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Abstract
This thesis consists of four main chapters. Chapter 2, An introduction to the Chekanov
torus, is an expository article introducing all the concepts necessary to define and under-
stand the Chekanov torus. We give a detailed introduction to Hamiltonian circle actions,
symplectic reduction, lifting techniques and versal deformations and show how those can
be used to show that the Chekanov torus is exotic. Chapter 3, On the topology of real
Lagrangians in toric symplectic manifolds, is a joint article with Joontae Kim and Jiyeon
Moon focusing on constructing examples of real Lagrangian submanifolds in toric man-
ifolds by lifting symmetries from the moment polytope. We also prove convexity and
tightness for the examples we construct and give an analogue of the Delzant construc-
tion. Chapter 4, Real Lagrangian tori and versal deformations, is an article focusing
on obstructions for a given Lagrangian submanifold to be real and is, in some sense,
complementary to Chapter 3. We develop a general obstruction in terms of versal defor-
mations and displacement energy and apply this to toric fibres and Chekanov tori in toric
manifolds. Chapter 5, Squeezing via degenerations of the complex projective plane, is an
appendix to the paper On certain quantifications of Gromov’s non-squeezing theorem by
Kevin Sackel, Antoine Song, Umut Varolgunes and Jonathan J. Zhu. We prove that the
symplectic four-ball can be squeezed after removing a subset of Minkowski dimension two.

Keywords: Symplectic topology, Lagrangian submanifolds, Toric geometry, Dis-
placement energy, Versal deformations, Exotic tori
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Résumé
Cette thèse consiste en quatre chapitres. Chapitre 2, An introduction to the Chekanov
torus, est un article d’exposition introduisant tous les concepts nécessaires pour définir le
tore de Chekanov. On donne une introduction détailée aux actions Hamiltoniennes d’un
cercle, à la réduction symplectique et aux déformations versales tout en montrant com-
ment combiner ces outils pour montrer que le tore de Chekanov est exotique. Chapitre 3,
On the topology of real Lagrangians in toric symplectic manifolds, est un article avec
Joontae Kim and Jiyeon Moon qui donne une construction de sous-variétés Lagrangien-
nes réelles dans les variétés toriques par relèvement de symétries du polytope moment.
Nous discutons également certaines propriétés des exemples construits et donnons un
analogue de la construction de Delzant. Chapitre 4, Real Lagrangian tori and versal de-
formations, est un article centré autour d’obstructions à une Lagrangienne d’être réelle et,
dans ce sens, Chapitre 4 est complémentaire à Chapitre 3. On donne un critère général
que l’on applique par la suite aux fibres toriques et aux tores de Chekanov dans les var-
iétés toriques. Chapitre 5, Squeezing via degenerations of the complex projective plane,
est un appendice à l’article On certain quantifications of Gromov’s non-squeezing theo-
rem par Kevin Sackel, Antoine Song, Umut Varolgunes et Jonathan J. Zhu. On montre
que la boule symplectique de dimension quatre privée d’un sous-ensemble de dimension
de Minkowski deux peut être plongé dans un cylindre de rayon inférieur à celui de la boule.

Mots-clé: Topologie symplectique, Sous-variétés Lagrangiennes, Géométrie torique,
Énergie de déplacement, Déformations versales, Tores exotiques
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1 Introduction
The main chapters of this PhD thesis consist of four works completed during my PhD at
Université de Neuchâtel under the guidance of Prof. Felix Schlenk.

Chapter 2, An introduction to the Chekanov torus, is an introductory article accom-
panying a set of lectures given in the GGTI online lectures organized by the Gökova
Geometry and Topology Institute in August 2021. This introductory article has been ac-
cepted for publication in Proceedings of the 27th Gökova Geometry-Topology Conference.

Chapter 3, On the topology of real Lagrangians in toric symplectic manifolds, is a
joint article with Joontae Kim and Jiyeon Moon focusing on constructing examples of
real Lagrangian submanifolds. It has been accepted for publication in Israel Journal of
Mathematics.

Chapter 4, Real Lagrangian tori and versal deformations, is an article about real La-
grangian submanifolds as well, but it focuses on obstructions to such embeddings instead
of constructions. Hence it uses quite different methods. This article has been condition-
ally accepted for publictation in Journal of Symplectic Geometry.

Chapter 5, Squeezing via degenerations of the complex projective plane, is an article
about certain quantitative questions surrounding Gromov’s non-squeezing theorem. It
will appear as an appendix to the paper On certain quantifications of Gromov’s non-
squeezing theorem by Kevin Sackel, Antoine Song, Umut Varolgunes and Jonathan J. Zhu
which has been conditionally accepted for publication in Geometry & Topology.

A detailed introduction to each of these works can be found at the beginning of the
corresponding chapter. Here we will give a broad introduction to these research questions
with special focus on their context inside the larger world of symplectic geometry and on
how the research questions are linked to each other.

1.1 Some classical mechanics
Symplectic geometry is the study of geometric and topological features of a manifold M
equipped with a closed non-degenerate differential two-form ω. The study of these man-
ifolds is historically motivated by classical mechanics. Let us briefly explain this. A
(holonomic) mechanical system consists of the data (Q, V ), where Q is a smooth mani-
fold called configuration space and V : Q → R is a smooth function giving the potential
on that configuration space. Examples of configuration spaces are:

• A particle in space, Q = R3;

• Several particles in space, Q = R3 × . . .×R3. Note that if we want to prevent these
particles from colliding, then we need to remove subspaces of the form xi = xj,
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where xi, xj ∈ R3 are the position vectors of the corresponding particles;

• the pendulum constrained to a plane, Q = S1 or the pendulum freely moving in
three-space Q = S2;

• the double pendulum, Q = S1 × S1.

The potential function V : Q → R depends on the problem under consideration and it
is the piece of data encoding the dynamics of the system. We can think for example of a
homogeneous gravitational force field induced by the potential V (q1, q2, q3) = q3 acting on
a point particle (Q = R3). Applying Newton’s equation of motion (assuming our particle
has unit mass),

q̈ = −∇V (q), (1.1.1)
we know from high-school that this particle will trace out a parabola contained in a
plane. However, we quickly run into trouble when moving on to more complicated exam-
ples, such as the pendulum. It is the same problem as in R3, but restricted to S2 ⊂ R3.
We see that the force field isn not everywhere tangent to the sphere to which our par-
ticle is constrained. These constraints are quite tricky to handle when using Newton’s
equation (1.1.1). Fortunately, there is a trick allowing us to set up the problem more
intrinsically. The idea is essentially to view the velocity (or momenta, to be more precise)
as additional variables subjected to a differential equation of their own. More precisely,
we replace Newton’s equation by a system of equations{

q̇ = p

ṗ = −∇V (q),
(1.1.2)

where (in the above example) q is the coordinate on the sphere S2. Setting

H(q, p) = 1
2∥p∥2 + V (q), (1.1.3)

the equations of motion are given by{
q̇ = ∂pH

ṗ = −∂qH.
(1.1.4)

This is the Hamiltonian formalism in classical mechanics. The functionH defined by (1.1.3)
is called the Hamiltonian (function) and it measures the total energy of the system.

Let us take this even further and reformulate the equations of motion using differential
forms. Formally, our process of adding the variables p given by the momenta corresponds
to passing to the cotangent bundle T ∗Q. This is also called the phase space of the system.
The phase space carries a canonical differential two-form given by

ω =
∑
i

dqi ∧ dpi, (1.1.5)

where q = (q1, . . . , qn) is a chart on Q and p = (p1, . . . , pn) is the associated fibre chart
for T ∗Q. Indeed, one can check that this form is independent of the choice of coordinates.



1.2 What is symplectic geometry? 3

It is called the canonical two-form on T ∗Q and it is an example of a symplectic form. The
equations of motion can now be written very compactly as,

dH = ι(X)ω, (1.1.6)

where X ∈ Γ(TQ) is a vector field whose flow reproduces the dynamics of the classical
system at hand. Note that (1.1.6) defines a unique vector field since ω is non-degenerate,
meaning that the map Y 7→ ι(Y )ω induces a bundle isomorphism TQ → T ∗Q. Note
furthermore that ω is an exact differential form, meaning that it can be written as ω = dλ,
where λ is a differential one-form. In the general setting, as it turns out, it is enough
to ask the symplectic form to be locally the differential of a one-form, i.e. to be closed
instead of exact.

Definition 1.1.1. A symplectic manifold is a smooth manifold M equipped with a closed,
non-degenerate two-form ω.

The non-degeneracy of the symplectic form implies that symplectic manifolds are
even-dimensional. In the above construction this was automatic, since for each spacial
coordinate qi we added precisely one momentum coordinate pi. The group of diffeomor-
phisms preserving the symplectic form under pull-back is called the group of symplecto-
morphisms and we denote it by Symp(M,ω). Note that the equation (1.1.6) makes sense
on any symplectic manifold and for any smooth function H : M → R. The flow of a
vector field obtained by (1.1.6) is called autonomous Hamiltonian flow. More generally,
we can consider flows of time-dependent vector fields defined by time-dependent families
of Hamiltonian functions Ht (by abuse of terminology, this is again called a Hamiltonian
function). The set of time-one maps of time-dependent Hamiltonian flows is a group,
called the group of Hamiltonian diffeomorphisms. We will denote it by Ham(M,ω).
Hamiltonian diffeomorphisms preserve the symplectic form and hence there is an inclu-
sion Ham(M,ω) ⊂ Symp(M,ω).

1.2 What is symplectic geometry?
Liouville’s Theorem from classical mechanics states that Hamiltonian flows t 7→ ϕt pre-
serve the canonical volume form on phase space,

ϕ∗
t vol = vol, vol = dq1 ∧ dp1 ∧ . . . ∧ dqn ∧ dpn. (1.2.7)

This theorem immediately follows from the formulation of Hamiltonian mechanics in terms
of symplectic forms. Indeed, the volume form can be written as

vol = 1
n! (ω ∧ . . . ∧ ω), (1.2.8)

and therefore Liouville’s theorem follows from the fact that Hamiltonian flows preserve
the symplectic form. In other words, the symplectomorphisms are contained in the group
of volume-preserving diffeomorphisms,

Ham(M,ω) ⊂ Symp(M,ω) ⊂ Diffω∧n(M). (1.2.9)
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This raises the following question.

How big a difference is there between symplectic and volume-preserving diffeomorphisms?

One answer to this question was given by Gromov in his celebrated non-squeezing theo-
rem. We equip the vector space R2n = {(x1, y1, . . . , xn, yn)} with the standard symplectic
form ω0 =

∑
i dxi ∧ dyi. Note that this is the same as taking T ∗Rn with the symplectic

form (1.1.5). By B2n(R) we denote the ball of radius R > 0 and by Z2n = {x2
1 + y2

1 < 1}
we denote the cylinder obtained by taking the coordinate pair (x1, y1) to lie in the unit
disk.

Theorem 1.2.1 (Gromov non-squeezing). If R > 1, then there is no symplectomor-
phism ϕ ∈ Symp(R2n, ω0) such that ϕ(B2n(R)) ⊂ Z2n.

Note that this is in stark contrast with the volume preserving case. Indeed, there
is even a linear volume preserving map which squeezes a ball of arbitrarily large radius
into Z2n, obtained for example by scaling x1, y1 by some small enough 0 < α < 1 at the
cost of scaling one of the remaining coordinates by α−2.

This is the first occurrence of the phenomenon of symplectic rigidity. We (quite
vaguley) define symplectic rigidity as

A phenomenon which occurs in the smooth world, but not in the symplectic world.

Gromov’s theorem tells us that the ball can be squeezed in the smooth world but not in
the symplectic one. We will encounter different flavours of symplectic rigidity throughout
this introduction, most of which are related to a certain type of submanifolds of symplectic
manifolds, called Lagrangians. Symplectic rigidity results are interesting due to the fact
that the group of symplectic transformations is somewhat ill-understood1 and rigidity
results tell us something about the size of the group of Symp(M,ω), namely that it is
smaller than Diff(M) in some geometrically meaningful way.

1.3 Squeezing after removing a subset
Before moving on to Lagrangian submanifolds, let us stick to Gromov’s non-squeezing
theorem and discuss a related question, to which Chapter 5 of this thesis is dedicated.
The following discussion is mainly based on [SSVZ21]. It is very natural to ask

What subset do we need to remove from the ball such that it can be squeezed?

Formally, we want to know something about sets Σ ⊂ B2n(R) such that there is a sym-
plectomorphism ϕ for which

ϕ(B2n(R) \ Σ) ⊂ Z2n. (1.3.10)
Obviously, this question is interesting only if R > 1. A naive guess may be to try to
quantify the volume one has to remove in order for squeezing to take place. However,
Katok has shown the following.

1Its topology is explicitely determined only in a handful of examples, see for example the discussion in
McDuff–Salamon [MS17, Section 10.4]
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Theorem 1.3.1 (Katok [Kat73]). Let R > 0. For every ε > 0, there is a symplectomor-
phism ϕ such that ϕ(B2n(R)) \ Z2n has volume smaller than ε.

Again, we realize that volume considerations do not lead us to the heart of the matter.
Strikingly, it suffices to remove a set of half the dimension of the ball in order to make
squeezing possible. Let P be the (x1, x2)-plane in R4 = {(x1, y1, x2, y2)}.

Theorem 1.3.2 (Sackel–Song–Varolgunes–Zhu [SSVZ21]). There is a symplectomor-
phism ϕ of (R4, ω0) such that ϕ(B4(2) \ P ) ⊂ Z4.

Furthermore, the following remarkable theorem appears in the same paper.

Theorem 1.3.3 (Sackel–Song–Varolgunes–Zhu [SSVZ21]). Let R > 1 and let Σ ⊂ B4(R)
such that there is a symplectomorphism ϕ with ϕ(B4(R)\Σ) ⊂ Z4. Then Σ has Minkowski
dimension at least two.

Note that Theorem 1.3.2 shows that the bound on dimension from Theorem 1.3.3 is
optimal. A natural quantitative question imposes itself.

By how much can we squeeze if we allow ourselves to remove a subset of Minkowski
dimension two?

More precisely, we would like to know for which R > 1 there is a subset Σ ⊂ B4(R) of
Minkowski dimension two and a symplectomorphism ϕ such that ϕ(B4(R) \ Σ) ⊂ Z4.
In the first version of their preprint, Sackel–Song–Varolgunes–Zhu conjectured that one
cannot do better than R = 2. However, we could prove the following.

Theorem 1.3.4 (B. Theorem 5.1.1). For every R < 3, there is a set Σ ⊂ B4(R) of
Minkowski dimension two such that B4(R) \ Σ symplectically embedds into Z4.

This theorem is the topic of Chapter 5 of this thesis. We construct a sequence of sub-
sets Σ and corresponding embeddings which achieve an increasing sequence of squeezing
factors {Rn}n∈N with Rn → 3. The first non-trivial squeezing of this sequenze reproduces
Theorem 1.3.2. Furthermore, the members of the sequence of squeezings are in bijection
with the so-called Markov triples, i.e. natural numbers a, b, c ∈ N solving the Markov
equation,

a2 + b2 + c2 = 3abc. (1.3.11)
This is not the first occurence of Markov triples in symplectic geometry around related
questions, see for example Galkin–Usnich [GA10], Hacking–Prokhorov [HP10], Vianna [Via16,
Via17] and Evans–Smith [ES18]. See Section 5.1 for a more detailed account. Let us finish
this discussion with the following natural question which is, as of now, wide open.

Question 1.3.5. What is the supremum over all R > 1 for which there is a subset Σ ⊂
B4(R) of Minkowski dimension two and a symplectomorphism ϕ such that ϕ(B4(R)\Σ) ⊂
Z4? Is it finite?
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1.4 Lagrangian submanifolds
Gromov’s theorem 1.2.1 is the first result exhibiting symplectic rigidity. By now, sym-
plectic rigidity has been detected in many different contexts. One of the most prominent
examples is intersection rigidity for Lagrangian submanifolds.

Definition 1.4.1. A submanifold L ⊂ (M,ω) is called Lagrangian if it has half the
dimension of M and ω vanishes on TL.

By intersection rigidity, we mean that L ⊂ M has self-intersections which cannot be
removed by Hamiltonian isotopies,

L ∩ ϕ(L) ̸= ∅, for all ϕ ∈ Ham(M,ω). (1.4.12)

The striking fact here is that L has only half the dimension of the ambient space
and still (1.4.12) holds. A Lagrangian submanifold for which (1.4.12) holds is called
non-displaceable. Let us emphasize that we are interested in cases where L is smoothly
displaceable (this is for example the case when its normal bundle is trivial) since then
Hamiltonian non-displaceability is an honest symplectic rigidity phenomenon.

As it turns out, we can attach symplectic information to a Lagrangian submanifold L,
even if it is displaceable. The idea is to quantify how much energy is needed to displace L
by a Hamiltonian isotopy. This quantification is given in terms of the so-called Hofer
geometry on the group of Hamiltonian diffeomorphisms. Let A ⊂ M be any subset of M .
Then we can define the displacement energy by

e(M,A) = inf
{

∥H∥
∣∣ϕH1 (A) ∩ A = ∅

}
, (1.4.13)

and set e(M,A) = ∞ if A is not displaceable, i.e. if the infimum is taken over the empty
set. By ϕH1 we have denoted the time-one map of the Hamiltonian flow associated to the
(time-dependent) Hamiltonian H and by ∥ · ∥ the Hofer norm, see for example (2.5.100).
We discuss some details surrounding displacement energy in Section 2.5 and in Section 4.2.
For a detailed account, see also the classic book by Polterovich [Pol01]. Displacement
energy is a symplectic invariant and hence it can be used to distiguish subsets up to sym-
plectomorphism. This leads us to another symplectic rigidity phenomenon for Lagrangian
submanifolds.

Definition 1.4.2. Let L,L′ ⊂ M be Lagrangian submanifolds. We say that L,L′ are
symplectically equivalent if there is a symplectomorphism mapping L to L′.

Let us look at a family of examples in the symplectic vector space (R4, ω0), called
product tori,

T (a1, a2) = {(x1, y1, x2, y2) ∈ R4 | π(x2
1 + y2

1) = a1, π(x2
2 + y2

2) = a2}. (1.4.14)

For every pair (a1, a2) ∈ R2
>0, this defines a Lagranian torus in R4. Product tori have been

classified by Chekanov [Che96]. Two tori T (a1, a2) and T (b1, b2) are symplectically equiva-
lent if and only if (a1, a2) = (b1, b2) up to permutation. On the other hand, all T (a1, a2) are
smoothly isotopic. This means that this is yet another symplectic rigidity phenomenon.
Let us push this line of inquiry a bit further and ask,
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Is there any Lagrangian torus in R4 which is not symplectically equivalent to any of the
product tori?

This question was open for some time until Chekanov constructed the first example
of such a torus in [Che96]. A torus which is not symplectically equivalent to a member
of a set of standard tori (e.g. product tori) is called exotic. The construction and study
of exotic tori is a very active field of research, see for example Chekanov–Schlenk [CS10,
CS16], Galkin–Usnich [GA10], Auroux [Aur15], Vianna [Via16, Via17]. In terms of full
classification of such Lagrangian submanifolds, very little is known. For example, it is not
known whether there is another exotic torus in R4 distinct from Chekanov’s example.

Let us briefly discuss versal deformations. This technique was used by Chekanov [Che96]
in order to distiguish the product tori and show that the example he constructed is ex-
otic. In Chapter 2 and Chapter 4, we heavily rely on this technique. The main idea of
versal deformations is to strengthen an invariant of Lagrangian submanifolds by evalu-
ating it on neighbouring Lagrangians. For example, say we wanted to distinguish the
product torus T (1, 1) from Chekanov’s exotic torus. Unfortunately, these tori have the
same displacement energy. However, displacement energy as a function on the space of
Lagrangians behaves locally differently on the Chekanov torus than it does on T (1, 1)
and thus distiguishes the two tori. The crucial ingredient for versal deformations is Wein-
stein’s neighbourhood theorem, which states, roughly speaking, that if two Lagrangian
submanifolds are diffeomorphic, then they have symplectomorphic neighbourhoods. This
fact is striking. Not only does it mean that the topology (i.e. the normal bundle) of
a Lagrangian embedding is determined by the intrinsic topology of the Lagrangian, it
also means that there are no local symplectic invariants attached to Lagrangian subman-
ifolds beyond its diffeomorphism type. Since any smooth manifold L sits as a Lagrangian
submanifold given by the zero section in its cotangent bundle T ∗L (equipped with the
symplectic form (1.1.5)), Weinstein’s theorem implies in particular that locally we can
always think about cotangent bundles. With this in mind, we can give a good description
of the Lagrangian neighbours of a fixed Lagrangian submanifold L. Indeed, C1-small
Lagrangian perturbations of L correspond to the graphs of closed one-forms in T ∗L and
two such graphs are Hamiltonian isotopic if and only if the difference of their one-forms
is exact. In other words, it follows from de Rham cohomology that the space of local La-
grangian perturbations up to locally supported Hamiltonian isotopies is isomorphic to the
first cohomology H1(L;R). Since any symplectic invariant (such as dispacement energy)
is in particular invariant under Hamiltonian isotopies, this yields a well-defined function
defined on a neighbourhood U of 0 ∈ H1(L;R),

H1(L;R) ⊃ U → R ∪ {∞} (1.4.15)

Chapter 2 deals with these matters in depth. To finish this discussion and pivot to
the topic of the next sections, let us state the following result which we prove in Chapter 4
using versal deformations and displacement energy.

Theorem 1.4.3 (B. Proposition 4.5.6). Let (M,ω) be a monotone toric symplectic man-
ifold satisfying property FS. Then M contains an exotic monotone Lagrangian torus.

Before discussing toric manifolds in 1.6, we introduce Hamiltonian group actions in
the next section.
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1.5 Hamiltonian group actions
Let us return to classical mechanics for a bit. A very important method to understand a
dynamical system in mechanics is by finding integrals of the system. By integrals, we just
mean preserved quantities. Having a preserved quantity is obviously a very useful feature
for a dynamical system to have; indeed, let F : M → R be a function which is constant
along the solutions of a certain mechanical system. Instead of looking for solutions of the
system in all of M , we can restrict our attention to the level sets F−1(c) ⊂ M and try to
understand the system on these level sets.

Combining the fact that systems from classical mechanics are Hamiltonian (i.e. of the
form (1.1.6)) with some symplectic geometry, this casual remark can be turned into a
poweful technique. Let (M,ω) be a symplecic manifold (for example a phase space M =
T ∗Q) and H : M → R a smooth function (for example the total energy of a mechanical
system as in (1.1.3)). We obtain the associated Hamiltonian system by integrating the
vector field XH defined by (1.1.6). Now suppose that we have an integral, i.e. another
function F which is constant along the solutions of the Hamiltonian system. This is
equivalent to dF (XH) = 0. Here something very interesting happens, namely we can
rewrite this as

0 = dF (XH) = (ι(XF )ω)(XH) = ω(XF , XH) (1.5.16)
Here we have used (1.1.6) for the function F , which defines the Hamiltonian vector fieldXF

associated to F . The point is that the right hand side of (1.5.16) puts F and H on equal
footing. In other words, using the anti-symmetry of ω and doing the inverse development,
we find that F is preserved under the Hamiltonian flow of H if and only if H is preserved
under the Hamiltonian flow of F . The expression ω(XF , XH) is called the Poisson bracket
of F and H and denoted by {F,H}. From (1.5.16), we can for example deduce conserva-
tion of energy for time-independent Hamiltonians H. Indeed, the Poisson bracket {H,H}
vanishes by anti-symmetry and from this we deduce that H is preserved under its own
Hamiltonian flow.

Let us assume something stronger than the existence of an integral F , namely assume
that the Hamiltonian flow of F is one-periodic. This means that we get an induced S1 =
R/Z-action on (M,ω). As mentioned above, the dynamics of H is constrained to level
sets F−1(c), but furthermore we have found out that H is constant along the (S1-) orbits
of F and hence H descends to a function Hc on the quotient

Mc = F−1(c)/S1, Hc : Mc → R. (1.5.17)

Under some mild conditions, the space Mc is a manifold. Actually, one can prove that
whenever Mc is a manifold, then it is a symplectic manifold with a symplectic form ωc
naturally induced by ω. This procedure is called symplectic reduction. To summarize, we
have started with a Hamiltonian system (M,ω,H) on a symplectic 2n-manifold which has
an S1-symmetry and we have produced a reduced Hamiltonian system (Mc, ωc, Hc) on a
symplectic manifold of dimension 2n−2. In many situations, this reduced system is much
easier to understand than the original one and solutions of the reduced system can be
lifted back to the original space. Note also that a certain version of Noether’s theorem is
built into this formalism; if F generates a symmetry of the system, then F is a preserved
quantity of the system. We refer to Section 2.2.7 for more details and to Section 2.2.8 for
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a detailed example.
Symplectic reduction can be carried out in a much more general setting, namely for

Hamiltonian group actions by compact Lie groups. Throughout this thesis, we crucially
use the interplay of the geometry of reduced spaces with the geometry of the total space.
See for example Section 2.3 and Section 4.3. Roughly speaking, there is usually some kind
of correspondence between symplectic objects (Lagrangian submanifolds, Hamiltonian
flows,...) in the reduced space and S1-invariant/equivariant objects in the total space.

Let us illustrate the usefulness of the above discussions by a classical example.

Remark 1.5.1 (Clairaut’s relation). Clairaut’s relation states that there is a preserved
quantity along the geodesics on a surface of revolution. In general, the geodesic flow on
a Riemannian manifold (Q, g) corresponds to the Hamiltonian flow on T ∗Q generated by
the Hamiltonian of a free particle (meaning vanishing potential V (q) = 0),

H(q, p) = 1
2∥p∥2

g. (1.5.18)

In other words, the dynamics of geodesic flows is a special case of Hamiltonian dynamics.
Now let Q ⊂ R3 be a surface of revolution equipped with the restriction of the ambient
metric. The geodesic system arising in this way has an obvious S1-symmetry inherited
from the S1-symmetry of Q, namely the one by rotation around the axis that has swept
out the surface of revolution. This rotation turns out to be a Hamiltonian S1-symmetry,
generated by the Hamiltonian function G(q, p) = p(∂ϑ), where ∂ϑ ∈ Γ(TQ) is the vector
field generating the rotation. Since dH(XG) = 0, we deduce from (1.5.16) that G is
preserved under the Hamiltonian flow of H. The function G is Clairaut’s integral. Not
only have we gotten the insight that Clairaut’s relation just comes from the obvious
symmetry of the setup, we also have a recipe for finding a formula for the integral: It is
just the Hamiltonian generating the symmetry.

1.6 Toric manifolds
Most of the results presented in this thesis are statements about a certain type of sym-
plectic manifolds, called toric manifolds. There are many different approaches to toric
manifolds, see for example [CdS03], [Aud04] or [Eva21]. We will give a definition in terms
of Hamiltonian group actions which is motivated by integrable systems in classical me-
chanics.

Let (M,ω,H) be a Hamiltonian system on a 2n-dimensional manifold. Let F1, . . . , Fn
be a set of pairwise commuting Hamiltonians, all of which commute with H. In the
language of 1.5, this means that H has lots of integrals. For this to be meaningful, we
need to assume that the functions Fi are independent in some way. Otherwise, we may
choose F1 = . . . = Fn = H, which would be silly. Let us assume for example that
the map F = (F1, . . . , Fn) : M → Rn has a regular value c ∈ Rn. Then F−1(c) is a
manifold and any integral curve of XH which intersects F−1(c) is contained in F−1(c).
This follows from the fact that Fi is constant along the flow of H. In fact, one can
show that H can be written as a function of the Fi, meaning that n is the maximal
number of independent commuting functions on a 2n-dimensional manifold. If we assume
furthermore that F−1(c) is compact and connected, then the Arnold–Liouville theorem
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completely describes the geometry and the dynamics close to F−1(c). It claims that the
preimage F−1(c) is diffeomorphic to the torus T n and that it has a neighbourhood which
is symplectomorphic to T n × V = (R/Z)n × V = {(αi, xi)}, where V is an open subset
of Rn, equipped with the symplectic form

∑
i dαi∧dxi. Furthermore, this diffeomorphism

preserves the fibres of the map F , meaning that the space M is fibred by invariant tori in a
neighbourhood of F−1(c). The xi are called action coordinates and the αi are called angle
coordinates. Summarizing the above, we get a complete understanding of the Hamiltonian
flow of H. We can write H = h(x1, . . . , xn) as a function of the action coordinates and,
using the normal form of the symplectic form, we find that its Hamiltonian flow is given
by

ϕt(α1, . . . , αn, x1, . . . , xn) =
(
α1 + t

∂h

∂x1
, . . . , αn + t

∂h

∂xn
, x1, . . . , xn

)
. (1.6.19)

Note that this is a linear translation in the torus component by a translation vector which
depends on the action coordinates x1, . . . , xn. Let µi : U → R be the projection to the i-th
action coordinate, where U denotes a neighbourhood of F−1(c). Then every µi generates
a Hamiltonian S1-action and these circle actions commute, which implies that they fit
together to yield an action of the torus T n = S1 × · · · × S1 on U . If the system µi of
commuting Hamiltonian circle actions extends globally, then we call the resulting torus
action by composition of Hamiltonian flows a Hamiltonian torus action.

Definition 1.6.1. A compact symplectic 2n-manifold (M,ω) is called toric if it admits
an effective Hamiltonian T n-action.

In other words, toric symplectic manifolds are compact symplectic manifolds which
admit global action-angle coordinates. Locally, action-angle coordinates always exist, but
the condition that they extend globally imposes severe topological restrictions, as we shall
see below. See Duistermaat [Dui80] for an excellent discussion of action-angle coordinates
and the extension question.

The map µ = (µ1, . . . , µn) : M → Rn whose components are the Hamiltonian functions
generating the circle actions is called moment map. Moment maps of Hamiltonian torus
actions have surprising geometric features. The Atyiah/Guillemin–Sternberg theorem
shows that their image is always a rational polytope ∆ ⊂ Rn spanned by the image of
the fixed points of the torus action. In the toric case, i.e. the case where the torus which
acts has half the dimension of the ambient manifold, Delzant [Del88] showed that ∆ ⊂ Rn

is a very special kind of polytope (called Delzant polytope) and showed that (M,ω) is
actually classified by its Delzant polytope up to T n-equivariant symplectomorphisms, see
Theorem 2.6.3 for a precise statement. Note however that we have some freedom in
choosing how to get to the Delzant polytope ∆ ⊂ Rn. For instance, we can add constants
to Hamiltonian functions without changing their flow, meaning ∆ is determined only up
to translations. We may also change the basis we choose in the torus T n acting on the
toric manifold. As it turns out, this is the only freedom which is allowed. Therefore the
group of integral affine transformations

Affn Z = GL(n;Z) ⋉Rn (1.6.20)

naturally acts on the base of µ : M → Rn. Delzant’s classification result gives rise to the
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following correspondence

Symplectic geometry of (M,ω) ↔ Integral affine geometry of ∆ ⊂ Rn.

This opens up a playground on which one can play around with symplectic invariants
and see to which properties of the polytope they correspond. The latter are usually much
easier to handle and read off than the former. In the next section we discuss an instance
of this for displacement energy of toric fibres.

1.7 Toric fibres and their displacement energy
The orbits of toric T n-actions are tori on which the symplectic form vanishes (isotropic
submanifolds). There is an open and dense set in M – corresponding to the interior of the
moment polytope – in which the orbits are of maximal dimension n meaning that they
are Lagrangian submanifolds.

Definition 1.7.1. Let (M,ω) be a toric symplectic manifold with moment map µ : M →
∆. A Lagrangian torus of the form T (x) = µ−1(x) for x ∈ int ∆ is called a toric fibre.

Recalling the discussion in 1.4, we note that toric fibres in toric manifolds are the
analogue of product tori in R2n. We now understand the word exotic in Theorem 1.4.3.
It means that there is a Lagrangian torus which is not symplectically equivalent to a toric
fibre. The symplectic topology of toric fibres is a well-studied topic, see for example the
monumental work by Fukaya–Oh–Ohta–Ono [FOOO16] or Woodward [Woo11]. For us,
there are two main facts which make the study of toric fibres via the method combining
versal deformations with displacement energy (see (1.4.15)) quite accessible.

1. The versal deformation of a toric fibre is obvious. Indeed, we get a natural n-
dimensional family of nearby Lagrangians by varying the base point of the toric
fibration, and this family indeed yields a versal deformation. See for example 4.4.

2. The displacement energy of toric fibres can be computed in many cases.

Let us elaborate on the second point, which is somewhat subtle. We are interested in
understanding the function

e∆ : int ∆ → R ∪ {∞}, x 7→ e(M,T (x)), (1.7.21)

which associates to every point in int ∆ the displacement energy of the corresponding
toric fibre. In 4.3.2, we find that e∆ is bounded from below by the piece-wise linear
function x 7→ d∆(x) which measures the integral affine distance of a point x ∈ int ∆ to
the boundary of ∆, see Proposition 4.3.2. This is proved by using the Delzant construction
and the computation of the displacement energy of product tori in CN . Let us emphasize
that this bound holds for all toric manifolds.

However, this bound fails to be optimal in many cases. For example, in [FOOO16]
it is shown that every toric manifold contains a non-displaceable toric fibre, i.e. there
is x0 ∈ int ∆ such that e∆(x0) = ∞. See also the detailed discussion in [McD11]. In the
same paper (see also [CS10]), McDuff gives a highly effective method of producing upper
bounds on displacement energy of toric fibres. This is called the method by probes. In
many important special cases, combining these two bounds gives the answer.
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Theorem 1.7.2 (Lemma 4.3.6). Let (M,ω) be a monotone toric manifold satisfying
property FS. Then the functions e∆ and d∆ agree on an open and dense subset of int ∆.

Property FS was introduced by Chekanov–Schlenk [CS] to make sure that an open
and dense subset of toric fibres in (M,ω) are accessible by the method of probes. Imposing
this condition should be ultimately obsolete in the sense that it is conjectured (and checked
by computation in dimensions ⩽ 18) that monotonicity implies property FS. We refer
to 4.4 for a detailed discussion. Let us also emphasize that in all examples (monotone or
not) known to us, we have e∆ = d∆ on an open and dense subset. Furthermore, knowing
the function e∆ on an open and dense subset is sufficient to extract information from
versal deformations. These methods were used for example in the proof of Theorem 1.4.3.

1.8 Real Lagrangian submanifolds
An involution on a set X is a map σ : X → X which squares to the identity, σ ◦ σ = id.
Involutions appear all thoughout mathematics, and their fixed point sets

Fix σ = {x ∈ X |σ(x) = x} ⊂ X (1.8.22)

usually have very good properties; fixed point sets of group morphisms are subgroups,
fixed point sets of smooth maps are submanifolds, fixed point sets of Riemannian isome-
tries are totally geodesic submanifolds, etc. This is no different in symplectic geometry.
Fixed point sets of symplectic involutions, i.e. maps σ ∈ Symp(M,ω) satsisfying σ2 = id
are symplectic submanifolds. However, we are interested in antisymplectic involutions,
diffeomorphisms σ ∈ Diff(M,ω) satisfying

σ2 = id, σ∗ω = −ω. (1.8.23)

The fixed point set of an antisymplectic involution is either empty or it is a Lagrangian
submanifold.

Definition 1.8.1. A Lagrangian L ⊂ (M,ω) is called real if it can be realized as the fixed
point set of an antisymplectic involution.

The name real is taken from algebraic geometry, where the real locus of a projective
variety designates its fixed point set under complex conjugation. The study of real alge-
braic geometry is a very classical topic with a rich history, driven for example by Hilbert’s
sixteenth problem. Real symplectic geometry is the analogous study of real Lagrangian
submanifolds, and we refer to the introductory sections 3.1 and 4.1 for a discussion on
the existing literature and results in symplectic geometry.

Chapter 3 analyzes the topology of real Lagrangian submanifolds in toric symplectic
manifolds. Its starting point was a question posed to me by Joontae Kim:

Can an involution of the Delzant polytope ∆ be lifted to an antisymplectic involution of
the corresponding toric manifold?

The answer turns out to be positive.
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Theorem 1.8.2 (B.–Kim–Moon, Theorem 3.1.1). Let (M,ω) be a toric symplectic man-
ifold with Delzant polytope ∆. Every involution of ∆ ⊂ Rn which preserves Zn can be
lifted to an antisymplectic involution of (M,ω).

The Lagrangian fixed point set of these lifted involutions is never empty and thus it
gives a large class of real Lagrangian submanifolds of toric manifolds. In fact, restricting
our attention to monotone toric symplectic manifolds of dimension four (the so-called del
Pezzo surfaces), we gave a complete classification of the topological type of real Lagranians
(see 3.1) and showed that all the possible types are indeed realized by our construction.
This is Theorem 3.1.4. Furthermore, we give a Delzant-type construction of the real
Lagrangian manifolds arising in this way in Theorem 3.1.2 and generalize Duistermaat’s
convexity and tightness result [Dui83] in Theorem 3.1.3.

Chapter 4 is about the following question:

Which Lagrangian submanifolds are real?

Note that this question naturally splits into two parts - a smooth part and symplectic
part. Given a Lagrangian submanifold L ⊂ M , we first need to know whether L can be
realized as the fixed point set of a smooth involution. This is actually already a non-trivial
question, and classical results by Smith give obstructions, see [Bor60] or 4.1 for details.
If L can be realized as fixed point set of a smooth involution, we can meaningfully ask if it
is real. If the answer to the smooth question is positive and the answer to the symplectic
question is negative then this is an honest occurence of symplectic rigidity as discussed in
Section 1.2.

Our main result is an obstruction in terms of the versal deformations of the La-
grangian submanifold. We proved that if L ⊂ (M,ω) is real, then its displacement energy
germ (1.4.15) has to be invariant under central symmetry, see Theorem 4.2.10. Combining
this with some knowledge of displacement energy of toric fibres (as discussed in 1.7) and
with Theorem 1.8.2, we obtain the following result.

Theorem 1.8.3 (B. Theorem 4.1.2). Let (M,ω) be a monotone toric manifold with
Delzant polytope ∆ satisfying property FS. Then the monotone toric fibre T (x0) ⊂ M is
real if and only if ∆ is centrally symmetric, meaning ∆ = −∆.

Note that a real Lagrangian in a monotone symplectic manifold is automatically
monotone and hence this theorem settles the question which toric fibres in monotone
toric manifolds (satisfying FS) are real. The main point in the proof of this theorem
is the fact that one can recover ∆ from the displacement energy germ of the monotone
fibre T (x0). For any non-monotone fibre, this is false. We also prove that the Chekanov
tori from Theorem 1.4.3 are not real, generalizing an earlier result by Kim [Kim21a] for
the Chekanov torus in S2 × S2, which was obtained by different methods.

Theorem 1.8.4 (B. Theorem 4.1.4). The Chekanov tori from Theorem 1.4.3 are not real.

In case ∆ is centrally symmetric, this is an honest occurence of symplectic rigidity.
Indeed, the Chekanov tori we constructed are smoothly isotopic to the monotone toric
fibre and hence they can be realized as fixed point sets of a smooth involution, see Propo-
sition 4.5.9.
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2 An introduction to the Chekanov
torus

This is an introductory article which arose from expanded notes for a set of talks given in
the GGTI Online Seminars organized by the Gökova Geometry and Topology Institute.

We give a mostly self-contained and elementary introduction to the Chekanov torus
in C2, i.e. the first example of a Lagrangian torus in (R4, ω0) which cannot be mapped
to a product torus by a symplectomorphism. Our exposition emphasizes the relationship
with Hamiltonian torus actions and symplectic reduction, and our goal is to explain
how the Chekanov torus can be constructed in more general toric symplectic manifolds.
Furthermore, we give a detailed introduction to the technique of versal deformations,
which we use, together with the displacement energy of product tori, to prove that the
Chekanov torus is not symplectomorphic to a product torus.

2.1 Introduction
2.1.1 A classification question in dimension two
Let C be a closed embedded smooth curve in the plane R2, i.e. a submanifold diffeomorphic
to the circle. We are interested in classifying such curves up to applying area-preserving
diffeomorphisms of R2. One obvious invariant of this classification question is the area
contained by C. More precisely, we know that the complement of C has one bounded
component, say U ⊂ R2, and we can measure its Euclidean area,

area C = areaU =
∫
U

dx ∧ dy = 1
2

∫
C
xdy − ydx. (2.1.1)

In fact, two curves C1, C2 ⊂ R2 are equivalent up to area-preserving diffeomorphism if and
only if they contain the same area. Thus our first classification question is settled.

Let us formalize this question in terms of symplectic geometry. We replace area-
preserving diffeomorphisms of R2 by diffeomorphisms preserving the two-form ω0 = dx ∧
dy. These are the diffeomorphisms which preserve area and orientation. They are the
symplectomorphisms of (R2, ω0),

Symp(R2, ω0) = {ϕ ∈ Diff(R2) |ϕ∗ω0 = ω0}. (2.1.2)

In terms of symplectic geometry, curves in the plane are Lagrangian submanifolds. This
means that they have half the dimension of the ambient manifold and that the symplectic
form vanishes on their tangent space. By the same token as above, Lagrangian circles in
the plane are classified by the area they contain. In other words, we can take the round
circles in the plane as models, meaning that every Lagrangian circle C in the plane is of
the form

S1(a) = {π(x2 + y2) = a}, a = area C, (2.1.3)
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after applying a symplectomorphism.

2.1.2 A classification question in dimension four
Let us now ask the same question in dimension four. The symplectic manifold we consider
is

R4 = {(x1, y1, x2, y2)}, ω0 = dx1 ∧ dy1 + dx2 ∧ dy2. (2.1.4)
The symplectomorphisms are again defined as the group of diffeomorphisms which pre-
serve ω0. The symplectic manifold (R4, ω0) can be seen as the product of (R2, ω0) with
itself, where the symplectic form on the product of two symplectic manifolds is the sum of
symplectic forms. This means that we obtain a natural family of Lagrangian submanifolds
by taking the product C1 × C2 of smooth embedded closed curves C1 ⊂ {(x1, y1)}, C2 ⊂
{(x2, y2)} in the factors. These submanifolds are diffeomorphic to tori, and hence we will
refer to them as Lagrangian tori from now on. For convenience, we can again put these
Lagrangian submanifolds into the normal form given by products of round circles,

T (a1, a2) = {π(x2
1 + y2

1) = a1, π(x2
2 + y2

2) = a2}, ai = area Ci. (2.1.5)

Indeed, we can achieve this normal form by applying symplectomorphisms in the factors
of R4 = R2 ×R2. Members of the two-parameter family of tori T (a1, a2) are called product
tori. In light of the classifiaction in dimension two, it is natural to ask

Question 2.1.1. Is every Lagrangian torus L ⊂ R4 a product torus, up to applying a
symplectomorphism?

This question was answered in the negative by Chekanov, who constructed the first
counter-example, now called Chekanov torus, in [Che96]. See also Eliashberg–Polterovich
[EP97]. Our goal is to give a detailed description of the Chekanov torus and discuss a
symplectic invariant of Lagrangian submanifolds one can use to distiguish it from the
product tori.

2.1.3 Hamiltonian torus actions
Note that the circles (2.1.3) are the orbits of the harmonic oscillator. By this, we mean
the orbits of the vector field XH defined by Hamilton’s equation

dH = −ω0(XH , ·) (2.1.6)

for the Hamiltonian H(x, y) = π(x2 + y2). Indeed, this implicit equation defines the
rotational vector field XH = 2π(x∂y − y∂x) and hence its orbits are concentric circles.
In terms of classical mechanics, this vector field defines the flow in the phase space of
a point particle in one dimension submitted to a (suitably normalized) square potential.
Hence the name harmonic oscillator. Note that the flow of XH is periodic of unit period
and hence it induces a so-called Hamiltonian group action by the circle S1 = R/Z. In
higher dimensions, one can make a similar construction. Indeed, let us define the pair of
Hamiltonians

H1(x, y) = π(x2
1 + y2

1), H2(x, y) = π(x2
2 + y2

2) (2.1.7)
on (R4, ω0). The Hamiltonian circle actions associated to H1, H2 are given by rota-
tion in the coordinate planes {(x1, y1)} and {(x2, y2)}, respectively. Furthermore, the
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Hamiltonians H1, H2 (Poisson-)commute, meaning their respective Hamiltonian vector
fields XH1 , XH2 satisfy ω(XH1 , XH2) = 0. Since they commute, the two circle actions can
be combined to a Hamiltonian action of the two-torus on R4, see also Definition 2.2.27.
The point here is that the orbits of the group action are precisely the product tori T (a1, a2).
Thinking slightly more geometrically, we obtain a singular fibration (H1, H2) : R4 → R2

⩾0
over the non-negative quadrant with product tori as fibres. Since the product tori are La-
grangian submanifolds, this is an example of a (singular) Lagrangian torus fibration. Read-
ers who are more familiar with the language of integrable systems may think of (H1, H2)
as an integrable system and of the torus orbits as Liouville tori. This kinship between
torus actions and Lagrangian tori will play a central role in our exposition of the Chekanov
torus. In fact, we will view the Chekanov torus as fibre of an exotic Lagrangian torus
fibration on the complement R4 \ P of the Lagrangian plane

P = {(x, y, x,−y) ∈ R4 | (x, y) ∈ R2}. (2.1.8)

We construct this exotic Lagrangian torus fibration by an explicit deformation of the
standard fibration in certain symplectic quotients. Since we carry out this construction
in R4, we do everything by hand and refrain from making reference to the general theory
of toric manifolds except in Section 2.6.

2.1.4 Outline
The main goal of this expository paper is to give an elementary description of the
Chekanov torus, highlighting its relationship with symplectic reduction and Hamiltonian
torus actions. Very little a priori knowledge of symplectic geometry is required since we
discuss all relevant concepts before using them. Our exposition is largely self-contained
except for

1. Some references in §2.2.3 to concepts from Morse theory which we do not introduce;

2. The discussion of relations to almost toric geometry in §2.3.4. See §2.1.5 for a
discussion of references on this topic;

3. The computation of the displacement energy of product tori in R2n, see Exam-
ple 2.5.5;

4. Section 2.6 on toric symplectic manifolds, where we only give an overview.

This paper roughly splits into two parts.
The first part consists of Section 2.2 giving an introduction to Hamiltonian circle

actions and symplectic reduction, and of Section 2.3, where we define the Chekanov torus
using the techniques from Section 2.2. The main theme of the first part is to exhibit
the relationship between Lagrangian tori on the one hand and Hamiltonian torus actions
on the other. In fact, we will modify the standard toric structure (2.1.7) on R4 to get a
Lagrangian torus fibration on the complement of a Lagrangian plane P ⊂ R4 (see (2.1.8))
having Chekanov tori as some of its fibres. For one, this approach is naturally compatible
with the use of versal deformations. Secondly, the same method readily generalizes to
toric symplectic manifolds of any dimension and yields an exotic copy of the Chekanov
torus in many cases. The latter generalization will be outlined in Section 2.6.
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The second part of the paper consists of an introduction to versal deformations in
Section 2.4 and a short introduction to displacement energy in Section 2.5. Combining
these two ingredients yields a proof of the fact that the Chekanov torus is exotic. The
last section is an outlook on the case of general toric symplectic manifolds and as such is
less detailed than the rest of the paper. However, we will see that the construction of the
Chekanov torus, as well as the invariant used to prove its exoticity, can be carried over
almost verbatim to toric symplectic manifolds.

As an expository text, this paper contains little to no original research. The only
thing that is somewhat new is our approach to the construction of the exotic Lagrangian
torus fibration on R4\P , although very similar ideas have appeared in a recent preprint by
Groman–Varolgunes [GV21, Chapter 7]. What is interesting here is that the construction
we give is related (an probably equivalent) to certain tools from almost toric geometry.
As we have tried to outline in §2.3.4, the construction of the exotic Lagrangian torus
fibration we give in §2.3.3 should be the same as performing a nodal trade on C2 followed
by a nodal slide which sends the node to infinity.

2.1.5 Further references
For a general introduction to all topics related to Lagrangian torus fibrations and inte-
grable systems we heartily recommend the recent book by Evans [Eva21]. The classical
references for Hamiltonian torus actions and toric structures are too many to name.
Among them are Audin [Aud04], Canas da Silva [CdS03], Guillemin [Gui94] and the
original article by Delzant [Del88]. For an introduction to integrable systems, offering
a complementary point of view on the material we discuss, we recommend the founda-
tional article by Duistermaat [Dui80]. For the construction of the Chekanov torus, see
Eliashberg–Polterovich [EP97] and the articles [Che96], [CS10] and [CS16]. The latter
three texts also use and discuss versal deformations. For a slightly different point of view,
see Auroux [Aur07]. The construction of the Chekanov torus in toric manifolds given
in Section 2.6 is based on [Bre20]. For more details on almost toric geometry, we again
recommend the excellent exposition in [Eva21] as well as the original articles by Syming-
ton [Sym03] and Vianna [Via16], [Via17].

2.1.6 Acknowledgements
We thank Selman Akbulut, Emily Windes, Ustun Yildirim and Eylem Zeliha Yıldız for
the invitation to the GGTI Online Seminars they have organized and for their patience in
waiting for the accompanying notes. Many thanks also to the participants of the online
seminars for lively discussions. We thank Felix Schlenk for many useful comments along
the way and Umut Varolgunes for clarifying discussions concerning §2.3.3 and §2.3.4 and
for pointing out [GV21].

2.2 Hamiltonian circle actions
We introduce basic notions from symplectic geometry, Hamiltonian circle actions and sym-
plectic reduction. We especially focus on Hamiltonian circle actions on two-dimensional
symplectic manifolds, since this is a special case of toric manifolds. In particular, as a toy
case of the Delzant theorem, we classify all Hamiltonian circle actions on surfaces.
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2.2.1 Background: Symplectic manifolds and Hamilton’s
equation

In §2.1.1 and §2.1.2, we have seen the standard symplectic structures on R2 and R4. In
general, a symplectic manifold is a smooth manifold M equipped with a closed differential
two-form ω which is non-degenerate. Non-degenerate here means that the map

TM → T ∗M, X 7→ ι(X)ω = ω(X, ·) (2.2.9)

is a bundle isomorphism, i.e. an isomorphism of vector spaces TpM → T ∗
pM in every

point p ∈ M . Note that we have already made use of the non-degeneracy in equa-
tion (2.1.6). If ω0 was degenerate, the vector field XH would not be well-defined. In
general, a vector field XH defined by Hamilton’s equation

dH = −ι(XH)ω (2.2.10)

is called Hamiltonian vector field and the smooth function H is called the Hamiltonian
(function). By integrating a Hamiltonian vector field, we obtain a Hamiltonian flow,
denoted by ϕHt . We say that it is generated by the Hamiltonian H. In general, we allow for
time-dependent Hamiltonians in the definition of Hamiltonian flows, see Defintion 2.5.1.
For now, however, it is enough to restrict our attention to autonomous Hamiltonian flows,
i.e. flows coming from a time-independent Hamiltonian function.

Proposition 2.2.1. Hamiltonian flows preserve the symplectic form. Furthermore, au-
tonomous Hamiltonian flows preserve the Hamiltonian function,

(ϕHt )∗ω = ω, H ◦ ϕHt = H. (2.2.11)

The second statement follows directly from Hamilton’s equation (2.2.10) and the anti-
symmetry of the symplectic form, dH(XH) = ω(XH , XH) = 0. The first statement
follows from Cartan’s magic formula, which expresses the Lie derivative of a differential
form α ∈ Ωk(M) in terms of the exterior derivative and contraction with the vector field,

LXα = dι(X)α + ι(X)dα, (2.2.12)

by which

d

dt
(ϕHt )∗ω = (ϕHt )∗LXH

ω = (ϕHt )∗(dι(XH)ω + 0) = (ϕHt )∗ddH = 0. (2.2.13)

2.2.2 Hamiltonian circle actions
Definition 2.2.2. A Hamiltonian system (M,ω,H) is called Hamiltonian circle action if
its flow is periodic of unit period, i.e. ϕH1 = id.

The name comes from the fact that such a Hamiltonian system induces a smooth action
of S1 = R/Z which preserves the symplectic form,

S1 ×M → M, (ϑ, p) 7→ ϕHϑ (p). (2.2.14)

Note that we are a bit sloppy with terminology here, since Hamiltonian circle action can
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mean two things: The Hamiltonian system (M,ω,H) or the circle action itself.

Remark 2.2.3. (Periods of circle actions) Requiring Hamiltonian circle actions to have
unit period is a choice which fixes the normalization of the Hamiltonian function. Indeed,
if the Hamiltonian H has period τ , then we can replace it by τH, which has unit period.
This explains why we have chosen H = π(x2 + y2) in §2.1.1.

Let us now turn to some examples of symplectic manifolds and Hamiltonian circle
actions on them.

Example 2.2.4. (The harmonic oscillator) Let R2 be equipped with the coordinates (x, y) ∈
R2. Throughout the text, we identify C = R2 via the coordinate z = x + iy. The two
form ω0 = dx∧dy is symplectic. It is closed and, in fact, even exact. For example, one can
pick any of the one-forms xdy, −ydx or 1

2(xdy − ydx) as primitive. The latter primitive
has the distinction of being invariant under the circle action z 7→ e2πiϑz. The form ω0 is
non-degenerate. In fact, it induces the map ∂x 7→ dy, ∂y 7→ −dx on TC → T ∗C in the
standard trivializations. The Hamiltonian F = π(x2 + y2) = π|z|2 defines the Hamilto-
nian circle action ϕFϑ (z) = e2πiϑz on C. The image of the Hamiltonian is the non-negative
reals, F (C) = R⩾0. See also Figure 2.1.

Example 2.2.5. (Rotation of the sphere) Let S2 ⊂ R3 be the unit two-sphere equipped
with the symplectic form ωS2 , which measure Euclidean area. Let G(x, y, z) = 2πz be
the Hamiltonian given by a rescaling of the projection to the z-axis. The corresponding
Hamiltonian flow ϕGt is rotation of unit period around the z-axis. Indeed, one can write
the symplectic form out in coordinates,

ωS2 = xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy, (2.2.15)

and check that the Hamiltonian vector field is XG = 2π(y∂x − x∂y). The image of the
Hamiltonian is the closed segment G(S2) = [−2π, 2π]. See also Figure 2.1.

Example 2.2.6. (Rotation of the cylinder) Let Z = T ∗S1 ∼= R × S1 be the cylinder
equipped with the symplectic form ωZ = dx∧ dϑ, where x ∈ R and ϑ ∈ S1 = R/Z. Then
the projection K(ϑ, x) = x generates the rotation ϕKt (ϑ, x) = (ϑ + t, x) of unit period.
The image of the Hamiltonian is the real line K(Z) = R. See also Figure 2.1.

Remark 2.2.7. Note that in the Examples 2.2.4, 2.2.5 and 2.2.6, the traces of the orbits
of the Hamiltonian flow can be read off from the Hamiltonian function without any com-
putation since the orbits are contained in level sets of the Hamiltonian and the ambient
space has dimension two. However, this does not fix their parametrization. Indeed, take
the example of (C, ω0) and note that all Hamiltonian functions of the form Hf = f(π|z|2)
for a smooth function f have orbits contained in the circles {|z| = c}. Since the Hamil-
tonian vector field is given by

XHf
= f ′XF , (2.2.16)

for F = π|z|2, the only Hf which yield circle actions are given by Hf = kF+c, where k ∈ Z
and c ∈ R is a constant. See also Remark 2.2.15.
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Figure 2.1: The circle actions from Examples 2.2.4, 2.2.5 and 2.2.6

Example 2.2.8. (Linear combinations of harmonic oscillators) Note that all of the above
circle actions are defined on two-dimensional symplectic manifolds. Let us now con-
sider Cn equipped with the standard symplectic form ω0 =

∑
i dxi ∧ dyi. We view this as

the product of n copies of (C, ω0 = dx ∧ dy) and thus there are circle actions Fi = π|zi|2
which rotate the i-th coordinate plane and leave the others invariant. We can construct
more complicated Hamiltonian systems from the Fi by taking linear combinations

Fξ = ξ1F1 + . . .+ ξnFn, ξ = (ξ1, . . . , ξn) ∈ Rn. (2.2.17)

Note that Hamilton’s equation (2.2.10) defines an R-linear mapping H 7→ XH and hence
the corresponding Hamiltonian vector field is XFξ

=
∑
ξiXFi

. The corresponing Hamil-
tonian flow is given by

ϕ
Fξ

t (z1, . . . , zn) = (e2πiξ1tz1, . . . , e
2πiξntzn). (2.2.18)

This yields a circle action of unit period if and only if ξ ∈ Zn. In §2.2.6, we will further
generalize and geometrize this class of examples. Indeed, we will see in Example 2.2.28
that there is a Hamiltonian group action of the n-torus on Cn. Hamiltonian flows of the
type (2.2.18) arise by picking one-parameter subgroups of the torus.

2.2.3 Some Morse theory
We will see that Hamiltonian circle actions are in some sense very rigid. For example,
the only compact surface admitting a Hamiltonian circle action is the sphere. In order
to prove this, we will make use of Morse theory. Here, we assume that the reader is
familiar with the basic ideas of Morse theory. In particular, we will make reference to the
Morse lemma and Morse indices without introducing these concepts. The link between
Hamiltonian circle actions and Morse theory comes from a local model of fixed points of
the action. Let us first recall Darboux’s theorem.

Proposition 2.2.9. Let p ∈ M be a point in a symplectic manifold (M2n, ω). Then there
is a chart φ : Cn ⊃ U → V around p such that φ∗ω = ω0.

Sketch of proof. The proof has two steps. First one proves that the symplectic vector
space (TpM,Ω = ωp) obtained by restricting the symplectic form to the tangent space is
equivalent to (Cn, ω0) by a symplectic isomorphism of vector spaces. In the second step,
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one picks a local diffeomorphism ψ : TpM ⊃ U ′ → V for a contractible neighbourhood V
of p ∈ M , for example by the exponential map associated to a Riemannian metric. Now
there are two different symplectic forms on V , namely ω|V and ψ∗Ω. The discrepancy be-
tween these two symplectic forms can be corrected by applying the so-called Moser trick.
The latter can be applied because V is contractible and hence the difference between the
symplectic forms is exact, ω|V − ψ∗Ω = dα. 2

As it turns out, Darboux’s theorem can be made equivariant in some cases. Let us
return to Hamiltonian circle actions. Let H : M → R be a Hamiltoniann generating a
circle action ϑ 7→ ψϑ on (M,ω). Furthermore, let p ∈ M be a fixed point of ψϑ. By
Hamilton’s equation (2.2.10) this is equivalent to p ∈ M being a critical point of H.

Proposition 2.2.10. Let p ∈ M be a fixed point of a Hamiltonian circle action generated
by H : M → R. Then there is an S1-invariant neighbourhood V of p and a chart φ : Cn ⊃
U → V such that

Hξ = H ◦ φ =
n∑
i=1

ξiπ|zi|2, φ∗ω = ω0, (2.2.19)

for some ξi ∈ Zn.

Sketch of proof. The strategy of proof is similar to that used for the Darboux the-
orem. The circle action can be linearized at the fixed point to yield a circle action
on (TpM,Ω = ωp) and the local diffeomorphism ψ : TpM ⊃ U ′ → V can be chosen to
be equivariant, by taking the exponential map of an averaged Riemannian metric for ex-
ample. As it turns out, the Moser trick can be carried out equivariantly and hence one
obtains an S1-equivariant symplectomorphism φ : Cn ⊃ U → V . In order to see that H◦φ
has the desired form (2.2.19) all that is left to do is to classify linear Hamiltonian circle
actions on symplectic vector spaces. These are always of the form (2.2.18) for some ξi ∈ Z
and since φ is a symplectomorphism, we obtain H ◦ φ = Hξ. 2

Let us make two comments about this local normal form. First note that we have
encountered Hamiltonians of the type (2.2.19) in Example 2.2.8. Proposition 2.2.10 thus
shows that every Hamiltonian circle action is locally a linear combination of harmonic
oscillators around its fixed points. Secondly, the proposition can be interpreted in terms
of Morse theory. Indeed note that (2.2.19) is a variation on the Morse Lemma. However,
note that in general H is not Morse properly speaking, since some ξi may be zero. However
it is always Morse-Bott, meaning that it is non-degenerate on the directions transverse to
the submanifold of fixed points.

Corollary 2.2.11. Hamiltonians generating Hamiltonian circle actions are Morse-Bott
and their Morse-Bott indices are even.

Evenness of the Morse-Bott index follows immediately from the formula (2.2.19),
since the coordinates xi = Re(zi) and yi = Im(zi) come in pairs which both have the same
contribution to the Morse index. Thus Hamiltonians which generate circle actions are
perfect, meaning that the Morse inequalities are equalities. In terms of Morse homology,
the boundary operator vanishes and the Morse chain complex is isomorphic to Morse
homology. In particular, every perfect Morse function on a compact connected orientable
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manifold has a unique local maximum and minimum, since the top and bottom homologies
of such spaces have exactly one generator.

Corollary 2.2.12. The only compact symplectic surface admitting a non-trivial Hamil-
tonian circle action is the sphere.

Proof. First note that a surface admitting a symplectic structure is orientable. Let (Σ, ωΣ)
be a compact symplectic surface with a Hamiltonian circle action generated by H. We
may assume that H is Morse, since otherwise it vanishes on a neighbourhood of its de-
generate fixed points and hence vanishes on all of Σ. If Σ has genus > 0, then it has
non-vanishing first homology. This is in contradiction with the fact that H is Morse and
has only even indices. 2

2.2.4 Hamiltonian circle actions on surfaces
Let (Σ, ω) be a connected symplectic surface equipped with a Hamiltonian circle action
generated by H. Let us assume that the circle action is effective. Recall that a group
action is called effective if there is no element of the group which acts trivially, except
for the neutral element. For us, this just means that we normalize H such that ϕH1 = id,
but ϕHt ̸= id for all 0 < t < 1. Hence assuming effectiveness is not really a restriction.
The goal of this subsection is to give a classification of effective Hamiltonian circle actions
on connected symplectic surfaces, see Theorem 2.2.17. This is interesting for us in two
respects. First, it serves as a toy case for the general classification of toric symplectic
manifolds by Delzant, see Theorem 2.6.3. Secondly, we heavily rely on this classification
for the construction of the Chekanov torus in Section 2.3. Before going into details about
this, let us gain some intuition for Hamiltonian circle actions on surfaces by looking at
the symplectic area contained between two orbits. This is closely related to a very old
theorem by Archimedes.

Remark 2.2.13. (Archimedes’ theorem) Let S2 = {x2 + y2 + z2 = 1} ⊂ R3 be the round
sphere of unit radius and Z = {x2 +y2 = 1} ⊂ R3 the cylinder obtained as product of the
unit circle and the real line. Archimedes observed that the area of slices of equal height

S2 ∩ {a ⩽ z ⩽ b}, Z ∩ {a ⩽ z ⩽ b} (2.2.20)

is equal for all −1 ⩽ a ⩽ b ⩽ 1. We will see that this is equivalent to the fact that the
Hamiltonian H(x, y, z) = 2πz defines a Hamiltonian S1-action on both surfaces.

Proposition 2.2.14. Let (Σ, ω) be a connected symplectic surface and H : Σ → R a
proper Hamiltonian. Then (Σ, ω,H) is an effective Hamiltonian circle action if and only
if H has only critical points of even index and for all a, b ∈ H(Σ) we have∫

H−1(a,b)
ω = b− a. (2.2.21)

Proof. Let us first assume that (Σ, ω,H) is an effective circle action. By Corollary 2.2.11,
the function H is Morse and all its critical points have even index. In particular, since Σ
is connected, there are no critical values in (a, b). Thus the level set H−1(x) for x ∈
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(a, b) is the circle run through by an orbit of the Hamiltonian system. In particular, the
set H−1(a, b) is a cylinder and our goal is to prove that this cylinder has area b − a. We
start by picking a smooth curve γ : (a, b) → Σ such that

H(γ(x)) = x. (2.2.22)

We can think of γ as a local section of the system. By (2.2.22), γ intersects the orbits of
the S1-action ϕHt transversely. Together with the circle action, the curve γ allows us to
define a parametrization of the cylinder H−1(a, b),

h : (a, b) × S1 → H−1(a, b) ⊂ Σ, (x, t) 7→ ϕHt (γ(x)). (2.2.23)

Note that we have used the fact that the action is effective here. Otherwise, h may not
be a diffeomorphism. We claim that h is a symplectomorphism when we equip (a, b) ×S1

with the symplectic form dx∧ dt. The claim then follows, since (a, b) ×S1 has area b− a.
To show that h is a symplectomorphism, it suffices to compute

h∗ω(∂t, ∂t) = h∗ω(∂x, ∂x) = 0, h∗ω(∂x, ∂t) = 1, (2.2.24)

since ∂x, ∂t form a basis at each tangent space of the cylinder (a, b) × S1. The first two
equalities in (2.2.24) follow directly from anti-symmetry of ω. For the third, compute

h∗∂x = ∂h

∂x
= (ϕHt )∗γ̇, h∗∂t = ∂h

∂t
= XH ◦ h. (2.2.25)

From this, we deduce

h∗ω(∂x, ∂t) = ω((ϕHt )∗γ̇, XH ◦ h) = dH((ϕHt )∗γ̇) = dH(γ̇) = 1 (2.2.26)

For the second identity, we have used Hamilton’s equation, for the third the invariance
of H under its Hamiltonian flow and the fourth follows from the choice of γ by differen-
tiating (2.2.22) with respect to x.

Let us now prove the converse. The condition that H only has critical points of even
Morse index (here this means that the indices are equal to 0 or 2) implies that the level
sets H−1(x) are connected. This follows from the connectedness of Σ and basic Morse
theory, see for example [Aud04, Theorem IV.3.1]. In particular, every level H−1(x) is
diffeomorphic to a circle by the properness of H. To prove that H induces a circle action,
let a, b ∈ H(Σ) such that a < x < b. By the above, we know that H−1(a, b) is an
open cylinder. Again, we pick a section γ : (a, b) → Σ with H(γ(x)) = x and define the
corresponding map

h : (a, b) × R → H−1(a, b) ⊂ Σ, (x, t) 7→ ϕHt (γ(x)). (2.2.27)

By the same arguments as above, this map satisfies h∗ω = dx ∧ dt, but as opposed
to (2.2.23), this is not a diffeomorphism but rather a covering. Indeed, since H is proper
and has no critical values in (a, b), there is a well-defined function P : (a, b) → R such
that P (x) is the period of the Hamiltonian system at the level x ∈ (a, b). This function
is smooth since it is defined by the implicit equation ϕHP (x)(γ(x)) = γ(x). Our goal is
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Figure 2.2: The map h(x, t) = ϕHt (γ(x)) induced by a Hamiltonian H as in (2.2.23)
and (2.2.27). The Hamiltonian system is a circle action if and only if the
period function x 7→ P (x) is constant.

to show that P (x) = 1 for all x ∈ (a, b). Note that h induces a symplectomorphism
from ((a, b) ×R)/(x, t) ∼ (x, t+ P (x)) to H−1(a, b). But this implies that the symplectic
area of slices H−1(a, y) for a < y < b can be measured by integrating the period,∫ y

a

P (x)dx =
∫
H−1(a,y)

ω. (2.2.28)

Differentiation with respect to y together with (2.2.21) yields P (x) = 1. 2

Note that the symplectomorphism (2.2.23) appears in the proof of both directions of
the equivalence. To recapitulate, the map h defined in this way satisfies

h∗ω = dx ∧ dt, H ◦ h = K, (2.2.29)

where K(x, t) = x is the Hamiltonian which induces the rotation on the cylinder. See
also Example 2.2.6. In particular, h is equivariant, h ◦ ϕKt = ϕHt ◦ h. This means that it
yields a local equivalence of the systems (Σ, ω,H) and the model space (Z, dx ∧ dt,K).
Local models of this kind are ubiquitous in the study of Hamiltonian group actions and
integrable systems. In favourable situations, the local models can be pieced together to
yield a global classification of the spaces at hand. This happens for example for toric
symplectic manifolds, see Theorem 2.6.3 or the original paper [Del88]. The goal of this
section is to illustrate this in the most basic case, namely the one of surfaces equipped
with a Hamiltonian circle action. Before moving to this classification, let us make some
more remarks concerning Proposition 2.2.14.

Remark 2.2.15. (Periods and area) Let H : Σ → R be a proper Hamiltonian with only
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C

Figure 2.3: Any smooth family of circles in the plane is the orbit set of a Hamiltonian
circle action.

critical points of even Morse index. Even if H itself does not generate a Hamiltonian S1-
action, we can come up with a Hamiltonian H̃ which generates a circle action and has
the same orbits as H. This follows directly from Proposition 2.2.14 and one can given an
explicit formula for H̃ by setting

H̃ : Σ → R, H̃(p) =
∫
H−1(a,H(p))

ω, (2.2.30)

where a ∈ R is any real number. The function H̃ is well defined and smooth since all
the level sets of H are smooth by the hypothesis that it has only critical points of even
index. Note that changing a only changes H̃ by an additive constant. Furthermore, the
function H̃ is the unique Hamiltonian generating a circle action with the same orbits
as H. This sheds some more light on Remark 2.2.7. Using (2.2.30), it is easy to define
a Hamiltonian circle action that has a given smooth family of circles in C as orbits, see
Figure 2.3. Indeed, we can assign to any point the symplectic area bounded by the curve
the point lies on.

Remark 2.2.16. (Hypotheses of Proposition 2.2.14) The left side of Figure 2.4 illustrates
why the properness of H is important. One can define a Hamiltonian which has only
critical points of even index and has the set of curves given in this figure as orbits, however
one cannot find a corresponding circle action. One of the orbits is non-compact. In terms
of Remark 2.2.15, this is reflected in the fact that the area contained by the orbits diverges
as one approaches the non-compact orbit. After removal of the non-compact orbit, one
can however define two distinct circle actions on the remaining halves. The right side of
Figure 2.4 illustrates why one needs to exclude critical points of odd index. Again, one of
the supposed orbits of the circle action is not a circle. This time the function assigning
to each point the symplectic area of the sublevel set is well-defined but there is a jump
in the period when one crosses the figure eight. One can define circle actions in the three
regions arising after the removal of the figure eight.

The following theorem illustrates, both in the statement and in the strategy of proof,
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C C

Figure 2.4: On the left: level sets of a non-proper function. On the right: level sets of a
function with a critical point of odd Morse index.

the classical Delzant theorem 2.6.3 on the classification of toric symplectic manifolds.
We will heavily rely on the classification of Hamiltonian circle actions on surfaces in
Section 2.3.

Theorem 2.2.17. (toy Delzant theorem) Connected symplectic surfaces carrying an ef-
fective Hamiltonian circle action are classified by the image of their Hamiltonian func-
tion. More precisely, two Hamiltonian circle actions (Σ, ω,H) and (Σ′, ω′, H ′) are S1-
equivariantly symplectomorphic if and only if the images H(Σ), H ′(Σ′) ⊂ R agree up to
translation.

Proof. The only if direction is obvious. For the other direction, we will see that most of
the work is already contained in Proposition 2.2.14 and the normal form at fixed points
which we have discussed in Proposition 2.2.10. Let (Σ, ω,H) be a Hamiltonian circle
action on a connected surfaces with image I = H(Σ). We will show that (Σ, ω,H) is
equivariantly symplectomorphic to a model space determined by I up to translation. By
connectedness, the images I is a (possibly infinite) segment. The set H−1(int I) fibering
over the interior of the image is equivariantly symplectomorphic to the standard Hamil-
tonian circle action on the open cylinder int I ×S1. This follows from the same argument
as in the first half of the proof of Proposition 2.2.14. We denote this symplectomorphism
by ϕ : int I × S1 → H−1(int I). If I = int I, then we are done. If not, note that the
set I \ int I consists of at most two boundary points, which are critical values of H and
correspond to fixed points on Σ. This means that we need to extend the symplectomor-
phism ϕ over at most two fixed points. Assume that I has a boundary point which is a
minimum of H (maxima can be treated similarly) and, up to translation, we can further-
more assume that this minimum is 0 ∈ R. Denote the corresponding fixed point on the
surface by p. The normal form from Proposition 2.2.10 yields

ψ : C ⊃ D(a) → V, H ◦ ψ = |z|2, ψ∗ω = ω0, φ(0) = p, i ∈ {1, 2}. (2.2.31)

Here D(a) denotes a disk of area a and V is an S1-invariant neighbourhood of p ∈ Σ.
In the normal form H ◦ ψ = ξ|z|2 given by Proposition 2.2.10 we have ξ = 1, since the
action would not be effective for |ξ| ̸= 1 and since we are dealing with a minimum (for a
maximum, we have ξ = −1). Note that the normal form ψ is S1-equivariant with respect
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to the harmonic oscillator system restricted to D(a). Thus we now have a suitable model
for a neighbourhood of p and this can be glued S1-equivariantly to the existing model ϕ to
obtain an extension over the fixed point p. This can be repeated in case there is another
fixed point. 2

Note that the classification of connected symplectic surfaces carrying an effective
Hamiltonian circle action boils down to classifying segments in R up to translation. Thus
the list given by Examples 2.2.4, 2.2.5 and 2.2.6 is complete up to changing the total area
for S2, removing some of the fixed points (to get the open segments) and flipping the
orientation of the circle action by passing from H to −H.

2.2.5 Background: Lagrangian submanifolds
Before continuing our discussion, let us introduce some more basic notions from symplectic
geometry. Note that a submanifold N ⊂ M of a symplectic manifold (M,ω) is not
necessarily symplectic itself. Indeed, the restriction of the symplectic form ω|TN to the
subbundle TN may be degenerate.
Definition 2.2.18. A submanifold Ln ⊂ (M2n, ω) of half the dimension of M such
that ω|TL = 0 is called Lagrangian.

More generally, a submanifold N on which ω vanishes is called isotropic. An elemen-
tary argument shows that isotropic submanifolds have at most half the dimension of the
ambient space. This means that Lagrangians are maximal among the submanifolds on
which ω is maximally degenerate.
Definition 2.2.19. Two Lagrangian submanifolds L,L′ ⊂ (M,ω) are called symplecto-
morphic if there is a symplectomorphism ϕ ∈ Symp(M,ω) mapping L to L′. Similarly,
they are called Hamiltonian isotopic if there is a Hamiltonian diffeomorphism mapping L
to L′.

The second equivalence relation is stronger than the first one, since Hamiltonian
diffeomorphisms are in particular symplectomorphisms. However, in all of the examples
we discuss in detail, there will be no distinction between these two equivalence relations.
The Chekanov torus for example is exotic with respect to both relations. There is another,
considerably weaker, equivalence relation on Lagrangian submanifolds. Two Lagrangian
submanifolds are called Lagrangian isotopic if there is a smooth isotopy of submanifolds
all of which are Lagrangian having as endpoints the two given Lagrangians. We will see
that the Chekanov torus is not exotic with respect to this equivalence relation. There
are too many interesting examples of Lagrangians in symplectic geometry to even start
mentioning them all and so we will restrict our attention to the strict minimum of examples
that we will need to proceed in our discussion. In fact, we have already encountered an
important set of Lagrangians in the Introduction, see §2.1.2.
Example 2.2.20. (Product tori) Let (Cn, ω0) be the standard symplectic vector space
and let a1, . . . , an ∈ R>0 be positive numbers. Then the product tori,

T (a1, . . . , an) = {(z1, . . . , zn) ∈ Cn | π|zi|2 = ai} (2.2.32)

are Lagrangian submanifolds. This follows from the fact that the product of Lagrangian
submanifolds is again Lagrangian and curves in symplectic surfaces are automatically
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Lagrangian. Note the the parameters ai are the area of the disk bounded by the respective
circles (not their radius). We will sometimes denote the product tori by T (a) for a ∈ Rn

>0
for short.

Definition 2.2.21. A Lagrangian torus L ⊂ Cn is called exotic if it cannot be mapped
to a product torus by a symplectomorphism/Hamiltonian diffeomorphism.

Remark 2.2.22. (Product tori in general manifolds) In conjunction with Darboux’s the-
orem (see Proposition 2.2.9), this example shows that Lagrangian tori are abundant in
every symplectic manifold. Indeed, let φ : U → V ⊂ M be a Darboux chart. Then
for small enough a ∈ Rn

>0, the product torus T (a) is contained in U and hence its im-
age φ(T (a)) ⊂ M is Lagrangian. These tori were studied for example by Chekanov–
Schlenk [CS16].

Let L ⊂ (M,ω) be a Lagrangian. Then to every disk with boundary on L, one can
associate its symplectic area. Due to the Lagrangian condition and the closedness of the
symplectic form, this yields a well-defined morphism on the homotopy classes of such
disks,

AreaL : π2(M,L) → R, D 7→
∫
D

ω. (2.2.33)

Let us call this the area class of L. The area class is a symplectic invariant in the sense
that if there is another Lagrangian L′ which is the image of L under a symplectomorphism,
then

AreaL′ = AreaL ◦(ϕ|L)∗, (ϕ|L)∗ : π2(M,L) → π2(M,L′). (2.2.34)
There is another morphism of this type, called the Maslov class of L which takes integer
values and has the same symplectic invariance propery as the area class. We will not go
into details about the definition of the Maslov class here, see for example the standard
reference [MS17].

Definition 2.2.23. A Lagrangian submanifold L ⊂ M is called monotone if the area and
Maslov classes are positively proportional.

Monotonicity is a symplectic invariant in the sense that it is preserved under sym-
plectomorphisms. This follows immediately from (2.2.34) and the analogous property of
the Maslov class.

Example 2.2.24. (Monotonicity of product tori) Let M = Cn and L = T (a) be a
product torus. Then π2(Cn, T (a)) ∼= π1(T (a)) ∼= Zn with generators given for example by
the disks Di bounding the circles S1(ai) in the factors of Cn equipped with the natural
orientation. The Maslov index of these disks is 2, independently of a. For the area class,
we compute

∫
Di
ω0 = ai. We conclude that a product torus is monotone if and only if

all ai are equal. Monotone product tori are also sometimes called Clifford tori.

2.2.6 Background: Commuting Hamiltonians
Recall from Proposition 2.2.1 that an (autonomous) Hamiltonian function F is preserved
by the Hamiltonian flow it generates. Infinitesimally, this can be expressed as dF (XF ) = 0.
Two Hamiltonians are said to commute if one is preserved by the flow of the other.
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Definition 2.2.25. Two Hamiltonians F,G on a symplectic manifold (M,ω) Poisson-
commute if dF (XG) = 0. The Hamiltonians F1, . . . , Fn commute if they commute pair-
wise.

First note that this relation is symmetric, meaning that F is preserved under the flow
of G if and only if G is preserved under the flow of F . This follows immediately from
Hamilton’s equation and anti-symmetry of the symplectic form,

dF (XG) = ω(XG, XF ) = −dG(XF ). (2.2.35)

Remark 2.2.26. (Poisson brackets) Setting {F,G} = ω(XF , XG) induces a structure
on the space of smooth functions on the symplectic manifold. This structure is called a
Poisson bracket and it can be given by a set of axioms the study of which is of independent
interest. Hence the term Poisson-commute for Hamiltonians satisfying {F,G} = 0.

If two Hamiltonians commute, then their corresponding Hamiltonian flows commute,

ϕFt ◦ ϕGs = ϕGs ◦ ϕFt , if ω(XF , XG) = 0. (2.2.36)

This follows from the fact that ω(XG, XF ) agrees with the Lie bracket of vector fields [XF , XG]
and the latter vanishes if and only if the corresponding flows commute. The converse is
not true, but almost. If the flows commute, then ω(XF , XG) is locally constant as a
function on the symplectic manifold.

Let us now consider the special case where the two commuting Hamiltonians F,G
generate Hamiltonian circle actions. By commutativity of the flows (2.2.36), we can
define an induced action of the two-torus T 2 = (R/Z)2,

ψ : T 2 ×M → M, (ϑ = (ϑ1, ϑ2), p) 7→ ψϑ(p) = (ϕFϑ1 ◦ ϕGϑ2)(p). (2.2.37)

This leads us to the following definition.

Definition 2.2.27. An action ψ of a smooth torus T k = (R/Z)k on a symplectic mani-
fold (M,ω) is called Hamiltonian if there is a commuting set of Hamiltonains F1, . . . , Fk
each of which generates a Hamiltonian circle action such that ψϑ = ϕF1

ϑ1
◦ . . . ◦ ϕFk

ϑk
for

all ϑ = (ϑ1, . . . , ϑk) ∈ T k.

A map µ = (F1, . . . , Fk) : M → Rk generating a Hamiltonian T k-action is called
moment map. Moment maps have very interesting geometric properties. For example
note that the orbits of the torus action are contained in the level sets of µ : M → Rk

since the Hamiltonians are preserved by the Hamiltonian flows. Hence we often think of
moment maps as singular fibrations which are compatible with the group action. Note
furthermore that the moment map is not unique. For one, we can add constant vectors
to it. Furthermore, we can replace for example F1 by an integral linear combination F1 +
k2F2+. . .+knFn without changing the torus action. More generally, one can post-compose
it with elements in GL(k;Z), which corresponds to changing the basis on the torus T k
which acts on the space. Therefore, it is useful to formulate the theory of Hamiltonian
group actions and moment maps in a more invariant way. However, we will not go into
details here, since we only need the following example of torus actions for the definition
of the Chekanov torus.
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Example 2.2.28. (Standard torus action on Cn) The main example for us is the stan-
dard T n-action on Cn, which we have already mentioned in §2.1.3. It is generated
by Fi = π|zi|2 and given by rotation in each of the factors of Cn,

ψϑ(z1, . . . , zn) = (e2πiϑ1z1, . . . , e
2πiϑnzn), ϑ ∈ T n. (2.2.38)

The orbits of this action are the product tori from Example 2.2.20 as well as lower-
dimensional tori on which some of the coordinates zi vanish. This yields another proof
of the fact that the product tori are Lagrangian. Indeed, their tangent spaces are
spanned by the Hamiltonian vector fields XF1 , . . . , XFn and since Fi, Fj commute, we
deduce ω(XFi

, XFj
) = 0.

We can obtain other fairly obvious examples by taking products of the two-dimensional
Examples 2.2.4, 2.2.5 and 2.2.6. All examples obtained in this way are of a very special
type, since the torus that acts has half the dimension of the ambient space. As it turns
out, this is the maximal case, meaning that there cannot be more than n independent
commuting Hamiltonians on a 2n-dimensional symplectic manifold. Such maximal Hamil-
tonian torus actions are called toric and they have very special properties, see Section 2.6.

2.2.7 Symplectic reduction of Hamiltonian circle actions
In the setting of smooth manifolds, one can divide out a free smooth action of a compact
Lie group to obtain a quotient manifold. Symplectic reduction is the analogue of this
operation for Hamiltonian group actions where the quotient manifold inherits a symplectic
structure. Although symplectic reduction can be carried out in a much more general
setting, we restrict our attention to Hamiltonian circle actions. Note that a priori it
is not at all obvious how to get a symplectic structure on the quotient space of group
actions. For one, the orbit space M2n/S1 of a Hamiltonian circle action (M,ω,H) has
odd dimension and hence cannot carry a symplectic structure. This problem is resolved by
not taking a global quotient, but rather restricting to a level set of the S1-Hamiltonian H.
We denote level sets by

Zc = H−1(c), c ∈ R. (2.2.39)

Theorem 2.2.29. (Marsden–Weinstein) Let (M,ω,H) be a Hamiltonian circle action
and c ∈ R such that S1 acts freely on the level set Zc = H−1(c). Then c is a regular value
and the quotient Mc = Zc/S

1 carries a natural symplectic form ωc such that π∗
cωc = ω|Zc.

By πc : Zc → Mc, we denote the quotient map.

First note that the circle action generated by H automatically preserves the level
sets Zc of H. For the theorem to apply, we only need this action to be free. Furthermore,
the fact that c ∈ R is a regular value follows directly from Hamilton’s equation (2.2.10).
Indeed, if the circle action on Zc is free, then the Hamiltonian vector field does not vanish
on Zc and so neither does dH. This proves that Zc is a submanifold. Symplectic reduction
is best summarized by a reduction diagram,

Zc = H−1(c) (M,ω)

(Mc, ωc).

πc (2.2.40)
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Sketch of proof. By the hypotheses of the theorem, the pair (Zc, ω|Zc) is an 2n − 1-
dimensional manifold equipped with a degenerate closed two-form and a free circle action.
Note that the circle action preserves ω|Zc since Hamiltonian flows preserve symplectic
forms. Since the quotient map is a submersion, this proves that there is a closed two-
form ωc on Mc = Zc/S

1 such that π∗
cωc = ω|Zc . The hard part is to prove that ωc is

non-degenerate and hence symplectic. For this, note that Zc is a coisotropic submanifold,
meaning that the symplectic complement TpZω

c is contained in TpZc for every p ∈ Zc. In
fact, we will prove that the symplectic complement is spanned by the Hamiltonian vector
field XH , which is tangent to Zc. This is the miracle of symplectic reduction, since it
shows that we can get rid of the degeneracy of the form ω|Zc by dividing out the group
action and hence the form ωc on the quotient is non-degenerate. To conclude, we prove
that

TZω
c = span{XH}. (2.2.41)

Since Zc = H−1(c), the tangent bundle can be written as TZc = ker dH. There-
fore, ω(XH , Y ) = dH(Y ) = 0 for all Y ∈ TZc and thus XH ∈ TZω

c . On the other
hand TZω

c is one-dimensional and hence there is equality. 2

There is a very natural relationship between the symplectic geometry of the reduced
space (Mc, ωc) and the S1-equivariant symplectic geometry of (M,ω). We crucially exploit
this relationship in our discussion of the Chekanov torus in Section 2.3. For the remainder
of this subsection, let (M,ω,H) be a Hamiltonian circle action which admits symplectic
reduction at the level c ∈ R and take the notation from (2.2.40).

Proposition 2.2.30. There is a one-to-one correspondence between Lagrangian subman-
ifolds Lc ⊂ Mc and Lagrangian submanifolds L ⊂ H−1(c) ⊂ M .

Proof. Given Lc ⊂ Mc, set L = π−1
c (Lc). It follows from π∗

cωc = ω that L is La-
grangian. On the other hand, given L ⊂ H−1(c), it follows from the Lagrangian con-
dition that L is invariant under the circle action. This is actually a general fact: La-
grangian submanifolds contained in a level set of a Hamiltonian are invariant under the
flow of that Hamiltonian. Indeed, due to the Lagrangian condition, it suffices to show
that ω(Y,XH) = 0 for all Y ∈ TL in order to conclude that XH ∈ TL. Note however
that ω(Y,XH) = dH(Y ) = 0 due to that fact that TH−1(c) = ker dH. We obtain a
Lagrangian in the symplectic quotient by setting Lc = πc(L) = L/S1. 2

Now let (M,ω, F ) be another (not necessarily periodic) Hamiltonian system on the
same space as the circle action H. We say that F is H-equivariant if the Hamiltoni-
ans H,F commute. The commutativity of flows in (2.2.36) explains this terminology.

Proposition 2.2.31. Every H-equivariant Hamiltonian system (M,ω, F ) projects to a
unique Hamiltonian system (Mc, ωc, Fc), meaning that

πc ◦ ϕFt = ϕFc
t ◦ πc, t ∈ R. (2.2.42)

Conversely, a given Hamiltonian system (Mc, ωc, Fc) can be lifted to a (non-unique) Hamil-
tonian system (M,ω, F ) for which (2.2.42) holds.
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Proof. For the first statement note that the H-equivariance ω(XH , XF ) = dF (XH) = 0
implies that F is constant on the orbits of the circle action H and hence that the re-
striction F |Zc descends to a well-defined function Fc in the quotient. Using π∗

cωc = ω
and Fc ◦ πc = F |Zc , it is straightforward to check that Fc generates the desired Hamil-
tonian system. For the converse, lift the function Fc given on Mc to the level set Zc
and extend it to M , for example by a cut-off in a tubular neighbourhood. The Hamilto-
nian system we obtain depends on the choice of this extension and is hence not unique. 2

2.2.8 Example: Complex projective plane
As an example of the utility of symplectic reduction, we describe the complex projective
plane CP 2 as a symplectic quotient of C3. This can be seen as a symplectic version of
the Hopf fibration which naturally equips CP 2 with the Fubini–Study form ωCP 2 . The
construction can be carried over to CP n verbatim. Let C3 be equipped with the symplectic
form ω0 and let

H(z1, z2, z3) = π(|z1|2 + |z2|2 + |z3|2). (2.2.43)
This Hamiltonian defines the diagonal circle action,

ϕHt (z1, z2, z3) = (e2πitz1, e
2πitz2, e

2πitz3). (2.2.44)

The circle action is free on H−1(c) for all c > 0 and hence we can perform symplectic
reduction, for example for c = 3,

S5(3) = H−1(3) (C3, ω0)

(CP 2, ωCP 2).

π (2.2.45)

Obviously, the choice c = 3 is quite arbitrary. Any other convention yields the same sym-
plectic form on CP 2 up to scaling. Let us illustrate the lifting/projection constructions
of §2.2.7 in this example. Proposition 2.2.30 tells us that there is a one-to-one corre-
spondence between Lagrangian submanifolds of CP 2 and Lagrangian submanifolds of C3

contained in S5(3). Take for example the Lagrangian torus T (1, 1, 1) = {π|zi|2 = 1} ⊂ C3.
It is contained in H−1(3) and hence automatically invariant under the circle action. There-
fore it projects to a Lagrangian torus in π(T (1, 1, 1)) = TCl ⊂ CP 2, known as the Clifford
torus. The same can be done for all product tori (see Example 2.5.5),

T (a1, a2, a3) ⊂ C3, a1 + a2 + a3 = 3. (2.2.46)

Let’s illustrate the inverse process of lifting Lagrangians from the reduced space by taking
real projective space RP 2 ⊂ CP 2 obtained as the real locus in homogeneous coordinates.
Lifting RP 2 to S5 ⊂ C3 yields an interesting Lagrangian L = π−1(RP 2), which has
the structure of a (non-trivial) principal S1-bundle over RP 2. In order to identify the
topological type of L, note that it can be written as

L = {(e2πitx1, e
2πitx2, e

2πitx3) ⊂ C3 | e2πit ∈ S1, xi ∈ R, x2
1 + x2

2 + x2
3 = 3}. (2.2.47)
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F2

F1c

sc

f1

CP 1(c)

Figure 2.5: The symplectic reduction described in Remark 2.2.33 at the level c > 0.

This shows that L can be identified with S2 ×Z2 S
1, where Z2 acts on S2 and S1 by

the antipodal map. Using the projection S2 ×Z2 S
1 → RP 1 ∼= S1, we see that L is the

mapping torus of the antipodal map x 7→ −x on the two-sphere, meaning that L is a
higher dimensional analogue of the Klein bottle.

As an illustration of Proposition 2.2.31, we construct a Hamiltonian T 2-action on CP 2.
In order to do so, let us first take a step back and note that (2.2.44) is in some sense induced
by the standard torus action on C3 described in Example 2.2.28. Indeed, we obtain this
circle action by restricting to the diagonal circle S1 ↪→ T 3. As it turns out, this is
equivalent to the fact that we can write H in terms of the Hamiltonians Fi generating the
torus action,

H = F1 + F2 + F3, Fi = π|zi|2. (2.2.48)
This implies that H commutes with F1, F2, F3, meaning that we obtain three reduced
Hamiltonian systems on CP 2 by Proposition 2.2.31 which we will denote by f1, f2, f3 : CP 2 →
R. These reduced systems still generate circle actions and they still commute in the quo-
tient. However, note that there is some redundancy. Indeed, we have restricted to the
level set H = 3 in the reduction and hence we can use (2.2.48) to write f3 = 3 − f1 − f2,
meaning that the flow of f3 can be written as a composition of the flows of f1, f2. Forget-
ting about f3, we obtain a Hamiltonian T 2-action on CP 2. This is just the residual action
of the T 3-action in the sense that there is a natural action of the quotient T 2 ∼= T 3/S1 by
the diagonal circle on CP 2.

Remark 2.2.32. (Quotients of Hamiltonian torus actions) Note that the above discussion
applies to a much more general setting. Whenever we have a Hamiltonian torus action
of T k and we can perform symplectic reduction with respect to a subtorus K ⊂ T k, then
the quotient carries a residual Hamiltonian action by T k/K. This follows from the fact
that the actions of T k and K commute since T k is abelian. One application of this is the
Delzant construction which proves one direction of Theorem 2.6.3. Indeed, Delzant noticed
that every toric manifold can be constructed as a quotient of some (CN , ω0) equipped with
the standard TN -action such that the toric structure on the quotient comes as the residual
torus action.
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Remark 2.2.33. (The case of CP 1) Let us take a closer look at the same construction
for CP 1, since we will use an analogous idea for the construction of the Chekanov torus
in Section 2.3. In that case, reduction is performed on one of the sets

H = F1 + F2 = π(|z1|2 + |z2|2) = c, c > 0, (2.2.49)

to obtain CP 1(c). In the image R2
⩾0 of the moment map µ = (F1, F2), these levels

project to segments sc = {F1 + F2 = c} ∩ R2
⩾0 as in Figure 2.5. As above, the circle

actions generated by F1, F2 yield induced circle actions f1, f2 on CP 1. The image of
the map (f1, f2) is sc. However, there is again some redudancy and we may pick f1
as generator of the induced circle action on CP 1(c). This shows that the image of the
Hamiltonian f1 is the segment of length c coming from the projection of sc onto the first
coordinate axis. This allows us to apply Theorem 2.2.17 to conclude that (CP 1(c), ωc, f1)
is equivariantly symplectomorphic to the circle action (S2, αωS2 , αG) from Example 2.2.5
with normalization α = c

4π .

2.3 Constructing the Chekanov torus in R4

The construction of the Chekanov torus we give here is essentially due to Eliashberg–
Polterovich [EP97]. The picture in terms of reduced spaces can also be found in [CS10],
from which we have taken the depiction in Figure 2.7. Another elucidating account from
a slightly different point of view is given by Auroux, for example in [Aur07].

2.3.1 A family of symplectic reductions
One of the key elements in this construction of the Chekanov torus is the Hamiltonian

F : C2 → R, (z1, z2) 7→ π(|z1|2 − |z2|2). (2.3.50)

It induces the following Hamiltonian circle action

ψϑ(z1, z2) = (e2πiϑz1, e
−2πiϑz2), ϑ ∈ S1 = R/Z. (2.3.51)

All of our constructions will be invariant or equivariant with respect to this circle action.
Roughly speaking, we will perform a ψ-equivariant perturbation of the standard toric
structure on C2. For this we first discuss the symplectic quotients obtained at different
levels of F .

Let us denote the level sets of F by Zc = F−1(c) for all c ∈ R. First of all note that
for all c ̸= 0, this level set is smooth. In fact, it is diffeomorphic to S1 × C. The only
critical value of F is 0 ∈ R and its only critical point is 0 ∈ C2. Thus ψ has 0 ∈ C2 as
its only fixed point and thus we can perform symplectic reduction away from c = 0. We
first treat the case c ̸= 0 and then move on to the critical value c = 0.

Proposition 2.3.1. Let c ̸= 0. The symplectic quotient Mc = F−1(c)/S1 = Zc/S
1 by the

circle action is symplectomorphic to the standard symplectic plane (C, ω0).

Before proving this claim, let us first take a step back and interpret the Hamiltonian S1-
action in terms of the toric structure on C2. Recall from §2.1.3 and Example 2.2.28 that
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gc g0

µ1

µ2
M0

Mc

Figure 2.6: The family πc : Zc → Mc with the residual Hamiltonian circle actions on the
quotients Mc.

the moment map of the standard toric structure on C2 is

µ : C2 → R2
⩾0, (z1, z2) 7→ (π|z1|2, π|z2|2), (2.3.52)

and that its action is by rotations in the factors of C2. Now note that our Hamiltonian F
is compatible with this structure in the sense that we can write it as F = µ1 − µ2. In
particular, this means that the level set Zc projects to the half-line {µ1 − µ2 = c} ⊂ R2

⩾0
in the base of the toric fibration. See Figure 2.6. The key observation for us is that after
we quotient out the circle action generated by F , the quotient Mc still carries a residual
circle action (coming from the initial toric T 2-action) which turns it into a toric manifold
in its own right. Indeed, note that the pair of Hamiltonians F, µ1 commutes and hence
we may apply Proposition 2.2.31 to obtain a reduced Hamiltonian system (Mc, ωc, (µ1)c).
For simplicity, let us call

gc = (µ1)c : Mc → R. (2.3.53)
The reduced Hamiltonian gc generates an effective Hamiltonian circle action on Mc. Recall
that we have classified all effective Hamiltonian circle actions on symplectic surfaces in
Theorem 2.2.17 in terms of the image of the Hamiltonian function. Here, the image of gc
is a half-line. Indeed, it is the projection of the half-line {µ1 − µ2 = c} ⊂ R2

⩾0 to the first
component. It follows that there is an equivariant symplectomorphism to the harmonic
oscillator,

(Mc, ωc, gc) ∼= (C, ω0, π|z|2), c ̸= 0. (2.3.54)
Note the similarity with Remark 2.2.33, where we have looked at the reduced spaces of
the Hamiltonian H = π(F1 + F2). In that case, the sets H−1(c) ∩ R2

⩾0 are given by
closed line segments, allowing us to equivariantly identify the quotients with the standard
Hamiltonian circle action on the sphere via Theorem 2.2.17. Both these cases are instances
of a more general principle which we briefly describe in Remark 2.6.8.

Let us now turn to the critical value c = 0. The only critical point 0 ∈ C2 is the
only fixed point of the circle action ψ restricted to Z0. This means that we may perform
symplectic reduction on its complement, Z0 \ {0}. Note that there is again a residual
circle action on the quotient (Z0 \ {0})/S1 and hence we can use this additional structure
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Mc M0

S1(a)
S1(a)

S1
Ch(a)

Figure 2.7: On the right: A standard circle S1(a) and a Chekanov circle S1
Ch(a). On the

left, both circles are Hamiltonian isotopic and so are the lifted tori. Such a
Hamiltonian isotopy does not lift to the fibre over the origin in M0.

to determine the quotient as above. This time, the image of the induced Hamiltonian is
the open half-line and hence the quotient is symplectomorphic to (C×, ω0). Obviously, we
can add a point to this space and extend the smooth and symplectic structures. Therefore
we set (M0, ω0) = (C, ω0). Let us emphasize that, as opposed to Mc ̸=0, this space is not
defined by symplectic reduction, but it coincides with the symplectic quotient of Z0 \ {0}
outside of 0 ∈ C. We will see that this distinction is crucial for the construction of the
Chekanov torus. Let us briefly recapitulate. We have now constructed a one-parameter
family of quotients

Zc = F−1(c) (C2, ω0)

(Mc, ωc) ∼= (C, ω0),

πc (2.3.55)

with the caveat that for c = 0 this is not an honest symplectic reduction. This is sum-
marized by Figure 2.6. However, we obtain a map π0 : Z0 → C which restricts to a
principal S1-bundle coming from symplectic reduction over C× but which has a degener-
ate fibre {0} over the origin 0 ∈ C.

Remark 2.3.2. For now, we will also be a little bit sloppy and identify (Mc, ωc) = (C, ω0),
although this identification is not unique. In fact, for every smooth curve γ : [0,+∞) →
Mc with γ(0) equal to the fixed point of the circle action gc and transverse to its orbits,
we obtain a symplectomorphism mapping the image of γ to the ray R⩾0. See also the
proof of Proposition 2.2.14.

2.3.2 The Chekanov torus
We can now turn to the definition of the Chekanov torus. The basic idea is to lift circles
from the quotient spaces Mc to tori in C2 via (2.3.55). Since circles in the plane are
Lagrangian, such tori are automatically Lagrangian by Proposition 2.2.30. Let S1

Ch(a) ⊂ C
be a simple closed curve bounding area a > 0 in the quotient space (M0, ω0) = (C, ω0)
such that S1

Ch(a) does not enclose the origin, see also Figure 2.7. From now on, we call
such a curve Chekanov circle. Then we can define the following one-parameter family of
tori.
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Definition 2.3.3. The Chekanov torus of area parameter a > 0 is defined as the lift

TCh(a) = π−1
0 (S1

Ch(a)) ⊂ C2. (2.3.56)

This definition does not depend on the choice of the circle S1
Ch(a) up to applying a

Hamiltonian isotopy. Indeed, all circles enclosing area a > 0 in C× which do not enclose
the origin are Hamiltonian isotopic by a Hamiltonian isotopy inside C×, and such a
Hamiltonian isotopy can be lifted by Proposition 2.2.31. Note that S1

Ch(a) is Hamiltonian
isotopic to the standard circle S1(a) (which does enclose the origin) through a Hamiltonian
isotopy supported in C but it is not through a Hamiltonian isotopy supported in C×. Now
recall that the quotient map π0 : Z0 → C is singular at the origin and hence a Hamiltonian
isotopy whose support contains 0 ∈ C cannot be lifted. In fact, a smooth circle that passes
through the origin lifts to a pinched Lagrangian torus in C2. See also Figure 2.8. We will
see now that the standard circles S1(a) in the reduced spaces lift to product tori in C2.
This motivates Definition 2.3.3 of the Chekanov torus, since it means that there are two
kinds of circles in the reduced space M0 = C, those of standard type S1(a) (enclosing the
origin) and those of Chekanov type S1

Ch(a) (not enclosing the origin). Both types come in
a one-parameter family indexed by the area they contain. Note that in all other reduced
spaces with c ̸= 0, this is not so, since the reduction πc : Zc → C is defined everywhere.

Proposition 2.3.4. Let πc : Zc → Mc be the symplectic reduction induced by F = π(|z1|2−
|z2|2) = c on C2 for c ̸= 0. Then the lifts of standard circles S1(a) = {π|z|2 = a} ⊂ Mc =
C are product tori,

π−1
c (S1(a)) =

{
T (a, a− c) if c < 0,
T (a+ c, a) if c > 0.

(2.3.57)

Furthermore, the lift of any simple closed curve is Hamiltonian isotopic to a product torus.

Proof. Since S1(a) is the orbit of the residual Hamiltonian circle action (2.3.53), it lifts to
an orbit of the T 2-action on C2, and this orbit is a product torus. The identity (2.3.57) fol-
lows from the identification of the toric moment map image of gc with {µ1 −µ2 = c}∩R2

⩾0,
see the discussion surrounding (2.3.54) and Figure 2.6. Let us now prove that lifts of sim-
ple closed curves from the spaces Mc ̸=0 yield product tori up to applying a Hamiltonian
isotopy. This follows from the fact that every such curve in (C, ω0) is Hamiltonian iso-
topic to some S1(a) (see the discussion in §2.1.1) together with the fact that Hamiltonian
isotopies can be lifted through symplectic reductions by Proposition 2.2.31. 2

In particular, we have proven that we cannot come up with exotic tori by lifting circles
from the reduced spaces Mc for c ̸= 0. For c = 0, however, the situation is different, as
we have seen in Definition 2.3.3. Similarly as above, we have

π−1
0 (S1(a)) = T (a, a), a > 0. (2.3.58)

Remark 2.3.5. (Equivariant equivalence) Since the two types of circles S1(a), S1
Ch(a) ⊂

C× are not Hamiltonian isotopic, we have shown that there is no ψ-equivariant Hamil-
tonian isotopy mapping TCh(a) to the product torus T (a, a). In Section 2.5, we will see
that there is no general such Hamiltonian isotopy, i.e. that the Chekanov torus is exotic.
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T (a, a) TCh(a− ε)

M0

Figure 2.8: The outer circle lifts to a product torus. The inner circle lifts to a Chekanov
torus. There is an intermediate circle lifting to a pinched torus, since the circle
fibres of π0 : Z0 → M0 degenerate to a point fibre over the point marked by a
cross. The lift of the transverse segment is the union of two Lagrangian disks
meeting at the singular point of the pinched torus.

Remark 2.3.6. (Monotonicity of the Chekanov torus) Proposition 2.3.4 allows us to
compute the area and Maslov class of the Chekanov torus TCh(a). The area and Maslov
classes depend continuously on the Lagrangian we choose (in the C1-topology, see for
example Remark 2.4.1). We can define the sequence of Lagrangian tori Ln = π−1

1/n(S1
Ch(a))

which converges to the Chekanov torus TCh(a). However by the second statement of
Proposition 2.3.4, we obtain Ln ∼= T (a + 1

n
, a) and hence the Chekanov torus has the

same area and Maslov class as the product torus T (a, a). Therefore, it is monotone. In
particular, we cannot use these invariants to prove that the Chekanov torus is exotic.

2.3.3 An exotic Lagrangian torus fibration
Let us look once more at the quotient map π0 : Z0 → C coming from the reduction of the
circle action generated by F = π(|z1|2 − |z2|2). The standard Lagrangian torus fibration
by product tori descends to the fibration of C× by standard circles as on the left hand
side of Figure 2.9. Conversely, the lift of the fibration by circles lifts to a Lagrangian
torus fibration of, at the very least, the set Z0 \ {0}. Let us now try to obtain a fibration
of Z0 \ {0} by Chekanov tori instead of product tori. The previous paragraph §2.3.2
suggests how to do this: We should lift a fibration of C× by circles which do not enclose the
origin, as these lift to Chekanov tori. A moment’s reflection shows that this is impossible.
The best we can do is shown on the right hand side of Figure 2.9, which shows a circle
fibration (with one singular point where the circles degenerate to a point) of the plane
from which we removed a set which is diffeomorphic to a half-line with endpoint in the
origin. Note that we are only interested in Hamiltonian isotopy classes and hence it
does not matter what this set looks like precisely, nor what the circle fibration on its
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Figure 2.9: A deformation of the standard circle action on C (on the left) to one on the
slit plane C− = C\R⩾0 (on the right). The latter has only Chekanov circles as
orbits, as none of them encloses the origin. Note that the orbits are standard
outside an ε-neighbourhood of the slit.

complement looks like as long as it has only one singular fibre. Thus from now on, we
assume that the set we remove is R⩾0 and we denote the slit plane by C− = C \ R⩾0.
Furthermore, we take a circle fibration which is standard outside of an ε-neighbourhood
of the slit R⩾0 as in Figure 2.9. We give a concrete such fibration in Lemma 2.3.8, but
for now we consider it given. For simplicity, we encode this circle fibration as the level
sets of a function h ∈ C∞(C−). Note that we may even assume, by Remark 2.2.15, that h
generates a Hamiltonian circle action; this then determines h up to an additive constant.
Let us set

h : C− → R, h(z) = area contained by the circle fibre through z. (2.3.59)

We obtain the Chekanov tori as lifts,

TCh(a) = π−1
0 (h−1(a)), a > 0. (2.3.60)

Thus we obtain a fibration of π−1
0 (C−) by Chekanov tori. Note that the lift π−1

0 (R⩾0) is
given (in a suitable identification of (Z0 \ {0})/S1 with C×) by the Lagrangian plane

P = {(z, z) ∈ C2 | z ∈ C}. (2.3.61)

We extend the Lagrangian torus fibration of Z0\P to a Lagrangian torus fibration of C2\P .

Theorem 2.3.7. There is a smooth map p : C2 \ P → R × R⩾0 such that the fibres
over R × R>0 are Lagrangian tori and

(1) the fibres over the ray {0} × R>0 are Chekanov tori,

p−1(0, a) = TCh(0, a), a > 0, (2.3.62)
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(2) all other fibres are Hamiltonian isotopic to product tori,

p−1(c, a) ∼=
{
T (a, a− c) if c < 0,
T (a+ c, a) if c > 0.

(2.3.63)

In order to extend the Lagrangian torus fibration of Z0 \ P , we need to work across
different reduced spaces, since C2 is decomposed into slices C2 = ∪c∈RZc and each of the
slices reduces to one of the Mc. Recall that up until now, we were sloppy about how we
identify Mc = C but now we need to make this precise. For this, we use an idea going back
to Eliashberg–Polterovich [EP97] and featuring prominently in Auroux [Aur07], namely
we consider the following holomorphic function

f : C2 → C, (z1, z2) 7→ z1z2. (2.3.64)

Note that this function is invariant under the circle action ψ generated by the Hamilto-
nian F . Therefore f factors through the reduced spaces,

Zc = F−1(c) (C2, ω0) (C, ω0)

(Mc, ωc).

πc

f

(2.3.65)

Recall that the quotients carry a residual circle action induced by rotation in the first
factor, ϑ.(z1, z2) = (e2πiϑz1, z2). Since f is equivariant with respect to this action and
the standard action on C, we deduce that the identification Mc = C induced by f is
equivariant. Following [GV21, Section 7], we note that this induces a map

π : C2 → C × R, (z1, z2) 7→ (z1z2, F (z1, z2) = π(|z1|2 − |z2|2)), (2.3.66)

which is ψ-invariant and such that π|Zc = πc. In other words, π is a global quotient map
for the Hamiltonian S1-action which realizes symplectic reduction on the slices Zc.

The main idea in order to extend the fibration on Z0 \P is to define a one-parameter
family {ht}t∈[0,1] of Hamiltonian circle actions on C (or C−, respectively) which interpo-
late between the standard circle action and the one defined by (2.3.59) and take the R-
component in the image of (2.3.66) as a parameter to lift this family of systems. More
precisely, let us construct this one-parameter family.

Lemma 2.3.8. There is a family of functions hs ∈ C∞(C) for s ∈ [0, 1) and h1 ∈
C∞(C−) which generate Hamiltonian S1-actions on the respective spaces with the following
properties.

(1) For s = 0, we have h0(z) = π|z|2;

(2) The family depends smoothly on s, meaning s 7→ hs is smooth for all s ∈ [0, 1)
and s 7→ hs|C− is smooth for all s ∈ [0, 1];

(3) For all ε > 0, we can choose hs such that their orbits are circles centered in 0 ∈ C
outside of a ε-neighbourhood of R⩾0 ⊂ C.
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See Figure 2.9 for an illustration of what the orbits of this family of functions looks like.
Actually, one way of finding such a family of functions is starting with the corresponding
families of orbits as in the figure and defining hs as in (2.3.59).
Proof of Lemma 2.3.8. Pick a smooth family of {h̃s}s∈[0,1] with h̃s ∈ C∞(C) for s ∈ [0, 1)
and h̃1 ∈ C∞(C−) satisfying properties (1)–(3), but which do not necessarily have periodic
flows. This can be explicitely done as follows. For ε > 0, let Uε be the ε-neighbourhood of
the slit R⩾0 ⊂ C, i.e. all points at Euclidean distance less than ε from R⩾0. Let χε : C →
[0, 1] be a smooth characteristic function of the slit R⩾0 with

supp(χε) ⊂ Uε, χε|R⩾0 = 1, χε|C− < 1. (2.3.67)

Define the family of functions

h̃s(z) = π |z|2 + sχε(z)
1 − sχε(z)

. (2.3.68)

Note that h̃1 is not defined on the slit (as expected) and that for a suitable choice of χε,
any h̃s has a unique critical point in (−ε, 0]. This implies that all level sets are diffeomor-
phic to circles. This family satisfies properties (1)–(3) but it does not define circle actions
in general. However, Remark 2.2.15 allows us to conclude by setting the value of hs equal
to the symplectic area contained by the level sets of h̃s. 2

Proof of Theorem 2.3.7. Let ε > 0 be a small parameter and let b : R → [0, 1] be a bump
function with support in (−ε, ε) and with b(0) = 1 as its unique maximum. Let {hs}s∈[0,1]
be the family of functions from Lemma 2.3.8 with ε the parameter used for (3) and set

H̃ : C × R \ (R⩾0 × {0}) → R, (z, r) 7→ hb(r)(z). (2.3.69)

Let us define H = H̃ ◦π as the lift of H̃ under the map (2.3.66). We claim that p = (F,H)
is the desired Lagrangian torus fibration. First note that H is not defined on the preimage
of the set R⩾0 × {0} and this preimage is precisely the Lagrangian plane P . Now let us
look at a level set p−1(c, a) = {F = c,H = a}. Such a level set is given as the lift of a cir-
cle H̃−1(a) ∩ {r = c} under π. Recall that π|Zc : Zc → {r = c} is the symplectic reduction
at level F = c. Thus we can use Proposition 2.2.30 to conclude that the fibre p−1(c, a) is
a Lagrangian torus. For c = 0, it is a Chekanov torus. This follows from the definition
of Chekanov tori and our definition of H̃. Indeed, all circles H̃−1(a) ∩ {r = 0} do not
enclose the origin, since H̃(z, 0) = hb(0)(z) = h1(z). The Hamiltonian isotopy (2.3.63) of
all other fibres with product tori follows form Proposition 2.3.4. 2

Remark 2.3.9. (Is it a moment map?) Although we suspect this to be true, the map p =
(F,H) we have constructed in §2.3.3 is a priori not a moment map of a Hamiltonian T 2-
action on C2 \ P . The Hamiltonians commute by construction, dF (XH) = 0, and F
generates a circle action, but it is non-trivial to show that the second Hamiltonian H
generates a circle action. Although the corresponding flows in the quotients Mc are circle
actions, this does not imply that the lifted flow is periodic. Indeed, recall from the proof
of Proposition 2.2.31 that lifted flows depend on the extension of the lifted Hamiltonian.
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Figure 2.10: An illustration of the three operations in almost toric geometry for C2. The
first diagram is the toric base R2

⩾0 of C2. The second is obtained from the
first by a nodal trade. The third is obtained from the second by a nodal slide.
The fourth is obtained from the third by a mutation.

2.3.4 The Chekanov torus and almost toric fibrations
This section is somewhat speculative. It merely serves to pique the interest of the reader
who is familiar with almost toric geometry. Its content does not appear anywhere else in
the present manuscript (except for the discussion in 2.6.3) and hence it may be skipped
by the reader who is unfamiliar with or uninterested in almost toric fibrations. In §2.3.3,
we have passed from the standard toric structure

µ : C2 → R2
⩾0, (z1, z2) 7→ (π|z1|2, π|z2|2), (2.3.70)

defining a Lagrangian torus fibration by product tori to an exotic fibration, i.e. a fibration
having Chekanov tori as some of its fibres,

p : C2 \ P → R × R⩾0, (z1, z2) 7→ (F (z1, z2) = π(|z1|2 − |z2|2), H(z1, z2)). (2.3.71)

We briefly explain the relationship of this operation with certain operations from almost
toric geometry. Almost toric geometry is a generalization (in dimension four) of toric
geometry, where one allows for more complicated singularities in the fibration, namely
so-called focus-focus singularities. We do not give details on almost toric geometry here,
nor do we actually prove some kind of equivalence of the construction from §2.3.3 and
almost toric operations, since this would be outside the scope of the present exposition.

The almost toric geometry package includes three basic operations: nodal trades,
nodal slides and mutations. Here we use the terminology of [Eva21]. These operations do
not change the symplectic geometry of the manifold under consideration, they merely give
different Lagrangian fibrations of a fixed manifold. The nodal trade operation [Eva21,
Section 8.2] is the most important one. In terms of singularities, it exchanges an elliptic-
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elliptic singularity with a focus-focus singularity. The former is of toric type and simply
corresponds to a vertex in a toric moment map image, and the latter is the only non-toric
singularity of the almost-toric world. We illustrate the operations by the example of C2,
see Figure 2.10. Passing from the first picture to the second in Figure 2.10 combinatorially
encodes the nodal trade. The base point marked by a cross in Figure 2.10 is called a node
and its corresponding fibre is a pinched torus. The main conceptual difference with the
toric case is that the base of regular fibres of the fibration is not simply-connected anymore.
Indeed, this is crucial since the torus fibration around a node has non-trivial monodromy.
This monodromy is combinatorially encoded by the dashed line, we again refer to Sections
6, 7 and 8 in [Eva21] for details. One can slide the node along the direction of the dashed
line, this is called a nodal slide [Eva21, Section 8.3]. Passing from the second to the third
picture in Figure 2.10 represents a nodal slide. The mutation operation [Eva21, Section
8.4] is represented by passing from the third to the fourth picture, and geometrically it
corresponds to choosing a different fundamental domain of the covering associated to the
non simply-connected base.

Let us now describe an (equivalent?) procedure using the approach from §2.3.3.
For this, we consider a parametric version {pt}t∈[0,1] interpolating between the standard
fibration (2.3.70) and the exotic one (2.3.71). Define

pt = (F,Ht), Ht = H̃t ◦ π, H̃t(z, r) = htb(r)(z), (2.3.72)

where we use the same construction and conventions as in the proof of Theorem 2.3.7, see
also the discussion around (2.3.69). Note that p1 = p. Since the bump function b takes
values in [0, 1] and the functions hs from Lemma 2.3.8 are defined on C for all s ∈ [0, 1),
we deduce that pt is defined on all of C2 for each t ∈ [0, 1), in contrast to p = p1. Another
difference with the case s = 1 is the presence of a singular fibre in the interior of the
base R × R⩾0. Indeed, note that H̃t|{r=0} = ht and ht has a level set passing through
the origin (0, 0) ∈ C × R. Recall that the fibration (2.3.66) is singular at (0, 0) and thus
the corresponding fibre is a pinched torus as shown in Figure 2.8. Thus the basis of this
fibration is as depicted in Figure 2.11 for different values of s ∈ [0, 1]. The cross here
depicts a pinched torus fibre. This fibre gets pushed off to infinity in t = 1, at the cost
of removing a Lagrangian plane from the total space, see also Figure 2.9. This suggests
that the family pt encodes a nodal trade when we pass from p0 to pt for small t > 0 and
a nodal slide with increasing t.

Remark 2.3.10. (Nodal trade at infinity) We have described a process to pass from
a Lagrangian torus fibration on C2 to one on C2 \ P . This suggests that there is an
inverse procedure which should consist of adding a Lagrangian plane to the latter space
and extending the Lagrangian torus fibration over it. This should maybe be viewed as
a nodal trade at infinity, since it is inverse to pushing off a node to infinity. This should
correspond to the integrable Lagrangian surgery appearing in [GV21, Section 7.4].

2.4 Versal deformations of Lagrangians
In this section, we describe small deformations of a given Lagrangian submanifold using
Weinstein’s theorem 2.4.2. Up to (locally supported) Hamiltonian isotopies, the deforma-
tion space of a given Lagrangian L is parametrized by a small neighbourhood in H1(L;R).
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t = 0
H0

F

t = t1 > 0
Ht1

F

t = t2 > t1
Ht2

F

Figure 2.11: The image of the map pt = (F,Ht) for different values of the parameter t on
the right. On the left, the fibrations induced on the reduced space M0. The
level set passing through the origin lifts to a pinched torus, as in Figure 2.8.
The image of the pinched torus is marked by a cross on the right. The fibres
over the vertical segment under the cross are Chekanov tori.
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M
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νN

N

U V

Γs

φ(Γs)

φ

Figure 2.12: Deformations of submanifolds correspond to sections of the normal bundle
via the tubular neighbourhood theorem.

This yields a method of strengthening symplectic invariants of Lagrangian manifolds,
since one can evaluate a given symplectic invariant on the deformations of L instead of
only on L. These deformations are known as versal deformations and the idea of using
them to strengthen given invariants goes back to Chekanov [Che96], see also Chekanov–
Schlenk [CS10], [CS16].

2.4.1 Deformations of smooth submanifolds
We start by recalling smooth deformations. Let N ⊂ M be a smooth submanifold. We
would like to describe the ways in which N can be smoothly deformed and for this we
need the normal bundle. Recall that the normal bundle νN → N of N is defined by the
short exact sequence of vector bundles over N

0 → TN → TM |N → νN → 0. (2.4.73)

In other words, the normal bundle is the collection of directions which are transversal
to TN ⊂ TM |N . Despite its somewhat misleading name, we do not need to pick a Rie-
mannian metric (or something along those lines) to define the normal bundle. The tubular
neighbourhood theorem states that a neighbourhood of N in M looks like a neighbour-
hood of the zero section in νN . Let U ⊂ νN and V ⊂ M be such neighbourhoods with
a diffeomorphism φ : U → V . We obtain a bijection

Γ(νN) ⊃ U → V ⊂ {submanifolds of M in V }, s 7→ φ(Γs). (2.4.74)

By Γ(νN), we denote the sections of the normal bundle, by Γs ⊂ νN the graph of
a section s and by U the set of sections which lie in U . The set V is defined as the
submanifolds inside V which are graphs in the corresponding tubular neighbourhood.
The map (2.4.74) is thus tautologically a bijection.
Remark 2.4.1. (C1-topology) A section of a vector bundle is small in the C1-topology
if its values and its derivatives are small. Although one needs to choose a C1-norm in
the process, the corresponding topology is well-defined. Via the tubular neighbourhood
theorem and the bijection (2.4.74), this induces a topology on the set of submanifolds
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which are smoothly isotopic to N ⊂ M . We call this the C1-topology, as well. By
definition, one can choose deformations C1-small enough so that they correspond to a
graph in a tubular neighbourhood.

2.4.2 Cotangent bundles and Weinstein’s theorem
Now let L ⊂ (M,ω) be a Lagrangian submanifold of a symplectic manifold. Then there is
a natural identification (i.e. a vector bundle isomorphism) of the normal bundle νL with
the cotangent bundle T ∗L. Indeed, the symplectic form yields a surjective homomorphism

TM |L → T ∗L, X 7→ ι(X)ω|TL. (2.4.75)

By the definition of Lagrangian submanifolds, the kernel of this homomorphism is given
by TL ⊂ TM |L and hence a comparison with (2.4.73) proves that νL ∼= T ∗L by the map

νL = TM |L/TL → T ∗L, [X] 7→ ι(X)ω|TL. (2.4.76)

This is a well-defined explicit identification. The tubular neighbourhood theorem applied
to Lagrangian submanifolds thus states that a neighbourhood of L looks like a neigh-
bourhood of the zero-section 0L ⊂ T ∗L. Weinstein’s (Lagrangian neighbourhood) theorem
upgrades the diffeomorphism in this claim to a symplectomorphism.

Theorem 2.4.2. (Weinstein’s theorem) Let L ⊂ (M,ω) be a Lagrangian submanifold.
Then there is a neighbourhood U ⊂ T ∗L of the zero–section, a neighbourhood V ⊂ M of L
and a symplectomorphism

φ : (T ∗L, ωcan) ⊃ U → V ⊂ (M,ω), φ∗ω = ωcan (2.4.77)

mapping the zero–section to L.

Note that we tolerate a small abuse of notation here, since L refers to an abstract man-
ifold on one hand and to a Lagrangian submanifold of M on the other. We call such a
symplectomorphism φ : U → V a Weinstein chart. The symplectic form ωcan is the canon-
ical symplectic form on cotangent bundles. It is an exact form, ωcan = −dλ, where λ is
defined as

∑
pidqi in a bundle chart of the cotangent bundle coming from a chart of the

underlying manifold. See any textbook on symplectic geometry for more details on λ
and ωcan and for a proof of Weinstein’s theorem, for example [MS17, §3].

2.4.3 Versal deformations
We have seen that smooth deformations of a Lagrangian submanifold are sections of
the cotangent bundle, i.e. one-forms. We will see that Lagrangian deformations of a
Lagrangian submanifold correspond to closed one-forms. We first restrict our attention
to the case of the cotangent bundle T ∗L of a compact manifold L. This will serve as
model, via Weinstein’s theorem, for a general Lagrangian. Recall the following classical
fact about graphs of one-forms.

Proposition 2.4.3. Let T ∗L be the cotangent bundle of a compact smooth manifold L
equipped with its canonical symplectic form ωcan = −dλ. Then we have

(1) The graph Γα ⊂ T ∗L of a one-form α ∈ Ω1(L) is Lagrangian if and only if the
one-form is closed;
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(2) Two graphs Γα,Γβ ⊂ T ∗L are Hamiltonian isotopic if and only if the forms are
cohomologous, i.e. there is a smooth function f ∈ C∞(L) for which α− β = df .

It follows that the set of C1-small Lagrangian perturbations of the zero-section (viewed
a Lagrangian in T ∗L) corresponds to a neighbourhood of the one-form 0 ∈ Ω1(L) in the
space of closed one-forms. Furthermore, we obtain a bijection between such perturbed La-
grangians up to Hamiltonian isotopy and small elements in the first cohomology H1(L;R).
This readily follows from the definition of de Rham-cohomology as the space of closed
forms quotiented by the space of exact forms.

Now let L ⊂ M be a compact Lagrangian in a symplectic manifold (M,ω) and take
a Weinstein chart, φ : U → V with conventions as in (2.4.77). By Proposition 2.4.3 this
yields a homeomorphism (in the respective C1-topologies),

Ω1
cl(L) ⊃ Û → V̂ ⊂ {Lagrangians in M}, α 7→ φ(Γα). (2.4.78)

By Û we have denoted the set of closed sections contained in U and by V̂ the set of La-
grangians in V which are graphs in the Weinstein chart. Furthermore, we may quotient
out by exact one-forms on the left-hand side and by Hamiltonian isotopies supported in V
on the right-hand side to obtain an induced homeomorphism. Note that the submanifolds
in the image of (2.4.78) are all Lagrangian isotopic to L within the Weinstein neighbour-
hood V .

Proposition 2.4.4. Let L ⊂ M be a compact Lagrangian submanifold. Every Weinstein
chart φ : U → V yields a C1-homeomorphism

wL : H1(L;R) ⊃ U → V ⊂ {Lagrangians in M}/∼, [α] 7→ [φ(Γα)]. (2.4.79)

The equivalence relation on Lagrangian submanifolds is given by Hamiltonian isotopies
which are supported in V . Furthermore, this homeomorphism is independent of the choice
of Weinstein chart.

The first claim of the proposition follows from the above discussion. We postpone the
proof of the independence of the Weinstein chart to Remark 2.4.9, where we construct an
inverse to wL that does not depend on the choice of the Weinstein chart.

Definition 2.4.5. Let L ⊂ (M,ω) be a compact Lagrangian. Then the associated map wL
from (2.4.79) is called the versal deformation of L.

Example 2.4.6. Let L ⊂ (M,ω) be a Lagrangian sphere. Since H1(L;R) = 0, the
versal deformation is trivial. Indeed, any Lagrangian isotopy of a sphere is automatically
Hamiltonian.

Example 2.4.7. Let (S2, ωS2) be the two-sphere and as Lagrangian submanifold we
choose the equator L = G−1(0), which we have viewed as orbit of the Hamiltonian system
described in Example 2.2.5. We identify (T ∗S1,−dλcan) with the cylinder (R×S1, dx∧dt)
and define a Weinstein chart omitting the North and South Poles N,S ∈ S2,

φ : (−2π, 2π) × S1 → S2 \ {N,S}, (x, t) 7→ ϕGt (γ(x)). (2.4.80)
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S2

S1
eq

T ∗S1

Γ0

Γs

U V

φ(Γs)
φ

Figure 2.13: A Weinstein chart φ : U → V of the equator S1
eq ⊂ S2. The area bounded

by the zero-section Γ0 ⊂ T ∗S1 and the graph Γs ⊂ T ∗S1 is equal to the area
bounded by the equator S1

eq ⊂ S2 and φ(Γs) ⊂ S2.

Here we have chosen a smooth curve γ : [−2π, 2π] → S2 such that γ(−2π) = S and γ(2π) =
N and G(γ(x)) = x. It follows that φ is a symplectomorphism as in the proof of Proposi-
tion 2.2.14. Since L is one-dimensional, every one-form is closed and the homomorphism

Ω1(S1) → R, α 7→
∫

[S1]
α (2.4.81)

descends to an isomorphism H1(L;R) ∼= R. The generator [S1] ∈ H1(S1;Z) here carries
the orientation coming from the circle action generated by G. The integral (2.4.81)
corresponds to the area contained between the zero-section and the graph of α. By
applying the Weinstein chart (which preserves area), we obtain that the versal deformation
of L by a small deformation parameter a ∈ H1(L;R) can be represented by any Lagrangian
circle L(a) in S2 such that the cylinder bounded by L and L(a) contains symplectic area a.
For convenience, we can choose constant one-forms. Under our Weinstein chart, these
correspond to orbits of the Hamiltonian circle action G, meaning that the map

H1(L;R) ∼= R ⊃ (−2π, 2π) → {Lagrangians in S2}, a 7→ G−1(a) (2.4.82)

induces a versal deformation. We will see that it is not a coincidence that one can choose
nearby orbits of a Hamiltonian circle action as Lagrangian neighbours of the orbit G−1(0).
See for example §2.4.4.

We would usually like to think of versal deformations as explicit families of Lagrangian
submanifolds,

H1(L;R) ⊃ U → {Lagrangians in M}, a 7→ L(a). (2.4.83)
However, this way of thinking is a little dangerous, since by far not all families of La-
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grangian submanifolds are versal deformations, i.e. come from Weinstein neighbourhoods.
For one, the family needs to be continuous and satisfy L(0) = L, where L is the original
Lagrangian we want to deform. But there are more subtle conditions, which we discuss
now. For clarity, we illustrate these by Example 2.4.7.

Our Lagrangian in Example 2.4.7 was the equatorial circle L ⊂ S2. We realized its
versal deformation by the set of circles of constant height G−1(a). This choice is obviously
not unique, since there are many Lagrangians which represent the same Hamiltonian
isotopy class. However not every one-parameter family of Lagrangians yields a versal
deformation. For one, a family a 7→ L(a) has to be surjective onto Hamiltonian isotopy
classes. In Example 2.4.7, one can easily imagine a one-parameter family of circles for
which the areas of the two disks they bound are constant. All such circles are Hamiltonian
isotopic, meaning that curve a 7→ [L(a)] is constant on the level of Hamiltonian isotopy
classes. This is clearly not a versal deformation. But it gets more subtle, since versal
deformations encode certain quantitative properties of the symplectic form. Note, again
in Example 2.4.7, that the deformation parameter encodes the symplectic area contained
between G−1(a) and its deformation. For example the family of circles of constant height
given by

H1(S1;R) ⊃ (−2π, 2π) → {Lagrangians in S2}, a 7→ G−1(a3) (2.4.84)

exhausts all Hamiltonian classes of neighbourhing Lagrangians, but it is not a versal
deformation of L. Indeed the symplectic area between L and G−1(a3) is a3 instead of a.
We have the following general fact about versal deformations.

Proposition 2.4.8. Let L ⊂ (M,ω) be a compact Lagrangian submanifold and let a 7→
L(a) be a versal deformation of L, meaning that every Lagrangian L(a) for a ∈ U ⊂
H1(L;R) is of the form L(a) = φ(Γα) for a Weinstein chart φ and a closed one-form α
with [α] = a. Then the Lagrangians L(a) have the following property∫

Zξ(L(a))
ω = ⟨a, ξ⟩, for all ξ ∈ H1(L). (2.4.85)

Before discussing the proof, we need to explain the notation in (2.4.85), see also
Figure 2.14. Let a ∈ U and ξ ∈ H1(L), then by Zξ(L(a)) we denote a cylinder with one
boundary component on L and one boundary component on L(a) such that the boundary
component on L is in the homology class of ξ ∈ H1(L). Note that (2.4.85) implicitly
states that the value of the integral on the left-hand side is independent of all the choices
we made to get a cylinder Zξ(L(a)). This will become apparent in the proof.
Proof of Proposition 2.4.8. The proof is a computation. The first crucial ingredient is
the fact that we work in a Weinstein chart φ : U → V and hence the symplectic form ω
is exact when restricted to V . Indeed, by (2.4.77), we have φ∗ω|V = −dλ, where λ is
the Liouville one-form. For simplicity, we will make the computation in the cotangent
bundle U ⊂ T ∗L. The second crucial ingredient is the following property of the Liouville
one-form

α∗λ = α, for all α ∈ Ω1(L). (2.4.86)
This is the property which bridges the gap between purely cohomological data on the one
hand and quantitative data about the symplectic form ω on the other. Now let L(a) =
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L(a)

L

ξ

Zξ(L(a))

0

a

H1(L;R)

Figure 2.14: An illustration of Proposition 2.4.8. If L(a) is a versal deformation of L
for a ∈ H1(L;R), then the area of a cylinder over a cycle representing ξ ∈
H1(L) is equal to ⟨a, ξ⟩.

φ(Γα) for a = [α]. Let ξ ∈ H1(L) and let c : S1 → L ⊂ T ∗L be a curve representing ξ.
Then∫

Zξ(L(a))
ω =

∫
φ−1(Zξ(L(a)))

φ∗ω =
∫
α(c)

λ−
∫
c

λ =
∫
c

α∗λ =
∫
c

α = ⟨a, ξ⟩. (2.4.87)

For the second identity, we have used Stokes and the fact that L(a) = φ(Γα). For the
third identity, we have used that λ vanishes on the zero-section. This follows from the
expression in coordinates λ =

∑
i pidqi or also from property (2.4.86). 2

Remark 2.4.9. The identity (2.4.85) can be used to construct an inverse to the map wL
from (2.4.79). Indeed, to a Lagrangian L′ which is Lagrangian isotopic to L inside a
tubular neighbourhood V of L, one can associate the corresponding cohomology class aL′ ∈
H1(L;R) by measuring the symplectic areas of cylinders between L and L′ as in (2.4.85),

V → U ⊂ H1(L;R), [L′] 7→ aL′ ,

∫
Zξ(L′)

ω = ⟨aL′ , ξ⟩, ∀ξ ∈ H1(L). (2.4.88)

This map is well-defined and it depends only on the Hamiltonian isotopy class of L′. The
computation in the proof of Proposition 2.4.8 shows that it is an inverse to (2.4.79). Since
this map does not depend on a Weinstein chart, this proves that (2.4.79) is independent
of the choice of Weinstein chart.
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2.4.4 Versal deformations of product tori
Note the similarity between the area condition (2.4.85) for versal deformations and the
one in (2.2.21) for Hamiltonian circle actions. Indeed, an effective Hamiltonian circle
action (Σ, ω,H) yields an associated versal deformation of a circle H−1(c) by setting

(−ε, ε) → {Lagrangians in Σ}, a 7→ H−1(c+ a), (2.4.89)

where ε > 0 is chosen small enough so that there are no critical values in (c − ε, c + ε).
Indeed, we can use exactly the same argument as in Example 2.4.7. In fact, the same
argument can be used for all toric Hamiltonian torus actions. Since we have not yet
introduced toric structures, we restrict our attention to the case of product tori in Cn,
see also Example 2.2.20. The proof we give can be carried over verbatim to get a versal
deformation of general toric fibres1. Indeed, we will make use of the commuting Hamil-
tonians

Fi(z) = π|zi|2, ω(XFi
, XFj

) = 0, i, j ∈ {1, . . . , n}. (2.4.90)
These fit together to a moment map µ = (F1, . . . , Fn) : Cn → Rn

⩾0 the fibres of which are
precisely the product tori,

µ−1(x) = T (x), (x1, . . . , xn) ∈ Rn
>0. (2.4.91)

See also Example 2.2.28. In the general toric case, there is a similar moment map and
the same arguments apply to yield a versal deformation of its Lagrangian fibres. Note
that H1(T (x),R) ∼= Rn and there is a canonical identification H1(T (x),R) = Rn by
choosing a dual basis to the circle orbits of the Fi. The versal deformation is simply given
by varying the base point of µ : Cn → Rn

⩾0.

Proposition 2.4.10. Let c ∈ Rn
>0, then we obtain a versal deformation of the product

torus T (c) ⊂ Cn by setting

H1(T (c),R) ⊃ (Rn
>0 − c) → {Lagrangians in Cn}, a 7→ T (c+ a). (2.4.92)

By Rn
>0 − c we denote the positive orthant shifted by −c ∈ Rn.

Proof. We denote the abstract n-torus by T n = (R/Z)n. Its cotangent bundle (T ∗T n, ωcan =
dλ) can be naturally identified with

Rn × T n = {(x, ϑ) = (x1, . . . , xn, ϑ1, . . . , ϑn) |xi ∈ R, ϑi ∈ S1}, ω =
n∑
i=1

dxi ∧ dϑi.

(2.4.93)
This is the n-fold product of Example 2.2.6 and hence there is a natural T n-action on the
space (2.4.93) given by rotation in the T n-coordinate. It is generated by the commuting
set of Hamiltonians Gi(x, ϑ) = xi. Define

φ : (Rn
>0 − c) × T n → Cn, (x, ϑ) 7→ (ϕF1

ϑ1
◦ . . . ◦ ϕFn

ϑn
)(f(c+ x)), (2.4.94)

1Note that for a product torus T (c) ⊂ Cn, everything splits into factors and so one could just use the
product of versal deformations of the factors S1(ci) ⊂ C. In the general toric setting this is no longer
true and we choose an approach, which may seem too complicated for Cn, but which generalizes to
the toric setting.
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where f : Rn
>0 → Rn

>0 ⊂ Cn is a diffeomorphism. We claim that, for a suitable choice of f ,
this map is a T n-equivariant symplectomorphism onto its image intertwining the action by
rotation on the cotangent bundle with the standard action on Cn. This claim finishes the
proof, since it shows that φ is a Weinstein chart for T (c) such that the graphs of constant
one-forms, {a} × T n are mapped to T (c+ a). The T n-equivariance of (2.4.94) is obvious
by definition and does not depend on the choice of f . We now need to choose an f for
which φ is symplectic. Note the similarity of φ with the symplectomorphism h constructed
in the proof of Proposition 2.2.14. The role of the curve γ as transverse coordinate to the
orbits of the Hamiltonian system is played here by f . The crucial property we need in
order for φ to be symplectic is the analogue of (2.2.22),

Fi(f(x)) = xi, i ∈ {1, . . . , n}. (2.4.95)

Equivalently, f is a section if we view the moment map µ : Cn → Rn
⩾0 as a (singular)

fibration. From (2.4.95) we deduce that the suitable definition for f is fi(x) =
√
xi

π
. In

order for φ to be symplectic, it suffices to check that

ω0(φ∗∂xi
, φ∗∂xj

) = 0, ω0(φ∗∂ϑi
, φ∗∂ϑj

) = 0, ω0(φ∗∂xi
, φ∗∂ϑj

) = δij. (2.4.96)

Note that φ∗∂xi
is contained in the Lagrangian subset Rn ⊂ Cn, which proves the first

set of equations. For the second set of equations, note that φ∗∂ϑi
= XFi

and use the
commutativity of the Hamiltonians Fi, Fj. Apply Hamilton’s equation to the third set of
equations to find

ω0(φ∗∂xi
, XFj

) = dFj(φ∗∂xi
) = δij. (2.4.97)

In the last equality we have used the fact that the Hamiltonian flows ϕFk
t preserve the

functions Fj along with (2.4.95). 2

2.5 Displacement energy and exoticity
We use a symplectic invariant called displacement energy to prove that the Chekanov torus
is exotic. The displacement energy e(M,A) ∈ R ∪ {∞} is a numerical invariant attached
to any compact subset A ⊂ M . It essentially measures how much Hofer energy is needed
for the set A to be displaced from itself by a Hamiltonian isotopy. The displacement
energy by itself is not sufficient to distinguish the Chekanov torus T 2

Ch from the product
torus T (1, 1). Indeed, we will see that

e(C2, TCh) = 1 = e(C2, T (1, 1)). (2.5.98)

Chekanov’s crucial insight was that the displacement energy invariant may be strenght-
ened by evaluating it on the versal deformation of the Lagrangians in question. This
indeed yields a means of distinguishing the Lagrangian tori in question.

2.5.1 The group of Hamiltonian diffeomorphisms
Let (M,ω) be a symplectic manifold. Recall from §2.2.1 that to any smooth func-
tion H on M , we can associate a Hamiltonian vector field XH via Hamilton’s equa-
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tion dH = −ι(XH)ω. By integrating XH , we obtain a Hamiltonian flow ϕHt . For the
previous sections, it was sufficient to think about autonomous Hamiltonians flows, i.e.
those flows which are generated by a vector field which is constant in time. However,
in order to define the full group of Hamiltonian diffeomorphisms, we need to allow for
time-dependent Hamiltonian vector fields.

Definition 2.5.1. A smooth family of diffeomorphisms t 7→ ϕt with ϕ0 = id is called
Hamiltonian flow if there is a smooth family of Hamiltonian functions t 7→ Ht such that
the vector field tangent to ϕt at time t is the Hamiltonian vector field associated to Ht via
Hamilton’s equation (2.2.10).

Furthermore, we define the group of Hamiltonian diffeomorphisms (or simply Hamil-
tonian group) Ham(M,ω) as the set of diffeomorphisms of M that can be realized as the
time-one map of a Hamiltonian flow. One can verify that this is indeed a group. It is
useful to think of this group as an infinite-dimensional Lie group with Lie algebra given
by the Hamiltonian vector fields. Hamiltonian vector fields are in bijection with smooth
functions up to adding a constant to the function, therefore we may think of the Lie alge-
bra of Hamiltonian diffeomorphisms as C∞(M)/R. A big difference between autonomous
and time-dependent Hamiltonian flows is that the latter do not preserve the Hamiltonian
function generating them. However, time-dependent Hamiltonian flows still preserve the
symplectic form, meaning that we obtain an inclusion

Ham(M,ω) ⊆ Symp(M,ω). (2.5.99)

In fact, the Hamiltonian group is even contained in the identity component of the sym-
plectic group, Symp0(M,ω). In case the first homology H1(M ;R) vanishes, this inclus-
tion is an equality. Indeed, a vector field X generates a symplectic isotopy if and only
if LXω = dι(X)ω = 0. In case the first cohomology vanishes, the closed form ι(X)ω is
automatically exact meaning that there is a function H with dH = −ι(X)ω. On more
general manifolds, the difference between elements in Symp0(M,ω) and Hamiltonian dif-
feomorphisms is measured by the symplectic flux. We refer to [Pol01, Chapter 14] for
more details.

Remark 2.5.2. (Compact support) Note that we have not assumed that the Hamilto-
nian functions (and hence the Hamiltonian flows) have compact support, as is the case
for example in [Pol01]. For example, the harmonic oscillator F (z) = π|z|2 does not have
compact support. This means that we may run into trouble sometimes, since some Hamil-
tonian flows may not be defined for all times if we do not assume compact support.

2.5.2 Displacement energy
We will only give the key definitions and examples here. For a detailed introduction to
the Hamiltonian group and the geometry induced on it by the Hofer norm, we again refer
to Polterovich [Pol01]. Let H = {Ht}t∈[0,1] be a time-dependent Hamiltonian function
on a symplectic manifold (M,ω). For the following discussion we either need to assume
that M is compact or that Ht is compactly supported. The Hofer norm of Ht is defined
as

∥H∥ =
∫ 1

0

(
max
x∈M

Ht(x) − min
x∈M

Ht(x)
)
dt. (2.5.100)
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Definition 2.5.3. Let A ⊂ M be a compact subset. Its displacement energy is defined as

e(M,A) = inf
{

∥H∥
∣∣ϕH1 (A) ∩ A = ∅

}
. (2.5.101)

If the set in (2.5.101) is empty, we set e(M,A) = ∞ by convention. In that case A is
called non-displaceable.

Recall that by ϕHt we denote the Hamiltonian flow at time t generated by H. The
displacement energy is a symplectic invariant in the sense that

e(M,ϕ(A)) = e(M,A), for all ϕ ∈ Symp(M,ω). (2.5.102)

Although the displacement energy is defined for general subsets, we will be exclusively
interested in the displacement energy of Lagrangians. We thus obtain an invariant to
distinguish Lagrangian submanifolds. For all of our applications, it is enough to know the
displacement energy of product tori in Cn, see also Example 2.2.20.

Example 2.5.4. (Circles in the plane) The circle S1(x) ⊂ C containing area x > 0 has
displacement energy

e(C, S1(x)) = x. (2.5.103)
The upper bound e(C, S1(x)) ⩽ x can be proven by explicitely writing down a Hamiltonian
which displaces S1(x) using energy x+ ε for all ε > 0. The lower bound can be obtained
either by the calculus of variations of the action functional or by J-holomorphic curve
techniques, see Theorem 2.5.6. This illustrates that, despite its simplicity, this result is
non-trivial.

Example 2.5.5. (Product tori) By taking products of the previous example we ob-
tain product tori T (x1, . . . , xn) ⊂ Cn. Note that a Hamiltonian which displaces a fac-
tor S1(xi) ⊂ C of the product torus displaces the product torus when completed with
the identity in the remaining components and when suitably cut off. Therefore, we ob-
tain min{x1, . . . , xn} as an upper bound. As it turns out, this bound is sharp,

e(Cn, T (x1, . . . , xn)) = min{x1, . . . , xn}. (2.5.104)

Again, the lower bound is non-trivial and follows for example from Theorem 2.5.6.

A classical result by Chekanov [Che98], see also Oh [Oh97], gives a lower bound on the
displacement energy in terms of the minimal area of non-constant J-holomorphic curves.
Let J (M,ω) be the space of ω-tame almost complex structures and define

σ(M,L, J) = inf
{∫

D

u∗ω

∣∣∣∣u : (D, ∂D) → (M,L) J-holomorphic, non-constant
}
.

(2.5.105)
By tameness and Gromov compactness, this value is attained and thus strictly positive.
Now set

σ(M,L) = sup
J∈J (M,ω)

σ(M,L, J). (2.5.106)

Theorem 2.5.6. (Chekanov)
σ(M,L) ⩽ e(M,L). (2.5.107)
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In practice, we can thus choose a suitable tame almost complex structure J and
compute σ(M,L, J) to obtain a lower bound. For S1(a) ⊂ C, see Example 2.5.4, we can
pick the standard complex structure on C and see that the area-minimal non-constant
disk has area a. A similar argument works in Example 2.5.5.

2.5.3 Displacement energy and symplectic reduction
As it turns out, symplectic reduction is a very useful tool for computing displacement
energy. This is due to the fact that if one can displace a certain set A in a symplectic
quotient (Mc, ωc) of (M,ω) by a Hamiltonian isotopy, then one can displace its lifted
set π−1

c (A) by the lifted Hamiltonian isotopy.

Proposition 2.5.7. Let (M,ω,H) be a Hamiltonian circle action which admits symplectic
reduction at the level c ∈ R. Then, in the notation of (2.2.40), we have

e(M,π−1
c (A)) ⩽ e(Mc, A), A ⊂ Mc. (2.5.108)

Sketch of proof. If the set A is non-displaceable, there is nothing to prove. Assume it
is displaceable. Let Gc = {Gc,t}t∈[0,1] be a (time-dependent) Hamiltonian with Hofer
norm g > 0 which displaces the set A. Then any lifted Hamiltonian G = {Gt}t∈[0,1] as in
Proposition 2.2.31 dispaces the set π−1(A). Furthermore, we can choose a suitable cut-off
to extend Gt to all of M so that it also has Hofer norm g. 2

Remark 2.5.8. (General symplectic reduction) Although in §2.2.7 we have discussed
symplectic reduction only for Hamiltonian circle actions, an analogous statement to
Proposition 2.5.7 holds for symplectic reduction by any group.

The relationship between symplectic reduction and displacement energy was for exam-
ple used in [AM13] and [Bre20]. Note also that the method of probes by McDuff [McD11]
follows from Proposition 2.5.7. As in Remark 2.2.33 and §2.3.1, performing symplectic
reduction on a segment yields a two-dimensional reduced space (in the case of probes it is
a disk) in which invariant Lagrangians project to a curve. In a second step, displacements
of a curve can be lifted to displacements of the original Lagrangian.

2.5.4 Displacement energy germs
We now combine versal deformations and displacement energy. Let L ⊂ (M,ω) be a
compact Lagrangian and wL : U → V a versal deformation of L as in Proposition 2.4.4.
Recall that V is a set of Lagrangians up to locally supported Hamiltonian isotopies. Since
the displacement energy is invariant under Hamiltonian isotopies by (2.5.102), we can
consider the displacement energy of the image of versal deformations,

EL : H1(L;R) ⊃ U → R ∪ {∞}, a 7→ e(M,wL(a)). (2.5.109)

Definition 2.5.9. The function EL is called displacement energy germ of the compact
Lagrangian L ⊂ (M,ω).

As the terminology suggests, we should think of EL as a germ instead of a function
(although we will be sloppy here concerning this point). Indeed, the domain of the
function EL we have defined depends on the choice of the Weinstein neighbourhood used to
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define the versal deformation. Hence the domain of definition may shrink when considering
the intersection for two different choices. The germ of the function however is well-defined,
by Proposition 2.4.4. In view of the symplectic invariance of displacement energy, we
obtain the following invariance of EL on the intersection of domains of definition,

Eϕ(L) = EL ◦ (ϕL)∗, where (ϕL)∗ : H1(L;Z) → H1(ϕ(L),Z). (2.5.110)

From now on, denote by L = T (1, 1) ⊂ C2 the Clifford torus and by L′ = TCh(1) ⊂
C2 the Chekanov torus. The arguments for general area parameter a > 0 are strictly
analogous. We will show that

EL(a, b) = min{1 + a, 1 + b}, EL′(s, t) = 1 + t (2.5.111)

on some neighbourhoods of the origin. Here we have chosen suitable linear identifica-
tions H1(L;R) ∼= R2 ∼= H1(L′;R). By the invariance (2.5.110), this shows that the
Chekanov torus is exotic.

Theorem 2.5.10. (Chekanov [Che96], Eliashberg–Polterovich [EP97]) The Chekanov
torus L′ = TCh(1) ⊂ C2 is exotic, i.e. there is no symplectomorphism of C2 mapping L′

to a product torus.

For the product torus L, recall that we have already determined an explicit versal
deformation of product tori in Proposition 2.4.10,

(−1,∞) × (−1,∞) → {Lagrangians in C2}, (a, b) 7→ T (1 + a, 1 + b) (2.5.112)

We have identified H1(L;R) ∼= R2 by the identification dual to H1(L;Z) = Z⟨[γ1], [γ2]⟩,
where γ1 is the orbit of the Hamiltonian circle action F1 and γ2 the orbit of F2. Combining
this versal deformation with Example 2.5.5, we obtain the first equation from (2.5.111).

2.5.5 The Chekanov torus
Recall from Remark 2.3.6 that it is enough to distiguish L and L′ in order to prove Theo-
rem 2.5.10. Indeed, if L′ is Hamiltonian isotopic to a product torus, then this product torus
must be monotone of the same proportionality constant between area and Maslov class.
Recall from the same remark that the area and Maslov classes are insufficient to distin-
guish L and L′. Before turning to versal deformations, let us first show that displacement
energy by itself is also insufficent. Indeed, recall from Example 2.5.5 that e(C2, L) = 1.

Proposition 2.5.11. The displacement energy of the Chekanov torus is e(C2, L′) = 1.

Proof. Let us first prove the upper bound e(C2, L′) ⩽ 1. Recall that, by Definition 2.3.3,
the Chekanov torus is a lift of a circle S1

Ch(1) from the reduced space π0 : Z0 \ {0} → C×.
By Proposition 2.5.7 we can estimate,

e(C2, L′) ⩽ e(C, S1
Ch(1)) ⩽ 1. (2.5.113)

For the lower bound, we note that displacement energy is upper semi-continuous in the C1-
topology on the space of Lagrangian manifolds. This follows from the fact that if a Hamil-
tonian diffeomorphism displaces a given compact Lagrangian L, then it also displaces a
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small Weinstein neighbourhood of L and in particular all the Lagrangian neighbours con-
tained in that neighbourhood. Now take the sequence Ln (with a = 1) as in Remark 2.3.6
which converges to L′ and satisfies Ln ∼= T (1 + 1

n
, 1). This implies e(Ln) = 1 by Exam-

ple 2.5.5, which allows us to conclude by upper semi-continuity. 2

The construction of the Chekanov torus as lift π−1
0 (S1

Ch(1)) ⊂ C2, see also Defin-
tion 2.3.3, suggests to use the following family of Lagrangians to find a versal deformation,

(−ε, ε) × (−ε, ε) → {Lagrangians in C2}, (s, t) 7→ L′(s, t) = π−1
s (S1

Ch(1 + t)). (2.5.114)

This is indeed a versal deformation as can be shown by choosing an equivariant Weinstein
chart with respect to the action e2πiϑ(z1, z2) = (e2πiϑz1, e

−2πiϑz2) on C2. A deformation of
the form L′(0, t) is a Chekanov torus and, as in Proposition 2.5.11, its displacement energy
is equal to 1 + t. By Proposition 2.3.4, we see that any L′(s, t) for s ̸= 0 is Hamiltonian
isotopic to a product torus,

L′(s, t) ∼=
{
T (1 + t, 1 + t− s) if s < 0,
T (1 + t+ s, 1 + t) if s > 0.

(2.5.115)

Note that in both cases of (2.5.115), the displacement energy is equal to 1 + t and hence
the second identity from (2.5.111) follows. This finishes the proof of the exoticity of L′.

2.6 Outlook : Toric manifolds
2.6.1 Overview
Let us first pick up the discussion of Hamiltonian torus actions from §2.2.6. Recall that
a Hamiltonian T k-action is a smooth group action ϑ 7→ ψϑ of the k-torus on a symplectic
manifold (M,ω) which can be written as a composition of Hamiltonian flows,

ψϑ = ϕF1
ϑ1

◦ . . . ◦ ϕFk
ϑk
, ϑ = (ϑ1, . . . , ϑk) ∈ T k = (R/Z)k (2.6.116)

for a set of k commuting Hamiltonians Fi, each of which generates a circle action. The
map µ = (F1, . . . , Fk) : M → Rk is called a moment map of the action ψ. Note that the
moment map determines the torus action, but the converse is not true. Indeed, one can
add constants to the Fi and apply base changes in GL(k;Z) to µ without changing the
action. We call elements in the group Affk(Z) = GL(k;Z) ⋉ Rk affine integral transfor-
mations. Atiyah [Ati82] and Guillemin–Sternberg [GS82] proved that the moment map
of a Hamiltonian torus action has the following remarkable property.

Theorem 2.6.1. (Atiyah/Guillemin–Sternberg) The image µ(M) ⊂ Rk of the moment
map µ of a Hamiltonian torus action on a compact symplectic manifold (M,ω) is a rational
convex polytope given by the convex hull of the images of fixed points.

The image ∆ = µ(M) is called the moment polytope of (M,ω, µ). The proof of the
theorem uses Morse-theoretic arguments akin to the discussion from §2.2.3. In fact, one of
the crucial ingredients is the fact that Hamiltonians generating circle actions are Morse-
Bott functions all of whose critical submanifolds have even Morse index. Now one can
ask the following classification question:
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Can we reconstruct (M,ω, µ) from the moment polytope ∆ ⊂ Rn?

In general, the answer is no. Note however that the question is reasonable, since we
have proved in Theorem 2.2.17 that the answer is yes in the (very) special case of circle
actions on symplectic surfaces. As it turns out, the appropriate subset of Hamiltonian
torus actions to look at is the toric ones.

Definition 2.6.2. A Hamiltonian torus action ψ on a symplectic manifold (M,ω) is
called toric if it is effective and the torus has half the dimension of M .

We obtain examples of toric symplectic manifolds by taking products of symplectic
surfaces carrying a Hamiltonian circle action, such as the plane C, the sphere S2 and the
cylinder T ∗S1, see Examples 2.2.4, 2.2.5 and 2.2.6. The respective moment polytopes are
products of the images of the Hamiltonians generating the circle actions. From now on,
we assume that M has dimension 2n, meaning that the acting torus has dimension n.
Delzant [Del88] proved that compact toric manifolds are classified by their moment poly-
topes.

Theorem 2.6.3. (Delzant) There is a bijective correspondence between Delzant poly-
topes up to affine integral transformations and compact toric symplectic manifolds (M,ω, µ)
up to equivariant symplectomorphisms.

By Delzant polytopes we mean all convex polytopes that can be realized as moment
polytopes of toric systems. They have the following nice characterization. A convex poly-
tope ∆ ⊂ Rn is called Delzant if all edges have rational slope and at every vertex of ∆
the set of primitive vectors vi defined by the outgoing edges at that vertex form a basis
of the lattice Zn ⊂ Rn. The primitive vector associated to a directed rational line is the
first vector lying in the lattice Zn. In coordinates, this just means that all coordinates
are integers and have no common divisors. In particular, all vertices of a Delzant poly-
tope ∆ ⊂ Rn have exactly n outgoing edges. Note that n lattice vectors v1, . . . , vn ∈ Zn
are primitive and form a basis of Zn if and only if det(v1, . . . , vn) = ±1. Let us make
some examples.

Example 2.6.4. (The Delzant condition) The first two vertices in Figure 2.15 are Delzant,
the third one is not.

Remark 2.6.5. (Delzant construction) Note that Theorem 2.6.3 states in particular that
for a given Delzant polytope ∆ ⊂ Rn, one can always find a toric manifold (M,ω, µ)
having ∆ as moment polytope. In fact, one can give an explicit construction of the
corresponding toric manifold as a symplectic quotient of some CN . The toric structure on
the quotient M is induced by the standard toric structure (see Example 2.2.28) on CN as
a residual action. In fact, we have encountered an example of the Delzant construction in
§2.2.8, where we have represented CP 2 as symplectic quotient of C3 by the diagonal circle
action. The pair (f1, f2) is the induced toric moment map and its image is the following
Delzant polytope

∆CP 2 = {(f1, f2) ∈ R2 | f1, f2 ⩾ 0, f1 + f2 ⩽ 3}. (2.6.117)
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Figure 2.15: The first two vertices are Delzant, the last one is not.

Remark 2.6.6. (Integrable systems) From a dynamical point of view, toric manifolds
are a special case of integrable systems. An integrable Hamiltonian system on a 2n-
dimensional symplectic manifold (M,ω) is a set of commuting Hamiltonians F1, . . . , Fn
such that the map (F1, . . . , Fn) : M → Rn is proper and regular (meaning that dF1, . . . , dFn
are linearly independent) on an open and dense subset of M . Note that here we do not
suppose that the Fi generate circle actions. Still, the Arnold–Liouville theorem states
that locally, after a change of variables, one can get a Hamiltonian torus action that
has the same torus-fibres as the original Hamiltonian system. Such coordinates are called
action-angle coordinates, the action coordinates being the values of the components of the
local moment map and the angle coordinates the corresponding coordinates on the torus
fibre. Toric symplectic manifolds can thus be seen as integrable systems for which the
action-angle coordinates extend globally. This is not the case for all integrable systems.
For example for the spherical pendulum, one needs at least two action-angle charts. See
the classical reference [Dui80] for more details.

It is very useful to view the moment map µ : M → ∆ of a toric manifold as a singular
fibration. Indeed, recall that for general Hamiltonian torus actions, orbits of the action
are included in a fibre of the moment map (since commuting Hamiltonians are preserved
under their flows). In the toric case, the orbits are precisely equal to the fibres of the
moment map. This follows purely from dimensional reasons. Furthermore, the orbits are
always isotropic submanifolds of (M,ω), meaning that the symplectic form vanishes on
their tangent space. In particular, the orbits of maximal dimension are Lagrangian. One
can also show that the dimension of the orbit µ−1(x) ⊂ M is equal to the dimension of the
maximal facet containing x ∈ ∆. See Figure 2.16 for a sketch of the fibration structure.
This leads us to the following definition.

Definition 2.6.7. Let (M,ω, µ) be a toric manifold and x ∈ int(∆) a point in the interior
of the moment polytope. Then the (Lagrangian) fibre Tx = µ−1(x) ⊂ M is called toric
fibre.

This is a generalization of product tori. Indeed, a product torus T (x) ⊂ Cn is the toric
fibre µ−1(x) of the standard toric structure from Example 2.2.28. In light of this, we call
a Lagrangian torus in a toric manifold exotic if it is not symplectomorphic/Hamiltonian
isotopic to a toric fibre.
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M

µ

Tx = µ−1(x)

x

∆

Figure 2.16: The singular fibration structure of the moment map µ : M → ∆ of a toric
manifold. The fibres over a k dimensional face of ∆ are k-dimensional
isotropic tori.

2.6.2 Chekanov tori in toric manifolds
The construction of the Chekanov torus we discussed in Section 2.3 can be easily adapted
to toric manifolds. In favourable situations, we can distiguish it from toric fibres by the
methods of Section 2.5 and thus we get an exotic torus in toric manifolds. This was first
done by Chekanov–Schlenk [CS10] for S2 × S2. We refer to [Bre20] for details of the
content of this subsection, where we carry out these ideas in the general toric context.

Recall that the construction in Section 2.3 came from a one-parameter family of
symplectic reductions with two-dimensional reduced spaces. To write down the Chekanov
torus, it was sufficient to look at one particular (singular) reduced space, namely M0. The
family πc : Zc → Mc was needed to determine the versal deformation of the Chekanov torus
and to distinguish it from the product torus. Here, it will be similar, except that we will
need to consider an (n− 1)-parametric family of two-dimensional reduced spaces.

First we pick a vertex w ∈ ∆ at which we carry out the construction. Let v1, . . . , vn ∈
Zn be the primitive vectors associated to the edges emanating from w. The family of two-
dimensional reduced spaces will come from a family of lines with directional vector v1 +
. . . + vn. Note that the situation in Figure 2.6 is a special case of this. Without loss of
generality, assume

w = 0 ∈ Rn, v1 = e1, . . . , vn = en, (2.6.118)
for the standard basis vectors ei ∈ Zn. This is a normal form at the vertex v, which can be
achieved by applying an element of the group of affine integral transformations Affn(Z) =
GL(n;Z) ⋉ Rn. Now let U ⊂ Rn−1 be a neighbourhood of 0 ∈ Rn−1. The family of
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reductions will be indexed by elements c ∈ U and we will view U ⊂ Rn−1 × {0} ⊂ Rn.
Define the family of line segments and the corresponding pre-images by

lc = (c+ R(e1 + . . .+ en)) ∩ ∆, Zc = µ−1(lc). (2.6.119)

We want to perform symplectic reduction on the {Zc}c∈U with respect to the follow-
ing T n−1-action,

T n−1 = {(e2πiϑ1 , . . . , e2πiϑn−1 , e2πi(−ϑ1−...−ϑn−1)) |ϑ1, . . . , ϑn−1 ∈ S1} ⊂ T n. (2.6.120)

This torus action is not chosen at random. In fact, it is the orthogonal complement of the
directional vector e1 + . . .+ en of the lc. This is a special case of the following remark.

Remark 2.6.8. (Toric reduction) Note that reduction with respect to the full T n-action
on a toric manifold is quite uninteresting. Indeed, the reduced space will be a point. How-
ever, we may pick a subtorus K ⊂ T n and try to reduce with respect to the action of K.
In that case, the quotient carries an induced action of T n/K and one can show that this
induced action is also Hamiltonian. There is a nice way to interpret this construction on
the Delzant polytope of the toric manifold at hand. Indeed, picking a subtorus K ⊂ T n

is equivalent to picking a rational affine vector subspace VK in the image space Rn of the
moment map µ : M → Rn. In fact, under some natural identifications, the subspace VK
is the orthogonal complement of the Lie algebra Lie(K) ⊂ Lie(T n) = Rn. In the case
that the symplectic reduction on the intersection VK ∩ ∆ by K is regular, the quotient is
automatically toric by the induced action of T n/K, and its moment polytope is given by
the intersection VK ∩ ∆. Furthermore, one can determine from the pair (∆, VK) whether
symplectic reduction is admissible. This means that (as is common in the toric world)
everything is determined by the geometry of the moment polytope. See the forthcom-
ing [Bre22] for more details. Note that we have already encountered several examples
of toric reduction, namely in §2.2.8 and in §2.3.1. In fact, the Delzant construction is a
special case of toric reduction, see Remark 2.6.5.

Note that the action of T n−1 is automatically free on lc ∩ int ∆ and hence we only
need to worry about the endpoints of the segments lc. In fact, let us restrict our attention
to the half-open segments l′c obtained by keeping the boundary point of lc closest to the
vertex v = 0 ∈ Rn and removing the other one. We remove this boundary point, since
what happens away from the vertex v depends heavily on the geometry of ∆, see also
Example 2.6.15. Close to the vertex v, the situation is however quite simple. Whenever l′c
intersects the boundary ∂∆ in a codimension one facet, the action is free and when it does
not, then the action is not free. In the latter case we obtain a singular reduced space as in
the discussion in §2.3.1. We denote the quotient maps by πc : Z ′

c = µ−1(l′c) → Mc. Since
the lc are half open segments, the reduced spaces are symplectomorphic to symplectic disks
(some of them having a singularity at the origin) equipped with the standard symplectic
form and a natural circle action. This follows from the same arguments as in the case
of C2 using Theorem 2.2.17. As for C2, the toric fibres project to the orbits of the residual
circle action on the disks. Again, as for C2, Chekanov tori can be defined by making use
of the points where symplectic reduction is not defined, by taking circles S1

Ch(a) which
are not Hamiltonian isotopic to the standard circles.



2.6 Outlook : Toric manifolds 63

Definition 2.6.9. The Chekanov torus of area parameter a > 0 in (M,ω) with respect
to the vertex v is defined as the lift π−1

0 (S1
Ch(a)).

By our choice of directional vector e1 + . . .+ en, we obtain the following.

Proposition 2.6.10. For an open and dense subset Ureg ⊂ U , the reduction πc : Z ′
c =

µ−1(l′c) → Mc with c ∈ Ureg is regular and the reduced space is symplectomorphic to a disk.
In particular, the circles S1(a) and S1

Ch(a) are Hamiltonian isotopic in Mc for c ∈ Ureg
and so are the corresponding lifted tori.

As in the case of C2, this will turn out to be crucial when trying to show that the
Chekanov torus is exotic, since it proves that most neighbouring tori in the versal deforma-
tion are Hamiltonian isotopic to toric fibres and hence we can compute their displacement
energy. In fact, we make the following assumption about the displacement energy of toric
fibres of a toric manifold µ : M → ∆.

Assumption 2.6.11. Assume the displacement energy of a toric fibre Tx = µ−1(x) ⊂ M
is given by the affine distance of x to ∂∆,

e(M,Tx) = daff (x, ∂∆) (2.6.121)

for x in an open and dense subset of ∆.

See [Bre20, Section 3] for the definition of affine distance and a discussion of why this
is a reasonable assumption. For example, one can prove that e(M,Tx) ⩾ daff (x, ∂∆) for
all toric fibres Tx ⊂ M and without any additional assumptions on the toric symplectic
manifold M . For our purposes, it is enough to have (2.6.121) on an open and dense subset.
For example for CP 2 and S2 ×S2, the level sets of the function x 7→ e(M,Tx) are given in
Figure 2.17. Note that the level sets are just scalings of the boundary of the corresponding
moment polytopes. Let us now restrict our attention to the case where M is monotone.
We will not give the general definition of a monotone symplectic manifold here, since in
the toric setting monotonicity can be easily read off from the moment polytope. A toric
symplectic manifold M is monotone if there is a central point x(∆) ∈ ∆, meaning a point
which is equidistant (in terms of affine distance) to all facets of ∆. The toric fibre Tx(∆)
over the central point is a monotone Lagrangian torus. In both cases in Figure 2.17, the
central point is the point where the level set degenerates to a point.

Let us now compute the displacement energy germ of the central fibre Tx(∆). A versal
deformation of Tx(∆) is given by b 7→ Tx(∆)+b for small enough b. We have proved this
in the special case of product tori in Cn in Proposition 2.4.10, and exactly the same
argument goes through in the case of toric fibres. In conjunction with Assumption 2.6.11,
this yields

ETx(∆)(b) = daff (x(∆) + b, ∂∆), (2.6.122)

on an open dense subset in a neighbourhood of the origin 0 ∈ H1(T n;R). The point here
is that the level sets of ETx(∆) are given by scalings of ∆. From the symplectic invariance
of ETx(∆) we deduce that the GL(n;Z)-equivalence class of ∆ is a symplectic invariant
of Tx(∆).

Remark 2.6.12. (The central fibre) In particular, the displacement energy germ of the
central fibre Tx(∆) in a monotone toric manifold determines its ambient space up to the
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∆(CP 2)

∆(S2 × S2)

Figure 2.17: The level sets of the displacement energy function x 7→ e(M,Tx) of toric
fibres for M = CP 2 on the left and for M = S2 × S2 on the right. The
central point x(∆) is at the central dot and the corresponding fibre is non-
displaceable.

scaling of the symplectic form. Indeed, we have seen that ETx(∆) determines ∆ up to
scaling and that ∆ determines (M,ω) by Delzant’s theorem 2.6.3.

Let T vCh ⊂ M be the monotone Chekanov torus with respect to a given vertex v ∈
∆. This means that we lift the circle S1

Ch(a) in the reduced space M0, where the area
parameter a > 0 is chosen so that π0(Tx(∆)) = S1(a), i.e. so that T vCh is in the same area
class as the central fibre Tx(∆). We get a versal deformation of T vCh by using the family of
reduced spaces {Mc}c∈U as constructed above. Indeed, the assignment

(b1, . . . , bn) 7→ π−1
(b1,...,bn−1)(S

1
Ch(a+ bn)), b ∈ U × (−ε, ε) (2.6.123)

is a versal deformation of T vCh for small enough (−ε, ε). The tori in (2.6.123) are Hamilto-
nian isotopic to toric fibres for b in the open and dense subset Ureg × (−ε, ε) coming from
Proposition 2.6.10. Using this, we can explicitely determine ET v

Ch
on an open and dense

subset. Its level sets are given by scalings of a polytope

∆v
Ch = Ψ(∆). (2.6.124)

The map Ψ is a piecewise linear homeomorphism of Rn. In the normal form (2.6.118), it
is given by

Ψ:


x1
...

xn−1
xn

 7→


x1 − xn

...
xn−1 − xn

min{x1, . . . , xn}

 . (2.6.125)

We conclude that if ∆ and ∆v
Ch are not GL(n;Z)-equivalent, then the Chekanov torus T vCh

is exotic.

Theorem 2.6.13. ( [Bre20]) Let (M,ω) be a monotone toric symplectic manifold satis-
fysing Assumption 2.6.11. Then M contains an exotic Chekanov torus.
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∆(CP 2#CP 2) M0 S1
Ch(a)

S1(a)

Figure 2.18: The polytope of the monotone blow-up of CP 2 is shown on the left. Per-
forming symplectic reduction on the indicated segment, we obtain the space
sketched on the right. The Chekanov circle S1

Ch(a) is Hamiltonian isotopic
to the standard circle S1(a).

Remark 2.6.14. (Choice of the vertex) There are some vertices v ∈ ∆ of Delzant poly-
topes for which the polytope ∆v

Ch is GL(n;Z)-equivalent to ∆, see Example 2.6.15. How-
ever, for a given Delzant polytope ∆, there is always a vertex v for which T vCh is exotic.
Indeed, let v be adjacent to the largest facet (in terms of integral affine (n − 1)-volume)
of ∆. Since Ψ merges all facets adjacent to v into one facet, the volume of the largest
facet strictly increases when we pass from ∆ to ∆v

Ch.

Example 2.6.15. (A non-exotic Chekanov torus) Let us illustrate that the Chekanov
torus T vCh is not exotic for a certain choice of v and ∆. Let ∆(CP 2#CP 2) be the polytope
given in Figure 2.18 and v = 0 the vertex at the origin. This is the Delzant polytope of the
monotone blow-up of CP 2. Then the reduced space M0 is smooth at the endpoint opposite
to 0. This means that we can isotope Chekanov circles S1

Ch(a) to standard circles S1(a)
and hence the lifted Chekanov torus is Hamiltonian isotopic to a toric fibre.

2.6.3 Discussion and an open question
Let us look at some examples of the polytopes ∆v

Ch appearing as level sets of displacement
energy germs. We again take the examples CP 2 and S2 ×S2 and apply the map Ψ to the
Delzant polytopes to obtain the corresponding Chekanov polytopes, see Figure 2.19. The
reader who is familiar with almost toric geometry recognizes these as the almost-toric base
polytopes of CP 2 and S2 ×S2 obtained from their Delzant polytopes after one mutation,
see [Via16], [Via17] or [Eva21, Section 8.4]. The idea to use mutations to find exotic
Lagrangian tori first appeared as a conjecture in [GA10] and was then proved by Vianna.
As was noticed by Chekanov–Schlenk, one can also use the approach of displacement
energy germs to distiguish Vianna’s tori and, as in the classical toric case, the level sets
of the displacement energy germs coincide with the almost toric base polytopes. Hence
distinguishing them boils down to distinguishing polytopes up to the action of Aff2(Z).

Note that our approach from §2.6.2 starts at the other end: We know how to construct
an exotic Lagrangian torus T vCh in a toric manifold and find, via displacement energy
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∆(CP 2) ∆v
Ch(CP 2)

Ψ

∆(S2 × S2) ∆v
Ch(S2 × S2)

Ψ

Figure 2.19: The Delzant polytope ∆(M) on the left and the associated Chekanov poly-
tope ∆v

Ch(M) on the right for M = CP 2 and for M = S2 × S2.

germs, an associated polytope ∆v
Ch = Ψ(∆). This begs the following question about toric

symplectic manifolds, see also Remark 2.6.12.

Question 2.6.16. Is there some kind of almost toric fibration on M having (a suitably
scaled version of) the Chekanov polytope ∆v

Ch as basis?

See Figure 2.20 for a depiction of the Delzant polytopes and the Chekanov poly-
topes ∆v

Ch associated to CP 3 and S2 × S2 × S2. These are arguably the simplest 6-
dimensional toric manifolds one should think about. The corresponding Chekanov poly-
topes are very far from Delzant, as the smoothness condition is not verified by any of
their vertices and the Chekanov polytope for S2 × S2 × S2 even has a vertex at which 6
edges meet. Note that we do not even know what almost toric fibration means in dimen-
sions ⩾ 6, since almost toric fibrations are defined by the kinds of singularities we admit
in the fibration and adding the so-called focus-focus singularities to the list of admissible
ones seems to be a particularity of dimension four. This leads to the question: What kind
of singularities should we admit in higher dimensional almost toric fibrations? Further-
more, one may wonder whether there is a meaningful notion of mutation which would
allow us to produce more than one exotic fibration (and thus more than one exotic torus).
Note that our approach by hand in Section 2.3 suggests where to start to construct this
kind of mutation. Namely one can look at a family of symplectic reductions exhaust-
ing all of M and perturb the residual Hamiltonian circle action. In fact, this is what
we have done locally when we have constructed the versal deformation of the Chekanov
torus in §2.6.2. The almost toric fibration should appear as an extension of this local
construction to all of M . Although the higher dimensional analogue of the construction
by hand seems tricky, we will try to carry this out in future work.
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∆(CP 3) ∆v
Ch(CP 3)

Ψ

∆(S2 × S2 × S2)
∆v

Ch(S2 × S2 × S2)
Ψ

Figure 2.20: The Delzant polytope ∆(M) on the left and the associated Chekanov poly-
tope ∆v

Ch(M) on the right for M = CP 3 and for M = S2 × S2 × S2.
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3 On the topology of real
Lagrangians in toric symplectic
manifolds

This chapter consists of the article [BKM19] joint with Joontae Kim and Jiyeon Moon.

We explore the topology of real Lagrangian submanifolds in a toric symplectic man-
ifold which come from involutive symmetries on its moment polytope. We establish a
real analog of the Delzant construction for those real Lagrangians, which says that their
diffeomorphism type is determined by combinatorial data. As an application, we realize
all possible diffeomorphism types of connected real Lagrangians in toric symplectic del
Pezzo surfaces.

3.1 Introduction
A diffeomorphism R on a symplectic manifold is called an antisymplectic involution if it
is an involution, R ◦ R = id, and if it is antisymplectic, R∗ω = −ω. Fixed point sets
of antisymplectic involutions are either empty or Lagrangian. A Lagrangian L ⊂ M is
called real if it is the fixed point set of an antisymplectic involution. We restrict ourselves
to the study of real Lagrangians in toric symplectic manifolds.

A symplectic manifold (M,ω) of dimension 2n is called toric if it is equipped with an
effective Hamiltonian action of the torus T n. Complex projective space CP n is a typical
example. A classical result by Atiyah–Guillemin–Sternberg [Ati82,GS82] states that the
image of the moment map µ of a Hamiltonian torus action is a convex polytope ∆ ⊂
Lie(T n)∗ = (tn)∗, called the moment polytope. In the case of CP n the moment polytope
is the n-simplex. Toric manifolds are classified up to equivariant symplectomorphisms
by their moment polytope. This was proved by Delzant [Del88], who starts out with a
given polytope satisfying certain properties (called Delzant polytope) and gives an explicit
description of M as a symplectic quotient of a symplectic vector space. For details on the
Delzant construction, see Section 3.3.2.

Let S∆ denote the group of lattice-preserving automorphisms of (tn)∗ which leave
∆ invariant. We construct antisymplectic involutions from symmetries of the moment
polytope.
Theorem 3.1.1. Let (M,ω) be a toric symplectic manifold with moment map µ and
moment polytope ∆. Furthermore, let σ ∈ S(∆) be an involution of ∆. Then σ lifts to
an antisymplectic involution Rσ of M ,

µ ◦Rσ = σ ◦ µ. (3.1.1)

The antisymplectic involution Rσ we construct is not unique with respect to the prop-
erty (3.1.1). Henceforth, we will refer to it as the standard antisymplectic lift of σ. The
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most basic example for Theorem 3.1.1 is the following one. Let (S2, ω) be the two-sphere
equipped with its area form. The toric structure is given by rotation around a fixed axis
and the corresponding moment map is given by projection onto that axis, see Figure 3.1.
Therefore ∆ can be identified with a segment in R. Let σ be the only non-trivial invo-
lution on ∆ given by the flip around the mid-point of the segment. The corresponding
antisymplectic involution on S2 is given by the flip fixing the equator.

µ
σRσ

Figure 3.1: The flip σ on ∆ and the corresponding antisymplectic involution Rσ on S2.

Even for general toric symplectic manifolds M , there is a particularly simple way
of understanding the involutions Rσ in Theorem 3.1.1 if we restrict our attention to
the open and dense subset µ−1(∆̊) formed by the pre-image of the interior of ∆. In
fact, µ−1(∆̊) is equivariantly symplectomorphic to T n × ∆̊, when we equip the latter
space with the natural T n-action and the symplectic form coming from the inclusion
T n × ∆̊ ⊂ T ∗T n ∼= T n × (tn)∗. Under this identification, the moment map corresponds to
the natural projection T n × ∆̊ → ∆̊. We observe

1. For any lattice preserving involution σ on the moment polytope, the map (σT )−1 ×σ

defines a symplectomorphism on T n × ∆̊. The transpose σT : tn → tn is well-defined
on T n, since it preserves the lattice. Hence we obtain a symplectic involution on
T n × ∆̊.

2. There is a natural antisymplectic involution R0 on T n×∆̊ given by taking the group
inverse on the T n-component. The involution R0 preserves the fibres of T n×∆̊ → ∆̊.

The desired antisymplectic involution Rσ is obtained by composing the maps obtained in
the two observations. Since they commute, the resulting diffeomorphism will indeed be
an involution. The main problem with this heuristic argument is extending everything
to the singular fibres over ∂∆. In Section 3.4 we thus stick to the more conventional
approach via Delzant’s point of view on toric manifolds. As we shall see, this approach
also has the merit of providing a method to understand the fixed point set of Rσ.

In the special case where σ = id, we obtain an antisymplectic involution R0 which
leaves the moment map invariant µ◦R0 = µ. This involution is widely known in toric ge-
ometry, where it corresponds to complex conjugation. Its fixed point set FixR0 is the real
locus of the toric variety, in the case of CP n it corresponds to RP n. Duistermaat [Dui83]
studied more general real Lagrangians L = FixR in Hamiltonian T k-spaces (M,ω, µ) for
any k ⩽ n, which arise as the fixed point set of involutions leaving the moment map
invariant, µ ◦ R = µ. He proved that real Lagrangians of this type are tight and have
a convex image under the moment map. Tightness of the real Lagrangian L means that
for any ξ ∈ tn the restriction Hξ|L of the Hamiltonian function Hξ = ⟨µ, ξ⟩ is tight in
the sense that the sum of the Betti numbers of L and the one of the critical set of Hξ|L
coincide.
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Another class of interesting Lagrangians are regular fibres µ−1(x) ⊂ M of the toric mo-
ment maps. Entov–Poterovich [EP09] studied the rigidity of intersections of Lagrangian fi-
bres, namely that the barycentric fibre in a closed monotone symplectic manifold cannot be
displaced by a Hamiltonian isotopy. See also results of Fukaya–Oh–Ohta–Ono [FOOO10].
Theorem 3.1.1 shows that the toric fibre µ−1(0) is real whenever the moment polytope is
invariant under the central symmetry σ = − id. Indeed, we will see that Fix(Rσ) ̸= ∅,
and since 0 ∈ (tn)∗ is the only fixed point of − id, the fixed point set of R− id is the entire
fibre µ−1(0) for dimensional reasons. Under some additional assumptions on M , one can
show that µ−1(0) being real is a sufficient condition for ∆ to be invariant under − id. We
refer to [Bre20] for details. In a sense, the two classical situations σ = id and σ = − id
are opposite to each other and all other Rσ which we obtain from Theorem 3.1.1 are
intermediate cases.

The remainder of the paper is dedicated to a topological study of the fixed point
sets of the involutions Rσ. The main result in this direction is the so-called real Delzant
construction, which states that the diffeomorphism type of L = Fix(Rσ) is completely
determined by the moment polytope ∆ and the involution σ ∈ S∆.

We briefly explain relevant notions in the classical Delzant construction, see Section
3.3.2 for details. The moment polytope ∆ with k facets yields the moment map

ν : Ck −→ k∗,

where k = Lie(K) is the Lie algebra of the kernel K of the characteristic map π : T k → T n.
By the Marsden–Weinstein theorem, we can reconstruct the toric symplectic manifold,

M ∼= ν−1(0)/K.

In a similar vein, we will define a real analog of the maps ν and π, namely

πR : Fix(ρTk) −→ Fix(RTn)

the real characteristic map, and

νR : Fix(ρ) −→ (k/kR)∗,

where kR ⊂ k is the Lie algebra of the kernel KR = kerπR. Here ρ and ρTk are involutions
on Ck and T k, respectively, determined by the involution σ ∈ S∆. See Section 3.5 for
details.

The main result of the paper is the following real Delzant construction.

Theorem 3.1.2. Let (M,ω, µ) be a toric symplectic manifold and let Rσ be the standard
antisymplectic involution of M given by the lift of an involution σ ∈ S∆. Then the real
Lagrangian L = Fix(Rσ) is diffeomorphic to ν−1

R (0)/KR.

As a partial generalization of Duistermaat’s result, we prove convexity and tightness
for the real Lagrangians L = Fix(Rσ).

Theorem 3.1.3. Let (M,ω, µ) be a toric symplectic manifold with moment polytope ∆
and let Rσ be the standard antisymplectic involution of M given by the lift of an involution
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σ ∈ S∆. Then µ(L) = Fix(σ) is convex, and for any ξ ∈ tn we have

dimH∗(L;Z2) = dimH∗(Crit(Hξ|L);Z2),

where Hξ is the smooth function ⟨µ, ξ⟩ on M and Crit(Hξ|L) denotes the set of critical
points of Hξ|L.

In particular, both Theorem 3.1.2 and 3.1.3 imply that L = Fix(Rσ) is not empty.
Example 3.6.3 shows that the tightness and the convexity, in general, fail if the real
Lagrangian is not of the form Fix(Rσ).

As an application, we show that the class of real Lagrangians that come from involutive
symmetries of moment polytopes provides a starting point for the classification of real
Lagrangians in toric symplectic del Pezzo surfaces.

Recall that the symplectic del Pezzo surfaces Q = S2 × S2 and Xk = CP 2#kCP 2

for 0 ≤ k ≤ 3 are monotone and toric. Being monotone means that their first Chern class
is positively proportional to the cohomology class of the symplectic form, see Section 3.7.
Using Smith theory, the Arnold lemma, and homological obstructions for Lagrangians,
we show that any real Lagrangian L in a toric symplectic del Pezzo surface M must be
diffeomorphic to one of cases listed in Table 3.1. We then realize all of these possible cases
as fixed point sets of lifted antisymplectic involutions Rσ. The real Delzant construction
will be used to determine their diffeomorphism types. We refer to Section 3.7 for details.

Theorem 3.1.4. Let L be a connected real Lagrangian submanifold of a toric symplectic
del Pezzo surface M . Then L is diffeomorphic to one of the surfaces in Table 3.1, and each
of these diffeomorphism types is realized as the fixed point set Fix(Rσ) of an antisymplectic
involution from Theorem 3.1.1.

X L = Fix(R)
S2 × S2 S2 T 2

X0 RP 2

X1 RP 2#RP 2

X2 RP 2 #3RP 2

X3 S2 T 2 RP 2#RP 2 #4RP 2

Table 3.1: The diffeomorphism types of connected real Lagrangians in toric symplectic
del Pezzo surfaces.

Task. Classify connected real Lagrangians in toric symplectic del Pezzo surfaces up to
Hamiltonian isotopy.

For fixed diffeomorphism type of the real Lagrangian, uniqueness up to Hamiltonian
isotopy is known for S2 in S2 × S2 and X3 by [Hin04] and [Eva10], and for RP 2 in X0
by [LW12]. Indeed, every real Lagrangian in a monotone symplectic manifold is monotone
and there are no exotic monotone submanifolds in these cases.
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Question 3.1.5. Is every connected real Lagrangian with fixed diffeomorphism type in
toric del Pezzo surfaces unique up to Hamiltonian isotopy?

Since S2 ×S2 and X3 admit infinitely many exotic monotone Lagrangian tori [Via16],
a positive answer to this question would crucially depend on the submanifold being real.
Recently, the uniqueness of real Lagrangian tori in S2 × S2 was established in [Kim20].

3.2 Basic geometry
We refer to [Sja10], [Aud04] and [MS17, Chapter 5] for (real) symplectic geometry and
Hamiltonian torus actions.

3.2.1 Basics
Let (M,ω) be a symplectic manifold and let the n-torus T n act on M by symplectomor-
phisms. We denote this action by (t, p) 7→ t.p for p ∈ M and t ∈ T n and the corresponding
Lie algebra by tn = Lie(T n). The associated infinitesimal action tn → Γ(TM) is defined
by

ξ 7−→ Xξ, (Xξ)p := d

ds

∣∣∣∣
s=0

exp(sξ).p, p ∈ M. (3.2.2)

A symplectic T n-action on a symplectic manifold M is called Hamiltonian if there exists
a smooth map µ : M → (tn)∗ such that

1) for each ξ ∈ tn we have d⟨µ, ξ⟩ = ιXξ
ω, where ⟨·, ·⟩ denotes the natural pairing

between tn and (tn)∗,

2) the map µ is invariant under the T n-action, i.e. µ(t.p) = µ(p) for all t ∈ T n and
p ∈ M .

The map µ is called a moment map of the Hamiltonian T n-action.

Definition 3.2.1. A triple (M,ω, µ) is called a Hamiltonian T n-space if (M,ω) is a sym-
plectic manifold equipped with a Hamiltonian T n-action and µ : M → (tn)∗ is a moment
map associated to the action.

The equation d⟨µ, ξ⟩ = ιXξ
ω means that the Hamiltonian flow of ⟨µ, ξ⟩ ∈ C∞(M) at time

t corresponds to the action of exp(tξ) on M . Furthermore, this equation can be used to
prove the following geometric properties of the moment map

(ker dµ|p)ω = Tp(T np), (3.2.3)
Ann(im dµ|p) = Lie(Stab(p)). (3.2.4)

A classical result by Atiyah–Guillemin–Sternberg states that the image of µ is a convex
polytope in (tn)∗, called the moment polytope.

Remark 3.2.2. As for Hamiltonians in general, adding a constant vector to the mo-
ment map does not change the group action it generates. We choose the normalization∫
M
µωn = 0 ∈ (tn)∗ for compact M unless otherwise stated.
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The standard lattice tnZ is defined as the kernel of the exponential map exp : tn → T n.
Furthermore, the group formed by the automorphisms of tn which preserve the standard
lattice will be denoted by AutZ tn. The dual of the standard lattice is defined by

(tnZ)∗ = {η ∈ t∗ | ⟨η, x⟩ ∈ Z for all x ∈ tnZ}.

The corresponding group AutZ (tn)∗ is defined similarly.

Remark 3.2.3. Since T n ∼= tn/tnZ, any element α ∈ AutZ tn induces a group automor-
phism A of T n. Conversely, for any group automorphism A of T n, its differential A∗
belongs to AutZ tn.

Recall that for a given Hamiltonian T n-space, one can perform symplectic reduction on
certain level sets of the moment map in order to obtain a new symplectic manifold.
See [CdS03] for details.

Proposition 3.2.4. Let (M,ω, µ) be a Hamiltonian T n-space and 0 ∈ (tn)∗ a regular value
of µ such that T n acts freely on the corresponding level set µ−1(0). Then the quotient

M̂ = µ−1(0)/T n

carries a unique symplectic structure ω̂ such that

ι∗ω = p∗ω̂

where ι : µ−1(0) ↪→ M is the natural inclusion and p : µ−1(0) ↠ M̂ is the natural
projection.

The space (M̂, ω̂) is called symplectic quotient or Marsden–Weinstein quotient at the level
0. This construction is best summarized by the reduction diagram

(µ−1(0), ι∗ω = p∗ω̂) (M,ω)

(M̂, ω̂).

ι

/Tnp

3.2.2 Compatible maps
Our constructions of symplectomorphisms and antisymplectic involutions in Section 3.4
rely heavily on the toric structure and hence they are compatible with the corresponding
torus action in a suitable sense. As this compatibility is crucial for our applications, we
discuss it here in detail. Let (M,ω, µ) be a Hamiltonian T n-space. We will define a notion
of compatibility between the torus action and a given diffeomorphism φ of M which either
preserves or reverses the symplectic form, i.e. which is either symplectic or antisymplectic.
In order to treat both cases simultaneously, we attach a sign ε(φ) ∈ {−1, 1} to the
diffeomorphism φ such that

φ∗ω = ε(φ)ω.

Proposition 3.2.5. Let φ be a diffeomorphism of a Hamiltonian T n-space (M,ω, µ)
satisfying φ∗ω = ε(φ)ω for ε(φ) ∈ {−1, 1}. Then the following are equivalent.
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1) There is a group automorphism β : T n → T n such that

φ(t.p) = β(t).φ(p), p ∈ M, t ∈ T n; (3.2.5)

2) There is a map σ ∈ AutZ(tn)∗ such that

µ ◦ φ = σ ◦ µ; (3.2.6)

3) There is a map α ∈ AutZ tn such that

φ−1
∗ (Xξ ◦ φ) = Xα(ξ), ξ ∈ tn. (3.2.7)

Furthermore, if the statements are true, then the above maps are related by

β−1
∗ = ε(φ)σ∗ = α. (3.2.8)

Proof. First suppose that ε(φ) = 1.
We will show that both 1) and 2) are equivalent to the infinitesimal condition 3). Since
the exponential map of T n is surjective, 1) is equivalent to

φ(exp sξ.p) = β(exp sξ).φ(p), p ∈ M, ξ ∈ tn.

Differentiating with respect to s and rearranging terms, we obtain

φ−1
∗ (Xξ)φ(p) = (Xβ−1

∗ ξ)p, p ∈ M, ξ ∈ tn.

The equivalence of 1) and 3) follows by defining, with the help of Remark 3.2.3, α :=
β−1

∗ ∈ AutZ tn and conversely by defining β as the automorphism obtained by lifting α−1

to T n.
In order to prove the equivalence of 2) and 3), recall that given a Hamiltonian H,

its vector field XH transforms under a symplectomorphism φ to the Hamiltonian vector
field XH◦φ = φ−1

∗ (XH ◦φ). Since Xξ is the vector field corresponding to the Hamiltonian
function H = ⟨µ, ξ⟩, identity (3.2.7) can be rewritten as

X⟨µ◦φ,ξ⟩ = X⟨µ,α(ξ)⟩,

which is equivalent to
µ ◦ φ = α∗ ◦ µ.

The case ε(φ) = −1 can be proved similarly. The only notable difference is the fact
that if φ is antisymplectic, then the Hamiltonian vector fields transform as follows,

XH◦φ = −φ−1
∗ (XH ◦ φ).

This accounts precisely for the additional minus sign in equation (3.2.8). 2

Remark 3.2.6. In the antisymplectic case, we will mostly work with involutions, i.e.
diffeomorphisms R : M → M satisfying R∗ω = −ω and R2 = id. In this case, the maps
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β, α and σ are involutions as well.

Definition 3.2.7. An (anti-)symplectic diffeomorphism φ on a Hamiltonian T n-space
(M,ω, µ) is called compatible if one of the equivalent conditions in Proposition 3.2.5
holds.

Remark 3.2.8. This compatibility condition is a special case of the notion of real Hamil-
tonian G-manifold given in [Sja10], which contains many examples. These ideas go back
to Duistermaat’s work [Dui83], who considered the case where β(t) = t−1.

Remark 3.2.9. In later chapters, we will denote the map β corresponding to a compatible
map φ by φTn : T n → T n and thus σ = ε(φ)(φ−1

Tn)∗ by (3.2.8).

In case the Hamiltonian T n-space admits symplectic reduction, a given compatible (anti-
)symplectic map yields an (anti-)symplectic map on the symplectic quotient. This fact
plays a crucial role in the construction of the (anti-)symplectic maps in Section 3.4.

Proposition 3.2.10. Let φ be a compatible diffeomorphism on a Hamiltonian T n-space
(M,ω, µ) satisfying φ∗ω = ε(φ)ω for ε(φ) ∈ {−1, 1}. Furthermore, suppose that M
admits symplectic reduction at the level 0 ∈ (tn)∗. Then φ induces a diffeomorphism
φ̂ : M̂ → M̂ on the symplectic quotient satisfying φ̂∗ω̂ = ε(φ)ω̂ such that the following
diagram commutes,

µ−1(0) M

M̂

φ|µ−1(0)

ι

/Tnp

φ

φ̂

Proof.
The diffeomorphism φ preserves the level set µ−1(0), as can be read off from (3.2.6).

Furthermore, the restriction φ|µ−1(0) descends to M̂ by equation (3.2.5) to yield a diffeo-
morphism φ̂. Since ω̂ is defined by ι∗ω = p∗ω̂, we can compute

p∗φ̂∗ω̂ = φ|∗µ−1(0)p
∗ω̂

= φ|∗µ−1(0)ι
∗ω

= ι∗φ∗ω

= ι∗ (ε(φ)ω)
= p∗ (ε(φ)ω̂) .

Since p is a surjective submersion, this implies that φ̂∗ω̂ = ε(φ)ω̂. 2

3.3 Toric symplectic manifolds
We refer to [Aud04], [CdS03], [Del88], [Gui94] or [McD11] for details on toric symplectic
manifolds and the Delzant construction.
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3.3.1 Basics
Toric symplectic manifolds are a special case of Hamiltonian T n-spaces.
Definition 3.3.1. A Hamiltonian T n-space (M,ω, µ) is called toric if n = 1

2 dimM and
the action is effective.
In the case of toric symplectic manifolds the moment map is a quotient map for the torus
action, and our choice of normalization in Remark 3.2.2 implies that the barycentre of
its moment polytope ∆ lies at 0 ∈ (tn)∗. Furthermore, by a classical result of Delzant,
∆ = µ(M) takes a particular form and is, in fact, a sufficient datum to reconstruct
(M,ω, µ) along with its T n-action up to equivariant symplectomorphisms. We will recall
Delzant’s result and some of the facts surrounding it, since these will be used later on.

Let ∆ ⊂ (tn)∗ be a rational polytope with respect to the standard lattice (tnZ)∗ bounded
by k hyperplanes. A lattice vector v ∈ tnZ is called primitive if it cannot be written as a
non-trivial integer multiple of another lattice vector. Equivalently, a primitive vector is
the first intersection of the line it spans with the standard lattice. We can describe ∆ in
terms of primitive vectors vi ∈ tnZ and a set of numbers κi ∈ R,

∆ = {η ∈ (tn)∗ | ⟨η, vi⟩ ≤ κi}. (3.3.9)

After identifying tn and (tn)∗ with Rn by the choice of a basis, the vectors vi correspond
to outward pointing primitive normal vectors to the facets. The constants κi measure the
affine distance of the facets to the origin. Details can be found in [McD11].

3.3.2 The Delzant construction
Definition 3.3.2. A rational polytope ∆ ⊂ (tn)∗ is called Delzant if each of its vertices is
formed by the intersection of n hyperplanes whose primitive normal vectors form a Z-basis
of tnZ.
Remark 3.3.3. If we identify tnZ with Zn, the Delzant condition on polytopes is equivalent
to requiring that the set of primitive normal vectors at any given vertex can be mapped
to the standard basis {e1, ..., en} ⊂ Zn by an element of GL(n,Z).
Theorem 3.3.4 ( [Del88]). The moment polytope of a toric symplectic manifold is Delzant
and there is a bijective correspondence between Delzant polytopes up to AutZ(tn)∗-action
and toric symplectic manifolds up to T n-equivariant symplectomorphisms.
Furthermore, Delzant gave an explicit construction of the toric symplectic manifold (M,ω, µ),
starting from a given Delzant polytope ∆ = {η ∈ (tn)∗ | ⟨η, vi⟩ ≤ κi} such that µ(M) = ∆.
The desired manifold M is obtained as a symplectic quotient of (Ck, ω0). Since we will
heavily rely on the details of this construction, it will be recalled here. Details can be
found in the original paper [Del88], or in [CdS03] and [Gui94].

Let ∆ ⊂ (tn)∗ be a Delzant polytope. Up to a translation, we can assume that
the normalization convention from Remark 3.2.2 holds. Via the description (3.3.9), the
polytope ∆ uniquely defines a set of pairs {(vi, κi)}i∈{1,...,k}. The characteristic map
associated to ∆ is defined as

π∗ : tk → tn, π∗ei = vi, (3.3.10)
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where ei denotes the i-th standard basis vector of tk ∼= Rk. The characteristic map is thus
a linear map of full rank n. Furthermore, it maps tkZ to tnZ, since the vectors vi are integral.
Hence it descends to the respective tori to yield a map T k → T n, which we denote by π.
Let K = kerπ ⊂ T k and denote by k and k∗ its Lie algebra and its dual Lie algebra. We
get three short exact sequences,

1 → K
j
↪→ T k

π→ T n → 1,

0 → k
j∗→ tk

π∗→ tn → 0,

0 →(tn)∗ π∗
→(tk)∗ j∗

→ k∗ → 0. (3.3.11)

The desired toric manifold (M,ω) arises as a symplectic quotient of (Ck, ω0) as follows.
The moment map

ν0 : Ck → (tk)∗ ∼= Rk, (z1, . . . , zk) 7→ 1
2
(
|z1|2, . . . , |zk|2

)
− (κ1, . . . , κk)

generates the standard T k-action on Ck,

t.z = (t1, . . . , tk).(z1, . . . , zk) = (e2πit1z1, . . . , e
2πitkzk), t ∈ T k, z ∈ Ck. (3.3.12)

The inclusion j : K ↪→ T k induces a K-action on Ck. The moment map corresponding to
this K-action is given by

ν : Ck → k∗, ν = j∗ ◦ ν0. (3.3.13)
One can show that 0 ∈ k∗ is a regular value of ν and that K acts freely on ν−1(0). Thus
the conditions for symplectic reduction are satisfied. One can show that the symplectic
quotient ν−1(0)/K with its induced symplectic form is the desired toric manifold (M,ω).
We will briefly describe how the moment map µ : M → (tn)∗ defining the toric structure
on M is obtained. Combine the symplectic reduction diagram defining M

M ν−1(0) Ckp

/K

ι (3.3.14)

with the short exact sequence from (3.3.11) to obtain the commutative diagram

M ν−1(0) Ck

0 (tn)∗ (tk)∗ k∗ 0.
µ

p

/K

ι

µ ν0 ν

π∗ j∗

(3.3.15)

The map µ is the desired moment map. We will show that both µ and µ are well-defined
maps. Since ν is defined as j∗ ◦ ν0, the composition ν0 ◦ ι maps ν−1(0) to the kernel of j∗

and thus, by exactness of the lower row, to the image of π∗. Since π∗ is injective, we
obtain a unique map µ : ν−1(0) → (tn)∗ with

π∗ ◦ µ = ν0 ◦ ι.

Since ι is K-equivariant and ν0 is T k-invariant and therefore in particular K-invariant,
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we obtain that µ is K-invariant. Since ν−1(0) is a K-principal bundle with base M , this
implies that µ factors through M to yield the desired moment map µ defined by the
equation

π∗ ◦ µ ◦ p = ν0 ◦ ι.

Example 3.3.5. Let n = 1 and take the Delzant polytope [−1, 1] ⊂ R ∼= (t1)∗. Then
k = 2, the outward pointing normal vectors are given by v1 = (1), v2 = (−1), and the
corresponding constants are κ1 = κ2 = 1. The characteristic map is π = (1,−1) and
furthermore

ν0 : C2 → (t2)∗ ∼= R2, (z1, z2) 7→
(

1
2 |z1|2 − 1, 1

2 |z2|2 − 1
)
.

Since K = kerπ = ⟨(1, 1)⟩, the map j∗ is given by projection to the vector (1, 1) and
hence

ν(z1, z2) = 1
2
(
|z1|2 + |z2|2

)
− 2.

Therefore, the level set ν−1(0) is a 3-sphere on which K ∼= §1 acts diagonally. Hence we
obtain the Hopf fibration and the quotient is M ∼= CP 1 ∼= §2 with the K-equivalence
classes [(z1, z2)]K corresponding to the homogeneous coordinates [z1 : z2] on CP 1.

3.4 Lifting symmetries of the moment polytope
Throughout this section, let (M,ω) be a toric symplectic manifold with moment map µ
and moment polytope ∆ = µ(M) ⊂ (tn)∗ with normalization

∫
M
µωn = 0 ∈ (tn)∗.

3.4.1 Symmetries of the moment polytope
Definition 3.4.1. Let (M,ω, µ) be a toric symplectic manifold with moment polytope ∆.
The group

S∆ = {σ ∈ AutZ(tn)∗ | σ(∆) = ∆} (3.4.16)
is called the symmetries of ∆.

Example 3.4.2. As discussed in the introduction, there are five toric symplectic del
Pezzo surfaces, namely S2 × S2 and the blow-ups X0, X1, X2, X3 of CP 2. Their moment
polytopes and the corresponding groups S∆ are given in Figure 3.2, where Dn denotes the
dihedral group of order 2n. These groups are readily found by noting that elements of
GL(2,Z) preserve the affine length of edges. For example after identfying AutZ(t2)∗ with
GL(2,Z), the subgroup S∆X0

∼= D3 is generated by the matrices(
−1 −1
1 0

)
and

(
0 1
1 0

)
.

Let σ ∈ S∆. Recall from (3.3.9) that we can associate a unique pair (vi, κi) to each
facet of ∆ such that

∆ = {η ∈ (tn)∗ | ⟨η, vi⟩ ≤ κi}.



80 3 On the topology of real Lagrangians in toric symplectic manifolds

S2 × S2

(a) S∆S2×S2
∼= D4

X0

(b) S∆X0
∼= D3

X1

(c) S∆X1
∼= Z2

X2

(d) S∆X2
∼= Z2

X3

(e) S∆X3
∼= D6

Figure 3.2: Moment polytope ∆ and S∆ for toric symplectic del Pezzo surfaces.

Applying any σ ∈ AutZ(tn)∗ to ∆ yields

σ(∆) = {η ∈ (tn)∗ | ⟨η, (σ−1)∗vi⟩ ≤ κi}.

Hence, applying σ to the moment polytope amounts to applying (σ−1)∗ ∈ AutZ tn to its
associated normal vectors vi. The hypothesis

σ(∆) = ∆

along with the uniqueness of the set of pairs {(vi, κi)}1≤i≤k thus implies that (σ−1)∗

permutes normal vectors. In conclusion, there is a permutation on k elements τ ∈ Sk
such that

(σ−1)∗vi = vτ(i), (3.4.17)
κi = κτ(i). (3.4.18)

3.4.2 Lifted symplectomorphisms
Let φ be a compatible symplectomorphism of M . In order to clarify notation, the cor-
responding homomorphism on T n will be denoted by φTn from now on. It follows from
Proposition 3.2.5 that φ descends to a map on ∆. In the following, we will be concerned
with proving the opposite direction, namely that symmetries of ∆ can be lifted to sym-
plectomorphisms of M .

Lemma 3.4.3. Let σ ∈ S∆ be a symmetry of the moment polytope of M . Then σ lifts to
a compatible symplectomorphism φσ ∈ Symp(M,ω) with

µ ◦ φσ = σ ◦ µ. (3.4.19)

Our construction below shows that φσσ′ = φσ ◦ φσ′ . Consequently, the symmetries of ∆
yield a subgroup of the symplectomorphisms of M , that we identify with S∆.
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Corollary 3.4.4. The group of symmetries S∆ is a subgroup of Symp(M,ω).

Remark 3.4.5. The lift φσ of σ is not uniquely determined by (3.4.19). Nonetheless,
any other φ ∈ Symp(M,ω) satisfying µ ◦ φ = σ ◦ µ is closely related to φσ. This will be
discussed in Subsection 3.4.4.

Proof of Lemma 3.4.3. The main idea of the proof is to view M as a symplectic
quotient of Ck via Delzant’s construction, then to let the permutation τ ∈ Sk defined
by (3.4.17) act on Ck by permutation of coordinates, and to check that this map descends
to a symplectomorphism on M . Recall that the Delzant construction describes the toric
manifold M as a symplectic quotient of (Ck, ω0) by K = kerπ < T k. Let τ ∈ Sk be
the permutation associated to σ via equation (3.4.17). Since we have π∗ei = vi, applying
(σ−1)∗ to tn corresponds to permuting coordinates according to τ on tk,

(σ−1)∗(π∗ei) = π∗eτ(i). (3.4.20)

Notice that this equation holds on the corresponding tori as well, since all maps involved
preserve the corresponding lattices. This leads us to define the following permutations of
coordinates

Φ : Ck → Ck, (z1, . . . , zk) 7→ (zτ(1), . . . , zτ(k)), (3.4.21)
ΦTk : T k → T k, (t1, . . . , tk) 7→ (tτ(1), . . . , tτ(k)). (3.4.22)

The map Φ is symplectic and compatible with the standard T k-action from (3.3.12),

Φ(t.z) = ΦTk(t).Φ(z), t ∈ T k, z ∈ Ck. (3.4.23)

We will prove that Φ is K-compatible as well. This allows us to apply Proposition 3.2.10
to the reduction in the Delzant construction, which yields an induced symplectomorphism
φσ ∈ Symp(M,ω) on the quotient M such that the following diagram commutes

M ν−1(0) (Ck, ω0).

φσ Φ|ν−1(0)

/K

Φ

(3.4.24)

Since Φ is compatible with the full T k-action, it suffices to prove that ΦTk preserves the
subgroup K in order to prove that it is K-compatible. The identity (3.4.20) now reads

σ∗ ◦ π = π ◦ Φ−1
Tk . (3.4.25)

Recall that by definition K = kerπ and hence

ΦTk(K) = ΦTk(kerπ) = ker(π ◦ Φ−1
Tk ) = ker(σ∗ ◦ π) = ker π = K, (3.4.26)

where we have used elementary properties of ker(·). This proves that Φ is K-compatible
and therefore that φσ : M → M is a well-defined symplectomorphism.

We now show that the symplectomorphism φσ is compatible with the Hamiltonian
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T n-action on M and induces the initially chosen symmetry σ ∈ S∆ on ∆,

µ ◦ φσ = σ ◦ µ.

Since Φ is T k-compatible, Proposition 3.2.5 yields

ν0 ◦ Φ = (Φ−1
Tk )∗ ◦ ν0. (3.4.27)

Adding all of the above maps to (3.3.15) we obtain the following commutative diagram.

M ν−1(0) Ck

0 (tn)∗ (tk)∗ k∗ 0

φσ

µ

Φ|ν−1(0)

p

/K

ι

Φ

ν0 ν

σ

π∗

(Φ−1
T k )∗

j∗

Since the moment map µ was defined by this diagram, the claim follows. 2

Example 3.4.6. Let M = S2 = CP 1 be equipped with its standard toric structure given
in Example 3.3.5. The moment polytope is ∆ = [−1, 1] and there is only one non-trivial
symmetry σ ∈ S∆ given by z 7→ −z. Since σ exchanges the two normal vectors v1 = (1)
and v2 = (−1), the corresponding permutation is the non-trivial permuation on two
elements and Φ(z1, z2) = (z2, z1). This yields the lifted symplectomorphism φσ([z1 : z2]) =
[z2 : z1] on S2 ∼= CP 1. When we view S2 as embedded in R3, this symplectomorphism
corresponds to the map (x, y, z) 7→ (x,−y,−z), which obviously induces σ on ∆.

Example 3.4.7. Let M = CP 2 be equipped with its standard toric structure. Then S∆
is isomorphic to the dihedral group D3. The generators given in Example 3.4.2 correspond
to the symplectomorphisms

[z0 : z1 : z2] 7→ [z2 : z0 : z1] and [z0 : z1 : z2] 7→ [z0 : z2 : z1].

3.4.3 Lifted antisymplectic involutions
We restrict our attention to the case where σ ∈ S∆ is an involution and prove Theo-
rem 3.1.1 stated in the introduction.

Theorem 3.4.8. Let σ ∈ S∆ be an involution on the Delzant polytope of a toric symplectic
manifold (M,ω, µ). Then there is an antisymplectic involution Rσ such that

µ ◦Rσ = σ ◦ µ. (3.4.28)

The idea of proof is as follows. By Lemma 3.4.3, the involution σ lifts to a symplectic
involution φσ on M . To make this map antisymplectic, we will compose it with a stan-
dard antisymplectic involution R0, coming from the toric structure on M , and apply the
following remark
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Remark 3.4.9. Let S be a symplectic involution and R an antisymplectic involution on a
symplectic manifold M , such that S and R commute. Then S◦R defines an antisymplectic
involution on M .

In order to prove the theorem, we will first construct the antisymplectic involution R0 on
M . This construction is well-known, see for example [DGSD12, Definition 2.6] or [Hau13,
Section 2.6]. We will prove it for the convenience of the reader and in order to expose its
relation to the Delzant construction.

Proposition 3.4.10. Let (M,ω, µ) be a toric symplectic manifold. Then there is an
antisymplectic involution R0 which leaves the moment map invariant, i.e.

µ ◦R0 = µ. (3.4.29)

Proof. Let
M ν−1(0) Ckp

/K

ι

denote the reduction diagram of the Delzant construction. Take the standard antisym-
plectic involution on Ck defined by complex conjugation ρ0(z1, ..., zk) = (z1, ..., zk). It
descends to an antisymplectic involution on the quotient M satisfying equation 3.4.29.
Indeed, we have

ρ0(t.z) = t−1.ρ0(z), t ∈ T k, z ∈ Ck.

Hence, ρ0 is compatible in the sense of Definition 3.2.7 and the claim follows from Propo-
sition 3.2.10, since ρ0 leaves the moment map ν0 invariant. 2

Remark 3.4.11. In the context of algebraic geometry, the fixed point set FixR0 of
the above involution is commonly referred to as real locus of the toric variety M . See
also [DJ91] for a topological generalization of real toric varieties.

Remark 3.4.12. Alternatively, R0 can be viewed as follows. The pre-image µ−1(∆̊) ⊂ M

of the interior of ∆ is equivariantly symplectomorphic to the product T n × ∆̊ ⊂ T ∗T n

equipped with the natural symplectic form. In the language of Hamiltonian dynamics,
this symplectomorphism is referred to as global action-angle coordinates, since it corre-
sponds to Arnold–Liouville coordinates on an open dense subset of M . There is a natural
antisymplectic involution on T n× ∆̊ given by group inversion on the T n-component. This
involution extends to all of M and corresponds to R0.

Proof of Theorem 3.4.8. Let σ ∈ S∆ be an involution of the moment polytope and φσ

its symplectic lift to M given by Lemma 3.4.3. We will show that φσ and R0 commute
and apply Remark 3.4.9. Recall from the proof of Lemma 3.4.3 that φσ is induced by a
coordinate permutation Φ(z1, . . . , zk) = (zτ(1), . . . , zτ(k)) on Ck. Similarly, R0 is induced
by complex conjugation ρ0(z1, ..., zk) = (z1, ..., zk). Since the maps Φ and ρ0 commute,
the corresponding maps φσ and R0 on M commute as well. Hence we can define the
antisymplectic involution

Rσ = R0 ◦ φσ.

The compatibility condition (3.4.28) follows from equations (3.4.19) and (3.4.29). 2
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The following alternative view of Rσ will be used in Section 3.5. Define

ρ = ρ0 ◦ Φ : Ck → Ck, (z1, . . . , zk) 7→ (zτ(1), . . . , zτ(k)). (3.4.30)

This is a compatible antisymplectic involution. The corresponding group involution is
given by

ρTk = ρ0
Tk ◦ ΦTk : T k → T k, (t1, . . . , tk) 7→ (t−1

τ(1), . . . , t
−1
τ(k)). (3.4.31)

Since ρ0
Tk and ΦTk both preserve K (see equation (3.4.26)), so does ρTk and hence ρ is

K-compatible. By Proposition 3.2.10, ρ induces an antisymplectic involution Rσ on M .
By the compatibility of Rσ, there is an involutive automorphism Rσ

Tn on the torus such
that Rσ(t.p) = Rσ

Tn(t).Rσ(p). This automorphism is related to ρTk via

Rσ
Tn ◦ π = π ◦ ρTk . (3.4.32)

Note that this is a direct analogue of (3.4.25).

3.4.4 Classification of compatible maps
The lifts constructed in Sections 3.4.2 and 3.4.3 are not unique with respect to their
respective compatibility conditions. However, any two maps inducing the same symmetry
σ ∈ S∆ on the moment polytope are closely related. We start by a lemma which follows
from Proposition 3.2.5.

Lemma 3.4.13. Let φ be a symplectomorphism on a toric symplectic manifold (M,ω, µ)
which leaves the moment map invariant, i.e. µ ◦ φ = µ. Then φ is of the form

p 7→ ϑ(µ(p)).p (3.4.33)

for a smooth map1 ϑ : ∆ → T n.

Symplectomorphisms of the form 3.4.33 will be denoted by ψϑ : M → M . These maps
rotate a given fibre µ−1(b) by an angle ϑ(b) ∈ T n.

Proof of Lemma 3.4.13. Let φ be a symplectomorphism which leaves the moment map
invariant. Hence φ preserves the torus fibres, and since T n acts transitively on each fibre,
there is a smooth map ϑ̃ : M → T n such that φ takes the form

φ(p) = ϑ̃(p).p, p ∈ M.

We will prove that ϑ̃(p) = ϑ̃(p′) whenever p and p′ lie in the same fibre, and thus ϑ̃
factors through ∆ to yield a map ϑ : ∆ → T n. By (3.2.5), the symplectomorphism φ is
T n-equivariant, i.e.

φ(t.p) = t.φ(p), t ∈ T n, p ∈ M.

Now let p, p′ ∈ M be points in the fibre over b ∈ ∆. Since T n acts transitively on µ−1(b),

1We define ϑ : ∆ → T n to be smooth if it comes from a smooth map ϑ̃ : M → T n which satisfies
ϑ ◦ µ = ϑ̃.
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there is t ∈ T n such that p′ = t.p. Using the T n-equivariance of φ, we compute

ϑ̃(p′).p′ = φ(p′) = φ(t.p) = t.φ(p) = (tϑ̃(p)).p = (ϑ̃(p)t).p = ϑ̃(p).p′.

Since the action of T n is free on an open dense subset of M , we deduce that ϑ̃(p) = ϑ̃(p′)
and thus ϑ̃ is constant on fibres. 2

Lemma 3.4.13 allows us to classify compatible symplectomorphisms as well as compatible
antisymplectic involutions. We will use the convention established in 3.4.2 and 3.4.3 and
denote the standard lift of σ ∈ S∆ by φσ and Rσ, respectively.

Proposition 3.4.14. Let φ be a compatible symplectomorphism on M such that µ ◦ φ =
σ ◦ µ, for σ ∈ S∆. Then there is a smooth map ϑ : ∆ → T n such that

φ = ψϑ ◦ φσ.

Proof. By the construction of φσ, we have µ ◦ φσ = σ ◦ µ and hence we can apply
Lemma 3.4.13 to the symplectomorphism φ ◦ (φσ)−1 to prove the claim. 2

Proposition 3.4.15. Let R be a compatible antisymplectic involution on M such that
µ ◦R = σ ◦ µ, for σ ∈ S∆. Then there is a smooth map ϑ : ∆ → T n such that

R = ψϑ ◦Rσ. (3.4.34)

Furthermore, ϑ satisfies Rσ
Tn(ϑ(σ(x))) = ϑ(x)−1 for all x ∈ ∆.

Proof. Again, apply Lemma 3.4.13 to the symplectomorphism R ◦ (Rσ)−1, to prove the
first claim. For the condition on ϑ, we use (3.4.34) and compute, for p ∈ µ−1(x),

p = R(R(p)) = (ψϑ ◦Rσ ◦ ψϑ ◦Rσ)(p) = (ϑ(x)Rσ
Tn(ϑ(σ(x))).p.

The torus T n acts freely on an open dense set in M , see for example Remark 3.4.12, and
thus the claim follows. 2

Remark 3.4.16. Let R1, R2 : M → M be two compatible antisymplectic involutions
satisfying µ ◦ R = σ ◦ µ, for some σ ∈ S∆. Even though they are related by (3.4.34),
their respective fixed point sets may have different topology. For example, take M = CP 3

equipped with its standard toric structure and define

R1[z0 : z1 : z2 : z3] = [z̄1 : z̄0 : z̄3 : z̄2],
R2[z0 : z1 : z2 : z3] = [−z̄1 : z̄0 : −z̄3 : z̄2].

Both R1 and R2 are compatible with σ(x, y, z) = (−x − y − z, z, y), but FixR1 ∼= RP 3

and FixR2 = ∅. See Example 3.5.5 and [Kim21b, Example 2.4] for details.
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3.5 Real Delzant construction
In this section, we describe in detail the real Delzant construction stated in Section 3.1.
Let (M2n, ω, µ) be a toric symplectic manifold with moment polytope ∆ = µ(M). By the
Delzant construction (Section 3.3.2), we can write

M = ν−1(0)/K,

where ν is defined as in (3.3.13) and π : T k → T n is the characteristic map with kernel
K = kerπ. Let R = Rσ be the standard antisymplectic involution on M given by the
lift of an involution σ ∈ S∆ from Theorem 3.4.8. By Proposition 3.2.5 there is a group
involution RTn of T n satisfying (3.2.5). Recall that

ρTk(t1, . . . , tk) = (t−1
τ(1), . . . , t

−1
τ(k))

is the group involution of T k defined in equation (3.4.31). Here τ ∈ Sk is the permutation
satisfying (3.4.17). By Equation 3.4.32, we see that π

(
Fix(ρTk)

)
⊂ Fix(RTn) and thus

we can define

Definition 3.5.1. The characteristic map πR associated to L = Fix(R) is the group
homomorphism defined as the restriction

πR := π|Fix(ρ
T k ) : Fix(ρTk) → Fix(RTn).

We write KR := ker πR = K ∩ Fix(ρTk) and denote its Lie algebra by kR. Recall that

ρ(z1, . . . , zk) = (z̄τ(1), . . . , z̄τ(k))

is the antisymplectic involution of Ck given in (3.4.30).We construct the real analogue of
the moment map ν : Ck → k∗ defined in (3.3.13) as follows. We define

νR : Fix(ρ) → (k/kR)∗, νR(z)[ξ]kR
:= ⟨ν(z), ξ⟩ for [ξ]kR

∈ k/kR.

It follows from Lemma 3.5.2 below that νR is well-defined. Recall from Section 3.4.3 that
ρTk preserves K and hence we write

ρK := ρTk |K : K → K

for the group involution on K with Fix(ρK) = KR. Using the fact that the tangent space
of the fixed point set of any smooth involution ϕ is the 1-eigenspace of its differential
ϕ∗, namely Tx Fix(ϕ) = Fix(ϕ∗) for x ∈ Fix(ϕ), we deduce that Fix((ρK)∗) = kR and
Fix(ρ∗

K) = k∗
R.

Lemma 3.5.2. We have ⟨ν(z), ξ⟩ = 0 for all z ∈ Fix(ρ) and ξ ∈ kR.

Proof. Applying Proposition 3.2.5 to the maps ν0 and ρ, we have ν0 ◦ ρ = −ρ∗
Tk ◦ ν0.
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We verify that for z ∈ Fix(ρ),

ν(z) = ν(ρ(z))
= (j∗ ◦ ν0 ◦ ρ)(z)
= −(j∗ ◦ ρ∗

Tk ◦ ν0)(z)
= −(ρ∗

K ◦ j∗ ◦ ν0)(z)
= −ρ∗

K(ν(z)).

Now, for any ξ ∈ kR we see that

⟨ν(z), ξ⟩ = −⟨ρ∗
K

(
ν(z)

)
, ξ⟩ = −⟨ν(z), (ρK)∗(ξ)⟩ = −⟨ν(z), ξ⟩,

which yields ⟨ν(z), ξ⟩ = 0.

We observe that

ν−1
R (0) = ν−1(0) ∩ Fix(ρ) = Fix(ρ|ν−1(0)). (3.5.35)

Since ν−1
R (0) is given by the fixed point set of the involution ρ|ν−1(0) and ν−1(0) is compact,

ν−1
R (0) is a closed submanifold of ν−1(0).

Remark 3.5.3. In the spirit of the Delzant construction, one can also prove that 0 ∈
(k/kR)∗ is a regular value of νR : Fix(ρ) → (k/kR)∗. Hence, ν−1

R (0) is a closed submanifold
of ν−1(0) of dimension n+ dimKR.

Since the map ν is T k-invariant and K acts freely on ν−1(0), the action of KR on
ν−1
R (0) is well-defined and free. As a result, the quotient ν−1

R (0)/KR is a closed manifold.
The natural inclusion

ν−1
R (0) ↪→ ν−1(0)

induces the well-defined smooth map on the quotients

I : ν−1
R (0)/KR → ν−1(0)/K, I(KRz) = Kz.

Recall that M = ν−1(0)/K.

Lemma 3.5.4. The map I : ν−1
R (0)/KR → ν−1(0)/K is an embedding.

Proof. Since ν−1
R (0)/KR is compact, it suffices to show that I and its differential are

injective.
Let z1, z2 ∈ ν−1

R (0) such that I(KRz1) = I(KRz2). Then there is an element t ∈ K
such that t.z1 = z2. Applying the involution ρ to both sides, we get

ρK(t).z1 = ρK(t).ρ(z1) = ρ(z2) = z2 = t.z1.

Since K acts freely on ν−1(0), we conclude that ρK(t) = t and hence t ∈ Fix(ρK) = KR.
Therefore KRz1 = KRz2.

We are left with showing that the differential of I is injective. Notice that

Tz
(
ν−1
R (0)/KR

) ∼= Tzν
−1
R (0)/TzKRz
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and
Tz
(
ν−1(0)/K

) ∼= Tzν
−1(0)/TzKz

for all z ∈ ν−1
R (0). In order to prove that the differential of I is injective, it suffices to

prove that TzKRz is a subspace of TzKz, which follows from

TzKRz = TzKz ∩ Tzν
−1
R (0). (3.5.36)

To prove this identity, consider the following representations of tangent spaces

TzKRz =
{
X ∈ Tzν

−1
R (0) | X = d

dt
exp(tξ).z, ξ ∈ kR

}
=
{
X ∈ Tzν

−1(0) | X = d

dt
exp(tξ).z, ξ ∈ kR and ρ∗X = X

}
,

TzKz ∩ Tzν
−1
R (0) =

{
X ∈ Tzν

−1(0) | X = d

dt
exp(tξ).z, ξ ∈ k and ρ∗X = X

}
.

Let ξ ∈ k and X = d
dt

exp(tξ).z such that ρ∗X = X. By direct computation, we verify
that

d

dt
exp(tξ).z = d

dt
exp((ρK)∗tξ).z.

Since the action of K on ν−1(0) is free, we have that (ρK)∗ξ = ξ, and so (3.5.36) follows.

We are now in a position to prove the main theorem of the paper. Proof. [Proof
of Theorem 3.1.2] Since we already know that I : ν−1

R (0)/KR → M is an embedding, it
suffices to show that Fix(R) = I(ν−1

R (0)/KR). We prove this claim by double inclusion.
Recall from Section 3.4.3 that ρ is K-compatible with ρTk , whence R : M → M is given
by

R(Kz) = Kρ(z) for z ∈ ν−1(0).
Let KRz ∈ ν−1

R (0)/KR. Since ρ(z) = z, we have R(Kz) = Kz = I(KRz). This shows that
I(ν−1

R (0)/KR) ⊂ Fix(R), and hence Fix(R) is not empty. To prove the other inclusion,
let Kz ∈ Fix(R). Since R(Kz) = Kρ(z) = Kz, there exists t ∈ K such that ρ(z) = t.z.
We observe that

z = ρ(t.z) = ρK(t).ρ(z) = ρK(t)t.z.
Since the K-action is free, we have ρK(t) = t−1.
Claim. There exists t̃ ∈ K such that t̃2 = t and ρK(t̃) = t̃−1.

The claim is obvious in case t = 1 and thus assume that t ̸= 1. Denote by S1⟨t⟩ the
subgroup of T n generated by t ∈ T n. Since K is a subtorus of T n, we have S1⟨t⟩ ≤ K.
Consider the group homomorphism ϕ : S1⟨t⟩ → K defined by ϕ(s) = ρK(s)s. Since
ϕ(t) = 1, we have ϕ(s) = 1 for all s ∈ S1⟨t⟩. Therefore, any choice of t̃ ∈ S1⟨t⟩ with t̃2 = t
satisfies ρK(t̃) = t̃−1 as claimed.

Finally, we verify that

ρ(t̃.z) = ρK(t̃).ρ(z) = ρK(t̃)t.z = ρK(t̃)t̃2.z = t̃.z,

and hence t̃.z ∈ ν−1
R (0) by (3.5.35). Since Kz = K(t̃.z) = I(KR(t̃.z)), this implies that
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Fix(R) ⊂ I(ν−1
R (0)/KR), which completes the proof.

Example 3.5.5. Consider complex projective space CP 3 with moment map

µ[z0 : z1 : z2 : z3] = 4
∥z∥2 (|z1|2, |z2|2, |z3|2) − (1, 1, 1),

where ∥z∥2 =
∑3

j=0 |zj|2. We subtract (1, 1, 1) in order for the normalization
∫
CP 3 µω

3 = 0
to hold. The moment polytope is the 3-simplex given as the convex hull of the vectors

{(−1,−1,−1), (−1,−1, 3), (−1, 3,−1), (3,−1,−1)} .

Let σ ∈ S∆ be the involution defined by σ(x, y, z) = (−x − y − z, z, y). Its standard lift
is given by the antisymplectic involution

Rσ[z0 : z1 : z2 : z3] = [z̄1 : z̄0 : z̄3 : z̄2].

Using Theorem 3.1.2, we verify that Fix(Rσ) is diffeomorphic to RP 3. Figure 3.3 describes
the fixed point set of σ in the moment polytope ∆ of CP 3. We take the primitive outward

Figure 3.3: Fix(σ) in ∆.

pointing normal vectors of each facet of ∆,

v1 = (0,−1, 0), v2 = (0, 0,−1), v3 = (−1, 0, 0), v4 = (1, 1, 1),

with κ1 = · · · = κ4 = 1, and hence

π =

 0 0 −1 1
−1 0 0 1
0 −1 0 1

 .

Since σ∗v1 = v2 and σ∗v3 = v4, we obtain two involutions

ρT 4(t1, t2, t3, t4) = (t−1
2 , t−1

1 , t−1
4 , t−1

3 ),
ρ(z1, z2, z3, z4) = (z̄2, z̄1, z̄4, z̄3).

One can direct check that

Fix(ρT 4) = {(t, t−1, s, s−1) | t, s ∈ S1},
Fix(ρ) = {(z, z̄, w, w̄) | z, w ∈ C}.
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Since

K = ker π = {(t, t, t, t) | t ∈ S1} ∼= S1,

ν−1(0) =
{

(z1, z2, z3, z4) |
4∑
j=1

|zj|2 = 2
}
,

we obtain

KR = K ∩ Fix(ρT 4) = {(1, 1, 1, 1), (−1,−1,−1,−1)} ∼= Z2,

ν−1
R (0) = ν−1(0) ∩ Fix(ρ) =

{
(z, z̄, w, w̄) | |z|2 + |w|2 = 1

} ∼= S3.

Since KR acts by the antipodal action on ν−1
R (0), we deduce that ν−1

R (0)/KR
∼= RP 3.

3.6 Convexity and Tightness
In this section we shall prove Theorem 3.1.3. We follow the same setup as in Section 3.5.
Let (M,ω, µ) be a toric symplectic manifold with moment polytope ∆ = µ(M). By the
Delzant construction, we can write M = ν−1(0)/K. Suppose that R is the antisymplectic
involution of M which is the lift of an involution σ ∈ S∆, see Theorem 3.4.8.

We know that Fix(σ) = ∆ ∩ {x ∈ t∗ | σ(x) = x} and that the Delzant polytope is
convex. Since the intersection of two convex sets is again convex, so is Fix(σ).

Theorem 3.6.1. We have Fix(σ) = µ(L). In particular, L is nonempty and µ(L) is
convex.

Proof. Let x ∈ µ(L). Then there is an element Kz ∈ M = ν−1(0)/K such that
R(Kz) = Kz and µ(Kz) = x. Since R is compatible, we obtain

σ(x) = σ(µ(Kz)) = µ(R(Kz)) = µ(Kz) = x.

This imples that µ(L) ⊂ Fix(σ).
Let x ∈ Fix(σ) ⊂ ∆ and let Kz ∈ M with µ(Kz) = x. We show that there is t̃ ∈ T n

such that t̃.Kz ∈ L. Note that

µ(Kρ(z)) = µ(R(Kz)) = σ(µ(Kz)) = σ(x) = x = µ(Kz),

and hence there is an element t ∈ T n such that Kρ(z) = t.Kz. This follows from the fact
that T n acts transitively on fibres. Applying the involution R, we obtain

Kz = RTn(t)t.Kz. (3.6.37)

Claim. There exists t̃ ∈ T n such that t̃2 = t and Kz = RTn(t̃)t̃.Kz.
We follow the arguments used in the proof of Theorem 3.1.2, and thus assume that

t ̸= 1. Again, denote by S1⟨t⟩ the subgroup of T n generated by t ∈ T n and consider the
group homomorphism

ϕ : S1⟨t⟩ → T n, ϕ(s) = RTn(s)s.
Since the stabilizer Stab(Kz) of the T n-action at the point Kz ∈ M is a subtorus and,
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by (3.6.37), ϕ(t) = RTn(t)t ∈ Stab(Kz), we have imϕ ≤ Stab(Kz). If we choose t̃ ∈ S1⟨t⟩
such that t̃2 = t, then ϕ(t̃) = RTn(t̃)t̃ ∈ Stab(Kz). Hence, the claim follows.

In order to show t̃.Kz ∈ L = Fix(R), we verify

R(t̃.Kz) = RTn(t̃).R(Kz) = RTn(t̃)t.Kz = RTn(t̃)t̃2.Kz = t̃.Kz.

This completes the proof.

We denote the set of critical points of f ∈ C∞(M) by Crit(f). We recall Duistermaat’s
tightness theorem [Dui83, Theorem 3.1].

Theorem 3.6.2 (Duistermaat). Let (M,ω, µ) be a compact connected Hamiltonian T n-
space. Suppose that R is an antisymplectic involution on M such that µ ◦ R = µ and
L = Fix(R) is nonempty. For any ξ ∈ t we have

dimH∗(L;Z2) = dimH∗(Crit(Hξ|L);Z2).

Our tightness result is a corollary of this theorem. Proof. [Proof of Theorem 3.1.3]
The convexity result follows from Theorem 3.6.1. To prove the tightness, let σ∗ denote
the transpose of σ ∈ AutZ(tn)∗. Then σ∗ is an involution on tn and for any ξ ∈ tn we can
decompose ξ as ξ = ξ1 + ξ2 with σ∗ξ1 = −ξ1 and σ∗ξ2 = ξ2. Note that Hξ = Hξ1 + Hξ2 .
If x ∈ Fix(R), we have

⟨µ(x), ξ1⟩ = ⟨µ(R(x)), ξ1⟩ = ⟨σ(µ(x)), ξ1⟩ = ⟨µ(x), σ∗ξ1⟩ = ⟨µ(x),−ξ1⟩,

which implies
Hξ1|L ≡ 0. (3.6.38)

Furthermore, we see that

⟨µ ◦R, ξ2⟩ = ⟨σ ◦ µ, ξ2⟩ = ⟨µ, σ∗ξ2⟩ = ⟨µ, ξ2⟩.

We take the subtorus T0
j
↪→ T n such that Lie(T0) = t0 = {ξ ∈ tn | σ∗ξ = ξ}, i.e., T0 is

the identity component of Fix(σ∗). Then the induced T0-action on M is Hamiltonian and
has moment map µ̃ := j∗µ with µ̃ ◦ R = µ̃. Since ξ2 ∈ t0 by Theorem 3.6.2 and (3.6.38)
we obtain

dimH∗(L;Z2) = dimH∗(Crit(Hξ2|L);Z2)
= dimH∗(Crit(Hξ|L);Z2).

This completes the proof.

The following example illustrates that the tightness and convexity do not hold if we
drop the compatible condition on the real Lagrangian L = Fix(R).

Example 3.6.3. Consider the two-sphere S2 equipped with the Euclidean area form.
Any embedded loop in S2 dividing S2 into two discs of equal area is a real Lagrangian.
Pick ξ = 1 ∈ t ∼= R so that µ = Hξ. It is not difficult to find a real Lagrangian L in S2
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such that Crit(Hξ|L) consists of four critical points, see Figure 3.4a. Hence, tightness fails
for the real Lagrangian L ∼= S1, namely,

dimH∗(L;Z2) = 2 ̸= 4 = dimH∗(Crit(Hξ|L);Z2).

µ

(a) The real Lagrangian L satisfies
# Crit(Hξ|L) = 4.

(b) The image µ(L) is not convex

Figure 3.4: Examples in which convexity or tightness fail.

One can easily find a real Lagrangian torus L in S2 ×S2 such that µ(L) is not convex.
Indeed, let

L′ = Fix(R′) = {(x,−x) | x ∈ S2}

be the real Lagrangian in S2×S2, where R′(x, y) = (−y,−x). Note that µ(L′) = {(ξ,−ξ) |
ξ ∈ t∗} ∩ 2 with 2 = µ(S2 × S2). Then one can choose a suitable Hamiltonian diffeo-
morphism ϕ on S2 × S2 which is compactly supported in µ−1(U0), where U0 ⊂ 2 is a
small open set of the origin, such that the antisymplectic involution R := ϕ ◦R′ ◦ϕ−1 has
fixed point set Fix(R) = ϕ(Fix(R′)) whose moment image is wiggled near the origin. See
Figure 3.4b.

3.7 Real Lagrangians in toric symplectic del Pezzo
surfaces

As an application of our real Delzant construction, we study real Lagrangians in toric
symplectic del Pezzo surfaces. Recall that a symplectic del Pezzo surface is one the
following symplectic 4-manifolds:

1. Q := S2 × S2 the product of the 2-sphere (S2, ω), where ω denotes an area form on
S2,

2. Xk := CP 2#kCP 2 the k-fold monotone symplectic blow-up of CP 2 for 0 ≤ k ≤ 8.

Every closed monotone symplectic 4-manifold is one of the symplectic del Pezzo surfaces
and that the monotone symplectic structures on del Pezzo surfaces are unique, see [Via16,
Section 1] for the references.

3.7.1 Topological obstructions on real Lagrangian surfaces
The following is an analogue of [Eva10, Lemma 2.3], which gives a homological obstruction
for being Lagrangian in symplectic del Pezzo surfaces.
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Lemma 3.7.1. Symplectic del Pezzo surfaces contain no Lagrangian Σg for all g ≥ 2,
where Σg denotes the closed oriented surface of genus g. Furthermore, X1 does not contain
any Lagrangian sphere.

Proof. Let L be an orientable Lagrangian in a symplectic del Pezzo surface X. It suffices
to show that χ(L) ≥ 0. Since L is Lagrangian and X is monotone, the homology class
[L] ∈ H2(M ;Z) satisfies

c1(X)[L] = 0, [L] · [L] = −χ(L). (3.7.39)

The second property follows from the Weinstein neighborhood theorem, which asserts
that the normal bundle of L is isomorphic to T ∗L, and from dimL = 2.

Case of Q. The first Chern class c1(Q) is Poincaré dual to 2α+2β, where α = [S2 ×{pt}]
and β = [{pt} × S2] are generators of H2(Q;Z). Let [L] = aα+ bβ for a, b ∈ Z. Then the
identities (3.7.39) become

2a+ 2b = 0, 2ab = −χ(L),

which shows that χ(L) = 2b2 ≥ 0.

Case of Xk for 1 ≤ k ≤ 8. Note that c1(Xk) is Poincaré dual to the class

3H −
k∑
j=1

Ej ∈ H2(Xk;Z),

where H = [CP 1] and the Ej are the classes of the exceptional spheres. Write [L] =
aH −

∑k
j=1 bjEj. Equation (3.7.39) becomes

3a−
k∑
j=1

bj = 0, a2 −
k∑
j=1

b2
j = −χ(L),

which yields

9
k∑
j=1

b2
j −

(
k∑
j=1

bj

)2

= 9 · χ(L).

This identity can be rewritten as

9χ(L) = (9 − k)
k∑
j=1

b2
j +

∑
i<j

(bi − bj)2.

Since k ≤ 8 we conclude that χ(L) ≥ 0 also in this case.
In order to prove the last statement, note that if L were a Lagrangian sphere in X1

with [L] = aH − bE1, then by the second property in equation (3.7.39) we would have
a2 − b2 = −2.

Remark 3.7.2. Using more sophisticated methods, Welschinger [Wel05, Theorem 2.2]
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proved a much stronger result, namely that there are no orientable hyperbolic Lagrangian
surfaces (i.e., Lagrangian Σg with g ≥ 2) in (not necessarily monotone) rational and ruled
symplectic 4-manifolds. The fact that there is no Lagrangian sphere in the blow-up of CP 2

does not require monotonicity.

Smith theory [Bre72, Theorems 4.1 and 4.3, Chapter III] implies that any real La-
grangian L in a symplectic manifold (M,ω) satisfies

dimH∗(M ;Z2) ≥ dimH∗(L;Z2),
χ(M) = χ(L) mod 2.

Together with Lemma 3.7.1 one obtains Table 3.1 for the candidates of diffeomorphism
types except for the cases of RP 2#RP 2 in S2 × S2 and T 2 in X1. We are only interested
in the symplectic del Pezzo surfaces that have a toric structure, namely S2 × S2 and Xk

for 0 ≤ k ≤ 3. By [Kim21b, Lemma 4.4], we can exclude RP 2#RP 2 in S2 × S2 in Table
3.1.

In order to show that T 2 cannot be a real Lagrangian in X1, we employ the Arnold
lemma which we now explain. We refer to [Arn71] for details. Let τ be an orientation-
preserving involution of a closed oriented manifold X4. Assume that the fixed point
set Fix(τ) of τ is a closed surface. The involution τ induces the isomorphism τ∗ : H2(X;Z2) →
H2(X;Z2). We define the symmetric Z2-bilinear form Φτ (called the twisted intersection
form) on H2(X;Z2) by

Φτ (α, β) = α · τ∗(β) mod 2,
where · denotes the intersection number. Recall that w ∈ H2(X;Z2) is called characteristic
class (or fundamental class) of Φτ if Φτ (w, α) = Φτ (α, α) for all α ∈ H2(X;Z2). Since
Φτ is non-degenerate, there exists a unique characteristic class of Φτ . Note that the
characteristic class of Φτ vanishes if and only if Φτ (α, α) = 0 for all α ∈ H2(X;Z2). The
following is the so-called Arnold lemma, see [Arn71, Lemma 3] for the proof.

Lemma 3.7.3. The Z2-homology class [Fix(τ)]Z2 ∈ H2(X;Z2) represented by Fix(τ) is
the characteristic class of Φτ .

We are ready to prove the following lemma.

Lemma 3.7.4. Assume that L is a real Lagrangian in X1 that is diffeomorphic to a closed
connected surface. Then L must be non-orientable.

Proof. Let L = Fix(R) for some antisymplectic involution R of X1. Assume to the
contrary that L is orientable, and hence L represents a Z-homology class [L]Z ∈ H2(X1;Z).
Using the notations in the proof of Lemma 3.7.1, we take the generators H and E1 on
H2(X1;Z). Since R is orientation-preserving, R∗ preserves the intersection form. Using
also that R2

∗ = id and that R∗[ω] = −[ω] on H2(X1;Z), one computes that that the
induced map R∗ on H2(X1;Z) is given by R∗ = − id. Since R∗[L]Z = [L]Z, we obtain
[L]Z = 0 and hence [L]Z2 = 0 as well. Noting that RZ2

∗ = id on H2(X1;Z2), the twisted
intersection form ΦR is the usual mod 2 intersection form of X1. By Lemma 3.7.3, the
characteristic class of ΦR vanishes and so the intersection form of X1 must be even, which
yields a contradiction.

We conclude that there are no real Lagrangian tori in X1.
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3.7.2 Constructions of explicit real Lagrangians
We now explicitly construct real Lagrangians that realize all diffeomorphism types in
Table 3.1.

Remark 3.7.5. On every toric manifold M , we can lift the trivial involution σ0 = id,
which yields the natural antisymplectic involutionR0 onM . Its fixed point set corresponds
to the real locus, see Proposition 3.4.10 and Remark 3.4.11. In particular, the real locus
of Xk, that is diffeomorphic to #k+1RP 2, is the real Lagrangian Fix(Rid) in Xk for each
0 ≤ k ≤ 3.

Example 3.7.6. Consider CP 2 equipped with the Fubini-Study form ωFS. Its Delzant
polytope ∆ is defined by the outward pointing normal vectors

v1 = (−1, 0), v2 = (0,−1), v3 = (1, 1).

There is one non-trivial involution in S∆, namely the reflection σ(x, y) = (y, x) with
respect to the diagonal line, see Figure 3.5.

Fix(σ0) Fix(σ)

Figure 3.5: Involutions on the 2-simplex ∆

We use the real Delzant construction to prove that Fix(Rσ) is diffeomorphic to RP 2. Since
σ exchanges the normal vetors v1 and v2, we obtain

ρ : C3 → C3, ρ(z1, z2, z3) = (z̄2, z̄1, z̄3),
ρT 3 : T 3 → T 3, ρT 3(t1, t2, t3) = (t−1

2 , t−1
1 , t−1

3 ).

Observe that

Fix(ρ) = {(z, z̄, x) | z ∈ C, x ∈ R},
Fix(ρT 3) =

{
(t, t−1, s) | t ∈ S1, s = {1,−1}

} ∼= S1 ⊕ Z2.

Hence, the kernel of πR is

KR = K ∩ Fix(ρT 3) = {(1, 1, 1), (−1,−1,−1)} ∼= Z2

and
νR(z, z̄, x) = |z|2 + x2

2 − 3.

Therefore ν−1
R (0) is a 2-sphere on which KR acts by the antipodal mapping and hence

Fix(Rσ) ∼= ν−1
R (0)/KR

∼= RP 2.
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In fact, it follows from Smith theory that any real Lagrangian in CP 2 (not necessarily
compatible with the torus action) is diffeomorphic to RP 2.

Example 3.7.7. Consider (S2 × S2, ω0 ⊕ ω0, µ), where ω0 is the area form on the sphere
and its Delzant polytope is

2 := [−1, 1]2 = µ(S2 × S2)

with outward pointing normal vectors

v1 = (1, 0), v2 = (0, 1), v3 = (−1, 0), v4 = (0,−1)

and κ1 = · · · = κ4 = 1. Hence,

π =
(

1 0 −1 0
0 1 0 −1

)
, K = {(e2πiα, e2πiβ, e2πiα, e2πiβ)}

We consider the four involutions in S2 given in Figure 3.6, namely

σ0 =
(

1 0
0 1

)
, σ1 =

(
−1 0
0 −1

)
, σ2 =

(
0 −1

−1 0

)
, σ3 =

(
−1 0
0 1

)
.

σ0

(a) RP 1 × RP 1 ∼= T 2

σ1

(b) TClif = T 2

σ2

(c) ∆ = S2

σ3

(d) T 2

Figure 3.6: Involutions of 2 = [−1, 1]2.

Involution σ0. Since the real locus of S2 × S2 = CP 1 × CP 1 is diffeomorphic to RP 1 ×
RP 1 ∼= T 2, so is Fix(Rσ0).

Involution σ1. Since Fix(σ1) is a singleton, the corresponding real Lagrangian is given by
the Lagrangian fibre Fix(Rσ1) = µ−1((0, 0)

) ∼= T 2, which is called the Clifford torus in
S2 × S2.

Involution σ2. We observe that

ν−1(0) =
{

(z1, z2, z3, z4) | |z1|2 + |z3|2 = 4, |z2|2 + |z4|2 = 4
} ∼= S3 × S3.

Since σ2 exchanges v1 with v4 and v2 with v3, we obtain

Fix(ρ) = {(z, w, w̄, z̄) | z, w ∈ C},
Fix(ρT 3) = {(t, s, s−1, t−1) | t, s ∈ S1}.



3.7 Real Lagrangians in toric symplectic del Pezzo surfaces 97

Hence,
ν−1
R (0) = {(z, w, w̄, z̄) | |z|2 + |w|2 = 4} ∼= S3

and KR = K ∩ Fix(ρT 3) = {(t, t−1, t, t−1) | t ∈ S1}. Hence the KR-action on ν−1
R (0) can

be identified with the Hopf action on S3, and we obtain

Fix(Rσ2) ∼= ν−1
R (0)/KR

∼= S2,

which is called the antidiagonal sphere Fix(Rσ2) = ∆ := {(x,−x) | x ∈ S2}.

Involution σ3. Similarly, we have

ν−1
R (0) = {(z, x1, z̄, x2) | z ∈ C, x1, x2 ∈ R, |z|2 = 2, x2

1 + x2
2 = 2} ∼= T 2,

KR = {(s1, s2, s1, s2) | s1, s2 ∈ {1,−1}} ∼= Z2
2,

and hence
Fix(Rσ3) ∼= RP 1 × RP 1 ∼= T 2.

Recall that any two embedded loops in S2 are Hamiltonian isotopic if they divide the
sphere into two discs with equal area. Using this, one can easily show that the real
Lagrangian tori Fix(Rσ0), Fix(Rσ1), and Fix(Rσ3) are (pairwise) Hamiltonian isotopic to
each other.

Example 3.7.8. Consider the monotone toric symplectic manifold CP 2#CP 2 with mo-
ment polytope the isosceles trapezoid ∆ depicted in Figure 3.7. Then we have

v1 = (−1, 0), v2 = (0,−1), v3 = (1, 1), v4 = (−1,−1)

and κ1 = · · · = κ4 = 1. Note that

π =
(

−1 0 1 −1
0 −1 1 −1

)
, K = {(e2πiα, e2πiα, e2πi(α+β), e2πiβ)},

There is only one non-trivial involution on ∆, namely σ(x, y) = (y, x). We show that

Figure 3.7: Monotone blow-up of CP 2

Fix(Rσ) ∼= RP 2#RP 2 using the real Delzant construction. Observe that

ν−1(0) =
{

(z1, z2, z3, z4)
∣∣∣ |z1|2 + |z2|2 + |z3|2 = 6, |z3|2 + |z4|2 = 4

}
.

The involution σ acts on ∆ by exchanging v1 with v2 and leaving v3 and v4 invariant,
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whence

Fix(ρ) = {(z, z̄, x, y) | z ∈ C, x, y ∈ R},
Fix(ρT 4) =

{
(t, t−1, s1, s2) | t ∈ S1, s1, s2 ∈ {1,−1}

} ∼= S1 ⊕ Z2
2.

We obtain

ν−1
R (0) = {(z, z̄, x, y) | 2|z|2 + x2 = 6, x2 + y2 = 4} ∼= T 2,

KR = {(1, 1, 1, 1), (−1,−1,−1, 1), (1, 1,−1,−1), (−1,−1, 1,−1)} ∼= Z2 ⊕ Z2.

We claim that the quotient map

T 2 ∼= ν−1
R (0) −→ ν−1

R (0)/KR

is a 4-fold covering of the Klein bottle RP 2#RP 2. This follows from Table 3.1. To see
this explicitly, we first identify ν−1

R (0) with the torus T 2 obtained by the product of two
circles, namely

Sxy := {x2 + y2 = 4} and Sz := {2|z|2 + x2 = 6}.

Note that Sz varies depending on x. We obtain the identification in Table 3.2. Using
this, we see that the quotient map above is a 4-fold covering of RP 2#RP 2 as desired, see
Figure 3.8.

KR Sz Sxy

(1, 1, 1, 1) id id
(−1,−1,−1, 1) antipodal map y-axis reflection
(1, 1,−1,−1) id antipodal map

(−1,−1, 1,−1) antipodal map x-axis reflection

Table 3.2: Each element in KR is identified with the composition of the two corresponding
maps.

RP 2#RP 2

T 2

Sxy

Sz

Figure 3.8: The torus T 2 as a 4-fold cover of the Klein bottle RP 2#RP 2

Example 3.7.9. Consider the monotone toric symplectic manifold CP 2#2CP 2 with mo-
ment polytope ∆ given on the left in Figure 3.9. Since the real locus of CP 2#2CP 2 is
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diffeomorphic to #3RP 2, the standard antisymplectic involution R0 yileds the real La-
grangian Fix(R0) ∼= #3RP 2. We claim that the real Lagrangian Fix(Rσ) associated to
the involution σ(x, y) = (y, x) is diffeomorphic to RP 2. To see this, recall that by Ex-
ample 3.7.6 the real Lagrangian Fix(Rσ2) in CP 2 is diffeomorphic to RP 2. Since the
blow-ups of CP 2 were performed away from the real Lagrangian Fix(Rσ2), we deduce
that Fix(Rσ) ∼= RP 2.

Figure 3.9: Monotone two-fold blow-up of CP 2

Example 3.7.10. Consider the three-fold monotone blow-up of CP 2 as in Figure 3.10.
Then we have

v1 = (1, 0), v2 = (0, 1), v3 = (−1, 0), v4 = (0,−1), v5 = (1, 1), v6 = (−1,−1),
κ1 = · · · = κ6 = 1.

We exhibit the real Lagrangians corresponding to the four involutions,

σ0 =
(

1 0
0 1

)
, σ1 =

(
−1 0
0 −1

)
, σ2 =

(
0 −1

−1 0

)
, σ3 =

(
0 1
1 0

)
.

(a) #4RP 2 (b) T 2 (c) S2 (d) RP 2#RP 2

Figure 3.10: Three-fold monotone blow-up of CP 2

Involution σ1. Since Fix(σ1) is a singleton, we have Fix(Rσ1) = µ−1((0, 0)
) ∼= T 2.

Involution σ2. Note that the moment polytope of CP 2#3CP 2 can be seen as the polytope
obtained by two fold blow-up of S2 ×S2. Since the real Lagrangian in S2 ×S2 correspond-
ing to the antidiagonal line in the polytope 2 is diffeomorphic to S2 and the blow-ups are
performed away from it, we obtain that Fix(Rσ2) ∼= S2.
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Involution σ3. In a similar vein, since the real Lagrangian in the one point blow up
X1 of CP 2, corresponding to the diagonal line, is diffeomorphic to RP 2#RP 2, so is
Fix(Rσ3) ∼= RP 2#RP 2.

Remark 3.7.11. It seems difficult to adapt this topological study of real Lagrangians
to higher dimensions. For one, it is hard to understand the topology of real Lagrangians
coming from affine involutions on the moment polytope. However in the special case where
∆ of a toric symplectic manifold M is centrally symmetric, i.e. ∆ = −∆, the antipodal
map of ∆ yields a real Lagrangian torus in M . See [Bre20] for further discussion.
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4 Real Lagrangian tori and versal
deformations

This chapter consists of the article [Bre20].

Can a given Lagrangian submanifold be realized as the fixed point set of an anti-
symplectic involution? If so, it is called real. We give an obstruction for a closed
Lagrangian submanifold to be real in terms of the displacement energy of nearby La-
grangians. Applying this obstruction to toric fibres, we obtain that the central fibre of
many (and probably all) toric monotone symplectic manifolds is real only if the corre-
sponding moment polytope is centrally symmetric. Furthermore, we embed the Chekanov
torus in all toric monotone symplectic manifolds and show that it is exotic and not real,
extending Kim’s result [Kim21a] for S2 × S2. Inside products of S2, we show that all
products of Chekanov tori are pairwise distinct and not real either. These results indicate
that real tori are rare.

Our methods are elementary in the sense that we do not use J-holomorphic curves.
Instead, we rely on symplectic reduction and the displacement energy of product tori
in R2n.

4.1 Introduction
A Lagrangian submanifold L in a symplectic manifold (M,ω) is said to be real if there is
an anti-symplectic involution σ of M such that L is the fixed point set of σ or a connected
component thereof. Here, an involution is a map satisfying σ◦σ = id, and anti-symplectic
means that σ∗ω = −ω. An example is the equator of the 2-sphere with its Euclidean area
form, which is the fixed point set of the reflection about the equatorial plane, and taking
products of this example we get as real Lagrangian the so-called Clifford torus in ×nS

2.
For more examples, see Section 4.2.

Real or not real are symplectic invariants in the following sense: If φ is a symplecto-
morphism of (M,ω) and L is the fixed point set of the anti-symplectic involution σ, then
φ(L) is the fixed point set of the anti-symplectic involution φ ◦ σ ◦ φ−1. There are many
other reasons to study real Lagrangian submanifolds, some of which we give at the end
of this introduction.

In this paper we address the question if a given closed Lagrangian submanifold of
a symplectic manifold is real. An obstruction to being real has been given by J. Kim
in [Kim21a]: If L is real, then the number of J-holomorphic discs u : (D2, ∂D2) → (M,L)
of Maslov index 2 passing through a generic point in L must be even. In this paper we use
a different symplectic invariant as obstruction to being real, namely the displacement en-
ergy of nearby Lagrangian submanifolds, a tool invented by Chekanov in [Che96]. While
the Lagrangian submanifolds L that we are interested in usually have infinite displacement
energy, nearby Lagrangians can be displaced. This leads to the so-called displacement
energy germ SL : (H1(L,R), 0) → R ∪ {∞}. In our basic result, (M,ω) is any, not neces-
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sarily compact, symplectic manifold.
Theorem 4.1.1. Assume that L is a compact real Lagrangian submanifold of (M,ω).
Then the displacement energy germ SL : (H1(L,R), 0) → R ∪ {∞} is even,

SL(−p) = SL(p).

In general, it is hard to compute the displacement energy germ of a Lagrangian L.
However, for the special class of fibers of toric symplectic manifolds we show in Section 4.3
that the displacement energy is intimately related to the moment polytope ∆.

Application I: Toric fibres. Let (M,ω) be a toric symplectic manifold with moment
map µ and moment polytope ∆ = µ(M). For all x ∈ ∆̊, the toric fibre Tx = µ−1(x) is
Lagrangian. These Lagrangian tori are especially well-suited to our methods, since they
come with a natural versal deformation defined by varying the base point a 7→ Tx+a.
Hence, we are led to the question of what the displacement energy of toric fibres looks
like as a function of the base point. In other words, we want to understand the function

e∆ : ∆ → R ∪ {∞}, x 7→ eM(Tx),

where eM denotes displacement energy. If Tx is real, we get by Theorem 4.1.1 that the
function e∆ is invariant under central symmetry in a neighbourhood of x.

Assume furthermore that (M,ω) is monotone. In the toric case, this means that we can
assume that each facet of the moment polytope lies at affine distance one from the origin,
in particular the origin is the only lattice point in the interior. We call the corresponding
fibre T0 the central fibre. The moment polytope of a toric monotone symplectic manifold
is called monotone, see [McD11] for details. In this case, the function e∆ can often be
explicitely computed on an open dense subset of ∆ and there is equal to the affine distance
to the boundary. In particular the level sets of e∆ are simply given by rescalings of ∂∆,
see Figure 4.1. As noticed in [BCS22], this geometric property is implied by the following
combinatorial property of the moment polytope: Let S(∆) = ∆ ∩ (−∆) ∩ Zn \ {0} be
the set of non-zero symmetric lattice points in ∆. We say that ∆ has property FS if
every facet of ∆ contains a point of S(∆). This property, which is closely related to the
Ewald conjecture, is known to hold for monotone polytopes in dimensions n ≤ 9 and
is conjectured to hold in all dimensions, in which case requiring property FS becomes
obsolete in all following statements. See Subsection 4.3.4 for a discussion.

Monotonicty has another useful consequence. Since real Lagrangians in monotone
symplectic manifolds are automatically monotone as Lagrangian submanifolds, see for
example [Oh93a], the only candidate to be real among all Tx is the central fibre T0. For
this torus we obtain the following.
Theorem 4.1.2. Let (M,ω) be a toric monotone symplectic manifold whose moment
polytope ∆ has property FS. If the central fibre T0 is real, then ∆ is centrally symmetric,
∆ = −∆.

Together with J. Kim and J. Moon, we show in [BKM19] that central symmetry of
the moment polytope is a sufficient condition for the central fibre T0 to be real. Under
property FS, Theorem 4.1.2 is therefore an equivalence. For example, the central fibre in
S2 × S2 is real, whereas the central fibre in CP 2 is not, see Figure 4.1.
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(a) M = CP 2 (b) M = S2 × S2

Figure 4.1: Level sets of the function e∆(x) = eM(Tx).

Remark 4.1.3. We outline an alternative approach to Theorem 4.1.2 in appendix 4.6
based on the count of Maslov 2 J-holomorphic disks with boundary on T0 which disposes of
property FS. This approach was suggested to us by Grigory Mikhalkin and an anonymous
referee.

Centrally symmetric polytopes. The set of centrally symmetric monotone Delzant
polytopes is known. For any natural number n we define the del Pezzo polytope DP(n) ⊂
Rn as the monotone polytope defined by the 2n+ 2 inequalities

±x1 ⩽ 1, ±x2 ⩽ 1, . . . ,±xn ⩽ 1, ±(x1 + . . .+ xn) ⩽ 1.

For example DP(1) = [−1, 1] and DP(2) is the moment polytope of the monotone three-
fold blow-up of CP 2, see Figure 4.3 in Section 4.3. In general, these correspond to two-fold
blow-ups of ×nS

2. For n even or n = 1, the del Pezzo polytopes are centrally symmetric
monotone Delzant polytopes. It is thus clear that products of such polytopes DP(n) are
again centrally symmetric monotone Delzant polytopes. It was proved in [VK84] that the
converse is true: The centrally symmetric monotone Delzant polytopes of dimension n
are exactly the products of del Pezzo polytopes DP(nj) with nj ∈ {1, 2, 4, 6, . . .} and
n =

∑
j nj. In order to determine the number νc(n) of centrally symmetric monotone

Delzant polytopes in a given dimension n, we thus only need to count the number of ways
in which n can be written as the sum of ones and even numbers. Let p(n) be the partition
function, i.e. the function counting the number of ways in which n can be written as the
sum of natural numbers. Then for even n = 2k,

νc(2k) =
k∑
j=0

p(j).

This can be seen as follows. Suppose a decomposition of 2k contains 2m ones. Omitting
the ones induces a decomposition of 2(k − m) into strictly positive even numbers. This
is equivalent to a decomposition of k−m into strictly positive integers, whence there are
p(k − m) possibilities if the decomposition of 2k contains 2m ones. Summing over the
possible number of ones yields the result. Furthermore νc(2k+ 1) = νc(2k), since the odd
del Pezzo polytopes DP(n) for n > 1 are not Delzant.

The number ν(n) of all monotone Delzant polytopes of dimension n is much larger
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than νc(n): For small values of n we have

n 1 2 3 4 5 6 7 8 9
νc(n) 1 2 2 4 4 7 7 12 12
ν(n) 1 5 18 124 866 7 622 72 256 749 892 8 229 721

(4.1.1)

The next few values for νc(2k) are 19, 30, 45, 67, 97, 139. The growth of νc is subex-
ponential. Indeed, since the partition function p(n) grows like e

√
n, νc(n) grows like e

√
n

as well. On the other hand, for ν(2) = 5 see Figure 4.3. The value ν(3) = 18 was found
in [Bat81,WW82], see also [Oda88, pp. 90], and ν(4) = 124 was found in [Bat99,Sat00].
The values ν(n) for 5 ≤ n ≤ 8 were computed by Øbro [Obr07], and ν(9) by Paffen-
holz [Paf]. The asymptotic behaviour of ν(n) is unfortunately not known, but based on
discussions with Benjamin Nill and Andreas Paffenholz we expect that ν(n) grows at least
exponentially. It follows that the property of a toric monotone symplectic manifold to
have real central fiber is very restrictive.

Application II: Chekanov tori. The Chekanov torus was defined in [Che96] as the first
example of monotone Lagrangian tori in R2n which is not symplectomorphic to a product
torus. We show that it can be embedded into any toric monotone symplectic manifold M
and compute its displacement energy germ, by closely following the ideas used in [CS10].
In particular, its germ shows that the Chekanov torus is exotic in M . Furthermore, the
polytope which is obtained as level set of the displacement energy germ is never centrally
symmetric, and hence the Chekanov torus in M is not real, see for example Figure 4.8 in
Section 4.5.

Theorem 4.1.4. Let M be a toric monotone symplectic manifold satisfying property FS.
Then the Chekanov torus can be embedded into M to yield an exotic Lagrangian torus
which is not real.

In the case of M = ×nS
2, we prove that arbitrary products of Chekanov tori are pairwise

not symplectomorphic and hence we get a collection of non real exotic Lagrangian tori in
×nS

2 whose cardinality grows like the partition function and hence like e
√
n with n. The

fact that these tori are exotic can be seen as an extension of earlier work by Chekanov–
Schlenk [CS10] for S2 × S2. In case the moment polytope of M is centrally symmetric,
we furthermore prove that the Chekanov torus and products thereof can be realized as
the fixed point set of a smooth involution. Hence in that case, Theorem 4.1.4 exhibits
a symplectic phenomenon. We recall that Kim showed in [Kim21a] that the Chekanov
torus in S2 ×S2 is not real by using that the count of Maslov-index two holomorphic disks
on this torus is five, while this count on real Lagrangians must be even. For Chekanov
tori in other toric monotone symplectic manifolds, this condition for realness seems to be
less useful than our condition, since the count of Maslov-index two disks is difficult, see
Remark 4.6.1.

Remark and Questions. In this paper we look at monotone Lagrangian tori that
appear as the fibre of a torus fibration. In del Pezzo surfaces there exist many more
monotone Lagrangian tori, that are the fibre of an almost toric fibration. An infinity of
such tori were constructed by Vianna [Via17], and for del Pezzo surfaces different from
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CP 2 many more are found in [BCS22]. One can show that the level sets of displacement
energy are still given by the shape of the almost toric base polygons and hence only those
tori with centrally symmetric base polygons may be real, by Theorem 4.1.1. Details will
be given in [BCS22], see also the fourthcoming [BMS22]. Since none of the almost toric
base polygons of the exotic tori is centrally symmetric, our main result still holds, showing
that none of the new tori is real. In view of this and our present work we ask:

Question 4.1.5. Let (M,ω) be a toric monotone symplectic manifold which contains a
real Lagrangian torus.

(1) Is the moment polytope of M necessarily centrally symmetric?

(2) Suppose the moment polytope of M is centrally symmetric. Is the central fibre the
unique real Lagrangian torus, up to Hamiltonian isotopy?

In dimension four, the only closed toric monotone symplectic manifolds are the toric del
Pezzo surfaces S2 × S2 and the k-fold blow-up Xk of CP 2 for k = 0, 1, 2, 3, and the only
closed monotone symplectic manifolds are the del Pezzo surfaces S2 × S2 and Xk with
k ≤ 8, with unique symplectic structure up to scaling, see [Via17] for references.

(3) Is it true that the only real tori up to Hamiltonian diffeomorphism in a closed
monotone symplectic 4-manifold are the Clifford torus in S2 × S2 and in X3?

We note that the uniqueness in S2 × S2 was proved by Kim [Kim20].

A few motivations for the study of real Lagrangian submanifolds. We conclude
this introduction by mentioning some of the strands that lead to the study of real La-
grangian submanifolds.

1. A related theme is the study of real algebraic varieties, namely the fixed point
set of an anti-holomorphic involution of a complex algebraic variety. The study of their
topologocial properties has a rich history with an impressive body of results, see [DK00].
It is interesting to see which of these results have analogues in the symplectic setting.

2. Let ι be a smooth involution of a manifold X. Classical Smith theory

χ(Fix(ι)) = χ(X) mod 2, (4.1.2)
dimH(Fix(ι);Z2) ≤ dimH(X;Z2) (4.1.3)

relates the homology of the fixed point set of a smooth involution to the homology of the
ambient manifold. We refer to [Bor60] for details. It is interesting to find invariants of real
Lagrangian manifolds that go beyond the Smith inequalities, and thus describe a genuine
symplectic pheonomenon. As was noted by Kim [Kim21a], the Chekanov torus in S2 ×S2

can be realized as the fixed point set of a smooth involution, but not of an anti-symplectic
one. In the general context of toric monotone symplectic manifolds (see table (4.1.1)),
Theorem 4.1.2 seems to yield a significantly stronger obstruction than Smith theory, which
only excludes two of the five manifolds in dimension 4 and five of the eighteen manifolds
in dimension 6.
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In symplectic geometry, real Lagrangians have appeared quite a while ago under
different forms:

3. Several time-honoured systems in classical mechanics, like the planar circular
restricted 3-body problem, are invariant under several anti-symplectic involutions. Their
fixed point sets can be used to find special orbits, see [FvK18].

4. The Arnold–Givental conjecture generalizes the classical Arnold conjecture on the
number of Lagrangian intersections in terms of real Lagrangian manifolds, see e.g. [MS17,
§11.3 ].

5. The presence of an anti-symplectic involution simplifies J-holomorphic disk counts
in some situations, see for example Oh [Oh93b], or the more recent work by Fukaya–Oh–
Ohta–Ono [FOOO17].

6. Welschinger [Wel05] has applied techniques from Gromov-Witten theory to real
Lagrangians to gain new insights in real enumerative geometry, which has generated a lot
of interest and subsequent work.

As of now, very little is known about which topological types of Lagrangians can be
realized as fixed point sets of anti-symplectic involutions and if real Lagrangians have some
uniqueness properties. Some progress has been made by Kim [Kim21b], who proved that
real Lagrangians in a given compact symplectic manifold are unique up to cobordism,
and that the only real Lagrangian in CP 2 is RP 2 up to Hamiltonian isotopy. More
recent are [Kim21a, Kim20] that we discussed earlier. In collaboration with J. Kim and
J. Moon [BKM19], we construct many real Lagrangians of different topological types in
toric symplectic manifolds by lifting symmetries of the moment polytope.

Organization of the paper. In Section 4.2 we discuss real Lagrangians and versal defor-
mations. We prove Theorem 4.1.1 on the displacement energy germ of real Lagrangians.
In Section 4.3, we discuss the displacement energy of toric fibres with a focus on the case
in which the moment polytope has property FS. This discussion is instrumental for both
our applications. In Section 4.4, we discuss whether fibres of toric symplectic manifolds
are real and establish a criterion in terms of the geometry of the corresponding moment
polytope. In particular, we prove Theorem 4.1.2. In Section 4.5, we deal with Chekanov
tori in toric monotone symplectic manifolds and show that none of them are real, see
Theorem 4.1.4. The appendix in Section 4.6 outlines an alternate approach to our results
using J-holomorphic curves.
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4.2 Versal Deformations of real Lagrangians
In this section, we will discuss real Lagrangians, displacement energy and versal defor-
mations. In particular, we will prove Theorem 4.1.1, the proof of which relies on two key
observations. Firstly, the displacement energy is invariant under anti-symplectic involu-
tions, see Proposition 4.2.8. Secondly, if we combine this invariance with a Z2-equivariant
Weinstein neighbourhood Theorem, we obtain the desired result.

4.2.1 Real Lagrangians
Let (M,ω) be a symplectic manifold and let σ be an anti-symplectic involution on M , i.e.
a smooth map satisfying σ ◦σ = id and σ∗ω = −ω. Its fixed point set Fix σ is a (possibly
not connected) Lagrangian submanifold whenever it is not empty.

Definition 4.2.1. A Lagrangian submanifold L in (M,ω) is called real if there is an
anti-symplectic involution of M having L as a connected component of its fixed point set.

Example 4.2.2. The equator in the standard symplectic 2-sphere (S2, ω) is real. The
corresponding involution is given by reversing the height z 7→ −z. By taking the product
of this example, we can describe the product of equators (also known as the Clifford torus)
as the fixed point set of an anti-symplectic involution on ×nS

2.

Example 4.2.3. Let (CP n, ωFS) be the complex projective space equipped with the
Fubini–Study form. Then RP n ⊂ CP n is real since it is the fixed point set of the anti-
symplectic involution

σ : CP n → CP n, [z0 : . . . : zn] 7→ [z0 : . . . : zn].

It is well-known that this example can be generalized to all toric manifolds, an observa-
tion which gives rise to so-called real toric geometry. See for example [AM13], [Hau13]
or [DK00].

Example 4.2.4. Any symplectic manifold (M,ω) can be seen as a real Lagrangian sub-
manifold in (M×M,ω⊕−ω). The embedding is given by the diagonal map p 7→ (p, p) and
the corresponding anti-symplectic involution is given by exchanging the two coordinates
in M ×M .

Example 4.2.5. Let (T ∗Q,ω0 = −dλ) be the cotangent bundle of a smooth manifold Q
equipped with its canonical symplectic form. The map which reverses momenta,

σ0 : T ∗Q → T ∗Q, (q, p) 7→ (q,−p),

satisfies σ∗
0λ = −λ and is therefore an anti-symplectic involution. Its fixed point set is

the zero section
Fix σ0 = Q ⊂ T ∗Q.

By Weinstein’s Lagrangian neighbourhood theorem and Example 4.2.5, any Lagrangian
submanifold admits a locally defined anti-symplectic involution of which it is the fixed
point set. Of course, locally defined involutions might not extend globally. On the other
hand, Meyer [Mey81] proved that any anti-symplectic involution σ with non-empty fixed
point set is locally of the form described in Example 4.2.5. This can be viewed as a
Z2-equivariant version of Weinstein’s theorem.
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Theorem 4.2.6. (Meyer [Mey81]) Let σ be an anti-symplectic involution of a symplec-
tic manifold (M,ω) containing a Lagrangian L ⊆ Fix σ ̸= ∅. Furthermore let T ∗L be
equipped with its canonical symplectic form and the anti-symplectic involution σ0 which
reverses momenta. Then there is a σ-invariant neighbourhood V of L, a σ0-invariant
neighbourhood U of the zero-section in T ∗L and a symplectomorphism

g : (U, ω0|U) → (V, ω|V ),

which maps the zero section to L and which intertwines the anti-symplectic involutions σ
and σ0,

g ◦ σ0 = σ ◦ g. (4.2.4)

4.2.2 Displacement energy
Recall that the displacement energy of a compact subset A of a symplectic manifold
(M,ω) is defined as

eM(A) = inf
{

∥H∥
∣∣ H ∈ C∞

c ([0, 1] ×M), φ1
H(A) ∩ A = ∅

}
,

where
∥H∥ =

∫ 1

0

(
max
x∈M

Ht(x) − min
x∈M

Ht(x)
)
dt

is the Hofer norm on C∞
c ([0, 1] × M). By convention, we put eM(A) = ∞ whenever the

set of displacements is empty.

Example 4.2.7. Let T (a) ⊂ (R2, ω0) be the circle enclosing area a > 0 in the plane. Its
displacement energy is

eR2(T (a)) = a.

By taking products, we obtain Lagrangian product tori T (a1, . . . , an) = T (a1) × · · · ×
T (an) ⊂ (R2n, ω0). Their displacement energy is (see Remark 4.3.3)

eR2n(T (a1, . . . , an)) = min{a1, . . . , an}.

Given a symplectomorphism ψ of (M,ω) we have φtH◦ψ−1 = ψ ◦ φtH ◦ ψ−1. The set
A is thus displaced by the time-one map of H if and only if ψ(A) is displaced by the
time-one map of H ◦ ψ−1. Since the Hofer norm satisfies ∥H ◦ ψ−1∥ = ∥H∥, it follows
that displacement energy is invariant under symplectomorphisms,

eM(ψ(A)) = eM(A).

The same is true for anti-symplectic involutions.

Proposition 4.2.8. Let σ be an anti-symplectic involution on a symplectic manifold
(M,ω). Then the displacement energy is invariant under σ in the sense that

eM(σ(A)) = eM(A)

for any compact subset A ⊂ M .
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Proof. Let H ∈ C∞
c ([0, 1] ×M) be a Hamiltonian, X t

H and φtH its associated vector field
and flow. Since σ is an anti-symplectic involution, we have

X t
H◦σ = −σ∗(X t

H ◦ σ).

Define H ′
t = −Ht ◦ σ. Its Hamiltonian vector field is

X t
H′ = σ∗(X t

H ◦ σ)

and thus we get for the respective flows

φtH′ = σ ◦ φtH ◦ σ.

This proves that a set A is displaced by φ1
H if and only if σ(A) is displaced by φ1

H′ . Since
∥H ′∥ = ∥H∥, the claim follows. 2

4.2.3 Versal Deformations
Versal deformations were introduced in symplectic geometry by Chekanov [Che96] and
subsequently used in [CS10] and [CS16] as a tool to distinguish Lagrangian submanifolds.
The idea is to look at the behaviour of known symplectic invariants on neighbouring La-
grangians of the submanifolds in question. Let us outline the construction. Since we will
only use the displacement energy as an invariant, we will restrict ourselves to this case.
We refer to [CS16] for details.

In every cotangent bundle T ∗L of a closed Lagrangian submanifold, Lagrangians which
are C1-close to the zero section can be identified with the graphs of closed one-forms. Using
Weinstein’s theorem, one can translate this identification to the case of any Lagrangian
L ⊂ (M,ω) as follows. For a given Weinstein chart g : T ∗L ⊃ U → V ⊂ M there is
a C1-neighbourhood Û ⊂ Ω1

cl(L) of the zero section in the space of closed one-forms, a
C1-neighbourhood V̂ of L in the space of Lagrangian submanifolds in M , and a bijection

ŵgL : Û → V̂ , α 7→ g(Γα),

where we denote the graph of α ∈ Ω1(L) by Γα. Furthermore, C1-small Hamiltonian
perturbations of the zero section in T ∗L are in one-to-one correspondence with C1-small
exact one-forms, and hence the above map descends to

wgL : U → V ,

where we divide out exact one-forms on the left-hand side and Hamiltonian isotopies on
the right-hand side. In particular we can view U as a neighbourhood of zero in H1(L,R).
Up to Hamiltonian isotopy, neighbouring Lagrangians of L are thus parametrized by a
neighbourhood of zero in the vector space H1(L,R).

As displacement energy is invariant under Hamiltonian isotopies we can compose it
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with the above map wgL to obtain a function on U

H1(L,R) ⊃ U → R ∪ {∞}, [α] 7→ eM(g(Γα)).

The germ at 0 associated to this function corresponds to the displacement energy of
neighbouring Lagrangians of L and will be denoted by

SgL : (H1(L,R), 0) → R ∪ {∞}.

The following remark is crucial for what will follow.

Remark 4.2.9. The germ of the bijection wgL is independent of the choice of Weinstein
chart g and thus so is the germ SgL. Hence we will write SL = SgL. See [CS16] for details.

We are now in a position to prove Theorem 4.1.1, which we recall for the reader’s conve-
nience.

Theorem 4.2.10. Assume that L ⊆ Fix σ is a compact real Lagrangian submanifold of
(M,ω). Then the displacement energy germ SL is even,

SL(−p) = SL(p).

Proof. By Theorem 4.2.6 we can pick a Weinstein neighbourhood g such that g◦σ0 = σ◦g.
Let α ∈ Ω1

cl(L) be a one-form representing p, then σ0(Γα) = Γ−α. Hence, using the
invariance of the displacement energy under anti-symplectic involutions, we find

SgL(−α) = eM(g(Γ−α))
= eM(g(σ0(Γα)))
= eM(σ(g(Γα)))
= eM(g(Γα))
= SgL(α).

Since SgL = SL is independent of the choice of g, the claim follows. 2

4.3 Displacement energy of toric fibres
In this section we compute the displacement energy of toric fibres. We begin by proving
that displacement energy can only increase under symplectic reduction. This observation
was already made in [AM13] and will be used here to prove the existence of a lower
bound as well as an upper bound on the displacement energy of toric fibres. For the
lower bound, we will use the fact that any toric symplectic manifold can be seen as a
symplectic quotient of some Ck via Delzant’s construction. For the upper bound, we will
give a slightly modified version of McDuff’s method by probes, see [McD11]. In the last
part of this section we will apply these results to compute the displacement energy of toric
fibres in toric monotone symplectic manifolds. This is a crucial ingredient for Sections 4.4
and 4.5.
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4.3.1 Displacement energy and symplectic reduction.
Let (M̂, ω̂, ν) be a Hamiltonian G-space. Recall that this a symplectic manifold (M̂, ω̂)
equipped with a Hamiltonian action of a compact Lie group G generated by a moment
map ν : M̂ → g∗. We furthermore assume that (M̂, ω̂, ν) admits symplectic reduction at
the level 0 ∈ g∗, i.e. 0 is a regular value and G acts freely on Z = ν−1(0). This means
that we have the following reduction diagram

Z = ν−1(0) (M̂, ω̂)

(M,ω)

p

with ω̂|TZ = p∗ω. Furthermore, assume that the symplectic quotient (M,ω) is compact.

Lemma 4.3.1. Under the above hypotheses, we have

eM̂(p−1(A)) ⩽ eM(A)

for any set A ⊂ M .

In other words, symplectic reduction can only increase displacement energy. The proof of
Lemma 4.3.1 runs as follows. For any Hamiltonian H ∈ C∞(M× [0, 1]) which displaces A
we will construct a compactly supported Hamiltonian Ĥ ∈ C∞

c (M̂×[0, 1]) which displaces
p−1(A) and which has the same Hofer norm as H. The Hamiltonian Ĥ is obtained as an
extension of the lift p∗H ∈ C∞(Z × [0, 1]) which is zero outside of a tubular neighbour-
hood of Z ⊂ M̂ . Although this was already outlined in [AM13], we give a full proof for
the reader’s convenience.

Proof of Lemma 4.3.1. If A is not displaceable, there is nothing to show. Therefore let
H be a Hamiltonian on M which displaces A. We can assume that minp∈M Ht(p) = 0
for all t ∈ [0, 1]. Now fix a time t ∈ [0, 1] and pick a tubular neighbourhood of Z, i.e. a
diffeomorphism

χ : NZ ⊃ U → V ⊂ M̂

from a neighbourhood U of the zero section inside the normal bundle π : NZ → Z to a
neighbourhood V of Z ⊂ M̂ mapping the zero section to Z. Let ρ ∈ C∞(U) be a function
such that

1. ρ = 1 on the zero section and ρ ⩽ 1 elsewhere,

2. ρ is compactly supported.

We can now define Ĥt on U by putting Ĥt(v) = ρ(v)p∗Ht(π(v)). By using χ, we transport
this function to a function Ĥt on V , which can be smoothly extended to all of M̂ by zero
since ρ has compact support. Notice that the Hofer norm of Ĥ is equal to the Hofer norm
of H. For Ĥt ∈ C∞(M̂) we have

Ĥt|Z = p∗Ht. (4.3.5)

In particular, Ĥt|Z is invariant under the G-action on Z. We will show that the restriction
of the Hamiltonian vector field X t

Ĥ
to Z



112 4 Real Lagrangian tori and versal deformations

1. is tangent to Z,
(X t

Ĥ
)z ∈ TzZ ∀z ∈ Z; (4.3.6)

2. projects to the Hamiltonian vector field of H on M ,

p∗(X t
Ĥ

|Z) = X t
H . (4.3.7)

In order to prove (4.3.6), we use the invariance of Ĥt|Z under the action of G, which
implies that the following equivalent conditions hold

dĤt(z)(Xζ)z = 0 ∀ζ ∈ g,

⇔ ⟨dν(z)(X t
Ĥ

)z, ζ⟩ = 0 ∀ζ ∈ g,

⇔ (X t
Ĥ

)z ∈ TzZ.

Here Xζ denotes the fundamental vector field of the G-action associated to ζ ∈ g. The
last line follows from the fact that TzZ = Tzν

−1(0) = ker dν(z). Let Y ∈ TM and pick
Ŷ ∈ TZ so that p∗Ŷ = Y . Using (4.3.5), we find d(Ĥt|Z)(Ŷ ) = dHt(Y ), which we use to
compute

ω(p∗X
t
Ĥ
, Y ) = ω(p∗X

t
Ĥ
, p∗Ŷ )

= (p∗ω)(X t
Ĥ
, Ŷ )

= ω̂(X t
Ĥ
, Ŷ )

= d(Ĥt|Z)(Ŷ )
= dHt(Y )
= ω(X t

H , Y ).

This proves (4.3.7). Now let φtH and φt
Ĥ

denote the corresponding Hamiltonian flows.
Since equation (4.3.7) holds for all t ∈ [0, 1], we have

p ◦ φt
Ĥ

|Z = φtH ◦ p. (4.3.8)

Since φ1
H(A) ∩ A = ∅, take the pre-image under p of both sides to get p−1(φ1

H(A)) ∩
p−1(A) = ∅. Together with equation (4.3.8),

φ1
Ĥ

(p−1(A)) ∩ p−1(A) ⊆ p−1(φ1
H(A)) ∩ p−1(A) = ∅

and hence φ1
Ĥ

displaces p−1(A). 2

4.3.2 Lower bound for toric fibres
Let (M2n, ω) be a compact toric symplectic manifold. By this we mean that T n acts
effectively on M by Hamiltonian diffeomorphisms which are generated by a moment map
µ : M → t∗. We identify the dual t∗ of the Lie algebra t of T n with Rn by choice of
a basis. As is the case for all Hamiltonian torus actions, the image of µ is a convex
polytope ∆ = µ(M) ⊂ Rn, called moment polytope. Since M is toric, the corresponding
moment polytope has the Delzant property, see [Del88] or [Aud04] for details. Further-
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more, Delzant showed that M can be reconstructed from such ∆ by taking a suitable
symplectic quotient of Ck by the action of a linear subtorus of T k acting by the standard
action on Ck. Let ν be the moment map of this action. The situation is summarized by
the following reduction diagram

Z = ν−1(0) (Ck, ω0)

(M,ω) ∆.

p

µ

We describe the moment polytope ∆ ⊂ Rn of M by a set of inequalities

⟨x, vi⟩ ⩽ κi, i ∈ {1, . . . , k},

where the vi are the unique outward-pointing normal vectors to the facets of ∆ which are
primitive in the lattice Zn ⊂ Rn. Define the functionals on Rn

ℓi(x) = κi − ⟨x, vi⟩

for all i ∈ {1, . . . , k}. Every ℓi defines a half-space {ℓi ≥ 0} and the moment polytope ∆
is given by the intersection of these half-spaces. Using Lemma 4.3.1, we will give a lower
bound for the displacement energy of any toric fibre Tx = µ−1(x).

Proposition 4.3.2. Let (M,ω, µ) be a toric symplectic manifold with moment polytope
∆. Then for every x ∈ ∆ the displacement energy of the corresponding toric fibre is
bounded from below by

e∆(x) = eM(Tx) ⩾ min{ℓ1(x), . . . , ℓk(x)},

where ℓi(x) is the affine distance of x to the i-th facet of ∆.

Proof. As is clear from the Delzant construction, p−1(Tx) = p−1(µ−1(x)) ⊂ Ck is the
product torus

T (a1, ..., ak) = {(z1, ..., zk) ∈ Ck | π|zi|2 = ai},

with ai = ℓi(x). Since eCk(T (a1, ..., ak)) = min{a1, . . . , ak} by Remark 4.3.3, the claim
follows from Lemma 4.3.1. 2

Remark 4.3.3. In order to compute the displacement energy of a product torus in Cn,
we use the inequalities

min{a1, . . . , ak} ≤ c1(T (a1, ..., ak)) ≤ eCk(T (a1, ..., ak)) ≤ min{a1, . . . , ak},

where c1 denotes the first Ekeland-Hofer capacity. The first inequality follows from The-
orem (b) on page 43 of [Sik90] and the second from [Hof90, Theorem 1.6], which are
both obtained by applying the calculus of variations to the action functional of classical
mechanics. The third inequality follows from Proposition 4.3.4. This is the only hard
symplectic result we use and hence our methods do not rely on J-holomorphic curves,
with the obvious exception of the complementary appendix.
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4.3.3 Upper bound for toric fibres
In order to prove displaceability in toric symplectic manifolds, McDuff introduced probes
in [McD11], a technique independently found in [CS10]. We will show that probes can
be interpreted in the framework of Lemma 4.3.1 by performing symplectic reduction on
the pre-image of the probe. Let (M,ω) be a toric symplectic manifold with moment map
µ and moment polytope ∆ = {ℓi ⩾ 0, ∀i}. A probe Pi,u(w) is determined by a facet
Fi = {ℓi = 0} ∩ ∆ of ∆, a point w ∈ Fi and a vector u ∈ Zn which is integrally transverse
to Fi. By this we mean that u can be completed to a Z-basis of Zn by vectors parallel
to Fi. The set Pi,u(w) ⊂ Rn is the half open line segment obtained as the union of {w}
with the open segment defined by the intersection of ∆̊ with the line emanating from w
in direction u, see Figure 4.2. Displaceability of toric fibres lying on a suitable probe was
proved in [McD11].

Proposition 4.3.4. Let x ∈ ∆ be a point in a probe Pi,u(w) lying in the same half of
Pi,u(w) as w and not on the midpoint of the probe. Then

e∆(x) ⩽ ℓi(x).

Proof. Since u is integrally transverse to Fi we can assume, up to applying a transfor-
mation in SL(n,Z), that u = e1 and that Fi lies in the hyperplane spanned by e2, . . . , en.
Indeed, the integral transversality condition states that there is a Z-basis u, f2, . . . , fn
of the lattice Zn, where the fj are parallel to Fi. This means that there is an integral
change of basis mapping the ordered set of vectors u, f2, . . . , fn to the ordered set of vec-
tors e1,±e2, e3, . . . , en, where we choose the sign of the second vector such that the deter-
minant of the transformation is +1. Hence we obtain w = (0, w′) for some w′ ∈ Rn−1 and
x = (ℓi(x), w′). Let U = µ−1(∆̊∪ F̊i) ⊂ M . The subtorus T n−1 = {1}×S1 ×· · ·×S1 ⊂ T n

acts freely1 on U . The moment map of this action µ′ : U → Rn−1 is obtained by restricting
µ to U and by dropping the first coordinate

µ′(y1, . . . , yn−1) = (µ2|U(y1), . . . , µn|U(yn−1)).

We get (µ′)−1(w′) = µ−1(Pi,u(w)) and since T n−1 acts freely on this set, we can consider
the following symplectic reduction

(µ′)−1(w′) (U, ω|U)

(D2(a), ω0).

p

Here, the reduced space is an open disk of area a equal to the affine length of the probe.
The fibre we are interested in is

Tx = µ−1(x) = p−1(T (ℓi(x))),

1This can be seen as follows. For toric manifolds (M, ω, µ) the stabilizer of any point p ∈ M can be read
off from the moment polytope (viewed as ∆ ⊂ t∗) by taking the subtorus inside T n which is generated
by the annihilator of the smallest face of ∆ which contains µ(p). In our situation, the annihilator is
generated by e1 and hence the stabilizer is the first coordinate circle in T n.
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where T (ℓi(x)) ⊂ D2(a) is the circle bounding area ℓi(x). By our assumption on x, we
have ℓi(x) < a

2 and therefore T (ℓi(x)) ⊂ D2(a) has displacement energy ℓi(x). Hence by
Lemma 4.3.1 and the fact that U ⊂ M , we find

e∆(x) = eM(Tx) ⩽ eU(Tx) ⩽ eD2(a)(T (ℓi(x))) = ℓi(x).

2

u

w
x

Pi,u(w)

Fi

Figure 4.2: The probe Pi,u(w).

4.3.4 Probes in monotone polytopes.
Let ∆ = {ℓi ⩾ 0,∀i} be the moment polytope of a toric monotone symplectic manifold
(M,ω). We can assume that the barycentre lies in 0 ∈ Rn and that ℓi(0) = κi = 1. McDuff
[McD11] discovered that displaceability by probes is related to the Ewald conjecture,
which we briefly state here. Let S(∆) = ∆ ∩ (−∆) ∩ Zn \ {0} be the set of non-zero
symmetric integral points of ∆. The Ewald conjecture states that the set S(∆) contains
an integral basis. Mcduff proved that every point except the barycentre is displaceable
by probes if and only if ∆ satisfies a slightly stronger property than the one conjectured
by Ewald. For more dtails, we refer to the paper [McD11].

In our case, we only need to know the function e∆ : x 7→ eM(Tx) on an open and
dense subset of ∆ and thus we can work directly with a variation of the Ewald conjecture
which has been checked by Øbro [Obr07] for dimensions ⩽ 8 and by Paffenholz [Paf] for
dimension 9. This approach is also used in [BCS22].

Definition 4.3.5. The polytope ∆ has property FS if every facet F ⊂ ∆ contains a point
of the set S(∆).

Øbro and Paffenholz checked that all monotone polytopes in dimensions ⩽ 9 satisfy prop-
erty FS. We therefore expect property FS to hold for all monotone Delzant polytopes.
The two-dimensional case is obvious by the classification of four-dimensional toric mono-
tone symplectic manifolds, see Figure 4.3. Let ∆0 be the set of points x ∈ ∆ such that
min{ℓ1(x), . . . , ℓn(x)} is attained by exactly one ℓi(x). This is an open, dense subset of
∆ which is subdivided into chambers ∆i by the hyperplanes ℓi = ℓj, see Figure 4.5 in
Section 4.4.
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0

(a) S2 × S2

0

(b) CP 2

0

(c) X1 = CP 2#CP 2

0

(d) X2 = CP 2#2CP 2

0

(e) X3 = CP 2#3CP 2

Figure 4.3: The set S(∆) for the moment polytopes of the five toric del Pezzo surfaces.

Lemma 4.3.6. Let (M,ω) be a toric symplectic manifold whose moment polytope ∆
satisfies property FS. Then

e∆(x) = min{ℓ1(x), . . . , ℓk(x)}

for all x ∈ ∆0.

Proof. The lower bound on the displacement energy follows from Proposition 4.3.2. For
the upper bound, let x ∈ ∆i, which means that min{ℓ1(x), . . . , ℓk(x)} = ℓi(x). The set ∆i

is the cone {ty | t ∈ (0, 1], y ∈ F̊i} over the interior F̊i of the i-th facet Fi of ∆. We are
going to construct a probe with respect to Fi and apply Proposition 4.3.4 for the upper
bound. By the property FS, we can pick u ∈ Fi ∩ S(∆). Since u is integrally transverse
to Fi and −u ∈ ∆, this yields a probe with the barycentre 0 ∈ ∆ as its midpoint. Take
the unique probe Pi,u(w) parallel to u which contains x, see Figure 4.4. We claim that
the point x lies in the same half of Pi,u(w) as w, which finishes the proof. If x lies on the
segment with endpoints u and −u, then this is obvious. Otherwise, the three points u, −u
and x define a unique plane V . Now let v ∈ V ∩ ∆ be the endpoint of the segment V ∩Fi
which lies on the same side of the segment [u,−u] as x. By convexity of ∆, the intersec-
tion V ∩ ∆ is convex and hence the segment [−u, v] lies in V ∩ ∆. Therefore x lies in the
same half of Pi,u(w) as w. Figure 4.4 illustrates this construction in V ∩ ∆. 2

4.4 Application I: Toric fibres
An important class of examples for Lagrangian tori are moment fibres in toric symplectic
manifolds. In this Section we use Theorem 4.1.1 to give a criterion to exclude toric fibres
from being real in terms of the function e∆. We assume that e∆ is given by the affine dis-
tance to the boundary of the moment polytope, see Assumption 4.4.2. In Section 4.3, we
proved that this assumption is reasonable in case the ambient manifold is monotone. In
the present section, we do not assume monotonicity except for the proof of Theorem 4.1.2.
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Fi u

u u

−u

w v

x

0
Pi,u(w)

∆i

Figure 4.4: Construction of the probe Pi,u(w).

Let (M2n, ω) be a compact toric symplectic manifold with moment map µ and moment
polytope ∆. For every point x in the interior ∆̊ of the moment polytope, the set Tx =
µ−1(x) is a Lagrangian torus in M called toric fibre. Furthermore, the map

(H1(T n,Rn), 0) ∼= (Rn, 0) → {Lagrangian tori in M}
a 7→ Tx+a = µ−1(x+ a),

that is defined for all a such that x+a ∈ ∆̊, yields a versal deformation of Tx. Indeed, the
components of µ give action coordinates on µ−1(∆̊) and thus Tx+a and Tx+b are related
by a C1-small Hamiltonian isotopy if and only if a = b. Varying x in Rn as above there-
fore yields an n-dimensional family of Hamiltonian isotopy classes of Lagrangian tori and
hence a versal deformation of Tx.

As a warm-up example and as an illustration to Theorem 4.2.10, we consider the Clifford
torus in products of S2.

Example 4.4.1. Let (S2, ω) be the unit 2-sphere in R3 equipped with the rescaled Eu-
clidean area form ω = 1

2πarea, for which
∫
S2 ω = 2. Let H : S2 → R be the projection

to the z-axis H(p) = z. Since the Hamiltonian flow of H is 1-periodic, it defines a toric
structure on S2 with moment polytope [−1, 1] ⊂ R. The level sets of Tc = H−1(c) are
circles of fixed height and have displacement energy

eS2(Tc) =
{

1 − |c| if c ∈ [−1, 1] \ {0},
∞ if c = 0.

Recall from Example 4.2.2 that the equator T0 is real. In accordance with Theorem 4.2.10,
the displacement energy germ ST0(c) = eS2(Tc) is invariant under c 7→ −c. Consider the
n-fold product of this example. The corresponding moment map µ is given as the n-
fold product of the above Hamiltonian H. The moment polytope is the unit square
∆ = [−1, 1]×· · ·× [−1, 1] ⊂ Rn. The level sets of µ are products of circles of fixed height.
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Their displacement energy is

e×nS2(T(c1,...,cn)) =
{

min
1⩽i⩽n

{1 − |ci|} if (c1, . . . , cn) ∈ ∆ \ {0};

∞ if (c1, . . . , cn) = 0.

The Clifford torus T0 is real, and its displacement energy germ

ST0(c1, . . . , cn) = e×nS2(T(c1,...,cn))

is invariant under (c1, . . . , cn) 7→ (−c1, . . . ,−cn).

We will now turn to the class of toric symplectic manifolds for which the level sets of
the function

e∆ : ∆ → R ∪ {∞}, x 7→ eM(Tx)
look as in Figure 4.1 in Section 4.1, namely like scalings of ∂∆. Let

ℓi(x) = κi − ⟨x, vi⟩

be the functionals on Rn which define ∆ = {ℓi ⩾ 0, ∀i}, where the vi are the primitive
outward pointing normal vectors to the facets, see Subsection 4.3.2. The facets Fi of ∆
are given by the intersection of the moment polytope and the affine hyperplanes bounding
the half-spaces, Fi = ∆ ∩ {ℓi = 0}. For every x ∈ Rn, the value ℓi(x) is equal to the affine
distance of x to the corresponding facet Fi. See [McD11] for details.

Assumption 4.4.2. For all x in an open dense subset of ∆, the displacement energy of
the toric fibre over x ∈ ∆ is given by the affine distance of x to the boundary ∂∆, i.e.

e∆(x) = min{ℓ1(x), . . . , ℓk(x)}.

If a variation of the Ewald conjecture holds, then this assumption is true for all monotone
symplectic toric manifolds. See Section 4.3.4 for details.

For any x ∈ ∆̊ define the set Ix of indices i for which the minimal affine distance to
∂∆ is attained by the corresponding ℓi, i.e. i ∈ {1, . . . , k} belongs to Ix if and only if
ℓi(x) = min{ℓ1(x), . . . ℓk(x)}. Notice that if Ix is not a singleton, then x lies in a finite
union of hyperplanes, see Figure 4.5.

Proposition 4.4.3. Let x ∈ ∆. Under Assumption 4.4.2, the displacement energy germ
of the corresponding toric fibre is given by

STx(a) = min
i∈Ix

{ℓi(x+ a)},

for a ∈ Rn in an open dense subset around 0.

Proof. By Assumption 4.4.2, we have

STx(a) = e(Tx+a) = min
1≤i≤k

{ℓi(x+ a)} = min
i∈Ix

{ℓi(x+ a)}.
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x

Ix = {j}

y

Iy = {i, j}

z

Iz = {i}

vi
Fi

vj

Fj

Figure 4.5: The set Ix for three different points.

The last equality holds since Ix+a ⊆ Ix for small enough a. 2

Proposition 4.4.4. Let x ∈ ∆ be such that Tx ⊂ M is a real Lagrangian. Under
Assumption 4.4.2 the moment polytope has to satisfy the following symmetry condition.
For each i ∈ Ix there is j ∈ Ix such that vi = −vj. In particular, Ix contains an even
number of elements.

Proof. By Theorem 4.2.10, if Tx is real, then STx(a) = STx(−a). By Proposition 4.4.3,
this translates to

min
r∈Ix

{ℓr(x+ a)} = min
s∈Ix

{ℓs(x− a)}

for a in an open neighbourhood of 0 ∈ Rn. For every i ∈ Ix, there is an open set Ui (which
may not contain 0) such that ℓi(x+ a) = minr∈Ix{ℓr(x+ a)} for all a ∈ Ui. Hence, there
is j ∈ Ix such that, possibly after shrinking the subset Ui, we have

ℓi(x+ a) = ℓj(x− a), ∀a ∈ Ui.

Using ℓi(x+ a) = ℓi(x) − ⟨vi, a⟩, we deduce that ⟨vi + vj, a⟩ = 0 for all a ∈ Ui and hence
vi = −vj. 2

We are now in a position to prove Theorem 4.1.2.
Proof of Theorem 4.1.2. Assume that M is monotone and that its moment polytope sat-
sifies property FS. Lemma 4.3.6 implies that Assumption 4.4.2 holds. Furthermore, since
M is monotone, one can choose the moment polytope s.th. ℓi(0) = 1 for all i ∈ {1, . . . , k}
and thus I0 = {1, . . . , k}. Hence the theorem follows from Proposition 4.4.4. 2

4.5 Application II: Chekanov tori
Chekanov tori were defined in [Che96] as the first examples of monotone Lagrangian tori
in Cn which are not symplectomorphic to a product torus. In this section, we recall an
alternative construction given in [CS10], see also [EP97], and show that the Chekanov
torus can be embedded into any toric monotone symplectic manifold. Under the prop-
erty FS, we compute its displacement energy germs and show that it is exotic and not
real.



120 4 Real Lagrangian tori and versal deformations

4.5.1 Embedding Chekanov tori
Let T n act on Cn by the standard Hamiltonian torus action generated by the moment
map

ν : Cn → Rn, (z1, . . . , zn) 7→ π(|z1|2, . . . , |zn|2) + (−1, . . . ,−1).
The image of ν is the positive quadrant in Rn translated by the vector (−1, . . . ,−1). By
T̂ n−1 we will denote the linear subtorus

T̂ n−1 =
{

(eiα1 , . . . , eiαn) |α1 + . . .+ αn = 0
}

⊂ T n, (4.5.9)

which has a natural Hamiltonian action on Cn. Now take a smooth embedded curve
γ(t) = r(t)e2πiϑ(t) in C which encloses area 1 and for which

0 < ϑ(t) < 1
n

and 0 < r(t) <
√
n

π
+ δ, (4.5.10)

for a small δ > 0. From γ construct the curve Γ(t) = 1√
n
(γ(t), . . . , γ(t)) lying in the

diagonal plane in Cn.

Definition 4.5.1. The Chekanov torus Θn in Cn is the torus swept out by Γ under the
action of T̂ n−1,

Θn =
{

1√
n

(
eiα1γ(t), . . . , eiαnγ(t)

)
∈ Cn

∣∣∣∣α1 + . . .+ αn = 0
}
.

The Chekanov torus is embedded, Lagrangian and monotone. Notice that ν(Θn) is con-
tained in the diagonal line, and by the choice of γ in (4.5.10) every component satisfies

ε− 1 < νi(Θn) < ε (4.5.11)

for a small ε > 0, see Figure 4.6.

Remark 4.5.2. The Chekanov torus Θn ⊂ Cn is not real. In fact, by the Smith inequal-
ity (4.1.3), tori in Cn cannot be realized as the fixed point set of a smooth involution.

Let M2n be a toric monotone symplectic manifold with moment map µ. We show
that Θn can be embedded into M . Pick a vertex v of its moment polytope ∆ = µ(M) =
{ℓi ⩾ 0}. Since ∆ is a Delzant polytope, we can assume (up to applying a transformation
in SL(n,Z)) that the facets meeting at v are parallel to the coordinate hyperplanes. By
monotonicity, one can choose these hyperplanes to lie at affine distance 1 to the origin and
hence v = (−1, . . . ,−1). In other words, we assume that the n first functionals defining
∆ satisfy

ℓ1(x) = 1 + x1, . . . , ℓn(x) = 1 + xn. (4.5.12)
Equivalently, the moment polytope ∆ near v has the same structure as ν(Cn) near ν(0).
This can be used to construct an embedding of Θn into M . By convexity of ∆, the line
segment between the origin and v is contained in ∆. By (4.5.11) we can thus choose a
neighbourhood U ⊂ ν(Cn) of the segment ν(Θn) which fits into ∆, see again Figure 4.6.
This yields a T n-equivariant symplectic embedding of the neighbourhood ν−1(U) of Θn
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x2

x1

(−1,−1)

ν(Θn)

U

Figure 4.6: The image of Θn ⊂ Cn under ν.

into M . Denote the so obtained Chekanov torus by Θn
M . By equivariance of the embed-

ding, it is invariant under the T̂ n−1-action on M induced by µ.

Proposition 4.5.3. Let M be a toric monotone symplectic manifold. Then the Chekanov
torus embeds into M to yield a monotone Lagrangian torus Θn

M ⊂ M .

Proof. We prove that Θn
M is monotone. This means that the Maslov index and the area

class are proportional on disks with boundary on Θn
M , i.e. that there is a C > 0 such that

Maslov(D) = C

∫
D

ω, ∀D ∈ π2(M,Θn
M).

The homotopy long exact sequence yields

0 → π2(M) → π2(M,Θn
M) → π1(Θn

M) → 0.

As a basis for π1(Θn
M) we choose [Γ] and the orbits of the T̂ n−1-action. The Maslov index

and the area class vanish on the latter and Maslov([Γ]) = 2
∫

[Γ] ω = 2. On spheres, the
Maslov index is equal to twice the first Chern class of the ambient manifold. Recall that M
is itself monotone with c1 = [ω] (because of our choice of normalization κi = 1) and thus
we obtain Maslov(D) = 2c1(D) = 2

∫
D
ω for all D ∈ π2(M). This proves that Θn

M is
monotone with C = 2. 2

Remark 4.5.4. In general, the tori ΘM may depend on the choice of the vertex v.
However, in the cases of ×nS

2 and CP n all vertices of the corresponding moment polytopes
are interchangeable by an element of SL(n,Z) and hence we obtain a unique torus ΘM

up to symplectomorphism.

4.5.2 Versal deformations
Assume that M has property FS. For readability, we will write ⊗= for equalities that
hold on an open dense subset of a neighbourhood of the origin of a vector space. By
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monotonicity, we can assume ℓi(0) = 1 for all i and hence, by Proposition 4.4.3,

ST0(a) = e∆(a) ⊗= min{ℓ1(a), . . . , ℓn(a)}.

In particular, the displacement energy germ of the central fibre T0 is determined by the
moment polytope. The displacement energy germ of the corresponding Chekanov torus
ΘM is closely related to the one of T0.
Lemma 4.5.5. Let M be a toric monotone symplectic manifold satisfying property FS.
Then the displacement energy germ of the Chekanov torus Θn

M is given by

SΘn
M

⊗= ST0 ◦ ϕ. (4.5.13)

Here ϕ : Rn → Rn is the piece-wise linear homeomorphism defined by (4.5.18) and (4.5.19),
which does not depend on M .
Proof. We will closely follow the ideas used in [CS10] to compute SΘS2×S2 . Since there
is no risk of confusion here, we denote the Chekanov torus by Θ = Θn

M . Let µ : M → Rn

be the moment map for which ∆ has the form (4.5.12). Notice that the subtorus T̂ n−1

defined by equation (4.5.9) has a natural Hamiltonian action on M via the inclusion
T̂ n−1 ⊂ T n and that Θ is invariant under this torus action. The moment map µ̂ : M →
Rn−1 corresponding to the T̂ n−1-action is given by

µ̂ = (µ1 − µn, . . . , µn−1 − µn). (4.5.14)

As a basis of H1(Θ,Z), we choose the class [Γ] of the curve lying in the diagonal and the
classes [τ1], . . . , [τn−1] of the orbits of the T̂ n−1-action. The latter can also be seen as the
closed orbits of the Hamiltonians µi − µn. By the equivariant Weinstein neighbourhood
theorem, we can choose a versal deformation of Θ which preserves the T̂ n−1-orbit struc-
ture. Let t1, . . . , tn−1 and s be the deformation parameters corresponding to the classes
[τ1], . . . , [τn−1] and [Γ]. This means that the deformation parameters t1, . . . , tn−1 measure
the change in symplectic area of the disks with boundary [τ1], . . . , [τn−1] and s the change
in area of the disk bounding [Γ]. For small deformation parameters, the resulting defor-
mation yields an embedded torus. For convenience we denote t = (t1, . . . , tn−1) ∈ Rn−1.
Since T̂ n−1-orbits are preserved, we find that the Lagrangian neighbour Θt,s of Θ maps
to a line segment µ(Θt,s) parallel to µ(Θ). Furthermore, by equation (4.5.14), the line
segment µ(Θt,s) is contained in the line

Lt = {(x1, . . . , xn) ∈ Rn |x1 − xn = t1, . . . , xn−1 − xn = tn−1} . (4.5.15)

See Figure 4.7. We prove that whenever ti ̸= 0 for all 1 ⩽ i ⩽ n − 1, the versal de-
formation Θt,s of Θ is Hamiltonian isotopic to a toric fibre Tx = µ−1(x) for a suitable
x = (x1, . . . , xn). Since the displacement energy is preserved under Hamiltonian iso-
topies, property FS and Lemma 4.3.6 yield the displacement energy germ of Θ. Notice
that if ti ̸= 0 for all i, then T̂ n−1 acts freely on the set

Zt = µ−1(Lt ∩ ∆ \ {y2}) = µ̂−1(t) \ µ−1(y2).

The intersection Lt ∩ ∆ consists of two points. We call y1 the point in this intersection
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xn

xi

(−1,−1)

µ(Θ)

µ(Θt,s)

Lt,s
∆

Figure 4.7: Versal deformation of Θ ⊂ M .

closest to the vertex (−1, . . . ,−1) and y2 the point furthest away. Since the intersec-
tion Lt ∩ ∆ in y1 is integral transversal as in the proof of Proposition 4.3.4, the action is
indeed free. Note that this is in general not the case in y2 and this is why we remove it.
Hence, we can perform symplectic reduction by T̂ n−1 on Zt

Θt,s ⊂ Zt (M,ω)

ct,s ⊂ (Mt, ωt).

i

p

The symplectic quotient (Mt, ωt) is symplectomorphic to a disk of radius equal to the
affine length of Lt ∩ ∆. Indeed, since there is a Hamiltonian T n-action on Zt the reduced
space has an induced Hamiltonian S1-action with moment polytope Lt ∩ ∆ \ {y}. Since
Θt,s is T̂ n−1-invariant, it projects to a circle ct,s = p(Θt,s). We claim that this circle
encloses symplectic area 1 + s. Since the T̂ n−1-orbits τ1, . . . , τn−1 are divided out by the
above symplectic reduction, the circle ct,s corresponds to the class [Γ] in Θt,s. The latter
class bounds a disk of area 1 + s in M since s is the deformation parameter of [Γ]. By
symplectic reduction we have p∗ωt = i∗ω and hence ct,s encloses area 1 + s. It is thus
Hamiltonian isotopic to the circle S1(1 + s) centered in the origin of the disk Mt which
bounds the same area. The pre-image p−1(S1(1 + s)) is a toric fibre Tx and thus the
Hamiltonian isotopy in the quotient can be lifted to M to yield a Hamiltonian isotopy
between Θt,s and Tx.

Now, let ϕ : Rn → Rn be the map that takes (t, s) to x such that Θt,s and Tx are
Hamiltonian isotopic. Note that this defines ϕ only on an open dense subset of a neigh-
bourhood of 0 ∈ Rn on which we have

SΘ(t, s) = eM(Θt,s)
⊗= eM(Tϕ(t,s)) = e∆(ϕ(t, s)) ⊗= ST0(ϕ(t, s)).

We now determine the map ϕ. Let (t, s) ∈ Rn be such that ϕ is defined. The point
x = ϕ(t, s) lies on Lt and hence

t1 = x1 − xn, . . . , tn−1 = xn−1 − xn.
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Recall that y1 ∈ ∂∆ is the point close to (−1, . . . ,−1) in which Lt intersects the boundary
∂∆. The area enclosed by S1(1 + s) ⊂ Mt is equal to the affine length of the line
segment [z, x], which in turn is equal to 1 + min{x1, . . . , xn} and hence

s = min{x1, . . . , xn}. (4.5.16)

The map ϕ we are looking for is thus given as the inverse of
x1
...

xn−1
xn

 7→


x1 − xn

...
xn−1 − xn

min{x1, . . . , xn}

 . (4.5.17)

There is a unique extension to a piece-wise linear homeomorphism on all of Rn. By
distinguishing cases we obtain

ϕ(t, s) =


s+ t1

...
s+ tn−1

s

 , (4.5.18)

whenever all ti ⩾ 0 and

ϕ(t, s) =


s+ t1 − ti

...
s+ tn−1 − ti

s− ti

 , (4.5.19)

if ti < 0 and ti is minimal among all tj. 2

Instead of working directly with the displacement energy germ SL of a Lagrangian L,
it is often useful to look at its level sets S−1

L (c) for some c > 0. In particular, if L is real,
then these level sets are centrally symmetric, by Theorem 4.2.10. In the case of T0, the
level sets are rescalings of ∆,

S−1
T0

(c) ⊗= λ∆, λ > 0. (4.5.20)

Here we mean that both sets agree when intersected with a set which is open and dense
in the neighbourhood of the origin. Since SΘn

M

⊗= ST0 ◦ ϕ, we obtain

S−1
Θn

M
(c) ⊗= ϕ−1(S−1

T0
(c)) ⊗= λϕ−1(∆). (4.5.21)

This allows us to understand the versal deformation of Θn
M by applying ϕ−1 to the moment

polytope ∆. The inverse of ϕ is given by equation (4.5.17) and its image ϕ−1(∆) is a gain
a convex polytope.

We will now prove that one can pick a suitable vertex v for which the embedding
of the Chekanov torus constructed in Subsection 4.5.1 yields an exotic Lagrangian torus
in M , i.e. a torus which is not symplectomorphic to a toric fibre. For this, let F0 be a
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facet of the moment polytope ∆ which contains the maximal number of integral points
among all facets of ∆, let v to be any vertex contained in F0 and let Θn

M be the Chekanov
torus embedded with respect to v. A priori, Θn

M can only be symplectomorphic to the
central toric fibre, since all other fibres are not monotone. By (4.5.20) and (4.5.21), it
suffices to show that the polytopes ∆ and ϕ−1(∆) are not GL(n,Z)-equivalent in order
to show that T0 and Θn

M are not symplectomorphic. This follows from the invariance
of versal deformations under symplectomorphisms, see for example [CS16, §2.2]. Note
that the maximal number of lattice points in a facet is a GL(n,Z)-invariant of polytopes
and thus it suffices to show that this invariant strictly increases when we apply ϕ−1

with respect to v. Assume that ∆ is given in the normal form (4.5.12) with respect
to v and hence the minimum min{x1, . . . , xn} is constant and equal to −1 on all facets
containing v = (−1, . . . ,−1). Therefore ϕ−1 maps all facets containing v (in particular F0)
to the same facet of ϕ−1(∆). Since ϕ−1 is a bijection on the lattice, the facet maximal
number of integral points in a facet strictly increases when we pass from ∆ to ϕ−1(∆).
We have shown

Proposition 4.5.6. Let M be a toric monotone symplectic manifold satisfying property
FS. Then M contains an exotic copy of the Chekanov torus.

Remark 4.5.7. The following example shows that the right choice of the vertex v is
crucial for the obtained Chekanov torus to be distinguishable from the central fibre by
versal deformations. The polytope in R2 defined by the functionals

1 + x1, 1 ± x2, 1 − x1 + x2

is the moment polytope of the one-fold blow-up X1 of CP 2. The level sets of SΘ2
X1

when
Θ2 is embedded with respect to the vertex (−1,−1) are rescalings of the polytope defined
by

1 − t, 1 ± s, 1 + t− s.

Since these two polytopes are related by an element in GL(2,Z), versal deformations
cannot distinguish between T 2

0 ⊂ X1 and Θ2
X1

.

4.5.3 Chekanov tori are not real
As a warm-up, let M ∈ {S2 × S2,CP 2, X1, X2, X3} be one of the five toric monotone
symplectic manifolds in dimension 4. See Figure 4.3 in Section 4.3 for their moment
polytopes. Then Θ2

M is not real. The existence of real Lagrangian tori in M = CP 2

and M = X2 is excluded by the Smith inequality, see (4.1.3) in Section 4.1. Applying
ϕ−1 to the moment polytopes of the remaining three cases shows that the corresponding
Chekanov tori are not real either, since the level sets of their displacement energy germs
are not centrally symmetric, see Figure 4.8. This can be generalized to all Θn

M .

Theorem 4.5.8. Let M be a toric monotone symplectic manifold satisfying property FS.
Then the Chekanov torus Θn

M is not real.

Proof. Again, we suppose that ∆ is in the form (4.5.12) with distinguished vertex v =
(−1, . . . ,−1). In order to understand the versal deformation of Θn

M , we apply ϕ−1 to the
moment polytope as in (4.5.21). The vertex v is mapped to −en and all facets surrounding
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s

t

(a) M = S2 × S2

s

t

(b) M = X1
s

t

(c) M = X3

Figure 4.8: Level sets of the function SΘn
M

.

it to the hypersurface {s = −1}. Hence, if U ⊂ Rn is a neighbourhood of v, then there is
a neighbourhood V ⊂ Rn of −en such that

ϕ−1(U ∩ ∂∆) = V ∩ {s = −1} ⊂ ∂ϕ−1(∆).

Now suppose that Θn
M is real and hence, by (4.5.21) that ϕ−1(∆) is centrally symmetric.

This implies that
(−V ) ∩ {s = 1} ⊂ ∂ϕ−1(∆)

Since −V is a neighbourhood of en, points of the form en + rei belong to (−V ) ∩ {s = 1}
and hence to ϕ−1(∆) for small r > 0 and i ̸= n. This implies that ϕ(en + rei) ∈ ∆. Ob-
serve that ϕ(en+rei) = (1, . . . , 1)+rei by equation (4.5.18). Since (1, . . . , 1) is integral, it
does not belong to the interior of ∆ and hence ϕ(en + rei) ∈ ∆ contradicts the convexity
of the moment polytope. See Figure 4.9, the grey areas belong to the respective polytopes
in case Θn

M is real. 2

One may wonder whether Theorem 4.5.8 reflects a symplectic phenomenon or a
smooth one. This is not obvious in general, but we discuss the case in which the moment
polytope of M is centrally symmetric. See Section 4.1 for a discussion and the classifi-
cation of manifolds having this property. Although Θn

M is not real (M has property FS
whenever ∆ is centrally symmetric), we prove that it can be realized as the fixed point
set of a smooth involution.

Proposition 4.5.9. Let M be a toric monotone symplectic manifold which has a centrally
symmetric moment polytope ∆ = −∆. Then the Chekanov torus Θn

M is the fixed point set
of a smooth involution.

Proof. It is proved in [BKM19] that the central fibre T0 is real whenever ∆ = −∆. Hence
we can take an anti-symplectic involution σ of M such that Fix σ = T0. We claim that
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xn
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U ∩ ∆

ϕ(−V ) ∩ ∆

(a) ∆

ϕ−1
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V ∩ ϕ−1(∆)

−V ∩ ϕ−1(∆)

(b) ϕ−1(∆)

Figure 4.9: Idea of the proof of Theorem 4.5.8, the set ϕ(−V ) ∩ ∆ is not convex.

there is a ψ ∈ Diff(M) such that ψ(Θn
M) = T0. Then

Θn
M = Fix(ψ−1 ◦ σ ◦ ψ)

is the fixed point set of a smooth involution. The existence of ψ follows from the proof
of Lemma 4.5.5. Indeed, Θn

M is smoothly isotopic to all versal deformations Θt,s and
whenever t ̸= 0, we have proved that Θt,s is isotopic to a toric fibre Tx. Since all toric
fibres are isotopic, so are Θn

M and T0. 2

4.5.4 More examples in ×nS
2

In order to obtain more than only one example of non-real exotic Lagrangian torus in a
given toric manifold, one may try to embed higher twist tori, see [CS10] or products of
Chekanov tori. We will discuss the second case here. For k = (k1, . . . , ks) with ki ⩾ 2
and s ⩾ 1, define the product

Θk,m = Θk1 × . . .× Θks × Tm0 ⊂ Cn,

s∑
i=1

ki +m = n,

where Tm0 denotes the Clifford torus in Cm. The image of such products under the
standard moment map ν in Cn is given by a hypercube formed by the product of diagonal
segments

ν(Θk,m) = {(r1, . . . , r1︸ ︷︷ ︸
k1

, . . . , rs, . . . , rs︸ ︷︷ ︸
ks

, 0, . . . , 0︸ ︷︷ ︸
m

) ∈ Rn| ε− 1 < ri < ε}.

In order to embed Θk,m in a toric monotone symplectic manifold M with moment poly-
tope ∆, one may try to apply the same strategy as for Θn, namely put ∆ in the normal
form (4.5.12) and see if ν(Θk,m) lies inside ∆. If it is so, the resulting torus is not real.
Proposition 4.5.10. Let M be a toric monotone symplectic manifold satisfying property
FS. Assume furthermore that Θk,m can be embedded as described above. Then the image
Θk,m
M ⊂ M is a monotone Lagrangian torus which is not real.

Proof. Monotonicity follows from the same arguments as in the proof of Proposition 4.5.3.
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In order to prove that Θk,m
M is not real, we compute its displacement energy germ

SΘk,m
M

⊗= STn
0

◦ ϕk,m. (4.5.22)

Here ϕk,m : Rn → Rn is the piece-wise linear homeomorphism given as a product of the
map ϕ defined as in the proof of Lemma 4.5.5,

ϕk,m = ϕk1 × . . .× ϕks × idm.

Indeed, note that the normal form (4.5.12) of v splits in Rn = Rk1 × . . . × Rks × Rm as
the product of vertices in normal form. Hence the argument given in Lemma 4.5.5 can
be carried out on the factors. Let π : Rn → Rk1 be the projection to the first k1 coor-
dinates. Assume that the polytope ϕ−1

k,m(∆) is centrally symmetric. Then so is its pro-
jection π(ϕ−1

k,m(∆)). By the product structure of ϕk,m, we have π(ϕ−1
k,m(∆)) = ϕ−1

k1
(π(∆)).

By convexity of ∆, the projection π(∆) is in normal form at the vertex π(v) and hence
we can apply the same argument as in the proof of Theorem 4.5.8 to get a contradiction
to the convexity of π(∆). 2

To enumerate the non-real product tori Θk,m
M that one obtains by this method up

to symplectomorphism, one should now solve the following two problems: First, for
which vertices v does Θk,m fit into the normal form of ∆ at v? Second, which of the
so-obtained tori Θk,m

M (also depending on the vertex v) are exotic and which are pairwise
non-symplectomorphic? For a general M , both problems seem to involve complicated
combinatorics outside of the scope of the present paper, whence we will only carry out
the details for M = ×nS

2. In that case, all tori Θk,m embed, the embedding does not
depend on the vertex v, and all tori Θk,m

M turn out to be pairwise distinct.

LetM = ×nS
n. As we have seen in (4.5.21), we can understand the versal deformation

of Θn
M by applying ϕ−1 to the moment polytope ∆ = [−1, 1]n of M . We call the resulting

polytopes Chekanov polytopes and denote them by

CPn = ϕ−1(∆).

We have a closer look at the geometry and the combinatorics of CPn. Notice that s =
min{x1, . . . , xn} is equal to −1 on all facets that contain the vertex (−1, . . . ,−1). In
other words, all of these facets are mapped to the hyperplane {s = −1} by ϕ−1. The one
remaining vertex (1, . . . , 1) is mapped to en. Hence CPn has the structure of a convex cone
over the (n−1)-dimensional polytope P−1 = {s = −1}∩CPn. In order to understand CPn,
we thus need to understand P−1 in the hyperplane {s = −1} ∼= Rn−1. We claim that
P−1 is equal to the polytope obtained by sweeping out the standard (n − 1)-hypercube
along r(1, . . . , 1) for all r ∈ [−1, 1]. This follows from equation (4.5.17), which yields

P−1 = {(x1 − xn, . . . , xn−1 − xn) |xi ∈ [−1, 1] and min{xi} = −1}.

The polytope CPn has 2n − 1 vertices, since ϕ−1 maps vertices to vertices except for
(−1, . . . ,−1) which is mapped to the interior of P−1. The valencies of the vertices are
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given by
V (CPn) = ((2n − 2)×1, (n+ 1)×(2n−2n−2), n×2n), (4.5.23)

for n ⩾ 3 where l×k means that there are k vertices of valency l. We also view V (P ) as
a vector with as many entries (in decreasing order) as the polytope P has vertices and
call V (P ) the valency vector of P . For n = 2, we have V (CP2) = (2×3), as illustrated
by Figure 4.8. The general case can be seen as follows. The valency of the vertex at the
apex of the cone is equal to the number of vertices of P−1 and hence equal to 2n − 2. As
we have seen, any other vertex w that is not the apex lies in {s = −1} and hence it is
a vertex of P−1 ⊂ Rn−1. Furthermore, since CPn is a cone over P−1, we can count the
valency of w ∈ CPn by adding 1 to the valency of the same vertex considered in P−1.
Thus we have reduced the problem to counting valencies in P−1.

Recall that P−1 is obtained by sweeping out the standard (n − 1)-hypercube C0 =
[−1, 1]n−1 along the main diagonal,

P−1 =
⋃

r∈[−1,1]

Cr =
⋃

r∈[−1,1]

[−1 + r, 1 + r]n−1.

In the two extremal cases r = 1 and r = −1, we obtain the two shifted hypercubes C1 =
[0, 2]n−1 and C−1 = [−2, 0]n−1 and P−1 is the convex hull of the union C1∪C−1. We deduce
that every vertex w of P−1 is a vertex of C1 or of C−1. By symmetry of the polytope P−1,
we can restrict our attention to understanding the vertices of P−1 that are also vertices
of C1. Note also that we create at most one more outgoing edge at each such vertex when
passing from C1 to P−1 by sweeping, namely along the sweeping direction d = (−1, ...,−1).
Since each vertex in C1 has valency n − 1, the valency of each of the vertices of P−1 is
either n− 1 or n. There are essentially four cases:

1. The vertex (2, . . . , 2) ∈ C1 is a vertex with the same edges in P−1. Hence it appears
with valency n− 1 in the valency count of P−1.

2. The vertex (0, . . . , 0) ∈ C1 lies in the interior of P−1, thus it does not appear in the
valency count of P−1.
Now let ε = (ε1, . . . , εn−1) ∈ C1 be any other vertex of C1, meaning that εi ∈ {0, 2}
with at least one εi = 0 and one εj = 2. These vertices all form vertices of P−1 and one
new outgoing edge is created by the sweeping, since the vector d = (−1, . . . ,−1) (along
which we sweep) points outwards of C1 at ε. However, in some cases, the sweeping also
deletes one edge when passing from C1 to P−1, meaning that this edge of C1 points into
the interior of P−1.

3. Suppose that the vertex ε ∈ P−1 has all components = 0, except for one εi = 2.
Then the outgoing edges of C1 in ε have directional vectors e1, . . . , ei−1,−ei, ei+1, . . . , en−1,
where ej denotes the j-th standard basis vector. In P−1, there is an additional edge
vector d = −e1 − e2 − . . .− en−1. Note however that we can write

−ei = d+ e1 + . . .+ ei1 + ei+1 + . . .+ en−1, (4.5.24)

meaning that −ei is a positive linear combination of the other edges. Hence the edge −ei
at ε in C1 is not an edge anymore in P−1, since it points into the interior of P−1. Therefore,
the valency of the n− 1 vertices of this type is n− 1.

4. In all other cases, the directional vectors of the edges are ±e1, . . . ,±en with at
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least two minus signs. This means that none of these vectors can be written as a positive
linear combination of the remaining ones and d as was the case in (4.5.24). Hence the
valency of these remaining 2n−1 − n− 1 vertices is n.

By doubling all of these valency counts due to the symmetry of P−1, we obtain

V (P−1) = (n×2n−2n−2, (n− 1)2n)

Since CPn is a cone over P−1, we obtain the valency vector (4.5.23).

Proposition 4.5.11. If two Lagrangian tori Θk,m
M and Θk′,m′

M in M = ×nS
2 are symplec-

tomorphic, then k = k′ and m = m′.
Together with Proposition 4.5.10 we conclude that all the tori Θk,m

M in ×nS
2 are not real

and mutually not symplectomorphic. The number of such tori is p(n) − 1, where p(n) is
the number of partitions of n.

Proof of Proposition 4.5.11. By the product structure of M and (4.5.22), the level sets
of the displacement energy germ of Θk,m

M are given by the product of Chekanov polytopes
and intervals I = [−1, 1],

S−1
Θk,m

M

(c) ⊗= CPk1 × . . .× CPks × Im.

Hence, it suffices to show that k = (k1, . . . , ks) and m are determined by the GL(n,Z)-
equivalence class of ×iCPki

× Im. This again follows from the GL(n,Z)-invariance of
versal deformations of tori, see [CS16, §2.2]. In order to prove this, we associate to the
latter polytopes the vector counting emanating edges at its vertices in decreasing order
as in (4.5.23). This datum is a GL(n,Z)-invariant of polytopes. Note that if P and P ′

are polytopes, we have for the respective valency vectors

V (P × P ′) = V (P ) ⊕ V (P ′), (4.5.25)

where the operation ⊕ on vectors a = (a1, . . . , ak1) and b = (b1, . . . , bk2) with a1 ⩾ a2 ⩾
. . . ⩾ ak1 and b1 ⩾ b2 ⩾ . . . ⩾ bk2 is defined as the vector of all possible sums in decreasing
order

a⊕ b = (a1 + b1, . . . , ak1 + bk2),
This operation is commutative and associative, and hence we obtain

V (CPk1 × . . .× CPks × Im) = V (CPk1) ⊕ · · · ⊕ V (CPks) ⊕ V (Im).

Furthermore, this operation is invertible in the following sense. Let c = (c1, . . . , ck1k2)
denote a ⊕ b. Then a is determined by c and b; in other words, there is an operation ⊖
with c ⊖ b = a. We will prove this by induction on the length k1 of a. The case k1 = 1
is obvious. In case k1 = l + 1, note that a1, b1 and c1 = a1 + b1 are by convention the
maximal components of the corresponding vectors and hence a1 is given by c1 − b1. The
situation can be reduced to the case k1 = l by removing the value a1 from a and the
values a1 + b1, . . . , a1 + bk2 from c.

We will now successively split off factors from the product polytope using the operation
⊖. First, notice that the multiplicity of the maximal entry of V (×iCPki

× Im) determines



4.6 Appendix: Alternate approach using J-holomorphic disks 131

m and p, where p is the number of times we have ki = 2. Indeed, we have V (I) = (1×2)
and V (CP2) = (2×3) and by equation (4.5.25) the multiplicity of the maximal entry is
given by 2m3p. Indeed, by equation (4.5.23), the maximal entry in each V (CPki

) is unique
for ki ⩾ 3. Since the maximal entry in V (×iCPki

× Im) is obtained as a sum of maximal
entries of the valency vectors of all factors, its multiplicity in V (×iCPki

×Im) can only be
larger than one if there are factors of the type I or CP2 and in that case it will be 2m3p.
Hence the prime decomposition of this multiplicity yields m and p. After splitting off
the corresponding factors, we can assume that m = 0 and ki ⩾ 3. Let M1 and M2
be the largest and the second largest component of the valency vector. Then we have
M1 =

∑s
i=1 2ki − 2s and M1 − M2 = 2kmin − kmin − 3, where kmin is minimal among all

ki. Therefore M1 − M2 determines kmin and we can split off V (CPkmin) from the valency
vector by using formula (4.5.23). 2

4.6 Appendix: Alternate approach using
J-holomorphic disks

In this appendix, we outline an alternate approach to Theorem 4.1.2 based on the count
of J-holomorphic Maslov 2 disks with boundary on the Lagrangian, which was introduced
in [EP97] and [Che97] and was used in [Kim21a] to determine whether a given Lagrangian
is real. This approach is less elementary than the above, but has the advantage of avoiding
property FS.

Let T0 be the central fibre in a toric monotone symplectic manifold (M,ω) with moment
polytope ∆ = {⟨x, vi⟩ ⩽ 1}. Assuming that T0 is the fixed point set of an anti-symplectic
involution σ, we will show that ∆ is centrally symmetric. Fix an ω-compatible almost-
complex structure J on M and a homology class ξ ∈ H1(T0,Z) and define the moduli
space

M(T0, J, ξ) = {u : (D, ∂D) → (M,T0) | u J-holomorphic,
Maslov(u) = 2,
[∂u] = ξ}/ ∼,

where ∼ denotes the equivalence relation induced by reparametrizing the domain D by bi-
holomorphisms fixing the point 1 ∈ ∂D. We can count (mod 2) the elements of M(T0, J, ξ)
whose boundary passes through a given point on T0 by taking the degree n(T0, J, ξ) ∈ Z
of the evaluation map

ev: M(T0, J, ξ) → T0, [u] 7→ u(1).
See for example [Aur15] for details. As in [Kim21a], we now assume in addition that σ∗J =
−J and associate to every element [u] ∈ M(T0, J, ξ) its image under the anti-symplectic
involution

R : [u] 7→ [σ ◦ u ◦ ρ],
where ρ denotes complex conjugation on the disk. Note that the involution R maps the
moduli space M(T0, J, ξ) to M(T0, J,−ξ) since T0 is the fixed point set of σ. By Cho and
Oh [CO06], there exists a J0-holomorphic disk in M(T0, J0, ξ) if and only if ξ coincides
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with one of the primitive vectors vi normal to the facets of the moment polytope ∆.
Here, J0 denotes the Kähler complex structure. The regularity of J0 was shown in [CO06]
and that of J by Kim [Kim21a]. Hence the two counts n(T0, J, ξ) and n(T0, J0, ξ) are
well-defined and agree. Since the involution R maps M(T0, J, ξ) to M(T0, J,−ξ), we find
that a given vector v appears as orthogonal vector to one of the facets if and only if −v
does as well. Hence ∆ is invariant under central symmetry.

Remark 4.6.1. One can make a similar argument to show that the Chekanov tori are
not real by reformulating the information given by J-holomorphic disks in terms of the
Landau-Ginzburg potential (see [Aur09] or [PT20]). The so-called wall-crossing formulae
describe how this potential behaves when passing from the Clifford to the Chekanov torus.
We note that our technique using versal deformations is more elementary than the use of
wall-crossing, which has only been shown in [PT20].
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5 Squeezing via degenerations of the
complex projective plane

This is an appendix to the paper On certain quantifications of Gromov’s non-squeezing
theorem by Kevin Sackel, Antoine Song, Umut Varolgunes and Jonathan J. Zhu [SSVZ21].

5.1 Introduction and main theorem
Our goal is to show the following.

Theorem 5.1.1. For every α < 3, there is a set Σ ⊂ B4(α) of Minkowski dimension 2
such that B4(α) \ Σ symplectically embedds into Z4(1) = R2 ×D2(1) ⊂ R4.

Our notation corresponds to that of the main body of the text by setting α = πR2.
The idea of the proof is to view B4(α) as CP 2(α) \ CP 1 and to use almost toric fibra-
tions of CP 2. As observed in [Via16] for every Markov triple (a, b, c), there is a trian-
gle ∆a,b,c(α) ⊂ R2 and an almost toric fibration on CP 2(α) with a base diagram whose
underlying polytope is ∆a,b,c(α). Now note that the toric moment map image of Z4(1)
is the half-strip S = R⩾0 × [0, 1). We shall show that if the triangle ∆a,b,c(α) fits into S
(after applying an integral affine transformation), then there is a symplectic embedding
of CP 2(α) into Z4(1) at the cost of removing a certain subset Σ′ from CP 2(α). The
point here is that one can get a good understanding of the subset one needs to remove.
Indeed, we show that Σ′ is a union of three Lagrangian pinwheels (defined as in [ES18])
and a symplectic torus. In particular, this set has Minkowski dimension 2. A combi-
natorial argument shows that for every α < 3, there is a Markov triple (a, b, c) and an
inclusion ∆a,b,c(α) ⊂ S, see Lemma 5.2.2.

Remark 5.1.2. As was pointed out to us by Leonid Polterovich, our results can be
combined with Gromov’s non-squeezing to show that any symplectic ball B4(1 + ε) ⊂
CP 2(α) intersects the set Σ′ ⊂ CP 2 discussed above. See Corollary 5.3.4 for more details.

Remark 5.1.3. The same strategy may work to produce symplectic embeddings D2(α)×
D2(α) \ Σ ↪→ Z4(1) of the polydisk of capacity α < 2 minus a union of some two-
dimensional manifolds into the cylinder. Indeed, one can view the polydisk as the affine
part of S2 × S2 and use almost toric fibrations of the latter space to carry out the same
argument.

The relationship between Markov triples and the complex and symplectic geometry
of CP 2 has generated a lot of interest in recent years. It first appeared in the work of
Galkin–Usnich [GA10], where the authors conjectured that for every Markov triple there
is an exotic Lagrangian torus in CP 2. This conjecture was proved and generalized by
Vianna [Via16], [Via17] by the use of almost toric fibrations, see also Symington [Sym03].
On the algebro-geometric side, Hacking–Prokhorov [HP10] showed that a complex sur-
face X with quotient singularities admits a Q-Gorenstein smoothing to CP 2 if and only
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if X is a weighted projective space CP (a2, b2, c2) and (a, b, c) forms a Markov triple.
In [ES18], Evans–Smith studied embeddings of Lagrangian pinwheels into CP 2. This
is directly related to [HP10], since Lagrangian pinwheels appear naturally as vanishing
cycles of the smoothings of CP (a2, b2, c2) to CP 2. See also the recent work by Casals–
Vianna [CV20] and the forthcoming paper joint with Mikhalkin and Schlenk [BMS22] for
other applications of almost toric fibrations to symplectic embedding problems.

Acknowledgements. We heartily thank Jonny Evans, Grisha Mikhalkin, Leonid Polterovich,
Kevin Sackel and Umut Varolgunes for valuable discussions and careful comments on a
previous draft. We are grateful to the attentive referee for pointing out a gap in the proof.
We thank Felix Schlenk for constant encouragement and generous help.

5.2 Some geometry of Markov triangles
Let us recall some facts about Markov numbers and their associated triangles.
Definition 5.2.1. A triple of natural numbers a, b, c ∈ N>0 is called a Markov triple if it
solves the Markov equation

a2 + b2 + c2 = 3abc. (5.2.1)
If (a, b, c) is a Markov triple, then so is (a, b, 3ab − c). Starting from the solu-

tion (1, 1, 1), we obtain the so-called Markov tree by mutations (a, b, c) → (a, b, 3ab − c).
The first few Markov triples are

(1, 1, 1) (1, 1, 2) (1, 2, 5) (1, 5, 13) (2, 5, 29) (1, 13, 34) · · · (5.2.2)

Given α > 0, let CP 2 be equipped with the Fubini–Study symplectic form ω nor-
malized such that

∫
CP 1 ω = α. For every Markov triple (a, b, c), there is an almost toric

fibration of CP 2 with almost toric base diagram a rational triangle ∆a,b,c(α) ⊂ R2, which
we call the Markov triangle associated to the Markov triple (a, b, c). The first Markov
triangle is the (honest) toric moment map image of CP 2 in our normalization,

∆1,1,1(α) = {(x, y) ∈ R2
⩾0 |x+ y ⩽ α}. (5.2.3)

In fact, we will slightly abuse notation and sometimes think of ∆a,b,c(α) as a triangle
in R2 and sometimes as the equivalence class of triangles R2 under the group of toric
symmetries given by integral affine transformations, i.e. elements in Aff(2;Z) = R2 ⋊
GL(2;Z). For every mutation of Markov triples (a, b, c) → (a, b, 3ab − c), there is a
corresponding mutation of triangles ∆a,b,c(α) → ∆a,b,3ab−c(α), defined by cutting the
triangle in two halves and applying a shear map to one of the halves and glueing it back
to the other half. This is called a branch move and we refer to Symington [Sym03, Sections
5.3 and 6] and Vianna [Via16, Section 2] for details. For a concrete description of the
triangles ∆a,b,c(α), see (5.4.23) and the surrounding discussion. The area of the Markov
triangles is well-defined, since it is invariant under Aff(2;Z). Furthermore, the area is
invariant under the mutation of triangles and hence we obtain

area(∆a,b,c(α)) = area(∆1,1,1(α)) = α2

2 . (5.2.4)

Recall that we are interested in embedding Markov triangles into the half-strip S =
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R⩾0 × [0, 1). This means that, given α > 0, we look for a Markov triple (a, b, c) such
that ∆a,b,c(α) ⊂ S up to applying an element in Aff(2;Z). We will prove the following.

Lemma 5.2.2. For every 0 < α < 3, there is a Markov triple (a, b, c) such that the Markov
triangle ∆a,b,c(α) ⊂ R2 is in S = R⩾0 × [0, 1) up to applying an element in Aff(2;Z). This
result is sharp in the sense that for α ⩾ 3, there is no such Markov triple.

Let us introduce some definitions from integral affine geometry. A vector v ∈ Z2 is
called primitive if βv /∈ Z2 for all 0 < β < 1. Note that to every vector w ∈ R2 with
rational slope, we can associate a unique primitive vector v such that w = γv for γ > 0.
We call γ the affine length of w and denote it by ℓaff (w). Let l ⊂ R2 be a rational affine
line (or line segment) with primitive directional vector v ∈ Z2 and p ∈ R2 be a point.
Then the affine distance is defined as daff (p, l) = | det(v, u)|, where u is any vector such
that p + u ∈ l. This does not depend on any of the choices we have made and these
quantities are Aff(2;Z)-invariant. See McDuff [McD11] for more details.

For a given rational (not necessarily Markov) triangle ∆, we denote by E1, E2, E3
its edges and by v1, v2, v3 its vertices such that vi lies opposite to the edge Ei. We
call ℓaff (E1)+ℓaff (E2)+ℓaff (E3) the affine perimeter of ∆. Note that the affine perimeter
of a Markov triangle ∆a,b,c(α) is equal to 3α. We have the following formula for the area
of ∆,

area(∆) = 1
2ℓaff(Ei) daff(vi, Ei). (5.2.5)

This follows from the definition of affine distance and affine length.
Proof of Lemma 5.2.2. For the first part of the proof we only need one branch of the
Markov tree, namely the one where the maximal entry grows the fastest. More precisely,
let ∆n be the Markov triangle associated to the triple (mn+2,mn+1,mn), where mk is
recursively defined as

m0 = m1 = m2 = 1, mk+2 = 3mk+1mk −mk−1. (5.2.6)

The first few terms of this sequence are given by {mk}k∈N = {1, 1, 1, 2, 5, 29, 433, . . .}.
We clearly have mk → ∞. Recall from [Via16] that the affine side lengths of a Markov
triangle ∆a,b,c(α) are given by λa2, λb2, λc2 for a proportionality constant λ > 0. Since the
affine perimeter of the Markov triangle is 3α, we obtain λ(a2 + b2 + c2) = 3α. Together
with the Markov equation (5.2.1) this yields that the longest edge En in ∆n(α) has affine
length

ℓaff (En) = αmn+2

mn+1mn

(5.2.6)= α

(
3 − mn−1

mn+1mn

)
. (5.2.7)

Since the second summand goes to 0 for large n, we obtain ℓaff (En) → 3α. Let vn be the
vertex opposite to En. By (5.2.4) and the area formula (5.2.5) we obtain

ℓaff (En) daff (vn, En) = α2. (5.2.8)

This implies that daff (vn, En) → α/3. Now note that we can assume, up to Aff(2;Z), that
the maximal edge En lies in R⩾0 × {0} and that ∆n(α) lies in the upper half-plane. Then
the (Euclidean) height of ∆n(α) is equal to daff (vn, En). This implies that for all α < 3,
we have ∆n(α) ⊂ S for large enough n ∈ N.
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Now let α ⩾ 3 and suppose that there is a Markov triangle ∆a,b,c(α) ⊂ S. Let E be
the longest edge of ∆a,b,c(α) and v the opposite vertex. We first prove that E is parallel
to e1 = (1, 0). Indeed, suppose it is not. Then we can write E = ℓaff (E)v for a primitive
vector v = (v1, v2) ∈ Z2 with v2 ⩾ 1. But since the affine perimeter of ∆a,b,c(α) is 3α
and E is the longest edge, we obtain ℓaff (E) ⩾ α and thus ∆a,b,c(α) is not contained in S.
Now if E is parallel to e1, then the (Euclidean) height of ∆a,b,c(α) is daff (v, E). The affine
perimeter 3α is strictly larger than ℓaff (E) from which we deduce daff (v, E) > α/3 ⩾ 1
by the area formula (5.2.5). 2

5.3 Proof of the main theorem
Definition 5.3.1. Let p be a positive integer. The topological space obtained from the
unit disk D by quotienting out the action of the group of the p-th roots of unity on ∂D is
called p-pinwheel.

For example the 2-pinwheel is RP 2. The image of ∂D in the quotient is called the
core circle. For all p > 2 the p-pinwheels are not smooth at points of the core circle.
A Lagrangian pinwheel in a symplectic manifold M is a Lagrangian embedding of a p-
pinwheel into M , see [ES18, Definition 2.3] for the meaning of embedding in this context.
As it turns out, for every Lagrangian p-pinwheel, there is an additional extrinsic param-
eter q ∈ {1, . . . , p− 1} measuring the twisting of the pinwheel around its core circle. We
call such an object (p, q)-pinwheel and denote it by Lp,q when this causes no confusion.
For us, the following result is key.

Proposition 5.3.2. Let (a, b, c) be a Markov triple and let sa, sb, sc ∈ CP (a2, b2, c2) be
the orbifold singular points of the corresponding weighted projective space. Then there is
a surjective map ϕ̃ : CP 2 → CP (a2, b2, c2) and there are (mutually disjoint) Lagrangian
pinwheels La,qa , Lb,qb

, Lc,qc ⊂ CP 2 with

ϕ̃(La,qa) = sa, ϕ̃(Lb,qb
) = sb, ϕ̃(Lc,qc) = sc, (5.3.9)

such that ϕ̃ restricts to a symplectomorphism

ϕ : CP 2 \ (La,qa ⊔ Lb,qb
⊔ Lc,qc) → CP (a2, b2, c2) \ {sa, sb, sc}. (5.3.10)

Furthermore, the preimage of the set D ⊂ CP (a2, b2, c2), see (5.3.11), consists of the
union of three Lagrangian pinwheels and a symplectic two-torus intersecting the pinwheels
in their respective core circles.

Remark 5.3.3. For the construction of this symplectomorphism, it seems plausible that
one can use the existence of a Q-Gorenstein smoothing of CP (a2, b2, c2) to CP 2 with
vanishing locus consisting of a union of three pinwheels. Such smoothings were constructed
in [HP10], by showing that there are no obstructions to piecing together local smoothings
of the cyclic quotient singularities holomorphically. Our proof follows the same strategy in
the symplectic set-up, see also [ES18, Examples 2.5/2.6] for a discussion of this, [LM14,
Section 3] and [Eva19, Section 1] for the local smoothings.
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We now turn to the proof of Theorem 5.1.1 using Proposition 5.3.2, the proof of which
we postpone to §5.4.
Proof of Theorem 5.1.1. Step 1: Let α < 3 and choose α′ such that α < α′ < 3. Pick
a Markov triple (a, b, c) and an associated Markov triangle ∆a,b,c = ∆a,b,c(α′) which lies
in S = R⩾0 × [0, 1). This is possible by Lemma 5.2.2. Note that ∆a,b,c is the image of the
toric orbifold moment map µ : CP (a2, b2, c2) → ∆a,b,c, provided we normalize the orbifold
symplectic form appropriately. See the discussion surrounding (5.4.26) for details on the
toric structure on weighted projective space. Let

D = µ−1(∂∆a,b,c) ⊂ CP (a2, b2, c2) (5.3.11)

be the preimage of the boundary. The set D is a union of complex suborbifolds CP (a2, b2)∪
CP (b2, c2) ∪ CP (a2, c2) such that each of these suborbifolds projects to one edge of the
triangle ∆a,b,c. The complement of D admits a symplectic embedding,

ψ : CP (a2, b2, c2) \ D ↪→ Z4(1). (5.3.12)

Indeed, this follows from the inclusion int(∆a,b,c) ⊂ int(S) and the fact that inclusions of
toric moment map images which respect the boundary stratifications yield (equivariant)
symplectic embeddings, see for example [Sym03].

Step 2: By Proposition 5.3.2 there is a symplectomorphism ϕ from the comple-
ment of Lagrangian pinwheels La,qa , Lb,qb

, Lc,qc to the complement of the orbifold points
of CP (a2, b2, c2). By restricting ϕ, we obtain the symplectomorphism,

ϕ′ : CP 2 \ Σ′ → CP (a2, b2, c2) \ D . (5.3.13)

Again by Proposition 5.3.2, the set Σ′ consists of the union of three pinwheels and a
symplectic two-torus.

Step 3: The standard embedding B4(α) ⊂ CP 2(α′) together with ϕ′ and ψ yields an
embedding B4(α)\Σ ↪→ Z4(1). Here Σ denotes Σ = Σ′ ∩B4(α). The set Σ has Minkowski
dimension two. Indeed, the embedding B4(α) ⊂ CP 2(α′) is bilipschitz (its image being
contained in a closed ball) and volume preserving and the set Σ′ consists of the union of
three pinwheels and a symplectic two-torus. 2

As was pointed out to us by Leonid Polterovich, one can combine Theorem 5.1.1 with
Gromov’s non-squeezing theorem to get certain rigidity results, reminiscent of [Bir01,
Theorem 1.B].

Corollary 5.3.4. Let Σ′ ⊂ CP 2(α) be one of the above sets such that CP 2(α)\Σ′ embeds
into Z4(1) for some 1 < α < 3. Then every symplectic ball B4(1 + ε) ⊂ CP 2 for ε > 0
intersects Σ′.

Proof. Assume B4(1+ε) ⊂ CP 2(α) does not intersect Σ′. The embedding CP 2(α)\Σ′ ↪→
Z4(1) yields a symplectic embedding B4(1+ε) ↪→ Z4(1), contradicting non-squeezing. 2

Note that for a fixed 1 < α < 3 we get infinitely many sets Σ′ ⊂ CP 2 to which
Corollary 5.3.4 applies and all of these consist of a union of a symplectic torus and
Lagrangian pinwheels.
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5.4 Proof of Proposition 5.3.2
Following the exposition in [ES18, Example 2.5] we consider smoothings of certain orbifold
quotients of C2. This yields the local version from Lemma 5.4.1 of the symplectomorphism
in Proposition 5.3.2.

Let a, q be coprime integers with 1 ⩽ q < a and take the quotient of C2 by the
following action of a2-th roots of unity,

ζ.(z1, z2) = (ζz1, ζ
aq−1z2), ζa

2 = 1. (5.4.14)

We denote this quotient by C2/Γa,q. It can be embedded as {w1w2 = wa3} into the
quotient C3/Za by the action

η.(w1, w2, w3) = (ηw1, η
−1w2, η

qw3), ηa = 1. (5.4.15)

The smoothing is given by

X = {w1w2 = wa3 + t} ⊂ C3/Za × Ct, (5.4.16)

which we view as a degeneration by projecting to the t-component, π : X → Ct. We
denote the fibres by Xt = π−1(t). The smooth fibre X1 is a rational homology ball and
the vanishing cycle of the degeneration is a Lagrangian pinwheel La,q. This follows from
the description of X as Za-quotient of an Aa−1-Milnor fibre. Let s ∈ X0 be the unique
isolated singularity of X0, and X reg = X \ {s} its complement. The restriction of the
standard symplectic form ω0 on C4 = C3 × Ct yields a symplectic manifold (X reg,Ω).
Note that the smooth loci of the fibres Xt̸=0 and X0 \ {s} are symplectic submanifolds.
Let us now construct a symplectomorphism

ψ : X1 \ La,q → X0 \ {s} = C2/Γa,q \ {0}. (5.4.17)

For this, we take the connection on X reg defined as the symplectic complement to the
vertical distribution,

ξx = (ker(π∗)x)Ω =
{
v ∈ TxX reg | Ω(v, w) = 0 for all w ∈ Txπ

−1(π(x))
}
. (5.4.18)

This connection is symplectic in the sense that its parallel transport maps are symplec-
tomorphisms whenever they are defined. In particular, we get a symplectomorphism
between any two regular fibres Xt1 and Xt2 by picking a curve in C× with endpoints t1
and t2. Since we are interested in the singular fibre for the construction of (5.4.17), take the
curve γ(r) = 1−r ∈ C. For every r < 1, this yields a symplectomorphism ψr : X1 → X1−r.
As it turns out, setting ψ(x) = limr→1 ψ

r(x) for x ∈ X1 yields a well-defined surjective
map ψ̃ : X1 → X0 with vanishing cycle a Lagrangian pinwheel, La,q = ψ̃−1(s), and which
restricts to the desired symplectomorphism (5.4.17). For the fact that ψ̃ is well-defined,
see the unpublished notes by Evans [Eva19, Lemma 1.2]. We refer to [LM14, Section 3.1]
for more details on the specific degeneration we consider above and to [Eva19, Lemma
1.20] for the fact that the vanishing cycle is a Lagrangian pinwheel.

Lemma 5.4.1. (Evans [Eva19]) Let C2/Γa,q the quotient by the action (5.4.14) and Sa,q
its smoothing as above. Then there is a surjective map ψ̃a : Sa,q → C2/Γa,q with ψ̃a(La,q) =
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{0} and which restricts to a symplectomorphism

ψa : Sa,q \ La,q → (C2/Γa,q) \ {0}. (5.4.19)

Furthermore, the preimage of the set Da,qa = {z1z2 = 0}/Γa,q under ψ̃a is the union of La,q
and a symplectic cylinder intersecting La,q in its core circle.
Proof. As explained above, the main statement of the lemma follows from [Eva19].
We only need to identify the preimage of Da,qa = {z1z2 = 0}/Γa,q, which can be done
by keeping track of the parallel transport in the explicit model (5.4.16). Under the
identification of C2/Γa,q with X0 (which we will tacitly use throughout), the set {z1z2 =
0}/Γa,q corresponds to {w3 = 0}/Za ∩X0. We claim that the set {w3 = 0}/Za ∩Xt ⊂ X
is invariant under the symplectic parallel transport induced by (5.4.18). This proves
that ψ̃−1

a ({w3 = 0}/Za ∩ X0) = ({w3 = 0}/Za ∩ X1) ∪ La,q. Indeed, the preimage
of 0 ∈ C2/Γa,q is La,q and on the complement of La,q, the map ψ̃a is a diffeomorphism.
To see that {w3 = 0}/Za ∩X1 is a symplectic cylinder intersecting La,q in its core circle,
one can consider the singular fibration structure of the map Xs → C, (w1, w2, w3) 7→ wp3
see [Eva19, §1.2.3] for more details. Thus it remains to show the invariance of {w3 =
0}/Za ∩Xt.

Let x ∈ {w3 = 0}/Za ∩ Xt, meaning that x is a Za-class of a point (x1, x2, 0) ∈
C3 with x1x2 = t. This gives a natural inclusion T(x,t)X = TxXt ⊕ TtC ⊂ C3 ⊕ C.
Since Ω = ωC3 ⊕ ωC, the horizontal lift by the symplectic connection (5.4.18) of a vec-
tor v ∈ TtC = C is given by u + v ∈ ξ(x,t), where u ∈ (TxXt)ωC3 . Note that the sub-
space {u1 = u2 = 0} ⊂ TxC3 = C3 is contained in TxXt and hence its symplectic
complement {u3 = 0} ⊂ C3 contains the symplectic complement (TxXt)ωC3 . Since u is
contained in (TxXt)ωC3 , this proves that u is tangent to the subset {w3 = 0} and hence
this subset is preserved under parallel transport. 2

We turn to the proof of Proposition 5.3.2. The main idea is to use the fact that ∆a,b,c(α)
is both the almost toric base polytope of CP 2(α) and the toric base of CP (a2, b2, c2) with
a suitably normalized symplectic form. This shows that there is a symplectomorphism
which intertwines the (almost) toric structures on the preimages of a complement of neigh-
bourhoods of the vertices. For example one can choose W ⊂ ∆a,b,c as in Figure 5.1. We
use Lemma 5.4.1 to extend this symplectomorphism.

Let us make a few preparations. In particular, we discuss how to use the quo-
tient C2/Γa,q as a local toric model for CP (a2, b2, c2). This is the orbifold version of the
toric ball embedding into CP 2 one obtains by the inclusion of the simplex with one edge
removed into the standard simplex ∆1,1,1. The toric structure on C2/Γa,q is induced by the
standard toric structure (z1, z2) 7→ (π|z1|2, π|z2|2) on C2. Indeed, note that the Γa,q-action
is obtained by restricting the standard T 2 = (R/Z)2-action to a discrete subgroup Za2 .
This implies that we obtain an induced action by T 2/Γa,q on C2/Γa,q. This action is
Hamiltonian and its moment map image, under a suitable identification T 2 ∼= T 2/Γa,q, is
given by

∠a,q = {x1w1 + x2w2 |x1, x2 ⩾ 0}, w1 =
(

1
0

)
, w2 =

(
aq − 1
a2

)
. (5.4.20)

See for example [ES18, Remark 2.7] or [Sym03, Section 9]. Note that a ball B4(d) =
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{π(|z1|2 + |z2|2) < d} ⊂ C2 quotients to an orbifold ball B4(d)/Γa,q ⊂ C2/Γa,q which
is fibred by the induced toric structure on the quotient. Furthermore, the boundary
sphere S3(d) ⊂ C2 quotients to a lens space Σa,q(d) = S3(d)/Γa,q of type (aq − 1, a2)
equipped with its canonical contact structure and which fibers over a segment in ∠a,q. We
will use this fact in the proof of Proposition 5.3.2.

Let us now show that, for a suitable choice of q, the toric system C2/Γa,q → ∠a,q can be
used as a local model around one of the orbifold points of the toric system on CP (a2, b2, c2).
In order to get a concrete description of this toric system on the weighted projective space,
recall that the symplectic orbifold CP (a2, b2, c2) can be defined as a symplectic quotient
of C3,

CP (a2, b2, c2) = H−1(a2b2c2)/S1, H = a2|z1|2 + b2|z2|2 + c2|z3|2. (5.4.21)

This description (5.4.21) has the advantage that it is naturally equipped with a Hamilto-
nian T 2-action inherited from the standard T 3-action on C3. This induced action is toric
and its moment map image is given by the intersection of the plane defined by H and the
positive orthant,

∆̃a,b,c = {a2y1 + b2y2 + c2y3 = a2b2c2} ∩ R3
⩾0. (5.4.22)

Note that this is a polytope in R3 and not R2. We get a Markov triangle ∆a,b,c(abc) ⊂ R2

as in §5.2 by setting
∆a,b,c(abc) = Φ−1(∆̃a,b,c), (5.4.23)

for Φ an integral affine embedding (see Definition 5.4.2) containing ∆̃a,b,c in its image.
Recall that this produces the same triangles (up to integral affine equivalence) as those
obtained from almost toric fibrations of CP 2 as discussed in §5.2, see [Via16, Section 2].
Hence it makes sense to denote them by ∆a,b,c(abc). The normalization α = abc of the
triangle comes from the choice of level at which we have reduced in (5.4.21).

Definition 5.4.2. An affine map Φ: R2 → R3, x 7→ Ax + b for A ∈ Z3×2 and b ∈ R3 is
called integral affine embedding if it is injective and if A(Z2) = A(R2) ∩ Z3.

Note that by the definition of integral affine embedding, the definition (5.4.23) makes
sense and the polytope it defines is independent of the choice of Φ up to applying an
integral affine transformation. We now show that there is a natural number q and an
integral affine embedding Φa,q such that the triangle Φ−1

a,q(∆̃a,b,c) ⊂ R2 is obtained by
intersecting ∠a,q with a half-plane. Indeed, set

Φa,q : R2 → R3,

(
x1
x2

)
7→

−b2 1 + b
a
(bq − 3c)

a2 1 − aq
0 1

(x1
x2

)
+

b2c2

0
0

 , (5.4.24)

where q satisfies bq = 3c mod a, see also [ES18, Example 2.6]. The map Φa,q has im-
age {a2y1 + b2y2 + c2y3 = a2b2c2} and it is an integral affine embedding, as can be checked
by a computation. Furthermore Φ maps 0 to the vertex (b2c2, 0, 0) (corresponding to a2)
of ∆̃a,b,c and v1 and v2 to the outgoing edges at (b2c2, 0, 0). This means that there is an
integral vector (ξ1, ξ2) defining a half-plane K = {ξ1x1 + ξ2x2 ⩽ k} such that

Φ−1
a,q(∆̃a,b,c) = K ∩ ∠a,q. (5.4.25)
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From this we deduce the desired toric model. Let Ẽa ⊂ ∆̃a,b,c be the edge opposite the
vertex (b2c2, 0, 0).

Proposition 5.4.3. The subset in CP (a2, b2, c2) fibering over ∆̃a,b,c\Ẽa is fibred orbifold-
symplectomorphic to the subset in C2/Γa,q fibering over intK ∩ ∠a,q.

Proof. We have shown above that ∆̃a,b,c\Ẽa and intK∩∠a,q are integral affine equivalent.
This implies the claim by the classification of compact toric orbifolds by their moment
map images, see [LT97]. Compactness is not a problem here, since we can compactify the
subset fibering over K ∩ ∠a,q by performing a symplectic cut at {ξ1x1 + ξ2x2 = k}. 2

Let us now fix a moment map

µ : CP (a2, b2, c2) → ∆a,b,c = ∆a,b,c(abc) ⊂ R2, (5.4.26)

by composing the moment map CP (a2, b2, c2) → ∆̃a,b,c with the inverse of a suitable inte-
gral affine embedding as described above. Until the end of the proof of Proposition 5.3.2
we simplify notation by writing ∆a,b,c = ∆a,b,c(abc).
Proof of Proposition 5.3.2. The main part of the proof will be concerned with proving the
existence of the symplectomorphism (5.3.10) and for readability, we postpone the proof
of the existence of the global map ϕ̃ and the computation of ϕ̃−1(D) to Step 5.

Step 1. We start by setting up some notation on the side of the weighted projective
space. The orbifold points sa, sb, sc ∈ CP (a2, b2, c2) are mapped to the vertices va, vb, vc ∈
∆a,b,c under the moment map µ : CP (a2, b2, c2) 7→ ∆a,b,c. Let us first focus on the orbifold
point sa. Denote edge opposite to va by Ea. By Proposition 5.4.3, there is an orbifold
symplectomorphism

ρa : µ−1(∆a,b,c \ Ea) → µ−1
C2/Γa,q

(intK ∩ ∠a,q) (5.4.27)

which intertwines the toric structures. Now let B4(d)/Γa,q ⊂ C2/Γa,q be a closed orbifold
ball for B4(d) = {π(|z1|2 + |z2|2) ⩽ d} and d > 0. Its boundary S3(d)/Γa,q ⊂ C2/Γa,q is
a lens space equipped with the standard contact structure. Note that both the orbifold
ball and its boundary are fibred by the moment map µC2/Γa,q

. Since ρa intertwines the
toric structures, the image sets

Borb
a = ρ−1

a (B4(d)/Γa,q), Σa = ρ−1
a (S3(d)/Γa,q), (5.4.28)

are fibred by µ. Then the image of the pair (Ba,Σa) under µ is a pair (Va, ℓa) consisting of
a segment contained in a triangle around the vertex va. Note also that the lens space Σa is
naturally equipped with its standard contact structure. We do the same procedure around
the remaining vertices vb, vc and denote the corresponding sets by Borb

b , Borb
c ,Σb,Σc ⊂

CP (a2, b2, c2) and by Vb, Vc, ℓb, ℓc ⊂ ∆a,b,c. We choose the sizes such that Borb
a , Borb

b , Borb
c

are mutually disjoint. Furthermore, we choose a set W ⊂ ∆a,b,c such that ∆a,b,c =
W ∪Va ∪Vb ∪Vc and such that the overlap W ∩Vj is a strip around ℓj for all j ∈ {a, b, c}.
Again, see Figure 5.1.

Step 2: Now consider the almost-toric fibration of CP 2 associated to the trian-
gle ∆a,b,c. In the conventions of [Sym03] and [Via16] the triangle ∆a,b,c is decorated with
three dashed line segments of prescribed slope between the vertices and the nodal points.
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W W
va Va

ℓa

vb

Vb

ℓb

vc
Vc

ℓc

Figure 5.1: The triangle ∆a,b,c as union W ∪ Va ∪ Vb ∪ Vc, on the left as the toric mo-
ment polytope of CP (a2, b2, c2) and on the right as almost-toric base diagram
of CP 2. In both cases the fibration is toric over W and lens spaces fibre over
the segments ℓa, ℓb, ℓc.

The latter are usually marked by a cross. There is a map π : CP 2 → ∆a,b,c which is a
standard toric fibration away from the dashed lines, but which is only continuous on the
pre-images of the dashed lines (which encode monodromy of the integral affine structure).
By applying nodal slides if necessary, we may assume that the dashed lines lie outside of
the subset W ⊂ ∆a,b,c. Since the projection π is standard toric away from the dashed
lines, this implies that there is a symplectomorphism

ϕ0 : CP 2 ⊃ π−1(W ) → µ−1(W ) ⊂ CP (a2, b2, c2), (5.4.29)

which intertwines π and µ. Define the preimages

B′
a = π−1(Va), Σ′

a = π−1(ℓa). (5.4.30)

By [Sym03, Section 9], the set B′
a is a closed rational homology ball and Σ′

a is a lens
space of type (aq − 1, a2) equipped with its standard contact structure. In fact, ϕ0 maps
the copy Σ′

a of the lens space to the copy Σa. However, contrary to Borb
a , the rational

homology ball B′
a is smooth. The same discussion holds for b and c.

Step 3: The key part of the proof is finding extensions

ϕj : B′
j \ Lj,qj

→ Borb
j \ {sj} (5.4.31)

of the map ϕ0|Σ′
j
, where Lj,qj

are Lagrangian pinwheels for j ∈ {a, b, c}. For this we use
Lemma 5.4.1. Again, restricting our attention to a, let ψa be the symplectomorphism from
Lemma 5.4.1. Note that we have already established the correspondence between Borb

a

and C2/Γa,q by ρa and that this correspondence is compatible with the toric picture.
We now establish a correspondence between the rational homology sphere B′

a and the
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space Sa,q coming from the smoothing in Lemma 5.4.1. Define yet another copy Σ′′
a of

the lens space by setting Σ′′
a = ψ−1

a (ρa(Σa,q)). This lens space is also equipped with the
standard contact structure and it bounds a rational homology ball B′′

a by [ES18, Example
2.5]. We now have two pairs (B′

a,Σ′
a) and (B′′

a ,Σ′′
a) consisting of a rational homology ball

bounded by a lens space carrying its standard contact structure. By [GS21, Proposition
A.2] which relies on [Lis08], this implies that (B′

a,Σ′
a) and (B′′

a ,Σ′′
a) are equivalent up to

symplectic deformation. Let χa : (B′
a,Σ′

a) → (B′′
a ,Σ′′

a) be the diffeomorphism we obtain
from this. Note that we cannot directly use the symplectic deformation to conclude, since
the symplectomorphism obtained from a Moser-type argument may not restrict to the
desired map on the boundary. More precisely, we obtain a diagram of diffeomorphisms of
lens spaces,

B′
a ⊃ Σ′

a Σa ⊂ Borb
a

B′′
a ⊃ Σ′′

a S3(d)/Γa,q ⊂ B4(d)/Γa,q,

ϕ0|Σ′
a

χa|Σ′
a

ρa|Σa

ψa|Σ′′
a

(5.4.32)

and this diagram does not commute. We may however correct the diffeomorphism χa so
that (5.4.32) commutes. Recall that Σa,q is a lens space of type (aq − 1, a2). Since (aq −
1)2 ̸= ±1 mod a2, it follows from [Bon83, Théorème 3 (a)] that the space of diffeomor-
phisms of Σ′′

a has two components, namely the one of the identity and the one of the
involution τ induced by the involution (z1, z2) 7→ (z1, z2) of S3. The diffeomorphism τ
extends to a diffeomorphism τ̃ of B′′

p,q. Up to post-composing χa with τ̃ , we may thus as-
sume that (ψ−1

a ρaϕ0χ
−1
a )|Σ′′

a
is isotopic to the identity by an isotopy φt. Using this isotopy,

we can correct the diffeomorphism χa such that the diagram (5.4.32) commutes. Indeed,
the set π−1(Va ∩W ) is a collar neighbourhood Σ′

a × [0, 2) and thus we can use the collar
coordinate together with the isotopy φt to define a corrected diffeomorphism χ̃a which co-
incides with the original diffeomorphism χa on µ−1(Va \W ) and with (ψ−1

a ρaϕ0)|Σ′
a

on Σ′
a.

Recall that two collar neighbourhoods which agree on the boundary coincide up to apply-
ing a smooth isotopy, see Munkres [Mun16, Lemma 6.1]. This means that, after applying
an isotopy in (B′′

a ,Σ′′
a), we can assume that the corrected version of χa and ψ−1

a ρaϕ0 agree
on a smaller collar Σa × [0, 1). Denoting the diffeomorphism we obtain in this way by χ̃a,
this allows us to define a diffeomorphism

ϕa = ρ−1
a ◦ ψa ◦ χ̃a|B′

a\La,qa
: B′

a \ La,qa → Borb
a \ {sa}, (5.4.33)

which extends ϕ0 in the sense that it agrees with ϕ0 on a collar of Σ′
a. Since ψa is defined

outside of a Lagrangian pinwheel La,qa ⊂ B′′
a , the diffeomorphism ϕa is defined outside of

a pinwheel (which we again denote by La,qa) in B′
a. We repeat this procedure for b and c

to obtain diffeomorphisms ϕb and ϕc.
Step 4: By construction, the diffeomorphisms ϕa, ϕb, ϕc extend the initial symplec-

tomorphism ϕ0|π−1(W\(Va∪Vb∪Vc)) and hence we obtain a diffeomorphism

ϕ̂ : CP 2 \ (La,qa ⊔ Lb,qb
⊔ Lc,qc) → CP (a2, b2, c2) \ {sa, sb, sc}. (5.4.34)

We now turn to the symplectic forms. On CP 2, we define a symplectic form ω̂ which
turns ϕ̂ into a symplectomorphism as follows. On π−1(W \ (Va ∪ Vb ∪ Vc)) we define ω̂
to be the usual Fubini-Study form ω. On Vj we define ω̂ as the pullback form χ̃j

∗ωB′′
j
,
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where χ̃j is the corrected diffeomorphism constructed at the end of Step 3. This yields
a well-defined symplectic form which turns ϕ̂ into a symplectomorphism. Indeed, this
follows from the fact that the maps ϕ0, ψj and ρj are symplectomorphisms and ϕj is
defined as their composition (5.4.33). This also implies that the symplectic form ω̂ has the
same total volume as the Fubini–Study form. By the Gromov–Taubes theorem [MS12,
Remark 9.4.3 (ii)], the form ω̃ is symplectomorphic to the the Fubini–Study form and
hence post-composing ϕ̂ from (5.4.34) with this symplectomorphism yields the desired
symplectomorphism (5.3.10).

Step 5: The definition of the global map ϕ̃ : CP 2 → CP (a2, b2, c2) is obtained by
replacing ϕa from (5.4.33) by ϕ̃a = ρ−1

a ◦ψ̃a◦χ̃a and carrying out the rest of the construction
as above. The map ψ̃a is given by Lemma 5.4.1. Let us now identify ϕ̃−1(D), where D =
µ−1(∂∆a,b,c). Let W̃ ⊂ W be the subset of W where ϕ̃ coincides with ϕ0. Since ϕ0
intertwines the toric structures on π−1(W ) ⊂ CP 2 and µ−1(W ) ⊂ CP (a2, b2, c2), the
set ϕ̃−1(D) ∩ π−1(W̃ ) fibers over the three pieces of the boundary given by W̃ ∩ ∂∆a,b,c

and hence consists of three disjoint symplectic cylinders.
We use Lemma 5.4.1 to prove that the missing pieces ϕ̃−1(D) ∩ B′

j for j ∈ {a, b, c}
are also given by symplectic cylinders and that the union of the six cylinders is given
by a torus. We again discuss the case of j = a since the other two are completely anal-
ogous. Recall that ρa : Borb

a → B4(d)/Γa,q is compatible with the toric structure and
thus ρa(D ∩ Borb

a ) = Da,qa ∩ ρa(Borb
a ), where Da,qa = {z1z2 = 0}/Γa,qa as in Lemma 5.4.1.

Indeed, this follows from the fact that Da,qa fibers over the boundary of the moment
map image ∠a,qa . By Lemma 5.4.1, we deduce that χ̃−1

a (ϕ̃−1
a (ρa(D ∩ Borb

a ))) is given
by the union of a pinwheel with a piece of a cylinder. Furthermore, recall that near
the lens spaces at the respective boundaries, the map ρ̃−1

a ψ̃aχa coincides with ϕ0. This
implies that the cylinder contained in B′

a has two boundary components at ∂B′
a = Σ′

a

which are smoothly identified in a collar neighbourhood with boundary components of
the set ϕ̃−1(D) ∩ π−1(W̃ ) discussed in the previous paragraph. This proves the claim. 2

Remark 5.4.4. We suspect that there are shorter and more natural proofs of Proposi-
tion 5.3.2. In particular, one should be able to avoid Gromov–Taubes. One possibility
we have hinted at above is working with a global degeneration and trying to analyze its
vanishing cycle. This would completely avoid the use almost-toric fibrations. Another
possibility, in the spirit of [Rua01] and [HK15] is to equip the explicit local degeneration
from [LM14] with a family of integrable systems avoiding the pinwheel and extending the
given toric structure on the boundary. The symplectomorphism from Proposition 5.3.2
then follows from the usual toric arguments and it is automatically equivariant. Although
this construction is elementary, it is somewhat outside the scope of this appendix and we
hope to carry out the details elsewhere. This is also reminiscent of [GV21, Section 7] and
it is plausible one can apply results from this paper to prove the same result.
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