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Abstract. Formal concept analysis (FCA) has become a popular method
for analyzing data across various domains in which data bases can be
analyzed regardless of their contexts. With its properties FCA is of big
interest in the context of Big Data. However, the complexity of the basic
FCA analysis algorithms often prohibits its use in general production
tool chains for data analysis. In this paper we show how to overcome
some of these problems. In the first step we show how to implement the
well known NextClosure in efficient way in Python (a preferred language
in the context of ad-hoc data analysis) which is several times faster the
other published algorithms. In the second step we show how our imple-
mentation can be parallelized on common hardware by strictly using the
best sequential algorithm which differs in an important way form so far
published parallel algorithms for FCA.

Keywords: Formal concept analysis, NextClosure, Parallel program-
ming, Binary computation.

1 Introduction

Nowadays, Big Data has entered to a new era and new data is produced every
day. The processing of such huge amounts of data as fast as possible has now
become a must. Without having the ability to quickly process newly acquired
data, collected by variety of devices and techniques, we can not expect to reach
the milestones already set in Big Data.

Formal concept analysis (FCA) [1-3] has become a popular method for ana-
lyzing data across various domains including knowledge discovery, data mining,
and social networks [4-7]. The significance of FCA for data analysis is that it
provides a unique framework in which datasets can be analyzed regardless of
their contexts. Using FCA, we can describe the relationship between a set of
objects and a set of attributes. One of the key outputs of FCA is the set of for-
mal concepts that mathematically represent the usual notion of concepts. How
to extract formal concepts from a dataset has been extensively studied by many
researchers [1,8,9]. Among the proposed algorithms, such as CbO [10-12], In-
Close [13], and UpperNeighbor [14], it has been shown that NextClosure (NC) [1]
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is one of the most promising methods as it needs much less time for implemen-
tation compared to its counterparts [15]. There are many other implementations
that have their advantages, but NextClosure is one of the best general purpose
algorithms.

The major idea behind NC is that is does not calculate all the possible intents
that could be considered. Based on a clever ordering and based on previously
constructed intents the next potentially useful intents are created. In this way
a lot of unnecessary works can be avoided. But for the purposes of what we
intent to do in this paper, namely speeding up this algorithm using an optimal
sequential implementations and parallelization, this very sequential nature is a
major challenge.

Nowadays, datasets are much bigger than in the past. Processing huge amounts
of data requires fast algorithms, methods and tools that enhance the perfor-
mance of the existing algorithms. There are multiple dimensions that have to
be considered. Very often data analysis on large datasets requires ad-hoc solu-
tion. Therefore, key parts of algorithms should be easily implementable or at
least easily adjustable. To achieve this goal, flexible programming environments
(or prototyping environments) are used. These environments evolved over time,
currently the Python programming and scripting environment is indeed one of
the most popular ones. However, the flexibility and prototyping characteristics
of these environments come at certain price. Most of the straightforward imple-
mentations of algorithms are not very efficient during execution.

In this paper we present two aspects of how to overcome the efficiency prob-
lems mentioned before. The first one is to implement the algorithms in such a
way that they represent as close as possible that mathematical definition of the
algorithm and allowing for an easy maintenance. The second aspect is to show
how these algorithms can be sped using parallelism by activating all cores of
modern CPUs.

We first briefly review the standard NC algorithm which is proposed to be
implemented in a set-based manner. We then provide a binary-based version of
the implementation that speeds up that algorithm based on set-notations. How-
ever, the logic underlying the algorithms did not change at all. We then adjust
the binary-based code such that it maximally uses all available cores in multi-
processor machines, without changing the logic of the algorithm. This means
that this is not necessarily the best parallel implementation but it maintains the
flexibility we requested for the algorithms to maintain the possibility of their
easy adjustment to new situations. We show that the parallel computation can
significantly speed up the execution even further, specially for large datasets.
Finally, we study the effect of the number of processors involved in processing
on the time spent for the execution. We show that the time required for the ex-
ecution reduces as the number of cores increases. This is particularly important
for the analysis of Big Data.

Although this paper does not propose a novel algorithm for calculating the

formal concepts (it is actually the opposite, we try to stay as close as possible
with the formal specification of the NC algorithm), it provides practical messages
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about how to efficiently implement NC, and possibly other existing algorithms,
with the goal of maximally using all available resources including binary calcu-
lation as well as parallel programming.

2 The Theory

There are many theoretical introductions to Formal Concept Analysis. We are
following here the notation and presentation given in [3]. The relationship be-
tween a set of objects X (rows) and a set of attributes Y (columns), represented
by a binary table I, forms a formal context denoted by a triplet (X, Y, I). Here, I
can be viewed as a | X| x |Y| binary matrix such that if I(z,y) = 1 it means that
object x € X has attribute y € Y. In this paper we express X with {1,2,...,m}
and Y with {1,2,...,n}, indicating that there are m objects and n attributes.

The up and down operators, respectively denoted by w and d, are two key
operators by which we can extract the set of formal concepts embedded in a
formal context. The up operator u is applied to a subset A C X of objects
and returns a subset A* C Y of attributes such that each object x € A has all
attributes y within A*. Similarly, the down operator d is applied to a subset
B C Y of attributes and provides all the objects B* C X that all attributes
within B have in common. A formal concept is a pair of (A, B) such that A* = B
and BY = A. If {(A1, B1),(As, Ba), ..., (A,, B,)} denotes the set of all formal
concepts, then {4, As,..., Ay} is called the set of extents and {B1, Ba, ..., By}
is called the set of intents.

The idea behind NextClosure (algorithm 1) is that it extracts the set of all
intents in a mathematical ordering fashion, known as lexicographic ordering. So
it does not require to check whether each of 2™ subset of attributes is an intent.
Therefore, it takes much less time than the naive approach for extracting all the
intents. Note that the number of subsets B C Y exponentially increases with
the number n of attributes. Moreover, having intents, ordered in lexicographic
fashion, facilitates concept lattice generation which is not in the scope of this
paper (see [3] for more information on FCA and NC).

A naive approach for implementing NC, as presented in algorithm 1, is based
on using set operators such as union and intersection. Applying these operators
on the sets of integers (here, objects and attributes), could be time-consuming.
The implementation of this approach using native Python operators is given in
algorithm 2. This algorithm illustrates how next intent B, is created from B,_;.
It is an almost textual translation of the mathematical definition. This imple-
mentation is very compact and it is particularly well suited for doing theoretical
work. However it is not very efficient from an execution time point of view, as
we will show later.

2.1 Binary-based implementation of NextClosure

In the binary-based implementation of NC, we use another property of Python
namely integers of arbitrary length. We can easily see that the set-operators can
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Algorithm 1 NextClosure [1, 3]

Input: (X,Y,I) # formal context
Output: Int # set of all intents (initialized as empty set)

: B = (04" « # the least intent

: Int.Append(B) # store B in the set of intents

while not(B =Y) do
B + BT # replace the current intent B with the next intent B
Int.Append(B) # store the intent

: endwhile

S I e

Bt = B® i where i is the greatest one for which B <; B® 1
Bai= ((BN{1,2,..,i—1}u{ip")"
B<;B < ieB \Band BN{1,2,...,i—1}=B'n{1,2,...,i— 1}

Algorithm 2 Set-based computation of next intent from previous intent

1: def NextIntent(B): # returns the next intent BT from the previous intent B
2:  for i from n-1 to O:

3 res = set(range(i)).intersection(B) # computes BN{0,1,...,4— 1}
4: B’ = Up(Down(res.add(i))) # returns B @ ¢ (full detail is skipped)

5 if LexicoLessThan(B,B’,i): return B’ # return B’ if B <; B’

def LexicoLessThan(B,B’,i): # check whether B <; B’

if i not in B’-B: return False # to see if i € B'\ B

h = set(range(i))

if h.intersection(B) == h.intersection(B’): return True
10: else: return False
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be implemented as logical operators on bit-string which are representing set-
membership relations. In this implementation an object x € X having attributes
y € Y is represented by a bit-string where each 1 represents the presents of an
attribute and 0 the non-presence. Therefore, an object € X can be represented
as a long integer in Python. This way we can speed up the execution of NC by
skipping unnecessary computations that are imposed by the nature of set-based
calculations.

The first step for binary-based computation of NC is to interpret each binary
row/column of the table I as an integer number expressed in the base-2 numeral
system. For instance, if the first object (corresponding to the first row of table
I) is identified by [1,0,1,1,0,0], we view it as number 2% 422 +23 = 13, because
the attributes of this object include 0, 2, 3. Note that in contrary to the standard
notion, in which the attributes are indexed from 1 to n, in the binary version we
index the attributes from 0 to n — 1 as it makes computation easier.

A formal context (X,Y,I) in the binary-based approach is transformed into
two vectors rows and cols with m and n elements, respectively. Each element of
rows corresponds to one row of the table I indicated by a number. For example,
the number 2" — 1 corresponds to an object which has all the attributes and
number 0 corresponds to an object which does not have any attributes. Similarly,
each element of cols, corresponding to a column of table I, lies in the range 0
and 2™ — 1.

Such a representation makes many computations easier. For instance, the
intersection of the current intent B with {0, ...,7 — 1} can be easily implemented
in binary representation by calculating the remainder of the division of B by 2°.
Union operator U with an attribute {i} which is currently not present can also
be easily implemented by adding 2°. The algorithm 3 summarizes functions that
we used for NC implementation in the binary approach.

2.2 Parallelization of the binary-based code

To show the implementation of a parallel version of the binary-based version of
our NC algorithm we decided to illustrate how to parallelize the up operator.
This parallelization is straight forward as the Python code shows.

Algorithm 3 shows that the up operator requires an iteration over all the
objects corresponding to the rows of the binary table for a given formal con-
text. For large datasets, this iteration could be very time-consuming. Using all
available cores can speed up this operation (that is frequently used in NC imple-
mentation) by simply asking each core to iterate over a subset of rows. In other
words, we split the binary representation in equal chunks and sending them to
workers. Once the processing of each worker is finished, the results of all workers
are merged to return the final output. This simple technique can significantly
speed up the execution time. The python-code for how the up operator can be
parallelized in the binary-based version is given in algorithm 4. Although the full
details of implementation is not provided, it gives the idea of how to parallelize
the up operator in the NC algorithm.
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Algorithm 3 Functions used in NC - Binary approach - Python notation

1:
2:

11:
12:

13:

14:

15:

16:
17:

18:

19:
20:
21:
22:

23:
24:
25:
26:
27:

28:
29:
30:
31:
32:
33:
34:
35:
36:
37:

def Up(A): # up operator, A is a number representing a subset of objects.
r = 2x*n - 1 # assume that objects within A have all attributes in common
for j from O to m-1: # iteration over rows of the table
if A & 1 << j: # if j-th bit of A is 1 (meaning that A contains j-th object)
r = r & rows[j] # logical "and” between r and j-th row of table
return r

def Down(B): # down operator, B is a number representing a subset of attributes.
r = 2%*m - 1 # assume that attributes within B have all objects in common
for i from O to n-1: # iteration over columns of the table
if B & 1 << i:# if i-th bit of B is 1 (meaning that B contains i-th attribute)
r = r & cols[i] # logical "and” between r and i-th column of table
return r

def LexicolessThan(B,B’,i): # checks whether B <; B’ (lexicographic inequal-

ity)
if i==0: return True
# whether BN {0,1,...i — 1} = B'N{0,1,...i — 1}
if (B % 2%%i) != (B’ % 2%*¥i): return False

# if i belongs to B’ but not to B
if not (B & 1 << i) and (B’ & 1 << i): return True
else: return False

def Oplus(B,i): # for the computation of B & i where B indicates subset of
attributes

if i==0 : r =0

else: r = B Y 2**i # computing intersection BN{0,1,...,: — 1}

r = r + 2%*i # union with {¢}

return Up(Down(r))

def NextIntent(B): # the next intent that is lexicographically bigger than B
for i from n-1 to O:
B’ = Oplus(B,i) # computing B & i, starting from biggest ¢
if LexicoLessThan(B,B’,i) # if B <; B’ then the next intent is B’
return B’

def NextClosure(): # returns all the intents of a formal context

res = [ ] # an empty list of intents

Y = 2%x*m - 1 # corresponding to the set of all attributes

B = Up(Down(0)) # the least intent corresponding to ((9)%)“

res.Append(B) # store the least intent

while B != Y do: # until the current intent is not the set of all attributes
B = NextIntent(B) # replace the current intent with the next one
res.Append(B) # store the next intent

endwhile

return res
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Algorithm 4 Parallelization of the up operator in the binary-based code
1: def UpParallel(worker, A): # each worker is assigned to a core
2:  Results = [worker.apply_async(Up, args=(A, RowIndexStart,
RowIndexEnd)) for core in range(NumberOfCores)] # each worker is re-
sponsible for processing a chunk of table

30 Y =2%xn - 1

4: for res in Results:

5: Y =Y & res.get() # merging the results obtained by workers

6: return Y

7: with multiprocessing.Pool(NumberOfCores, Func, FuncArg) as workers:
8:  NextClosure(workers) # execute NC using all workers

3 Results

This section provides simulation results which consist of three comparisons. We
selected them to represent a wide range of tests we conducted, because they
depict very well the behavior of all these tests. In section 3.1 we compare the
binary-based implementation of NC with the set-based version to verify that
the former outperforms the latter specially in cases of larger datasets. We then
in section 3.2 investigate the significance of parallel programming in speeding
up the NC implementation by comparing the sequential versus the parallelized
version of the binary-based approach. Finally in section 3.3 we show that if the
dataset is big enough, the time required for executing NC reduces as the number
of cores involved in processing increases. For all the executions in this paper, we
used the following machine: 1z AMD64 with 8-core Processor @ 3.11 GHz, RAM:
16 GB, OS: Windows 10 Pro.

3.1 Binary-based versus Set-based computation

We execute NC using two versions of the same algorithm. The first one is based
on the set operators and the other one is based on the binary operators. Each
dataset is created artificially as a binary table whose elements are independently
chosen as 0 or 1 with probability 0.5. The number of attributes in each dataset
is set to 15 and the number of objects is varied from 300 to 900. Fig. 1 depicts
that the time required for the execution using the binary-based code is less than
that in the set-based version. Moreover, the difference between corresponding
execution times increases as the number of objects increases. That means the
significance of binary computation in reducing required time for the NC execu-
tion is highlighted specially for large datasets with big number of rows/columns.

We further compared our binary code with the concepts module written in
Python that is frequently used for analyzing formal contexts. Table 1 reports the
average time spent for executing NC on different-sized datasets. Results are av-
eraged over 5 different simulations. It clearly shows that binary-based approach
is much faster than the concepts module, even for the small datasets. This
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Fig. 1. Binary-based execution (blue curve) of the NC algorithm requires less time
(vertical axis) than its set-based version (green curve). The number of attributes in
this simulation is set to 15 and the number of objects (horizontal axis) is varied from
300 to 900. Each simulation is repeated 5 times with different datasets to make sure
that the result is not biased by the choice of the binary table. The dots on the curves
indicate the mean spent time and the error bars indicate the corresponding standard
deviation.

numbers should not be considered as an absolute comparison, because both im-
plementations are aiming at very different targets and they must not be realized
exactly as the same work. The intention is only to show that our basic imple-
mentation is quite efficient, which also underlines the importance of the parallel
results, because we compare them with a quite efficient sequential algorithm.

Table 1. Average time required for executing NC using binary-based and python
module concepts.

Spent time [s] for executing NC
Table size Binary-based |concepts Module
10 x 5 0.0004 0.0013
20 x 10 0.0055 0.0257
50 x 10 0.0180 0.2309
100 x 10 0.0365 1.0131
200 x 12 0.2316 12.368
300 x 15 1.2937 140.37
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3.2 Parallel versus Sequential approach

In this section we investigate whether parallel programming can speed-up the
NC implementation and if yes, under which conditions. We parallelized only
the up operator of the binary code, which was shown (in section 3.1) that it
outperforms the set-based version. Therefor, we start from our best sequential
algorithm. The goal of the parallel implementation is to use all the available
cores of the computing machine to be involved in processing of the up operator.

Our expectation was that if the number of rows is sufficiently large, paral-
lelization has a positive effect in reducing the time required for NC executions.
This, however, might not be the case if the dataset is too small. The reason is
that task distribution between available cores is also time-consuming. Therefore,
it might not be reasonable to spend some time for task distribution over avail-
able cores when a sequential approach can handle the task itself in a very short
amount of time. The same argument can be used for explaining why we did not
parallelize the down operator since the number of attributes in our examples is
not big enough.

We tested our hypothesis by executing the NC algorithm on databases with
15 attributes; but with different number of rows ranging from 3000 to 9000.
As depicted in Fig. 2 the average time spent for executing NC using our paral-
lel approach (using all 8 cores) is less time consuming than the best sequential
approach, when the number of rows is bigger than roughly 4200. When the num-
ber of rows is small, the sequential approach takes less time in average. We can
conclude that for relatively small datasets we can start to gain in performance
by using parallelization. As this parallelization is very easy to realize and to
maintain, this opens some interesting possibilities even for theoretical work.

3.3 Parallel implementation using different number of cores

In order to see how the time required for the NC execution varies as a function
of cores involved in processing, we apply NC using different numbers of cores
on three databases. All databases have 15 attributes; but with different number
of objects. Figure 3 shows that when the number of rows corresponding to the
number of objects in a dataset reach a certain level, then the time required
for NC reduces as the number of cores increases. This makes sense because
parallelization in general speeds up the execution. This statement is, however,
not always true. In the case when the number of objects is small the execution
time goes up with the number of cores (see the blue curve in Fig. 3). This is
because that the task distribution among the cores is time-consuming and this
time actually increases with the number of cores.

4 Conclusion

In this paper we proposed to use two techniques that are usually used for speed-
ing up the execution of algorithms: (1) binary computation and (2) parallel
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Fig. 2. Parallel versus sequential execution of the NC algorithm. The time (vertical
axis) required for the parallel execution of NC (blue curve) is less than the time needed
for our best sequential implementation (green curve) if the number of objects is suffi-
ciently big (here, > 4200). The figure depicts the average time spent for executing the
NC algorithm on databases with 15 attributes and different number of objects (hori-
zontal axis). Each database is created artificially as a binary table whose elements are
independently chosen as 0 and 1 with probability 0.5. Each simulation is repeated for
5 times. Error bars indicate the standard deviation of the corresponding spent times.

programming. We specifically applied these two techniques to the NextClosure
algorithm, a fundamental tool for extracting formal concepts from a context. At
the same time, we insisted on maintaining implementations that are very close
to the formal definitions of these algorithms in order to conduct practical as well
as theoretical work. We showed that if datasets are large, both techniques reduce
the time required for executing the NC algorithm over the standard algorithms
based on sets. We also noticed that both proposed techniques do not necessarily
create a speedup when the dataset is not sufficiently large.

The work presented here is the basis for our future projects where we expand
our ideas to a wider range of parallel architectures. We would expect that taking
advantage of other types processing infrastructures that are readily available can
speed up the NC implementation even further and make it interesting for a large
audience. We have also some promising results for improving the sequential algo-
rithms as well, which could open the door for FCA to become more widespread
also in the context of Big Data.
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Fig. 3. Parallel execution of the NC algorithm using different number of cores. Three
databases with 15 attributes and different number of objects are chosen. Increasing the
number of cores reduces the time spent when the number of rows is sufficiently large
(red curve corresponding to 10,000 rows). If the number of rows is not big enough
(blue curve with 1,000 rows), the time spent increases with number of cores. This is
because the time required for task distribution over cores itself is not negligible. For the
intermediate number of rows (red curve with 5,000 rows) the spent time lies between
the two extremes. Once again each dataset is created artificially as a binary table whose
elements are independently chosen as 0 or 1 with probability 0.5. Each simulation is
repeated for 5 times. Error bars indicate the standard deviation of the spent time.
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