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Introduction

The general structure of this work reflects the main problems that I studied as
a PhD student at the University of Pisa (1993 1997). There are five chapters,
which deal with three different topics: Practical numbers (Chapters 1 and
2); Sum-free sequences (Chapter 3); Arithmetical identities related to the
theory of modular forms (Chapters 4 and 5).

In Chapter 1 we extensively survey the theory of practical numbers, i.e.,
those positive integers m such that every positive integer n < m can be rep-
resented as a sum of distinct positive divisors of m. This theory has recently
received attention for some unexpected similarities with the properties of
primes. We deal with both arithmetical and analytical aspects of the the-
ory. Among other things, we prove the analogue of Goldbach’s conjecture for
practical numbers, showing that every even positive integer can be expressed
as a sum of two practical numbers. This result gives a positive answer to a
conjecture raised in 1984 [30]. Further we give an improvement of the up-
per bound for the gap between consecutive practical numbers: denoting by
{$n}nen the sequence of practical numbers we prove that

§1/2
Sn+1 — Sp <K

(loglog s,,)'/%"

The problem of the asymptotic behaviour of practical numbers has been
recently the object of deep studies by Tenenbaum [50], [51], and Saias [41]:
denoting by P(x) the counting function of practical numbers, for suitable
positive constants ¢; and ¢, one has:

<P(.Z‘)<CQ

“ log x logx’
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We solve another problem raised in [30], by proving that there exist in-
finitely many triplets of practical numbers of the form (m—2, m, m+2). We
conjecture that there exist infinitely many 5-tuples of practical numbers of
the form (m —6, m —2, m, m+2, m+6). In Chapter 2 we discuss this con-
jecture, and reduce it to a very reasonable, although unproved, Diophantine
property of a certain pair of integer sequences.

In Chapter 3 we survey some questions about sum-free sequences, i.e.,
those increasing sequences of positive integers such that no term of the se-
quence is a sum of smaller terms. Erdés asked [14] how dense a sum-free
sequence can be. He also asked for sum-free sequences {ny}reny “without
gaps”, i.e., such that ngy1/ny — 1. We explicitly provide such a sequence.
Further we prove that there exists a sum-free sequence {ny }xen which simul-
taneously is without gaps, and gives an improvement on the best previously
known estimate of density, i.e. we get n, < k3¢,

Chapter 4 is devoted to the theory of modular forms. It contains basic
tools of the theory as well as some non-standard constructions of modular
forms and functions. Further we give some examples of congruence subgroups
and their generators. This chapter contains several details that, although
largely implicit in the literature, we have been unable to quote by precise
references.

In order to prove certain arithmetical identities involving sum-of-divisors
functions, in Chapter 5 we use the basic tools developed in Chapter 4. It is
interesting to remark that in a special case our method yields a well-known
formula of Ramanujan. However our other identities, except for the above
mentioned Ramanujan’s formula, are new: for example, for every n =2 mod 3
we prove the formula

> oi(k)oi(n—k) = §Ug(n),

k
1

= 1
=1
k=1mod3

where o,(n) is the sum of the r-th powers of the positive divisors of n.

September 1997 GIUSEPPE MELFI
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Notation

=>"d"
dln

the number of practical numbers < x
n-th Fibonacci number

n-th Lucas number

i-th prefix of a positive integer

i-th termination of a positive integer

cyclotomic polynomial for e?7/¢

= Z 1

p<z
p,p+2 primes

= Z 1

m<z
m,m+2 practical

fundamental Lucas sequence

companion Lucas sequence

homogeneous cyclotomic polynomial for e>7/4
number of distinct prime factors of n

Euler totient function

k-th prime number

k-th practical number

= 9 Fi(a, b; ¢, z); Gauss hypergeometric series
Pochhammer symbol

SL(2,7Z); full modular group

upper half-plane of C
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Chapter 1

Practical numbers

1.1 Introduction

In this chapter we deal with a recent topic in elementary number theory,
namely the theory of practical numbers. As extensively stated in [31], some
properties of practical numbers appear to be close to those of primes, al-
though practical numbers are defined in a completely different manner. For
example, it is remarkable that at first sight the list of practical numbers
shows some irregularities of distribution which resemble those of primes, and
that practical numbers appear to become less frequent as the list flows.

Definition 1 A positive integer m 1is said to be practical if every n with
1 <n<misasum of distinct positive divisors of m.

This definition is due to Srinivasan, who also pointed out the first prop-
erties of practical numbers in 1948 in his short note [48]. After him, sev-
eral authors dealt with various aspects of the theory of practical numbers.
Erdés [13] in 1950 announced that practical numbers have zero asymptotic
density. Stewart [49] proved the following structure theorem (see also Theo-
rem 1): an integer m > 2, m = ¢ ¢5? - - qo*, with primes ¢; < g2 < - -+ < gy
and integers a; > 1, is practical if and only if ¢; = 2 and, for7=2,3,...,k,

¢ <olggy® - qy") + 1
where o(n) denotes the sum of the positive divisors of n.

11
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Let P(z) be the counting function of practical numbers:

P(z) = Z 1.

m<z
m practical

Hausman and Shapiro [23] showed in 1984 that

X

Ple) < (log x)8

for any § < 3(1 —1/log2)? ~ 0.0979. Margenstern ([30], [31]) proved that

T

P(x) > .
(@) exp {2101g2 (loglog x)? + 3loglog x}

Tenenbaum ([50], [51]) improved the above upper and lower bounds as fol-
lows:

(loglog z)**~¢ <. P(x) < 1 loglog x logloglog x.
x

log = og
Very recently Saias [41] improved the above estimates by providing upper

and lower bounds of Chebishev’s type:

P L

<P(.’I?)<CQ

c
! log log

for suitable positive constants ¢; and c¢y. This is in accordance with the
conjectured asymptotic behaviour:

Conjecture 1 (Margenstern) There exists a constant A such that:

X

P(z) ~ A .
(%) log

Margenstern’s computations suggest A ~ 1.341.
The author [33] recently proved two Goldbach-type conjectures for prac-
tical numbers first stated in [30]:

1. Every even positive integer is a sum of two practical numbers;
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2. There exist infinitely many practical numbers m such that m — 2
and m + 2 are also practical.

The purpose of this chapter is to survey some of the above results and to
give some new contributions to the theory of practical numbers. Many parts
of this chapter appeared in two papers of the author [33] and [34].

Sierpinski [45] and Stewart [49] independently remarked that a positive
integer m is practical if and only if every integer n with 1 < n < o(m) is a
sum of distinct positive divisors of m. Here we give an alternative proof of
this equivalence.

We also give an improved version of [33, Lemma 2|, which yields a slightly
simpler proof of the Goldbach-type result (1.) mentioned above.

As a development of the result (2.) mentioned above, we shall discuss
a new problem about the 5-tuples of practical numbers of the type m — 6,
m — 2, m, m + 2, m + 6: we shall justify our conjecture which states that
there exist infinitely many such 5-tuples.

We study the gap between consecutive practical numbers, improving upon
a result of Hausman and Shapiro [23].

Finally we prove that some binary recurrence sequences, including the
classical sequences of Fibonacci, Lucas and Pell, contain infinitely many prac-
tical numbers. We incidentally note that it is unknown whether the Fibonacci
sequence {1,1,2,3,5,...} and the Lucas sequence {1,3,4,7,11,...} contain
infinitely many prime numbers. Dubner and Keller [12] announced the pri-
mality of some “titanic” (i.e., having more than 1000 digits) Fibonacci and
Lucas numbers, such as Fy311, Frss7, Lisaag, Lrrar, Lsgsi, Laros, Lazsr.

1.2 An arithmetical result

In this section we give an equivalent definition of practical number. We begin
with the following lemma:

Lemma 1 Let m be a positive integer, and let dy =1 <dy <---<d, =m
be the positive divisors of m. Let dy be the least divisor such that dp > /m.
Then d] +d2+"'+dh,] +1 Sm
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Proof. The lemma is true for m = 1,2,3,4. Let m > 4; since d,_; < /m
we have

di+dy+-+dy 1 +1 < T+243++[Vm]+1

_ [\/ﬁ]([\gﬁ] +1

1
< Vmym+l)
2
< m.
L]
Lemma 2 (Margenstern) Let m be a positive integer, and let dy,. .., dp,

..., dy be as in Lemma 1. Then m is such that every n with 1 < n < o(m) is
a sum of distinct positive divisors of m, if and only if dj, < dy+---+d;+1
for every j=1,..., h—1.

Proof. For the proof see Margenstern’s paper [31]. O

Proposition 1 A positive integer m is practical if and only if every n with
1 < n < oa(m) is a sum of distinct positive divisors of m.

Proof. Since o(m) > m, if m is such that every n with 1 <n < o(m) is a
sum of distinct positive divisors of m, a fortiori m is a practical number.
Let m be practical, i.e., every n with 1 < n < m is a sum of distinct
positive divisors of m. Let dy,...,dy,...,d, be as in the preceding lemmas.
For any j satisfying 1 < j < h—1 we have d;+---+d;+1 < m by Lemma 1.
Hence d; + ---+d; + 1 is a sum of distinct divisors of m, of which at least
one must be > d;;;. It follows that d;., < dy +--- 4+ d; + 1, whence, by
Lemma 2, every n with 1 < n < ¢g(m) is a sum of distinct positive divisors
of m. O
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1.3 The structure theorem of Stewart

In this section we shall prove a structure theorem for practical numbers. As
we shall see, it will be very useful for proving our further results on practical
numbers. Notations and definitions in this section are due to Margenstern
([30], [31]), who extensively studied algebraic and arithmetical properties of
practical numbers.

Definition 2 Let a, b two positive integers. We say that a represents b if b
can be expressed as a sum of distinct positive divisors of a.

Hence m is practical if and only if m represents every positive integer
n < m, or equivalently, by Proposition 1, if and only if m represents every
positive integer n < o(m) .

Definition 3 Let a, b two positive integers. We say that b is within the range
of a if b =1 or if the least prime factor p of b is such that p < o(a) + 1; if
p>o(a)+ 1, then b is said to be outside the range of a.

Definition 4 Let n = ¢"q¢5* ...q.* be a positive integer, with primes 1 <
g < qa < -+ < qx, and positive integers ;. We define Qq, Q1, Qa, ..., Qr as
follows:

Qo =1
627262771(]10/7 ’fOTiZI,Q,... Jk‘

FEvery Q; is called a prefic of n. One has 1 = Qg < Q1 < -+ < Qp = n.
Every integer T; = n/Q); is called a termination of n.

For example if n = 1008 = 21327 the prefixes of n are 1, 16, 144, 1008 and
the terminations 1008,63,7,1. In order to prove the structure theorem we
begin with the following lemma.

Lemma 3 If m is a practical number and p is a prime within the range of
m with (m,p) = 1, then for every integer n, we have that mp™ is a practical
number.
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Proof. We proceed by induction on n. For n = 0 the statement is trivial.
We assume the lemma true for every integer < n and prove that mp"*' is
practical.

Let a be a positive integer with a < o(mp"™'). We now prove that a is a
sum of distinct positive divisors of mp"*!. Suppose that a < o(m)p"*t. We
have a = a;p" "' +r where a; < o(m) and 0 < r < p"*'. Since m is practical
and a; < o(m), a; is a sum of distinct positive divisors of m, hence a;p™*'

is a sum of distinct positive divisors of mp"*!, all multiples of p"*!.

Since
r < p"t' we have r = Y7_, rp® with 0 < 7, < p. Since p is within the range
of m, rj, is a sum of distinct positive divisors of m. Hence ryp* is a sum of

1

distinct positive divisors of mp™*! which are multiples of p*, but of no higher

power of p. For any integer k, the divisors of r,p* are distinct and different

n+1 "+l can be expressed as a

from the divisors of a;p"*!, hence if a < o(m)p
sum of distinct positive divisors of m.

Now suppose that o(m)p"™! < a < o(mp"*™'). We have a = o(m)p"*! +b,
and since (m,p) = 1 we also have o(mp"*') = o(m)o(p"*'). Since o(p"*') =
p"t 4+ a(p"), we have 1 < b < o(mp™). By induction, b is a sum of distinct
positive divisors of mp” which are at most multiples of p", and therefore

n—+1

different from the divisors of mp"*! which are multiples of p"*!. Hence m is

practical. [

Theorem 1 (B. M. Stewart) A positive integer m is practical if and only

if each termination is in the range of the corresponding prefiz. In other words,
[e97]

if m=q"¢3*---q,"* is a practical number and m > 1, then ¢, =2 and

;1

¢ <o(gg?-qi7) + 1
fori=2,3,... k.

Proof. Note that 1 is practical and that 2 is the only prime within the range
of 1. Hence we assume that m > 2.

The condition is necessary: let m = ¢i"¢5> - -qi*; let 1 = Qo < Q1 <
-+ < Qg be the prefixes of m. Suppose that a termination of m is outside the
range of the corresponding prefix. There exists an index r < k — 1, ¢, >
(@) + 1. Hence m does not represent o(Q,) + 1. Every sum containing a
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divisor divisible by g, with h > r + 1 is greater than ¢(Q,) + 1; but the sum
of the divisors with the prime factors gy, ¢qs, ... , ¢, is less than o(Q),).

The condition is sufficient: we proceed by finite induction. In fact 1 is
practical. Since ¢, is within the range of 1, one has that (), is practical by the
preceding lemma. By induction, @, is practical (r < k — 1) and since ¢, is
within the range of )., by the preceding lemma @), is practical. Therefore
Q, with r =1,2,...,k is practical. In particular m = @)}, is practical. O]

As a simple application of the preceding theorem, we now find a remark-
able property of practical numbers as values a of suitable polynomial of degree
2 (see Proposition 2 below).

It is unknown whether the polynomial p(z) = 22 + 1 has infinitely many
prime values [6]. The following proposition shows that p(z) has only two
practical values.

Proposition 2 The polynomial p(x) = x? + 1 has practical values only for
integers © = —1,0 and 1.

Proof. Since every practical number greater than 1 is even, if p(z) > 1 is
practical for a suitable integer x, then z is odd. On the other hand 22 +1 =
2 mod 4 for every odd integer # and 2? +1 # 0 mod 3. Hence a factorization
of p(z) with |z| > 1 must be of the form

1 =2¢M g

with primes ¢; < --- < q;, ¢1 > 5, and positive integers a;. Therefore by the
preceding theorem x? + 1 is not practical. O

Remark. Notice that 22+ 1 is irreducible in Z[z]. As we shall see in the next
chapter, there are many polynomials highly reducible in Z[z| (e.g. certain
products of cyclotomic polynomials) that contain infinitely many practical
numbers.

With the same argument of the above proposition one can prove that the
polynomial q(z) = 22 — 2 has practical values only for integers z = —2 and 2.
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1.4 The Goldbach problem for practical num-
bers

In this section we prove that every even positive integer is a sum of two
practical numbers.

Lemma 4 If m is a practical number and n is an integer such that 1 < n <
o(m) + 1, then mn is a practical number. In particular, for 1 < n < 2m,

mn 18 practical.

Proof. The first assertion easily follows from Stewart’s structure theorem;
see also [30, p. 6]. Since m — 1 is a sum of distinct positive divisors of m, we
have m + (m — 1) < o(m), i.e., 2m < o(m) + 1, and this proves the second
assertion. 0

Lemma 5 Ifm and m+2 are two practical numbers, then every even integer
2n with %m:z <2n < %m:z 15 a sum of two practical numbers.

Proof. We split up the interval [%m:z, %mﬂ into the union of five subinter-

vals:
(i) [3m? m?|
(i) [m? m? + 2m];
(iii) |m? + 2m, 2m?];
(iv) |2m? 3m?;
(v) ]3m2, %m:z] .

1
2
is 2, which is a sum of two practical numbers (2 = 1+ 1). Suppose m > 2

(i) If m = 2, the only even number contained in the interval [ m?, mQ[

and let 2n € [%mQ, mQ[. If 2n = tm? or 2n = fm? 4+ m, we use the
decompositions
lm2 —m<1m1> +m
2 2 ’
1m2+m—m<1m1) + 2m.
2 2
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Otherwise we can represent 2n as %m2 + km + 27 with 0 < k < %m, 1<
j < im, (k,j) # (0,3m) . Then

1 1
2n:§m2+km+2j:m<§m+k‘—j> —i—(m—|—2)j-

By Lemma 4, 2n is a sum of two practical numbers.
(ii)) We have

5 M m
m- = —m-+ —m,
2 2

m® +2m =m + (m + 1)m,

and for 1<k <m —1

m? 4+ 2m — 2k = km + (m — k)(m + 2),

whence, by Lemma 4, every 2n satisfying m? < 2n < m? + 2m is a sum of
two practical numbers.

(iii) Every 2n satisfying m? + 2m < 2n < 2m? can be obviously repre-
sented as 2m? — 2mh — 2j for 0 < h < 2 —2and 0 <j <m — 1. Therefore

2n =2m? — 2mh — 2j = (m — 2(h+ 1) + j)m + (m — j)(m + 2),

whence, again by Lemma 4, 2n is a sum of two practical numbers.
(iv) Let now 2m? < 2n < 3m?. We can represent 2n as 2m? + 2mh + 2
for 0 <h <% —Tand1<j<m. Wehave

2n =2m* +2mh+2j = (m+2(h — 1) — j)m+ (m + j)(m + 2),

whence, by Lemma 4, 2n is a sum of two practical numbers, except for four
exceptional cases which we deal with as follows:

2m* +2m — 4 = (m +2)m + (m — 2)(m + 2)

2m* +2m — 2= (m+ 1)m+ (m — 1)(m + 2)
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2m? +2m = m - m + m(m + 2)

2m* + 4m = m(m + 2) + m(m + 2).

(v) If m = 2, the only even number contained in the interval ]3m2, %mz}
is 14, which is a sum of two practical numbers (14 = 6 + 8). Suppose m > 2
and let 2n € ]3m2, %mQ] . We can represent 2n as +m? — km + 2j with

2
1<k<im, 1<j<3im. Then

7 3
Qn:§m2—km—|—2j:m(2m—/€—.7—3)+(m+2) <§m—|—j>,

which is a sum of two practical numbers by Lemma 4. ]

Theorem 2 FEvery even positive integer is a sum of two practical numbers.

Proof. Since (2,4), (4,6), (6,8) are pairs of twin practical numbers, by
Lemma 5 every 2n < 126 is a sum of two practical numbers. Suppose we
have a sequence {m, },en such that

(i) m; = 16
and for every n

(ii) m,, is practical

(iii) m,, + 2 is practical

(iv) 1 < Mypgr /i < V7.

Since, by (iv), the intervals [%mfl, %mi} and [%miH, %mflJr]} overlap, every
even positive integer 2n > 128 is a sum of two practical numbers by Lemma 5.
We shall construct a sequence {m,, },en satisfying (i), (ii), (iii) and a condition
slightly stronger than (iv), i.e., 1 < my,,1/m, < 2.

Let Sy = {16, 30, 54, 88, 160}. For every r € Sy, r and r+2 are practical
numbers. Denote Sy = {ro1, 702,..., ros} With roy < rga < -+ < 795
Note that r; < 2rg; 1 (i = 2,3,4,5) and ro5 = %7“3’1 +2rg;. Let hg =5
and, for k =1,2,..., define

— 1.2 2
Sk = {57",97177: + 27"]9,]71‘ s rkfl,i + 3’rk7],i

i:1,2,...,hk,1}

= {Tk,n Tk2y Tk,hk}
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with 751 < 149 < -+ < 1 p,. Further let S = Up2, Sk. If we write S =
{mn}nen, with m, < m,,; for every n, one can see that this sequence
satisfies (i), (ii), (iii) and m,41 < 2m,. The proof of this is similar to the
argument given in [33, Theorem 1].

We have already checked this for the set Sy. Since r? + 3r = r(r + 3),
r?4+3r4+2 = (r+2)(r+1), 3r24+2r = r(3r+2), 3r?2+2r+2 = (r+2) (37 +1),
(ii) and (iii) hold for every set Sy by induction.

We now show, by induction on k, that ry,; < 2r,;_, for all £ > 0 and
t=2,3,..., hy. This is true for k = 0. Assuming that r;; < 2ry,_; for some k
and [ = 2,3,..., hy, we have, for any fixed 7 > 2, either ry4,,; = %T%7j+2Tk"j or
Thiti = oy + 37k for some j > 2 or 1 > 1 respectively. If rpyy; = 77 ;4 3k,
then

2 3
Tetti o Tkl + 3k 9 1+ Nl _ g
= T2 - e 4
Thkt1,i—1 3Tk T 2Tk, 14+ o
Ifris, = %r,%yj + 2ry, 5, then either
1, 1,
2. _rk,jfl + 27"k,j,] > _Tk,j + 27"]97_7',
2 2
whence ]
2
Tht1,i 3Tk T 2Tk,j
= 1 2 )
Tk4+1,i—1 9Tk j—1 + 2151
or
2
2 <—rk7j1 + 27“,67_7-]) < STyt 21y 4,
whence

2 1 L2
Tkj—1 + Srk,jfl <2- <§rk,jl + 27"k,j1> < ETk,j + 27"]9,]’;

which implies that

1,2 . 2 . 1 2
Tkl 3Tk T 2Tk, 2ri i+ A1 . R <9
=~ 2 o 3
Thttio1 Tigo1 T3k Tijq + 30k L+

by the inductive assumption. This proves that m,,, < 2m,,, provided that
Mpt1 = T for some k > 0 and 7 > 2. To complete the proof of the theorem,
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_ _ 1,2
we must prove that my, 1 < 2m, when m, 1 = rg1 = 5ri; + 271 for
some k > 1. In this case we show, by induction on k, that

2
Tka = 57“]{71’1 + 27"]9,17] S Sk,].

This is true for £ = 1 since ry; = 7“(2)’1 + 2191 = 1o p, € Sp. Assuming that
Ti1 € Sk—1 for some k, we have, by definition of Sk,

1
Tk+]7] = 57",%71 + 2Tk,] S Sk.

This shows that r,; = r,_;; for some 7 > 2. Hence, by the previous argu-
ment, My, 1 = g1 = Tp_1,; < 2my,. [

1.5 Gaps between practical numbers

Here we give an estimate of the gap between consecutive practical numbers.
The same problem for primes has been extensively studied. If {p, },en is the
sequence of primes, Baker and Harman [3] recently proved that

Pn+1 — Pn < p2'535=

the exponent 0.535 being of course replaced by % + £ under the Riemann
Hypothesis. If {s, },en is the sequence of practical numbers, Hausman and
Shapiro [23] proved that

Spnt1 — Sp < 2,9}1/2.

We can improve this inequality as follows:

4e=% where v is the Euler-Mascheroni constant. For any sufficiently large

n we have

§1/2
Sna1 — Sp < A n

(loglog s,,)'/%"
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Proof. Let § > 0 and ¢ < ¢” be such that 4¢"/2(1 +6)(1 — §)7"/2 < A. Let
Ni. = [p<c p*, where p denotes a prime. By [22, §22.9] we have

o(Ny)

B S, VA 1.1
s Ni. loglog N, ‘ (1.1)

For every k, let m(*) be any integer such that Ny_;[m®), m®|N,. It is
easy to see, by induction on k, that N, is practical for all & > 1, and if
k > 3 then m® is also practical. To prove this, note that N; = 2 and
Ny = 2%2.3%2.52.72 are practical, and m(k)/Nk,] is a product of primes not
exceeding e*. Since ef < 2N, 4 for k > 3, m®*) and hence N, are practical
by repeated application of Lemma 4.

Since n|m easily implies o(n)/n < o(m)/m, we get

oNey)  _o(m®) ey
N; 1 loglog Ny — m®) loglogm®) — N loglog Nj 1

Clearly
loglog Ny 1 ~ loglog N,

a(m(’“))
lim =e7.
k—o0 mk) loglog m(*)

whence, by (1.1),

Thus there exists an integer ky such that for any k > kg

o(m
min _olm) > c. (1.2)
v M loglog m
m|Ny
Let s, be a practical number such that s, > cN,f0 loglog Ni, and let x be the
least positive integer such that
Sn

N, > ———.
~ ¢ N, loglog N,

Further, let
m® =N, <mi <. < m(f‘) = N,
be all the integers satisfying N,_1|m!™”, m"™|N,., and let v be such that

Sn

(k)
m," < (1.3)
cmi) loglog mi
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and

Sn

My > —s R (1.4)

cm, )y loglogm,

Let ¥ and 7 be defined by m,(,”“) = YN, 1, N. = Tm,(f). Clearly 7 > 1. Let
p" be the least prime factor of 7, and let p' be the greatest prime < p” (if
p" = 2, we let p' = 1). By Bertrand’s postulate we have p” < 2p’. Since
N, = 917N, _1, we have

797’ = ( H p) ( H pK) ’
p<ent ) \en—i<p<en

whence p'|97, p'|d, and p'|m{%). Therefore

m) 9
p” . I/’ — i _I . NKI? 1
p p

(8) — o .
Ne=1mm;” =p o D p
is a multiple of p"m{%)/p'. Hence
" m(uﬁ) _ (k)
p - » =m,

for some i > v, since p"” > p'. It follows that

:

p

")
m{), < p’ T < o), (1.5)

v

Let ¢ = I:Sﬂ/m(yffl}]] + 1. By (1.2) and (1.4) we have

qg < S(Z) +1
my+]
< em® logl (£) 41
< cm,, loglogm,, +
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whence, by Lemma 4, r = ¢ m(yi)] is a practical number. Further

I () Sn
r Sp = My, {4 ")
mu—l—l

whence, by (1.3) and (1.5),

+1)—sn>0,

Sn4+1 — Sn S T — Sp

_ (%) Sn
m,y

Sn
<

el loglog my

For any € > 0 and any sufficiently large n we have, by (1.3), (1.4) and (1.5),

(k) 2 Sn e

m > > (1.6)
cloglogm,,,
and
(k)
m, Sn
Sapt a2 ")
my’  cm, ) loglogmy
1/2
cl/? (loglog m,(fgl) / Sn
N sal? cloglog m{”
5172
< 4¢P (14 6) n : (1.7)

(k

(loglog my )) i

Since, by (1.5) and (1.6),

m®) — m(uﬁ) (H)] > 15(1’5)/2,
v (,{) v+ 9 n
v+1

we get

1—¢

loglog m®) > log ( log s,, — log 2) > (1 —9) loglog s,,

whence, by (1.7),
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1/2
Sy

ntl — Sp < A——-—-T— .
TS M loglog s,) 12

Remark. By Gronwall’s theorem [22, Theorem 323] we have

_ o(n)
limsup ——— =c¢
n—oc 1 loglogn

v

which justifies the choice of the sequence Ny in our proof of the theorem.

1.6 Binary recurrence sequences

Let P and @ be non-zero integers; a pair of Lucas sequences {u,(P,Q)},
{vn(P,Q)} is a pair of binary recurrence sequences defined as

((u(P,Q) =0
w(P,Q) =1

\ un(PaQ) :Punfl(P7Q>_Qun72(P;Q) fOI”I’LZQ

and )
v(P,Q) =2

UI(PJQ) =P

L (P, Q) = Pv, 1(P,Q) — Quy, (P, Q) forn > 2.

The sequence {u,(P,Q)} is also called a fundamental Lucas sequence
and {v,(P,Q)} its companion sequence.
Suppose P%2 —4Q # 0 and let o, 3 be the distinct roots of the polynomial

22 — Pz + Q.

We have
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and
(P, Q) = o™ + 3"

Using a shorter notation, we shall write u,, and v, instead of u,(P, Q) and
vn (P, Q). For (P,Q) = (1,—1), u, and v, are the sequence of Fibonacci num-
bers and the sequence of Lucas numbers, respectively; for (P, Q) = (2, —1),
up is the sequence of Pell numbers [39, p. 56].

Theorem 4 Let {u,(P,Q)} be a fundamental Lucas sequence. If P? —
4Q) > 0 and PQ + P is even, then the sequence {|u,(P,Q)|} contains in-
finitely many practical numbers.

Proof. We shall prove that, for sufficiently large k, |us.or| is a practical
number. Let {v,} be the companion sequence of {u,}. Since uy,, = U0,
for every m, we have, for k > 0,

k-1
Uz.9k = U3 - H V3.9h.
h=0
Also, P? —4Q > 0 implies uz3 = P? — @ > 0. Note that v3 = P(P? — 3Q),
whence sgnwv; = sgn P. Since P? — 4Q > 0, we have «, 3 € R, whence
v, = o™ + A" is positive for n even. Therefore

k—1
[ugon] = ug|vs| - [] vson-
h=1
Since PQ) + P is even, vs,, is even for all m. Denoting v}, = v3,,/2, we have

k—1
|ug.or| = 28 uz [v5] - T vhon-
h=1
Let 2871 > max{us, 03]}, and define u} = 2% ug [y - [T w4 yn. We show, by
induction on j, that uj is practical for y = 1,...,k. For j = 1 this follows
from Lemma 4 applied twice, since 2¥ is practical and wus, [v5] < 251, Let
1 <j <k -1, and assume that v} is practical. We have

wh =257 Jug.o
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and
u;’+1 = u;‘ Vg9 »
where
Vs.gy = %U&zi = % (an + ﬁ2j) (a2j+] B ﬁgm) .
Note that
o? + ﬁzj = Vgj
and

2j+1

i OszﬁQj + 52.7‘+1 — Vg1 — ng
are positive integers (not both odd). In order to prove that uy,q is practical,
by Lemma 4 applied twice it suffices to show that

M = max {aQ‘i + ﬂzi, o2t a? ﬁy + ﬁQHI} < uj.
Since v +y < ax? —zy+y?+1 for all z,y € R, we have
M < o' —a?p? + 577 41
= UV9j+1 — QQj + 1
< g + Q¥

— OAQH—l + ag.iﬁgj + 52]'4-1.
From P? —4Q > 0 and P = a+ 8 # 0 it follows that o # 3. Therefore

(J(Qj - ﬁQj

U9 = W 7£ 0,
i.e., |ug| > 1. Hence

M < |uyl (azH-l n agjﬂg.i n 62]41)

a3-2f - 53-21'

a—f

*

= Jugos| < 2877 |uga| = uj
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Theorem 5 Let {v,(P,Q)} be a companion Lucas sequence with Q = —1
and P > 0. If there exists a positive integer t such that vss is practical, then
{vn} contains infinitely many practical numbers.

Proof. We shall prove by induction that, for every k > 0, v3k35, is practical.
For k = 0 this is true by assumption. Suppose that wvsrss, is practical for
some k. Since v,, = o™ + ", where a and (§ are the roots of the polynomial
2? — Pz + Q, we have

_ 3k70t 3k35¢ H3%35¢ 3k70t
Usk+135; — Usk3nt (Oé — ﬁ + ﬁ .

Define
22D dg(y /) ifz#0
y?Dpa(z/y) if y # 0,

where ¢, is the d-th cyclotomic polynomial and ¢ is the Euler totient func-
tion. Note that 29 W ¢,(y/x) = y?Ddg(z/y) if x # 0 and y # 0.
Since @™ — 2%y + ¢ = Og(x, y) P3o(2, y) Pas(v,y) Paro(,y), we have

Vsit1gs; = VUghas; P (G{Skt’ 53’%) By (O{3kt’ 53’%) Dy (O{3kt’ 53’%) @2]0((13%’ 63’%).
Note that, since () = —1,
g (agktaﬁgkt> = Ugky — (—1)'
P39 ((13kta ﬁ3kt> = vgrgy + (1) vgrer — (— 1) vgrgy — 1
Dy ((13kt, ﬁ3kt> = ko + (—1) v3k10 — (—1) 0306, — varar + 1
D919 (063kt, 53kt) = Vgkag — (—1) Vska6 + Vskaar + (—1) V3380 — Vskze
+2(—1) w3540 — Vsksar + (1) v3rg00 + Vgkony
—(=1)"vsk99y + vsroor — (1) V3r18¢ + U3kt

—(= 1) vgr1ay — vgrgy — vgeay — 1.
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Since P > 0 and ) = —1, for every n > 0 we have v, < v,,1, whence

k k
0 < 7)3k2t - ]_ S @6 ((){3 t, /83 t) S '1)3k2t + 1 < ,1)31"35151
k k
0 < wgrgy — Uzkgy + Ugkgy — 1 < Py (0/2 L B? t) < Wgkgy + Ugker < Uskass
k k
0 < ki — Ugkior + Ugkge — Ugkay < Dao ((13 L B° t) < Ugkigy + Ugkigp 1

< '1)3k35t.

Since vzk+135;, Vskzsy, Po (0/2 '3 t)a D30 (0/2 R t), D, (0/2 R t) are pos-
itive integers, we have @210(043 t 33 t) > 0, and it is easy to show that

Dy10 (a:"kt, ﬁ?’kt) < 203k48;- By Lemma 4, we have that

_ 3kt 3kt 3kt 3kt 3kt 3kt
m—UBkBSthG(a , B )(I>30(a , B Py’ ’, B

is a practical number. Since vsky135, = m®210(a3kt,ﬁ3kt>, to complete the
proof it suffices to show that 2vsr.g; < 2m, and this can be proved by straight-
forward and tedious calculations that we omit. [

The Fibonacci sequence {u,(1, 1)} and the Pell sequence {u,(2, 1)}
satisfy the assumptions of Theorem 4. Since Lggg = v35.158(1, —1) is a prac-
tical number, the Lucas sequence {v,(1, —1)} satisfies the assumptions of
Theorem 5. Therefore there exist infinitely many practical Fibonacci, Pell
and Lucas numbers.

It is interesting to note that the first practical Fibonacci numbers are
F3, Fg, Fio, Foy, Fso, Fzg, Fue, Fig, which, except for F3, have practical
subscripts. It is well known that every prime Fibonacci number, except for
Fy, has a prime subscript [22, Theorem 179, p. 148 150], but there exist
some practical Fibonacci numbers with non-practical subscripts. The least
such number is Fyy. In fact, 444 = 22 -3 - 37 is not practical, but

Fug = 2%-3%2-73-149- 443 - 2221 - 4441 - 11987 - 1121101 - 54018521
-55927129 - 6870470209 - 8336942267 - 81143477963
-1459000305513721

is a practical number.
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1.7 Experimental results and tables

In Fig. 1.1 one can see a graphical representation of P(z) for z < 6000. The
numerical data in this range support Margenstern’s conjecture

X

P(z) ~ A

log =

with \ ~ 1.341.

P(X)

&

18

18

1000 2000 2000 4000 000 6000

Fig. 1.1 The behavior of P(x)

In Fig. 1.2 there is a comparison between certain low values of P(x) (circled)
and the function A\z/logz (dotted).

° PK

log x

o X

100 20 20 400 50 600

Fig. 1.2. A comparison with the conjecture

The following is a short table of practical numbers:
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1 1 156 | 348 | 552 784 | 1020 | 1254 | 1484
2 2 | 160 | 352 | 558 792 | 1024 | 1260 | 1488
3 4 | 162 | 360 | 560 798 | 1026 | 1272 | 1496
4 6 | 168 | 364 | 570 800 | 1032 | 1280 | 1500
5 8 | 176 | 368 | 576 810 | 1036 | 1288 | 1504
6 12 | 180 | 378 | 580 812 | 1040 | 1290 | 1512
7 16 | 192 | 380 | 588 816 | 1044 | 1296 | 1518
8 18 | 196 | 384 | 594 820 | 1050 | 1300 | 1520
9 20 | 198 | 390 | 600 828 | 1056 | 1302 | 1530
10 24 | 200 | 392 | 608 832 | 1064 | 1312 | 1536
11 28 | 204 | 396 | 612 840 | 1080 | 1316 | 1540
12 30 | 208 | 400 | 616 858 | 1088 | 1320 | 1548
13 32 | 210 | 408 | 620 860 | 1092 | 1326 | 1554
14 36 | 216 | 414 | 624 864 | 1100 | 1332 | 1560
15 40 | 220 | 416 | 630 868 | 1104 | 1344 | 1566
16 42 | 224 | 420 | 640 870 | 1110 | 1350 | 1568
17 48 | 228 | 432 | 644 880 | 1116 | 1352 | 1584
18 54 | 234 | 440 | 648 882 | 1120 | 1360 | 1590
19 56 | 240 | 448 | 660 888 | 1122 | 1368 | 1596
20 60 | 252 | 450 | 666 896 | 1128 | 1372 | 1600
21 64 | 256 | 456 | 672 900 | 1134 | 1376 | 1620
22 66 | 260 | 460 | 680 912 | 1140 | 1380 | 1624
23 72 | 264 | 462 | 684 918 | 1144 | 1386 | 1632
24 78 | 270 | 464 | 690 920 | 1148 | 1392 | 1638

25 80 | 272 | 468 | 696 924 | 1152 | 1400 | 1640
26 84 | 276 | 476 | 700 928 | 1160 | 1404 | 1650
27 88 | 280 | 480 | 702 930 | 1170 | 1408 | 1656
28 90 | 288 | 486 | 704 936 | 1176 | 1410 | 1664
29 96 | 294 | 496 | 714 952 | 1184 | 1416 | 1672
30 100 | 300 | 500 | 720 960 | 1188 | 1428 | 1674
31 104 | 304 | 504 | 726 966 | 1200 | 1440 | 1680
32 108 | 306 | 510 | 728 968 | 1204 | 1452 | 1692
33 112 | 308 | 512 | 736 972 | 1216 | 1456 | 1696
34 120 | 312 | 520 | 740 980 | 1218 | 1458 | 1700
35 126 | 320 | 522 | 744 984 | 1224 | 1464 | 1710
36 128 | 324 | 528 | 750 990 | 1230 | 1470 | 1716
37 132 | 330 | 532 | 756 992 | 1232 | 1472 | 1720
38 140 | 336 | 540 | 760 | 1000 | 1240 | 1476 | 1722
39 144 | 340 | 544 | 768 | 1008 | 1242 | 1480 | 1728
40 150 | 342 | 546 | 780 | 1014 | 1248 | 1482 | 1736

Tab. 1.1 A short list of practical numbers.

In [31], among other things one can find further interesting remarks as well
as several conjectures related to the experimental data, altogether supporting
the similarity between the distribution properties of practical numbers and
those of primes.



Chapter 2

Triplets and k-tuples of twin
practical numbers

As we saw in the proof of Theorem 2, there exist infinitely many pairs (m, m+
2) of twin practical numbers (see also [31, Théoreme 6] for a more general
result), although it looks difficult to estimate the asymptotic behaviour of
their counting function. In the proof of Theorem 2 we constructed a sequence
{mn}nen of practical numbers such that m, + 2 is also practical for every
n, and such that m,.1/m, < 2. In [33] we get a slightly better estimate:
Mpi1/m, < 3/2. Both estimates give
> 1> logu,

m<az
m,m+2 practical

but this estimate is very far from the conjectured behaviour:

Conjecture 2 (Margenstern) Let Py(x) = > 1. For a suitable

m,m~+2 practical

constant \a we have:

P = 1~ Ao
2(1’) ng:z 2(10gaj)2

m,m+2 practical

T

As is well-known, there is an analogous celebrated conjecture of Hardy
and Littlewood [22, Section 22.20, p. 371 373] for my(z), the counting func-
tion of the pairs of twin primes. Notice that the counting function of the
pairs of twin primes has the same conjectural asymptotic behaviour.

33
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Conjecture 3 (Hardy and Littlewood) Letms(z) = > 1. We have

p<z
p,p+2 primes

mla) =2 1~ (2H (1 - (p11)2>> EER

p,p+2 primes

In this chapter we deal with the problem of the existence of k-tuples of
twin practical numbers with £ > 3.

We prove that there exist infinitely many triplets of the form (m — 2, m,
m + 2). Further we conjecture that there exist infinitely many 5-tuples of
the form (m — 6, m — 2, m, m + 2, m + 6). We discuss this conjecture and
reduce it to very reasonable, although unproved, facts.

2.1 'Triplets of twin practical numbers

The following theorem was conjectured in [30] and [31] and first proved in
33].

Theorem 6 There exist infinitely many practical numbers m such that m—2
and m + 2 are also practical.

Proof. We shall prove that, for every non-negative integer k, 2 - 33570 _ 2,
23370 and 2 - 33"70 4 2 are practical numbers.

By Stewart’s structure theorem, 2 33" is obviously practical. We sepa-
rately show, by induction on £, that 2- 3370 _9 and 23370+ 2 are practical.

We have
2.3M0 9 —=9%.112.61-71-547-1093 - 2664097031 - 374857981681

and, by the structure theorem, this is a practical number. Suppose that
2. 3370 _ 9 is practical for some k. Then

9. 33k+1-70 L9 2(33k~70 o 1)(33k-70 - 33k-35 + 1)(33k~70 + 33k-35 + 1)

3k+1.70

whence, by Lemma 4 applied twice, 2 - 3 — 2 is practical.
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We now have
2.3 1 9=92.52.99.1181 - 16493 - 28596961 - 32839661 - 94373861

and, by the structure theorem, this is a practical number. Suppose that
2. 3370 4 2 is practical. Then

2-3"77 42 = 23770+ 1)015(3" ) de0(3” ) 54 (3" ) dano (37

where ¢4(x) is the cyclotomic polynomial for exp(27i/d). Here

¢]2(.’T}) :7}4*3724‘1

boo(r) =210+ — 210 — 28 — 20 422 +1
doa(z) = a2 + a2 — '8 — 216 4212 g8 g6 4 g2 41
Guso(2) = 2% — g9 4 792 L gB6 _ gB {982 B0 | 78 4 T2 0

L8 66 4 g60 62 56 50 a8 44 40 34
L3230 4028 26 4 024 18 016 4 904 12 4 010
4+t — 2?24+ 1.

Applying four times Lemma 4, we see that 2 - 330 4 9 g practical, and
the theorem is proved. O]

As a consequence of the preceding theorem we obtain

Z 1> loglogx |

m—2,m,m+2 practical

very far from the following conjecture of Erdds [15]:

Conjecture 4 There exists a positive constant ¢ such that

1> —.
mzszz (logx)©
m—2,m,m+2 practical



36 CHAPTER 2. TRIPLETS AND k-TUPLES

2.2 4-tuples and 5-tuples: a conjecture

It is shown in [31] that for any even m > 2, one at least of m, m+2, m +4,
m + 6 is not practical. In fact, among four consecutive even positive integers
greater than 2, one at least is # 0 mod 3 and # 0 mod 4, hence is of the form
2¢7 ... qp* with odd primes ¢; < ¢z < -+ < g and ¢, > 5.

On the other hand, explicit computations suggest the following conjec-
ture:

Conjecture 5 There exist infinitely many 5-tuples of practical numbers of
the form (m — 6, m — 2, m, m+ 2, m+ 6).

Here is a short table of the first m’s such that m—6, m—2, m, m+2, m+6
are practical numbers:

18 19 131070
30 20 219102
198 21 226182
306 22 237190
462 23 277506
1482 24 312702
2550 25 359658
4422 26 432822
9 17298 27 526878
10 23322 28 533370
11 23550 29 584166
12 40350 30 659934
13 52578 31 | 1032858
14 67938 32 | 1051650
15 88506 33 | 1140414
16 92202 34 | 1142658
17 96222 35 | 1243170
18 | 123006 36 | 1255422

0~ O Ul W~

Tab. 2.1 The first m’s such that m — 6,m — 2, m, m + 2, m + 6 are practical numbers.

In the remaining part of this chapter we develop some theoretical argu-
ments in support of the above conjecture.

A reasonable attempt to prove the conjecture might be to ask whether
there exist infinitely many n such that 2-3-(3""!' —1), 2- (3" — 1), 2- 3",
2-(3"+1),2-3- (3" 1 +1) are practical numbers: in fact these 5-tuples are
of the form of our conjecture. This approach is similar to the problem of the
triplets that we solved in the preceding theorem.

As a related result, we prove the following proposition:
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Proposition 3 If s, =2-(3"—1), s3=2-3", s, =2- (3" +1) are practical
numbers, andn > 1, then n is even and 16|sq, 18|s3, 20|s4. Further, denoting
s1=2-3-(3"1—1), s5=2-3-(3""1 +1), we have that 12|s;, 24|ss.

Proof. For n = 2 the proposition is true and for n = 3 we have that s, is
not practical. Hence we assume n > 3. Since 3 } s9, then sy = 2%0¢{" ... ¢*
with primes ¢; < gs < --- < g, with ¢; > 5 and positive integers «y, . . ., ay.
Further

3"—1=0mod b5 <= n =0mod4,

3" -1=0mod 7 <= n=0mod 6,
3" -1=2mod 4 <= n=1mod 2.

Hence if n were odd, we would have ag = 2 and ¢; > 11 and by the structure
theorem s, would not be practical. Therefore n is even. In particular 3" —1 =
0 mod 8, i.e., 16|ss.

Trivially that 18]ss.

Since n is even, 3" + 1 = 2 mod 4, hence s; = 2507"151 e rf’l with Gy = 2
and with primes 1 < ry < -+ < 1, with 7 > 5 and positive integers
Bi,..., Bk On the other hand 3% 4+ 1 # 0 mod 7 for any j, and since s, is
practical, we must have r; < 8 and r; # 7, hence r; = 5 and n = 2 mod 4,
so 20]sy4.

Since s; = s3 — 6 and s; = sy — 4, we respectively get 3|s; and 4|sq, i.e.,
12]s;.

Since s; = s3 + 6 and s5 = sy + 8, we respectively get 3|s; and 8|sq, i.e.,
24| s5. O

In particular for every 5-tuple of practical number of the form (m — 6,
m — 2, m, m+ 2, m+ 6) we must have m = 2 mod 4.

2.3 Attacking the conjecture

Here we study some arithmetical questions related to our approach for Con-
jecture 5.

Proposition 4 Let {py}ren be the sequence of primes, and let ny = Hlepi.
For every integer k > 1, the number 2 - (3™ — 1) is a practical number.
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Proof. A direct computation shows that for £ = 1,2,...,10 the statement
is true. We now assume the proposition true for £ > 10, and prove that
2. (3™+1 — 1) is a practical number. Note that nq = ngpgs1, whence

2 (30— 1) =2 (3% 1) T] 9, (9).
By the inductive assumption 2 - (3™ — 1) is a practical number. Note that
for every positive integer n, ¢,(3) is a positive integer (see also (2.1) below).
Further if dp,41 < ny then ¢gp, ., (3) < 3™ — 1. In fact

3t — 1 > 3%k 1 = Papy, (3) H ¢r(3) > Bap,.,, (3).

r\dpk+1
r<dpk+1

Hence we have

2.3 =) =2-3" =1 I a3 I s (3)

d|ny, dny
d<np /P41 d>np/pPr41

and by the inductive assumption and by Stewart’s structure theorem, we
have that 2- (3" —1) ][ Pap,,, (3) is practical. To prove the proposition,

dlng
d<np/Pr41

by iterated applications of Stewart’s structure theorem, we shall prove that
every factor of the form ¢gy,,, (3) with d|ny and d > ny/pr41 is bounded by
a product of suitable ¢y (3)’s with d'|ng; and d' < dpg 1.

By [40], for every integer n > 1 one has

)

where v(n) is the number of distinct prime factors of n and ¢ is the Euler

gv(n)—2 3 gv(n)—1

3¢ < ,(3) < <§> 3¢, (2.1)

totient function. Note that for n = ¢{"'¢3? - - - ¢, with primes ¢; < --- < ¢
and positive integers oy, ...ay one has
£—1 times

o — o « «a
21/(71) 1 _ 2.9...9 S gp(q22)(10(q33) c (;O(QIZ) S So(n)a

hence from (2.1) one easily gets

4
() log 7= < 10g 6, (3) < o(n) log 5.
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Let d|ny, d > ny/pry1 and suppose d # ny. Let | < k such that

max{p,p Xd} = Di-

For 1 <i < k — [ define d; = dp;/pi4s. Obviously d > dy > dy > -+ > di_.
Also

If 4 <<k — 4 one has:

4 4
log 7:Hl Pdipysr (3) > (; Sﬁ(dipkﬂ)) log %

4

=(m-1) (Z

i—1 Pi+i — 1

) ©(dpr41) log %

9
> @(dpk—kl) log 5 > log ¢dﬁk+1 (3)7

hence

4
H ¢dipk+1 (3) > ¢dpk+1 (3)

Ifl >k — 4> 4, we must have d = ny/p,. In fact if d < ny/p;, we would
have d < ny/2p,, and for k > 10 we have 2p; > py41, whence d < ng/pri1, a
contradiction.

Let d} = ny/pg, dy = ny/2pg, dy = ny/3pg, djy = ny/6pg, d = ny/5p,
dg = ny/10pg. Again d > dy > diy > --- > di;. We have:

' ! b — 1
e(diprr1) = o(dypr+1) = - T (dpri),
Qo(dgkar]) = w(d2pk+1) S . ! o(dpgs1),
2(1% - 1)
p(dspri1) = p(dsprir) = u@(dpkﬂ);
‘ ‘ 4(pr — 1)

hence
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6

7pl—1 4
log”qﬁa 3) > = w(dp log —
b ®) 2pp —1 (pi1) V3

9
> Sp(dpkH) log b > log ¢dpk+1 (3)

In particular
6
H ¢d§Pk+1 (3) > ¢dm+1 (3)
i=1

If [ = 3 it is easy to prove that

5
H ¢dipk+1 (3) > ¢dpk+1 (3)
=1

Ifl = 1,2 orif d = n, then d = dpaps...pp with 6 = 1,2.3,6. In
any of these cases it is not difficult to find a suitable number of cyclotomic
polynomials of index d'|dpy1 and d’ < dpy.41 such that their product valuated
at 3 is greater than ¢g,, , (3). O

The preceding proposition suggests the following definition:

Definition 5 Let D = {d;,dy,...,d,} be an ordered finite sequence of posi-
tive integers. For 1 <1 < n we say that d; s admissible for D if

4 9
d;)log — > ¢(d;) log —.
> pld;) 85 o(d;) log

J<i 2

Remark that this definition depends on the arrangement of the elements
of D.

Lemma 6 Let D = {d;,ds,...,d,} be a finite sequence of positive integers
ordered in increasing order. Suppose that d € D is admissible for D. Let
q € N and let D(q) be the set of its divisors. Let D' = D(q) - D ordered in
increasing order. Then qd is admissible for D'.
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Proof. We can assume that ¢ is a prime. Since d is admissible for D there
exist d;,,...,d;, with max{d; } < d such that
) 1<i<es

14

4 9
o(di;) log /3 > p(d) log 5

7j=1

We can assume that (d;;,q) = 1 for j < h and that g|d;; for j > h. We now
take £ + h terms of D’ less than dg as follows: for 1 < j < h we take d;; and
qd;;. Notice that

gp(d77) + @(qdi]‘) = qw(di]‘)'
For j > h we take qd;,. In this case
wladi;) = qe(di;).

Since ¢ is a prime, d;,, d,,, ..., d;,, qd;,, qd;,, ..., qd;, are distinct and less than
qd. Further

<log %) (72[:] p(qdi;) + Eh: w(di]-)) =q (10g %) 212 o(di;)

J=1 J=1

> q <log g) p(d)

> (10g g) ¢(dq)

and this proves the admissibility of dq for D'. O

Lemma 7 Let D = {dy,dy,...,d,} be an ordered finite sequence of positive
integers. Suppose that M - H§:1 ba,(3) is practical and that for j > i d; is
admissible for D. Then

M 6 3)

18 practical.
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Proof. In order to prove this lemma by finite induction, suppose that for
an index h > i the number M - T]"_; ¢4, (3) is practical. We shall prove that
M - H;’;l ¢q,(3) is practical. We have

h+1

M- T 04, (8) = M- T164,(3) - 6u,., 3)

By the structure theorem it suffices to prove that
h

¢dh,+1 (3) <2M H ¢dj (3)
j=1

By (2.1) one has
9
log ¢dh,+1 (3) < So(dh+1) log 5

and since h + 1 > 1, dj 1 is admissible for D. Hence

9
log ¢dh,+1 (3) < So(dh+1) log 5
h

< <log %) > o(d;)

J=1

h
< Z log ¢q, (3)
Jj=1
h
= log H ¢d,,< (3)
j=1

< log (QM ﬁ ¢dj(3))

J=1

and this proves the statement. [
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2.4 Reducing the conjecture to a reasonable

statement

We now define two auxiliary sequences of increasing positive integers, mgf)
and m(?). Let {p,}nen be the increasing sequence of primes (p; = 2) and let

ml — 2
my?) =25
m{) =2.5-11
(e)
m{e) :{ ot
\ ‘ mn;]
and
r mgo) _3
m§“> =37
m{) =3.7-13
(0)
m(o) — My
\ " mflozl

Remark that

and that (m!®), m(?)) = 1 for every n. We can now prove the following

- Pon it m@ < m”, and n >3
“pop—1 if mffL > mgﬁ] and n > 3
*Pon if mﬁ;’l] < m,(fz] and n > 3
pon ifm?, > m and n > 3.
m/e)
lim 2 =1
n—o0 m7(10)

Proposition 5 For every sufficiently large n the numbers

(i)

(ii)

(iii)

are all practical numbers.

(iv)

2.3. (3™ 1)
2. (3m) — 1)

(e)
2. (37 +1)

2.3. (3™ +1)

(2.2)
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Proof. The proof is similar for each of the above four cases. We shall prove
that, for each number (i), (ii), (iii), (iv) and for sufficiently large n, there
exists an arrangement D,, of divisors (respectively divisors of mf{’), divisors
of m{®), divisors of 2m¢) which are not divisors of m(¥), and divisors of 2m/(?)
which are not divisors of m(?)) and a finite set .A C D,,, independent of n and
formed by a suitable number of terms at the beginning of the arrangement
of D,,, with the properties that every term of D,, — A is admissible for D,,.
Since each number (i), (ii), (iii), (iv) is of the form M - [Tyep, ¢a(3) and
M - Tlgea ¢4(3) is practical, by Lemma 7 we achieve the proof.
(i). We have
(0)

2-3-(3™ —1)=2-3- [[ ¢4(3).

d\m&o)
Let
Ai(n) = I ¢a(3)
d\mgLD)
d<23
Bi(n) = [T (3
d\m,&o)

23<d<m ) /3

Ci(n) =, ,(3) - d,,0(3).
We have 2-3 - (3m£{)) — 1) = 2-3A4(n)B;(n)Ci(n). For sufficiently large n,

Ay (n) does not depend on n since

Ar(n) = ¢1(3)$3(3)d7(3) P13(3) P17(3) 21 (3) P23 (3).

Hence for sufficiently large n

2.3A4;(n) = 22-3-13-47-1093-1871 - 34511
368089 - 797161 - 1001523179

which is a practical number by the structure theorem. The next step is to
prove that 2 - 3A4;(n)B;(n) is practical.

For n = 5,6,7,8 one can directly check that every divisor d of m$f> with
17<d< mgl")/?) is admissible for the increasing arrangement of the divisors
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of m(® hence by the preceding lemma 2 - 34,(n)B,(n) is practical. Let
n > 8 and assume that there exists an arrangement D,, of the divisors of
m(") such that every divisor d with 17 < d < m(?) /3 is admissible for D,,. Let
. = m!9p and define the following arrangement D,,,; of the divisors of
1 with D,,.1 D D,,. First we put the ordered finite qequence D,, excluding
m( /3 and m(?); then we put pD,, again excludlng mn+1/3 and m;ll, then

we put the ordered set of the four numbers m(® /3, m, m'), /3 and m!”),.

For the first set of divisors d of m,(lL it is obv10us that every d > 17
is admissible for D, since d is admissible for D,, and D, ; D D,. This
easily implies that for the second set of divisors (See the proof of Lemma 6)
every divisor of mﬁ;’j] of the form dp with d|m(® and d > 17 (in this set
d<m®/3 < mn+1/3) is admissible. If a divisor of this set is of the form dp

with d|mn and d =1,3,7,13 or 17 and n > 8 we have:

<log g) e(dp) < <log g) -16-(p—1)

and in our arrangement every d'|m(?, d' < m(? /3 precedes dp, hence dp is
admissible.

In order to prove the admissibility of all divisors d of mﬁfj] with 17 < d <
mg,oll/B it remains to prove that m(?/3 and m(? are admissible for D, ;.
Since n > 8 we have p > 61, hence p — 1 > 6log %/log ?. This implies that

m(?) | 9 < o(m)1 9 < m{ 1 V3
@ og- < og- < 0g —

i.e., both m{® /3 and m(?) are admissible for D, .

To complete the proof of (i) we now prove that for sufficiently large n

mﬁj’ll/?, and mg’ll are admissible for D,y so by the preceding proposition
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2-3- (3’"5{21 —1) is practical. In fact, since o(m?p) = o(m{9)p), for sufficiently
large n we have:

<log ?) d% p(d) = (log ?) (mﬁi’)p —¢(m'p) — ¢ <m§>p>>

n+1

()
d<mn+1/3

9
> <log 5) o(m{?p)

as required.
(11). We have

Let
As(n) = T[] ¢a(3)

d\mgle)
d<29

BQ(”) = H ¢d(3)

d\mgle)
29<d<m®) /3

Ca(n) = 0,0 ,53) ¢, (3)

hence 2(3m£f) — 1) = 245(n)By(n)Cy(n). For sufficiently large n, Ay(n) does
not depend on n since

Asg(n) = ¢1(3)P2(3) d5(3)P10(3) D11(3) P19(3) P22(3) P29 (3).
Hence for sufficiently large n

2A5(n) = 2'-112.23-59-61-67- 6611597 - 3851 - 28537
-363889 - 20381027

which is a practical number by the structure theorem. The remaining part
of Case (ii) is similar to Case ().
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(7i7). We have
(e)
2-(3™ +1)=2- ] ¢4(3).

d\2m£,le)
degLe)
Let
As(n) = [ ¢a(3)
d\2m£f)
de,gLE)

d<148

Bs(n) = JI a3

d\2m£,le)
degLe)
148<d<2m(®) /3

C3(n) = ¢y,,01/5(3) - by, (3)

hence 2(3’“55) + 1) = 2A3(n)B3(n)C3(n). For sufficiently large n, A3(n) does
not depend on n since

A3(n) = ¢a(3)p20(3) Pa4(3) P76 (3) P116(3) P145(3).
Hence for sufficiently large n

2A3(n) = 2%-5%-149- 1181 - 5501 - 12413 - 570461 - 953861 - 5301533-
-25480398173 - 37945127666529000523013-
-142659759801404920771391593

which is a practical number by the structure theorem. The remaining part
of Case (711) is similar to the preceding cases.

(iv). We have

(0)
2:3-3™ +1)=2-3- [[ ¢4(3).
d\Zm,gLo)
de,(D)

n
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Let
Asn) = I ¢a(3)

d\ngf)

deg,o)
d<34

By(n) = H ba(3)

d\Zm,gLo)
de”(’Lo)
3a<d<2m!®) /3

Ci(n) = by, 5(3) - Dy, (3)
hence 2 - 3(3’”5’?) +1) = 2-3A4(n)B4(n)Cy(n). For sufficiently large n, A4(n)
does not depend on n since
As(n) = 2(3)d6(3) P14(3) d26(3) P34(3).
Hence for sufficiently large n
2-3A44(n) = 2%-3-7-103-307- 547 - 1021 - 398581

which is a practical number by the structure theorem. The remaining part
of Case (iv) is similar to the preceding cases. O

Note that the preceding proposition incidentally provides a second proof
of Theorem 6.
Remark. The arguments of the proof of the preceding proposition are suit-
able to exhibit an effectively computable constant ¢ with 0 < ¢ < 1 such that
for every odd positive integer r < cmin{m(®), m{®)} the numbers

(i) 2-3. (3 —1)
(ii’) 2. (3™ 1)
(iii7) 2. (3 +1)
(i) 23 (3 +1)

are all practical numbers.
We are ready to prove the following
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Theorem 7 At least one of the two following statements holds:

(a) There exist only finitely many pairs (m®, m{)) such that the Dio-

n n
phantine equation

has a solution in odd integers x,y and 0 < z,y < cmin{m(® m} where c

s defined as above.

(b) There exist infinitely many 5-tuples of practical numbers of the form
m—0,m—2, m, m+2, m+0).
6 2 2 6

Proof. Suppose that for infinitely many n there exist m!¢), m(?) and odd

integers x,,, 1, such that 0 < z,,,y, < cmin{mgf), mf{’)} and mnmgf) —ynmf{’) =

1. Then for sufficiently large n the numbers 2 - S(Sy"mg’?) - 1), 2(3”’””’(16) - 1),

2(3”’”’”516) +1),2- 3(3?/"”“(10) + 1) are practical numbers by preceding remark.
(

Hence for m = 2 - 3”7"’”"6), the numbers m — 6 = 2 - 3(3?/"’”5’?) —-1),m—-2=
2032 — 1), m, m+2 = 2(3%™ £ 1) and m + 6 = 2- 3(3%™% +1) are

practical numbers. 0

We remark that statistical arguments suggest that (a) should be false,
although a proof of this seems to be difficult at first sight.

Here we give a table, for n < 28, of max{z,,y,}/ min{m(?), m{®} where

(Zn, yn) denotes the minimal solution of z,m() —y,m(?) = 1 with z,,,y, > 0:
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max{Tn,Yn}/ min{mgf) , m&o)}

n

4 1.1464
5 0.5664
6 0.4725
7 1.0632
8 0.6149
9 0.5835
10 0.6452
11 0.2628
12 0.3792
13 0.5130
14 0.9658
15 0.0587
16 0.9239
17 0.9082
18 0.5328
19 0.6265
20 0.5096
21 0.2425
22 0.4523
23 0.1205
24 0.8573
25 0.9386
26 0.7556
27 0.0535
28 0.1132

Tab 2.2. Results related to the Diophantine equation :Jcnmgf) — ynmg’) =1.

The table suggests that for sufficiently large n the distribution of the above
values may be uniform in [0, 1], as expected.



Chapter 3

A problem on sum-free
sequences

This chapter arises from a letter of Erdds [16] in which he states some of
his favourite problems on additive number theory. Here we deal with one of
these problems. This problem was first raised by Erdés and Deshouillers in
a conversation. Successively I had several useful discussions with both Erdds
and Deshouillers. Most of the material of this chapter is contained in the
paper [9], which originated from these collaborations.

We begin with a definition concerning certain positive integer sequences.

Definition 6 An increasing sequence of positive integers {ny }ren is called a
sum-free sequence if every term is never a sum of distinct smaller terms. In
other words if

k
>N, =
Jj=1
with 1w < iy < --- <y implies k =1 and n;;, = ny,.

This definition first appeared in an old paper [14] of Erdés, where he also
proved certain related results and raised several interesting problems. In [21,
Section E28] these sequences are also called A-sequences. Erdds proved that
for any sum-free sequence {n;} one has

o

Zi < 103,

=11

ol
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and since the sequence of powers of 2 is a sum-free sequence for which the
sum of reciprocals is 2, it is natural to define

> 1
R=  sup > —1.
{ny} sum-free j=1 n;

Hence 2 < R < 103. Levine and O’Sullivan [28] improved on this estimate
in 1977 establishing 2.035 < R < 4. In 1987, Abbott [1] further improved on
the lower bound getting 2.064 < R.

In another paper Levine [27], settling a conjecture of Erdds, proved that
if {n} is a sum-free sequence with n; > z then

o

1
Zf <log2+ &(x),

=11
where lim £(z) = 0.

Some other papers have been recently devoted to a special kind of finite
sum-free sequences, namely those finite sequences {n;} of positive integers
having the property that whenever a given positive integer can be written
as a sum of distinct elements of the sequence, the number of summands is
fixed. In other words, for these sequences, also called admissible sequences,
no positive integer m can be expressed as two sums of distinct elements of
{nx} with a different number of summands. For some interesting results on
finite admissible sequences one can see [10], [11].

Here we are interested in infinite sum-free sequences. In the above-
mentioned [16] letter Erdés wrote:

“I am not able to find a sequence of integers ny < ny < ..., ngy1/ng— 1
and ny is never a sum of smaller n;’s [...| Deshouillers and I raised this
question.”

We refer to the above problem as the Erdés-Deshouillers problem. For a
sum-free sequence {ny}ren we shall denote by A(x) its counting function:

Ax) = Z 1.

nE<ze
Define
0= sup (A A(x) > 27},

{nk} sum-free sequence
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Erdés proved that 2/7 < o < (/5 —1)/2. Here we improve the lower bound
of o, namely we prove 1/3 < p.

In Section 1 we give a clever example, due to Erdds [14], of a sum-free
sequence {ng}ren with polynomial growth. However, the example does not
solve the Erdos-Deshouillers problem, i.e., for this sequence we have

Nk+1

lim sup > 1.

k—o0 Ty

In Section 2 we give an elementary solution of the problem, providing a
sequence with the required properties, but with sub-exponential growth.

Finally in Section 3 we give a further solution, kindly communicated by
Deshouillers, by providing a sequence with polynomial growth. We prove
that for any € > 0, there exists a sum-free sequence {ny}ren which solves the
above Erdds-Deshouillers problem, and such that

Alz) > a5,

In Section 4 we study other related questions. Among other things we
prove that any sum-free sequence cannot grow too slowly: in fact we prove
that every sum-free sequence {ny}ren has zero asymptotic density and for

a> (v/5—1)/2~0.618 we have

lim inf Al)

T—00 T

= 0.

3.1 A sum-free sequence with polynomial
growth

In this section we shall describe an interesting method, due to Erdds [14],
to construct sum-free sequences. This allows us to construct an increasing
sequence of positive integers ny; < ng < ... such that the equation

NE = Ny + Niy + -+ + 1y, (3.1)

has no solution with 7; < iy < --- <4, and r > 1. For this sequence one gets
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A(z) > 27,

Notice that this estimate is not the best possible. Also, the sequence does
not satisfy the condition

. N1
lim

=1 2
but, in our opinion, the method is interesting, and susceptible of further
improvements.

Proposition 6 (Erd6s) There exists a sum-free sequence {ng }ren such that
Az) > 27,

Proof. Let n; = 1 and define recursively the other terms as follows. Suppose

that ny, ..., ng, are defined and that ny, ..., ng, is a finite sum-free sequence.
ki
Let B;y1 =2 Z n,. We can assume that B;,; > 40 (for example if we take

r=1
ng=2F1 fork=1,...,6). Let

B?
Nyl = 1+ lBi+]7 1<I< [17—0H] , (33)

B3
where [m] denotes the integer part of m. Note that ng,; < 1’81 + 1. One

can easily see that (3.1) has no solution. Suppose that
t1 to
Nyt = D Mpyr, + D15, = N1 + Xy (3.4)
s=1 s=1

Biy

where j; < jo < -+ < jp, < k;. We first prove that ¢, < . In fact,

Bi+1

assuming t; > , by (3.3) we have

B}
28+] > N, +1

t1 2
t
X > E 1+1Bjt1 > éBiJr] >
1=1

B
contradicting (3.4). Hence t; < [ZT+]

and by (3.3) one has
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21 = tl mod Bi—|—1-
By (3.3) we have ny,,; = 1 mod B, 41, hence by (3.4)

B;
Ny > | —H (3.5)
2
But ¥, < > n; = 1 contradicting (3.5). This proves that (3.1) has no
j—1
solution. Let now
kit B2
Biya =2 e, gy =1+1Bis, 1<1< 1252] (3.6)
r=1
B2
where k;1k; + l 1’81] By (3.3) and (3.6) one has
2
kit {B%_I N+l
Bi+2 == 2 Z TI,T + 2 Z
r=1 =1
B2,] (B
e l 10 ] ( 0
< B
Hence by (3.6)
B2 1 2
A(Bjyg) > kv > = > —B53 .
( ;+2) i+1 10 10 142
Further we have
B, 1 2
A(TBiys) > +T—1>—Bf,+T. (3.7)
10 10
2 2
For1<T< 118 , we have A(T'B;2) > 118 and in the worst case

7 2 5 2
B}, B}, LN7 1 1 NT
A( 10 ) 0 (E) '<EBZ'5+2> ’
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2

e . B’
hence for By < x < B}, we have A(x) > cxt I T > 1282, then the main

2
5
i+2

10

term in (3.7) is T" and the worst case also gives T' =

Therefore for every x

2
7

Ax) > caT.

3.2 An elementary solution

In this section we construct a suitable sequence with the properties required
by the Erdds-Deshouillers problem.

Proposition 7 There is an explicitly computable sum-free sequence {ny}ren
such that

. Ngg
lim = 1.
k—o0 nk

Proof. For every positive integer h, define A" = 10h1 A%LL] = 102043,

and choose Agh‘) < Ag") << A%LLI, such that for sufficiently large h,

AN
AZT:)] < 102(h+4)/(1gh+z,2) for every 7 with 1 <i < 102 o

7

This can be made, for example, by recursively defining

A =100

AP = max { AP, 41,1001 10O/ DI forp > 1,

Let
S, = {Al(h‘) . 10h(h+5)/2 10(’1*1)(h+4)/27i =1,2,... 102 - 1}

= {Sm, S2,hy s 510’1+271,h}
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with St < Sop <t < Sppht2 1 - Let

S = USh:{TL],’I’LQ,...}

h=1

with n; < ng < .... Note that max .S, < minS,,. In fact
max S, = Syghio_qp = 10(h2+9h+6)/2 + 10— (h+4)/2

and

min Syyq = 51541 = 100 FNH0/2 4 1h(h+5)/2.

Hence for every k we have that ny1/ng is of the form s,y /s, for suitable
i and h or of the form sy ,41/s19n+2 1 5. In the first case one easily gets for

sufficiently large h
h

Si+1,h Av(:+)1 2(h+4)(10h+2—2)

< 10 )

Sih A( )

7

In the latter case one has

10(h2+9h+6)/2 + 10h(h+5)/2
RZ59h+6)/2 4 1((h-1)(h+4)/2"

S1,h+1

Slgh,+2,17h 10(

This proves that
. Nggr
lim

k—oc nk

= 1.

Let us show that S is sum-free. Suppose that n € S. For a suitable
h, we have that n € Sj,. Suppose that n = > ,.;n; with n; € S, and let
| = min{j,3i € I,n; € S;}. We have

n=#{n;,n; € S} - 10¢-DU+/2 1od 10104572,

Since
#{n;,n; € S} <1072 -1,

one has that
n 2 0 mod 10/+9)/2,

But n € S}, hence for every j < h

n =0 mod 107U+5)/2
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and
n = 10(k-Dh+/2 o4 1hh5)/2

Therefore [ = h and #{n;,n; € S;} = 1, i.e., n is not a sum of distinct
smaller terms n; € S.

Let A(z) the counting function of {n,}. Assuming maxS, < =z
max Sy4; we have A(z) < 2- 1073 and 10°+946)/2 < 4 Since (h + 3)
(h% 4 9h + 6)'/2 one easily gets

IAINA

A(z) < exp{c(logz)'/?}.

In the next section we find other sequences solving the Erdds-Deshouillers
problem with a better asymptotic behaviour.

3.3 A further solution

In this section we prove the following

Theorem 8 There exists a sum-free sequence {ny}ren Such that

. N1
lim L — 1

k—o0 nk ’

and with polynomial growth.

Proof. Let a be a quadratic irrational and let £ > 0. Let ((s) be the Riemann
zeta-function and let H be a fixed positive constant greater than ((1 + ¢).
Let k be a positive integer. By the Erdés-Turdn inequality (cf. [25], example
3.2 p. 124), we have

1 1
e M +1, M+ N| | ————— < {an} < ———
e M+ 104N | g < o) < g |
(1+e)N 2
2 e Cle N

where {u} denotes the fractional part of the real number u.
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Thus there exists Ny not depending on M such that if N > max{ Ny, k**%}

there exists n in [M + 1, M + N] such that < {an} <

H(k+1)+e HE e
This allows us to construct by induction a sequence n; < ny < --- such that
ny > Ny and such that for every k

1 < fom) < !
H(k+ 1)1+ " HE

Further for every sufficiently large &
N1 <N < Ng_1+ ke, (38)
The property (3.8) implies that

342
nk<<k+€,

or, equivalently, if A(z) denotes the counting function of {ny }ren we have in
this case

A(z) > ETE > 33 C

We now prove that {ny}ren is a sum-free sequence. In fact if we assume that
{ni}ren is not a sum-free sequence, we have for a suitable subscript k

ng =mng +---+n;, withk >4 > >,

1
which implies any = an;, + - -+ + an,,. On the other hand {an;} < A
. 1
and for each j = 1,..., s we have {an; } > HiTe hence
1 1 &1
m < {an,;l} + -+ {anis} < ﬁf_zléH’g <1,
whence
1 1
m < {an,;l + .- +OATL7;S} = {ank} < m,

a contradiction which proves the result. O]
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3.4 Some related questions

Theorem 9 If {ny}ren s a sum-free sequence then it has zero asymptotic
density.

Proof. Suppose that there exists h > 0 such that for sufficiently large n,
#{ng |nx < n} > hn. Let r = [1/h] + 1, and b = ny + ng + ... + n,. Let
e > (. There exists a sufficiently large m such that the interval [n,,;, m — b]
contains at least (h — £)m integers belonging to {ny }ren. For every integer [,
with 0 <[ < r define sg = 0 and s; = ny + ny + ... + n;. Further define the
set R, as follows:

Rl:{sl+nj|l+1§j§r+(h—5)m}.

Each R, contains at least [(h — ¢)m] distinct positive integers. Further
max R; < m. Notice that if I # I’ then R, Ry = (. Indeed if s;+n; = sy+nj,
with [ < I', then n; = (sp — s;) + njr, i.e.,, n; is a sum of distinct smaller
terms of {ny }ren. Hence the interval [1, m| contains at least (r+1)[(h—e)m]
distinct positive integers. But if ¢ is sufficiently small

(r+1)[(h—¢e)m] >m.

Therefore {ny }ren has zero asymptotic density. O

This argument can be used to prove a further similar result.

Theorem 10 Let o > (V5 — 1)/2 ~ 0.618. Let {ny}ren be a sum-free se-
quence. Then
A(n)

lim inf =0,
n—00 ne

where A(n) is the counting function of {ng}ren.

Proof. It suffices to prove that for every a > (v/5—1)/2, there exist infinitely
many n such that A(n) < n®.

If a > 1 this follows from the preceding theorem. Let (v/5—1)/2 < a < 1.
Suppose that A(n) > n® for sufficiently large n. Let m be such an n. Then
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the interval [1,m| contains at least m® integers belonging to {ny}ren. Let
r = [m'=®] + 1. If m is sufficiently large, r = A(n,) > n®, ie., n, < r'/°.
Let b=ny +ny + ...+ n,. Since r = O(m*~®), we have that n, = O(ma"")
and b = O(m=). Since a > (v/5 — 1)/2 we have b = o(m). Let ¢ > 0. If m
is sufficiently large, the interval [n,,1,m — b] contains at least (m — b)* —r
integers belonging to {ny }ren. Since (m—>b)*—r—m® = o(m*®), for sufficiently
large m we have (m — b)* —r > (1 —¢)m®, namely the interval [n, 1, m — b]
contains at least (1—&)m® integers belonging to {ny }ren. As in the preceding
theorem, let R; be defined as follows:

Ri={si+n; [l+1<j<r+(1-eg)m"}.

Each R, contains at least [(1 — ¢)m®] distinct positive integers. Further
max R < m and for I #1', RN Ry = 0.

Hence the interval [1,m] contains at least (r + 1)[(1 — &)m®] distinct
positive integers. On the other hand, if ¢ is sufficiently small

(r+ 1)1 —e)m" > m.
This completes the proof. Il

We end this chapter with a different open problem raised by Erdés during
a conversation I had with him:

Problem Prove or disprove that there exists an infinite admissible sequence
{ni}ken such that

. N
lim =
k—oc ’)’Lk
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Chapter 4

Modular forms and functions

In this chapter we survey some basic tools about modular forms and func-
tions. Fourier expansions of modular forms of weight 2k are related to the
functions o9y _1(n). Hence suitable relations involving modular forms can be
translated into relations among sum-of-divisors functions. Modular forms
for the full modular group yield well-known arithmetical identities [43, p.
152]. In order to find further identities, we require modular forms for certain
congruence subgroups.

Ample surveys of the theory of modular forms and functions can be found
in literature. In particular we quote [20], [24], [43] and [44] for our purposes.

In this chapter we mainly show how to construct suitable modular forms
for certain congruence subgroups. These modular forms will be used in the
next chapter to prove some remarkable arithmetical identities.

4.1 Modular forms and functions

In this section we recall classical tools about modular forms and functions.
We shall denote by 7 an element of H, the upper half-plane of C. For 7 € Hi
let ¢ = > and q,, = e*™7/™ Let ' = SL(2,7).

Definition 7 A holomorphic function f : H — C is a modular form of
weight 2k for T if

(et +d)~ 2 f (%) = f(7) for every A = ( Z Z ) erl,

63
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and if [ is reqular at oo, i.e.,
[e.e]
f(r) = Z anq".
n=0

We define f(oo) = ag. If ag = 0 then f is called a cusp form for the full
modular group T'.

For each integer m > 2, we define the congruence subgroups I'(m), T';(m)
and T'g(m) as usual:

FWU={<Z )eF

“W”_{<ZZ>€F
mmn—{(zz>er

If G is a subgroup of ' and G O T'(m), we say that G is a congruence

a=d=1modm, bECEUmOdm},

QL

a=d=1modm, c=0m0dm},

CZOmOdm}.

subgroup of level m. The subgroup I'(m) is also called the principal congru-
ence subgroup of level m. Generalizing the preceding definition we state the
following

Definition 8 A holomorphic function f : H — C is a modular form of
weight 2k for a congruence subgroup G of level m if

(et 4+ d)" 2 f (LH> = f(1) for every ( Z z ) eqd
T (4.1)

cT +d
and
= B e (R P
where the coefficients a, 4 depend on the matriz A.
If A = ( CCL Z € I and ¢ # 0, we call a/c a finite cusp and define

fla/e) = ag a. Further we define f(oco) = ay ;.
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Notice that the definition of f(a/c) does not depend on the choice of the
coefficients b and d in A (see [24, Prop. 16, p. 126]). It is worth remarking

that
f<g>_(10,411m((‘7'+d) f(LM>

T—100 cT + d
Definition 9 Ifag s = 0 for every A € I, then f is called a cusp form for G.

In other words, a cusp form is a modular form that vanishes at every
finite cusp a/c € Q and at the cusp oc.

For integers k > 2, as is well-known [43], the Eisenstein series

o

EQk(T):l Cl—QkZ Zk]

are modular forms of weight 2k for I', and

7 =g 10 -0

is a cusp form of weight 12 for I'.

We shall also denote Eyy, ,(7) = Ear(m7). As we shall see, for k > 2, the
functions Eyy ,,, are modular forms of weight 2k for I'g(m).

We shall denote by So(G) the vector space of the cusp forms of weight
2k for G.

Definition 10 Let F' be a closed subset of H. We say that F' is a funda-
mental domain for G if

(i) every T € H is G-equivalent to a 7' € F;

(ii) no two distinct T, 7' in the interior of H are G-equivalent.
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A fundamental domain F' for I" is shown in Fig. 4.1.

A

—

U2 0 12 T
Fig. 4.1A fundamental domain for "

4.2 Behaviour at the cusps

Let r be any positive integer. Using modular properties of Eq;(7), both for
k =1 and for k¥ > 2, we can find the expansions of Fy, at the cusps. Let
(a,¢) = 1. In the usual topology of H U {cusps} (see [24, p. 103-105]) we
have, for £ > 2 and ¢ — 0,

> <a N ) (c,r)%
2k, \ — el ~ .
‘ 12k 2k 22k

In fact if b, d are integers such that ad — bc = 1, denoting

d 1
f=-S-—em
¢ ec
we have
a,+ al +b
— £ =
c € +d’
1
cE+d=——.
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Hence

c€ +d

Since, for ¢ — 0 in the usual topology of H U {cusps}, Im ¢ — +oo, it

Ey <g + 5) = By ((If i b> = ((f + d)%EQk(g)-

follows that Fag (&) — 1, i.e., Fop(2 +¢) ~ ﬁ If r is any positive integer,
denoting o' = ra/(r,¢) and ¢ = ¢/(r,¢), €' = re, we have (d’,¢') = 1, whence

/ 2k
a a 1 (e,1)
EQkT(_+6>_E2k — 4|~ = — :
) c c 8’2kC’2k r2k 2k o2k

With the same notation as above, for a modular form f of weight 2k we have

F(5) = tim (e 4 ) g ( - ”) ~ tim(ee)?p (L)

c T—100 ct +d

therefore, for k > 2

E . H 2k g o (CJT)Qk
Eopr <c> = llglé(68) Eop, (c + 8) = (4.3)
The function Ey(7) = 1 — 2432, 01(n)¢™ is not a modular form, so

we cannot define Fy(a/c) and Es,(a/c). However for any ¢ € H, we have
a/c+ e € H, and we can try to derive the asymptotic behaviour of Ey and
E5, in a neighborhood of a/c of the usual topology of HU {cusps}. We have
under the action of I’

at +b 6
p— 2 _—
E, <c7' d) = (¢t + d)*Ey(1) + m,c(CT +d),

whence

a B al+b\ 9 6
B (—+g> £, <c£+d> = (6 + Y Ba(€) + —e(ct +d).

/ 2
a . a ’ 1 o (C, T)
E,, <; + 6) = FEy (g + 5) ~ 2 T 2200

In the next section, we shall see that suitable functions depending on E5 and

Therefore

E,, are modular forms for certain congruence subgroups.
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4.3 Congruence subgroups

Here we are also interested in modular forms and functions for suitable con-
gruence subgroups.

From the above-mentioned modular properties of Ey(7), it immediately
follows that G(7) = FEs(7) — mEy(m7) is a modular form of weight 2 for

[o(m). In fact for ( CCL Z € I'y(m), we have that ¢; = ¢/m is an integer

and

ar +b ar +b a(mrt) 4+ bm
G =F —mEy | ———=
<c7’—|—d> 2<c7'+d> " 2<cl(m7)+d>

= (er +d)*Fy(7) + %C(CT +d)

—m(cymt + d)?Ey(mT) — mgcl(clmT +d)
i

= (e7 + d)?Ey(7) — m(cm + d)*Ey(m7)
= (e + d)’G(7),

i.e., G verifies the condition (4.1). With the notation of the preceding section
we have

G <9> = lim(ce) G (% + g>

C E—

= lim(ce)* <E2 (E + 5) — mFEy,, (E + 5))
e—0 C ’ Is

whence G verifies (4.2).
We now prove that for £ > 2, the functions Ey ,, are modular forms of
weight 2k for T'y(m). In fact we have:
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= (e1 + d)?Ey(1) — m(cymt + d)* Ey(m)
— (e + dPBy(r) — mler + d)*By(mr)

= (¢ + d)? Eapm (7),

verifying (4.1). By (4.3) Eak,, also verifies (4.2).

In certain cases we need to check (4.1) in a different way. For example, one
can check (4.1) only for the generators of G. In order to apply this method,
we must find these generators. This is not easy in general, but for congruence
subgroups of low level it can be done quite easily.

We now prove some results that will be useful in this context.

Proposition 8 The principal congruence subgroup T'(m) of level m is iso-
morphic to a subgroup of To(m?) of index p(m).

Proof. Let ¢ : I'(m) — Ty(m?) be defined by

()= G ) () (5 ) - (o i)

Obviously v is an injective homomorphism.
Let

G = {(Z Z) € SL(2,7)

We shall see that Tm ¢) = G and that [[y(m?) : G] = ¢(m), completing the
b > € G we have

a=d=1 modm,cEOmode} C To(m?).

d

EEIERE)

proof. In fact for any ( CCL
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d —c/m
—bm a
Let g : To(m?) — Z, be defined by

a b
g((c d))amodm.

Since ad—bc = 1 and be = 0 mod m?, we have (a, m?) = 1, whence (a, m) = 1.

and obviously ( > € I'(m), whence Im ¢ = G.

Therefore ¢ is well-defined. Also, ¢ is an homomorphism. In fact

a b a v B aa' + b %
g c d c d =9 * *

= aa’ mod m
B a b _ a v
- q c d q C’ dl .
Clearly ker ¢ = GG, whence
FO(mZ) ~ 7
ker g
and therefore [[y(m?) : G] = p(m). O

Remark. Since ¢(2) = 1, by the above proposition, I'(2) is isomorphic to a
subgroup of I'y(4) of index 1, namely I'(2) ~ ['y(4).

Example 1. By the preceding proposition we have that I'(3) is isomorphic
to a subgroup G of I'y(9) of index 2. Let ¢ : I'(3) — G be such identification.
If Vi,..., Vi span I'(3) then ¢(V1),...,9¥(V}) are a set of generators for G.
Further, if W € T'4(9) — G, then yp(V4), ..., (Vi), Wep(V4), ..., Wep(Vy) are a
set of generators for I'y(9). As we shall see in the next chapter, this example
has an unexpected arithmetical application.

We can also construct a fundamental domain for I'y(9). We have (see [24])
that

TS for j =0,1,...,p* — 1

STPS forj=0,1,....,p" ' —1
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is a complete set of representatives of the cosets of I'y(p”) in . Hence a
fundamental domain for T'y(9), as represented in Fig. 4.2, is

F' = (G STjF) U (LQJ ST-?‘PSF)

=0 =0
where F'is a fundamental domain for I' (in Fig. 4.2 we take the fundamental

domain F represented in Fig 4.1).

Re 1

-1/3 -1/6 O
Fig. 4.2 A fundamental domain for T, (9)
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Chapter 5

Arithmetical applications

5.1 Introduction

Let 0,,(n) denote the sum of the m-th powers of the positive divisors of n,
and let 0,,(0) = 3¢(—m) where ((s) is the Riemann zeta-function.
In this chapter, using the theory of modular forms, we prove seven iden-

tities of the following type:

fn/ml

kz_: or(k)os(n —mk) = Po, s1(n) + Qno,is 1(n) (5.1)

which hold for every n satisfying suitable congruences, for suitable integers
m > 2 and r,s = 1 or 3, and for rationals P and ) (Theorem 12). We
also prove a further identity similar to (5.1) but of a slightly different kind,
namely

n

1
> oi(k)or(n— k)= 5(73(77,) for every n = 2 mod 3.

kEI;z?)d3
In a celebrated paper [37], Ramanujan, using elementary arguments,
proved nine identities of the type (5.1) with m = 1. Ramanujan’s nine iden-
tities can be also obtained in a natural way from the theory of modular
forms for the full modular group (see [43]). Also a short elementary proof of
Ramanujan’s identities is due to Skoruppa [47].

73
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We remark that one of the formulae we prove in Theorem 12, namely
(5.10) below, is explicitly mentioned by Ramanujan himself in [37]. Unfor-
tunately, he never provided either of the two proofs he announced. The first
proof of the formula (5.10) below was given by Masser (see [5]) seventy years
later. As far as we know, the other formulae proved in Theorem 12 appear
to be new.

In Theorem 11 we also provide, via modular forms, a formula for the case
r = s = 1 and any m, which contains an error term. When the error term
vanishes this formula yields special cases of (5.1), i.e., the identities (5.8),
(5.11), (5.12), (5.13) and (5.14) below.

We also give alternative proofs of the five identities (5.8) (5.12). These
proofs are based on certain formulae of Ramanujan, involving elliptic in-
tegrals of the first kind, contained in his Notebooks [38]. This alternative
method is likely to correspond to one of the proofs that Ramanujan had in
mind for the identity (5.10).

I am pleased to thank Don Zagier for his helpful and illuminating com-
ments, and in particular for suggesting the proof of Theorem 11. T am also
indebted to Umberto Zannier for pointing out to me the interpretation of the
identities of Ramanujan’s type in terms of modular forms, as well as for his
constant encouragement and for several helpful suggestions.

I talked about these topics in a conference at Eger, Hungary, in 1996, and
most of the material contained in this chapter can be found in my paper [35].

5.2 Notation and definitions

Let F(a,b;c;x) = 9Fi(a, b; c; ) denote the Gauss hypergeometric series:

Fla,b;e;w) = i (azﬁ)(?k%’

k=0
where ¢ # 0,—1,—2,... and the Pochhammer symbols (a), (b), (¢)x are
defined by

(a)g=1, (a)k=ala+1)(a+2)---(a+k—1) fork=1,2,3,....

%, ¢ =1and 0 < x < 1, the function

;1; ) is related to the complete elliptic integral of the first kind.

As is well-known, for a = b =

F(

11
272
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In accordance with Ramanujan’s notation (see [4] and [38]), let, for 0 <
<1,

F(3,5: 11— )
— 5.2
YT ) o2
and
_ 1 1.1.
2= F(} i 150) (5.3)

5.3 Main results

We begin this section with the following theorem:

Theorem 11 Let m be a positive integer and define 3(m) = m* [T, (1 +
p2). For every positive integer n with (m,n) = 1 and for an arbitrary e > 0,

we have
[n/m] 5 1 3
g} o1(k)or(n —mk) = 123(m) o3(n) — an(n) +0 (n§+‘) :

Proof. As we saw in the preceding chapter, G,,(7) = Ey(7) — mE,,,(7) is
a modular form of weight 2 for I'y(m). Hence the function

Fiu(7) = (G(7))” = Ea(7) — m* Eym(7)

is a modular form of weight 4 for I';(m). Combining the Fourier expansions
of Ey and E, with the first of Ramanujan’s nine identities [37]:

- 5 1
> oi(k)oi(n—k) = ﬁag(n) - 5”@(”), (5.4)
k=0
we find that the n-th Fourier coefficient of —=—F,(7) is
c(n) = —o(n) + —o} (—) + Y oi(k)oi(n — mk),
4dm 4 m 0<h<n/m

where
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n
. <n> o (—) for m|n

oy | — ] = m

m 0 otherwise.
Notice that ¢(n) is defined also for (m,n) # 1.

In a similar manner one can find the asymptotic formula for F,,(a/c +
). For (a,¢) =1, we have Ey,(a/c) = Ey,(1/c) and F,,(a/c) = F,,(1/c).
This allow us to simplify the study of the behaviour at the cusps in a sense
that will be clear below. Now we shall prove that, for r|m and «a,,(r) =

72 Tlp|(rmyry (1 — p~2), the function

2m
FO,M(T) = Fm(7)+— G’m E4r (’Om
B(m) zn:l Z (5.5)

is a cusp form for I'y(m). This can be done by looking at one prime number
at a time. Assuming m = p” one has

1
Fou(oo) = =2pt,  Fpu <—%> = —op*t2uk) - Fp(0) = —2p*
1 . 4
E47pi (OO) = ]_, E4,pi <%> — p4mm{01'up(k)*l+]}’ E47pi (O) — p74z

where v,(k) is the exponent of the prime p in the factorization of k. As a set
of representatives of the cusps for T'g(m) we can take the cusps oo, 0, and
—1/kp for k =1,2,...,p" ' —1 (see [24, p. 107-108]). Therefore Fy u(7) =
Fou(T) + Y i xiEy i (7) is a cusp form if it vanishes at the cusps oo, 0, and
—1/kp for k = 1,2,...,p* ' — 1. Notice that there are only p — 1 distinct
conditions at the cusps —1/kp, since for (h',p*) = (k',p*) the condition at
—1/h'p is the same as the condition at —1/k'p. Thus one gets the following

linear system of ;1 + 1 equations in the p + 1 unknowns g, zy,..., 2, :
(wg A+p oy Aptze 4 Ap Mz, 4p Tz, =2pH
Ty +1 +p g ... Ap Wy, 4p iy, = 2p Ht?
Ty 4+ +25 +.0 4Ty +p z, = 2pH2
| To +7 4+ +.o0 txu +z, = 2pH,
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whose solution is

9 opHt?
Ty — —m8M8M8M— €T, =
0 pu+pu72’ H pQ—i—l’
and fori=1,...,u0—1
% 22
S e el
pt+ ph?

Denoting u, = x;, we may express the above solution as

T (r) for each r|p (56)
U, = ——a,u(r) for each r|p". :
toB) T
In the general case, for an arbitrary positive integer m = ¢{"' - - - ¢j,* with
primes qi, ..., q, and positive integers 1, ..., iy, one gets a similar system

of d(m) (the number of positive divisors of m) linear equations in the d(m)
unknowns u, for r|m. This is done by imposing that Fy,, (1) = F,(7) +
> rjm Ur B4, (T) vanishes at 1/n for every njm. One has the system

4 2
> (r, Zl) Uy = p for each n|m,
rlm m
whose solution is
()
Up = ——0
T ﬂ(m) m ’

as is easily seen using (5.6) for each ¢;” (j =1,...,h). This proves (5.5).

. . — : 3 €
Hence the n-th Fourier coefficient of ﬁFO,m is bounded by O(nz*c)

(see for example [42]), i.e.,

1 ) n 3
- Com = - m — =0 (n>t*
TTaam 0 () = ) = 550 r(%:n)a {r)es <r> ()
for all n. For (m,n) = 1 this is our theorem. O

In some cases the error term vanishes, and this yields special cases of
identities (5.1). In the following theorem we obtain eight identities.

Theorem 12 If n = 2 mod 3, then

" 1

> oi(k)oi(n — k) = —o3(n). (5.7)
paars 9

k=1mod3
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If n is a positive odd integer, then

In/2) 1 1

Z 0'1(]{5)0'1(7’1, — 21{5) = —O'g(?’l,) - —’I’LO'l(TL),
= 12 8

[n/2] 1 1

Z k)os(n — 2k) = 4—805(n) - E’I’LO";(TL)
[n/2]
I;} o3(k)oi(n — 2k) = %05(71):
In/4] 1 1

_Ak) = — - — .

S~ (b = 48) = () = Jgnon (o)

If n # 0 mod 3, then

[n/3] 1 1
Z k)oy(n — 3k) = ﬂag(n) — ﬁnal(n).
If n =8 mod 16 and n # 0 mod 5, then
[n/5] 5 1
kz::o aJ1 (k‘)()’] (n — 5kf) = 3@0’3(7’1,) - % noy (’n)

If n satisfies one of the following conditions:

(i) n =2 mod 3;

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(i) n =1 mod 3 and there exists a prime p = 2 mod 3 such that p|n but

p* / n;
then
[n/9] 1 1
kz;; o1(k)oy(n —9k) = 316 os3(n) — %nal(n).

(5.14)
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Proof. Let f(7) be a non-vanishing modular form of weight 2k for I'(m).
We consider the Riemann surface S associated with I'(m). We associate with
f the differential w = f(7)(d7)* of weight k¥ on H. Then w corresponds to
a differential w* of weight k& on S (see also [46]). We want to compare the
order n,(f) of f at the point p with the order v,. (w*) of w* at the point p* of
S corresponding to p. This appears in [46, Prop. 3.7, p. 28]. We distinguish
three cases, according to the nature of p:

(i) p is a regular point, i.e., it is not a fixed point of some non-identical
transformation in I'(m). In this case n,(f) = v, (w*);

(ii) p is an elliptic fixed point of period e, € {2,3} (the points
in this set are I'-equivalent either to i = /—1 or to p = €**/3). Now
np(f) = epvp (W) + k(ep — 1);

(iii) p is either oo or a finite parabolic point. We have n,(f) = v,- (w*)+k.

We let FF C H U {cusps} be a system of representatives for the action
of I'(m), so the map p — p* is 1-1. Also, let F;, F» and F3 be the subsets
of F' made up of the points satisfying the above properties (i), (ii) and (iii)
respectively.

We now apply the Riemann-Roch theorem to w*; this implies that

> v (W) = 2k(g — 1),

p*€eS

where ¢ is the genus of S. We get

an(.f)+ Z einp(f)*' Z”p(.f):k(29_2+ Z(l—l/e,,)—k#ﬁ}%),

pEF) pEFy 7P pEF3 pEF

where # F3 denotes the cardinality of Fj.

We point out that, in each concrete case, the above formula may also be

obtained by complex integration on the boundary of a fundamental domain
for T'(m), similarly to [43, Ch. VII, Th. 3, p. 139].
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Let p € Fy U F;. Since ny (f) > 0 for every p’ € F, we have

np(f) < (Z np’(f)"’ Z %np’(f)‘i‘ Z np’(f))

p'€F1 p'eF; 7P p'€F3

<k(292+ Z(ll/ep/)—l-#Fg).

p'EF

For m > 2 we also have, as is easy to see, #F» = 0 (|44, Prop. 1.39, p. 22])
and #F; < m?, whence

ny(f) < k(29 — 2 +m?).

As an application of this formula, we now prove (5.7).

, ] b
For any A = ( Z Z ) € T denote A(r) = GT+d and Ja(T) = e + d.

cT +

a b

Let m > 2 and A = < . d) € I'(m). Define Ty, Ty, ..., T 1 by

T ( a+je (b+.7'd—.7'a—j2c)/m>
i ‘

mc d— jc

Since a = d mod m and b = ¢ = 0 mod m, (b+ jd— ja—j*c)/m is an integer,
and it is easy to show that T; € I'. Moreover

For 2k =2,4and j =0,1,...,m —1, let

N T+J
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If 2k = 4 we have

By, () = b (M

= ( () = (5
= =]A(7)4EZ,j (1),

and it is straightforward to check that Ej ; is holomorphic at every cusp.
Hence Ej ; is a modular form of weight 4 for I'(m).
If 2k = 2, we have

Ey(am) =B (1 (57))

6 . . 2
= Zmedr, <T +'7> + <JTJ_ (T_ﬂ>> Ej.(7)
m m >

VN

6
= EmCJA(T) + Ja(1)2E5 (7).

If a = (ag, ..., am-1) € C™ is such that Y~ a; = 0, one easily gets that the
function F, defined by

m—1

Eu(m) = >_ a;E5,(7)
=0
is a modular form of weight 2 for T'(m).
For1<t<m—1let

Eé?l(ﬂ = Z ook_1(n)q, (2k = 2 or 4).

n>0
n=tmodm

Denoting ¢y = —1/24, ¢4 = 1/240, we seek a vector a = (ag, ..., 0, 1) € C”
such that

m—1

EG(r) = e Y ajEyy (7).

J=0
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This immediately leads to the following linear system:

r Qg “+ay “+ao +... +aQp 1 =0
ag  +wa; +w?ay +... "™ la, =0
ag —|—u)ta,] —Hx)Qt(I,Q +... —Hx)(mil)tam,] =1
m—1 2(m—1) (m—1)2 =0
ag +w aq +w a9 +... +w Q1 = 0,
where w = €2™/™ . The matrix Q of the coefficients is a Vandermonde matrix,
whence
det Q = H (w"—u)]) # 0,
0<j<i<m—1
and the linear system has a unique solution a = (ag,...,a, 1). Hence

Eézlz (1) is a modular form of weight 2k for I'(m). Let

fr) = (B0~ 5B,

By the preceding argument f is a modular form of weight 4 for I'(3). The
genus of the Riemann surface associated to I'(3) is 0 (see [20, Theorem 8,
p. 15]), hence for f # 0 and for every p € H U {cusps}, we have that
n,(f) < 14. On the other hand, the formula (5.7) holds for n = 2,5,8,11, 14,
i.e., neo(f) > 14. Therefore f(7) =0, i.e., the identity (5.7).

To prove (5.8), (5.11) and (5.12) we consider Fj,,(7) respectively with
m = 2,4 and 3. As we saw in the preceding theorem, Fj,,(7) is a cusp form
of weight 4 for I'y(m). Further for every positive integer k& and m > 2 (see

81),

2k —1 1

p|m
p prime

dim Sy, (To(m)) =

1 m\ (=D
3¢ (e 2)) + = vm) + 9 (k)o(m),
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where ¢ is the Euler totient function and

0 for 9 | m
v(m) = -3
) o (1+(3)) wrosm
plm p
p prime
0 for 4 | m
m) = —4
vim) o (+(3) wasm
plm p
p prime
0 for k =2 mod 3
v(k) = —3 for k =1 mod 3
: for k = 0 mod 3,
where (=) for odd primes is the Legendre symbol and where (52) = —1 and

(54 =0

2 In particular dim Sy(Tg(m)) = 0 for m = 2,3,4. Hence Fy (1) = 0,
respectively proving (5.8), (5.12) and (5.11). Since dim Sg(Iy(2)) = 0, one
can prove the identities (5.9) and (5.10) in a similar manner.

Let Fos5(7) = 200, co5(n)¢". In this case dim S, (T'y(5)) = 1. In fact it is
spanned by (n(7)n(57))*, where (1) = e™/12[]> (1 — ¢") is the Dedekind
eta function [24, Prop. 19, p. 130]. So Fys(7) is a Hecke eigenform. In
particular for every m,n with (m,n) = 1, it is ¢y5(m)cos(n) = co5(mn).
Since ¢y 5(8) = 0, we have ¢(5(8n) = 0, for every integer n with (n,8) = 1,
and this proves (5.13).

Since dim S;(I'9(9)) = 1 we have that Fyq(7) = >0, co9(n)q" is a Hecke
eigenform for T'y(9). Consider now n*(7) = n(37)% = ¢[I2,(1 — ¢*")%. We
now prove that n* is a cusp form of weight 4 for I'y(9), hence a constant
multiple of Fjg.

b

Recall the Dedekind’s functional equation. If ( CCL d

have [2, Ch. 3, Th. 3.4, p. 52]

)Ef‘andc>0we
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n (:Z:Z) =¢e(a,b,c,d){—i(cr + d)}1/277(7)

where we take the branch of {—i(c7+d)}'/? which has value 1 when c¢r+d =i
and

where

d
LfaT+b) 3a7’+b 8_ a(37) +b\°
T\er+d) " Perva) =7 SB37)+d)

. a 3b
Since ( ¢/3 d > € I'h(3) C I, we have

L [aT+D
g cT +d

For ( Z b ) € I'y(9) we have

. <a, 3, g d)s (5(37) + d>4n(37)8

8
— . <a,, 3, 2, d) (7 + d)'n(37)%.

In order to verify the condition (4.1), we must check that £(a, 3b,¢/3,d)® = 1
b
d

generators of I'g(9).

for any € I'y(9), and clearly it suffices to check it for a set of

In the preceding chapter, Example 1, we saw how to find a set of genera-
tors of ['x(9) from a set of generators of I'(3). As a set of generators of ['(3)
we take [17]
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Let ¢ be as in Example 1. We have that
1 0 11 4 1

span a congruence subgroup G C T';(9). Notice that W = 3 é ) eTy(9)—
G, hence §(Vi).. .., (Vi) W(VA)...., Wi(V3), ie.

o) Gon) (5 %)
(o) ) ()

are a set of generators for ['y(9). With a bit of computation we can finally
check that n* verifies (4.1).
Since n(7)** = A(7) is a cusp form for the full modular group, we have

that n* verifies (4.2) and vanishes at every cusp. Since n(37)% € S,(I'3(9)), we
have ¢gg(n) = 0 for n = 2 mod 3 and, by multiplicativity, this immediately

implies (5.14). O
In [32] one can find further interesting discussions about cusp forms of

the type

S

f(r) =1L n(t;7);

=1
where tq,19,...,ts are positive integers and ry,ry, ..., 7, are arbitrary inte-
gers.

5.4 Concluding remarks

Five of the preceding eight identities, i.e., (5.8) (5.12), can be also proved
by using certain formulae from Ramanujan’s Notebooks. In this context, for
0 <z <1letw=eY where y is defined by (5.2), and let z be defined by
(5.3). Let
oo k k 00 I{J3 k
Lw)=1-24% 2 M(w)=1+240Y =

_ _ ok
k:ll w k:ll W




86 CHAPTER 5. ARITHMETICAL APPLICATIONS

00 l{:5 k
]\7(11))—1—504];:1 —
Since
ok © o0
DI 35 WATLED SR PRUS JENCAND
k=1 k=1h=1 m=1 hk=m m=1

we have

(w) =—24 Z o1 (k)w®, M (w) = 240 Z o3 (k)w*,

N(w) = —504 i os(k)w

Recall that (see [37])

f: or(k)os(n — k) = 105(7%) - 1n(fg(n). (5.15)

o 80 8
Let n be a positive odd integer. For 0 < w < 1, by [4, Ch. 17, Entry 13,
p. 126-127] one can easily deduce

(2L(w?) - L(w))’ = gM(wQ) + Lvw),

M(w) (2L(w?) = L(w)) = SN (w?) = =N (w)

and

M (w?) (2L(w2) - L(w)) = %N(YI)Q) - 21—1]\7(11)).

Equating coefficients of w™ and then using (5.4) and (5.15), we obtain (5.8),
(5.9) and (5.10).

In a similar manner the identities (5.11) and (5.12) can be obtained using
[4, Example (ii) and (iii), p. 139] and [4, Ch. 21, Entry 3 (i), p. 460]
respectively.

One can also prove some other formulae, related to the derivatives of

suitable modular functions, similar to certain formulae of Lahiri [26]. For
instance, it is easy to show that if n is a positive odd integer, then



5.4. CONCLUDING REMARKS 87

[n/2 1 1

]
koqi(k ) — 2k) = —n ) — —n? ).
2 o1(k)or (n ) 487103(77) 4877 o1(n)

It is known that for m = 1 there are only nine possible identities (see
18], [19], [29]).

An interesting open question is to prove (or disprove) that the identities
we found in Theorem 12 are the only identities with m > 1. Explicit compu-
tation shows that for r = s = 1 and m < 100 there is no new identity, and it
is likely that Theorem 12 is exhaustive.
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