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Abstract

We investigate the time-variation of the cross-sectional distribution of asymmetric
GARCH model parameters over the S&P 500 constituents for the period 2000-2012.
We find the following results. First, the unconditional variances in the GARCH
model obviously show major time-variation, with a high level after the dot-com bub-
ble and the highest peak in the latest financial crisis. Second, in these more volatile
periods it is especially the persistence of deviations of volatility from its uncondition-
al mean that increases. Particularly in the latest financial crisis, the estimated models
tend to Integrated GARCH models, which can cope with an abrupt regime-shift
from low to high volatility levels. Third, the leverage effect tends to be somewhat
higher in periods with higher volatility. Our findings are mostly robust across sec-
tors, except for the technology sector, which exhibits a substantially higher volatility
after the dot-com bubble. Further, the financial sector shows the highest volatility
during the latest financial crisis. Finally, in an analysis of different market capitali-
zations, we find that small cap stocks have a higher volatility than large cap stocks
where the discrepancy between small and large cap stocks increased during the latest
financial crisis. Small cap stocks also have a larger conditional kurtosis and a higher
leverage effect than mid-cap and large-cap stocks.
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1 Introduction

Investigation of volatility dynamics has attracted many academics and practition-
ers, as this is of substantial importance for risk management and derivatives pric-
ing. Since the seminal paper by [2], GARCH-type models have been widely used in
financial econometrics for the forecasting of volatility. These are nowadays standard
models in risk management: they are easy to understand and interpret and available
in many statistical packages.
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Volatility tends to rise more in response to bad news than to good news and this
phenomenon is especially true on equity markets. This effect was observed by [1]
and is referred to as the leverage effect in the financial literature. One explanation of
this empirical fact is that negative returns increase financial leverage, which extends
the company’s risk and therefore the variance. To cope with this stylized fact, we use
the GJR model of [4]. In this setting, the conditional variance can react asymmetri-
cally depending on the sign of the past shocks due to the introduction of dummy
variables.

This note investigates the cross-sectional distribution of GJR-Student-¢ model
parameters over constituents of the the S&P 500 index. Our aim is to investigate
the time-variation of the estimated parameters for a large universe of equities in the
period 2000-2012. We first consider the whole universe of S&P 500 equities and then
compare the results for different industries and sizes.

2 Model specification
Asin [9], the model starts with an AR(1) component in order to filter a possible
autoregressive part of the equity log-returns. For the volatility dynamics, we rely on
the asymmetric GJR(1,1) specification by [4].

More specifically, in the AR(1)-GJR(1,1)-Student-t model the log-returns r, are
expressed as:

rp=u+pr_+u @¢=1..,T)

u =o,¢ & ~iid S0,1,v) (1)
2 2 2
o, =w+ (a +yl{u,_, < O}) u,_,+po,_,,
where we require @> 0 and @, ./, 0 to ensure a positive conditional variance.
1{} denotes the indicator function, whose value is one if the constraint holds and

zero otherwise. Covariance stationarity constraints have been imposed in the esti-
mation, i.e., &+ ¥/2 + f<1, ensuring the existence of the unconditional variance
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given by @/(1- a- y/2 - f3). For the distribution of the innovations &, we consider
the standardized Student-¢ distribution (with variance one, where we impose the
restriction v > 2). The Student-¢ distribution is probably the most commonly used
alternative to the Gaussian for modeling stock returns and allows modeling fatter
tails than the Gaussian. The model is fitted by maximum likelihood. We rely on the
rolling-window approach where 500 log-returns - i.e., approximately two trading
years —are used to estimate the model. The reason for using a relatively short and
moving window of data is that we are interested in the possible time-variation of the
parameters.

3 Results and discussion

We estimate the model on all constituents of the S&P 500 index (using the constitu-
ents as of June 2012) for a period ranging from January 1, 2000, to June 26, 2012,

thus representing more than eleven years of daily data. The data are then filtered for
liquidity following [8]. In particular, we remove the time series with less than 1500
data points history, with more than 10% of zero returns and more than two trading
weeks of constant price. This filtering approach reduces the database to 406 equities
for which the adjusted daily closing prices, industry codes, and the market capitaliza-
tion are downloaded from Datastream.

3.1 Overallresults

We report first the cross-sectional distribution of the estimated unconditional
variance @/(1- & - y/2 - [3) over time. The left-hand side of Figure 1 displays
the median (blue), 50% area (green) and 95% area (red) of the unconditional
variance for the 406 GJR models fitted over time. We can notice a clearly higher
unconditional volatility after the dot-com bubble and in the latest financial crisis
periods when the S&P 500 index had troughs; see the left-hand side of Figure 2.

The right-hand side of Figure 3.1 displays the cross-sectional distribution of the
estimated persistence & + 7/2 + /3 over time. In more volatile periods the persistence
of deviations of volatility from its unconditional mean increases substantially.

Particularly in the latest financial crisis, the estimated models tend to Integrated
GARCH models (with & + 7/2 + /3 tending to 1), which can cope with a regime-shift
from low to high volatility levels. That is, in these estimated GJR models the volatility
shows very little mean-reversion.

We notice that in the latest financial crisis, the set of persistence parameters of
different stocks seems tighter to one than it has ever been before, which can reflect an
abrupt regime-shift in volatility for (almost) all stocks. In the previous trough after
the Internet bubble, the changes of the volatility were more gradual (at least for a
considerable subset of the stocks), where for many stocks there was clear evidence for

Figure 1: Left: Cross-sectional distribution plot of the unconditional volatility for the 406 GJR models fitted over time on the S&P 500 universe constituents.
Right: Cross-sectional distribution plot of the persistence. Median (blue), 50% area (green), 95% area (red)

Figure 2: Left: S&P 500 level for our data window of years 2000-2012. Right: S&P 500 log-returns.
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Figure 3: Left: Cross-sectional distribution plot of the leverage coefficient for the 406 GJR models fitted over time on the universe constituents. Right:
Cross-sectional distribution plot of the degrees of freedom coefficient. Median (blue), 50% area (green), 95% area (red)

Figure 4: Left: Median value of the estimated unconditional volatility per sector over time. Right: Median value of the estimated degrees-of-freedom

parameters per sector over time.
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substantial mean-reversion of the volatility within each estimation window of 500
days. See also the right-hand side of Figure 2, which shows that the behavior of the
log-returns on the S&P 500 index changed more abruptly in the latest financial crisis.

The left-hand side of Figure 3 displays the cross-sectional distribution of the esti-
mated leverage coefficient ¥ over time, which follows a peculiar pattern. In the latest
financial crisis, the leverage coefficients across S&P 500 stocks were not higher than
in the trough after the dot-com bubble. However, the lower bound of the 95% inter-
val shows that the latest financial crisis is the first time (in the period 2000-2012)
when more than 97.5% of the stocks had a strictly positive estimated leverage coef-
ficient. This stresses how widely the credit crunch affected the response of markets to
bad news.

The right-hand side of Figure 3 displays the cross-sectional distribution of the
estimated degrees-of-freedom parameter v over time. The median value (between 5
and 7) reflects the fat tails that are commonly observed in equity markets. Clearly the
conditional Gaussian distribution (for the innovations in the GJR model) would not
suffice for the majority of stocks.
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Further, the degrees-of-freedom parameter does not show a clear time-varying
pattern; if anything, the degrees-of-freedom parameter is higher in more volatile
periods, so that the conditional kurtosis is smaller. A simple explanation for this
finding is that the ‘denominator’ of the kurtosis (i.e., the square of the variance) is
much larger in these periods.

3.2 Sectors

We perform the same analysis with a focus on the different industries; it is indeed

of interest to determine whether the plots over time look similar or not among the
industries. We rely on the ICB industry definition (nine industries). The left-hand
side of Figure 4 displays the median values of the unconditional volatility of the GJR
models over time, computed for each sector. The number within parentheses reports
the number of stocks for the industry (industry definition at the end of June 2012). We
notice similar shapes for the unconditional volatility, except for the technology sector,
which exhibits a substantially higher volatility after the dot-com bubble. Further, the
financial sector shows the highest volatility during the latest financial crisis.
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Figure 5: Top left: Median value of the estimated unconditional volatility per size over time. Top right: Median value of the estimated degrees-of-freedom
parameters per size over time. Bottom: Median value of the estimated leverage coefficients per size over time.
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The right-hand side of Figure 3.2 shows the median degrees-of-freedom parame-
ter for each sector. We notice a clear departure for the “Oil and Gas” sector, which has
asmaller conditional kurtosis. In a similar fashion to the previous section, the reason
for this may be the relatively high volatility.

For persistence and leverage, the graphs look similar across industries (and
hence similar to the aggregate graphs in Section 3.1).

3.3 Sizes
We now turn to the analysis with respect to the size of the stocks. To that end, at each
time point, we rank the 406 stocks with respect to the market capitalization at the
fitting time, and form percentile groups. We compute the median values of the top
(large cap), medium (mid cap) and bottom (small cap) groups, where each group
consists of 40 equities. The top left-hand side of Figure 5 displays the median values
of the estimated unconditional volatility of the GJR models over time, computed for
the three groups of interest. We notice the common trends of the unconditional vola-
tilities, with the clear feature that small cap stocks have a higher volatility than large
cap stocks (on average 10% higher). Interestingly, during the latest financial crisis the
discrepancy between small and large cap stocks increases (on average 20% higher).
The top right-hand side and bottom left-hand side of Figure 5 show that returns
on small cap stocks have a larger conditional kurtosis (lower degrees-of-freedom
parameter) and a higher leverage effect (especially since the latest financial crisis)
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than mid cap and large cap stocks, and that (except for the different levels) the pat-
terns over time are somewhat similar across sizes. For persistence, the graphs look
similar across sizes (and hence similar to the aggregate graph in section 3.1).

In future research, we intend to investigate the following extensions. First, the
symmetric Student-¢ distribution can be replaced by the skewed Student ¢ distribu-
tion of [5]. Second, stocks of different countries or continents can be considered
instead of the S&P 500 constituents. Third, the time-varying behavior of the GJR
model parameters can be explicitly described in a model. For this purpose, one
can consider a two-step estimation procedure similar to the approach of [3] for the
Nelson-Siegel model with time-varying parameters; in our context, one can estimate
an AR, VAR or factor model for the parameter estimates. Alternatively, the GJR
model parameters and their dynamics can be simultaneously estimated in a non-
linear, non-Gaussian state space model that is somewhat similar to the models of [6]
or [7]. [6] estimate a spline function of time for the parameter that makes the Nelson-
Siegel model non-linear; a similar choice can also be investigated in our context.
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