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Abstract

Numerical models for simulating groundwater flonsed on full saturation do not
account for moving water tables and the infiltrat@nd storage processes in unsaturated
zones. Strictly speaking these models are basdtieononcept of a confined aquifer with
well known boundary conditions. Nonetheless, modesed on full saturation are also
used for more complicated problems such as thengmwwater flow in unconfined karst
aquifers. An important reason for this is that &bly saturated groundwater flow is a non-
linear problem which is difficult to solve numeriga

Ideally, if variable saturation is not accounted farguments should be provided that
the infiltration and storage processes in the wmatdéd zones are not of significant
importance. However, conceptually karst aquifeeshaghly influenced by the processes in
the unsaturated zone. Voids in the cave systemigwostorage potential. Storage,
infiltration and drainage in the epikarst layer éedieved to be important processes that
determine the evolution of karst water resources.

With a numerical model that accounts for varialdéusation in karst aquifers it is
possible to test the hypothetical ideas about tloegsses in the unsaturated zone. The
development of such a numerical model is the majeative of the research presented in
this thesis. The presented numerical model petmésimulation of turbulent conduit flow
coupled with laminar matrix flow under variably gatted conditions.

A variety of numerical techniques is discussed. Siomulating variably saturated
flows upstream weighting and positivity preservisghemes may be needed. Other
discussed numerical challenges are the couplingpodluit-matrix flow and the treatment
of drying/wetting fronts in the conduits. Basedr@w insights into the flow equations and
an in-depth discussion of numerical stability, nesguments are formulated for using a
positivity preserving scheme to compute free-s@fidmws in the conduits. It is shown that
this scheme makes the code more reliable as wetloas economical, especially if coupled
conduit-matrix flow is simulated.

The numerical code is verified by considering dengimulation scenarios.
Simulations on hypothetical karst aquifers provitdéeresting new insights into the
hydrodynamic behavior of karst aquifers and inte #pplication of classical modeling
approaches. Temporal storage in the conduit netwgrklling and emptying of conduits
can have pronounced effect on the spring hydrographshown that this temporal storage
can result in tailing effects on the spring hydegars.

Models based on laminar and turbulent conduit figne significantly different
results. Finally, simulation results confirm thlae tepikarst layer plays an important role in
concentrating recharge from precipitation into ¢baduit network. It is also illustrated that
spring hydrographs depend significantly on the agjerand drainage processes in the
epikarst. These findings are important conclusitwasg have implications for the evolution
of water resources in karst aquifers and for therpretations of spring hydrographs.
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List of symbols

inverse air entry pressure [1/L] or angle
guantity

porosity [-]

epikarst porosity [-]

matrix porosity [-]

dynamic viscosity [M/(LT)]

volumetric water content [-]

Manning’s roughness coefficient{&/T)]
compressibility of aquifer [LTM]
compressibility of water [LTM]

density of water [M/E]

density of a quantity

momentum density [M/(#T)]

shear stress [M/(L%]

cross-sectional area of flowL

width of rectangular conduit [L]
concentration [M/£]

capacitance term [L] or [1/L] dEhezy friction factor [E/4T]
Courant number [-]

diffusion coefficient for conduit flow [£/T]
diffusion coefficient for matrix flow [E/T]
diffusion coefficient [1/T]
Darcy-Weisbach friction factor [-]
friction force [ML/T?]

gravity force [ML/T]

pressure force [ML/A]

acceleration due to gravity [LI]T
hydraulic head [L]

total energy head [L] or height of rectangular aah§l |
relative permeability [-]

saturated conductivity tensor [L/T]
conveyance factor fiT]

equivalent conductivity [L/T] or [E/T]
Van Genuchten parameter

pore size distribution index [-] or iteration &v
pressure head [L]

Péclet number [-]

wetted perimeter [L]
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volumetric flow rate [L/T]

flow rate [L/T]

hydraulic radius [L]

radius [L]

saturation [-], 1D coordinate [L] or drawdown [L]
effective saturation [-]

residual saturation [-]

maximum saturation [-]

friction slope [-]

bottom slope [-]

specific storage coefficient for matrix flow[1/L]
storage coefficient for conduit flow [L]

time [T]

velocity [L/T]

kinematic wave velocity [L/T]

advection coefficient for conduit flow [L/T]
advection coefficient for matrix flow [L/T]
volume [

top width of free-surface [L]

elevation [L]
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Chapter 1: Introduction

1.1 Motivation and background

In hydrogeology numerical models have proven twéry useful tools for resolving
problems related to groundwater flow and contantirteansport. They are practical in
cases when simple analytical solutions are notlawai or when other methods such as
experiments are not possible or too expensive. Gportant application of numerical
models is to make predictions on real aquifersegosd important application is to use a
numerical model for obtaining a better understagdof complicated hydrodynamic
processes and for testing hypothetical ideas.

The numerical modeling of karst aquifers is a diffi and challenging task. The
practical problem is the lack of knowledge abow geometry of the aquifer, especially
with respect to the locations, forms and sizehefdonduits. The more theoretical problem
is to account for the complex hydraulic behaviokarfst systems.

In many regions karst aquifers are an importanbue=e for fresh drinking water.
Globally 20-25% of the population is supplied bydtavaters (Ford and Williams, 2007).
As for all resources of fresh water, human kindsdioet only put stresses on the availability
but also on the quality. Since groundwater travass towards the springs by the conduit
network, karst aquifers are particularly vulneratdecontamination. The natural processes
that decrease the contamination in groundwater fllk@tion, absorption, biodegradation
and chemical decay may not be that effective duhéopossibly short residence time of
groundwater (Goldscheider, 2002). Because karsifeaguare important and vulnerable
resources for groundwater, numerical modeling e$tkaquifers is not only challenging but
important as well.

The field of numerical modeling in karst hydrogeptds quite diverse. One class of
models encompasses the so-called global modelghvitanslate a recharge event into a
spring hydrograph by a kind of mathematical functidhis function should ideally depend
on aquifer characteristics. However, these modelsa simulate the physical processes
involved and consequently they offer little insighto these processes. They may give,
however, a qualitative (but not spatial) insightoithe aquifer properties. The thesis of
Kovacs (2003) offers a more in-depth discussioglobal models.

A second class is based the distributive apprdadtributive models account for the
spatial distribution of variables and parameterd aimulate the physical processes by
using discrete equations. Distributive models farsk aquifers may be subdivided into
single continuum models, double continuum modelscrdte models and discrete-
continuum models. Single continuum models also kn@s equivalent porous medium
models represent the karst aquifer by one contin{itentsch, 1988). These models may be
used for karst aquifers dominated by the flow tiglothe fissured limestone volumes. In
double continuum models the matrix and the condattvork are each represented by a



2 Chapter 1: Introduction

continuum and the exchange of water between thectwainua is governed by a lumped
exchange parameter (Lang, 1995; Sauter, 1992s@®ui988). The single continuum and
double continuum models do not acquire the exaputirof a conduit network and
accordingly do not simulate the actual physicalcpsses associated with the flow in the
conduits.

Discrete models for karst aquifers simulate thevfia the conduits as being one-
dimensional and neglect the flow in the surroundisgured limestone volumes. Jeannin
(1996) simulated steady, turbulent conduit flowscircular conduits on a regional scale
using mathematical descriptions usually appliednannel flows. One-dimensional conduit
flow can also be simulated by numerical models ifipatly developed for sewer and storm
water systems. Examples of such models are MOUS&délhg Of Urban Sewers) and
SWMM (Storm Water Management Model) as developedrdspectively the Danish
Hydraulic Institute and the U.S. Environmental Bobibn Agency. These models can
simulate turbulent and variably saturated condow f

The approximation of conduit flow as being one-dasienal may be appropriate if
the scale of interest is relatively large. On atrekly small scale it may be necessarily to
account for the essentially three-dimensional matdirconduit flow. Hauns (1999) modeled
transient conduit flow in three-dimensions in coitgtied conduit sections (such as pools)
using the Navier-Stokes equation. However, thisr@ggh is computationally very heavy
and consequently such simulations can hardly beeabpn regional scales.

With the discrete-continuum approach it is possildlesimulate coupled conduit-
matrix flow (the term matrix is used for fissur@shéstone volumes). This approach is very
well suited to represent the overall structure okamst aquifer. In discrete-continuum
models the conduit network is represented by onesdsional discrete elements which are
submersed in a three-dimensional continuum thatesgmts the fissured limestone
volumes. In discrete-continuum models the couplafigconduit-matrix flow is usually
established by assuming continuous heads (Kird@%)L or by using flux relations based
on exchange parameters (Clemens et al., 1999)tikxidiscrete-continuum models for
karst aquifers have in common that the flow equtitor conduit and matrix flow only
differ in how the coefficients are updated. Thisame that the discrete equations can be
captured by a single master equation. Consequtglgiscrete equations can be combined
into a single matrix system.

An inherent disadvantage of the discrete-continuapproach in modeling karst
aquifers is the requirement of detailed informatiabout the conduit network. This
requirement severely hinders the applicabilityref &pproach on real karst aquifers. On the
other hand discrete-continuum models are capablesimiulating the hydrodynamic
processes associated with coupled conduit-matow tind can be used to obtain a better
understanding of these processes. Following th@eeis work of Kiraly (1985) the
discrete-continuum approach has been used to irapomnceptual ideas about karst
aquifers (Kiraly et al., 1995) and to test the genty of other model approaches with
respect to the conduit network (Cornaton and Phetp@Q002; Kovacs, 2003). Many others
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have developed discrete-continuum models spedifiéat simulating karst genesis (Bauer
et al., 2005; Clemens et al., 1999; Kaufmann aralBy2000; Liedl et al., 2003).

A shortcoming of existing discrete-continuum models karst aquifers is that they
are restricted to certain hydrodynamic conditioBaturated conditions and/or laminar
conduit flow are assumed. As pointed out by Jearf2@91) and White (2002) flow in
karstic conduits is generally turbulent. Modelsuasig full saturation do not account for
for hydrodynamic processes in the unsaturated zone.

The discrete-continuum approach is also used togratoupled flow problems such
as surface-subsurface flow and coupled rock-fracflow. Therrien and Sudicky (1996)
have developed models for simulating coupled roakttire flow under variably saturated
conditions. With respect to the shortcomings ofcidite-continuum models for karst
aquifers the recent developments in the numerinallation of coupled surface-subsurface
flow may be special interest. A variety of numaticodes has been developed that allow
the simulation of coupled surface-subsurface flowder variably saturated conditions.
Well-known examples are ParFlow (Kollet and Maxwel006), HydroGeoSphere
(Therrien et al., 2006) and InHM (VanderKwaak, 1p9%hese codes have in common that
the discrete flow equations for surface and subserflows can be captured by a master
equation and that they can be combined in a simgédrix system. An inherent
disadvantage of such schemes is the requiremeatréster equation, which limits the
choice of a mathematical model. Other modeling eagnes for coupled surface-
subsurface flows use the so-called conjunctive @gagr (Morita and Yen, 2000; Singh and
Bhallamudi, 1998). Using this approach the couplledvs are solved separately and
coupling is established by an iteration method &iaim the heads at the interface between
the coupled flows. However, a disadvantage is that convergence of the iterative
matching procedure can be a numerical problem.

The current state of the art in modeling coupledase-subsurface flows and in
modeling discrete variably saturated conduit flowdicate that it may be possible to
develop a discrete-continuum model for karst agsifeapable of simulating turbulent
conduit flow coupled with laminar matrix flow undeariably saturated conditions. In fact
models capable of simulating coupled surface-stdiaserflow would be capable of
simulating conduit-matrix flow under variably saited conditions if they could handle
pressurized flows in conduits.

From a conceptual point of view a model capablesiofulating turbulent conduit
flow coupled with laminar matrix flow under varigb$aturated conditions is closer to the
actual hydrodynamic behavior of karst aquifers. Wuael would be capable of simulating
hydrodynamic processes above the phreatic zondillthg and emptying of conduits and
the activation and deactivation of springs. Exdeptvariable saturation the model would
also account for the turbulent nature of condonvl
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1.2 Objective and approach

The main objective of the presented research watketelop a finite element code
capable of coupling turbulent conduit flow and laari matrix flow under variably
saturated conditions.

The secondary objective was to apply the numercale on hypothetical karst
systems for obtaining a better understanding of higdrodynamic processes in karst
systems and to carry out comparisons with exispgroaches for karst modeling.

The code is based on an implicit coupling appraacWwhich all the flow equations
are combined into a single matrix system. This ehdias an important implication for the
development of the numerical code. It means tramhthematical model is limited to one
in which the equations for conduit and matrix flean be captured by a single master
equation.

1.3 Numerical problems

Variably saturated flows are described by non-lingatial differential equations and
to solve such equations numerically an iterationhae is needed. The iteration procedure
typically only converges for limited time steps.€Ttestriction on time stepping presents a
huge computational burden especially in three-dsimTs and on a regional scale.

The hydraulic response of the matrix to changdsoumndary conditions (for example
a recharge event) is relatively slow. Consequdntlg time periods need to be simulated.
Simulations over long time periods with small tisteps require long CPU-times.

The non-linearity of the flow equations can resualtspurious oscillations in the
numerical solution. To overcome this problem sdemismerical methods are needed. For
variably saturated groundwater problems Forsyth lerapinski (1997) have pointed out
the need for upstream weighting of conductivitiestheir work it is shown that central
weighting results in spurious oscillations at matdsoundaries. However, their method of
upstream weighting only works well in more then almension if severe restrictions on
the geometry of the finite elements are met. Fee-Burface flows the need for upstream
weighting is also well known (Makhanov and Semerdi®84; Therrien and Sudicky, 1996;
VanderKwaak, 1999)

For free-surface flows Makhanov and Semenov (19@4k shown that a positivity
preserving scheme is needed to avoid oscillatibrshalow water depths. Without such a
scheme the oscillations need to be controlled kingasmaller time steps. As such their
scheme is not only important to avoid spurious lizmns, but also to allow for less
restricted time stepping.

Another numerical challenge in this work is the glmg of conduit-matrix flow.
Different coupling techniques have been proposeddopling different flow domains. If
the flow equations for the different flow domainshodiffer in how the coefficients are
evaluated then a single matrix system to be soiaagl be constructed. This is a robust
method for coupling and can be done by assumingraemus heads (Kollet and Maxwell,
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2006; VanderKwaak, 1999) or by using exchange parars at the interface between the
two flow domains (Bauer et al., 2005; Clemens gt1#99; Liedl et al., 2003; Panday and
Huyakorn, 2004; VanderKwaak, 1999).

The exchange parameter for coupling is the prodtithe area of the interface and
the ratio of the conductivity at the interface andertain length scale. This length is usually
associated with the thickness of a skin that seéparéhe conduits from the matrix.
However, such a skin factor has no clear physieadnming (Kollet and Maxwell, 2006). In
fact the exchange parameter is usually lumped aad as a calibration parameter.

The coupling of conduit-matrix flow based on cootims heads also has some
complications. Firstly the head gradients that govke flow at the interface are influenced
by the space discretisation. Secondly the caladilatechange flux is not related to the
physical interface area. The physical interfaceedep on conduit geometry and water
depths in the conduits. However, the computatiothefexchange flux depends solely on
nodal head values and the geometry of the threemBanal elements around the conduits.

Variable saturation introduces the problem of satin wetting and drying fronts in
the conduits. In the field of the numerical modgliof floods different numerical
techniques have been proposed. The most advancbdigaes use moving meshes to
capture the wetting fronts. However, this involtks difficult task of remeshing and the
simulation of a moving boundary between wet andatgas. On fixed meshes a minimum
positive water depth may be defined. In this apghndke whole domain is wetted and dry
areas are being simulated as areas with a veryl smaér depth (Khan, 2000). An
alternative is to exclude dry areas from the compan. This approach has a difficulty in
correctly handling partially wetted elements (elatsewith dry and wetted nodes). They
can be included or excluded from the computatiomodified equations may be applied to
such elements (Bates, 2000). In most cases thaegpnoof wetting/drying fronts has been
considered for uncoupled surface flows. If condlatv is coupled with laminar matrix
flow the problem is even more complicated. In tbase the approach using a minimum
positive depth cannot be applied and dry elemeratge hto be excluded from the
computation of conduit flow. The heads on dry nodesthen solely governed by
unsaturated groundwater flow. The main problemgairain the handling of partially wet
elements. For dry nodes to wet it is necessary thay become saturated. Since
groundwater flow is slow especially under unsaegatonditions the wetting process of
dry nodes can take relatively long time periodsisTheans that dry nodes can represent
physically unrealistic barriers for advancing wegtifronts. Such barriers tend to act as
dams inside the channels / conduits.

1.4 Thesis

As pointed out by Forsyth and Kropinski (1997) ugain weighting is necessary for
obtaining reliable simulation results for variabdaturated groundwater problems. An
identical conclusion can be made for variable sééar conduit flow.
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The positivity preserving scheme from Makhanov &whmenov (1994) has not
enjoyed much attention. Makhanov and Semenov (19@ited out that the scheme
provides increased numerical stability and allosgrtg larger time steps when free-surface
flows with a small water depths are simulated.his wwork a new argument for using the
positivity scheme is provided.

With the positivity preserving scheme larger timeps can be used when the
gradients in water depths decrease. In the limigrwater depths are constant, it can be
shown that there are no restrictions on time steppf the scheme is used. This is
important when coupled conduit-matrix flow is simt@ld. In such simulations relatively
long periods of time may need to be simulated sgroeindwater flow is relatively slow.
However, the hydraulic responses to changes in danynconditions in the conduits are
relatively quick. Consequently long time periodsynmeed to be simulated during which
the gradients in water depths in the conduits areeror less constant.

The present numerical code is well capable of satmg variably saturated, turbulent
conduit flow on a regional scale. Since conduits ba filled and emptied, the code can
simulate the activation and deactivation of sprin§snulation results on hypothetical
conduit networks show that individual spring hydaqghs can be affected by the filling and
emptying of conduits. These effects depend on themgtry of the conduit network.
Simulation results confirm the idea of (Mangin/h®that large voids can store significant
amounts of water. Significant tailing effects maydenerated if the void is an integral part
of the conduit network, such that it has an intett tallows for a quick filling and an outlet
that hinders drainage. Such voids are differenhftbe annex-to-drain systems as defined
by Mangin (1975). These are defined as large vatjacent and poorly connected to the
conduit network.

Simple simulation scenarios that include the caouplvith the matrix illustrate that
the exchange flux between the conduits and theixndgpends on the matrix conductivity
and the hydraulic gradients. If conduit flow is siated as a turbulent flow instead of a
laminar flow then the effect of the exchange fluxas the spring hydrographs is
significantly different. It is shown that exchanyexes have only significant effects on the
spring hydrograph if relatively large hydraulic dients are established between the
conduits and the matrix. Another important obseovais that simulations on coupled
conduit-matrix flow are very sensitive to the uspdce discretisation around the conduits.

More complex simulation scenarios have been caraedon hypothetical karst
aquifers including an epikarst layer. These aqsifae recharged solely by precipitation.
Simulation results confirm the idea of Kiraly (199%at a relatively high permeable
epikarst layer can drain significant amounts ofitifégtration towards the conduit network.
As pointed out by Kiraly (1998) concentrated imétion into the conduit network may
short-circuit the low permeable fissured limesteo&umes. Consequently the recharge of
these volumes is less then would be expected hyrasg a more diffuse infiltration. This
has important consequences for the evolution oémasources in the matrix
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Simulations also illustrate that the storage araindige processes in the epikarst have
a significant effect on spring hydrographs. This fem important implication for the
interpretation of spring hydrographs.

1.5 Outline

In chapter 2 the conceptual model for karst agsifeprovided. The definition of this
model is relatively short. The main part of themtlea is based on a literature review on the
conceptual ideas about karst aquifers.

In chapter 3 the mathematical model is presented. the flow in the fissured
limestone volumes the Richard’s equation is usémy fn the conduits is described by the
diffusive wave approximation of the Saint-Venanua&ipns. Both equations are derived
and discussed.

In chapter 4 the numerical model is presented. difapter is devoted to numerical
difficulties in solving the flow equations numeriiya

In chapter 5 the numerical code is verified by canmmg simulation results with
analytical solutions or with other well-establishieddels. Except verification examples the
chapter also provides illustrative examples andpansons between different schemes.

In chapter 6 simulation results on hypotheticalskasystems are presented and
discussed.

Chapter 7 gives a summary of the most importanticgions.
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Chapter 2: The conceptual model

2.1 Introduction

The definition of a conceptual model is an importatep in the development of
numerical model. In this chapter the most importariceptual ideas about karst aquifers
are reviewed. At the end of the chapter a concéptodel is distilled from these ideas.

2.2 Evolution of karst systems

Carbonates can be dissolved by water enriched aaitbon dioxide or by any other
type of acidic fluids. If the dissolved materialdarried away and new acids are provided
then this chemical process continues. Therefogeafindwater can flow through carbonate
rocks along fissures and bedding planes existingsvoan be progressively enlarged. As
voids are enlarged the permeability field withie timestone is altered and consequently
flow patterns change. This interplay between tliectiof groundwater on the permeability
and the effect of permeability on the flow resiittghe evolution of a hierarchical conduit
structure (Bakalowicz, 2005). This conduit struetis a very effective drainage system
transporting water quickly towards the springs.

It is known that the Karstification process can rb&atively fast on a geological
timescale and may result in an integrated condativark in less then 50000 years,
depending on hydraulic conditions and the chenaaal structural composition of the rock
(Bakalowicz, 2005).

A lot of numerical research has been devoted t@émesis and evolution of conduit
networks in karst aquifers (Bauer et al., 2005;n@&as et al., 1999; Kaufmann and Braun,
2000; Liedl et al., 2003).

2.3 Geometry of the conduit structure

The geometry of the conduit structure is definedtiy geometry of the conduit
cross-sections, the geometry of passages in teetin of flow and the geometry of the
network (Jeannin, 1996).

The geometry of conduit cross-sections is giveterms of shape and size. The main
factors influencing the geometry of conduit crosst®ns are the type of flow (over a long
period of time) and the textural and structural pemies of the rock (Hauns, 1999).
Pressurized flows may result in circular or ellijplsb cross-sections. Free-surface flows
may lead to rectangular shaped conduits by mean®whward erosion (Jeannin, 1996).
Structural and textural properties of the rock rdatermine if erosion is mainly downward
or sideward. They also determine the stabilityh&f matrix and the largest possible cross-
section of conduits before collapse (Hauns, 1999).
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The geometry of conduits in the direction of flowmncbe straight, angular of
curvilinear. Straight conduits are believed to faalang major fractures. Angular conduits
may form when the hydraulic gradient is diagonalatoegional joint set (Ford, 1998).
Angular patterns of vertical and horizontal congluisulting in cascade-pool sequences
can develop due to high gradients, common in Alpkaest systems (Hauns, 1999).
Curvilinear conduits develop mainly along bedditanes (Ford, 1998).

The geometry of the overall network itself depends hydraulic and
structural/textural control over large periodsiofd. (Ford, 1998) made a classification into
four states. The basic idea is that the network twilto evolve itself such that the flow
paths follow a route of least resistance: that gath with a minimum loss of hydraulic
head. At the same time the conduits can only dgeel@along fractures and bedding planes.
As has been pointed out by (Jeannin, 1996) a drelkvbhthis concept is that it cannot be
applied well to alpine karst systems. In alpineskalystems tectonic events caused lift-up
and subsequent changes in hydraulic gradients. rBsigited in new networks evolving
below older ones. In coastal karsts aquifers dnogea-level give similar results. Similarly
subsidence and sea-level rise may result in newarks evolving above older ones.

Palmer(1991) analyzed many cave patterns and introduagharal classification of
cave types. He found that 57% of the passageswdiiedding planes and 42% follow
fracture planes. The rest of the passages areedelat intergranular porosity. In his
classification branchwork, maze and sponge pattaresdefined. Sponge patterns are
related to hydrothermal waters. Of the surveyedsggess Palmer found that branchwork
patterns make up the majority of total passagetlhengany caves are characterized by
maze patterns at the upstream ends that evolve braachwork-type caves in the
downstream direction (Ford, 1998). The branchwoakigpgn and maze patterns may be
angular or curvilinear.

Another characteristic is the fractal pattern ohdat networks. In an upstream
direction conduits branch into smaller and shottarduits. If branching is repeated on all
length scales a fractal pattern will develop (J&anh996). As a consequence the number
of conduits should grow exponentially towards seratliameters and lenghts. However, if
conduits become sufficiently small the flow is @nivby capillary forces and is not longer
turbulent.

2.4 Geometry of the fissured limestone

In hydrogeology the smallest volume over which aged material parameters are
representative for the whole is called a represesteelementary volume. A volume
smaller then the REV cannot be considered as ancwmb.

Kiraly (1975) has shown that it is not possibleotiiain one single REV for an entire
karst aquifer due to the presence of the conduwar&. Therefore the conduits and the
matrix should be considered as separate entitieis. doncept is often referred to as the
double porosity model.
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However, double porosity models represent the fesblimestone volumes by a
single continuum. As such these models assumethbeg exists an REV for the matrix.
An alternative is the triple porosity model (Whig02) in which the conduits, the fissures
and the non-fissured limestone volumes are corsidas separate flow domains.

In this thesis the geometry of the fissured limestis not considered in detail.

2.5 The epikarst layer, vadose zone and phreatic zone

On top of the phreatic zone two zones may be djsigied: an unsaturated zone and
an epikarst layer. Combined the three zones deflret may be called a karst system. The
concept of epikarst was introduced by (Mangin, 39T&is zone is a shallow zone of about
1 to 15 m thick and is relatively highly karstifieKlimchouk, 2004). Due to its
permeability the epikarst hinders surface runaffilttated water is rapidly transferred
towards the conduit network. Figure 2-1 shows tbeceptual model of a karst system
according to (Mangin, 1975).

MUN KARSTIC TEREAINS

SWALLOW ll"nu"’ FAST INFILTRATION

UNSATURATED ZONE

r:*f"“

SATURATED KARST

Figure 2-1: The conceptual model for a karst agquatcording to Mangin (1975).

Conduit cross-sections in the epikarst layer temdcoe relatively small (Jeannin,
1996). The overall direction of conduits in the @sé zone tends to be vertical (Jeannin,
1996). In this zone where free-surface flow prevahscade pool sections can develop
(Hauns, 1999). Generally the conduits have a lahggght then width due to erosion by
free-surface flows.
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Conduits in the saturated zone have elliptical foramd their overall direction is
horizontal, although important vertical passageyg east (Jeannin, 1996).

2.6 Conduit-matrix flow

The existence of a high permeable conduit netwatkinva low permeable fissured
rock matrix makes a karst aquifer highly heterogeise The duality in permeability causes
a duality in the hydrodynamics of karst aquifersrglyy, 1998). The conduit network is
characterized by rapid, concentrated infiltratidmgh flow velocities and concentrated
discharge at karst springs. The fissured limestovlemes are characterized by slow,
diffusive infiltration, slow laminar flow and difee discharge.

Because groundwater velocities in the conduitsral&ively high, the flow in the
conduits is generally turbulent (Jeannin 2001, WRi®03). The main difference between
laminar and turbulent flow is the role of frictioim. turbulent flow friction is responsible for
head losses.

Under variably saturated conditions conduits can dig, partially filled or
pressurized. If conduits are partially filled tHew is a free-surface flow like the flow in a
channel. An important difference between a fredaserflow and a pressurized flow is the
travel speed of waves. In a free-surface flow therempty space to accommodate for
disturbances and the speed of a wave depends omviutability of this space. In
pressurized flow waves travel much faster. The arse to disturbances is almost
instantaneously since the speed depends on theswely compressibility of water.

The flow of groundwater between conduits and matsixsimply governed by
gradients in hydraulic heads. After recharge evémshydraulic heads increase faster in
the conduits then in the surrounding matrix. Consedly the conduits may temporarily
recharge the surrounding matrix. The amount of argkd water depends on the difference
in hydraulic heads as well as on the permeabifithe matrix. After the recharge event the
decrease in hydraulic heads in the conduits isfalster then in the surrounding matrix and
the conduits will drain the matrix until equilibriuin hydraulic heads is reached. This
inversion of hydraulic heads has been tested amdfiede by numerical models (Kiraly
1998).

2.7 Aquifer response and hydrograph analysis

An important feature of karst systems is the cotraéed discharge at springs.
Typically spring hydrographs show a relatively dguiesponse to recharge events followed
by a relatively slow recession (Cornaton and P&eb2001). A typical spring hydrograph
is shown in figure 2-2.
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Figure 2-2: Example of a typical spring hydrograph (Saivu sgriMilandrine
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Figure 2-3: Conceptual ideas about the factors influencing shape of karst sprii
hydrographs according to Hobbs and Smart (1986).
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The quick response at the spring has to be retatedquick infiltration of a certain
amount of water into the conduit network. The quickltration means that the epikarst
layer is capable of draining the infiltrated watgiickly towards the conduit network. The
high permeability of the conduit network allows farsubsequent quick response at the
spring.

The slow recession is often related to water rel@gsom storage. However, it is
known that recharge and flow conditions in the karpiifer are important as well (Hobbs
and Smart, 1986; Jeannin and Sauter, 1998). Impoftctors influencing the flow
conditions are the geometry of the conduit netwamkl the matrix conductivity (Kovacs
2003). Figure 2-3 illustrates the factors that nmdlyience the form the hydrograph.

Although the conceptual ideas about the structadetie duality of karst systems are
widely accepted, the importance of the differenthamisms for storage in karst systems is
disputed. According Kiraly (1975) groundwater sgg@an the fissured rock matrix plays a
significant role. According to Mangin (1975) stoeaig the matrix is negligible because of
the low permeability of the rock matrix and storagjees place in large voids near the water
table. These voids poorly connected to the consgstem can store water simply by an
increase in water level. This conceptual modelfieroreferred to as the annex-to-drain
system. Perrin (2003) and Klimchouk (2004) havenfgal out that the epikarst can also
store water. Moreover, the epikarst may concentretedrainage of infiltrated water into
the conduit network, decreasing the recharge ofmh&ix (Kiraly, 1998). Therefore the
epikarst layer is not only important because ofoi@ storage capacity, but it may also
indirectly determine the storage in the matrix.

2.8 Definition of the conceptual model

The conceptual model used in this work is basedhendual porosity model. The
karst aquifer is assumed to consist of high permeeadnduits embedded in a continuum of
low permeable fractured limestone volumes. The uadadare assumed to have circular
cross-sections. The epikarst layer, if accountegisdaken as a single continuum.

Conduit flow is assumed to be turbulent under wdirbulic conditions and to be one-
dimensional. Furthermore the saturation in the flaw domains is a variable.

The purpose of the numerical model is to simulatsgnt day groundwater flow in
karst aquifers. Therefore the conceptual model doesclude any dissolution processes.
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Chapter 3: The mathematical model

3.1 Introduction

In this chapter the mathematical model is introduaad discussed. The discussion
contains new insights into the behavior of the ulytteg equations as used in the numerical
model.

For practical reasons simplifications are madesdfinthg the mathematical model. It
is desirable to use equations that can capturedbential physical processes with the least
computational burden.

As pointed out in the previous chapter the modddased on the concept of dual-
porosity. This means that the flow in the fractuaed the porous limestone volumes can be
simplified by a flow in a single porous continuuxfariably saturated flow in porous media
can be described by the Richards equation. A sestmglification is to assume one-
dimensional flow in the conduits.

Turbulent conduit flow has much in common withbwilent flow in channels, except
that the flow in conduits can become pressurizete-@imensional channel flow is usually
described by the Saint-Venant equations. If inetdems can be neglected these equations
can be approximated by the diffusive wave equafitrese equations can be directly used
to describe free-surface flows in the conduits ean be modified to describe pressurized
conduit flow.

The advantage of using the diffusive wave equai®nts similarity with the
Richard’s equation. As a consequence the discoetsterparts of the two equations can be
combined in one matrix system, either by assumorgicuous heads or by using exchange
fluxes. This integrated approach has been usecessitdly for the simulation of coupled
surface-subsurface flows under variable saturatediitons. It has been shown that the
approach results in robust numerical schemes (M&ngiak 1999).

This chapter recalls how the Richard’s equation diffisive wave equation can be
derived, without being too exhaustive. Both equatiare expressed by using the pressure
head as primary variable. More details about theesévations can be found in many
textbooks. For example Musy and Soutter (1991)videomore details about the derivation
of the Richard’s equation. Cunge et al (1980) mevinore details about the Saint-Venant
equations and the diffusive wave equation.

Emphasis is put on the properties of both equatomse a good understanding of the
equations is imperative for constructing and tegstime numerical scheme. Classically the
Richard’s equation and the diffusive wave equatimnexpressed in the form of non-linear
diffusion equations. However, they can also be esg¥d as advection-diffusion equations.
This provides a better insight into the actual jtaisprocesses as described by the
equations: advection and diffusion. This insightngportant because it is well known that
dominantly advective processes are difficult toreatumerically. Generally the dominance
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of the advective process is associated with stemps (large pressure head gradients) or
with the presence of insignificant diffusion. EIKahd Ling (1993) for example have used
an advection-diffusion form of the Richard’s eqaatito express Péclet and Courant
numbers. Makhanov and Semenov (1994) have used\gttaon-diffusion form of the
diffusive wave equation to illustrate that a nuroarischeme has to account for the
advection component, especially at shallow watgathge when the diffusion component
becomes very small.

Assuming small pressure head gradients the equatromdvection-diffusion form
can be simplified. These simplified equations déscthe propagation of small pressure
head disturbances. A study of the advection andisidn components in these equations
provides new insights. First it is shown that #ftvection component is non-vanishing for
zero pressure head gradients. This is an impoxéservation, since this means that
numerical difficulties related to the presence @fection may even exist when steep fronts
are absent. A study into the relative dominanceaafection with respect to diffusion
reveals that the dominance is a function of thesquee head. In free-surface flows
described by the diffusive wave equation the redatiominance of advection goes to
infinity if the pressure head goes to zero. Th&ght is more precise then the conclusions
of Makhanov and Semenov (1994). At shallow wategtlde¢he strong hyperbolic nature of
the diffusive wave equation is not related to a boration of vanishing diffusion with non-
vanishing advection. In fact if the pressure headsgto zero, the advection component
vanishes as well. Instead the strong hyperboli@abeh is related to the relative dominance
of advection at shallow water depth. Furthermorie ghown that in circular conduits the
relative dominance of advection also goes to itfiifithe conduit is almost surcharged.

For the Richard’s equation ElKadi and Ling (1998) @&iersch (2002) have pointed
out that the relative dominance of advection igearfor coarse materials (characterized by
a large value for the inverse air entry pressukejimilar conclusion is made in this work.
Additionally it is shown that if the Van-Genuchteglationships are used then values for
the pore size distribution index also influence te&ative dominance of the advection
component.

3.2 Conservation laws

Transport processes obey the conservation lawsnfss, momentum and energy.
These conservation laws are fundamental physioatiptes and do not depend on material
properties. When applied to a fluid flow a combioatof these three conservation laws
results in the Euler equations.

In their primitive form these laws are formulateithin the Lagrangian framework.

In the Lagrangian framework the conditions of a&flxnass are described as it moves. The
independent variables are the initial coordinates the time. Since the initial coordinates
are constants the Lagrangian rate of change ofaatiqy/ is given by a derivative with
respect to time. This derivative is called a matederivative and is expressed Bg/Dt .
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In the Eulerian framework the conditions withinigefl region of space, a so-called
control volume are described. The conservation laas be expressed in an Eulerian
framework by applying Reynolds Transport Theoremi {R(Bear, 1972):

D 0
F€=EjpﬁdV+J'D[q,oﬁv)dV (3.2)

where is the conserved quantityy,the density off, v the velocity and/ the control
volume. The term in the left hand side expressesiristantaneous rate of changepof
inside the control volume. The first term in thghti hand side expresses the rate of change
of f inside the control volume. The second term exgesise net mass flux @gfthrough

the control volume. By defining a flux functibnthe RTT can also be expressed by:

DB _ 8
F’f:ajpﬂdwjmtﬂ(pﬂ)dv (3.2)

In words the conservation laws for mass, momentndchemergy can be expressed as
follows:

The rate of change of mass of a system

Zero

The rate of change of momentum of a system

the net external force on the mass

The rate of change of internal energy of a system

the work done by the external forces on the mate-heat added to the system

Obviously the RTT is not needed to set up a makmba equation for a control volume,
but it can be useful for expressing the other taaservation laws in a control.

3.3 Flow in the matrix

3.3.1 Mass conservation

If it is assumed that density is constant and thatfluid as well as the aquifer is
incompressible, then the conservation of mass eghph a control volume of matrix gives
the following expression:
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06
—+00[0=0 3.3
5 T (3.3)

where 6 is the volumetric water content angl the volumetric flow rate. If the
compressibility of the fluid and the aquifer ar&en into account the expression for mass
conservation can be written as:

0s \dp
Sste— |—+0U0I=0 3.4
( , apJat Lq) (3.4)

wherep is the pressure heaf; is specific storage coefficiens,the saturation and the
porosity of the aquifer. The specific storage doafht can be expressed by (Bear, 1972):

S=p, g(g/(w +(1-¢) Ka) (3.5)

wherep,, is the density of the fluidy the gravity, «,, the compressibility of water (4:5.0

19 N/mf) and &, the compressibility of the aquifer. In this worketaompressibility of the
fissured limestone volumes is defined as 5.00'° N/m?. The porosity of a fissured
limestone generally ranges from 0.005% to 0.5%. &él@w, the porosity of the epikarst can
be significantly higher and estimates range fromt@%0% (Klimchouk, 2004).

3.3.2 Darcy’s law and Richards’ equation

Under saturated conditions the volumetric flow ratground water in porous media
is governed by Darcy’s law:

q=-K Oh (3.6)

where K is the saturated hydraulic conductivity tensor hrile hydraulic head. The bulk
hydraulic conductivity of fissured limestone volusrie about 18 m/s to 10 m/s (Jeannin,
1996).

It may be assumed that Darcy’s law is also validarnunsaturated conditions. By
combining Darcy’s law with the expression for massservation Richards’ equation is
obtained as (Musy and Soutter, 1991):

(ssswa—;]a—p:mqk( $KO( ¥ (3.7)

wherek; is the relative hydraulic conductivity dependingtbe saturation.
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The pressure head and the saturation are resgdgctiwe primary and secondary
variable. Richards’ equation can also be expressttdthe saturation as primary variable,
but in that case it can only be applied to unsataréow.

Constitutive relationships are needed to expkess a function ok and to express
the secondary variablg)(as a function of the primary variabig).(Commonly used are the
Van Genuchten-Mualem, the exponential and Brookegaonodel. Only the first two
models are considered here. An overview of othedatsocan be found in the HYDRUS
manual (Sininek et al., 2005). Both models are expressed imseof the so-called
effective saturatios,

5 =% (3.8)
ST9

wheres, s; ands; are respectively the residual and maximum and&¥ke saturation
The Van Genuchten-Mualem model is given by (Musy Soutter, 1991):

[1+|ap|n}_m if p<O

1 ifp=0 (3.9)

k =s}? [1-( 1-§ m)mT

wherea is the inverse of the air entry pressure headratiee pore size distribution index
(n>1). The inverse of the air entry pressure hedtssured limestone volumes is assumed
to be in the order of 100 fnForm the following relationship holds:

m=1-1n (3.10)

Figure 3-1 illustrates how,, s. depend on the pressure head, the pore size distrib
index and the inverse of the air entry pressurel lifehe Van Genuchten-Mualem model is
used.

The exponential model is given by:

o = e”? if p<O
S ifp=0 (3.11)

k=S,
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Figure 3-1: The Van Genuchten-Mualem relationships.

3.4 Flow in the conduits

3.4.1 Mass conservation
Mass conservation for one-dimensional conduit filowhes-direction is given by:

9(p.A) , 0(P.VA) _
ot 0s

0 (3.12)

whereA is the cross-sectional area of flow.
For a free-surface flow the density can be consmlleér constant. Then the equation
for mass conservation simplifies into:

(3.13)

whereW is equal to the top width of the free surface.

For a closed-conduit flow the cross-sectional avédlow is constant with time.
Moreover it is assumed that density is constanthéf fluid compressibility is taken into
account the equation for mass conservation in aedicconduit flow can be written as
(Cornaton and Perrochet 2001):

Ak @+6_Q:O

3.14
Yot 0s ( )

PuY
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3.4.2 Momentum conservation

To obtain an equation for momentum conservationmesgions for the external forces
are needed. The following forces are taken int@at gravity forces=g, pressure forces

Fp and friction forces.
The gravity force acting on a control volume carekpressed as:

F, :IpwgsinaAds

(3.15)

whereo is the positive angle of the channel with the hamtal plane (they-plane) defined

as follows:
. dz 0z
sing = - =——
Jdx +dy+dZ  0s

If the bottom slope of the condug, is relatively small then:

dz _ ,
dx® +

The gravity force acting on the control volume canv be expressed by:

F, = [ 0,9S Ad:
The net pressure force can be expressed as follows:

__ op
F = I,owga—S Ads

(3.16)

(3.17)

(3.18)

(3.19)

In uniform flow there are no net pressure forcesl dne friction force is in

equilibrium with the gravity force:

F = _.[pW 93 Ads

(3.20)

The friction force acts along the wetted surfageof the conduit. This surface is given by:

A, = p,ds

(3.21)
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wherepn, is the wetted perimeter (see figure 2.2). Supplos@verage value for the friction
force per unit wetted area (the shear stressyengdbyzo, then (Chow, 1959):

J'prSb Ads:Ir0 hd (3.22)
Thus:
I, = PuISR (3.23)

whereR; is the hydraulic radius defined as:
R,=— (3.24)

However, in general the shear stresses are nobromif distributed along the wetted
surface. In non-uniform flow the shear stress &ssically expressed in terms of the so-
called friction slop& (Chow, 1959):

T, =P,93 R (3.25)

The friction slope can be expressed in terms ofl hessedy due to friction:
S = o (3.26)
With the friction slope the friction force is expeed as:
Fo=~[p,05 Ads (3.27)
The integration of the three forces over the cdnotume can now be written as:

_g_0p
jpwg(% $ as} Ad (3.28)

Application of Reynolds Transport Theorem gives:

ja(’g“tﬂ A)ds+ja(";“fSVA) ds:jpws( $- S‘Z—ZJ Ac (329)
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wherep,, is the momentum density. Using the expression ferrhomentum density and
writing the equation in differential form results i

o(pvA) 0(pNA) o 0p
) 4 —prA(So $ a—sj (3.30)

By using the expression for mass conservation xipeession for momentum conservation
becomes (Cunge et al, 1980):

1(ov ov op
—|—=+v—|=§-S—— 3.31
g(at asj 23 0s ( )

It may be noted that the above equation is a Bédiineguation for unsteady flows
along a streamline (Rijn, 1990). For steady flowtheut friction the above equation
simplifies into the classical Bernoulli equation dgyplying integration:

2
Y+ p+z=H (3.32)
29

whereH is a constant resulting from integration callee thtal energy head.

3.4.3 Constitutive relationships for head losses

There are several constitutive relationships fer ltead losses. The general form of
the relationship is based on two assumptions (CH®89). Firstly the friction force is
assumed to be proportional to the squared velo@scondly it is assumed that the
component of the gravity force in the directionflofv equals the friction force. This is in
generally only true for uniform flows. From thesfirassumption:

F =[cvp,ds (3.33)

wherec is a constant. Since the friction force is a stefforce the integral is taken over the
wetted surface. Together with the second assumgtisnmesults in:

P.OAS = cip, (3.34)

v=./%pwga S (3.35)

Solving forv results in:
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In uniform flow the bottom slop equals the frictisiope and therefore the general
expression for head losses may be expressed by:

Q=K./S (3.36)

with K. the conveyance factor. The conveyance factor aanexpressed by several
empirical formulas:

2
Manning-Strickler: K. =nAR? (3.37)

Chezy: K, =CA/R, (3.38)

Darcy-Weisbach: K.=A /% (3.39)

wherey, f and C are friction factors. The friction factor; is known as the Manning’'s
roughness coefficient. It can be easily observeat the last two expressions for the
conveyance factors are identicaf # 8g/C°.

In this work the Manning-Strickler formula is usebhe values for; in karstic
conduitsare assumed in the order 20is. An overview of the applicability of the differe
empirical relationships for head losses in karsticduits is given by Jeannin and Maréchal
(1995).

3.4.4 Diffusive wave equation

The two conservation equations for free surfacer fwe known as the Saint-Venant
equations. A well known simplification of the SaWé&nant equations is the diffusive wave
equation. The diffusive wave equation is basedhenaissumption that the net force acting
on the water particles is zerDNI/Dt = 0). This means that the momentum equation for a
steady flow is used, in other words all the acagien terms in the momentum equation are
neglected. By making this assumption the momentyuaton becomes:

oh _

3 -S (3.40)

Differentiating the general equation for head Issséh respect tg results in:
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0Q 0 0| K

—=—(K_ /S, |=—| == 3.41

ds as( ¢ f) ai,lsf S] (3.40)
Combining the last expression with the momentunagqguo gives:

0Q_ o Kk_on 042)
0s  0s| fan/od s '

Combined with mass conservation this gives thaudifie wave approximation:

cop :i(_Kc ahj (3.43)

ot~ os| Jan/aq ds

The evaluation of the ternS andK; depends on conduit geometry and the type of
flow. For closed conduit flow these terms are irefegent of pressure head. For free
surface flow the terms are non-linear and depentthempressure head.

For the capacitive term:

(3.44)

w for free-surface flow
P, 9AK,, for closed conduit flov

The conveyance factor is a function of the crossiseal area of flow and the wetted
perimeter. So to evaluate the ter@sndK; expressions fovV,, A andp, are needed. In
the following these expressions are given for twanduit geometries: circular and
rectangular. They follow from geometry (see fig@). For saturated conduit flow in a
circular conduit with radius:

W=0
A=rmr? (3.45)
p,, =2

For free surface flow in a circular conduit witldnasr:
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W=2p ﬁ—l
Y

A=r?arcco pj+p p-r) / - (3.46)

p,, =2rarccos

A~

= |o

A
v
A
v

Pm

Figure 3-2:  Geometry of circular and rectangulardigts

Figure 3-3: Normalised hydraulic parameters as a function esgure head. For a rectangular che
the parameters are normalized with respect to aheeg ap = B. For a circular conduit tt
parameters are normalized with respect to the gadte=r.
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Alternatively (Chow, 1959):

W = 2rsin§
2
r.2
A:E(H—sine) (3.47)
Pm =16
where:
0= 2arcco€ }Ej (3.48)
r

For saturated conduit flow in a rectangular conduilh width B and heightd:

A=BH (3.49)
p, =2B+2H '
For free surface flow in a rectangular conduit witikdth B:
W=B
A=Bp (3.50)
P, =B+2p

Figure 3-3 shows the cross-sectional area of ftbewetted perimeter, the hydraulic
radius and the conveyance factor as functions e$qure head for a rectangular channel
and a circular conduit.

For a circular conduit section the hydraulic radamsl the conveyance factor have a
maximum before the conduit is full. This means thhbve a certain water depth the
positive effect of increased cross-sectional anedahe conveyance factor is less then the
negative effect of increased friction with the sidals. The water depth with the maximum
conveyance is also the water depth with the maxinvatametric flow rate for a free-
surface flow. The maximum in hydraulic radius cepends t@ =1.63% . The maximum in
conveyance correspondspc1.88r .

If the bottom slope is known the plot of the corsege factor as a function pfcan
be used to obtain the rating curve for steady flewmseQ = Kc\/g. A rating curve is a
plot of the discharge versus the water depth.
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3.4.5 Alternatives for the diffusive wave equation

Another well known simplification of the Saint-Vamaequations is the kinematic
wave equation. It is based on the assumption tmatpressure head gradient is small
compared to the bottom slope. This means thaketusition cannot be used for pressurized
conduit flow. Nonetheless, it is a useful equatiorconsider. By neglecting the pressure
head gradient the momentum equation for a steadyaifiorm flow is obtained:

S$=9S (3.51)

From the general equation for head losses it fadltvat:

a_Q :%
= o JS (3.52)

The mass balance equation can also be written as:

woP,9Q0p_,, (3.53)
ot Jp 0s

Combining the last two equations gives the kinecnaive equation:

op 1 oK op
P =2 /g |Z¥ - 3.54
ot (Wp ap Sojas ( )

If a pressurized flow in a pipe is assumed to Ip&rar Poiseuille’s law for flow in a
pipe can be used. It relates the volumetric floie ta the hydraulic gradient:

_P.,97R oh

Q= 8u 0s

(3.55)
where u is the dynamic viscosity.

3.5 Properties of the flow equations

3.5.1 Similarity of the flow equations

The equations for matrix flow and conduit flow cée captured by a single
expression:
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C(p)%=D[ﬁKa(p)D(p+ 2) (3.56)

where the capacitive ter@(p) and the equivalent conductivity ter(p) are non-linear
terms depending on the pressure head. The expnedsioboth terms depend on the type
of flow:

wW( p) for free-surface flow
C(p)=1p, 95, for closed conduit flov
Sstedgop for matrix flow (3.57)
<. () :{KC (p)/y|onaq for cond-uit flow
k (p)K, for matrix flow

Equation (3.54) may also be written as:

C%:D[ﬂKaDh) (3.58)

with h =p + z This equation is referred to in the followingthe general flow equation

The general flow equation is a non-linear diffusgguation and it can be classified
as a PDE of parabolic type. To solve this kind DEAnitial conditions as well as boundary
conditions need to be specified. Since the PDE mambolic type the boundary conditions
need to be specified on the entire boundary o§theation domain.

Under saturated conditions the equation for matiaxv is linear. Although the
conveyance factor is linear for saturated condoivfthe equivalent conductivity term is
not since it depends on the hydraulic gradient. ddetihe equation for conduit flow is
always non-linear.

3.5.2 The flow equations in terms of advection and diffu®n

The actual processes described by the flow equatare more evident if the
equations are expanded in advection and diffusong.
The particular properties of the general flow etgpratnay be illustrated by making a
comparison with the following 1D non-linear diffosi equation for a primary variable
with D being the non-linear diffusion coefficient:

ou 0 ou) _
22 [b(92 =0 (3.59)
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In the following this equation is referred to as @dinary non-linear diffusion equation.
This equation can be written as an advection-disfugquation as follows:

2
u_0oDou_p0u_j (3.60)
ot 0sds 0sS

It can be noted that this can also be written as:

2 2
@—G—D(@j —Da—u:O (3.61)
ot Jdul\ods <
This expression reveals that the advection comgogees to zero if the gradient of
vanishes. If the gradients in u vanish, then thevabequation degenerates into a linear
diffusion equation. In the case of steep fronts gradient ofu and the advection
component are relatively large

Expanding the general 1D flow equation as an adwediffusion equation gives:

%—i%@—Ka@:
ot C odsds Ca3$

(3.62)

The fundamental difference with the ordinary noreér diffusion equation is thdt is
another kind of variable than The variabléh is the sum of the variabfeand the constant
z. Substitutindh = p+ z

2 2
@_1%(@49_2)_*% 0" p,9727_ (3.63)
ot Cos\ds ds/ Closé 05
Or:
2 2
op _10K, (@Jra_zjﬂ’_& 9P 02 _, (3.64)
ot Coplds 0s/os Clas 0%

This equation illustrates that @K, /dp # 0and if dz/ds# Othen the advection coefficient
has a certain value if the pressure head gradsemegligible due to gravity effects. This is
an important difference with the ordinary non-lindéfusion equation.

One dimensional matrix flow in thedirection can be described by the following
advection-diffusion equation:
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ok ? §
%_&ﬁ (@J +@ _&kr(s)uzo (365)
o4 C op \\dz) dz] C 07

For conduit flow in a straight sloping chann@lzz/as2 #0) the terndK, /opis expanded
as:

o C C

op oplS | JS op 25/ s0pas

Combining equation 3.61 and equation 3.63 gives ddeection diffusion equation
describing conduit flow is:

2 2
p_ 1 oK, ((apj azap] K. 0 p_, 3.67)

ot cJs opllos) asds 2qﬁa§

It is noted that the advection-diffusion form okthliffusive wave equation can also be
written withQ as primary variable (Cunge et al., 1980).

The expanded equations give more insight into tbecibed physical processes:
advection and diffusion of disturbances in pressigad. Under fully saturated conditions
the advection coefficients are zero and conduivflend matrix flow are governed by
diffusion alone. Since the compressibility of watas a very small value it can be observed
that disturbances in closed conduits travel vesy fy means of diffusion. Under variably
saturated conditions the flow is described by atter@lus diffusion.

In variably saturated matrix flow disturbancesamts of pressure head coincide with
disturbances in saturation. In a free-surface fhisturbances in terms of pressure head
simply coincide with disturbances in water depth.

(3.66)

6K_6(KJ_16K K, 9sd%p

3.5.3 Wave propagation in free-surface flows

The kinematic wave equation is an advection egnatior this type of PDE no
boundary conditions are needed on the outflow baues. It can be observed that this
equation describes a wave in terms of pressure Wehda certain speed, which is called
the kinematic wave velocity:

y=—Q- LK o (3.68)

This expression is also known as the Kleitz-Seddan(Chow, 1959).
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Kinematic waves travel without diffusing and trawelly downstream. Consequently
the kinematic wave equation can not describe baatemeffects (disturbances traveling
upstream).

The advection-diffusion form of the diffusive waeguation is now written in the
following form:

op, 0p 0°p
Piv ¥ p =0 3.69
ot "as Vo (3.69)

wherec, [m/s] andD,, [m%s] are respectively the advection and diffusioafficient for a
wave in terms of pressure head. The coefficierdgasen by (see equation 3.64):

p
< (3.70)

N EY

The ratio expressing the relative dominance of etime relatively to diffusion is
given by:

D

If the pressure head gradients are negligible wapect to the bottom slope (only
possible for a free-surface flow) these coefficsemiay be approximated as:

10K,
Vw :Vk:W ap\/g

K if

W:M—\/g

Thus under certain conditions the diffusive wavaeatipn describes a wave with a velocity
equal to the kinematic wave velocity.

Obviously the advection coefficient is proportiomahﬁ. Similarly the diffusion
coefficient is proportional t@/\/g The coefficients also depend on the pressure aedd
the conduit geometry. In certain cases the coefiisi terms can be easily evaluated.

For a relatively wide rectangular channel (relatteethe water depth) the wetted
perimeter is approximately equal to the top widthth® channel ). In that case simple

9p
0s

<

a_j (3.72)

D 0
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expressions can be derived for the advection aoeffii, the diffusion coefficient and their
ratio:

VW:—5,7\/§ pg
3
_n_ 3
D, =—~— p?
25
_5%

M
D, 6p

if B> p (3.73)

This shows that in a wide rectangular channel theetion and diffusion increase for
larger water depth. Although both coefficients gozero the pressure head goes to zero,
their ratio goes to infinity.

For a relatively narrow rectangular channel (rematio the water depth) the wetted
perimeter is approximately equal to two times ttaewr depth. In that case:

2 2
v, =823
2 5 if p> B 3.74
B2 p p (3.74)

SR

This shows that in a narrow channel with relativieigh water levels the advection
and diffusion become larger for larger width. Moren the wave velocity is independent
of pressure head and the diffusion scales lineagitly pressure head.

Figure 3-4 shows the plots of the advection anfusibn coefficients and their ratio
as a function of pressure head for a rectangulanmél and a circular conduit. For
rectangular channels it can be observed that winematiop/B becomes large enough that
the velocity becomes approximately constant and tha diffusion becomes a linear
function of pressure head. If the pressure head go@finity, the ratio goes to zero. If the
pressure head goes to zero the coefficients genm However, the ratio goes to infinity.
This means that the relative importance of advaodh respect to diffusion is very large
for small water depths.

In circular conduits the situation is more compkch The behavior of the
coefficients if the pressure head goes to zerdastical as found for rectangular channels:
both coefficients go to zero. Again the ratio geesnfinity. As can be observed from
figure 3-3 the conveyance factor decreases as @iduanof pressure head if the pressure
head is close to the top of the conduit (if thespuge head is larger then about 94% of the
diameter). This means that if the free surfacelosecto the top of the conduit the wave

D
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velocity becomes negative as indicated in figuré. 3 fact, in the limit as the pressure
head goes to the value equal to the diameter ofctimeluit, the advection coefficient
becomes infinitely negative. With a negative waetgity the downstream propagation of
disturbances in pressure head is hindered. To iexpiles, a straight sloping conduit with
radiusr is considered. Suppose the initial pressure Ipeafile pyq is constant and below
94% of the conduit’s diameter. If frobm= O s the pressure head at the inlet is incretsed
prew then after a certain time a new steady state tgirmdd with a constant pressure head
profile given bypnew The disturbance has been advected (and diffusezt)the full length

of the conduit. However ipyq was above 94% of the diameter, a new steady statet
defined by a constant pressure head. Instead, dhesteady state is characterized by a
decreasing water depth in a downstream directiecalise of negative advection.

The strong advective nature of the diffusive wageagion at shallow water depth has
also been discussed by Makhanov and Semenov (1984y. considered the role of the
advection and diffusion terms for a vanishing watiepth as well. However, they
concluded that the diffusion term vanishes while #alvection term does not. Here is has
been shown that the advection term also vanishgs gbes to zero. But the ratio of
advection and diffusion that goes to infinity whegoes to zero and this invokes the strong
advective nature of the equation at shallow waggtlas.

5’ !
r \ - \3" ;
— — 4— 77777777777 w !
= = (v/D,) /
o~ — i /
Dg D; 3F /'/’
o © 2; e
[ c L s
© © [ /'/l
o o 1f e
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Figure 3-4: Advection and diffusion coefficients freesurface flows and their ratio as a functiol
pressure head. For a rectangular channel the ciesifs and their ratio are normalized v

respect to the values pt= B. For circular conduits the coeffemts and their ratio a
normalized with respect to the valuepatr.
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3.5.4 Propagation of pressure head contours in unsaturatevertical matrix flow

The advection-diffusion form of the diffusive waeguation is now written in the
following form:

op  op °p
—+v ——D —=0 3.75
ot “0z “ o7 ( )

wherev, [m/s] andD,, [m?/s] are respectively the advection and diffusioefficient for a
wave in terms of pressure head. Assuming zero fipatdrage and taking positive in a
downward direction the advection and diffusion écednts are given by:

K (akr(s)ﬁk(@j

vV =
® &g0s/0pl 0z op

(3.76)

The advection coefficient can also be expressed as:

_ K, GK(S)(% j
o= 2395 o o (3.77)

Again it may be assumed that disturbances in pressad are relatively small. In that case
the advection coefficient can be approximated as:

9
v, =—Ks k(s) ‘a—j «1 (3.78)
£0s/0p 0p 0

Both coefficients are proportional kKQ/¢ . To illustrate how the coefficients depend
on the pressure head and the Van Genuchten paraneigimensionless pressure head p
is defined:
p=ap (3.79)

Using the dimensionless pressure head the follogimgnsionless variables are defined:
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=" (3.80)

KS

v, =—K
£

D, Ky (3.81)
ea

So =gy

D

This illustrates that large values for the air gnpressure result in a small diffusion

coefficients and a large relative dominance of atlea. If the exponential model is used
then:

K =1

A =k (3.82)
* — 1

oy

Thus with the exponential model the advection isstant and the diffusion depends on the
saturation. If the saturation is small then théudibn is small and consequently the relative
importance of advection is large.

The dimensionless parameters can also be evalwatbdthe Van Genuchten-
Mualem model. These expressions are relatively tioatpd and depend on the pressure
head and the pore-size distributian Figure 3-5 gives an idea how the dimensionless
parametersc, 2 andx depend on the dimensionless pressure head anpotkesize
distribution index. The figure illustrates that tlaelvection coefficient has a distinct
maximum if n>2. If n > 2 then the relative dominance of advection goesero if the
pressure head goes to zeronlk 2 then the relative dominance of the advectioasgto
infinity if the pressure head goes to zero.



Chapter 3: The mathematical model

37

10
of
8|

LT
Z 6}
c F
® 5E
5S4t
X F
3t
2}
1}
0.- e
-2.5 -2 -1.5 -1 -0.5 0
ap [-]

10 3 7
9F ‘
8|

A
3 6Ff
c F
S 5t
Sy
X o
3t
2 F
1
%5 ) 15 T 05 0
ap [-]

10
of
8f

T
5 6f
c F
S 5
5S4k
X F
3}
2F
1}
0= —
2.5 -2 -1.5 -1 -0.5 0
ap [-]
Figure 3-5: The dimensionless parameters &snation of dimensionless pressure head for dfi

pore size distribution indices.



38 Chapter 3: The mathematical model

3.6 Summary

The Richard’s equation and the diffusive wave eignatan be captured by a single
expression, referred to in this work as the gerféral equation:

C%:D[ﬂKaDh) (3.83)

where h is the hydraulic headC the non-linear capacitive term amd the non-linear
equivalent conductivity. This equation is a noreln diffusion equation and consequently
can also be expressed in terms of advection afasdh.

Since the hydraulic head is the sum of a varighlessure head and a constant
elevation head it can be shown that the general fguation invokes an advection
component that is non-vanishing for zero gradientsthe pressure head. This work
provides new insides into the relative dominance tlois non-vanishing advection
component (with respect to diffusion) as a functarthe pressure head. For free-surface
flows described by the diffusive wave equation tteeninance goes to infinity when the
water depth goes to zero. In circular conduit fine dominance also goes to infinity if the
conduit is almost surcharged. For flow describedhgyRichard’s equation the dominance
is largest near saturation. The dominance can bbgcyarly large for coarse materials
characterized by a large value for the inverseeairy pressure. If the van Genuchten
relationships are used then the dominance of awveatso depends on the value for the
pore size distribution index.

The advection and diffusion coefficients evaludmdzero gradients in pressure head
apply to the propagation of very small disturbangegpressure head. Insight into the
propagation of such disturbances is important feomumerical point of view. Very small
disturbances in pressure head may be generatedutmerital errors. If advection is
relatively dominant such disturbances may not beathed out and oscillations may be
generated.
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Chapter 4: The numerical model

4.1 Introduction

The model is based on a new combination of existe§ known and less known
numerical techniques. These techniques are recallédis chapter. For some numerical
technigues additional new insights are provided.

In general a numerical scheme is based on theetisation of equations in space and
time. The most common methods in hydrogeologyaonsiate a mathematical model into a
numerical scheme are the finite difference method the finite element method. In
essence these methods establish functions on #igmoets in the time-space domain and
they result in matrix systems to be solved.

The numerical scheme presented in this chapteraged on the Galerkin finite
element method. Two types of elements are use@pgmsent the structure of the karst
aquifers: linear discrete elements for the condaitd linear tetrahedral elements for the
matrix. The discretisation of the matrix into tétealral elements offers great flexibility for
fitting in a conduit network. The choice of theifenelement method is mainly based on
this flexibility.

To solve the non-linear flow equations a Picardatien scheme is implemented.
This method has a lower order of convergence then more sophisticated Newton-
Raphson method. However, the convergence rate efitdration method is only a
secondary factor influencing the speed of the nicakscheme.

The primary factor determining the speed of simaiet is the size of allowable time
steps. It is desirable to use time steps as lasgpossible as to decrease the amount of
calculations. Instead of focusing on a sophisttakgorithm for adaptive time stepping
this work puts emphasis on increasing the numesizdiility as to decrease restrictions on
the time stepping. A second reason to considerntiraerical stability in detail is that
numerical instability can result in spurious sintiga results.

As pointed out by Forsyth and Kropinski (1997) uwgatm weighting is needed to
obtain monotone schemes for non-linear paraboliecblpms. Without the upstream
weighting of equivalent conductivities the schenmmsconduit and matrix flow generate
overshooting and spurious minima and maxima at miadtgdiscontinuities. Their upstream
weighting procedure points for evaluating equivalemnductivities are located on element
edges. However, as discussed by Forsyth and Krdap{h897) upstream weighting only
guarantees monotonicity if the stiffness matrix has-positive off-diagonal entries. This is
of particular concern, since it is known that tbandition is hard to fulfill for tetrahedral
elements. VanderKwaak (1999) has also discusseg@rtitdem about the sign patterns of
stiffness matrices. An alternative upstream weightprocedure is also considered. This
procedure has been proposed by Diersch and Petr¢t889). In this procedure the
evaluation points in the element as used for aassientral weighting are moved in an
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upstream direction, such that the points for ewalgaequivalent conductivities are located
on element boundaries.

Furthermore a special positivity preserving schermaleveloped by Makhanov and
Semenov (1994) is needed to avoid undecaying asoilis in the simulation of free-
surface flows with shallow water depths. This wogtsvides new arguments for using
their special positivity preserving scheme. Ith®wn that their scheme is highly efficient
for simulating free-surface flows near steady state

In order to discuss upstream weighting and theiappositivity preserving scheme
as well as other numerical techniques to enhanogerioal stability such as implicit time
marching and mass-lumping, it is useful to consitdher concept of so-called monotone
schemes. This concept is particular useful forwhglthe stability of non-linear schemes.
This is because the Fourier analysis cannot bdegppl a straightforward manner to non-
linear schemes.

The coupling of conduit-matrix flow, the definitiaf proper boundary conditions at
springs, the treatment of flow transitions and tileatment of the wetting-drying processes
in the conduits are discussed at the end of thapteh.

4.2 The non-linear matrix system

Applying the Galerkin finite element procedure anfirst order finite difference for
the time derivative to the general flow equatiosuits in the following non-linear matrix
system:

1 (+AL 1 t t+AL t
{£G+EB}p =[EB+(£—1)G}p -[G]z+eQ™ +(1-£)Q (4.1)

whereG andB are respectively the global conductance and ctgrax® matrixp the nodal
pressure head vectd the vector representing the fluxes on the boundades At the
time step size and a time weighting parametefg € <1).

The time marching method is said to be explicie £ 0and implicit ife =1. By
using Taylor series it can be verified that explasid implicit time marching are first order
accurate. The Crank Nicholson scheme corresporgds @5and is second order accurate.
Implicit time marching enhances numerical stahilityherefore in this work only implicit
time marching is considered. The non-linear mayistem then reads:

1 t+At _ _1 t_ (+AL
[G+EB}p _[AtB}p [G]z+Q (4.2)
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The global matrice& andB are also respectively known as the mass matrixtaad
stiffness matrix. The global matrices are generaligembled from the elemental matrices
B® andG*:

B = j NNTCNTdQ®
Qe

(4.3)
G°= [ ONN'K,ONTdQ°
QE

whereQ® represents the element domailthe vector containing the shape functioBghe
nodal capacitance vector amd, the nodal equivalent conductivity vector. The ed@m
mass matrix above is a consistent mass matrix. A-kmewn alternative is the mass-
lumped mass matrix. When mass-lumping is usedldmeant mass matrix is defined by:

(8),, = [ NGg d° (4.4)

Within an element witim nodes the shape functions are defined such that:

{1 at nodek
N, =

t all oth
0 at all other node (4.5)

Expressions for the shape functions of linear 18ments and tetrahedral elements and
analytical integration formulas (needed to evalutite expressions for the elemental
matrices) can be found in standard textbooks attaufinite element method (Zienkiewicz,
1971). In the presented numerical code analytidagration is used.

4.3 The linear matrix system

In general an iterative method is used to accoomthfe non-linear coefficients and
K. The Picard iteration method is the simplest tteeamethod for solving a set of non-
linear discrete equations. Its drawback is its fimgler convergence rate. An alternative is
the Newton-Raphson method with a higher rate of veogence. However, the
computational work per iteration is generally higfMehl, 2006). Another drawback of the
Newton-Raphson method is that it is more sensttivihe initial guessed solution then the
Picard method (Paniconi and Putti, 1994). As aaradttive for using iteration methods
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Kavetski et al. (2002) have studied non-iterativenfulations for numerical solving the
non-linear Richards equation.

The overall performance of a numerical code imtepnf CPU-time is, however, not
only determined by the iteration method. It canabgued that the overall performance is
more influenced by numerical stability. Unstableestes generate oscillations that need to
be controlled by restrictions on the time steppinfo develop cost effective numerical
schemes it is important to have as few restrictimmshe time stepping as possible. In this
work the numerical stability is taken as a prio@tyd the iteration method of choice is the
one that is the easiest to implement: the Picarthode Also under-relaxation, the well-
known technique to improve the convergence of ticar® method (Cooley, 1983; Durbin
and Delemos, 2007), is not considered.

The key idea of the Picard iteration scheme ig&valuate the non-linear coefficients
with the solution of the last Picard iteration andsolve the resulting linear matrix system.
The process is repeated until a certain convergeniterion is satisfied. For the first
iteration the dependent coefficients can be evatlatith the solution of the previous
timestep. The linear matrix system to be solveebah iteration can be expressed as:

1 t+At,n 1 t+At,n
[G +E Bj| pt+At,n+1 - [E Bj| pt _[G]t+At,n Z+ Qt+m (46)

wheren denotes the iteration level.
Two types of convergence criteria are implemengdabsolute and a relative error
criterion. Witho being a certain tolerance the absolute errorraitdo be satisfied reads:

pl'”l— p'l<o 4.7)
The relative error criterion is defined as:
pin+1 _ pn

<5 (4.8)

n+l

P

4.4 The modified Picard approximation

It is known that the discretised form of the headdd Richards equation is prone to
mass balance errors. Schemes using the saturagmdbRichards equation have a far
better performance. However, the Richard’s equatioth the saturation as primary
variable is restricted to unsaturated conditiondvakced schemes have been developed
that use saturation-based Richards equation unasatwrated conditions and the head-
based Richards equation under saturated conditignseans of the so-called primary
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variable switching technique (Diersch and Perroch899; Forsyth et al., 1995). On the
other hand numerical solutions of the head-basetidRi’s equation may be improved by
using the so-called mixed-form of the Richards ¢iquaCelia et al., 1990):

D[@K (p+2)) (4.9)

The Picard iteration scheme then takes the follgviomm:

+At,N+L
I A RS (410

with:

= j NNTdQ® (4.11)

ol

The modified Picard approximation introduced by l{&€et al., 1990) is based on the
expansion ofd"**"*in a truncated Taylor series:

t+At,n+1 t+Atn ae e t+At,n+1 t+At,n
gl = g » (pretmt—ptaen) (4.12)

The modified Picard approximation is then found as:

t+At,n+1 t+At,n t+At,n _ nt
- ) t+At,n (9 0 )

[B]t+At,n (p n p — _I:B] T _[G]t+At,n (pt+At,n+1 + Z) (413)

The modified Picard approximation can also be @&gplio the diffusive wave
equation. For a conduit:

wp - 9A (4.14)
ot ot

The Taylor series expansion gives:

t+At,n
AN At 0A ( pratnL pt+At,n) (4.15)
op
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The modified Picard approximation is written as:

t+At,n+lA;pt+At,n) _ _[é]ﬁm’nw—[e]ﬁmn (P 1+ 7)  (4.16)

(8] (p

In the numerical scheme the modified Picard appnaxion is implemented as an
option. In this thesis mass balance problems reguftom using the head-based form of
the Richard’s equation are not considered. It sydver, important to mention that these
problems exist.

4.5 Spatial discretisation

4.5.1 Discrete-continuum approach

To represent the structure of a karst aquifer ikerete continuum approach is used.
This approach is a simple combination of a contmwapproach and a discrete approach.
Within the context of spatial discretisation thigans that discrete elements are nested
within the element mesh defining the continuum. Bipproach leads to common nodes:
nodes that belong to discrete as well as higheredsonal elements. The discrete
continuum approach has been used for several abdloe problems: coupled conduit-
matrix flow (Bauer et al., 2005; Cornaton and Pelned, 2002; Kiraly, 1985; Liedl et al.,
2003), surface-subsurface flow (VanderKwaak, 138%) rock-fracture flow (Therrien and
Sudicky, 1996).

A tetrahedral mesh offers the greatest flexibifity embedding conduit networks
with relative complex geometries. Instead of trytodfit discrete features into an existing
tetrahedral mesh, it is highly desirable to constthe tetrahedralization to a pre-defined
conduit network. This possibility is offered by Ten, a tetrahedral mesh generator
developed by Si (2006). The tetrahedral meshesrgwtewith TetGen are Delaunay or
constrained Delaunay.

4.6 Numerical stability

Since the general flow equation is non-linear ardhits hyperbolic properties it is a
difficult equation to solve numerically. The mairffidulty is to develop a numerical
scheme with sufficient numerical stability. If tihemerical scheme is unstable numerical
errors may be amplified. This leads to spuriousillations. In order to maintain
convergence these oscillations need to be condroln a fixed mesh the only way to
control oscillations is to decrease the size ofttime step. As such numerical stability is
important for two reasons: to avoid spurious oatidhs and to relax the restrictions on
time stepping.
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For unsaturated subsurface flows Forsyth and Kekpi(il997) have demonstrated
that monotonicity is a sufficient condition to pesx the generation of local minima and
maxima. They showed that monotonicity can be emsiinepstream weighting is used and
if certain conditions on the geometry of the meshraet.

Makhanov and Semenov (1994) have pointed out thatraerical scheme for the
diffusive wave equation has to preserve positiiees for the pressure heads in order to
avoid numerical instability. They developed a ®nitifference scheme with a special
iteration algorithm for solving the non-linear etjaa. Their scheme also uses upstream
weighting, but it is their special iteration algbm that guarantees positivity.

In the following some useful methods for analyzimgmerical stability are
introduced. Consequently these methods are apigigdo problems: a 1D linear advection
diffusion problem and a 1D non-linear diffusion atjan. These applications show why
and when implicit time marching, mass-lumping, v weighting and upwinding are
needed for numerical stability.

The solutions of the continuous equations do nattain oscillations. Therefore a
natural requirement for a numerical scheme is that properties of the continuous
equations are well reflected by their discrete terparts. This requirement is fulfilled by
so-called monotone schemes.

In the followingn denotes either the time level or the iteratiorelevThe definition
of a monotone scheme (for a variabjas (LeVeque, 1992):

Suppose u and are two distinct evolutions. A scheme is monotbfa @all time

levels (or iteration levels) n and for all nodes i:

n ~n 1 ~ntl
u =u = Yy zu

This definition means thai™is a monotone function of its arguments (the valfes at
n+l:

levelsn andn+1 of which u™is a function). If them arguments ofu™" are denoted as
a,....,u, then the scheme may be written in implicit form as

g (q”*l, Ui,....,nn) =0 (4.17)
If u™is a monotone function of its arguments then faheargumenti, (1<k<m):

n+l
aul 20 (4.18)
ou,

It can be illustrated that monotone schemes docredite or amplify minima and
maxima and as such must be free of oscillationgsffsbh and Kropinski, 1997). The
scheme for variabla is assumed to be defined such that if all the megus have the same
value (i, =constant=u’) then:
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g (q”*l, U, ,Li)= C (4.19)

has a unique solutiom™ =u". The set of arguments is denotec{m;g(q”ﬂ)} and the
maximum argument is given by = max{ arg(q”*l)} . Sinceu"is a monotone function
of its arguments the upper bound fg¥* is obtained if:

u =constant u™ (4.20)

These arguments give the unique solutifit:= u™. If some of the arguments have a

lower value tharu™ then it follows thatu™ < umaxtsince u"*is a monotone function of

its arguments). Therefore in general giuéif = max arg( q“”)} :

u™ < max{ arg( q”*l)} (4.21)
Similarly givenu™ = min{ arg( q““)} ;

u'™ > min{ arg( q”*l)}
In summary, if a scheme is monotone then for allaso:

min{arg(q’”l)} <y™< max{ arg( Wl)} (4.22)

This means that a monotone scheme cannot creammify minima and maxima and as
such must be free of oscillations.

A less strict requirement for numerical schemethad it is monotonicity preserving.
The definition of a monotonicity preserving schem@_eVeque 1992):

A scheme is monotonicity preserving if:
0 0 n
ui 2 L1+1 = q 2 Lfﬂl
0 0 n
ui = l'1+1 = q < qul
foralliand n

This means that if the initial values are a monetéumction ofi, then all the following
solutions are monotone functionsiods well. If a scheme preserves monotonicity then it
obeys the discrete maximum principle. The discreeximum principle is the discrete
equivalent for the continuous maximum principleeThaximum principle states that in the
absence of sources and sinks the minimum and maximalues are located at the
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boundaries (Borisov and Sorek, 2004). If a schesnmdnotone then it is monotonicity
preserving (LeVeque 1992).

A scheme is said to preserve positivity if positivétial conditions and positive
boundary conditions exclude the possibility of gatiag negative values. This follows
directly from monotonicity: if the boundary conditis are positive then the minima are
also positive. The necessary condition for a schenpeeserve positivity fou is:

A scheme preserves positivity if:
u'=0=uy"=0
foralliand n

In the previous chapter it has been shown thagémeral flow equation can be also
be expressed as an advection-diffusion equatioh wnain-linear advection and diffusion
coefficients. Therefore it is useful to considee ttD linear advection-diffusion equation.
This equation is a classical example of a lineablgm that can give rise to numerical
instability. The general form of the 1D linear adwen-diffusion equation can be written
as:

2
%€, pdcy (4.23)

o os  oF

wherec is the concentratiomw,is a constant velocity arid a constant diffusion coefficient.
A finite difference scheme in semi-discrete form tlee advection-diffusion equation
can be written as:

tHat _ ot

G G, K6V ~ D ) _
A +2AS(CI+1 Q-l) As"(q‘l 2¢+ P+1) 0 (4.24)

where the first-order derivative is approximated ébgentral difference. This scheme is
similar to a finite element scheme if lumped masdrives are used. In fully discrete form
this can be written as:

( tj]_Atl +At ::LAt’ ¢ o Q
jclt:rlm (AS+ £2 Dj Gt ( _Vj +At
At As As 2

o DYoo e, i

0
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A first step in considering the stability of theneme using the concept of monotone
schemes is to prove thg’p(c*, c,¢x, ¢, *c,*c) = Ohas the unique soluti@i™ =c . It can
be verified thatc™™ = ¢ is indeed a unique solution.

Using the implicit function theorem reveals th@t™ is a monotone function of the
upstream arguments ™ and ¢ **. For the other arguments certain conditions haveet
fulfilled. The derivatives ot ™ with respect to the critical arguments are:

o™ _  0g/a¢

ac' dg /o¢™

aCIHAt : ag /aqt+
oc, o /a¢+2t (4.26)
1+1 gi

act+At _ ag /a¢::-[At

aclt:-lAt agl /aCrHAt

In order for ™ to be a monotone function of its arguments theseatives have to be
non-negative. It can be checked tdgt/o¢ ™ >0. This means thalg, /d¢ , dg, /dc,, and
dg, /0¢.™ have to be non-positive:

%=_£s+(1—g) 20 _,
ac At As

ag, D v

2= (1) -y |50 4.27)
i+1

LR
i1+1

The first condition defines what is known as thea\Neumann criterion:

2
At < _B8s (4.28)
2D(1-¢)
The last two conditions define the so-called Pédligtrion:
Pe= %S <2 (4.29)

where Pe is the Péclet number. The Von Neumann criteriom loa rewritten using the
condition for the Péclet number. This results im @ourant criterion.
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Cr=—=<—— (4.30)

whereCr is the Courant number. This criterion can alsaé&eved by repeating the above
analysis for the discretisation of the pure adwecaquation.

The Courant and Péclet number are well-known Idakgriteria for the linear
advection-diffusion equation and can also be ddrifeom alternative theoretical
considerations (Gray and Pinder, 1976; PerroamgBsrod, 1993).

The Courant and Péclet numbers show that numensbility is related to the
relative importance of the advective process. Toeditions for stability become less
severe if diffusion is increased. If implicit tirmearching is used only the Péclet criterion
has to be fulfilled and there is no restrictiontbe time step size. In fact it can be shown
that implicit time marching schemes introduce nuoatrdiffusion (Perrochet 1992). The

contribution of numerical diffusion in implicit selmes is enough to drop the restriction on
time step sizes.

The scheme can also be written as:

£ _D_v S £5+52D G4 __D+_V ¢
As 2 At As As 2

= (4.31)
o T sl SR O G
Thei equations can be combined into a matrix system:
[L]e"™ =[R]c' (4.32)

If the stability criteria are fulfilled then all éres in matrixR are non-negative and matrix
L is a so-called M-matrix.

matrix (Fuhrmann and Langmach, 2001):

A square matriA is anM-matrix if all off-diagonal entries are non postivall the
diagonal entries are positive ais row or column wise strictly diagonally dominant

The definition of a row wise strictly diagonally mant matrix is:
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A square matriA is row wise strictly diagonally dominant if forl abws i:

Iai|>2\aj\

j#i
The definition of a column wise strictly diagonatlgminant matrix is:

A square matriA is strictly column diagonally dominant if for ablumn j:

2y >Z“'%‘
1#)

Diagonal dominance of a matrix ensures the existehds inverse:
A square matriXA which is strictly diagonally dominant has an inseA ™
A more strict definition of aM-matrix is the following (Fuhrmann and LangmachQ20

A square matriA with real entriess anM-matrix if all off-diagonal entries are
non-positive and if all entries of its inverée'are nonnegativeA™ is a nonnegative
matrix).

The concept of th&-matrix is important and provides the following figecriterion
for determining if a linear scheme obeys the digcneaximum principle:

If A is anM-matrix andb is a positive vector then the linear scheggx = b obeys
a discrete maximum principle

If the first-order derivative is approximated byackward difference in space and if
an implicit time marching scheme is used, therfithite difference scheme becomes:

(—2 —vj Gra +(£ B8, vj ¢ _(Aﬂj [ —(2—3 =0 (4.33)

As As At )

As a result of the directed difference the schesroiwv only first order accurate. But in this
scheme ¢ is a monotone function of its arguments and tleeefthis scheme is
unconditionally stable. Applying directed differ&scto advective terms is known as
upwinding.

Some interesting final remarks about the matriesed[L Jc*** =[R]c' can be made.
Mass-lumping ensures that the mass matrix doegiwetpositive contributions to the off-
diagonal entries of matrik. Upwinding ensures that the stiffness matrix doest give
positive contributions to the off-diagonal entrieé matrix L. Implicit time marching
ensures that there are no negative contributiorikeaight hand side vectd. In general

t+At
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positive contributions to the off-diagonal valuesmatrix L and negative contributions to
vector b can be regarded as anti-diffusion. Therefore rhasging, upwinding and
implicit time marching can all three be regardedreethods that add artificial diffusion so
as to remove anti-diffusion.

As pointed out in the previous chapter the gen#taal equation is a non-linear
diffusion equation, which is fundamentally diffetdrom the general non-linear diffusion
equation. It is useful to consider first the geheran-linear diffusion equation for a

quantityu:

%—D[ﬂDDu)zo (4.34)

Using similar notation as Forsyth and Kropinski 419 the mass-lumped implicit finite
element scheme is written as:

t+At er Lrf+At
+1

By (v — oo (poan _ o) = (4.35)
At( ) 26" (y )=0
j#
Using the implicit function theorem the followingmessions are found:
ou™ __ 9g/9y
ou og/oy”
B
At
athJrAt
i At J Ta +At
;G Z;:.“aui“m( o )
(4.36)

auit+At ~ _agi/au}mt _
ou™  ag /oyt

J

t+At
_(tAt ac;ij t+At ut+At
ij n+l j
ou;
aGH-At
5 _ Gt+At (UF+At —y )

It is now assumed th& is a monotone function af and the stiffness matri& has
non-positive off-diagonal values. If central weiglgt is used to evaluat® it can be
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"js not necessarily a monotone function of its argots. It can be

verified that u,
observed thaou™* /dy >0can always be obtained by a proper restriction hen time
stepping, independent of the space discretisatibhis is not the case for the
conditiondu’™ /@u*™* = 0. This condition puts restrictions on the spacereissation. Both
conditions become more critical for large gradients and for large values 6D/du.

If the non-linear diffusion problem is one-dimengab and if linear finite elements
are used then the scheme can be made monotonealatavg the diffusion coefficient
coefficient upstream. Evaluating non-linear coedints using upstream values is known as

upstream weighting:

uit+At > qt:rlm . Djnm — Dj (L(|t+At)
A A At _ A
u;+t<u§+t . D|jt+t_D](Lth)

(4.37)

In two or three dimensions two complications ari$he first complication is the
implementation of upstream weighting. Using centvaighting (and analytical integration)
the diffusion coefficient is evaluated at the ceiatrof an element. Using the gradientuwof
within the element this evaluation point can be et an upstream direction. In one-
dimension the upstream evaluation point coincidesh whe upstream node and
monotonicity is easily verified. In a multi-dimensial element, however, the upstream
evaluation point may be located on edges or fadeslaments. This means that the
coefficient is still evaluated using a weighted ragee of multiple nodal values. This
method for upstream weighting in multi-dimensioréments has been discussed by
Diersch and Perrochet (1999). If this method fosttgam weighting is used, it seems
evident thatu ™ is not necessarily a monotone function of its argots. However, since
the element diffusion coefficient becomes indepehdd at least the smallest nodal
value, it can be expected that this upstream weightechnique improves numerical
stability.

An alternative is to evaluate the coefficients lba €¢dges of the element (Forsyth and
Kropinski 1997). In that case the upstream weighéipproach as used for one-dimensional
problems can be directly applied. Using this apghnote entries in the element stiffness
matrix do not scale with a single elemental valoe the diffusion. Instead each off-
diagonal entryG; scales with the diffusion as evaluated on the dutgeeen nodesand;.
Since the row sum of stiffness matrix has to beozéne diagonal entries of’ are
calculated with:

Gr=-Y G (4.38)

j#i

The second complication in multidimensional elerseist that the global stiffness
matrix may have positive off-diagonal values. Timieans that the sign a&;™ / ay**and
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oG;™ / du"* are not necessarily negative. For this reason theakhupstream weighting
procedure as defined by Forsyth and Kropinski (}98&ds:

v

0
0

Di}+m — Dij (LIHAt) if DJHAt (Lrlt+At _ Ut:rlm)

At — LAt if t+At [ tHAL | EHAL (4'39)
D" =0 ™) ! O (W = i)

IN

Nonetheless, even with this procedure stiffness nestrivith positive off-diagonal
values can lead to convergence problems and subisegevere time step reductions
(Huber and Helmig, 2000; Letniowski and Forsyth, 198dnderKwaak, 1999). This is not
surprising. Positive off-diagonal values in thelglbstiffness matrix are needed even when
the diffusion coefficient is linear.

For a single linear tetrahedron it can be calcdlakat the stiffness matrix has non-
positive off-diagonal values if all the interiorglas between the triangular faces are obtuse
(Forsyth and Kropinski, 1997; Xu and Zikatanov, 1999)is condition is more strict then
the Delaunay criterion.

Element stiffness matrices are combined into tlobal stiffness matrix. This means
that positive off-diagonal values in certain eletnematrices may be compensated by
negative values arising from neighboring elemeigntents at the boundary of the mesh,
however, have less neighbors and compensation siljj@gositive values is less likely.
Since the entries of element stiffness matriceteseéh a certain value for the diffusion
coefficient, additional problems for compensatigisa if the diffusion coefficients vary.
Such a variation in diffusion coefficients can hedo the presence of internal material
boundaries or to non-linearity.

Vanderkwaak (1999) solved the problem with positiied@gonal values in
element stiffness matrices by setting them to zero.

It is important to mention that the above monatiyiconsiderations apply to the
non-linear matrix system. In the non-linear masystemD is considered to be a function
of u at the next time level. In the computational sceghowever, the non-linear matrix
system is solved by using a Picard iteration. ilthearized matrix systel is a function
of u as found at the previous iteration level. Thereftire monotonicity of the non-linear
scheme depends on the Picard convergence critdrnogeneral oscillations with small
amplitude can still persist in numerical solutioliss also noted that the stability analysis
of the upstream weighted non-linear matrix systessdwt give an indication for the time-
stepping.

The Picard scheme for the non-linear diffusion éignacan be written as:

1 t+At,n 1 t+At,n
[G +—B} TRGE {—B} ut (4.40)
At At
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This linearized matrix scheme for the general giffa equation has an important property.
The matrix at the left hand side is &rmatrix and the right hand side vector can be
evaluated into a non-negative vector. This guaemntbkat positivity is preserved. It is also
interesting to note that the matrix system hasstrae structure as the matrix system for a
linear diffusion problem based on implicit time miang. As such the matrix system does
not indicate the presence of any advection prosesds in the continuous non-linear
diffusion equation the hyperbolic property is indddy the non-linearity of the diffusion
coefficient. In the previous chapter it has beeowshthat the general diffusion equation
can be written as:

pZl-9g 4.41
ot oulds o< ( )

ou aD(auj _ L 0%Uu
It is known that an implicit scheme for the lineaffusion equation does not have a
restriction on the time stepping. It follows thané stepping restrictions in the implicit
scheme for the non-linear diffusion equation, havbe related to the advective term in the
above equation. If the gradientsurmnd/or the derivative¥)/du vanish then the advection
term vanishes and consequently there are no estisoon time stepping.

4.7 Stability of the non-linear matrix system

Following the approach of Forsyth and Kropinski (199the non-linear matrix
system for solving the general flow equation usirgssalumped mass matrices is written
for each row as:

o] ( nt+At, pt’ qmt) —
Blti+At Alt( t+AL ) z qmt ( o0ty z- ib+m - a =0

j#1

(4.42)

A difference with the non-linear diffusion equatioonsidered in the previous
paragraph is that the entries in the mass-mate>naw non-linear.
Using the implicit function theorem gives:
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op™ __ 9g/0@ _
aplt ag/ pt+At
B’F+A’(
At
B|ti+At 53.““ t+At aGiE+At AL At
At +apt+At _ZG” +Z¢‘-" o™ (hj _i )
I J# I
(4.43)
aplnm _ _agi/ap}mt _
ap';+At - ag/ pt+At -
_Gl;mt _ aa(éijt (h:+m _ htmt)
i
B OB <roon 300 (g
T'*' a§t+At _Zf‘,Gi; “ +Zﬂ_: ath+At (hf : _ht At)
I J# I

It is now assumed th#t, andC are monotone function @f and that all element stiffness
matrices have non-positive off-diagonal values. riTitecan be observed that™ is a

monotone function of each of its arguments if thiofving upstream weighting procedure
is used:

ht+At > h}mt . (%HAt - q_} ( ﬁ+At)

ht+At < hF+At . C:\l,t+At - q ( ﬁ+At) (444)

] ] 1

For matrix flow Forsyth and Kropinski (1997) have o that the scheme is indeed
free of oscillations if upstream weighting is cadrieut on element edges. After showing
that p™ is a monotone function of each of its argumeritey tcomplete the proof by
showing that g, ( R, p, ﬁ)= 0 has a unique solutigni™ = p . Their proof of
uniqueness is based on the assumptions that ined@ot a boundary node and that all
material properties are homogeneous.

Two methods for upstream weighting have been implésdeim the numerical
scheme: upstream weighting using a single upstreahuaion point at the boundary of a
finite element and upstream weighting using evatumagoints on the element edges. If the
stiffness element matrices have non-positive dafyjdnal values the second method
guarantees monotonicity. An important difference wiitle formulation of Forsyth and
Kropinski (1997) is in this work the material propestcoincide with element boundaries.
As proposed by VanderKwaak (1999) positive off-diagaradilies in the element stiffness
matrices can be set to zero in order to enhanceecgence.
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The upstream weighting scheme can also be appliedrtduit flow. In this case the
conveyance factor is evaluated using an upstreamghtveg procedure. The square root of
the hydraulic gradient used to calculate the edentaconductivity, however, is evaluated
as usual.

The capacity and conveyance factors for conduw ffwe not necessarily monotone
functions of the pressure head (see chapter 2yeldre an upstream weighted scheme for
conduit flow is not guaranteed to be monotone.

4.8 Positivity of the linearized matrix system

In the following it is assumed that the stiffnesstnmahas non-positive off-diagonal
values. The linearized matrix system for solving flow equations (the matrix system to
be solved during a Picard iteration) can be wrigten

1 t+At,n 1 t+At,n A
AL _ t+At,n
[G +EB} ptra 1—[58} p'-[G] "z (4.45)

The matrix in the left hand side is @&n-matrix, but the right hand side is not
guaranteed to be a non-negativity vector due tdietma[G]”m’n Z. This means that it is not
guaranteed that the above scheme preserves pgsitori any time step. Moreover
restrictions on time stepping may not disappethrafgradients ip vanish.

For the general non-linear diffusion equation i§ lieen pointed out that time step
restrictions are related to advection. In the prasichapter it has been shown that the flow
equations in one-dimension can be written as:

2
dp _ 10K, (@ +a_zjﬂ’_ K. 9" p_ (4.46)
0t C dp\ds ds/ds Co 5

There is an important difference with the generad-hear diffusion equation. Even
if the gradient of the principal variabfevanishes there remains an advection coefficient
proportional to the gradient inthat put restrictions on the time stepping. Coosetly, a
non-disappearing restriction on the time step &ty what is expected.

Based on the previous analysis of the numericaéreehfor the linear advection-
diffusion equation, negative contributions to ahtithand side vector can be regarded as
anti-diffusion. Indeed it can be easily shown thia¢ tterm [G]”m’nz represents an
advection term. The teliﬁ:]“m’nzis the discretised equivalent ﬁf[ﬂKaDz). Expanding
this term for the one-dimensional case gives:

Q(Ka%j _ 9K, 929p (4.47)
0s Js op 0s0 <
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In the previous chapter the advection and diffusioefficients for the flow equations
have been evaluated for negligible pressure headiagits. These coefficients determine
how small perturbations in pressure head propagitenay be noted that small
perturbations can be easily generated by rounéfodirs of a numerical scheme. In order to
maintain numerical stability there should be enougjffusion such that the small
perturbations are not be amplified.

The expressions for the advection and diffusionffoments for small perturbations
can be used to obtain the Péclet and Courant n@rfberthe 1D flow equations. For
vertical unsaturated matrix flow:

r = (KZ)S E
£0S/0pAz
=iakaz
k. 0p

(4.48)
Pe

Similar expressions have been derived by ElKadilang (1993).
For a 1D free-surface flow:

.= 1 0K, Azt
W, 0p AsyAs
2 9K

Pe=——CAz
K. dp

(4.49)

Since the flow equations are non-linear and sinealiscretisation is not based on the
advection-diffusion forms, these Courant and Péulehbers cannot be used in a classical
sense (as a criterion for space-time discretisatmnguarantee numerical stability).
However, they may well indicate the relative impocganof the advection of small
perturbations. Figure 3-4 shows that the Péclet musitor free-surface flows become very
large for small water depths. Figure 3-5 shows thtid® numbers for variably saturated
matrix flow can become relatively large near sataratThese figures also show that the
values for the Van-Genuchten paramete@ndn can have a significant influence on the
Péclet numbers.

Makhanov and Semenov (1994) developed a finiteediffice scheme for the
diffusive wave equation with a special Picard itemnatalgorithm that preserves positivity.
For one-dimensional problems the special iterasidmeme can be easily implemented into
a finite element scheme. First the prod[@l]”m’nzis evaluated on the element level into
the following vector:
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t+At,n — t+At,n —
g R H e
As |-1 1]z As | z-12

where K" is the weighted equivalent conductivity. This vedsapproximated by the
following matrix-vector product:

K t+At,n th+_At,Zn2 0 t+At,N+1
; % P forz >z
As 5L~ 4 P,
p;*rAt,n O
- 3 (4.51)
K t+At,n O ZSHAthZ p t+At,n+1
; ’ { l} forz < z
As 0 L-4 P
i pt2+At n |

The element matrices obtained by this procedundteem a global matrix, defined as
GZ and the resulting scheme may be written as:

1 t+At,n 1 t+At,n
G* +—B t+At, n+1 :|:_B:l t 452
GeaB| perere| @52)

where G =G +GZ. It can be seen that the special iteration proeediquite similar to
the upwinding of the linear advection-diffusion etjor. The hyperbolic terfiG] ™" zis
incorporated in such a way that it does not adddifitisive terms.

As noted by Makahanov and Semenov (1994) the madrige inverted is strictly
diagonally dominant by columns and therefore itgerse exists. Here it is noted that the
matrix to be inverted is akl-matrix and that the right hand side can be evatliatto a
non-negative vector. This proves that the spetaehiion scheme preserves positivity.

Makhanov and Semenov (1994) proved positivity a tcheme by contradiction.
The proof by induction is repeated here in sligldifferent form. Suppose all the pressure
heads at time level and iteration leveh are nonnegative ang* <0for m < i< M.

Combining the equations represented by the jomith m< j< M gives:

(4.53)

iit( s )+iZ(Gk +GZ)) =

(Gr?w m-1 wat GZM,MI) I%lj

M
k= m
+GZp, ) P (G
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All off-diagonal values of5 andGZ are non-positive. The column sumsGnandGZ are
zero:

M

> (G +6GZ) ) =0 (4.54)

i=m

All the terms in the left hand side are negativeisTheans thafp!™> <0and/or p;;, <O.
Repeating the procedure for the expanded regioregétive values (nowp™* < 0for m-1

< i < M+1) ultimately results in negative values at oneh#f boundary nodes. So if the
Dirichlet boundaries are defined by non-negativesguee heads (and if the Neumann
conditions are only given in terms of positive rage) it has been proven that the scheme
preserves positivity.

Makhanov and Semenov (1994) have discussed tleatstheme is particularly
useful if shallow water depths need to be simulaiéds is because of the strong advective
nature of the diffusive wave equation at shallow wdgpth. It is now illustrated that their
scheme is also useful for the simulation of alnstesady flows.

The positivity preserving scheme results in a maystem of the forpA]x = b with
A an M-matrix andb a positive vector. As pointed out if such a schesnknear then it
obeys the discrete maximum principle. In this ctee scheme is non-linear as long as
pressure head gradients do not vanish. Therefaenthatrix scheme obeys the discrete
maximum principle for any time step if the presshead gradients vanish. This makes the
positivity preserving scheme of Makhanov and Semdi894) a very useful scheme. As
pointed out the scheme that does not use the yibsifpreserving scheme requires
restrictions on time stepping even if the gradiemgsressure head are zero.

If applied to one-dimensional vertical matrix flowet positivity preserving scheme
only enhances the numerical performance in padicohses (see next chapter for an
example). Therefore in general this scheme is pplied to matrix flow.

The positivity preserving scheme allows for a moggrassive time stepping when
the gradients in pressure heads become small.emsiurface flows the pressure head
gradients become usually progressively smaller tdgvateady state. Since the propagation
of waves in free-surface flows is usually of inter@stnore aggressive time stepping upon
approaching steady state may not be of particuiterest. This may explain the little
attention paid to the work of Makhanov and Semeri994).

However, for simulating coupled conduit-matrix flowhet application of the
positivity preserving scheme to conduit flow is vemgportant. In simulations towards
steady state most of the simulation time is ne@dedach a steady state in the matrix. Only
at the beginning of the simulation there may batnatly steep fronts in the conduits.
Without the positivity preserving scheme it is pbks that time stepping is severely
restricted throughout the simulation only to conepilnte relatively steady free surface flows
in the conduits.
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4.9 Boundary conditions for the springs

In order to solve the discrete set of equationsalnand boundary conditions are
needed. In the case of simulating groundwater flowa karst aquifer the formalization of
boundary conditions at the springs is the mosicatit Simulation results at this boundary
(spring hydrographs) are of great interest andefbes the conditions at the springs have to
be defined carefully. Two types of boundary condisioat the springs have been
implemented.

The first type is a constant Dirichlet boundary tlbah be applied to submersed
springs. The second type is a so-called zero-gnatdeundary condition and can be applied
as long as the flow at the spring has a free suréak a positive bottom slope. This
condition assumes uniform flow in the last elemesfole the spring:

Q=K./S (4.55)

The condition can also be given as a Dirichlet coowli If the node-1 and node are
the nodes belonging to the last element beforsphi@g and if nodeis the spring then the
zero-gradient boundary condition can be given as:

prt=np", (4.56)

If the flow of the spring becomes pressurized thre-gegadient condition changes into

n+l;

a fixed Dirichlet condition whergy™"is set equal to the diameter of the conduit at node

4.10 Coupling of conduit-matrix flow

The coupling of conduit and matrix flow in the numat scheme is based on the
assumption of continuous pressure heads. Thisredatively straightforward method to
establish coupling between flows. The method has bpphed to coupled conduit-matrix
flow (Kiraly 1985, Cornaton and Perrochet 2001), dedpsurface-subsurface problems
(VanderKwaak 1999, Kollet and Maxwell, 2006) and codpleacture-matrix problems
(Therrien and Sudicky 1996).

A first alternative is to use flux relations on timerface between the different flow
domains. The method has been used for coupled ttemdtrix flow (Bauer et al., 2005;
Clemens et al., 1999; Liedl et al.,, 2003) and cedpbkurface-subsurface problems
(VanderKwaak 1999). In this method a common nodeusitsal as a double node. The flux
relation is expressed as a linear combination oé>ahange parameter and a difference in
hydraulic head between the double nodes. The egehg@arameter is proportional to
conductivity and inversely proportional to a cantakin thickness. The conductivity
governing the exchange is taken as the lowest condyof the two domains. However,
the skin thickness cannot be interpreted in terhtbeophysics involved.
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The advantage of the two above methods is thatgakhteons can be combined into
one matrix system. This is advantageous in termshefrobustness of the numerical
scheme.

Another alternative for flow coupling is the conjumet method (Morita and Yen,
2000; Singh and Bhallamudi, 1998). In this methdifledent flow types are solved by
separated matrix systems. Coupling is establislyechdiching the boundary conditions at
the interface between the different flow types. Tikislone iteratively and this part of the
coupling scheme can present numerical difficultidswever, the method also has two
advantages. Firstly it may allow for different tirmepping in the different flow domains.
Secondly, since conjunctive methods use separatexnsystems, they allow using the
Saint-Venant equations for computing turbulent flow.

The coupling of conduit-matrix flow based on contins heads has a drawback,
however. Physically the flow between the conduit secéind the surrounding matrix has to
be proportional to the area of the interface betwbertwo flow domains. This means that
the flow is related to the wetted perimeter in thedtots. However, the area of the
interface is not included in the calculation of #echange fluxes. In fact, the calculated
exchange fluxes solely depend on the head gradige€onductivity of the matrix and the
space discretisation.

It may be mentioned that this problem is only emtered if a one-dimensional flow
domain is coupled with a three-dimensional flow damé#ifor example a two-dimensional
overland flow is coupled with a three-dimensionddsuface flow the area of the interface
is included in the calculation of the flow acroses thterface.

4.11 Flow transitions

The type of flow in the conduits as well as in thatnx depends on the pressure
head. The conduits can be dry, partially filled mnessurized. The matrix is either
unsaturated or saturated.

The algorithms for handling the transitions simpyaluate the capacity and
conductance matrices based on the values of trssyme head at the nodes. For matrix
flow it suffices to check if the matrix if saturated not. For conduit flow it needs to be
checked if conduits are dry, partially filled oregsurized. The handling of dry conduits is a
special case and is discussed in the following papdg

In numerical models simulating the flow in sewersadternative approach, the so-
called Preismann-slot approach is commonly usedndg€uet al., 1980). Instead of
switching between two different equations, the equatiw free-surface flow is also used
for closed conduit flow. The nature of a closed aonélow is approximated by a very
small slot, on top of the conduit. The small widthtloe slot gives a small value for the
capacitive term resulting in relatively high waveesgds. These high wave speeds are
supposed to reflect the speeds of pressure waves.udovibe slot adds additional space
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for storage and the value taken for the width ofdloé may have a relatively large effect on
the calculated pressure heads.

4.12 Wetting and drying of conduits

The simulation of wetting and drying processes novin to be a very difficult
problem. The problem arises in many hydrologicalcpsses that involve a free-surface
flow: floods, dam breaks and ponding due to preaifmh. The difficulty in simulating
wetting and drying processes is the handling of aingpowetting/drying front. On a fixed
grid such fronts move in a discrete wise mannegesimodes are either dry or wet. This
results in abrupt changes at the wetting/dryingtfithat may corrupt the simulated water
depths near the front.

Different methods have been proposed for handlingivgédrying fronts: moving
meshes that follow the movement of the wetting/dyyront (Lynch and Gray, 1980), the
use of modified equations in partially wet elemef@isng and Wai, 2005; van't Hof and
Vollebregt, 2005) and the definition of a minimumspiive water depth to distinguish wet
and dry nodes (Khan, 2000). The method based onnmgaweshes is potentially the most
sophisticated, but involves the difficult task elmeshing and the simulation of a moving
boundary between wet and dry areas. A complicatiothas most methods have been
developed for pure free-surface problems withoutptinog and that many methods are
based on the Saint-Venant equations.

From a physical point of view the slope of the cahdsl an important variable
governing the movement of wetting-drying fronts. Agrsficant difference between the
drying and wetting fronts is that wetting fronts nisgyrelatively steep. Other factors for the
movements of wetting and drying fronts are the ifsictfactors and the exchange with the
surrounding matrix. Of all the factors the exchamgth the surrounding matrix can be
assumed to be the least significant.

The numerical handling of the wetting/drying praces related to the numerical
handling of dry nodes. In the numerical schemehiduedling of dry nodes depends on the
type of simulation.

First the simulation of conduit flow without matrimteraction is considered. In that
case a minimum positive water depth is defined gnnides. This has the advantage that
the discretised flow equation is applied to all edats and that there is no need for an
explicit formulation of the wetting/drying front. €hdefinition of a minimum water depth
means that conduits that would be dry in realitysameulated as conduits with a very small
water depth.

The resetting of pressure heads smaller then timmam depth can cause mass-
balance errors. It is therefore important to usalswalues for the minimum depth as well
as to avoid significant differences between the murm depth and the rejected pressure
head values. When the Picard scheme does not ypegsesitivity the differences between
minimum depth and the rejected pressure head vahsgsbe relatively large since the
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rejected pressure heads can be negative. With ds#tiyity preserving scheme the
restrictions on time stepping associated with smvaller depths are less severe. Therefore
smaller minimum water depths can be defined. Togetlite positivity of calculated water
depths this means that the differences between timemom depth and the rejected
pressure head values can be kept very small.

Now the handling of wetting/drying process in coupleshduit-matrix flow is
discussed. Suppose that the zero element matnieededined for conduit elements with
one or two non-positive pressure heads (exclusiarofnd partially wet elements). Then
partially wet and dry conduit segments do not cbote to the global matrices. This
approach allows a more or less correct simulatiothefdrying process. In a partially wet
element the positive pressure head is governedohguit and matrix flow and the non-
positive pressure head is solely governed by méowx.

The fundamental problem with the above approacthésnhovement of a wetting
front across a partially wet element. The downstrelynnodes act as a barrier for the
wetting front. Since dry nodes are solely affectgdniatrix flow the disappearance of such
barriers can be slow. This problem may be handie@ Ibather primitive but effective
algorithm. To speed up the wetting processes snudlitipe pressure heads are defined
ahead of the wetting fronts. In the algorithm twaairpositive water depths are defingg:
and p, with p; > p.. If an element has one node with a pressure heggkbithenp; and
another node with a pressure head lower fheand if the flow direction points tp, then
the element is defined as a partially wet elementaining a wetting front. A loop is made
over a certain number of nodes downstream of thengefiiont and if the pressure head at
these nodes is lower thgn then the pressure heads at these nodes is redefsipedrhe
price to pay for this algorithm is that it introdasc potentially significant mass-balance
errors since the saturation in matrix elements radtaihe conduits is artificially increased.
The size of the introduced mass error dependsedifitretisation along the conduits.

4.13 Adaptive time stepping

As mentioned in the introduction, this work does moesent a sophisticated
algorithm for adaptive time stepping. The implenegntalgorithm for adaptive time
stepping is based on counting the Picard iteratiine Picard iteration converges in a
few steps then the time step is increased. Vice vetba number of iterations exceeds a
certain threshold the time step is decreased. Mehod assumes that the convergence in
the one time step is related to the convergenteeimext time step.

Since it is possible that the Picard iterationsxdbconverge at all, it is necessarily to
define an upper limit for number of allowable itévas. When this limit is exceeded the
iteration procedure is restarted with a smaller tatep.
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4.14 Summary

The numerical scheme is based on the finite elemetiiod. The fractured limestone
volume is represented by a tetrahedral mesh. Thduits are represented by 1D linear
elements embedded in the tetrahedral mesh. Thenadpeaof using tetrahedral elements is
that it offers great flexibility to fit in complegonduit networks.

The numerical stability of the numerical schemensanced by using implicit time
marching, mass-lumping and upstream weighting. Asvehby Forsyth and Kropinski
(1997) this results in monotone schemes if the @gpand equivalent conductivity are
monotone functions of the pressure head and ifstlifness matrices have negative off-
diagonal entries. The first two conditions are netessarily fulfilled for variably saturated
conduit flow. The condition for the stiffness ma#scis not necessarily fulfilled for
tetrahedral elements. The upstream weighting tedlenaj Forsyth and Kropinski (1997)
uses points on element edges to evaluate for thductivity. An alternative is to use a
single evaluation point at the boundary of the @en{Diersch and Perrochet 1999).

For the simulation of conduit flow a special postyvpreserving scheme as
developed by Makhanov and Semenov (1994) is impkede Makhanov and Semenov
(1994) pointed out that such a scheme is bettbamdling the simulations of flows with a
small water depth. This work presents a new argun@nading the positivity preserving
scheme. It can be shown that the special scheneystficient for simulating free-surface
flows near steady state. This is a particular imgurtadvantage in simulating coupled
conduit-matrix flows. In such simulations relativébng periods of time may need to be
simulated since groundwater flow is relatively slddowever, the hydraulic responses to
changes in boundary conditions in the conduitsrafatively quick. Consequently long
time periods may need to be simulated during whighgradients in water depths in the
conduits are more or less constant. For such abmuok it is undesirable that the time
stepping is possibly restricted only to controlilbstons in the almost steady free-surface
flows in the conduits.
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Chapter 5: Verification and illustration

5.1 Introduction

This chapter provides a couple of relatively simgtaulation examples. The purpose
of these examples is to verify the numerical cadesompare different numerical schemes
and to illustrate the capabilities and limitatiarighe numerical code.

The verification of the code is based on compasingulation results with analytical
solutions. Analytical solutions are available fovesal free-surface flow problems as well
as for several infiltration problems in unsaturaseis. An analytical solution to test the
simulation of coupled conduit-matrix flow under gated conditions is also available. The
capability of the code to simulate transients bethweesaturated and pressurized conduit
flows is verified by a comparison with the Storm Wd#anagement Model (SWMM) of
the U.S. Environmental Protection Agency (EPA).

The comparison of different schemes mainly focusesthe advantages of using
upstream weighting and positivity preserving schemBsese comparisons consider
relatively simple free-surface flow problems andlirdtion problems.

The capability of the model to simulate upstreaaveting surges and wetting fronts
Is demonstrated.

5.2 Variably saturated flow in conduits and channels

5.2.1 Steady flow in a horizontal channel

For steady flow in a horizontal very wide rectangutdmannel there exists an
analytical solution (Van Rijn, 1990). For a very widectangular channel the wetted
perimeter equals approximately the width of the deanwith a Dirichlet condition at the
downstream end, a Neumann condition at the upstreahokthe channel and using the
Manning-Strickler law for head losses this soluii®expressed as:

s(p = (5%~ 0] (5.1)

139°n°

wheres is the distance from the upstream dndhe length of the channej,the volumetric
flow rate per unit width of the channel apcdthe Dirichlet condition as = L.

To test the numerical code a horizontal channel with100 m,B = 100 m and; =
20 m”s is considered. The Dirichlet condition is defifegdp, = 0.02 m and the total
recharge at the upstream end of the channel ismgeQ = 0.1 m/s. The channel is
discretised into 1000 elements.
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Figure 5-1 shows the excellent agreement betweenuheerical and the analytical
solution.

5.2.2 Wave propagation in a rectangular channel

As pointed out in the previous chapter the diffasivave equation can be expressed
as an advection diffusion equation. If the presswead gradients are negligible the wave
speed equals the kinematic wave speed. The advextobdiffusion coefficients for a small
disturbance may thus be calculated using the imiser depths.

If a channel has a straight slope and a constatialinvater depth the advection
diffusion equation for a small disturbance candlged analytically:

p(st)= p+%[erf{;—/D&WtJ+ g erfE Z%ﬂ( o (5.2)

wheres is the distance from the upstream gnds the initial water depth along the channel
andpo the water depth at the inlettat O.

A rectangular channel is considered with= 1000 m4z =10 m,B =100 m and; =
20 m*?s. The channel is discretised into 1000 elemdiits.initial water depth is 1 m and
is increased to 1.1 m at the upstream end of thare# & , z) = (0, 10) at = 0 s. Figure 5-
2 shows the simulation result of the water deptihatiode located ak,(z) = (100, 9). It
can be observed that the numerical solution isxoekent agreement with the analytical
solution.

5.2.3 Conduit flow: a comparison with SWMM

Since the developed numerical code can simulatedurface and surcharged flows
in conduits it is desirable to verify this capatyiliSince an analytical solution for a scenario
including the transitions between free-surface amdharged conduit flows is not available
a comparison is made with the simulation resultSWMM. SWMM stands for Storm
Water Management Model. This model is developethkbyU.S. Environmental Protection
Agency (EPA). SWMM is capable of simulating variabbturated flow in sewer systems.

In one of their reports the EPA provides examphed have been used to test two
different versions of SWMM (Rossman, 2006). Onehafse examples is simulated by the
present numerical code and the result is comparéd bath versions of SWMM. The
example consists of five conduit sections in serldég first, third and fifth section have a
diameter of 12 foot. The second and fourth sedtiave a diameter of 3 foot. Each section
is 1000 foot long, has a slope of 0.05% and 20 ni”/s. Initially the sections are dry and
in 15 minutes the recharge at the upstream eriddarly increased from 0 to 5G/&. This
recharge remains constant for 3 hours and is thearly decreased to zero is 15 minutes.
The simulation time is 6 hours. Each conduit sectsodiscretised into 50 elements.
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Figure 5-3: Comparison of solutions of present code with thiitems of SWMM. The te:
problem is taken from a testing report for SWMMBL (Rossman 2006).
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The results of the SWMM models are obtained udieg3aint-Venant equations. The
models can also use the diffusive wave approximatiar this simulation example the
results are the same (the slopes of the condwtsealy small). It is also mentioned that the
time-stepping procedure in the SWMM models is expli

Figure 5-3 shows the flow rate in the middle of thst fsection. It can be observed
that the middle of the first conduit section becensarcharged after approximately 1.5
hours. The figure also illustrates that the nunanesults obtained with the present code
are in relative good agreement with the results ftoexSWMM models. The agreement is
better when compared to the older version of SWMMe Bpurious oscillations in the
results of SWMM are not displayed by the resultshef present numerical code. Both the
central as the upstream weighted schemes giver bestdts then SWMM.

5.2.4 Wave propagation in circular conduits

In a circular conduit the conveyance factor hasaximum when the water depth is
about 94% of the diameter. As pointed out in chagtehis has consequences for the
propagation of pressure head disturbances.
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Figure 5-4: The rating curve for free surface fiow a conduit with = 0.5 m,; = 20 m*¥/s anc
$=0.1.
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A circular conduit with4x = 100 m,4z = 10 m,r = 0.5 m andy = 20 nt’¥s is
considered. Figure 5-4 shows the rating curve fee-Burface flow in this conduit. The
conduit is discretised into 100 elements. At thdedw#t zero depth gradient is defined. The
initial condition is the steady state water deptbfifr with a pressure head of 0.5 m. Figure
5-5 shows the evolution of pressure heads in thelwtnfor two scenarios. In the first
scenario the pressure head at the inlet is incdes8.9 m and in the second scenario the
recharge is increased to 0.99 m.

In the first scenario the water depths converge tdsvéine values predicted by the
rating curve. The pressure head disturbance isig#if and advected in a downstream
direction. In the second scenario the advectiomives negative in the upstream part of the
conduit where p becomes larger then 94% of the atoadliameter. As illustrated the
water depths do not converge towards a constant wafgh along the conduit due to
negative advection.

Two other simulation scenarios are carried outltestitate that the capability of the
numerical code to simulate upstream traveling pmessurges. The same conduit is
considered, but now a Dirichlet boundgoy= 2r is defined at the outlet. The initial
condition is the steady state water depth profiléairecharge o = 1.0 ni/s at the inlet.
Figure 5-6 shows the evolution of pressure headbdrconduits for two scenarios. In the
first scenario the recharge is increased to 2/8 emd in the second scenario the recharge is
increased to 2.1 Tfs. As illustrated by the rating curve the maximuowfrate at the outlet
without pressurization is less then 2.&sninitially the water depths in the main parthod
conduit converge towards the values predicted byr#tting curve. If the flow rate at the
outlet reaches the maximum possible flow rate withmassurization the outlet starts to act
as barrier and the conduit starts to fill up. Tpi®cess is described by an upstream
traveling surge as illustrated in the figures. Aftee conduit is filled up the hydraulic
gradient needs to increase as to accommodatedamgnosed flow rates. If steady state is
reached the conduit is completely pressurized.

5.2.5 Comparison of the different numerical schemes foranduit flow

Two simulation scenarios are considered that showwlpstream weighting and a
positivity preserving scheme may be needed. Th& 8cenario consists of a straight
sloping, initially dry, rectangular channel wittx = 100 m4z =10 m,B =1 m andy = 20
mY“¥s. The channel is subjected to a constant rechafrige01 ni/s fromt = 0 s. The
channel is discretised into 100 elements. The gtetde solution is a free-surface flow.

Intuitively one would maybe expect that if steadgtestis reached that the time steps
can be increased. As illustrated in figure 5-6 ftisishardly the case if the positivity
preserving scheme is not used. Spurious oscillatiparsist when the steady state is
reached. As illustrated the amplitude of the ogsadltes is very small and may be controlled
by the error norm used for the non-linear solverweieer, the tendency of the numerical
solution to oscillate means that the time stepssaze restricted.
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When the positivity preserving scheme is used latigee steps can be used before
and after reaching steady state as illustratecyurd 5-7 even if central weighting is used.
However, central weighting results in a spurious dwarsing before the steady state is
reached. It can be observed that the largest diifags in time stepping occur when steady
state is reached.

The second scenario consists of two circular corgkgtions in series with= 0.5m
andy = 20 nt”¥/s that have a different slope. For the first sgctix = 50 m andiz =5 m
and for the second sectiafx = 50 m and4z = 0.5 m. The upstream conduit section is
subjected to a constant recharge of 0%srfrom t = 0 s and again the desired simulation
result is a steady state free surface flow.
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Figure 5-7: Comparison of different numerical schemes for apsmflow problem in a condu
showing the advances of using a positivity presgndgcheme. Note that the amplitud
the oscillations in the nopesitive scheme is controlled by the convergeniteran for the
Picard iteration.
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Figure 5-8: Comparison of different numerical sckerfor a conduit flow probfe involving a chanc
in conduit slope.

Figure 5-8 illustrates the presence of spuriougllagons in the steady state profile
resulting if central weighting scheme is used. ®keillations are found in the last part of
the first conduit section, just before the discouity in the slope. This is typical for central
weighting. Similar oscillations can be expected wkign conveyance decreases due to a
smaller conduit radius or a change in the frictimarameter. The upstream weighting
scheme provides a good result for the steady statile. But the time stepping is very
restricted if the positivity preserving is not used

Although the continuation of the simulations afteaching steady state is of course
not very useful, the observation that the time @itep for steady state free surface flows
can be severely restricted without the positivitggarving scheme is very important. If
coupled conduit-matrix flow is simulated it is welbgsible that free-surface flows in
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conduits need to be calculated. Since the hydraaBponse of the matrix to a change in
boundary conditions is relatively slow, relativelgn time periods may need to be
calculated. Since the response in the conduitelaively quick, steep fronts that may
restrict the time stepping are only present dushgrt time periods. This means that
relatively long time periods need to be simulatadrdy which the free surface flows in the
conduits are not varying significantly (no steepns). The two simulation scenarios above
indicate that without the positivity preserving seteethe time stepping can be severely
restricted for the computation of free-surface flosven if steep fronts are absent. When
long time periods needs to be simulated, such eexestrictions on the time stepping
become particularly undesirable. Therefore the tpityi preserving scheme can be
expected to be useful if free-surface flows in tbaduits need to be calculated over long
time periods.

5.3 Variably saturated flow in porous media

5.3.1 Steady infiltration in a vertical column

The steady state pressure head profile in a eéruiariably saturated column
subjected to constant infiltration can be solvedlgically (Gardner, 1958). Using the
exponential model for saturation and using a Digtlgondition at the bottom @f= 0 m
Gardner’s solution is expressed as:

1 1 ~a(L-z
p(z)z—;ln[?s(w(r@—q) & ’)J (5.3)

wherez is taken negative in the downward direction. A columith L = 6 m,q = 1.010®
m/s, Ks = 1.010" m/s anda = 1 1/m is considered. The column is discretiged 100
elements. Figure 5-9 shows the good agreement bet@nrsemumerical and analytical
solution

5.3.2 Transient infiltration in a very dry vertical colum n

A vertical column withL = 6 m,Ks = 0.25 m/day and = 0.3 is considered. At the
bottom of the column a zero-gradient is used asn@dary condition. The column is
discretised into 100 elements. The initial satorais 1102°. Fromt = 0 s the saturation at
the top is given by 0.8. Neglecting the specifarage coefficient the analytical solution for
the saturation profile is given by (Diersch and Behet, 2002):
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Figure 5-9: Comparison between numerical and analytical salufar steady state flow in vertic
column (Gardner’s solution).
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Chapter 5: Verification and illustration 77

,_ Kd Lo Kt
S(z )= s+ > erf < + & er ) < (5.4)
ag(l-s) ag(1-3)

Figure 5-10 shows the numerical and analytical smiufor the saturation profile
after 3 days fowx = 5 1/m andx = 200 1/m. Fow = 5 1/m central weighting provides a
good solution, whereas upstream weighting resuls stightly more smeared profile. In
the case when = 200 1/m the central weighting scheme producesvanshooting at the
saturation front. This overshooting is absent whpstream weighting is used. However,
again upstream weighting results in excessive angaf the saturation front.

5.3.3 Comparison of the different numerical schemes for rtrix flow

In the following two simulation scenarios are coesadl. The first illustrates the
benefits of upstream weighting. The second simulasicenario is an example where the
use of the positivity preserving schemes yieldsdoeesults.

The first scenario consist of a vertical column witk 6 m,e = 0.01,n = 2 anda =
100 1/m. The column has a discontinuity in condlitsti Ks = 1:10° m/s in the upper 3 m
of the column ands = 1:10° m/s in the lower 3 m of the column. The initial adlic
heads are given by -6 m. At the bottom a Dirichletrimaryp = 0 m is used and frotr= O
s the infiltration on top is given by10’ m/s. The Genuchten-Mualem model is used for
the saturation.

Figure 5-11 shows the pressure head profile aftiaylas obtained by discretisations
into 1D linear elements. It can be observed thatrakmveighting results in spurious
oscillations at the material discontinuity, esplgifor coarse meshes. These oscillations
are absent if upstream weighting is used. Figut2 Shows simulation results for the same
problem obtained with a central weighting schemeguslfferent values fon anda. It is
interesting that the pore size distribution indeand the inverse air entry pressurbave a
distinct influence on the behavior of central welghtschemes. Higher values ferand
valuesn > 2 result in more severe oscillations.

Figure 5-13 shows the saturation profile after 1 dayobtained by a discretisation
into linear tetrahedral elements. The base of thlenen is 2m x 2m. Again it can be
observed that central weighting results in spurmasilations at the material discontinuity.
Figure 5-13 also compares two different schemesufimtream weighting. The scheme
based on moving a single evaluation point into tipstream direction yields the best
results. The other upstream weighting scheme isdbas¢he evaluation on element edges.
In the latter scheme the positive off-diagonal ealof the elemental stiffness matrices have
to be put to zero in order to avoid extremely srtiale steps.
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The second scenario consists of a vertical colunth Wi 6 m,Ks = 1:10°m, ¢ =
0.01,n =2 anda = 100 1/m. A fixed pressure hepd -0.005 m is provided at the bottom
of the column. The initial hydraulic head is giveg h = -6.005 m. Front = 0 s the
condition at the top of the column is -0.005 m. e Genuchten-Mualem model is used

for the saturation.
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Figure 5-11: Pressure head profiles after 1 daynarison between central and upstream weighting.
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Figure 5-12: Pressure head profiles after 1 day as obtained aeititral weighting using different valt
for the inverse air entry pressure and pore sig&iblition index.
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Figure 5-13: Saturation profiles after 1 day. From left to righéntral weighting, upstream weight
along edges, upstream weighting using a singleuatiah point at the element boundary.
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Figure 5-14: Comparison of positive and non-pesischemes for an infiltration problem.

The steady state solution must be in the form cbmstant pressure head profile
with p = -0.005 m. One may expect that once steady stasached that the time step sizes
can be increased. Figure 5-14 shows the resultgnelthy an upstream weighting scheme
with and without the positivity preserving scheme. iAgthe time step sizes are larger
when the positivity preserving scheme is used. éf plositivity preserving scheme is not
used small oscillations persist that restrict threetstep.

5.4 Coupled conduit-matrix flow under saturated conditions

In the following the coupling scheme based on cowtirs heads at the common
nodes is tested. A horizontal conduit in a fissuneeéstone block with is considered. The
conduit and the matrix are assumed to be fully rated. The extent of the fissured
limestone around the conduit is assumed to beitafin the directions perpendicular to the
conduit. If the hydraulic head over the lengthha tonduit is changed instantaneously then
the transient discharge of the conduit can be taled with an analytical solution. This
analytical solution is a modification of the sodutifor the transient discharge of a well
under constant drawdown (Perrochet, 2005). Theisalueads:

Q) =—TE [ ) ox (5.5)
Kt
In(1+ j

2
I

wheres is the drawdown andl the length of the conduit. The equation is valbd &n
infinite extant of the aquifer in a direction penplécular to the conduit.
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Figure 5-15: Geometry and dimensions of the sinadascenario to test the qoling scheme. Tt
dimensions are given in meters.

To test the numerical code a matrix block with &< 100m x 2000m x 2000m is
considered. A horizontal conduit of 100 m and witk 20 m’®/s runs through this block
(see figure 5-15). The initial condition is givep b = 3000 m. At time t = O s the heads
along the conduit are instantaneously increasecb®ym. Because of this increase in
hydraulic heads the matrix will be recharged andflime rate entering the conduit can be
calculated as a function of time with the analytisalution. Figure 5-16 shows the
comparison of the analytical solution with the nuicedrsolution. The numerical solutions
are obtained using different discretisations altrgy conduit. The tetrahedral elements as
generated by TetGen are constrained to this diatietis and as a consequence the
discretisation into tetrahedral around the condsitBner if the conduit is subdivided into
more elements. As can be observed the numericati@oldepends heavily on this
discretisation around the conduit. It may be emizieasthat the numerical solutions do not
change significantly if the radius of the condsithanged (at least in the rage 0.5-1.5 m).

Figure 5.16 illustrates an important drawback of toeipling scheme. As stated
before the coupling based on continuous headsmimesccount for the area of the interface
between conduit and matrix flow. Instead the exchdhges between the conduit and the
matrix depends only on the hydraulic head gradjehesconductivity of the matrix and the
space discretisation. The physical exchange fliesdtepend on the interface area and in
the analytical solution the flux is indeed a fuontbf the conduit radius.
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Figure 5-15: Comparison of numerical and analytical solutionstfe flux entering the aqui
following an instantaneous increase in pressurds$akng the conduit.

Figure 5-16 also illustrates that the space distieh may be chosen such that the
numerical flux is close to the physical flux. Irgstingly, it can be observed that the
discretisation along a conduit with a known radius ba too fine. There are two reasons
why this work is not concerned with the derivatioraagriterion for a proper discretisation
around a conduit with a given radius. Firstly thiswdo be possible only for simple
discretisations based on structured meshes. Sectiralhbove analytical solution can only
be used for saturated flow conditions. So everrifcsired meshes would be used a proper
discretisation would only be valid for saturatedwil@onditions. In unsaturated flow
conditions the interface area depends on the wattsl of the conduit and as such depends
not only on the radius but on the pressure headelis

The important conclusion is that if the couplindpased on continuous heads then the
exchange flux is highly sensitive to the discreitsa around the conduits. A similar
drawback also applies to the coupling scheme basewloing the flows separately. These
schemes are also based on assuming continuous dighdsnterface.

In coupling schemes using an exchange parameteafoulating exchange fluxes, it
may be possible to use the exchange parametecowniatcfor the interfacial area. However,
the parameter also includes a certain skin thickneghich has no clear physical
interpretation.
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5.5 Wetting fronts in the conduits

In the following simulation scenarios the capabibfythe numerical code to simulate
wetting fronts in the conduits is tested. A matrigdh with a size of 2100m x 20m x 20m is
considered. A conduit with a radius r = 0.25 m anchvaitroughness coefficient = 20
m'?/s runs through this block (see figure 5-17). Thigidl condition and the boundary
condition at the spring are given hy= 6 m. This means that initially the upstream dirt
the conduit is dry. From time t = 0 s the rechargthe inlet is given by 0.1 s.

Figure 5-18 shows the simulated spring hydrograpsiagudiscrete models and
discrete-continuum models and using two differestumitisations along the conduit. In the
discrete-continuum models the algorithm as disaigsehapter 4 is used: small positive
pressure heads-(I* m) are being defined on dry conduit nodes in frohthe wetting
front. This is done for 4 nodes. It can be obseid the discrete and discrete continuum
models give more or less identical spring hydrobsad he arrival time of the wetting front
depends on the discretisation. It can be observadthe simulated wetting fronts travel
faster if a coarser discretisation along the canduused. As mentioned in chapter 4, the
algorithm used in the discrete-continuum modelsreanlt in mass balance errors since the
saturation in the matrix elements around the cdratei artificially increased just before the
arrival of the wetting front. These errors aresthated in figure 5-18. It can be observed
that the mass balance errors are more severeodrgear discretisation along the conduit is
used. A coarser discretisation along the conduitlte larger matrix elements around the
conduits and consequently more water is addedcatlfj.

inlet
20 — (x,y,z) =(0,0,15)

spring
10— (xy,z) =(100,0,5)

(-

10 100

conduit

o
[any
o

Figure 5-17: Geometry and dimensions of the simariadcenario. The dimensions are given in meters.
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Figure 5-18: Spring hydrograph and mass balanogserr

Figure 5-19 illustrates what happens if the algonifor dealing with wetting fronts is
not used in a discrete-continuum model. As expthinechapter 4 the dry nodes are solely
affected by the flow in the matrix. Since matrixvilas relatively slow the wetting process
of dry nodes is also relatively slow. As long as rsoohefront of the wetting front are not
wetted the dry nodes act as barriers such that thngdront cannot advance. If the
algorithm is not used then these barriers resula itotal failure of the simulation: the
pressure heads at the inlet become extremely large.

The above simulation scenario is also useful tsithte the ultimate advantage of the
positivity preserving schemes for conduit flow. st case the positivity scheme is not
used to continue the simulation of a more or leégady state situation. After the wetting
front has arrived at the spring, steep fronts i@ pmessure head are absent in the flow
through the conduit. However, the flow in the aquienot yet in steady state, since the
conduit may still recharge the surrounding matkigure 5.20 illustrates the benefits for
using the positivity preserving scheme. The figigebased on the discrete-continuum
model using the coarser discretisation (100 elesn@oing the conduit). As can be observed
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Figure 5-19: Pressure head at inlet if no spedgmrahm is used to speed up the wetting process.
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larger time steps can be taken if the positivitggerving scheme is used. The figure also
shows that the hydrograph obtained with a positigityserving scheme is more accurate.
The hydrograph illustrates that indeed the aqugemnot yet in steady state and that the
matrix is recharged by the conduit. If the positioreserving scheme is not used, time
stepping is more restricted and is obviously relate the computation of conduit flow.
Small oscillations persist, that need to be colgdoby the convergence criterion as applied
to the Picard iteration. It can be observed thathis case the simulated hydrograph is
highly affected by the persisting oscillations. A aler convergence criterion would
improve the result, but would also further restti time stepping.
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Chapter 6: Applications on hypothetical karst aquifers

6.1 Introduction

This chapter presents simulation results as oldaioe hypothetical karst aquifers.
Although the models are relatively simple they pdeaviinteresting insights into the
hydrodynamic behavior of karst aquifers. In all relbg scenarios the simulated
hydrograph is of particular interest.

Three different kinds of models are consideredstRirdiscrete conduit models are
considered. These models do not account for flothénlow permeable limestone volumes.
However, it may be emphasized that the present noatectbde offers a considerable
improvement over previous discrete modeling apgreac Whereas Jeannin (2001)
simulated turbulent conduit flow under variably sated but steady conditions, the present
numerical code is capable of carrying out transsgmiulations. Simulations concentrate on
the effects of filling and emptying conduits on tharograph.

Next models with a single horizontal conduit embediteal rectangular matrix block
are considered. These hypothetical karst aquifs¥ssalely recharged by conduit flow.
Simulation scenarios concentrate on the hydrautlignt inversion between the conduit
and the matrix and its effect on the hydrographthinfirst scenarios the aquifer is assumed
to be fully saturated. This permits to compare $atons based on turbulent conduit flow
with simulations based on laminar conduit flow. Theldaulic gradient inversion is also
simulated under partially saturated conditions.

Finally discrete-continuum models recharged by ipr&tion are presented. These
models include an epikarst layer. Simulations catre¢e on the role of epikarst in terms of
storage and drainage of infiltrated waters.

6.2 Discrete models

Two relatively simple conduit networks are simulatéithout accounting for the flow in
the low permeable limestone volumes. The conduivosds are given in figure 6-1 and 6-
2. Both networks have one recharge point and twmggr In the first conduit network all
the conduits have a radiusrof 0.5 m and a roughness coefficientsof 20 nt’¥/s. At the
springs Dirichlet boundaries are definedy 2r. The initial condition is given such that
only the horizontal conduit at the base of the nekws full. Fig 6-3 shows the simulated
spring hydrographs for a recharge event. For fogations pressure heads are plotted as a
function of time. As can be observed the numericatleh is capable of simulating the
activation and deactivation of the springs. The tmoteresting observation is that the
geometry of the conduit network has pronounced &ffen the spring hydrograph. If sub-
horizontal conduits are being filled or emptied tlae of change of the discharge is
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Figure 6-1: Conduit network 1.
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Figure 6-2: Conduit network 2.

increased. The second conduit network is very simdathe first one but contains
two additional conduits such that the network cormstairioop. The roughness coefficients
of the conduits are given by= 20 m’¥/s. The extra sub-horizontal conduit has a radias
0.5 m, but the extra sub-vertical conduit has ausad= 0.1 m. Due to this small passage
the extra sub-horizontal conduit is relatively slpwlrained after the recharge event. This
slow drainage results in a tailing effect in the togtaph as illustrated in figure 6.4. The
simulation of this tailing effect is important. Bhiesult confirms the idea of Mangin (1975)
that storage can take place in large voids. Howanethe conceptual model of Mangin
(1975) such voids, labeled as annex-to-drain systeme poorly connected to the conduit
network. In the presented model scenario the laay@swesponsible for temporal storage
are an integral part of the conduit network such tingy can be filled relatively quickly,
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but cannot be quickly drained. This ability to stevater quickly is an important difference
with the annex-to drain system. The difference meéhatssubsequent tailing effects due to
slow drainage can be more significant.

6.3 Discrete-continuum models recharged by conduit flow

A matrix block with dimension 5000m x 500m x 500mcignsidered. A single
horizontal conduit is embedded in this block. Taegifer is recharged by a flow entering
the conduit. At the downstream end of the condtig $pring, a Dirichlet boundary is
defined. Figure 6-5 shows the general set up fofdhewing modeling scenarios. In the
first scenarios the aquifer remains fully saturateding a recharge event. Such saturated
models, although with a more complicated conduitvoet, have also been considered by
Kiraly (1993) and Cornaton and Perrochet (2001)thieir models the conduit flow is
simulated as laminar.

500 - ZQ; )

250 -+ 2500

" 5000
-250 0 250

Figure 6-5: Geometry of the matrix block and theakion of the hodontal conduit. Dimensions
meters.



92 Chapter 6: Applications on hypothetical karst aqaife

0.15 400
i recharge L r=0.2m
————————————— r=0.2m 300- -------1=04m
t e r=0.4m T
0.1 IS r .
@ | = 380F Y
E -
O el = 370F
0.05] o : / \.\
i 360F [
L L/ \
0™ ~—736 48 30— "3 48
time [hours] time [hours]
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Figure 6-7: Simulated hydrographs and pressureshasthe inlet as functions of time for differ
matrix conductivities.. Turbulent conduit flow= 0.2 m.
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Figure 6-8: Simulated hydrographs and pressure heads at tbedsl functions of time for differe
discretisations along the conduit. Turbulent conlaiv. Ks = 1:10° m/s and = 0.2 m.
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Figure 6-9: Simulated hydrographs and pressuréshaa the inlet as functions dfie for differen
conduit radii. Laminar conduit flowk = 1:10° m/s.
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Figure 6-10: Simulated hydrographs and pressure heads at tbeadal functions of time for differe
storage coefficients for the matrix. Laminar comdigiw. K, = 1:10° m/s and = 0.05 m.
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Figure 6-11: Simulated hydrographs and pressure heads at tbednl functions of time for differe
storage coefficients for the conduit. Laminar canhflaw. K, = 1:10° m/s and- = 0.05 m
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The conduit is discretised into 500 elements. Tikal and Dirichlet conditions are
defined byh = 600 m (withz= 0 m at the base of the block).

First the flow in the conduit is assumed to be wlebt. The roughness coefficient is
defined asy = 20 mt’s. Storage in the conduit is neglected by putting storage
coefficient for conduit flow to zero. The storageeffizient of the matrix is set to-B0°
1/m. Figure 6-6 and 6.7 show the simulated hydrdggague to a recharge event for
respectively different conduit radii and differenatrix conductivities. In order to show that
the recharge event does not result in unrealisesgure heads the figure also gives the
pressure head at the inlet as a function of time.

Depending on the relative head differences betwerdhduit and the matrix during
and after the recharge event, the matrix is sulesgtyurecharged or drained by the conduit.
The hydrographs in figures 6-6 and 6.7 illustrdiat the matrix is subsequently recharged
and drained by the conduit. This a typical phenameand is called a hydraulic gradient
inversion. As can be observed the effect of the dmyir gradient inversion on the
hydrographs increases if the radius of the condwgmaller or if the matrix conductivity is
larger. A larger effect of the hydraulic gradientersion results in a larger exchange flux
and thus in a smaller peak flow and a more sigmficacession limb. The exchange flux
depends on the conductivity of the matrix and om differences in hydraulic gradients
between the conduit and the matrix. Larger matrndewtivities results in a larger flux into
the matrix. If the radius of the conduit is smallken during the recharge event a larger
hydraulic gradient is established along the condoinsequently along the main part of the
conduit the hydraulic gradients between the condod the matrix are larger. Higher
hydraulic gradients result in larger exchange fluxe

It may be recalled that the area of the interfagevben the conduit and the matrix
does not influence the exchange flux. The condulius influences the exchange flux only
because it determines the hydraulic gradient atbegconduit when a recharge is imposed
on a conduit end. As stated in the previous chapeerexchange flux is sensitive to the
discretisation around the conduit. Figure 6-8 shivessimulation result for two different
discretisations along the conduit. A coarser diggagon results in a larger effect of the
hydraulic gradient inversion. Figure 5.15 indicatieat both discretisations are too coarse
with respect to the conduit radii used in the saesaAs a result the effect of the hydraulic
gradient inversion is believed to be overestimated.

Simulations can also be carried out by assumingnlantonduit flow as governed by
Poiseuille’s law. Figure 6-9 shows the simulatedrbgdaphs using different conduit radii.
Again the effect of the hydraulic gradient inversisrarger for a smaller conduit radius.
However, it can be observed that the radius neels significantly smaller as compared to
turbulent flow to obtain comparable effects on thergys hydrographs. The reason for this
is that laminar flow results in a larger equivaleohductivity then turbulent flow.

An interesting observation that can be made fromath@/e simulation scenarios is
that effects on the hydrograph resulting from arhytic gradient inversion are only
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obtained under relatively extreme conditions. Theersion takes place over a long
distance (5000 m) and a matrix conductivity K§ = 1:10° m/s is relatively large.
Moreover, the effects are believed to be overesdthaue to a too coarse discretisation
around the conduit.

Storage coefficients may be increased to obtairerygical spring hydrographs with
a relatively quick response and a slow recessiogurki 6-10 illustrates the effect of
increasing the matrix storage coefficient. Figw®l6illustrates the effects of increasing the
conduit storage coefficients (denoted®)y

It is interesting to note that the use of ratheghhvalues for the conduit storage
coefficients is common in the field of modeling gnalwater flow in karst aquifers. Conduit
storage coefficients are often increased by sewwddrs of magnitude to obtain typical
spring hydrgraphs (Kiraly 1993, Cornaton and Pereo2001).

In the last simulation on this aquifer the uppelf i the aquifer is initially
unsaturated. The conduit radius is giverrlsy 0.2 m. The initial heads are definedtby
250.4 m, such that the conduit remains saturatbd. Simulation is carried out assuming
turbulent flow. The storage coefficients are evadatising the compressibility values
given in chapter 2. Figure 6-12 shows the simulatiesults obtained for two different
porosities. The effect of the hydraulic gradientersion is larger for a larger porosity. The
reason for this is that a larger porosity resultsailarger storage capacity of the matrix
under unsaturated conditions. The figure also shth@scomparison with the result as
obtained for the saturated case. It can be obséhadhe effect of the hydraulic gradient
inversion is larger in the saturated case. Thiseisause the matrix conductivity is larger
under saturated conditions.

0.1y

recharge
[ saturated case,= 0.01
0.075¢ unsaturated case=0.01
o i unsaturated case=0.001
E 0.05}
S i
0.025}

time [hours]

Figure 6-12: Simulated hydrographs for saturateti larsaturated cases (see tekstdetails). Turbulel
conduit flow.K, = 1:10° m/s andr = 0.2 m.
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6.4 Discrete-continuum models recharged by precipitatio

A karst aquifer with a geometry as depicted in figgw®3 is considered. The aquifer
includes an epikarst layer with a thickness of 10Anconduit network is defined that can
drain the epikarst layer. The inlet of the conahgtwork is located a(y, z) = (5, 0, 11)
and the spring is located & ¢, z) = (100, 0, 5) (dimensions in meters). The corglbéve
a radiusr = 0.05 m. The roughness coefficient is defined as20 nt’®/s. The size of the
1D elements is 1 m. At the spring a Dirichlet boundzogdition is defined b = 12.5 m.
The conduit network is thus fully saturated. All sige coefficients are evaluated with the
compressibility values as given in chapter 3. Taeskaquifer is recharged by precipitation.

First, the aquifer is considered with an overallgsity of 1%, for the matrix as well
as for the epikarst layer. Simulations are carneing the relatively coarse spatial
discretisation as depicted in figure 6-14. The \G@nuchten parameters are givemas?2
and « = 100 1/m. The saturated conductivities of the rimaénd the epikarst are
respectivelyKs = 110-7 m/s andKs = 1:10-3 m/s. Because of the discontinuity in
conductivity upstream weighting is necessary. Othervgigurious oscillations would be
generated on the interface between the epikarsthenahatrix.

Before simulating responses to storm events amlirgcondition is needed. This

condition is obtained by a transient continuatistasting with initial headd = 12.5 m and
a constant rainfall of 500 mm/yr. The simulatioasobtain the initial condition are carried
out over a time period of 2 years. These computatidemand a significant amount of
CPU-time. The upstream weighting procedure as apphedlement edges, combined with
the cancellation of positive off-diagonal values time elemental stiffness matrices is
mandatory to obtain the initial conditions in adedype CPU-times.
Figure 6.15 shows the simulated hydrograph at thegpogether with the hydrograph as
obtained at the inlet of the conduit network. Assthated a typical spring hydrograph with
a rapid response and a relatively slow recessiainisilated. Contrary to the simulated
hydrographs in the previous section, the hydraghadients during the simulation are
relatively mild and no artificial large storage €fa@ents are used. Figure 6-15 further
shows that the hydrograph at the inlet of the candetwork is almost identical to the
spring hydrograph. This clearly indicates that atrall infiltration is drained towards the
inlet of the conduit network. A significant exchanthex between the conduits and the
matrix is absent. There is no effect of a hydragmdient inversion on the spring
hydrograph.

Figure 6-16 illustrates the evolution of water rases in the karst aquifer relative to
the initial water contents. The figure illustrateattin the simulated aquifer, storage in the
matrix is less significant then the storage indpéarst. The figure also illustrates that the
hydraulic response of the epikarst is quicker amdensignificant then the response of the
matrix. Nonetheless, water is being stored in thairmand it is known that almost all the
infiltration is drained towards the inlet of the clnt network (figure 6-15). This means
that the diffusive infiltration into the matrix ot directly drained by the conduit network
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Figure 6-13: Geometry of the karst aquifer. Dimensiin meters.
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Figure 6-15: Simulated hydrographs. Overall poyoisitl %. Matrix:K, = 1:10" m/s.
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Figure 6-16: Evolution of water resources with respect to ihiganditions. Overall porosity is 1¢
Matrix: Ke = 1107 m/s.
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Figure 6-17: Simulated hydrographs using different saturateddootivities for the matrix. Over:
porosity is 1%.

Instead the matrix is not only recharged by théamst, but is also drained by the epikarst.
This process is related to the imposed topograpatdllows for flow paths that run from
the epikarst into the matrix and back into the ek

Figure 6-17 compares spring hydrographs obtainédgudifferent values for the
saturated conductivity of the matrix. It can be ebwed that the differences are
insignificant.

Figures 6-18, 6-19 and 6-20 illustrate that thengphydrograph is very sensitive to
the values used for the porosity (note: the eptkansl matrix porostities are respectively
denoted by, anden). The porosity values determine the storage umeddably saturated
conditions (see equation 3.4). Consequently smaléres for the porosity result in less
storage and quicker hydraulic responses. FiguPd @ompares the evolution of water
resources using different values for the matrixopiy. It is illustrated that a smaller matrix
porosity results in less storage in the matrix.

Figure 6-22 compares spring hydrographs using reiffiespatial discretisation. As
indicated in figure 6-15 the main difference betwéee discretisation is the discretisation
of the epikarst. Although there are some differend®etween the hydrographs, the
hydrographs are quite similar.

Finally, a simulation is carried out that does aotount for the matrix (figure 6-23).
It is interesting to observe that again typicairsphydrographs are obtained.
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Figure 6-18: Simulated hydrographs for differentqsities. Matrix:K. = 1:10" m/s.
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Figure 6-20: Simulated hydrographs for differentqsities. Matrix:K. = 1:10" m/s.
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Figure 6-21: Evolution of water resources with exgpto initial conditionsfor different matri
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rainfall [mm/h]

rainfall [mm/h]



102 Chapter 6: Applications on hypothetical karst agpsf

0.0005 ~ 0
- /] \/
i [
5 (AN
0.0004f
i — coarse grid |
B fine grid _
0.0003f E
2 i 15 E
s ]
O B Y—
0.0002 8
0.0001}
- = q 10
ol L I L1 1 1 1 ‘
0 4 8 12 16 20 24 28

time [days]
Figure 6-22: Simulated hydrographs as obtained iffgrdnt spatial discretisations (see figurel 4y
Overal porosity is 1%. Matrix<s = 1:10° m/s.
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Matrix: K¢ = 1107 m/s.
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Since the transient continuations to obtain thdiahiconditions for the above
simulation scenarios demand a significant amour€RU-time, the regional extent of the
simulated karst aquifer is relatively small. Moregveven for this relatively small model it
is mandatory to cancel the positive off-diagonduea in the stiffness matrix. This method
is of course not very sophisticated. Finally yepartantly the epikarst is simulated as a
single continuum. This assumes there is a scalehoch the epikarst can be represented by
an REV (representative elementary volume). In tg#tie epikarst is karstified. Thus it can
be argued that a dual continuum approach or aales@ontinuum approach needs to be
applied to the epikarst layer.

Nonetheless, the above simulation scenarios argnportant improvement over
previous efforts to include the role of the epikanso discrete-continuum models. In the
model of Kiraly (1993) the epikarst layer has basriuded explicitly. In that model the
role of the epikarst is emulated by defining a @nirated recharge into the conduit
network and a diffusive recharge into the matriypi€al spring hydrographs can only be
obtained with this model if more then 40% of theharge is drained directly by the
conduits. It is mentioned that the model of Kirél®93) is based on full saturation, laminar
conduit flow, artificially increased storage coeféints and a coarse discretisation.

In the presented models the epikarst is fully iraégd. Moreover the epikarst as well
as the matrix are variably saturated. Consequémglynfiltration and drainage processes in
the unsaturated zones are fully accounted for.obigih the epikarst is simulated as a single
continuum it distributes the infiltration and stereater. As illustrated the models are well
capable of simulating typical spring hydrographthvphysically based storage coefficients.

Kiraly (1993) has suggested that an epikarst lagehancing the concentrated
infiltration into the conduit network short-circaithe underlying low permeable limestone
volumes. As mentioned by Kiraly (1993) this has aripnt consequences for the evolution
of water ressourses in the matrix, especially sithee storage capacity of the matrix is
believed to be significant. The matrix is well chfgaof containing important groundwater
resources but may not be a very useful aquifés iféscharge is insufficient.

The presented simulation results confirm that aikaept layer can result in a
significant concentrated infiltration into the camdnetwork. In the simulation scenarios
the diffusive recharge into the matrix is relatiwedmall. Moreover, in the presented
simulation examples the matrix is also drainedh®y eépikarst, leaving even less water to
infiltrate into the deeper parts of the matrix

The simulated recession curves clearly depend enhgfdraulic properties of the
epikarst that govern the storage and drainage ttsv#tne conduit network. This has
important implications for the interpretation ofris)y hydrographs. It means that the
recession curve may not solely depend on the hjidrptoperties of the matrix and the
conduits. A similar conclusion has also been madkdyvacs (2003).
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Chapter 7: Summary and conclusions

7.1 Numerical development

The presented numerical code permits the simulatibriurbulent conduit flow
coupled with laminar matrix flow under variably getted conditions. The code is based on
the finite element method. The discrete-continuuppreach is used to represent the
different flow domains in the karst aquifer. Linédd elements are used for the conduits.
These elements are embedded in a tetrahedral negshsenting the low permeable
fissured limestone volumes. The use of tetrahedlaments has the advantage that
complicated conduit networks can be embedded.

The classical diffusive wave equation is used far turbulent free-surface flows in
the conduits. To account for pressurized condoivfh modified form of this equation is
used. Variably saturated flow in the matrix is désad by the Richard’s equation. Both
equations can be captured by a single flow equatibo recuperate each of the two flow
equations only the two non-linear coefficients lmstgeneral flow equation need to be
evaluated accordingly. These coefficients are thpacitive term and the equivalent
conductivity. This means that the discretised dqnatcan be combined into one matrix
system. This approach results in a relatively sengpld robust coupling scheme.

The general flow equation is a non-linear diffusaruation. As discussed in chapter
3 it is useful to consider the one-dimensional finear diffusion equation for a quantity

2 (pd) @
ot o0s 0s

where D is the non-linear diffusion coefficient. This etjopa can be written as an
advection-diffusion equation:

2
ou_0Dou_,ou_, (7.2)
ot 0dsds a3

This equation degenerates into a linear diffusiquiagion if the gradient ino vanishes.

The implicit scheme for the non-linear diffusionuatjon for a quantityu has the
same matrix structure as an implicit scheme forlithesar diffusion equation. Both can be
captured in the forrdx = b with A being anM-matrix andb being a non-negative vector.
In chapter 4 it has been discussed that such schamge unconditionally stable if the
scheme is linear. It follows that time steppingtnesons for the non-linear scheme
disappear if the gradients unvanish. Inversely the restrictions increase witbréasing
gradients iru.
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The general flow equation can be expressed as:

C%:D[ﬂKaDh) (7.3)

whereC andK, are respectively the capacitive term and the ed@int conductivity term.
Although this equation includes an additional nme#r capacitance coefficient it is the
variableh that makes this equation fundamentally differeotrf the non-linear diffusion
equation for a quantity. To illustrate this, the one-dimensional genelafequation is
also expressed as an advection-diffusion equation:

2 2
op_10K, (6_p+0_2jﬂ)_ K,[0"p, 0" 2_, (7.4)
ot C oplds 0s/0s Clas 0%

This advection-diffusion equation does not degeedrdo a linear diffusion equation if the
gradient in pressure head vanishes. Instead ifjithéient vanishes the equation becomes a
linear advection-diffusion equation. The impliaitheme for solving the flow equations has
a different matrix structure. In the matrix systelw, = b, A is again arM-matrix, but the
right hand vectob is not necessarily non-negative. As a consequemeestepping is not
only restricted by the possible presence of steepulignts. Even if the gradient ip
vanishes, there remains a restriction on the titeppsng. In chapter 4 it has been shown
that the vectob cannot be guaranteed to be a non-negative veg®talthe non-vanishing
hyperbolic property of the general flow equationh.id important to notice that the
restrictions on time stepping are related to tHatike importance of the advection with
respect to diffusion. This behavior is similar tetbehavior of implicit schemes for the
ordinary linear advection diffusion equation.

In chapter 3 it has been shown that the dominaheel\ection relative to diffusion
under the assumption of zero pressure head graddsgends on the pressure head. In
unsaturated conduit flow the dominance of advectjoas to infinity if the pressure head
goes to zero or if the pressure head reaches theftthe conduit. In unsaturated matrix
flow the dominance has a maximum if the saturaigociose to unity and this maximum is
larger for coarser materials (materials with adangverse air entry pressure). If the Van-
Genuchten-Mualem model is used for the saturatipora size distribution index of = 2
is recommended in order to avoid a large dominafegvection.

Makhanov and Semenov have pointed out that a pibgipreserving scheme should
be used for simulating free-surface flows with alklw water depth as described by the
diffusive wave equation. They pointed out that hal®w water depths non-positive
schemes can generate negative water depths anthithgtroblem is related to vanishing
diffusion if the pressure heads go to zero. In thisk a more precise formulation of the



Chapter 7: Summary and conclusions 107

problem is presented. It is noted that the adveaiso vanishes if the pressure heads go to
zero, but that the relative dominance of adveagjoes to infinity.

Moreover it has been shown in chapter 4 that tinerse is also very practical for
simulating free-surface flows approaching a stesidye. With the positivity preserving
scheme the linearized matrix system as solveddon @icard iteration can be written in the
form Ax = b with A an M-matrix andb a non-negative vector. This means that if the
pressure head gradients go to zero, the restricbartime stepping disappear.

Less restrictive timestepping for computing freefate flows near steady state is
especially useful if coupled conduit-matrix flowssnulated. In such simulations relatively
long periods of time may need to be simulated sgroeindwater flow is relatively slow.
However, the hydraulic responses to changes in denynconditions in the conduits are
relatively quick. Consequently long time periodsynmeed to be simulated during which
the gradients in water depths in the conduits ayeeror less constant.

Except a positivity preserving scheme, the numedode also uses other, more well-
known, numerical techniques to enhance numeriedlilgy: implicit time marching, mass-
lumping and upstream weighting. These techniquee baen discussed in-depth in chapter
4 using the concept of monotone schemes. Implitie tmarching and mass-lumping are
explained by considering the sign patterns in éscmatrix systems using the concept of
M-matrices. Upstream weighting is explained follogvithe approach of Forsyth and
Kropinski (1997).

Upstream weighting is needed for variably saturafledvs to avoid spurious
overshooting near saturation fronts and to avoidrisps oscillations near material
discontinuities. This is illustrated in chapter Sthwsimulation examples. However,
upstream weighting only results monotone schemdseifcapacitive term and equivalent
conductivity are monotone functions of the presswead and if the global stiffness matrix
has non-positive off-diagonal values. Moreover, otonicity is only proven for the
upstream weighting procedure as applied to ele@eges.

The capacitive terms and the equivalent condugtiint the equation for circular
conduit flow are not monotone functions of the ptee head. Therefore the scheme for
conduit flow is not guaranteed to be monotone.

The elemental stiffness matrices for tetrahedmaineints have only non-positive off-
diagonal values if all the interior angles betwdbge triangular faces are obtuse. The
tetrahedral meshes as generated by TetGen (Si) #8006ot fulfill this condition.

A more natural procedure for upstream weighting aB® been considered. This
procedure is based on moving the evaluation paisitgsed for central weighting inside an
element in an upstream direction such that theyatdeé with the element boundary. This
procedure has been introduced by Diersch and Rmtdd999). In one-dimension this
approach is similar to the upstream weighting alefement edges. In chapter 5 the two
approaches have been compared on a simulation éxammlving three-dimensional
matrix flow across a material discontinuity. Inghexample the upstream weighting as
applied on element edges requires the cancellatigositive off-diagonal values in the
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stiffness matrix, a technique proposed by Vanderkwvél999). Upstream weighting as
based on upstream evaluation points on elementdaoi@s results in better results.

The coupling of conduit-matrix flow is based on ttonous heads on the common
nodes. In chapter 5 simulation results on coupleddait-matrix flow under saturated
conditions are compared with an analytical solutibhis comparison illustrates that the
exchange fluxes calculated by the numerical code \ary sensitive to the space
discretisation around the conduits. Exchange fllaessmaller when a finer discretisation
around the conduit is used. Under saturated camditthe exchange flux should be a
monotone function of the radius. Consequently tiserdtisation around the conduits
should be finer if the radius is smaller. Althoutjle area of the interface is not accounted
for, simulated exchange fluxes can depend on thdwibradius. If the conduit is subjected
to an imposed recharge, the hydraulic gradientagatbe conduits are a function of the
equivalent conductivity of the conduit, which inmus a function of the radius.

In discrete models the wetting/drying process igltdeith by defining a minimum
positive depth. When coupled conduit-matrix is deied the treatment of wetting
processes in the conduits is a difficult problenieTproblem is that dry nodes are
disconnected from the flow in the conduits andrtiestting process is governed by slow
matrix flow. As a consequence dry conduit nodes awyas unphysical barriers for wetting
fronts. In chapter 5 a simulation example illusgathat if such barriers are not removed
artificially that they can result in spurious simatibn results.

7.2 Simulation results on hypothetical karst aquifers

Three types of relatively simple models are considen this work: discrete models
that only simulate conduit flow, discrete-continunmodels recharged by conduit flow and
discrete continuum models recharged by precipiatat include an epikarst layer.

The discrete models illustrate that the activa@owl deactivation of springs can be
simulated with the present model. These modelsigeonteresting insights in how conduit
geometry can influence the shape of the hydrogrdpsub-horizontal conduits are being
filled or emptied the rate of change of the spridigcharge is decreased. If sub-vertical
conduits are being filled or emptied this rate laéege is increased. It is also shown that the
storage in conduits can result in significant taylieffects on the spring hydrograph. This
simulation result confirms the idea of Mangin (1Pat large voids in the karst aquifer
can store water. However, if drainage of storedewat voids results in significant (long)
tailing effects, it is necessary that these vom@s store significant amounts of water during
high water events. The simulation result suggdsis guch voids need to be integral parts
of the conduit network, such that they can be gasitharged but cannot be easily drained.
This is different from the annex-to-drain systeradafined by Mangin (1975). Annex-to-
drain systems as defined by Mangin (1975) are gooohnected voids adjacent to the
conduit network.
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The discrete-continuum models recharged by corildwit illustrate the effects of the
hydraulic gradient inversion on the spring hydr@ira Simulations show that under
saturated conditions turbulent conduit flow givé$edent results than laminar flow. This is
because laminar flow and turbulent flow result iffedent equivalent conductivities. For
laminar flow as described by Poiseuille’s Law thlguigalent conductivity is larger and
consequently the hydraulic gradient along the cdngdusmaller. This results in smaller
gradients between the conduit and the matrix andllemexchange fluxes. As a
consequence the simulated effects of the hydrgutidient inversion on the hydrograph are
smaller. The simulation results further show ttet €xchange fluxes increase for a larger
conductivity of the matrix. Importantly, this workdso shows that the exchange flux is
larger if a coarser discretisation around the candwsed

More typical spring hydrographs can also be obthingh larger storage coefficients
for the matrix or the conduits. It is interesting mention that artificially large storage
coefficients for the conduits are often being usedbtain typical spring hydrographs with
a slow recession (Kiraly, 1993; Cornaton and Péregc2002). Indeed simulation results
show that if physically based storage coefficiaares used typical spring hydrographs with
a slow recession are only obtained for relativelyeame hydraulic gradients.

The hypothetical karst models with an epikarst lagee solely recharged by
precipitation and allow the simulations of typisglring responses to rainfall events. These
models use physically based storage coefficientsameount fully for the infiltration and
drainage processes above the saturated zone.

It is confirmed that the epikarst can transfertreddy large amounts of water towards
the conduit network. This results in less diffusinBltration into the matrix. As mentioned
by Kiraly (1993) this role of the epikarst of sheitcuiting the matrix has important
consequences for the evolution of water resourcése matrix.

Simulations confirm that the epikarst is well capabf storing water and that the
epikarst can influence the recession curve. Thssitmgportant implications for the analysis
of spring hydrographs. It means that the recessiowe is not only a function of the
hydraulic properties of the matrix and the condeitwork, but at least also of the hydraulic
properties of the epikarst.

7.3 Outlook

The title of this thesis is “Towards improved nuioar modeling of karst aquifers:
coupling turbulent conduit flow with laminar matrikow under variably saturated
conditions. At the end of this thesis it may be bagzed that the word “towards” cannot
be excluded from the title. The obtained simulatiesults are not in all sense satisfying.

The main difficulty is the restriction on time spapg related to the non-linearity of
the problem. In order to obtain simulation resufisacceptable CPU-times the regional
scale of hypothetical karst aquifers and the spdisaretisation are limited.
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Simply canceling the positive off-diagonal valueshe elemental stiffness matrices
is not considered to be an elegant approach tarobitaulation results in acceptable CPU-
times, but is used in this work if the other altgives failed to give simulation results in
acceptable CPU-times. The simulation of three-dsieral unsaturated groundwater flow
by means of the finite element method is a probtamits own that deserves further
attention in the future. It may be also useful tmsider alternatives such as the finite
volume method.

An ideal numerical model would have been able tal dess heuristically with the
wetting and drying processes in the conduits. bastot least the coupling scheme based
on continuous heads has a major drawback. Exchifunges between the conduits and the
matrix are sensitive to the space discretisatiourad the conduits. Future research on the
last two problems, the treatment of wetting/dryprgcesses and the coupling of conduit-
matrix flow may include a reconsideration of usifigx relations for the coupling.
Although the basic concept of the exchange parasmetehysically flawed, the parameters
may be defined such as to deal properly with tiseproblems.

The work presented here suggests that the epigdags an important role in the
hydrodynamic behavior of karst aquifers. It maypossible to improve the simulation of
groundwater flow in the epikarst by using a doubtdmtinuum model or even better by
using a discrete continuum approach.

An important result of this work is that it provil@ new argument for using the
positivity preserving scheme as developed by Maétiaand Semenov (1994). The
argument is that the scheme is particularly adypedas for simulating coupled flows that
involve a free-surface flow.

The new insight into the advantage of using theitpdy preserving scheme in
coupled conduit-matrix flow are believed to be agaille to other coupled flow problems
that involve free-surface flows such as coupledasersubsurface flows.
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