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IntroductionThe general structure of this work re
ects the main problems that I studied asa PhD student at the University of Pisa (1993{1997). There are �ve chapters,which deal with three di�erent topics: Practical numbers (Chapters 1 and2); Sum-free sequences (Chapter 3); Arithmetical identities related to thetheory of modular forms (Chapters 4 and 5).In Chapter 1 we extensively survey the theory of practical numbers, i.e.,those positive integers m such that every positive integer n < m can be rep-resented as a sum of distinct positive divisors of m. This theory has recentlyreceived attention for some unexpected similarities with the properties ofprimes. We deal with both arithmetical and analytical aspects of the the-ory. Among other things, we prove the analogue of Goldbach's conjecture forpractical numbers, showing that every even positive integer can be expressedas a sum of two practical numbers. This result gives a positive answer to aconjecture raised in 1984 [30]. Further we give an improvement of the up-per bound for the gap between consecutive practical numbers: denoting byfsngn2N the sequence of practical numbers we prove thatsn+1 � sn � s1=2n(loglog sn)1=2 :The problem of the asymptotic behaviour of practical numbers has beenrecently the object of deep studies by Tenenbaum [50], [51], and Saias [41]:denoting by P (x) the counting function of practical numbers, for suitablepositive constants c1 and c2 one has:c1 xlog x < P (x) < c2 xlog x:5



6 TABLE OF CONTENTSWe solve another problem raised in [30], by proving that there exist in-�nitely many triplets of practical numbers of the form (m�2, m, m+2). Weconjecture that there exist in�nitely many 5-tuples of practical numbers ofthe form (m� 6, m� 2, m, m+2, m+6). In Chapter 2 we discuss this con-jecture, and reduce it to a very reasonable, although unproved, Diophantineproperty of a certain pair of integer sequences.In Chapter 3 we survey some questions about sum-free sequences, i.e.,those increasing sequences of positive integers such that no term of the se-quence is a sum of smaller terms. Erd}os asked [14] how dense a sum-freesequence can be. He also asked for sum-free sequences fnkgk2N \withoutgaps", i.e., such that nk+1=nk ! 1. We explicitly provide such a sequence.Further we prove that there exists a sum-free sequence fnkgk2N which simul-taneously is without gaps, and gives an improvement on the best previouslyknown estimate of density, i.e. we get nk � k3+".Chapter 4 is devoted to the theory of modular forms. It contains basictools of the theory as well as some non-standard constructions of modularforms and functions. Further we give some examples of congruence subgroupsand their generators. This chapter contains several details that, althoughlargely implicit in the literature, we have been unable to quote by precisereferences.In order to prove certain arithmetical identities involving sum-of-divisorsfunctions, in Chapter 5 we use the basic tools developed in Chapter 4. It isinteresting to remark that in a special case our method yields a well-knownformula of Ramanujan. However our other identities, except for the abovementioned Ramanujan's formula, are new: for example, for every n � 2 mod 3we prove the formula nXk=1k�1mod3 �1(k)�1(n� k) = 19�3(n);where �r(n) is the sum of the r-th powers of the positive divisors of n.September 1997 Giuseppe Melfi
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Notation
�(n) =Xdjn d�k(n) =Xdjn dkP (x) the number of practical numbers � xFn n-th Fibonacci numberLn n-th Lucas numberQi i-th pre�x of a positive integerTi i-th termination of a positive integer�d(x) cyclotomic polynomial for e2�i=d�2(x) = Xp�xp;p+2 primes1P2(x) = Xm�xm;m+2 practical1un(P;Q) fundamental Lucas sequencevn(P;Q) companion Lucas sequence�d(x; y) homogeneous cyclotomic polynomial for e2�i=d�(n) number of distinct prime factors of n'(n) Euler totient functionpk k-th prime numbersk k-th practical numberF (a; b; c; x) = 2F1(a; b; c; x); Gauss hypergeometric series(a)k Pochhammer symbol� SL(2;Z); full modular groupH upper half-plane of C9
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Chapter 1Practical numbers
1.1 IntroductionIn this chapter we deal with a recent topic in elementary number theory,namely the theory of practical numbers. As extensively stated in [31], someproperties of practical numbers appear to be close to those of primes, al-though practical numbers are de�ned in a completely di�erent manner. Forexample, it is remarkable that at �rst sight the list of practical numbersshows some irregularities of distribution which resemble those of primes, andthat practical numbers appear to become less frequent as the list 
ows.De�nition 1 A positive integer m is said to be practical if every n with1 < n < m is a sum of distinct positive divisors of m:This de�nition is due to Srinivasan, who also pointed out the �rst prop-erties of practical numbers in 1948 in his short note [48]. After him, sev-eral authors dealt with various aspects of the theory of practical numbers.Erd}os [13] in 1950 announced that practical numbers have zero asymptoticdensity. Stewart [49] proved the following structure theorem (see also Theo-rem 1): an integer m � 2; m = q�11 q�22 � � � q�kk ; with primes q1 < q2 < � � � < qkand integers �i � 1; is practical if and only if q1 = 2 and, for i = 2; 3; : : : ; k;qi � �(q�11 q�22 � � � q�i�1i�1 ) + 1where �(n) denotes the sum of the positive divisors of n:11



12 CHAPTER 1. PRACTICAL NUMBERSLet P (x) be the counting function of practical numbers:P (x) = Xm�xm practical 1 :Hausman and Shapiro [23] showed in 1984 thatP (x)� x(log x)�for any � < 12(1� 1= log 2)2 ' 0: 0979: Margenstern ([30], [31]) proved thatP (x)� xexp n 12 log 2(loglog x)2 + 3 loglog xo :Tenenbaum ([50], [51]) improved the above upper and lower bounds as fol-lows: xlog x(loglog x)�5=3�" �" P (x)� xlogx loglog x logloglog x:Very recently Saias [41] improved the above estimates by providing upperand lower bounds of Chebishev's type:c1 xlogx < P (x) < c2 xlog xfor suitable positive constants c1 and c2. This is in accordance with theconjectured asymptotic behaviour:Conjecture 1 (Margenstern) There exists a constant � such that:P (x) � � xlog x:Margenstern's computations suggest � ' 1:341.The author [33] recently proved two Goldbach-type conjectures for prac-tical numbers �rst stated in [30]:1. Every even positive integer is a sum of two practical numbers;



1.2. AN ARITHMETICAL RESULT 132. There exist in�nitely many practical numbers m such that m� 2and m + 2 are also practical.The purpose of this chapter is to survey some of the above results and togive some new contributions to the theory of practical numbers. Many partsof this chapter appeared in two papers of the author [33] and [34].Sierpi�nski [45] and Stewart [49] independently remarked that a positiveinteger m is practical if and only if every integer n with 1 � n � �(m) is asum of distinct positive divisors of m: Here we give an alternative proof ofthis equivalence.We also give an improved version of [33, Lemma 2], which yields a slightlysimpler proof of the Goldbach-type result (1.) mentioned above.As a development of the result (2.) mentioned above, we shall discussa new problem about the 5-tuples of practical numbers of the type m � 6,m � 2, m, m + 2, m + 6: we shall justify our conjecture which states thatthere exist in�nitely many such 5-tuples.We study the gap between consecutive practical numbers, improving upona result of Hausman and Shapiro [23].Finally we prove that some binary recurrence sequences, including theclassical sequences of Fibonacci, Lucas and Pell, contain in�nitely many prac-tical numbers. We incidentally note that it is unknown whether the Fibonaccisequence f1; 1; 2; 3; 5; : : :g and the Lucas sequence f1; 3; 4; 7; 11; : : :g containin�nitely many prime numbers. Dubner and Keller [12] announced the pri-mality of some \titanic" (i.e., having more than 1000 digits) Fibonacci andLucas numbers, such as F9311; F5387; L14449; L7741; L5851; L4793; L4787:1.2 An arithmetical resultIn this section we give an equivalent de�nition of practical number. We beginwith the following lemma:Lemma 1 Let m be a positive integer, and let d1 = 1 < d2 < � � � < dr = mbe the positive divisors of m: Let dh be the least divisor such that dh � pm:Then d1 + d2 + � � �+ dh�1 + 1 � m:



14 CHAPTER 1. PRACTICAL NUMBERSProof. The lemma is true for m = 1; 2; 3; 4: Let m > 4; since dh�1 < pmwe have d1 + d2 + � � �+ dh�1 + 1 � 1 + 2 + 3 + � � �+ [pm ] + 1= [pm ]([pm ] + 1)2 + 1� pm (pm+ 1)2 + 1< m : �Lemma 2 (Margenstern) Let m be a positive integer, and let d1; : : : ; dh;: : : ; dr be as in Lemma 1. Then m is such that every n with 1 � n � �(m) isa sum of distinct positive divisors of m; if and only if dj+1 � d1+ � � �+dj+1for every j = 1; : : : ; h� 1:Proof. For the proof see Margenstern's paper [31]. �Proposition 1 A positive integer m is practical if and only if every n with1 � n � �(m) is a sum of distinct positive divisors of m:Proof. Since �(m) � m; if m is such that every n with 1 � n � �(m) is asum of distinct positive divisors of m; a fortiori m is a practical number.Let m be practical, i.e., every n with 1 � n � m is a sum of distinctpositive divisors of m: Let d1; : : : ; dh; : : : ; dr be as in the preceding lemmas.For any j satisfying 1 � j � h�1 we have d1+ � � �+dj+1 � m by Lemma 1.Hence d1 + � � �+ dj + 1 is a sum of distinct divisors of m; of which at leastone must be � dj+1: It follows that dj+1 � d1 + � � � + dj + 1; whence, byLemma 2, every n with 1 � n � �(m) is a sum of distinct positive divisorsof m: �



1.3. THE STRUCTURE THEOREM OF STEWART 151.3 The structure theorem of StewartIn this section we shall prove a structure theorem for practical numbers. Aswe shall see, it will be very useful for proving our further results on practicalnumbers. Notations and de�nitions in this section are due to Margenstern([30], [31]), who extensively studied algebraic and arithmetical properties ofpractical numbers.De�nition 2 Let a, b two positive integers. We say that a represents b if bcan be expressed as a sum of distinct positive divisors of a.Hence m is practical if and only if m represents every positive integern � m, or equivalently, by Proposition 1, if and only if m represents everypositive integer n � �(m) .De�nition 3 Let a, b two positive integers. We say that b is within the rangeof a if b = 1 or if the least prime factor p of b is such that p � �(a) + 1; ifp > �(a) + 1, then b is said to be outside the range of a.De�nition 4 Let n = q�11 q�22 : : : q�kk be a positive integer, with primes 1 <q1 < q2 < � � � < qk, and positive integers �i. We de�ne Q0; Q1; Q2; : : : ; Qk asfollows: ( Q0 = 1Qi = Qi�1q�ii for i = 1; 2; : : : ; k.Every Qi is called a pre�x of n: One has 1 = Q0 < Q1 < � � � < Qk = n:Every integer Tj = n=Qj is called a termination of n.For example if n = 1008 = 24327 the pre�xes of n are 1; 16; 144; 1008 andthe terminations 1008; 63; 7; 1: In order to prove the structure theorem webegin with the following lemma.Lemma 3 If m is a practical number and p is a prime within the range ofm with (m; p) = 1, then for every integer n; we have that mpn is a practicalnumber.



16 CHAPTER 1. PRACTICAL NUMBERSProof. We proceed by induction on n: For n = 0 the statement is trivial.We assume the lemma true for every integer � n and prove that mpn+1 ispractical.Let a be a positive integer with a � �(mpn+1). We now prove that a is asum of distinct positive divisors of mpn+1. Suppose that a � �(m)pn+1: Wehave a = a1pn+1+ r where a1 � �(m) and 0 � r < pn+1: Since m is practicaland a1 � �(m), a1 is a sum of distinct positive divisors of m, hence a1pn+1is a sum of distinct positive divisors of mpn+1; all multiples of pn+1. Sincer < pn+1; we have r = Pnk=0 rkpk with 0 � rk < p: Since p is within the rangeof m; rk is a sum of distinct positive divisors of m. Hence rkpk is a sum ofdistinct positive divisors of mpn+1 which are multiples of pk, but of no higherpower of p. For any integer k, the divisors of rkpk are distinct and di�erentfrom the divisors of a1pn+1; hence if a � �(m)pn+1; a can be expressed as asum of distinct positive divisors of m:Now suppose that �(m)pn+1 < a � �(mpn+1):We have a = �(m)pn+1+b;and since (m; p) = 1 we also have �(mpn+1) = �(m)�(pn+1). Since �(pn+1) =pn+1 + �(pn), we have 1 � b � �(mpn): By induction, b is a sum of distinctpositive divisors of mpn which are at most multiples of pn, and thereforedi�erent from the divisors of mpn+1 which are multiples of pn+1: Hence m ispractical. �Theorem 1 (B. M. Stewart) A positive integer m is practical if and onlyif each termination is in the range of the corresponding pre�x. In other words,if m = q�11 q�22 � � � q�kk is a practical number and m > 1, then q1 = 2 andqi � �(q�11 q�22 � � � q�i�1i�1 ) + 1for i = 2; 3; : : : ; k:Proof. Note that 1 is practical and that 2 is the only prime within the rangeof 1. Hence we assume that m � 2.The condition is necessary: let m = q�11 q�22 � � � q�kk ; let 1 = Q0 < Q1 <� � � < Qk be the pre�xes ofm. Suppose that a termination ofm is outside therange of the corresponding pre�x. There exists an index r � k � 1; qr+1 >�(Qr) + 1: Hence m does not represent �(Qr) + 1. Every sum containing a



1.3. THE STRUCTURE THEOREM OF STEWART 17divisor divisible by qh with h � r+1 is greater than �(Qr) + 1; but the sumof the divisors with the prime factors q1; q2; : : : ; qr is less than �(Qr):The condition is su�cient: we proceed by �nite induction. In fact 1 ispractical. Since q1 is within the range of 1, one has that Q1 is practical by thepreceding lemma. By induction, Qr is practical (r � k� 1) and since qr+1 iswithin the range of Qr; by the preceding lemma Qr+1 is practical. ThereforeQr with r = 1; 2; : : : ; k is practical. In particular m = Qk is practical. �As a simple application of the preceding theorem, we now �nd a remark-able property of practical numbers as values a of suitable polynomial of degree2 (see Proposition 2 below).It is unknown whether the polynomial p(x) = x2 + 1 has in�nitely manyprime values [6]. The following proposition shows that p(x) has only twopractical values.Proposition 2 The polynomial p(x) = x2 + 1 has practical values only forintegers x = �1; 0 and 1.Proof. Since every practical number greater than 1 is even, if p(x) > 1 ispractical for a suitable integer x, then x is odd. On the other hand x2 +1 �2 mod 4 for every odd integer x and x2+1 6� 0 mod 3. Hence a factorizationof p(x) with jxj > 1 must be of the formx2 + 1 = 2 � q�11 � � � q�llwith primes q1 < � � � < ql, q1 � 5, and positive integers �i. Therefore by thepreceding theorem x2 + 1 is not practical. �Remark. Notice that x2+1 is irreducible in Z[x]. As we shall see in the nextchapter, there are many polynomials highly reducible in Z[x] (e.g. certainproducts of cyclotomic polynomials) that contain in�nitely many practicalnumbers.With the same argument of the above proposition one can prove that thepolynomial q(x) = x2�2 has practical values only for integers x = �2 and 2.



18 CHAPTER 1. PRACTICAL NUMBERS1.4 The Goldbach problem for practical num-bersIn this section we prove that every even positive integer is a sum of twopractical numbers.Lemma 4 If m is a practical number and n is an integer such that 1 � n ��(m) + 1; then mn is a practical number. In particular, for 1 � n � 2m;mn is practical.Proof. The �rst assertion easily follows from Stewart's structure theorem;see also [30, p. 6]. Since m�1 is a sum of distinct positive divisors of m; wehave m+ (m� 1) � �(m); i.e., 2m � �(m) + 1; and this proves the secondassertion. �Lemma 5 If m and m+2 are two practical numbers, then every even integer2n with 12m2 � 2n � 72m2 is a sum of two practical numbers.Proof. We split up the interval h12m2; 72m2i into the union of �ve subinter-vals:(i) h12m2; m2h ;(ii) [m2; m2 + 2m] ;(iii) ]m2 + 2m; 2m2] ;(iv) ]2m2; 3m2] ;(v) i3m2; 72m2i :(i) If m = 2; the only even number contained in the interval h12m2; m2his 2, which is a sum of two practical numbers (2 = 1 + 1): Suppose m > 2and let 2n 2 h12m2; m2h : If 2n = 12m2 or 2n = 12m2 + m; we use thedecompositions 12m2 = m�12m� 1�+m;12m2 +m = m�12m� 1�+ 2m:



1.4. THE GOLDBACH PROBLEM FOR PRACTICAL NUMBERS 19Otherwise we can represent 2n as 12m2 + km + 2j with 0 � k < 12m; 1 �j � 12m; (k; j) 6= �0; 12m� : Then2n = 12m2 + km+ 2j = m�12m + k � j� + (m+ 2) j:By Lemma 4, 2n is a sum of two practical numbers.(ii) We have m2 = m2 m + m2 m;m2 + 2m = m + (m+ 1)m;and for 1 � k � m� 1m2 + 2m� 2k = km+ (m� k)(m + 2);whence, by Lemma 4, every 2n satisfying m2 � 2n � m2 + 2m is a sum oftwo practical numbers.(iii) Every 2n satisfying m2 + 2m < 2n � 2m2 can be obviously repre-sented as 2m2 � 2mh� 2j for 0 � h � m2 � 2 and 0 � j � m� 1: Therefore2n = 2m2 � 2mh� 2j = (m� 2(h+ 1) + j)m+ (m� j)(m+ 2);whence, again by Lemma 4, 2n is a sum of two practical numbers.(iv) Let now 2m2 < 2n � 3m2: We can represent 2n as 2m2 + 2mh + 2jfor 0 � h � m2 � 1 and 1 � j � m: We have2n = 2m2 + 2mh+ 2j = (m+ 2(h� 1)� j)m+ (m+ j)(m + 2);whence, by Lemma 4, 2n is a sum of two practical numbers, except for fourexceptional cases which we deal with as follows:2m2 + 2m� 4 = (m + 2)m+ (m� 2)(m+ 2)2m2 + 2m� 2 = (m + 1)m+ (m� 1)(m+ 2)



20 CHAPTER 1. PRACTICAL NUMBERS2m2 + 2m = m �m +m(m + 2)2m2 + 4m = m(m + 2) +m(m+ 2):(v) If m = 2; the only even number contained in the interval i3m2; 72m2iis 14, which is a sum of two practical numbers (14 = 6 + 8): Suppose m > 2and let 2n 2 i3m2; 72m2i : We can represent 2n as 72m2 � km + 2j with1 � k � 12m; 1 � j � 12m: Then2n = 72m2 � km + 2j = m(2m� k � j � 3) + (m+ 2)�32m + j� ;which is a sum of two practical numbers by Lemma 4. �Theorem 2 Every even positive integer is a sum of two practical numbers.Proof. Since (2; 4); (4; 6); (6; 8) are pairs of twin practical numbers, byLemma 5 every 2n � 126 is a sum of two practical numbers. Suppose wehave a sequence fmngn2N such that(i) m1 = 16and for every n(ii) mn is practical(iii) mn + 2 is practical(iv) 1 < mn+1=mn < p7:Since, by (iv), the intervals h12m2n; 72m2ni and h12m2n+1; 72m2n+1i overlap, everyeven positive integer 2n � 128 is a sum of two practical numbers by Lemma 5.We shall construct a sequence fmngn2N satisfying (i), (ii), (iii) and a conditionslightly stronger than (iv), i.e., 1 < mn+1=mn < 2:Let S0 = f16; 30; 54; 88; 160g: For every r 2 S0; r and r+2 are practicalnumbers. Denote S0 = fr0;1; r0;2; : : : ; r0;5g with r0;1 < r0;2 < � � � < r0;5:Note that r0;i < 2r0;i�1 (i = 2; 3; 4; 5) and r0;5 = 12r20;1 + 2r0;1: Let h0 = 5and, for k = 1; 2; : : : ; de�neSk = n12r2k�1;i + 2rk�1;i ; r2k�1;i + 3rk�1;i ��� i = 1; 2; : : : ; hk�1o= frk;1; rk;2; : : : ; rk;hkg



1.4. THE GOLDBACH PROBLEM FOR PRACTICAL NUMBERS 21with rk;1 < rk;2 < � � � < rk;hk: Further let S = S1k=0 Sk: If we write S =fmngn2N, with mn < mn+1 for every n; one can see that this sequencesatis�es (i), (ii), (iii) and mn+1 < 2mn: The proof of this is similar to theargument given in [33, Theorem 1].We have already checked this for the set S0. Since r2 + 3r = r(r + 3),r2+3r+2 = (r+2)(r+1), 12r2+2r = r(12r+2), 12r2+2r+2 = (r+2)(12r+1),(ii) and (iii) hold for every set Sk by induction.We now show, by induction on k; that rk;i < 2rk;i�1 for all k � 0 andi = 2; 3; : : : ; hk: This is true for k = 0: Assuming that rk;l < 2rk;l�1 for some kand l = 2; 3; : : : ; hk; we have, for any �xed i � 2; either rk+1;i = 12r2k;j+2rk;j orrk+1;i = r2k;l+3rk;l for some j � 2 or l � 1 respectively. If rk+1;i = r2k;j+3rk;j;then rk+1;irk+1;i�1 � r2k;l + 3rk;l12r2k;l + 2rk;l = 2 � 1 + 3rk;l1 + 4rk;l < 2:If rk+1;i = 12r2k;j + 2rk;j; then either2 � �12r2k;j�1 + 2rk;j�1� > 12r2k;j + 2rk;j;whence rk+1;irk+1;i�1 � 12r2k;j + 2rk;j12r2k;j�1 + 2rk;j�1 < 2;or 2 � �12r2k;j�1 + 2rk;j�1� � 12r2k;j + 2rk;j;whence r2k;j�1 + 3rk;j�1 < 2 � �12r2k;j�1 + 2rk;j�1� � 12r2k;j + 2rk;j;which implies thatrk+1;irk+1;i�1 � 12r2k;j + 2rk;jr2k;j�1 + 3rk;j�1 < 2r2k;j�1 + 4rk;j�1r2k;j�1 + 3rk;j�1 = 2 � 1 + 2rk;j�11 + 3rk;j�1 < 2by the inductive assumption. This proves that mn+1 < 2mn; provided thatmn+1 = rk;i for some k � 0 and i � 2: To complete the proof of the theorem,



22 CHAPTER 1. PRACTICAL NUMBERSwe must prove that mn+1 < 2mn when mn+1 = rk;1 = 12r2k�1;1 + 2rk�1;1 forsome k � 1: In this case we show, by induction on k; thatrk;1 = 12r2k�1;1 + 2rk�1;1 2 Sk�1:This is true for k = 1 since r1;1 = r20;1 +2r0;1 = r0;h0 2 S0: Assuming thatrk;1 2 Sk�1 for some k; we have, by de�nition of Sk,rk+1;1 = 12r2k;1 + 2rk;1 2 Sk:This shows that rk;1 = rk�1;j for some j � 2. Hence, by the previous argu-ment, mn+1 = rk;1 = rk�1;j < 2mn. �1.5 Gaps between practical numbersHere we give an estimate of the gap between consecutive practical numbers.The same problem for primes has been extensively studied. If fpngn2N is thesequence of primes, Baker and Harman [3] recently proved thatpn+1 � pn � p0:535n ;the exponent 0: 535 being of course replaced by 12 + " under the RiemannHypothesis. If fsngn2N is the sequence of practical numbers, Hausman andShapiro [23] proved that sn+1 � sn � 2s1=2n :We can improve this inequality as follows:Theorem 3 Let fsngn2N be the sequence of practical numbers and let A >4e�
=2; where 
 is the Euler-Mascheroni constant. For any su�ciently largen we have sn+1 � sn < A s1=2n(loglog sn)1=2 :



1.5. GAPS BETWEEN PRACTICAL NUMBERS 23Proof. Let � > 0 and c < e
 be such that 4c�1=2(1 + �)(1� �)�1=2 < A: LetNk = Qp�ek pk; where p denotes a prime. By [22, x22.9] we havelimk!1 �(Nk)Nk loglogNk = e
 : (1.1)For every k; let m(k) be any integer such that Nk�1jm(k); m(k)jNk: It iseasy to see, by induction on k; that Nk is practical for all k � 1; and ifk � 3 then m(k) is also practical. To prove this, note that N1 = 2 andN2 = 22 � 32 � 52 � 72 are practical, and m(k)=Nk�1 is a product of primes notexceeding ek: Since ek � 2Nk�1 for k � 3; m(k) and hence Nk are practicalby repeated application of Lemma 4.Since njm easily implies �(n)=n � �(m)=m; we get�(Nk�1)Nk�1 loglogNk � ��m(k)�m(k) loglogm(k) � �(Nk)Nk loglogNk�1 :Clearly loglogNk�1 � loglogNk;whence, by (1.1), limk!1 ��m(k)�m(k) loglogm(k) = e
 :Thus there exists an integer k0 such that for any k � k0minmNk�1jmmjNk �(m)m loglogm > c: (1.2)Let sn be a practical number such that sn > cN2k0 loglogNk0 and let � be theleast positive integer such thatN� � sncN� loglogN� :Further, let m(�)1 = N��1 < m(�)2 < � � � < m(�)� = N�be all the integers satisfying N��1jm(�)i ; m(�)i jN�; and let � be such thatm(�)� < sncm(�)� loglogm(�)� (1.3)



24 CHAPTER 1. PRACTICAL NUMBERSand m�+1(�) � sncm(�)�+1 loglogm(�)�+1 : (1.4)Let # and � be de�ned by m(�)� = #N��1; N� = �m(�)� : Clearly � > 1: Letp00 be the least prime factor of �; and let p0 be the greatest prime < p00 (ifp00 = 2; we let p0 = 1): By Bertrand's postulate we have p00 � 2p0: SinceN� = #�N��1; we have#� = 0@ Yp�e��1 p1A0@ Ye��1<p�e� p�1A ;whence p0j#�; p0j#; and p0jm(�)� : Thereforep00 � m(�)�p0 = p00 � #p0 �N��1is a multiple of N��1: MoreoverN� = �m(�)� = p0 � �p00 � p00 � m(�)�p0is a multiple of p00m(�)� =p0: Hencep00 � m(�)�p0 = m(�)ifor some i > �; since p00 > p0: It follows thatm(�)�+1 � p00 � m(�)�p0 � 2m(�)� : (1.5)Let q = hsn=m(�)�+1i+ 1: By (1.2) and (1.4) we haveq � snm(�)�+1 + 1� cm(�)�+1 loglogm(�)�+1 + 1< ��m(�)�+1�+ 1;



1.5. GAPS BETWEEN PRACTICAL NUMBERS 25whence, by Lemma 4, r = q m(�)�+1 is a practical number. Furtherr � sn = m(�)�+10@24 snm(�)�+135+ 11A� sn > 0;whence, by (1.3) and (1.5),sn+1 � sn � r � sn= m(�)�+1 0@1� 8<: snm(�)�+19=;1A< 2 sncm(�)� loglogm(�)� :For any " > 0 and any su�ciently large n we have, by (1.3), (1.4) and (1.5),m(�)�+12 � snc loglogm(�)�+1 � s1�"n (1.6)and sn+1 � sn < 2 m(�)�+1m(�)� � sncm(�)�+1 loglogm(�)�� 4 c1=2 �loglogm(�)�+1�1=2s1=2n � snc loglogm(�)�� 4c�1=2(1 + �) s1=2n�loglogm(�)� �1=2 : (1.7)Since, by (1.5) and (1.6),m(�)� = m(�)�m(�)�+1 m(�)�+1 � 12s(1�")=2n ;we get loglogm(�)� � log�1� "2 log sn � log 2� � (1� �) loglog sn;whence, by (1.7),



26 CHAPTER 1. PRACTICAL NUMBERSsn+1 � sn < A s1=2n(loglog sn)1=2 : �Remark. By Gronwall's theorem [22, Theorem 323] we havelim supn!1 �(n)n loglogn = e
 ;which justi�es the choice of the sequence Nk in our proof of the theorem.1.6 Binary recurrence sequencesLet P and Q be non-zero integers; a pair of Lucas sequences fun(P;Q)g,fvn(P;Q)g is a pair of binary recurrence sequences de�ned as8>>>>>><>>>>>>: u0(P;Q) = 0u1(P;Q) = 1un(P;Q) = P un�1(P;Q)�Qun�2(P;Q) for n � 2and 8>>>>>><>>>>>>: v0(P;Q) = 2v1(P;Q) = Pvn(P;Q) = P vn�1(P;Q)�Qvn�2(P;Q) for n � 2:The sequence fun(P;Q)g is also called a fundamental Lucas sequenceand fvn(P;Q)g its companion sequence.Suppose P 2�4Q 6= 0 and let �; � be the distinct roots of the polynomialx2 � Px+Q:We have un(P;Q) = �n � �n�� �



1.6. BINARY RECURRENCE SEQUENCES 27and vn(P;Q) = �n + �n:Using a shorter notation, we shall write un and vn instead of un(P;Q) andvn(P;Q): For (P;Q) = (1;�1), un and vn are the sequence of Fibonacci num-bers and the sequence of Lucas numbers, respectively; for (P;Q) = (2;�1),un is the sequence of Pell numbers [39, p. 56].Theorem 4 Let fun(P;Q)g be a fundamental Lucas sequence. If P 2 �4Q > 0 and PQ + P is even, then the sequence fjun(P;Q)jg contains in-�nitely many practical numbers.Proof. We shall prove that, for su�ciently large k; ju3�2k j is a practicalnumber. Let fvng be the companion sequence of fung: Since u2m = umvmfor every m; we have, for k > 0;u3�2k = u3 � k�1Yh=0 v3�2h :Also, P 2 � 4Q > 0 implies u3 = P 2 � Q > 0: Note that v3 = P (P 2 � 3Q);whence sgn v3 = sgnP: Since P 2 � 4Q > 0; we have �; � 2 R; whencevn = �n + �n is positive for n even. Thereforeju3�2k j = u3 jv3j � k�1Yh=1 v3�2h :Since PQ+ P is even, v3m is even for all m: Denoting v03m = v3m=2; we haveju3�2k j = 2k u3 jv03j � k�1Yh=1 v03�2h :Let 2k+1 � maxfu3; jv03jg; and de�ne u�j = 2k u3 jv03j �Qj�1h=1 v03�2h : We show, byinduction on j; that u�j is practical for j = 1; : : : ; k: For j = 1 this followsfrom Lemma 4 applied twice, since 2k is practical and u3; jv03j � 2k+1: Let1 � j � k � 1; and assume that u�j is practical. We haveu�j = 2k�j ju3�2j j



28 CHAPTER 1. PRACTICAL NUMBERSand u�j+1 = u�j v03�2j ;where v03�2j = 12v3�2j = 12 ��2j + �2j� ��2j+1 � �2j�2j + �2j+1� :Note that �2j + �2j = v2jand �2j+1 � �2j�2j + �2j+1 = v2j+1 �Q2jare positive integers (not both odd). In order to prove that u�j+1 is practical,by Lemma 4 applied twice it su�ces to show thatM = maxn�2j + �2j ; �2j+1 � �2j�2j + �2j+1o < u�j :Since x + y � x2 � xy + y2 + 1 for all x; y 2 R; we haveM � �2j+1 � �2j�2j + �2j+1 + 1= v2j+1 �Q2j + 1< v2j+1 +Q2j= �2j+1 + �2j�2j + �2j+1 :From P 2 � 4Q > 0 and P = � + � 6= 0 it follows that � 6= ��: Thereforeu2j = �2j � �2j�� � 6= 0;i.e., ju2j j � 1: HenceM � ju2j j ��2j+1 + �2j�2j + �2j+1�= ������3�2j � �3�2j�� � �����= ju3�2j j < 2k�j ju3�2j j = u�j : �



1.6. BINARY RECURRENCE SEQUENCES 29Theorem 5 Let fvn(P;Q)g be a companion Lucas sequence with Q = �1and P > 0: If there exists a positive integer t such that v35t is practical, thenfvng contains in�nitely many practical numbers.Proof. We shall prove by induction that, for every k � 0; v3k35t is practical.For k = 0 this is true by assumption. Suppose that v3k35t is practical forsome k: Since vn = �n + �n; where � and � are the roots of the polynomialx2 � Px+Q; we havev3k+135t = v3k35t ��3k70t � �3k35t�3k35t + �3k70t� :De�ne �d(x; y) = 8>><>>: x'(d)�d(y=x) if x 6= 00 if x = y = 0y'(d)�d(x=y) if y 6= 0;where �d is the d-th cyclotomic polynomial and ' is the Euler totient func-tion. Note that x'(d)�d(y=x) = y'(d)�d(x=y) if x 6= 0 and y 6= 0:Since x70 � x35y35 + y70 = �6(x; y) �30(x; y) �42(x; y) �210(x; y); we havev3k+135t = v3k35t �6��3kt; �3kt��30��3kt; �3kt��42��3kt; �3kt��210��3kt; �3kt�:Note that, since Q = �1;�6��3kt; �3kt� = v3k2t � (�1)t�30��3kt; �3kt� = v3k8t + (�1)tv3k6t � (�1)tv3k2t � 1�42��3kt; �3kt� = v3k12t + (�1)tv3k10t � (�1)tv3k6t � v3k4t + 1�210��3kt; �3kt� = v3k48t � (�1)tv3k46t + v3k44t + (�1)tv3k38t � v3k36t+2(�1)tv3k34t � v3k32t + (�1)tv3k30t + v3k24t�(�1)tv3k22t + v3k20t � (�1)tv3k18t + v3k16t�(�1)tv3k14t � v3k8t � v3k4t � 1:



30 CHAPTER 1. PRACTICAL NUMBERSSince P > 0 and Q = �1; for every n > 0 we have vn < vn+1; whence0 < v3k2t � 1 � �6��3kt; �3kt� � v3k2t + 1 < v3k35t;0 < v3k8t � v3k6t + v3k2t � 1 � �30��3kt; �3kt� � v3k8t + v3k6t < v3k35t;0 < v3k12t � v3k10t + v3k6t � v3k4t � �42��3kt; �3kt� � v3k12t + v3k10t + 1< v3k35t:Since v3k+135t; v3k35t; �6��3kt; �3kt�; �30��3kt; �3kt�; �42��3kt; �3kt� are pos-itive integers, we have �210��3kt; �3kt� > 0; and it is easy to show that�210��3kt; �3kt� < 2v3k48t: By Lemma 4, we have thatm = v3k35t �6��3kt; �3kt��30��3kt; �3kt��42��3kt; �3kt�is a practical number. Since v3k+135t = m�210��3kt; �3kt�; to complete theproof it su�ces to show that 2v3k48t � 2m; and this can be proved by straight-forward and tedious calculations that we omit. �The Fibonacci sequence fun(1;�1)g and the Pell sequence fun(2;�1)gsatisfy the assumptions of Theorem 4. Since L630 = v35�18(1;�1) is a prac-tical number, the Lucas sequence fvn(1;�1)g satis�es the assumptions ofTheorem 5. Therefore there exist in�nitely many practical Fibonacci, Pelland Lucas numbers.It is interesting to note that the �rst practical Fibonacci numbers areF3; F6; F12; F24; F30; F36; F42; F48; which, except for F3; have practicalsubscripts. It is well known that every prime Fibonacci number, except forF4; has a prime subscript [22, Theorem 179, p. 148{150], but there existsome practical Fibonacci numbers with non-practical subscripts. The leastsuch number is F444: In fact, 444 = 22 � 3 � 37 is not practical, butF444 = 24 � 32 � 73 � 149 � 443 � 2221 � 4441 � 11987 � 1121101 � 54018521�55927129 � 6870470209 � 8336942267 � 81143477963�1459000305513721is a practical number.



1.7. EXPERIMENTAL RESULTS AND TABLES 311.7 Experimental results and tablesIn Fig. 1.1 one can see a graphical representation of P (x) for x � 6000. Thenumerical data in this range support Margenstern's conjectureP (x) � � xlogxwith � ' 1:341:
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   A comparison with the conjectureFig. 1.2.The following is a short table of practical numbers:



32 CHAPTER 1. PRACTICAL NUMBERS1 1 156 348 552 784 1020 1254 14842 2 160 352 558 792 1024 1260 14883 4 162 360 560 798 1026 1272 14964 6 168 364 570 800 1032 1280 15005 8 176 368 576 810 1036 1288 15046 12 180 378 580 812 1040 1290 15127 16 192 380 588 816 1044 1296 15188 18 196 384 594 820 1050 1300 15209 20 198 390 600 828 1056 1302 153010 24 200 392 608 832 1064 1312 153611 28 204 396 612 840 1080 1316 154012 30 208 400 616 858 1088 1320 154813 32 210 408 620 860 1092 1326 155414 36 216 414 624 864 1100 1332 156015 40 220 416 630 868 1104 1344 156616 42 224 420 640 870 1110 1350 156817 48 228 432 644 880 1116 1352 158418 54 234 440 648 882 1120 1360 159019 56 240 448 660 888 1122 1368 159620 60 252 450 666 896 1128 1372 160021 64 256 456 672 900 1134 1376 162022 66 260 460 680 912 1140 1380 162423 72 264 462 684 918 1144 1386 163224 78 270 464 690 920 1148 1392 163825 80 272 468 696 924 1152 1400 164026 84 276 476 700 928 1160 1404 165027 88 280 480 702 930 1170 1408 165628 90 288 486 704 936 1176 1410 166429 96 294 496 714 952 1184 1416 167230 100 300 500 720 960 1188 1428 167431 104 304 504 726 966 1200 1440 168032 108 306 510 728 968 1204 1452 169233 112 308 512 736 972 1216 1456 169634 120 312 520 740 980 1218 1458 170035 126 320 522 744 984 1224 1464 171036 128 324 528 750 990 1230 1470 171637 132 330 532 756 992 1232 1472 172038 140 336 540 760 1000 1240 1476 172239 144 340 544 768 1008 1242 1480 172840 150 342 546 780 1014 1248 1482 1736Tab. 1.1 A short list of practical numbers.In [31], among other things one can �nd further interesting remarks as wellas several conjectures related to the experimental data, altogether supportingthe similarity between the distribution properties of practical numbers andthose of primes.



Chapter 2Triplets and k-tuples of twinpractical numbersAs we saw in the proof of Theorem 2, there exist in�nitely many pairs (m; m+2) of twin practical numbers (see also [31, Th�eor�eme 6] for a more generalresult), although it looks di�cult to estimate the asymptotic behaviour oftheir counting function. In the proof of Theorem 2 we constructed a sequencefmngn2N of practical numbers such that mn + 2 is also practical for everyn, and such that mn+1=mn < 2. In [33] we get a slightly better estimate:mn+1=mn < 3=2. Both estimates giveXm�xm;m+2 practical 1� logx;but this estimate is very far from the conjectured behaviour:Conjecture 2 (Margenstern) Let P2(x) = Xm�xm;m+2 practical1. For a suitableconstant �2 we have:P2(x) = Xm�xm;m+2 practical1 � �2 x(logx)2 :As is well-known, there is an analogous celebrated conjecture of Hardyand Littlewood [22, Section 22.20, p. 371{373] for �2(x), the counting func-tion of the pairs of twin primes. Notice that the counting function of thepairs of twin primes has the same conjectural asymptotic behaviour.33



34 CHAPTER 2. TRIPLETS AND k-TUPLESConjecture 3 (Hardy and Littlewood) Let �2(x) = Xp�xp;p+2 primes1. We have�2(x) = Xp�xp;p+2 primes 1 � 0@2Yp�3 1� 1(p� 1)2!1A x(log x)2 :In this chapter we deal with the problem of the existence of k-tuples oftwin practical numbers with k � 3.We prove that there exist in�nitely many triplets of the form (m� 2, m,m + 2). Further we conjecture that there exist in�nitely many 5-tuples ofthe form (m � 6, m� 2, m, m + 2, m + 6). We discuss this conjecture andreduce it to very reasonable, although unproved, facts.2.1 Triplets of twin practical numbersThe following theorem was conjectured in [30] and [31] and �rst proved in[33].Theorem 6 There exist in�nitely many practical numbers m such that m�2and m+ 2 are also practical.Proof. We shall prove that, for every non-negative integer k, 2 � 33k�70 � 2,2 � 33k �70 and 2 � 33k�70 + 2 are practical numbers.By Stewart's structure theorem, 2 � 33k�70 is obviously practical. We sepa-rately show, by induction on k; that 2 �33k�70�2 and 2 �33k�70+2 are practical.We have2 � 370 � 2 = 24 � 112 � 61 � 71 � 547 � 1093 � 2664097031 � 374857981681and, by the structure theorem, this is a practical number. Suppose that2 � 33k �70 � 2 is practical for some k. Then2 � 33k+1�70 � 2 = 2(33k�70 � 1)(33k�70 � 33k�35 + 1)(33k�70 + 33k�35 + 1)whence, by Lemma 4 applied twice, 2 � 33k+1�70 � 2 is practical.



2.1. TRIPLETS OF TWIN PRACTICAL NUMBERS 35We now have2 � 370 + 2 = 22 � 52 � 29 � 1181 � 16493 � 28596961 � 32839661 � 94373861and, by the structure theorem, this is a practical number. Suppose that2 � 33k�70 + 2 is practical. Then2 � 33k+1�70 + 2 = 2(33k�70 + 1)�12(33k)�60(33k)�84(33k)�420(33k)where �d(x) is the cyclotomic polynomial for exp(2�i=d): Here�12(x) = x4 � x2 + 1�60(x) = x16 + x14 � x10 � x8 � x6 + x2 + 1�84(x) = x24 + x22 � x18 � x16 + x12 � x8 � x6 + x2 + 1�420(x) = x96 � x94 + x92 + x86 � x84 + 2x82 � x80 + x78 + x72 � x70+x68 � x66 + x64 � x62 � x56 � x52 � x48 � x44 � x40 � x34+x32 � x30 + x28 � x26 + x24 + x18 � x16 + 2x14 � x12 + x10+x4 � x2 + 1:Applying four times Lemma 4, we see that 2 � 33k+1�70 + 2 is practical, andthe theorem is proved. �As a consequence of the preceding theorem we obtainXm�xm�2;m;m+2 practical1� loglog x ;very far from the following conjecture of Erd}os [15]:Conjecture 4 There exists a positive constant c such thatXm�xm�2;m;m+2 practical1� x(logx)c :



36 CHAPTER 2. TRIPLETS AND k-TUPLES2.2 4-tuples and 5-tuples: a conjectureIt is shown in [31] that for any even m > 2; one at least of m; m+2; m+4;m+6 is not practical. In fact, among four consecutive even positive integersgreater than 2, one at least is 6� 0 mod 3 and 6� 0 mod 4, hence is of the form2q�11 : : : q�kk with odd primes q1 < q2 < � � � < qk and q1 � 5:On the other hand, explicit computations suggest the following conjec-ture:Conjecture 5 There exist in�nitely many 5-tuples of practical numbers ofthe form (m� 6; m� 2; m; m+ 2; m + 6):Here is a short table of the �rstm's such thatm�6; m�2; m; m+2; m+6are practical numbers: 1 18 19 1310702 30 20 2191023 198 21 2261824 306 22 2371905 462 23 2775066 1482 24 3127027 2550 25 3596588 4422 26 4328229 17298 27 52687810 23322 28 53337011 23550 29 58416612 40350 30 65993413 52578 31 103285814 67938 32 105165015 88506 33 114041416 92202 34 114265817 96222 35 124317018 123006 36 1255422Tab. 2.1 The �rst m's such that m� 6;m � 2;m;m+ 2;m+ 6 are practical numbers.In the remaining part of this chapter we develop some theoretical argu-ments in support of the above conjecture.A reasonable attempt to prove the conjecture might be to ask whetherthere exist in�nitely many n such that 2 � 3 � (3n�1 � 1), 2 � (3n � 1), 2 � 3n,2 � (3n + 1), 2 � 3 � (3n�1 + 1) are practical numbers: in fact these 5-tuples areof the form of our conjecture. This approach is similar to the problem of thetriplets that we solved in the preceding theorem.As a related result, we prove the following proposition:



2.3. ATTACKING THE CONJECTURE 37Proposition 3 If s2 = 2 � (3n� 1), s3 = 2 � 3n, s4 = 2 � (3n+1) are practicalnumbers, and n > 1, then n is even and 16js2, 18js3, 20js4. Further, denotings1 = 2 � 3 � (3n�1 � 1), s5 = 2 � 3 � (3n�1 + 1), we have that 12js1, 24js5.Proof. For n = 2 the proposition is true and for n = 3 we have that s2 isnot practical. Hence we assume n > 3. Since 3 6 j s2, then s2 = 2�0q�11 : : : q�kkwith primes q1 < q2 < � � � < qk, with q1 � 5 and positive integers �0; : : : ; �k.Further 3n � 1 � 0 mod 5 () n � 0 mod 4;3n � 1 � 0 mod 7 () n � 0 mod 6;3n � 1 � 2 mod 4 () n � 1 mod 2:Hence if n were odd, we would have �0 = 2 and q1 � 11 and by the structuretheorem s2 would not be practical. Therefore n is even. In particular 3n�1 �0 mod 8; i.e., 16js2.Trivially that 18js3.Since n is even, 3n + 1 � 2 mod 4, hence s4 = 2�0r�11 : : : r�hh with �0 = 2and with primes r1 < r2 < � � � < rk, with r1 � 5 and positive integers�1; : : : ; �k. On the other hand 32j + 1 6� 0 mod 7 for any j, and since s4 ispractical, we must have r1 � 8 and r1 6= 7, hence r1 = 5 and n � 2 mod 4,so 20js4.Since s1 = s3 � 6 and s1 = s2 � 4, we respectively get 3js1 and 4js1, i.e.,12js1.Since s5 = s3 + 6 and s5 = s2 + 8, we respectively get 3js1 and 8js1, i.e.,24js5. �In particular for every 5-tuple of practical number of the form (m � 6,m� 2, m, m+ 2, m + 6) we must have m � 2 mod 4.2.3 Attacking the conjectureHere we study some arithmetical questions related to our approach for Con-jecture 5.Proposition 4 Let fpkgk2N be the sequence of primes, and let nk = Qki=1 pi.For every integer k � 1, the number 2 � (3nk � 1) is a practical number.



38 CHAPTER 2. TRIPLETS AND k-TUPLESProof. A direct computation shows that for k = 1; 2; : : : ; 10 the statementis true. We now assume the proposition true for k � 10, and prove that2 � (3nk+1 � 1) is a practical number. Note that nk+1 = nkpk+1, whence2 � (3nk+1 � 1) = 2 � (3nk � 1) Ydjnk �dpk+1(3):By the inductive assumption 2 � (3nk � 1) is a practical number. Note thatfor every positive integer n, �n(3) is a positive integer (see also (2.1) below).Further if dpk+1 < nk then �dpk+1(3) < 3nk � 1: In fact3nk � 1 > 3dpk+1 � 1 = �dpk+1(3) Yrjdpk+1r<dpk+1 �r(3) > �dpk+1(3):Hence we have2 � (3nk+1 � 1) = 2 � (3nk � 1) Ydjnkd<nk=pk+1 �dpk+1(3) � Ydjnkd>nk=pk+1 �dpk+1(3)and by the inductive assumption and by Stewart's structure theorem, wehave that 2�(3nk�1) Ydjnkd<nk=pk+1 �dpk+1(3) is practical. To prove the proposition,by iterated applications of Stewart's structure theorem, we shall prove thatevery factor of the form �dpk+1(3) with djnk and d > nk=pk+1 is bounded bya product of suitable �d0(3)'s with d0jnk+1 and d0 < dpk+1.By [40], for every integer n > 1 one has�1627�2�(n)�2 3'(n) < �n(3) < �32�2�(n)�1 3'(n); (2.1)where �(n) is the number of distinct prime factors of n and ' is the Eulertotient function. Note that for n = q�11 q�22 � � � q�`` with primes q1 < � � � < q`and positive integers �1; : : : �` one has2�(n)�1 = `�1 timesz }| {2 � 2 � � �2 � '(q�22 )'(q�33 ) � � �'(q�`` ) � '(n);hence from (2.1) one easily gets'(n) log 4p3 < log�n(3) < '(n) log 92 :



2.3. ATTACKING THE CONJECTURE 39Let djnk, d > nk=pk+1 and suppose d 6= nk: Let l < k such thatmaxfp; p 6 j dg = pl:For 1 � i � k � l de�ne di = dpl=pl+i. Obviously d > d1 > d2 > � � � > dk�l.Also '(dipk+1) = pl � 1pl+i � 1'(dpk+1):If 4 � l � k � 4 one has:log 4Yi=1�dipk+1(3) >  4Xi=1'(dipk+1)! log 4p3= (pl � 1) 4Xi=1 1pl+i � 1!'(dpk+1) log 4p3> '(dpk+1) log 92 > log�dpk+1(3);hence 4Yi=1�dipk+1(3) > �dpk+1(3):If l > k � 4 � 4, we must have d = nk=pl. In fact if d < nk=pl, we wouldhave d < nk=2pl, and for k � 10 we have 2pl > pk+1, whence d < nk=pk+1; acontradiction.Let d01 = nk=pk, d02 = nk=2pk, d03 = nk=3pk, d04 = nk=6pk, d05 = nk=5pk,d06 = nk=10pk. Again d > d01 > d02 > � � � > d06. We have:'(d01pk+1) = '(d02pk+1) = pl � 1pk � 1'(dpk+1);'(d03pk+1) = '(d04pk+1) = pl � 12(pk � 1)'(dpk+1);'(d05pk+1) = '(d05pk+1) = pl � 14(pk � 1)'(dpk+1);hence



40 CHAPTER 2. TRIPLETS AND k-TUPLESlog 6Yi=1�d0ipk+1(3) > 72 pl � 1pk � 1'(dpk+1) log 4p3> '(dpk+1) log 92 > log�dpk+1(3):In particular 6Yi=1�d0ipk+1(3) > �dpk+1(3):If l = 3 it is easy to prove that5Yi=1�dipk+1(3) > �dpk+1(3):If l = 1; 2 or if d = nk then d = �p3p4 : : : pk with � = 1; 2; 3; 6. Inany of these cases it is not di�cult to �nd a suitable number of cyclotomicpolynomials of index d0jdpk+1 and d0 < dpk+1 such that their product valuatedat 3 is greater than �dpk+1(3). �The preceding proposition suggests the following de�nition:De�nition 5 Let D = fd1; d2; : : : ; dng be an ordered �nite sequence of posi-tive integers. For 1 < i � n we say that di is admissible for D ifXj<i '(dj) log 4p3 > '(di) log 92 :Remark that this de�nition depends on the arrangement of the elementsof D.Lemma 6 Let D = fd1; d2; : : : ; dng be a �nite sequence of positive integersordered in increasing order. Suppose that d 2 D is admissible for D. Letq 2 N and let D(q) be the set of its divisors. Let D0 = D(q) � D ordered inincreasing order. Then qd is admissible for D0.



2.3. ATTACKING THE CONJECTURE 41Proof. We can assume that q is a prime. Since d is admissible for D thereexist di1; : : : ; di` with max1�j�`fdijg < d such thatX̀j=1'(dij) log 4p3 > '(d) log 92 :We can assume that (dij ; q) = 1 for j � h and that qjdij for j > h. We nowtake `+ h terms of D0 less than dq as follows: for 1 � j � h we take dij andqdij . Notice that '(dij) + '(qdij) = q'(dij):For j > h we take qdij . In this case'(qdij) = q'(dij):Since q is a prime, di1; di2; : : : ; di`; qdi1; qdi2; : : : ; qdih are distinct and less thanqd. Further log 4p3!0@X̀j=1'(qdij) + hXj=1'(dij)1A = q  log 4p3!X̀j=1'(dij)> q �log 92�'(d)� �log 92�'(dq)and this proves the admissibility of dq for D0. �Lemma 7 Let D = fd1; d2; : : : ; dng be an ordered �nite sequence of positiveintegers. Suppose that M � Qij=1 �dj (3) is practical and that for j > i dj isadmissible for D: Then M � nYj=1�dj (3)is practical.



42 CHAPTER 2. TRIPLETS AND k-TUPLESProof. In order to prove this lemma by �nite induction, suppose that foran index h � i the number M �Qhj=1 �dj(3) is practical. We shall prove thatM �Qh+1j=1 �dj (3) is practical. We haveM � h+1Yj=1 �dj (3) =M � hYj=1�dj(3) � �dh+1(3):By the structure theorem it su�ces to prove that�dh+1(3) � 2M hYj=1�dj(3):By (2.1) one has log�dh+1(3) < '(dh+1) log 92and since h + 1 > i, dh+1 is admissible for D. Hencelog�dh+1(3) < '(dh+1) log 92<  log 4p3! hXj=1'(dj)< hXj=1 log�dj (3)= log hYj=1�dj (3)< log0@2M hYj=1�dj(3)1Aand this proves the statement. �



2.4. REDUCING THE CONJECTURE 432.4 Reducing the conjecture to a reasonablestatementWe now de�ne two auxiliary sequences of increasing positive integers, m(e)nand m(o)n . Let fpngn2N be the increasing sequence of primes (p1 = 2) and let8>>>>>>><>>>>>>>: m(e)1 = 2m(e)2 = 2 � 5m(e)3 = 2 � 5 � 11m(e)n = ( m(e)n�1 � p2n if m(e)n�1 < m(o)n�1 and n > 3m(e)n�1 � p2n�1 if m(e)n�1 > m(o)n�1 and n > 3 (2.2)and 8>>>>>>><>>>>>>>: m(o)1 = 3m(o)2 = 3 � 7m(o)3 = 3 � 7 � 13m(o)n = ( m(o)n�1 � p2n if m(o)n�1 < m(e)n�1 and n > 3m(o)n�1 � p2n�1 if m(o)n�1 > m(e)n�1 and n > 3: (2.3)Remark that limn!1 m(e)nm(o)n = 1and that (m(e)n ; m(o)n ) = 1 for every n. We can now prove the followingProposition 5 For every su�ciently large n the numbers(i) 2 � 3 � (3m(o)n � 1)(ii) 2 � (3m(e)n � 1)(iii) 2 � (3m(e)n + 1)(iv) 2 � 3 � (3m(o)n + 1)are all practical numbers.



44 CHAPTER 2. TRIPLETS AND k-TUPLESProof. The proof is similar for each of the above four cases. We shall provethat, for each number (i), (ii), (iii), (iv) and for su�ciently large n, thereexists an arrangement Dn of divisors (respectively divisors of m(o)n , divisorsof m(e)n , divisors of 2m(e)n which are not divisors of m(e)n , and divisors of 2m(o)nwhich are not divisors of m(o)n ) and a �nite set A � Dn, independent of n andformed by a suitable number of terms at the beginning of the arrangementof Dn, with the properties that every term of Dn � A is admissible for Dn.Since each number (i), (ii), (iii), (iv) is of the form M � Qd2Dn �d(3) andM �Qd2A �d(3) is practical, by Lemma 7 we achieve the proof.(i). We have 2 � 3 � (3m(o)n � 1) = 2 � 3 � Ydjm(o)n �d(3):Let A1(n) = Ydjm(o)nd�23 �d(3)B1(n) = Ydjm(o)n23<d<m(o)n =3 �d(3)C1(n) = �m(o)n =3(3) � �m(o)n (3):We have 2 � 3 � (3m(o)n � 1) = 2 � 3A1(n)B1(n)C1(n): For su�ciently large n,A1(n) does not depend on n sinceA1(n) = �1(3)�3(3)�7(3)�13(3)�17(3)�21(3)�23(3):Hence for su�ciently large n2 � 3A1(n) = 22 � 3 � 13 � 47 � 1093 � 1871 � 34511��368089 � 797161 � 1001523179which is a practical number by the structure theorem. The next step is toprove that 2 � 3A1(n)B1(n) is practical.For n = 5; 6; 7; 8 one can directly check that every divisor d of m(o)n with17 < d < m(o)n =3 is admissible for the increasing arrangement of the divisors



2.4. REDUCING THE CONJECTURE 45of m(o)n ; hence by the preceding lemma 2 � 3A1(n)B1(n) is practical. Letn � 8 and assume that there exists an arrangement Dn of the divisors ofm(o)n such that every divisor d with 17 < d < m(o)n =3 is admissible for Dn: Letm(o)n+1 = m(o)n p and de�ne the following arrangement Dn+1 of the divisors ofm(o)n+1 with Dn+1 � Dn. First we put the ordered �nite sequence Dn excludingm(o)n =3 and m(o)n ; then we put pDn again excluding m(o)n+1=3 and m(o)n+1; thenwe put the ordered set of the four numbers m(o)n =3, m(o)n , m(o)n+1=3 and m(o)n+1.For the �rst set of divisors d of m(o)n+1 it is obvious that every d > 17is admissible for Dn+1 since d is admissible for Dn and Dn+1 � Dn. Thiseasily implies that for the second set of divisors (see the proof of Lemma 6)every divisor of m(o)n+1 of the form dp with djm(o)n and d > 17 (in this setd < m(o)n =3 < m(o)n+1=3) is admissible. If a divisor of this set is of the form dpwith djm(o)n and d = 1; 3; 7; 13 or 17 and n � 8 we have:�log 92�'(dp) � �log 92� � 16 � (p� 1)<  log p34 ! m(o)n � '(m(o)n )� ' m(o)n3 !!
=  log p34 ! Xd0jm(o)nd0<m(o)n =3 '(d0)and in our arrangement every d0jm(o)n , d0 < m(o)n =3 precedes dp, hence dp isadmissible.In order to prove the admissibility of all divisors d of m(o)n+1 with 17 < d <m(o)n+1=3 it remains to prove that m(o)n =3 and m(o)n are admissible for Dn+1.Since n � 8 we have p � 61, hence p� 1 > 6 log 92= log p34 . This implies that' m(o)n3 ! log 92 < '(m(o)n ) log 92 < ' m(o)n7 p! log p34 ;i.e., both m(o)n =3 and m(o)n are admissible for Dn+1.To complete the proof of (i) we now prove that for su�ciently large nm(o)n+1=3 and m(o)n+1 are admissible for Dn+1 so by the preceding proposition



46 CHAPTER 2. TRIPLETS AND k-TUPLES2�3�(3m(o)n+1�1) is practical. In fact, since '(m(o)n p) = o(m(o)n p), for su�cientlylarge n we have: log p34 ! Xdjm(o)n+1d<m(o)n+1=3 '(d) =  log p34 ! m(o)n p� '(m(o)n p)� ' m(o)n p3 !!
> �log 92�'(m(o)n p)= max(' m(o)n p3 ! ; ' �m(o)n p�) log 92as required.(ii). We have 2 � (3m(e)n � 1) = 2 � Ydjm(e)n �d(3):Let A2(n) = Ydjm(e)nd�29 �d(3)B2(n) = Ydjm(e)n29<d<m(e)n =3 �d(3)C2(n) = �m(e)n =3(3) � �m(e)n (3)hence 2(3m(e)n � 1) = 2A2(n)B2(n)C2(n): For su�ciently large n, A2(n) doesnot depend on n sinceA2(n) = �1(3)�2(3)�5(3)�10(3)�11(3)�19(3)�22(3)�29(3):Hence for su�ciently large n2A2(n) = 24 � 112 � 23 � 59 � 61 � 67 � 661 � 1597 � 3851 � 28537�363889 � 20381027which is a practical number by the structure theorem. The remaining partof Case (ii) is similar to Case (i).



2.4. REDUCING THE CONJECTURE 47(iii). We have 2 � (3m(e)n + 1) = 2 � Ydj2m(e)nd6 jm(e)n �d(3):Let A3(n) = Ydj2m(e)nd6 jm(e)nd�148 �d(3)B3(n) = Ydj2m(e)nd6 jm(e)n148<d<2m(e)n =3 �d(3)C3(n) = �2m(e)n =3(3) � �2m(e)n (3)hence 2(3m(e)n + 1) = 2A3(n)B3(n)C3(n): For su�ciently large n, A3(n) doesnot depend on n sinceA3(n) = �4(3)�20(3)�44(3)�76(3)�116(3)�148(3):Hence for su�ciently large n2A3(n) = 22 � 52 � 149 � 1181 � 5501 � 12413 � 570461 � 953861 � 5301533��25480398173 � 37945127666529000523013��142659759801404920771391593which is a practical number by the structure theorem. The remaining partof Case (iii) is similar to the preceding cases.(iv). We have 2 � 3 � (3m(o)n + 1) = 2 � 3 � Ydj2m(o)nd6 jm(o)n �d(3):



48 CHAPTER 2. TRIPLETS AND k-TUPLESLet A4(n) = Ydj2m(o)nd6 jm(o)nd�34 �d(3)B4(n) = Ydj2m(o)nd6 jm(o)n34<d<2m(e)n =3 �d(3)C4(n) = �2m(o)n =3(3) � �2m(o)n (3)hence 2 � 3(3m(o)n + 1) = 2 � 3A4(n)B4(n)C4(n): For su�ciently large n, A4(n)does not depend on n sinceA4(n) = �2(3)�6(3)�14(3)�26(3)�34(3):Hence for su�ciently large n2 � 3A4(n) = 23 � 3 � 7 � 103 � 307 � 547 � 1021 � 398581which is a practical number by the structure theorem. The remaining partof Case (iv) is similar to the preceding cases. �Note that the preceding proposition incidentally provides a second proofof Theorem 6.Remark. The arguments of the proof of the preceding proposition are suit-able to exhibit an e�ectively computable constant c with 0 < c < 1 such thatfor every odd positive integer r < cminfm(e)n ; m(o)n g the numbers(i') 2 � 3 � (3rm(o)n � 1)(ii') 2 � (3rm(e)n � 1)(iii') 2 � (3rm(e)n + 1)(iv') 2 � 3 � (3rm(o)n + 1)are all practical numbers.We are ready to prove the following



2.4. REDUCING THE CONJECTURE 49Theorem 7 At least one of the two following statements holds:(a) There exist only �nitely many pairs (m(e)n ; m(o)n ) such that the Dio-phantine equation xm(e)n � ym(o)n = 1has a solution in odd integers x; y and 0 < x; y < cminfm(e)n ; m(o)n g, where cis de�ned as above.(b) There exist in�nitely many 5-tuples of practical numbers of the form(m� 6, m� 2, m, m + 2, m + 6).
Proof. Suppose that for in�nitely many n there exist m(e)n , m(o)n and oddintegers xn; yn such that 0 < xn; yn < cminfm(e)n ; m(o)n g and xnm(e)n �ynm(o)n =1. Then for su�ciently large n the numbers 2 � 3(3ynm(o)n � 1), 2(3xnm(e)n � 1),2(3xnm(e)n + 1), 2 � 3(3ynm(o)n + 1) are practical numbers by preceding remark.Hence for m = 2 � 3xnm(e)n , the numbers m � 6 = 2 � 3(3ynm(o)n � 1), m � 2 =2(3xnm(e)n � 1), m, m + 2 = 2(3xnm(e)n + 1) and m + 6 = 2 � 3(3ynm(o)n + 1) arepractical numbers. �We remark that statistical arguments suggest that (a) should be false,although a proof of this seems to be di�cult at �rst sight.Here we give a table, for n � 28, of maxfxn; yng=minfm(e)n ; m(o)n g, where(xn; yn) denotes the minimal solution of xnm(e)n �ynm(o)n = 1 with xn; yn > 0:



50 CHAPTER 2. TRIPLETS AND k-TUPLESn maxfxn; yng=minfm(e)n ;m(o)n g4 1.14645 0.56646 0.47257 1.06328 0.61499 0.583510 0.645211 0.262812 0.379213 0.513014 0.965815 0.058716 0.923917 0.908218 0.532819 0.626520 0.509621 0.242522 0.452323 0.120524 0.857325 0.938626 0.755627 0.053528 0.1132Tab 2.2. Results related to the Diophantine equation xnm(e)n � ynm(o)n = 1.The table suggests that for su�ciently large n the distribution of the abovevalues may be uniform in [0; 1], as expected.



Chapter 3A problem on sum-freesequencesThis chapter arises from a letter of Erd}os [16] in which he states some ofhis favourite problems on additive number theory. Here we deal with one ofthese problems. This problem was �rst raised by Erd}os and Deshouillers ina conversation. Successively I had several useful discussions with both Erd}osand Deshouillers. Most of the material of this chapter is contained in thepaper [9], which originated from these collaborations.We begin with a de�nition concerning certain positive integer sequences.De�nition 6 An increasing sequence of positive integers fnkgk2N is called asum-free sequence if every term is never a sum of distinct smaller terms. Inother words if kXj=1nij = nmwith i1 < i2 < � � � < ik implies k = 1 and ni1 = nm.This de�nition �rst appeared in an old paper [14] of Erd}os, where he alsoproved certain related results and raised several interesting problems. In [21,Section E28] these sequences are also called A-sequences. Erd}os proved thatfor any sum-free sequence fnkg one has1Xj=1 1nj < 103;51



52 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCESand since the sequence of powers of 2 is a sum-free sequence for which thesum of reciprocals is 2, it is natural to de�neR = supfnkg sum-free8<: 1Xj=1 1nj9=; :Hence 2 � R � 103. Levine and O'Sullivan [28] improved on this estimatein 1977 establishing 2:035 < R < 4. In 1987, Abbott [1] further improved onthe lower bound getting 2:064 < R.In another paper Levine [27], settling a conjecture of Erd}os, proved thatif fnkg is a sum-free sequence with n1 > x then1Xj=1 1nj < log 2 + "(x);where limx!1 "(x) = 0.Some other papers have been recently devoted to a special kind of �nitesum-free sequences, namely those �nite sequences fnkg of positive integershaving the property that whenever a given positive integer can be writtenas a sum of distinct elements of the sequence, the number of summands is�xed. In other words, for these sequences, also called admissible sequences,no positive integer m can be expressed as two sums of distinct elements offnkg with a di�erent number of summands. For some interesting results on�nite admissible sequences one can see [10], [11].Here we are interested in in�nite sum-free sequences. In the above-mentioned [16] letter Erd}os wrote:\I am not able to �nd a sequence of integers n1 < n2 < : : : , nk+1=nk! 1and nh is never a sum of smaller ni's [...] Deshouillers and I raised thisquestion."We refer to the above problem as the Erd}os-Deshouillers problem. For asum-free sequence fnkgk2N we shall denote by A(x) its counting function:A(x) = Xnk<x 1:De�ne % = supfnkg sum-free sequencef� j A(x)� x�g:



3.1. A SUM-FREE SEQUENCE WITH POLYNOMIAL GROWTH 53Erd}os proved that 2=7 � % � (p5� 1)=2. Here we improve the lower boundof %, namely we prove 1=3 � %.In Section 1 we give a clever example, due to Erd}os [14], of a sum-freesequence fnkgk2N with polynomial growth. However, the example does notsolve the Erd}os-Deshouillers problem, i.e., for this sequence we havelim supk!1 nk+1nk > 1:In Section 2 we give an elementary solution of the problem, providing asequence with the required properties, but with sub-exponential growth.Finally in Section 3 we give a further solution, kindly communicated byDeshouillers, by providing a sequence with polynomial growth. We provethat for any " > 0, there exists a sum-free sequence fnkgk2N which solves theabove Erd}os-Deshouillers problem, and such thatA(x)� x 13�":In Section 4 we study other related questions. Among other things weprove that any sum-free sequence cannot grow too slowly: in fact we provethat every sum-free sequence fnkgk2N has zero asymptotic density and for� > (p5� 1)=2 ' 0:618 we havelim infx!1 A(x)x� = 0:3.1 A sum-free sequence with polynomialgrowthIn this section we shall describe an interesting method, due to Erd}os [14],to construct sum-free sequences. This allows us to construct an increasingsequence of positive integers n1 < n2 < : : : such that the equationnk = ni1 + ni2 + � � �+ nir (3.1)has no solution with i1 < i2 < � � � < ir and r > 1. For this sequence one gets



54 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCESA(x)� x2=7:Notice that this estimate is not the best possible. Also, the sequence doesnot satisfy the condition limk!1 nk+1nk = 1; (3.2)but, in our opinion, the method is interesting, and susceptible of furtherimprovements.Proposition 6 (Erd}os) There exists a sum-free sequence fnkgk2N such thatA(x)� x2=7.Proof. Let n1 = 1 and de�ne recursively the other terms as follows. Supposethat n1; : : : ; nki are de�ned and that n1; : : : ; nki is a �nite sum-free sequence.Let Bi+1 = 2 kiXr=1nr. We can assume that Bi+1 > 40 (for example if we takenk = 2k�1, for k = 1; : : : ; 6). Letnki+l = 1 + lBi+1; 1 � l � "B2i+110 # ; (3.3)where [m] denotes the integer part of m. Note that nki+l � B3i+110 + 1. Onecan easily see that (3.1) has no solution. Suppose thatnki+l = t1Xs=1nki+rs + t2Xs=1njs = �1 + �2 (3.4)where j1 < j2 < � � � < jt2 � ki: We �rst prove that t1 � �Bi+12 � : In fact,assuming t1 > �Bi+12 �, by (3.3) we have�1 � t1Xl=1 1 + lBi+1 > t212 Bi+1 � B3i+18 > nki + lcontradicting (3.4). Hence t1 � �Bi+12 � and by (3.3) one has



3.1. A SUM-FREE SEQUENCE WITH POLYNOMIAL GROWTH 55�1 � t1 mod Bi+1:By (3.3) we have nki+l � 1 mod Bi+1, hence by (3.4)�2 > �Bi+12 � : (3.5)But �2 � kiXj=1nj = Bi+12 ; contradicting (3.5). This proves that (3.1) has nosolution. Let nowBi+2 = 2 ki+1Xr=1 nr; nki+1+l = 1 + lBi+2; 1 � l � "B2i+210 # (3.6)where ki+1ki + "B2i+110 #. By (3.3) and (3.6) one hasBi+2 = 2 ki+1Xr=1 nr + 2 �B2i+110 �nki+lXl=1< Bi+1 + 2 "B2i+110 # B3i+110 + 1!< B5i+1:Hence by (3.6) A(Bi+2) > ki+1 > B2i+110 > 110B 25i+2:Further we haveA(TBi+2) � "B2i+110 # + T � 1 > 110B 25i+2 + T: (3.7)For 1 � T � B 25i+210 ; we have A(TBi+2) � B 25i+210 and in the worst caseA0@B 75i+210 1A > B 25i+210 = � 110� 57 � � 110B 75i+2� 27 ;



56 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCEShence for Bi+2 � x � B 75i+2 we have A(x) > cx 27 : If T > B 25i+210 ; then the mainterm in (3.7) is T and the worst case also gives T = B 25i+210 .Therefore for every x A(x) > cx 27 : �3.2 An elementary solutionIn this section we construct a suitable sequence with the properties requiredby the Erd}os-Deshouillers problem.Proposition 7 There is an explicitly computable sum-free sequence fnkgk2Nsuch that limk!1 nk+1nk = 1:Proof. For every positive integer h; de�ne A(h)1 = 10h�1; A(h)10h+2�1 = 102h+3;and choose A(h)1 < A(h)2 < � � � < A(h)10h+2�1; such that for su�ciently large h;A(h)i+1A(h)i � 102(h+4)=(10h+2�2) for every i with 1 � i � 10h+2 � 2:This can be made, for example, by recursively de�ning8>><>>: A(h)1 = 10h�1A(h)i = maxnA(h)i�1 + 1; [10h�1 � 10i(h+4)=(10h+2�1)]o for i > 1:Let Sh = nA(h)i � 10h(h+5)=2 + 10(h�1)(h+4)=2; i = 1; 2; : : : ; 10h+2 � 1o= ns1;h; s2;h; : : : ; s10h+2�1;ho



3.2. AN ELEMENTARY SOLUTION 57with s1;h < s2;h < � � � < s10h+2�1;h. LetS = 1[h=1Sh = fn1; n2; : : : gwith n1 < n2 < : : : : Note that maxSh < minSh+1: In factmaxSh = s10h+2�1;h = 10(h2+9h+6)=2 + 10(h�1)(h+4)=2and minSh+1 = s1;h+1 = 10(h2+9h+6)=2 + 10h(h+5)=2:Hence for every k we have that nk+1=nk is of the form si+1;h=si;h for suitablei and h or of the form s1;h+1=s10h+2�1;h. In the �rst case one easily gets forsu�ciently large h si+1;hsi;h < A(h)i+1A(h)i < 102(h+4)(10h+2�2):In the latter case one hass1;h+1s10h+2�1;h = 10(h2+9h+6)=2 + 10h(h+5)=210(h2+9h+6)=2 + 10(h�1)(h+4)=2 :This proves that limk!1 nk+1nk = 1:Let us show that S is sum-free. Suppose that n 2 S: For a suitableh; we have that n 2 Sh: Suppose that n = Pi2I ni with ni 2 S; and letl = minfj; 9i 2 I; ni 2 Sjg: We haven � #fni; ni 2 Slg � 10(l�1)(l+4)=2 mod 10l(l+5)=2:Since #fni; ni 2 Slg � 10l+2 � 1;one has that n 6� 0 mod 10l(l+5)=2:But n 2 Sh; hence for every j < hn � 0 mod 10j(j+5)=2



58 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCESand n � 10(h�1)(h+4)=2 mod 10h(h+5)=2:Therefore l = h and #fni; ni 2 Slg = 1; i.e., n is not a sum of distinctsmaller terms ni 2 S:Let A(x) the counting function of fnkg. Assuming maxSh < x �maxSh+1 we have A(x) < 2 � 10h+3 and 10(h2+9h+6)=2 < x. Since (h + 3) �(h2 + 9h+ 6)1=2 one easily getsA(x)� expfc(logx)1=2g:In the next section we �nd other sequences solving the Erd}os-Deshouillersproblem with a better asymptotic behaviour.3.3 A further solutionIn this section we prove the followingTheorem 8 There exists a sum-free sequence fnkgk2N such thatlimk!1 nk+1nk = 1;and with polynomial growth.Proof. Let � be a quadratic irrational and let " > 0: Let �(s) be the Riemannzeta-function and let H be a �xed positive constant greater than �(1 + ").Let k be a positive integer. By the Erd}os-Tur�an inequality (cf. [25], example3.2 p. 124), we have#(n 2 [M + 1;M +N ] ����� 1H(k + 1)1+" < f�ng < 1Hk1+")� (1 + ")NHk2+" � C log2N;where fug denotes the fractional part of the real number u.



3.3. A FURTHER SOLUTION 59Thus there existsN0 not depending onM such that ifN � maxfN0; k2+2"gthere exists n in [M + 1;M + N ] such that 1H(k + 1)1+" < f�ng < 1Hk1+" :This allows us to construct by induction a sequence n1 < n2 < � � � such thatn1 � N0 and such that for every k1H(k + 1)1+" < f�nkg < 1Hk1+" :Further for every su�ciently large knk�1 < nk � nk�1 + k2+2": (3.8)The property (3.8) implies thatnk � k3+2";or, equivalently, if A(x) denotes the counting function of fnkgk2N we have inthis case A(x)� x 13+2" � x 13�":We now prove that fnkgk2N is a sum-free sequence. In fact if we assume thatfnkgk2N is not a sum-free sequence, we have for a suitable subscript knk = ni1 + � � �+ nis with k > i1 > � � � > is;which implies �nk = �ni1 + � � �+ �nis. On the other hand f�nkg < 1Hk1+"and for each j = 1; : : : ; s we have f�nijg > 1Hk1+" hence1Hk1+" < f�ni1g+ � � �+ f�nisg < 1H 1X̀=1 1`1+" < 1;whence 1Hk1+" < f�ni1 + � � �+ �nisg = f�nkg < 1Hk1+" ;a contradiction which proves the result. �



60 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCES3.4 Some related questionsTheorem 9 If fnkgk2N is a sum-free sequence then it has zero asymptoticdensity.Proof. Suppose that there exists h > 0 such that for su�ciently large n;#fnk jnk < ng > hn: Let r = [1=h] + 1; and b = n1 + n2 + : : : + nr: Let" > 0: There exists a su�ciently large m such that the interval [nr+1; m� b]contains at least (h� ")m integers belonging to fnkgk2N: For every integer l;with 0 � l � r de�ne s0 = 0 and sl = n1 + n2 + : : :+ nl: Further de�ne theset Rl as follows:Rl = nsl + nj j l + 1 � j � r + (h� ")mo:Each Rl contains at least [(h � ")m] distinct positive integers. FurthermaxRl � m: Notice that if l 6= l0 then Rl TRl0 = ;: Indeed if sl+nj = sl0+nj0;with l < l0, then nj = (sl0 � sl) + nj0; i.e., nj is a sum of distinct smallerterms of fnkgk2N: Hence the interval [1; m] contains at least (r+1)[(h�")m]distinct positive integers. But if " is su�ciently small(r + 1)[(h� ")m] > m:Therefore fnkgk2N has zero asymptotic density. �This argument can be used to prove a further similar result.Theorem 10 Let � > (p5 � 1)=2 ' 0:618: Let fnkgk2N be a sum-free se-quence. Then lim infn!1 A(n)n� = 0;where A(n) is the counting function of fnkgk2N.Proof. It su�ces to prove that for every � > (p5�1)=2; there exist in�nitelymany n such that A(n) � n�:If � � 1 this follows from the preceding theorem. Let (p5�1)=2 < � < 1:Suppose that A(n) > n� for su�ciently large n: Let m be such an n: Then



3.4. SOME RELATED QUESTIONS 61the interval [1; m] contains at least m� integers belonging to fnkgk2N: Letr = [m1��] + 1: If m is su�ciently large, r = A(nr) > n�r ; i.e., nr < r1=�:Let b = n1 + n2 + : : :+ nr: Since r = O(m1��); we have that nr = O(m 1��1)and b = O(m 1���): Since � > (p5� 1)=2 we have b = o(m): Let " > 0: If mis su�ciently large, the interval [nr+1; m� b] contains at least (m � b)� � rintegers belonging to fnkgk2N: Since (m�b)��r�m� = o(m�); for su�cientlylarge m we have (m� b)� � r > (1� ")m�; namely the interval [nr+1; m� b]contains at least (1�")m� integers belonging to fnkgk2N: As in the precedingtheorem, let Rl be de�ned as follows:Rl = fsl + nj j l + 1 � j � r + (1� ")m�g :Each Rl contains at least [(1 � ")m�] distinct positive integers. FurthermaxRl � m and for l 6= l0; Rl TRl0 = ;:Hence the interval [1; m] contains at least (r + 1)[(1 � ")m�] distinctpositive integers. On the other hand, if " is su�ciently small(r + 1)[(1� ")m�] > m:This completes the proof. �We end this chapter with a di�erent open problem raised by Erd}os duringa conversation I had with him:Problem Prove or disprove that there exists an in�nite admissible sequencefnkgk2N such that limk!1 nk+1nk = 1:



62 CHAPTER 3. A PROBLEM ON SUM-FREE SEQUENCES



Chapter 4Modular forms and functionsIn this chapter we survey some basic tools about modular forms and func-tions. Fourier expansions of modular forms of weight 2k are related to thefunctions �2k�1(n). Hence suitable relations involving modular forms can betranslated into relations among sum-of-divisors functions. Modular formsfor the full modular group yield well-known arithmetical identities [43, p.152]. In order to �nd further identities, we require modular forms for certaincongruence subgroups.Ample surveys of the theory of modular forms and functions can be foundin literature. In particular we quote [20], [24], [43] and [44] for our purposes.In this chapter we mainly show how to construct suitable modular formsfor certain congruence subgroups. These modular forms will be used in thenext chapter to prove some remarkable arithmetical identities.4.1 Modular forms and functionsIn this section we recall classical tools about modular forms and functions.We shall denote by � an element of H ; the upper half-plane of C : For � 2 H ;let q = e2�i� and qm = e2�i�=m: Let � = SL(2;Z):De�nition 7 A holomorphic function f : H ! C is a modular form ofweight 2k for � if(c� + d)�2kf  a� + bc� + d! = f(�) for every A =  a bc d ! 2 �;63



64 CHAPTER 4. MODULAR FORMS AND FUNCTIONSand if f is regular at 1; i.e., f(�) = 1Xn=0 anqn:We de�ne f(1) = a0: If a0 = 0 then f is called a cusp form for the fullmodular group �:For each integer m � 2; we de�ne the congruence subgroups �(m), �1(m)and �0(m) as usual:�(m) = ( a bc d ! 2 ������ a � d � 1 mod m; b � c � 0 mod m) ;�1(m) = ( a bc d ! 2 ������ a � d � 1 mod m; c � 0 mod m) ;�0(m) = ( a bc d ! 2 ������ c � 0 mod m) :If G is a subgroup of � and G � �(m), we say that G is a congruencesubgroup of level m: The subgroup �(m) is also called the principal congru-ence subgroup of level m: Generalizing the preceding de�nition we state thefollowingDe�nition 8 A holomorphic function f : H ! C is a modular form ofweight 2k for a congruence subgroup G of level m if(c� + d)�2kf  a� + bc� + d! = f(�) for every  a bc d ! 2 G (4.1)and(c� + d)�2kf  a� + bc� + d! = 1Xn=0 an;Aqnm for every A =  a bc d ! 2 �;(4.2)where the coe�cients an;A depend on the matrix A:If A =  a bc d ! 2 � and c 6= 0; we call a=c a �nite cusp and de�nef(a=c) = a0;A: Further we de�ne f(1) = a0;I :



4.1. MODULAR FORMS AND FUNCTIONS 65Notice that the de�nition of f(a=c) does not depend on the choice of thecoe�cients b and d in A (see [24, Prop. 16, p. 126]). It is worth remarkingthat f �ac� = a0;A = lim�!i1(c� + d)�2kf  a� + bc� + d! :De�nition 9 If a0;A = 0 for every A 2 �; then f is called a cusp form for G:In other words, a cusp form is a modular form that vanishes at every�nite cusp a=c 2 Q and at the cusp 1:For integers k � 2; as is well-known [43], the Eisenstein seriesE2k(�) = 1 + 2�(1� 2k) 1Xn=1 �2k�1(n)qnare modular forms of weight 2k for �, and�(�) = q 1Yn=1(1� qn)24is a cusp form of weight 12 for �:We shall also denote E2k;m(�) = E2k(m�): As we shall see, for k � 2; thefunctions E2k;m are modular forms of weight 2k for �0(m):We shall denote by S2k(G) the vector space of the cusp forms of weight2k for G.De�nition 10 Let F be a closed subset of H . We say that F is a funda-mental domain for G if(i) every � 2 H is G-equivalent to a � 0 2 F ;(ii) no two distinct � , � 0 in the interior of H are G-equivalent.



66 CHAPTER 4. MODULAR FORMS AND FUNCTIONSA fundamental domain F for � is shown in Fig. 4.1.
F

A fundamental domain for Fig. 4.1 Γ

0-1/2 1/2 τ4.2 Behaviour at the cuspsLet r be any positive integer. Using modular properties of E2k(�); both fork = 1 and for k � 2, we can �nd the expansions of E2k;r at the cusps. Let(a; c) = 1: In the usual topology of H [ fcuspsg (see [24, p. 103{105]) wehave, for k � 2 and "! 0;E2k;r �ac + "� � (c; r)2kr2kc2k"2k :In fact if b; d are integers such that ad� bc = 1; denoting� = �dc � 1"c2 2 H ;we have ac + " = a� + bc� + d;c� + d = � 1"c:



4.2. BEHAVIOUR AT THE CUSPS 67Hence E2k �ac + "� = E2k  a� + bc� + d! = (c� + d)2kE2k(�):Since, for " ! 0 in the usual topology of H [ fcuspsg; Im � ! +1; itfollows that E2k(�)! 1; i.e., E2k(ac + ") � 1"2kc2k : If r is any positive integer,denoting a0 = ra=(r; c) and c0 = c=(r; c); "0 = r"; we have (a0; c0) = 1; whenceE2k;r �ac + "� = E2k  a0c0 + "0! � 1"02kc02k = (c; r)2kr2kc2k"2k :With the same notation as above, for a modular form f of weight 2k we havef �ac� = lim�!i1(c� + d)�2kf  a� + bc� + d! = lim"!0(c")2kf �ac + "� ;therefore, for k � 2E2k;r �ac� = lim"!0(c")2kE2k;r �ac + "� = (c; r)2kr2k : (4.3)The function E2(�) = 1 � 24P1n=1 �1(n)qn is not a modular form, sowe cannot de�ne E2(a=c) and E2;r(a=c). However for any " 2 H ; we havea=c + " 2 H ; and we can try to derive the asymptotic behaviour of E2 andE2;r in a neighborhood of a=c of the usual topology of H [ fcuspsg: We haveunder the action of �E2  a� + bc� + d! = (c� + d)2E2(�) + 6�ic(c� + d);whence E2 �ac + "� = E2  a� + bc� + d! = (c� + d)2E2(�) + 6�ic(c� + d):Therefore E2;r �ac + "� = E2  a0c0 + "0! � 1"02c02 = (c; r)2r2c2"2 :In the next section, we shall see that suitable functions depending on E2 andE2;r are modular forms for certain congruence subgroups.



68 CHAPTER 4. MODULAR FORMS AND FUNCTIONS4.3 Congruence subgroupsHere we are also interested in modular forms and functions for suitable con-gruence subgroups.From the above-mentioned modular properties of E2(�); it immediatelyfollows that G(�) = E2(�) � mE2(m�) is a modular form of weight 2 for�0(m): In fact for  a bc d ! 2 �0(m); we have that c1 = c=m is an integerand G a� + bc� + d! = E2  a� + bc� + d!�mE2  a(m�) + bmc1(m�) + d != (c� + d)2E2(�) + 6�ic(c� + d)�m(c1m� + d)2E2(m�)�m 6�ic1(c1m� + d)= (c� + d)2E2(�)�m(c� + d)2E2(m�)= (c� + d)2G(�);i.e., G veri�es the condition (4.1). With the notation of the preceding sectionwe have G�ac� = lim"!0(c")2kG�ac + "�= lim"!0(c")2k �E2 �ac + "��mE2;m �ac + "��= 1� (c;m)2m ;whence G veri�es (4.2).We now prove that for k � 2, the functions E2k;m are modular forms ofweight 2k for �0(m): In fact we have:



4.3. CONGRUENCE SUBGROUPS 69
E2k;m  a� + bc� + d! = E2k  a� + bc� + d!�mE2k  a(m�) + bmc1(m�) + d != (c� + d)2E2(�)�m(c1m� + d)2E2(m�)= (c� + d)2E2(�)�m(c� + d)2E2(m�)= (c� + d)2E2k;m(�);verifying (4.1). By (4.3) E2k;m also veri�es (4.2).In certain cases we need to check (4.1) in a di�erent way. For example, onecan check (4.1) only for the generators of G: In order to apply this method,we must �nd these generators. This is not easy in general, but for congruencesubgroups of low level it can be done quite easily.We now prove some results that will be useful in this context.Proposition 8 The principal congruence subgroup �(m) of level m is iso-morphic to a subgroup of �0(m2) of index '(m):Proof. Let  : �(m)! �0(m2) be de�ned by   a bc d !! =  0 �1m 0 ! a bc d ! 0 1=m�1 0 ! =  d �c=m�bm a ! :Obviously  is an injective homomorphism.LetG = ( a bc d ! 2 SL(2;Z)�����a � d � 1 mod m; c � 0 mod m2) � �0(m2):We shall see that Im  = G and that [�0(m2) : G] = '(m); completing theproof. In fact for any  a bc d ! 2 G we have a bc d ! =    d �c=m�bm a !!



70 CHAPTER 4. MODULAR FORMS AND FUNCTIONSand obviously  d �c=m�bm a ! 2 �(m); whence Im  = G:Let g : �0(m2)! Z�m be de�ned byg   a bc d !! = a mod m:Since ad�bc = 1 and bc � 0 mod m2, we have (a;m2) = 1, whence (a;m) = 1:Therefore g is well-de�ned. Also, g is an homomorphism. In factg   a bc d ! a0 b0c0 d0 !! = g   aa0 + bc0 �� � !!= aa0 mod m= g   a bc d !! � g   a0 b0c0 d0 !! :Clearly ker g = G; whence �0(m2)ker g ' Z�mand therefore [�0(m2) : G] = '(m): �Remark. Since '(2) = 1, by the above proposition, �(2) is isomorphic to asubgroup of �0(4) of index 1, namely �(2) ' �0(4).Example 1. By the preceding proposition we have that �(3) is isomorphicto a subgroup G of �0(9) of index 2. Let  : �(3)! G be such identi�cation.If V1; : : : ; Vk span �(3) then  (V1); : : : ;  (Vk) are a set of generators for G:Further, ifW 2 �0(9)�G; then  (V1); : : : ;  (Vk);W (V1); : : : ;W (Vk) are aset of generators for �0(9). As we shall see in the next chapter, this examplehas an unexpected arithmetical application.We can also construct a fundamental domain for �0(9):We have (see [24])that 8><>: T�jS for j = 0; 1; : : : ; pa � 1ST�jpS for j = 0; 1; : : : ; pa�1 � 1



4.3. CONGRUENCE SUBGROUPS 71is a complete set of representatives of the cosets of �0(pa) in �. Hence afundamental domain for �0(9), as represented in Fig. 4.2, isF 0 = 0@ 8[j=0ST jF1A[0@ 2[j=0ST jpSF1Awhere F is a fundamental domain for � (in Fig. 4.2 we take the fundamentaldomain F represented in Fig 4.1).
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Fig. 4.2  A fundamental domain for   Γ (9) 0
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Chapter 5Arithmetical applications
5.1 IntroductionLet �m(n) denote the sum of the m-th powers of the positive divisors of n;and let �m(0) = 12�(�m) where �(s) is the Riemann zeta-function.In this chapter, using the theory of modular forms, we prove seven iden-tities of the following type:[n=m]Xk=0 �r(k)�s(n�mk) = P�r+s+1(n) +Qn�r+s�1(n) (5.1)which hold for every n satisfying suitable congruences, for suitable integersm � 2 and r; s = 1 or 3, and for rationals P and Q (Theorem 12). Wealso prove a further identity similar to (5.1) but of a slightly di�erent kind,namely nXk=0k�1mod3 �1(k)�1(n� k) = 19�3(n) for every n � 2 mod 3:In a celebrated paper [37], Ramanujan, using elementary arguments,proved nine identities of the type (5.1) with m = 1: Ramanujan's nine iden-tities can be also obtained in a natural way from the theory of modularforms for the full modular group (see [43]). Also a short elementary proof ofRamanujan's identities is due to Skoruppa [47].73



74 CHAPTER 5. ARITHMETICAL APPLICATIONSWe remark that one of the formulae we prove in Theorem 12, namely(5.10) below, is explicitly mentioned by Ramanujan himself in [37]. Unfor-tunately, he never provided either of the two proofs he announced. The �rstproof of the formula (5.10) below was given by Masser (see [5]) seventy yearslater. As far as we know, the other formulae proved in Theorem 12 appearto be new.In Theorem 11 we also provide, via modular forms, a formula for the caser = s = 1 and any m; which contains an error term. When the error termvanishes this formula yields special cases of (5.1), i.e., the identities (5.8),(5.11), (5.12), (5.13) and (5.14) below.We also give alternative proofs of the �ve identities (5.8){(5.12). Theseproofs are based on certain formulae of Ramanujan, involving elliptic in-tegrals of the �rst kind, contained in his Notebooks [38]. This alternativemethod is likely to correspond to one of the proofs that Ramanujan had inmind for the identity (5.10).I am pleased to thank Don Zagier for his helpful and illuminating com-ments, and in particular for suggesting the proof of Theorem 11. I am alsoindebted to Umberto Zannier for pointing out to me the interpretation of theidentities of Ramanujan's type in terms of modular forms, as well as for hisconstant encouragement and for several helpful suggestions.I talked about these topics in a conference at Eger, Hungary, in 1996, andmost of the material contained in this chapter can be found in my paper [35].5.2 Notation and de�nitionsLet F (a; b; c; x) = 2F1(a; b; c; x) denote the Gauss hypergeometric series:F (a; b; c; x) = 1Xk=0 (a)k(b)k(c)k xkk! ;where c 6= 0;�1;�2; : : : and the Pochhammer symbols (a)k; (b)k; (c)k arede�ned by(a)0 = 1; (a)k = a(a+ 1)(a+ 2) � � � (a + k � 1) for k = 1; 2; 3; : : : :As is well-known, for a = b = 12 , c = 1 and 0 < x < 1, the functionF (12 ; 12 ; 1; x) is related to the complete elliptic integral of the �rst kind.



5.3. MAIN RESULTS 75In accordance with Ramanujan's notation (see [4] and [38]), let, for 0 <x < 1; y = �F (12 ; 12 ; 1; 1� x)F (12 ; 12 ; 1; x) (5.2)and z = F (12 ; 12 ; 1; x): (5.3)5.3 Main resultsWe begin this section with the following theorem:Theorem 11 Let m be a positive integer and de�ne �(m) = m2Qpjm(1 +p�2): For every positive integer n with (m;n) = 1 and for an arbitrary � > 0,we have[n=m]Xk=0 �1(k)�1(n�mk) = 512�(m)�3(n)� 14mn�1(n) +O �n 32+�� :Proof. As we saw in the preceding chapter, Gm(�) = E2(�) �mE2;m(�) isa modular form of weight 2 for �0(m): Hence the functionFm(�) := (Gm(�))2 � E4(�)�m2E4;m(�)is a modular form of weight 4 for �0(m): Combining the Fourier expansionsof E2 and E4 with the �rst of Ramanujan's nine identities [37]:nXk=0�1(k)�1(n� k) = 512�3(n)� 12n�1(n); (5.4)we �nd that the n-th Fourier coe�cient of �11152mFm(�) isc(n) = n4m�1(n) + n4��1 � nm�+ X0�k�n=m �1(k)�1(n�mk);where



76 CHAPTER 5. ARITHMETICAL APPLICATIONS��1 � nm� := 8<: �1 � nm� for mjn0 otherwise.Notice that c(n) is de�ned also for (m;n) 6= 1:In a similar manner one can �nd the asymptotic formula for Fm(a=c +"). For (a; c) = 1; we have E4;r(a=c) = E4;r(1=c) and Fm(a=c) = Fm(1=c):This allow us to simplify the study of the behaviour at the cusps in a sensethat will be clear below. Now we shall prove that, for rjm and �m(r) :=r2Qpj(r;m=r)(1� p�2); the functionF0;m(�) := Fm(�) + 2m�(m)Xrjm�m(r)E4;r(�) = 1Xn=0 c0;m(n)qn (5.5)is a cusp form for �0(m): This can be done by looking at one prime numberat a time. Assuming m = p� one hasFp�(1) = �2p�; Fp�  � 1kp! = �2p2+2vp(k)��; Fp�(0) = �2p��;E4;pi(1) = 1; E4;pi  � 1kp! = p4minf0;vp(k)�i+1g; E4;pi(0) = p�4i;where vp(k) is the exponent of the prime p in the factorization of k: As a setof representatives of the cusps for �0(m) we can take the cusps 1; 0; and�1=kp for k = 1; 2; : : : ; p��1 � 1 (see [24, p. 107{108]). Therefore F0;p�(�) =Fp�(�) +P�i=0 xiE4;pi(�) is a cusp form if it vanishes at the cusps 1; 0, and�1=kp for k = 1; 2; : : : ; p��1 � 1: Notice that there are only � � 1 distinctconditions at the cusps �1=kp; since for (h0; p�) = (k0; p�) the condition at�1=h0p is the same as the condition at �1=k0p: Thus one gets the followinglinear system of �+ 1 equations in the �+ 1 unknowns x0; x1; : : : ; x� :8>>>>>>><>>>>>>>: x0 +p�4x1 +p�8x2 + : : : +p�4�+4x��1 +p�4�x� = 2p��x0 +x1 +p�4x2 + : : : +p�4�+8x��1 +p�4�+4x� = 2p��+2... � � � � � � ...x0 +x1 +x2 + : : : +x��1 +p�4x� = 2p��2x0 +x1 +x2 + : : : +x��1 +x� = 2p�;



5.3. MAIN RESULTS 77whose solution is x0 = 2p� + p��2 ; x� = 2p�+2p2 + 1 ;and for i = 1; : : : ; �� 1 xi = 2p2i � p2i�2p� + p��2 :Denoting upi = xi; we may express the above solution asur = 2p��(p�)�p�(r) for each rjp�: (5.6)In the general case, for an arbitrary positive integer m = q�11 � � � q�hh withprimes q1; : : : ; qh and positive integers �1; : : : ; �h, one gets a similar systemof d(m) (the number of positive divisors of m) linear equations in the d(m)unknowns ur for rjm: This is done by imposing that F0;m(�) = Fm(�) +Prjm urE4;r(�) vanishes at 1=n for every njm: One has the systemXrjm (r; n)4r4 ur = 2n2m for each njm;whose solution is ur = 2m�(m)�m(r);as is easily seen using (5.6) for each q�jj (j = 1; : : : ; h): This proves (5.5).Hence the n-th Fourier coe�cient of �11152mF0;m is bounded by O(n 32+�)(see for example [42]), i.e.,� 11152mc0;m(n) = c(n)� 512�(m) Xrj(m;n)�m(r)�3 �nr� = O �n 32+��for all n: For (m;n) = 1 this is our theorem. �In some cases the error term vanishes, and this yields special cases ofidentities (5.1). In the following theorem we obtain eight identities.Theorem 12 If n � 2 mod 3; thennXk=0k�1mod3 �1(k)�1(n� k) = 19�3(n): (5.7)



78 CHAPTER 5. ARITHMETICAL APPLICATIONSIf n is a positive odd integer, then[n=2]Xk=0 �1(k)�1(n� 2k) = 112�3(n)� 18n�1(n); (5.8)[n=2]Xk=0 �1(k)�3(n� 2k) = 148�5(n)� 116n�3(n); (5.9)[n=2]Xk=0 �3(k)�1(n� 2k) = 1240�5(n); (5.10)[n=4]Xk=0 �1(k)�1(n� 4k) = 148�3(n)� 116n�1(n): (5.11)If n 6� 0 mod 3; then[n=3]Xk=0 �1(k)�1(n� 3k) = 124�3(n)� 112n�1(n): (5.12)If n � 8 mod 16 and n 6� 0 mod 5; then[n=5]Xk=0 �1(k)�1(n� 5k) = 5312�3(n)� 120n�1(n): (5.13)If n satis�es one of the following conditions:(i) n � 2 mod 3;(ii) n � 1 mod 3 and there exists a prime p � 2 mod 3 such that pjn butp2 6 j n;then [n=9]Xk=0 �1(k)�1(n� 9k) = 1216�3(n)� 136n�1(n): (5.14)



5.3. MAIN RESULTS 79Proof. Let f(�) be a non-vanishing modular form of weight 2k for �(m):We consider the Riemann surface S associated with �(m):We associate withf the di�erential ! = f(�)(d�)k of weight k on H . Then ! corresponds toa di�erential !� of weight k on S (see also [46]). We want to compare theorder np(f) of f at the point p with the order �p�(!�) of !� at the point p� ofS corresponding to p. This appears in [46, Prop. 3.7, p. 28]. We distinguishthree cases, according to the nature of p:(i) p is a regular point, i.e., it is not a �xed point of some non-identicaltransformation in �(m). In this case np(f) = �p�(!�);(ii) p is an elliptic �xed point of period ep 2 f2; 3g (the pointsin this set are �-equivalent either to i = p�1 or to � = e2�i=3). Nownp(f) = ep�p�(!�) + k(ep � 1);(iii) p is either1 or a �nite parabolic point. We have np(f) = �p�(!�)+k.We let F � H [ fcuspsg be a system of representatives for the actionof �(m), so the map p 7! p� is 1-1. Also, let F1; F2 and F3 be the subsetsof F made up of the points satisfying the above properties (i), (ii) and (iii)respectively.We now apply the Riemann-Roch theorem to !�; this implies thatXp�2S �p�(!�) = 2k(g � 1);where g is the genus of S. We getXp2F1 np(f) + Xp2F2 1epnp(f) + Xp2F3 np(f) = k0@2g � 2 + Xp2F2(1� 1=ep) + #F31A ;where #F3 denotes the cardinality of F3:We point out that, in each concrete case, the above formula may also beobtained by complex integration on the boundary of a fundamental domainfor �(m), similarly to [43, Ch. VII, Th. 3, p. 139].



80 CHAPTER 5. ARITHMETICAL APPLICATIONSLet p 2 F1 [ F3: Since np0(f) � 0 for every p0 2 F; we havenp(f) � 0@ Xp02F1 np0(f) + Xp02F2 1ep0 np0(f) + Xp02F3 np0(f)1A� k0@2g � 2 + Xp02F2(1� 1=ep0) + #F31A :For m � 2 we also have, as is easy to see, #F2 = 0 ([44, Prop. 1.39, p. 22])and #F3 � m2; whence np(f) � k(2g � 2 +m2):As an application of this formula, we now prove (5.7).For any A =  a bc d ! 2 � denote A(�) = a� + bc� + d and JA(�) = c� + d:Let m � 2 and A =  a bc d ! 2 �(m): De�ne T0; T1; : : : ; Tm�1 byTj =  a+ jc (b + jd� ja� j2c)=mmc d� jc ! :Since a � d mod m and b � c � 0 mod m; (b+jd�ja�j2c)=m is an integer,and it is easy to show that Tj 2 �: MoreoverA(�) + jm = Tj �� + jm � :For 2k = 2; 4 and j = 0; 1; : : : ; m� 1; letE�2k;j(�) = E2k �� + jm � :



5.3. MAIN RESULTS 81If 2k = 4 we haveE�4;j�A(�)� = E4  A(�) + jm != E4 �Tj �� + jm ��= �JTj �� + jm ��4 � E4 �� + jm �= JA(�)4E�4;j(�);and it is straightforward to check that E�4;j is holomorphic at every cusp.Hence E�4;j is a modular form of weight 4 for �(m):If 2k = 2; we haveE�2;j�A(�)� = E2 �Tj �� + jm ��= 6�imcJTj �� + jm �+ �JTj �� + jm ��2E�2;j(�)= 6�imcJA(�) + JA(�)2E�2;j(�):If a = (a0; : : : ; am�1) 2 C m is such that P aj = 0; one easily gets that thefunction Ea de�ned by Ea(�) = m�1Xj=0 ajE�2;j(�)is a modular form of weight 2 for �(m):For 1 � t � m� 1 letE(m)2k;t(�) = Xn>0n�tmodm �2k�1(n)qnm (2k = 2 or 4):Denoting c2 = �1=24, c4 = 1=240, we seek a vector a = (a0; : : : ; am�1) 2 C msuch that E(m)2k;t(�) = c2k m�1Xj=0 ajE�2k;j(�):



82 CHAPTER 5. ARITHMETICAL APPLICATIONSThis immediately leads to the following linear system:8>>>>>>>><>>>>>>>>:
a0 +a1 +a2 + : : : +am�1 = 0a0 +!a1 +!2a2 + : : : +!m�1am�1 = 0: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :a0 +!ta1 +!2ta2 + : : : +!(m�1)tam�1 = 1: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :a0 +!m�1a1 +!2(m�1)a2 + : : : +!(m�1)2am�1 = 0;where ! = e2�i=m. The matrix 
 of the coe�cients is a Vandermonde matrix,whence det 
 = Y0�j<i�m�1�!i � !j� 6= 0;and the linear system has a unique solution a = (a0; : : : ; am�1): HenceE(m)2k;t(�) is a modular form of weight 2k for �(m): Letf(�) := �E(3)2;1(�)�2 � 19E(3)4;2(�):By the preceding argument f is a modular form of weight 4 for �(3): Thegenus of the Riemann surface associated to �(3) is 0 (see [20, Theorem 8,p. 15]), hence for f 6� 0 and for every p 2 H [ fcuspsg; we have thatnp(f) � 14: On the other hand, the formula (5.7) holds for n = 2; 5; 8; 11; 14;i.e., n1(f) > 14: Therefore f(�) � 0; i.e., the identity (5.7).To prove (5.8), (5.11) and (5.12) we consider F0;m(�) respectively withm = 2; 4 and 3. As we saw in the preceding theorem, F0;m(�) is a cusp formof weight 4 for �0(m): Further for every positive integer k and m � 2 (see[8]), dimS2k(�0(m)) = 2k � 112 m Ypjmp prime  1 + 1p!+ dimM2�2k(�0(m))�12Xcjm '�(c; mc )�+ (�1)k4  (m) + 
(k)#(m);



5.3. MAIN RESULTS 83where ' is the Euler totient function and#(m) = 8>>>>><>>>>>: 0 for 9 j mYpjmp prime  1 +  �3p !! for 9 6 j m;
 (m) = 8>>>>><>>>>>: 0 for 4 j mYpjmp prime  1 +  �4p !! for 4 6 j m;


(k) = 8>>>>>><>>>>>>: 0 for k � 2 mod 3�13 for k � 1 mod 313 for k � 0 mod 3;where ( �p) for odd primes is the Legendre symbol and where (�32 ) = �1 and(�42 ) = 0.In particular dimS4(�0(m)) = 0 for m = 2; 3; 4: Hence F0;m(�) � 0;respectively proving (5.8), (5.12) and (5.11). Since dimS6(�0(2)) = 0; onecan prove the identities (5.9) and (5.10) in a similar manner.Let F0;5(�) = P1n=1 c0;5(n)qn: In this case dimS4(�0(5)) = 1: In fact it isspanned by (�(�)�(5�))4; where �(�) = e�i�=12Q1n=1(1� qn) is the Dedekindeta function [24, Prop. 19, p. 130]. So F0;5(�) is a Hecke eigenform. Inparticular for every m;n with (m;n) = 1; it is c0;5(m)c0;5(n) = c0;5(mn).Since c0;5(8) = 0, we have c0;5(8n) = 0; for every integer n with (n; 8) = 1,and this proves (5.13).Since dimS4(�0(9)) = 1 we have that F0;9(�) = P1n=1 c0;9(n)qn is a Heckeeigenform for �0(9). Consider now ��(�) = �(3�)8 = qQ1n=1(1 � q3n)8: Wenow prove that �� is a cusp form of weight 4 for �0(9); hence a constantmultiple of F0;9:Recall the Dedekind's functional equation. If  a bc d ! 2 � and c > 0 wehave [2, Ch. 3, Th. 3.4, p. 52]



84 CHAPTER 5. ARITHMETICAL APPLICATIONS�  a� + bc� + d! = "(a; b; c; d)f�i(c� + d)g1=2�(�)where we take the branch of f�i(c�+d)g1=2 which has value 1 when c�+d = iand "(a; b; c; d) = exp(�i a+ d12c + s(�d; c)!)where s(h; k) = k�1Xr=1 rk  hrk � "hrk #� 12! :For  a bc d ! 2 �0(9) we have��  a� + bc� + d! = �  3a� + bc� + d!8 = �  a(3�) + bc3(3�) + d!8 :Since  a 3bc=3 d ! 2 �0(3) � �; we have��  a� + bc� + d! = "�a; 3b; c3 ; d�8 � c3(3�) + d�4 �(3�)8= "�a; 3b; c3 ; d�8 (c� + d)4�(3�)8:In order to verify the condition (4.1), we must check that "(a; 3b; c=3; d)8 = 1for any  a bc d ! 2 �0(9); and clearly it su�ces to check it for a set ofgenerators of �0(9):In the preceding chapter, Example 1, we saw how to �nd a set of genera-tors of �0(9) from a set of generators of �(3): As a set of generators of �(3)we take [17] V1 =  1 30 1 ! ; V2 =  1 0�3 1 ! ; V3 =  �2 3�3 4 ! :



5.4. CONCLUDING REMARKS 85Let  be as in Example 1. We have that (V1) =  1 0�9 1 ! ;  (V2) =  1 10 1 ! ;  (V3) =  4 1�9 �2 !span a congruence subgroupG � �1(9): Notice thatW =  2 19 5 ! 2 �0(9)�G; hence  (V1); : : : ;  (V3);W (V1); : : : ;W (V3); i.e., 1 0�9 1 ! ;  1 10 1 ! ;  4 1�9 �2 ! ; �7 1�36 5 ! ;  2 39 14 ! ;  �1 0�81 �1 !are a set of generators for �0(9). With a bit of computation we can �nallycheck that �� veri�es (4.1).Since �(�)24 = �(�) is a cusp form for the full modular group, we havethat �� veri�es (4.2) and vanishes at every cusp. Since �(3�)8 2 S4(�0(9)), wehave c0;9(n) = 0 for n � 2 mod 3 and, by multiplicativity, this immediatelyimplies (5.14). �In [32] one can �nd further interesting discussions about cusp forms ofthe type f(�) = sYj=1 �(tj�)rjwhere t1; t2; : : : ; ts are positive integers and r1; r2; : : : ; rs are arbitrary inte-gers.5.4 Concluding remarksFive of the preceding eight identities, i.e., (5.8){(5.12), can be also provedby using certain formulae from Ramanujan's Notebooks. In this context, for0 < x < 1 let w = e�y; where y is de�ned by (5.2), and let z be de�ned by(5.3). LetL(w) = 1� 24 1Xk=1 kwk1� wk ; M(w) = 1 + 240 1Xk=1 k3wk1� wk ;



86 CHAPTER 5. ARITHMETICAL APPLICATIONSN(w) = 1� 504 1Xk=1 k5wk1� wk :Since 1Xk=1 k�wk1� wk = 1Xk=1 1Xh=1 k�whk = 1Xm=1wm Xhk=m k� = 1Xm=1 ��(m)wm;we have L(w) = �24 1Xk=0 �1(k)wk; M(w) = 240 1Xk=0 �3(k)wk;N(w) = �504 1Xk=0�5(k)wk:Recall that (see [37])nXk=0 �1(k)�3(n� k) = 780�5(n)� 18n�3(n): (5.15)Let n be a positive odd integer. For 0 < w < 1; by [4, Ch. 17, Entry 13,p. 126{127] one can easily deduce�2L(w2)� L(w)�2 = 45M(w2) + 15M(w);M(w) �2L(w2)� L(w)� = 3221N(w2)� 1121N(w)and M(w2) �2L(w2)� L(w)� = 2221N(w2)� 121N(w):Equating coe�cients of wn and then using (5.4) and (5.15), we obtain (5.8),(5.9) and (5.10).In a similar manner the identities (5.11) and (5.12) can be obtained using[4, Example (ii) and (iii), p. 139] and [4, Ch. 21, Entry 3 (i), p. 460]respectively.One can also prove some other formulae, related to the derivatives ofsuitable modular functions, similar to certain formulae of Lahiri [26]. Forinstance, it is easy to show that if n is a positive odd integer, then



5.4. CONCLUDING REMARKS 87[n=2]Xk=0 k�1(k)�1(n� 2k) = 148n�3(n)� 148n2�1(n):It is known that for m = 1 there are only nine possible identities (see[18], [19], [29]).An interesting open question is to prove (or disprove) that the identitieswe found in Theorem 12 are the only identities with m > 1. Explicit compu-tation shows that for r = s = 1 and m < 100 there is no new identity, and itis likely that Theorem 12 is exhaustive.
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