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Correlation functions and topological excitations of the XY model on a Sierpinski gasket are stud­
ied. The energy of a vortex is shown to be finite, so no Berezinskii-Kosterlitz-Thouless transition 
can be expected to take place. At any temperature the correlation function decays exponentially at 
large distances. A form of the XY model on a Sierpinski gasket is found that allows for exact renor-
malization. The results obtained can be applied to superconducting wire networks and tunnel-
junction arrays. 

I. INTRODUCTION 

Recent progress in the techniques of lithography has 
led to the development of an interesting branch of experi­
mental physics, namely, the fabrication and investigation 
of two-dimensional superconducting systems (tunnel-
junction arrays and wire networks) with different regular 
or irregular structures.1 This means that one has the pos­
sibility to produce quasicrystalline, fractal, or some other 
nontrivial superconductors. For example, wire networks 
in the form of a Sierpinski gasket have been studied by 
Gordon et al. 2 and more recently by Martinoli et al. 3 

On the other hand theoretical investigations of fractal 
superconducting wire networks have not, so far, gone 
beyond the application of the Landau-Ginzburg approxi­
mation.4'5 Such an approach is certainly not sufficient, 
since even in two dimensions the phase fluctuations of the 
superconducting order parameter are very important 
both for the properties of the ordered phase and for the 
phase transition. In the case of a Sierpinski gasket with 
effective dimensionality less than two one can expect 
them to be of even greater importance. 

In this paper we investigate the influence of the fluc­
tuations on the properties of a fractal superconducting 
system on the example of the Sierpinski gasket (Fig. 1). 
When only the most relevant phase fluctuations are taken 
into account, the 2D-superconducting system can be de­
scribed by one or another type of XY model. The Joseph-
son junction array, for example, will be described by the 
ordinary AT model with cosine interaction 

H = -J 2 cos(0 r-0 r . ) , (1) 
<r,r'> 

where variables #r 's stand for the phases of the order pa­
rameter of corresponding superconducting grains. The 
summation in Eq. (1) is taken over pairs of nearest neigh­
bors on a lattice that are connected by Josephson junc­
tions. 

On the other hand the phase fluctuations in the wire 
network should be described by the Hamiltonian 

2 

H = JdI-
8/ 

(2) 

where integration should be performed over the whole 
network bearing in mind that 0 is a multivalued function. 
Hamiltonian (2) being quadratic in 6, one can integrate 
out from the corresponding partition function the fluc­
tuations of 6 on the wires but not on the nodes of the net­
work, obtaining in such a way 

elementary - - _ 
plaquettes 

First-order 
plaquette N 

Second-orde 
plaquette 

FIG. 1. The Sierpinski gasket is constructed with elementary 
triangles (or elementary plaquettes). The first-order fractal is 
formed by combining three of them. In the general case the 
(s + l)-order fractal is obtained by the juxtaposition of three s-
order fractals. We will call the greatest plaquette which is situ­
ated in the center of s-order fractal an s-order plaquette, and 
sites at its three corners the s-order sites. The dual lattice is 
shown in bold lines. Each bond of a dual lattice intersects a 
bond of a direct lattice. 
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Z = 2 exP - T 2 (Ör.-Ör-277mrr. 
<r,r'> 

J Jft 
(3) 

where O1 stands for the values of 9 at the nodes of the net­
work and m is the winding number. In the general case J 
would be dependent on the length L of the link, but we 
will be interested only in the case of all links being of 
equal length. The partition function of the form (3) cor­
responds to an interaction between Qx and 6T< that is very 
close to a cosine function for K « 1 and to a piecewise 
parabolic function for K » 1. The interaction incor­
porated in Eq. (3) was initially introduced by Berezinskii6 

and Villain7 instead of a cosine for the sake of conveni­
ence, because it allows for a number of various rigorous 
transformations to other representations. We would like 
to emphasize here that for a network (in contrast to an 
array) this particular form of the interaction is the most 
adequate. 

We start our investigation of the XY model on a Sier-
pinski gasket by developing the harmonic approximation 
in Sec. II. Then we turn to the investigation of topologi­
cal excitations (vortices) in Sec. Ill and finally find a kind 
of description that explicitly incorporates the periodicity 
of the phase in Sec. IV. Our main conclusion is that in 
such models there is no phase transition in the rigorous 
sense of the word. For arbitrarily low temperature the 
energy of the vortices is finite and the correlation func­
tions decay exponentially at large enough distances. So 
in such a system there will be no global phase coherence. 

II. HARMONIC APPROXIMATION 

In the harmonic approximation any XY model will be 
described by the Hamiltonian 

1 (TT') l r,r' 

(4) 

where the elements of the dimensionless interaction ma­
trix [/„. are equal to 4K for r = r', to —K for r and r' be­
ing the nearest neighbors and to 0 elsewhere. The corre­
lation function g r r . will then be determined by the re­
ciprocal matrix Gn- = ( U~x )„•: 

g „ . = < e x p [ / ( 0 r - 0 r . ) ] > 

= exp[-

= exp(-

[j((9r-9t,)
2)} 

with 

EG„ —G,,-—G..,+ Gv,- . 

(5) 

(6) 

Gn' is proportional to the lattice Green function of the 
Sierpinski gasket. To calculate Gn, it is convenient to 
express it as 

G„.= 
3A1. 8A1 

-InZ[A; (7) 

where Z [ A j stands for the generating function 

z i * j = n / : 
d9r 

~2TT~ 
exp f 2 (0r-0r.: 

1 ( r , r > 

+ ' '2M, (8) 

which for A = 0 coincides with the partition function Z. 
The fractal structure of the Sierpinski gasket allows us 

to calculate Z [ A j (and consequently Gn..) step by step, by 
integrating out to the 5th step the variables that are 
defined on the corner sites of the 5th order plaquettes of 
the initial lattice (we shall call such sites the 5th order 
sites, see Fig. 1). For example, after the first integration 
one obtains 

Z[H] = AxVx h\ZAh (9) 

where A x is the numerical factor depending on K, which 
is irrelevant for calculating G, and 
structure as Z [ A Ì : 

Z i ( A ) = I I 
f M ddr 

277-
exp 

Ky 

Z,\h\ has the same 

2 (0r-0r.)
2 

<rr'> 

+ ilih'A (10) 

but with a renormalized value of the coupling constant 
K1=[I)K and the variables defined on the decimated lat­
tice. Due to the property of self-similarity, the decimated 
lattice is again the Sierpinski gasket. In the process of in­
tegration, each field Ar defined on the first-order sites 
splits into three nonequal parts, which are shifted to the 
neighboring sites of larger order (see Fig. 2), so A ' in Eq. 
(10) stands for the 

Ä r + 2 Vir-Ar- . (11) 

where y n . = j or | and the sum is taken over six nearest 

first-order sites. 
The exponent of the factor 

A=O 

FIG. 2. Illustration of the "splitting" of ha at the first-order 
site a. At the superior order site b, all contributions from all 
first-order sites to hb are shown. 
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r , ( A ) = e x p — 7 2 ( A r +hl +h2
t +Ih1 hr 

2OK 1 2 r3 r l r2 

+ 3Ar A1. + 3Ar A. ) 
r2 r3 r3 r l 

(12) 

where the summation is to be taken over all first order 
plaquettes and ra ( a = 1,2,3) are the sites at their corners, 
gives the first contribution to Gn... 

One can repeat the decimation procedure again and 
again. At each step the structure of Z5 j A j is conserved, 
but the coupling constant is scaled by the factor of | and 
a new additive contribution to Gn. appears of the same 
form as the exponent in Eq. (12). The series for Gn.. turns 
out to be divergent, but for the combination (6) entering 
the correlation function (5), it either has a finite number 
of terms or it is convergent. Unfortunately it is impossi­
ble to sum this series analytically. 

One can understand how the correlation function de­
cays by considering it for, say, sites r' and r" which are of 
the s'th and s'th orders, respectively. Thus one can per­
form the renormalization procedure for 
•s=min{s',s") — 1 times, obtaining the expression for the 
correlation function for the model [see Eqs. (5)-(8)] with 
KR=(j )SK with distance r between points equal to 
( j ) V - i 
g(r) decays as 

g(r)<*exp 

ln( | ) 
v = '-—, 

ln2 

This shows that the correlation function 

( } ) s 

C«K 

= exp Zl 
C 

(13) 

Such a law of the decay of the correlation function 
signifies that there is no quasi-long-range order in the sys­
tem. But since we are in the harmonic approximation 
this means that for the fractal network one can have no 
hope to have a better phase coherence than to have gir) 
of the form (13) with v < 1. However there still remains a 
possibility to have a phase transition into a state with a 
more rapid decay of g{r). 

III. VORTICES 

The unrestricted decrease of the coupling constant in 
the process of the renormalization suggests that for any 
temperature the harmonic approximation will not be 
applicable at large enough scales (d >£=Kx/v). For XY 
model this usually means that one should also take vor­
tices into consideration. It can be most easily done for 
the partition function (2) which allows exact decomposi­
tion into spin-wave part and vortex part:8 

ZXY Z SW^vort (14) 

with Zsw coinciding in the form with the partition func­
tion of the harmonic approximation and 

Zvort = 2 > X P "12"U0UiT1V (15) 

where integer variables nu stand for the topological 
charges of the vortices and are defined on the plaquettes 
u. Now Guu. is proportional to the lattice Green function 
of the dual lattice. 

As in the case of the original lattice, the calculation of 
G can be made with the help of the generating function, 
which is quite analogous to Eq. (8): 

2(/!=n \r dx„ exp — 2 <*u-*u')2 
2 K <u ,u '> 

+ 2ir i ]£/u*u (16) 

where the first summation is now over pairs of nearest 
neighbors on the dual lattice. Then Guu. can be expressed 
as 

G1111. — — 
3/u 3/»-

Zi/! (17) 
/=o 

The first step is to integrate out the variables defined at 
the elementary plaquettes. That yields 

z\f\*v{\f\\i [/_"dxn exp SA: 2 ( * U - * U ' ) 2 + 2 O T ' 2 / Û * U 
1 <<n,u '>> 

(18) 

with 

Ki~}K> / u — T 2 / U ' + / U > (19) 

where the sum over u' is to be taken over all elementary 
plaquettes surrounding the 5th order plaquette u. The 
form of the expression for f corresponds to splitting 
each field / u defined on an elementary plaquette into 
three equal parts that shift to the three neighboring pla­
quettes. 

Thus we have obtained again the lattice that is dual to 
a Sierpinski gasket of a smaller order. But now we have 

coupling not only between nearest neighbors but also be­
tween second-nearest neighbors (see Fig. 3) which corre­
spond to plaquettes of different size which are adjacent to 
the same elementary plaquette. All the couplings are 
equal. The exponent of the factor 

*M/}=exp 2^j(Zu)2 (20) 

gives the first additive contribution to Guu., where the 
summation is to be taken over all elementary plaquettes. 

Luckily at all other steps of the integration the struc-
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FIG. 3. Pairs of sites of the dual lattice that become coupled 
after the first decimation are connected by bold lines. 

ture of the expression for Zs\f\ will be conserved. No 
additional coupling will appear, and K will scale with a 
factor of }. So the scaling on the dual lattice and on the 
original lattice are completely consistent with each other. 
After summing all contributions G can be expressed as 
follows: 

Gm.=4n*K J-8 . + J-
3 UU 2 

(l-y-lau(s)au,(s) (21) 

where suu> is the minimal order of a piece of fractal in­
cluding both u and u'. If s =su u . then ajs)=l and if 
s >su u . then a0{s) is the contribution, after s transforma­
tions, of /iu to the sth order plaquette belonging to the 5th 
order fractal containing u. That means that au(s) has the 
form 

2< 
1 ,N1 (22) 

where summation is to be taken over all paths that begin 
at u, go step by step to a iarger plaquette along the 
second-nearest neighbors (except for the first step in the 
case where u is an elementary plaquette when the paths 
go to a nearest neighbor) and reach the sth order pla­
quette which is at the center of the s-order fractal includ­
ing u. Nj is the number of steps forming the /th path. 
Then Guu. is always finite because it is evident that au(s) 
never exceeds 1. Therefore 

1 
An2K 1+12(}: 

S=O 

11 
12 

(23) 

for any u and u'. 
The same approach as in Sec. II can be used to under­

stand the dependence of the vortex self-energy ( « Guu) on 
the plaquette size and that of the interaction energy 
(<* Guu.) on the separation distance-|u — u'|. One consid­
ers two plaquettes u and u' with the order s' and s", re­
spectively. Then one performs the renormalization pro­
cedure 5 =su u . times, obtaining the expression of Zvor t for 

the model with KR=(±)SK and distance between pla­
quette centers equal to (y)s|u —u'|. This shows that the 

interaction energy decays as 

G(r)«aF = r-v, r>0, (24) 

with the same exponent v=ln(y)/ ln2 as the correlation 
function of the harmonic approximation. This also 
means that the vortex self-energy is multiplied by a factor 
j when the plaquette order is increased by one. 

Our calculation has shown that the energy of a vortex 
is always finite on a Sierpinski gasket. Thus free vortices 
will always be present and no phase transition related to 
the dissociation of vortex molecules will take place (in 
contrast to the case of regular 2D lattice). Moreover the 
energy of a vortex scales with a factor y with the increase 
of the size of the plaquette. So for any temperature for 
large enough plaquettes the concentration of vortices will 
be large in comparison with unity. So, at least starting 
from the scale £, the behavior of the correlation function 
will be strongly modified by vortices. In order to investi­
gate the decay of correlation function at large scales we 
shall introduce another approximation, which is suitable 
for the limit of weak coupling. 

IV. EXACTLY RENORMALIZABLE MODEL 

Let us consider an XY model on a Sierpinski gasket de­
scribed by the Hamiltonian 

H = -kBT^\n l+K^co&(er-er,) (25) 

where the external sum is to be taken over all elementary 
plaquettes and the internal one over the perimeter of each 
such plaquette. If one develops the logarithm in powers 
of K, the first-order terms would give the Hamiltonian 
(1), while the higher-order terms will introduce also 
three-particle interaction on each elementary plaquette. 
Thus one can consider the Hamiltonian (25) as an ap­
proximation to the Hamiltonian (1) (which is exact in the 
limit K->0). The statistical weights W = exp{ -H/kBT) 
defined by (25) remain positive only for K <Kt =\, so it 
cannot be used directly for the investigation of the low-
temperature properties of (1). 

Hamiltonian (25) allows for the same exact renormal­
ization as the Hamiltonian (4) of the harmonic approxi­
mation. But in contrast to the harmonic case the vortices 
are now also implicitly taken into account, because the 
phase-phase coupling in (25) is really periodic. In the 
case of (25) after performing the integration over first-
order variables one obtains the Hamiltonian with the 
same structure, but with the rescaled value of coupling: 

K =1±^K2 
4 + Kz 

(26) 

For K « 1 Eq. (26) reduces to K1 œ{±.)K2, so if one starts 
from K0 « 1 after s steps one obtains 

K5 ^2(K0/if . 

From Eq. (26) follows that for any K <Kt the renor-
malized coupling is smaller than the initial one. This 
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means that the coupling always scales down to zero and 
there is no phase transition. 

As for the calculation of the correlation function, the 
simplest thing to do would be to estimate its value for the 
sites on the corners of the same 5th order plaquette (that 
is, at distance r = 2s). Then after performing the renor-
malization s times one will have them as the nearest 
neighbors, so the correlation function will be proportion­
al to renormalized coupling: 

g{r)<*Ks*exp In-
Kn 

(27) 

That means that the correlations decay in an ordinary ex­
ponential way and that correlation radius Rc is equal to 
I And/K0). 

The decay of the correlations, described by Eq. (27) 
turned out to be more rapid than in the domain of the va­
lidity of the harmonic approximation. That can be con­
sidered as the manifestation of the finite concentration of 
vortices. Equation (27) will hold for the model (25) with 
K «I, that is for the model (1) with J«kBT. For 
K~Kt it will give Rc~\. 

If one is interested in the low-temperature properties of 
models (1) or (3) one can use the harmonic approximation 
renormalization till KR becomes of the order of one and 
then switch to the model (25) and use the fact that for it 
Rc will be of the order of one in the units of C=KWv. 
The correlation function will decay according to Eq. (13) 
for r « £ and according to Eq. (27) with Rc 

r»i-
KUv for 

it decays as 
= ln(}) / ln2<l . 

V. CONCLUSION 

We have studied an XY model on a Sierpinski gasket. 
A main difference with the case of a regular lattice is that 
the self-energy of a vortex is finite and the interaction en­
ergy decays as a power law of the distance. Therefore no 
phase transition can take place. 

For any temperature the correlation function decays 
exponentially at large distances [exp( — r/Rc)]. But in 
case of small temperature for distances smaller than the 
correlation radius {RC~(J/kBT)Uv) 
exp( - r V O with C « K and v= 

On the other hand in the case of a regular lattice 
formed by the sth order fractals (as in Ref. 5) the 
Berezinskii-Kosterlitz-Thouless transition should take 
place, but at a quite different temperature than in the 
periodic triangular lattice with the same lattice parame­
ter. One should bear in mind that such complex lattice 
would be equivalent to the triangular lattice with the cou­
pling constant rescaled by the factor of (\Y. 

The approach developed in this paper can be expected 
to be of relevance for the description of superconducting 
wire networks only if the coherence length is not small in 
comparison with the wire width. In the opposite case the 
network will behave like a bulk sample without manifes­
tation of fluctuations. 
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The uniformly frustrated classical XY model can describe Josephson-junction arrays in a transverse 

magnetic field. It has been suggested that the energy E(f) and the 7 -0 critical current ic(f) in the 
ground state may be highly discontinuous functions when the frustration parameter / goes through ra­
tional and irrational values. We show here that E(f) is a continuous function for a wide class of spin-
spin interacting potentials including the cosine for which £(/) will be strictly negative for all/ We dis­
cuss the behavior of /<•(/") and we show that /<•(/) has a strictly positive lower bound in the case of piece-
wise parabolic interacting potential. 

PACS numbers: 75.10.Hk, 64.70.Rh, 74.50.+r 

The classical frustrated XY model given by the Hamil-
tonian 

H-ZVier-Or—Arr), ( D 

with V(x)~— cosx, has been studied rather extensively 
during recent years [1-4]. It describes, for example, 
Josephson-junction arrays or wire networks placed in a 
homogeneous perpendicular magnetic field [5,6]. In fact, 
the piecewise parabolic potential V(x)" j(x+2xn)2, 
where n is an integer such that x + 2nn € ( — n,n\ should 
be more suitable for the wire networks at very low tem­
peratures. The variable 0r represents the phase of the 
macroscopic wave function on site r and the quantity An-
is proportional to the line integral of the vector potential 
from site r to site r. The sum in Eq. (1) is taken over 
pairs of nearest neighbors, and the Josephson coupling, 
which would multiply the cosine, has been set equal to 1. 
The strength of the magnetic field is measured by the 
gauge-invariant quantity 

£/!„—Inf, (2) 
DR 

where the notation ZD means that the sum is taken in a 
clockwise direction over the bonds surrounding the pla­
quette R of the lattice. The frustration parameter f mea­
sures the flux through a plaquette in units of the elemen­
tary flux quantum. The XY model (1) has also been 
studied in connection with high-temperature supercon­
ductivity [7], where it is supposed to describe the physics 
of an individual CuO plane (respectively, double plane) 
on a phenomenological level, and with the description of 
flux phase states in the t-J model [8]. 

The detailed thermodynamic behavior of the frustrated 
XY system for various (rational or irrational) values of f 
is one of the most intriguing problems of classical statisti­
cal mechanics. Let alone the différent scenarios that 
could describe the possible phase transitions at finite tem­
perature, for a given f, there is not even a generally appl­
icable strategy to determine all possible ground states. 
For some particularly simple rational values of f, like j , 

y, j , etc., ground states have been found, in terms of ei­
ther the corresponding configurations of the angle vari­
ables 6r or a charge picture, introduced below [4]. In 
general, these ground states possess not only the continu­
ous rotational symmetry of the Hamiltonian, but also 
some discrete degeneracy. Some unexpected wealth of 
ground-state configurations has recently been discovered 
f o r / ~ y and j for the triangular lattice [9]. For a ra­
tional value f"plq the periodicity of a ground-state 
configuration essentially depends on the denominator q. 
Therefore one may expect a rather "wild" variation of 
these configurations when f is varied through the real 
axis, going through rational and irrational values. Such 
complicated dependence on the particular value of f 
would make the interpretation of experimental data very 
difficult, since the magnetic field—and thus the frustra­
tion f—is never measured with infinite precision. How­
ever, we have to bear in mind that the details of the angu­
lar configuration of the system are usually not observed. 
Therefore, the essential question that arises is the follow­
ing: What is the functional dependence on f of observ­
able "macroscopic" quantities, like the ground-state ener­
gy £•(/"), the critical current /<•(/), or the helicity mod­
ulus /( /)? Several authors have pointed out that £ ( / ) 
and /<•(/") are indeed discontinuous functions of/, much 
!ike the ground-state configurations themselves. This 
would in principle be an interesting result, but, as stated 
above, it would pose serious problems for the interpreta­
tion of experimental data. 

The main point of this Letter is to show that, for any 
regular lattice, the ground-state energy of Hamiltonian 
(1) is a continuous function of / (the demonstration is 
presented for the infinite square lattice and for a cosine 
potential). The implications of this result on ic and y at 
zero temperature will be discussed at the end. 

It is useful to rewrite our Hamiltonian in "gauge-
invariant" bond variables Qn''. 

/ / - - S > ( 0 „ ) . (3) 

3096 © 1992 The American Physical Society 
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In order that expressions (I) and (3) agree, the following 
constraints have to be imposed for each plaquette R: 

internal bonds: 

OR 
• 2nf+ InniR . (4) 

The quantity mR is an arbitrary integer. Each state 
could be represented in such a way that every $„• is in­
cluded in the interval ( — it,n\; therefore WJ/J would belong 
to the set {-1,0,1,2,} and represent the topological 
charge on that plaquette. But in this paper it will be 
more convenient to consider that the 0, /s are arbitrary 
real numbers. 

We now prove (considering the cosine potential) that 
E(f) is a uniformly continuous function when f goes 
through the real numbers (since the system is even in f 
and periodic with period 1, only the interval 0 < / < j 
has to be considered); i.e., Ve > 0, 35(e) such that for all 
real / , / , one has 

1/-/1 <5(e)=.\E(f)-E(f)\ <£. (5) 

We start with a given frustration f. Let ¢ / = \^rA be one 
of the possible ground-state configurations for that value 
of f, with energy £(/") per bond. By construction this 
configuration satisfies all constraints with some given set 
of numbers /w«. We then choose another frustration J 
and construct a new configuration 0/„ = {<j>rr). The latter 
will not be, in general, a ground-state configuration for 
the new frustration / , and its energy per bond, denoted by 
Efn(J), will be higher than the corresponding ground-
state energy E(J). The procedure for constructing 
¢/11 = ^rA is the following. 

(a) Choosing a positive integer n the (infinite) square 
lattice is cut into vertical strips containing 2n +1 sites on 
each horizontal line; see Fig. 1 (the sites r, carrying the 
variables 6r, lie on the nodes of the lattice). Within each 
strip the vertical lines are numbered with positive and 
negative indices, such that the middle line is indexed zero. 
The horizontal distance </„•• of a given vertical bond rr\ in 
units of the lattice constant, is then given by the index 
corresponding to the line on which the vertical bond is sit­
ting. We call "internal bonds" and "internal plaquettes" 
those which do not cross or sit on one of the dashed lines 
separating two strips. 

(b) The following transformation is applied to the 

central lines frontiers 

X 

(!„• = - 1 0 1 0 

FIG. I. The infinite lattice is cut into vertical strips. Here 
«~2. The "internal bonds" and "internal plaquettes" are those 
which do not cross or sit on a dashed line separating two strips. 
The sites r, carrying the variables 0„ lie on the nodes of the lat­
tice. 

0„- on the horizontal bonds, 

0„-+2/r(/ —J)d„' on the vertical bonds. 

(6) 

By construction the constraints (4) for all internal pla­
quettes are still satisfied for the new configuration. 

(c) For the remaining columns of horizontal bonds, i.e., 
those that cross a borderline between strips, we choose 
freely the value Qn' for one bond on each column. For the 
other horizontal bonds of each column the values are then 
fixed by requiring that the constraints be satisfied for all 
plaquettes lying on the borderline. This can be done in 
such a way that the average value of cos0r/.' over all hor­
izontal bonds of a given frontier is positive. (If this aver­
age turned out to be negative, after the construction has 
been done, it suffices to add n to each $„'• This does not 
violate the constraints, but it changes the sign of cos0„' 
everywhere.) 

We can now give an upper bound for the mean charge 
of the energy — cosfor' of the horizontal and vertical 
bonds attached to a given horizontal line of any strip, in­
duced by the above construction (an example of such a 
set of bonds is given by bold lines in Fig. 1; the whole lat­
tice can be paved by such comblike elements): 

£/„(/)-£(/)< ' [ 2 2n\J-f\\drA + i]. 
2 1 2 / 1 + U [vertbds J 

(7) 

For the change on the vertical bonds we have used 
cos(a)-cos(a+X)-f2+xsin(t)dl<\x\. And the 
change due to the horizontal line lying on the strip 
boundary is bounded by 1, according to step (c). This 
yields the following inequality for the difference between 
the two energies (per bond): 

£/„(/)-£(/)< 2 ( J + 1 ) ln(n + l)2n\J-f\ + l]. (8) 

Given now an e with 0 < e < 7 we choose the width of 
our strips by taking 

rt(e)€[l/2e-l,l/2e]. (9) 

Then the right-hand side of Eq. (8) will be smaller than e 
whenever the difference \J—f\ is smaller than 

8(E)-Ie2IJt. (10) 

Therefore Ve > 0, 3 8 such that for all real numbers / , / , 
one has 

( / - / I <5=»Efn(J)-E(f)<e 

and, since by definition of the ground-state energy E(J) 
for the frustration / is lower than £/„(/) , we have found 
8(e) such that 

I/-/I <8—E(J)-E(J) <e. (11) 

3097 



VOLUME 68, NUMBER 20 P H Y S I C A L REVIEW LETTERS 18 MAY 1992 

It is crucial to note, at this stage, that we are not allowed 
to put absolute value signs around the difference of ener­
gies E(f) — E(f). Indeed, the state <b/„ that we have 
constructed may be a very "bad"_approximation to any of 
the ground states for frustration J (since the ground-state 
configurations may indeed vary drastically for two values 
of f which are very close to each other). E(J) may be 
much lower than E(f), such that the difference E(J) 
— E(f) is a negative number with a possibly large abso­
lute value, lying—according to the inequality—lower 
than c on the real axis. 

As a last step in our proof we repeat the same pro­
cedure, starting this time from a given ground-state 
configuration for frustration J, with energy E(J) per 
bond. We end up with the same inequality (11) [with the 
same Sie)], but with f and Jreversed: 

\T-f\< S-E(J) -£(/)<£. (12) 

Combining (11) and (12) we can now conclude that 

\J-f\<8=*\E(J)-E(f)\<e, (13) 

which indeed means that E(f) is a uniformly continuous 
function of its argument. Moreover the two known 
values, £ ( 0 ) - - 1 and E(j ) = - 1 / 7 1 , together with 
the symmetry and the periodicity in / and the fact that 

SU)-Ie2In, (14) 

allow the conclusion that E(f) is strictly negative for all 
f for the cosine potential. 

Our explicit demonstration has been presented for a 
square lattice and for a cosine interaction potential. The 
same steps can be applied to any regular lattice and to 
other periodic interaction potentials whose derivative is 
bounded. 

We conclude with some remarks concerning the critical 
current and the helicity modulus. Following Teitel and 
Jayaprakash [2] the critical current of the array is usual­
ly defined by 

/f(/)-max((/f0/W) £ s in IM* )+ * ] ] . ('5) 
S [ vcrlbds J 

where i'ro is the single junction critical current and TV is 
the number of sites. 4>/(5—0) = {$„•(& - 0 ) } is one of the 
ground-state configurations and <t>/(S) evolves continu­
ously from S —0 as a local minimum of the energy. The 
quantity S corresponds to a "twist" of no (n2—N) ap­
plied to the phases 0, on the two opposite vertical 
boundaries. First we approximate /<• neglecting the 8 
dependence of the 0rr-'s. So we define i'c as in (15), but 
with <t>/(8) — [^rAS - 0 ) } = {0r?}. Since sin* — cosGc — nl 
2) we have 

/,'(/")-max ((iHjflV) 2 c o s ( 0 r r + 5 - w / 2 ) | . (16) 
S [ vertbds J 

The sum on the right-hand side reaches its maximum 
for 5—/r/2, where it equals TV times the absolute value of 

the mean energy per horizontal bond in the ground state. 
If, in the ground state, the energy on the horizontal and 
of the vertical bonds are equivalent, we obtain 

/ f ' ( / ) - 'Vo |£ ( / ) | . (17) 

If for some ground state the horizontal and vertical bond 
energies differ, we should replace (16) by an average over 
the different ground states (otherwise we could not speak 
about the critical current of the system but of one partic­
ular ground state). If there is such a ground state, there 
is another one, for which horizontal and vertical bond en­
ergies are interchanged. For such a couple of ground 
states Eq. (17) is again valid. 

Two remarks are in order. First, our result ( 17) gives 
and upper bound to ic. The estimate 

ic(p/q)<ic0\E(f)\ji/q (18) 

of Ref. [2] would give a better result. However, the cru­
cial argument given in Ref. [12] of Ref. [2] seems to us 
not to be correct. In particular, for very small frustration 
f—\/q with large q, a value of S equal to n/q would be 
too small to destabilize the topological configuration. 

Second, our approximation considers a fixed config­
uration of the <pr/s (kept equal to their ground-state 
value). However, given the external twist, the phase 
differences will adapt and the true physical maximum 
current may be lower than the one given by (17). This 
leaves open the question of whether for certain values of 
the frustration this "relaxed" critical current could 
indeed be zero. In order to clarify this problem, it is very 
instructive to replace the cosine interaction potential by a 
piecewise parabolic potential. In such a case, the phase 
differences remain all in local equilibrium, i.e., the sum 
over the four (/>„• lie., the derivative of the piecewise par­
abola V'(x)—x as long as |x|^;r] going out of any site 
will be zero while S does not exceed n/4. Indeed it can be 
easily verified that \Q„-\ is smaller than 3w/4 at the 
ground state (note that \Q„\ > 3w/4 would imply that the 
energy can be lowered by a rotation of ± nil or ± n of 
the spin angle 9, or 0,0- This gives the following lower 
bound for the T - 0 critical current [the sine in Eq. (15) 
is replaced by the derivative of the piecewise parabola]: 

i, > ico>r/4. (19) 

Thus, our estimation (17) of the T - O critical current 
neglects a relaxation effect the relevance of which de­
pends on the form of the interaction potential and is ir­
relevant for the piecewise parabola. 

The helicity modulus y, expressing the rigidity of the 
system with respect to the applied "twist" between two 
opposite boundaries, is given by Ref. [3]: 

'-^((£'"^"')-^(¾-^"-')2).-
(20) 
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where *„.•—*,• — x, and xr is the horizontal component of 
the position of the site r. At 7 - 0 , for the cosine poten­
tial, the first term is minus half the ground-state energy 
(since the thermodynamic average on the horizontal and 
the vertical bonds are again equivalent). This contribu­
tion to y is therefore a continuous function, which is posi­
tive for all f. It seems much more difficult to estimate 
the value of the second term in the limit as T goes to zero 
in the case of the cosine potential. Numerical simulations 
for several values of f indicate that it is strictly smaller 
than the first term, but more systematic investigations are 
necessary in order to make a definite statement about the 
behavior of y as a function of f at T ™0. Again the case 
of the piecewise parabolic potential is useful to consider 
because there it is possible to show that the second term 
vanishes when T goes to 0. Thus, for a lattice of arbi­
trary but finite size, y •• 1 for any f. 

In summary, we have shown that for the case of a reg­
ular lattice the ground-state energy per bond of the uni­
formly frustrated XY model is a continuous, strictly nega­
tive function of the frustration parameter f. For a cosine 
interaction potential, this implies that the T"0 critical 
current, evaluated for a fixed ground-state configuration 
(i.e., evaluated by neglecting possible relaxation effects) 
is also continuous in f and is, particularly, nonzero for all 
f. Furthermore, the relevance of this relaxation effect de­
pends on the considered interaction potential. In particu­
lar, the relaxation effect is irrelevant for a piecewise para­
bolic potential. 
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Superconducting networks and superfluid films in two dimensions are often described by a the­
oretical model in which the unique microscopic variables are phases. Among these models the XY 
model with Villain's interaction potential can be mapped exactly onto a lattice Coulomb gas. This 
is well known, but several questions still have no clear answers: First, what is the meaning' of the 
charge of the Coulomb gas in terms of the original variables of the XY model? Second, how can the 
helicity modulus be expressed exactly in the Coulomb-gas representation on a finite torus? In this 
paper we answer these questions. The mapping onto a lattice Coulomb gas is done in a way that 
differs from the usual one. This mapping is applied to a phase model whose partition function has 
an identical mathematical structure as the one of the,AY model with Villain's interaction. For this 
phase model, contrary to the XY model, the charges of the Coulomb gas describe indeed exactly the 
topological charges as we can define them in terms of the phase variables. However, this Coulomb 
gas contains an additional polarization energy and two additional,, fictitious variables accounting 
for the specific topological character of the torus. The helicity modulus is exactly the inverse of a 
dielectric constant which can be defined as the linear response to an external uniform electric field, 
even on a torus. The meaning of the Coulomb-gas representation is also discussed in terms of the 

i original variables of the XY model. 

I. INTRODUCTION 

The two-dimensional (2D) XY model can describe var­
ious superconducting networks,1 in particular Josephson 
junction arrays (e.g., Ref. 2) which correspond to a co­
sine interaction potential between the phase variables on 
neighboring sites. It seems also to be relevant for the 
theoretical understanding of superconductors with high 
critical temperature (e.g., Refe. 3 and 4). 

In 1973 Kosterlitz and Thouless5 decoupled the XY 
model into two subsystems, approximating the lattice by 
a continuum. Each state was given by a topological con­
figuration (configuration of vortices) and small amplitude 
fluctuations around the vortices. The fluctuationi part 
describes the linear spin waves of the system, and the 
topological part was mapped onto a Coulomb gas. 

In 1975, Villain6 proposed an approximation for the 
cosine interaction potential that has been used rather of­
ten since then. José, Kadanoff, Kirkpatrick, and Nelson7 

based an exact decoupling into a spin-wave part and a 
Coulomb-gas part on this approximation. However, in 
this case, the charges of the Coulomb gas do not corre­
spond exactly to the topological charges as they are de­
fined in the original variables. Moreover, the spin waves 
do not correspond to the fluctuations around a local min­
imum of the energy. 

Thé crucial quantity for describing the behavior of the 
XY model system as a function of the temperature is the 
helicity modulus T, whereas for the Coulomb gas the rel­
evant quantity is the inverse dielectric constant 1/e. The 
helicity modulus was introduced in 1973 by Fisher, Bar­

ber, and Jasnow8 in order to define the superfluid density 
p, of the superfluid helium film. The theoretical link be­
tween p, and the dielectric constant 1/e of a Coulomb gas 
has been studied, in a continuum version and in different 
ways, principally by Nelson and Kosterlitz,9 Myerson,10 

and Minnhagen and Warren.11 The definition of T has 
been extended to the XY model by Ohta and Jasnow12 

who consider the cosine potential at low temperature. 
They also gave a link between T and 1/e at higher tem­
perature using Villain's interaction instead of the cosine. 
Later, Shih, Ebner, and Stroud13 expressed the helicity 
modulus of the XY model in terms of thermodynami-
cal averages. Their expression has been extensively used 
in Monte Carlo simulations of the XY model with pe­
riodic boundary conditions imposed on the planar spin 
variables. 

Several aspects are still unclear. First, the integers TUR 
introduced by José et al.7 are arbitrary numbers (even 
if the angles of the spins are restricted to the interval 
(—7r,7r]). They are called "quantum number for a vor­
tex excitation."7 However, the topological charge ÇR of a 
vortex as we can define it in terms of the original vari­
ables takes only values in the set {-1,0,1} for the square 
lattice. Even if in practice the values of the TO.R'S are of­
ten restricted to this set, TO.R and ÇR do not have exactly 
the same meaning. This fact has been pointed out by 
Savit,14 but the meaning of the charge of the Coulomb 
gas has not been given in terms of the original variables. 

Second, the influence of different boundary conditions 
has not been carefully studied. Indeed, the periodic 
boundary conditions in terms of the original variables 
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lave not been taken into account in the calculations of 
lef. 7. However, the calculation of the helicity modu-
us as expressed in terms of thermodynamical averages 
iepends on the boundary conditions, and it is crucial to 
:alculate it with boundary conditions in the original vari­
ables. Fisher et a/.4 have considered an additional term 
in the Coulomb-gas Hamiltonian taking into account the 
periodic boundary conditions. Their Hamiltonian rep­
resents correctly the XY model (with Villain's interac­
tion) for fixed boundary conditions, but their Coulomb 
;as misses some variables in the case of periodic ones. 

Third, a well known result in statistical physics al-
ows one to express the dielectric constant in terms of 
;he quadratic average of the polarization. As the helic-
ty modulus of the XY model can be defined on a torus, 
what is the polarization of a configuration of the asso­
r t e d Coulomb gas in such a manifold? Moreover, if 
;he twist corresponds to a uniform electric field, how can 
ve explain that the helicity modulus can be defined as a 
inear response to a twist since we know that the linear 
esponse of a Coulomb gas with periodic boundary con-
litions to a uniform electric field is not defined (e -¥ co)? 

The problem of the boundary conditions of the 2D 
Coulomb gas is well known and has been studied by 
ühoquard, Piller, and Rentsch,15 who found a depen­
dence of the dielectric susceptibility on the boundary 
conditions even in the thermodynamic limit. 

Thus, the aim of this paper is to clarify the Coulomb-
gas representation of 2D XY models whose unique mi­
croscopic variables are phases. For this purpose, in Sec. 
IIA we consider a particular version of the XY model 
where the planar spins are defined on a square wire net­
work, not only at the nodes but at each point along the 
wires linking nearest 'neighbor nodes. We will call this 
version the "wire model" and we will keep the denomina­
tion XY model for that involving spins only at the nodes 
of a lattice. Experimentally, the wire model describes a 
superconducting wire network in the case where only the 
phase of the macroscopic wave function (in a Ginzburg-
Landau theory) is relevant. It would also correspond to a 
superfluid film in a periodical porous medium as studied 
by Gallet and Williams.16 We will show that the partition 
function of the wire model is mathematically identical to 
the one of the XY model with Villain's interaction po­
tential. Then we map the wire model onto a Coulomb gas 
on a torus but, instead of following the way of Ref. 7, we 
shall use the same approach as Kosterlitz and Thouless,5 

but for the discrete case and with periodic boundary con­
ditions. We shall see that in this model the charges of 
the Coulomb gas represent indeed the topological charges 
as we can define them in the original variables. We find 
that the Coulomb gas involves an additional polarization 
energy and two additional fictitious variables accounting 
for the periodic boundary conditions. In Sec. I IB we 
turn to the XY model. We define a useful bond vari­
able and the topological charge for the generalized XY 
model. Here, a generalized XY model is one in which 
an interaction potential different from the cosine is used. 
Then we compare it with the wire model, considering first 
Villain's interaction and second the piecewise parabolic 
potential. The interest of the second one lies in the fact 

that it is Villain's interaction in the limit of low tem­
peratures and it permits one to split the Hamiltonian 

, exactly into a topological part and a spin-wave part. In 
Sec. H C we generalize the results briefly to the frus­
trated case. (Experimentally the frustration represents a 
transverse external magnetic field applied to a supercon­
ducting network.2) The results of this generalization will 
be used in the following Sees. Il l and IV. 

In Sec. Ill we give the meaning of the charge of the 
Coulomb gas associated with the XY model in terms of 
the original variables. For this purpose, we consider the 
second order variation of the free energy with respect 
to frustration terms around two given plaquettes. The 
derivation is performed in two different ways in Sec. Ill 
A in the original one and the Coulomb-gas representa­
tion, respectively. In Sec. HIB, we consider the two 
different interaction potentials mentioned above and the 
usual cosine interaction corresponding experimentally to 
Josephson junction arrays. The calculations of Sec. Ill A 
will allow for an interpretation of the charge of the asso­
ciated Coulomb gas in terms of the topological charge as 
it can be defined in the original variables. 

In Sec. IV we first recall the notion of helicity mod­
ulus T. In Sec. IV A, for the wire model on a torus we 
transform T into the inverse dielectric constant 1/e of a 
Coulomb gas whose charges represent exactly the topo­
logical charges. We will see that T can indeed be repre­
sented by the second order variation of the free energy 
of the associated Coulomb gas with respect to a uniform 
external electric field. In Sec. IVB we turn again to the 
XY model and compare T in the two different represen­
tations. 

This work establishes in an exact way the formal anal­
ogy between the XY model and the Coulomb gas on a 
2D torus. 

II. MAPPING ONTO TWO-DIMENSIONAL 
COULOMB GAS 

In Sec. IIA we begin to define the wire model. Then 
we map this model onto a lattice Coulomb gas. In Sec. 
HB we turn to the XY model. We generalize it in the 
sense that we consider other interaction potentials than 
the cosine. We shall discuss how to apply the results of 
Sec. II A. In particular, we shall explain why we do not 
find the same result as in Ref. 7. In Sec. IIC we briefly 
generalize to the frustrated case. 

A. The wire model 

In this model, a planar spin Sj determined by a phase 
Oi G (—7r,7r] is associated to each point indexed by I of 
a square wire network (cf. Fig. 1). More precisely, a 
state of the system is described by a continuous and dif-
ferentiable function Sj, defined on a regular network of 
horizontal and vertical straight lines. L will stand for 
the linear size and N = L2 for the number of nodes. For 
simplicity, the lattice constant is put equal to 1. The 
Hamiltonian of the system is 



50 CX)ULOMB-GAS REPRESENTATION OF THE TWO-. 4017 

U * 

T>* 

fa^'S-tW-

FIG. 1. In the wire model a state is described by a contin­
uous function Si defined on the sites (r and r') and on each 
point along the bonds linking them. 

(1) 

where J is the coupling constant. 
For the description of a wire superconducting network, 

the phase variation is proportional and opposite to the 
supercurrent. However, it has to be noted that, for such 
description, Hamiltonian (1) should be completed by a 
term accounting for a charge energy related to the diver­
gence of the supercurrent. But every computational step 
in this paper could be performed with such a term. 

Let us consider an oriented bond rr', linking a node r 
of the lattice to a nearest neighbor r' and parametrized 
by I € [0,1]. Then let us define the bond quantity <t>TTi 
as the phase variation from r' to its nearest neighbor r: 

<t>r = - f ditS1X OS, 

di (2) 

where £ is a unit vector perpendicular to the plane of the 
system. Thus J<f>rr< represents the supercurrent from r 
to r'. We can also define integer bond variables prr> such 
that 

4>* 9T — 6ri 4- 2irpr (3) 

where 0T and 8ri correspond to the spin angles on the 
nodes r and r' and belong to the interval (—n,ir]. In fact 
5=(cos0,sin0) and (SJ x dSt/dl)z=dOi/dl except where 
0/ runs across the border of the interval. 

The phase on this bond can also be expressed as a 
continuous scalar function i?j € (—00,00) (equal to 0, + 
2-K-pi where the integers p\ ensure that tf| is continuous) 
and can be written as follows: 

01 = 0 1 = 0 - ^ - 1 . ' + C l - (4) 

The second term on the right hand side represents the 
variation of $/ along I that minimizes the energy for a 
given <f>rri or for given 6r, 0r/, and prT<. The quantity £j 
is the fluctuation around this configuration leaving un­
changed the given site and bond variables. It is a con­
tinuous and differentiable function in the interval [0,1], 
such that ¢0 = Ci = 0. 

The calculation of the energy HTTi for the bond rr'5 

gives 

Hr. -i>m 91 J + £ < * '? (5) 

The contribution of Q to the partition function of the 
system is trivial (identical for each bond and independent 
of the site and bond integer variables). In the following, 
we shall no longer consider it. 

It has to be noted that the equality S=(cos0,sin0) 
does not permit one to replace S by 9 in Hamilto­
nian (1) because of the discontinuity occuring when 6 
runs across the border of the interval. Nor can we put 
S= (cosi?,sin$), because that would impose S being a 
gradient of a continuous scalar function and, therefore, 
would not permit a nonzero winding number of the phase 
on a closed contour on the lattice: 

i ^ = O . 

Indeed 1? cannot, in general, be defined continuously on 
a closed loop. We can express S by 7? only on an open 
path on our lattice. 

Since we can neglect the internal fluctuations in the 
bonds, a state of the system can be described either by 
the variables 6r £ (—7r, n] and prr> € Z or by the variables 
<f>rr' £ (—00,00) [definition (3)] but, in this last case, two 
types of constraints have to be imposed on these bond 
variables. The first of them is, for each plaquette R, 

/f <t>rr' = ^irÇR, (6) 
DR 

where the notation $2ofi m e a n s that the sum is taken in 
the clockwise direction over the bonds surrounding the 
plaquette R on the lattice. The quantity qn is an integer 
representing the topological charge on that plaquette. In 
terms of the first kind of variables, ÇR is the winding 
number of the phase around the plaquette R and is given 
by ÇR = ^2aRPrr'- The definition of ÇR yields also the 
following property: 

2TT 5 3 9R = ]C<Er 
fie D 6D 

•;VJD, (7) 

where the sum on the left hand side is taken over the 
plaquettes inside any domain D on the lattice and the 
one on the right hand side over the bonds of its boundary 
dD in the clockwise direction. 

The second type of constraint arises from the periodic 
boundary conditions imposed on the 6r variables. To 
simplify their expressions we introduce the vector field 
<£r = (<f>xr,<j>yr) representing the two <f>rT< variables as­
sociated to the bonds rr' pointing, respectively, in the 
positive horizontal and vertical directions from the site 
r. We can write them as 

2 J <£sr = ~2nqxa , 2 J 0yr = " 2 ^ ¾ j/o 1 (8) 
re/«« rgly 

where qxa and qya are integers and the two sums are taken 
over the sites of an arbitrary horizontal line (r e /,.„) and 
a vertical line (r € lya), respectively. The integer qxa is 
the winding number (denned in the positive orientation) 
of the phase along the arbitrary chosen horizontal line. 
It is equal to the sum of the pPP< 's over that line'(keeping 
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r on the right hand side of r ' ) . It has to be noted that 
the constraints imposed only on one horizontal and one 
vertical line are sufficient to satisfy the periodic boundary 
conditions on the 0P's on all other lines. Indeed, from 
property (7), the sum of the <j>xr's along another line Ix j 

is equal to -27Tg1n + X ) R € D ^ K '
 w n e r e & ' s t n e domain 

bounded by the two lines, considering the line lxa as the 
lower boundary of the domain D. 

By definition, to each state {6r,prT<} corresponds one 
state {</>rr'} (the latter notation implying that all the 
constraints are satisfied). But this mapping is not one to 
one because we have to know 6r at one site to calculate 
the other 0P's and the pPP< is starting from a state given 
by {<j>TT'}- Therefore, there is a one-to-one correspon­
dence between each set {<f>Tr>} and an equivalent class of 
sets {0P,pPP>}, two of them being equivalent if they differ 
only by the same angle at each node. Then the partition 
function can be written either as 

- 9r. + 2nprr.)
2 

(9) 

or as 

{qR,1c.a}
J-°° R \ OR 

ar I 

x exp (10) 

where the two products take into account the constraints 
(6) and (8) and the first sum is taken-over all neutral 
topological configurations {ÇR}. Indeed, the periodical 
boundary conditions in the 0PP»'s along with the prop­
erty (7) imply the neutrality property of the topological 
configuration {qa}: 

1>K=0- (11) 

The $PP''s represent gauge invariant phase differences. 
For the superfluid films, the vector field $ r = (<f>xr,<j>yr) 
stands for the superfluid flow (see, for example, Refs. 11 
and 16. It has to be noted that our boundary conditions 
restrict the gauge invariance as we shall see in Sec. I IC. 
In order to map the wire model onto a lattice Coulomb 
gas, the partition function (10) in the bond variables ^PP/ 
will be used. 

Let us fix a neutral topological configuration {ÇR, qaa}-
The variables <j>rr> can be expressed by their deviation 
<pr — tpri from the minimum energy configuration {<APP<} 
(because of the positive quadratic form of the Hamilto-
nian, the latter quantity exists and is unique): 

<rVr' = 4>lr> + <Pr V r (12) 

So there is a one-to-one correspondence between equi­
librium states {<£PP<} and topological configurations 
{qR,Qaa} satisfying the neutrality property. Moreover, 
for a given set {qR,qaa}, w e nave a one-to-one corre­
spondence between each state {</>PP'} (satisfying the qR's 
and the gaa 's) and an equivalent class of sets {(pr) (two 
of them being in the same class if they differ by the same 
quantity at each node). 

The Hamiltonian of the system becomes 

H = £ £ ( C ' +Vr - ¥ V ) 2 (13) 
<rr»> 

Since the set {<j>°ri} represents an equilibrium state, we 
have at each node r 

£<C = 0' (14) 
+r 

where the notation +r means that we sum over the four 
bonds linking r to its nearest neighbors. This condition 
corresponds to dH/d6r = 0. Therefore, the sum of the 
cross terms in <f>°ritpr in Hamiltonian (13) vanishes and 
we have 

H=J- X > -M 2 + ^ £(^<)2- (15) 
( T ' ) <"') 

The system is decoupled into two subsystems. The first 
one represents the fluctuations around a topological con­
figuration and has the form of a spin-wave Hamiltonian. 
The second one is the Hamiltonian Hch depending only 
on the topological charges: 

Hch ^E(O2 (16) 
<rr'> 

We now want to express (16) explicitly in terms of ÇR 
and ç a a . 

First of all we need to show the following property for 
any equilibrium state {<r>PP<}: 

re«. 
K - T , (17) 

where the sum is taken over the sites of any horizontal 
line lxj [do not confuse Eq. (17) with Eq. (8), cf. Fig. 2] 
and (Jy = Ylr <r>2r- Indeed, summing the left hand side of 
Eq. (14) over the sites r on the line lxj gives 

j 

- 1 
I 
I 

I 
I 

I 
I 
I 

FIG. 2. The bonds marked in the dotted line correspond 
to those that are considered in Eq. (8) with lXa=lxj>- Those 
in the bold lines correspond to Eq. (17). 
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E«. E ^ = O. 

So the sum of Eq. (17) is the same for each line Ixj. 
Then we can turn to the dual variables ipR denned 

on the plaquettes of the torus, with periodic boundary 
conditions, such that 

4>°xr =i>R-y-1pR+-ß, 

(18) 

where R represents the upper right plaquette of the site r. 
Thus we can calculate all the I/)R'S (corresponding to any 
equilibrium state {<£°r»}) using definition (18) and choos­
ing an arbitrary value ipR for one plaquette R. When we 
represent a state by its IPR'S the equilibrium conditions 
(14) are automatically satisfied. Note that the introduc­
tion of (Tx and (Ty is necessary, otherwise the sum of the 
<£ar's over the whole lattice could only be equal to zero 
for any set {ipR } satisfying the periodic boundary condi­
tions. 

The Hamiltonian H0^ becomes 

with 

and 

Hch = if chi + #ch2 

(RW) 

#ch2 = 2 ^ 2 ( 0 - ^ + ^ ) . 

(19) 

(20) 

(21) 

The sum of the cross terms <Ta{ipR—ipR>) vanishes because 
of the periodic boundary conditions in the IpR1S. Now we 
want to express the two terms in (20) and (21) explicitly 
by the topological charges. We begin with H0^i which 
can be written as 

•ffchi = r ^ ^ A f f i J i ' f e , (22) 
RW 

where 

MRR> = { 
4 if R = R', 
—1 if R and R' are nearest neighbors, 
0 elsewhere. 

Note that the matrix M represents the discrete Laplacian 
in two dimensions (with opposite sign). In the following 
ip stands for the vector representing {IPR} and q for {ÇR}. 
We remark that 

Mip = 2nq, 

iplM = 27rg*. 

Replacing M by MM-1M, 

Hchi = 2Tt2Jq1M-1C. 

(23) 

(24) 

In order to link this calculation to the usual procedure 
in a continuum, let us consider the vector field <pr = 
(<Pxr,<Pyr) iu a lattice with free boundary conditions. So 
the condition (14) reads V-0,. — 0. Therefore there exists 
a scalar field ipR such that (pr = z x \ipR. Then writing 
the identity zV2ipR = V X (z x V ^ H ) and considering, 

• in agreement with our definition of the g^'s, that V x 
<pT = —zli^qR, we obtain expression (23). Note that for 
periodic boundary conditions, we should also introduce 
quantities equivalent to Ox and av as in Eq. (18). 

We shall call G the inverse matrix M - 1 . G stands 
for the discrete Green function of the dual lattice. But 
M - 1 does not exist because the normalized eigenvector 
V0 = {VQR} with V0R = \/\/N,VR has a zero eigenvalue 
[note that such an eigenvector is unique regarding (20)]. 
In order to solve this problem, we replace M by M = 
Mc-cP in (22), where P is the projector on V0 (P=V0V0

1) 
and c is any nonzero number. Then Mc is regular: 

tfchi = 2Tr2JiP1McM-1McIp - 1P1CPxP. (26) 

Instead of Eq. (23), we have Mcip = 2nq + cPip and 
Ip1Mc = 2TÎV + cPip1. Thus 

•ffchi = 27T2Jq1M-1Q + TrJcPip'M^q 

+TrJq1M-1CPIp + CPIp1M-1CPIp - iP'cPip. (27) 

The cross terms in ip and q are equal to zero because 
the eigenvector cPip is composed of equal components 
and m satisfies the neutrality property (11), and the two | 
last terms are equal with opposite signs. Expression (27) ' 
becomes 

•Hdii = 27T Jq1GcQ, (28); 

where GC=MC
-1 for any nonzero c. We can diagonalize 

the (symmetrical) matrix Gc by developing the vector ip 
in plane waves. The normalized eigenvectors of Mc are 
identical to those of M and their corresponding eigen­
value is the same except for k=0 , for which it becomes 
c. For k ^ 0, the normalized eigenvectors and the eigen­
values are 

Vv 
={^r~ ik-ai 

Ait = 4 — 2 cos kx — 2 cos ky, 

(29) 

(30) 

where k = (kx,ky) is a reciprocal vector of the first Bril-
louin zone. Then we have 

GcRR'-c+-^e > - . 
k?£0 

(31) 

We can choose the value of c (that we call c<j) in order 
to let vanish the diagonal matrix element GCRR: 

- 1 ^ 1 

00="*£ s-
(32) 

(25) Let us call G' the matrix associated with C0: 



4020 A. VALLAT AND H. BECK 50 

GKÄ. = ^ £ ( e i k ( R - R , ) - l ) 
k # 0 

Ak ' 
(33) 

Hamiltonian i?chi alone corresponds to the charge Hamil-
tonian given by José et al.7 for the XY model with Vil­
lain's interaction, but who found it in a different way. 
Their statement will be discussed in Sec. I IB. In the 
limit of large systems, G'RR, can be well approximated by 
a logarithmic function for any couple (R, R') with R^R! 
(exact in the limit of large distances | R — R ' |): 

G'RR (L -» oo) « G" (R - R ' ) 

= - - ( l n | R - R ' I + | l n 8 + 7), (34) 

7 being Euler's constant. This approximation, [with 
G" (Q) = 0] can be used to estimate G'RR,(L) for finite 
L. For this^ purpose we consider an L-periodic neutral 

, configuration of the infinite system. The energy ifchi for 
an L x L cell becomes 

#chi « 2TT2J ] T £ mR[G" (R - R ' + Ln) 
n , n v RR1

 t 

+c(n)]mR,, (35) 

where R and R' run over the plaquettes of an L x L cell 
and (nx, ny)=n over all integer pairs. Since the configu­
ration is neutral any function c(n) can be added without 
changing the right hand side of Eq. (35). Thus we chose 
c(n)=—G" (Ln) and find the convergent estimation 

G'RR- (L) « E [G" (R - R ' + Ln) - G" (Ln)]. (36) 
n 

Now we turn to H0^. In order to get aa in terms of 
the charges we denote <f>aT and CR by <f>aij and qij where 
i and j (running from 1 to L) indicate the coordinates of 
a site r or of the lower left site of a plaquette R (cf. Fig. 
3). We write Cx in terms of differences on consecutive 
lines: 

a* = 

L-I /L L \ 

E *«i = E i E ** - E *««+i 
ij i = l \ t = l t=l / 

( L L \ L 

E <t>*iL - E * • « 1 + L E *•«• 
t = l t = l j t = l (37) 

j - l 
J=L 

H 

• 

O 

I I 

I 

I 
1 
• 

i=l i=Li=l 

FIG. 3. Illustration of the coordinate system and of 
the notation. The full (or empty) circle indicates a pos­
itive (or negative) charge. It can be written ¢33=1, 
931=(1/271-)((^,,3! + 0 x 3 2 - <f)yix - <£x3l) = - l . 

Then we use Eqs. (7) and (8) and choose the first hor­
izontal line as the reference to define the topological 
charge qxa [cf. Eq. (8)] associated with the periodic 
boundary conditions: 

( L L 

EJ 'E f tJ+- t 9 i B l 

j = i t = i 

In the same way in the other direction 

( L L 

E * E qi' + Lqyl 

(38) 

(39) 

Since the system is neutral, the charges can be grouped 
by neutral pairs of unit charges. Considering each pair 
such that the positive charge is on a plaquette R+ and 
the negative one on a plaquette R-, 

°* = ~27r E k W - ^R-^ + Lqxl (40) 

i pairs 

Now we define the suitable topological polarization vector 
P=(P3S1Py) for the case of periodic boundary conditions 
in the 0 r 's: 

pairs 

py = Y,m+)-j(R-)]+Lqxi. 
pairs 

So we have 

and 

(Tx = -2irPy , ay = -27rPx, 

#ch2 = 27T J 

(41) 

(42) 

(43) 

The above definition of the topological polarization re­
moves the ambiguity of the polarization of a neutral pair 
of charges in a torus. The problem of the definition of 
the polarization of a Coulomb gas with periodic bound­
ary conditions is well known. The problem arises as soon 
as a little pair is considered in the system: is it indeed 
a little pair or is it a very large pair comparable to the 
linear size of the lattice? However, the variables of the 
Coulomb gas associated with the wire model do not con­
sist only of local charges, but also of two global charges 
corresponding to the periodic boundary conditions. And 
these additional charges permit one to define the polar­
ization on a torus. Thus a definite neutral pair can cor­
respond to different polarizations as it can correspond to 
a different topological configuration (not the same qai). 
For instance, the polarization of the pair in Fig. 4(a) is 
equal to (1,3) whereas it is equal to (1, —2) in Fig. 4(b). 

Since P does not depend on the choice of the two ref­
erence lines defining the two ç a i 's , we can also define 
integer quantities qxo, qyo, P„x, and P„y independent of 
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a) 

0 ' -

n. 
i \ 
o \ 

<-<-i-\ 
b) 

L J 

L J 

-1 

0 /1—7 

0 / | - 7 

-1 

A - U. 

"7 

K-Vi 
r J 

"Ti 

rv 
FIG. 4. Two configurations with same charges ÇR, same 

g„i's (same qya), and different gxj's (different qxa). (a) 
P=(1,3); (b) P = ( I , - 2 ) . In this example, all the <£rP/'s are 
supposed to belong to (—n, +ir]. The numbers on the left of 
each lattice are the values of the gxj's [cf. Eq. (8)]. 

reference choices using the following equations: 

Px — P-nx + Lqyo , Py = Pny + LqxQ, (44), 

where P„x and Pny are restricted to the interval 
(-L/2,-hL/2]. Thus the PffQ's are the contributions of 
the charges qR to the polarization P and the gao's can 
be considered as the global topological charges associated 
with the torus topology. Another advantage of using qao 
instead of qal is that for a given set {qR} the Hamiltonian 
value is always minimum for (çx0)9yo)=(0,0). 

In order to understand the link of the wire model on a 
torus to a lattice Coulomb gas, we can use approximation 
(36) and write 

H1 ch - « 2 J QeRQeR' I In I R - R ' 
R^tR- V 

+ £ (In | R - R ' + Ln | - I n | Ln |) 
n*0 ; 

(45) 

with qeR = (2TTJ)1/2qR, P e = (2TrJ)1Z2P, a n d ß '== 
( l /4) ln8 + 7 / 2 . 

Thus the wire model with periodic boundary condi­
tions in the 0P's and pPP< 's can be represented by a lattice 
Coulomb gas with the two additional variables qxo and ' 
qy0 and a polarization energy. The topological charge 
qR is represented by the number of electrical elementary 
charges on that plaquette. The two additional charges, 
and therefore the polarization, have no static electric 
meaning. However, in a dynamic case, they can be in­
terpreted. Indeed, assuming that charges can only jump 
(and be created or annihilated by pairs) on nearest neigh­
bor plaquettes, we could define an electric polarization 
variation between two electric charge configurations by 
summing elementary polarization variations. So the po­
larization would be defined by its variation from a ref­
erence state. In order to give such a polarization at an 
arbitrary time the positions of the charges would not be 
sufficient. We must in addition keep in memory the two 
9ao's which ensure that the polarization in Eq. (44) is 
indeed increased by elementary quantities. Those two 
"variables can be interpreted as the difference between 
the total winding numbers of the positive charges and 

the negative ones around each direction of the torus. 
Finally, the partition function of the wire model with 

periodic boundary conditions can be expressed exactly 
as the product of two factors: 

Z = Zsv/Zch, 

with 

Zsw = / [dVr] exp -ß~ Yi (Vr - <Pr 
J-°° \ («••> 

(46) 

(47) 

and 

Zrh = ch = 5 Z e x p Ì -^271"2 J Y, 1RG>RR'QR' 
{IH,9«O> I IRR' 

(48) 

where the sum is taken over all topological configurations 
{qR, ÇQO}, and the ÇR'S and the g0o's can take any integer 
values subject to the constraint of neutrality, £} f i QR=Q-

The first factor is the partition function of the spin 
waves representing the quadratic fluctuations around any 
equilibrium state and each of those states corresponds to 
a topological configuration. The second one can be rep­
resented by a neutral Coulomb gas on a lattice with two 
additional variables and a polarization energy. The topo­
logical charge qR is exactly represented by the number of 
electric charges on the plaquette R. The polarization due 
to the two additional charges qao could have an electrical 
meaning only in a dynamical version of the Coulomb gas. 

An alternative way to map exactly the wire model onto 
a Coulomb gas without additional charges is to perform 
the sum over qao in Zd,. But in that case we lose the 
possibility to represent completely the topology of a state 
by an electrical configuration. 

A remark about fixed boundary conditions has to be 
made: in such a case, the Coulomb-gas Hamiltonian also 
contains an additional term involving the square of a po­
larization, but the boundary conditions and one set of qR 
determine completely the polarization and the topology 
of a state. 

B . Generalized XY model 

We consider a generalized classical 2D XY model with 
Hamiltonian 

# = £ v(8r - er.), (49) 

where V is a 27r-periodic, even, and continuous function. 
The site variables 6r are restricted to the interval (—ir, n]. 
The partition function is 

Z = J' [der]exp Iß Y Vi6r - M j . (50) 

Again it is useful to rewrite the Hamiltonian (49) in bond 
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variables <£Pr- defined as 

<f>rr. =6T- 6Ti + 2npr 
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:(51) 

where pPP> is the integer determined by 0r — 6r> such that 
<j>aT belongs to the interval (—7T,7r]. (For a consistent 
definition of the <f>rr> 's, it has to be noted that if r' is 
on the left hand side or below r, definition (51) implies 
<Arr' € [—7r,7r).) Then the Hamiltonian expressed in these 

I variables becomes 

# = 5>(<kr.). (52) 

<«•»> 

In order that Hamiltonians (49) and (52) agree, and for 
periodic boundary conditions in 8T, the following con­
straints have to be imposed on each plaquette R:-

/ , <t>rr> = 2irqR 
OR 

and 

/] 4>ar = -27rg0 

(53) 

(54) 
rÇlaa 

As for the wire model, the quantity ÇR represents the 
topological charge of the plaquette R and qaa represents 
the global topological charge due to the periodic bound­
ary conditions in direction a and is defined on an arbi­
trary line laa of the lattice. But, contrary to the wire 
model, the QR'S and gQa 's are not arbitrary integers since 
the dorr's belong to the interval (—ir,ir] and the topolog­
ical charges must satisfy the inequality 

RÇD 

< nLD , V£> (55) 

where the sum is taken over the plaquettes inside any 
domain D on the lattice and LD is the perimeter of D. 
For instance, for the square lattice, the ÇR'S take values 
in the set {—1,0,1}. ÇR=1 (—1) means that a vortex 
(antivortex) is centered in that particular plaquette. 

For periodic boundary conditions, we have a one-to-
one correspondence between each class of states {0 r} 
(where two states are in the same class if they differ only 
by a same rotation of all spins) and each state {<f>rr'} 
satisfying the constraints (53) and (54). It is known that 
the XY model can be mapped onto a Coulomb gas7 us­
ing Villain's approximation.6 Actually, we shall see below 
that the mapping has not been done correctly for periodic 
boundary conditions in the original variables. 

1. Villain's interaction 

The interaction potential proposed by Villain6 is 

V11(AO) = - T i n J ? exp ( - / ? y (A0 + 27m)2) + cv. 
n=—oo ^ ' 

(56) 

In order that V0 approximates some other given poten-
, tial V, the parameter Jv has to be fitted for each tem­
pé ra tu r e . > This cafTbè done by evaluating the value of 

Jv = Jv[T) minimizing the mean quadratic difference on 
a period (-7r,7r] of the two Gibbs factors, namely, 

exp[-/3V(A0) + c], 

and 

exp[-ßVv(M)) = J exp ( - / 3 y (A0 + 2 ™ ) ' ) + c„, 
n=—oo ^ ' 

(57) 

where c and C0 are normalization constants. In the 
limit of low temperatures, the potential Vv is a piece-
wise parabolic potential. For example, if we consider a 
potential V(A0) with an absolute minimum at AO = 0 
and such that the two first derivatives at Ad = O are 
V (O) = 0 and V" (0) > 0, then Jv takes the value of 
V^(O). On the other hand, in the limit of high tempera­
tures Vv becomes a cosine function. 

Replacing V by Vv in the partition function (50), we 
obtain 

Z = E £ w 
K, ' } 

,Jv exp - ^ 0 « r - ^ + 2 î v f (58) 

< " • ' > 

Therefore the partition function of the XY model with 
Villain's interaction potential and periodic boundary 
conditions is mathematically strictly identical to the one 
of the wire model in Eq. (9). 

However, in this case the Tire's are only independent 
summation variables, giving the potential Vv [see Eq. 
(56)], whereas a statistical configuration of the system 
is determined by the 0 r 's. We have defined <£Pr<, ÇR, and 
qaa with Eqs. (51), (53), and (54) for the XY model in 
order to give them a precise meaning in terms of the orig­
inal variables. In order to apply the same calculations as 
done for the wire model, we have to introduce nonphysi-
cal variables <f>rri, n,,.', m.R, and maa correspondingly to 
Eqs. (3), (6) and (8): 

4>TT> = 6T — 0Ti + 2irnrr TTlR = ]TnP 
OR 

ma = - E n° 
rgJao 

(59) 

Thus Eqs. (46)-(48) are valid when replacing the qR,qao 
by mR,mao in these equations, as well as in expres­
sions (38)-(41) for the polarization (replacing also qai 
by m a l ) , but now the m^'s do not have the physical 
meaning of topological charges, in the same way as the 
W in Eq. (47) would not have a precise meaning in the 
original variables. We cannot define a set of states {0r} 
corresponding to one configuration {m«, mao}. However, 
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we shall see in Sec. Il l how to interpret the m^'s by ex­
pressing the correlation function {mRiriRi) in terms of 
{qRQR')-

Our Coulomb gas, containing a polarization energy, 
does not correspond exactly to that of Ref. 7 where the 
authors performed the Coulomb-gas mapping in a differ­
ent way, namely, by integrating the 0rP< of the partition 
function Z. Noting that the contribution of a set {nPP<} 
is nonzero only if £ + p nPP< = 0 for all sites r, they ex­
pressed the nrPi 's by dual variables. But their definition 
of the dual variables was too restrictive in the case of 
periodic boundary conditions in the Qrr< 's. Indeed, they 
implicitly imposed the additional restrictions 

$]nQ r = 0. (60) 

They would have obtained the same results as ours if 
they had taken this effect into account in the same" way 
as given by our Eq. (18). On the other hand, we would 
have obtained the same charge Hamiltonian if we had 
taken the periodic boundary conditions only in the ^PP< 's 
instead of the ffPP/ 's. However in this case the system 
would be decoupled into a spin-wave system, a Coulomb 
gas [described by Hamiltonian (28)], and two additional 
modes. The latter would correspond to Hamiltonian üfch2 
[as in Eq. (21)], but being independent of the set {TTIR} 

and where Ox and cry would characterize the states of the 
modes and take any real value. 

2. Piecewiee parabolic interaction 

The piecewise parabolic potential is interesting be­
cause it permits one to map the XY model exactly onto 
a spin-wave system coupled to a Coulomb gas where the 
charges are indeed topological charges. This potential 
can be defined by 

V(x) = -(x + 2*p)2, (61) 

where p is the integer such that x + 2np € (—ir,ir]. Thus 
the Hamiltonian expressed in bond variables is the same 
as the one of the wire model (see Sec. IIA): 

* = Ï E « (62) 
<rr-> 

Although the $PP ' 's are now restricted to the interval 
(—7T,7r], the same computational steps used for the wire 
model Hamiltonian can be applied to treat the XY model 
with a piecewise interaction potential. Therefore, we can 
still split the Hamiltonian into two parts and express the 
part in the variables <£pp, in terms of topological charge: 

H = - J2 (Vr - ¥V')2 + 2TT2J ^ qRGRR,qR. 
<rr<> RW 

+ ¾ ¾ + Pl). (63) 
However, the fluctuation part in the ^jP's is now no longer 
independent of the topological part (expressed by the 

. KHVi'; 

qRs) because for a given set of {ÇR} (corresponding to a 
set {<£PP<}) the y r ' s have to be such that each <f>aT defined 
by Eq. (51) belongs to the interval (—ir,n]. This fact ex­
presses the coupling between the topological charges and 
the fluctuations around them. Thus two different inter­
esting approximations can be applied in the case of the 
piecewise parabolic potential in order to map the sys­
tem onto a Coulomb gas. The first one is to neglect the 
above coupling and to release the restriction on the ÇB'S 
(and gaa's) thus yielding the same Coulomb gas as the 
wire model. The second one is to apply Villain's approx­
imation, calculating first Jv as a function of J/T and j 

then decoupling the partition function. The advantage ' 
of the first one is to give the possibility of interpreting 
directly the charges of the Coulomb gas as topological 
charges. However, the use of Villain's approximation 
yields a Coulomb gas mathematically identical to the one ; 
obtained using the first approximation but with a cou­
pling constant Jv instead of J . As Jv is larger than J 
at any temperature (for this particular potential) we can 
interpret J,,/J-as a correction related to the fact that the 
Coulomb-gas charges run through all integers instead of 
being restricted as topological charges are. 

C. Frustration 

In the frustrated case, the Hamiltonian for the wire 
model (1) becomes 

*-*x 
9S, 
di 

+ Ai (64) 

with Ai = AfI where A is a vectorial field (experimen­
tally, A is proportional to a vector potential of a trans­
verse magnetic field) and I is the unit vector oriented in 
the direction of the wire. So the partition function (9) 
becomes 

Z= £ f°[<»r]exp(-/3£5>P-0r. 
{Prr,}-/-°° V (rr') 

-A P P . + 27rpPP.): 

' ) 
(65) 

with Arr' = Jr dlAi. 
Now the bond variables have to be defined as 

<Arr' = Or ~ #r' ~ -^rr' + 27TJVr' ) 

and therefore satisfy the constraints 

YJ^"' = 2ir(lR - / H ) . 

(66) 

(67) 

where fR = (1/2*) £ D H A„, [=- (1 /2») §R di- A1]. 
In the frustrated case the bond variables are partic­

ularly convenient since the system is now described in 
terms of gauge invariant quantities. So we are interested 
in periodic boundary conditions in gauge invariant vari­
ables and that periodicity implies the condition of "neu-
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trality" for the frustrated case: ^ Ä ( < 7 Ä - /fi)=0. Then, 
if we impose in addition the periodicity in the ö r 's, we 
have to satisfy an additional constraint for each direction 
a: 

2 ^ ^aT = - 2 7 r ( 9 a o - faa) 
r6J«o 

with 

- 27T Ç Aar' 

(68) 

(69) 

where the sum is taken as in Eq. (8). 
Two remarks are in order. First, it has to be noted 

that, in the case of boundary conditions in the 6r's, the 
gauge invariance is restricted. Indeed, the system is in­
variant under a gauge transformation provided that the 
closed integral of the vector potential around each of the 
two directions of the torus is conserved. This condition 
on two arbitrary orthogonal lines is sufficient for it to be 
satisfied as well on all the other lines. 

Second, no periodicity has been imposed in the Arr< 's 
(otherwise the sum of the /ß ' s over the whole lattice 
could only be equal to 0). So the usual uniform frustrated 
case (/fi has the same value on every plaquette) can be 
considered. However, in order to satisfy the condition 
YLR(^R ~ f)=®i the'size of the lattice must be adapted 
to any particular uniform frustration. For example, it 
is never possible for an irrational uniform frustration to 
have periodic boundary conditions in the (j>rr> 's. 

After decoupling, we find 

H = Hsvf + Hcb, (70) 

with 

Hch = 2n2J ]T)(gfl - fR)GRR>{qR> - ÎR-) + ( £ j 

(71) 

and 

L L 

Px = Y,*]D«« - fa) + L(%i - /vi), (72) 

py = X i£te» - fa) + L(<M - /-0- (73) 
j=l «=1 

As for the partition function the sum over {qR,qao} is 
taken over all configurations such that $ 3 B ( Ç A — /R) = 0. 

For the frustrated XY model the Hamiltonian becomes 

H= X > ( 0 r - 0 r - -A1,.) (74) 

K ) 

and the </>„•''s are defined as in Eq. (66). But in this 
case the Pnr'.'s will be determined by the 0P's in order 
to include the $ a r ' s in the interval (-7r,7r]. For Villain's 
interaction the partition function is again identical to the 
one of the frustrated wire model, but after decoupling the 

rnß's (that replace the qR's) are the circulations of the 
<£rr< 's defined as 

<f>rTi = 0 r — 9Ti - ATTi + 2nnr (75) 

For the piecewise interaction potential the Hamilto­
nian can also be split in terms of qR's and spin waves. 
The remarks about the gauge invariant property and the 
uniform frustrated case for the wire model hold for the 
XY model. 

III. MEANING OF THE CHARGE IN THE 
COULOMB GAS ASSOCIATED WITH AN XY 

MODEL 

For this purpose, we consider a frustrated XY model 
with a nonzero frustration only around two plaquettes R1 

and R2 without common nearest neighbors (see Fig. 5). 
We could also perform the same following calculations 
for the frustrated case and they do not depend on the 
type of boundary conditions. The bond frustration terms 
around these two plaquettes ( ¾ with fc=l or 2), turning 
in the clockwise direction, are £&. Therefore the plaquette 
frustrations are 

f 4ek/2n HR = Rk, 
fR = < — £fc/27r if JR is nearest neighbor of Rk, 

{ 0 else. 

In order to see the physical meaning of the TUR, we 
shall calculate in the following the second derivative 

92 

deide-
•In Z, (76) 

in two ways: first in terms of the original variables 6T 

and second in terms of the TOJJ'S. Of course the second 
way becomes possible only after performing Villain's ap­
proximation, therefore it will be exact only in the case of 
Villain's interaction. 

A. Partition function derivatives 

Before distinguishing the two ways, expression (76) can 
be expressed in terms of thermodynamical averages: 

d2 . _ . / d2H \ a2/dHdH\ 

d^2
lnZ<--ß\d^[dr2/

+ß XdT1Or2/ 

( .R1' 

. R2 ' 

FIG. 5. The arrows indicate the frustrated bonds. ATT'=tit 
around Rk (fc=l, 2) and r r ' is to be considered with the same 
orientation as the arrow. APr< =0 elsewhere. 
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Let us consider Hamiltonian (74) in terms of the <j>rr' 's. The partial derivatives, evaluated at ex = e2 = 0 are 

a2 

Oe1Oe2 
InZ = ßz 

S 1 = S 3 = O ^DA1 / \Dfi3 / / XOA1 I \DHa / 
(78) 

yfe shall call CR the circulation of the derivative V'(<f>rr') 
around the plaquette R: 

CÄ = £>'(*„•')• (79) 
DR 

Now we note that the transformation 6r H> — 6T (or 
0rr« H4 — 4>TT<) on each node of the lattice does not 
change the Hamiltonian value (V is even by definition) 
but changes the sign of cR. Thus we can write 

d2 

Oe1Oe2 
InZ = ß 2 (CR1CR,) , (80) 

e i = e j = 0 

J—\nZe=-ßJv(ThiRG'RR,h2RI ) + ß2(2nJv) 
9^2 \ Ä » / 

- ß2(2*Jv)
2 (Y, hlRGRR,(mR - f R , ) \ / 

where 
[ 4 i fÄ = Äfc, 

hkR = < — 1 if JR is nearest neighbor of Rk, 
\ 0 else. 

• 

The functions hkR appear in the derivatives of feR with 
respect to e*. Those functions correspond to the fcth line 
of the matrix M, and therefore to those of the matrix 
iWcO ~ C0P, and G' is by definition the inverse of M0O 
(cf. Sec. IIA). Furthermore, considering the neutrality 
property £)R(gR — / R ) = 0 , the second variation at ei = 
£ 2 = 0 becomes 

d2 

deide2 

MZ 
C1=C3=O 

= ß2(2ltJv)
2 ( ( T O A 1 T O A , ) - (TOA1) (TOA2)) . (83) 

Now we note that the transformation mR H> —mR on 
each plaquette of the lattice does not change the Hamil­
tonian value but changes the sign of mR. Prom Eqs. (80) 
and (83), we are now able to write 

(CRCR-) « [2irJv(T)]2 (TORTOR.). (84) 

This relation becomes exact for Villain's interaction. We 
have shown that the quantities mR and cR are correlated 
in the same way. This gives us an interpretation to the 
TOR'S. Therefore, the meaning of TOR depends on the in­
teraction potential of the XY model. Thus, in Villain's 
approximation, the circulation cR around a plaquette is 
composed of a quantized contribution and fluctuations 
around this quantized value which are treated as decou-

Let us now perform the same derivation, but consider­
ing the charge Hamiltonian JETchi in terms of the quanti­
ties TOR (the frustration does not contribute to the spin-
wave part in the yv's and HCh2 is invariant under the e 
transformation) as obtained after using Villain's approx­
imation: 

ffchi = 2TT2 JV J2(TOÄ - fcR)G'RR,(TOR. - UR'), (81) 
BA' 

where JV=JV(T) depends on the considered interaction 
potential. We obtain 

(5 3 ^RC1111, (mR> - /Ä ' ) I I 2 ^ h2R'GRR'(mR * /Ä) 
RR' J \RR' 

2^ h2RG'RR<(TOR - /R< M , (82) 
RR' I 

pled spin waves. 
Note that experimentally in Josephson junction arrays 

(corresponding to the cosine interaction), the quantity 
cR corresponds to the supercurrent circulation around a 
plaquette R where the site R is a lattice node located at 
the center of four superconducting grains. 

B. Examples of interaction potentials 

Now we can interpret the TOR'S in terms of the ÇR'S for 
the XY model and end this section with three examples. 

1. Villain'» interaction 

The interaction potential is 

• V(4>) = -T In Y1 exp ( " P y (* + 2™)2) 

and the derivative becomes 

Jv 
V {4,) = 

£ e x p [ - / 3 ^ + 2Tm)2I 

x Y, fexP (-0y (* +2™)2) (* + 27m) 

(85) 

We shall denote (• • •)$ such an average over all integers 
n (not to be considered as a thermodynamical average). 
Thus by definition we have 
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V'(tf) = J,,<* + 2ffn), (86) 

Y, V(^r- ) = Jv2ir(qR + J^n)*, , ) • (87) 
OR \ DA / 

Comparing the charge-charge correlation functions in CR 
and m.R we find 

( ( qR + E<n>*"' )(<?*' + £<»>*••- J ) (88) 

= (TTIRTURI). 

Z. Piecewise parabolic interaction 

(89) 

Since the variables $ Q r are defined in the interval 
(—7r,7r] we can simply write 

V&) = J-<t>2. 

Therefore 
i 
! v\4>) = J ^ 
, and we simply find 

J2 (qRqR-) « [MT)]2{mRmR,). 

(90) 

(91) 

(92) 

So for the piecewise parabolic potential, the result (83) 
leads to a direct identification of the WIR'S with the topo­
logical charges qR. 

3. Cosine interaction 

The cosine interaction potential is 

V($) = -Jcos(<£). (93) 

We can define the function X{<j>) in order to write 

sin(0) = <t> + X{4>) (94) 

which yields 

j2 ((«*+Ex(*•-')) («*•+Ex(^'))) (95) 

« Jt(TURmR,). (96) 

IV. HELICITY MODULUS AND INVERSE 
DIELECTRIC CONSTANT 

The helicity modulus T for a spin system with periodic 
boundary conditions in the angles of the spins expressing 
the "rigidity" of the system with respect to an applied 

"twist" equal to LS between two opposite boundaries is 
given by Ref. 13: 

1 d2F 

N dS2 
S=O 

(97) 

Applying a twist implies that the periodic boundary con­
ditions in the 0P's in one direction have to be replaced by 
the condition that angles at opposite ends of the sam­
ple differ precisely by LS. Rather than changing the 
boundary conditions, it is, however, more convenient and 
strictly equivalent (it is simply a change of variables) to 
modify the frustration terms Arri in the following way: 

AXT(S) = Axr + S , A (S) = Ayr, Vr, (98) 

and to use again periodic boundary conditions. In fact, 
this corresponds to a gauge transformation leaving the 
frustration of all the plaquettes unchanged, but modify­
ing the "frustration constraint" / x o associated with the 
periodic boundary conditions. 

Now the second derivative can be performed and ex­
pressed in terms of the thermodynamical average: 

1 \/d2H\ 1 
N\\dS2/ T m (99) 

In the nonfrustrated wire model or generalized XY model 
the term (dH/dS)2 vanishes at S=O because each state 
can be related to another one with the same energy and 
a derivative of opposite sign. In the frustrated case, we 
should adapt the gauge in order to fulfill the condition 
(dH/df) = 0 in S = 0. Thus we can write 

*-h Id2E 
\ as* >=o/ 2* ( U * LJ (100) 

A. The wire model 

Now we map the helicity modulus of the nonfrustrated 
wire model onto an inverse dielectric constant of a two-
dimensional lattice Coulomb gas. The frustrated case 
could be treated in the same way. Since, in the charge 
representation, the frustration does not affect Hsw and 
the frustration variation S does not change the /B 'S , we 
can consider H0I12 instead of H in Eq. (100): 

ffch2 = 27T2J (101) 

where Px and Py are given by Eqs. (72) and (73) with 
IR = 0, fyi = 0, fxl = -LS/(2n), so that we have 
Py(^) = Py(^ = 0) + L2S/(2ir) and we can write 

#ch2 = Hch2(S = 0) + 82TrJPy(S = 0) + -L2S2 (102) 
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and 

r = j ( i -w^2 ))- (io3) 

Since the two axis directions of the model are equivalent, 
we have (Px) = (Py)- And as we can find for any state of 
polarization (Px,Py) another one with the same energy 
and with a polarization (Px,-Py), the quantity (PxPy) 
vanishes. Therefore, the helicity modulus becomes 

r = J (1 - YW <p2>) • (104) 

Now we can write Hch and T in terms of a Coulomb gas 
in electric variables with an electric polarization P e = eP 
[e = (27TJ)1/2 is the elementary charge] and an external 
electric field D = (0,-e<5): 

Jf(D) = H(D = 0) - D • P 6 ( D = 0) + ^ - D 2 (105) 

and 

r = ^ ( i - ~ ( P e
2 > ) , (106) 

where P e ( D = 0) means [as in Eq. (102)] that P e is 
defined with fai = 0. 

Thus we can represent the twist S in the direction x 
as an external electric field D that interacts linearly with 
the electric polarization P e . In order to establish the link 
between T and the dielectric constant e, we define 1/e as 
the response of the macroscopic electric field to a uniform 
external one: 

1 _ ,. Ex - = hm —-. 
£ D.-K) Dx 

By the use of the usual electrostatic relation 

Ex=D1,- 2TT (Pe.) 
L2 ' 

(107) 

(108) 

where Pex corresponds to Pex(D = 0) as in Eq. (105) 
and expressing (Pex) by the free energy derivative with 
respect to Dx, 

i = 1 - - lim -ldDx * ^Dx 

e L2 D, ->o 
2n O2F 

Dx L2 dD2 
Z). = 0 

(109) 

Then the derivative is performed by Eq. (100) with 
Hamiltonian (105) and Dx replacing S: 

l- = i-^L(P2
x) = i-^(Pl). (no) 

Thus r / J is exactly represented by the dielectric con­
stant of the associated Coulomb gas, T/J = 1/e. 

Furthermore, we can now correctly interpret our defini­
tion of the polarization in a dynamic Coulomb gas. When 
the charges are moving in an electric field, we have to take 
mto account the winding number of the charges around 
the torus. Our definition of P corresponds then to the 

sum of the small displacements of the charges and there­
fore the term —DP is well represented by the coupling 
energy between the charges and the external electric field. 
But, in order to define such a displacement, we have to 
consider either a temporal succession of states (i.e., the 
dynamical version) or two additional fictitious variables 
that have no electric meaning in a static system. 

Usually the susceptibility x or the dielectric function 
e of a Coulomb gas is defined in the Fourier representa­
tion. Then the dielectric constant is defined as the linear 
response to an oscillating field in the limit of large wave­
lengths. However, it has been known for a long time 
that in the usual Coulomb gas the linear response to a 
uniform electric field diverges (x,£ -* oo) in the thermo-
dynamical limit (even at zero temperature) for periodic 
or free boundary conditions. The reason is that for an 
arbitrary nonzero electric field there always exists a finite 
distance of separation of the pairs beyond which the en-j 
ergy of the system decreases as their distance increases! 
This problem has been studied by Choquard, Piller, and 
Rentsch,15 who considered various boundary conditions 
and showed that, even in cases where the susceptibility 
remains finite, it depends on the boundary conditions 
even at the thermodynamical limit. In our case at low 
temperature the response to a uniform external electric 
field remains finite because the additional polarizatioi 
energy stabilizes the system. In the case of fixed bound­
ary conditions, the wire model also has this additiona 
polarization term but the definition of the polarizatioi 
would not involve additional variables. For example, i 
we impose 0rr> = 0 on the boundary the charge represen 
tation would correspond to a Coulomb gas stabilized bj 
the use of the image method (where a charge and its foui 
images all have the same sign). In the case of free bound­
ary conditions the system does not contain the additional 
polarization energy and the two additional variables are 
replaced by two additional modes [representing ax and C11 

as defined below Eq. (17) with Hamiltonian i?ch2 (21)] 
which are independent of # s w and /fchi and take anj 
real value. 

Alternatively, in order to map the wire* model on a 
Coulomb gas whose only variables are charges on the 
sites of the dual lattice we can integrate the partitior 
function (48) over the gQo's and the mean square polar­
ization appearing in Eq. (103), with Pa expressed as 

Pa = Pira + QaO- (111) 

We find 

Zch = J2 exP { ~ß Khi + Vv (l*?f) j 
{IR} l L V J 

"'(2*%)]}' (112) 

V = J 

+K 

2 J / d (2nP„y 

. 1 " T \dJVv\ L ))] (113) 

Here the occurrence of Villain's function is not due to 
an approximation. Thus we can also interpret Z& as the 
partition function of a Coulomb gas. In that case, the 
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twist would be represented by an external field with a 
nonlinear coupling to the polarization. Moreover, in this 
case an electric state {ÇR} represents a whole family of 
topological configurations. 

» . B. Generalized XY model 

In order to have a good understanding of the helicity 
modulus of the XY model in its Coulomb-gas represen­
tation, we can express it by performing the derivation of 
the Hamiltonian in Eq. (100) in the two representations. 
In terms of the variables <j>rr<, 

*-h £n^))-
(114) 

and in terms of the quantities mg. and ma\, after the use 
of Villain's approximation: 

r « J „ - ^{(2*JvPy)2) 

with 

pv = Y^ima + Lm, Xl-

(115) 

(116) 

In both expressions for T the two quantities whose mean 
square is taken are the first derivatives dH/dò at S = 0. 
Like this we can interpret the polarization in terms of the 
original variables. 

Note that this interpretation is completely consistent 
with our results of Sec. III. Indeed, we could also express 
exactly the sum of the derivatives V'{4>xr) in Eq. (114) 
as a polarization of the circulations CR [definition (79)] 
following the same computational steps [Eqs. (37) and 
(38)] as for the wire model. We obtain 

.53^(*"-) = 53*¾+2^1 ' (117) 
» » j 

where Cjj is the circulation of the current around a pla­
quette located by i and j . The quantity cxi would be 
defined as the sum of the derivative V'{<f>XT) over the 
horizontal reference line lx\. After the use of Villain's 
approximation we can of course apply the results of Sec. 
IVA with the Tree's and m ao replacing the g^'s and the 
fc*o's. 

We conclude this section by discussing once more the 
three examples of interaction potentials. 

For Villain's interaction the two expressions for T, 
given in Eqs. (114) and (115), are, of course, equal and 
T/J is exactly represented by an inverse dielectric con­
stant even on a torus. 

For the piecewise parabolic potential, we have to pay 
attention to a S function appearing for V"(<j>rri) in Eq. 
(114), coming from the point where two parabolas in the 
potential join each other. 

As for the cosine interaction, corresponding to Joseph-
son junction arrays, the polarization represents the 
macroscopic current in thejarray and this current can 

also be expressed exactly as a "polarization" of elemen­
tary supercurrent loops. 

V. CONCLUSION 

We have studied the Coulomb-gas representation of the 
2D XY model on a torus. We started from a phase field 
defined on a square wire network and with a Hamilto-
nian depending on the square gradient of the phase along 
the wire. After integrating the phase fluctuations be­
tween the nodes of the lattice, the partition function of 
this model becomes mathematically identical to the XY 
model with Villain's interaction. We mapped the wire 
model onto a lattice Coulomb gas defined on a torus. 
The charges of the Coulomb gas represent the topologi­
cal charges of the wire model. The Coulomb gas contains 
an additional polarization energy where the polarization 
has been defined by the use of two additional integer vari­
ables. The latter come from the topological constraints 
expressing the periodic boundary conditions. Indeed, the 
topological charges corresponding to the plaquettes are 
not sufficient to define completely the topology of a given 
state of the system. The two additional variables allow 
us to define a polarization and, in a dynamic case, they 
correspond to the difference between the winding num­
bers of the positive charges and the negative ones around 
each direction of the torus. The twist S allowing one to 
define the helicity modulus can be represented as an ex­
ternal uniform electric field, and therefore the helicity 
modulus is exactly related to the inverse of a dielectric 
constant. In the thermodynamic limit with a nonzero 
twist, the system is stable and the Coulomb gas with a 
nonzero electric field is also stable because of the addi­
tional polarization energy in the mapped Coulomb gas. 

Alternatively we integrated the partition function over 
the two additional variables. Thus we obtained a 
Coulomb-gas representation whose charge configuration 
represents a family of topological configurations, and 
twist no longer corresponds to an external electric field 
coupling linearly with the charges of this Coulomb gas. 

Since the wire model and the XY model with Villain's 
interaction possess a partition function with an identi­
cal structure, we can perform exactly the mapping for 
this particular XY model. But then the charges of the 
Coulomb gas do not represent the topological charges as 
defined in terms of the original variables. 

We have derived expressions giving the meaning of 
the charges of the Coulomb gas associated with the XY 
model with Villain's interaction in terms of the origi­
nal variables. For XY models with other potentials, 
the charges of the Coulomb gas obtained after perform­
ing Villain's approximation correspond to the circula­
tions of the interaction potential derivatives around the 
plaquettes. 

We have emphasized the case of the piecewise parabolic 
potential since it permits an exact splitting of the Hamil­
tonian into two independent terms: one expressing the 
topological charges and the other one the fluctuations 
around them. But the two subsystems are not really in­
dependent because the fluctuations have to belong to a 
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phase space determined by the topological configuration. 
Our results apply as well for the frustrated models. 

We have performed our calculations with gauge invariant 
bond variables but on the torus this gauge invariance is 
restricted. Indeed, the usual gauge invariance is broken 
by periodic or fixed boundary conditions (imposed on the 
original variables). 

Thus we have clarified the Coulomb gas representa­
tion of the 2D XY model on a torus. In particular we 
have expressed exactly the helicity modulus of the XY 
model with Villain's interaction in this representation. 
It becomes the inverse of a dielectric constant that we 

4¾' 

can define as the response of the internal electric field to 
an external uniform electric field. This will permit one 
to perform Monte Carlo simulations in a charge repre­
sentation to evaluate the helicity modulus corresponding 
exactly to its definition in the spin variables. 
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The uniformly frustrated XY model on a triangular lattice is studied for two values of the 
frustration: / = 1/4 and / = 1/3. These two cases are very special because the ground states of the 
model have accidental degeneracy not related to symmetries. This degeneracy originates from the 
possibility of constructing domain walls with zero energy. At any finite temperature, the accidental 
degeneracy is removed by the spin-wave free energy, but the low free energy of the domain walls leads 
to the possibility of phase transitions at temperatures that are much lower than can be expected 
for the other values of the frustration not leading to accidental degeneracies. These conclusions are 
supported by Monte Carlo simulations. The results are of relevance for the description of Josephson-
junction arrays in the presence of a perpendicular magnetic field. 

I . I N T R O D U C T I O N 

The progress made during the last decade in the experi­
mental investigation of Josephson-junction arrays and su­
perconducting wire networks has led to a revival of inter­
est in various kinds of two-dimentional (2D) XY models 
which can be applied to the description of such supercon­
ducting systems.1 Of particular interest is the uniformly 
frustrated XY model which describes regular Josephson-
junct ion arrays in a perpendicular magnetic field. The 
Hamiltonian of this model can be wri t ten as 

# = - £ cos(0 r - 0 r, - . 4 r r . ) , (1) 
(rr'> 

where the summation runs over pairs of nearest neighbors 
on some regular lattice. The Josephson coupling, the nat­
ural unit of energy in the system, has been set equal to 
1. For each plaquette (i.e., site of the dual lattice) in a 
position R the restriction YIaK A„i = 2irf (where ]T]D R 

means the sum over the bonds surrounding the plaquette 
R in a clockwise direction) has to be obeyed. In terms of 
the Josephson-junction array the variable 0T corresponds 
to the phase of the r t h superconducting grain and / to 
the magnitude of the magnetic field expressed in the num­
ber of flux quanta per plaquet te . Due to the symmetries 
of the cosine function Hamiltonian (1) is invariant with 
respect to the transformations / —• / ± 1 and / — > — / , 
and so it is sufficient to s tudy the interval / € [0,1/2]. 

The main difference between ordinary ( / = 0 ) and frus­
t ra ted XY models is tha t the ground state in the frus­
t ra ted model has not only continuous bu t also deserete 
degeneracy. For example the / = 1 / 2 model on square 
or triangular lattices has the Ising-type degeneracy as­
sociated with antiferromagnetic ordering of positive and 
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negative vortices.2 It was also discovered tha t , for / = 1 / 2 
on a hexagonal lattice and / = 1 / 4 on a triangular one, 
different ground states can exist which are not related to 
each other by symmetry . 3 - 6 These ground states can be 
constructed from each other with the help of zero energy 
domain walls which are likely to have a strong influence 
on the properties of the system. The results of Monte 
Carlo simulations3 do indeed indicate tha t bo th above 
mentioned cases as well as the / = 1 / 3 (Ref. 5) model on 
a triangular lattice are characterized by a quite special 
behavior in comparison with all the other studied cases 
on these two lattices. Thus these particular systems seem 
to deserve more attentive consideration. 

In the present paper we investigate the properties of 
the frustrated XY model on a triangular lattice with 
/ = 1/4 and / = 1/3. Triangular arrays have also 
been investigated experimentally.7 We will see tha t these 
systems—and in particular the case / = 1/3—present 
a wide family of ground states and zero energy domain 
walls which should give rise to rather special thermody­
namic properties. We hope tha t our conclusions may also 
be of relevance for some other frustrated XY models. 

I I . V O R T E X R E P R E S E N T A T I O N 

Hamiltonian (1) depends on the choice of gauge vari­
ables A„i. The same model can be described in terms of 
gauge-invariant bond variables 

(j>TT> = 6T — 9Ti — ATri + 2nn„', (2) 

where nrr> is the integer for which the value of cf>rri is 
shifted to the interval (—7r, IT]. These bond variables have 
to obey the constraints 

3071 © 1995 The American Physical Society 
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Y^ <£«•' = 2 7 r ( m R - / ) , (3) 
DR 

where TOR = 5ZDR n"' axe ^e m t e g e r s defined on the 
dual lattice. The TOR'S should not be seen as additional 
independent variables: They are fully specified once the 
<f>ni 's (belonging to a fixed interval of length 27r) are given 
and on a triangular lattice they can acquire only the val­
ues 1, O or —1. Hamiltonian (1) can be then rewritten in 
the form 

H = —J Y J cos <f)TTi, 

subject to the constraints (3). The symmetries of differ­
ent ground states can much more easily be recognized in 
terms of the gauge-invariant variables </>„> (or TOR) than 
in terms of the phase variables 0r. 

We can also define the quantitiy Q R = TOR — / and 
interpret it as the topological charge on the correspond­
ing plaquette. The total charge of any state will be equal 
to zero in the case of periodic boundary conditions. In 
the ground state the Q R will acquire only the two differ­
ent values 1 — / and —/ when / € (—7r,7r]. This charge 
representation makes it possible to represent different lo­
cally stable states of the system (including all the ground 
states) by the corresponding configuration of the positive 
topological charges 1 — / . 

domain walls on all <f>rr' =0 lines going in the same direc­
tion. On the other hand the hexagonal ground state can 
equally be constructed from the necklace state by cre­
ation of an infinite number of zero energy domain walls. 

It is well known that accidental degeneracies not re­
lated to lattice symmetries can be removed at arbitrary 
low temperatures due to differences in the spin-wave free 
energy.8 So in order to understand what state will be 
dominant at low temperatures we should compare their 
spin-wave free energies. 

B. Spin-wave free energy 

In order to estimate the free energy of the system in 
the limit of low temperatures it is sufficient to consider 
the spin-waves in the harmonic approximation. Expand­
ing Hamiltonian (1) up to second order in fluctuations 
around a ground state configuration {4>n'}

 o n e obtains 

H = - ^ COs(<£„> + Vr - <Pr<) 

« const + 2 X l Krl'(^r ~ ^ r ' ) 2 

= const + - J J yrM„< <pT., (4) 

III. / = 1 / 4 

A. Ground states 

For the case / = 1/4 the ground state that is depicted 
in Fig. 1(a) was the first to be discovered.4 In the fol­
lowing we shall call it the hexagonal ground state. This 
ground state is characterized by a fourfold discrete degen­
eracy; i.e., by its translation along the lattice it is possi­
ble to obtain four nonequi valent states. It also has the 
continuous degeneracy associated with simultaneous ro­
tation of all phases, which is not visualized in the charge 
representation. 

The hexagonal state posesses a very interesting fea­
ture: For all bonds lying on straight lines that go through 
the centers of hexagons the gauge-invariant phase differ­
ences (j>TTi are equal to zero. This allows one to construct 
domain walls with zero energy6 by choosing one of these 
lines and shifting the configuration on one of its sides with 
respect to the other [Fig. 1(b)]. Doing this one obtains 
another ground state. Any of the three possible direc­
tions can be chosen for such a domain wall. However, in 
order to construct a ground state containing several zero 
energy domain walls, the latter should be all parallel to 
each other, because shifting the state along a (j)TTi =0 line 
breaks the 0rr<=O lines in the two other directions. 

Nonetheless, an infinite number of states with the same 
energy can be constructed with the help of such zero en­
ergy domain walls. One of them is depicted in Fig. 1(c) 
(we shall call it the "necklace" ground state). It can be 
obtained from the hexagonal ground state by creating 

where Kn/ — Jcos<}>n< and M is the dimensionless dy­
namical matrix. The (pT 's are the deviations of 6T from 
the equilibrium values. The spin-wave free energy per 
site is given by 

(5) 

where N is the total number of the sites on the lattice. 
The zero eigenvalue of M which is related to the rota­
tional invariance of (1) can be removed by fixing the sum 
of ipr over the whole system. 

For periodic ground states the position vector r can be 
decomposed into the sum r = u + s, where s denotes the 
position of a site within an elementary cell of the ground 
state pattern located at u. The harmonic Hamiltonian 
(4) can then be expressed in terms of plane waves: 

H = - J ^ &,»M„.(q)£_q.., (6) 
q««' 

with 

M88- (q) = -TZ y j MU+S]U.+S. exp [iq(u + s - u ' - s')]. 

(7) 

For example in the hexagonal ground state there are four 
inequivalent sites within the elementary cell, and so the 
matrix MaBi (q) is 4 x 4. In the limit of a large system we 
get 
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concentration of the zero energy domain walls (all par­
allel to each other) on the background of the hexagonal 
ground state. Here i /=l /n means that the distance of two 
consecutive zero energy domain walls is equal to n times 
the distance between two nearest lines on the lattice; for 
instance 1/=1/2 corresponds to the necklace ground state. 

It follows from Table I that the hexagonal ground state 
has the lowest free energy. It can be also seen that for 
the other ground states the difference in free energy with 
respect to the hexagonal one is almost exactly propor­
tional to the concentration of the domain walls v. One 

FIG. 1. /=1/4. (a) Hexagonal ground state. The values of the </>rr''s are w/2 on the bonds surrounding a charged plaquette 
and O elsewhere. It is easy to spot the </>„< =0 lines forming a triangular sublattice. The discrete degeneracy of that ground 
state equals 4. The segments linking the charges are guides to the eye in order to see easily the structure, (b) Ground state 
with a zero energy domain wall obtained by shifting one half plane of the hexagonal charge configuration along a </>TTi =0 line. 
(c) Necklace ground state obtained from the hexagonal ground state by introducing a maximum number of zero energy domain 
walls, (d) Low free energy defect or "strip" defect. There are two contributions to the free energy: One comes from the 
additional spin-wave free energy due to both zero energy domain walls and a second part from the nonzero energy of both 
defect end points, (e) Single kink. A defect as in Fig. 1(d) can be broadened by double kinks along a zero energy domain wall, 
but each kink involves an additional energy roughly equal to the one of a defect end point. 

Fsw = fj.T-^ln{2wT), (8) 

where 

HLI^^- (9) 

We have calculated the coefficient /x numerically for 
five different ground states. In Table I the value of /x is 
reported as a function of a parameter v expressing the 
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X-

TABLE I. /=1/4. This table demonstrates the linearity 
of the spin-wave free energy as a function of the concentra­
tion of zero energy domain walls. Here 0 corresponds to the 
hexagonal ground state, 1/2 to the necklace ground state, and 
fractional values v=\/n to the intermediate periodic ground 
states in which the distance between the domain walls is n 
times the distance between two nearest parallel lines on the 
lattice. 

V 

0 
1/8 
1/6 
1/4 
1/2 

M 
0.37527 
0.37841 
0.37948 
0.38162 
0.38774 

Aß = fi — ß(0) 
0 

3.14 XlO - 3 

4.21 XlO - 3 

6.35 XlO - 3 

12.47 XlO - 3 

7 = Aß/u 
-

2.512 XlO -* 
2.526 XlO - 2 

2.540 x IO - 2 

2.494 XlO - 2 

can certainly interpret these results as evidence for the 
low interaction between the domain walls and can ascribe 
to a domain wall the finite free energy per unit length 7T 
with 7 « 2.5 x 10 - 2 . 

C. Low-temperature defects and phase transitions 

Thus we have obtained that even the maximal differ­
ence in free energy for different ground states is very small 
and decreases with decreasing temperature. A natural 
question is whether this small difference may lead to any 
observable consequences. On the one hand a transition 
to a phase in which the ground state with the lowest 
spin-wave free energy will be dominant is possible. Al­
ternatively a large concentration of defects leading to a 
mixture of different states could persist even at arbitrar­
ily low temperatures. If such transition should really 
occur, at what temperature will it happen? 

In order to investigate these questions we start our 
analysis from the hexagonal ground state which in the 
harmonic spin-wave approximation has the lowest free 
energy. This ground state, in addition to a fourfold dis­
crete degeneracy, has also a continuous degeneracy, and 
so several different possibilities for the phase transitions 
are open, including the Berezinskii-Kosterlitz-Thouless 
vortex pair unbinding. At finite temperatures differ­
ent types of defects on the background of the ground 
state will be thermally excited, but at low temperatures 
(T -C 1) the vortices (corresponding either to adding or 
to substracting 1 to the Q R of a plaquette from a ground 
state configuration) will be tightly bound in small pairs, 
and the energy of domain walls (with the exception of 
the special zero energy domain walls) will be too large 
for the corresponding defects to be excited. So the only 
extended defects that are expected to be present in the 
system at low temperatures will have the form of a strip 
enclosed by two zero energy domain walls [Fig. 1(d)]. 

The free energy of such a defect is equal to 

FD(L) = 2£ + aTL, (10) 

where L is the length of the strip (in units of the lattice 
constant), 

a = 2 7 , (11) 

and 2E is the energy of the two end points of this de­
fect. The defects with the minimal value of E = EQ will 
dominate, and it seems very probable that E is minimal 
for the minimal distance between the zero energy domain 
walls [as in Fig. 1(d)]. A numerical evaluation of EQ gives 

E0 « 0.44, (12) 

and the dependence on L would only lead to corrections 
smaller than 5 x 10 - 3 . 

With the help of Eq. (10) it is easy to estimate the 
total concentration (per site) of such defects with any 
size L: 

r_ (yrn) ZT^M-Fp(L)/T) 

l + (3HEfci«q)[-^(I)/lT [ > 

where m is the ratio of the total number of sites to the 
number of possible positions of the defect end points (for 
/ = 1 / 4 we have m=2). The factor of 3 comes from the 
summation over three possible directions. Performing the 
summation gives 

l + f ( e ° - l ) e x p [ 2 £ o / T ] ' K ' 

and the average length (L) will be equal to 

(L) = ^ + I. (15) 
a 

The defects will start touching or crossing each other 
for c(L)2 ~ 1. Since for / = 1 / 4 we have a « 0.05 and 
(L) « 21 this will happen when the concentration c is 
much smaller than 1 and can be very well approximated 
by 

c*—exp[-2Eo/T\. (16) 
ma 

Comparison with Eq. (15) shows that for a C 1 the 
relation c(L)2 ~ 1 will be fulfilled at temperatures close 
to 

Since a is small, T« is significantly smaller than 1, and 
therefore is substantially lower than the critical temper­
ature observed in XY models having a similar rational 
frustration of the form f=p/q (with q < 5), but without 
an accidental degeneracy. 

It has to be noted that concentration (14), based on 
Eq. (10), is evaluated by considering that the striped de­
fects are independent of each other. Whenever two non-
parallel defects are crossing each other, we should con­
sider an additional energy that is roughly equal to 4Eo, 
and so this effect makes the concentration (14) overesti­
mated. On the other hand, adjacent parallel defects may 
have a lower free energy than if they were independent. 
To settle the question whether the latter effect is rele­
vant we consider such a set of defects as a unique defect 
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but with kinks along its domain walk. Then we must 
compare the "bare" free energy of the domain wall to its 
decrease due to the presence of kinks [see Fig. 1(e)]. 

Let us consider a zero energy domain wall whose spin-
wave free energy per unit length is equal to jT. Its 
free energy decrease due to configurational entropy of 
the kinks will be equal to 

AF = TIn(I + 2e-E*'T)& 2Te~E^T, (18) 

where E\ is the energy of the kink. At a temperature 
T»« « Z?i / lna _ 1 , the total domain wall free energy 
FDW = lT — AF becomes negative. In the vicinity of 
T», both the number and the size of the defects should 
increase drastically due to the proliferation of the couples 
of kinks. So T»» yields an other interesting logarithmic 
estimate for a transition temperature. 

We have found numerically that the value of Ei differs 
from E0 only by about 5 x 10"~3. So the direct calculation 
gives T„* « (3/2) T» > T» and allows one to conclude 
that in the calculation of T. the renormalization of a 
can be neglected. In addition, the comparison of the 
small difference between EQ and E\ with the additional 
energy due to a crossing of two defects implies that our 
concentration (14), based on independent simple striped 
defects, is overestimated. But at temperatures lower than 
T« at which the defects are rare the above additional 
energy can also be neglected. Therefore the value of T* 
given by Eq. (17) can be used as an estimate for the 
lower bound of a transition temperature, because there 
is no reason for a phase transition to take place when all 
defects are well localized and far from each other. 

At temperatures higher than T« the strip defects start 
merging with each other and the domain wall free energy 
rapidly tends to zero; so we have to expect the disappear­
ance of the discrete order associated with the dominance 
of one of the four equivalent hexagonal ground states. 
This may happen as a first-order or a second-order phase 
transition. Since typical defects at low temperatures are 
very anisotropic and their crossing costs a relatively high 
energy one may think also of a possibility of the exis­
tence in some intermediate range of temperatures of the 
phase in which only noncrossing (i.e., parallel on the av­
erage) infinite domain walls are present. In this phase 
only two of the four possible hexagonal states will be 
intermixed (depending on the orientation of the infinite 
domain walls). Thus the transition associated with de­
struction of the discrete order may be split into two. 

The other kind of ordering present in the system, that 
is, the XY-type ordering characterized by a finite rigid­
ity (i.e., a finite helicity modulus), is not necessarily de­
stroyed simultaneously with discrete ordering. Prom the 
structure of the zero energy domain walls it can be seen 
that they do not help to make a twist between two oppo­
site sides of the system, and so the continuous degrees of 
freedom do not feel their presence directly and interact 
only with kinks and corners on the domain walls. The 
thermal fluctuations will lead to a decrease of the he­
licity modulus not only due to the presence of the strip 
defect end points and nonzero energy domain walls which 
affect locally the rigidity, but also due to presence of vor­

tex pairs formed by the ordinary (integer) vortices or the 
fractional vortices which can be associated with corners 
on the domain walls.6 

In the general situation the destruction of XY-type 
ordering is usually driven by the decoupling of (integer 
or fractional) vortex pairs, and the fractional vortices (if 
they can move around) are most dangerous since their 
interaction energy is the lowest.6 In the present system, 
however, the fractional vortices are always linked by a 
domain wall with nonzero energy, and so in the vicinity 
of the temperature T», which is logarithmically small, all 
the effects leading to the decrease of the helicity modu­
lus (including the presence of any kind of vortex pairs) 
can be expected to be not important. Therefore it looks 
more probable that the destruction of the XY-type or­
dering will take place as a separate phase transition at 
the temperature which is higher than T». It may be ei­
ther a transition with a universal or higher than universal 
jump of the helicity modulus depending on what kind of 
vortex pairs will be dominant at the transition. 

On the other hand it cannot be altogether excluded 
that the cumulative effect of all the mechanisms involved 
in the decrease of the helicity modulus in the vicinity of 
T» (which is only logarithmically small) might be be suf­
ficient to make that decrease important. In that case the 
simultaneous destruction of both types of ordering may 
happen which would be accompanied by a nonuniversal 
jump. One has to bear in mind, however, that in that 
case the destruction of the XY-type ordering may be­
come observable only at the scales which are much larger 
than the typical size of the strip defect. In any case the 
presence of the large quantity of strip defects should lead 
to a significant decrease of the helicity modulus in com­
parison to the systems without accidental degeneracy. 

iv. / = | 

A. Ground states 

The case of / = 1/3 demonstrates even a larger variety 
of ground states than / = 1 / 4 . One can again start from 
the ground state with hexagonal symmetry [Fig. 2(a)]. 
This is the one which is observed in Monte Carlo sim­
ulations and was recognized in Ref. 5. This state has 
a ninefold degeneracy. Just as in the case / = 1/4 the 
gauge-invariant phase differences <j>tTi on the lines that 
go through the centers of hexagons are equal to zero, 
and so again the zero energy domain walls can be con­
structed [Fig. 2(b)]. However, in contrast to the case of 
/ = 1 / 4 , a shift of a half plane of a ground state configu­
ration along such a line can lead to two different config­
urations depending on the sign of the translation vector 
determining the shift [note the difference between the two 
zero energy domain walls in Fig. 2(b)]. As in the case of 
/ = 1/4 it turns out to be possible to have an arbitrary 
number of such domain walls with the same orientation 
without any change in the total energy. If the domain 
walls are introduced on every possible position (and with 
the same direction of the shift), the ground state depicted 
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in Fig. 2(c) is obtained (the necklace ground state) . Q R = 2 / 3 or ? T I R = 1 ) is surrounded by three bonds on two 
In all the ground states considered in this section the of which 0rr< (counted in clockwise direction) is equal to 

gauge-invariant bond variables <j>„< are determined by n/3 and on the third to 2TT/Z. 
the following rules: (b) Each charged plaquette has three nearest neighbor 

(a) Each charged plaquette (i.e., the plaquette with plaquettes. Two of these have another charged plaquette 

FIG. 2. / = 1 / 3 . (a) Hexagonal ground state. The <£rr''s can be determined by the rules given in the text: the bonds carrying 
the value 27r/3 form hexagons containing six noncharged plaquettes. The $ r r i=0 lines form a triangular sublattice the nodes 
of which are the centers of the hexagons. The partial discrete degeneracy of this ground state due to the lattice symmetry 
equals 9. (b) Ground state with two parallel zero energy domain walls along cj>rri=0 lines with different signs of the translation 
vector. The same hexagonal ground state lies above and below the zero energy defect, (c) Necklace ground state obtained 
from the hexagonal one with zero energy domain walls with the smallest possible distance and each one with the same sign for 
the corresponding translation vector, (d) Ground state with a strip consisting of a different configuration. As the horizontal 
</>rp/=0 lines are still there, it is still possible to perform shifts along them. Therefore we could also consider this strip as a 
thick zero energy domain wall, (e) Linear ground state obtained by repetition of the thick zero energy domain wall of (d). (f) 
Different linear ground states separated by zero energy domain walls not corresponding to <f>rri=0 lines, (g) Butterfly ground 
state obtained by a repetition of the wall depicted on the right hand side of (f). (h) Ground state with infinite size zero energy 
domain walls crossing one another. The horizontal domain walls correspond to those of (c). The vertical one corresponds to 
(d) but has been broken by the horizontal ones. 
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FIG. 2 (Continued). 

as nearest neighbor, whereas the third does not. <j>TTi 
is equal to 2TT/Z on the bond which is ajacent to this 
particular plaquette. 

(c) The bonds lying between uncharged plaquettes 
carry a zero value of ¢. 

The hexagonal ground state of the / = 1 / 3 model allows 
also for the construction of zero energy domain walls with 
more complex structure [Fig. 2(d)]. Placing such strips 
one after another it is possible to construct the ground 
state with linear structure [Fig. 2(e)] that looks quite dif­
ferent from the hexagonal one. Of course different com­
binations of parallel strips of hexagonal, necklace, and 
linear ground states are also possible. 

On the background of the linear ground state the zero 
energy domain walls can be constructed which are not 
related to 0rr'=O lines [Fig. 2(f)]. Repeating such walls 
one after the other it is possible to construct one more pe­
riodic ground state ["butterfly" ground state, Fig. 2(g)] 
that again differs very much from all the states consid­
ered before. It is interesting to note that we have three 
different regular ground states (hexagonal, linear, and 
butterfly) which represent three different groups of pla­
nar symmetries. 

It is also possible to construct ground states with infi­
nite size zero energy domain walls crossing one another 
[Fig. 2(h)]. Indeed linear strips as in Fig. 2(d) in one 
direction and shifts as in Fig. 2(c) in another can be 
combined without change of energy. The example of 
Fig. 2(h) could be extended from the top of the figure by 
a hexagonal ground state with a nonbroken linear strip 
[as in Fig. 2(d) but with the strip in a different direction]. 
So there are many possible combinations, but the linear 

strips cannot be accompanied by any additional shift in 
the same direction and the shifts have to correspond to 
the same sign of the translation vector [as in Fig. 2(c)]. 
It is possible that other zero energy domain walls may 
exist. However, we have never found a ground state with 
zero energy defects of finite size. 

B. Spin-wave free energy 

We have calculated the spin-wave free energy for four 
different periodic ground states: hexagonal, necklace, lin­
ear, and butterfly. The coefficient /z in Eq. (9) is re­
ported in Table II. As in the case of / = 1 / 4 the hexagonal 
ground state (which, by the way, has the highest symme­
try) turns out to have the lowest spin-wave free energy. 
This means that at low but finite temperatures this state 
will be dominant and the zero energy domain walls on its 
background will have a small but positive free energy. 

As in the case of / = 1 / 4 the extended defects with the 
lowest free energy have the form of strips enclosed by zero 
energy domain walls with finite energy defect end points. 
But now, starting from the hexagonal ground state, we 
can make such a defect not only by shifting the charges in 
the strip, but also by deplacing them to obtain the linear 
ground state inside the strip. We report in Table III the 
coefficient fj, associated with periodic ground states con­
structed with a succession of such strips of infinite length. 
First we compare the hexagonal ground state with three 
different concentrations v of domain walls: u—0 (corre­
sponding to the hexagonal state), 1/=1/6 (corresponding 
to a shift on every sixth line), and 1/=1/3 (shift on every 
third line, which is the closest possible spacing). There 
are two results for 1/=1/3: The first (a) corresponds to 
the necklace state and the second (b) to shifts with reg­
ularly alternating directions [as in Fig. 2(b) but with a 
periodicity corresponding to six consecutive horizontal 
lines]. Finally, the two last results of Table III represent 
strips of the linear state (with periodicity correspond­
ing to twice the strip width): The first corresponds to 
Fig. 2(d) and the second to a strip with the same hexag­
onal ground state below and above each strip [which is 
not the case in Fig. 2(d)]. 

From these results we conclude that the free energy as­
sociated with a <f>TTi =0 domain wall separating two differ­
ent hexagonal ground states is equal to 7T ~ 6.3 x 1O -2T 
per unit length. This gives as = 27 « 0.125 for the co­
efficient for a strip constructed by shifting. We will call 
such a strip a "shifted strip defect." We assume that the 
free energy will also be proportional to the concentration 
of strips of linear ground state. Thus we can ascribe a 

TABLE II. /=1 /3 . Coefficient \i of the spin-wave free en­
ergy for four different types of ground state (g.s.) 

g.s. type 
Hexagonal 
Necklace 

Linear 
Butterfly 

ß 
0.23647 
0.25720 
0.26840 
0.33321 

A/x = /j — Jt(O) 
0 

2.073 x 10-= 
3.193 xlO-"= 
9.674 XlO -" 
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TABLE III. / = 1 / 3 . v is the fraction of the number of Unes 
(in one direction) with a zero energy domain wall. This table 
shows the linearity of the spin-wave free energy as a function 
of the number of zero energy domain wall. The first value 
for 1/=1/3 corresponds to shifts in the same direction and 
with the same orientation of the corresponding translation 
vectors, and the second to shifts with alternating opposite 
orientations. The two last unes correspond to periodic ground 
states with one linear strip every six lines. The second of them 
corresponds to an additional shift between the configuration 
of charge below and above the linear strip. 

g.s. type 
v =0 

1/=1/6 
(a) v =1 /3 
(b) i/ =1 /3 
Linear strip 

Linear strip+shift 

M 
0.23647 
0.24709 
0.25720 
0.25742 
0.26607 
0.26562 

Aß 
0 

1.062 x l 0 _ z 

2.073 XlO - 2 

2.095 XlO -* 
2.960 XlO -* 
2.915 XlO - 2 

7 
-

6.372 x l 0 ~ z 

6.219 x l 0 ~ z 

6.285 x l 0 _ z 

-
— 

value a\ — 6A/x « 0.18 to the coefficient giving the free 
energy per length of a strip of linear ground state (the 
factor of 6 comes from the fact tha t there is one strip per 
six horizontal lines). We will call such a strip a linear 
str ip defect. Comparing the two last results of Table III 
with the case of the uniform linear ground state in Ta­
ble II we can decompose the free energy of a linear strip 
into two terms. The first of them can be associated with 
the "bulk" free energy of the linear s tate inside the strip 
and the second can be related to the boundaries between 
the two types of ground states. 

C . L o w - t e m p e r a t u r e defects a n d phase t rans i t ions 

In contrast with the case o f / = 1 / 4 we now have to con­
sider two kinds of extended defects a t low temperature: 
the shifted strip defects [Fig. 2(b)] and the linear strip 
defects [Fig. 2(d)]. So we can calculate (numerically) the 
energies of the end points of each defect and estimate 
the characteristic temperatures in the same way as was 
done in Sec. U I C but using a value of m equal to 4.5 
(now the width of the strips is equal to 3 and their length 
can only be a multiple of 3/2) . The results are shown in 
Table IV. We obtain tha t the characteristic temperature 
Tti related to the linear str ip defects is lower than TtB 

related to the shifted strip defects. Thus although the 
lowest spin-wave free energy is for the defect of shifting 
type, the linear defects will be more numerous because 
of their lower defect end point energy. 

TABLE IV. / = 1 / 3 . Characteristics of the two kinds of 
strip defects appearing at low temperature. The concentra­
tion c is calculated with Eq. (14). It can be noted that al­
though a is not so small the approximation (Q < 1) we use 
to produce the definition of T. [Eq. (17)] is not relevant ac­
cording to the number of digits that are shown. 

Defect 
Shift, strip 
Linear strip 

a 
0.125 
0.18 

EQ 

0.18 
0.086 

(L) 
9 

6.5 

T. 
0.06 
0.03 

c(T = 0.03) 
0.31 XlO - 4 

1.08 XlO - 2 

c(T = 0.1) 
0.12 
0.38 

Nonetheless, the phase transition related to the dis­
appearance of the discrete ordering should be associated 
with agglomeration and merging of shifted strip defects 
because only proliferation of these defects is equivalent 
to intermixing of different hexagonal states while linear 
strip defects correspond to the appearance of metastable 
states of the other type (involving an additional bulk free 
energy). Therefore we should use Tts and not T»j as an 
estimate for the transition temperature although such es­
t imate would be less certain than for / = 1/4 due to the 
presence of the strip defects of the other type. 

But as for / = 1 / 4 we can still expect the hexagonal 
order to be destroyed at a logarithmically small temper­
ature . It can be noted tha t the estimated temperatures 
are lower than for / = 1 / 4 because of the lower defect end 
point energy. But even if the values of a are not so small, 
it is the zero energy domain walls tha t are responsible for 
the peculiar behavior leading to a temperature decrease 
of the phase transitions. 

So the discussion of the different scenarios of the phase 
transitions t ha t was made for / = 1 / 4 in Sec. U I C is 
also applicable for / = 1 / 3 . However, there may be two 
relevant differences between the two cases. First of all, 
the helicity modulus is likely to be more affected (at T ~ 
T,„) due to the two kinds of low-temperature defects and 
thus the transitions may appear in a different sequence. 
Second, the type of discrete degeneracy associated with 
the hexagonal ground state is not the same for bo th cases; 
thus the transitions may be of a different nature. 

Thus for bo th values of frustrations, the hexagonal or­
der is destroyed at an unusually low temperature tha t 
depends on the spin-wave free energy of the zero energy 
domain walls. The latter are, furthermore, responsible 
for the lower temperature of the drop of the helicity mod­
ulus. 

It is interesting to note tha t in contrast to the case 
of / = 1 / 4 , in the / = 1 / 3 model the accidental degener­
acy of the ground states will be removed if the form of 
the interaction is changed; tha t is, the higher harmonics 
are added to the interaction in Eq. (1). For example, in 
the superconducting wire network the effective interac­
tion function a t low temperature is very close to a piece-
wise parabolic function (with a periodicity of 2n). In 
tha t case the butterfly ground state of Fig. 2(g) will have 
the lowest energy. For / = 1/4 the accidental degeneracy 
cannot be removed by such a change of interactions. 

V. M O N T E C A R L O S I M U L A T I O N S 

In this section we discuss some snapshots we have 
taken during Monte Carlo simulations and compare our 
predictions with what has been seen in simulations made 
by the other authors. 

The striking feature of our shots (each from a 36 x 36 
site system) is the disappearence of the hexagonal or­
dering at temperatures close to our estimates of T» [cf. 
Figs. 3(a) and 3(c)]. Furthermore, the structure of the 
defects appearing at low temperature corresponds well to 
our analysis. In particular for / = 1 / 3 at T=O.03 ( « T„i) 
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FIG. 3. / = 1 / 4 . (a) Snapshot at T=O.1 close to T.. The segments linking the charges are a guide to the eye. We can spot two 

long defects. One of them runs through the whole lattice. The concentration c calculated with Eq. (14) is equal to 0.44 x 1O- . 
(b) / = 1 / 4 . Snapshot at T=O.25 greater than T.. The strip defects have broadened and we are not able to define clearly a 
main representative among the four hexagonal ground states. The concentration c calculated with Eq. (14) is equal to 0.46. (c) 
/ = 1 / 3 . Snapshot at T=O.03 close to T„/. We can mainly observe the presence of linear strip defects. Two shifted defects also 
occur but they are continued by linear ones which are likely to weaken the energy of their end points, (d) / = 1 / 3 . Snapshot at 
T=O.1 slightly greater than T.„. Numerous defects are present and the hexagonal order is lost. We can also observe the rare 
occurrence of the butterfly ground state that would involve a higher spin-wave free energy. 

mainly linear defects can be seen [Fig. 3(c)], whereas at 
T=O.1 bo th kinds of defects are present, al though they 
cannot easily be distinguished because of their high den­
sity [cf. Fig. 3(d)]. 

Although the concentration c evaluated using Eq. (14) 
and quoted in the figure captions for / = 1 / 4 and in Ta­
ble IV for / = 1 / 3 corresponds well to the shots observed 
close to T9 for bo th values of / , it is overestimated for 
higher T because the short-range interaction between the 
defects has not been taken into account. Obviously, the 
average length of the defects is equally overevaluated be­
cause we neglect the influence of the crossing energy of 
the defects. For / = 1 / 4 we have found numerically tha t 
the crossing energy is twice the defect end point energy. 
For / = 1 / 3 , it depends on the particular type of defect 
crossing. 

However, in several shots taken a t low temperatures we 
have seen a strip defect going through the whole lattice 
[cf. Fig. 3(a)]. Such a defect has an abnormally low 
energy because of the lack of defect end points. This is a 
finite size effect tha t could deeply per tu rb the behavior 
of the system in the numerical simulations. Indeed such 
a defect has no energy dependence on the strip width 

(note tha t this is not t rue for the linear strip defect for 
/ = 1 / 3 ) . So if the system size is not much larger than 
the typical size of the defects, the abnormal defect could 
take on too much statistical importance. 

Finally, for both values of frustrations the hexagonal 
order seems clearly destroyed on the shots corresponding 
to a temperature larger than T, in agreement with our 
predictions [see Fig. 3(b) for / = 1 / 4 at T = 0.25, and see 
Fig. 3(d) for / = 1 / 3 at T=0.1] . 

The Monte Carlo simulations on the triangular lattice 
made by Shih and Stroud 3 and by Kim, Lee, and Choi9 

(up to sizes of 256x256 for / = 1 / 4 ) indicate tha t the 
phase transitions occur at an unusually low temperature 
for the frustrations / = 1 / 4 and / = 1 / 3 . These tempera­
tures correspond well to our analysis. Indeed for / = 1 / 4 
a maximum of the specific heat has been observed at 
T ~ 0.15 and this corresponds to the temperature of the 
proliferation of kinks we have estimated. The helicity 
modulus observed a t this temperature seems to be larger 
than its critical value, but this is not conclusive because 
strong finite size effects are also observed even in large 
systems. Anyway, it drops at lower temperature than in 
any studied frustrated XY model without accidental de-
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generacy. As for / = 1 / 3 , the helicity modulus drops at a 
temperature even lower than for / = 1 / 4 ; this is as well in 
accordance with our conclusions. 

Quite generally, it is rather difficult to study numeri­
cally the nature of the phase transitions in the XY model 
with accidental degeneracy because system sizes much 
larger than the typical size of the strip defect are needed 
to observe the destruction of the discrete ordering and 
still larger scales would be involved if one is interested 
in investigation of the mutual influence of two types of 
disordering. Therefore it may be rather difficult even to 
distinguish whether one single or two separate transitions 
take place. 

VI. CONCLUSION 

We have investigated the XY model on the triangular 
lattice for / = 1 / 4 and / = 1 / 3 . Both values of the frustra­
tion manifest an infinite discrete degeneracy and a wide 
variety of the ground states which are related to each 
other not by the symmetries of the lattice but by the 
possibility of the construction of the special zero energy 
domain walls. This feature is the cause of the unexpected 
behavior which has been seen in numerical simulations. 

At an arbitrarily small temperature the infinite de­
generacy is removed by the spin-wave free energy, and 
in both cases studied the most favorable state is the 
one with the hexagonal symmetry (which is the high­
est degree of symmetry possible). The low free energy of 
the spin waves results in the unusual anisotropic form 
of the typical defects at low temperatures. Our low-
temperature analysis allows us both to understand what 
low-temperature defects should be observed in numerical 
simulations and to obtain an estimate for the character­
istic temperature below which nothing relevant should 

1 For a review see Proceedings of the NATO Advanced Re­
search Workshop, Delft, 1987, edited by J. E. Mooij and 
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(1986); R. Théron, J. B. Simond, J. L. Gavilano, Ch. Lee-

happen. At slightly higher temperature, but still small 
in comparison with critical temperatures for the other 
values of frustration (of the form f=p/q with some small 
q) devoid of zero energy domain walls, both the hexago­
nal order associated with the discrete degeneracy of the 
hexagonal ground state and the XY quasi-long-range or­
der are likely to be destroyed. However, we cannot draw 
any precise conclusions about the nature of the phase 
transitions. We have discussed various scenarios for the 
temperature behavior and pointed out some differences 
between / = 1 / 4 and / = 1 / 3 which could be relevant for 
the phase transitions of these systems. 

Our analysis is supported by the results of Monte Carlo 
simulations. In the experimental situation the implica­
tions of the accidental degeneracy could be more diffi­
cult to observe because the details of the particular sys­
tem can be important. As an example, the accidental 
degeneracy of the ground state can be removed by a 
small difference of the form of the phase-phase interac­
tion (as happens for / = 1/3). Nevertheless, even if 
this degeneracy is removed, it is likely that an abnormal 
number of metastable states with low energy will per­
sist, which could again be responsible for more numerous 
low-temperature excitations being possibly less mobile 
than other defects, since (around the critical tempera­
tures) they would imply a more complex structure than 
usual. So it seems possible that a peculiar frequency be­
havior might be seen in dynamical measurements10 on 
superconducting networks and arrays corresponding to 
an XY model with accidental degeneracy. 
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