 + pq (25p* — 150pq + 25¢* — 160) .

This inequality is true since pg > 287 and 25p® — 150pq +25¢% — 160 = 40
by Corollary 2.6.8 (iv). Similarly, a point vg(7) =: 5 is regular if (2.6.11) is
satisfied for j = 7, that is if and only if

0< —98+pg (36p2 — 216pq + 36¢2 — 336)

which is true since pg > 376 and 36p> — 216pg + 36¢> — 336 = 276 by
Corollary 2.6.8 (iv). This completes the proof. O

Definition 2.6.14. Define for k£ > 1 and 7 > 0 the points
be(i) = v(2 4 2) = [5; {1,4}**D 1,24 2i] .

In particular, for all & > 1, ug(1) = vk(6) = bi(2). Let g := by (i) written in
lowest terms. We will now associate to every b(i) a class E (b(i)) € € for
which we will prove that it gives the constraint at by(i). We distinguish the
cases ¢ even and 7 odd.

If ¢ = 27, set

my(2) = qu (bx(27))
but with the last block <1X(4j +2)) being replaced by the block
(41,5, 0@+,
and di(2j) :==q M = 1(p+¢). Then define the class
E (0r(29)) = (di(25), di(27); mx (27)) -
Ifi=25+1, set
my(2j +1) := qu (b (2] + 1))

but with the last block <1X(4j +4)) being replaced by the block

(G +1)2 2@
and di(2j + 1) := q% = %(p + q). Then define the class

B (bp(2j + 1)) = <dk(2j F1) g de(2 1) — ima(2) + 1)) .
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We will now prove that the classes E (b (7)) belong to £.

Lemma 2.6.15. For all k > 1,i > 0 the classes E (by(i)) satisfy the Dio-
phantine conditions of Proposition 2.3.8 (i).

Proof. We first treat the case i = 2j. Abbreviate b := bg(2j) =: B
m = mg(27), w:= w (bg(27)) and d := d(27). By Lemma 2.2.5 (iii),

1456

1
= =q|lb+1—-)=4|{qg—— | —-1=4d—-1
Sm=aSw=a(r1- ) =1() ,

which proves that the first equation holds. For the second equation, we have
>_omi=¢’ (Zw?) =2j =14+ (G + 1+ 5% = ¢°b+2)° = pg + 2%,
l l

On the other hand,

1+b)? 1
2d2+1:2<q2%> +1:§(p+q)2+1.

By Lemma 2.6.6, it suffices that this equals pg + 252 for three small values
of j, which is the case.

Similarly in the case ¢ = 2j + 1, abbreviate b := bi(2j + 1) =: g,
m:=mg(2j + 1), w:=w (br(2j + 1)) and d := dp(2j + 1). We then have

1 145
m; = wy = b+1——):4<—)—1:4d—1.
Sm=aSw=avr1- ) =4 (e
For the second equation we have

Y omi=¢ (Zw12> —2j —242(j +1)* = ¢*b+ 2% +2j = pg + 25 + 2j.
l l

On the other hand,

; <q2(1 +b)?

11 1
24>+~ =2 — == 242,
+ 16 >+2 gPta)+ 3

Now use again Lemma 2.6.6 to check that this equals pq + 252 + 25 for all
J=0. O
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Lemma 2.6.16. The classes E (bx(2j)) reduce to (0;—1) for all
k>1,7>0.

Proof. The proof is by induction over k. For the initial step k& = 1, we

have by (2) = 2T = 2 qu (by(27)) = ((4j +3)%5 45 + 2,1x(4j+z)), and

di(2j) =75+ 5. Thus
B (b1(2§)) = (75 + 5,75 + 5 (4 +3)%, 4 +2,j + 1,5, 1D
We now show that this class reduces to (0; —1).
(75 45,75+ 5; (45 +8)°%, 45 + 2,5 + 1,5, 1XE+D) &
10§ + 7; (45 + 3)%4, 45 + 2, (35 + 2)*2 j+1,j,1X<2J'+1>);
545 + 3,45 +2, (3 +2)°%, (2 + 1), j + 1,5, XD )

5+ 3535 +2, (2 +1)"3, (j + 1)%2, 72, 1X@HD ) 4

(
(8
(
(37 +2:2 + 1, (G +1)73,j*2,1X@+D)
(2 + 137+ 1,573, 1%

(

j41;4, 1><(2]+2))

This class reduces to (0;—1) in j + 1 steps since a class of the type
(s+1;5,1%") for s > 1,t > 2 reduces to (S;S -1, 1X(t_2)) by a standard
Cremona move.

We turn now to the general case. We will freely use the definitions of
the Pell numbers P, and the Half companion Pell numbers H,, given in
Definition 2.6.3 and the fact that for all n > 0, H,, = P, + P,_1. Suppose
that the class F (bx_1(27)) reduces to (0; —1) and let us show that the class
E (br(27)) also reduces to (0; —1). We have

be(2)) = 2§ Poj12 + Hopyo
g 2Py, + Hoy,

di(27) = jHop41 + Pok1.

The first terms of the class E (bg(2j)) are

(jH2k+1 + Popy1, jHoki1 + Pogr1; (25 Py + Hop)*® 45 Pa—1 + Hop_1,

(25 Pk + Har—2)*" , 4 Pog—3 + 2Hap. s, (*)) ;
where () stands for all the next terms.
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The image of F (bi(27)) under @, is
(QjP2k+1 + Hop1; (2 Pok + Hop)™* 4§ Poy—1 + 2Hog 1, ( Hog + Par.) ™
(2j Pog—o + Hop_2)* 4 Poy_3 + 2Hop_3, (*)) .

To finish the proof, we will show that ¢. (E (bg(27))) reduces to the class
0« (E (bk—1(27))) in four steps.

(2jP2k+1 + Hopy1; (2) Pog + Hop)** 45 Py 1 + 2Hoyp, 1,
(jHap + Par)* , (25 Pak—o 4 Hop—2)** 45 Poy_3 + 2Hoy,_3, (*)) ;

(27 (Hok + Pog—1) +23H2k4 + 2P _1; 2jP32k + Hop, 4 Pop—1 + 213%717
(jHok + Po) ™%, (2§ Pag—1 + Hog—1)"" , (2 Pog—2 + Hop—2)"",
45 Poy—3 + 2Hop_3, (%)) ;

(j (3Hoy — 2Poy) + 2Hop 1 + Pop_1; 5 Hop + Pog, (25 Pap—1 + Hop 1),

GHop_1 + Pox_1, (2 Pox—o + Hop—2)* , 4 Pog—3 + 2Hop s,
JHop—2 + Paj_2, (%)) ;

(jHQk + Poy; 2P 1 + Hop 1, (jHop—1 + Pa—1)"?,
(2j Pop—o + Hop—2)** 4 Pop_3 + 2Hop_3, jHop o + Pap_2, (*)) ;
(2jP2k71 + Hop 15 (2j Pog—o + Hop )", 4j Pop_3 + 2Hop 3,
(jHop—g + Po_2)™?, (*)) .

It is important to note that (%) was left invariant during the whole re-
duction process. So the last class is precisely ¢, (E (bg—1(27))). O

Lemma 2.6.17. The classes E (by(2j + 1)) reduce to (0;—1) for all k >
1,7 20.

Proof. The proof is again by induction over k. For k = 1, we have that

bir(2) +1) = 22 = 2 qu (bi(2)+1) = ((4) +5)%5,4j + 4,1XW+D),

di(2j +1) =7j + &L. Thus
E (b1(2 +1) = (75 +9,7) + 8 (4 +5)%,4j +4,(j + 1)2, 1))
We show now that this class reduces to (0; —1).
(7j 9,75 +8; (45 +5)%%, 45 + 4, ( + 1)2,1X<2J'+2>) SN
(10; F 2 (45 4+ 5445 + 4,35 + 4,35 +3,(j + 1), 1X<2j+2>);
(85 +9:45 + 5,45 +4,3 +4,3) +3,(2) + 2)°%, (j +1)%, 1+ ;
(

55 +5;35 +3,(25 +2)%3, (5 +1)*3 ],1X(2J'+2));

64



(35 312 +2,(j + 1), j,1XC+2)
(27 + 2 G+ 1), 1<)
(4 + 1, 1¥@+2) .

As seen before, this class reduces to (0; —1) in j + 1 steps.

We turn now to the general case. Suppose that the class F (by—1(2j + 1))
reduces to (0; —1) and let us show that the class F (bi(2j + 1)) also reduces
to (0; —1). We have

2§ Pogto + Pogys
2jPoy + Popy1

br(2j + 1) =

di(2j + 1) = jHopy1 + %H2k+2-
The first terms of the class E (bg(2j + 1)) are
(jH2k+1 + L Hopio + L, i Hopy1 + 3 Hojppo — 33 (25 Pog, + Pojey1)™,
45 Po—1 + 2Poy, (2 Pog— + Pap—1)* , 45 Pojy_3 + 2Paj_a, (*)) :
The image of E (b;(2j + 1)) under ¢, is
(QjP2k+1 + Popyo; (2 Pok + Pag1) 4 Pag—1 + 2Py,

jHor, + S Hop1 + 3, jHop + L Hoppr — 3, (2 Pok—o + Pog—1)™*,
4jPog—3 + 2Pok—2, (*)) ,
To finish the proof, we will show that ¢, (E (bx(25 + 1))) reduces to the
vector @, (E (bg—1(27 + 1))) in four steps.
(QjP2k+1 + Paro; (2§ Pog + Pars1)™" 45 Pag—1 + 2Py,
jHor, + S Hopi1 + 3, jHop + L Hop1 — 3, (2 Pog—o + Pog—1)™*,
4j Pog—3 + 2Pop—2, (¥)) ;

(1 2Pay +4Psp—1) + (Pogg1 + 2Poy) 5 2 Po, + Pogy1, 45 Pog—1 +32P2k,
jHok + $Hopi1 + %, jHow + 3 Hopyr — 3, (2 Pog—1 + Po) ™7,
(2)Pop—2 + Paj—1)** ,4j Poj_3 + 2Poy_o, (*)) ;

(j (Pop + 3Pop—1) + (%P2k+1 + 3Py — %) s jHop + 2 Hopy1 — 3,
(2§ Pak—1 + Pox)*®, jHop—1 + 2 Hop — 1, (2§ Pog—o + Poy—1)*,
45 Pop—3 + 2Poj,_o, jHop—o + 3 Hop—1 — 3, (*)) ;

. 1 1 . . 1 1 X2
JHok + 5 Hopv1 — 55 2)Pog—1 + Pog, (]HZk—l + 5 Hap — 5) ;
(2§ Pag—2 + Pag—1)* , 45 Pog—3 + 2Poj—a,
jHop—2 + 2 Hop—1 — 3, (*)) ;
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(QJPQk—1 — Poi; (2§ Pak—2 + Par—1)"" , 4 Pog_3 + 2Pai o,
jHok—2 + 5Hop—1 + 3, jHop—2 + 3 Hop1 — 3, (*)) :
Since (*) was left invariant during the whole reduction process, the last
class is precisely ¢ (F (bg—1(27 +1))). O
Proposition 2.6.18. For all k > 1,i > 0, we have E (b(i)) € £.

Proof. We have to show that the classes E (b (7)) satisfy the Diophantine
conditions of Proposition 2.3.8, which we have done in Lemma 2.6.15, and
that they reduce to (0;—1) by Cremona moves, which we have done for i
even in Lemma 2.6.16 and for ¢ odd in Lemma 2.6.17. The proof is thus
complete. O

Corollary 2.6.19. For alln > 0, the classes E (B,) of Theorem 2.5.1 belong
to £.

Proof. Notice that by Lemma 2.6.4, for all k£ > 0

Popyo+ Popr1 Hopio
b O = 2 = = = s
e(0) = vi(2) Pop + Pog—1 Hoy, P
2P P P
be(1) = vj(4) = 2k+2 + Lop1 k43

2Po + Po—1 Paria

= Bokt1-

Hence by Definition 2.6.14, we see that for all k > 0, E (bx(0)) = E (fax) and
E (bi(1)) = E (Bak+1). Thus all the classes E (8,) belong indeed to £. O

Corollary 2.6.20. c(by(i)) = W forallk >1 andi > 2

Proof. Since by(i) € ]o?,6[, we can write them as by(i) = 5 + x where
z € [0,1[. Now, (2,2;2 1x5) € &, thus

p(2.2:2,17) (b i) = 52 = BOHL

. . N\ b(i)+1
So ¢ (be(i)) > 4 (2,2:2,1°7) (bi()) = 2572
Let us show the converse inequality. Abbreviate b := by(i) =: g in lowest
terms, d := di (i) and m := my(¢). Then

w(Bo) () = () _ wOhw®) B \/E _bl

4

since b > 2. Now if (d',e’;m') € £ is a class different from E(b), we have
by Prop051t10n 2.3.8 (ii) that (m,m’) < d(d'+ ¢€’). Using the definitions of d
and m and the fact that m is written in decreasing order, we get

1+b

1 ——(d' +¢€) = q{wb),m'),
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thus
(m w(B)) _ b+ 1

d+e 4
The proof is complete. O

p(d'e'sm’)(b) =

Theorem 2.6.21. c(a) = L on [02,6].

Proof. By Proposition 2.6.11 it suffices to show that the points cop_1 for
all k > 1, ug(y) for all k > 1,5 > 2, and vg(j) for all k£ > 1,5 > 6 are
regular. By Lemma 2.6.12 and Lemma 2.6.13, the points uy(j) and v (j) are
regular. Moreover, for all k > 1, vg(j) J;)o cor—1. But by Corollary 2.6.20,

c(vp(242i)) = c(bi(d)) = % for i@ > 2. So, by continuity of ¢, we

get that c(cop—1) = C%%EH, and the points co;_1 are thus regular. This

completes the proof. O

2.7 The interval [6, 8]

2.7.1 Preliminaries

We will use the fact that if [lo;l1,...,In] is a continued fraction of a
rational number £ and Z—: := [lo; 11, ..., l] is its k-th convergent written in
lowest terms, then for any real number x,

TPk + Dk—1
Hosli, s lp, 2] = ————,
Tqr + Qr—1

written in lowest terms. In particular, gz = lpqr_1 + qr—_2. It is then easy to
see that if L := )", [;, then
q=gqn = L. (2.7.1)

Recall also that we defined the error vector of a class (d,e;m) at a point a
as the vector € := ¢ ((d, e;m), a) defined by the equation

d+e
V2a

Now set then M :=1[(a) = L + lo,

c=Y e,

i>lg

m =

w(a) + €.

and
M—In

o = Z 822<0'.

i=lp+1

Then by Lemma 2.4.8.3, 0 < 1 for a class of the form (d,d;m) and o < %
for a class of the form (d + %,d — %Jn)
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Lemma 2.7.1. Let (d,e;m) € € be a class such that there exists a =: % €
|02, 8] with l(a) = I(m) and

pu(d,e;m)(a) >

|

Assume that y(a) :=a+1—2v/2a > %, and set vy = qd%. Then

(1) |X &l < VoL,
(7i) If var < 1, then |} e < Vo'L,
(iii) If vpar < %, then vy > % and o’ < % If vy < %, then o’ <

7
]
(iv) Set § = y(a) — % > 0. Then for both types of classes (d,d;m) and
(d+ 3,d — 3;m) we have

Vva va va (o
dgﬁ(\/a_L—Qgﬁ(m—1)<ﬁ(5w—1).

If var < 1, o can be replaced by o’.

Proof. The proofs of (i), (ii) and (iii) are the same as in the proof of
Lemma 5.1.2 in [MS]. To prove (iv), we notice first that > ¢; < 0. In-
deed, by Lemma 2.4.8.4, — M ¢ = % (y(a) — %) + 1. Since y(a) > %
by assumption, we obtain the desired inequality.

Then, using (2.7.1) and (i), we find

d 1 d
Vog>= VoL > \/—g_; (y(a)—;) +1= \/—;_:5—{—1:5qu—|—1>5qu.
Thus
Vo
Ve < Sorr”

For both types of classes (d,d;m) and (d + %,d - %; m), we get

Vva Vva Va ( o >
d< ——=(VoL-1) = (oq— 1) < ——(——-1]).
V26 ( ) V26 (Voa=1) V26 \upr
If vp; < 1, the same arguments go through, when replacing o by o’. U
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2.7.2 The interval [6,7]

We start by stating a more precise version of part (ii) of Theorem 2.1.3.

32 V2
disjoint intervals uy,v.[ given in the following table. For each of these in-
tervals, there exist a class (d,e;m) € € and a rational number x € |ug, vz
with [(z) = l(m) such that c(z) = p(d,e;m)(z) = d%re (A+ Bz) on |ug,z],
and ¢(z) = p(d,e;m)(z) = ﬁ (A" + B'z) on [x,v;]. We list all these infor-

mations in the table below as well as the values of ¢(x) and \/g

Theorem 2.7.2. On the interval {02, 7i} cla) = \/E except on the seven

x (d, e;m) (A,B) | (A,B)) | c(@) | elx)= | /5=
6 (2,2;2,1%%) (1,1) | (7,0) I 1.75 1.73
61 | (28,28;16%6,3,2%6) | (6,15) | (92,1) | S87 | 1.752551 | 1.752549
65 | (14,14;8%6,2,1%%) | (6,7) | (43,1) | 335 | 1.75595 | 1.75594
63 | (11,10;6%6,1%5) (6,5) | (37,0) | & 1.762 1.761
61 (7,7;4%6,1%3) (6,3) | (25,0) | 2 1.79 1.78
63 (9,9;5%6.3,2) (0,5) | (26,1) | % 1.81 1.80
7 (4,4;3,2%6) (1,2) | (15,0) | % 1.88 1.87

z Ug Uy = Vg vy =

6 0% =3+42V2 5.83 61 =2 6.13

61 | 2 (347 +28V/151) | 6142842 | 4 (173 — 70v/6) | 6142872

6t | 2(11+4v7) 6.16657 | 153 — 14110 | 6.16676

61 | 3 (107 +7v201) | 6.19 2138 6.21

61| §(31+7v13) 6.2488 625 6.38

61 152 6.48 55 — 9v/29 6.53

7 1 (7+4v3) 6.96 T =2 7.03
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1
Lemma 2.7.3. The classes (d,e;m) € € such that u(d,e;m) (6%) >4/

and l(m) =1 (6%) for some k =1,...,8 are given in the following table.

(d,e;m)
(28,28;16%6,3,2%6)

(196, 196; 112%%,111,16<7)

(14,14;8%6,2,1%5)

(84,84;48%5,47,8%9)

(11,10;6%6,1%5)

(28,28;16%5,15,4%4)
(7,7;4%61%3)
(9,9;5%¢,3,2)

1 (4,4;3,2%9)

[N IO U R N B AT B> > R N B N B )

Proof. In the case k = 1, since 6% = 7, we only have to check which elements
of the finite set &7 are obstructive at 7. It turns out that the only obstructive
one is (4,4;3,2%6).

Let us now treat the cases k = 2,...,8. Suppose that there is a class of
the form (d, d;m) which is obstructive at some 64. Since / (6%) =6+k, by
Lemma 2.4.14 the vector m has to be of one of the five forms

(GXG,ka) , (a+1,aX5,ka) , (a><57a_ bek) ,
(aXG, b+1, bx(k—l)) ’ (aX6, bx(k—l)’ bh— 1) )

Define ¢, and €, by

V2d

2d
a=—+4+¢, and b:L—Fab.
\/61 ky/6%
If m = (aXG,ka), then |a — kbl = |eq — kep| < |ea| + klep|. Since
by Lemma 2.4.8 (iii), Y& < 1, we find |e,| + k|ep| < VK + 1, and thus
la — kb| < [\/k +1- 1]. Hence

(0,£1}  ifke {23},

S::a_kbe{ (0,£1,42) ifke{d4,....8}.

The Diophantine equations of Proposition 2.3.8 (i) then become

4d = 6a+ kb+1,
242 = 6a? + kb — 1.

70



Thus (6a + kb+1)* = 8(6a® + kb> —1). Replacing a by kb + s, we can
solve this equation in b for the values of k and s given above. We find
three solutions to the equation with b > 1, namely when (k,s,b) is equal
to (3,0,3), (3,1,1) or (3,—1,5). This leads to the vectors (16, 16;9%6,3%3),
(7,7;4%6,173) and (25, 25; 14%¢ 5%3) respectively. Since only (7,7;4%5,1%3)
reduces to (0; —1,0,...,0) by Cremona moves, this is the only class of the
form (d, d;aXG,ka) potentially obstructive at some 6%, and it indeed is
obstructive at 6%.

In the case where m = (a +1,a%%, ka), o=kle* < L. Thus, |a — kb| <

leal + Kk lep) <1+ %, and thus

{0,£1} if ke {2,...,5},

S::“_kbe{ (0,£1,+2) ifke{6,....8}.

From the Diophantine equations we obtain
(6a + kb+2)” = 8 (6a + 2a + kb?)

Replacing a by kb + s, we obtain no solutions with b > 1 for the accepted
values of k and s.
As in the previous case, when m = (aX5, a—1, ka), we have

0,+1 ifke{2,...,5},
si=a—hbe { J{[O,il,}jﬁ} it ke }6,...,8;
The Diophantine equations become (6a + kb)*> = 8 (6a> — 2a + kb?), which
yields four solutions with b > 1, namely the tuples (k, s,b) equal to (2,1,1),
(4,0,4), (6,0,8) and (7,0,16) which give the vectors (5,5;3%%,2,1%2),
(28,28;16*5,15,4*4), (84, 84;48*5,47,8%6) and (196,196; 1125, 111,16*7),
respectively. These vectors all reduce to (0; —1,0,...,0) by Cremona moves,
but the first one is not obstructive at 6%. So we add only the three last vec-
tors to our table.
For the case m = (aX6,b—{— be(k—l)) notice that if e € R and &k € N

are such that (k — 1)e? + (e + 1)? < 1, then ¢ € [—%,0}. Thus
[(k—1e+(e+1)]=lke+1| < 1.
Since o > %, we get

la — kb — 1] la—(b+1)—(k—1)b] =|eq — (ep + 1) — (k — 1)ep]
|

Clea +(k—1ep+ep+1 <1+1=2.

Thus
s:=a—kb—1¢€{0,+1,£2}.
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The Diophantine equations become (6a + kb + 2)2 = 8(6a® + kb? + 2b),
which when we replace a by kb 4+ s + 1 gives the three tuples of solu-
tions (k, s,b) equal to (2,0,2), (6,1,6) and (7, 1,2), which yields the vectors
(9,9;5%6,3,2), (14,14;8%6,2,1%5) and, again, (28,28;16%°, 3,2%6), respec-
tively. All three vectors reduce to (0;—1,0,...,0) by Cremona moves, and
they are obstructive at 6% for k = 2,6, 7 respectively.

For the case m = (aXG, p*(k=1) p 1) we find similarly as in the previous
case that

s:=a—kb+1e{0,£1,+2}.

The Diophantine equations become (6a + kb)* = 8 (6a* + kb* — 2b), which
when we replace a by kb+ s — 1 gives as only solution with b > 2 the tuple
(k,s,b) = (2,0,3). This gives again the vector (9,9;5%9,3,2).

The last case we have to treat is the case of an obstructive class of the
form (d + %, d— %; m). By Corollary 2.4.15, the only possibility for m is to

be of the form (aX6, ka). We saw earlier that in this case we have

(0,£1})  ifke {23},

S::“_kbe{ (0,41, 2} ifke{d,...,8}.

Now the Diophantine equations are

4d = 6a+kb+ 1,
24> = 6a® + kb* — .

This leads to the equation £ (6a + kb + 3)? — 2 (6a+ kb + 3)+1 = 6a>+kb?.
When replacing a by kb+ s, we obtain as only solution with b > 1 the tuple
(5,1,1) which gives the vector (11,10;6%%,1%5). This vector reduces to
(0;—1,0,...,0) by Cremona moves and is obstructive at 6%. O

Lemma 2.7.4. The classes given in Lemma 2.7.3 are the only obstructive
classes on the interval [6%, 7}.

Proof. We claim that it suffices to prove that for all a € [61 7} there
is no other class (d,e;m) € & w1th l(m) = l(a) that is obstructive at a.
Indeed, suppose that pu(d,e;m) \/7 for some a € { 7}, and let I be

the maximal nonempty interval containing a on which p(d, e;m)(z) > \/g .

Then, by Lemma 2.4.13, there exists a unique ag € I such that [ (ag) = I(m)
and [ (ag) < l(a) for all @ € I. Since for M < 6, &y is finite, explicit
calculations show that none of these classes is obstructive for a > 6%. Thus
[(m) > 6, and ap > 6. This implies that ag > 6%. Indeed, ag < 65 would

contradict the fact that [ (ag) < l(a) for all a € I since l(a) > 1 (6%) for all

a € }6, 6% { A similar argument also shows that ag < 7. Thus, ag € [6%, 7}
and this proves the claim.
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We will thus prove that for each a = 6% € [6%,7} there is no class
(d,e;m) € € with I(m) = l(a) obstructive at a, and different from those
given in Lemma 2.7.3. By Lemma 2.7.3, we only have to prove for
with £ = 1,...,8. We will separate the proof in three cases: 3 <
9 <q<39, q=40.

P 1
a7 F
q<8,

Case 1: 3 < ¢ < 8: In this case, 2 < p < ¢. Notice that for all these
values of p and ¢, y (6%) > %. We can thus apply Lemma 2.7.1 (iv). We get
that if (d,e;m) € £ is obstructive at 6%, then

NG
d< AR (Va—1) (2.7.2)

since ¢ < 1 for an obstructive class. We now use the computer program
SolLess[a,D]| given in the Appendix which computes for a rational number a
and a natural number D all obstructive classes (d, e;m) at a with [(m) = l(a)
and d < D. The code shows that there are no such classes for 3 < ¢ < 8.

Case 2: 9 < ¢ < 39: Since y (6%) = 1 and y is increasing for a > 2, we
have

1oloyg
qg 8 9
for all a € {6%, 7}. We can thus again apply Lemma 2.7.1 (iv) and obtain
again (2.7.2), but this time for 1 < p < ¢. Again, the code SolLess|a,D]
shows that for 9 < g < 39 there are no obstructive classes (d,e;m) at a = 6%
with I(m) = (a).

Case 3: ¢ > 40: For all a = 6§ € [6%,7}, we have § := y(a) — % >

— i = %. Suppose that (d,e;m) € £ is obstructive at some a = 6% with
> 40. We distinguish two cases: (i) m1 = mg, (ii) m1 # me.

(i) Notice that by Lemma 2.7.1 (iii),

~—

ifupr € [%,%}, then % < }—g :%,

ifon € [3.3], then 27 < {5 =1,

1va>%, thenﬁé%
By Lemma 2.7.1 (iv) we get that if a = 6% € }6/’#1’ 6% [ forsomek =1,...,7
and ¢ > 40, then for all obstructive classes (d, e;m) at a with my = mg




Here we used the computer program InterSolLessi[k,D| given in the Ap-
pendix which gives for k € {1,...,7} and a natural number D a finite list
of classes (d,e;m) with m; = mg and d < D which can potentially be ob-

structive at some a = 6p € }6,9“,6 [ with ¢ > 40. Applied to our case,

the code gives only one Class that reduces to (0;—1,0,...,0) by Cremona
moves, namely (d, e;m) = (99,99;56%5,14%41%3). By Lemma 2.4.14, the a
in question can be [6;3,1,3] = 63 4 or [6 3,1,1,2] = 6%

15> and the class turns
out to give no obstruction at these two points.

(ii) Since m1 % mg, we know by Lemma 2.4.14 that o < %. This implies
that vpy > 1— 5 f because the last two weights of w (q) are always l. Then

by Lemma 2.7.1 (iv) we get that if a = 6§ }Gkﬂ,ﬁl [for somek =1,...,7

and ¢ > 40, then for all obstructive classes (d,e;m) at a with m; # mg we
have

6% 1 1
d< 6 -1].
\/—( (Gk}rl)_%) ( (6k41r1)_4_10 (1_2—\1/3) )

Here we used the computer program InterSolLess2[k,D] which gives for
ke {1,...,7} and a natural number D a finite list of classes (d, e;m) with
m1 # mg and d < D which can potentially be obstructive at some a = 62 €

}Gk}rl,ﬁ { with ¢ > 40. Applied to our case, the code gives no class that
reduces to (0; —1,0,...,0) by Cremona moves. ]

Remark 2.7.5. The three programs SolLess[a,D]|, InterSolLess1[k,D] and
InterSolLess2[k,D| give, for a natural number D, solutions (d e;m) with
d < D. But, in the case of classes of the form (d + ,d — 3;m), we give
estimates for d in Lemma 2.7.4. Thus for these Classes we have to add % to
our estimates when using the programs.

Proof of Theorem 2.7.2. We have already proven in Theorem 2.6.21 that
the class (2,2;2,1°%) gives the constraint c(a) = p(2,2;2,1%5) (a) = ¢
n [02,6]. We postpone the proof that c(a) = p (4,4;3,2%¢) (a) = L2 on
[7 73—12} to Corollary 2.7.8.

Since by Lemma 2.7.4, the only obstructive classes on the interval [68, 7}

are those of Lemma 2.7.3, ¢ (6%) = % = \/§ because an explicit computa-
tion shows that none of them is obstructive at 6%. Hence, c(a) = % for all

€ {6, 6%} since c is nondecreasing.
In order to determine ¢ on the interval [6%, 7}, Lemma 2.7.4 shows that

we only have to work out the constraints given by the classes of Lemma 2.7.3.

Notice that for a € }6 1

g 6% {, the first terms of the weight expansion of a

74



are w(a) = (1X6, (a —6)*¥ 1 —k(a —6),.. ) We can thus easily compute
the constraints of all the classes. In the next table, we write the constraints
given by the classes of Lemma 2.7.3 that do not appear in Theorem 2.7.2
and we then simply verify that they indeed do not give new obstructions.

x (d, e;m) (A,B) | (A B') | ()
61 | (196,196;112%5 111,16%7) | (—1,112) | (687,0) | ST
63 (84, 84; 485, 47,8%6) (—1,48) | (295,0) | 222
6% (28,28;16%5,15,4*4) (-1,16) | (99,0) | =
x u{L’ u;p g /U{L' U:B g

1 1 471969

61 | oy (344 + 7v2415) | 6142844 | 4100 | 6.142870
6 | 4 (148+7v/447) | 616660 | 3% | 6.16674
1 1 9801

61| &(s0+7vET) | 62404 | B | 625

The proof of Theorem 2.7.2 (up to Corollary 2.7.8) is complete. O

2.7.3 The interval [7,8§]

Lemma 2.7.6. Assume that there exists a class (d,e;m) € & such that

wu(d,e;m)(a) > \/g for some a € [7312,8} with l(a) = 1(m). Then
mi1=...=m7 and d < 13.

Proof. Notice first that
1 17 1
y()//y<732) R
for all ¢ > 2. We distinguish two cases: ¢ > 12 and ¢ < 1

If ¢ > 12, then 0 = y(a) — % > % — 112 = 96 Assume by contradiction
that my # my. Then by Lemma 2.4.14, 0 < % and so vy; = 5. Thus,

o 192
— < — < 1
vy 301

But this contradicts Lemma 2.7.1 (iv).
To prove that d < 13, notice first that by Lemma 2.7.1 (iii),

. 11 / 1/2
ﬁwebﬂ,mmﬁgﬁzg
: 1 2 ! 7/8
if oy € [3,3], then Z < B =1,
iva>§, thenﬁgg.
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Then, since v/a < 2v/2, we get by Lemma 2.7.1 (iv) that

2v/2 1 1
< f( 3_1)+_<14.
43/96v/2 \43/96 4 2

Thus d < 13
Let now ¢ < 11. Notice that a < 7% and

By Lemma 2.7.1 (iv), we have

[

a V7
<%(\/0q—1) +5 < lq ~ (Va
va(y (7))
Since the RHS is strictly smaller than 11 for all 2 < ¢ < 11, we see that
d < 10.

Assume now by contradiction that mq # my. Then o < % If2<gg,
then ,/oq — 1 < 0 which contradicts Lemma 2.7.1 (iv). If 8 < ¢ < 11, then

d+e \/_d V210
v 9
M= qVv2a q\/— 87

and so, by Lemma 2.4.14,

1
—1

(g,€) >g+2(1—vM)2>1

which contradicts Lemma 2.4.8 (iii). O
Proposition 2.7.7. c¢(a) = \/g foralla € [7312,8}

Proof. Suppose by contradiction that there exists a > 755 1 and (d,e;m) € £
with u(d, e;m) \/g . Let I be the maximal open 1nterva1 containing a
on which (d, e; m) is obstructive. Then, by Lemma 2.4.13, there exists ag € I
with I (ag) = l(m) and l(a) > [ (ag) for all a € I.

Using the finite list of & in Lemma 2.4.3 we check by hand that no
class in &; is obstructive for a > 73—12. Thus I(m) > 7 and so a9 > 7. But
then ag > 7312 Indeed, assume by contradiction that ag < 73%. Then since
ag,a € 1, 732 will also belong to I. But, for all z € }7 732 {, I(z) >1 (73—12),
and this contradicts the fact that [(a) > (ag) for all a € I.

Now by Lemma 2.7.6, we find that d < 13 and m; = ... = my. Since
there are only finitely many classes satisfying these conditions, we can com-
pute them explicitly. We find that there is only one class satisfying the condi-
tions, namely (8,7;4%7,1), but this class is not obstructive for a > 73—12. O

76



=12 for alla € [7,75].

Corollary 2.7.8. c(a)

Proof. Since the class (d,e;m) = (4,4;3,2%5) gives the constraint

15 T35
d.e: — 2 /32
lu’( Y 67 m)(a') 8 2
for all a > 7, we see that c(a) = % on {7, 73%} because c is nondecreasing
by Lemma 2.4.2.

O
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Chapter 3

Symplectic embeddings into
the union of an ellipsoid and
a cylinder

3.1 Ball packings of the union of an ellipsoid and
a cylinder

3.1.1 Statement of the result

Consider the Euclidean space R* endowed with its canonical symplec-
tic structure dxy A dyi + dxo A dys. Define the open symplectic cylinder
Z(a) := D?%(a) x R? as the symplectic product of the open disc D?(a) of
area a with R? and define the open symplectic ellipsoid by

™ (af + yF) +7T(563+y§) <1}.

E(b,c) := {(9617y179€27y2) eR*: b .

Denote the open ball E(a,a) (of radius y/a/7) by B(a). Let
Z(a,b,c) == Z(a) U E(b,c)

be the (non disjoint) union of the cylinder Z(a) with the ellipsoid E(b,c).
The aim of this section is to realize some optimal symplectic embeddings of
a disjoint union of balls B (wy) II...II B (w,,) into the union Z(a,b,c) of a
cylinder and an ellipsoid for certain values of a, b, c. Since

" S

H B (w;) <= Z(a,b,c)

i=1
if and only if

1 B (w) < Z(xa, Ab, Ae),
i=1
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we can always assume that a = 1, and therefore study the embedding capacity
function defined by

n
c(wy, ..., wy;b,c) = inf {)\ | HB(wi) S5 Z(A, Ab, )\c)} .
i=1
The main result of this section is the following theorem.

Theorem 3.1.1. Let wqy > ... > w, > 0 and b,c > 0 be positive real
numbers such that ¢ >1 and 1 < b < C_Ll Then

w1
c(wi,...,wp;b,c) :max{7,)\1,...,)\n},

where
_ Z?:l Wi
- ]’C + b(C*l) :

[

Ak

In particular, this theorem realizes an optimal embedding of a disjoint
union of balls into the union Z(a, b, b) of the cylinder Z(a) and the ball B(b)
whenever a < b < 2a.

The outline of the proof of Theorem 3.1.1 is as follows. In Subsec-
tion 3.1.2, we use the ECH capacities of [[;; B (w;) and Z(a,b,c), that
have been computed in [CGFHR], in order to determine an obstruction to
the ball packing problem, leading to a lower bound on ¢ (wq,...,wy;b,c).
In Subsection 3.1.3, we give an explicit embedding construction, using the
symplectic shearing method, which realizes the obstruction. This will lead
to the required upper bound on ¢ (wy,...,wy;b,c). In particular, it follows
from the proof that ECH capacities are sharp for embedding a disjoint union
of balls into the union of a cylinder and an ellipsoid under the assumptions
of Theorem 3.1.1.

3.1.2 The obstruction given by ECH capacities
3.1.2.1 ECH capacities

Let (X,w) be a symplectic 4-dimensional manifold. The ECH capacities
are a sequence of real numbers

0=cy(X,w) < (X,w)<e(X,w) <...<x

associated to the manifold X that have been introduced in [H1].
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We give here the properties of ECH capacities that we will use.

1. (Monotonicity) If there exists a symplectic embedding
(X1,w1) < (X2, w2)

then
i (X1, w1) < ¢ (X2, wo)

for all £ > 0.
2. (Conformality) If o > 0, then
ek (X, aw) = acg (X, w)
for all £ > 0.

3. (Disjoint Union) Let (X1, w1),..., (X, w,) besymplectic 4-dimensional
manifolds. Then

Cr. <H (Xi,wi)> =  max 201% (Xi,wi) (3.1.1)
i=1

k1+...+kn=k Pt
for all £ > 0.
4. (Ellipsoid) The ECH capacities of the ellipsoid E(aj,as) are given by
¢t (E(a1,a2)) = N (a1, a2); (3.1.2)
for all £ > 0, where
N (ay,a2) := {may +nay | m,n € NU{0}}

arranged in nondecreasing order, with repetitions and with the indices
starting at k = 0.

5. (Union of a Cylinder and an Ellipsoid) Under the assumptions of The-
orem 3.1.1, the ECH capacities of the union Z(1,b,c) of the cylin-
der Z(1) and the ellipsoid E(b, c) are given by

it k>
ek (Z(1,b,¢0)) = gk (3.1.3)

alctalc

forallk=1,...,n.

Properties 1,2,3 and 4 are proved in [H2] while Property 5 is proved in
[CGFHR].
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3.1.2.2 Proof of the lower bound

Lemma 3.1.2. Letwy > ... 2 w, > 0 and b,c > 0 be positive real numbers
such that ¢ > 1 and a < b < 5. Then

C

w1
c(wi,...,wp;b,c) Qmax{?,)\l,...,)\n},

k
Zi:l Wi

kbt b(cc—l) .

where A\ 1=

Proof. We need to show that if there exists an embedding

1 B (wi) < Z(X\,Xb, Ac),
=1

then
w
A= max{—l,)\l,...,)\n}.
c
By Monotonicity and Conformality of the ECH capacities, we have that

o (g B (wi))
cr (Z(1,b,¢))

Az

for all k > 0. So it suffices to show that for k =1,...,n

ek (L7 B (wi)) wy
ck(Z(ll,b,c)) Zmax{T,)\l,...,)\n}.

Notice first that by (3.1.2), ¢; (B(a)) = ¢1 (E(a,a)) = a for all @ > 0. Thus,
by (3.1.1), we have for k=1,...,n

Ck (H B (wz)> = max {cg (B(w1))+...+ck, (B(wy))}
1=1

ki+...+kn=k
k
> c1 (B(wl)) +...+c (B (U)k)) = Zwi
=1

We distinguish two cases: b < cand b > c.

If b < ¢, then \; > “%. Therefore, it is sufficient to show that
A > max{\i,...,\,}. Since 2 < 1, we have by (3.1.3), that for all
k=1,....n

ck ([Ii=y B (wi)) > Zf:l Wi
ek (Z(1,b,¢)) 7 g4 be=D

C

= \p.

If b > ¢, then by (3.1.3),

cr (ITiey B (wi)) — wy

c1(Z(1,b,¢)) ¢
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b

2, we have

e (ITiey B (wi)) > Zf:l Wi _
ek (Z(1,b,¢)) 7 g 4 be=D

Moreover, if k >

and if k < 2, we have

e (Iizq B (wi)) S f:1wz‘ S Zf:lwi _
ax (ZM,be)) T ke T oy bl W

3.1.3 The explicit embedding
3.1.3.1 Prismification of B(a) and coprismification of Z(a,b,c)

We first introduce some notation. For a,b > 0 set

A(a,b) ::{(u,v) €R? | u,v >0, g—i—% < 1},
O(a,b) :=]0,a] x ]0, 5[,
O(00,b) :=10,00[ x ]0,0[,

and abbreviate A(a) := A(a,a) and O := [O(1,1). If A and B are subsets
of R?, define the symplectic product

AXB:= {(Cﬂl,yl,ﬁﬂz,w) € R* | (z1,y1) € A, (w2,12) € B}

and the Lagrangian product

AXxp B:= {(5'31,2/1,562,2/2) eR? | (z1,22) € A, (y1,%2) € B}-

It was observed by Traynor in [T], that for every £ > 0 there exists a
symplectic embedding
(1 —¢e)B(a) < Ala) x 1 O. (3.1.4)

The set A(a) xz O is then called a prismification of the ball B(a) (see
Figure 3.1.1).

Next, let us “coprismify” the union of an ellipsoid and a cylinder,
Z(a,b,c) = Z(a) U E(b.c). Define

C(a,b,c) := (O(co,a) U A(b,¢)) xp, T?,

where T? is the torus R?/Z? (see Figure 3.1.2). Then for every € > 0 there
exists a symplectic embedding

7

Cla,b,c) < (1+¢€)Z(a,b,c). (3.1.5)

The set C(a,b,c) is then called a coprismification of Z(a,b,c). This is a
consequence of the following more general fact:
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) Y2
a
1
a I 1 Y1

Figure 3.1.1: Prismification of B(a)

Z2 Y2
c
a 1
b a1 1 Y1

Figure 3.1.2: Coprismification of Z(a, b, c)
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Lemma 3.1.3. Let Q) be a domain in the open positive quadrant of the
plane. Then there exists a symplectic embedding

int() x R?/Z% < Xq,

where

Xo = {(z1,2) € C* =R | (|21, |2o”) € 2} .

Proof. The map

{zE(C2 | 21,227&0}i> {xGRQ ] xl,m2>0}xLRL2

72
(mewl,mei%) — (71- (r%,r%) , % (01, 92))

is a symplectomorphism. The inverse of this map restricts to a symplectic

embedding
2

) R
int(Q) xp, 73 < Xq.

3.1.3.2 Symplectic shearing

We now briefly recall the method of symplectic shearing. For more details
on shearing see for example [LMS]. Let k& > 0 be an integer and consider
1 —k
0 1

e (3 )

is a symplectomorphism of R* = R?(z) x 1, R?(y).

If we apply Ay, to the prismification A(a)x 0 of the ball B(a), the effect
in the z-plane is to distort A(a) to the triangle Ay (A(a)) with vertices
(0,0), (a,0) and (—ka,a), while the effect in the y-plane is to distort OJ

-1
to the parallelogram (A%) (O) with vertices (0,0), (1,k), (1,k+ 1) and

the matrix Ay := ) € SLy(Z). The linear map

-1
(0,1) (see Figure 3.1.3). Now, since (AZ) € SLy(Z), the parallelogram

-1 ~
(Az) (O) injectively projects to the torus, so that the map Ay extends to
an embedding

or: A(a) xp OS Ay (Aa)) xp, T2,
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Z2 Y2
a k
1

a X1 1 U1

Figure 3.1.3: Shearing of A(a) xz, O

3.1.3.3 Proof of the upper bound

Lemma 3.1.4. Assume that wq > ... > wy, >0, b>0 and ¢ > 1. Then,
c(wi,...,wp;b,c) < max{ﬂ,)\l,...,)\n},
c

Zf:l Wi

where \j 1= 2
k -t b(cc—l)

Proof. We need to show that if
A >max{%,)\1,...,)\n},

then there exists an embedding

1 B (wi) < Z(X\,2b, Ac).
i=1
Let k € {1,...,n} be an index such that Ay = max {\1,...,A\,}. Assume
that A > max {4, \;}. By the prismification (3.1.4) and the coprismifica-
tion (3.1.5), it is enough to construct a symplectic embedding
IT 2 (ws) x. O < C(A b, Ac).
=1

First note that Ay < w; for all ¢ < k, and A\ > w; for all 7« > k. Indeed,
k

. Do wi
since Ay := ]ﬁg—(ij_l), we have
c

wk—)\k:<k+ —1 )\k—)\kl

Ak — Wgt1 = <k‘ + 1) (A = Mg1) -

Since A is maximal, we deduce that wy > A\ > wgy1. The rest follows from
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(a)
w3
(b)

- - -
w1 w2 w3

Figure 3.1.4: The shearing construction

Since A > w; for all ¢ > k, it follows that we just need to find a symplectic

embedding
k

e: [T A (wi) xp O < C(A,Ab, Ae). (3.1.6)
i=1
The sets A (w;) x 0 with ¢ > k can then be embedded into C' (A, A\b, Ac)\Im ¢
by appropriate translations along the z-axis.
We now construct the symplectic embedding ¢ in (3.1.6) by shearing.
Place the sets A (wy) xp O with ¢ = 1,...,k side by side such that the
vertices of each triangle A (wy) are

(o) () (e

(see Figure 3.1.4(a)).

Apply then to each A (wy) xp O the shear ¢, 1, which embeds
A (wp) x, Ointo Ay_1 (A (wy)) x 1 T?. In the z-plane, the effect is to embed
the triangles A (wy) into the triangles with vertices

-1 4 -1
<Z wi, 0) , (Z Wy, 0) , (Z w; — (£ — 1wy, ’U)g)
i=1 i=1 i=1

(see Figure 3.1.4(b)). We denote the triangles Ay—1 (A (wy)) by Tp.
To finish the proof, we need to show that the disjoint union of triangles
]_[’gzl Ty is contained in the region €2 bounded by the axes, the line segment
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(e=1)A

| | i l_)
wl—)\ ’LU2—>\U)3—)\ c

Figure 3.1.5: The triangles H]Z:l Ty fit into the region 2

from (0, \c) to (%(c — 1)\, )\), and the horizontal ray extending to the right
from the latter point (see Figure 3.1.5).

Observe that the right edge of Ty has slope —%. And if £ > 1 then the
left edge of Ty is a subset of the right edge of Ty_1. In particular, the upper
boundary of the union of their closures (call this path A) is the graph of a
convex function.

To verify that the triangles T1,...,T} are contained in 2, we need to
check that the path A does not go above the upper boundary of € (see
Figure 3.1.5). The initial endpoint of A is (0,w;), which is not above the
upper boundary of 2 by our assumption that A > “L. Next, A crosses the
horizontal line of height A at the point

k
(Z(U}g—)\), )x) .
=1

By convexity, it is enough to check that this point is not to the right of the
corner (l—c’(c — 1A, )\) of 0€2. This holds because

ZIZ=1 we
implies that
k
Z (wg — )\) < —(C— 1))\
/=1
This concludes the proof. ]
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3.2 The embedding of E (36,2) into Z (1,6,6)

Consider the problem of finding, given a,b > 1, the infimum A* of those
A such that E(a, 1) < Z(A, Ab, \b), where Z(A, \b, Ab) := Z(\)U B(Ab). We

ask for which a,b > 1 one has
1. vol (E(a, 1)) > vol (B (\*))),
2. E(a,1) & Z (X, \*b, \*D).

The first condition is imposed to exclude embeddings of E(a,1) that take
values in the ball B (A*b) alone (cf. [MS]), while the second condition ex-
cludes trivial embeddings. By Corollary 1.13 in [CGFHR], there are pairs
a,b > 1 such that no embedding satisfying (1) and (2) exists.

In Proposition 3.2.1, we show that E(36, g) <z (1,6,6) by using sym-
plectic folding, an embedding technique invented in [LM] and refined in [S2].
The rescaled embedding £(30,1) < Z (%, 5, 5) satisfies (1) and (2). Propo-
sition 3.2.1 thus shows that the problem of embedding an ellipsoid into the
union of a ball and a cylinder is not totally rigid. Actually, multiple sym-
plectic folding gives similar results for all values b > 4, that is for all b > 4
there exist a, A > 0 such that E(a,1) <> Z(\, Ab,Ab) and such that this
embedding satisfies (1) and (2).

Another consequence of this embedding is that although Lemma 3.1.1
holds for all values of b > 0 and ¢ > 1, the ball packing construction de-
scribed in the proof is not optimal for all these values of b, c. Indeed, since

N B (g) S E (36, g), the embedding F (36, g) < Z(1,6,6) implies the
existence of an embedding

30 6 s
1B <—) = Z(1,6,6).
‘ 5
=1
But the shearing construction of Lemma 3.1.1 only leads to an embedding

30

6\ s 36
IIB— — —7(1,6,6).
o1 (5) 35(”)

Proposition 3.2.1. F (36, g) symplectically embeds into Z(1,6,6).

Proof. Consider the prismification A (36, g) x r, O of the ellipsoid E (36, g)
and the coprismification

C(1,6,6) := (O(co, 1) UA(6)) x, 0 C (O(co,1) UA(6)) xz T?

of Z(1,6,6). To prove the proposition, it suffices to show that
A (36, g) x 1, O symplectically embeds into C'(1,6,6).
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T2

(_L 6/5)

-1 5 1

Figure 3.2.1: Disposing the triangle A\ (36, g) in the (z1,y2)-plane

We construct this embedding by using symplectic folding. For the details
of symplectic folding, we refer to Sections 3 and 4 in [S2], which we will
closely follow in the sequel.

Place the triangle A (36, g) in the (z1,z2)-plane such that its vertices

are the points (—1,0), (—1, g) and (35,0) (see Figure 3.2.1). Since the point

(5,1) is on the boundary of the triangle, we only have to fold the left part
of A (367 g) into A(6) in order to realize the required embedding.

Define ¢ as the unique height of the triangle such that the distance to
the left edge is equal to 1 + ¢ (see Figure 3.2.2 (a)). One can check that
=1+ %. First separate the large fibers from the small ones and connect
them by a tunnel of length ¢ using a map 8 x id constructed as in Step 1 of
Section 3.2 in [S2] (see Figure 3.2.2 (b)).

Now lift the fibers analogously to the procedure described in Step 3 of
Section 3.2 in [S2]. Specifically, define L as the projection of the tunnel to
the x1-axis. Take a cut-off function ¢ over L and define the “lift” map

T1
o(x1,y1,22,y2) == | @1, y1 —c(x1) Y2, T2+ L — /C(t)dt7 Y2
0

The image of A (36, g) x r, 0 under ¢ is drawn in Figure 3.2.2 (¢).

Now apply the folding map ~2 defined in Step 4 of Section 4.2 in [S2]
to the image of ¢. By Lemma 4.2.1 in [S2], the “stairs” S connecting the
two “floors” F} and Fh in Figure 3.2.2 (d) are contained in the rectangle
with horizontal edge of length ¢, and vertical edge of length 2¢. One readily
computes that by our choice of ¢, this rectangle fits into A(6). The upper
right corner of Fy is the point (3 + 3%, 24 %), which lies in the interior
of A(6). The floor Fy thus also fits into A(6), which proves that the ellip-
soid E (36, g) can be folded into Z(1,6,6) (see Figure 3.2.3).

O
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_ (a)

Figure 3.2.2: The folding construction



T

Figure 3.2.3: The ellipsoid E (36, g) can be folded into Z(1,6,6)



Appendix A

Computer programs

A.1 Computing c at a point a € [6%, 7}

We used the computer in Lemma 2.7.4 to compute ¢ at points g €

[6%,7} with ¢ < 39. In this section, we explain the code SolLess|a,D]
which computes for a rational number ¢ and a natural number D all classes
(d, e;m) obstructive at a, with {(m) = l(a) and d < D. We have just adapted
the program SolLessla,D] given in the Appendix of [MS] to our case. The
modules W[a], P[k], Difference[V] are exactly the same as in [MS].

Wla_] := Module[{aa = a, M, i = 2, L, u, v},
M = ContinuedFraction([aa];
L = Tablel[1, {j, MI[1]11}];
{u, v} = {1, aa - Floor[aal};
While[i <= Length[M],
L = Join[L, Tablelv, {j, M[[i11}1];
{u, v} = {v, u - M[[i]] v};
i++];
Return([L]]

P[k_] := Module[{kk = k, PP, TO, i},
TO = Table[0, {u, 1, k}];
TOp = ReplacePart[TO, 1, 1];
T1 = Table[1l, {u, 1, k}1;
Tim = ReplacePart[T1, 0, -1];
PP = {TO, TOp, T1, Tim};
Return[PP]]
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Difference[M_] := Module[{V =M, vN, Vi, 1, L = {}, D, PP,
i, j, N},
1 = Length[V];
If(l == 1,
L = P[V[[1]]]
1
If[1 > 1,
vN = V[[-1]];
V1 = DeletelV, -1];
D = Difference[V1];
PP = P[vN];
i=1;
While[i <= Length[D],
j=1
While[j <= Length[PP],
N = Join[D[[i]], PP[[j11];
L = Append[L, N];
j++1;
i++]
1;
Return[L]]
The following module Sol0[a, d] gives for a rational number a all vectors
of the form (d,d;m) with [(m) = l(a) which satisfy the Diophantine equa-
tions of Proposition 2.3.8 (i) and such that u(d,d;m)(a) > \/g The code

Sol1[a,d] does the same thing for a class of the form (d,d — 1;m). Note
that both modules do not verify whether the vectors reduce to (0; —1) by
repeated Cremona moves. We have just adapted the code Sol[a,d] of [MS],

using that in our case, the volume constraint is \/g instead of y/a and that

for a class of the form (d, d;m) the Diophantine equations become
S mi=4d—1, > mi=2d"+1,

and for a class of the form (d,d — 1;m), they become

> mi=4d—3, > mi=2d*-2d+1.

SolO[a_, d_] := Module[{aa = a, dd =d, M, F, D, i, V,
L = {}},

M = ContinuedFraction([aa];

F = Floor[((2%dd)/Sqrt[2*aal) W[aall;
D = Difference[M];

i=1;
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While[i <= Length[D],
V = Sort[F + D[[i]], Greater];
SV = Sum[V[[jl]l, {j, 1, Length[V]}];
If[{SV, V.V} == {4xdd - 1, 2%dd"2 + 1} && V[[-1]1] > 0 &&
Wlaal .V/(2xdd) >= Sqrtlaa/2],
L = Append[L, V]
1;
i++];
Return[{{dd, dd}, Union[L]}]]

Soli[a_, d_] := Module[{aa = a, dd =d, M, F, D, i, V,
L = {3},
= ContinuedFraction[aa];
Floor [((2%dd - 1)/Sqrt[2*aal]) W[aall;
Difference[M];
=1;
While[i <= Length[D],
V = Sort[F + D[[i]], Greater];
SV = Sum[V[[j1], {j, 1, Length[V]}];
If[{SV, V.V} == {4%dd - 3, 2*xdd"2 - 2*xd + 1}
&& V[I[-1]]1 > O && W[aal.V/(2xdd - 1) > Sqrtlaa/2],
L = Append[L, V]
1
i++];
Return[{{dd, dd - 1}, Union[L]}]]

H O T =
Il

Finally, we collect in the code SolLess|a,D| the vectors (d,e;m) with
[(m) = l(a) that are obstructive at a and such that d < D.

SollLess[a_, D_] := Module[{aa = a, DD =D, d = 1, Ld,
L = {3},
While[d <= D,
Ld = Sol0O[aa, d];
If [Length[Ld[[2]1]] > O,
L = Append[L, Ld]
1;
Ld = Soli[aa, d]l;
If [Length[Ld[[2]]] > O,
L = Append[L, Ld]
1
d++];
Return([L]]
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A.2 Computing c on an interval }6]%1, 6%[ with k €
{1,...7}

In Lemma 2.74 we used the codes InterSolLessl[k,D] and
InterSolLess2[k,D] which give for £ € {1,...,7} and a natural number
D, a finite list of vectors (d, e;m) with d < D which can potentially be ob-

structive at some a € }6,&1, 6% [ By Lemma 2.4.14, if a class (d,e;m) € €

is obstructive at some point a € {6%, 7}, then we have three possibilities:

(i) mip =...= Mg,
(ii) m1—1:m2:...:m6,
(iii) my=...=mg5=mg+ L.

The code InterSolLess1[k,D] treats the case (i) while the cases (ii)
and (iii) are covered by InterSolLess2[k,D]. We used the programs
Solutions[a,b] and sum[L] exactly as they were in [MS]. Solutions|a,Db]
gives for a,b € N all vectors m which are solution of the equations

Zmi:a, Zm?:b,

and sum[L] computes the sum of the entries of a vector L.

Solutions[a_, b_]
:= Solutions[a, b, Min[a, Floor[Sqrt[b]]]]

Solutions[a_, b_, c_] :=
Module[{A = a, B=b, C=c¢, i, m, K, j, V, L = {}},
If[A"2 < B,
L ={}
1;
If[A"2 == B,
If[A > C,
L = {1,
L = {{A}}
]
1;
If[A"2 > B,
i=1;
m = Min[Floor[Sqrt[B]], C];
While[i <= m,
K = Solutions[A - i, B - i72, i];
j=1
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While[j <= Length[K],

V = Prepend(K[[j]], i];
L = Append[L, V];
J++
1;
i++]
1;
Return[Union[L]]]

sum[L_] := Sum[L[[jl], {j, 1, Length[L]}]

A.2.1 Finding obstructive classes (d,e;m) with m; = ... = mg

We have adapted the modules P[k|, Prelist[k,d] from [MS] to the fact
that the first six entries of m have to be equal instead of the first seven
entries as it was the case in [MS]. The module Prelist[k,d| becomes
Prelist[k,d,c| where ¢ = 0 in the case of a class of the form (d,d;m)
and ¢ = 1 when the class is of the form (d,d — 1;m). As before, we have
adapted the code to take into account that we have another volume con-
straint and other Diophantine equations. Note that [MS] used their Lemma
2.1.7 and Lemma 2.1.8 which are also true in our case as stated in Lemma
2.4.14 and Lemma 2.4.16.

P[k_] := Module[{kk = k, PP, TO, i},

TO = Table[0, {i, 6 + kk}];
Tm = ReplacePart[TO, -1, -1];
Tp = ReplacePart[TO, 1, 7];
PP = {Tm, TO, Tp};

Return [PP]

]

Prelist[k_, d_, c_]
Module[{kk = k, dd = d, case = c, u, v, ml, M1, mx, Mx, f,
t, PP, M, MM,i =0, j=0, s=1,8S, T, K, 1, L = {}},
u=1/(k + 1);

v = 1/kk;

ml = Round[(Sqrt[2]*dd)/Sqrtl[6 + v]I];

M1 = Round[(Sqrt[2]*dd)/Sqrt[6 + ull;

mx = Floor[(Sqrt[2]*dd)/Sqrt[6 + v] ul - 1;
Mx = Ceiling[(Sqrt[2]*dd)/Sqrt[6 + ul v] + 1;
f = Ceiling[Sqrt[kk + 2] - 1];

t = -f;

PP = P[kk];
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While[i <= M1 - ml,
While[j <= Mx - mx,
While[s <= 3,
While[t <= £,
M = Join[Table[ml + i, {u, 6}],
Table[mx + j, {u, kk}1];
M + PP[[s]];
Sum[M[[ul], {u, 7, 7 + kk - 1}];
Append[M, M[[6]] - S + t];
=1;
If[M == Sort[M, Greater] && M[[-1]1]1 > O,
T=1, T =0];
S = sum([M];
If[case == 0,
A =4%dd - 1
B = 2%dd"2 + 1 - M.M;
1;
If[case == 1,
A 4xdd - 3 - S;
B = 2%dd#(dd - 1) + 1 - M.M;
1;
B = 2%kdd™2 + 1 - M.M;
If[Min[A, B] < O,

H =2 n =2
]

|
wn

T =0];
If[T == 1,
K = Solutions[A, B, M[[-1]11]1;

1=1;
While[1l <= Length[K],
MM = Join[M, K[[1]1];
While[MM[[-1]] == O,
MM = Drop[MM, -11];
L = Append[L, MM];
1++]
1;
t++];
t = -f;
s++];
s = 1;
j++1;
j=20;
i++];
Return[{{dd, dd - case}, Union[L]}]]
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As in [MS], the module InterSollk,d, c| reduces the number of candi-
dates given by the code Prelist[k,d,c]. As before, ¢ = 0 in the case of a
class of the form (d,d;m) and ¢ = 1 for a class of the form (d,d — 1;m).

InterSol[k_, d_, c ] :=
Module[{kk = k, dd = d, case =c, L, M, T, K= {3}, i = 1,
1, rest},
L = Prelist[kk, dd, case][[2]];

While[i <= Length[L],

M= L[[i1];
1 = Length[M];
T =1;

If[l1 <=6 + kk + 2, T = 0];
IfM[[-2]] - M[[-1]1] > 1, T = 0];
If[M[[-3]] > M[[-2]] + 1 && Abs[M[[-3]] - M[[-2]]
- M[[-1]11] > 1,
T = 0];
If[kk == 1 && 1 >= 9,
If[ML[8]] - M[[9]] > 1 && Abs[M[[7]] - (M[[8]]
+ M[L[9IDD] > 1,
T = 01];
rest = Sum[M[[j]1], {j, 7 + kk, 1}];
If[M[[6 + kk]] - rest >= Sqrt[l - kk - 5], T = 0];
If[T == 1, K = Append[K, M]];
i++];
Return[{{dd, dd - casel}, K}]1]

Finally, we collect all the solutions for d < D in InterSolLess1[k,D].

InterSolLessi[k_, D_] := Module[{kk = k, DD = D, LL = {}, Q,
d = 1},
While[d <= DD,
Q = InterSol[kk, d, 0];
If [Length[Q[[2]11] > O,
LL = Append[LL, QI];
Q = InterSoll[kk, d, 1];
If [Length[Q[[2]1] > O,
LL = Append[LL, Q1];
d++];
Return[LL]]
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A.2.2 Finding obstructive classes (d,e;m) with m; # mg

The code InterSolLess2[k,D] gives for k € {1,...,7} and a natural

number D, a finite list of vectors (d, e;m) with d < D and m; # mg which
can potentially be obstructive at some a € }61#1’ 6% [ By Lemma 2.4.15,
if a class (d,e;m) € € with my # mg is obstructive at some a € [6,7[, then
necessarily d = e. Moreover, Lemma 2.4.14 shows that either m; — 1 =
mo =...=mgor m; =...=ms = mg+ 1. Notice that the first terms of
the weight expansion of some a € }6%4_1, 6% { are <1X6; (a—6)%F .. ) Thus

the vector m is either of the form (M + 1, M*5 m>k_ ) or of the form
(M, (M — 1) m>k . ) To find the wvectors m of the form

(M+1,MX5,ka,...), we vary M and m < M as long as (M + 1) +
5M 4+ km <4d — 1 and (M+1)2+5M2+km2<2d2+1and then use the

code Solutions[a,b] from [MS] to find the solutions of the equations
> mi=4d—1— ((M + 1) +5M + km)
Som? =2 —1— (M +1)+5M2 4 km?) .

The case of a solution vector m of the form (M, (M — 1) m>F . ) is then
treated similarly.

InterSolLess2[kk_, DD_] := Module[{k = kk, D = DD, d, M, m,

Sol,i, j},
For[d = 1, d <= D, d++,
M=1;

While[6*M + 1 <= 4xd - 1 && 6*xM"2 + 2*M + 1
<= 2xd"2 + 1,
m=1;
While[
6*xM + 1 + kxm <= 4*%d - 1 &&
6*M72 + 2+%M + 1 + k¥m™2 <= 2%d"2 + 1 && m <= M,
Sol =
Solutions[4*d — 1 - (6*M + 1 + k*m),
2%xd"2 + 1 - (6xM™2 + 2«M + 1 + kxm~2)];
If [Length[Sol] > O,
For[i = 1, i <= Length[Sol], i++,
If[Sol[[i]][[1]1] <= m,
For[j =1, j <=k, j++,
Sol[[i]l] = Prepend[Sol[[i]], m];
1;
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For[j =1, j <= 5, j++,
Sol[[i]] = Prepend[Sol[[i]], M];
1;
Sol[[i]] = Prepend[Sol[[il], M + 1];
Print [{{d, d}, Soll[[ill}];

While[6*M — 1 <= 4*d - 1 && 6*%M"2 - 2xM + 1
<= 2%d"2 + 1,
m=1;
While[
6xM - 1 + k*m <= 4*xd - 1 &&
6%M~2 - 2xM + 1 + k*m™2 <= 2*%d"2 + 1 & m <= M,
Sol =
Solutions[4*d - 1 - (6*M - 1 + k*m),
2xd"2 + 1 - (6*xM™2 - 2«M + 1 + k*m~2)];
If [Length[Sol] > O,
For[i = 1, i <= Length[Sol], i++,
If[Sol[[i]1[[1]] <= m,
For[j =1, j <= k, j++,
Sol1[[i]] = Prepend[Sol[[i]], m];
1;
Sol[[i]] = Prepend[Sol[[il], M - 1];
For[j =1, j <= 5, j++,
Sol1[[i]] = Prepend[Sol[[i]], M];

1;
Print [{{d, d}, Soll[[ill}];
]
]
1;
m++;
1;
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