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Abstract

In this thesis we study the conjugacy growth series of several group constructions in terms of
the standard and the conjugacy growth series of the building groups, with a specific generating
set. This includes (1) groups of the form G L when L admits a Cayley graph that is a tree,
(2) graph products, (3) a specific free product of Z x Z with amalgamation over Z, and (4)
some HNN-extensions of graph products over isomorphic subgraph products. For all the groups
mentioned we prove that the radius of convergence of the conjugacy growth series is the same
as the radius of convergence of the standard growth series. We give an explicit formula for the
conjugacy growth series of the groups G1Z, G 1 (Cq * C3), of the graph products, of a specific
free product of Z x Z with amalgamation over Z, of the HNN-extension of graph products over
isomorphic subgraph products based on disjoint subgraphs, and for an HNN-extension of a group
of the form H % H over itself by swapping the factor groups. We also prove at the end that for
two infinite cardinals k; and ko with k1 < Ko, there exists a group of cardinality ko, with k1 for
the cardinality of its set of conjugacy classes.

2010 Mathematics Subject Classification: 20F65, 20E45, 20E22, 20F69, 05E18, 20E06
Key words: Geometric group theory, Combinatorial group theory, Conjugacy growth series,

Asymptotic properties of groups, Wreath products, Formal languages, Graph products, HNN-
extensions.






Résumé

Dans cette thése nous étudions les séries de croissance de conjugaison de plusieurs groupes con-
struits a partir d’autres groupes, en fonction des séries de croissance standard et de conjugaison
des groupes de base, pour un systéme générateur spécifique. Ceci inclut (1) les groupes de la
forme G L quand L admet un graphe de Cayley qui est un arbre (2) les produits graphés (3) un
produit libre particulier de la forme Z xZ avec amalgamation sur Z, et (4) des extensions HNN de
produits graphés sur des sous-produits graphés isomorphes. Pour tous ces groupes mentionnés,
on prouve que le rayon de convergence de la série de croissance de conjugaison est le méme que
celui de la série de croissance standard. Nous donnons une formule explicite pour la série de
croissance de conjugaison des groupes G1Z, G (Cy x Cs), de produits graphés, d’un produit libre
particulier de la forme Z*Z avec amalgamation sur Z, d’extensions HNN de produits graphés sur
des sous produits graphés isomorphes basés sur de sous-graphes disjoints, et pour une extension
HNN de la forme H * H sur lui-méme en intervertissant les facteurs de groupes. Nous prouvons
aussi a la fin de ce document que pour deux cardinaux infinis K, et Ko avec k1 < kg, il existe un
groupe de cardinalité ko, avec k1 pour la cardinalité de son ensemble de classes de conjugaison.

Mots clés: Théorie géométrique des groupes, Théorie combinatoire des groupes, Séries de crois-
sance de conjugaison, Propriétés asymptotiques des groupes, Produits en couronne, Langages
formels, Produits graphés, Extensions HNN.
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Chapter 1

Introduction

The topic of this thesis belongs to the broad area of combinatorial and geometric group theory.
Combinatorial group theory traces its origin to the work of Dehn, Poincare, Tietze and others
in the beginning of the 20th century and it revolves around studying groups based on their
presentations, given by a set of generators and a set of relations [CM82]. Towards the end of
the 20th century the focus shifted to geometric group theory [dIH00] by viewing groups as metric
spaces: the group elements can be seen as vertices of a graph, where two elements are connected
by an edge if one can obtain one from the other by multiplication on the left by a generator.
This graph is called the Cayley graph of the group with respect to the given presentation, and
if the generating set is symmetric (closed under taking inverses), then the Cayley graph admits
the graph metric and hence one can view any group as a metric space on which various actions
can be studied.

More precisely, this work is concerned with conjugacy growth in discrete groups. This is
related to standard growth of groups, which has been extensively studied and is defined as follows.
For every finitely generated group, an element can be written as a word on the generators, and
choosing a shortest possible word for representing the element gives rise to the notion of length
of a group element, that is, the minimal number of letters of a word that represents the element.
Given a positive integer n, a natural question that arises is how many elements of length n there
are in our group. This gives rise to the notion of the standard growth function $z(n) of a group
G with respect to a generating set Z, which is well defined if the generating set is finite. The data
given by the growth function can be collected into the standard growth series o(g z)(z) of the
group G, that is, the complex power series taking the values of the standard growth function as
coefficients. The advantage of considering the full standard growth series instead its coefficients
separately is, for example, that the standard growth series of a direct, free or certain amalgamated
products and HNN extensions can be expressed as algebraic expressions in the standard growth
series of the initial groups with respect to appropriate generating sets. The standard growth
function and the standard growth series of a given group depend on the generating set. There
are two aspects to consider here: the combinatorial one and the asymptotic one. Changing
the generating set does not change the asymptotic behaviour of the standard growth function
because changing the generating set gives rise to a quasi-equivalent standard growth function.
Moreover the standard growth function of a group is quasi-equivalent to the standard growth
function of any of its finite index subgroup. However, changing the generating set might alter
the algebraic properties of the growth series [St096].

We can interpret the standard growth series of a group as coming from an equivalence relation
on the language of all words over the group generators, where two words are equivalent if they



represent the same group element. More generally, any equivalence relation on the given group
can be applied to the language of all words over the generators to obtain a new kind of growth
series for the group. For example, any group admits conjugation as equivalence relation, hence
it is natural to consider the equivalence relation on the set of words over the generators defined
as ‘two words are equivalent if and only if they represent conjugate elements’. This leads us to
the concept of conjugacy growth function and conjugacy growth series.

The conjugacy growth function of a finitely generated group G records the number of conju-
gacy classes with a minimal length representative on the sphere of radius n in the Cayley graph
of G, for all n > 0. As for standard growth, this naturally leads to the conjugacy growth series
0(a,z)(2), that is, the complex power series with the conjugacy growth values as coefficients.
The conjugacy growth function and the conjugacy growth series were studied for several kind of
groups.

The conjugacy growth function of free groups was studied in [Riv04] and [Riv10], and sharp
approximations were computed in [Coo05]. Bounds for the conjugacy growth function depend-
ing on the standard growth rate for hyperbolic groups were given by Coornaert and Knieper
in [CKO02] and [CKO04]. For solvable groups the paper [BdC10] shows that finitely generated
solvable groups which are not virtually nilpotent have exponential conjugacy growth function.
Linear groups were considered in [BACLM13], where the authors show that finitely generated
non-virtually-nilpotent subgroups of GLg4 have uniform exponential conjugacy growth. In the
paper [AC17] the authors show that the conjugacy growth series of a non-elementary hyperbolic
group is transcendental. In [Finl4] the author gives a lower bound for the conjugacy growth
function of certain branch groups, among them the Grigorchuk group; this bound is a function
of intermediate growth. In [GS10] conjugacy growth for several classes of groups was discussed:
among them, the Baumslag—Solitar group BS(1,n) and the Houghton group S, % Z, for which
the conjugacy growth function is exponential. In the paper [BAIH16] the authors give conjugacy
growth series of some infinitely generated groups; this is possible because even if the standard
growth series is not defined for this kind of groups, there are only finitely many conjugacy classes
of a given length.

Historically, one of the initial motivations for counting conjugacy classes of a given length
came from counting closed geodesics of bounded length in compact Riemannian manifolds (see
[Mar69] for example).

As for standard growth in groups, one has to ask how conjugacy growth depends on the gen-
erating set. Similarly to the standard growth function, changing the generating set gives rise to
a quasi-isometric conjugacy growth function. However, something very different happens for the
conjugacy growth function if we pass to finite index subgroups. While the asymptotic behaviour
of the standard growth is preserved by taking finite index subgroups, this is absolutely not the
case for conjugacy growth function. The paper [HO13] produces a finitely generated group of
exponential conjugacy growth with a subgroup of index two with only 2 conjugacy classes. This
implies in particular that the kind of asymptotic behaviour of the conjugacy growth is not a
quasi-isometric invariant and hence that there will definitely not be an analogue of Gromov’s
Theorem for conjugacy growth function.

We remark that not every non-decreasing function represents the standard growth function
of a group. However, [HO13] shows that any non-decreasing function bounded by an expo-
nential can be realized as the conjugacy growth function of a group. Nevertheless, the groups
constructed by Osin and Hull in [HO13] are infinitely presented and we do not know if such
unintuitive behaviors can occur in finitely presented groups.



1.1 Results and organization of the thesis

In this thesis we compute the conjugacy growth series of groups built from other groups. In
each instance there is a canonical generating set coming from the generating sets of the other
groups, and we express the conjugacy growth series of our groups in terms of the standard and
conjugacy growth series of those of the building groups. Most of the work in this thesis is of a
combinatorial nature, with the goal to obtain an exact formula for the conjugacy growth series
of a group with respect to a suitable generating set. We did not cover different generating sets
for the same group and hence we cannot claim to produce group invariants. At the core of the
thesis is showing how counting conjugacy classes is equivalent to counting nice combinatorial
objects, such as ‘necklaces’ made up of ‘pearls’, which are particular words build up to cyclic
permutations.

Related to computing conjugacy growth series, we study conjugacy growth from an asymp-
totic point of view by considering the conjugacy growth rate of the group, that is, the inverse
of the radius of convergence of the conjugacy growth series. In [GS10] it was conjectured that
for every amenable group of exponential growth, the conjugacy growth function is exponential,
and that an amenable group with polynomial conjugacy growth function is virtually nilpotent.
Besides amenable groups, further investigation shows that the above conjecture can be strength-
ened and holds for many other classes of groups: that is, with the notable exception of the
‘monster’ groups of Osin [Osil0] and Ivanov [O1'91, Theorem 41.2] that have a finite number
of conjugacy classes but exponential standard growth, or the group in [HO13] of exponential
growth with two conjugacy classes, for the groups we consider not only is the conjugacy growth
function exponential when the standard growth function is exponential, but the two functions
have the same growth rate.

In Chapter 2 we introduce the necessary prerequisites for growth series and conjugacy growth
series in finitely generated groups. In Section 2.3 we give some basic constructions such as free
products with amalgamation and HNN-extensions over admissible subgroups, and we give the
formula to compute the standard growth series. Our main tool in this thesis to compute the
conjugacy growth series of a group is the Necklaces series NLS of a language, which is explained
and computed in Section 2.4.

In Chapter 3 we investigate conjugacy growth from both a formal and an asymptotic point
of view in wreath products of the form G L, where L is a group which admits a Cayley graph
that is a tree. We consider a natural generating set of G L built out of the standard generating
sets of G and L (as defined in (3.1)). The computations in this chapter rely on describing a set
of minimal length conjugacy representatives, and lead to some explicit conjugacy growth series
formulas for the groups G1Z and G (Cs*C5) in Section 3.4, as well as an asymptotic estimate of
the conjugacy growth of the Lamplighter group Lo that proves that its conjugacy growth series
is transcendental over Q(z) in Proposition 3.21.

One of our main tools comes from the paper [Par92], where the author expresses the standard
growth series of a group G L, when L admits a tree as its Cayley graph, in terms of the standard
growth series of G. In order to compute the conjugacy growth in a group one needs to know
when different elements are conjugate, and we use the criteria for solving the conjugacy problem
developed in the paper [Mat66]. We need to make distinction between the conjugacy classes
having cursor position of infinite order, finite order, or the trivial element. In Section 3.3 we
describe the conjugacy growth series of these three types of conjugacy classes, and in Section 3.4
we give explicit formulas for some examples. When L admits a Cayley graph which is an infinite
tree and not a line, we were unable to obtain a general formula for the conjugacy growth series;
the difficulty resides in counting orbits of finite sub-trees in the Cayley graph of L containing
the origin, under the left action of L.



One of our results in Section 3.3.1, Corollary 3.17, shows that the radius of convergence of
the conjugacy growth series of G ! L is the same as the radius of convergence of the standard
growth series of G L, for all groups where L has a tree as its Cayley graph. This kind of groups
are infinitely presented in general (except if L is finite and G finitely presented).

The other main results of this Chapter are Propositions 3.15, 3.18 and 3.19, which together
describe the conjugacy growth series of a group G L, for all groups where L has a tree as its
Cayley graph.

Let L =Z or L = Co % Cs, and let Y be the canonical generating set of G L build up in (3.1)
on page 19, and let ¢(r) be the Euler’s totient function of r.

The following formulas can be found in Section 3.4:

s ~ 2
. o(r) N~ #Poen (2)” (6@ y)(2) — 1)
. -9 , , d
7)) 7; r ; E +oen @)+ =2 e (@)

1— 22

~ _ ¢(T) 2rs r\28 ~
Taucsmen )2 =22 77 D F 0 (B + 2206 ()

r>1 s>1

~ 2 ~ 2

+ 6 y)(2) + 27 (1+ 2°6 6y (2)) (U(G’YE(Z) 1)2 2 (U(G’IE(Z ) 12) )
1 — 246 (q,v)(2) 1 — 24 qy)(2?)

We point out that conjugacy growth series for some wreath products have been recently
computed in [BAIH16], but the groups studied there are infinitely generated (unless they are
finite), and different methods apply. One can also find the papers [Locl6] and [Wagl6] for some
conjugacy growth series of other infinitely generated wreath products.

Chapter 3 gave rise the preprint [Mer17], submitted for publication.

In Chapter 4 we study graph products. The graph product construction is a natural general-
ization of both direct and free products. Given a finite simplicial graph I" with a group attached
to each vertex, the associated graph product is the group generated by the vertex groups with the
added relations that elements of groups attached to adjacent vertices commute. Right-angled
Artin groups (also known as graph groups) and right-angled Coxeter groups arise in this way,
as the graph products of infinite cyclic groups and cyclic groups of order 2 respectively, and
have been widely studied. Graph products were introduced by Green in her PhD thesis [Gre90]
where, in particular, a normal form was developed, and their growth series have been computed
by Chiswell and others (for RAAGs), given the growth series of the vertex groups.

The Chiswell formula for the standard growth series has an elegant form in terms of the
standard growth series of the building groups and also in terms of the subgraphs. We give an
analogous formula for the conjugacy growth series of a graph product in Section 4.2:

Theorem 4.14
The formula for the conjugacy growth series of the graph product Gy is given by

av(z)= Y [lGu(z) - D¥(CtA))(=),

A€eClq(V) veA

where ¥ is defined on page 53 and on page 75.

An immediate consequence of this result is Theorem 4.16, which shows that the radius of
convergence of a graph product is the same as the radius of convergence of its standard growth
series, provided that the graph is not complete or that all the building groups satisfy this property.
Theorem 4.14 is based on Proposition 4.12, which gives the formula for the conjugacy growth



series of a graph product in terms of the conjugacy growth series of some chosen vertex and some
sub-graphs products, as well as Proposition 4.6, which gives an explicit formula in terms of a
full graph, for a function from a graph to a ring that is defined in term of induction on some
sub-graphs.

In Section 4.3 we use the formula of Theorem 4.14 to compute the conjugacy growth series
for some particular graphs such as the 3 by 3 bipartite graph, a line, a polygon and a house (on
5 vertices).

Chapter 4 is part of a preprint with Laura Ciobanu and Susan Hermiller [CHM17], to be
submitted for publication.

In Chapter 5 we study further constructions of groups and their conjugacy growth series.
While a graph product can be seen as a particular kind of free product with amalgamation, we
wanted to also give the conjugacy growth series of a free product with amalgamation that is not
coming from a graph product. In Section 5.1.1 of Chapter 5 we consider the free product with
amalgamation

G(n,m) := = {z, 27y, y 2™ = y™)  with n,m € N\ {0}.

Z * Z
Ny o

Corollary 5.2
The conjugacy growth series of G(n, m) with respect to the generating set {x, ™, =™ y,y", y~ "}
s given by

_ 14z 5 (1—2m71)(1 — 271
O—(G(n7m)7{w7£m7I—m7y7yn7y—n})(Z) = 11— (1 + NLS <Z (1 _ 2)2 .

In particular, the radius of convergence of G (G(n,m) {z,z™ o™ yy»,y-n})(2) is the same the radius
of convergence of 0(G(n,m) {z,2m 0" yyny—n1)(2)-

In Chapter 5 we also study HNN-extensions of some graph products. In a graph product, if
the underlying graph admits two isomorphic subgraphs V7, V_; with an isomorphism~: V; — V_4
such that for every v € V1, the vertex group Gy, is isomorphic to the vertex group Gzy, then
the graph product Gy admits two isomorphic subgraph products. Moreover with our choice of
generating sets, these two isomorphic subgraph products are admissible in the full graph product.
Hence it is natural to study the HNN-extension over these two subgraph products. We study
this kind of construction in Section 5.2, and prove the following:

Corollary 5.5
Let Gy be a graph product, with two isomorphic subgraph products Gv, and Gvy_,. If for each of
the groups G,y v € V' the radius of convergence of its standard growth series is the same as the

radius of convergence of its conjugacy growth series, then the same holds for the HNN-extension
of Gy over Gy, and Gy_,.

In Section 5.2.1 we give an explicit formula for the conjugacy growth series of the HNN-
extension of a graph product when the two isomorphic subgraph products are based on disjoint
subgraphs V4 and V_1, in terms of the conjugacy growth series of the subgraph product (hence
by Theorem 4.14 one can have an explicit formula). Let

G=(XyU{t,t *}|tht ' =h,Vh € Gy,),

where *: Gy, — Gv_, is the induced isomorphism between the two subgraph products.



Proposition 5.6
Let S := Xy U{t,t=1}. The conjugacy growth series of G with respect to the generating set S is
given by

&(G,S)(z):&V(z)_avl(z)+1+122 +NLS< 2 (C’V(z) _1)>

—z 1—2z \oy(2)

Oy (2) ocyv)(2)
©S ates (= emO ) (s )
2 V) ( (amwz) e

DA£V'CVy

where &{}’,‘ (z) refers to the conjugacy growth series of the elements having a minimal representa-
tive with support exactly V' (see Section 4.1.1 and Lemma 4.10), and NLS refers to the Necklaces
series, which is defined in Section 2.4.

We conclude with an example of an HNN-extension of a graph product, Proposition 5.8 in
Section 5.2.2.2, which gives the conjugacy growth series of the HNN-extension of H *x H over
itself which swaps the factor groups. This last example cannot be solved by Proposition 5.6. We
finish the chapter by pointing out the difficulties encountered when trying to obtain a general
formula for any HNN-extension of graph products over subgraph products.

We would like to point out that our choice of generating sets built from others generating
set have the properties to be minimal (this means that removing one generator yields the set to
not be a generating set anymore), assuming the building generating sets are. Also, most of our
generating sets are symmetric, except for the generating set in Section 5.1.1, where it would not
have been possible to have admissible subgroups with a symmetric generating set.

One surprising fact we observed is that, except in the case of direct products, the conjugacy
growth series of the groups we built from others depends not only on their conjugacy growth
series, but also on their standard growth series.

In Appendix A we prove the following Theorem:

Theorem A.1
Let k1, ko be two infinite cardinals such that k1 < ko. Then there exists a group G such that
#1G = ko and §G = K.

To finish, let us mention the following even if it not really related to this thesis. We would like
to explain why conjugation is natural in a formal sense. In category theory, (see [ML98][Chapter
1] for background on this) a group can be seen as a category with only one object and where
the morphisms are the elements of the group (the composition law being the multiplication of
the group). With this point of view a functor between 2 such categories is equivalent to a
homomorphism of groups. The advantage of this approach is that between two functors one can
consider the natural transformations. The following happens. If G;, G2 are two groups seen as
categories as explained above, and if f,h : G; — G5 are two homomorphisms seen as functors,
then there is a natural transformation « : f = h if and only if there is an element g, € Gso
such that for every g € G1, f(9) = g, h(g)ga. More material about categories can be found
in [AHSO06].

A table of some notation currently used can be found at page 75.



Chapter 2

Preliminaries

In this section we introduce all the background necessary for defining the conjugacy growth series
of a group. As mentioned in the introduction, this is a complex power series where each coefficient
records the number of conjugacy classes of a given length; hence we introduce complex power
series, and their basic properties in Section 2.1. Section 2.2 defines the standard and conjugacy
growth functions, as well as the standard and conjugacy growth series of a group, with respect
to a given generating set. In Section 2.3 we define admissible subgroups and show some basic
properties. This is a very nice property for the computation of standard growth series because
if a group admits an admissible subgroup, then the standard growth series of the full group
admits the standard growth series of its admissible subgroup as factor. We then present how to
express the standard growth series in free products with amalgamation and HNN-extensions over
admissible subgroups. Since we need to consider quotient languages under certain group actions,
we introduce a tool in Section 2.4 that allows us to compute the growth series of a language that
consists of words from another language, up to cyclic permutation.

2.1 Growth series and languages

We first recall some basic facts about power series in complex analysis (see for example the
reference [Con78, Chapter III Section 1]). We denote the open disc of radius r > 0 centered
at c € C by Z(c,r) :={2 € C : |z —¢| <r}, and define a complex power series as a function
f:2(0,7) — C of the form f(z) = Z;io ajz?, where a; € C for all j. We express the fact that
a; is the coefficient of 27 by writing _

[2]f(2) = a;.
The radius of convergence RC(f) of f can be defined as

RC(f) =sup{r e R : f(z) converges Vz € 2(0,7)},

or equivalently as
1

limsup,_, o, /az|
If RC(f) > 0, then f is defined at every point in the open disc 2(0, RC(f)) and f converges
absolutely. In general, f(z) is not defined for z with |z| = RC(f).

The following proposition will be used later on for the computation of the radius of convergence
of some growth series.

RC(f) =



Proposition 2.1
Let f # 0 be a complex power series such that RC(f) > 0, each coefficient [27]f(z) is a non-
negative number, and f(0) = 0. Then there exists a unique positive number t > 0 such that

f(t)=1 and
t=inf{|z| : |[f(z)| =1} =sup{r >0 : |f(2)| <1,Vze 2(0,r)},
and the infimum and supremum are attained.

Proof. Let f =37 anz", where a,, € N for all n. On the interval [0, RC(f)[ the function f is
strictly increasing and continuous, so there exists a unique ¢t € R>° such that f(¢) = 1. Now for
any |z| <t the following holds:

FEI =1 anz"| <D anlz"[ <) ant" = f(H) = L.
n=1

n=1 n=1

O

Definition
Let X be a set. We call the elements of X letters and write X* for the set of words over X. A
subset L C X* is called a language, and the empty word is denoted by e.

Let L be a language and ~ be an equivalence relation on L. For [ € L, we write
Ne:={l'eLl: '~}

for the equivalence class of [, and

L/,_V = {[l]~ : €L}

for the quotient language of L by ~.

Notation
If X is a set, we write §.X for its cardinal.

We now associate a complex power series to a language.

Definition
For w € X*, the length of w is the number of letters in w, we write it as |w|. If I = (I1,...1,) €
X*", the length of I is defined to be |(l1,...,1,)| = 227 [lj]-

Let L be a language such that for every m € N the set {{ € L : |l| = m} is finite, (this is
for example the case if the underlying alphabet is finite). Then we define the growth series of L,
F1,(2), to be the complex power series given by

[z FL(z):=8{l e L : |l| =m}.

Notation I
Let L be a language and ~ an equivalence relation on L. For [l]~ € / _ we define the length

of [[]~ to be

[[N~| := min{|l'| : I" €[]~}
If L and ~ are such that for every m € N the set {[l]~ € L : |[l]~| = m} is finite, we define the
growth series ofL /N, FL/ (2), to be the complex power series given by

[Zm}FL/ (2) = H{ll~ € L : [[l]~] = m}.



For the practical and explicit computations of F, (z), there are several approaches; one

~

approach is to find exactly one representative w in each equivalence class for the relation ~ on
L that satisfies |w| = |[w]~|, in such a way that we can easily compute the growth series of
the language formed by these representative words. Another approach is to see the equivalence
classes for the relation ~ as the orbits of a group acting on a language for which we know the
growth series. In this last case we can apply Burnside’s Lemma to obtain information about the
growth series FL/ (2).

~

Lemma 2.2 (Burnside, (see [Fro87] for the original proof))
Let G be a finite group acting on a finite set S. The number of different orbits in S under the

action of G is given by
S 1 .
t° /= i 2 tFix(9)
geG

where Fix(g) denotes the set of elements of S fized by g.

2.2 Standard and conjugacy growth series of a finitely
generated group

Let H be a group with finite symmetric generating set Z. For w € Z* we write w for the
corresponding element in H, so € = e for the trivial element of H. For u,v € Z*, we define u=v to
hold if and only if w = ©. The length of h € H relative to Z is |h|z := min{|w| : w € Z*, W = h},
and for ¢ € N, we write

Sz(i):={h € H : |h|lz =1}

for the sphere of radius i in H. The growth series

o(n,2)(2) = Fz*/ (2),

for which [2']o(p,2)(2) = ©7(i), is called the standard growth series of H (relative to Z).

Let us assume that no generator in Z is trivial, and no two different generators represent the
same element. We define the Cayley graph Cay(H, Z) of H, with respect to the generating set Z
to be the simple graph with vertex set H where two vertices hy, ho are connected by an edge if
and only if there exists ¢ € Z such that h; = hag.

We write ~p (or just ~ if the context of H is clear) for the equivalence relation on H given
by conjugation and we write H. for the set of conjugacy classes of H. For h € H, we write
[h] € H.. for the conjugacy class of h. Let = be the equivalence relation on Z* defined by w=~v
if and only if w ~ . For h € H we write

(hlnz = min{jwlz : w e 2°, @ € [h]}

for the conjugacy length of h relative to Z, i.e. the minimum length of an element in the
conjugacy class of h. Hence |[h]|z := |h|~,z is also well defined. Note that |[h]|z = |[w]=]| for the

[wl= € z /z such that [w]. = [h].. We write

min([h))z == {h' € [h] : |I'|z = |h|~.2}
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for the subset of [h] consisting of elements of minimal length.
The growth series

G(n,z)(2) = Fz*/ (2),

for which [2']o(g,7)(2) = #{[h]~ € H~ : |[h]|z =i}, is called the conjugacy growth series of H
(relative to Z).
As mentioned in Section 2.1, we would like to compute the growth series of the quotient

Z*

*
languages 4 / — and — by considering the languages formed by exactly one minimal

length representative word in Z* in each equivalence class. This leads us to consider the following
languages. We use the notation from [CHHR16]:

Geo(H,Z) :={w e Z* : |lw| = [w|z} is the geodesic language,
ConjGeo(H, Z) :={w € Z* : |w| = |W|~,z} 1is the conjugacy geodesic language.

So ConjGeo(H, Z) = {w € Geo(H,G) : w € min([w])z}.

We choose a geodesic normal form, that is, a subset GeoNorm of Geo(H, Z) that contains a
geodesic representative word for every element of H. Then the growth series o, z)(2) is equal
to the growth series FgeoNorm(2)-

Definition
Let H be a group with generating set Z. A subset ConjGeoNorm C ConjGeo(H, Z) such that the
map

ConjGeoNorm —— H,

w ———— [W]

is a bijection is called a set of conjugacy normal forms. The elements of the set

{w : w € ConjGeoNorm} will be called the conjugacy representatives. This means that for every
conjugacy class we choose an element of smallest length in this class, and associate to it a geodesic
word.

Thus the growth series 7y, z)(2) is equal to the growth series FconjGeoNorm (2)-

Whenever the conjugacy growth series of a group will be computed, we will explain which
conjugacy normal form and conjugacy representatives we have chosen.

Example 2.2.1 (Fundamental group of the Klein bottle)

Let G be the group given by G = ({a,a=%,b,b=} |bab~! = a~1). Since for every k,l € Z,
blak = a(_l)lkbl, one sees that every element of G can be uniquely written as a"b™. So the
standard growth series of G with respect to {a,a=!,b,b71} is the same as the standard growth
series of Z? with respect to the usual generating set, which is

(1+2)*

U(G,{a,afl,b,bfl})(z) = (1 — 2)2 .

Since for every i,n € Z, ba’b"b~' = a~", and aa’d"a"! = o't~ (=D"p" one deduces that we
can take as conjugacy representative set the following union

{a'b™ : i € N,n even} U {a'd" : i € {0,1}, n odd}.
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The growth series of the first set in this union is

1 1422
1—21—22’

while the growth series of the second set in this union is

2z
1 —_—
( +Z)1—z2

Hence summing all we find

B 1422422 —223
(G {aa-1bb-1})(2) = 1112

The ratio of the number of conjugacy classes of length m over the number of elements of length
m
[2™16 (G {a,a=1 bb-1})(2)

[Zm}o-(G,{a,afl,b,bfl}) (Z)

1S [Zm]

G faa-tpb-11)(2) [ MEif m s even
[Zm]U(G,{a,afl,b,bfl})(Z) B mesif mois odd .
Hence when m — oo,
lim =106 (a0 =) (2) - 1
m=o0 [2M0(G {a,a- 10011 (2) 4

Remark 2.3

Note that the notion of conjugacy growth series can be defined for any group H generated by
Z, provided that the set {[h]~ € H. : |[h]|~,z = i} is finite, for every ¢, even if the set Z is not
finite. In the paper [BdIH16] the authors considered some infinitely generated groups for which
the latter sets are finite, and computed the conjugacy growth series for those groups (although
the standard growth series is not well-defined).

2.3 Admissible subgroup

The notion of admissible inclusion was first introduced by Alonso in [Alo91]. He used this
to express the growth series of some amalgamated products. Later Chiswell considered also
admissible inclusions to express the growth series of some HNN-extensions in [Chi94b]. We
introduce the notion of admissible inclusion and then the notion of admissible subgroups.

Definition ( [Alo91])

Let A be a group with generating set S4 and let G be a group with generating set S. Let
a: A — G be a monomorphism such that a(Sa) C S. We say that « is an admissible inclusion
of the pairs (A, S4) — (G, S) is there exists a right transversal T of a(A) in G such that for all
a € A and for all t € T we have

a(a)tls = |afa)]s, + [t]s-

If the inclusion monomorphism is obvious and we can see the group A as a subgroup then we
can also consider the concept of admissible subgroup.
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Definition ( [Manl2])

Let G be a group, H be a subgroup of GG, X be a generating set of G and Y be a generating set
of H. We say that H is admissible in G with respect to the pair (X,Y) if Y C X and there exists
a right transversal U of H in G such that, if ¢ = hu, with g € G, h € H and u € U, then

lglx = |hly + |ulx. (2.1)
In this case we say that U is an admissible right transversal of H in G.

In this document we will make no distinction between admissible subgroup or admissible
inclusion when the inclusion is obvious.

Remark 2.4

With the notation of the preceding definition, the relation o(g x) = o(x,y)ow,x) holds, where
ov,x) denotes the growth series of the elements of U with respect to X. This implies in particular
that the function % is a power series with natural coefficients.

Proposition 2.5
Let G be a group, H be a subgroup of G, X be a generating set of G and Y be a generating set of
H. Assume that H is admissible in G with respect to the pair (X,Y). Then the following hold.

1) The representative of the coset H is 1.

2) For allh € H, |hly = |h|x.

3) The right transversal is unique.

4) Every element t € U is the unique element of Ht of minimal length with respect to X .
Proof. 1) Take h =1 in the equality (2.1).

2) Take ¢t = 1 in the equality (2.1).

3) Assume there exist U and U’, two different admissible right transversals of H in G, and let
t € U and t' € U’ be such that Ht = Ht'. Let h € H be such that t = ht/, (¢ = h™1t).
The fact that U is admissible implies that |[t/|x = |h~!|x + |t|x and the fact that U’ is
admissible implies that |t|x = |h|x + |t/|x. Hence |t/|x = |h~!|x + |h|x + |t/|x, and hence
|h| = |[h=1| = 0, which implies that ¢ = #’. Thus we find that U = U’.

4) Every element g in Ht, g # t can be written as g = ht with h # 1. Hence (2.1) gives
l9lx > [t[x.
O

In fact Alonso proves in [Alo91][Proposition 2] a result that implies 1) and 2) in the last
proposition.

Example 2.5.1 (Examples (2) and (3) in [Alo91])
The canonical inclusion (G1,51) — (G1 X Go,51 U S2) and the canonical inclusion (G1,51) —
(G1 * G, 581 U Sy) are admissible.

A generalization of these two previous examples will be explained in Section 4.1.

Example 2.5.2 (Hypothesis of Lemma 1 in Section 3 of [Chi94b])
Let G = ({z,z7Y,y,y 1} |y =2") 2 Zforn € Nand let H = ({y,y~'}|). Then H is admissible
in G with respect to the pair ({z,271, 3,97 '}, {y,y~1}) if and only if n is odd.

The next two sections will motivate the consideration of admissible subgroups.
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2.3.1 Free products with amalgamation

Let G; be a group with generating set S1, G2 a group with generating set So, and A a group
with generating set S4 that is a subgroup of both G; and G5 . Let us consider the free product
of G and G5 with amalgamation over A,

G .= G1 * A GQ.

In this case it is clear that S := 57 U S US4 is a generating set of G but there is a priori no
obvious way to compute o g)(2) in terms of o(g, 5,)(2), 0(G,,5,)(2) and 0(c, 5.)(2).

Let U be a right transversal of A in GG; and let V' be a right transversal of A in G.

Lemma 2.6 (Normal form Theorem for Free Products with Amalgamation [LS77] Theorem 2.6)
Every element of G can be uniquely written as

g = avouU1v1 * * - UpUnUn1,
where a € A, n >0, v9 €V, upy1 €U and fori e {1,...,n}, u; € U\ {e} and v; € V' \ {e}.

In the last expression cancellations are possible in general; however, the notion of admissibility
guarantees the fact that in the normal form no cancellation occurs.

Lemma 2.7 (Proof of Proposition 14.2 in [Man12])

Assume A is admissible in G1 with respect to the pair (S1,S54), and is admissible in Go with
respect to the pair (So,S4). Then, with the generating set S, the length of an element g € G
written in normal form

g = avouU1V1 - UpUpUpnt1
obtained by Lemma 2.6, is given by
lgls = lalsa + |vols, + [utls, + |vils, + .-+ [unls, + [vnls, + [untals, -
This Lemma implies:
Proposition 2.8 ( [Alo91], [Lew91])

Assume A is admissible in G1 with respect to the pair (S1,S54), and is admissible in Go with
respect to the pair (S2,S54). Then

ow,s:)(2)o(v,s,)(2)
1= (o@w,s)(2) = D(o,s)(2) — 1)

0(6,5)(2) = 0(a,5,4)(2)

which is equivalent to

1 1 1 1

+ .
0@,9)(2) 0,5 (2)  0G,9)(2)  T(asa)(2)

Alonso first proved this Proposition in [Alo91] using different methods, namely Lemaire’s
Theorem (5.1.4) and its Corollary [ [Lem74], Lemme (5.1.10)].
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2.3.2 HNN-extensions

Notation
Let i € Z\ {0}. We define
. +1 if7>0,
sen(i) =1\ _1 <o

Let H be a group with generating set Sy and a1,—1 : H — B be two monomorphisms
where B is a group with generating set Sg. We consider the HNN-extension

G := (t,B|tay(h)t™' = a_i(h), Yh € H).
Clearly the set
S =:SgU Oél(SH) U Ozfl(SH) @] {t,t_l}
is a generating set of G.

Lemma 2.9 (Normal form Theorem for HNN-extension [LS77] Theorem IV.2.1)
Let G = (t,B|tay(h)t™! = a_1(h), Vh € H) be an HNN-eatension as above and let Ty, T_1 be
right transversals of aq (H), a—1(H) respectively. Then any element g € G be be uniquely written
as
g = bt"wit™ws ...t w,,,

where m € N, b € B, n; € Z\ 0, w; € Tygy(n,) for i € {1...,m} and w; # {e} for i €
{1,...,m—1}.

In the last expression there can be some cancellation in general, but the notion of admissibility
guarantees that in the normal form as above no cancellation occurs.
Lemma 2.10 (Proof of Proposition 14.3 in [Man12])
Let G = (t,B|tai(h)t™! = a_1(h), Vh € H) be an HNN-extension such that the monomorphisms
ay and a_y are admissible inclusions (H, Sy) — (B, Sp). Let S := SpU{t,t~1} be the generating
set of G. Then an element g € G written in normal form (as in Lemma 2.9)

g = bt"wit"ws - -tV Wy,
1s geodesic with respect to S and
g9ls = [blsp + |na] + [wilsp + [n2| + |walsy + - + (] + [wim|sp-
This Lemma implies:
Proposition 2.11 ( [Lew91], [Chi94b])
Let G = (t,B|tay(h)t™! = a_1(h), Vh € H) be an HNN-extension such that the monomorphisms
a1 and a—y are admissible inclusion (H,Sy) — (B,Sg). Let Sy, Sp be the generating sets of

H, B respectively and let S := SpU{t,t~1} be the generating set of G. Then the standard growth
series of G with respect to S is given by

1 1 2z 1

0G:9)(2)  omsm(z) 1+z o(sm(2)

b

which is equivalent to
1

1+ 2z— 2z70(3‘33)(z) .

o(H,5y)(2)

0(c;9)(2) = 0(B,sp)(2) -

In particular

o z
RC(0(c;5)(2)) = min {RC(U(B’SB)(z)),infﬂz 14 2z— ZZLB)() = 0}} .
om,5m) (2
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2.4 Necklaces set associated to a language

Let A be a finite alphabet and L be a language over A. For n > 0, we write L™ := L x --- x L.
—_—

n times
For an element (I1,...,l,) € L™, the elements [; for j € {1,...,n} are called the components,

and the length of this n-tuple is defined to be |(l1,...,1n)| == >0, |l;].

Let C), :== Z/nZ. The group C,, acts on L™ by g- (u1, ..., up) := (Wi4g, ..., Untq) forall g € C,
and uq,...,un, € L, where the index 7 + g of u;44 is taken modulo n; that is, elements of Cy,
cyclically permute the entries of tuples in L™. Let L™/C,, denote the quotient by this action,
and define the set of necklaces over L as

Necklaces(L) := [j L /C .

n=1

Since the length of an element in L™ is preserved by cyclic permutation of its components, we
extend the definition of length on L™ to Necklaces(L).

Next we collect several identities among the strict growth series for languages. Given u €
L, let diag(u) denote the diagonal element diag, (u) := (u,u,...,u) in L ™. Similarly, for v =
(v1, ..., v4) € L% and m € N, let diag,, (v) denote the element diag,, (v) := (V1, ..., Ud, .-, V1, -y Va)
of L™,

Lemma 2.12
Let L and be a language and let 1 < n € N. Then the following hold.
1. Fra(z) = (FL(z))n
2. Fldiag(u):uer}(2) = FL(2").
8. Fidiag, (u):ucrLd}(2) = Fra(z™).
4 [ (FL(2))? = [P (Fr (™).
The following gives a computation of the strict growth series Fyeckiaces(z)(2) from Fr(2).

Proposition 2.13
The growth series of the set of necklaces over L is

oo

FNeckIaces(L)(Z) = Z Z @ FL l.

k=11=1

Proof. Since for n # n' the sets L™/C,, and L"//Cnr are disjoint, we have Fyeckiaces(z)(2) =
Yovei Froge, (2).

For every n,m € N, the set S"(m) := {w € L™ : |w| = m} is invariant under the cyclic
permutation action of C,, on L". Then the coefficient [2™]Fn ¢, (2) is the number of orbits in
S™(m) under the action of C,,. For each g € Cy, let Fixgn () (g) denote the set of elements of
S™(m) that are fixed by the action of g. Using Burnside’s Lemma we find

(2" Fpn e, (2) Z fFixgn (m —%Z Z fFixgn (m)(9)-

gECn dln 1<g<n
(g:n)=d
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In fact whenever d|n, 1 < g < n, (9,n) = d, and w € L", then w € Fixgn(y,)(g) if and only if
w = diaga (v) for some v € L% with |v| = de. In this case that (g,n) = d, then

. md d n\\d
(Fixsn(m)(9) = [z 7 ] (F1(2))" = [z"](F(2 7))
where the latter equality is given by part 4 of Lemma 2.12. Therefore we find
n\\d 1 n n\\d
Frnye, (2 Zﬁ{1<g<n (9,n) = d} (FL(27)) ZEZCb(E)(FL(Zd)) :
d|n

Finally,

S|

S
FNeckIaces L) E

n=1

S o(EEn) =3 A (o)
d|n

O

Note that if the language L contains the empty word and Fr(0) > 1 then Fyeckiaces(z)(2) is
nowhere defined. Thus for the remainder of the paper, every language L for which we consider
the series Fieckiaces(r)(2) is assumed to satisfy Fr(0) = 0.

Remark 2.14
For every m € N, the following holds.

[Zm] Z (FL(TZ))TL < [Zm]FNecklaces(L)(z) < [Zm] Z (FL(Z))n :

|

Fr(=)
1-Fp, (z)

Corollary 2.15
The radius of convergence of Feckiaces(L)(2) s given by

RC(FNeckiaces()(2)) = min{|z| : z € C, |FL(2)| = 1},
which is by Proposition 2.1 the positive number t such that Fr(t) = 1.
Proof. Remark 2.14 implies that

RC (i W) 2 7QC(F‘Necklaces(L) > RC (Z )

n=1

The radius of convergence of the geometric series Y, _ 2™ is 1, and so the series >0 | (Fr(2))"
converges for all z satisfying |Fr(z)| < 1 and diverges for all z such that |F(z)] > 1. Hence

RC (i (FL(Z))n> =sup{r >0 : |[Fr(2)| <1,Vze 2(0,r)}

n=1

(2.2)
=min{|z| : z € C, |Fr(2)] =1}.

Therefore it suffices to prove that

RC (i <FL(nZ))n> —RC (g (FL(z))”> .
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Note that because Fr,(0) = 0,

- m _ Zm+1
=" Y Fu(2)" =" Fu(x)" =1 m}l 1fL}§Lzz) )
and
m > FL(Z)" i m FL(Z)” o m FL(Z)n i - 1_FL(Z)m+1
Y S T 2 I T =
Hence
Therefore

O

Example 2.15.1
Let L = {ci,...,cp} be a finite subset of A; that is, |¢;| =1 for all 4. Then Fr(z) = pz and the
set L can be viewed as a set of colors. In this case Proposition 2.13 says that

o oo k
FNeckIaces(L)(Z) = Z Z L’E}l )plzkl.

The coefficient of 2™ in this series is the number of necklaces that we can make with m pearls,
all with a color in L.

This example leads us to the following definition.

Definition
For any complex power series f with integer coefficients satisfying [2°]f(z) = 0, let

NLS(1)(2) = 303 A0 ety = 5 2B pogr (e,

k=11=1 k=1

For a complex power series f with integer coefficients such that [2°]f(2) = 0 and RC(f) > 0,
let
R:=sup{r : [f(z*)] <1, Vk e N\ {0}Vz € 2(0,7)} > 0.

Then RC(NLS(f)) = R. If f is the growth series of a language (without the empty word), then
by Corollary 2.15, R is the unique positive number ¢ such that f(t) = 1.

The series NLS(f) is defined for any complex power series f, not just those that are the
growth series of a language, to streamline notation later in the paper when growth series are
decomposed into combinations of other series. In particular we apply the following lemma.
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Lemma 2.16
Let f,g be two complex power series with positive radius of convergence, natural number coeffi-
cients and constant term equal to 0. Then

NLS(f)(2) + NLS(g)(2) = NLS(f + g — f9)(2),

for all z € C such that NLS(f)(2), NLS(g)(z) and NLS(f + g — fg) are defined.
More generally, for fi,...,f. with positive radius of convergence, natural number coefficients
and constant term equal to 0,

> NLS(fi)(2) = NLS (Z(—l)“1 > 11 fj) (2),
=1

=1 Jc{1,...,r}:|J|=l jeJ

for all z such that all NLS(f;)(z) and NLS (erzl(fl)rfl Ycit,nt = 1Les f}(z)) are de-
fined.
Proof. Let R be the radius of convergence of NLS(f) + NLS(g); that is,

R =sup{r >0 : max(|f(2)|,|g9(2)]) < 1Vz € 2(0,r)}

by applying (2.2) to both N(f) and N(g).
For z € 2(0, R) the series NLS(f)(z) and NLS(g)(z) converge uniformly, hence we can write

NLS(f)(2) + NLS(g) => %(k) (Log(1 — f(z")) + Log(1 — g(z*)))
k=1
= %(k) (Log(1 — (f(z") + g(z*) — f(z")g(z"))))
k=1
=3 ") (Logt — (1 +9 - Fa)(=))

x>

=1

CNLS(f 49— £9)(2),

where the second equality holds only if log(1 — (f(2*) + g(2*) — f(2¥)g(z*)) is defined for every
k and only if the series converges.
The second part of the lemma is proved by induction on r. O



Chapter 3

Conjugacy growth series of some wreath
products

Here we investigate conjugacy growth series in wreath products of the form G L, where L is
a group which admits a Cayley graph that is a tree. We consider a natural generating set of
G U L built out of the standard generating sets of G and L (as defined in (3.1)). One of our main
tools comes from the paper [Par92], where the author expresses the standard growth series of a
group G L, when L admits a tree as its Cayley graph, in terms of the standard growth series
of G. In order to compute the conjugacy growth in a group one needs to know when different
elements are conjugate, and we use the criteria for solving the conjugacy problem developed in
the paper [Mat66].

3.1 Wreath products

We now fix a group G with symmetric generating set Y and neutral element e, and a group L
with symmetric generating set X and neutral element ¢’.

Notation
Let I be a non-empty set. For n € @,.; G we write (i) for the i** component of 7, and if
moreover I is a group and = € I, we define n* € @,.; G by n*(i) = n(x~'i), and say that 1" is

the left translate of n by x. We write Supp(n) = {i € I : n(i) # e} for the support of 1.
Definition
Let G and L be two groups. The wreath product of G by L, written G L, is defined as
Gi1L:=GxL,
i€l
where for (n,m),(6,n) € G L,
(n,m)(0,n) = (™, mn).

For (n,n) € G L we say that n is the cursor position. For g € G, let § € @,.; G be such
that g(e’) = g and §(i) = e for i # €’. The neutral element of G L is then denoted by (€, ¢’),

-1

-1
and for any (n,m) € GUL, (n,m)"t=((n™ ) ,m™).
The following set generates G ! L:

Y :={(@a): ze X}U{#¢€):ycY] (3.1)

19
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Remark 3.1

One can interpret the generating set Y as follows. If Cay(L, X) denotes the Cayley graph of L
with generating set X, one may imagine that on each vertex v of Cay(L, X) there is a copy of
the group G. Hence an element (1,b) € G L can be viewed as

e a finite subset V of the set of vertices of Cay(L, X),
e for each v € V, an element g, € G \ {e} such that g, = n(v), and
e a vertex v’ of Cay(L, X) corresponding to the element b.

With this interpretation, the elements of the set {(€,z) : € X} induce moves of the cursor
along the graph Cay(L, X), while the elements of {(#,0) : y € Y} can be seen as a generating
set of the copy of G at the vertex of Cay(L, X) corresponding to the current cursor position.

Proposition 3.2 ( [Par92]:Section 1 or [Man12]:Section 14.2)
The length of an element (n,b) (relative to Y ) is the sum of the following two values:

1. The length of a minimal walk on Cay(L, X) that starts at the origin, visils every vertex v
for which n(v) # e and ends at b,

2. the sum of the lengths |n(v)|y forv € L.

Thus computing element length in a wreath product involves finding the walks of minimal
length in Cay(L, X), a very difficult computational problem related to the traveling salesman
problem. For this reason Parry ( [Par92]) only considers the case where the Cayley graph of L
is a tree.

3.1.1 Description of the conjugacy classes in a wreath product

We follow the approach of [Mat66], which gives a sufficient and necessary condition for two
elements in G L to be conjugate. In [Mat66] the wreath product is defined via right action,
so since in this thesis the wreath product is defined via left action, we modify the notation and
statements in [Mat66] accordingly.

Notation
(1) For (n,b) € G1L, let

76 ((n,0)) == n(b).
be the entry in n at the cursor position.

(2) Let b € L be an element and let (b)t be a right coset of the subgroup (b) generated by b. We
define the map 7y, : @, G — G UG~ by

rme(1) = [Hf;ol n(b’kt)} if b is of finite order K
e T n(®7*t) else.
Note that this is well defined since the support of 7 is finite.
If mpye(n) = [e] € G, we just write it as ) (1) = e. Now let us follow the approach of Jane

Matthews in [Mat66] with our notation. Assume that (7, b) is conjugate to (n’,b’) in G L. This
means that there is (6,d) € G L such that

(V) = (8,d) " (n,b)(8,d) = ((0°") 0%, d~1ba).
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In other words
¥V =d'bd and n'?=0"1no".
Fixing a right transversal T' of (b), this is equivalent to saying that for every k € Z and every
teT
V=d'bd and 9?0 7%t) =070 t)n(b o kD). (3.2)

Hence taking the product over all values of k in the equality (3.2) gives the following.

Lemma 3.3 ( [Mat66] Lemma 3.2)
In GUL, the elements (n,b) and (n/,b") are conjugate if and only if there exists (0,d) € GUL
such that, b = d='bd and for any right transversal T of (b), for anyt € T, for all uw € Z and all

v € N, we have

u+v u+v

[T e = (H (o ) (et (3.3
k=u

Lemma 3.4 ( [Mat66] Proposition 3.5)

Let (n,b) and (0, V') be in GV L with b of infinite order. Then (n,b) and (n',V') are conjugate if

and only if there exists d € L such that b’ = d='bd and for any right coset (b)t

Tyt () = Ty (n'®). (3.4)

Proof. Suppose first that (n,b) and (n/,b’) are conjugate. Since (b) is infinite and Supp(6),
Supp(n) and Supp(n ) are finite, there exist u € Zand v € N such that 0=1(b=4t) = O(b—“~v~1t) =
e and 7y (n) = [[1Zon(b~*t) and 7y (n'?) = [[ire /(b= *¢). This gives, via (3.3), the equality
(3.4).
For the other direction, assume there exists d € L such that b = d~'bd and for any right
coset
Tyt (n) = W(b)t(n/d)'

Let T be a right transversal of (b). Define 0 € @, G by

=TIn0 ") (H U'd(b_lt)) :
I=k I=k

for every t € T and every k € Z, and verify that (3.2) is satisfied.
Note that the hypothesis 7. (n) = 7r<b>t(77’d) assures that Supp(#) is finite. O

Example 3.4.1
Here is an illustration of Lemma 3.4 in G1Z. Let Z = ({a,a'}|). We represent an element
¢ € @,c;, G as a bi-infinite line on which for all i such that £(a’) # e there is a symbol g meaning

£(a’) = g. Let (n,a®) € G1Z be such that 7 is represented by the following line

g1 g2 gs 94 g5 e g7
-2 -1 0 1 2 3 4

Taking T'= {€’, a,a?} as right transversal of (a%), we find

T (a3)e’ (n) = 9693, W(aﬁ)a(ﬂ) = 979491, T(a3)a? (n) = g592-

Lemma 3.4 shows that (n,a®) is conjugate in G Z to ({,a®), where ( is represented as:

e e e
< © 9693 979191 9592 ¢ ¢
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The conjugator is (6, e’), where 6 is represented as:

-1 -1
9 92 96 97 e e e
o “1 0 1 2

Lemma 3.5 ( [Mat66] Proposition 3.6)
Let (n,b) and (0, V') be in GIL with b of finite order K. Then (n,b) and (n/,b") are conjugate if and
only if there exists d € L such that b’ = d='bd and for every right coset (b)t, Twye(n) = 7r<b>t(77'd).

Proof. Let T be a right transversal of (b) in L.
Suppose (1) = 7T<b>t(77/d). Since b¥ = e, it suffices to take v = 0 and v = K — 1 in Lemma
3.3 to show that (n,b) and (n,b’) are conjugate.

Now assume there exists d € L such that &’ = d~'bd and for any ¢ € T there exists a; € G
such that

K—-1 K-1
[T 7@ ) = ar T] n0*t))a .
k=0 k=0

Define 0 € @, G by

K-1 K-1 -1
0(b~"1) = <H n(b‘lt)> a’ <H n’d(b‘lt)> :
I=k I=k
for every t € T and every k € {0,..., K — 1}, and verify that (3.2) is satisfied. O

Corollary 3.6

Let (n,b) € GUL, let T be a right transversal of (b) in L and let {t1,...,tx} C T be the set of
elements of T such that myy,, () # e for j € {1,...,k}. Then (n,b) is conjugate to an element
(', b) for which Supp(n’) N (b)t; is a singleton {I;} for each j € {1,...,k}. Moreover,

A) 1'(l;) = Ty, (n) if b is of infinite order, and
B) /(L) € mwye, (n) if b is of finite order.

Proof. This is an immediate consequence of Lemmas 3.4 or 3.5. Indeed, consider Lemma 3.4 if
b is of infinite order, and Lemma 3.5 if b is of finite order. In both cases choose d = ¢’. Now for
every j € {1,...,k} choose some [; € (b)t;, and define 1’ as 1'(l;) = 7y, (n) if b is of infinite

order, n'(l;) € e, (n) if b is of finite order, and n'(l) = e if I & {l1,...,lk}
Then (7', b) satisfies the hypotheses of Lemmas 3.4 or 3.5, and 7’ satisfies the corollary. O

3.2 Conjugacy class length and conjugacy growth series
in G L

From now on we assume that the generating sets X and Y of L and G, respectively, are finite.
This section explains how one can shorten an element in G L by conjugation until it is of minimal
length in its conjugacy class. We use Lemmas 3.4 or 3.5, depending on the order of the cursor
position; since the order, finite or infinite, influences the computations, we make the following
distinction.

The elements (n,b) in G L with b of infinite order are called of type A. The words w over a
generating set of G L satisfying w is of type A are called of type A, and a conjugacy class of an
element of type A is also called of type A. We denote by (G L)# the set of elements of G ¢ L of
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type A and by (G1L)4 the set of conjugacy classes of type A. The contribution to the conjugacy

growth series of G L of the elements of type A will be denoted by 624@ LYy

The elements (n,b) in G L with b of finite order are called of type B, and similarly use type
B for all other items mentioned above. Hence

= _ =A ~B
SaLy) = %aiy) T 9w v)
Definition

Let (n,b) € GUL, let T be a right transversal of the subgroup (b) of L and let ¢1,...,t; € T be
the elements of 7' such that g, (1) # e for j € {1,...,k}.

1. An optimal coset walk for (n,b) is a walk of smallest possible length on Cay(L, X) starting
at the origin, visiting some point I; € (b)t; for all 1 < j < k and ending at b.

2. An optimal conjugacy walk for (n,b) is an optimal coset walk for (nd_l,dflbd) that is of
minimal length among all optimal coset walks for (nd/_l,d’ ~1bd") with d’ € L.

Note that if b = e’ then an optimal coset walk for (1, b) is equivalent to a minimal walk on
Cay(L, X) as in Proposition 3.2.

Lemma 3.7

Let (n,b) € GUL and let (b)t1,...,(b)ty be the right cosets of (b) in L such that myy, (1) # e for
i €{1,...,k}. Then there is a conjugacy representative (¢,d=1bd) of [(n,b)] with the following
properties.

1. An optimal coset walk for (¢,d=1bd) is an optimal conjugacy walk for (n,b).

2. If such a walk intersects d=(b)t; at d='b%t;, where a; € Z, i € {1,...,k}, then Supp(¢) =
{d=*"ty,...,d bt} and

A) C(d7b%t;) = Ty, () if b is of infinite order,
B) ¢(d~b*t;) € min(myye, (n))y if b is of finite order.

Proof. For all i € {1,...,k} let l; € (b)t; be such that an optimal coset walk for (n,b) passes
through I;. Corollary 3.6 implies that (7, b) is conjugate to an element (£, b) of smaller or equal
length that satisfies Supp(§) = {l1,...,l}, and for all i € {1,...,k}, if (i) b is of infinite order,
then £(1;) = mwye, (1), and if (ii) b is of finite order, then £(I;) € min(m gy, (0))y -

In this case the length of (£,b) is equal to the sum of

1. the length of an optimal coset walk of (n,b) on Cay(L, X), and

k
2. Ei:1 |7T<b>ti (77)‘3’-

A consequence of Lemmas 3.4 and 3.5 is that inside the conjugacy class of (n,b) in G L no
element (¢, ¢) has the value ;g 0oy [C(D)]y strictly smaller then ;g0 [€(D)]y

Now we can also translate the support of £ along Cay(L, X) and modify the cursor position in
order to minimize the walk on Cay(L, X). More precisely, taking a suitable d € L and conjugating
(£,b) by (€,d) we find the element (¢,d~1bd) := (&,d)~(¢,b)(€,d) = (€1 ', d~'bd). Hence this ¢
satisfies (¢ = ¢ and Supp(¢) = {d~'ly,...,d )}

O
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Corollary 3.8
The conjugacy length of (n,b) is equal to the sum of

1. the length of an optimal conjugacy walk for (n,b), and

k
2. Zi:1 ‘Tr<b>ti (77) ‘Y

Example 3.8.1

Let (n,a®) be as in Example 3.4.1. We choose T' = {¢’, a,a?} as the right transversal of (a3) in
Z, and let t := €/, t5 = a and t3 := a? be the elements of T such that T(adyt, (1) # e. Since Z is
abelian and the direct walk on Cay(Z, {a,a™'}) from €’ to a® visits every coset (a®)t;, this is the
only optimal coset walk for (1, a®).

The optimal conjugacy walk for (n,a®) starts at ¢’ and creates gggs, goes to a and creates
g794g1, then goes to a® and creates gsgo, and ends up at 3. This is an optimal walk for the
element (¢,a®) for which Supp(¢) C {¢’,a,a?} as in Example 3.4.1. In this case the d and the
a;’s in Lemma 3.7 are all trivial and I; = e, Iy = a and I3 = a%. The length of the walk on
Cay(Z,{a, ail}) is 3 and the sum the length of the components is |gsgsly + |979491]y + |g592]v,
hence |[(n,a )]\)7 =3+ |g69sly + |979291]y + |g592]y . Note that (n,b%) is also conjugate to the
element (¢’,a®) € min([(n, a®)]) where ¢’ is represented as

_62 _61 8 9791491 95292 96393 i

In this case the conjugator is (8’,¢’), where 6’ is represented as:

-1
g1 g2 g3 97 € € €
2 21 0 1 2 3 4

Thus finding the conjugacy length of an element involves finding a conjugate of the cursor
position which produces an optimal walk on Cay(L, X ). We will see in the next section that
when Cay(L, X) is a tree, a (¢,d"1bd) as in Lemma 3.7 can be chosen such that d~1bd is minimal
in its conjugacy class (in L), hence cyclically reduced if b is of infinite order.

3.2.1 The case when the Cayley graph of L is a tree

From now on, we assume that Cay(L, X) is a tree. This is precisely the case when L admits the
presentation
L=(aE,. .. a%, by,....bx|b3,... 0%).

Hence we assume that X = {ay, afl, ee, A, a&l, bi,...,bn} and each generator b; is equal to
its inverse. This implies that Cay(L, X) is the (2M + N)-regular tree.

In this case GeoNorm(L,X) = Geo(L,X) is the set of freely reduced words on X. For
simplicity we will make no distinction between elements of L and freely reduced words, and by
a word on X, we will mean freely reduced word.

An element of L is minimal in its conjugacy class in L if and only if it is cyclically reduced
or equal to one of the torsion generators b; for some j € {1,..., N} or is trivial, so the set of
conjugacy geodesics ConjGeo(L, X) is given by

ConjGeo(L, X) = ConjGeo(L, X)A U {by,...,bx} U{e},

where ConjGeo(L, X)“ denotes the set of cyclically reduced words, whose growth series compu-
tation is similar to that in [Riv10, Theorem 1.1].
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Lemma 3.9 (see Theorem 1.1 [Riv10])
In the group L as above the number of cyclically reduced words of length k > 0 is

(2M + N —1)* + (=1)*(M + N —1) + M,
and the associated growth series written Feonjgeo(r,x)4(2) 5 given by

1 (2M + N)z> — (N —1)z — 1
FeonjGeo(r,x)4 (%) = 1—(2M+ N —1)z 1—22 .

The proof is similar to the proof of Theorem 1.1 [Riv10]. In [Riv10], Rivin counts the number
of cyclically reduced words of length k in a free group by counting the number of closed paths
of length & in a graph having the generators (and their inverses) as vertices, where each vertex
is connected to all the others vertices except for its inverse. He then computes the trace of the
k" power of the adjacency matrix. We generalize his result by also adding a vertex for each
generator of order 2 that is connected to all the vertices excepted itself. We compute the trace
of the k*" power of the adjacency matrix in the same way as Rivin.

Remark 3.10
If 2M + N > 2, then
1

RC(FCOaneO(L,X)A (2)) = IM+N—1"

Now let us adapt Lemma 3.7 to this kind of group.

Lemma 3.11

Let (n,b) € GUL be such that b # €'. Then there exists (¢, c) € min([(n,b)])y such that either ¢
is of infinite order and cyclically reduced, or c is one of the torsion generators b; of L for some
jed{l,...,N}.

Proof. Assume that b is not cyclically reduced and b # b;, for any j € {1,...,N}. We consider
the two cases, when b is of infinite order, and when b is of finite order, separately. In both
cases Lemma 3.7 shows that (1, b) is conjugate to an element (7', b) of the same length for which
Supp(n’) intersects each right coset of (b) at most once and an optimal walk for this element is
an optimal coset walk. Hence up to conjugating (7, b), one can assume that (7, b) is of this form.
We consider a particular suitable coset walk for (n,b) and then after conjugation we show that
(n,b) is conjugate to an element (¢, c) € min([(n,b)])y with c as claimed.

A) If b is of infinite order it can be written as w'ew, where w = wy ... w, and ¢ =¢; ... ¢, are

in X* and freely reduced, and w; # ¢1 # ¢~ # w;. For simplicity of notation, we write w
for w and ¢ for €.

Let us consider an optimal walk on Cay(L, X) starting at the origin, visiting each right coset
(b)t of (b) such that 7y,(n) # e, and ending at b. For v = {0,...,k — 1} let T, be the set
of (freely reduced) words in X that do not begin with ¢! or ¢,.1, where ¢y := c;. Then
we can assume that the optimal walk on Cay(L, X) starts at the origin, goes inside w=!T,
and comes back to w1, then goes to w™'c; and inside w~'¢; 77, comes back to w™tc;, until
it reaches w— ¢y - - - cp—1, goes inside w ey -+ - cxp—1Tk—1, comes back to w™ ¢y - - cx—q and
finally stops at w™'cw. In other words, we assume

Supp(n) Cw ' ToUw teyThU...Uw tey e 1 Th1,

and that the walk on Cay(L, X) is as Figure 3.1:
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wle w—lew

Figure 3.1: Illustration of (7, w lcw)

For r € {0,...,k — 1}, let I, be the length of the walk in w~'c; --- ¢, T,. This is 2 times the
number of edges in the tree spanned by Supp(n) Nw~te; -+ - ¢, T, for r € {1,...,k — 1} and
at most 2 times the number of edges in the tree spanned by Supp(n) Nw =Ty + 2n for r = 0.
Note that I, can be equal to 0. Then the length of the walk on Cay(L, X) is Zf;é l,+2n+k.

Now let us conjugate (n,b) by (€,w) to obtain ({,c¢). In this case ¢*"" = 75 and hence
Supp(¢) = wSupp(n). Then an optimal walk on Cay(L, X) starting at the origin, visiting
every element of Supp(¢) and ending at ¢ has the following trajectory: it first goes inside
Ty, then comes back to €', then goes to ¢1, inside ¢, T, comes back to ¢1, and so on until it
reaches ¢ - - - ¢x_1, walks inside ¢ - - - ¢x_1Tk_1, comes back to ¢ - - - ¢x_1 and finally stops at
¢, as shown in Figure 3.2:

./7. [ ] _— e,

Figure 3.2: Illustration of (¢, ¢)

This is an optimal coset walk for ((,c). Therefore the length of the walk on Cay(L, X) is
less or equal than Zl:;é lr +k+2n. On the other hand, the value >~ o, () [C(v)]y is the
same as the value }° g, [1(v)|y. Therefore the length of (¢, ¢) is less or equal than the
length of (7, b) as claimed.

If b is of finite order it can be written as w~'b;w for some j € {1,..., N}, where w = wy - - - w,,
is in X™* and freely reduced and with w; # b;.

Let T be the set of (freely reduced) words in X that do not begin with b;. Then as before we
can assume that the optimal walk on Cay(L, X) starts at the origin, goes inside w=!T and
comes back to w™! then goes to w™'b; and goes inside w™'b;T, comes back to w='b; and
finally stops at w™'b;w. In other words we assume

Supp(n) C w'T,
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and that the walk on Cay(L, X) is as represented in Figure 3.3:

w™ T

e’ w1 wlb; w*lbjw-
Figure 3.3: Illustration of (1, w™'b;w)

In the same way as before (n,b) is conjugate to a ({,b;) with Supp(¢) = wSupp(n), as
represented in Figure 3.4;

m\
o

Figure 3.4: Tllustration of (¢, b;)

and the length of (¢, b;) is smaller or equal than the length of (1, b), since >, cqupp(c) [[C(0)][y

is the same as the value }, g, 00 [[7(0)]]y. Therefore we also find (¢, b;) as claimed.

This proves the lemma. O

The previous proof also shows the following.

Corollary 3.12

Let (n,c) € GUL be an element with c # €' and such that (n,c) € min([(n, ¢)])y. Using the same
notation as above the following holds.

A) If ¢ = ¢y ¢k is cyclically reduced and we choose a conjugacy representatives (n,c) that
satisfies

Supp(n) cTyUcaTiU...Ucy---cp1Tk—1,

then such an element is uniquely determined up to cyclic permutation of ¢ and the components
of n in the trees T;..

B) If c = b; for some j € {1,...,N} and for every conjugacy classes in G we choose a unique
conjugacy representative, then there is a unique conjugacy representative (n,b;) that satisfies

Supp(n) C T.

Now one needs an analogue to Lemma 3.11 for elements having trivial cursor position.
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Lemma 3.13
Let (n,€') € GUL be non-trivial and such that (n,e') € min([(n,e’)])y. Then the finite tree in
Cay(L, X) spanned by Supp(n) contains the vertex e'.

Moreover, two elements (n,e’) € min([(n,e')])y and (1',¢’) € min([(n’,€")])y are conjugate if
and only if there exists d € L such that for every [ € L, /(1) and n(l) are conjugate in G.

Proof. This is an immediate consequence of Lemma 3.7. O

3.3 The conjugacy growth series when the Cayley graph
of L is a tree

A
(GWL,Y)
(2) of the elements (), ¢), with |c|x =1 or 0.

In this section, we compute the contribution to & (2) of the elements (1, ¢), with |c|x = k,

and the contribution to 62,
(QL,Y)

For the conjugacy classes of elements (n,c), with |¢c|x = k > 0, we consider a cyclically
reduced element ¢ = ¢; --- ¢, € L, and (with the notation in the proof of Lemma 3.11) we count

the contribution of all the possible n satisfying the condition
Supp(n) C TO @] ClTl U...Uecy - Ck—lTk—l-

To do this we must consider the contribution of the possible walks along the subtrees Ty, ¢171, ...,
c1 - cg—1Tx—1. We will follow the approach of Parry from [Par92], where he computed the stan-
dard growth series of G ! L, and use his notation.

Notation

The intersection of the trajectory of the walk with each of the trees Ty, ¢111, ..., ¢1 - Cp—1Tk—1
is a finite tree T. For such a tree T define a vertex to be a leaf if it has valence 1 or 0 (when the
tree contains just one vertex). Choose v € X \ {c1,¢;'}. Let 7 be the set of all finite subtrees
containing e’ but no other vertex adjacent to €’ than v, and define

Fg(z,y) = Z ax'y’
3,j>0
to be the formal complex power series with 2 variables with

a;j :=t#{T € F : T contains i non-leaves and j leaves other than e'}.

Parry observed that Fo(x,y) does not depend on the edge {e’,v}, but only on the degree of
the regular tree (in this case 2M + N).

Lemma 3.14 ( [Par92]:Lemma 3.1)
If the degree of the tree is D, then Fo(x,y) satisfies

Fy(z,y)=1+y—z+aFz(z,y)°

In particular, if D = 1 then Fz(z,y) = 1+y, and if D = 2 then Fo(z,y) = 1+yﬁ. He first
computes the contribution to the growth series of a walk starting at the origin with support in
T, for a T € 7, creating the non-trivial elements of G at the leaves of T' and the other elements
of G in the non-leaves of T" and then coming back to the origin.

Let the group L have presentation (ali, ce a?\}, bi,...,bn|b3,...,b%) and symmetric gener-
ating set X = {al,afl, .. .,aM,ajwl,bl, ...,by} and assume the valence of the tree Cay(L, X)
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is at least 2, in other words 2M + N > 2. We keep the notation in the proof of Lemma 3.11
and Section 3.2, and we recall that Fo(x,y) refers to the 2-variable complex power series with
natural number coeflicients that satisfies the relation

Fz(v,y) =1+y—z+aFg(z,y)*M N1

3.3.1 Contribution of conjugacy classes with cursor of infinite order
A
(GL,Y)
bution of the conjugacy classes of type A (i.e. with cursors of infinite order) to the conjugacy
growth series of G L.

The goal of this section is to prove Proposition 3.15. Recall that & (z) denotes the contri-

Proposition 3.15

The formula for &?GzL,?) (2) is
2M + N —1)% -1)(M+N-1)+M s
R B B e e T Ch T
r>1 s>1

where ¢(r) denotes the Euler’s totient function of r and where

Fp(2) = 20(a,)(2) (F7 (2206, (2), 22 (0 (2) — 1)) 72

We construct a conjugacy geodesic normal form of type A as follows. For every cyclically
reduced word c of length k we associate a geodesic normal form representing all the elements
(1, ¢) where the support of 7 is represented in Figure 3.5 (see Corollary 3.12 A):

VYV

Figure 3.5: Illustration of (7, c)

For a given c of length k, each such geodesic normal form can be seen as the concatenation
of elementary blocks (ny,cr4+1), where Supp(n,) C Ty, for r € {0,...,k — 1}, as represented in
Figure 3.6:

L,
° °
e’ Cr41

Figure 3.6: Illustration of (7, ¢;41)
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For such a concatenation, each vertex of each T, will be in a different coset of {c¢). This is
why any value of G can be associated to this vertex.
For a given ¢, 1, the growth series of the geodesic normal forms representing the set of elementary
blocks Supp(n,-) C T;- does not depend on r but only on the degree of the tree and on the growth
series of G. This leads us to introduce the following.

Notation
For x1, x5 € X such that z1 # zo, we define

Ey, 2, ={(n,2z2) € GUL : Supp(n) C { elements in L that do not begin with =y or x2}}.
(3.6)

Lemma 3.16
The contribution to the standard growth series of the elements of E,, », is given by

2M+N72. (37)

Fp(2) = z0(a.v)(2) (F7(z%0ax)(2), 2% (0a.) (2) = 1))
Proof. Let us compute the contribution of a walk that starts at e’, goes along all directions
except z7 and x5, comes back to € and ends at x;. Consider one direction z among the
2M 4+ N — 2. If the trajectory of this walk is a tree with ¢ non-leaves and j leaves (other
than ¢’), then the length of this walk on Cay(L, X) is 2(i + j), hence 22("+7) is a factor of the
series. On the other hand, any element in G can be associated to a non-leaf, while any non-
trivial element in G can be associated to a leaf (different from e’). Therefore o yy(2)" and

(0@G.v)(2) — 1)? are also factors of the series. Considering all the possible walks in direction
gives F7 (2%0(G,v(2), 22(0(G,v)(2) —1)). Now considering all the 2M + N — 2 possible choices for

z, we find (Fo (220(c,v)(2), 22(0(cv)(2) — 1)))2M+N_2. Finally, the value of G at ¢’ is arbitrary,
SO U(ny)(z) appears again, and the walk from e’ to x; produces the factor z. O

Now, considering the language of all such geodesic normal forms for the cyclically reduced
words of length £ will give rise to a new language; within this language we define two words to
be equivalent if and only if they differ by a cyclic permutation of the k£ elementary blocks. Then
the conjugacy geodesic normal forms of type A will be the union, over all k£ € N, of the languages
above, up to the cyclic permutation equivalence. So let us define

; A -
ConjRep” (G L) := U B o Boroy - Eor o (3.8)
cyep €L, k>1
cyclically reduced
and
; A -
ConjRep,“ (G L) := U B EBer o B (3.9)

cpcp€L
cyclically reduced

It follows that the contribution to the standard growth series o, ;+(2) of the elements in
ConjRep™ (G L) is

FCoanepA(GZL) (Z) = FCoaneo(L,X)A (FE(Z)>

Using Lemma 3.9 one deduces that

FCoanepkA(GZL)(Z) = ((2M + N — 1)k + (_1)k(M + N — 1) + M) (FE(Z))k7 (310)
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and

FConJRep (GZL) Z FConJRepkA(GZL)( )
k>1

Proof of Proposition 3.15. All the elements of CoanepA(G ! L) are minimal in their conjugacy
class, every element of type A in G L is conjugate to an element in CoanepA(G VL), and two
elements in CoanepA(G ! L) are conjugate if and only if they differ by a cyclic permutation of
the E,, ,, components.

For every k > 1, the cyclic group C} acts on the set

CoanepkA(GzL) = U E-1 E

L. 1
Cp sC1TCy ,C2 Cp_1:Ck
cpcp €L
cyclically reduced

by cyclic permutation.

. , ConjRep, (G L)
Since for k # K/, /Cﬁ

Coanepk/A(GzL)/ —0
k‘ )

Cr

~ A -
OGzL,?(Z) - ZFCoanepkA(G ! L)/ (2)
k>1 Ck

For every k > 1 and every m, the action of Cj, on CoanepkA(G ! L) preserves
ﬁmn:{Ue®mm%ﬂGu»qm?:m}
So [z™]F ConjRep,* (G L) ; (2) is the number of orbits in S*(m) under the action of Cj.
k

Using Burnside’s Lemma we find

[z F, ConjRep, (G L) /C Z fFix(r) EZ Z §Fix(r)
k

reCk dlk 1<r<k
(r,k)=d
where Fix(r) denotes the set of elements of S¥(m) fixed by the class of 7 in Cy. In fact, for d|k,
1<r<kand (rk)=d, U € Fix(r) if and only if U = W4 for some W € ConjRep,* (G L) and
hence Wy = de. So

Q‘\B‘

)-

ﬁFiX(T) [ %]FConJRepdA(GZL)( ) = [ }FConJRepdA(GZL)(

Therefore we find

k
ConJRep,C GZL/ kz¢ FCO"JREPd (GzL)( zd),
Ck dlk

and summing over all possible values of k gives

(G?L Y) Z Z ¢ FConJRepdA(GZL) % Z Z ¢) F‘ConJRepé (G?L)( )

k>1 d|k r>1s>1

By (3.10) we obtain the result. O



32

Corollary 3.17

If L is infinite, then the radius of convergence of the conjugacy growth series 6(G2L,?)(z) is the
same as the radius of convergence of the standard growth series e ?)(z).

Proof. Firstly, it is clear that RC(&?GIL,V)(Z)) > RC(G (g7 (2)) = RC(0gyp 7(2)), s0 it re-

mains to prove that RC(&ZAGzL,?)(z)) < RC(0(gyp,7)(2))- In [ [Par92], Theorem 4.1], it is proved

that RC(J(GZLY)(Z)) is the smallest positive value ¢ such that
2M+ N - 1)(Fg(t)) = 1.

Proposition 2.1 and Remark 3.10 show that RC (Fcoaneo(L,X)A(FE(Z))) is also equal to the
smallest positive value ¢ such that

(2M + N — 1)(Fg(t)) = 1.

Claim: For every m € N, the following holds:

[Zm} Z FCoanepk.A(GIL)(Z) <

L [Zm]éfgw,{/‘) (Z) S[zm]FCoaneo(L,X)A(FE(Z))-

E>1

And hence

Feonjrep, A(crr) (%) -
RC Z onj epkk( ) Z RC(U&AGZL,?) (Z)) Z RC (FCoaneo(L,X)A(FE(Z))) .
k>1

Proof of the claim: The first inequality is because for each k there are at most k different
elements in Conj Rep?(G ! L) that represent the same conjugacy class (due to cyclic permutation
of order k). While the second inequality follows from

[Zm]&?GZL,?) (Z) < [Zm] Z FCoanepkA(GZL) (Z)
k>1

= [Zm]FCoanepA(GZL) (Z)

= [zm]FCoaneo(L,X)A (FE(z))

Therefore with the claim, it suffices to prove that

FCoanep A(GIL) (Z)
RC ]2 kk <RC ]; FCoanepkA(GZL) (Z)

Note that because Fr(0) = 0, for every m € N we have

m

[Zm] Z FCoanepk.A(G?L) (Z) = [Zm] Z FCoanepk,A(GZL) (Z)

k21 k=1
and .
[2™] Z FCoanePk]:(GzL)(Z) = [z Z FCoanepk];‘(GgL)(Z).

k>1 k=1
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Hence
m FCon'Re A(GIL (Z) m - FCon'Re A(GIL (Z)
[Z }Z J] Pkk( ) :[Z ]Z J] Pkk( )
k>1 k=1
I 1
Z[Zm]g Z Feonirep, A (ar) (2) = E[zm] Z Feonjrep, A (car) (2)-
k=1 E>1

Therefore passing to limsup we find

Feoni z 1
limsup =|[2™] Z Co JRepk;(GZL)( ) > lim sup \/m (2] Z Feonjrep, 4 (crr) (%)

m—r oo kZl m—0o0 k‘Zl

= limsup ., Z FcOanepkA(GzL)(z)'

m— oo k>1

This proves that

FCOanep A(GL) (2)
e kZ>1 kk s RC ’;FCOHJRepkA(GzL)(Z) )

and finalizes the proof.

3.3.2 Contribution of conjugacy classes with cursor of finite order

~B
Recall that U(GzL,?)

conjugacy classes of type B (i.e. with cursors of finite order).

B;ée/ . . ~B .
(GzL,?)(Z) for the contribution to O'(GzL’?)(Z) of the conjugacy classes of

/ ~e! o ~B
elements (1, b), where b # €/, and O(GZLY)(Z) for the contribution to L ¥

(z) denotes the contribution to the conjugacy growth series of G L of the

We will write &
)(z) of the conjugacy

classes of elements of the form (7, ¢’). Hence 5'(BGZL’Y,) () = &(BG#;Z,?)(ZH'&(E/@L?) (z). We consider

these two cases separately.

3.3.2.1 Contribution of conjugacy classes with torsion cursor

Proposition 3.18

The growth series &(B;zy)(z) is given by

AN (3.11)

G )(2) = N26ay)(2) (F7(°6(6,v)(2), (G (av) (2) — 1))
Proof. Let (n,b) be an element in G L, where b € L is a torsion element. By Lemma 3.11 one
can assume that b = b; for some j € {1,...,N}. Let T be the right transversal of (b;) in L
consisting of the set of (freely reduced) words in L that do not begin with b;. By Corollary 3.12
B) one can assume that Supp(n) C T. Then an element (', b) with Supp(n’) C T is conjugate
to (n,b) in G L if and only if for every I € L, n/(I) is conjugate to n(l) in G.
Hence we have to consider the walks on Cay(L, X) that go first in the 2M + N — 1 directions
other than b, create the non-trivial conjugacy classes in G of 7, come back to the origin, and
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B#

then finish at b without creating any element at this position. So the contribution to & (L ?)(z)

of the conjugacy classes of the elements (n,b;) for a given j € {1,..., N} is given by

256w (2) (Fo (22560 (2), 226 (2) — 1)L

The term (Fz(2%0(c,y)(2),2%(0c,y)(2) — 1)) counts the contribution of the walks
starting at the origin, visiting every vertex of Supp(n) (in the 2M + N — 1 directions away
from b;), creating the non-trivial conjugacy classes in G, and coming back to e’. The term
G(G,y) counts the contribution at the component €', and z accounts for the step from e’ to b.
Therefore summing over all the j’s, we find the result. O

2M+N -1

3.3.2.2 Contribution of conjugacy classes with trivial cursor
E, —
(GL,Y
is minimal in its conjugacy class if and only if the tree spanned by Supp(n) contains the origin
¢’ and all the components of 1 are minimal in their conjugacy class (in G). Moreover, two such
elements (n,¢'), (1, €’) are conjugate if and only if there exists d € L such that for every | € L,
7' (1) is conjugate (in G) to n%(l).

Therefore we have to consider the following. For a finite subset L' C L, we write Span(L’)
for the set of vertices of the tree spanned by L', i.e. the smallest subset of L containing L’ that
forms a tree in Cay(L, X). Let T be the set

T:={L'CL: 4L <oo, € el L'=Span(L')}.

We now explain how to compute & )(z) Lemma 3.13 shows that a non-trivial element (7, ¢’)

Although L’ € T denotes a set of vertices, we call it a tree, denote by £ (L') its set of leaves
(vertices of degree < 1), and similarly write £¢(L’) := L'\ Z(L') for its set of non-leaves. Now
let
Q= J{n:L'=>G:Vie L) () #e}.
L'eT
The set €) represents the collection of the labeled finite trees containing the origin with the leaves
having non-trivial label. For an element 7 : L' — G in 2 we define a weight |n|q.~ € N\ {0} to
be

a.~ := 28{ edges of the tree spanned by L'} + Z N~y -

ler’
Two functions 77 : L1 — G and 12 : Ly — G in Q are called equivalent if there exists d € L
such that L; = dLy and for every [ € Ly, n1(l) is conjugate in G to nm2(d~1l). We denote this
equivalence by ~. Note that the weight | - | ~ is preserved under this equivalence. Then there

Ui

is a bijection between the set Q@ / _ and the set of non-trivial conjugacy classes [(n,€’)] in G L,

which for every n restricts to the set of elements of & / _, of weight n and the set non-trivial

conjugacy classes [(n, €')] of conjugacy length n, i.e the following diagram commutes :

b/ (e € (@1D). :n+é)
[lo,~ O

I'[~, G

N\ {0}.
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One restricts the relation ~ to T by defining that L; ~ Lo if there exists d € L such that
Ly =dLy. Let T C T be a set of representatives of the elements in T with respect to ~.

For any L’ € Y, the subgroup of L fixing L’ by left multiplication is finite, since L’ is finite,
hence this subgroup is either trivial or isomorphic to Cs (generated by a conjugate of some b;); in
the former case we call L’ symmetric, and in the latter asymmetric. Note that since an element
L’ of T contains €', it is symmetric if and only if there exist L1 C L', h € Ly and j € {1,..., N}
such that L’ = Ly LUhbjh ™' L;. In this case L1, h and j are unique, and (hbjh~!) is the subgroup
of L fixing L’ by left multiplication; the element h is the vertex where Ly connects to hbjh 'Ly,
and the following holds:

8.2(Ly Uhbjh~ ' L1) =2(8L(L1) — 1) and §.2°(Ly Uhbjh ™ Ly) = 2(8.2°(L1) + 1)
if Ly # {€'}, while
1-2({e,bj} =2 and §2°({e,b;}) =0
forje{l,...,M}
(3.12)
Note that the number of edges in the tree spanned by L’ € T is gL’ — 1.
By Burnside’s Lemma we have the following.

Proposition 3.19

The contribution to conjugacy growth series of the conjugacy classes of the elements with trivial
cursor is given by

e’ L'=1) (=~ $2 (L) - oL

Tiear,iy(2) =1+ Yo P EE () - 1) Gy ()

asymmetric L’ e?

1 "1y /a 1L (L) - 2L
t3 > 2D (56 (2) = 1) Gy ()P
symmetric L’'=LqUhbjh~1L, E’f

1 -
+ §MZ2(0(G,Y)(22) —1)
1 TR 8.2 (L1)—1 . 8.2°(L1)+1
*3 > 20D (564 (27) = 1) T G gy (22 T
symmetric L’'=LqUhbjh~1L, G%
Ly #{c}

The first term, 1, is the contribution of the trivial conjugacy class. The second term comes
from the contribution of the asymmetric trees in T, the term in the second line comes from the
contribution of the symmetric trees in T fixed by the identity, and the terms in the third and
the forth line come from the contribution of the symmetric trees in T fixed by the elements of
order 2. According to (3.12) we distinguish the Ly’s being {e} or not.

Now the difficulty of computing 6(%2 . ?)(z) resides in finding a suitable set Y.

If L is free then there exists an explicit left order < on L [Sun13], and then for a given L’ € T
there exists a unique dL’ € T (for d € L) such that every element of d' is greater than or equal
to ¢’ with respect to <.

Lemma 3.20 ( [Sun13]:Theorem 1.2)

If L ={a1,...,apm|) is a free group then a left order > on L can be defined by
t{a;ja; 'in w, j > i} > ﬁ{a;lai inw, j>i}
or
t{aja; b inw, j > i} = ﬂ{aj_lai inw,j>i}
and w ends with a;, i € {1,...,M}.

w>e <
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So if L is free one can define T as
T:={L'eY:VieL\{},|>e}

and no element of T will be symmetric (from our last definition). Tt is a classic result that free
groups are left-orderable, dating all the way to [Vin49], and we explicitly mention the left order
given by Sunié¢ above because of its simplicity and with the hope that it can exploited to find
formulas for the conjugacy growth series in this setting.

Although we were unable to find a general formula for the conjugacy series of groups of

the form G ! L, where Cay(L,X) is a tree, we observe that 5(€;¥zL ?)(z) is a complex power

series with natural coefficients in the variables 26 (g vy (2), 2(6(c,y)(2) — 1), 2%6(G,v)(2?) and
22(6(q,v)(2%) — 1), or just 2%5(¢,y)(2) and 2%(6(q,y)(z) — 1) when L is a free group.

3.4 Examples

In this section we give explicit computations of the conjugacy growth series for several examples.

Example 3.20.1 (Conjugacy growth series of G 1 C3)

Let Cy = ({b}|b?). Since in Cy there are no elements of infinite order, &EAGZCQ ?)(z) = 0. The

’
. ~ B7e¢ .
series o - (Z) 18
«”CLY% )

. pg#e 5
6 enca. ) (2) = 20(Gv) (2):

Now the series &fé;z L ?)(z) is the sum of one term counting the contribution of the classes of
elements (7, e’) when Supp(n) is a singleton or the empty set, which is equal to (¢ y)(2), and
the contribution of the conjugacy classes of elements (7, ') with Supp(n) = C3. Such a conjugacy
class is unique up to permutation by Cs of the components of n and up to conjugation in G. So
using Burnside’s Lemma we find

~e ~ 22 ~ 2, ~ 2
U(Gchy)(Z) =0d(ey)(2) + ) ((U(G,Y)(Z) -1 "+ oy (z7) - 1) .
Therefore

22

S aon.5(2) = Glan)(2) + 256w (2) + 5 (Gap (2) = 17 + 5D 1)

Note that the radius of convergence of G, (2) is the same as the radius of convergence of
2,
GGy (2)-

Example 3.20.2 (Conjugacy growth series of G Z)
Let Z be equipped with the standard generating set. Using Formula (3.5) in Section 3.3.1 with
M =1and N =0 we find

N B(r) = 2" oy (2)°
UszZ,V>(Z>=22 " > SY :

r>1 s>1

Since in Z there are no torsion elements, 6&:; ?)(Z) = 0. Now for ¢ (z) notice that if

(Qz,Y)
Supp(n) # (), then there exists a unique translate ' of n (i.e. n’ = n? for a certain d € Z) such
that Supp(n’) € N and n/(e’) # e. Hence we must count for every subset {0,...,n} C N, the
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contribution of the classes of elements (n,0) with Supp(n) C {0,...,n}, n(0) # e and n(n) # e.
We finally find

o0

k 226G,y (2) — 1)?

1-— ZQ&(G,Y) (Z)

=d(c,y)(2)+
k=0

Therefore

~ 2
5 ¢(r) 2o (') | L 2206y (2) — 1)
> = 2 2 ) )
7om() 7; r ; s toenE+ 2*6(ay)(2)

The radius of convergence of & g, 3(2) is the unique positive value ¢ such that to(g y)(t) = 1.

Example 3.20.3 (Conjugacy growth series of the Lamplighter group CsZ)
Let G = C5 be the group with 2 elements. Using the formula above we find

4

. o(r) 2" (14 2")° z
- =92 1 P
O (caz,v) (%) T§>:1 r Zs>l s tlre 1—22(1+2)

We purpose to give an asymptotic estimate of the conjugacy growth [zm]é(CQZZ ?)(z). We say
that two functions f,g: N — N are asymptotically equivalent, that we write f ~,s g if

Since

O(r) = 2" (1 +27)° 2
2 E E 1 _
Re r>1 r s>1 § <R e 1722(14»2)

it follows that

[Zm]&(Cglz,?)(Z) ~as [Zm}QZ (ZSEA’I") Z er(l +ZT) .

S
r>1 s>1
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We have the following.

o(r 42T o(r) (s
N S D
r>1 s>1 (r,s,k) EN* X N* xN

r(s+k)=m,k<s

=2Z¢5«”§i(¢‘is)

rlm s=4

iy 5 40 << Sy MRS >>

() (1))
“))

() ()

+2Z¢;><( 1;[) (
N.‘2(1+x/5>m
= m\ 2

1+\/5)m

B~ 2 (2

Therefore

(3.13)

Proposition 3.21
The conjugacy growth series 5(szZY)(Z) of the Lamplighter group is transcendental on Q(z).

Proof. This follows from the estimate (3.13) and [F1a87, Theorem D]. O

Example 3.21.1 (Conjugacy growth series of G 1 (Cy x C3))
Let Cy % Co = ({by, by }|b?,b2). Using Formula (3.5) in Section 3.3.1 with M = 0 and N = 2 we

find )
54 P(r 2 "oy (") ’
Ferenin =AY - -
r>1 s>1

Using Formula (3.11) in Section 3.3.2.1 with M =0 and N = 2, we find

~B¢8 ( )—226' (2)1_—22
T ((CaCa), ) YT = 256,y (2)

For the computation of 551(02*02)(2) we proceed as follows. Let us consider the set T as in
Section 3.3.2.2. Every such element spans a line. Let L' € T and let r be the diameter of L'.
There are two ways according to the parity of r, to choose a representative L’ under the relation
given by the left action of L.

e If r is even there exists a unique L C {~WOI‘dS that do not begin with by} that is a left translate
of L' in Y. The subgroup of L fixing L by left multiplication is trivial. Hence the contribution
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of all such elements is

. . 2 .
Gy (2) =1+ (5ayy(2) — 1) Z 26,y (2)

0<r even
26y (2)

1 — 245'((;,)/) (2)2

r—1

=) (2) + (Gav)(z) - 1)°

e If r is odd then exactly one of the following happens:
i) There exists a unique L C {words that do not begin with by} that is a left translate of L’
in Y, or
ii) there exists a unique L C {by} U {words that do not begin with by} that is a left translate
of L' in Y.

In both cases the subgroup of L fixing L by left multiplication is Cs. Hence each of the cases
i) and ii) gives rise to

1 ~ o~ — - r~ r—1

3 ((U(G,Y)(Z) -1)? Z 225Gy (2) L (6ey) (%) — 1) Z 225Gy (%) 2 )
0<r odd 0<r odd

22 ((5(0,3/)(2) —1)* n Gay)(2?) — 1 )

2 1-— Z45(G,Y) (2)2 1- Z4&(G,Y) (ZZ)

Therefore summing the contribution of the even and odd r’s and the contribution of the trivial
conjugacy class we find

Gy (2)—1)° Gy () —1)

e N — A 2 (1.4 .25 .
O (arcrcn ) (2) = 0Gx) (2) +2° (14 2°0(6) (2) 1— 2466 v)(2)° T 240Gy (27)
Finally
~ P(r) 2 2s 5 1-2
G 5 (2) =2 20 2")7 + 226 z e
(@U(CaxCa), 7 (7) 7; " ; (@y)(z") @ (&)= oG (2)







Chapter 4

Conjugacy growth series of graph prod-
ucts

This chapter gives an explicit formula for the conjugacy growth series of a graph product in terms
of the standard and the conjugacy growth series of the vertex groups, and also proves that the
radius of convergence of the conjugacy growth series is the same as that of the standard growth
series. Graph products generalize direct and free products of groups. The first systematic study
was done by Green in her thesis [Gre90]. In Section 4.1 we give the definition of a graph product
and some basic properties, and in Section 4.1.1 we give a tool concerning some functions from a
finite simple graph to a ring, which will be used to obtain a formula for the conjugacy growth
series that is not based on induction on the subgraph-products. Section 4.2 gives the explicit
formula of the conjugacy growth series of a graph product as well as its radius of convergence.
Finally Section 4.3 gives explicit computations of conjugacy growth series for several examples
of graph products based on simple graphs.

4.1 Graph products

Let T' = (V, E) be a simple graph, that is, a non-oriented graph without loops or multiple edges,
with V for the set of vertices and F for the set of edges. For each vertex v of ', let G, be a
group. The graph product denoted by Gv of the groups G, with respect to I' is defined to be
the quotient of their free product by the normal closure of the relators [g,, g,] for all g, € G,
guw € Gy, for which {v,w} is an edge of T.

Given a graph product group G over a graph I' = (V| F) and any subset V' C V, the subgraph
product associated to V' is the subgroup Gy := (G, | v € V') of G. By [Gre90, Proposition 3.31]
(see also the discussion in [CH14, Section 3]), Gy is isomorphic to the graph product of the G,
(v € V') on the induced subgraph of I" with vertex set V’. Note that Gy = G and Gy is the
trivial group.

For any nonempty subset V! C V, the centralizing set Ct(V') of V' denotes the set of all
vertices of I' whose associated vertex groups commute with the subgraph product Gy (and
hence the set of vertices that are adjacent to all of the vertices in V'). That is, for any vertex
v € V the set

Ct(v) ={w eV : {v,w} € E}

41
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is the set of neighbours of v; for a subset V' C V, we have

Ct(V'):= [ Ct(v);

veV’

hence Ct() = V. The set of cliques of V is defined to be
Clq(V):={ACV :Vae€ A, Ct(a) = A\ {a}};

that is, the elements of Clg(V') are the subsets V' of V satisfying the property that all of the
vertex groups associated to vertices in V/ commute. For any pair of subsets Vi, Vo C V, we write
Vi = V5 whenever V; C Ct(V3) (and hence the subgraph products Gy, and Gy, commute in Gy );
note that this is equivalent to V5 C Ct(V7) and that this implies V3 NV, = 0. If V} = V, we say
that V7 and V5 are connected.

Each graph product over a graph with more than one vertex can be decomposed as an
amalgamated product of graph products of groups over the graph product of an appropriate
centralizing set.

Lemma 4.1 ( [Gre90], [Chi%4a])

Let Gy be a graph product of groups, and let v € V. Using the inclusion maps from Gcyy into
both G\ (vy and Gy X Gy (as the subgroup Geywy X {€}), the group Gy can be decomposed as
the amalgamated product

Gv = Gv\(v} *Gepy (Gerw) X Go).

Any nonidentity element in a graph product can be written as a product ¢, - -- ¢; for some
I > 1, where each g; is a nontrivial element of a vertex group G,,. By [Gre90, Theorem 3.9]
(also in [CH14, Section 3]), one can get from any such expression of minimal length to any
other by swapping the order in the expression of elements ¢;, g;+1 from commuting vertex
groups. Hence every minimal length expression for an element g € Gy over the generating set
Yy := Uuev Gy \ {€} has the same length [, which is called the syllable length of g, and involves
the same set {g1,g2,...q;} of vertex group elements, with the same multiplicities, called the
syllables of g. Whenever ¢; - -- g; is a minimal length expression for g over Y and 0 < i < n, we
call the product gy - - - ¢; a left divisor of g, and the product g; 11 - - - gn a right divisor of g.

Definition
Let g € Gy. The support of g is the set

Supp(g) := N V.
V/CV and geGy, s

The support of g can also be realized as the set of all vertices v for which a nontrivial
element in the associated vertex group G, appears in a geodesic word representative of g over
Yy [CH14, Proposition 3.3].

Suppose that every vertex group G, of the graph product has a symmetric generating set
X,. For each V! C V, let

Xy = Uperr Xo;

then Xy is a symmetric generating set for Gy .
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4.1.1 Mobius-type inversion formulas

Definition
Let T = (V, E) be a finite simple graph, and let V' C V. We say that V' is indecomposable if it
cannot be written as

Vi=Vuv;
with V{, V3 C V both non-empty and with V{ = V. If V' can be written in this way we say that
it is decomposable.

Definition
Let n € N. An element {V1,...,V,} C Z(V) is called a commuting family of order n in V if

1. Each V; is non-empty and indecomposable, and
2. fori,je{l,...,n}withi #j, V; = Vj.

Note that a commuting family in V' is not necessarily a partition of V| because its union can
be strictly contained in V. However, for any two V; and Vj, i # j, as above, we have V; NV, = 0.

The next statement shows that there is a unique commuting family that is also a partition
for V.

Lemma 4.2
Let T' = (V,E) be a finite simple graph. Then there exists a unique number n and non-empty
indecomposable subsets Vi,...,V, CV such that

and for alli,j € {1,...,n} withi # j, V; = Vj.

Proof. We prove this by induction on the number of vertices, where the base case with V' empty
or a singleton is immediate. So let us assume that the result holds for every simple graph with
< N vertices and let us show that it also holds for a graph with N vertices. Let v be a vertex in
V. By the induction hypothesis we can write V' \ {v} uniquely as

VA= v

with the V/’s non-empty indecomposable and connected to each other. Partition now this de-
composition into
{Ah T Am1} = {Vllv B V’I;’L} N @(Ct('l}))
and
{Bi1,...,Bm,} = {V{,.. ., Ve I\ {A1,..., A, }.

The set

mo

W= {v}u | B;

j=1

is indecomposable because v does not commute with the B;’s. The family

Ay A W

is a family of non-empty indecomposable subset of V' which are connected to each other; if
there were another decomposition of V', that would contradict the fact that {v} U ;2 B; is
indecomposable., or would contradict the induction hypothesis. O
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Now let ComFam,, (V) C Z(Z(V)) be the set of all commuting families of order n in V, and
let

ComFam(V) := U ComFam, (V).
n>0

Note that ComFamq (V) = {0}.

Corollary 4.3 3
For every V! C V there exists a unique D € ComFam(V') such that

V= || D
DeD

Proof. This follows by Lemma 4.2 by considering the unique commuting family that is also a
partition of V', and contains no elements of V' \ V’. O

Now we recall the Moébius inversion principle in a form that will be convenient to us.

Theorem 4.4 (Section 2.1 of [Sta86])
Let R be an infinite commutative ring with unit and let f,g: P(V) — R be two functions. Then

W) = > (=)WI=EWgw).
W'CWwW

if and only if

WICW

We write

g = > ()W),
wiCw

so f = g™, and say that f and g are Mdbius inverses of each other.

Let & : (V) — R is a function that satisfies the properties
a) (V') =0if V' € Clg(V), and
b) ®(V; U V) = &(Vh) + ®(V) for Vi, V5 such that Vi = Vs.

Lemma 4.5
If W C V is decomposable then ®M (W) = 0.

Proof. If W = V4 UV, with Vi,V # 0 and V; =~ Vs, then W/ C W can be decomposed
as W' = V/ UVy, where V! = W' NV; so V{ =~ V5 and V/ possibly empty. Based on this
observation we note that the coefficient in ®M (W) of some V{/ C V; is the binomial expansion
of (1 —1)IV2l =0, and similarly for V§ C V5 the coefficient is (1 — 1)Vl = 0.

O

We now apply the inversion principle to a function ¥ : Z(V) — R defined recursively by
V(@) =1, and forv eV,

V) =TV \{}) + D M) (R(CH(S)) — 2(C(S) \ {v})).

SCCt(v)



45

Proposition 4.6
The formula for ¥ (V') is given by

v(V)=>" > [T 2™ ).

n=0{A,...,A,, }€ComFam,, (V) j=1

Proof. We prove this by induction on the number of vertices in V.

If V =0, then the formula holds because ComFamg () = {#} and ComFam,, () = 0 for n > 0,
so this is a product over an empty family, and is equal to 1.

Let us assume that the result holds for any graph with < IV vertices, and show that it also
holds for a graph with N vertices. Pick v € V. Then for every n € N, ComFam,, (V) is the
disjoint union of the two following sets:

ComFam,,(V \ {v}) and

{Ala AR Anfl} € ComFamnfl(Ct({v}))
{Al,...,An_l,B} : {B} S ComFaml(Ct(A1U...UAn,1))
veDB

=iTn

For W C V, let
P, (W) := > 12 ).
{A1,...,A, }eComFam,, (W) j=1
By induction W(V'\ {v}) =3, o Pu(V'\ {v}), hence it suffices to prove that for every n > 0,
> PM(Ay) - M (A,_1)®M(B)

{Ala---aAn—hB}ETn

= 3 [ Paa($) + S (), (8 | (@(CH(S)) — D(CE(S) \ {o}).

ScCt(v) s'Cs

pM
n—1

For S C Ct(V), Theorem 4.4 and Remark 4.5 imply that

D(CE(9)) — @(Ce(S) \{v}) = > @M(B) = > oM(B). (4.1)
BSSB()S) {B}ECOT)I;agl(Ct(S))

Claim: Let W C V. Then
Py (W) + > (~)W=WIp,_ (w)

wW'CwW
_ [T eMAy) it Wo=UJZ) A for {Ay,..., Ay_1} € ComFam,,_y(W)
0 otherwise.

Proof of the claim: Let r < |[W| and let {4;,...,4,_1} € ComFam,,_1(W) be such that
\ U;le A;| =r. In the sum

Wl-1

PoaW)+ ()" (-DF Y P (W) = P (W)
k=0 W/CW : |[W'|=k
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the term H;Z;ll ®M(A;) will appear for every subset of W that contains 4; U...UA,_1, and

thus will have the coefficient equal to

W]

e mn(117)
=
(=)Wl ; (_1>z< |W|£—r )

— (_1)IW\+r(1 + (_1))\W|7T —0.

On the other hand, if W = U?;ll Aj; for {Aq,...,Ap—1} € ComFam,,_1 (W), then the term
H?;ll ®™M(A;) appears once. This proves the claim.

Now we have that

Yo [ Pea )+ YD ()R, (8 | (R(CHS)) — B(CH(S) \ {v}))

SCCt(v) s'Cs

LS P+ 3~ R, (s 3 oM (B)

ScCCt(v) S'CS {B}€ComFam (Ct(S))
vEB

n—1
Claim
= > [1 e™(4)) > *™(B)
{A1,...,An_1}€ComFam,, 1 (Ct({v})) j=1 {B}.’:‘ComFaml(Ct(LJ;:l1 Aj))
veB

= > oM (A1) - M (A,-1) @M (B).
{Al,..‘,Anfl,B}ETn

4.2 The conjugacy growth of a graph product

In this section we will compute the conjugacy growth series of a graph product based on Chiswell’s
computation of the standard growth series of a graph product in [Chi94a].

We begin with a discussion of the admissibility of the subgroup G'cy(,) in the two factor groups
in Lemma 4.1. Given groups G; = (X;) for ¢ = 1,2, it follows directly from Definition 2.3 that
each group G; is admissible in the direct product group G; x G5 with respect to the pair of
generating sets (X;, X3 U X3). Any subgraph product is also an admissible subgroup in a graph
product (see [Chi94al], [Manl2, Proposition 14.4]); we consider the admissible transversal which
we use later in this section. Combining these results shows that the amalgamating subgroup is
admissible in both of the factor groups in Lemma 4.1.

Applying Proposition 2.8 to the amalgamated product in Lemma 4.1, using the admissibility
of direct factors of a direct product yields Corollary 4.7; the formulas for the growth series in
this Corollary were also obtained by Chiswell in [Chi94a, Proof of Proposition 1].
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Notation
Let Gy be a graph product and assume that every vertex group G, has a symmetric generating
set X,. For each V! C V| let Xy := U,ey' X, and write

oy (2) = O'(GV,’XV,)(Z), and 6y (z) :== 5(GV,,XV/)(Z)- (4.2)

Corollary 4.7

Let Gy be a graph product group over a graph with vertex set V', letv € V' be a vertex, and for each
v €V let X, be a symmetric generating set for the vertex group G,. Let U = UGQ(,U)\GV\{U}
be the admissible right transversal for Geyyy in Gy (v} and let oy (z) be the growth series of the
elements of U with respect to Xy . Using Notation (4.2), then

oce(v) (2)ov\ (0} (2) 00} (2)
Oc(v)(2)0 {0} (2) + ov\ (0} (2) = O\ (0} (2)0 (0} (2)
oy (2)ogmy(2)
oo} (2) +ou(z) —ou(2)ogu(2)

ov(z) =

= OcCt(v) (Z)

Moreover, the radius of convergence of the spherical growth series for Gy satisfies
RC(ov (2)) = min{RC(ocy(v)(2)),inf{|z| : oy (2) + ov(2) — ov(2)oy(2) = 0}}.

Proof. If V' = Ct(v) U{v} then Gy = G, X Gcy(ry and U = {1}. From Remark 2.4, the spherical
growth series of a direct product of groups is the product of the spherical growth series of the
factors, and so in this case we have o (2) = 1 and ov(2) = 0} (2)0cy(v)(2), as required.

Next assume that V' # Ct(v) U {v} and so Uciw)\(v\{v}) # {1}. Note from Remark 2.4
that o\ {4}(2) = o) (2)ou(z). We take the admissible transversal for Gy, in the direct
product Gy X Gy to be the set {1} x G,. Lemmas 4.1 and Proposition 2.8 give the required
equalities between the spherical growth series. Since the radius of convergence of the product of
two functions is the minimum of the radius of convergence of the two functions, we obtain the
claim about RC(oy (z)) as well. O

Note that the amalgamated product decomposition in Lemma 4.1 involves a factor group
Gv\{v} and amalgamating group Gcy(.) that are graph products over graphs whose vertex sets
are proper subsets of V, along with a direct product of two graph products on proper vertex
subsets. Thus this decomposition process and Corollary 4.7 can be iterated to obtain Chiswell’s
formula [Chi94a, Proposition 1](Proposition 4.8) for the growth series oy (z) of the graph product
in terms of the growth series oy,}(2) of each of the vertex groups.

Proposition 4.8 ( [Chi94a] Proposition 1)
The growth series of the graph product T'(V, E) is given by

(2 :
oylz) = .
ZAGCIq(V) HiGA (a{;(z) - 1)

In particular

RC(ov(2)) =it s 3 H( L _1)20

A€CIq(V) ieA iy (r)



48

Suppose, as in the above proof, that the underlying graph is not complete and there isv € V
that is not connected to all the other vertices. In order to be able to compute the conjugacy
growth series of Gy we need to understand the conjugacy classes of the elements

buicy - uncn, (b€ Gy \ {1}, ¢ € Gy \ {1}, us € U\ {1}, n > 0),

where U is the right admissible transversal of Gcy(yy in Gy 1) The transversal U can be seen
as the set of words of elements in the G,,’s, with w € V'\ {v}, that cannot be written with a non
trivial prefix in Gey(y)-

The next proposition determines when two such elements are conjugate.

Proposition 4.9

Let v € V be a vertex for which {v} UCt(v) CV and g € Gy be such that

g ¢ Gv\(vy U (Gerw) X Gy). Let U = ﬁgm be the admissible transversal for Gy, in
GV\{’U} with 'respect to (XCt('u)aXV\{v})'

»\GV\ (v}

1. There exists an element § of minimal length in [g]~ ¢, of the form
g = bu1Cy - - - UnCp, (4.3)

where n > 0, b is of minimal length in [E]N)Gcm), i; € U\{1}, & € G, \ {1}, and [b,@;] = 1
for all 7.

2. Two elements bii & - - - linCn and V'@, &) ---al,&,, of the form (4.3) (minimal in their con-
Jugacy class) are conjugate if and only if

(i) b and V' are conjugate in G
(i) n=n',
(iii) @1¢1 -+ Unlp and Wy -+ -4, &, are cyclically conjugate.

Proof. Let g € Gy be such that g ¢ Gy\(s} U (Geywy) X Gy). Then g has the form g =
buicy - - UnCp, where b € Geyoy \ {1}, ¢ € Gy \ {1}, u; € U\ {1}, n > 0, by Lemma 2.6.

By ( [LS77], Theorem 2.8) any conjugate of g in Gy can be obtained by cyclically permuting
the syllables in g and then conjugating by an element of Gy(,). Note that for any u € U and
b € Gy either ub = bu or ub € U. Suppose [u,b] # 1; then we can write b as b = v, where
v.b' e Gci(v), [0/, u] =1 and [b”,u} # 1. We then get

ub = bub’ = b,

where v’ € U. Together with the fact that b commutes with all the ¢;’s, we see that after a cyclic
permutation and shuffles of b to the left we get

/ / /
buicy -+ UnCp ~ ULCTL -+ - UnCrb = PujcrusCy - - - Uy Cp,

where 8 € Geyw), uj € U\ {1} are the result of merging u; with the subword of b which does
not commute with w;, and [8,u;] =1 for all ¢ € {1,...,n}. Additionally, |Su)ciubes - ulcn| <
[bujey -+ - uncy| and |B] < |b] with |8| = |b] if and only if S = b.

After further cyclic permutations and shuffles to the left of 8 we get a conjugate § =
biiycy - - - Tncn Of g of minimal length among the cyclic conjugates of g, where be Getwy, Ui €U
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and [13, @;] = 1 for all 4. This last element is uniquely determined up to cyclic permutation of the
syllables @;c¢;, i.e. the only other conjugates of this form (among the cyclic conjugates) are

8’[)282 s ’ancnalcl, 517,363 L ancnalcﬂNLQCg, ey Bancnalcl R an_lcn_l.
Since [b, @) = 1 for all i € {1,...,n}, we get Supp(b) C Ct(Supp(iy iz - - - in)).

Finally, to obtain the minimal conjugacy representative, we conjugate g := biircy - - @ncn by
an element of Gcy(y); we can not shorten § if we conjugate by an element w with w ¢ Supp(lA)).
So pick d € Gy With d € Supp(é). In this case d commutes with all the 4; (and by definition
all the ¢;), so

dgd™ = dbd™‘aycy - - - Uncn,
which is the same as conjugating b by d. Thus biiycy - - Tncn is conjugate to an element
biiycy -+ - ipCn € min([g]~ q, ), where be min([lAJ]MGCt(v)) and commutes with all the @;.

This completes the proof.

O

We are now ready to give an explicit formula for 6y based on the formulas for &y and oy,
where V' C V. By Proposition 4.9, the contribution of the elements
g € Gv\(Gv\ (v} U(Gcew) X Gy)) to the conjugacy growth series of Gy will be the sum over every
subset V' C Ct(v) of the conjugacy growth series of elements of Gcy(,) having V' as support,
times the Necklaces series of the growth series counting products of non-trivial elements of G,
and U having support included in Ct(V”).

Lemma 4.10 is an immediate application of the inclusion-exclusion principle.

Lemma 4.10
Let Gg be a graph product (S C V). The contribution to 6y (z) of the conjugacy classes having
a minimal representative with support exactly S is given by

|S|—1
Gs(2) + (DY (=D YT se(z) =65"(2).
k=0 S'cS |8 |=k

Lemma 4.11 follows the same counting argument as in Remark 2.4.

Lemma 4.11

Let S C Ct(v). The growth series of elements u of U with Supp(u) C Ct(S) is given by
ocy(s)\{v} (%)
oct(v)nce(s) (2)

The following provides the formula for the conjugacy growth series of a graph product, taking
some vertex v as reference.

Proposition 4.12
Let Gy be a graph product and v € V. The conjugacy growth series of Gy is given by

v (2) = v\ (v} (2) + (G0} (2) — 1)Fcr(v)(2)

+ 3 6M(2)NLS ((U{v}(z)—l) (W—l))

ScCt(v) OCt(v)NCt(S) (2)
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Proof. By Lemma 4.1 we can decompose the group G = Gy as the disjoint union

G = Gv\{0) |_|(GCt(v) x (Gy \ {1})) |_|(G \ (Gv\ oy U (Ger) X Go)))-

Let V' C V. Notice that if w € ConjGeoNorm (G, Xy )N X7, then w € ConjGeoNorm (G, Xy/).
Hence G(z) is the sum of the contributions of the conjugacy classes in the three sets above,
that is, 6g(2) is the sum of G\ (41(2), Gce(w)(2)(gvy(2) — 1) and the series corresponding to the
conjugacy representatives of elements in G\ (Gy\(»} U (Geyy X Go))-

Proposition 4.9 implies that a set of minimal conjugacy representatives of elements in
G\ (Gv\{v} U (Gey(v) X Gy)) can be written as the disjoint union

| | {b€ Gerwy : Supp(b) = S} x Necklaces(U'C"),
SCCt(v)

where U’ = {u € U\ {1} : Supp(u) C Ct(S)} and C' = {c € G, \ {1}}.

The growth series of {b € Gcy(y) : Supp(b) = S} is given by Lemma 4.10. The growth of U’ is
given by Lemma 4.11. So applying the formula for necklaces in Proposition 2.13 we find that the
contribution to &g of the conjugacy representatives of elements in G\ (Gy\ v} U (Geroy X Gv))

is
. ICt(S)\{v (Z)
> 65 (x)NLS ((U{v}(z) -1 (Gt()\{}(z) - 1)) :
ScCt(v) Ct(v)NCt(S)
O

Notation
Here we introduce a function which quantifies the contribution to the conjugacy growth series of
elements whose syllables come from non-commuting vertices. Let V/ C V. We define

NC(V')(z) :=NLS [ 1 — H (i (2) Z H (J{j} )

% A€eClq(V’) jeA

Lemma 4.13
The following hold.

1. If V! € Clq(V), then NC(V')(z) = 0.
2. IfveV and V' C Ct(v), then NC(V' U{v})(z) = NC(V')(2).
3. IfveV and V' Cc V\{v}, then

NC(V’)(z) + NLS <(0{,U}(z) ~1) (UV(Z)() - 1)) =NC(V U{v'V)(2).  (44)

Oct(v)nv/(Z
4. If V1,Vo C V satisfy Vi = Vo, then
NC(V1)(z) + NC(V2)(z) = NC(V1 U Va)(2).

Proof. 1. If A € Clq(V') then

S Tos- ) moes (45)

ANO z
A’eClq(A) ieA! iEA {z}( )
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We prove (4.5) by induction on |A|. If A = @), then the result is clear, so let us assume

that the result holds for every strict subset of A and show that it also holds for A. Let
v € A. We have

> Ie)

A’eClq(A) ieA!

QR {CERl RN I Ao
AleCla(A\{v}) i€’

A’€ECIq(A) s vEA’ iEA! >

e ) X e ) > H(m )

A’eClq(A\{v})i€A’ A’eClq(A\{v})i€A’

1 1
- (w3 (2) Z H (U{i}(z) - 1)

A’eClg(A\{v}) €A’
hyp. 1 1 1

7wy [Licavy 73@  [licaoin @)

Therefore

NC(A)(z) =NLS 1—Ha{}(z) Z H(U{} )
J

1EA A’eClg(A) jeA’
1
=NLS|1-— o{i}(z)i = NLS(0) = 0.
( g H]’GA oj3(2)

2. Note that if V' C Ct(v), then v ¢ V'. We have

oo > (e

i€V/U{v} A€eClq(V'U{v}) jeA
-0 wwol > HOGis) = OG-
ieV/U{v} AEClg(V/U{v}) : vEA jEA AEClq(V7) jea J

I 7o (U{ 1(2) > 2 H(%} ) 2 H("{J} )

ievV/u{v} A€eClq(V’) jEA A€Ciq(V!) jeA

II

ieV/U{v}

Z 11 (%}(Z 1)

AECIq(V’)JEA

ST H<m<zl>'

%44 A€eClq(V’)jeA

iy (

Therefore

NC(V' U {v})(2) = NC(V')(2).
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3. We use the formulas from Lemma 2.16 and Corollary 4.8:

NC(V')(2) 4+ NLS ((U{U}(z) — 1)(%)(2)) _ 1)>

ICt(v)NV/ (=

— NLS (1 ~I[eae > ] (%} )) +NLS ((U{U}(z) — (m - 1))
%

AeClq(V’) jeA

- - {2 - ooy (z _ov(A)(2) —ora(z _ovi(5) (=)
= NLS (1 !V[ (i3 (2) Z H (0{7} ) ( (o} () + ppm—p o3 ( )UCt(v)mV’(Z)>) .

A€Clq(V’) jeA

Now
oy (2) oy (2)
O} (2) + ————— — 0y (2) ——————
( (v} Ict(v)nv (2) (v} oct(w)nv (2)
1 O'V/(Z)
=orn(2) [ 14+ -1
) ( (U{v}(z) > UCt(v)ﬂV’(z))
P ition 4.8 1 ZAEClq(V’ﬂCt( ) HjeA (a{ .l}(z) - 1)
roposition 4. v J
o e (U{v}(z) - 1) 1 '
ZAGCIq(V’) H]’EA (O{j}(z) - 1)
Hence
H oy (2) Z H _ U{v}(z)_i_L(z)_g{v}(z)L(z)
v ATy jea oy (2 oct(v)nv (2) oct(v)nv (2)
1
“ I ewe| XTI (W Ve ) S Ue 1))
ieV/u{v} AeClq(V’)jeA A€eClq(V/NCt(v)) JEA
-1 o ¥ ) S OG-
ieV/u{v} A€eClq(V’)jeA {'7} AeClg(V/'U{v}):veAjEA {'7}
1
= H a3 (2) Z H (U{j}(z) - 1)) .
ieV/u{v} A€eClq(V'u{v}) jeA
Therefore,

NC(V/)(z) + NLS ((U{v}(z) — 1)(%’2)) _ 1))

OCt(v)NV/ (2

SCTURNS | AT U0 S (€S )
iev/u{v} AeCiq(V/U{v}) jEA )2

= NC(V' U {v})(2).

4. If V1 = V5 then

Clg(Vi UVa2) = {A1UAy : Ay € Clg(Vh), Ay € Clq(V2)}.
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Therefore

NC(V1 U V2)(2)

=ns 1= [ eme D H(G{J}(z 1>

i€V UVa AeClg(V1UVr) jEA

us(-Tlowo | X M(g-) | Ooee| ¥ ()
i€V A€eClq(Vy) jeEA & } 1€V A€Clq(Va) jEA 4}
Lemma 2.16
22N (1= [ e < >
ievy AECIq(Vl)jGA 75y (=

NS [ 1= ] o2 (U )
i€Va AECIq(Vg)]GA ()2

= NC(V1)(2) + NC(V2)(z).

We introduce some more notation, according to Section 4.1.1.

Notation
Let W C V. We define

a(W)(z) := NCH(W)(z) = > (=)™ INC(W)(z)

and

VW)=Y 3 [T e(45)(2).

n=0{A,...,A,, }€ComFam,, (W) j=1
In particular if A € Clq(V') then U(A)(z) = 1.

Theorem 4.14
The formula for the conjugacy growth series of the graph product Gy is given by

oviz)= Y [lG W(Ct(A))(2)-

AeClq(V)veA

Proof. First we notice that 6y (z) is a polynomial on the variables

[ (5u(2) = 1) for A € Clg(V), and NC(W)(z) for W C V.
vEA

This follows by induction on the number of vertices in V. If V = () then 5y (z) = 1. Assume it
holds for every subgraph of V; then this is also true for &y (z), since by Proposition 4.12

ov(2) =0v\ (v} (2) + (G0} (2) — 1)Fcrw)(2)

+ 3 e NLS((O’{U}(Z)—l) (W—l))

SCCt(v) OCt(v)NCt(S) (2
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By (4.4), when S C Ct(v)

NLS(oy (2) — 1) ("C‘(S’)\{}(Z) - 1) = NC(Ct(S)) — NC(Ct(5) \ {v}).
JCt(U)ﬁCt(S)(Z)

Now we show that, for each A € Clq(V'), the coefficient of variable [, (Gu(2) — 1) in the
polynomial &y (z) is indeed W (Ct(A))(2).

Let WA (V)(2) be the coefficient of [[,ca(Fu(2)—1) in Gy (2). We first show that TA(V)(2) =
Tp(Ct(A))(z) by induction on the number of vertices in A.
If A = () then this is true by definition. So let us assume that Wa/(V)(z) = ¥g(Ct(A’))(z) for
any A’ C A and any graph V, and let us show that this holds for A. Pick w € A. If we apply
Proposition 4.12 with respect to w, then the term [, A (5o(2) — 1)Wa(V)(2) appears only in
(0{w}(2) — 1)Fce(w)(2) and hence

UA(V)(2) = Uauy (V \ {wh)(2) "B T (CHAN {w}) \ {w})(2) = Ty(CH(A))(2).

Therefore for any A € Clq(V), Wa(V)(z) is the coefficient of 1 (corresponding to the empty
clique) in the conjugacy growth series Gcy(a)(2). So it suffices to prove that Ty(V)(2) = U(V)(2).
It is immediate that Wy(0)(z) = 1. By Proposition 4.12 we have that ¥y(V)(z) satisfies the
relation because for v € V,

vEA

Ty(V)(2) = To(VA{u})(2) + D T§U(8)(2) (NC(CE(S))(2) — NC(Ct(5) \ {0})(2)).

SCCt(v)

_ Therefore \il@(z) satisfies the hypothesis of Proposition 4.6 with ® = NC, so this proves that
Uy(V)(2) = ¥(V)(2), and finally
VA (V)(2) = ¥(CHA))(2)-
O
Example 4.14.1
If all the vertex group are Z / 97 in other words if it a right angled Coxeter group, then we find

vz = > Y > [T e4))),

AeClq(V) n=0{A1,...,A, }€ComFam, (Ct(A)) j=1

with

a(4j)(z) = Z (,1)\Aj|*IW'\N|_S (1 _ Z (71)11A’Z;1A’(1 +Z)tiW’—uA’) .

WICA; A’eClq(W)

Example 4.14.2
If all the vertex group are Z, in other words if it a right angled Artin group, then we find

= Y (12jz>m 3 3 [Tata)e).

A€Clq(V) n=0{Ay,...,An }E€ComFam, (Ct(A)) j=1

(o) = Z<—1>"”'W'”LS(1_ > <_2z>w<1+z>ﬁw"”).

A’eClg(W)
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Remark 4.15
The formula for ¥(V)(z) is:

U(V)(z) =14 NC(V +Z > I «4)(2)

n=2{A,...,An}e€ComFam, (V) j=1

The first term is explained by the fact that ComFamq (V') = {0}, and its coefficient is

> [[e)) =

{A1,...,Ap }€ComFamg (V) j=1
the second term follows by Remark 4.5 and Remark 4.4, which give

> a(A)(2) = Y al4)(z) = NC(V)(2).

{A}€eComFam; (V) ACV

Moreover, for A € ComFam;(V), if A is a singleton then a(A4) = 0. So in practice, when one
enumerates ComFam,, (Ct(A)) for A € Clg(V) and n > 2, one only needs to consider the elements
{A1,..., A} for which all the A;’s contain at least 2 elements.

Theorem 4.16
Let Gy be a graph product and assume that for each vertex v € V the standard growth series

radius of convergence RC(o,) equals the conjugacy growth series radius of convergence RC(G).
Then
RC(ov(2)) = RC(av (2)).

In other words, the conjugacy growth rate of Gy is the same as the standard growth rate of

Gy.
Proof. First note that Proposition 4.8 implies that

RC(ov(2)) =inf S [r[: > ] ( - 1) =0

A€Clq(V)ieA

—in (£ s [[ogy () H( 1)0 Re [ [[ome)

I{i } :
jev A€Clq(V) i€A jev

It is clear that
RC(Gv(2)) = RC(ov (=),
hence it suffices to prove that

RC(Gv (2)) < RC(ov(2)).

If the graph is complete then the graph product is just the direct product of the vertex groups
and the result follows immediately from the hypothesis. So let us assume that the graph is not
complete. In this case the term NC(V) is not trivial. Theorem 4.14 and Remark 4.15 imply that

RC(Gv(2)) < min (RC (NC(V)(2)), RC({5(}(2))) »

for each v € V. This is because gy (z) contains the term NC(V')(z), coming from ¥(V'), and also
contains the term (o, (2) — 1)¥(Ct({v})) (which contains the term (o, (z) —1)). Hence

RC(6v(z)) < min (RC (NC(V)(2)), Re(] ] &{v}(z))) .

veV
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And the hypothesis implies that
veV veV

Therefore

RC(6v(2)) < min <RC (NC(V)(2)) ,RC(H O'{U}(Z))> .

veV
Finally the definition of NC and Corollary 2.15 imply that

RC (NC(V)(2)) =inf ¢ |r| : H oy (r Z H ( 0 ) =0

jev A€Clq(V) ieA

This gives the result.

4.3 Some examples

In this section we compute the conjugacy growth series of several graph products.
Let Gy be a graph product. For each A € Clq(V) we denote by

Ct(A) ~~~> {41,...,A,} € ComFam(Ct(A))
the assignment to A of those {Ai,..., A,} € ComFam(Ct(A)) for which [}_; a(4;)(2) # 0.

Proposition 4.17 (Free products)

Let {(G;, X))}, be a finite famzly of finitely generated groups with finite symmetric generating
sets, and let 0;(z) (respectively 7;(z)) be the associated standard (respectively conjugacy) growth
series of G;. The conjugacy growth series of (G x...* Gn, X1 U...UX,,) is given by

G (Gt G, X1 U1 X ) (2 Zoz — (n—=1) +NC({1,...,n})(2).

Proof. This is the graph product of the simple graph V with n vertices and no edges. We use
Theorem 4.14. The only cliques are the empty set and the singleton. The centralizing set of the
empty set is the full graph V, for which ComFam(V) = {#} U {V}. The centralizing set of each
singleton is the empty-set for which ComFam(@) = {0}. O

Example 4.17.1
Exceptionally for this example we allow to call each vertex by a couple of symbols instead of just
a natural number. Let I' be the following 3 by 3 bipartite graph

(1,a) (1,b)
o —— o

(2,a) (2,b)
[ ] [ ]

(3,a) (3,)
o — o .
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We adopt the convention that @ = b and b = a. We use Theorem 4.14. The cliques of T' are the
empty-set, the singleton, and the edges which are of the form {(i,a), (j,b)} for 4,5 € {1,2,3}.
Hence Theorem 4.14 and Remark 4.15 give

v (2)(z) =14+ NC(V)(2) + NC({(1,a), (2,a), (3,a)})(z)NC({(1,0), (2,b), (3,0)}) ()
+ Y Y (Graen(®) - DA+ NC{(L,7),(2,7), 3,2)})(2)

z€{a,b}i€{1,2,3}

+ YD Graan () = DG () — 1)

i€{1,2,3} j€{1,2,3}

If in particular all the vertex groups are Z / 97 then

Gy (2) = 14+62+92% +62NLS(222 +32%) + NLS(227 + 3z3)2+NLS ((1 +2) (=1 442 — 42%) + 1) .

Example 4.17.2
Let T" be the graph

1 2 n—1 n
[} [ ] [ ] [ ]

)

consisting of a line with n vertices, for n > 1. We use Theorem 4.14. The cliques of I' are the
empty-set, the singleton, and the edges of the form {i,7+ 1} for i € {1,,...,n — 1}.
Hence according to Remark 4.15 we have to consider the following:

Ct(0) =V ~—= 0,{{1,...,n}},

{2} 0 for j =1
G =4 J-1Lj+1} ~—= 0{{ij—-1j+1}} forje{2,....n—1}
{n—-1} 0 for j = n, and

Ct{i,i+1}) =0 ~~> Qforie{l,...,n—1}
By Theorem 4.14

ov(z) =1+NC({1,...,n})(2)

+(0(2) =)+ ) _(6¢3(2) =1 A +NC({j — 1,5 +1})(2)) + (6n} (2) = 1)

=2
A 2(5{1'}(2) = 1)(6qir1y(2) — 1).
i=1

In this last formula, note that the two extremal points play a different role than the others.
The radius of convergence of &y (z) is the smallest positive value ¢ such that

o (145 i)+ 5 1) G 1)

=\ () a5y (t) oi+13(t)

If in particular all the vertex groups are Z / 97 then

Gv(2) =14+ nz+ (n—1)2% + (n — 2)2NLS(2%) + NLS ((1 +2)" 3 ((n—2)z—1)+ 1) .
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Example 4.17.3
Let I" be the graph

consisting of a polygonal on n vertices, for n > 5. We compute the conjugacy growth series using
Theorem 4.14. Let C,, := Z / W The cliques of I' are, the empty-set, the singletons, and the
edges of the form {i,i+ 1} of i € C,,. Hence according to Remark 4.15 we have to consider the
following:
Ct0) = V ~~s 0,{{1,...,n}}.
G{i) ={i-1Ji+1}} ~~= 0,{{j —1,j+1}} for j € Cy, and
Ct({i,i+1}) =0 ~~> 0 forie C,.

By Theorem 4.14

v (z) =1+ NC({1, n})( )
+ Y (Fy(2) = 1) A+ NC({ — 1,5 +1})(2))

JECH

+ Y (G (2) = DGy (2) — 1),

i€cCp

The radius of convergence of Gy (z) is the smallest positive value ¢ such that

T ewo {1+ 3 (7w >+j§<a{;<t>l) (@ 1)) =

ieCh, jeC,

If in particular all the vertex groups are Z / 97 then

Gy (2) =14 nz +nz? + nzNLS(2%) + NLS ((1 +2)" (=22 4+ (n—2)z— 1)+ 1) .

AN

Example 4.17.4
Let T" be the following graph:

o
®
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The cliques of " are the empty set, the singleton, the edges and the triangle on the top. Hence
according to Remark 4.15 we have to consider the following.

Ct({1,2}) =

By Theorem 4.14

Ct(0) ={1,2,3,4,5} ~= 0,{{1,2,3,4,5}},{{1,3},{2,4}}

Ct({1}) = {2,4,5} ~—> 0,{{2,4,5}}
Ce({2}) = {1,3} ~= 0,{{1,3}}}
Ct({3}) = {2,4} ~= 0,{{2,4}}

Ct({4}) = {1,3,5} ~—> 0,{{1,3,5}}
Ct({5}) = {1, 4} ~—= 0

Ct({2,3}) = Ct({3,4}) = 0 ~—= 0

Ct({1,4}) = {5}~ 0
Ct({1,5}) = {4}~ 0
Ct({4,5}) = {1}~ 0
Ct({1,4,5}) = 0 ~—= 0.

G{12,8454(2) =1+ NC({l 2,3,4,5})(2) + NC({1,3})(2)NC({2,4})(z)

— D1 +NC({2,4,5})(2)) + (6423 (2) — 1)(1 + NC({1,3})(2))

— D1+ NC({2,4})(2)) + (5ap(2) = D1 +NC({1,3,5})(2)) + (653 (2) = 1)
— D(0q21(2) = 1) + (0423 (2) = 1(0¢33(2) — 1) + (0¢33(2) — 1) (a3 (2) — 1)
= D(63(2) = 1) + (6(13(2) = D(651(2) = 1) + (643 (2) — 1)(G53(2) — 1)
—D(0443(2) = D(G¢sy(2) = 1)

If in particular all the vertex groups are / 27 then

F(1,23,4,5)(2) = 1452+62°+2°+22NLS(2%)+22N LS(2z2+23)—|—NLS(22)2+N LS(4224323—21—2°).






Chapter 5

Conjugacy growth series of some free prod-
ucts with amalgamation and HNN-extensions
over admissible subgroups

In this Chapter we compute the conjugacy growth series of a specific free product with amal-
gamation in Section 5.1.1, and we study some HNN-extensions of graph products in Section
5.2. We give in Section 5.2.1 an explicit formula for the conjugacy growth series of the HNN-
extensions of graph products when the two isomorphic subgraphs are disjoint. Then we give
two examples in Section 5.2.2, where one is not among the case treated in Section 5.2.1. Finally
we emphasize the difficulty to obtain an explicit formula for the conjugacy growth series of the
HNN-extensions when the two isomorphic subgraphs are not disjoint in the general case. For
all the groups treated in this Chapter, we prove that the radius of convergence of the conjugacy
growth series is the same as the radius of convergence of the standard growth series.

5.1 A free product with amalgamation

5.1.1 Free products of Z by Z with amalgamation over 7Z
The following is an example of an amalgamated free product over admissible subgroups due to
Alonso [Alo91, (b) of §6] . Let
Gn,m):=72_ x 7.

X%Z(‘;n

Let A:=7 = ({w,w™'}|). The standard growth series of A is

14z
T 1—2z

O(A{w,w=1}) (Z)

Now let G = Z with generating set {z,z™, 2~ ™}, Gy = Z with generating set {y,y™,y "},
and let a1 : A = G1 and as : A — G5 be the homomorphisms given by

ap cwk——sa™

oyt wh—— gy
Then «;(A) is admissible in G; with respect to the pair ({z,z™,z~™}, {a™,27™}) and as(4)
is admissible in G5 with respect to the pair ({y,y", v~ "}, {y™, y~"}). Let us assume that m and

61
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n are positive. The admissible transversal T} of a;(A) in G is {e,x, 22, ..., 2™ 1}, with growth
series o(7, (z.om z-my)(2) = 1+ 2z+...+ 2", and the admissible transversal T5 of ap(A) in G
is {e,y,y%,...,y" "'}, with growth series o(r, (yyny—n})(2) =1+ 2+ ... +2""1

Since G(n,m) is the amalgamated product of Gy and Gy over ay(A) = az(A), by Proposition
2.8 the standard growth series of G(n, m) with respect to the given generating set is

U(G(n,m),{w,wm,w—’",y,y",y—"})(Z)

o1y fwam.e—m ) ()01 {yym .y (2)
= e ()~ DOty @ 1)
1+2 (I—2™)(1-2")

l—2(1—2)%=22(1 —zm=1)(1 — 2n—1)

= 0(A fw,w-1})(2)

The radius of convergence of oG (n,m) {z,2m,a~m yy»,y—n})(2) is the smallest positive value ¢ such
that (1 —£)* — t2(1 — t™1)(1 — t"~1) = 0, which is smaller than 1 if n,m > 1.

Now we discuss the conjugacy growth series of G(n,m). Let A’ be the image of A in G(n,m).
Let us consider an element g € G(n, m), written in the normal form according to Lemma 2.6 as

g = auyvy ... UgVk,

where a € A', k € N, u; € T, v; € Ts, and uj,v; # 1 for 2 < j <k —1. Since A’ is in the center
of G(n,m), conjugation by elements of A’ has no effect on g. On the other hand since there
are no possible cancellations between elements of 77 and elements of 15, any pair w;v; or vju; is
already in geodesic normal form. It follows that the only way to shorten g by conjugation is by
cyclic permutation. Therefore we find the following.

Lemma 5.1
Every element g € G(n,m) is conjugate to an element

auivy ... ukvg € min([gl),
where a € A, k € N, u; € Ty \ {e}, v; € Tu \ {e}. Moreover, two such elements
auivy ... upvg  and a’ujv] .. up)
are conjugate if and only if a = a' and u vy ... upvy is a cyclic permutation of ujvy ... v}
Corollary 5.2
The conjugacy growth series of G(n,m) with respect to {xz,a™, =™, y,y",y~ "} is given by
T(Gnm), fw,om o yoymy=n)) (2)

= (A fww-11)(2) (L+NLS ((0(1y fz.0m 2-my) (2) = D02y, (yymy—p)(2) — 1))

14z 22(1—27"_1)(1—,2"_1)
s (=)

In particular, the radius of convergence of G (G(n,m) {z,am o™ yy»y-n})(2) is the same the radius
of convergence of 0(G(n,m) {z,zm 0™ yyny-1)(2)-

Remark 5.3
If m or n is negative, it suffices to replace it by its opposite in the growth series formulas.
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5.2 Some HNN-extensions of graph products

We would like to consider some HNN-extensions of graph products over sub-graph products. We
keep the same notation as in Chapter 4.

Definition
Let Gw, Gy be two graph products, for some finite simple graphs W and V. We say that
t: Gy — Gy is an inclusion of graph products if

1. there is an injective map ¥ : W — V satisfying that if v is connected to v’ then 7 (v) is
connected to ¢’ (v), and

2. for every v € W, there is an isomorphism ¢, : Gy = G, 7 ()}

If moreover the graph products are given with generating sets as in Chapter 4 and the isomor-
phisms ¢,’s induce a bijection between the generating sets of G, and of Gyv(,); for every
v € W, then we say that ¢ is an admissible inclusion of graph products.

Each graph product is given with a generating set built as in Chapter 4. Let Gy and Gy be
two graph products and let ¢t1,t_1 : Gy — Gy be two admissible inclusions of graph products.
We know that ¢1,:¢_1 are admissible inclusions in the sense of Section 2.3.

We consider the HNN-extension G of Gy over ¢ and ¢_q:

G:= (Xy U{t,t Yt (h)t™ =1 1(h), Vh € Gw).

Notation

Let V; := /' (W), V_1 := 7, (W) be the isomorphic sub-graphs of V, let B := Gy, let H; :=
11(Gw), H—1 := 1_1(Gw) be the isomorphic subgraph products of Gy and let T7, T—; be the
admissible transversals of H; and of H_; respectively, in B. Let S := Xy U {t,t71} be the
generating set of G, and let ay : H; — H_1 and a1 : H_; — H; be the isomorphisms coming
from ¢; and ¢ in such a way that

G=(XyU{t,t '} |tht ' = ay(h), Vh € H)) = (Xy U{t,t '} |t ht = a_1(h), Vh € H ).
With this hypothesis,

O(Gy, . X)) (2) = 0@y, xv_ ) (2) = 0@Gw xw)(2),
&(GV17XV1)(2) = 5(GV,1,XV,1)(Z) = &(GW»XW)(Z)7 and
oGy, xv)(2) oGy, xv)(2)

ag zZ) = = =0 zZ).
(Tl,Xv)( ) U(le,le)(z) O—(GV717XV71)(Z) (Tfl,Xv)( )

We know how to compute the standard growth series of G in terms of the o,y (2)’s for v € V
by Propositions 4.8 and 2.11.

Notation (and Explanation)
Let h € HHUH_1 and j € Z\{0}. Suppose that for each k € {0, ..., |j|—1}, ozfgn(j)(h) € Hgpn(j)-
In this case we can write

L .
t'h = asgn(j)(h)tj.
If h satisfies this hypothesis we note
J J
hi= gy (h)-
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The next Proposition will be useful to compute the conjugacy growth series of G.

Proposition 5.4
For each g € G, there exists a unique element § € min([g])s which satisfies:

a) g € H UH_1 up the equivalence relation ~4 on Hy U H_y generated by, for h,h' € H;,
h~aa;(h) and h ~5 I if h and b’ are conjugate in H;, or

b) g€ B\ (HyUH_1) up to conjugation in B, or
¢) g isin C, up to the equivalence ~¢, where

C:={ht! : jeZ\{0},Vk €N, af, . \(h) € Hygn(j)},

sgn(4)

) ) J

and the equivalence relation ~¢ is generated by ht? ~c h't? if k' =h or if there exists c €
J

Hegy(5), with Supp(c) C Supp(h) such that h' = ch ¢t oor

d) g is in P, up to the equivalence relation ~p, where

he HHUH_4
n>1
Vi€ {1’ cee 777’}’ ji €7 \ {0}’ w; € ngn(i) \ {6}7
P =< hthw; - thw, : r(J1-gn)+iivrt-Fin ;
Vr € N, Supp(w;) ~ Supp h ;
r(J1eJn)+k+jig1+.Fin
Vk € {0’ R |.71| - 1}> h € Hsgn(ji)

and the equivalence relation ~p is generated by

) ) Jittgn ] ) )
ht'twy - trw, ~p R Pwp e P wat Pt wy - g,V E {2, n}

and also by

. ) ) . Ji+-+in
ht? wy - -t wy ~p K wy - 7wy, if there exists ¢ € Gsypp(n) such that h' = chTe

Proof. Every element of b € B can be uniquely written as b = hju; = h_ju_y with h; € H;,
u; € T;. The normal form of tb or t~'b as in Lemma 2.10 is

1 —1
th = th1u1 :hl tul, tilb = tilh_lu_l :h,_l tilu_l. (51)

Let g € G.

a) If g € Hy U H_y, since conjugation by t or t~1 is a bijection between H; and H_; that
preserves the length, one can choose a conjugacy representative in H;. On the other hand,
to shorten this element by conjugation, one needs to conjugate it by an element of H;.

b) If g € B\ (H; U H_y), it follows from (5.1) that conjugating g by ¢ or t~* will increase its
length. Hence it admits a conjugate either in B\ (H; U H_1) or in H; U H_1, in which case
we are are in situation a).
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Now let us consider an element g € G\ B written in the geodesic normal form (Lemmas 2.9
and 2.10) as _ _
g = bt'twy - -tV w,,
with b € B, n > 1, j; € Z\ {0}, w; € Tggn(j,) for i € {1,...,n}, and with w; # e for i €
{1,...,n—1}.
e Let CRNF (Circular rewrite in normal form) be the following procedure for an element g
written in such normal form: The element g is conjugate to
g1 = twy -t w,b.
We write w,b as wp,b = hpw,, with h € Hggy(;,) and w;, € Tygn(;,). Using the rules (5.1),
tinw,b = hy,_1t"w!,, for some h,_1 € H_ggn 5,y and wy, € Tggn(j,), 5O
g1 = tjlwl .. tjnflwn—lhn—ltj"-

/

If wy,—1h,—1 = e we collapse t/»~1 and #/» and stop, otherwise we write wy,_1h,—1 as hl,_jw!,_;

and use again the rules (5.1), and finally we obtain
g1 =t - thw,  or gy = hw! € B,
written in normal form, with h € H € H_ggn(j), n' € N, for i € {1,...,n"}, j; € Z\ {0},
wj € ngn(tjt{) and w; # e for i € {1,...,n — 1}. We write this as
Rt -t wy = CRN F (bt wy - - - 7 wy,).

e At each step of the process CRAN F the length decreases or stays the same, because of admis-
sibility of Hy, H_1 in B. Hence

ICRN F (bt wy - - -t/ wy,) | g < bt wy - 77wy, s

Therefore after applying CRN F a finite number of times to g we find an element go such that
lg2|ls = [CRN F(g2)|s- If g2 € B, then we are in the case a) or b); hence let us assume that
g2 ¢ B. Also at each step the length of the prefix h € Hy U H_; decrease, hence after applying
CRNF a finite number of times to go one find g3 such that for all r € N
It
g3 = ht''wy ---t'"w, and CRNF'(g) = h’tjiu/1 et
then
93] = [CRNF"(g3)] and |h| = [b| and  [t7'w; - tmw,| = [Fhw) - 90wy, |.

This is possible only if

n:n,7 Vi S {1,,7’&},]1 :lea w; :’LU;’
and also if

Vie{l,...,n},Vk € {0,...,|5| —1},Vr €N

r(j14---dn)+iit1+--+in
[ h ,w;] = e and

r(jit..gn)tk+jic1+. Ain
h € Hgn(ji)-
r(Jit.Jn) i1+ +in
Thus h' = h , for some r € N.
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We now make the following distinction.
¢) If w, =e and n =1 then go is in C.

d) if w, = e but n > 1 then in the procedure CRN F applied to g3 there is a step where a
conjugate of g3 starts and ends with a power of ¢, and hence we can conjugate it in such
a way to not end with a power of ¢t. Hence up to renaming, one can assume that w, # e,
and therefore g3 is in P.

Now if § ¢ B, then the criterion [LS77, Theorem 2.5] says that any conjugate of g can be
obtained by a cyclic permutation of the blocks /i w; and h, followed by conjugation by an element
of H; U H_;. But in the preceding procedure of finding a conjugate not in B, we already used
cyclic permutation of the blocks t7*w;, which gives a unique element of P up to CRN F. Finally

if we conjugate g3 by an element h € Hy; U H_q, with Supp(iL) C Supp(h), h behaves as h in
j1+<~~+jn

the CRNF procedure and hence h is transformed as hh  h~' . This gives the equivalence

relations on C' and on P, and ends the proof.
O

Corollary 5.5
If for each of the groups G,y the radius of convergence of its standard growth series is the same
as the radius of convergence of its conjugacy growth series, then

RC(6(c,s)(2)) = RC(0(c,s)(2))-
Proof. According to Theorem 4.16 and Proposition 2.11, it remains to show that
RC(6(G,5)(2)) <inf Q2] : 14+ 2 — sz =0;.
J(GVl ’le)(z)
By Proposition 2.1
inf < |z : 1—&-2’—22M=0 =minq¢r e Ry : 1—|—r—2rU(GV’7X‘/)(T)=O .

0(Gv, ,le)(z) 0(Gv, ,le)(r)

Let Py be the subset of P in Proposition 5.4 with elements having h trivial. That is,
Py={t"wy - t"mw, : n>1,Vi € {1,...,n}, j; € Z\ {0}, w; € Tugns) \ {e}}-

The equivalence relation ~ p restricts to Py and is just the cyclic permutation of the blocks t7¢w;.
Let op,(2) be the contribution to (¢ g)(2) of the conjugacy classes of the elements in Py. Then
clearly

RC(5(c,s)(2)) < RC(op,(2)),

and op,(z) is the Necklaces series associated to the language

{Fwj>0,weT\{e}}U{thw : j<0,weT \{e}},

9 < U(GV,XV)(Z) -1
11—z O—(GV17XV1)<Z)

Hence by Corollary 2.15, RC(op, (%)) is the unique positive number r such that

having growth series

O(Gy,xv)(T)
T (G, Xv,)(T)

r [ oGy, xv)(r)

2 =0.
1—r <0(le,le)(T

)—1>—1 <~ 1+4+r—2r
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5.2.1 The case when V; and V_; are disjoint subgraphs

We assume the subgraphs V7 and V_; in V are disjoint. In this case (Hy \ {e})N(H-1\{e}) = 0.
In particular H; C T_1 and H_; C T;.

Notation

For h € Hy U H_y \ {e}, let sgn(h) be the value in {1, —1} such that h € Hggn(p)-

Since in this case it makes sense, by abuse of notation we write and extend - : V; <> V_4
to *: Hy <> H_; in the obvious way.

One can express the conjugacy growth series of G as follows:

Proposition 5.6
The conjugacy growth series of G with respect to the generating set S is given by

5 (6.5 (2) = v (2) — v (2) + 1+ 1% +NLS (1222 (gx(é)) - 1))

ooy (2) acvn (2)
Y atenes (2 (e (“)—1) :
V(%) ( (UVmCt(V’)(Z) UV_mCt(V,)(Z)

0£V'CV;y

where &{y,’(z) refers to the conjugacy growth series of the elements having a minimal representa-
tive with support exactly V' (see Section 4.1.1 and Lemma 4.10).

Proof. We use Proposition 5.4.

a) The contribution to (¢, g)(2) of the conjugacy classes of the elements in Hj is vy, (2).

b) The contribution to &(q,s)(2) of the conjugacy classes of the elements in B\ (H; U H_y) is
5’\/(2) — 2C~TV1 (Z) + 1.

¢) Since Hy N H_; = {e}, the set C from Proposition 5.4 reduces to
C={t' : jeZ\{0}},

and ~¢ is the identity. Hence the contribution to (¢ g)(2) of the conjugacy classes of the

elements in C' is 1ij'

d) Now for the set P in Proposition 5.4, since Hy N H_q = {e}, one observes that if g =
ht'twy - - -t w, € P and h # e, then n is even and

Vie {1,...,n}, j; = (=1)'sgn(h),
Vi even € {1,...,n}, Supp(w;) C Ct(Supp(h)),

Vi odd € {1,...,n}, Supp(w;) C Ct(Supp(h)).

Therefore we have to consider the following sets. Let

PO o {t b Frwn \V”LE{l,,n},leZ\{O}, wiengn(i)\{e} ’
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and let

n € 2N\ {0}
he HHUH_1\{e}
P = { hthwy - tTrw, o Vi€ {l,...,n}, j; = (—1)isgn(h), w; € Tgn(i) \ 1€}
Vieven € {l,...,n}, Supp(w;) C Ct(Supp(h))
Vi odd € {1,...,n}, Supp(w;) C Ct(Supp(h))

We separate P as this way because now we can specify what the relation ~p is on Py and
on Pp, and then we can compute separately the contribution of the conjugacy classes of the
elements in Py and in P;. The relation ~p restricted to Py is the equivalence up to cyclic
permutation of the blocks t/iw;. The relation ~p restricted to P; gives

ht’*wy - - -t wy, ~p, ht?2wg - - - rw,twy.
Hence one can choose as conjugacy representatives of an the elements in P;, the elements

that begin with h € H; \ {e}, followed by ¢t~!, followed by w; € T_; \ {e}, and ending with
tw,,. In other words, we consider the set

n € 2N\ {0}

h e Hy\ {e}
Pl = ht''wy - trw, + Vie{l,...,n}, ji = (1), w; € Tagnpy \ {e}
Vi even € {1,...,n}, Supp(w;) C Ct(Supp(h))

Vi odd € {1,...,n}, Supp(w;) C Ct(Supp(h))

Then the relation ~p restricted to Pj is the equivalence given by the cyclic permutation of
the % blocks t_lwith'Jrl, and also by the equivalence

ht?wy - -t w, ~pr B wy -,

if h and A’ are conjugate in H; by an element i € H; with Supp(ﬂ) C Supp(h).
The contribution to (g, g)(2) of the conjugacy classes of the elements in Py is
NLS ( 2z ( oviz) _ 1)), because this is the Necklaces series of the language

1—z \ o (2)

{Hw:j>0,weT\{e}}U{thw : j<0,weT 1\ {e}}

g % oy (2) 1)
1—2z \oy(2)
For every () # V' C Vi the contribution to (¢ s)(2) of the conjugacy classes of the elements
ht=lwy - - - tw, € P] with Supp(h) = V' is

Oy (2) ocyvn (2
FMNLS (22 [ Jeom (C(V)U _ 1) .
lemCt(W)(Z) ov_,nce(vy (2)
This is because h commutes with t~w; ---tw, € Py, so we take the product of the two
contributions. Then 6¢}(z) is the contribution of the conjugacy classes of the h € H; having

support exactly V’. And finally the contribution of the classes of the t~!w; ---tw,’s is the
Necklaces series of the language

{t_lwltwg cwy € T1\ {e}, we € T1 \ {e}},

with growth series
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with growth series
Y (Grew )
UVmCt(W)(Z) ov_incevy(2)
Summing all we find the result. O

5.2.2 Some examples
5.2.2.1 HNN-extension of H x H over H

Let H be a group with finite generating set Si. Let Sg,, Sg_, be two copies of Sy and let
H,, H_; be two copies of H generated by Sg,, Sg_, respectively. Let B = Hy = H_; and let
a1 : H— B, a_1 : H — B be the canonical inclusions. Let Sy := a1(Sg), S_1 := a_1(Sy),
then Sp := 51 US_1 is a generating set of B and the inclusions a1, a_; : (H,Sy) — (B, Sp) are
admissible.

Let

G:=(SpU{t,t "} tay(h)t™ =a_i(h)Vh € H)

be the HN N-extension of B formed by these two inclusions.
We are in the situation of Section 5.2.1.
Proposition 5.6 gives the following.

Proposition 5.7
The conjugacy growth series of G with respect to the generating set S is given by

2z 'U(H,SH)(Z):l)
1—2 Q_U(H,SH)(Z) '

2z

6(6‘,5)(2) = U(H,SH)(Z) + iz + NLS ((U(H,SH)(Z) — ]_)2) + NLS <

5.2.2.2 HNN-extension of H x H over itself by swapping the components

Let H be a group with finite generating set Sy. Let H;, H, be two isomorphic copies of H
generated by Sw,, Su, two copies of Sir. We consider B := H;xH, generated by Sg := Sg,USH,..
Let = : B <» B be the isomorphism induced by replacing each element of H; by its copies in H,
and each element of H, by its copies in H;. Note that this notation make sense since -: B —+ B
is an involution. We consider the HNN-extension G of B over B by the identity and :

G:=(SpU{t,t '} |tht"' =b,Vbe B).

The two inclusions are clearly admissible and the corresponding transversals are trivial. Let
S := SpU{t,t7'}. The standard growth series of G is given by

1+2
1—2"

0(c.5)(2) = 0(B,55)(2)

Notation
For h € Hy U H, \ {e} let Supp(h) € {l,r} be such that h € Hgypp(n)-

We are in the situation of Section 5.2, where Hy = H_; = H; x H, = H x H and where
T1 = T,1 = {6}
The conjugacy growth series (¢ g)(2) of G is given by the following:
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Proposition 5.8
The conjugacy growth series of G is given by

2z
1—=z
- 222 2z
+ (U(H,SH)(Z) - 1)1 _ 2 + (J(H,SH)(Z) - 1) 1 — 2

£ Y IS oM o 1) - )

n>1, odd d|n

1 n 14 22
=+ Z Eng(g)(o—(HSH)(’zd)_1)d1_i2

n>0, even d|n

5(G,5)(2) =0(m,5,)(2) +

Proof. We use Proposition 5.4.

a) The contribution to (¢, s)(z) of the conjugacy classes of the elements in H;UH, is 5(f,5,,)(2)-
This is because up to * one can assume that the element is in H; and then we can use
conjugation in H; to shorten it. We count the contribution to (g g)(2) of the conjugacy
classes having a representative of minimal length in H; « H, \ (H; U H,) in c)iii).

b) Since B\ (HyUH_1) = () there is no contribution to (¢ s)(2) of the conjugacy classes of the
elements in B\ (H; U H_q).

¢) Now for the sets C as in Proposition 5.4 and H; x H,. \ (H; U H,.), we make the distinction as
follows. Let g = ht/ € C U H;  H,\ (H; U H,.) (with j € Z).

i) If h = e then j can be any integer different from 0 and ¢ is conjugacy minimal. Hence
the contribution to (g, g)(2) of the conjugacy classes of such elements is 12fz.

ii) If h # e then h can be seen as a word in H; U H, alternating the letters of H; and the
letters of H,. Suppose at first that h € H; U H, \ {e}. Then with the equivalence on C
given by * one can assume that h € H; \ {e}.

If j is even then one can choose a conjugate of h in H; to decreases the length and then

it will be conjugacy minimal, hence the term (G (g, s,)(2) — 1) fj; appears in 6(q,s)(2)

as the contribution of the conjugacy classes of the elements of the form ht? € C with
h € H;\ {e}, h € min([h])s, and j even (# {0}).
Now if j is odd then we cannot shorten h because then it will be a twisted conjugation
on h, which is obtained by multiplying h to the left by a letter in one H; and to the
right by a letter in the other H;, hence this increases the length of h. Hence the term
(0(r,5)(2) = 1) 13222 appears in G, g)(z) as the contribution of the conjugacy classes of
the elements of the form ht/ € C with h € H; \ {e} and j odd.

iii) Now assume that h € H; * H, \ (H; U H,). The element h can be written as a word

with at least 2 letters in H; U H,. \ {e} where the letters alternate between H; \ {e} and
H,\ {e}. With the equivalence given by * one can assume that the first letter of h is in

Hp\ {e}.

Assume that j is even and that the last letter of h is in H;. Then ht’ is conjugate to
an element h't? where h’ starts with a letter in H; and ends with a letter in H,. (or is of
smallest length). Hence for j even we have to consider the set

Cy = {zy1 - xpynt’ : jeven,n € N\ {0}, Vi € {1,...,n}, z; € H \ {e}, y; € H, \ {e}}
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with the equivalence relation ~¢c, given by
oYL TpYnl! ~y YnZIPL Tnt! ~Cy TnlYnT1Y1 - Tp1Yn—1t ~c, - ..
.~y JIT2Yz TnfnTit! .
The contribution to (¢ g)(2) of the conjugacy classes of the elements in Cy is
1 n n al+ 22
n>&zeven o dzh; ¢(3)(U(H,SH)(Z ) —1) 1= 2

because this has the same growth series as the concatenation of the language formed
by the necklaces with an even (# 0) number of pearls in H \ {e} and the language
{tJ : j even}, (see the proof of Proposition 2.13).

Assume that j is odd and that the last letter of h is in H,. Then ht? is conjugate to
an element h't? where h' starts with a letter in H; and ends with a letter in H; (or is of
smallest length). Hence for j odd we have to consider the set

C1 = {1y1 -+ Tnyn@niat’ :jodd,n € N\{0}, Vi€ {1,...,n+1}, z;i € Hi\ {e}, yi € H, \ {e}}

with the equivalence relation ~¢, given by

T1YL " TnYnTnt1l’ ~oy Tnp1T1UL - TnYnt’ ~Cy Un@ntl 1Yl TuYnl! ~cy ...
~Cy Y1 xnynxn+1zltj-

The contribution to (¢ g)(2) of the conjugacy classes of the elements in C; is

> S o o 1) - 1)

n>1, odd dln
for analogous reasons to Cs.
d) Since Ty = T = {e}, the set P is empty and hence gives no contribution to &g, (2).

Summing all we find the result. O

Remark 5.9 (About further generalizations)

Suppose we would like to generalize this example as follows: Assume that V1 NV_; = {v;, v, } and
that T = v,., but that V3 UV_; # {v;,v,.}. In this case in the computation of d(a,s), we would
need the contribution of the conjugacy classes of the elements in the set P as in Proposition
5.4. As in the proof of Proposition 5.6 d), one observes that if g = ht/tw; ---t/»w, € P and
h ¢ Hy N H_q, then n is even and

Vie {1? BRI ’I’L}, jl = (_l)isgn(h)a
Vi even € {1,...,n}, Supp(w;) C Ct(Supp(h)),

Vi odd €{l,...,n}, Supp(w;) C Ct(Supp(h)).

But if h € HHNH_1\ {e} = H; x H,. \ {e}, then for the same reason as in parts c) ii) and iii)
in the proof of Proposition 5.8, one has to treat separately the case where Y . j; is even and
when it is odd. The difficulty hence is to compute the contributions of the conjugacy classes
of such elements of P with Y. j; even and with ) . j; odd. Therefore, unfortunately at this
point we have no way to obtain a general formula for the conjugacy growth series of all the
HNN-extensions of graph products.






Appendix A

On the cardinality of the set of conjugacy
classes of infinite groups

We show that if we do not impose that the group is finitely generated or even countable then
strange things can happen. More precisely we prove the following:

Theorem A.1
Let k1, ko be two infinite cardinals such that k1 < ko. Then there exists a group G such that
1G = ko and G = k1.

Background on ordinal and cardinal can be find in [Jec03, Chapter 2 and 3]. To prove this
Theorem we use the following Lemma:

Lemma A.2
Let ko we an infinite cardinal, then there exists a group of cardinal ke with exactly 2 conjugacy
classes.

Proof. This proof is mostly inspirited from the proof of Theorem 3.3 in [LS77, Chapter 4]. We
construct inductively a group G, = (X, | R,) for every ordinal « as follows:

i) Step 0: Xo = {t,t7 1}, Ry :=0;

ii) Successor ordinal « + 1: Let {(g;, h;), : @ € I} be the set of all ordered pairs of non-trivial
elements of Go, Xoy1 1= Xo U{t; : i € I,}F, Ros1 := Ry U {tigitjl =h;, Vi€l };
iii) Limit ordinal 8: Xg := U, Xa, Bg = U,<s5 Ra-

For every successor ordinal o + 1, G, embeds into G,41 and so for every limit ordinal 3
and for every a < 3, G, embeds into Gg. By construction for every limit ordinal 3, all the
non-trivial element of Gz are conjugate. Hence G contains 2 conjugacy classes if 5 is a limit
ordinal. Moreover if /5 is a limit ordinal (# 0) then §Gg = 8. By the Choice axiom there exists
a limit ordinal 5’ such that 5’ = k2. Hence the group G satisfies the wanted property. O

Proof of Theorem A.1. Let Gg be a group given by Lemma A.2 of cardinality xo and with 2
conjugacy classes. Then the group
G=Gs
K1

satisfies the desired property, since k1 and ko are infinite. O
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Table of notation

[ Symbol

Meaning Defined in
f Cardinal of a set
D(c,r) Open disk in the complex plane centered on ¢ of radius r
RC Radius of convergence of a complex power series
[z™] Coefficient of 2™ in a complex power series
Fr(z) Growth series of the language L
ly] Absolute value y for a complex number or number of letters of y for a word
o(k) Euler’s totient function of k, for k € N
e Neutral element of a group
lgls Length of an element of g seen in a group with respect the generating set S
O'(G’S>(Z) Standard growth series of the group G with respect to S Section 2.2
&(Gys)(z) Conjugacy growth series of the group G with respect to S Section 2.2
min([h]) z Set of elements minimal in the conjugacy class of h {h’ € [h] : |W/|z = |h|~ 2}
Necklaces Necklaces set of a language
NLS Necklaces series associated to a growth series Section 2.4
Supp(n) Support of n, i.e: {i € I : n(i) # e} forn € Gaiel G Page 19
Y Canonical generating set for the wreath products Page 19 (3.1)
6’(AG2L,Y/)(Z) Contribution to &(GzL,?)(z) of the conjugacy classes of type A Page 22
~(G2L,)7)(Z) Contribution to &(GzL,Y)(z) of the conjugacy classes of type B Page 22
7
~(BG;Z ) (=) Part of &(BGzL }./.)(z) of those with torsion cursor Page 33
e (2) Part of 52, _ (2) of those with trivial cursor Page 33
(GWL)Y) (GWL,)Y)
2 (L) Set of leafs of a tree L’ Section 3.3.2.2
Z¢(L) Set of vertices of a tree L’ that are not leafs Section 3.3.2.2
T Set of representative tree with origin under L action Section 3.3.2.2
Ct(V) Centralizing set of a subgraph V' Page 42
Clq(V) Set of cliques of a graph V Page 42
Vi r Vs All vertices of V; are connected to all vertices of Va
Gy Graph product associated to V' Page 41
oy (z), oy (z) Standard, conjugacy growth series of Gy, respectively Page 47
Ui(Z), 5’1(2’)

o1y (2), 6141 (2) for i a vertex

gM Mobius inverses of g, i.e ZW,CW(fl)‘W‘ﬂW/‘g(W/) Section 4.1.1
ComFam, (V) Set of all commuting families of order n in V' Section 4.1.1
ComFam(V) Set of all commuting families in V/, i.e. Un>0 ComFam,, (V) Section 4.1.1

Supp(g) Support of g, i.e: nV’CV and g€Gy V' for g € Gy Page 42

NC Necklaces series of some growth build from a subgraph products Page 50
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