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Abstract

Logics for ‘generally’ are intended to express assertions with some vague
notions, such as ‘generally’, by means of new generalised quantifiers, and
to reason about them. Here, we review such logical systems and examine
some issues about them: axiomatisation, behaviour of the quantifiers, as
well as deductive and expressive powers.
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1 Introduction

In this paper, we review some logics for ‘generally’ and examine some is-
sues about them: axiomatisations, behaviour of the quantifiers, as well as
deductive and expressive powers.

Logics for ‘generally’ are intended to express assertions with some vague
notions, such as ‘generally’, by means of new generalised quantifiers, and
to reason about them (important issues in qualitative reasoning). The
primary motivation is a precise treatment of some vague notions (such as
‘generally’, ‘several’, ‘many’, ‘most’, etc.), which appear often in ordinary
language and in some branches of science.

This paper is structured as follows. The next section provides some
motivations and ideas underlying logics for ‘generally’. In section 3 we
examine logical systems for expressing and reasoning about assertions in-
volving (some versions of) ‘generally’, with their syntax and semantics as
well as sound and complete axiomatisations. In section 4 we examine some
metamathematical properties of these logics for ‘generally’, comparing them
to classical first-order logic: deductive and expressive powers, and the be-
haviour of the new quantifier. Section 5 contains some concluding remarks
about on-going and related work.

2 Preliminaries

We will now review some motivations and ideas underlying logics for ‘gen-
erally’.

3We would like to have logics for some vague notions, much as one has logics em-
bodying some mathematical notions ([B+F’85], p. 3).
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2.1 Basic ideas

We first examine motivations underlying logics for ‘generally’

Assertions and arguments involving some vague notions appear often,
both in ordinary language and in some branches of science, where “modi-
fiers”, such as ‘generally’, ‘rarely’, ‘several’, ‘few’, ‘many’, ‘most’, ‘typical’,
‘generic’, etc., occur. For instance, one frequently encounters assertions
such as “Many bodies expand when heated”, “Most birds fly” and “Few
metals are liquid under ordinary conditions”.* The assertions “Whoever
likes sports watches Sports-TV” and “Boys generally like sports” appear
to lead to “Boys generally watch Sports-TV”. Such qualitative arguments
involving these vague notions appear to be quite widespread.®

Considering a universe of birds, we can express some assertions within
classical first-order logic.; but, what about vague assertions like “Birds
generally fly”? We wish to express such assertions and reason about them
in a formal manner; so we need precise meanings for these vague notions.
Now, the intended meaning of “objects generally have property ¢” can be
given directly as “the set of objects having ¢ is important”, or in terms of

the set of exceptions as “the set of objects failing to have ¢ is negligible”.”

2.2 Families for ‘rarely’ and ‘generally’

We will now indicate how some notions of ‘generally’ and ‘rarely’ can be
described by means of families of important and negligible sets. We actually
have various notions of ‘generally’ and ‘rarely’, but some of them may be
expected to share properties, which can be used to characterise these vague
notions by means of the corresponding families of important and negligible
sets [Vel’99, Vel’02]. To describe the important and negligible subsets,
we may use common properties of their families X and N. For instance,
the above argument about boys and sports seems correct because of the
intuitive feeling that if a set L has several objects and L C T, then set T
will also have several objects: the family X of important sets (those having

4Such notions may also be useful in reporting experimental set-ups and results. More
elaborate expressions involving ‘propensity’ are often used as well: a physician may say
that a patient’s background indicates a certain propensity, making him (or her) prone
to some ailments.

5A medical doctor usually prescribes a treatment considering it appropriate to a
typical patient with such symptoms.

SFor instance, “All birds fly” and “Some birds fly” by YvF(v) and 3vF(v).

7One may understand “Eagles generally fly” as “The flying eagles form an important
set” or “The non-flying eagles form a negligible set”.
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several objects) is closed under supersets. Families corresponding to other
notions, such as (very) few, may be closed under union or intersection.®

For non-triviality, the family K of important subsets of a universe V'
should be proper (§ ¢ K and V € K). Some interesting classes of such fam-
ilies of important subsets are: up-closed (closed under supersets), lattices
(closed under union and intersection), filters (closed under supersets and
intersection), and ultrafilters (maximal filters).?

3 Logics for ‘generally’

We shall now examine how one can set up logical systems for express-
ing and reasoning about assertions involving (some versions of) ‘generally’.
The goal is having logics for some vague notions, much as we have “logics
embodying mathematical concepts” [B+F’85]. In this section we briefly
review some of these logics: syntax, semantics and axiomatics as well as
soundness and completeness.

Our logics for ‘generally’ add to classical first-order logic [End’72, Sho’67]
a (non-standard) generalised quantifier, with intended interpretation “form-
ing an important set of objects of the universe of discourse” [Gra’99, V+C’01].1°

3.1 Syntax of V

The syntax of our logics is obtained by extending the usual first-order syn-
tax by the new quantifier V.

Given a signature p, we let L(p) be the usual first-order language (with
equality =) of signature p. We will use LV (p) for the extension of L(p)
by the new operator V. The formulae of language LY (p) are built by

81f one accepts the assertions “Few naturals are below fifteen” and “Few naturals
divide twelve”, then one would probably accept also the assertions: “Few naturals are
below fifteen and even” and “Few naturals are below fifteen or divide twelve”.

9For instance, the sets having more than, say, 70 % of the elements form an up-
closed family (corresponding to a notion of ‘several’); both the finite unions of intervals
of the reals and the cofinite open subsets of an infinite topological space form lattices
(corresponding to notions of ‘many’); the subsets including a given set as well as the
cofinite subsets of an infinite universe form filters (corresponding to notions of ‘most’);
and the subsets having a given element form an ultrafilter. The dual classes of such
families of negligible subsets are: down-closed (closed under subsets), lattices (closed
under U and N), ideals (closed under subsets and U), and maximal (prime) ideals.

10With such new duantifiers we can handle assertions, such as “Birds generally fly”
and “Metals generally are solid”, as well as properties like “animals generally fear x”.



150 S.R.M. Veloso and P.A.S.Veloso

the usual formation rules and a new variable-binding formation rule giving
generalised formulae :
for each variable v, if ¢ is a formula in LV (p) then so is Vuep.

Other syntactic notions, such as substitution (@p[v/t] or ¢(t)) and sub-
stitutable, can be easily adapted.

As a example, consider a signature p with binary predicate L (on per-
sons). If we let L(z, y) stand for ‘x loves y’, then VaVyL(z,y) expresses “ev-
erybody loves people in general”, JxVyL(z,y) expresses “somebody loves
people in general” and “people generally love each other” can be expressed
by VaVyL(z,y). If L(z,y) stands for ‘y is taller than x’, then “people are
generally taller than x" can be expressed by the formula VyL(z,y).

3.2 Semantics of ‘generally’

The semantic interpretation for ‘generally’ is provided by enriching first-
order structures with families of subsets and extending the definition of
satisfaction to V. For this purpose, we resort to modulated structures.

A modulated structure A® = (A, K) for signature p consists of a usual
structure A for signature p together with a complex: a proper family C of
subsets of the universe A of A.

We extend the usual definition of satisfaction of a formula ¢ in a struc-
ture under an assignment s: V — A to variables as follows

for a formula Vv, we define

AL |= V| 8] iff {be A: A* |= @] s(v — b)]} belongs to the complex K.

where, as usual, s(v — b) is the assignment agreeing with s on every
variable but v and s(v + b)(v) = b1

Satisfaction of a formula hinges only on the realisations assigned to its
symbols.!?

A convenient notion is that of extension with respect to a variable: the
v-extension of formula o under assignment s is the set A<[p( s|v)] := {b €
A AX = o[ s(v— b)]}.1* With this notation, satisfaction of a generalised

1 Thus, the propositional connectives as well as the classical quantifiers V and 3 will
keep their familiar interpretations.

12Thus, satisfaction for first-order formulae (without V) does not depend on the com-
plex: for a formula ¢ of T.(p), we have AF |= @[ g] iff A = [ s]. We can also use the
familiar notation A% = ¢[a] for an assignment a to the free variables of formula ¢.

13We similarly have the extension AX [p(afv)] :={b € A : AX |= pfa, b]}.
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formula becomes AX |= ¢ s] iff the extension A%[p( sv)] belongs to the
to the complex K.!4 Other semantic notions, such as reduct and model
(AX =T are as usual.

We will modulate our structures by their complexes: a class of complexes
will be called a module. The basic module B consists of the proper com-
plexes. We will be mainly interested in some classes of proper complexes:
the modules C, £, F, and U consisting of the proper up-closed complexes,
of the lattices, of the filters and of the ultrafilters, respectively.'® This gives
rise to notions of modulated consequence as expected: consequence under
module M is defined by I' =4 7 iff A |= 7, for every model AX =T with
K in M1, likewise for (modulated) validity.

3.3 Axiomatics for ‘generally’

‘We now formulate deductive systems for our logics for ‘generally’ by adding
schemata to a calculus for classical first-order logic [Vel’98].

To set up our deductive systems for logics of ‘generally’, we take a sound
and complete deductive calculus for classical first-order logic, with Modus
Ponens (MP) as the sole inference rule (as in [End’72]), and extend its set
® of axiom schemata by adding a set ®s of new axiom schemata (coding
properties of the module), to form an axiomatisation for ‘generally’.'” We
find convenient to divide our schemata into groups, namely

e gyntactic schemata: related to invariance under syntax;
e common schemata: fundamental to the notions of ‘generally’;
e specific schemata: shared only by some versions of ‘generally’.

The syntactic schemata aim to capture the idea that satisfaction hinges
only on extension of a formula, and not on its syntactic form.

A syntactic schema handles extensionality: formulae with the same ex-
tension must be indistinguishable under ‘generally’.

[ V] V2@« 8) - (Vzp & Vz0)

M Notice that AKX |= Jug[ s] iff the extension AF[p( s|v)] belongs to the family p(A) —
{0} of the non-empty subsets of A.

I6For the module F of filters: T =Z£ 7 iff AX |= 7, for every filter model A =T
These modulated consequences are related and others can be similarly introduced.

17These schemata depend on the signature p, but we will prefer to use the simpler
notations ® and ®j; rather than ®(p) and ®ps(p).
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Another syntactic schema covers, in a similar manner, alphabetic variants.
[Vv] Vwp < Vwylv/w] for a new variable w

The syntactic schemata consist of these two schemata:

Q; = [« V]U[VY]
The common schemata code properties of the proper complexes.
VV] Yop — Ve [V eK]
(V3] Vop —3ve [0€K]

The basic aziomatisation extends the syntactic schemata by these two com-
mon schemata:
Op =0, U VV]U[VIL

The specific schemata code closure properties of special modules.

[ V] Vo —0) - (Vup — Vuld) [up-closure]

[VV] (Vo A Vb)) — Vo(yp v 0) [U-closure]

(VA (Vo A Vo) — V(A 6) [N-closure]

[~V] ~Vup — Vu—p [prime]

We thus have some specific axiomatisations as follows.
e Up-closed logic: ®¢ := &5 U[— V|'8
e Lattice logic: @1, := @5 U [VV]U[VA]
o Filter logic: & := & U [VA]Y®
e Ultrafilter logic: ®y 1= ®p U [-V]?°

Now, each one of these axiomatisations for ‘generally’ gives a derivability
relation ¥ | axiomatised by ®M := &5 U &;. Derivations are first-order
derivations from the schemata

M 7 iff CUGR T (F*)

In fact, each set = C @ of axioms for ‘generally’ gives a derivability relation
FZ, axiomatised by ®F := U S5 UE.

18Tn up-closed logic we have FC (Vuy vV Vul) — Vo(yp V 8) and FC Vo(y A §) —
(Vuy A Vo) (by [— V).

19Tn filter logic we have F¥ Vu-p — —Vup (by [VV] and [V3]) and V distributes
over A: FI" V(3 A 0) < (Vup A Vo) (by [VA] and [— V).

20In ultrafilter logic, V commutes with negation (FV —Vwy <+ Vu—yp) and distributes
over the binary propositional connectives (we have, for instance, FV Vu(V8) < (Vuyv
Vv8)). We thus have prenex normal form.
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3.4 Soundness and completeness

We shall now establish soundness and completeness of our deductive sys-
tems for the corresponding logics for ‘generally’.

Soundness (FM C|=M) is easy to establish as usual: the axioms in each
axiomatisation ®M code properties of the complexes in the module M.

Completeness (FMCHM) is not so immediate, but, we can extend
Henkin’s familiar method of witnesses [Hen’49, Sho’67, C+K’73, End’72].
The crucial point here is obtaining an appropriate complex, which we can do
by using the witnesses. We proceed to outline how this can be done [Vel’98,
V+C01]. To fix ideas, we will focus on filter logic and later indicate how
to adapt these ideas to the other cases.

Consider a set T of sentences of LY (p) that is filter-consistent: I' /7" L.
We will show how to obtain a filter model H*= = T' (with cardinality at
most that of LY (p)).

We first extend set I' € LV (p) to a maximally consistent set ¥ with
witnesses for the existential sentences of LY (pUC) in set C of new constants
(with cardinality |C| < |LV(p)| ).?* We form the canonical structure H,
- for signature p U C' as usual.

We provide a complex, by considering the formulae of LY (pUC'), having
a single variable free, as follows. For each formula ¢ of LY (pUC) with single
free variable v, let Z[plv] := {c" € H : ¢[v/c] € =}, and form the family
Yy := {X[p|v] € H: Vup € £}.23 By our axioms, this family Xy is proper
and has the finite intersection property.?* So, its closure Ky := E% under
supersets is a filter, with the property X[p|v] € By iff L[p|v] € K525 We
can now show, by induction H*® |= 7 iff 7 € X, for each sentence 7 of
LY(puC).2¢

21The properties of conservative extensions by the addition of witnesses and Linden-
baum extensions for our deductive systems can be established as in classical first-order
logic, by relying on the connection (F*) in 4.3.

22The canonical structure H has universe H := C/ ~=, where ¢/ ~% ¢" iff 2 - F¢ &
(38
230ne can view X[i|v] as the set v-represented within 3 by formula ¢ and Yy as the
family of provably important represented subsets.

24Family Yy is proper by the basic schemata [VV] and [V3], and its closure under
finite intersection follows from the schemata [VA] and [Vv].

25Notice that family Xy is not closed under arbitrary supersets, but this extension
Ks: O Ty adds no definable subset: property L{plv] € Ty iff Z[p|v] € Ky follows from
the schemata [— V] and [Vv].

26The inductive step for the new quantifier V, namely HE= | Vouy iff Vup € I,
follows from the crucial property Tp|v] € v iff Z[p|v] € K5 of the complex Kx. The
inductive steps for the propositional connectives as well as for the classical quantifiers V
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We thus have the desired result: a Lowenheim-Skolem Theorem.

Theorem. Léwenheim-Skolem Theorem (for filter logic) Each filter-consistent
set of sentences of LV (p) has a filter model with cardinality at most |LY (p)|.

We now indicate how to adapt these ideas to our other logics.

e Tor up-closed logic, we use the same construction.2”

e For basic and lattice logics, we take Ky, := $y.%8

e Tor ultrafilter logic, we extend family v to an ultrafilter.2®

4 Metamathematics of ‘generally’

Our logics for ‘generally’ extend classical first-order logic. We have sound
and complete deductive systems for these logics. As usual, such a result
transfers the finitary character of derivability to the compactness of the
corresponding semantic consequence. Thus, our extensions of classical first-
order logic by generalised quantifiers have compactness.

We shall now examine some other metamathematical properties of these
extensions of classical first-order logic by generalised quantifiers. We will
take a closer look at these extensions comparing them to classical first-order
logic.

4.1 Behaviour of quantifiers

We will first examine the behaviour of quantifiers in our logics for ‘gener-
ally’. We wish to compare them to classical first-order logic, pointing out
similarities and contrasts.

and 3 are as in Henkin’s proof.

2"Here, family Yy will be proper and we take Ks to be its closure under supersets.
The crucial property X[plv] € Xy iff S[p|v] € Ky follows from the schemata [— V] and
[Vy].

28Family By already gives an appropriate complex.

29As family Ty has the finite intersection property, it can be extended to a proper
ultrafilter s, The property 2[p|v] € Sy iff Z[p|v] € Kg now follows from the schema
[=V].
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In our extensions of classical first-order logic, the behaviour of the clas-
sical quantifiers V and J remain the same, but what about the new quan-
tifier V? We know that V is intermediate between V and 3, in terms
of behaviour®®, and we feel intuitively that it is closer to the universal
quantifier3!.

Oppositions of quantifiers

We will now compare leading classical and generalised quantifiers.

First, we do not have instantiation for V.32

We now wish to examine some opposition relations between classical
and generalised quantifiers.®3

Consider the classical square of oppositions, involving affirmative and
negative, universal and particular assertions, as well as the relations of
contrary, subcontrary and contradictory.** We wish to consider analogue
connections involving also generalised quantifiers.

First, we have to make room for V, placing it in between V and 3. This
transforms the usual square of oppositions into a hexagon (see figure 1).

This hexagon of oppositions has interesting interpretations in terms of
corroboration and refutation: generalised sentences are harder to corrobo-
rate than universal ones and harder to refute than existential ones.3°

30The common schemata [VV] and [V3] give FB VYup — Vuyp and B Vvep — Jvp.
The converse implications are not valid (£ Vup — Vo and M Jup — Vop): either
one would trivialise the new generalised quantifier, collapsing V to V or to 3.

310ne may feel the generalised quantifier V to be closer to V because of the intuitive
interpretation “all, but negligibly few exceptions” for ‘many’, ‘most’, etc. One can define
a dual generalised quantifier for ‘rarely’, closer to 3.

32Indeed, Vuy does not yield ¢[v/t] (neither is the converse inference correct: @[v/t]
does not yield Vuyp).

3330me square-of-opposition relations among ‘few’, ‘many’, and ‘most’ have been anal-
ysed [Pet’79)].

34Contrary assertions cannot be both true, subcontrary assertions cannot be both
false, and contradictory assertions cannot be both true nor false. The classical square of
oppositions is as follows (where the diagonally opposed assertions are contradictory)

Affirmative Negative
Universal Yo cel e Yo
4 I
Particular Jup subeonirar. Fu—p

35Thus, generalised sentences fail to present a clear asymmetry between corroboration
and refutation, of importance to some views of Popper (cf. [Pop’34], [Pop’75]).
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Let us now take a closer look at the above hexagon of oppositions.
We still have some further generalised assertions to place, namely those
corresponding to ~Vuy and ~Vv—.38 We can locate them by relying on
equivalences concerning the behaviour of the classical quantifiers V and 3
under negation.3” This transforms the above hexagon of oppositions into
an octagon (see figure 2).28

This octagon displays oppositions holding in basic logic. In stronger
logics for ‘generally’ one has some more information. For instance, we have
some more oppositions in the octagon for filter logic (we have as contraries

36Indeed, the unary modalities V and — generate the four modalities with V: V, V-,
-V and ~V-.

37"We have - ~Juy > Yo and F ~Vup « Jv—p.

38The schemata [V3] and [vV] give B —Jup — ~Vup and FB ~Vup — —Vue.

Affirmative Negative
Universal Yvp conter. Yv—p
4 I
Generalised Vup Vo=
$ I
Particular Jvp SULCOITeT Fv—p

Table 1: Hexagon of oppositions in basic logic

Affirmative Negative
—Jvp & Y e Yo—p —  —dup
I 4
V’U(p co'ntzc_z)dict. _'V’UQO
4 4 \
_'V’U_'(P cont(’rlz;dict. VU_|Q0
4 4 y
_|V’U‘IQ0 o E"U(p subc&t’ra’r. Hv—mp ‘" _|V’U(P

Table 2: Octagon of oppositions in basic logic
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—~Vv-y and Vvy and as sub-contraries Vv— and ~Vup).3 This octagon
reduces back to a hexagon in the case of ultrafilter logic (because of the
equivalences FV —Vup « Vo—p and FV =Vu—p « Vup). 20

Classical and generalised quantifiers

We now wish to examine how adjacent classical and generalised quantifiers
interact. Having compared leading classical and generalised quantifiers, we
now wish to examine some interactions among them.

We first consider some transfer principles where the behaviour of the
new generalised quantifier is similar to that of the classical ones. In classical
first-order logic we have the transfer principle - JuVzp — VzJup. Since
V is between V and 3, one might expect some similar transfer principles
for V.4! Indeed, we can see that we have the transfer principles for V in
up-closed logic:

o ¢ VuVzp — V2Vup
o FC uVzp — VzIup.

39The octagon for filter logic is follows.

Affirmative Negative
—Ju— > Yoy congrar. Yo > ~Jup
A J [l i
—|V’U_|Q0 conf_v;ar. V’Ulp contgdict. V'U"(p subczﬂtrar. —|V’U<,0
4 4 4 4
—|V’U—|Lp - 31}90 subcﬂtrar. H’U—Kp . _\pr

In filter logic, formulae =Vv—y and Vv are contraries because of the schemata [VA]
and [V3).
40The hexagon for ultrafilter logic is as follows.

Affirmative Negative
—Jvp o Yoy cented Yu—p «—  —3Jup
4 Y y v
—|V’U—'L,0 R pr contgdict. V’U—ltp o —-Vmp
4 4 4 4
—Vonp E oo Fv—p — Ve

In ultrafilter logic, we have the equivalence FV —Vup < Vu- (because of [-V], [VA]
and [V3]).

411 basic logic, YuVzp yields YuVzyp, VuVYze and VuVze (by [VV]), and VuVzp
yields IuVzy, Vudzyp and Judze (by [V3I)).
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These transfer principles are easily interpreted and derived.*2 The converse
transfers fail, as we will see shortly.

We now consider a case where the behaviour of the new generalised
quantifier contrasts with that of the classical ones. In first-order logic, the
classical quantifiers commute.*® In contrast, iterated generalised quantifiers
do not commute: VuVzep does not yield VzVuep.

A single example can serve to establish the three failures just mentioned:
the naturals with order < and ‘generally’ meaning cofinite. Expand the
structure /' = (IN, <) by a Fréchet ultrafilter &/: having no finite subset.
We then see that structure N satisfies none of

o YuVzu < z — VzVuu < 2,
e Vudzu < 2z — J2Vuu < 2z,

o VuVau < z — VazVuu < 2.4

4.2 Deductive power

We shall now examine the deductive power of our logics for ‘generally’.
We will show that we have conservative extensions of classical first-order
logic and that we can reduce some simple cases of consequences to classical
conditions.

Concerning deductive powers, our extensions of classical first-order logic
have increasing deductive powers.*®

Conservative extension

We will first show that the addition of the new generalised quantifiers pro-
duces conservative extensions of classical first-order logic.

42The behaviour of V is reminiscent of that of 3 in the first transfer (over V), and of
that of ¥ in the second transfer (over 3). These transfer principles follow from schema
[-+ V]. If some u is related to several z’s (via i), then several z's are related to some
ws: =Y JuVzp — Vzdup (as AX(p(a,blz)] € AX[Buplalz)]). The dual transfer
FC VuYzp — Y2Vup follows from schema [— V| as = Yu(Vae — ).

43 We have |- VuVzp — VzVug and F Judze « Jz3up.

4Indeed, we see that NY satisfies VuVzu < z (for every m € WN: {n € IN:m < n}
is cofinite), so also VuVzu < 2z and Vudzu < z; but N fails to satisfy Jz2Vuu < z
(for nom € IN: {m &€ IN : m < n} ig cofinite), whence N £ VaVun < 2 and
N £ VaNua < 2. This shows that these formulae are not valid in any modulated logic
with intermediate module M: B C M C U,

45The increasing deductive powers can be seen by considering the schemata in our
axiomatisations (cf. 4.3 in section 4).
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It is easy to see that we have conservative extensions of classical first-
order logic. 46

Theorem. Conservative extension (of classical first-order logic) Consider a
set 2 C @y of axioms for ‘generally’. Given a set of sentences AUT C L(p):
AFETif A 747

A pleasing consequence of having conservative extensions is that one
can reuse classical first-order reasoning.

For instance, imagine that P(d) and M(d) stand for ‘d is pleasant’ and
‘d is mild’, respectively, and consider a classical first-order theory A (about
days) where A F Vu[P(v) « M (v)] [“pleasant days are mild days”]. We can
then infer A FZ Vo—P(v) & Vu-M(v) [“days are generally unpleasant iff
they are generally not mild”].48

Inference of simple generalised formulae

We will now examine some simple cases of consequences that reduce to
classical conditions. The first step beyond first-order adds a single initial
V. We shall examine some cases of inference and refutation of such for-
mulae with a single initial V. We already know that, for classical formulae
(without V), our logics for ‘generally’ have the same deductive power as
classical first-order logic, but what about formulae with V? We will show
that, for some formulae (with a single initial V), we can reduce inference
and refutation to classical first-order conditions.

A positive generalised formula is one of the form Vv, where ¢ has no
V. A negative generalised formula is the negation of a positive generalised
formula: of the form —Vuep, where ¢ has no V. The simple generalised
formulae consist of the positive and negative generalised formulae. We
shall examine some cases of inference and refutation of such formulae with
a single (initial) V.

We first show that the absence of generalised information reduces infer-
ence and refutation to classical first-order logic.

As an example, consider a consistent purely first-order theory A, with
three axioms expressing “Mercury is not solid”, “Mercury is not the only

46for classical formulae (without V), our V-axioms add no extra deductive power.

47Every first-order structure A can be expanded to an ultrafilter structure AY = (A, U)
satisfying the same first-order sentences.

48This assertion follows from the syntactic schema [« V.
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metal” and “Every metal, other than mercury, is solid”. In this case, we
cannot decide whether “metals generally are solid”, as we will see.

The next result gives conditions for inferring or refuting simple gener-
alised formulae from a purely first-order theory.

Theorem. Simple generalised consequences of first-order theory Consider a
set E C @y of axioms for ‘generally’. Given a set of sentences A C L(p)
and a formula ¢ € L(p), we have the following conditions.

I: AFE Vo iff A Yoy
R : AFE =Vup iff A - —Fvp

Proof. For I: the universe is the only set in every complex gives (=) and
[VV] yields («). For R: each nonempty set is in some complex gives (=)
and [V3] yields («).4°

This result explains the preceding example.®°

We now examine the effect of adding a single simple generalised for-
mula to a purely first-order theory. The first-order formulae that are con-
sequences of such extensions have similar first-order characterisations.5!

Proposition. First-order consequences of extension by simple generalised
formula Consider a set = C ®y of axioms for ‘generally’. Given a set of
sentences A C L(p) and formulae 9 and 6 of L{p), we have the following
conditions.

+ @ AU{Vuy IS 6 iff Au{Tvp}- 0

49For (I=): if A I/ Yup, then some model M = A can be expanded by an ultrafilter
U with M[p( s|v)] & U, and thus MY £ Vo[ s]. Similarly for (R=): if A I =Jvep,
then some model M = A can be expanded by an ultrafilter & with Mp( s|v)] € U,
thus MY £ ~Vu| s].

50In the preceding example, the axioms of A are —=S(h), Jv—- = h and Vo(-v =~
h — S(v)). Then, A ¥ VuS(v) (since A I/ YuS(v)) and A & -VuS(v) (since A I/
—Jv S(v)).

5175 illustrate the next result, consider a purely first-order theory A about birds.
Imagine that we wish to know what kind of support the belief “birds generally fly” (i. e.
VuF(v)) may provide to the first-order question 8: “birds have wings”. If one accepts
Vv F(v), then one can conclude 8 iff 6 follows from A and the existential assertion JvF(z):
“some bird flies”. If, on the other hand, one accepts the negation -VvF(v), then one
can conclude 6 iff § follows from A and the existential assertion Jv—F(v): “some bird
does not fly”.
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— . AU{~Vuy}HE 6 iff AU{Tv—}t 6

Proof. The conditions follow from the preceding result by contraposition.
The conditions seen so far apply to basic logic and its extensions. They

52

can be summarised and interpreted as follows. We already know that V is
between V and 3; now, a single initial V will behave as either extreme: as V
(in the case of conclusion) or as 3 (in the case of hypothesis). By examining
more closely the expressive power of the generalised quantifier in 5.3, we
will be able to see that such reduction of consequences to classical logic is
restricted to simple generalised formulae, failing for other, more complex,
formulae. We will now examine a more general case: sufficient and neces-
sary conditions for inferring simple generalised formulae from the extension
of a purely first-order theory by a single simple generalised formula.

Proposition. Simple generalised consequences of simple generalised exten-
ston Given a set 2= C Oy of axioms for ‘generally’, consider a set of sentences
A of L(p) and positive generalised formulae Vvt and Vué of LY (p).

++ Ak Fuyp — Yo = AU{Vuyp}-E Vol = A - Vo) — Fvh

+— : AF Fuyp — Yo = AU{Vup}-E =Vl = A F Vo — Jv—-0

—4 A Fvp — Yol = AU{~Vup}-E Vob = A Yo — Fvb

—— A F v — Vo0 = AU{=Vvyp}-E =Vol = A F Vo) — Jv—-6
Proof. Sufficiency follows from [VV] and [V3]. For necessity: the universe

is in every complex and the empty set is in no complex.?®

The conditions considered this far apply to basic logic and its extensions.
We will now examine necessary and sufficient conditions for inferring sim-
ple generalised formulae from the extension of a purely first-order theory
by a single simple generalised formula. These conditions hold for specific
extensions of basic logic.

52By contraposition: condition (R) yields (-+) and (—) follows from (I).

53Sufficiency of (++): if A F Juyp — VYob, then AU{Vup}-E Vud (by [V3]), whence
AU{Vvp}-E Vub (by [VV]). Necessity of (++): if A I Vuyp — Jvb, then some model
M |= A can be expanded by an ultrafilter I/ so that MY = V[ s] but MY | Vod| s],
whence AU{Vvy}/Z Vv0. The other cases are similar.

54T illustrate the next result, consider purely first-order information A about workers
in a plant. Assume that one observes that “workers generally are careless”: VoC(v).
One can then conclude (in up-closed logic) that “workers generally are accident prone” (i.
e. VuvA(v)) iff A entails the universal assertion Yv[C'(v) — A(v)]: “all careless workers
are accident prone”.
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Theorem. Behaviour of simple generalised formulae (in specific logics)
Given a set of sentences A C L{p), consider positive generalised formu-
lae Vvtp and Vv of LY (p). We then have the following conditions.?®

+1 : AU{Vup) FC Vol iff A F Vu(e — 6)

+R : AU{Vuy} FF =Vl iff A =Fu(p A D)
—I : AU{=Vuyp} FV Vol iff A+ V(i V 0)
_R: AU{-Vugp} FC ~Vul iff A F ~Tv(— A 6)

Proof.  In each case, specific schemata yield (<), for (=): if the first-
order condition fails, some model of A can be expanded to an appropriate
ultrafilter model falsifying the generalised inference.?®

Let us now examine the case of extending a purely first-order theory by
a set of simple generalised formulae. For this case, we also have necessary
and sufficient conditions for inferring simple generalised formulae in specific
logics for ‘generally’.

Corollary. Behaviour of extensions by simple generalised formulae Given a
set of sentences A C L(p), consider a positive generalised formula Vwy of
LV (p) and a set I'y C LY (p) of positive generalised formulae.

{+} Then AUTy F Ve iff, for some finite subset {Vu141, . .., Vimtm }
of I'; and a new variable z,

AEVe(prfur /2] A At [um/2]) — plw/z]].

{+—} Given also a set I'_ C LV (p) of negative generalised formulae, we
have AUT'LUI'_ FY Vg iff, for some finite subsets { Vi1, . . ., Vit thm }
of T'y and {~Vu164,...,-Vu,8,} of I'_, and a new variable z,
AEV2[(Pilur/2] Ao Apmfum /2] A =01 [v1/2] Ao A=Bp]un/2]) — @lw/2]].

Proof. Compactness gives the finite subsets and specific schemata reduce
the finite case to the preceding result (+1).5"

55Tn each case, the first-order condition is necessary in basic logic.

56For (+1I): schema [— V] yields («); for (=), if A I/ Vu(ip — 6), then some model
M = A can be expanded by an ultrafilter U € C so that MY = Vuy[ s] but MY |
Vo[ 5], whence AU {Vui} #C Vuh. The other cases are similar.

STFor {+}: A U{Vuit1,..., Vum®m} F¥ Vwe iff [by filter schemata), for a new
variable z, A U {Vz(®1[u1/2] A ... A Ym[um/2])} F¥ Vwplw/z] iff [by the preceding
result (+I)] A F Vz[(¥1[u1/z] A ... A Ymlum/2z]) — @[w/z]]. The case of {+~} is

similar.
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We also have conditions for refuting a simple generalised formula, 58

4.3 Expressive power

We shall now consider the expressive power of our logics for ‘generally’. We
will examine some conditions for eliminating the new generalised quantifier
from some simple formulae and then show that we have proper extensions
of classical first-order logic.

One would expect our logics for ‘generally’ to be strictly more expressive
than classical first-order logic.5? We will see that interesting generalised
formulae equivalent to purely first-order formulae are indeed quite rare.

Elimination of ‘generally’

We will first examine some conditions for eliminating the new quantifier V
from simple generalised formulae.

As an example, consider a consistent purely first-order theory A about
birds asserting that “Some birds fly” and “Some birds do not fly”. In this
case, we cannot express within A “Birds generally fly”, as we will see.

The next result gives conditions for eliminating the single initial V from
a positive generalised formula within a purely first-order theory.

Proposition. Reduction of positive generalised formula to first-order Con-
sider a set & C ®y of axioms for ‘generally’. Given a set of sentences
A C L(p) and a formula ¢ € L(p), there exists a formula 6 € L(p) such
that A = Voy « 0 iff A+ Juy — Y.

Proof. The conditions follow from previous results: (I) and (+) in 5.
Thus, one can eliminate the single initial V from Vo only when formula

2_60

1) becomes trivialised: this explains the preceding example.%!

SBAUTY FF —Vwep iff, for a finite subset {Vui#i,..., Vumm} C T'y and a new
variable z, A F Vz[(11[u1/2]A. . . Atpm [um/2]) — =plw/z]] and AUT L UT' FV =Vwep iff,
for finite subsets {Vuiv1,..., Vumtpm} C T4 and {=Vv101,...,-Vopf,} CT_ and a
new variable z, A F Vz[(t1[u1/2]A. . .Atpm[um /2] A=81[vi /2] A . . A=On un [ 2])plw/2]].

59We know that satisfaction of a formula with the generalised quantifier V depends
on the complex, which is not the case for purely first-order formulae. So, it is to be
expected that some formulae with ¥V will not be equivalent to formulae without V.

60Bach result gives one direction of the desired equivalence.

61Tn the preceding example, as consequences of consistent A we have FvF(v) and
Fu-F(v), so At FvF(v) — VuF(v); thus the result shows that one cannot express
VuF(v) without V.
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Proper extension

We will now show the expressive power of our logics for ‘generally’ extends
properly that of classical first-order logic.

As mentioned, one expects the expressive power of our logics for ‘gen-
erally’ to be strictly more than that of classical first-order logic. It remains
to exhibit specific examples of formulae from which the new generalised
quantifier cannot be eliminated.

We will exhibit a formula that cannot be expressed within classical first-
order logic: the (single) V of JuVzu ~ z cannot be eliminated.

Theorem. Non-eliminable V
Consider the sentence FJuVzu =~ z. Given a set & C ®y of axioms for
‘generally’ and a set of sentences A C L(p) with infinite models, there
exists no sentence 7 € L(p) such that A F= JuVzu = 2 « T.

Proof. This sentence expresses that the complex has a singleton, and
an infinite universe has principal and non-principal ultrafilters.?

In particular, there is no sentence 7 € L{p) such that §§ 5 FuVzu =~
2T,

We mentioned (in 5.2) that the reduction of consequences to classical
logic is restricted to simple generalised formulae. The above sentence pro-
vides examples where such reductions fail.

Let v be the sentence JuVzu ~ z. Consider the conditions in 5.2 for
inferring a simple generalised formula from a purely first-order theory. In
contrast to (I), we have no sentence 7 of L(p), such that A & v iff A - 7,
for every set A C L(p) of sentences having infinite models (e. g. A := ().53

5 Conclusion

Logics for ‘generally’ are intended to express assertions with some vague
notions, such as ‘generally’, by means of new generalised quantifiers, and to
reason about them. The primary motivation is logics for precise treatment

628entence JuVzu = z expresses that the filter is generated by a singleton, and an
infinite universe has both principal and non-principal ultrafilters [B+S’71].

63Such a purely first-order sentence T would provide an elimination of V from FuVzu ~
z within the first-order theory A. Also, in contrast to (4), given a sentence o of L{p),
we have no sentence T of L(p), such that AU{y}F¥ o iff AU{T}F o, for every set of
sentences A C L(p) such that AU —{c} has infinite models.



On Modulated Logics for ‘Generally’: Some Metamathematical Issues 165

of some vague notions (such as ‘generally’, ‘several’, ‘many’, ‘most’, etc.),
which appear often in ordinary language and in some branches of science,
much as one has logics embodying some mathematical notions [B+F’85].

Here, we have reviewed some logics for ‘generally’ and examined some
metamathematical issues about them: axiomatisations, behaviour of the
new quantifier, as well as deductive and expressive powers.

We have seen that our logics for ‘generally’ are proper conservative ex-
tensions of classical first-order logic with sound and complete deductive sys-
tems. Also, our logics are proper extensions of classical first-order logic with
compactness and Lowenheim-Skolem properties. This feature may confer
to our logics for ‘generally’ some independent model-theoretic interest.%*

We also have considered some other metamathematical properties of our
logics for ‘generally’. We have compared them to classical first-order logic,
with focus on the behaviour of the new generalised quantifiers, pointing out
similarities and contrasts. We have examined extensions of the classical
square of oppositions covering the new generalised quantifiers and some
transfer principles involving classical and generalised quantifiers.

We have considered inference of simple generalised formulae, examining
simple cases of consequences that reduce to classical conditions. This has
led to conditions for eliminating the new quantifier V from simple gener-
alised formulae. We have also established the expressive power of our logics
for ‘generally’ extends properly that of classical first-order logic by exhibit-
ing formulae that cannot be expressed within classical first-order logic: with
non-eliminable V.

We thus have logics for reasoning precisely about some versions of ‘gen-
erally’. These logics are conservative extensions of classical first-order logic,
with which they share various properties. This family of logics is under-
going further investigation [V+C'01,V+V’01, V+V’01la, RHV'01, Vel’02,
Vel’02a, Vel’'02b, V4+V’02, V+V’02a].55 They appear to have some in-
teresting connections with fuzzy logic as used in expert systems, natural
language and empirical reasoning. Such connections suggest the possibility
of other applications ([C+V, Vel’98, Vel’99, V4C’01]).

64The apparent conflict with Lindstrém’s results ([Lin’66], [Bar’77]) is explained be-
cause we are using a non-standard notion of model (due to the complexes).

65These developments include proof methods and sorted versions (to express relative
‘generally’, since relativisation fails to express the intended meaning, due to properties
of V and —, [C4V'97, V+C'01])
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