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Evaluation et développement de stratégies pour la coordination d’échantillons

et ’inférence statistique dans les enquétes par sondages

Résumé Cette these de doctorat se concentre sur deux sujets importants de la théorie des
sondages. La premiere partie traite du probleme du fondement de I'inférence statistique en
populations finies. La seconde partie traite de la question de la coordination d’échantillons
dans le temps. La these est basée sur quatre articles, dont trois ont été déja publiés dans
des revues internationales et le quatrieme a été soumis pour publication.

Dans les premieres chapitres de la these, on discute de 'optimalité de strategies com-
posées d’'un plan d’échantillonage et d’un estimateur. On démontre que la strategie qui
consiste a utiliser 1’échantillonage équilibré avec des probabilités proportionnelles aux er-
reurs du modele linéaire, et 'estimateur de Horvitz-Thompson est optimale sous le plan
et sous le modele. En suite, on montre que cette strategie est toujours robuste et efficace
dans le cas ou le modele s’avere faux en prenant un exemple sous le modele polynomial.

Les dernieres chapitres traitent un premier temps de la coordination d’échantillons
stratifiés, des méthodes existante dont on compare la qualité de coordination et I’optimalité
a laide d’une étude de simulation. On propose de nouvelles méthodes basées sur des
microstrates et on teste, a nouveau par simulations, leur validité. Enfin, on a réalisé
une étude plus fondamentale de 1’échantillonage répété dans le temps. On y présente les
plans longitudinaux les plus connus. On note qu’il y a un antagonisme entre une bonne
coordination et le choix libre d’'un plan transversal. On propose également une nouvelle

méthode qui peut remédier a ce probleme.



Abstract This Ph.D. thesis concentrates on two important subjects in survey sampling
theory. One is the problem of the foundation for statistical inference in finite population
sampling, and the other is the problem of coordination of samples over time. The thesis is
based on four articles. Three of them are already published and the last one is submitted
for publication.

First, we show that the model-based and design-based inferences can be reconciliated if
we search for an optimal strategy rather than just an optimal estimator, a strategy being a
pair composed of a sampling design and an estimator. If we accept the idea that balanced
samples are randomly selected, e.g. by the cube method, then we show that, under the
linear model, an optimal strategy consists of a balanced sampling design with inclusion
probabilities that are proportional to the standard deviations of the errors of the model
and the Horvitz-Thompson estimator. Moreover, if the heteroscedasticity of the model is
‘fully explainable’ by the auxiliary variables, then the best linear unbiased estimator and
the Horvitz-Thompson estimator are equal. We construct a single estimator for both the
design and model variance. The inference can thus be valid under the sampling design
and under the model. Finally, we show that this strategy is robust and efficient when the
model is misspecified.

Coordination of probabilistic samples is a challenging theoretical problem faced by sta-
tistical institutes. One of their aims is to maximize or minimize the overlap between several
samples drawn successively in a population that changes over time. In order to do that,
a dependence between the samples must be introduced. Several methods for coordinating
stratified samples have already been developed. Using simulations, we compare their opti-
mality and quality of coordination. We present new methods based on Permanent Random
Numbers (PRNs) and microstrata which have the advantage of allowing us to choose be-
tween positive or negative coordination with each of the previous samples. Simulations are
run to test the validity of each of them. Another aim of sampling coordination is to obtain
good estimates for each wave while spreading the response burden across the entire pop-
ulation. We review the existing solutions. We compute their corresponding longitudinal
designs and discuss their properties. We note that there is an antagonism between a good
rotation and control over the cross-sectional sampling design. In order to reach a compro-
mise between the quality of coordination and the freedom of choice of the cross-sectional

design, we propose an algorithm that uses a new method of longitudinal sampling.
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Chapter 1

Introduction

1.1 Finite population, Sample, and Sampling Design

The term finite population survey sampling consists of the three basic elements: survey,
finite population, and sampling, which are genuinely interrelated to describe the statistical
methods used for the collection of data from a finite population, selecting a part of this
population, observing the selected part with respect to some characteristic of interest and
then making inference about the whole population. Particularly, a finite population U is a
set of N units. Each unit can be identified by a unique label. Let {1,... k,..., N} denote
the set of these labels. The size of the population, N, is not necessarily known. A sample

without replacement is a subset of U and in vector notation is presented as
S = (81,88 ...,5n) €{0,1}V,

where
{ 1 if unit k is in the sample
S —

0 if unit & is not in the sample,

for all k£ € U. The sample size is n(s) = > ,.cis Sk-

A support Q is a set of samples. In probability sampling (see, for instance, Sdrndal
et al., 1992) the selection of the sample is based on a random procedure on Q). A sampling

design p(s) is a probability distribution on the samples of U. Let S be the random sample,

1



2 CHAPTER 1. INTRODUCTION
i.e. the random vector of R, whose distribution is given by

Pr(S=s) =p(s),s € Q.
The support of a sampling design p(-) is defined by:

p(s) >0, for all s € Q,

and

Z p(s) = 1.

s€Q
Given a sampling design, the probability that unit k is in the sample, or the first-order
inclusion probability, is denoted by m; and m® = (m)1<k<n is the inclusion probability

vector which van be derived from the sampling design as follows:

T = Z sp(s).

sCU

The second-order, or joint, inclusion probability m, is the probability of selecting units k
and ¢ together in the sample, and 7, = 7. The matrix of joint inclusion probabilities is
given by

Il = Z ss'p(s).

1.2 Statistical inference in finite population survey sampling

In survey sampling, the foundational aspects of inference have been a main topic of interest
in the last 40 years. The statistical inference in finite population sampling can be design-
based, model-assisted or model-based. In the first two approaches, the inference is based
on the stochastic structure induced by the sampling design. In the model-based approach,
however, the inference is based on the probability structure of an assumed statistical model,
often called a superpopulation model.

Design-based inference is the standard mode of inference in finite population sampling
and is described in many papers (see, for instance, Hansen et al., 1993a,b; Kish, 1965;
Cochran, 1977). In design-based inference, the population units have fixed but unknown

values yi, k € U. The variable of interest, Y, which is a function of y; can be a total, a mean
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or a more complex function. The aim is to obtain an estimator of Y and a variance estimator
which are unbiased or approximately unbiased in expectation over the distribution of all
possible samples that could be selected with the given sampling design. A well-known
design-based estimator is the Horvitz-Thompson estimator, or the m-estimator, developed
by Narain (1951), and Horvitz and Thompson (1952). The observations are weighted
by the inverse of the inclusion probabilities, which are also called design weights. The
Horvitz-Thompson estimator of the population total Y = >, -;; yx is given by:
v, =S %,
. kezs -

This estimator is design-unbiased, for any sampling design with 7 > 0,k € U, since

Ep(f/) =Y, where E, denotes the expectation taken with respect to the sampling design

~ ~ 12
p(+). The design variance is given by var,(Y) = E, {Y - Ep(Y)} . Design-unbiased vari-
ance estimators have been derived by Horvitz and Thompson (1952), and Sen (1953) and
Yates and Grundy (1953) for a fixed sample size design.

Auxiliary variables are often available in the sampling frame and can be used to increase
the sampling efficiency. In some cases, the values of an auxiliary variable, denoted x, are
known for all the units of the population, in other cases we know just the population total
X = ) k. An auxiliary variable can be used to create the sample design in order to
increase the precision of the m-estimator, e.g. in probability proportional to size (pps)
sampling where the inclusion probabilities satisfy m; o< xx, where xi, k € U are known,
positive values. The available auxiliary information can also be used at the estimation
stage, i.e. the auxiliary variables enter directly into the estimator formula, under the
assumption that they covary with the study variable. This is the case in the model-based

and model-assisted frameworks.

The model-based, or prediction, approach uses a superpopulation model to describe
the finite population, i.e. the values yi,...,yn are assumed to be the realization of a

superpopulation model £ defined as:

yr = x5 + e with
E¢(ex) = 0,
varg (ey,) = vio?,

COV§(€]€, 6@) = 0,
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where k # ¢ € U, the x; are not random and known, and the quantities v, are assumed
known. We can write the population total Y = ", -, yx = > 1cg Uk + D _pes Yk, Where S
denotes the set of units in the population which are not in the sample S. As the sample
total is known, the problem of estimating Y comes to predicting the sum of the non-
sampled population units. The properties of the estimator are derived with respect to the
model €. An estimator Y is said to be model-unbiased if E¢ (}7 —Y) =0, where E¢ denotes
the expectation taken with respect to the model. Hence, the model mean squared error,
also called the error variance, is ES()A/ -Y)?= varé(f/ -Y)+ Eg(f/ —Y). In the model-
based approach, the challenge is how to specify the model correctly. The major weakness
is that in case of misspecification of the model, the prediction could be unreliable. For a

comprehensive review of the model-based approach, see Valliant et al. (2000).

Models are used also within the design-based framework, but in a model-assisted way
according to the terminology of Sarndal et al. (1992). The role of the model £ is how-
ever slightly different than in the model-based framework. The model describes the finite
population, i.e. we suppose that the finite population looks as if it were generated by the
model &, but no such assumption is made. Thus, the inference about the finite population
parameters is independent of model assumptions, i.e. the basic properties of an estimator
are independent of where the model holds or not.

The debate between the design-based and model based proponents goes back to Royall
(1970). It continues in Smith (1976, 1994); Hansen et al. (1983); Kish (1995). Kalton
(2002) presents a good review of the use of models in survey sampling. A good summary
of the problem is given in Little (2004): ‘Many survey statisticians adopt both design and
model-based philosophies of statistical analysis, according to the context. For example,
descriptive inference about finite population quantities based on large probability samples
are carried out using design-based methods, but models are used for problems where this
approach does not work, such as non-response or small area estimation. This pragmatic
approach has increased in popularity since battles over the ‘foundations of survey inference’

in the 1980’s subsided.’

1.3 The sample coordination problem

Another major issue in survey sampling is the problem of coordination of samples when

dealing with repeated sampling designs. It is a commonly faced problem by the national
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statistical agencies, i.e. in official statistics. Populations which can be households, busi-
nesses or other entities are sampled on two or more occasions. We distinguish two main
types of coordination. In negative coordination, the aim is to minimize the overlap (the
number of common units) between several samples drawn on consecutive occasions, while in
positive coordination we want to maximize this number. This can be achieved by creating
a dependance between the samples.

When sampling over time, we may be interested in two diametrically different aspects of
the repeated sampling problem. One is the cross-sectional aspect, when we want to estimate
some characteristic of the population on each occasion. The other is the longitudinal
aspect, when we want to measure the changes being differences between, or ratios of, the
corresponding estimates for the different time periods.

Some samples may be designed to retain the same sample units in all consecutive
surveys. Subsequently, they may be subject to changes over time due to births (addition of
new units to the population) or deaths (loss of units from the population). In this case we
refer to the population as a dynamic population. Sometimes it is not possible to subject
the same sample units to repeated surveys for a long time. In this case, we fix a proportion
of the sample which will be replaced after a given number of surveys. This predetermined
proportion is called the rotation rate, and the whole process, sample rotation.

The first papers on coordination were written by Patterson (1950) and Keyfitz (1951).
These first works present methods which are in general restricted to two successive samples
or small sample sizes. At a later stage, Kish and Scott (1971) generalized the coordination
problem in the context of a larger sample size.

An important concept in coordination based on permanent random numbers (PRNs)
was introduced by Brewer et al. (1972). Most of the national bureaus of statistics use
variations of methods based on PRN sampling. Ohlsson (1995) gives an overview of PRN
methods with implementation in different countries.

Let U? denote the population at time ¢, for t = 1,2,...,T — 1,T. At time ¢, a sample

without replacement is a subset of the population U?. The sample is denoted by a vector
N
st =(st,...,sh, ... s%) €{0,1}",
where

" { 1 if at time ¢, unit & is in the sample
k =

0 if, at time ¢, unit k is not in the sample,
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forall ke U.

At time t, the first-order inclusion probability and the joint inclusion probability are
denoted, respectively, by W,'; and 7'(‘]24, where k,¢ € Ut,t = 1,...,T. The longitudinal
inclusion probability, for times ¢ and u, is denoted by 772,", EkeUNUt,u=1,...,T.

Due to the Fréchet bounds, we have, for times ¢ and wu:
max(0, 7}, + 7f — 1) < 7 < min(7, 7}).

If, at times 1 and 2, two samples are drawn independently without coordination, then, for
all k e U, 7'(‘]17'(']% = 7'(‘]12. In positive coordination, for all £ € U, the longitudinal inclusion

probability must satisfy the conditions
mime < w2 < min(wf, 75).

In negative coordination, for all £ € U, the longitudinal inclusion probability must satisfy
the conditions

max(0, 7} + 73 — 1) < mp2 < mhwi.

In the last case, the longitudinal inclusion probability can be zero only if ﬂ,}: + 71,3 <1

The response burden of a survey is usually quantified in terms of the time needed to
complete the questionnaire. However, other aspects of response burden exist: for example,
how difficult it is to provide the information or how sensitive the question sent to the

respondent is. Therefore, the response burden can vary from one survey to another.

Consider a population U split into H parts U}, called ‘strata’, such that
U Uy =U and U,NU; =0,

for all (h,7) with h # i. A design is called stratified if a random sample S}, of fixed size
ny, is selected in each stratum Uy, and if the sample selection in each stratum is taken

independently of the selection done in all the other strata.

The coordination of stratified samples is a more complex problem. The main reason is
that, over time, units usually change from one stratum to another. Several methods, the
Kish & Scott method presented in Kish and Scott (1971), the Cotton & Hesse method pre-
sented in Cotton and Hesse (1992b), the Dutch method (EDS) described in De Ree (1983),
Van Huis et al. (1994a,b), Koeijers and Willeboordse (1995), and the Riviere method pre-
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sented in Riviere (1998, 1999, 2001a,b), have already been developed in order to obtain
maximal or minimal coverage between samples drawn on different occasions.

The quality of a coordination procedure can be measured using four possible criteria:
1. the procedure provides a controllable degree of overlap;

2. the sampling design is respected in each selection;

3. for each unit, a fixed time out of sample is respected;

4. the procedure is computed easily.

1.4 Structure of the thesis

Each chapter of the thesis is self-contained!. Chapter 2 considers the model-based and
model-assisted approaches. These two paradigms are shown to be similar if one searches for
an optimal strategy rather than just an optimal estimator, a strategy being a pair composed
of a sampling design and an estimator. It is shown that, under a linear model, the optimal
model-assisted strategy consists of a balanced sampling design with inclusion probabilities
that are proportional to the standard deviations of the errors of the model and the Horvitz-
Thompson estimator. If the heteroscedasticity of the model is ‘fully explainable’ by the
auxiliary variables, then this strategy is also optimal in a model-based sense. This optimal
strategy is a sufficient condition so that the best linear unbiased estimator and the Horvitz-
Thompson estimator are equal. A single estimator for both the design and model variances
is constructed.

Chapter 3 investigates the problem of bias robustness and efficiency in the model-based
inference. If the idea that a balanced sample can be randomly selected is accepted, then a
balanced sampling design with the Horvitz-Thompson estimator compose a strategy that
is always robust. An extension to the polynomial model is given.

Chapter 4 presents several methods for coordinating stratified samples, such as the Kish
& Scott method, the Cotton & Hesse method, and the Riviere method. Using simulations,
the optimality of these methods and their quality of coordination are compared. Six new
methods based on Permanent Random Numbers (PRNs) and microstrata are presented.

These new methods have the advantage of allowing one to choose between positive or

'Bach chapter is published, or is submitted for publication in a refereed international journal.
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negative coordination with each of the previous samples. Simulations are run to test the
validity of each of them.

In Chapter 5 are presented some classical sampling designs in the light of longitudinal
sampling. For each design, a sequential or a strictly sequential algorithm is given. A
new sampling algorithm for unequal probability sampling is also given. Next, some usual
methods of negative coordination, i.e. the systematic-Poisson, the systematic-simple and
the Deville’s systematic-simple repeated designs are presented. A general method for the
coordination of samples is given. It is also noted that there is an antagonism between a
good rotation and control over the cross-sectional sampling design. In order to reach a
compromise between the quality of the sample coordination, which appears to be optimal
for a systematic longitudinal sampling design, and the freedom of choice of the cross-

sectional design, an algorithm that uses a new method of longitudinal sampling is proposed.



Chapter 2

Optimal sampling and estimation

strategies under the linear model

Abstract:

In some cases, model-based and model-assisted inferences can lead to very different estima-
tors. These two paradigms are not so different if we search for an optimal strategy rather
than just an optimal estimator, a strategy being a pair composed of a sampling design and
an estimator. We show that, under a linear model, the optimal model-assisted strategy
consists of a balanced sampling design with inclusion probabilities that are proportional to
the standard deviations of the errors of the model and the Horvitz-Thompson estimator. If
the heteroscedasticity of the model is ‘fully explainable’ by the auxiliary variables, then this
strategy is also optimal in a model-based sense. Moreover, under balanced sampling and
with inclusion probabilities that are proportional to the standard deviation of the model,
the best linear unbiased estimator and the Horvitz-Thompson estimator are equal. Finally,
it is possible to construct a single estimator for both the design and model variance. The

inference can thus be valid under the sampling design and under the model.

!This chapter is a reprint of the paper: D. Nedyalkova and Y. Tillé. Optimal sampling and estimation
strategies under the linear model. Biometrika, 95:521-537, 2008.

9



10 CHAPTER 2. OPTIMALITY UNDER THE LINEAR MODEL

2.1 Introduction

In survey sampling theory there have long been contrasting views on which approach to
use in order to obtain a valid inference in estimating population totals: a prediction theory
based on a superpopulation model or a probability sampling theory based on a sampling
design. Neither of these paradigms is false. Numerous articles compare the two approaches
(Brewer, 1994, 1999b, 2002; Brewer et al., 1988; Hansen et al., 1983; Iachan, 1984; Royall,
1988; Smith, 1976, 1984, 1994). Valliant et al. (2000, p. 14), who favour the model-based
theory, say that ‘there is no doubt of the mathematical validity of either of the two theories’.
Nevertheless, we believe that the choice between them depends on the point of view of the
analyst.

In the model-based, or prediction, approach studied by Royall (1976, 1992); Royall and
Cumberland (1981) and Chambers (1996), the optimality is conceived only with respect
to the regression model without taking into account the sampling design. Royall (1976)
proposed the use of the best linear unbiased predictor when the data are assumed to follow
a linear model. Royall (1992) showed that under certain conditions there exists a lower
bound for the error variance of the best linear unbiased predictor and that this bound is
only achieved when the sample is balanced. More specifically, Royall and Herson (1973a,b)
and Scott et al. (1978) discussed the importance of balanced sampling in order to protect
the inference against a misspecified model. These authors have come to the conclusion
that the sample must be balanced, but not necessarily random.

In the model-assisted approach advocated by Sarndal et al. (1992), the estimator must
be approximately design-unbiased under the sampling design. The generalized regression
estimator uses auxiliary information coming from the linear model, but is approximately
design-unbiased. Deville and Sérndal (1992) proposed a purely design-based methodology
which takes into account auxiliary information without considering a model. The main
difference between the design-based and the model-based approaches arises because the
statistical properties of an estimator are evaluated with respect to the sampling design and
not with respect to the model.

Recently, Deville and Tillé (2004) developed the cube method, an algorithm that can
select randomly balanced samples and satisfies exactly the given inclusion probabilities. In
the model-based framework, balanced samples are essential for achieving the lower bound
for the error variance proposed by Royall (1992). Moreover, it can be shown that balanced

sampling is also optimal under model-assisted inference. Hajek (1981) defined a strategy
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as a pair comprising a sampling design and an estimator. The purpose of this paper is to
show that, if we search for an optimal strategy rather than just an optimal estimator, most

of the differences between model-based and model-assisted inferences can be reconciled.

2.2 Notation and definitions

We consider a finite population U of size N. Each unit of the population can be identified
by alabel k =1,...,N. Let z, = (zk1,...,2k,)" be the vector of the values of ¢ auxiliary
variables for unit k, for kK =1,..., N and let

X:ZCCk

be the vector of totals which is also known. The values 41, . .., yy of the variables of interest

are unknown. The aim is to estimate the population total
Y=Y

A sample s is a subset of the population U. Let p(s) denote the probability of selecting
the sample s, S being the random sample such that p(s) = pr(S = s), and let n(S) be
the size of the sample S. The expected sample size is n = E,{n(S)}, where E, denotes
the expected value under the sampling design p(-). Let S denote the set of units of the
population which are not in S. Let m = pr(k € S) denote the inclusion probability of unit
k, and let mpy = pr(k € S and ¢ € S) denote, for k # ¢ the joint inclusion probability of

units k£ and £. The variable y is observed on the sample only.

Under model-based inference, the values y1,...,yn are assumed to be the realization
of a superpopulation model £&. The model which we will study is the general linear model

with uncorrelated errors given by

Yk = 23,0 + ek, (2.1)

where the z3’s are not random, 8 = (B1,...,0q) , E¢(ex) = 0,vare(ey) = V,%UQ, for all
k € U, and covg(eg,e¢) = 0, when k # ¢ € U. The quantities v, k € U, are assumed
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known. Moreover, we scale them so that

Zl/k:N.

keU

The superpopulation model (2.1) includes the possibility of heteroscedasticity. Under ho-
moscedasticity, vy = 1 for all k¥ € U. An important and common hypothesis is that the
random sample S and the errors €5 of the model are independent. The symbols E¢, vare

and covg denote, respectively, expected value, variance and covariance under the model.

In order to estimate the total Y, we will only use linear estimators which can be written

as

Y= wisyk = Y wisynlr,
kes keU

where the wig, k € S, are weights that can depend on the sample, and where [} is equal
tolif k€ S and equal to 0 if k& ¢ S.

DEFINITION 2.1. (Héjek, 1981, p. 153) A strategy is a pair (p(),f’) comprising a sampling

design and an estimator.
DEFINITION 2.2. An estimator Y is said to be model-unbiased if Eg(? -Y)=0.
DEFINITION 2.3. An estimator Y is said to be design-unbiased if Ep(}/;) -Y =0

DEFINITION 2.4. A linear estimator }A’w is said to be calibrated on a set of auxiliary variables

xr if and only if its weights satisfy

S s = Yo

keS keU
DEFINITION 2.5. The design variance of an estimator Y is defined by

var,(Y) = E, {5? . E,,(ff)}2 .

DEFINITION 2.6. The design mean-squared error of an estimator Y is defined by

~ ~ 2
wse (V) =By (V- Y) .
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DEFINITION 2.7. The model variance of an estimator Y is defined by
~ ~ ~ V2
vare (V) = E¢ {Y - Eg(Y)} :
DEFINITION 2.8. The model mean-squared error of an estimator Y is defined by
~ 2
Ee(V-v).

The model mean-squared error is sometimes called the error variance. The model mean-
squared error of an estimator Y is generally smaller than its model variance due to the fact
that Y is closer to ¥ than to Ef(?)

DEFINITION 2.9. The anticipated mean square error of an estimator Y is defined by
~ ~ 2 ~ 2
wsie(V) = BpBe (V- V) = BB, (V=) .

The anticipated mean-squared error is also called the anticipated variance, for example by
Isaki and Fuller (1982).

2.3 Linear estimators

Consider the class of linear estimators

Y=Y Wksyr.
kes

For all k € U, define C, = E,(wisly) = mEp(wis|ly = 1). Godambe (1955) showed that
}Afw is design-unbiased if and only if Cy = 1 or, equivalently, if E,(wgs|ly = 1) = 1/m.

Moreover, its model bias is

Ec(Yy —Y) = Z WrsTLB — Z .8,
kesS keU
for any value of 3 € R?. Therefore, for the class of linear estimators under the linear model
£, the definitions of a model-unbiased and a calibrated estimator are equivalent. For any

linear estimator, a general expression of the anticipated mean-squared error can be given.
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REesurr 2.1. If ?w s a linear estimator, then
E,Ee(Y, — Y)?

2
= 0'2Ep Z(wks - 1)2V;3 + Z I/,z + Ep (Z wkgx;iﬂ — Z x%ﬂ)

keS keS keS keU

1—
= o° Z vi {C,% W:k + mpvary(wis| Iy = 1) + (Ck, — 1)2}
keU

2
+var, <Z wksmzﬂ) + (Z Cray3 — Z x%ﬂ) .

kesS keU keU

The proof is given in the Appendix.

The anticipated mean-squared error E E¢(Y,, — Y)? is the sum of five nonnegative
terms,
E,Ee(Yy —Y)2=A+B+C+D+E, (2.2)

where

1 _
A = o2 Z V%C,% - 7Tk7 B =o? Z V/%WkVaI"p(wkSuk =1), C=o° Z V,%(Ck —1)%,
keU k keU keU

2
vary (Z wksx2ﬂ> , and F = (Z Cray,3 — Z a:fkﬂ) .

kesS keU keU

D

Term A is a part of the anticipated mean-squared error; it depends on the inclusion prob-
abilities and the variance of the errors. Term B is only relevant if the weights wyg differ
from sample to sample. Term C' depends on the design bias and the variance of the errors
of the model; it is null if the estimator is design-unbiased. Term D is the design variance
of the model expectation of the estimator; it is null when the estimator is calibrated, or
model-unbiased. Term FE is the square of the design bias of the model expectation of the
estimator; it is also null when the estimator is calibrated, or model-unbiased, or when the

estimator is design-unbiased.

Some particular cases of Result 2.1 are interesting.

COROLLARY 2.1. If ?w 1s a model-unbiased linear estimator, or a calibrated estimator,
then EpEe(Y, —Y)2 = A+ B+ C.

COROLLARY 2.2. If Y., is a design-unbiased linear estimator, then Cp = 1 for all k in U
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and B,E¢(Y,, —Y)2 = A+ B+ D.

COROLLARY 2.3. If )A/w is a design-unbiased linear estimator with weights wis that are
constant from sample to sample, then Cy = 1, for all k in U, and EpEg(l/;w ~-Y)2=A+D.
COROLLARY 2.4. If }Afw is a design-unbiased and model-unbiased linear estimator, then
E,E¢(Y, —Y)2 = A+ B.

Ezample 2.1. The Horvitz-Thompson estimator, given by

W*Zyk

keS

is linear and design-unbiased when 7y, > 0, for all £ € U, because

Zyk (Iy) =

keU

Under any sampling design, the design variance of this estimator is

varp( (Yy) Z Z Yk A yﬁ (2.3)
kEUﬁEU
where Ay = mpy — mpmp, k,£ € U. The Horvitz-Thompson estimator is, however, model-
biased and its bias is
st ) - (L34 2
keS keU
Since the Horvitz-Thompson estimator is design-unbiased with weights wys = 1/m; that
are constant from sample to sample, its anticipated mean-squared error can be deduced

from Corollary 2.3:

o 2 2 xkﬂ 372
EEe(Yr—Y)’=A+D=0"> v} +ZZ P

keU keU teU

2.4 Balanced sampling

There exist several different definitions of the concept of balancing. A first definition of a
balanced sample is that the sample mean is equal to the population mean. According to this
definition, balancing is a property of a sample and a balanced sample can be constructed

deliberately and deterministically without reference to a random procedure. A balanced
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sample is then associated with the purposive selection and is thus in contradiction to the
random selection of the sample (Brewer, 1999b).

A balanced sample can also be selected randomly by a procedure called a balanced
sampling design. According to the definition of Deville and Tillé (2004), a sampling design
p(-) is said to be balanced on the auxiliary variables z1, ..., z, if the Horvitz-Thompson

estimator satisfies the relationship

XW:Z%::Z%:X. (2.5)

kesS keU

Authors such as Cumberland and Royall (1981) and Kott (1986) would call this a ‘mr-

balanced sampling’, opposed to a mean-balanced sampling defined by the equation

Y=y Y

keS keU

Below, we use the expression ‘balanced sampling’ to denote a sampling design that sat-
isfies equation (2.5) for one or more auxiliary variables, a mean-balanced sampling being
a particular case of this balanced sampling when the sample is selected with inclusion
probabilities n/N.

The definition of balanced sampling includes the definition of sampling with fixed sam-
ple size. Suppose that one of the balancing variables is proportional to the inclusion
probabilities or, more generally, that there exists a vector A such that Nz, = 7, for all

k € U. In this case, the balancing equation

T
2=
T

kesS keU

becomes for this variable, by multiplication by X/,

T
D= 2
T

kesS keU

or equivalently

S1=Yom

kesS keU
which means that the sample size must be fixed. In practice, it is always recommended to

add the vector of inclusion probabilities in the balancing variables, because this allows one
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to fix the sample size and thus the cost of the survey.

If a sampling design is balanced on the auxiliary variables, then X}r is not a random
variable. For a long time, balanced samples were considered difficult to construct, except for
particular special cases such as sampling with fixed sample size or stratification. Partial
procedures of balanced sampling have been proposed by Yates (1946), Thionet (1953),
Deville et al. (1988), Ardilly (1991), Deville (1992), and Hedayat and Majumdar (1995), and
a list of methods for constructing balanced samples is given in Valliant et al. (2000, pp. 65-
78). Several of these methods are rejective: they consist of generating randomly a sequence
of samples with an original sampling design until a sample is obtained that is sufficiently
well balanced. Rejective methods are actually a way of constructing a conditional sampling
design and have the important drawback that the inclusion probabilities of the balanced
design are not necessarily the same as the inclusion probabilities of the original design.
Moreover, if the number of balancing variables is large, the rejective methods can be very

slow.

The cube method, proposed by Deville and Tillé (2004), is a non-rejective procedure
that directly allows the random selection of balanced or nearly balanced samples and that
satisfies exactly the given first-order inclusion probabilities. The cube method works with
equal or unequal inclusion probabilities; see also Tillé (2006, pp. 147-76). If one of the
balancing variables is proportional to the inclusion probabilities, then the cube method
will produce samples of fixed size. However, it is not always possible for such a sample
to be exactly balanced because of the rounding problem. For instance, in proportional
stratification, which is a particular case of balanced sampling, it is generally impossible to
select an exactly balanced sample because the sample sizes of the strata, n, = nN,/N, are
seldom integers. Deville and Tillé (2004) also showed that the rounding problem, under
reasonable hypotheses, is bounded by O(g/n), where ¢ is the number of balancing variables
and n is the sample size. Thus, the rounding problem becomes negligible if the sample size

is reasonably large with respect to the number of balancing variables.

Under model (2.1) and balanced sampling, the Horvitz-Thompson estimator is model-
unbiased. Indeed, by equations (2.4) and (2.5), it follows that

EE:Z:—>ZE::Ek> [3::0.

keS keU

Ee(Y,—Y) = (

Under model (2.1) and balanced sampling, we can compute the error variance and the
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anticipated mean-squared error of the Horvitz-Thompson estimator.

RESULT 2.2. Under model (2.1), if the sample is balanced on xy, and selected with inclusion

probabilities Ty, then

~ 1—
EEc (Vs — V) =0 p— "k, (2.6)

™
keU k

The proof is given in the Appendix.

If we fix the inclusion probabilities, then the expectation of the sample size is also
fixed. The design mean-squared error of a balanced sampling design is, unfortunately,
more difficult to determine. In their Method 4, Deville and Tillé (2005) have proposed the

following approximation of the design variance given in (2.3):

% > (yx — 73,)?
Varp( 7r) = Varapp(YTr) = Z dka, (2.7)
keU k

where

—1
TEYk
) > Ak
Tk

keU

/

TEpX

b= <§ dp 5"
T

keU k

and the dj, are the solution of the nonlinear system

-1

A AN

m(l—m) = dy — 20k (37 g, ) B ey (2.8)
T \pew T Tk

This approximation, which uses only the first-order inclusion probabilities, was validated
by Deville and Tillé (2005) under a variety of balanced samples regardless of how the y-
values were generated. An additional argument in favour of using this approximation is

that its model expectation is equal to its anticipated mean-squared error, as we see below.
RESULT 2.3. Under model (2.1), if the sample is balanced on xy, then

Be { varapp (V) b = BpBe(Vr = ¥)2.

The proof is given in the Appendix.
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2.5 Model-assisted approach

One approach to estimating Y consists in finding the ‘best’ strategy that provides a valid
inference under the sampling design. Godambe (1955) showed that there is no optimal
estimator in the class of linear estimators for all yq,...,yxy that minimises the design
mean-squared error. It is, however, not possible to determine an optimal design-based
strategy without formalizing the link between the auxiliary variables xj and the variables
of interest y. A model must therefore be used to guide the choice of the estimator. Sérndal
et al. (1992) proposed the concept of ‘model-assisted inference’. To be model-assisted, the
estimator must be chosen so that it leads to a valid inference with respect to the sampling
design, even if the model is misspecified. In order to make the inference, we need to estimate
Ep(f/w —Y)2, but in order to find the optimal strategy, we need to minimize Eng(}Afw —Y)?
under the constraint that the estimator is design-unbiased or that its design bias is small

with respect to its design mean-squared error.

A bound for the model-assisted strategy was given by Godambe and Joshi (1965) for
a set of fixed inclusion probabilities. The Godambe-Joshi bound can be derived directly

from Corollary 2.2. If ?w is a design-unbiased linear estimator, then

1—mg

EpEe(Yy —Y)? > L, =02y v} (2.9)

v
kel k

If we suppose at least tentatively that the v are known, a judicious choice of the inclusion
probabilities allows a smaller anticipated mean-squared error to be determined. If we

minimize L, in 7 subject to

> mp=n, 0<m<1, (2.10)

for all k£ in U, then we obtain the optimal inclusion probabilities given by
7 = min(1, avg/N),

where « is such that

Zmin(l %> =n
) N -

keU

The following general result gives a bound for any design-unbiased strategy with a sample
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size n.

REsuLT 2.4. For any design-unbiased strategy,

~ 1—
EE(Y, -Y)? > Ly=0®Y vp— %

T
keU k
1—my N
> > vi—t= =D - )
7Tk‘ «
keU keU keU
mi<1 mp<l

IV
Q
no
R
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<
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=

The proof is given in the Appendix.

DEFINITION 2.10. An optimal model-assisted strategy is one with a design-unbiased estima-

tor that, subject to (2.10), minimizes the anticipated mean-squared error of that estimator.
From § 2.4 and Result 2.4, we obtain directly an optimal model-assisted strategy.

STRATEGY 2.1. Under the superpopulation model (2.1), an optimal model-assisted strategy
consists of using inclusion probabilities that are proportional to vy subject to (2.10), selecting
the sample by means of a balanced sampling design on xy, and using the Horvitz- Thompson

estimator.

2.6 Model-based approach

Under the model-based approach, the aim is to find a strategy that leads to a valid infer-
ence with respect to the model, i.e. a model-unbiased or approximately model-unbiased

estimator and a sample that minimizes the error variance Eg(f/ -Y)2

DEFINITION 2.11. An optimal model-based strategy is one with a linear model-unbiased
estimator that, subject to a fixed sample size n, minimizes the error variance of that esti-

mator.

In the model-based approach, this strategy is strictly applied under ideal circumstances,
which occur when the model is known to hold. In practice, the modeller must bear model
failure in mind, and the model-based approach strongly emphasizes robustness to deviations
from the working model. The strictly optimal strategies that are not robust in case of

misspecification of the model are thus clearly rejected.
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A well-known result (Royall, 1976) is that the model-unbiased linear estimator of Y’
that minimizes the error variance turns out to be the best linear unbiased estimator given
by

YeLu =Y uk+ Y 74fBLU, (2.11)
kesS keS
where BBLU is the weighted least-squares estimator of the regression coefficients vector g;
defined by

A -1 LEYk
PoLu =AY 2
kes Tk

where

/
A_E SR
kes Tk

The error variance of the best linear unbiased estimator is

Ef(i}BLU — Y)2 =02 Zl';ﬂA_l Z{L‘g + Z l/]% . (2.12)

keS Les keS

Consequently, to determine a model-based strategy, we look for a sample s that minimizes

(2.12), this sample being not necessarily unique.

STRATEGY 2.2. Under the superpopulation model (2.1), an optimal model-unbiased strategy
consists of using the best linear unbiased estimator, and choosing a sample of size n that

minimizes expression (2.12).

Again, this strategy must be put into perspective with respect to possible misspecification
of the model. If the sample that minimizes (2.12) is very particular, then a more robust
strategy should be considered.

With certain superpopulation models, expression (2.12) can be considerably simplified.
Moreover, minimizing the anticipated mean-squared error given in (2.13) below in the class

of linear model-unbiased estimators also leads to Strategy 2.2:
EpEe(YaLu —Y)2 =02 Q By [ D 2 A7 ay | + Y (1 —mou ¢ (2.13)
keS eS8 keU

Unfortunately, expression (2.13) cannot be much simplified.

DEFINITION 2.12. Consider the following conditions:
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(i) there exists a vector A € RY such that Ny = vE;
(i) there exists a vector § € RY such that 6'zy, = vy,.

If both conditions are met, then model (2.1) is said to have fully explainable heteroscedas-
ticity.
REsuLT 2.5. (Royall, 1992) If the superpopulation model (2.1) is such that condition (i) of

Definition 2.12 is met, then }A/BLU = Z l’ZﬁBLU, and Eg(}AfBLU—Y)2 =2 X'A1X — Z V,%) .
keU keU

REsuLT 2.6. (Royall, 1992) If the superpopulation model (2.1) has fully explainable het-

eroscedasticity, then
9 2 o [ N? 2
Ec(YpLu —Y)? >0 7_2’% :
keU
and, if the sample is such that
L~ ke T
n Vg, ’

N
kes

then the bound for the error variance is achieved.

Royall (1992) and later Valliant et al. (2000, pp. 98-100) in their Theorem 4.2.1 and
consequent Remark 4 present results which from a design-based point of view can be used

to prove the following result.

RESULT 2.7. If the superpopulation model (2.1) has fully explainable heteroscedasticity and
if the sample is balanced with inclusion probabilities proportional to vy, then the best linear
unbiased estimator }A/BLU equals the Horvitz-Thompson estimator }A/ﬂ and the bound for the

error variance s achieved.

Note that, under the conditions of Result 2.7, Eg(ﬁr -Y)? = EpEg()Aﬁr -Y)%

2.7 A combined model-based and model-assisted approach

A third option for estimating Y consists of finding a strategy that is simultaneously design-

unbiased and model-unbiased. From Corollary 2.4, we know that such a strategy has an
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anticipated mean-squared error equal to

N 1—m
E,E¢ (Y, — Y)2 — g2 Z yl% {ﬂkvarp(wkg\fk =1)+ - } .
keU

If the weights wys are not random, then we obtain the Godambe-Joshi bound given by

~ 1—
EpEe(Yo — V)2 > Ly =02 Y 1f~——"F,

keU

(2.14)
Tk

Thus, an optimal strategy that is at the same time model-unbiased and design-unbiased
consists simply of taking the Strategy 2.1. Indeed, in this case, the bound in expres-

sion (2.14) is achieved.

2.8 Estimation of variance

From the previous sections, it clearly appears that the Horvitz-Thompson estimator with
a balanced sampling design is a valuable strategy that leads to valid inference under the
model and under the sampling design. The estimation of the total should be complemented
by a confidence interval. We will show that it is possible to construct a variance estimator

that leads to a valid inference under the model and under the sampling design.

In order to estimate the variance, it is prudent to treat the vy as if they were unknown,
even if the sample has been selected assuming known v;. This will make the estimation
of model variance in some sense robust to the failure of that assumption; see for example
Cumberland and Royall (1981). In the model-assisted framework, Deville and Tillé (2005)

have proposed a family of variance estimators for balanced sampling, of the form

N\ 2

; (= i)
ar(Y,) = ALY 2.15
var(Yy) ch ng ( )

where
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and the ¢ are the solutions of the nonlinear system

—1

/ /

CrT Ty CLT

1— 7, =cp — . k ( cgﬂzf) —, (2.16)
ko Nees ™ k

which can be solved by a fixed-point algorithm.

In Deville and Tillé (2005), simpler variants of ¢ are also proposed. These variants are

based on the fact that
n

C = (1—7Tk).

n—gq

The estimator var(Y;) is approximately design-unbiased because it is an estimator by sub-
stitution of the approximation given in expression (2.7), (on the estimators by substitution,
see Deville, 1999), which is a reasonable approximation of the variance under the sampling

design.

For the model-based framework, the question of estimating Eg(ﬁr —Y)? is complicated
because it depends on all the v, of the population and not just on the vy of the sample.
Nevertheless, the following result shows that Var(ﬁr) is also a pertinent estimator of Eg(ﬁr —

Y)? and can be model-unbiased.

RESULT 2.8. Under model (2.1), if the sample is balanced on xy, then

Ee¢ {v&r(?ﬂ)} = Eg(?7T ~Y)? +o° (Z;]% — Z V,%) ,
B, Fe {vé,r(}/}ﬂ)} = EE (Y, - Y)

If condition (i) of Definition 2.12 is met, then var(Yy) is a model-unbiased estimator of
Ee(Y, — Y)2.

The proof is given in the Appendix.

If 21_o/2 denotes the 1 — /2 quantile of the standard normal variable, the confidence

interval

CI(1 = a) = [Vr = 210/ Tvr(Ve)}, T + 21/ Tran(V)

leads to a reasonable design-based inference and a valid model-based inference provided
that the 1/,3 can be expressed as linear combinations of the auxiliary variables. This inference

does not depend on assumed values of the standard deviations of the errors of the model.
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2.9 Examples

In the examples, we will use the notation

X:;Z-’Bkai:;zxk7g:izykaghznlh Z Yk,

keU keS keS keUpNnS
where Uy, ...,Uy are strata, i.e. the Uy, h =1,..., H, are a partition of U. Moreover,
2= S22 = —— > (-
on-—1 Y n-1
kesS kesS
2 1 - e 1 =2
Spy = E (zr — ) (yk — 9), Syh = E (Yk — Un)".
n—1 np — 1
kesS keUpNS

FExample 2.2. Suppose that the superpopulation model is the constant model y; = (5 + ¢y,
for all k € U, with varg(ex) = 0. This simple model is homoscedastic and has fully ex-
plainable heteroscedasticity, which implies that the optimal model-assisted strategy is also
an optimal model-based strategy. The optimal model-based strategy consists of selecting
any sample of fixed sample size n, deliberately or randomly. The optimal model-assisted
strategy consists of selecting a sample that is balanced on the constant, which implies
that it has a fixed sample size. This sample must be selected with equal inclusion prob-
abilities n/N. In practice, a simple random sampling can be applied and the anticipated

mean-squared error is
N —n

Nn

E,E¢(Y; — Y)? = 02N?
In this case, ﬁr = Ny,

(N —n)n

S N —n
- var(Yy) = N2 ———s?
N(n—-1)’ var(¥Yr) y

Cl — Nn y

Ezample 2.3. Suppose that the superpopulation model consists of a constant and only one
independent variable, i.e. yr = Bo + xpB1 + €k, for all k € U, with varg(eg) = o?. This
model is homoscedastic and has fully explainable heteroscedasticity, which implies that the
optimal model-assisted strategy is also an optimal model-based strategy. For a particular

sample S, balanced or not, and with fixed sample size, the error variance of the best linear
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unbiased estimator is

~ N —n
Ee(YeLy — Y)? =02 N2 —— 4 o?N2 - —— |
¢(Ybru ) Nn * (n—1)Ns2
The optimal model-based strategy consists of selecting a fixed-sample-size balanced sample
in the sense that £ = X. The optimal model-assisted strategy consists of selecting a sample
that is balanced on xj, of fixed sample size and with equal inclusion probabilities. This
can be done by using the cube method. Next, one uses the Horvitz-Thompson estimator.

The anticipated mean-squared error is then

=~ N —n
EE¢(Yr —Y)? = 0?N? N
Moreover,
(N —n)n
Ck = 77 oy
N(n—2)

and, by using this approximation for the cx, we obtain

N—-n 1

var(Yy;) = N? T E—

> (i — Bo — Braw)?,

kes

where Bo =7— B@ and Bl = smy/si.

Ezample 2.4. Suppose that the superpopulation model has only one independent variable,
ie. yr = P + ey, for all k € U, with varg(e) = vio?, where vy = Nag/X, zp > 0
and X = ), .y zx. This model does not have fully explainable heteroscedasticity, which
implies that the model-assisted and model-based optimal strategies are not the same. The
optimal model-based strategy consists of using the best linear unbiased estimator. From
expression (2.12), knowing that A = X?n/N?, we obtain the anticipated mean-squared

error

—_

2
E,E(Yory — Y)? = 0%E, { = v | +) R 2.17
pBe(VeLy —Y) nkz;k ];k (2.17)
In this case, the best strictly model-based strategy consists of selecting a non-random sam-
ple containing the largest n units. However, Valliant et al. (2000, p. 55) point out that,
in this case, ‘selecting this sample may be quite a risky procedure if the working model is

wrong’ because it fails to protect against model failure. By using an alternative more gen-
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eral model, they conclude that a balanced sample will protect against model-bias resulting
from a misspecification. From a design-based point of view, the strictly best model-based
strategy leads to an incorrect design-based inference. The optimal model-assisted strat-
egy consists of using a sampling design that is balanced on zj and has unequal inclusion
probabilities proportional to zp with the Horvitz-Thompson estimator. The anticipated

mean-squared error is then

~ N2
EEe(Yr V) =0’ (n -2 k> ~

This strategy has a larger anticipated mean-squared error than (2.17) but leads to correct

model-assisted and model-based inferences. In this case, the estimator of the variance is

o (D Ck >pes ceye/me\?
var(Yz) = Z S|\,

kes Tk D pes

. . -1
where ¢, are the solutions of the nonlinear system 1 — 7, = ¢ — C% (ZEE g cz) Oor more

simply can be approximated by ¢ = (1 — m)n/(n — 1).

Ezample 2.5. We consider the superpopulation model presented in Kott (1986), given
by yr = xiB1 + xiﬂg + eg, for all k € U, with varg(e) = 1/,?02, where v, = Nuzy/X
and X = >,k This model has fully explainable heteroscedasticity, which implies
that the model-assisted and the model-based optimal strategies are the same. Therefore, a
strategy that is optimal for both the model-assisted and model-based frameworks consists of
selecting a sample balanced on x; and $z with inclusion probabilities that are proportional
to xx, and using the Horvitz-Thompson estimator. The anticipated mean-squared error is
then
E,E¢(Y, — V)2 = o? (NQ -y V,3> .
" keU

This strategy leads to correct model-assisted and model-based inferences.

Ezample 2.6. Consider the stratified superpopulation model yi, = ap + €, for all k € Uy,
h = 1,...,H. Moreover, suppose that vare(epy) = V,%UQ, with Zthl Npvp, = N. The
stratified model has fully explainable heteroscedasticity, which implies that the optimal
model-assisted strategy is also an optimal model-based strategy. The optimal model-based

strategy consists of defining the inclusion probabilities proportional to vy, which gives
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Tgn = nvp /N, which is an optimal stratification. Next, a sample is selected with a fixed

~

sample size np, = nNpvy /N in each stratum Up. The Horvitz-Thompson estimator, Y, =

Zthl Npyp has anticipated mean-squared error

~ N2 Xz N2 1 H 2
E,Ee(Vr — V)2 = o? <n—Zthﬁ>="2n == v
h=1

In this case,

cp = k€ Up,
Np(np —1)
and thus
> d Np —np o
var(Yy) = N2 .
( ) ; h Nhnh yh

2.10 Discussion

The search for an optimal strategy rather than an optimal estimator allows the proponents
of the model-based and the model-assisted approaches to resolve their differences because,
when the superpopulation model has fully explainable heteroscedasticity, one chooses the
same sampling design which is a balanced sampling design with inclusion probabilities
that are proportional to the standard deviations of the errors of the model. In this case,
the best linear unbiased estimator is equal to the Horvitz-Thompson estimator. As a
complement to this estimator, an estimator of the variance can be given, which in turn
leads to valid model-based and design-based inferences. The controversy makes sense only
if the sample is chosen inappropriately. If the superpopulation model has fully explainable
heteroscedasticity, then Strategy 2.1 is the best strategy in the model-based, model-assisted
and combined model-based and model-assisted frameworks, as presented in Table 1.

If the heteroscedasticity is not fully explainable, the optimal strategy is not the same
in the model-assisted and model-based frameworks. In fact, Strategy 2.1 always leads to
the selection of a balanced sample, while the strict application of Strategy 2.2 can lead
either to the selection of a balanced sample or to a purposive selection of the sample as
in Example 2.4 in § 9. In this second case, a robustness argument is usually used by
the modeller in order to protect against misspecification of the model. The robustness is

obtained by balancing the sample for the variables that are in the alternative model, which
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gives the same strategy as in the model-assisted framework. Thus the two approaches
are not far apart. In any case, it can also be wise to balance the sampling design with
respect to additional variables in order to protect against failure of the model, such as
the presence of curvature or an intercept. However, we suggest the use of models that
have fully explainable heteroscedasticity, which can be easily achieved by systematically
using v and 1/,3 as independent variables in the model. This was the advantage of the
model developed by Kott (1986) and summarized in Example 5 over the model given in

Example 4, which does not have fully explainable heteroscedasticity.

The theory developed in this paper shows that the best approach is to select a sample
that is balanced on the auxiliary variables. If exact balancing is not possible, a nearly bal-
anced sample must first be selected. In this case, the rounding problem can be solved by a
small calibration, by using either the calibration estimator (Deville and Sarndal, 1992) or
the best linear unbiased estimator, depending on the basis of the inference. An interesting
particular case is the so-called cosmetic calibration proposed by Brewer (1999a). In a set
of simulations, Deville and Tillé (2004) showed that the balanced sampling design with a
calibration estimator strategy achieves the best results among the following four strategies:
(i) non-balanced sampling with the Horvitz-Thompson estimator, (ii) balanced sampling
with the Horvitz-Thompson estimator, (iii) non-balanced sampling with a calibration es-
timator, and (iv) balanced sampling with a calibration estimator. With strategy (iv), the
weights wys are less random than in the case of strategy (iii), and this leads to a more

accurate estimator.

Table 2.1: Optimal strategies in the model-assisted, model-based and combined model-
based and model-assisted approaches

Approach  Fully explainable Non fully explainable
heteroscedasticity heteroscedasticity
MB Strategy 2.1 Strategy 2.2
MA Strategy 2.1 Strategy 2.1
CMBMA Strategy 2.1 Strategy 2.1

MB, model-based; MA, model-assisted; CMBMA, combined model-based

and model-assisted
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Appendix
Proofs

Proof of Result 2.1. Since

Yo-Y = > wksyk — > Uk

keS keU
= D wisTf+ Y wiser = Y B - Y e
kes kes keU keU
= Z(wks — ey, — ZEk + Zwksﬂﬁ%ﬁ - Z 1.0,
kesS keS kesS keU

we have that

2
Eg(i}w — Y)2 = 0'2 Z(wks - 1)21/,% + Z V]? + (Z wk5’37;gﬁ - Z x;cﬂ) ) (Al)

kesS keS kesS keU
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which leads to the first equality of Result 2.1. The second term of (A1) can be simplified.
Indeed,

2
E, (Z wysTLB3 — Z 1:25) =

keS keU
2
= E, {Z wksx;ﬂ -E, (Z wkgaﬁﬁﬂﬂ> +E, (Z wkgw§€6> — Z x%,@}
kesS kesS kesS keU
2 2
= Ep {Z wksxéﬁ — Ep (Z wkgwkﬁ> } + Ep {Z Ep(wkglk)x%ﬁ — Z x%ﬁ}
keS keS keU keU
+2E, {Z wistB — Ep <Z wksx§€[3> } {Z E, (wisly)z)0 — Z xﬁcﬂ}]
kesS kesS keU keU
2
= var <Z wksxzﬂ) + (Z Cra)f3 — Z w%ﬁ) . (A2)
kesS keU keU

The first term of (Al) gives

o’E, Z(wks ~1)%2 + Z vi

kes kesS
— 2 [Z Ep {(wps — 1)* I} vp + > (1 — wk)yg]
keU keU

— 02 Z l/]? [Ep {(wkg — 1)2Ik} +1- TFk]

keU
= o2 Z 1/13 {Ep(w]%s-[k:) — 2Ep(wksfk) 4+ +1— 7Tk}

keU
= o2 Z l/]% {Ep(w]%SIk) — E?;(wkSIk) + E?;(wk:SIk) - 2Ep(wkgfk) + 1}

keU
_ 2 2 2
= o Z Vi {vary(wisly) + (Cr — 1)%}. (A3)

keU
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By the law of total variance,

varp(wisly) = varpE,(wrsli|li) + Epvary(wisy|Ix)

= m{Ep(wis|ly = 1)} — {Ep(wrsy)}* + mpvary(wis| I = 1)

1—
= L CF + mpvary(wps| Iy = 1). (A4)
k

By inserting (A4) into (A3), and by adding (A2) and (A3), we finally obtain the second
equality of Result 2.1. O

Proof of Result 2.2. Result 2.2 comes directly from equation (2.2). Term B vanishes be-
cause the weights 1/m; do not differ from sample to sample. Term C' vanishes because
the estimator is design-unbiased. Terms D and F vanish because the estimator is model-
unbiased under balanced sampling. All that remains is term A with Cy = 1 because the

estimator is design unbiased. O

Proof of Result 2.3. Since y;, = x5 + €,

2

> (yr — x.D)
Varapp(Yr) = Z dka

keU k
2
ey TyEyp
- safa o (sa) sa
keU e f e

-1
- Sad- e (et 5l

keU k' keu k e ¢ e

Thus,

-1
E¢ {varapp }7 } =2 Z dk: Vi _ g2 Z l/k dk% (Zd :wxz> dffk'
k

keU kEU LeU
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By using the definition of dj, given in expression (2.8), we obtain

2
~ v ~
o {varapp( W)} = o? Y mll— m) 2k = EEe(V, — ¥)2
keU k

Moreover, this holds even when the v, are unknown. O

Proof of Result 2.4. The optimal inclusion probabilities 7 are obtained by minimizing
(2.9) subject to

Y m=n 0<m<l,
keU

which gives the second inequality. Now, if we minimize (2.9) subject to >, mx = n, but
without the constraint m; < 1, then we obtain 7, = nvy/N, and we obtain a still lower

bound in the third inequality. a

Proof of Result 2.8. By Result 2.3, following the same steps, we obtain

E¢ {Var(ﬁr)} = o’ Z(l — Wk);’%

kes
) 2V 2 2 Vi 2
= 0o Z(l—ﬂk)7+2uk +o (ZM—Z%>
kes keS kes keU
BT _¥P 1o (Z;’“ . zyg>
kes 'k keu

Obviously, if there exists a vector A such that Nzj = 1/,%, then

ISEESIEL
T =

kesS keU
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Chapter 3

Bias Robustness and Efficiency in
Model-Based Inference

Abstract:

In model-based inference, selecting balanced samples has been considered to give pro-
tection against misspesification of the model. Recent developments in finite population
sampling proved that balanced samples can be selected randomly. If we accept the idea
that balanced samples are randomly selected, then a balanced sampling design with the
Horvitz-Thompson estimator compose a strategy that is robust and efficient. This strategy

generalizes numerous results obtained in the model-based framework.

3.1 Introduction

The principal difference between the model-based and the classical design-based approach
lies in the source of randomness they use (Sdrndal, 1978). In design-based sampling, the
inference is based on the stochastic structure induced by the sampling design. In the

model-based, or prediction, approach the inference depends on the validity of the model

!This chapter is a reprint of the paper: D. Nedyalkova and Y. Tillé. Bias-Robustness and Efficiency in
Model-Based Inference, Submitted, 2009.

35
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used to describe the data. In this case, the randomness is due to the population and not

to the sampling design as it is the case in the design-based approach.

The model-based approach was developed, amongst others, by Royall (1976, 1992);
Royall and Cumberland (1981) and Chambers (1996). When the data are assumed to
follow a linear model, Royall (1976) proposed the use of the best linear unbiased predictor.
The model-based approach has been criticized due to the fact that it may lead to severe
bias if the model assumptions are violated. In contrast to model-based inference, design-
based inference is considered to be robust by definition. Brewer and Sadrndal (1983) point
out that since the inference is not based on a model there is no need to worry what will

happen if the model is misspecified.

Much of the work in recent model-based research has been devoted to constructing
robust strategies. More specifically, in order to protect the inference against a misspecified
model, Royall and Herson (1973a,b) and Scott et al. (1978) point out the importance
of balanced samples, where balance is achieved by equalizing the sample moments of the
independent variables with those in the population. They have come to the conclusion that

the sample must be balanced, but not necessarily random.

Another way to accomplish robustness in the model-based approach is to choose an
appropriate sampling design. Since Deville and Tillé (2004)’s paper, it is now possible to
select balanced samples randomly using a procedure called the cube method. Nedyalkova
and Tillé (2008) have shown that under a balanced sampling design, with inclusion prob-
abilities proportional to the standard deviations of the errors of the model, and under
certain conditions defined as ‘fully explainable heteroscedasticity’ the best linear unbiased
estimator equals the Horvitz-Thompson estimator. This represents an optimal strategy

which reconciles both approaches.

The problem of comparing the two paradigms is solved by a result due to Isaki and
Fuller (1982). They showed that if an estimator is both design- and model-unbiased, then
the design expectation of its model variance is equal to the model expectation of its design

mean squared error, a quantity that they named the anticipated variance.

The purpose of this paper is to investigate the different strategies leading to bias-
robust strategies under the model-based framework. This paper is organized as follows:
the notation and basic definitions are given in Section 2. The model-based framework is
briefly introduced in Section 3. In Section 4, the focus is put on the properties of the

d-balanced estimator under a linear model. The subject of bias robustness in submodels
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is discussed in Section 5. An application to the polynomial model is given in Section 6.

Finally, in Section 7, a few concluding remarks are given.

3.2 Notation and definitions

Consider a population U of size N. Each unit of the population can be identified by a
label K =1,..., N. Suppose that a register is available, and that the values of p auxiliary
variables are known for each unit of the population. Let y, be the value taken by the
variable of interest y on the kth unit of the population. The values y; are unknown. We
are interested in estimating the population total Y = >, _;;yx. The total Y is estimated
by a sample s of size n, where s is a subset of U. A sample can be selected randomly or
not. A sampling design is defined by assigning to each sample s a probability p(s) of being
selected. Let S denote the random sample such that Pr(S = s) = p(s). The inclusion
probability 7y is then the probability that unit & is selected in the sample. We also denote
by E,(-) and var,(-), respectively, the expectation and the variance under the sampling

design p(-) and by S the set of units of the population which are not in S.
DEFINITION 3.1. An estimator Y is said to be design-unbiased if Ep(}?) -Y =0.

DEFINITION 3.2. A sample s is said to be d-balanced on a set of variables X, = (g1 -+ - Tpp)

if and only if
> dixp = xx,

kes keU

where dy,...,dg,...,dy is a set of weights that do not depend on the sample s.

A balanced sample can eventually (but not necessarily) be selected randomly. When
m, > 0, for all k € U, the Horvitz-Thompson estimator of Y given by
% Yk
eyt
kes Tk

~

is design-unbiased, i.e. E,(Y;) =Y.

In order to randomly select a balanced sample, the set of inclusion probabilities is
defined by 7 = 1/di. A procedure that randomly selects a balanced sample is called
a balanced sampling design. According to the definition of Deville and Tillé (2004), a

sampling design p(-) is said to be balanced on the auxiliary variables z1, ...,z if and only
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if
3 ? =Y ;. (3.1)
kes 'k keu

Authors such as Cumberland and Royall (1981) and Kott (1986) would call this a ‘z-

balanced sampling’, opposed to a mean-balanced sampling defined by the equation

IS m= e e

kesS keU

Below, we use the expression ‘balanced sampling’ to denote a sampling design that satis-
fies equation (3.1) for one or more auxiliary variables, a mean-balanced sampling being a
particular case of this balanced sampling when the sample is selected with inclusion proba-
bilities n/N. If the population size is small, a balanced sampling design can be implemented
by a linear program. For larger population sizes, the cube method may be used (see Deville
and Tillé, 2004; Tillé, 2006).

3.3 Model-based strategy and BLU estimator

We assume that the population follows a linear model M

Y = X, + e, (3.2)

where 3 is the vector of regression coeflicients and € is a vector of random variables ¢,
such that

En(er) = 0, vary(ex) = 02, covm(eg, e¢) = 0 if k # £,

The quantities vy, k € U, are assumed known. For simplicity, we scale them so that

lek:N.

keU

Model (3.2) includes the possibility of heteroscedasticity. Under homoscedasticity, vy = 1
for all £ € U. An important and common hypothesis is that the random sample S and
the errors € of the model are independent. The symbols En(.), vary(.), covm(.) denote,

respectively, the expected value, the variance and the covariance under model M.

DEFINITION 3.3. An estimator Y is said to be model-unbiased if Ey(Y —Y) = 0.
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~ ~ 2
DEFINITION 3.4. The model mean squared error of an estimatorY is defined by En (Y — Y) .

The model mean squared error is also called the error variance. Royall (1976) showed that,

in the framework of the model-based inference, the Best Linear Unbiased (BLU) estimator

is given by
Yaru = Z Yk + Z x;,B8LU = Z x;,BpLu + Z(yk — X;:BpLU) = Z x;,BpLu + Z €k>
kesS keS keU keS keU keS
(3.3)
where
er = Yk — XpBpLU (3.4)
and
2 -1 XEYk
Bpru=A"">" 2
kes Tk
where .
_ XX
A=) =5t
kes Tk

The error variance of the best linear unbiased estimator is

EMO/}BLU - Y)2 = 0'2 ZX%A_l Z Xy + Z I/lg

keS Les keS

DEFINITION 3.5. (Héajek, 1981, p. 153) A strategy is a pair (p(+), 17) comprising a sampling

design and an estimator.

STRATEGY 3.1. An optimal, purely model-unbiased, strategy consists of using the best linear

unbiased estimator and choosing a sample of size n that minimizes EM(}A/BLU -Y)2

This strategy is sometimes not robust because, in some cases, it can lead to the choice of
a very extreme sample. The classical example (see for instance Royall and Herson, 1973a)

is the model without intercept and with only one regressor

Yk = Tk + €k, (3.5)
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with varn(eg) = 0?2, with v o xy, that leads to the BLU estimator

~ z ,f[jk
Yoy = S
2kes Tk {5

which, in this case, is equal to the ordinary ratio estimator }/}R. As l/]? oz and Y o vk =

N, we have that
N2z,

(Ckev var) "

The error variance of YR is given by the expression

~ DJ2 gLk
EM(YR — Y)2 = 0'2 3 (%keS {Ek) .
(X rev vTE) kes Tk o

Thus, in this case, the optimal purely model-based strategy consists of choosing the

Vi =

units with the n largest values of the variable = (Royall, 1970). This strategy can be very
dangerous if the model is wrong. It is thus reasonable to opt for a strategy that guarantees

correct estimation when the model is not correct.

3.4 Balanced estimator under a linear model

Now consider the d-weighted estimator

Yo=Y diyr = dixiBpry + »_ drer, (3.6)

kes kes kes

where ¢y, is defined in (3.4). Under d-balanced sampling, Y is model-unbiased and its error

variance is
En(Ya—Y)2 =02 | (di — 12+ > vk (3.7)
kesS keS
By comparing (3.6) with (3.3), we directly obtain the following result:

REsuLT 3.1. A sufficient condition in order that ?BLU = ffd 1s that

e the sampling design is d-balanced on xy,

o Zek(dk —1)=0.

keS
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A particular case of Result 3.1 is given below.

COROLLARY 3.1. A sufficient condition in order that }A’BLU = ffd s that
o the sampling design is d-balanced on xy,

e there exists a vector X such that Nxy = vi(dy — 1), for all k € U.

Proof
If
A
v(d — 1) ’
then

Nxp, X'x,
E ex(dy — 1) g V,f(dk—l)ek( k—1) g R

kesS kesS
O

There exist several particular strategies that can be used to meet the conditions of
Result 3.1.

STRATEGY 3.2. Consider the strategy that consists of

e Using a d-balanced sampling design on xi, where the xy are chosen so that there exist

two vectors a and ~y such that o'xy, = 1/,% and ¥Yxj = dkul%, forallk e U,
e and using the d-weighted estimator.

With this strategy, we have that lA’BLU = ?d. This can be obtained by adding 1/,% and
dky,f to the list of balancing variables and by selecting a d-balanced sample. The value of

dy, can be chosen freely. In this case,

deyg = Z U,%,

kesS keU

and the error variance of the d-weighted estimator given in (3.7) simplifies to

En(Yy—Y)? =0 (dp — 1)1},
keU

STRATEGY 3.3. Consider the strategy that consists of
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o Using a d-balanced sampling design on Xy, with dj, uk_l and xy, chosen so that there
exist two vectors a and ~ such that o'xj, = 1/]% and ¥Yxi = vy, for all k € U, which
Nedyalkova and Tillé (2008) call a ‘fully explainable heteroscedasticity’,

e and using the d-weighted estimator.

With this strategy, we also have that ?BLU = lA/d. It can be obtained by adding v and
V]% to the list of balancing variables and by taking d; proportional to v. Next, a d-balanced
sample is selected. This strategy is recommended by Nedyalkova and Tillé (2008) and is
in fact a particular case of Strategy3.2. If dp = 1/(vxn), then the error variance of the

d-weighted estimator, given in (3.7), simplifies to

EM(?d—Y)QZUQZ<%—V£> :(72 (ZT\L[_ I/,%) .

keU
STRATEGY 3.4. Consider the strategy that consists of

o Using a d-balanced sampling design on X, with di chosen so that dy, = (1/,3—1—Xxk)/1/,3,
forallk e U,

e and using the d-weighted estimator.

With this strategy, we also have that }A/BLU = ?d. This can be obtained by using
dp = 1+ X'x;,/ 1/,%, for all k € U and selecting a d-balanced sample. Thus, a judicious choice
of the di’s can always equalize the d-weighted estimator and the BLU estimator. This
is the procedure that is recommended by Scott et al. (1978) in the case of a polynomial
model, but we will see that this is not necessarily the best strategy. After some algebra, it

is possible to show that

EM(?d — Y)2 = (72 del/,% = 0'2 Zl/}% + Z)\/Xk
keS keS keS

3.5 Bias robustness in submodels

A large part of the model-based inference is dedicated to the robustness of the BLU esti-
mator in the case of misspecification of the model. We assume that a model M was used to
conceive the strategy, but that the true underlying model is M*. We refer to the following

definition:
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DEFINITION 3.6. A strategy is said to be bias-robust for a model M* if

Ey-(Y —Y) =0.

Consider a model

M:yk:xk,@—l—sk

and an alternative model

M* gy = gr +

where Ep+(ng) = 0, the values g can depend on a function of a parameter v and of a set
of other variables z, and could eventually be written gx = f(v'zx). Note that there is no

assumption on the covariance matrix of the vector of 7.

DEFINITION 3.7. Model M* is said to be a submodel of M if there exists a vector a such

that a'xy, = gy..

Let us consider the following result, which can look trivial, but is the fundamental

argument needed to show that a strategy is robust.

RESULT 3.2. The strategy that consists of using a d-balanced sampling design on xj (with

any vector of dy,) and the d-weighted estimator is bias-robust for any submodel of M.

Proof

Under model M* and using a d-balanced sample,

?d = deyk = de(gk + T]]g) = de(a/xk —+ T]k) = al Z X + denk'

kes kes kes keU kes

En-(Yy—Y) =Epe (Z Ak — Y w) =0.

kes keU
d

We will see that a large part of the discussion about bias-robustness is actually a
particular case of Result 3.2. This result encourages the statistician to over-specify the
model, i.e. to introduce additional variables into model M in order to ensure that M™ is

really a submodel of M.

Now, suppose that model M* is not a submodel of M. If the sampling design is d-
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balanced on the independent variables of model M, then

Eae (Yo —Y) = digi — Y g

kes keU

If

fx = gr — X}, are the residuals of a linear regression of gj on xy

then

Eve(Ya—Y) = difi — > fr. (3.8)

keS keU

for any value of =, in particular when

~(Sa) T

var(gx)

If we do not possess information about the g, the only way in which this could be done
consists of selecting a random sample with inclusion probabilities dy = 1/m, because in
selecting randomly the sample, the expected value under the sampling design of (3.8) is

equal to zero and, moreover,
EM* —
—_— Z = fr=0p(1/V/m),
kGS keU

where Op(1/4/n) is a quantity that remains bounded in probability when multiplied by
v/n. The random selection of a sample and the use of a model-unbiased estimator give an
ultimate bias protection in the case where it is not possible to over-specify the model, thus

guarantee a negligible bias under M* when n is large.

3.6 Application to the polynomial model

3.6.1 Presentation of the model

The polynomial model was studied, amongst others, by Royall and Herson (1973a); Scott
et al. (1978); Valliant et al. (2000). The model is defined by

J
vk =Y 0; 8], + ek, (3.9)

J=0
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where x, is the only independent variable, 3; is the jth regression coefficient, ¢; is equal to
1 or 0 when the term Bjxlg appears or not in the regression, En(eg) = 0, vary(eg) = 0?02,

and covyi(ex, e¢) = 0, when k # ¢. We also assume that

Zyk:N

keU

Now, from Result 3.2, for any set of vectors of di, the d-weighted estimator is bias-robust
provided that

demi: in, for j=0,...,J, (3.10)

kesS keU
for any submodel of (3.9). Again, this conclusion can look trivial, but it implies several

results on the polynomial model.

3.6.2 A first solution

Let S*(J) be a particular sample for which the following equation holds :

J J+1, 2
Zxk Zx Vi

kS forj=0,.... (3.11)
Dotk ) /vy
kesS kes

With a sample satisfying equation (3.11), Scott et al. (1978) showed that the estimator

Z Ue + Z - ZkeS ykxk/”k:

kes S Pkes T/

is BLU, for any polynomial model (3.9) and any value of v4. This simple condition on the
sample implies that the estimator is bias-robust for a large class of polynomial models.
It can easily be shown that a sufficient condition for a sample to satisfy equation (3.11)

)\ .
S <1+ x’“) =>"a], forj=0,...., (3.12)

keS keU

is:

where A is a scalar that does not depend on j. Equality (3.12) can be satisfied by using
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the unequal inclusion probabilities

1

— 5,k e,
1 —|—>\{L‘]€/V%

T =

and by selecting a balanced sample such that

DR PR
kES keU
The constant A must be chosen in function of the desired sample size, by solving in A the

Z Zl—FAl'k/V

keU keU

equation

In fact, this is similar to the solution given in Scott et al. (1978) which is simply a particular
case of Strategy 3.4, with 7 = 1/d and dy, = 1+ A\zy/ 1/,3. The inclusion probabilities are
chosen so that the BLU estimator is equal to the Horvitz-Thomposon estimator which is

far from being the best strategy.

Two particular cases of equation (3.11) are:

a) When v? oz, under the condition Y, ., % = N, then

N2$k
(Ckev var)’

In this case, equation (3.11) reduces to

Vi =

J J
> eg T > x ,
k€S Tk _ keS ko forj=0,...,.J.
>_kes Tk kes Tk

Thus, the sample should satisfy the condition

1

n

J_

fog, for j=0,...,J.
kes " s keU

Royall and Herson (1973a) call samples satisfying this condition balanced. In this
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case, Yy reduces to the ordinary ratio estimator

YR—Zﬂf Zkesyk'

keU Z’fes Tk

b) When vf o 27, it is easily shown that v = N2z7/ (3,0 :nk)2. In this case, equa-
tion (3.11) reduces to

in_l/n:in/Zxk, for j=0,...,J.

kes kesS keS
The sample S*(J) is called overbalanced (Scott et al., 1978) and Yo reduces to

Yob =Y uk+ (Tll Z%/%) >

kES keS keS

3.6.3 An alternative solution for the polynomial model
STRATEGY 3.5. Consider the strategy that consists of

o Using inclusion probabilities that are proportional to v subject to :

Y m=mn, 0<m <1,
keU

e selecting a balanced sample according to the following balancing equations :

Z => a.j=0,....J (3.13)

kES keU

e and using the Horvitz- Thompson estimator.
Two particular cases of this strategy are :
a) When v? o zy, with Y, v = N, then
fVka
— -
(Xkev V)

As T, o< v, with Y, ;T = n, it follows that m, = (n/N)vy

Vi =
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b) When v} « z7, with > key Yk = IV, then

2.2
N<xy

(e xk)Q'

vE =

Here too, we have m, = (n/N)yy

This strategy is better than the solution proposed by Scott et al. (1978), because the
inclusion probabilities are optimal, while for the strategy of Scott et al. (1978), the inclusion
probabilities are chosen so that the BLU estimator is equal to the Horvitz-Thompson

estimator.

3.6.4 A particular case: the ratio model

Consider again the model without intercept and with only one regressor, model (3.5). We
have seen in Section 3 that the BLU estimator under this model is the ordinary ratio

estimator

YR _ Zx Zkesyk

keU “Lhes 7’

with error variance

2
Eni (Ve — V)2 = 2 N 2 kes Tk x)
i ) (ZkeU \/9572)2 (Z’Césxk I;J *

With a mean-balanced sample, satisfying the condition

1 1
PP IL S P I

kes kesS

JzNz(N—n) ZkeU T
o (Ckev vE)

STRATEGY 3.6. Consider the strategy that consists of selecting a mean-balanced sample of

Enm(Yr — V)2 =

5 = EEn(Yr — V)2

size n that minimizes Exy(Yg — Y)? under model (3.5).

In order to show that Strategy (3.5) is better than Strategy (3.6), we will compare
the anticipated variance, defined by EpEM(? —Y)2, of the ratio and Horvitz-Thompson
estimators under model (3.5).

Nedyalkova and Tillé (2008) have shown that under balanced sampling, and under
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model (3.5), the anticipated variance of the Horvitz-Thompson estimator is

~ 1—
EEn(Yr — V)2 =02 2%
kev Tk

which under this model, with 7 = n/Nyy, gives:
o 2 2 [N 2
EEn(Y,-Y): =0 ;Zuk—z% .
keU keU

Finally, after replacing vy, with N\/Z)/ >, /Tk, We obtain

~ N2 N2
EpEn (Y, —Y)? = o [ _ ZkeUx’“] .

n(Cher V)

Let denote D = E,En (Yg —Y)%— E},EM(}?7T —Y)2. After simplifying, we obtain

D_ N? [ N> kev Tk
= 3
" (ZkeU V"Ek)

Thus, strategy (3.5) is better than strategy (3.6) under model (3.5).

—1] > 0.

3.7 Discussion

49

A d-balanced sampling design with the d-weighted estimator is a bias robust strategy that

assures protection against misspecification of the model. The d-weighted estimator can be

equivalent to the BLU estimator if some technical conditions are met. These conditions

can be met by either choosing the ad hoc inclusion probabilities or adding v, and u,? to the

list of balancing variables.

For the polynomial model, Scott et al. (1978) used ad hoc inclusion probabilities, but

this strategy is not admissible in the sense where it is always possible to have a smaller

anticipated variance by selecting the units with inclusion probabilities proportional to the

standard deviations of the errors of the model and using the Horvitz-Thompson estimator,

which is the strategy that we advocated in Nedyalkova and Tillé (2008).
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Chapter 4

Sampling Procedures for
Coordinating Stratified Samples:
Methods Based on Microstrata

Abstract:

The aim of sampling coordination is to maximize or minimize the overlap between several
samples drawn successively in a population that changes over time. Therefore, the selec-
tion of a new sample will depend on the samples previously drawn. In order to obtain a
larger (or smaller) overlap of the samples than the one obtained by independent selection
of samples, a dependence between the samples must be introduced. This dependence will
emphasize (or limit) the number of common units in the selected samples. Several meth-
ods for coordinating stratified samples, such as the Kish & Scott method, the Cotton &
Hesse method, and the Riviere method, have already been developed. Using simulations,
we compare the optimality of these methods and their quality of coordination. We present
six new methods based on Permanent Random Numbers (PRNs) and microstrata. These
new methods have the advantage of allowing us to choose between positive or negative
coordination with each of the previous samples. Simulations are run to test the validity of

each of them.

!This chapter is a reprint of the paper: D. Nedyalkova, J. Péa and Y. Tillé. Sampling Procedures for
Coordinating Stratified Samples: Methods Based on Microstrata. ISR, 76:368-386, 2008.

ol
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4.1 Introduction

The coordination problem has been a main topic of interest for many years. We distinguish
two main types of coordination: negative and positive. In negative coordination, we want
to minimize the number of common units between several samples drawn successively in a
population that changes over time, while, in positive coordination, we want to maximize
this number. The first papers on coordination were written by Patterson (1950) and Keyfitz
(1951). The first works on coordination present methods which are in general restricted
to two successive samples or small sample sizes. At a later stage, Kish and Scott (1971)
generalized the coordination problem in the context of a larger sample size.

The concept of coordination based on PRNs was introduced by Brewer et al. (1972).
Most of the national bureaus of statistics use variations of methods based on PRN sampling.
Ohlsson (1995) presented a summary of the methods used in different countries. Another
approach that takes into account the concept of PRNs, called order sampling, was proposed
by Rosén (1997a,b).

The coordination of stratified samples is a more complex problem. The main reason is
that, over time, units usually change from one stratum to another. Several methods, the
Kish & Scott method presented in Kish and Scott (1971), the Cotton & Hesse method pre-
sented in Cotton and Hesse (1992b), the Dutch method (EDS) described in De Ree (1983),
Van Huis et al. (1994a,b), Koeijers and Willeboordse (1995), and the Riviere method pre-
sented in Riviere (1998, 1999, 2001a,b), have already been developed in order to obtain
maximal or minimal coverage between samples drawn on different occasions. However, the
Dutch method is not of much interest to us because it does not allow strata to be changed.

The methods that we will introduce are based on the use of PRNs and microstrata.
They allow us to choose between negative and positive coordination with the previous
waves, which is a major advantage. To do positive coordination, we should just coordinate
negatively with the complement of the sample. In some of the methods, the PRNs are per-
muted in a chronological manner, according to what happened at the previous stages, while
in others the PRNs are permuted in a retrospective manner. To illustrate the advantages

and drawbacks of each one of these methods, simulations have been run.
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This paper is structured as follows: some basic notions and definitions are given in
Sections 2 and 3. Section 4 introduces the Kish and Scott method. Section 5 presents the
Cotton and Hesse method. A comparison of the two methods is given in Section 6. Section
7 presents the Riviere method. Section 8 is devoted to the new methods that we introduce.
Section 9 presents the simulation results. Finally, in section 10, a few concluding remarks

are given.

4.2 Population, Sample, and Sampling Design

We define a finite population as a set of N units {ui,...,ug,...,uy}. Each unit can be
identified without ambiguity by a label. Let U = {1,...,k,..., N} be the set of these
labels. The size N of the population is not necessarily known. In the problems of sampling
coordination, the population can change over time. Suppose that we are interested in
studying a population at times t = 1,2,...,T —1,T. Let U denote the population at time
t. The set UN\U!"! contains the births at time t. The set U'~!1\U? holds the deaths at

time t. The population U contains all the units from time 1 to T
T
U=|JU.
t=1

DEFINITION 4.1. At time t, a sample without replacement is a subset of the population Ut.

Since Ut C U, a sample is also a subset of U. The sample is denoted by a vector

st=(st,...,st,...,sh) €{0,1}7,

where

¢ 1 if, at time t, unit k is in the sample

S =

b 0 if, at time t, unit k is not in the sample,

for all k € U.
The joint sampling design, p(s!,...,s!,...,s?), is a probability distribution for all the

occasions. Let S',..., St ..., ST denote the random samples as follows:

Pr(Sl:sl,...,St:st,...,ST:sT):p(sl,...,st,...,sT).

The size of St is denoted by nl.
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From the joint sampling design, one can derive the marginal design for the particular

time ¢:

Z p(st, ... st sT) = pi(sh).

1 t—1 gt+1 T
sl ... st—1sttl s

At time ¢, the first-order inclusion probability and the joint inclusion probability are de-
noted, respectively, by
T =E(S;) and  m, = E(S;S)),

where k,¢ € Ut,t = 1,...,T. The longitudinal inclusion probability, for times ¢ and w, is
given by
i =E(SESE), ke U'NnU% t,u=1,...,T.

Finally, the joint longitudinal probability has the form:
T4 = B(SLSY), ke StUSh tu=1,...,T.

Note that this probability is not symmetrical. Indeed, 74% # 7l¥ and 7t% # 7.

The following basic result gives bounds for the longitudinal inclusion probabilities.
REsuLT 4.1. For times t and u, we have

max (0, 7}, + 7 — 1) < 7 < min(n}, 7}).

Proof. By definition, we have
T = Pr(S; =1 and S = 1) < min [Pr(S; = 1), Pr(Sy = 1)] = min (7, ) .
Moreover,

- = Pr(SL=1)—Pr(S,=1and Sy =1) =Pr(S, =1 and S} =0)
min [Pr(S}, = 1), Pr(Sg = 0)] = min (7}, 1 — 7}) .

IN

Thus,

7 > 7wt — min (772,1 — ) = max (0777/1:; +m—1).
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Consider a population U split into H parts Uy, called ‘strata’, such that
Ul U,=U and U,NU; =0,

for all (h,i) with h # i. A design is called stratified if a random sample S, of fixed size
ny, is selected in each stratum Uy, and if the sample selection in each stratum is taken

independently of the selection done in all the other strata.

4.3 Sample coordination, Overlap, and Burden

DEFINITION 4.2. The overlap is the number of common units at two different times t and

u:

n' =" 58k
keU

The overlap can be random. The expected overlap is
E(n™) =E (Z S,QS};) =Y E(SiSE) = > m"
keU keU keU
DEFINITION 4.3. The overlap rate is defined by:

2nte

nt 4 nv’

tu

If nt and n* are fived, then the expected overlap rate is given by:

_ 2E(n'™)
Cont 4y

tu

Let ALB = Y,y max(0, 7}, + m}* — 1) denote the absolute lower bound and AUB =
> key min(mh, 7)) denote the absolute upper bound (see Matei and Tillé, 2005). Then,

from result 4.1, we can directly derive bounds for the expected overlap:
ALB < E(n'*) < AUB.

Unfortunately, except for very particular cases like simple random sampling (SRS), the
ALB and AUB cannot be reached.
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If, at times 1 and 2, two samples are drawn independently without coordination, then,
for all k € U,

)

In positive coordination, for all k¥ € U, the longitudinal inclusion probability must satisfy
the conditions

mime < w2 < min(n}, 7h).

In negative coordination, for all £ € U, the longitudinal inclusion probability must satisfy
the conditions

max(0, 7} 4+ 72 — 1) < 732 < mwiws.

Note that, in the last case, the longitudinal inclusion probability can be zero only if W,i +
7T,% <1

The response burden of a survey is usually quantified in terms of the time needed to
complete the questionnaire. However, other aspects of response burden exist: for example,
how difficult it is to provide the information or how sensitive the question sent to the
respondent is. Therefore, the response burden can vary from one survey to another.

At time ¢, a survey has a burden denoted by b, which can be proportional to the time
needed to complete the form or can be simply equal to one. After T' waves, the total
burden of unit k is defined as the sum of the burdens of the surveys in which unit k£ has

been included: .
ch =) b's;.
t=1

We also define the cumulative burden from survey m to survey 7', named (m, T')-cumulated

burden, as:
T
m,T _ } : t ot
Ck‘ = b Sk
t=m

The quality of a procedure concerning coordination can be measured using four possible

criteria:
1. the procedure provides a controllable degree of overlap;
2. the sampling design is respected in each selection;

3. for each unit, a fixed time out of sample is respected;
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4. the procedure is computed easily.

4.4 The Kish & Scott Method

Kish and Scott (1971) have proposed a method of substitution for coordinating stratified
samples which allows changes in the definition of the strata. Although they had introduced
this method for positive coordination, presented in Algorithm 1, it also allows us to do
negative coordination. At times 1 and 2, i.e. waves 1 and 2, the definition of the strata can
change. From this point forward, we will use the terms times and waves interchangeably.

In order to present a rigorous algorithm, it is necessary to formalize the notation. We
also assume that there are no births and deaths in the population. Suppose that the
population U is stratified at time 1 into H strata U{,..., U,%, ..., U}, and at time 2 into
G strata U12, ce UgQ, cee Ué as follows:

H 1 G 2
U == thth == Ug:lUg‘

Let Né be the size of U,%, Ng2 the size of Ug2, and N&; the size of U,%; = U,%OUQQ. Suppose that
two independent stratified samples s' and s? are drawn, at time 1 and time 2, respectively.

Also consider the following notations:
° sé the set of units of stratum U; that are selected in s?, for i = 1, 2, with ng = card(sg),

° sﬁlg the set of units of U,}Lﬁng that are selected in s?, for i = 1,2, with nﬁlg = card(s%g),

. s}fg = s}tg N S%Lg, with n}é = card(s}é)

This method is correct because it provides two conditional stratified samples. Nev-
ertheless, only two waves can be coordinated because the coordination of more than two
samples becomes very complicated. Simulations show that the coordination is not very
good. Generally, the Cotton & Hesse method performs better which we will show in a

simulation example in Section 6 of our paper.

4.5 The Cotton & Hesse Method

The Cotton & Hesse method from the Institut National de la Statistique et des Etudes
Economiques (INSEE) of France is fully described in Cotton and Hesse (1992b). This
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Algorithm 1 Positive Coordination using the Kish & Scott Method.
1: At wave 1, draw a stratified sample from U, denoted by s'.
2. At wave 2, draw a stratified sample from U, denoted by s? and
3: for Each possible intersection of strata U&; do

P R b 1,12
4. if Nhg nhQZnhg Ty then

5 Replace n,llg - n}é units from s,%g\s}é with units of s}lg\s,lfg by means of SRS.
6: else

7: Replace n,%g - n,lé units from s,%g\s}é with units of sllzg\s}fg by means of SRS.
8  end if

9: end for

method works when the strata change over time and can be used to obtain negative coor-
dination. The principle is as follows: Each unit of the population receives a PRN wy from
a uniform distribution UJ[0,1]. At the first wave, the sample is defined, in each stratum,
as the set of units that have the smallest random numbers. After the sample has been
selected, the PRNs are permuted in such a way that the units selected at the first wave
receive the largest PRNs, and the non-selected units receive the smallest PRNs. Within
the two subsets of selected and non-selected units, the order of the permuted PRNs must
remain unchanged. Then the same procedure is applied for the subsequent waves. The
procedure for negative coordination is presented in Algorithm 2. Note that the dead units

lose their PRNs, while the new units receive a new PRN.

Algorithm 2 Negative Coordination using the Cotton & Hesse Method.
1: Assign, independently, a PRN w] to each unit k& € U and construct w' = {w{,...,wy}.
2: fort=1,...,7T do
3:  Select the units that have the n! smallest w! to obtain the sample s’.
4:  Assign the largest cu,tc to the units that belong to s’.
5. Assign the smallest w! to the units that belong to U \ s'.
6:  Construct w'™! as a permutation of w' so that the rank of w' in s and in U \ s is
respected.
7: end for

The major advantage of this method is that the strata can change over time. The
method is correct, because after the permutation, the PRNs remain independent uniform
random numbers; the method is thus very simple to apply. Another advantage of this
method is that only the permuted PRNs must be retained from one wave to another. The

drawback of this method is that it allows only one kind of coordination. Once you have
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decided to do negative coordination between two time periods, you cannot do positive
coordination while drawing another sample. Moreover, the order of the surveys is fixed

and cannot be changed.

4.6 Comparison of the Kish & Scott and Cotton & Hesse
Methods

We will consider a very simple example in order to compare both methods. Since each
problem of coordination can be also viewed as a problem of optimization, we can find the
optimal solution and then compare this solution to the solutions of the Kish & Scott and
Cotton & Hesse methods. We will see that neither method is optimal.

Suppose that the population U = {1,2,3,4}. At time 1, the strata are {1,2}, {3,4},
and at time 2, {1,3},{2,4}. At times 1 and 2, two stratified samples are selected with only
one unit in each stratum. The aim is to obtain the best negative coordination. At time 1,

the possible samples are given by:

1 ! 1 ! 1 ! 1 !
slz<1 0 1 0), s2=<1 00 1), s3:(0 11 o), s4:(0 10 1).

All samples are selected with probability p(sf) = 1/4,4 = 1,...,4 and 7}, = 1/2 for all
keU.

At time 2, the possible samples are
2 "2 "2 "2 !
s1=(1 10 o), s2=(1 0 0 1), sgz(o 11 o), s4:(o 0 1 1).

Here, again, all samples are selected with probability p(s?) = 1/4,i=1,...,4 and 7r,3 =1/2
for all k£ € U.

Since n! = 2 and n? = 2, then

ALB = Z max(0, 7 + 73 — 1) = 0.
keU

Nevertheless, we will see that the ALB cannot be reached due to the constraints of strati-

fication. The overlap between the different samples is given in Table 4.1.

2

12 _ 1
Itn; =s;s]

: ; 1 2 o 1.2
is the number of common units of samples s; and s, and p;; = Pr(s;, sj),
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Table 4.1: Overlap between the possible samples at times 1 and 2.

si s3 s5 s]
st 1 1 1 1
ss 1 2 0 1
ss 1.0 2 1
s; 11 1 1
the optimal solution is obtained by solving
4 4 pij >0,
arg minZZnilfpij subject to Z?leij =1/4, for j=1,...,4,
P =11 S py=1/4, fori=1,....4

This is a linear program, that can be solved easily. The set of optimal solutions is given in

Table 4.2.

Table 4.2: Set of optimal solutions for ¢ € [0, 1/4].

n
N
9}
o
o
—
~
N\
|
o

If we take ¢ = 0, we find one of the following optimal solutions:
e If, at time 1, s} is selected, then select s? at time 2.
e If, at time 1, s% is selected, then select sg at time 2.
e If, at time 1, s} is selected, then select s3 at time 2.
e If, at time 1, Si is selected, then select 5421 at time 2.
The expected overlap is E(n'2) = 0.5, and the expected overlap rate is

2E(nt? 2 x 0.
sz BT 2305 o0
nl 4+ n2 242
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The relative lower bound (RLB) (see Matei and Tillé, 2005) is the value of the objective

function when the linear problem is solved. The following relation holds:
m q
RLB = arg minz Z n%fpl-j > Z max(0, 7}, + 73 — 1) = ALB.
Pig =1 j=1 keU

Here, RLB = 0.5 is strictly larger than ALB = 0.
If we apply a negative coordination using the Kish & Scott method to the strata we
have defined above, then we obtain the following results, given in Table 4.3. Note that,

Table 4.3: Negative Coordination with the Kish & Scott Method.

Time 1 |s] st st sl si sl s} si sl sl si si sl si s] si
Time 2 |s? s3 s s? s? s2 s2 s2 s} s3 s s? s? s s s?
Overlapj1 1 1 1 1 2 0 1 1 0 2 1 1 1 1 1

the expected overlap is 1 and the expected overlap rate is

TH_QEMH)_Qxl_l

S onl4n?2 242 2

In this case, the quality of coordination is not better than for independent stratified sam-
ples.
If we apply a negative coordination using the Cotton & Hesse method, then we obtain
the following results, presented in Table 4.4.
Note that, in this case, the expected overlap is 2/3 and the expected overlap rate is
_2E(n'?)  2x2/3 1

2= T 2T 212 3

Thus, the optimal solution, which has an expected overlap of 1/2, is not reached. The
Cotton & Hesse method does not provide the best solution to the problem of coordination.

This small example is very interesting because it shows that the optimality is not
reached by either the Cotton & Hesse method or the Kish & Scott method. However, the
Cotton & Hesse method gives a slightly better solution than the Kish & Scott method.
This result was also confirmed by a set of simulations. Therefore, we advocate the use
of the Cotton & Hesse method rather than the Kish & Scott method provided that the

drawbacks of the Cotton & Hesse method are not an issue.
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Table 4.4: Negative Coordination with the Cotton & Hesse Method.

Ranks  Time 1 Permuted Ranks Time 2 Overlap

(1234) (1010) (2143) (1100) 1
(1243) (1001) (2134) (1100) 1
(1324) (1010) (3142) (1100) 1
(1342) (1001) (3124) (0110) 0
(1423) (1010) (4132) (0110) 1
(1432) (1001) (4123) (0110) 0
(2134) (0110) (1243) (1100) 1
(2143) (0101) (1234) (1100) 1
(2314) (1010) (3241) (1001) 1
(2341) (1001) (3214) (0110) 0
(2413) (1010) (4231) (0011) 1
(2431) (1001) (4213) (0110) 0
(3124) (0110) (1342) (1001) 0
(3142) (0101) (1324) (1100) 1
(3214) (0110) (2341) (1001) 0
(3241) (0101) (2314) (0110) 1
(3412) (1010) (4321) (0011) 1
(3421) (1001) (4312) (0011) 1
(4123) (0110) (1432) (1001) 0
(4132) (0101) (1423) (1001) 1
(4213) (0110) (2431) (1001) 0
(4231) (0101) (2413) (0011) 1
(4312) (0110) (3421) (0011) 1
(4321) (0101) (3412) (0011) 1

4.7 The Riviere Method

This method, based on the use of microstrata, was proposed in a large set of publications
of Riviere (1998, 1999, 2001a,b) under the framework of the 1996 SUPCOM project of
Eurostat. As a result, two software applications were developed: SALOMON in 1998 (see
Mészaros, 1999) and MICROSTRAT in 2001. The method is based on four basic ideas:

e the use of PRNs that are allocated to each statistical unit,

e the use of a measure of burden, which can be the number of times that a unit has

already been selected for all the waves that one wants to coordinate,
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e the use of microstrata constructed at each wave by intersecting all the strata of the

waves that one wants to coordinate,

e the permutation of the PRNs in proportion to the measure of burden within the
microstrata so that the units with the smallest measures of burden obtain the smallest

random numbers.

As a preliminary to the algorithm, each unit receives a PRN from the uniform distri-
bution on [0,1] and a response burden equal to 0. Also note that for the Riviere method,
if ¢ is the first wave that we want to coordinate, a microstratum, at wave T, is defined
by the intersection of the strata of waves t to T'— 1. The permutations are done within
each microstratum according to the cumulative burden. Note that, within the subsets of
equal burden, the order of the permuted PRNs must remain unchanged. Then, one can

apply Algorithm 3 to do coordination using the Riviere method. A proof of the validity of

Algorithm 3 Negative coordination with The Riviere Method.

1: Assign a PRN w] to each unit k € U, i.e. construct w! = {w],...,wh}.

2: Assign a burden equal to 0 to each unit k € U, i.e. (:,1€ = 0.

3: for T'=2,...,Number of Waves do

4:  Compute the burden c{ = f:_ll 'Sy

5:  Construct the microstrata by crossing the strata of waves 1 to T — 1.

6:  Permute the wi, in each microstratum, so that the units are sorted by increasing
burden and the ranks remain unchanged in the subsets of equal burden.

7 Select the first n{ units in each stratum.

8: end for

the method has been given by Bleuer (2002). Nevertheless, if the algorithm is carried out
just once, the procedure has a main drawback: by crossing the strata of all the previous
surveys, the microstrata become very small and thus the coordination is not very good.
For this reason, and in order to have a good coordination with the last surveys, Riviere
(1999, p.5) advocated the use of only three sorts.

We ran a large set of simulations, trying to invalidate the method. We were sceptical
about the use of multiple sorting. Nevertheless, after 4 waves, the method seems to provide
the right inclusion probabilities of order 1 and 2, as long as the permutations are done in a
strictly sequential manner. For instance, at wave T', if we want to coordinate with respect
to wave t, the microstrata must be obtained by crossing all the strata of all the waves

between t and T'— 1. It is not possible to skip a wave, otherwise the inclusion probabilities
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are not satisfied, as shown in the following example.

Example 4.1. Suppose that we have 4 waves during the first year. The population is of
size N = 16. At each wave, we have two strata of size N} = 8. The burden is equal to 1

for each survey. The strata are defined in Table 4.5.

Table 4.5: Definition of strata used for the simulations

Units 1 2 3 4 5 6 7v 8 9 10 11 12 13 14 15 16
Strata’ 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
Strata? 1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
Strata> 1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2
Strata* 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

The sample strata sizes are n} = 3,n} =5,n? = 6,n3 = 2,n3 =4,n3 =4,n* = 6. If we

apply the procedure of Salomon, the samples are coordinated as follows.
e For the initialization, uniform random numbers wy are generated for each unit.
e At wave 1, the units that have the smallest w; in each stratum are selected.

e At wave 2, the wy are permuted according to the burden in the strata of wave 1 for

obtaining w,%. Next, the units that have the smallest w,% in each stratum are selected.

e At wave 3, the wi are permuted according to the burden in the strata of wave 2 to
obtain wi’“. Next, the wi’a are permuted according to the burden in the crossing of
the strata of wave 1 and 2, to obtain w;zb. Finally, the units that have the smallest
wzb in each stratum are selected.

o At wave 4, the wgb are permuted in function of the burden in the strata of wave 3 for
obtaining w,‘i“. Next, the wﬁ“ are permuted according to the burden in the crossing
of the strata of wave 1 and 3, (wave 2 is skipped) to obtain w,‘ib. Finally, the units

that have the smallest w%b in each stratum are selected.

However, this procedure is not recommended by Riviere. The permutation is done in
relation to the previous survey and in relation to all the surveys since the beginning of the

year.



4.8. OTHER METHODS USING MICROSTRATA 65

After 10000 simulations, we estimated the inclusion probabilities by 7~r,t€. Then we

computed
~4 4

T — Tk

(= xd)/sim

where W,‘i are the inclusion probabilities that we want to obtain, and sim is the number of

Zp =

simulations. If the method provides good inclusion probabilities, then the z; should have

a Normal distribution. We obtained the following vector of z,‘i :
(1.033,—6.383,—1.611,8.138,1.012, —8.076, —2.520, 7.333,

2.520, —7.415, —1.384, 6.403, 1.632, —8.882, —0.909, 9.109).

Several z,‘f, are larger than 1.96 in absolute value. We must therefore reject the hypothesis

that the inclusion probabilities are correct.

This example does not show that the method is false. It only shows that the permuta-
tion must be done in a strictly sequential manner and that a wave should never be skipped.
We ran a set of simulations in the same population as in Example 4.1 in order to compare
the quality of the coordination of the Riviere and Cotton & Hesse methods. The results
which we do not present here clearly showed that both methods give almost equivalent

results.

4.8 Other Methods Using Microstrata

In this section, we introduce several new methods based on the idea of microstrata. A
method of coordination must be evaluated through several waves, and it is a complicated
matter to theoretically prove that a method works or not when we have a large number of
waves. Moreover, on a large number of waves and large population and sample sizes, the
methods seem to give equivalent results. So, in order to invalidate our methods and point
out the differences between them, we decided to run simulations on 4 waves. Obviously, if
we cannot prove by simulation that a method is false, it does not imply that the method
works. From this point forward, we will refer to a method as sim-false if it was invalidated
by simulations, and sim-correct, if the simulations fail to invalidate it.

Before coming to the idea of applying the microstrata technique for coordination, we

had a very simple idea. First, for each wave T', we generate a new random number. Next,
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these random numbers are permuted within each of the strata of the previous waves. These
permutations are done chronologically from wave 1 to wave T'— 1. The method is described

precisely in Algorithm 4.

Algorithm 4 First Method of Chronological Permutations (Sim-false).

1: At wave 1, assign a uniform random number, w,i, to each unit k£ € U.

2: Select the units that have the n,ll smallest w,i to obtain the sample s'.

3: for T'=2,...,Number of Waves do

4:  Generate and assign a new uniform random number, w};, to each unit k € U.

50 fort=1,...,7T—1do

6: Permute the w!, within the strata, so that the units that are selected receive
the largest random numbers, the units that are not selected receive the smallest
random numbers and the ranks remain unchanged in the subsets of selected and
non-selected units.

7. end for

8 Select the units that have the nz smallest w,z;, in each stratum, to obtain the sample

sT.
9: end for

This method seems interesting but is sim-false in the sense that it does not provide
the sim-correct inclusion probabilities. Simulations on at least 3 waves were needed to
detect the problem. Our explanation is the following: at wave 3, the random numbers are
permuted according to the first wave, and next according to the second wave. Nevertheless,
the selection of the units of the second wave depends on the permuted random numbers from
the first wave. This correlation implies that, after the permutation, the random numbers
are not independent and uniform anymore. From this sim-false method, we concluded that,
in order to coordinate a sample at time 7', if a permutation of the random numbers is done
in the strata of time ¢, the method will be false. The permutations must be done in the
crossing of all the strata (the microstrata) from time ¢ to 7 — 1.

One of the main differences between the methods we introduce is the order in which the
permutations are done. We differentiate two types of order: chronological and retrospective.
Chronological means always starting with the first wave and going on to the next ones.
As an example of chronological permutations at wave 4, we have: first, the permutations
are done in the crossing of the strata of waves 1,2 and 3, after that in the crossing of the
strata of waves 2 and 3, and finally, in the crossing of the strata of wave 3. On the other
side, a retrospective order means that the permutations are first done in the crossing of

the strata of the latest wave and then going backwards to the first wave. As an example
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of retrospective permutations at wave 4, we have: first, the permutations are done in the
crossing of the strata of wave 3, after that in the crossing of the strata of waves 2 and 3,
and finally, in the crossing of the strata of waves 1,2 and 3. However, the retrospective
order has the small disadvantage that it takes more time to compute the permutations
than if they are done chronologically.

In order to overcome the problem posed by Algorithm 4, the permutations could be
done in the microstrata as described in Algorithm 5. Note, that the permutations are done
in chronological order. We can modify the method described in Algorithm 5 by using PRNs
instead of generating a new random number at each wave. This method is described in

Algorithm 6. The simulations invalidated both methods, so they are both sim-false. We

Algorithm 5 Second Method of Chronological Permutations (Sim-false).

1: At wave 1, assign a uniform random number to each unit & € U.

2: Select the units that have the n}L smallest w; to obtain the sample s'.

3: for T'=2,...,Number of Waves do

4:  Assign a new uniform random number to each unit k£ € U.

fort=1,...,T—1do
Compute the (¢,7 — 1)-cumulated burden, i.e. cZ’Tfl = E;‘C:_tl buSy.
Construct the microstrata by crossing the strata of waves t to 7' — 1.
Permute the w}, in each microstratum, such that the units are sorted by increasing
burden and the ranks remain unchanged in the subsets of equal burden.

9:  end for

10:  Select the units that have the n?; smallest w,z; in each stratum to obtain the sample

7

11: end for

thus concluded that the use of burden in microstrata does not work if the permutations
are done in a chronological order.

These conclusions led us to create 6 other methods that could not be invalidated by
simulation. We have abandoned the methods based on generating a new random number
at each wave due to the simulation results in which these methods do not perform any
better than the PRNs methods. Thus, we will present only the three methods based on
PRNs. Method 7 is based on the idea of microstrata, cumulative burden and multiple
permutations which are, this time, done in a retrospective way. This method can be
considered as a modification of the Riviere method. The difference between our method
and the Riviere method is that, at a given time T, it uses multiple permutations while

the Riviere method uses only one permutation done in the microstrata, constructed by
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Algorithm 6 Third Method of Chronological Permutations (Sim-false).

1: Assign a PRN w} to each unit k € U, i.e. construct w! = {wi,...,wk}.

2: Select the units that have the n,ll smallest w,i to obtain the sample s'.

3: for T'=2,...,Number of Waves do

4: fort=1,...,T—1do

5 Compute the (¢,7 — 1)-cumulated burden, i.e. cZTfl = Z;tl b Sy

6: Construct the microstrata by crossing the strata of waves t to T — 1.

7 Permute the w,tc, in each microstratum, so that the units are sorted by increasing

burden and the ranks remain unchanged in the subsets of equal burden.

8 end for

9:  Select the units that have the n}f smallest wg in each stratum to obtain the sample
7

10: end for

crossing the strata from waves 1 to T'— 1. Based on the simulation results, this method is

sim-correct.

Algorithm 7 First Method of Retrospective Permutations (Sim-correct).

1: Assign a PRN w] to each unit k € U, i.e. construct w' = {w],...,w}}.

2: Select the units that have the n,ll smallest w,}: to obtain the sample s'.

3: for T'=2,...,Number of Waves do

4: fort=T-1,...,1do

5 Compute the (¢,7 — 1)-cumulated burden, i.e. cZ’Tﬁl = z;tl b S}

6: Construct the microstrata by crossing the strata of waves t to T — 1.

7 Permute the w!, in each microstratum, so that the units are sorted by increasing
burden and the ranks remain unchanged in the subsets of equal burden.

8 end for

9:  Select the units that have the ng smallest wkT, in each stratum to obtain the sample
sT.

10: end for

The last two methods are presented in Algorithms 8 and 9 and are based on the idea
of multiple permutations done in microstrata which are the crossing of the strata of the

. In these methods, the cumulative burden

previous waves and the subsets defined as s
is not taken into account. The permutations are done according to the sample indicator
variables and not according to the cumulative burden. In Algorithm 8, the permutations
are done in a retrospective order, while in Algorithm 9 they are done in a chronological

order. Based on the simulation results, these methods are sim-correct.
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Algorithm 8 Second Method of Retrospective Permutations (Sim-correct).

1: Assign a PRN w} to each unit k € U, i.e. construct w' = {wi,... wl}.

2: Select the units that have the n,lz smallest w,i to obtain the sample s'.

3: for T'=2,...,Number of Waves do

4. fort=T-1,...,1do

5 Construct the microstrata as the intersection of the crossing of the stratat,...,T—
1 and the crossing of the subsets defined by s**1, ... s71.

6: Construct w!*! by permuting w', within each microstratum, so that the units that
are selected receive the largest random numbers, the units that are not selected
receive the smallest random numbers and the ranks remain unchanged in the

subsets of selected and non-selected units.

7. end for

8:  Select the units that have the ng smallest w;{ in each stratum to obtain the sample
s

9: end for

Algorithm 9 Fourth Method of Chronological Permutations (Sim-correct).

. Assign a PRN w] to each unit k € U, i.e. construct w' = {w{,...,w}}.

: Select the units that have the n,l1 smallest w,ﬁ to obtain the sample s'.

: for T'=2,..., Number of Waves do

fort=1,...,T—1do
Construct the microstrata as the intersection of the crossing of the strata t,...,T—
1 and the crossing of the subsets defined by s**1, ... s71.

6: Construct w!*! by permuting w', within each microstratum, so that the units that
are selected receive the largest random numbers, the units that are not selected
receive the smallest random numbers and the ranks remain unchanged in the
subsets of selected and non-selected units.

end for

8:  Select the units that have the n:,f smallest w;‘f in each stratum to obtain the sample

sT.

9: end for

|

4.9 Simulation Study and Results

In this section, we will test the new methods presented in Section 8. We should note that
simulations were done in larger sample (population) sizes but in this case all methods were
performing well. Thus, in order to find which methods result in false inclusion probabilities,
we decided to use small sample (population) sizes. We simulated 500 000 drawings of

stratified simple random samples in a population of N = 16 units. Four waves were taken
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into account. The strata are defined in Table 4.5. The sample strata sizes are

To compare the results of the simulations, we decided to analyze three different simulation

outputs:

1. The first-order inclusion probabilities.
2. The second-order inclusion probabilities.
3. The quality of the coordination.

To analyze the first- and second-order inclusion probabilities, which we denote, respec-
tively, by w5 and mi9™, we calculated a kind of ""z-value”, which enables us to do a Normal
test on the value obtained by simulation. This ‘z-value’ was obtained using the following

formula:

For the first-order inclusion probabilities:

For the second-order inclusion probabilities:

rsim _ ( n%”ﬁé)
kL NE.NE
NN — NEk.nE

Nh.Nh Nh.Nh

The obtained values are the ‘z-values’ for the centered inclusion probabilities. An

2, = VSim -

acceptable value of the centered 7 and 7y should lie in the interval [-2,2] (95% confidence

interval).

On each graph, there are four plots corresponding to each of the four waves, as shown
in Table 4.6.

On each plot we can see:

e on the horizontal axis - the units of the population,
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Table 4.6: Wave number for each plot

112

on the vertical axis - the centered ‘z-value’,

the limit values of the confidence interval, given by dashed lines,

the acceptable values - the circles between the dashed lines,

the unacceptable values - the circles outside of the confidence interval.

The third output used to compare the methods is the quality of the coordination which
is simply given by the average number of common units in the samples.

To interpret the results, we shall analyze each of the graphs. It is very important to
note that, for all methods, the results are always correct for the first two waves. Thus, we

will be considering only the last two waves.

On Figure 1 and Figure 2, the first- and second-order inclusion probabilities, respec-
tively, for Algorithms 4, 5, 6 and Algorithms 7, 8, 9 are plotted. We can see that:
e Most or all of the first-order inclusion probabilities lie outside the confidence interval.

e Most of the second-order inclusion probabilities lie outside the confidence interval.

In conclusion, we can say that according to the graphs, the methods given by Algo-

rithms 4, 5 and 6 are sim-false methods.
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The quality of the coordination is given in Table 4.7. As we are coordinating negatively,
the aim is to minimize the expected overlap, i.e. the number of common units in the
samples. First, we compare the overlap between the samples of waves 3 and 4. If it is
approximately the same, then we compare the overlap between the samples of waves 2
and 4. On this basis, we can conclude that the coordination works equally good for the
Algorithms 7, 8 and 9.

Table 4.7: Expected overlaps.

Algorithm 7
wave 1  wave 2 wave 3 wave 4
wave 1 8.000 2.159 4.027 3.085
wave 2 2.159 8.000 2.073 3.941
wave 3 4.027 2.073 8.000 0.126
wave 4  3.085 3.941 0.126 6.000

Algorithm 8
wave 1  wave 2 wave 3 wave 4
wave 1 8.000 2.161 4.028 3.086
wave 2 2.161 8.000 2.071 3.945
wave 3 4.028 2.071 8.000 0.125
wave 4  3.086 3.945 0.125 6.000

Algorithm 9
wave 1  wave 2 wave 3 wave 4
wave 1 8.000 2.163 4.024 3.088
wave 2 2.163 8.000 2.073 3.943
wave 3 4.024 2.073 8.000 0.125
wave 4  3.088 3.943 0.125 6.000

4.10 Conclusions

The Kish & Scott, Cotton & Hesse, and Riviere methods allow the definition of the strata
to be changed, which enables us to create a dynamic system of coordination. In the
case of negative coordination, two bounds can be used as benchmarks for comparing the

quality of the coordination: the absolute lower bound (ALB), which is rarely reached, and
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Table 4.8: Summary table.

Algorithm Burden Sample Retrospective Chronological Sim-false

3 Yes No Yes No No
4 No No No Yes Yes
5 Yes No No Yes Yes
6 Yes No No Yes Yes
7 Yes No Yes No No
8 No Yes Yes No No
9 No Yes No Yes No

the relative lower bound (RLB), defined as the solution of the linear program. A simple
counter-example shows that neither the Kish & Scott nor the Cotton & Hesse method
allow us to reach the RLB. Nevertheless, no other solution has been proposed to avoid the
enumeration of all possible samples.

Based on the simulation results, we can see that the quality of coordination of the Kish
& Scott method is worse than that of the Cotton & Hesse method. Moreover, the Kish &
Scott method does not allow more than two samples to be coordinated. For these reasons,
the Cotton & Hesse method should be preferred to the Kish & Scott method.

The Riviere method is slightly more complex to implement but, at present, the capacity
of computation does not constitute a barrier to rapid implementation. We show that the
condition for validity of the method is that the crossing of the strata is done for all the waves
since the first survey that we want to coordinate. This limits our capacity to coordinate
with really old surveys. The problem that can occur is that there are no more or very
few units left in the microstrata. In a simulation based on four waves, the quality of the
coordination of the Cotton & Hesse method is the same as that of the Riviére method.
The concordance is so accurate, that we could conjecture that both methods provide the
same joint sampling design.

However, the Riviere method is more flexible, the use of burden allows us to give more
importance to chosen surveys. The burden can also change over time, for instance, if we
want to have a positive coordination. Nevertheless, we do not understand why, in the
implementation of MICROSTRAT and SALOMON software, only three sorts are done.
We should rather advocate the use of one sort per wave, which seems to be possible with

current computers, even with several decades of waves.
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We have seen that it is easy to construct new methods because the ideas on which they
are based are simple and intuitive. The method presented in Algorithm 4 is a non-PRN
method where, at each wave, a new random number is generated for all the units of the
population. The methods given in Algorithms 5 and 6 can be seen as modifications of
the Riviere method. Because of their simplicity, it is difficult to understand why these
methods do not work. After running simulations on only four waves, we showed that they
are sim-false.

We have also seen that there is a way to construct modifications of the Cotton and
Hesse method while permuting the random numbers in the crossing of all the strata. These
methods have proven to be sim-correct.

Although it is difficult to give preference to one or another of the newly introduced
methods, we believe that the method presented in Algorithm 8, which proved to be sim-
correct, can be a good solution to the sample coordination problem. Like the Riviere
method, it is based on the use of PRNs and is retrospective. Like the Cotton and Hesse
method, the permutations are done while respecting the ranks in the vector of random
numbers. Its innovation comes from the way in which the microstrata are constructed.

The general conclusion is that using methods based on microstrata makes coordination
with old surveys very difficult because of the need to cross all the intermediate strata,
which finally results in a very small sample size in the microstrata. Unfortunately, this

seems to be a constraint of the coordination problem that cannot be ignored.



Chapter 5

General Framework for the
Rotation of Units in Repeated
Survey Sampling

Abstract:

Coordination of probabilistic samples is a challenging theoretical problem faced by statisti-
cal institutes. One of their aims is to obtain good estimates for each wave while spreading
the response burden across the entire population. There is a collection of existing solutions
that try to attend to these needs. These solutions, which were developed independently,
are integrated in a general framework and their corresponding longitudinal designs are
computed. The properties of these longitudinal designs are discussed. It is also noted
that there is an antagonism between a good rotation and control over the cross-sectional
sampling design. A compromise needs to be reached between the quality of the sample
coordination, which appears to be optimal for a systematic longitudinal sampling design,
and the freedom of choice of the cross-sectional design. In order to reach such a compro-

mise, an algorithm that uses a new method of longitudinal sampling is proposed.

!This chapter is a reprint of the paper: D. Nedyalkova, L. Qualité and Y. Tillé. General Framework for
the Rotation of Units in Repeated Survey Sampling. Statistica Neerlandica, 63:269-293, 2009.
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5.1 Introduction

The negative coordination of samples is a challenging theoretical problem faced by statis-
tical institutes. In business surveys, for example, several survey samplings are conducted
each year on a relatively small population of large or medium-sized companies. The pa-
perwork burden asked of these companies can lead to reduced response rates and lesser
quality. It is thus important for statistical institutes to have some control over the response
burden of the units in the population while maintaining a probabilistic sampling system.
In business surveys, the aims of such a system can be diametrically opposed: the institutes
may want to ensure that a company will not be selected too often in order to limit its
burden, or on the contrary, they may want to have a large overlap between the samples
of two consecutive waves in order to have accurate estimations for the evolutions. These
opposite properties are respectively called negative and positive coordination of samples.
There is a collection of existing solutions that try to attend to these needs. For instance,
the use of random numbers for coordinating Poisson designs (Brewer et al., 1972), collocated
sampling (Brewer et al., 1984) and the use of a measure of burden (De Ree, 1983; Van Huis
et al., 1994a,b). These methods give partial but important solutions to real-life problems.
However, one drawback of these methods is that they do not allow the important advances
made in the domain of one-sample selection over the last decades to be integrated. For
example, none of these allow to use maximum fixed-size entropy sampling (see Chen et al.,
1994), or balanced sampling (Deville and Tillé, 2004) as a cross-sectional sampling design.
Our aim is to provide the core of a general theory that includes the main existing
sampling designs. However, in an attempt to keep this presentation simple, we will only
describe negative coordination methods. The case of unit rotation (e.g. in partially renewed
panels) is thus taken into account as it can be seen as a negative coordination problem.
Indeed, sample rotation is usually achieved by splitting a sample into different parts and
drawing for each new wave a non-overlapping sample that replaces one of these parts.
Another important issue where we made simplifications is the one of dynamic popu-
lations. In real-life problems, especially when we deal with business surveys, we need to
allow for births and deaths of units in the population. This point is an important part
of every rotation system and adds to its practical values. The algorithms present in this
paper only require slight adaptations to work with a dynamic population.
The first part of our paper, in Section 2, is devoted to a review of the useful concepts

and notations for sampling on one occasion and on several occasions. In Section 3, we
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present some classical sampling designs in the context of longitudinal selection of a given
unit over time. We also propose a new sampling algorithm that allows us to impose a

minimum time between two selections of a unit.

After that, in Section 4, we review the main existing methods for negative coordination
of samples: the Brewer method that selects Poisson samples, the method of permutation
of random numbers (see Cotton and Hesse, 1992a,b), and the burden method. We show
that it is possible to compute the cross-sectional and longitudinal sampling designs and in
some cases even the joint sampling design. We also show that the longitudinal designs,
which were never calculated before, are either systematic or Deville’s systematic (Deville,
1998). These methods are not suitable if one wants to use a complex cross-sectional design

(e.g. unequal inclusion probabilities and fixed size at the same time).

In Section 5, we give a general method that makes it possible to use any cross-sectional
design along with a systematic longitudinal design. However, the cross-sectional design
should be applied, at each step, on the conditional selection probabilities. That will result
in a progressive loss of control over the cross-sectional designs. This difficulty sheds light
on the antagonism between the requirements for the cross-sectional design and those for
the longitudinal design. It seems that the quality of the coordination is contradictory with
the control of the cross-sectional sampling design. Finally, in Section 6, we develop new
sampling strategies that allow us to have a good coordination while leaving a relatively

free choice of cross-sectional designs.

5.2 Basic Concepts and Notation

5.2.1 Sampling on one occasion
A finite population is a set of IV units. Each unit can be identified by a label. Let
U={1,....k,...,N}

be the set of these labels. The size IV of the population is not necessarily known. A sample

without replacement is a subset of the population and in vector notation is presented as

S:(81,...,8k,...,SN)/€{0,1}N,
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where
{ 1 if unit k is in the sample
S =

0 if unit k£ is not in the sample,

for all k£ € U. The sample size is

n(s) = Z Sk

keU

A sampling design p(s) is a probability distribution on the samples of U. Let S be the

random sample, i.e. the random vector of RY, whose distribution is given by

The first-order inclusion probability 7 is the probability of selecting unit k in the

sample, and 7 = (7 )1<k<n is the inclusion probability vector. It can be derived from the

T = Z sp(s).

sCU

sampling design as follows:

When the design has a fixed sample size n, then
S =

The joint inclusion probability s is the probability of selecting units k and ¢ together in

the sample, and 7 = 7. The matrix of joint inclusion probabilities is given by

1= Z ss'p(s).

A support Q is a set of samples. The support Q of a sampling design p(-) is defined by:
p(s) >0, for all s € Q,

and

Zp(s) =1.

seQ

The full support S is the set of all the possible samples, i.e. S = {0,1}" and card(S) =
2NV The support corresponding to the samples of fixed sample size n is defined by S, =
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{s € 8| Y 4cu sk = n}. Note that card(S,) = (]T\L[) Some sampling designs have very small

supports. They are called minimum support designs. We refer to the following definition:

DEFINITION 5.1. A sampling design po(-) with inclusion probabilities (mx)1<k<n is said to
be defined on a minimum support Qq if, for every Q C Qu with Q # Qq, there is no design
p(+) with support Q and with ) coskp(s) = m, k=1,...,N.

Péa et al. (2007) showed that the systematic design is a minimum support design. They

also presented new methods to construct minimum support designs.

5.2.2 Sampling on several occasions

In coordination problems, we are interested in drawing samples from a population at times

t=1,2,...,T. At time ¢, a sample without replacement is a subset of the population.

DEFINITION 5.2. The cross-sectional sample is denoted by a vector
st=(sh,...,st,...,s%) €{0,1}Y,

forallt € {1,2,...,T}, and the longitudinal sample by a vector

sk =(s),...,80,...,s0) € {0,117,
where
o 1 if, at time t, unit k is in the sample s*
b 0 if, at time t, unit k is not in the sample s,
forallk eU.
DEFINITION 5.3. A sampling design p(st), t = 1,2,...,T, will be called a cross-sectional

sampling design.

DEFINITION 5.4. A sampling design p(s), k = 1,2,..., N, will be called a longitudinal

sampling design.

The joint (or complete) sampling design p(s) is given by

From this joint sampling design, we can derive the marginal cross-sectional design for a
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time ¢t

p(sh) = Z p(st, ..., st .. sT),

sl,...st=1sttl T

and the marginal longitudinal design for a unit k,

p(sk) = Z p(S1,---sSks---,SN)-

S1,-+,Sk—1,Sk+1---,SN

Let S,’f€ be the random variable that takes the value 1 if unit k is selected at time ¢ and
0 otherwise. The first-order inclusion probabilities and the joint inclusion probabilities of

the cross-sectional design at time ¢ are given respectively by:
M, =E(Sy) and m, =E(S.5)),

where E(+) is the expectation under the probability distribution p(-), k,¢ € U,t =1,...,T.

The longitudinal joint inclusion probabilities for times ¢ and u are given by:
T =E(SLSY), ke Ut,u=1,...,T.
Finally, we can define:
Y =B(SLS), ktcUtiu=1,...,T.

We have that w4 = wf, where k,¢ € U, but 7}% is not necessarily equal to mp;. These
definitions can easily be adapted to a dynamic population denoted U?, t = 1,...,T, which
holds N* units at time ¢. Naturally, if a unit k& does not belong to U?, then si = 0 and the

inclusion probabilities 77,2 and 77,’?; are also null.

In a repeated sampling design, the objectives of the cross-sectional and longitudinal
designs are completely different. The cross-sectional design must be organized so as to
obtain a complete coverage of the population and optimize the accuracy of the estimators.
The aim of the longitudinal design could be to organize an equitable rotation of the units
in the samples in order to fairly share the response burden of the companies. In some
studies, the aim could be to have the best possible longitudinal estimations. Fixed size of
the longitudinal design is not necessarily required, but it could be if one wants to inform the

units that they will be surveyed a certain number of times over a given period. Longitudinal
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estimators do not necessarily need to be optimized.

Yet, up to now, no algorithm enables us to combine all these requirements. That is
why relatively simple cross-sectional designs such as optimal stratified designs are generally
used in repeated business surveys. It would be interesting to be able to have cross-sectional
sampling designs with nice properties such as balanced sampling.

Another requirement is that we may want to be able to draw a sample at time ¢
without knowing how many other samples s'™!, ... s will have to be drawn, or the future
inclusion probabilities 7};, k € U, u = t +1,...,T. In order to do so, we need to have
an adequate longitudinal sampling algorithm. One should not confuse the definition of a
sampling design with that of a sampling algorithm. The sampling design is given by the
probability measure p(.), while a sampling algorithm is a procedure that allows us to select
a random sample. Usually, there are several algorithms that allow us to implement the
same sampling design. For instance, in Tillé (2006, pp. 47-50), four sampling algorithms
for simple random sampling design without replacement are proposed.

A sequential algorithm is a method that is applied to a list of units (or, in this case,
occurrences) denoted 1, ...,¢,..., T, which are sorted according to a particular order. Tillé

(2006) gives two definitions of a sequential algorithm.

DEFINITION 5.5. A longitudinal sampling algorithm, for a unit k, is said to be weakly
sequential if at stept =1,...,T of the procedure, the decision concerning whether the unit

k is in the sample st is definitively taken.

DEFINITION 5.6. A longitudinal sampling algorithm is said to be strictly sequential if it is
weakly sequential and if the decision concerning the unit k at time t does not depend on the
inclusion probabilities of the unit k at timest+1,...,T and on the number T of sampling

occasions.

A strictly sequential procedure may be necessary for the longitudinal design when we
are sampling over time. This is the case when the inclusion probabilities for the future
occasions are not known (e.g. they are proportional to a variable that is not available
in advance), or when the total number of occasions is not known. Moreover, a strictly
sequential algorithm allows for an indefinite number of sampling occasions, and can be
used with dynamic populations. Indeed, with such an algorithm, the death of a unit has
no influence on its previous selections and the unit can just stay in the population with
null inclusion probabilities from then on. A newborn unit can always be added to the

population and receive null inclusion probabilities for the previous sampling occasions.
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A general schema for constructing a sequential algorithm consists in computing the
conditional selection probabilities of a unit as described in Algorithm 10. First, a uniform
random number is generated for each unit of the population. A unit is selected if its random
number is at most equal to its inclusion probability. Next, for each consecutive wave, a
uniform random number is generated for each unit £ € U. Then, a conditional probability
of selection is computed. A unit is selected if its random number is at most equal to its

conditional selection probability.

Algorithm 10 General longitudinal sequential algorithm.

Generate u, a uniformly distributed random number in [0, 1).
if u < 7} then
s,%/, =1
else
sy =0
end if
fort=2,...,7T do
Generate u, a uniformly distributed random number in [0, 1).
Compute p = Pr(S! = 1\5}2_1 = 32_1, S =51).
if u < p then
sz =1
else
sk =0
end if
: end for

e e e
AN

The computation of the conditional selection probabilities can be intricate. In most
cases, these probabilities depend on the inclusion probabilities at times t+1,¢t+2,...,T, and
thus, in those cases there is no strictly sequential algorithm to implement the design. When
the sampling design is such that these conditional selection probabilities do not depend on
the future, Algorithm 10 is strictly sequential. In Section 3, several strictly sequential
algorithms, that are particular cases of Algorithm 10, along with the new algorithm that

we propose, are presented.

5.2.3 Average time out of the sample

The distribution of the time between two selections of a given unit is an important charac-

teristic for the coordination problem. Let ¢! be the random variable defined fort = 1,...,T
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by
min (7 — ¢, min{r > 1|s;"" = 1}) if k € &',

t _
Vk(se) = { 0ifk ¢ s,

and ¥2(sg) = min (T, min{r > 1|s; = 1}). Let ¢¢, t = 1,...,T, be a random variable with
the same distribution as ¢! (s;) conditionally to st =1, so that, if 1 < ¢ < T

1 with probability Pr(S;t! = 1|Sf = 1) ift +1 < T,
2 with probability Pr(S;™ = 1,5, =0|Sf =1)ift +2 < T,
ob=1{ 3 with probability Pr(S;™ = 1,5, =0,S/"" =0|St = 1) if t +3 < T,

T —t with probability 1 — 7 /"' Pr(SLT = 1,8, =0,..., S = 0[Sk = 1).

We have the relation:

T T

> vk(sk) =T =E(4}) + > miB (shlsk =1). (5.1)
t=0 t=1

The quantity E (¢Z|s'}€ = 1) can be seen approximately as the expected time out of the

sample for a unit that has just been selected at time t.

In the subsequent sections, we will give the distribution of ¢! for several sampling
designs. We will also show that the control of qbz, is the main issue in sampling coordination.
We will consider particular sampling designs such as simple random sampling, Poisson
sampling, systematic sampling, Deville’s sampling, and give sequential algorithms for these

designs.

5.3 Classical sampling designs

In this section, we will present a short summary of some of the classical sampling designs
in the context of longitudinal sampling of a unit k£ at times ¢t = 1,...,T with inclusion
probabilities w,i, . ,7rkT. We will also give sequential or strictly sequential procedures to

implement these designs.
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5.3.1 Poisson sampling design

A longitudinal sampling design p(sy) is said to be a Poisson sampling without replacement
if it can be written .

H ) )%k (1 — 7k - k.

t=1
The inclusion probabilities are equal to 7 and the joint inclusion probabilities are equal
to i = wl it when t # w.

The random variables Sk, S,g, cees SkT are independent and thus the application of the

general sequential Algorithm 10 to Poisson sampling gives the strictly sequential Algo-
rithm 11:

Algorithm 11 Poisson strictly sequential.
1: fort=1,...,7 do
2:  Select unit k at time ¢ with probability .
3: end for

It is possible to compute the number of steps needed to select k again given that it has

been selected at time t:

with probability 7Tt+l ift+1<T,

with probability 7rt+2(1 Y ift+2 < T,

with probability 74" (1 — 7pt?)(1 — 7bt!) if t +3 < T,

with probability 75 *(1 — 71) (1 — 7i2) (1 — 7l if t +4 < T,

-
wﬁ#
Il
=W N =

With Poisson sampling, the sample size n(Sy) is random and has a Poisson-binomial
distribution (see for example Hodges and LeCam, 1960). Its expected value and variance

are, respectively, equal to:

T T

= ZT{'Z and var [n(Sg)] = Zﬁi(l - 772)
t=1 t=1

When all the inclusion probabilities are equal to 7y, the Poisson sampling design is called

a Bernoulli design. In this case, n(Sy) has a binomial distribution: n(Sy) ~ B(T, m;) and

Pr(¢h =)= —m) 'mp,j=1,...,T —t—1.
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If T is not finite, ¢ has a geometric distribution. In this case,

1—m
(71)?

E(6}) = — and var(g}) =
Tk

5.3.2 Simple random sampling

A longitudinal sampling design p(si) is said to be a simple random sampling without

replacement (SRSWOR) (with fixed sample size ny) if it can be written

p(se) = { (07" it s = i,

0 otherwise.

The first-order inclusion probabilities are 7r/,'5c = ny/T, for all t = 1,...,T, and the joint
inclusion probabilities are m}* = ng(ny, — 1)/[T(T — 1)], if t # u.

This design can be implemented using several sampling algorithms. An application of
the general sequential Algorithm 10 was proposed by Fan et al. (1962) and is presented
in Algorithm 12. First, a uniform random number u is generated. Then, we calculate the
probability of selection p. If the random number is less than the selection probability, then
a unit is selected. The algorithm ends when exactly nj units are selected. This algorithm is
sequential but not strictly sequential, as the inclusion probabilities depend on the number

of sampling occasions.

Algorithm 12 SRSWOR sequential.
1: Let j =0.
2: Generate u, a uniformly distributed random number in [0, 1).
3: fort=1,...,T do

ng —J
4:  Calculate p = T+ 1
5 if u < p then
6 Select unit & in st.
7: j=j+1
8 end if
9: end for

It is possible to compute the number of steps needed to select unit k again, given that
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it has been selected at time ¢:
T—j—1

(mo 1)

For the first ny — 2 sampling occasions, ¢! has a negative (or inverse) hypergeometric

Pr(¢l = j) = g=1,...min(T —t—1,T —ng +1).

distribution (see, for instance Johnson et al., 1992), and

T T(T — ng)(ng — 1)
E(¢!) = — and var(¢l) =
The moments of gbi for larger values of t are not as easy to obtain, due to the special

treatment given to the last sampling occasion in the definition of 1/1,2 and ¢ .

5.3.3 Systematic sampling

Suppose that the longitudinal inclusion probabilities are such that 0 < #f <1,t=1,...,T
with

T
§ t

T = Nk-
t=1

Let V! be the cumulated inclusion probabilities defined by:

t
Vi o= ) m, forallt=1,...,T, (5.2)
i=1

with V0 = 0 and VkT = ng. The usual selection procedure for systematic sampling is given
in Algorithm 13. This algorithm is sequential but is not a direct application of the general
sequential Algorithm 10 to systematic sampling. The procedure is as follows. A uniform
random number u € [0,1) is generated. For all¢ = 1,..., T, unit k is selected in the sample

s’ if there exists an integer j, 0 < j < ng, such that u + j falls in the interval [V,f_l, V.

The sampling design can be computed exactly:

p(sk> =A ﬂ AZ ’

t_
t|s;=1
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Algorithm 13 Usual strictly sequential algorithm for systematic sampling.

1: Generate u, a uniformly distributed random number in [0, 1).

2. fort=1,...,7 do

3:  if there is an integer j > 0 such that thfl <u+j—1<V/ then
t _

4 sp =1

5.  else

6: Sl;f =0

7. end if

8: end for

where i = V! mod 1,

t—1 ¢ e t—1 t
[ rr) if " <y

=1, 1) U [0,7}) otherwise,

and A <ﬂt‘s£:1 A’,;) is the sum of the length of the intervals in mt|82=1 Al

We propose an alternative to Algorithm 13 which is a direct application of the general
sequential Algorithm 10 to systematic sampling. Algorithm 14 is strictly sequential, and
as such it is practical for longitudinal sampling. It gives a simple procedure to compute the
conditional probabilities of selecting the unit k at time ¢ given the past. This algorithm
can easily be adapted to the case of an indefinite number of sampling occasions.

If the sampling design is systematic with equal inclusion probabilities 772, =7, if T is

infinite, and if ¢ is the smallest integer such that cmp > 1, then

o = c¢—1 with probability (emy — 1)/
F c with probability 1 — (emg — 1) /7.
1 cmp — 1)(1 + m, — em
B(of) = —— and var(o}) = =D )

Tk

If 1/m is an integer, then var(¢}) = 0.

5.3.4 Deville’s systematic sampling

Deville (1998) presented a variant of the systematic algorithm that gives a new sampling
design with unequal probabilities (see also Tillé, 2006, p.128). Deville’s technique gives

a fixed-size sampling design with a larger support than systematic sampling and is based
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Algorithm 14 Sequential systematic algorithm.

Define ), = (7i,..., 7)), a vector of inclusion probabilities in [0, 1]7.
Define sy, = (si,...,s5) = (0,...,0), the empty sample.

Define [a,b] = [0, 1].
Generate u, a uniformly distributed random number in [0, 1).
for j=1,...,7 do '
max(min(7y, b) — max(0,a),0)
b—a '

Calculate p =

6

7. if p> 0 then _ 4
8 if u<Pr(S,=1|S,"=s",...,5} =s}) =p then
9

s, =1 -
10: b = min(7y, b)
11: else .
12: a = Wi
13: end if
14:  end if

15 a=(a—m]) mod 1

16: b= (b—m) mod 1
17:  ifb<athenb=0>0+1end if
18: end for

on a relatively simple algorithm. While only one random number is used for systematic
sampling and its position relative to the cumulative inclusion probabilities V,f defined by
Expression (5.2) determines the whole sample, Deville’s sampling uses several random
numbers. The position of a random number has repercussions on a limited number of
selection variables s};. As a consequence, the conditional selection probabilities of a unit
given its past are less constrained than in systematic sampling. A random number is
selected uniformly in each interval between two integers. Its position relative to the V!
that are also in this interval determines the values of the corresponding si. A slight
adaptation has to be made so as to take into account the ¢ such that [th_l, V) contains
an integer. Deville’s sampling can be implemented with Algorithm 15.

Deville’s systematic sampling can also be implemented in the form of a strictly sequen-
tial algorithm. Algorithm 16 is a particular case of the general sequential Algorithm 10.
At each step of the algorithm, a conditional selection probability p, is computed. This
algorithm can easily be adapted to the case of an indefinite number of sampling occasions.

For this sampling design, in the particular case where T is infinite, the 7rfC are equal to

7, and K = 1/ is an integer, we can compute the distribution of the variables <b’,5€. Let
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Algorithm 15 Deville’s systematic sampling.

1: Generate uy, a realization of a uniform random variable in [0, 1).
2: if V! <wuy < V! then st =1 end if

3: fori=2,...,n; do

4: if £ is such that V"' <i—1 <V then

5: ifsizlthen
6: 1
— ifz>V-(i—1
fl@)=3 i—Vf fo2V -0 ),xe[o,l).
0 ifz<Vf—(i—1)
T else
8:
. (i—1-VIHWi—i+1) >V (- 1)
— itx > — (2 —
flz) = [1—gi—l—sz_l)]{l—(V;f—Hl)] '
if VE—(i—1).
I G—1-v ife<Vy—(i-1)
9: end if
10:  end if

11:  Generate u;, a random variable with density f(x).
122 if V7 <wi+i— 1<V then s, =1 end if
13: end for

r =K — (t mod K), for all ¢. Then,

r+1  with probability 1/K
r 42  with probability 1/K

-
??4(‘#
I

r+ K  with probability 1/K.

In this case,

) 1
Pr(gb',;:]):?,]:r—l—l,...,r—l—K,

(K —1)(K +1)

and var(¢k) = 1

B(gl) =r+ 21

The variance of ¢! is larger than in the case of systematic sampling.
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Algorithm 16 Deville’s Systematic Sequential.

1:
2:
3:
4:
5:
6:
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

Define ), = (7i,..., 7} ), a vector of inclusion probabilities of length 7.
Define sy, = (s},...,s5) = (0,...,0), the empty sample.
Define v = 0, the cumulated inclusion probability.
Define f = 0.
Generate u, a uniformly distributed random number in [0, 1).
for j=1,...,T do
p=0
ifv—i—7ri < 1 then
if f =0 then p = Wi/(l —v) end if
else
if f =0 then
p=1
else _
p=@w+m —1)/v
end if
end if
V=v+ Wé

if u<Pr(S]=1|S]""=s,",...,S. =s}) =p then s, = 1 end if
if v > 1 then
v=v—1
if 57 = 0 then f =0 end if
else
if s =1 then f =1 end if
end if
end for

Systematic sampling and Deville’s systematic sampling share the property that if

t
. t i
J=< Vk = Zﬂ-llm
=1

for a given integer j, then

t
j< Z s};.
i=1

This property enables us to implement a design sequentially with a controlled size over an

indefinite period of time.
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5.3.5 A new sampling algorithm for unequal probability sampling

In this algorithm, we define a fixed number of steps during which a unit, once selected, is
not selected anymore. At each step, a conditional probability is calculated. However, this

is only possible if the sum of the inclusion probabilities over this number of consecutive

steps does not exceed 1. If r is the number of steps such that s = 1 implies sfjl =
0,.. t+r =0, and if ZHT ! ] <1l,fort=1,...,T —r+1, we consider Algorithm 17.

Algorithm 17 Minimum time out of sample.

1: Define 7, = (ﬂ,i, e ,Wg)/, a vector of inclusion probabilities of length T'.

2: Define sy = (s},...,s%) = (0,...,0), the empty sample.

3: Generate u', a uniformly distributed random number in [0, 1).

4: Iful < ﬂé then s,lC =1 end if

5. fort=2,...,r do

6:  Generate u', a uniformly distributed random number in [0, 1).

7. Ifst=0,...,si ' =0and u <p=ni/(1-Y" 17Tk) then s =1 end if
8: end for

9: fort=r+1,...,7 do

10:  Generate u', a uniformly distributed random number in [0, 1).

1: Ifst " =0,...,s5 ' =0andu! <p=nt/(1 -2}  i)then s, =1 end if
12: end for

This algorithm is strictly sequential and can easily be adapted to an indefinite number
of sampling occasions. In the Appendix, we give a modified version of this algorithm in
which there is no condition on the inclusion probabilities. In that case, the fixed minimum
time out of sample can not always be respected.

When T is infinite, if all the 7r,’; are equal, i.e. 7T]t€ = mg, and if r7p < 1, then the

distribution of the ¢} is as follows:

0 s J=1,...,
Pr(} = j) = . ’ '
k i1 .
(1 — ) v ,j=r+1Lr+2r+4+3, ...,

where
Tk

v = .
1 —rmg

The variable qbz has a shifted geometric distribution. We have:

E(‘Z’Z) =r+ 1 = L and Var(gzﬁ}tg) = [(r + 1)m, — 1] ([(T; D) — g — 1]'
143 Tk Tk
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The minimum time out of sample design can be viewed as a compromise between
Poisson sampling and systematic sampling. On the one hand, if all the 7}, are equal to
and 1 = (r+1)7!, then v, = 1 and the sampling design is systematic. On the other hand,
if = 0, then we obtain a Poisson design. The Poisson design maximizes the entropy while
the systematic design has a very small entropy because it is a minimum support design.
Between these two extreme situations, the minimum time out of sample design provides a

large range of intermediate solutions.

5.3.6 Remark on the variables ¢},

For the sampling designs we just viewed, the expectation of the variables qﬁz, do not vary
much. Expression (5.1), which is valid for any 7', implies that in most cases this expectation
will be close to 1/ 7r};. For instance, if all the inclusion probabilities are equal to 7, and T
is infinite, then systematic sampling, minimum time out of sample and Poisson sampling
all have the same expectation for ¢f. The variance of ¢!, however, varies greatly from
one sampling design to the other. When 7r,t€ = 7y, is constant and 1/7 is integer, the only
sampling design that gives a null variance for ¢} is the systematic sampling design.

The variable ¢! counts the number of waves a unit stays out of the sample after having
been selected. The expectation of this variable does not depend much on the sampling de-
sign. Hence, a good method for negative coordination can not be a method that maximizes
the number of times out of the sample after the selection of a unit. Instead, we can look
for a method that organizes the rotation in a regular way, i.e. that minimizes the variance
of the ¢f. In this respect, systematic sampling is an interesting longitudinal design as it
can give, in a very special case, perfect control over the frequency with which a unit is
sampled.

In the next section we examine the most usual coordination methods and show that
their longitudinal designs match the ones we have just described. In the simplest cases, we

compute the cross-sectional, longitudinal and joint designs exactly.

5.4 Usual methods of coordination

There are several simple algorithms that allow us to draw coordinated samples with simple
random or Poisson cross-sectional sampling designs. In this section, we describe three well-

known methods. We give the corresponding longitudinal designs and compute the joint
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sampling designs resulting from these algorithms.

5.4.1 The systematic-Poisson (or Brewer) repeated design

Brewer et al. (1972) suggested a very simple procedure to draw negatively coordinated
Poisson samples. It gives a very convenient method to negatively coordinate samples with
unequal probabilities. However, the cross-sectional samples do not have a fixed size. First,
a uniform random number is generated for each unit of the population. A unit is selected if
its random number is at most equal to its inclusion probability. Next, for each consecutive
wave, we calculate a new uniform random number for all & € U, which depends on the
random number and on the inclusion probability at the previous wave. A unit is then
selected if its new random number is at most equal to its new inclusion probability. The

selection procedure is given in Algorithm 18.

Algorithm 18 Coordination of Poisson samples in the case of a static population.

: At time 1, assign a uniform random number u}v to each unit k € U'.
if u}C < Tré then S]]% =1end if
:fort=2,...,7T do
Compute uf, = (uj ' — 7t ") mod 1.
if u}; < 772 then s}; =1 end if
end for

AN R o A v

The cross-sectional design given by this algorithm is a Poisson design:

p(s) = [T {0 =)=t}

keU

The longitudinal design is a systematic sampling design with unequal probabilities:
s =A [ N A4
tlst =1

with the notations of Section 5.3.3. The selection of different units of the population being

totally independent, the complete design is given by:

ps) = [[pse)=]A [ ) 4

keU keU t|st=1
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From the complete design, we can derive all the properties of the sampling design. For
example, we have
mh, = mhmh, with k # £, for all ¢,

and
bt = A (A}tC nAt ) :

This method can easily be adapted for dynamic populations. If a newborn unit enters the
population at a given time ¢ > 1, then it receives an inclusion probability 7r/,'5C and a uniform
random number u}. If its random number is not greater than its inclusion probability,
then it is selected in the sample s. At the following waves, its random number is subject
to the same transformations as those of the other units of the population, described in line
4 of the algorithm. If a unit leaves the population at time ¢, then its inclusion probability
becomes equal to zero for times ¢,t41,...,T. The adjustment of Algorithm 18 to dynamic
populations is straightforward. We just need to replace U by U and add the following line

between lines 4 and 5 of the algorithm:

4b: Add newborn units to the sampling frame with their u! and 7.

As stated in the preceding section, a longitudinal systematic design can be desired in
order to control the rotation of units in the sample. While Brewer’s repeated design enjoys
this property, it has a drawback: the cross-sectional design does not have a fixed sample

size.

5.4.2 The systematic-simple repeated design

Suppose that the inclusion probabilities of the units in the population are constant at

tis integer. The following well-known

each wave, i.e. 7f = 7', and that >, ., 7l = n
procedure (see Cotton and Hesse, 1992a,b), given in Algorithm 19, can be used to negatively
coordinate simple random samples without replacement. Its main drawback is that it can
only be used in the case of simple random sampling or stratified sampling with fixed strata.

First, a uniform random number is generated for each unit of the population. In order
to obtain the sample s!, the n! units having the smallest random numbers are selected.
At the following waves, permute the uniform random numbers so that the selected units
at the previous wave receive the largest random numbers and the non-selected receive the

smallest. Select the n! units having the smallest random numbers to obtain the sample st.
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Algorithm 19 Coordination of SRSWOR using random numbers in the case of a static
population.

1: At time 1, assign a uniform random number, u}g, to each unit k € U, i.e. construct the
vector ul = (ui, ..., uk).

2: Select the units that have the n' smallest u,lC to obtain the sample s'.

3: fort=2,...,7T do

4:  Construct ut as a permutation of ut~1 so that the selected units at wave ¢ — 1 receive
the largest u',;_l, the non-selected units receive the smallest u',;_l and the ranks of
the permuted random numbers remain unchanged within the subsets of selected and
non-selected units.
Select the units that have the n! smallest u’; to obtain the sample s.

6: end for

This sampling algorithm results in a systematic longitudinal design. All the cross-

sectional designs are simple and without replacement:

-1
sty = { (o) ifn(sh =,
0 otherwise.

Moreover, for a static population, if

¢
n(s’) =n',... n(s') = n' and an <N,
j=1

then

N -
p(s) = {nl!n2!...nt!(]\f—n1—~--—nt)!} '

This method can easily be adapted for dynamic populations. If a newborn unit k enters
the population at a given time ¢ > 1, then a uniform random number UZ is generated for
this unit. The vector u® is permuted as before and the new random number is added to this
vector. Again we select the n! units having the smallest random numbers among the living
N units of the population at time ¢. If a unit leaves the population at time ¢ > 1, then we
simply remove its random number from the vector ut. The adjustment of Algorithm 19 is
straightforward. We just need to replace U by U? and add the following line between lines
4 and 5 of the algorithm:

4b: Add newborn units’ random numbers uz to the vector ut at their relative positions.
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5.4.3 Use of a measure of burden or the Deville’s systematic-simple re-

peated design

Another method of coordination with simple random cross-sectional designs, based on the
use of permanent random numbers for the selection of the sample, is used by Statistics
Netherlands for their business surveys (see De Ree, 1983; Koeijers and Willeboordse, 1995;
Van Huis et al., 1994a,b). This method, called EDS, gives stratified cross-sectional samples
with fixed size. The cumulative response burden of the units is factored in the selection
process, and the surveys can have unequal response burdens. However, the choice of the
stratification is not completely free. Indeed, the strata are constituted of response burden
control groups, which are basic blocks of units that need to be defined once and for all.
Riviere (2001a) proposed another method that takes into account the response burden,
and that does not require predefined strata. However, it uses the intersection of all the
previous stratifications. Consequently, it is not practical for a large number of sampling
occasions. These methods, along with the Cotton and Hesse method, can be used with
dynamic populations.

We describe another simple method of coordination that uses a measure of burden but
does not use permanent random numbers. At each wave, every unit receives a measure of
burden equal to the number of times it has previously been selected. At time ¢, the sample

! is selected among the units with the lowest burden measure. More precisely, the

of size n
sample s’ at time ¢ is drawn with a simple random sampling of size n’ in the set of units
with the smallest burden, if this set is large enough. Or, if this set is too small, it is entirely
selected and a sample is drawn with a simple random design in its supplement, in order to
complete s.

With this method, the burden measure, at any time ¢, can only take two values. It
splits the population into a set of units with the lowest burden measure, denoted M1
and a set of units with the largest burden measure, denoted U\ M!~!. The procedure is
given in Algorithm 20.

The cross-sectional design resulting from this algorithm is a SRSWOR, and the lon-
gitudinal design is the Deville’s systematic sampling design, presented in Algorithm 16.
Indeed, if the cumulated sum (over t), Vif, of the 7§ = n'/N is such that there is an integer
i —1 > 1 between V,f_l and V,f, then the population at time £ — 1 is divided between
units that have been selected i — 2 times and units that have been selected ¢ — 1 times.

Depending on its burden at time ¢ — 1, unit k is automatically selected in s (case si =1
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Algorithm 20 Coordination of SRSWOR using a measure of burden in the case of a static
population.

1: At time 1, assign a burden equal to 0 to each unit k£ € U, i.e. b,lf = 0.
2: Select a SRSWOR of size n'.

3: ifs}ﬂzlthenb,lﬁ:b}f—i—lend if

4: fort=2,...,T do

5. Define M!~!, the set of units with the smallest burden.

6: if card(M'~1) > n! then

7: Select a SRSWOR of size n! from M!~1.

8 else

9: Select all the units from M1

10: Complete the sample by a SRSWOR with the units from U\ M~ 1.
11:  end if

12: if 3}; =1 then bfC = bz_l + 1 end if

13: end for

at line 5 in Algorithm 15) or it is drawn with equal probability among the units that have
a burden equal to ¢ — 1. At the following occasions, its conditional selection probability
satisfies the equations in lines 6 and 8 of Algorithm 15.

This method can easily be adapted for dynamic populations. Following the idea of
De Ree (1999), we randomly assign to the newborn units a measure of burden. For example,
at the beginning of wave ¢t > 1, there are card(M'~!) units with the smallest burden,
denoted b, and N'~! — card(M?~!) units with the largest burden, equal to b + 1. A
newborn unit will be inserted into M?~! and receive a burden equal to b with probability
card(M?~1)/N'=1 and, with probability 1 — card(M!~1)/N=1 it will receive a burden
equal to b+ 1. The adjustment of Algorithm 20 is straightforward. We just need to replace
U by Ut, define M!~! as the set of living units with the smallest burden, and add the

following line between lines 5 and 6 of the algorithm:

5b: Add each newborn unit to M?~! with probability card(M!~!)/N*~1 and to
UN\M!! with probability 1 — card(M!~1)/Nt=1,

The coordination is not as good as with longitudinal systematic sampling since the
measure of burden does not reflect the time spent out of the sample. For example, suppose
that N = 4, all the inclusion probabilities are nf = 1/4 and ¢ = 1,..,T. After four
waves all the units have been selected once and have a burden bi = 1. Hence, at the fifth

wave, any unit can be selected again with probability 1/4. The same unit can thus be
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consecutively selected at t = 4 and t = 5. Contrariwise, in this case the systematic-simple
design provides a strict rotation, in such a way that once a unit is selected it remains out
of the sample during three waves. The EDS method by Van Huis et al. (1994a,b) is not
affected by this problem.

5.5 Other repeated sampling designs

5.5.1 General method for the coordination of samples

The usual algorithms described in the previous section result either in a systematic or in
a Deville’s systematic longitudinal design. While systematic sampling seems to be a good
choice for the longitudinal design, these algorithms do not allow for a wide selection of
cross-sectional designs. We can wonder if there is a general way of obtaining a repeated
sampling design with a given sequential longitudinal design and a given cross-sectional
design. A weaker solution is possible if we are prepared to have unperfect control over the

cross-sectional sampling designs.

e For each unit k£ of the population at time ¢, compute the conditional inclusion prob-
abilities
b t—1 1 ¢ t—1 t—1 1 1
sy 5. 8k) =Pr(Sy =118, =5, 7, ..., S, = s1),
according to the chosen strictly sequential algorithm (systematic, Deville’s system-

atic, Minimum time out of sample).

e When all the conditional probabilities are computed, apply to them any cross-sectional
design in order to select s’. This design can be stratified, with unequal inclusion prob-

abilities and fixed sample size, or even balanced (see Deville and Tillé, 2004).

With this method, conditionally to the past, we can choose any cross-sectional design
provided that it is compatible with the conditional inclusion probabilities. This may in
itself be a limiting factor, especially in the case of a systematic longitudinal design where
these inclusion probabilities can rapidly become close or equal to 0 or 1. Moreover, the
choice of the conditional cross-sectional design at time ¢ is not the same as the choice of
the marginal (unconditional) design for s'. This method is perfectly applicable to dynamic

populations.
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5.5.2 Application to a systematic longitudinal design

We have seen that the systematic longitudinal design is well-suited for sampling coordina-
tion. It is thus of interest to know which cross-sectional designs can be implemented with
a longitudinal systematic sampling design. We have seen in the previous section that it is

the case of the Poisson design and the simple random sampling design.

The sampling design at the first wave can always be chosen at will. If we apply the
sequential algorithm presented in Algorithm 14, then we can compute at wave 2 the con-

ditional inclusion probabilities for each unit as follows:
mii(si) = Pr(S; = 1]S); = sp),

which, given that the longitudinal design is systematic, are such that

2 /(1 —m}) if st =0and mf + 72 <1
0 if st =1 and 7} +72 <1
mi(sh) = ) o
1 ifs,iz()andw,i+7r,%>1
(mi + 72 —1)/m}p  if st =1and 7} + 72 > 1.

Then, any sampling design can be applied with the conditional inclusion probabilities
72(s}). It must be noted that this free choice of conditional sampling design p(s?|s') does
not mean that we know how to obtain a given marginal sampling design p(s?) for the
second wave. The identity p(s®) = 31 p(s®|s!)p(s!) is not readily reversible in a way that

would enable us to select an adequate conditional design for a given marginal design.

Moreover, the conditional sampling design must respect the conditional inclusion prob-
abilities. These constraints prevent us from using some conditional sampling designs. For
instance, suppose that p(s') and p(s?) have unequal inclusion probabilities 7} and 77 such
that F]i + 77,% < 1 for all k € U. Then, even if s! is selected with a fixed sample size n',

there is no particular reason why

domilsk) = Y /(1 —m)

keU k;|5]1€:0
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would be an integer, and there is even less reason for it to be equal to

St
keU
Hence, with a longitudinal systematic design, it is not possible to have complete control
over the cross-sectional design of the second wave. The size of the conditional sampling
design for the second wave may be random. This question is also discussed in Tillé and
Favre (2004).
The method described in this section can be generalized for any number of sampling

occasions. We compute the conditional inclusion probabilities at time t:
b t—1 1 ¢ t—1 i—1 1 1
Fk(sk ,...,Sk):Pr(Sk:l‘Sk :Sk ,...,Skzsk),

for a systematic longitudinal design. These conditional probabilities are computed at line
6 in Algorithm 14 for any time ¢. After several waves, more and more conditional inclusion
probabilities are equal to 0 or 1, as the interval [a,b] of Algorithm 14 becomes smaller.
Hence, the conditional inclusion probabilities become more and more deterministic and
the conditional sampling design can not be freely chosen. This problem sheds light on
the antagonism between the desire for a good rotation system and the control over the

cross-sectional sampling designs.

5.6 Other solutions to the coordination problem

5.6.1 The dilemma of sampling coordination

In the previous section we have seen that, while the systematic design is a good longitudinal
sampling design, its use leads to a considerable loss of control over the cross-sectional
sampling design. This is due to the fact that systematic sampling has a very small support.
In order to avoid this problem, we must choose a longitudinal design that gives more
freedom to the user, such as Deville’s design or the minimum time out of sample design,
and possibly cope with deteriorated coordination.

Until now, there were two main approaches to the coordination problem:

e To choose the cross-sectional design and try to get the best coordination. This is
the aim of the Cotton and Hesse (1992b) method, and of the Riviere (1998, 1999,
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2001a,b) method. However, a simple example shows that these methods do not always
provide the best longitudinal design for a fixed cross-sectional design on a population
with changing strata. Unfortunately the only way, that we know of, to identify this
optimal design consists in applying a linear program on all the possible samples. In

most situations, this method is not practical.

e To choose a longitudinal systematic design and accept the progressive loss of control

over the cross-sectional design.

We propose a new solution that makes a compromise between the control of the longitudinal
and of the cross-sectional sampling design. As in Deville’s systematic-simple repeated

design, we use a longitudinal design that has a larger support than systematic sampling.

5.6.2 The minimum time out of sample method

We have seen that any longitudinal design can be applied provided that there is a strictly
sequential algorithm to implement it. Being able to inform a unit that it will not be
sampled for a fixed minimum number of waves after it has been sampled is a nice feature,
S0 we propose to use the minimum time out of sample method for the longitudinal design.
Moreover, this method allows us to set the number of previous waves that can have an

influence on the present. If r is the fixed time out of sample, we have that
Pr(SET = 1Sk, ST = Pr(SET = 1USE - 57T,

At the first wave any cross-sectional sampling design can be applied on the inclusion
probabilities W]i for K € U. Then, using Algorithm 21 or Algorithm 17, it is possible
to compute the conditional inclusion probabilities Pr(S? = 1|S{ = sl), k € U. At the
second wave, any compatible sampling design can be applied on these conditional inclusion
probabilities.

At time ¢, the conditional inclusion probabilities Pr(St = 1S} = s},..., S, ' = si 1)
can again be computed with Algorithm 17 or Algorithm 21. Any compatible cross-sectional
sampling design can then be applied using these inclusion probabilities. If ¢t > r + 1, one

t—r t—1

"...,m and s;",...,s, " in order to compute the conditional

just needs to know 77,2_

probabilities. The implementation of this algorithm is thus relatively simple and practical.
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5.7 Conclusions

We made an attempt to develop a general theory for the problem of units rotation in
repeated sampling. The main methods that are currently in use have well known cross-
sectional designs and we derived their longitudinal designs. Longitudinal systematic sam-
pling plays a fundamental role in sampling coordination because it provides a good coor-
dination. However, it results in a rapid loss of control over the cross-sectional sampling
design. This problem highlights the deep antagonism between control of the cross-sectional
design and control of the coordination. Whatever the adopted solution may be, it is not
possible to have at the same time the best coordination and a complete choice of cross-
sectional design. We offer a compromise that allows us to have a relatively free choice of

cross-sectional design while providing a good coordination between the samples.
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Appendix: a new algorithm for unit rotation

The aim of Algorithm 17 was to impose a fixed number of steps during which a unit,
once selected, is not selected anymore. However, this is only possible if the sum of the
inclusion probabilities for any r successive occasions does not exceed 1. If this condition
is not verified, Algorithm 17 can not be applied. One solution that allows for any vector
of inclusion probabilities is to use Algorithm 21. However, in this case the minimum time
out of sample can not always be respected. Algorithm 21 gives the exact same results as

Algorithm 17 when the sums of the inclusion probabilities do not exceed 1.

Algorithm 21 Minimum time out of sample sequential algorithm, without conditions on
the inclusion probabilities.

1: Define m;, = (ﬂ,}:, . ,7TZ;)/ , a vector of inclusion probabilities.
2: Define s, = (s},...,s1) = (0,...,0)’, the empty sample.
3: Fix r, the number of times that a unit must stay out of the sample.

4: fort=1,...,7T do

5. Generate u', a uniformly distributed random number in [0, 1).
6: p=20

7. if 71'}; > 1 then

8: j=t

9: else

10 j=max(t—r—1,1)

11: while > 7} > 1 do

12: j=73+1

13: end while

14:  end if

15:  if 7 =t then

16: p =},

17 else

18: if Zf;jl st =0 then p=nl/(1— Ef;} mt) end if
19:  end if

20:  ifu' < p then s\ =1 end if

21: end for

This method can easily be adapted for dynamic populations. A newborn unit, at time
t, will receive a fictive past, i.e. W,i = s}; = 0,7 < t. The adjustment of Algorithm 21 is

straightforward. We just add the following line between lines 20 and 21 of the algorithm:

20b : Add the newborn units to the population.
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Chapter 6

Conclusion

This work is just a small fish in the vast ocean which is survey sampling. We do not pretend
to have made some great invention, we have just made an attempt to bring some new ideas
in. An important step has been done towards the reconciliation of the proponents of the
model-based and design-based frameworks. If we search for an optimal strategy rather
than just an optimal estimator, the strategy that consists of a balanced sampling design
with inclusion probabilities that are proportional to the standard deviations of the errors
of the model and the Horvitz-Thompson estimator is optimal and robust. This is not a
miracle solution to all inference problems in survey sampling, but could be a milestone to
look at in case of a misspecification of the model.

We have also seen that the coordination of stratified samples has turned out to be a
very interesting problem. We have compared the quality of coordination of the existing
methods of coordination of stratified samples is almost equal. It is not difficult to construct
new methods, because the technique is intuitive and simple. However, a problem which
can not be ignored is, that if we use methods based on microstrata the coordination with
very old surveys becomes very difficult due to small sample size.

In our study of the general theory of repeated sampling we have come to the conclusion
that there is an antagonism between a good rotation and control over the cross-sectional
sampling design. We have seen that longitudinal systematic sampling plays a crucial role
in sampling coordination because it provides good coordination. His main drawback is
however it that it leads to a rapid loss of control over the cross-sectional design. In order
to reach a compromise between the quality of coordination and the freedom of choice of

the cross-sectional design, we propose a sampling algorithm that uses a new method of

107
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longitudinal sampling. This method which we called the ‘minimum time out of sample

method’ imposes a fixed number of waves that a unit stays out of the sample once drawn.



Bibliography

Ardilly, P. (1991). Echantillonnage représentatif optimum & probabilités inégales. Annales
d’Economie et de Statistique, 23:91-113.

Bleuer, S. R. (2002). Report on Riviere’s random permutations method of sampling co-
ordination. Report 2002-07-26, Statistics Canada.

Brewer, K. (1994). Survey sampling inference: some past perspectives and present
prospects. Pakistan Journal of Statistics, 10:15-30.

Brewer, K. (1999a). Cosmetic calibration for unequal probability sample. Survey Method-
ology, 25:205-12.

Brewer, K. (1999b). Design-based or prediction-based inference? Stratified random vs
stratified balanced sampling. International Statistical Review, 67:35-47.

Brewer, K. (2002). Combined Survey Sampling Inference, Weighing Basu’s Elephants.
Arnold, London.

Brewer, K., Early, L., and Hanif, M. (1984). Poisson, modified Poisson and collocated
sampling. Journal of Statistical Planning and Inference, 10:15-30.

Brewer, K., Early, L., and Joyce, S. (1972). Selecting several samples from a single popu-
lation. Awustralian Journal of Statistics, 3:231-2309.

Brewer, K., Hanif, M., and Tam, S. (1988). How nearly can model-based prediction and
design-based estimation be reconciled. Journal of the American Statistical Association,
83:128-32.

Brewer, K. and Sarndal, C.-E. (1983). Six approaches to enumerative survey sampling. In

Madow, W. G., Olkin, I., and Rubin, D. B., editors, Incomplete data in sample surveys

109



110 BIBLIOGRAPHY

[Proceedings of the Symposium on incomplete data, Washington D.C.], volume 3, pages
363—-405. Academic press, N.Y.

Chambers, R. L. (1996). Robust case-weighting for multipurpose establishment surveys.
Journal of Official Statistics, 12:3-32.

Chen, S., Dempster, A., and Liu, J. (1994). Weighted finite population sampling to maxi-
mize entropy. Biometrika, 81:457-469.

Cochran, W. (1977). Sampling Techniques. Wiley, New York.

Cotton, F. and Hesse, C. (1992a). Co-ordinated selection of stratified samples. Proceedings
of Statistics Canada Symposium 92, 92:47-54.

Cotton, F. and Hesse, C. (1992b). Tirages coordonnes d’échantillons. Document de travail

de la Direction des Statistiques Economiques E9206. Technical report, INSEE, Paris.

Cumberland, W. and Royall, R. (1981). Prediction models in unequal probability sampling.
Journal of the Royal Statistical Society, B 43:353-367.

De Ree, S. (1983). A system of co-ordinated sampling to spread response burden of enter-
prises. In Contributed paper, 44th Session of the ISI Madrid, pages 673—676.

De Ree, S. (1999). Co-ordination of business samples using measured response burden. In
Invited paper, 52nd Session of the ISI, Helsinksi.

Deville, J.-C. (1992). Constrained samples, conditional inference, weighting: Three aspects
of the utilisation of auxiliary information. In Proc. Workshop on the Uses of Auzxiliary

Information in Surveys, pages 21-40, Orebro, Sweden. Statistics Sweden.

Deville, J.-C. (1998). Une nouvelle (encore une!) méthode de tirage & probabilités inégales.
Technical Report 9804, Méthodologie Statistique, INSEE.

Deville, J.-C. (1999). Variance estimation for complex statistics and estimators: lineariza-

tion and residual techniques. Survey Methodology, 25:193—-204.

Deville, J.-C., Grosbras, J.-M., and Roth, N. (1988). Efficient sampling algorithms and
balanced sample. In Payne, R. and Green, P., editors, COMPSTAT, Proceedings in
Computational Statistics. Physica Verlag, Ed. R. Payne and P. Green, pp. 255-66, Hei-
delberg.



BIBLIOGRAPHY 111

Deville, J.-C. and Sarndal, C.-E. (1992). Calibration estimators in survey sampling. Journal
of the American Statistical Association, 87:376-82.

Deville, J.-C. and Tillé, Y. (2004). Efficient balanced sampling: The cube method.
Biometrika, 91:893-912.

Deville, J.-C. and Tillé, Y. (2005). Variance approximation under balanced sampling.
Journal of Statistical Planning and Inference, 128:411-25.

Fan, C., Muller, M., and Rezucha, I. (1962). Development of sampling plans by using
sequential (item by item) selection techniques and digital computer. Journal of the
American Statistical Association, 57:387-402.

Godambe, V. (1955). A unified theory of sampling from finite population. Journal of the
Royal Statistical Society, B 17:269-78.

Godambe, V. and Joshi, V. (1965). Admissibility and bayes estimation in sampling finite
populations 1. Annals of Mathematical Statistics, 36:1707-22.

Hajek, J. (1981). Sampling from a Finite Population. Marcel Dekker, New York.

Hansen, M., Hurwitz, W., and Madow, W. (1953 reprint in 1993a). Sample Survey Methods
and Theory, I. Wiley, New York.

Hansen, M., Hurwitz, W., and Madow, W. (1953 reprint in 1993b). Sample Survey Methods
and Theory, II. Wiley, New York.

Hansen, M., Madow, W., and Tepping, B. (1983). An evaluation of model dependent
and probability-sampling inferences in sample surveys (with discussion). Journal of the
American Statistical Association, 78:776-807.

Hedayat, A. and Majumdar, D. (1995). Generating desirable sampling plans by the tech-
nique of trade-off in experimental design. Journal of Statistical Planning and Inference,
44:237-47.

Hodges, J. and LeCam, L. (1960). The Poisson approximation to the Poisson binomial
distribution. Annals of Mathematical Statistics, 31:737-740.

Horvitz, D. and Thompson, D. (1952). A generalization of sampling without replacement

from a finite universe. Journal of the American Statistical Association, 47:663—685.



112 BIBLIOGRAPHY

Iachan, R. (1984). Sampling strategies, robustness and efficiency: the state of the art.
International Statistical Review, 52:209-18.

Isaki, C. and Fuller, W. (1982). Survey design under a regression population model. Journal
of the American Statistical Association, 77:89-96.

Johnson, N.,; Kotz, S., and Kemp, A. (1992). Univariate Discrete Distributions. Wiley,
New York.

Kalton, G. (2002). Models in the practice of survey sampling (revisited). Journal of Official
Statistics, 18:129-154.

Keyfitz, N. (1951). Sampling with probabilities proportional to size: adjustmentfor changes
in the probabilities. Journal of the American Statistical Association, 46:105-109.

Kish, L. (1965). Survey Sampling. Wiley, New York.

Kish, L. (1995). The hundred years’ wars of survey sampling. Statistics in Transition,
2:813-830.

Kish, L. and Scott, A. (1971). Retaining units after changing strata and probabilities.
Journal of the American Statistical Association, 66:461-470.

Koeijers, E. and Willeboordse, A. (1995). Reference manual on design and implementation

of business surveys. Technical report, Statistics Netherlands.

Kott, P. S. (1986). When a mean-of-ratios is the best linear unbiased estimator under a
model. American Statistician, 40:202—4.

Little, R. (2004). To model or not to model? competing modes of inference for finite

population sampling. Journal of the American Statistical Association, 99:546-556.

Matei, A. and Tillé, Y. (2005). Maximal and minimal sample co-ordination. Sankhya,
67(3):590-612.

Mészéros, P. (1999). A program for sample co-ordination: Salomon. In Proceedings of
the International Seminar on Exchange of Technology and Knowhow, pages 125-130,

Prague.



BIBLIOGRAPHY 113

Narain, R. (1951). On sampling without replacement with varying probabilities. Journal
of the Indian Society of Agricultural Statistics, 3:169—-174.

Nedyalkova, D. and Tillé, Y. (2008). Optimal sampling and estimation strategies under
the linear model. Biometrika, 95:521-537.

Ohlsson, E. (1995). Business Survey Methods, volume 1, chapter 9, ”Coordination of
samples using permanent random numbers”., pages 153-169. Wiley. inc., New York,
USA.

Patterson, H. (1950). Sampling on successive occasions with partial replacement of units.
Journal of the Royal Statistical Society, B12:241-255.

Péa, J., Qualité, L., and Tillé, Y. (2007). Systematic sampling is a minimum support
sesign. Computational Statistics and Data Analysis, 51:5591-5602.

Riviere, P. (1998). Description of the chosen method: Deliverable 2 of supcom 1996 project
(part “co-ordination of samples”), pp. 11-33. Report, EUROSTAT.

Riviere, P. (1999). Coordination of samples : the microstrata methodology. In 13th Inter-

national Roundtable on Business Survey Frames. Paris: INSEE.

Riviere, P. (2001a). Coordinating samples using the microstrata methodology. Proceedings

of Statistics Canada Symposium 2001.

Riviere, P. (2001b). Random permutations of random vectors as a way of co-ordinating

samples. Report, University of Southampton, INSEE.

Rosén, B. (1997a). Asymptotic theory for order sampling. Journal of Statistical Planning
and Inference, 62:135-158.

Rosén, B. (1997b). On sampling with probability proportional to size. Journal of Statistical
Planning and Inference, 62:159-191.

Royall, R. (1970). On finite population sampling theory under certain linear regression
models. Biometrika, 57:377-387.

Royall, R. (1976). The linear least squares prediction approach to two-stage sampling.
Journal of the American Statistical Association, 71:657—64.



114 BIBLIOGRAPHY

Royall, R. (1988). The prediction approach to sampling theory. In Handbook of Statistics,
volume 6, pages 399-413. Elsevier Science Publishers, Amsterdam, Holland.

Royall, R. (1992). Robustness and optimal design under prediction models for finite pop-
ulations. Survey Method., 18:179-185.

Royall, R. and Cumberland, W. (1981). The finite population linear regression estimator
and estimators of its variance. an empirical study. Journal of the American Statistical
Association, 76:924-30.

Royall, R. and Herson, J. (1973a). Robust estimation in finite populations I. Journal of
the American Statistical Association, 68:880-9.

Royall, R. and Herson, J. (1973b). Robust estimation in finite populations II: Stratification

on a size variable. Journal of the American Statistical Association, 68:891-3.

Sarndal, C.-E. (1978). Design-based and model-based inference in survey sampling. Scan-
dinavian Journal of Statistics, 5:27-52.

Sarndal, C.-E., Swensson, B., and Wretman, J. (1992). Model Assisted Survey Sampling.
Spinger-Verlag, New York.

Scott, A., Brewer, K., and Ho, E. (1978). Finite population sampling and robust estimation.
Journal of the American Statistical Association, 73:359-61.

Sen, A. (1953). On the estimate of the variance in sampling with varying probabilities.
Journal of the Indian Society of Agricultural Statistics, 5:119-127.

Smith, T. (1976). The foundations of survey sampling: a review. Journal of the Royal
Statistical Society, A 139:183-204.

Smith, T. (1984). Sample surveys, present position and potential developments: Some

personal views (with discussion). Journal of the Royal Statistical Society, A 147:208-21.

Smith, T. (1994). Sample surveys 1975-1990; An age of reconciliation (with discussion)?
International Statistical Review, 62:5-34.

Thionet, P. (1953). La théorie des Sondages. INSEE, Imprimerie Nationale, Paris.

Tillé, Y. (2006). Sampling Algorithms. Springer-Verlag, New York.



BIBLIOGRAPHY 115

Tillé, Y. and Favre, A.-C. (2004). Co-ordination, combination and extension of optimal
balanced samples. Biometrika, 91:913-927.

Valliant, R., Dorfman, A., and Royall, R. (2000). Finite Population Sampling and Infer-
ence: A Prediction Approach. Wiley, New York.

Van Huis, L., Koeijers, C., and de Ree, S. (1994a). EDS, sampling system for the central

business register at statistics netherlands. Technical report, Statistics Netherlands.

Van Huis, L., Koeijers, C., and de Ree S.J.M. (1994b). Response burden and co-ordinated

sampling for economic surveys. Technical report, Statistics Netherlands, Volume 9.

Yates, F. (1946). A review of recent statistical developments in sampling and sampling
surveys (with discussion). Journal of the Royal Statistical Society, A 109:12-43.

Yates, F. and Grundy, P. (1953). Selection without replacement from within strata with
probability proportional to size. Journal of the Royal Statistical Society, B15:235-261.



