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Abstract. We present a comparison of some of the most used iterative
Fourier transform algorithms (IFTA) for the design of continuous and
multilevel diffractive optical elements (DOE). Our aim is to provide optical
engineers with advice for choosing the most suited algorithm with re-
spect to the task. We tackle mainly the beam-shaping and the beam-
splitting problems, where the desired light distributions are almost binary.
We compare four recent algorithms, together with the historical error-
reduction and input-output methods. We conclude that three of these
algorithms are interesting for continuous-phase kinoforms, and two,
namely the three-step method proposed by Wyrowski and the over-
compensation of Prongué, still perform well with multilevel- and binary-
phase DOE.

Subject terms: Fourier transforms; beam shaping; diffractive optical elements.
1 Introduction

Sincethe inventionof digital holography, manyalgorithms
havebeenproposedto solve the problemof designingan
elementto transforma given light distributioninto another
desiredlight distribution.1 An interestingcandidatefor this
challenge is the iterative Fourier transform algorithm
~IFTA!. This term was introducedto characterizea family
of algorithms that bounce back and forth betweentwo
spacesrelatedby a Fouriertransform.2–4 Thefirst IFTA, the
error-reductionalgorithm,was proposedfor digital holog-
raphy in the early seventies.5 Gerchberg and Saxton
adaptedit for phaseretrieval problems,6 and the error-
reductionalgorithmis consequentlyalso referredto as the
Gerchberg-Saxtonalgorithm in the literature. The error-
reductionalgorithmwasextensivelystudiedby Fienupwho
introducedthe input-outputclassof algorithmsto speedup
convergence.7,8 However, both the error-reductionand the
input-outputalgorithmswere not suitedfor elementswith
discretephasevalues~binary or multilevel DOE!. For the
design of phase-only computer-generated holograms
~CGH! such as the kinoform, various improvementsto
IFTA were proposedin the last 20 years.3,4,9–15 As a con-
sequence,theopticalengineerfacinga designproblemnow
hasthe delicatetaskof choosingthe mostsuitedvariantof
the IFTA. Algorithms with moreparameterssometimesal-
low an improvedconvergencespeedwise,but mostlyallow
avoiding being trappedinto local minima. However, this
wider choice of parametersis also synonymousto added
complexity for the optical engineer. The designerneeds
more experienceto masterconvergenceand to pick the
best-suitedalgorithm insteadof the most primitive ones
suchasinput-outputanderror-reduction.16 Consequently, it
is important to identify which addedcomplexity brings a
real improvement.We aim at giving someadvicefor this
choice,basedon our experiencewith severalof the varia-
tions of the IFTA.

Among the severalusesof the CGH, threeare of par-
ticular interestin digital holography:beamshaping,beam
splitting, and patternor image generation.Although they
arethreeaspectsof thesamedesignproblem,theydiffer by
the merit functionsusedto characterizetheir performance.
For example,imagegenerationwill not in generalrequire
the highestpossiblelight throughputfrom the optical ele-
ment,while beamshapingtaskswill. Similarly, beamsplit-
ting is usually used to divide a light beam into several
sub-beamsof equalpowerwhile imagegenerationrequires
pixelsof differentintensitylevels.This articleaimsat com-
paringvariousalgorithmsfor beamshaping.Beamshaping
is most commonlyusedin high-energy laserapplications,
such as laser branding or photolithographic
illumination.17,18 Theseapplicationsoften requireminimal
energy losses,implying the use of phase-onlyelements,
suchaslensesandkinoforms.

In Sec.2, we describethe variousalgorithmswe have
tested.The criteria we useto quantify their relativeperfor-
manceandthebeamshapingdesignproblemwe utilize are
tackled in Sec.3. Then, in Sec.4, we presentthe results
comparingthe raw performanceof the algorithms.Finally,
Sec.5 furthersthe discussionfor eachalgorithm,consider-
ing easeof use,speedof convergence,andstagnation.

2 Description of the Algorithms

The first IFTA variant, the error-reduction algorithm, is
well known andwill be usedhereasa reference.Its prin-
ciple is explainedin Fig. 1. At iteration k, the complex
amplitudeof the light field in the signalplaneAk is back-
propagatedto the CGH plane,leadingto the complexam-
plitude ak . The CGH constraintsare then appliedto pro-
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ducea new amplitudeak8 . CGH constraintsdependon the
fabrication technology. In general, for kinoforms, the
modulusof the amplitudeuak8u is identifiedto the modulus
of the incident illumination. Additionally, for multilevel
and binary elements,the phaseof ak hasto be quantized.
The new amplitudeak8 is propagatedto the signal plane
leading to a complexamplitudeAk8 . The goal to achieve
beingAgoal, the signalplaneconstraintsarenow enforced,
i.e., uAk8u is replacedby Agoal to produceAk11 , which is the
startof a newiteration.Fienuphasshownthat,for continu-
ous phaseelements,this algorithm succeededin reducing
theerrorsat everyiterationin their respectiveplane,hence
the nameerror-reduction.7

If the CGH constraintsareenforcedstrictly, the error in
the CGH spaceis not relevant,and only the error in the
resulting signal is of interest.The two propagationsteps
andthe applicationof the CGH constraintscanbe grouped
in the input-outputalgorithm kernel,7,8 symbolizedby the
dashedbox in Fig. 1. Among the variants of the input-
outputalgorithm,we havechosentheonegivenby Eqs.~9!
and~10! of Ref. 7. Fienupcalledthis variantoutput-output
in a laterarticle.8 Thesignalordersarechangedfrom itera-
tion k to k11 accordingto

Ak115Ak81bDAdriving,k ~1!

with

DAdriving,k5uAgoalu$2 exp@ i•arg~Ak8!#

2exp@ i•arg~Ak!#%2Ak , ~2!

whereb is a free parameter, usually chosencloseto one.
The input-outputfamily is speciallydesignedto give high
efficiencyand improvedconvergence,speedwise.The two
otheralgorithmsof the family arethe input-outputandthe
hybrid input-output,which will be mentionedin Sec.5.

The two previousalgorithmsare known to give poor
performancewhentheCGH is constrainedto discretephase
levels. They have a tendencyto converge to the nearest
local optimum,failing to find the desiredglobal optimum.
To overcomethis failure, many improvementshave been
introduced.Studieshave beencarried out on the role of
designfreedomsin the performanceof the CGH.9,19 If the
desiredlight distribution is only constrainedin a limited
region of space,the value of the complex amplitudeAk

Fig. 1 The principle of the iterative Fourier transform algorithm. The
dashed box denotes the input-output kernel.
outsidethis areacanbe arbitrarily chosenby the designer.
This possibility is referredto as amplitudefreedom.Fur-
thermore,in most applications,the phaseof the generated
light distribution can also be chosenarbitrarily by the de-
signer. This secondfreedomis called phasefreedom.Fi-
nally, in someapplicationswherethe fidelity of the gener-
atedsignalmattersmorethanthe level of light throughput,
a scalefactor canbe utilized by the designerto adjustthe
power repartitionbetweenthe signalandnoiseareas.This
scalefactor freedomis the basisof the tuning of the algo-
rithms by a techniquecalled over-tensing,which will be
coveredat the endof this section.

The threefreedomspresentedaboveare not specificto
discretephasedesign,but happento be morenecessaryin
this case.A most noticeableadditional improvementspe-
cific to discretephasedesignis the soft-quantizationcon-
ceptproposedby Wyrowski.4 Soft-quantizationconsists,as
shownin Fig. 2, in quantifyingprogressivelythephaseval-
uesof ak in theelementplane.At a giveniteration,only the
points whosephaseis containedinside intervals centered
aroundthe discretephaselevels are quantized.The inter-
valsareprogressivelyenlargeduntil all thephasesarecov-
eredand the CGH is treated.Most of the time, this algo-
rithm is not usedalone, but as the final step of a more
generalschemethat we will refer to hereas the three-step
algorithm.The completedesignprocessstartsby generat-
ing a continuousCGH whereall thepoweris constrainedto
be in the signal ~use of phasefreedomonly!. Then, the
amplitudefreedomis introduced,allowing the signalqual-
ity to increaseat the expenseof the apparitionof noise
outsidethe signal.This resultsin an optimizedcontinuous
CGH.Thenonly, thesoft-quantizationprocessis appliedto
obtainthe discretephaseCGH.A recentvariantwasintro-
ducedin which thesoft quantizationis partially performed,
andrepeatedseveraltimes,thelasttime leadingalwaysto a
completequantization.14 This variant introducesnew pa-
rametersto adjustthe convergenceof the IFTA.

A fourth algorithmof interestis the over-compensation
algorithm proposed by Prongue´ for continuous beam-
splitting elements.10 Although originally introducedasa fi-
nal stepto optimizefurther resultsobtainedby thesimplex
downhill method, over-compensationcan be used alone
with good results.20 The amplitudesAk8 in the signal win-
dow of theoutputplanearemodifiedfor Ak11 accordingto

uAk11u5uAku
^uAk8u&

uAk8u
, ~3!

Fig. 2 Soft quantization on four levels of phase in the complex
plane. At the beginning, the phases are spread over the entire an-
gular interval of 2p (a). They are progressively projected onto the
four phase levels (b) until the quantization process is ended (c).
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where ^uAk8u& is the averageof the uAk8u. Thus, the low
power ordersare set to higher valuesand the high power
ordersareattenuated.This techniquerequirestakingcareof
the conservationof the power, by re-normalizingthe total
power at every iteration.Also, one hasto avoid the cases
wherethe denominatortendstoward zero and implies di-
vergenceof thecorrespondingvalueof uAk11u in Eq. ~3!. It
has to be noted that the amplitudesin Eq. ~3! can be re-
placedby intensities,without changingmuch the conver-
gencepropertiesof the algorithm.20 This algorithm is re-
stricted to binary signal distributions, but can be easily
extendedto generaldistributions,by changingEq. ~3! to

uAk11u5uAku
uAgoalu

uAk8u
. ~4!

Over-compensationwas also proposedsimultaneouslyby
Farn21 andhasbeenrediscoveredrecentlyby Liu.15

Anothervariationof theIFTA worth of interestwaspro-
posedby Arrizón.12 The authororiginally introducedit for
para-geometricalandcontinuoussolutions,i.e., continuous
profiles that are close to solutionsdesignedby meansof
geometricaloptics and whose phasecan be unwrapped.
However, we havefound it interestingto include it in our
tests, even with discretephaselevels, and random start
phasedistributions.It is characterizedby the possibility to
reducethe desiredenergy within the signal,i.e., to usethe
scalefreedom.Wheneverthe uniformity is not improving
enoughduring an iteration, the efficiency goal is slightly
decreased,allowing theuniformity errorto belowered.The
algorithmstopswhena givenuniformity goal is reached,or
in thecaseof stagnation.We havechosenin our testto stop
whena uniformity error of 0.5%wasreached.

Lastly, we studiedanotherrecentalgorithmproposedby
Johansson for continuous profile CGH, called
up-scaling.22,23This algorithmis basedon a conceptsimilar
to over-compensation.Two real-valuedthresholdsare de-
fined in the signalspace,a lower Amin anda higherAmax,
aroundthedesiredrealsignalvalueAgoal. Thesignalorders
arechangedaccordingto

uAk11u5H Amax if uAk8u<Amin

Amin if uAk8u>Amax

2Agoal2uAk8u otherwise

. ~5!

Thenoiseordersarenot modifiedin theoriginal algorithm.
IFTA as describedhere doesnot seemto be tunable,

with the exceptionsof the variationsproposedby Arrizón
andFienup.However, the designerusuallyutilizes a tech-
niquecalledover-tensing,which canbring someflexibility
to error-reductionand its derivatives.This techniqueex-
ploits thescalefactor freedommentionedearlier. Insteadof
replacing the signal amplitude Ak8 by Agoal to generate
Ak11 , thesignalordersarereplacedby gAgoal whereg is a
scalar. If g is superiorto one,the IFTA is said to be over-
tensed,and if inferior to one,under-tensed.We haveused
this techniquein orderto makethe error-reduction,the up-
scaling,and the three-stepalgorithmsadjustable.For the
input-output,we have used the b parameterto tune the
convergence.Over-compensationwasnot tuned,but we re-
tained the configurations of best efficiency and best
uniformity.

3 Test Pattern and Performance Criteria

Thestudyof thevariousalgorithmshasbeenrealizedfor a
very simplesituation,theshapingof a uniform waveinto a
squarelight distribution of uniform intensity. This corre-
spondsto a patternof Norders515315 orders.We havere-
ducedthe study to a small CGH composedof only 128
3128pointsperunit cell. Thestartphaseof thealgorithms
wasrandom,but thesamefor everycomputationto allow a
relevantcomparison.We hadthe option to imposea frame
of zerosaroundthe squarepattern.In this case,the signal
window W containeda sub-windowW0 , as showin Fig. 3.
The results we presenthere were obtainedwithout zero
frame,but we tacklethe topic in Sec.5. Sinceefficiencyis
an important requirementof beam-shapingtasks,the ele-
mentwasa kinoform, i.e., a phase-onlyelement.The task
wasto designsuchanelementwith continuous,eight-level,
and binary profiles.Although we chosethis problemwith
beamshapingin mind, this alsocorrespondsto a classical
beam splitting situation, where the incoming light is di-
vided into 225spotsof equalintensity, locatedon a 15315
grid of points. Consequently, this study is also valid for
beamsplitting applications.

Dif ferent criteria are usually encounteredin the litera-
turefor measuringtheperformanceof illumination designs.
At a given iterationk, the generatedcomplexamplitudeis
composedof pixels that we denoteby the index j. For the
sakeof simplicity, we omit the iteration numberand note
the complexamplitudeAj . The most interestingfor beam
shapingis often the efficiency, the ratio

h5
( j PW\W0

uAj u2

( j uAj u2
~6!

of light in thesignalwindow W\W0 to the total light in the
output space.The intensity presentin the zero frame W0

Fig. 3 The signal window W (in gray) defines the area of the output
space where the constraints are applied. For beam-shaping pur-
poses, it is often decomposed in a zero frame W0 and a non-zero
signal area W\W0 (dashed).
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leadsto a parasiticnoise that cannotbe accountedin the
efficiencyandis measuredby the zeronoise

Z5
( j PW0

uAj u2

( j uAj u2
. ~7!

For beam-splittingelements,which are often designedto
generateequallyintenseorders,theuniformity of thesetof
ordersis oftenmeasuredby its min-to-maxuniformity error

U5
I max2I min

I max1I min
, ~8!

whereI j5uAj u2 andI min5min(I j) andI max5max(I j) arethe
intensitiesof the weakestand the strongestordersof dif-
fractionsrespectively. This errormeasureis alsocommonly
usedin generalillumination design.Anothermeasureof the
uniformity is the normalizedstandarddeviationof the in-
tensityof the diffraction ordersin the signal

s5
@( j PW\W0

~ I j2I mean!
2#1/2

( j PW\W0
I j

~9!

whereI meanis the meanof the signal intensitiesin W\W0 .
Additionally, in the literature,onecanfind othercriteria

suchasthesignal-to-noiseratio ~SNR! or themeansquared
errorE. However, theyaremostlyusefulin designof CGH
for imagegenerationproducinglight distributionswith sev-
eral levels of intensity. We will thus not use them in our
study. For beamshapingelementsgeneratinga binary in-
tensity patternsuch as the oneswe are interestedin, we
prefer the efficiency, uniformity error, andthe zeronoise.

In general,a merit function can be built up from the
previousformulasfor anyspecificdesigntask.Whencom-
paredto direct optimizationtechniques,suchas simulated
annealing24 or direct binary search,25 it is noticeablethat
IFTA cannotuse the merit function to acceptor reject a
changein theopticalelement,andconsequentlycannotuse
it to reliably control theconvergence.Themerit function is
mostly a measureof the evolution of the IFTA process.
Attemptshavehoweverbeenmadeto influencethe algo-
rithm basedon the merit function when it is composedof
antagonisticcriteria, suchas efficiency and uniformity er-
ror, or efficiencyandSNR.11,13,26 In this situation,onecan
approximatelyrelatethe valueof the merit function to the
value of the over-tensing factor g. Thesealgorithms are
howeverdifficult to masterandreliableonly for somespe-
cific merit functions.Additionally and more simply, it is
possibleto monitor themerit functionduring theoptimiza-
tion processand to retain the configurationof the best it-
eration,which canbe different from the ultimate iteration.
Of course,this strategyis only applicablewith algorithms
wherethe completeset of constraintsis satisfiedat every
iteration,which is not the casefor the three-stepalgorithm
becauseof the soft-quantizationnature.

If the result of the IFTA is not satisfying,one can im-
provethe processby chainingvariousalgorithms.Onecan
associateseveralIFTA suchas in the three-stepmethod4,9

or the recentvariationof the over-compensationby Liu.15

One can also associateIFTA to anotherfamily of algo-
rithms, suchasdownhill simplex10 or direct binary search
~DBS!.27 However, in all thesecases,the IFTA stepinflu-
encesstronglythe final results,andthe conclusionsof this
studyarestill relevant.On the otherhand,combiningdif-
ferentfamiliesof algorithmsrequiresmoreexperiencefrom
the engineer. Combinationslimited to IFTA are thusmore
interestingfrom an engineeringpoint of view.

4 Results of the Various Algorithms

We now tacklethe quantitativeresultsobtainedfor the de-
sign problemdescribedin Sec.3 with the algorithmspre-
sentedin Sec. 2. The efficiency h is plotted versusthe
uniformity errorU for theresultingoptimizedsolution.For
eachalgorithm,the differentpointscorrespondto different
valuesof the tuningparameter, mostoften theover-tensing
factor g. The figuresillustrate the overall performancesof
the algorithmsandtheir flexibility. In sucha plot, the data
correspondingto the bestresultsare locatedin the top-left
corner.

With respect to the conditions of computation, two
points have to be stated.First, as previously mentioned,
every optimizationprocessstartedfrom the samerandom
configuration.Second,we ran the samenumberof itera-
tions ~1200! for eachalgorithm.This number, quite large
for IFTA, waschosento ensurethateveryalgorithmwould
reacha stablestate.An exceptionwasmadewhenstagna-
tion was encountered,and the algorithm was exited to
avoid uselesscomputations.For the three-stepalgorithm,
we divided the total numberof iterationsequally between
the threesteps.

4.1 Continuous Phase

Theresultingefficiencyanduniformity error for a continu-
ous phaseCGH are presentedin Fig. 4. As seen,most of
thealgorithmsperformwell. It is noticeablethatsincesoft-
quantizationis not used,the secondandthird stagesof the
three-step algorithm are actually equivalent to error-
reduction. However, the presenceof the first phase-
synthesisstageimprovessignificantly the performanceof
the algorithm. This emphasizesthe role of choosingor
building a goodstartdistribution for IFTA, which the first
stagerealizes.

A further look at the curvesshowsthat threealgorithms
are performing very well. Over-compensation,the three-
stepalgorithm, and the variation by Arrizón are reaching
high efficiency with low uniformity error. Concerningthe
last one, it should be noted that the points are located
aroundU50.5%. This is dueto our designchoice,which
was, as statedin Sec.2, to target 0.5% for this criterion.
Up-scaling,three-stepmethod,and error-reductionappear
to be very tunable,with the presenceof a clear trade-off
betweenefficiencyanduniformity error.

4.2 Eight-Level Phase

Figure5 presentsthe plots of efficiencyversusuniformity
error for the designof an eight-levelelement.The differ-
encewith the continuouscaseis obvious for most algo-
rithms.Both the algorithmsaimedat continuousphasede-
sign ~up-scaling and Arrizón’s variant! and the first-
generationalgorithms ~output-outputand error-reduction!
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Fig. 4 Comparison of efficiency and uniformity error of a continuous profile design with various algo-
rithms; (b) is a magnification of (a).
fail in optimizing the uniformity error. We may, however,
note that all the algorithmsstill performwell from the ef-
ficiency point of view.

Two algorithms are now clearly apart: over-
compensationand three-stepwith soft-quantization.We
will not draw conclusionsfrom this curveabouttheir rela-
tive performance.The differenceis not significant,andwe
have observedoppositeresults for a different problem.28

However, we observethat the three-stepalgorithm allows
us to balanceuniformity versusefficiency, which canbean
interestingfeaturefor the optical designer. The conclusion
is that they both out-perform the other algorithms, and
achievesimilar results.

4.3 Binary Phase

With drasticallyreduceddesignfreedoms,the convergence
of the optimization processis no longer straightforward.
The multiplicity of local optima usually trapsthe process,
andmost of the algorithmsstagnateafter a few iterations.
This is obviousfrom Fig. 6, wherethe gapbetweenover-
compensationand the other algorithms has increased.
Among the not-optimalalgorithms,the three-steponestill
presentsthe option to allow eithergoodefficiencyor good
uniformity by sacrificing the other criterion. Additionally,
up-scalingnow seemsto be the second-bestalgorithm for
overall performance.

An interestingpropertycanbeobservedin Fig. 6 andto
a lesserextentalsoin Fig. 5. Thealgorithmsusingthescale
freedomexhibit curveswith chaoticbehaviors,especially
when comparedto the regularity seenfor continuouspro-
files.This illustratesthefact thatmodifying thescalefactor
~over-tensingand under-tensing! is not a completelyreli-
able parameterto tune the IFTA, as previouslymentioned
in Sec.3.

5 Discussion

In this section,we discussin more details the resultsfor
eachalgorithm,andtry to takeinto accounttheeaseof use
andflexibility in our appreciation.Most of the conclusions
foundherearenot newandhavealreadybeenstatedin the
literature.We merelywant to reassertthemwith respectto
our test.

5.1 General Observations

From the previouscurves,two generalconclusionscanbe
drawn.First, therole of thestartphaseis importantto reach
Fig. 5 Comparison of efficiency and uniformity error of an 8-level profile design with various algo-
rithms; (b) is a magnification of (a).



6

Fig. 6 Comparison of efficiency and uniformity error of a binary profile design with various algorithms;
(b) is a magnification of (a).
a goodsolution.It is responsiblefor thedifferencebetween
error-reductionandthe three-stepalgorithmfor continuous
phase.In practice,the designerwill benefitfrom the possi-
bility to launchseveraloptimizationprocesseswith differ-
ent start phases.He will then comparethe results and
choosethe bestconfiguration.Building a goodstart phase
is alsoa possibility. Para-geometricalsolutions,asseenin
Arrizón’s original article, usually result in a higher
efficiency.12,28

Second,theuseof thescalefactorto tunetheefficiency-
uniformity trade-off is very effective. For phaseelements,
sincetheamountof energy is conserved,this scalefactor is
easily integratedin the algorithmby the over-tensingtech-
nique. In general, over-tensing implies increasing effi-
ciency, while under-tensing meansincreasinguniformity.
The threealgorithmsthat usethis technique,namelyerror-
reduction,three-steptechnique,andup-scaling,are the al-
gorithmspresentingthehighestvariability of efficiencyand
uniformity in our test. Additionally, an advantageof the
over-tensingis that it allows betterconvergencefor multi-
level structures.

5.2 Input-Output Family

As we can seefrom the simulations,choosingthe param-
eter b in Eq. ~1! to tune the performanceof the output-
output algorithm is not effective. Most of the resultsare
similar, with high efficiencyandpooruniformity, with val-
uesof b rangingfrom 0.5 up to 500.Also, the resultsare
similar for the threetypesof DOE, which suggeststhat the
algorithm is not able to take advantageof the additional
designfreedomsof the continuousprofile.

As mentionedin Sec.2, we chosethe variation called
output-output.The reasonof this choice is illustrated in
Fig. 7, where we comparethe performanceof the three
variations. While the overall behavior is the same, the
output-outputexhibits a slightly better efficiency in the
threetests.

Input-outputalgorithmsare usually good for speedof
convergence,and were an appreciableimprovementwhen
introducedin the early eighties.However, they shouldnot
be seriouslyconsideredanymorefor designtasks.
5.3 Over-Compensation

Over-compensationhasconstantlyshowna remarkableper-
formancein this test. It is noticeable,however, that this
techniquehasnot often beenusedin practice.We attribute
this mainly to lack of knowledge,dueto thelow numberof
articles where it was described. Nevertheless,over-
compensationexhibits somedrawbacksthat are not out-
lined by the testwe haveperformedhere.

First, there are design situations where over-
compensationdoesnot achievehigh performance.Indeed,
Eq. ~3! divergeswhenthevalueof thedenominatoris close
to zero.Consequently, over-compensationis often not effi-
cient at imposing zero or low-intensity values inside the
signalwindow. Thus,over-compensationis well suitedfor
flat-topbeamshapingandbeamsplitting, but not for image
generation.Also, it is not optimal for shapinga beamto a
distribution with areasof low energy suchas a Gaussian
profile.

Furthermore,over-compensationis not goodat imposing
windowsof zeroenergy, suchasthe oneillustratedin Fig.
3. The zero noiseN is usually strongerfor this algorithm,
especiallywhencomparedto the three-stepalgorithm.

Fig. 7 Comparison of the results of the three variants of Fienup’s
algorithm, namely input-output, output-output, and hybrid output-
output.
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Lastly, over-compensationis insensitiveto the use of
over-tensing,andwe still haveto seea parameterthat can
allow easytuning.This restrictsthe freedomof the optical
engineer. Sincewith respectto uniformity thefinal iteration
is not guaranteedto be the best iteration, we recommend
theuseof a merit functionduring theoptimizationprocess,
in order to retainthe bestiterationof all.

5.4 IFTA Variation by Arrizón

Theconclusiondrawnfrom thetestis that this algorithmis
only to be usedfor continuousphase,which is the field it
wasproposedfor. Nevertheless,our test showsthat in ad-
dition to the para-geometricstart phaseof the original ar-
ticle, it worksalsowith a randomstartphase.We think that
it is worth implementingthis algorithm, since it gives a
simplecontrol to the designeron the evolutionof the opti-
mizationprocess.The centralideaof the algorithm is that
since uniformity and efficiency are competing,and since
over-tensingtheIFTA increasesefficiencyat theexpenseof
uniformity ~and vice versa!, the over-tensingis decreased
progressivelyuntil acceptableuniformity is reached.This
ideacould be appliedto otheralgorithms,at the condition
that they areaffectedby over-tensing.

5.5 Three-Step with Soft-Quantization

This algorithmexhibitsvery interestingcapabilities.While
it is comparableto the over-compensationin performance,
it canbeappliedfor a muchwider rangeof designs,suchas
imagegeneration,sinceit is not sensitiveto thepresenceof
signalordersof low value.

On the otherhand,a typical drawbackof this technique
is the presenceof isolatedpixels in the CGH pattern.Ap-
plication of filters suchas the medianfilter hasbeenpro-
posedto overcomethis issue.29 Theover-compensation,on
theotherhand,seemsto benaturallyimmuneto this defect,
andgenerallygeneratesmoresymmetricalpatterns.

We havementionedin Sec.2 the existenceof a recent
variationof thesoft-quantizationstep,proposedin thefield
of imagegeneration.We havetestedthis algorithm in our
beamshapingproblem,and havenot found it to produce
significantly better CGH. Since it introducestwo supple-
mentaryparameterswith no straightforwardphysicalsigni-
ficationandthusrequiresmuchmoreexperience,we advise
optical engineersto considerthe three-stepalgorithmwith
soft-quantizationas a better candidatefor beam shaping
and beam splitting problems.The comparisonfor image
generationis the subjectof Ref. 14.

Finally we would like to point out thatour experienceis
that the three-stepalgorithm performsvery well with re-
spectto thenoiseN of Eq. ~7! whena window of zerosW0
is imposed,as illustratedin Fig. 3.

6 Conclusions

We havecomparedvariousvariationsof the iterativeFou-
rier transformalgorithm in order to give the optical engi-
neeradvicefor the choiceof the mostsuitedprocedureto
design phase-onlycomputergeneratedholograms.Three
algorithmshaveshowngood performancesfor continuous
phaseelements,namelyArrizón’s variant, three-stepwith
soft-quantization,andover-compensation.The last two are
alsotheonly onesthatexhibit goodperformanceswhenthe
phaseis quantized.We advisetheopticalengineerto avoid
outdatedalgorithmsandto concentrateon thesethreevari-
ants in order to have fast and effective designprocesses
whenaiming at beamshapingandbeamsplitting.

Additionally, we have stressedthe needto take some
carein the choiceof the startpoint of the IFTA, andhave
shown the possibility to adjust the variants,which is an
importantparameterfor the designer.

It mustbe notedthat the problemwe haveusedexhib-
ited a low degreeof designfreedom,dueto thesmallnum-
berof pixelsused.In practice,thedesignershouldincrease
the number of pixels for such a design to obtain better
results.We chosethis situationasit outlinesthe capability
of the algorithmsto performwell with drasticdesigncon-
straints.
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