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A DYNAMICAL SYSTEM APPROACH TO STOCHASTIC
APPROXIMATIONS*

MICHEL BENAIM!

Abstract. It is known that some problems of almost sure convergence for stochastic approxi-
mation processes can be analyzed via an ordinary differential equation (ODE) obtained by suitable
averaging. The goal of this paper is to show that the asymptotic behavior of such a process can be
related to the asymptotic behavior of the ODE without any particular assumption concerning the
dynamics of this ODE. The main results are as follows: a) The limit sets of trajectory solutions to the
stochastic approximation recursion are, under classical assumptions, almost surely nonempty com-
pact connected sets invariant under the flow of the ODE and contained in its set of chain-recurrence.
b) If the gain parameter goes to zero at a suitable rate depending on the ezpansion rate of the ODE,
any trajectory solution to the recursion is almost surely asymptotic to a forward trajectory solution
to the ODE.
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Introduction. The classical theory of stochastic approximations, born with the
papers of Robbins and Monro (1951) and Kiefer and Wolfowitz (1952), concerns the
study of stochastic algorithms whose general form can be written as

(1) wn+1 - wn = ’7nH('wn, §n),

where H : R™ x R% —» R™ is a measurable function that characterizes the algorithm,
{wn}n>0 € R™ is the sequence of parameters to be recursively updated, {£,}n>0 € R?
is a sequence of random inputs where H(wp,&,) is observable, and {yn}n>0 is a
sequence of “small” nonnegative scalar gains.

At each time step, the vector £, is a new observation that causes w,, to be updated
to take new information into account. The gain sequence {7,}n>0 can be chosen to
be constant or decreasing. In this paper we restrict attention to algorithms with
decreasing gain sequence. More precisely, we shall always assume that {y,}n>0 is a
decreasing sequence of positive numbers which satisfies the classical relations

lim v, =0
and

Z’yn = +00.

n>0

To analyze the asymptotic behavior of the algorithm (1) it is convenient to intro-
duce the averaged ordinary differential equation (ODE)
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where
Aw) = lim B(H(w,¢)

and E(.) denotes the mathematical expectation.
This method, called the method of ordinary differential equation, was introduced
by Ljung (1977) and Kushner and Clark (1978) and widely studied thereafter. It has
inspired a number of important works, such as the book by Kushner and Clark (1978),
numerous articles by Kushner, and, more recently, the book by Benveniste, Métivier,
and Priouret (1990). The main idea of the method is to describe the asymptotic
behavior of the algorithm in terms of the behavior of the ODE. For stochastic algo-
rithms having a decreasing gain sequence, the classical result stating the relationship
between the algorithm (1) and the ODE (2) has the following form:
Let wx be a stable equilibrium for the ODE. If {yn}n>0 goes to zero
at a suitable rate and if the sequence {wn}n>0 enters infinitely often
a compact subset of the domain of attraction of wx, then {wp}n>o0
converges almost surely toward w*.
This kind of result has been obtained by Ljung (1977); Kushner and Clark (1978);
Métivier and Priouret (1984, 1987); Benveniste, Métivier, and Priouret (1990); and
Kuan and White (1992), among others, under fairly general conditions. It relies the
asymptotic behavior of the algorithm with a strong notion of recurrence for the ODE:
the notion of fized point.
With increasing interest in artificial neural networks and due to some limitations
of the standard backpropagation algorithm, “heuristic” learning rules for feedforward
neural networks have been recently proposed and experimentally studied. The ODE
associated with these algorithms is not given by a gradient vectorfield (as is the case
for backpropagation), and the classical convergence results on stochastic gradient
algorithms cannot be successfully applied. The consideration of these algorithms led
us to formulate the following problem:
Without any particular assumption on the dynamics of H, is it again
possible to describe the asymptotic behavior of (1) in terms of the
asymptotic behavior of (2)?

The main goal of this paper is to address this question.

In §§1 and 2 we relate the behavior of the algorithm to a weak notion of recurrence
for the ODE: the notion of chain recurrence. We state a theorem which asserts that
under the assumptions of the Kushner and Clark lemma (1978) the limit sets of the
trajectory solutions to (1) are nonempty compact connected sets invariant under the
flow of the ODE and contained in its set of chain-recurrence.

This result shows that the limit sets of (1) look like the omega limit sets of (2),
and we ask the question of their exact relationship. We address this question in §5.
It is shown that it may happen that the limit set of a trajectory solution to (1) never
coincides with an omega limit set of (2), but that it always does if the gain parameter
goes to zero at a suitable rate depending on the vectorfield H. Our approach, in
this section, is essentially based on “shadowing” results recently proved by Morris W.
Hirsch together with L7 estimates of the distance between the trajectory solutions to
(1) and (2).

In §8 we apply the results of §§1-5 to prove some convergence theorems for the
neural network learning algorithms mentioned above.

Main theorems are proved in §§4 and 7. Several applications are considered in
883 and 6.
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1. A deterministic theorem. In order to introduce the main result of this
section we begin with a few notations and classical definitions from dynamical systems.

Notation and definitions. Let I" be a topological space and ® : R xI' — T be
a continous map denoted by ®(¢,z) = ®;(z). The family {®;}icr is called a flow on
I' if it satisfies the group property

@y = Identity,

V(t, 3) € R2, Qt o (bs = ¢t+s~

Let H denote a continous vectorfield defined on R™ with unique integral curves. The
flow of H is the family of mappings defined on I' = R™ by

d _

A set X is said to be invariant (respectively, positively invariant) under the flow
® if for all t € R, ®,(X) C X (respectively, for all ¢ > 0). In this case we let ®|X
denote the restricted flow (respectively, semiflow).

A point z is an equilibrium if ®;(z) = z for all t € R. When & is induced by the
vectorfield H, equilibria coincide with zeros of H. A point z is a periodic point if there
exists T > 0 such that ®p(z) = z. Equilibria and periodic points are clearly recurrent
points. In general, we may say that a point is recurrent if it somehow returns near
where it was under time evolution.

A notion of recurrence related to slightly perturbed orbits is the notion of chain
recurrence. Suppose I' is a metric space with a metric d. Let § > 0and T > 0. A
point z is said to be (6,T) recurrent if there exist an integer k, some points y; in T,
and numbers t;,0 < i < k — 1, such that

t:>T; d(yo,z) <8 d(®e,(yi), Yig1) <6 fori=0,....k-1; ==y

Intuitively (8,7 recurrent points are points that one would take to be periodic if the
position of points were only known with a finite accuracy 6. If z is (6, T) recurrent
for any 6 > 0 and T > 0, z is said to be chain-recurrent. We denote by CR(®) the
set of chain-recurrent points. If ® is induced by the vectorfield H, we may also use
the notation CR(H) for CR(®). The set CR(®) has the property to be closed and
invariant.

A subset X C T is said internally chain-recurrent if X is a nonempty compact
invariant set of which every point is chain-recurrent for the restricted flow ®|X (i.e.,
CR(?|X) = X).

For example, if I' is compact, Conley (1978) proved that CR(®) is internally
chain-recurrent.

The sets which describe the asymptotic behavior of the orbits of the flow ® are
the omega limit sets. The omega limit set of w € T, denoted by w(w), is the set of
z € I' such that limg_, o @4, (w) = z for some sequence t; > 0 with limg o tx = +00.
If the forward trajectory {®.;(w);¢ > 0} has compact closure, w(w) is a nonempty
compact connected set internally chain-recurrent. The alpha limit set a(w) of w is
defined as the omega limit set of w for the reversed flow {®_;};>0.

To recapitulate, if we note Per(®) the set of periodic points (including the equi-
libria) and £*(®) = J,cp w(w), the following inclusions hold:

Per(®) c LT(®) C CR(®).
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Fic. 1.

EXAMPLE 1.1. Consider the flow on the unit circle S* = R/2rwZ induced by the
differential equation

df

where f is a 2m-periodic smooth nonnegative function such that
F7Y0) = {kn : k € Z}.

See Fig. 1.
We have

Per(®) = {0,7} = LT(®)
and
CR(®) = S

Internally chain-recurrent sets are {0}, {r}, and S'. Note that the set X = [0,]
is a compact invariant set consisting of chain-recurrent points. However, X is not
internally chain-recurrent.

A deterministic theorem. To describe the asymptotic behavior of the algo-
rithm (1) we introduce the limit set of the sequence {wn}n>0. We denote this limit
set by L({wn}n>0). It is the set of € R™ such that limg_oc wp, = x for some
subsequence {ny}r>0 with limg_,o ng = +00.

The following theorem is a deterministic result that will be applied in §2 to show
that the limit sets of the trajectories solutions to the algorithm (1) have basically the
same properties as the omega limit sets of the trajectories solution to the ODE (2).
The assumptions Al, A2, and A3 of this theorem are the assumptions of the Kushner
and Clark lemma (1978).

We use the following notation:

T()=0,
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n—1
Tn = Z Yi-

=0

We let ||.|| denote a norm on R™.
THEOREM 1.2. Let H : R™ — R™ be a continuous vectorfield with unique
integral curves. Let {wp}n>0 be solution to the recursion

(3) Wpt1 — Wn = 'Yn(ﬁ(wn) + Up + by),

where {Yn}n>0 s a decreasing gain sequence. Assume that
o Al) {wn}n>o is bounded.
® A2) limn—»oo bn =0.
e A3) For each T > 0,

k-1
Z Vi Ui

i=n

lim sup
00 \ {k; 0~ <T}

):0.

Then L({wn}n30) is a connected set internally chain-recurrent for the flow ® induced
by H.

The next theorem shows that Theorem 1.2 gives the best result that can be
expected under the Kushner and Clark assumptions. It justifies the fact that the
chain recurrence is a notion well suited to the description of the asymptotic behavior
of (1).

Assume given a locally Lipschitz vectorfield H : R™ — R™ and a decreasing gain
sequence {7Yy }rn>0.

THEOREM 1.3. Let L C R™ be a connected set internally chain-recurrent for the
flow induced by H. There exist sequences {bn}n>0, {tn}n>0, and {wn}n>o such that

(a) Conditions Al, A2, and A3 of Theorem 1.2 are satisfied.
(b) The sequence {wn}n>0 is the solution to (3) and admits L as a limit set.

Theorem 1.3 follows easily from the following proposition (see Benaim and Hirsch
(1995b)).

PROPOSITION 1.4. Let L C R™ be a connected set internally chain-recurrent for
the flow induced by H. There exists a continuous function u : Ry — R™ and a point
wo € R™ such that

(a) lim;,o0 u(t) =0.
(b) The solution to the nonautonomous system

% = H(w) + u(t)
with initial condition w(0) = wo is bounded and admits L as a limit set.
To prove Theorem 1.3 we let w, = w(7,) and u, = u(r,), where w(.) and u(.)
are the functions of Proposition 1.4. Then we have

Wn41 — Wp = 'Yn(y—(wn) + un) + 0(73)

and Theorem 1.3 follows from Proposition 1.4.

REMARK 1.5. Throughout this paper the process {wn}n>0 will be assumed to be
bounded. Several conditions ensuring that this assumption is fulfilled are discussed
in the literature on stochastic approximations. They usually rely on the existence of
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some convergent supermartingale for the process (1) (see, e.g., Theorem 5.2, chapter
2, of Nevel’son and Has’minskii (1974) or Theorem 8 of Fort and Pagés (1994)).

In the spirit of this section, we give a simple condition which is purely determin-
istic.

PROPOSITION 1.6. Assume that H is globally Lipschitz. Assume the existence of
a function V : R™ — R4 uniformly continuous such that

(i) lim”m“_,oo V(ac) = 00.

(ii) There exist positive numbers 8, r, and T such that

Ve e R™, ||z|| > r = V(®r(z)) — V(z) < —6.

Then conditions A2 and A3 of Theorem 1.2 imply condition Al.
The proof of this result follows easily from Lemma 4.4 and is left to the reader.
Note that if V' is smooth, condition (ii) holds if the following more easily checked
condition is satisfied: there exists §' > 0 such that for all ||z|| > r

(VV(z),H(z)) < ¢,

where V denotes the gradient.

2. Limit sets of stochastic approximation processes. In this section, we
assume that {&,}n>0 is a sequence of R%-valued random variables defined on a prob-
ability space (Q,F,P). We note F™*, the o field generated by {£;;n < i < m} for
m > n. For ¢ € [1,00] we let ||.||; denote the L9(R2) norm for random variables
(IXllq = E(I1X[9)*/) and ||.|loo the L**(£2) norm (|| X || = esssupl|X||).

In applications of Theorem 1.2 to the stochastic approximation (1) one may choose

A(w) = lim B(H(w,&),

= H(wn, 6n) — / H (wn, €) i (dE),

and

bp = /H(wmg)ﬂ'n(dg) - F(wn)»

where u.,, is the distribution of &,. Then we try to verify assumptions A2 and A3 by
use of some regularity properties of H and maximal inequalities for sum of random
variables. Let us mention two examples.

Independent inputs. The first example is a classical Robbins-Monro algorithm
in which the observations are assumed to be independent and identically distributed.
This yields a simple martingale access to condition A3 as in Gladyshev (1965) and
Hall and Heyde (1980).

We let M denote a given subset of R™ (not necessarily compact).

PROPOSITION 2.1. Let {wn}n>0 be the solution to (1). Assume that

o Al) {&n}n>0 is a sequence of independent and identically distributed random
variables.
e A2) P({wp}n>o0isbounded) =1 and P(Vn € N,w, € M) =1.
o A3) w H(w) = E(H(w,&)) is continuous with a unique flow.
There exists ¢ > 2 such that
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o Ad) wr ||H(w,&)|lq is bounded on M.

o A5) T2 i mt? < too.
Then the conclusions of Theorem 1.2 hold with probability one.

Proof. To see that, we let b, = 0 and u,, = H(w,, {n)—ﬁ(wn). Then E(un/}'g‘”l) =

0. For ¢ = 2, assumptions A4 and A5 imply Y, 72.||un||2 < 400, and condition A3
of Theorem 1.2 is a direct consequence of the L2-bounded martingale convergence
theorem. For ¢ > 2, it follows from a result of Métivier and Priouret (1987, Cor. 11).
(See also Benveniste, Métivier, and Priouret (1990, Cor. 8, p. 297).) Note that in this
case the sequence {)_,, Yn-Un}n>0 is not necessarily convergent. O

Mixing inputs. The following example extends this result to situations in which
the observable inputs are nonindependent and nonstationary random variables which
satisfy a strong mixing condition. Such situations arise naturally in some applica-
tions of feedforward neural networks as forecasting, prediction of time series, or chaos
modelling.

Here our approach is motivated by the work of Kuan and White (1992), who have
proved some convergence results for stochastic approximation procedures by using
the theory of mizingales developed by McLeish (1975). Conditions A1-A6 can be
compared with conditions of Kuan and White’s theorems (Thm. 2.2.1 and Cors. 2.2.3
and 2.3.5). The condition A6’ gives a generalization which allows a gain parameter
of the order of 1—11; with o < 1. The price for this is a strengthening of the boundness
condition.

For n > 0, m > 0 define

¢n,m = sup | P(B/A) - P(B) |,
{AeFy,BeFim}
Qn,m = sup | P(BN A) — P(B)P(4) |,
{aeFg,BeFn LR}
$m = SUD b, m,
n20

Qi = SUD Ol -
n>0

We shall say that the process {{»}n>0 is ¢ mixing (respectively, o mixing) if
limg,—,00 ¢, = 0 (respectively, lim,_,o, a, = 0). Observe, however, that this condition
is a weakening of the classical ¢ mixing (respectively, @ mixing) definition (see, for
mstance Billingsley (1968, §20, p. 166)). It would be the same if F,.{ 7 were replaced

by F12°,. This weaker definition is motivated by our use of McLelsh’s results (1975).

PROPOSITION 2.2. Let {wn}n>0 be the solution to (1). Assume that

o Al) {£.}n>0 18 a ¢ mizing (respectively, o mizing) process.
o A2) {wn}n>0 is bounded with probability one.

o A3) H(w) = lim, o E(H(w,&,)) exists.

o A4) There ezists a measurable function k(.) such that

Vz,y € R™||H(z,§) — H(y, )l < k(E)llz —yll.

There exists r € [2,00] such that
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e A5) The map w + sup,>g ||H(w,&,)||- is bounded on any bounded set and
SUPp, >0 [|6(&n)llr < +oo.

e AG) (L" case). If r < o0, ¢y = 0(7717) for some B > 575 (respectively,
oy = O(5) for some B> -5) and

oo

Z'yf, < +o00.

n=0

o A6') (L™ case). Ifr = oo, ¢p = O(5) for some B > § (respectively,
an = O(;5) for some > 1) and

oo
D>t < oo

n=0

for some g € 2,203 + 1].
Then the conclusions of Theorem 1.2 hold with probability one.

The proof of this result is given in the appendix (§9).

In view of the fact that the assumptions of Theorem 1.2 are the assumptions of
the Kushner and Clark lemma, several other examples of application can be found in
the literature. We refer the reader to the book by Kushner and Clark (1978, Chap. II)
for such examples. In the case where the input process {{,}n>0 is a Markov process
or, more generally, a Markov process controlled by the parameter w, condition A3
of Theorem 1.2 can be derived from the analysis provided in the articles by Ljung
(1977) and Métivier and Priouret (1987, Cor. 11) (see also Benveniste, Métivier, and
Priouret (1990, Cor. 8, p. 297)).

3. Applications. In this section we give a few examples to illustrate how results
of §§1 and 2 can be used to describe the global asymptotic behavior of stochastic
approximation processes.

In the remainder of this section H is a vectorfield on R™ with unique integral
curves. The sequence {wy}n>o denotes either a deterministic sequence solution to
(3) under assumptions of Theorem 1.2 or a random sequence solution to (1) under
assumptions of Proposition 2.1 or 2.2. In this last case, all the properties stated below
have to be understood as “almost sure” properties.

Local behavior. First, note that Theorem 1.2 generalizes the classical result
mentioned in the introduction.

An equilibrium w* of H is said asymptotically stable if there exists an open neigh-
borhood U of w* such that

*

g, i) =w
uniformly in w € U. The domain of attraction of w* is the set of all points whose
forward trajectories are attracted by w*.

PROPOSITION 3.1. Let w* be an asymptotically stable equilibrium of H. Assume

that {wn}n>0 enters infinitely often a compact subset—say, Q—of the domain of
attraction of w*. Then

lim w, = w".
n—oo
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Proof. According to Theorem 1.2, L({wn}rn>0) N Q is nonempty and is contained
in CR(H)NQ. On the other hand, it is not difficult! to show that CR(H)NQ = {w*}.
Thus {w*} = L{wn}n>0)NQ and, as L({wn }n>0) is connected, L({wn}n>0) = {w*}.
0

Gradientlike systems. Let ® be a flow on a metric space I' and A C T" be an
invariant set.

A C°map V : T — R is said to be a Lyapunov function for A if for all z € I" the
function t € R4 — V(®4(z)) is constant for z € A and strictly decreasing for z ¢ A.

If A equals the equilibria set, V is called a strict Lyapunov function and @ is
called a gradientlike system.

PROPOSITION 3.2. Assume that I is compact. Let A C T be a compact invariant
set and V : T'— R a Lyapounov function for A. Assume that the cardinal of V/(A) is
finite. Then

CR(®) C A.

COROLLARY 3.3. Assume that H admits a strict Lyapunov function and isolated
equilibria. Then {wn}n>0 converges toward an equilibrium.

Proof. We apply Proposition 3.2 to the flow induced by H on I' = L({wn}n>0). It
follows from Theorem 1.2 that L({wn}n>0) consists of equilibria. As it is a connected
set and equilibria are isolated, L({wn}n>0) is an equilibrium. 0

REMARK 3.4. Note that Corollary 3.3 applies to stochastic gradient algorithms
for which H is the gradient of a cost function C : R™ — R,

H(w) = VC(w).

In §8 we will give another application of Proposition 3.2 to a class of learning
processes which are not given by a stochastic gradient.

Proof of Proposition 3.2. Let V(A) = {vy,...,u},v1 < vz < --- < ;. Choose
real numbers v, vy, ..., v such that v; < v} <wvs < --- <v]_; < v < v}, and define
M; ={zeT/V(z) <vi}.

Let A; = ANV ~Y(v;); A; is the largest invariant set contained in M; — M;_;.
Indeed, let A C M; — M;_; be an invariant set and let © € A. By a standard theorem
on Lyapunov functions, a(z) Uw(z) C A. So V(a(z)) = V(w(z)) = v;, and as V is
strictly decreasing along any trajectory outside A, x is necessarily in A;.

Let T > 0. By compactness of the sets Mj, there exists € > 0 such that

Ve € M;,V(®r(z)) < v} —e
Pick 6 > 0 such that
V(z,y) e T xT,d(z,y) <6d=|V(z) - V(y) |<e.
It follows that any (6, T') chain {yo,y1,...,¥yx} (i-e., d(®¢, (¥:), Yi+1) < 6 for some ¢; >

T) with yo € M; is included in M;. Therefore, the set CR; = CR(®) N (M; — M;_1)
is invariant. Hence, CR; C A; and CR(®) C A. 0

1 This follows, for example, from Proposition 3.10.
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(@ © (b) e

CH]

FiG. 2. (a) A one-equilibrium cycle. (b) A three-equilibrium cycle.

No-cycle systems. Let ® be a flow on a metric space I'. We say that & has
simple dynamics if for every x € T" the alpha and omega limit sets of = are equilibria.
This means that every backward and forward trajectory converges toward an equilib-
rium. If ® is induced by the vectorfield H, we say that H has simple dynamics if ®|L
has simple dynamics for each compact invariant set L C R™.

For a flow with simple dynamics, we say that the equilibrium e; goes to the
equilibrium ey if there exists a nonequilibrium orbit v C I' such that a(y) = e; and
w(7y) = ey. «v is called a connecting orbit. To indicate that e; goes to ez, we write
e1 ~ ez. To indicate that v is the connecting orbit from e; to ez, we write 7y : e; ~> ea.

A cycle of equilibria is an union

A=J{ej}u))

=1

consisting of equilibria e;, j = 1,...,n, and connecting orbits v;, j = 1,...,n, such
that

(i) vj:ej~eip, j=1,...,n—1

(i) Yn : €n ~ €;.

REMARK 3.5. A cycle of equilibria is connected internally chain-recurrent (Fig. 2).

ProprosITION 3.6. Assume that I' is compact and ® has a finite number of
equilibria, simple dynamics, and no cycle. Then CR(®) is the equilibria set.

COROLLARY 3.7. Assume that H has isolated equilibria, simple dynamics, and
no cycle. Then {wy}n>0 converges toward an equilibrium.

Proof. We apply Proposition 3.6 to the flow induced by H on I' = L({wy}n>0)
and conclude exactly as in the proof of Corollary 3.3. a

Fort and Pages (1994) recently proved a result similar to Corollary 3.7 by using
the Kushner and Clark lemma. Systems with cycle of equilibria will be considered in
§6.

The notion of simple dynamics and no-cycle property can be extended to non-
convergent situations. Denote by £(®) the union of all alpha and omega limit
sets of ®. Assume that there exist nonempty compact disjoint invariant subsets
A; CT, j=1,...,n, such that

L@) cA=[JA;
j=1

If there exists z ¢ A such that a(z) C A; and w(z) C Ay, we write A; ~ Ay and
define cycles among the A; exactly as in the simple dynamics case.
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PROPOSITION 3.8. Assume I' is compact and there is no cycle among the A;.
Then CR(®) C A.

Proof. Let I" be the topological quotient space obtained by collapsing each A; to
a point. It is not difficult to check that Iis a regular space with a countable basis.
Therefore, by the Urysohn theorem, Iis metrizable. Let 7 denotes the quotient map
7 : T — I'. The flow ® induces a flow ® on I' defined by & o 7 = 7 o ®, which
has simple dynamics, no cycle, and the A; as equilibria. Therefore, by Proposition
3.6, chain-recurrent points of ® are equilibria. If € T is chain-recurrent for @ it
is clear, by definition of chain-recurrence and uniform continuity of , that =(z) is
chain-recurrent for . Thus CR(®) C A. 0

COROLLARY 3.9. Assume there exist nonempty compact disjoint subsets A; C
R™, j=1,...,n, invariant under the flow of H such that every alpha or omega limit
point belongs to A = U _1Ai. Assume there is no cycle among the A;. Then there
exists j € {1,...,n} such that L({wn}n>0) C A;.

Proof of Proposition 3.6. There are several ways to prove Proposition 3.6.
For example it can be easily deduced from the “filtration theory” exposed in Shub
(1986). Here, for simplicity we decided to deduce it from elementary properties of
chain-recurrent sets. On the other hand these properties are very useful and give a
good understanding of the notion of chain-recurrence.

Let Y C T'. The forward trajectory of Y is the set Y - [0,00) = ®([0,00) X Y) =
{®:(y); t >0, yeY}.

The omega limit set (respectively, alpha limit set) of Y, denoted by w(Y") (respec-
tively, a(Y)) is defined as the maximal invariant set in clos(Y - [0, 00)) (respectively,
clos(Y - (—00,0])), where “clos” denotes closure.

A nonempty compact invariant set A C X is an attractor if A has an open
neighborhood U in X such that w(U) = A or a repeller if a(U) = A. An attractor or
repeller is proper provided that it is not open in X.

The following proposition follows from §§5 and 6 of Conley (1978, Chap. 2).

PROPOSITION 3.10 (Conley (1978)).

(a) Let N C T be a compact set. Let A C T' be the mazimal invariant set
contained in N. If A is nonempty and not an attractor, there exists p €
ON C T such that the backward orbit v_(p) C N and a(p) is a nonempty
subset of A.

(b) A internally chain-recurrent set has no proper attractor or repeller.

(c) The chain-recurrent set is internally chain-recurrent.

Let us now prove Proposition 3.6. Let X be a connected component of CR(®).
By assertion (c) of Proposition 3.10, X is internally chain-recurrent. Consider the
flow ¥ = ®|X and let Equ(¥) = {e;, i = 1,...,n} denote the equilibria set of ¥.
Since ® has simple dynamics and no cycle the relation ~ induces a partial ordering
on Equ(7P).

Assume e,, is minimal for this partial ordering. We claim that e, is an attractor
for W. It follows from assertion (b) of Proposition 3.10 that e, is open and closed in
X. Thus X = {e,}.

It remains to prove that e, is an attractor for ¥. Let N be a compact neighbor-
hood of e,, which separates e,, from other equilibria. The maximal invariant set in N
is e,; otherwise it would exist a entire orbit disjoint from e,, inside N. The dynamics
being simple, this orbit would have to connect e, to itself. Since we assume that there
is no cycle, this is impossible.

Now we use assertion (a) of Proposition 3.10. If e, is not an attractor, there
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exists p € ON with a(p) = e,, but this contradicts the fact that e, is minimal for the
partial ordering ~ . 8]

Morse—Smale systems. In this subsection we mention briefly an application of
the previous results to a class of stochastic approximation processes and urn models
which have been recently considered by Benaim and Hirsch (1995a). For more details
the reader is referred to that paper.

Assume H is C™ (r > 1). H is called Morse-Smale if

(i) H has a global compact attractor (i.e., the point at infinity is a source);
(ii) all periodic orbits and equilibria are hyperbolic;
(iii) stable and unstable manifolds of periodic orbits (and equilibria) intersect
only transversely;
(iv) every alpha or omega limit set is a periodic orbit or an equilibrium.
It is known that these conditions imply that there are only finitely many periodic
orbits.

Suppose H is a Morse-Smale vector field. Denote by L£(H) the union of all
alpha and omega limit sets of H, and by Per(H) the union of all periodic orbits and
equilibria. If H is Morse-Smale, £(H) decomposes as

L(H) = Per(H)=AU---UA,,

where the A; are the distinct hyperbolic periodic orbits and equilibria. On the other
hand, it follows from the transversal condition (iii) that there is no cycle among the
A; (see, e.g., Proposition 3.2 of Palis (1969)). Thus, we have the following corollary.

COROLLARY 3.11. Assume H is Morse-Smale. Then L({w,}n>0) is an equilib-
rium or a periodic orbit.

Proof. By Corollary 3.9, L({wn}n>0) C A; for some 3. Since L({wn}n>0) is
invariant and A; is a periodic orbit or an equilibrium, we must have L({wn}n>0) =
A;. O

Nonconvergence toward unstable periodic orbits is considered in Benaim and
Hirsch (1995a). '

Planar systems. For planar systems it is possible to give a complete description
of L({wn}n>0)- A planar flow is a flow defined on a open subset of R2. The following
theorem is proved in Benaim and Hirsch (1995c).

THEOREM 3.12. Let ® be a planar flow with isolated equilibria and L be an
internally chain-recurrent set for ®. Every point x € L satisfies one of the following
conditions:

(i) z is an equilibrium.
(ii) z is a periodic point (i.e., x belongs to a periodic orbit).
(iii) There exists a cycle of equilibria in L which contains x.

COROLLARY 3.13. IfH is a planar vectorfield with isolated equilibria, L({wy }n>0)
is a connected union of equilibria, periodic orbits, and cycles of equilibria.

Using the same kind of result, a Poincaré-Bendixson theorem for a class of
stochastic differential equations is given in Benaim (1995b).

4. Proof of Theorem 1.2. We denote by 14 the indicator function of the set
A(ie,14(z)=1ifx e Aand 14(z) =0 if z &€ A).

For any sequence {z,}r>0 € R™ we denote by Z(.) the function defined for all
t >0 by

Z(t) = Z zn]'[TnyTn+1[(t)

n>0
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and by Z°(.) the interpolated process defined for all t > 0 by

20 =% [t - b ] i@

n>0

With these notations, the recursion satisfied by {wn}n>0 can be rewritten as

(4) wot) - wo0) = /0 H(W(s))ds + /O U(s)ds + /0 B(s)ds.

Remark that the assumptions Al, A2, and A3 are equivalent to
o A1) {W°(t),t > 0} is bounded.
lim | sup =0.
100 \ helo,T]

e A2') lim; o B(t) = 0.
e A3') For each T > 0,
The function ¢ — WO(t) is uniformly continous. This follows easily from the integral
formula (4) and conditions A1’, A2’, A3’. This can also be deduced from the Kushner
and Clark lemma (1978) (see Theorem 4.5).
We denote by L(W?°) the limit set of {W°(¢),¢ > 0} and let @ denote a compact
subset of R™ which contains {W°(t),t > 0}.
LEMMA 4.1. L({wn}n>0) = L(WO).
Proof. 1t is clear that L({wy}n>0) C L(W?). Conversely, let

t+h
U(s)ds
t

wx = lim WO(t),

tr — 400

a limit point of W?. Define the map m : Ry — N by

(5) m(t) = sup{p € N/7, < t}.
One has lim;_, 4 oo (t — Tyn(t)) = 0 because limy, 1 ¥n = 0. The uniform continuity
of WO implies lim, ., 4 oo WO(Tm(tk)) = wx*. This proves the lemma. ]

LEMMA 4.2. For oll T > 0,

lim  sup ||[WO(t+h)— ®,(WO(t)|| = 0.
t—+00 pe(—T,T)

For convenience, the proof of this lemma is postponed to the end of the section.

COROLLARY 4.3. L({wn}n>0) ts internally chain-recurrent.

Proof. Since W? is continuous and bounded, L(W?) is a nonempty compact con-
nected set.

Let us verify that L(W?) is invariant under ®. Let p € L(W?), p = limy, 0o WO(t;)
for some sequence t; — 0o. Let T'€ R. If T' > 0, then

Jim d(@r(WO(t:), WO(ti + T)) = 0

by Lemma 4.2. Therefore ®1(p) = lim¢, 0o WO(t; +T) € L(W?). If T < 0, the proof
is analogous.

It remains to prove that L(W?) is chain-recurrent for the restricted flow ®|L(W?).
Here we adopt a method used by Robinson (1977) to show that a diffeomorphism on
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a compact manifold is chain-recurrent on the set of chain-recurrence. Recall that
Q@ C R™ denotes a compact set which contains {W?0(t),t > 0}.

Claim 1. Let n € N, T > 0, p € L(W?). There exists a finite sequence
n<ag << af
such that, with the notations
Y = Woa?), 1=0,...,k(n),
and
ty =aiy, —ay, i=0,...,k(n) =1,

the following hold:
(a) d(yg,p) < 5 and d(yg,),P) < &
(b) T<tr<2T,i=0,...,k(n)—1.
(C) d(étf(y?%y:ll) S %a 1= 07 .. 7k(n) -1

Proof. Let n € N. Lemma 4.2 shows that there exists A, > 0 such that for any
t > Ay and for all 0 < h < 2T, d(®,(WO(2)), WO(t + h)) < L.

As p € L(W?) there exists a} > sup(An,n) such that d(W°(af),p) < L and there
exists 7' > T such that d(W°(a§ +T"),p) < L. Write a§ + T’ = kT +r, where k € N
and 0 <7 < T. Then define a = af +i(T+ %), i =0,...,k. 0

Let C, = {y',i = 0,...,k(n)}, where y is defined as in Claim 1. As C, is a
compact set, we may extract from {Cy}n>0 a subsequence which converges toward a
compact set C for the Haussdorf metric in Q. It is clear that C C L(W?).

Claim 2. Let § > 0 and T > 0; then p is (6, T) recurrent for the restricted flow
®|L(WO).

Proof. By uniform continuity of the flow on @ there exists @ > 0 such that
d(z,y) < o implies d(®:(z), +(y)) < 6/3 uniformly in ¢t € [0,27]. We may always
assume a < §/3. Choose n large enough such that 1/n < §/3 and d(Cp,C) < a.
Then we construct a finite sequence Zo, ..., Zy,) € C such that d(Z;,y}") < o for
i=0,..., k(n). Then

d(Zo,p) <a+1/n <6,

d(Zk(n),p) <a+ 1/n < 57
and

(P42 (Z:), Ziv1) < d(Pap(Zi), op (u7)) + d(Per (47'), Yig1) + A(iy1s Zitr)

_<_6/3+%+a§6. D
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Proof of Lemma 4.2.

The Lipschitz case. Here we assume that H is locally Lipschitz. We let L(Q)
denote the Lipschitz constant of H on Q and ||H||q the uniform norm of H on Q.
The next lemma, proves Lemma 4.2 with an estimate. This estimate will be useful to
prove the main result of §5.

LEMMA 4.4. For oll T >0 and all t > 0,

e WOt + h) — Ba(WO(t))I| < €D T(2e(t, T)(1 + TL(Q)) + TL(Q)IH || @¥mis)];

where

k—1
Yi-Ui
i=m(t)

€(t,T) = sup

+(T+1)
{k; 0< 7Tk —Tm(¢) <T+1}

sup ||bk||] .

{k;0< Tk =Tty <TH1}

Proof. We begin with a simple inequality:

/U(U(s) + B(s))ds

(6) Y, v € [Tr(t)s Tm(t+T)+11 < 2¢(t,T).

To prove (6) we note that for any u > 7, there exists a € [0, 1] for which

r

m(t)

Tm(u) T(m(uw)+1)
(U(s)+B(s))ds = a / (U(s)+ B(s))ds+(1—a) (U(s)+ B(s))ds.

Tm(t) Tm(t)

As for u,v € [Tm(t), Tm(e+T)+1[>

/u "(U(s) + Bls))ds = /

m(t)

u v

(U(s) + B(s))ds + / (U(s) + B(s))ds.

Tm(¢)

Inequality (6) follows.
According to (4),

h__ h__
WOt + h) — Bh(WO(t)) = /0 H(W(t + 5))ds — fo H(®,(WO(t))ds

t+h
G + / (U(s) + B(s))ds.
Let
A(h) = |WOo(t + h) — @R(WO(t))]|.

Equation (7) implies
h Ao .
A(h) < L(Q) /0 As)ds + /0 EWO(t +5)) - HW(t + 5)l|ds

(8) +

t+h
/t (U(s) + B(s))ds
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On the other hand, for any h € [0,

t+h
IWO(t + ) — W(t+ h)|| = / (E(W(s)) + U(s) + B(s)]ds

m(t+h)

)

and inequality (6) implies
(9) WOt + h) = W(t + h)l| < Ymgeam [ Hllq + 2¢(2, T).

From inequalities (8) and (9), we deduce that for any h € [0, T]

h
Ah) < L(Q) /0 A(s)ds + 2¢(¢, T)(1 + TL(Q)) + TL(@Q)¥m(o) | Fllas

and we conclude by using Gronwall’s inequality. 0

The non-Lipschitz case. Here we prove Lemma 4.2, assuming only that H is
continous with unique integral curves. The key of the proof is to use the Kushner and
Clark lemma (1978). Let W*() be the function defined for any s > 0 by

Yt > -5, We(t) = WOt + )
and
Vt < —s, W*(t) = wp.

The Kushner and Clark lemma is the following.

THEOREM 4.5 (Kushner and Clark (1978)). Under the assumptions Al, A2, and
A3 of Theorem 1.2, {W?*(.)}s»0 is relatively compact in C°(R,R™) with respect to
the topology of uniform convergence on bounded intervals (i.e., from every sequence
of the set {W*(.)}s>0 it is possible to select a subsequence which converges uniformly
on bounded intervals), and the limit of each convergent subsequence is the solution to
the ODE.

What we want to prove (i.e., Lemma 4.2) is equivalent to

(10) lim supneir.z [IW* (k) — 21 (W*(O)]] = 0

for all T > 0. Let D denote a distance on C°(R,R™) induced by the topology of
uniform convergence on bounded intervals; then (10) can be rewritten as

(11) lim D(W*(),®(., W*(0))) = 0.

Let W* be an arbitrary limit point of {W?(.)}s>0. By Theorem 4.5 W* is a solution
to the ODE, and by uniqueness of integral curves W*(¢t) = ®(¢t, W*(0)) for all t. Thus,
W*(.) = ®(.,W*(0)). This proves (11). 0

5. L7 estimates and shadowing. In this section we consider the following
question:
Given {wn}n>0, a trajectory solution to (1), does there exist a solu-
tion to (2) whose omega limit set is L({wn }n>0)?
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Theorem 1.3 shows that (at least under assumptions of Theorem 1.2) the answer is
generally negative since L({wn}n>0) can be an arbitrary internally chain-recurrent
set. However, it is useful to understand what kind of conditions ensure a positive
answer to this question. A case of particular interest in applications is given by the
following problem:

Assume that each solution to (2) converges toward an equilibrium.

Does every solution to (1) converge also toward an equilibrium?
We saw in §3 several examples for which CR(H) is the set of equilibria and the
theorems of §§1 and 2 were applied to answer positively. But it may happen that
CR(H) contains nonequilibrium points (see Example 6.3) and further conditions are
required.

We begin with a simple example.

EXAMPLE 5.1. Consider the recursion which is defined in polar coordinates p >
0, 0 € R/(27Z) by

Pn+l — Pn = 'Yn(g(pn) + 1[0.5,3] (pn)gn)a

Ont1 — O = —n,

where {£,}n>0 1s a sequence of independently and identically distributed random vari-
ables with uniform distribution on [—%,%], Yn = ;;1;,— for some 0 < a < 1, and
g : Ry — R is a smooth function which is zero on {0} U [1, 2|, positive on )0, 1],
and negative on ]2,00). The ODE associated with this recursion is defined by

dp
'('l_t' - g(p)a
do
i -1.

The phase portrait of this ODE is given by Fig. 3.
We see that any connected internally chain recurrent set of this ODE is either the
equilibrium Orz or a cylinder of periodic orbits

Cop={p:a<p<b}x{0#cR/(2rZ)}, 1<a<b<2

Assume that the initial condition of the process is not Or2. Therefore, according to
Proposition 2.1, the limit set L({wn}n>0) of the process has to be a cylinder. In fact,
it is not difficult to show that
(a) if @ > 3, L{wn}n>0) is almost surely a periodic orbit L({wn}nz0) = Caa
for some 1 < a <2
(b) ifa< %a L({wn}nZO) = 01,2- ‘
The main reason is that the sum Y yné, converges for a > %, while

lim sup Z Yrbn = — linII_l_’ioIcl,f Z Tnén = +00
n n

for a < § (see, e.g., Neveu (1964, p. 138)).
In case (a) L({wn}n>0) is an omega limit set of the ODE. Case (b) gives an

ezample for which the asymptotic behavior of (1) is quite different from the asymptotic
behavior of (2).
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Fic. 3.

Expansion rate. In the previous example, the condition & < 1 means, intu-
itively, that the convergence of {y,}n>0 to zero is not fast enough to ensure the
convergence of {wp}n>0 toward the omega limit sets of the ODE. We now formalize
this idea and show that, conversely, if {y,}n>0 g0es to zero at a suitable rate depend-
ing on the ezpansivity of the ODE, then {wy}n>0 is in some sense asymptotic to a
forward trajectory of (2).

Here we make crucial use of the ideas and methods introduced by Morris W.
Hirsch in a recent paper (1993). The main idea of what follows is to use a shadowing
theorem proved in Hirsch (1993) together with L7 estimates of the error which is made
when (1) is replaced by (2).

To avoid technicalities, we will assume throughout the remainder of this section
that H is a C! vectorfield on R™ with the point at infinity as a source. By oo as a
source we mean that there exists a bounded nonempty open set U C R™ such that
for all w € R™

tlg& d(®4(w),clos(U)) =0
and for some T > 0
@1 (clos(U)) C U.

Let K denote a nonempty compact set positively invariant under the flow of H.
The ezpansion rate of H in K is defined in Hirsch (1993) (see also Hirsch and Pugh
(1970)). For convenience, we introduce it in a logarithmic form:

§7 : . log(J(D®y(w)) 1|2
lexp(H,K)_—_-t_lﬂnoo[%}} g(ll( ti NI )],

where D®;(w) denote the differential of ®; at w. The limit exists by subadditivity.
We call lep(H, K) the “log-expansion rate” of H in K. This real number measures
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the expansivity of the dynamical system induced by H. It is zero if the flow is
isometric, positive if the flow has a tendency to be expansive, and negative otherwise.
Let clos(£(H)) be the closure of all alpha and omega limit points of the trajectories
solution to (2). As we assume that “co” is a source, clos(L(H)) is a compact nonempty
invariant set. We define the “log-expansion rate” of H as

leap(H) = leap(H, clos(L(H))).

This definition makes sense and is motivated by the following important property
(Hirsch (1993)): If L is a compact invariant subset of K containing all alpha and
omega limit points in K, then legp(H, K) = lezp(H, L). Some properties of legp(H)
are given in §6.

A shadowing theorem. Let {a,},>0 denote a sequence of nonnegative real
numbers.

Define the “log-convergence rate” of {a, }n>0 with respect to the time scale 7, =
-1
Yico i as

og(en)

l-(a) = limsup l

n—-+oo Tn

Now consider the same recursion as in Theorem 1.2 in a probabilistic framework:
(12) Wn+1 — Wn = 7nﬁ(wn) + YnUn + Ynbn,

where {vn}n>0 is a decreasing gain sequence, {un }n>0 and {b, }»>0 are two sequences
of R™-valued random variables defined on the probability space (2, F,P), and H :
R™ — R™ is a C! vectorfield with oo as a source.

Recall that ||.||; denotes the L(€2) norm. For each T' > 0 and each ¢ € [1,+o00]
let

aft = Z it
{k; 0<Tk—'rn<T} i
and
BT = sup Nl
{k;0<7k =7 <T}

THEOREM 5.2. Let {wp}n>0 be solution to the recursion (12). Assume that there
erists ¢ > 1 such that
o Al) E(sup,>o [{wn}n>0l|?) < +o00.
e A2) For each T > 0,

L(8%T) < min(0, lezp(H)),
L-(@®T) < min(0, lezp(H)),

I () < min(0, lemp(ﬁ)).
Then
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e a) there erists a random vector w' such that
lim _|jw, — @, (w')]| =0
n—+00

almost surely.

e b) If there exists a compact Q@ C R™ such that {wn}n>0 remains in Q almost
surely (in which case Al is obviously satisfied), then the following estimate
holds:

L ({llwn — @7, (w')llg}n>0) < SuP(l‘r(:Bq'T)a l‘r(aq'T)a (7))

REMARK 5.3. Conclusion (a) of Theorem 5.2 implies that L({wn}n>0) = w(w’)
almost surely.

As in §2 we apply the previous result to the stochastic approximation (1), where
{€n},,>o is a sequence of random variables defined on (R, F,P). Maximal inequalities
for sum of random variables reduce condition A2 to a simple condition on I (7). First
of all, note that for any A > 0,

heO) = 1)

If 4, = f(n) for some positive decreasing function f with f1+°° f(s)ds = +o0, then

() = limsup log(f(z))

T—+00 flz f(S)dS
For example, if

1

T = e log(n)8’

then I;(y) =0for0<a<land 8 >0,1.(y) = —-1fora=1and 8 =0, and
l:(y)=—0fora=1land0< B <1.

Independent inputs. As in Proposition 2.1, we let M denote a subset of R™.
PROPOSITION 5.4. Let {wyn}n>0 be the solution to (1). Assume that
o Al) {&n}n>0 is a sequence of independent and identically distributed random
variables.
e A2) P(Vne€ N,w, e M) =1.
e A3) wr H(w) = E(H(w,&)) is C* with co as a source.
There exists ¢ > 2 such that
o A4) E(sup,>o [[{wn}n>oll?) < 400 and w — ||H(w,&)llq is bounded on M.
e A5) I.(v) < 2min(0, lezp(H)).
Then
e a) The conclusion a) of Theorem 5.2 holds.
e b) If M is compact, I, ({||wn — @7, (w')llg}n>0) < %l‘r('y)'
Proof. Let b, = 0 and u, = H(wy,&,) — H(w,). As already noted, {u,}n>0 is a
martingale difference. For ¢ = 2, Doob’s inequality for L? martingales gives

m(rn+T)—1 3
oT<jem) > AE|

i=n
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where C(M) is a positive constant and m(T') is defined by (5). So
o < [C(M)mTIE.
Then I, (a®T) < 11,(7) and the condition A2 of Theorem 5.2 is satisfied. For ¢ > 2,

m(rn+T)—1 3
T < lom,T) S At

i=n

for some constant C(M,T). This inequality is proved, in a more general context, in
Métivier and Priouret (1987, Prop. 8). Therefore,

ol < [C(M,T)T)i4L/?,

and the result follows. a

REMARK 5.5. It is interesting to note that the condition A5 of Proposition 5.4
is always1 satisfied for v, = Woém. For v, = n—fa'g’ it reduces to the condition
€< —m——).

Mixing inputs. In the case corresponding to Proposition 2.2, in which the ob-
servations are given by a mixing process, our approach of condition A2 in Theorem
5.2 is based on some kind of uniform maximal inequalities. Unfortunately, these
estimates depend on the dimension of the parameter space and the condition we ob-
tain presents the “curse of dimensionality.” Here we shall assume that {£,},>0 is
stationary to facilitate the verification of assumption A2 of Theorem 5.2.

PROPOSITION 5.6. Let {wy}n>0 be the solution to (1). Assume that

o Al) {&.}n>0 is a stationary ¢ mizing (respectively, a mizxing) process.

e A2) There exists a compact set Q@ C R™ such that P(Yn > 0,w, € Q) = 1.
o A3) H(w) = lim, o0 E(H(w,&,)) exists.

o Ad) There exists a measurable function k(.) such that

Vz,y € R™||H(z,£) — H(y, &)l < k(©)llz - yll.

There exists r € [2,00] such that
o A5) The map w + sup, > [|H(w,&,)ll» is bounded on Q and sup, > [|k(&n)llr <
+o00.
e A6) (L" case). If 7 < 00, ¢n = O(5) for some B > 3= (respectively,
Oy = O(;l—lz;) for some 8 > -5 ).
o A6') (L case). Ifr = o0, ¢, = O(;%) for some B > % (respectively,
o = O(:%5) for some B> 1).
e A7) I:(v) < 2(m + 1) min(0, lezp(H)).
Then the conclusions of Theorem 5.2 hold with probability one.
The proof is given in appendix (§9).

6. Applications. Here again H denotes a C! vectorfield with co as a source.

Convergent systems. We say that H is a convergent system if H admits a finite
number of equilibria {ey,...,e,} and

L(H) = {es,...,en}.
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Equivalently, this means that the flow induced by H on S™ = R™ U {co} (the com-
pactification of R™) has simple dynamics and finitely many equilibria. .
Let {\], j =1,...,m} denote the set of eigenvalues of the matrix DH(e;). Define

B(e;) = min{Re(M):j =1,...,m},

where Re denotes the real part. Since e; is a fixed point, D®;(e;) = exp(tDH (e;)).
Therefore

i E(U(D2:(e) 1|7

t—o0 t = ﬂ(ei)7
and by definition of the log-expansion rate we deduce the following proposition.
PROPOSITION 6.1. If H is a convergent system with equilibria {ey,...,en}, then

lezp(H) = min{B(e;) : 5 =1,...,n}.

COROLLARY 6.2. Let {wn}n>0 be the solution to (1). Assume that conditions
A1-A4 (respectively, A1-A6, A6) of Proposition 5.4 (respectively, 5.6) are satisfied.
Assume that the averaged vectorfield H defined by A3 is convergent and that

Vie{l,...,n}, l(y) < 2min(0, B(e;))

(respectively, 1.(y) < 2(m + 1) min(0, B(e;))). Then {wn}n>0 converges almost surely
toward an equilibrium.

EXAMPLE 6.3. Consider the following stochastic approzimation process defined
on R? by

€
Tpt1 — Tn = EHI(xn,yn,gn),

€
Yn4+1 — Yn = ;H2($n7 yn>§n)>

where {€,}n>0 15 a sequence of independently and identically distributed random vari-
ables uniformly distributed on [—1,1].

Hy(z,y,8) = (1 - (2> +9°)z —yf () +&,

Hy(z,y,€) = (1= (2 +¢*))y + 2f(y) + &,

where f(y) = y2. The phase portrait of the averaged ODE is given by Fig. 4.

We see that this system is convergent but admits S' = {(z,y) : 2% + y? = 1} as
a cycle of equilibria. Therefore, the theorems of §§2 and 3 are not sufficent to ensure
the convergence of the process {Zn, Yn}n>0-

The equilibria of this system are e; = (0,0), e2 = (1,0), and e3 = (—1,0). 4
simple computation shows that 0 and —2 are the eigenvalues of the linearized ODE at
points ez and ez, and 1 is a double eigenvalue at point e;. Thus,

Ble1) =1, B(e2) = Bles) = —2.

For v, = £ we have l.(y) = —1. Therefore, according to Corollary 6.2, if € < 1, the
sequence {Tn,Yn}n>0 converges almost surely toward an equilibrium. Furthermore, a
theorem of Pemantle (1990) can be used to show that this equilibrium cannot be the
hyperbolic unstable equilibrium e;.
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———

Fic. 4.

Globally convergent systems. A convergent system H with one unique equi-
librium {e; } is said globally convergent.

The L9 estimate given by assertion (b) of Theorem 5.2 can be used to bound
the L7 rate of convergence of algorithms associated to globally convergent ODEs.
We mention here a corollary based on Proposition 5.4. Other estimates based on
Proposition 5.6 or Theorem 5.2 are possible. Define

pler) = sup{Re(A{) :j=1,...,m},

where {X : j = 1,...,m} are the eigenvalues of DH(e;).

Note that B(e1) < p(e1) < 0.

COROLLARY 6.4. Let {wn}n>0 be the solution to (1). Assume that conditions
A1-A4 of Proposition 5.4 are satisfied and M 1is compact. Assume that the averaged
vectorfield H defined by A3 is globally convergent and that l.(v) < 2min(0, B(e;)).
Then

L (|lwn — eallg) < ple1)-

Proof. Proposition 6.1 and (b) of Proposition 5.4 imply that L, (||wy,—®-, (w')|l) <
B(e1) for some random variable w’ € M. Since H is globally convergent and M is
compact, we have the estimate I, (||®., (w') — ei1]|]) < p(e1). Thus I, (Jlw, — e1]lq) <
L (|| @7, (w') — ealg + [|wn — @7, (w)llg) < sup(p(e1), Bler)) = pler). D

For yp = 75—~ and € < E]E(le—l)[ this gives the following estimate: For all § > 0
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there exists n(6) > 0 such that

1

Vn Z n(§), ||wn - e]_”q S W.

This estimate can be compared with L? upper bounds given in Eweda and Macchi
(1983) and Benveniste, Métivier, and Priouret (1990, Thms. 22 and 24, pp. 244, 246).
It is slightly weaker but requires a weaker condition on the vectorfield.

Nonconvergent systems. For a general vectorfield H the log-expansion rate
can be difficult to compute. The following proposition is useful to estimate it.

PROPOSITION 6.5 (Hirsch (1993)).

(a) Let Bs(w) be the smallest eigenvalue of the symmetric matriz

> (DA ) + DH(w)"),

where T denotes the transpose operation. Then
lezp(H) > min{B,(w) : w € clos(L(H))}.

(b) lexp(H) is invariant by C* change of coordinates.

Assertion (a) is proved in Hirsch (1993). Assertion (b) is easy to check from the
definition.

EXAMPLE 6.6. Consider the stochastic approximation process defined in Example
6.3, where the function f(.) which appears in the definition of Hy and H, is now
chosen to be the function f(y) = 1. The averaged ODE admits two internally chain-
recurrent sets: the unstable equilibrium Orz and the stable limit cycle S* = {(z,v) :
z2 +y? = 1}. By a theorem of Pemantle already mentioned, L({wn}n>0) cannot be
Orz. Thus, according to Proposition 2.1, L({wn}n>0) = S*.

Note that this result is true for all values of ¢ > 0. Let us now show how it can be
sharpened by use of the log-expansion rate. To compute the log-expansion rate we use
(b) of Proposition 6.5. In polar coordinates, the averaged ODE takes the simple form

dp 2 do
from which it is easy to deduce that the log-expansion rate is given as lezp(H) =
min{-2, 1, 0} = —2. Let 0,, be the angular variable which measures the angle between

the z-azis and the vector (Zn,yn). If € < 41, Proposition 5.4 applies and we deduce the
“asymptotic phase property”:

lim 6, — [elog(n)] mod 27 = 0",
n—0o0

where 0* is a random variable taking values in [0, 2.

7. Proof of Theorem 5.2.

LEMMA 7.1. Under the assumptions of Theorem 5.2, the conditions of Theorem
1.2 are satisfied.

Proof. Assumption A1l of Theorem 5.2 implies condition A1l of Theorem 1.2. Now
check conditions A2 and A3. Let {n;};>0 be the sequence defined by n; = m(jT) for
J =0, where m(.) is defined by (5). For any integer n € [nj,nj4+1],

llball < sup [1B -
{k; 0Tk —Tn; <T}
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Thus

E (sup ||bn||"> <E (sup sup Ilbkll") <y B
T}

n2np 3zp {k; 0<T—Tn; < Sp

Now, assumption A2 of Theorem 1.2 implies
BIT < Ce™™i < Cle~ (AT
PR <
for some constants C,C’, A > 0. It follows that
E | sup ||b,]|? ] < EC’e_O‘T)j < 400
n2np i>p

and the Cauchy criterion implies that condition A2 of Theorem 1.2 holds almost
surely.

For A3, remark that for any integer n € [nj,n;.41],

k—1 'I‘Lj+1—1 n-—1 k-1
Z Vi = Z Vitki — Z Yiui + Z Yilki
i=n; i=mn; i=mn; 1=Nj41
with the convention 7] = — 37", Working as previously, we deduce
k—1 q
T
E | sup sup Z Vil <31 Z al
n2ny {k; 0<me—Tn<T} || 550 e

and conclude exactly as for A2. u]

The following definitions and theorem are due to Morris W. Hirsch. The main
result of §5 will be derived from this theorem.

Let (E,d) be a metric space and G : E — E be amap. Let 0 < A < 1. A
sequence {Yj},>o0 in E is called a A-pseudoorbit for G if

lim sup d(G(Yi);Yks1)* < A,
k—+4o00

A point Z € E is said to A-shadow the sequence {Yj}x>o if

lim sup d(G*(Z); Yiym)* <A
k—+o00

for some integer m.

The following theorem is a consequence of Hirsch (1993, Thm. 3.2) (more precisely,
a consequence of its proof).

THEOREM 7.2 (Hirsch (1993)). Assume E is a complete metric space. Assume
there exists p, > 0 and p > 0 such that for all 0 < p < p,

VX € E B(G(X),pn) C G(B(X, p)).
Let {Yx}r>0 a A-pseudoorbit for G in E such that

0 < A < min(1, u).
Then
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o a) there exists Z € E which A-shadows {Yi}k>o0;

e b) if Z,Z' € E both A-shadow {Yi}k>0, then there ezists natural numbers l,r
such that GY(Z) = G™(2').
Now we prove Theorem 5.2. Consider the recursion

(13) Un+1 — Un = ’Yn~(f(vn)ﬁ(vn) + Un + bn),

where {un}n>0 and {b,}n>0 are the sequences of recursion (12), vg is in L9(f2), and

f is a smooth function which is 1 on a closed ball B(0,r) which contains CR(H) and
is zero outside B(0,r + 1).

The proof decomposes in two steps. The first step is to prove that, under the
assumptions of Theorem 5.2, {v,}n>0 is asymptotic to a trajectory solution to (2).

The second step is to show that any trajectory solution to (12) is asymptotically a
solution to (13).

Step 1. Let {¥};er be the flow of the vectorfield fH. The set of all @ and w limit
points for fH is the disjoint union of L(H) and {z € R™;||z| > r + 1}. Therefore,

lezp(fﬁ) = min(O, lewp(ﬁ))'

Note v = legp( fH). Assumption A2 of Theorem 5.2 allows us to choose two real
numbers v, v’ such that 0 < v < v/ < v and

(14) sup(l-(B47), L (a®T), L (7)) < V"
Because v/ < v, there exists T' > 0 such that forallz € R™ and all t > T
(15) IDE ()77 2 e,

Let E = L9(Q2) and G be the map defined by G(X) = ¥r(X). First we note that
G is well defined (G maps E into E). Indeed, for any random vector X € L9(1Q),

E(|G(X)|1?) = E(|G(X)|"1xeB(o,r+1)) + E(IG(X) |1 xgB(0,r+1))-

The first term on the right of this equality is bounded by continuity of the flow and
the second term is finite because G(z) = z outside B(0,r + 1).
Let u = e~¥'T. Inequality (15) implies

Va,y € R 07} (y) - || < ully - Tr(2)ll,
so, for all X,Y in E,
IG7HY) = Xllg < ullY = G(X)llq-
Therefore,
B(G(X),np) C G(B(X, p))

for any p > 0.

In order to apply Theorem 7.2, it remains to construct a A-pseudoorbit for G
in E with 0 < A < min(1,u). With this purpose let V°(.) be the interpolated
process associated to the sequence {v,}n>0 (see §4 for the definition of the interpolated
process) and define Y,, = VO(nT) for all integers n. As vg,un, and b, are in LI(f2), a
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simple induction shows that v, is in L(2) for all n. Hence {Y, },>0 is a sequence of
La.

__As H is C', fH is Lipschitz and bounded. Let L denote a Lipschitz constant for
fH and K denote a bound for ||fH(z)||. Lemma 4.4, applied to V° and fH, gives

(16) |VO((n+ 1)T) = Tp(VO(nT))|| < 5T [2¢(nT, T)(1 + TL) + TLE Ym(n1));

where €(t,T") is defined as in Lemma 4.4.

Let A = e T, From (14) and (16) {Yn}n>0 is a A-pseudoorbit for G. As
0 < A < min(1, ), the Theorem 7.2 applies. Thus, there exists Z € E such that for
any A < A1 < inf(1, u) and k large enough

(17) IG*(Z) = Yieamllg < AY

for some integer m. The Borel-Cantelli lemma now implies

kEToo(Gk(Z ) = Yeym) =0
almost surely. Let Z' = U_,,1(Z). We have
(18)  Jim (G*¥(Z") - Yi) =0.

For any t > 0, write t = kT 4+ r with k € N and 0 < r < T. Thus

Vy(Z") = VO(t) = [¥r(Trr(Z")) = Ur(VO(RT))]
(19) +[ W (VO.T)) — V(KT + 7).

Uniform continuity of the flow on [0, 7] and relation (18) imply that the first term on
the right of equality (19) goes to zero. The second term goes to zero by Lemma 4.2.
Then

: n _ y0 —
Jim ,(2') = VO(t) =0

almost surely. This concludes step 1.

The equality (19) also proves part (b) of Theorem 5.2. Indeed, if {w,, }»>0 remains
in a compact  almost surely, the ball B(0,r) can be chosen large enough to contain
Q and {wn }n>0 is solution to (13). The first term on the right side of equality (19) can
be bounded in L4(), using (17) and the fact that  — U,.(z) is Lipschitz uniformly
inr € [0,T]. The second term can be bounded in L4(2) by using (14) and (16). 0

Step 2. Let x be a vector arbitrary chosen outside B(0,r). For any integer k
define

Q= ﬂnzk{wn € B(0,r)}n {wk_l ¢ B(0, ’f’)}

with the convention wy = z. Let Q' = UgenQk. Because CR(H) C B(0,r) and
L({wy}n>0) C CR(H) almost surely (Theorem 1.2), we have P(Q') = 1.

Let {vf},>r be the sequence solution to (13) defined by the initial condition
vf = wi. As wi € LI(Q), vf € LI(Q). Therefore, we deduce from Step 1 the
existence of a vector Zy € L4(f2) such that

. k _
Jm (o 9, (20) =0

almost surely. Define Z = Eke ~ 1o, Zx. Because v,’.ﬁ = w, on i for n > k, we have

lim (w,—-®,(Z))=0

n-—-+400

almost surely. ]
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8. An application to neural network learning. In this section we show
briefly how the previous result can be applied to prove the consistency of some “hy-
brid” learning rules recently proposed in the neural network area.

A feedforward neural network can be seen as a function G : I x W — O mapping
the Cartesian product of an input space I and a weight space W into an output space
O. The dimension of I and O are the number of input units and the number of
output units, respectively. Without loss of generality we take O C R, I C R%"!, and
W C R™. The function G embodies the network architecture. Given an input z €
and a weight vector w € W, the network’s output is given as G(z,w). At this level
of description, the form of G is not of particular importance. We only assume that
G is smooth enough. For more details and an in-depth presentation of feedforward
neural networks in the framework of approximation theory we refer the reader to the
excellent book by Halbert White and co-workers (1992).

The goal of learning is to adapt the weight vector w in such a way that the
network realizes some specific relationship between the input space and the output
space. This relationship is generally expressed by an “environmental” probability law
p defined on I x O. A “training set” is a sequence {{,}n>0 C I x O asymptotically
stationary with p as limiting law. We let &, = (Zn,Yn), Zn is referred to as the “input
vector” and v, is referred to as the “desired output” or “target.” A general learning
rule for feedforward net can be written as (1). The gain +, is called the “learning
rate” in the connectionist jargon.

The most popular example is the classical “backpropagation algorithm.” Given
a pair of input and target £ = (z,y) and weight w, the network error is given as
Er(w,€) = e(G(z,w),y) where e : RxR — RT is a smooth “error function” (usually,
e(o,y) = (y—0)?). The algorithm is given by (1) with H(w, &) = -V, Er(w,&). Here
VuwEr(w, ) denotes the gradient of the map w +— Er(w,£). Therefore, assuming that
interchange of derivative and expectation is possible, the ODE associated with the
backpropagation is a gradient vectorfield:

dw

(20) S = -VEr(w),

where

Br(w) = / Er(w, ©)u(de).

Convergence of the backpropagation can be analyzed by using classical results on
stochastic gradients (see, e.g., Nevel’'son and Has’minskii (1974). See also Benveniste,
Métivier, and Priouret (1990, p. 91) for a presentation of the backpropagation as a
stochastic gradient). It is also a direct application of Corollary 3.3 restated here for
convenience.

PROPOSITION 8.1. Let {wy}n>0 be the solution to (1). Assume that the assump-
tions of Proposition 2.1 or 2.2 hold with H given by (20). Assume that critical points
of Er (i.e., the zeros of (20)) are isolated. Then {wy}n>0 converges almost surely
toward a critical point of Er.

“Hybrid” learning rules have been considered by Moody and Darken (1989), Pog-
gio and Girosi (1990), Nowlan (1990), Benaim and Tomasini (1991, 1992), and Benaim
(1995¢) among others for neural architectures with “nonsigmoid” units. The main idea
of these algorithms is to train each layer according to different learning rules.

Consider, for simplicity, a single hidden-layer network. (Extension to multilayers
is easy.) Formally, G(z,w) = G2(G1(z,w;),w2), where w = (w;,w2) € R™ x R™2,
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mi +mg =m, G; : R x R™ — RF, G, : RF x R™ — R. The integer k is
the number of hidden units, G; embodies the architecture of the (input-layer, hidden-
layer) subnet and G the architecture of the (hidden-layer, output-unit) subnet. The
subnet G is trained according to an “unsupervised” learning rule (for example, a data
clustering algorithm (Moody and Darken (1989)) or a maximum likelihood algorithm
(Nowlan (1990), Benaim and Tomasini (1992)), and the subnet G is trained according
to a “supervised” algorithm (backpropagation). This leads to an ODE of the form

d _
(21) 'g)t—l = —-VE;(w),
d —
(22) —;-"f = —Vu, Bz (w1, ws)

for some smooth functions E; : R™ — R, E5 : R™ x R™2 — R. Remark that such
an ODE is not a gradient vectorfield. It is a cascade of gradients.

It is often assumed that the output unit is linear: G2(G1,w2) = (w2, G1), and the
performance of the subnet G5 is measured by the squared error function, e(o,y) =
(y — 0)2. In that case the equation (22) has the particular form

dw,
dt

where A(w;) is the k x k matrix defined by

(23) = -—A('LU1)’U)2 + B(wl),

A(wy) = /Gl(x,wl).Gl(x, wy)Tv(dz)

with v(.) = [ pu(.,dy) and B(w,) is the k-dimensional vector

Blw) = / yGi (2, wn )u(de, dy).

PROPOSITION 8.2. Let {wp}n>0 be the solution to (1). Assume that assumptions
of Proposition 2.1 or 2.2 hold with H given by the system (21), (23). Assume that
equilibria of (21) are isolated. Then L({wn}n>0) is almost surely a connected compact
subset of the equilibria set of H.

Proof. Write wp, = (w1n,w2,,) € R™ x R™2. Proposition 8.1 shows that
{w1,n}n>0 converges almost surely toward an equilibrium of (21), say, wy*. Thus,
L({wn}n>0) = {w1*} x L’ for some set L’ C R™2. According to Proposition 2.1 (or
2.2), L' is compact and invariant under the dynamics

(24) 3’% — A(w*)ws — B(wr*).
Since A(w1*) is a symmetric matrix, any compact invariant set for (24) is contained
in the equilibria set of (24). This concludes the proof. 0

For the more general system (21), (22), we shall use the fact that L({wn}n>0) is
internally chain-recurrent combined with Proposition 3.2.

PROPOSITION 8.3. Let {wp}n>0 be a solution to (1). Assume that assumptions
of Proposition 2.1 or 2.2 hold with H given by the system (21), (22). Assume that
equilibria of (21) and H are isolated. Then, L({wn}n>0) is almost surely a equilibrium
of H.
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Proof. We begin exactly as in the proof of Proposition 8.2. Write w,, = (w1,n,w2,5)
€ R™ x R™2. Using Proposition 8.1 we see that L({wy}n>0) = {w1*} x L', where
wy* is an equilibrium of (21) and L’ € R™2 is a compact connected set invariant
under the dynamics of

dw —
(25) -ﬁ = —VEs(w],ws).
Since L({wn}n>0) is internally chain-recurrent, every point of L’ has to be chain-
recurrent for the flow induced by (25). Since (25) is a gradient vectorfield with iso-

lated equilibria, it follows from Proposition 3.2 that L’ consists of equilibria. By
connectedness, L’ is an equilibrium of (25). 0

9. Appendix.

Proof of Proposition 2.2. We denote by F* the o field generated by {£;;n <
i <m} form >n >0 and let 7§ = {0,Q} for n < 0.

DEFINITION 9.1. Let {X,}n>0 be a sequence of random variables belonging to
L%(Q). {Xn}n>o is said to be a mizingale process if there are sequences of finite

nonnegative constants {cn}n>0 and {Ym}m>o0, where lim,_,o ¥m = 0, such that for
alln>1andm>0

o a) |E(Xn/F§ ")z < cntm,
o b) [|Xn — E(Xn/Fg )2 < cnthme1-
Throughout this section we will only consider sequence of random variables { X, }n>0
such that each X, is measurable FJ' so that condition b) holds automatically.
The following lemma relates the concept of mixing process to that of mixingale.
It is due to McLeish (1975, Lem. 2.1).
LEMMA 9.2 (McLeish (1975)). Suppose that {{,}n>0 is a ¢ mizing (respectively,

a mizing) process. Let {Xn}n>0 be a sequence of random variables such that each X,
is measurable F§ and E(X,) = 0.

Then, for 2 <r < +o0, n,m >0,
o 8) |B(Xn/F5 2 < 260 7 | Xl
o b) [E(Xn/F5 ™2 < 201 + V2)and* 7| Xl

REMARK. It follows from this lemma that {X,}n>0 is a mizingale with ¢, =
| Xzl and ¥ = 2¢,1n_1/r in the ¢ mizing case or V¥, = 2(1 + ﬂ)a},{zhl/r in the a
mizTIng case.

The following lemma. is the main result of this section. The proof of the lemma
follows closely the proof of McLeish’s Theorem 1.6 (1975), but instead of using Doob’s
inequality for martingales (as McLeish does) we use the Burkholder inequality together
with the ideas involved in the proof of Métivier and Priouret’s Proposition 8 (1987).
Note that for ¢ = 2 the lemma is a direct consequence of McLeish’s Theorem 1.6
(1975).

LEMMA 9.3. Let {X,}n>0 be a sequence of real random variables. Let S, =
S heo k- Xk. We assume that

o X, is measurable Fg;
e X, € LYQO)for some q > 2;
o {Xp}n>0 is a mizingale with sequences {cp}n>0 and {¥m}m>o0.
We assume that there exists a positive decreasing sequence {an}n>—1 such that
o Tiso%h(ar" — aily) < +oo;
¢ o TV < +oo.
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Then
2-1 = 1 2
B (sup 15 11) < 7237 D@) 3ol X

where D(q) > 0 is a constant.

Proof Let Zix = E(Xi/Fg %) — E(X;/FgF 1) for i > 0,k > 0. Let Y, =
S oY Zix. Since E(X;/F§) = X; and E(X;/Fi*) = E(X;) = 0 for k > i, it is
clear that

X Zsz—Zsz
k>0

Thus S, =Y k>0 Y,k and by Hélder’s inequality we have

1/
| Yo |4 .
20 sure o eelt (50)
k>0 k>0
where [ = q—.l_T-

Observe that E(Z, x/Fa %) = 0. So by Burkholder and Rosenthal’s inequalities
(Hall and Heyde (1980, Thms. 2.10-2.12)):

q/2
(27) E (sgp | Yo,k I") < C(9E ((Z'ﬁ ) ) :

Now, exactly as in Métivier and Priouret (1987), we shall apply the following
form of Holder’s inequality:

u u—1
(28) (Zlaim |) S(Zaf““‘“”) (Zaﬁ“”"m |“>

fora; 20,8, e R,bu>1,0<6< 1.
Applying (28) to (27)) with a; =2,8; =| Ziy |>,u=%,and § = 9{()—2 we obtain

@) B (s Yok ) SC@RYE Y B Zus P,
mIn =0
and by using (26), we deduce
n

(30) B (sup | S |Q) < (@M @I Y at Y B Zig 1

m<n k>0 k>0 =0

On the other hand we have
E(| Zix |9 < 1285 0 E(| Zik 1),

and from the Pythagorean theorem in L?(2),

E(| Zi |*) = | B(X:/F57)I3 ~ I1B(X: /7713,
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It follows that

n
ST apt S E( Zig 1y T2 <

k>0 1=0
1 —
(31) > Wit —aply). Zv 220 X872 oo,
k>0 1=0

Putting together (30) and (31) and letting D(q) = 3" 40(ak)/'C(q) oo YE(ag ' —
a,:_ll) conclude the proof. O
From this lemma we shall deduce the following lemma, which is analogous to
Corollary 11 of Métivier and Priouret (1987).
LEMMA 9.4. Let {X,}n>0 be as in Lemma 9.3. Then
e a) for all T >0,

E | sup sup
Tn2Tp \O0<TK—Tn <T

e b)if Y0 FH221X7 2|00 < o0, then

k—1
Z'Yi

i=n

k=1
Z%’

i=n

q
X; )) <T7D(9) 3P IXE e

i2p

X; > =0
with probability one.
The proof is exactly the same as the proof of Corollary 11 in Métivier and Priouret
(1987).
COROLLARY 9.5. Suppose that {£,}n>0 is a ¢ mizing (respectively, o mizing)
process. Let {Xp}n>0 be a sequence of random variables such that
e cach X, is measurable F§ and E(X,) =0
e sup, || X, < +oo for some r € [0, +o0];
o ifr< oo, On = 0(711?) for some ﬂ > 57 (respectively, oy, = O(n%) for some
e ifr =00, ¢pp = 0(7) for some B > 1 (respectively, an = O(Z3) for some
B>1)and Y o2 07,11+Q/2 < 400 for some q € (2,20 + 1.

lim sup
N0 \ {0k~ <T}

e a) 11mn—>oo(3qu 0< 7k —Tn<T | Zz—n 7:Xi|) =0;
e b) there exists a constant D(q,r) such that

E%

1=

m(rn+T)-1

q
p ) STq/2_1D(q,7‘) Z '7i1+q/2’

i=n

E sup
k; 0<7—Tn <T

where ¢ =2 for r < 400 and q € (2,20 + 1] for r = +o0.
Proof. The proof follows from Lemma 9.2, the remark which follows Lemma 9.2,
and Lemma 9.3 for part (a) and the Lemma 9.4 for part (b). 0
We are now able to prove Proposition 2.2. Let {wn}n>0 be a solution to (1). Let

un(w) = H(w,&n) — E(H(w,§n)),



DYNAMICS OF STOCHASTIC APPROXIMATIONS 469

Un = un(wn)a

by, = bn(wy).

We suppose that conditions A1 to A6 of Proposition 2.2 hold. Let K = sup,, [|k(&n)||--
We remark that H is K Lipschitz. Indeed, for any z,y,

IH(z) - H(y)ll = lim [|E(H(z,&) — H(y,&))ll
but

IE(H (2,6n) = H(y,&n))ll < E(k(Ea))llz — yll < Kllz - |

by application of Jensen’s inequality. Using the same kind of argument we see that

(32) lbn(2) = bn ()l < 2K|lz -yl

(33) lun(z) — un(W)ll < Kllz - yll + k&)l — 9.

Let us now verify the conditions A1, A2, and A3 of Theorem 1.2. Al is true
by assumption (assumption A2 of Proposition 2.2). The inequality (33) shows that
the sequence {b,(.)}n>0 is equicontinuous, and assumption A3 of the Proposition 2.2
means that {b,(w)},>o converges to zero for any w € R™. It follows that {b,(.)}n>0
converges to zero uniformly on any compact set of R™, and as {wn}n>0 is assumed
to be bounded, {b,}r>0 converges to zero. This proves assumption A2 of Theorem
1.2.

We now check the condition A3 of Theorem 1.2. Let T' > 0 and let

k
Z Yivi(w)

i=n

Sy (w) = sup
{k, 0<re~7, <T})

)

k
Zy = sup > vik(&)-

{kv OSTk—T’nST} i=n

From inequalities (32) and (33) it follows that for any w,w’ € R¢

k k
D vus(w)| < D wu(w')

i=n i=n

k k
+Klw—w'| Y v+ lw—w'] ) vk(&).

i=n i=n

<

Thus
(34) 0 < ST(w) < ST(w') + TK|w — w'| + ZL|w — w'|.

Lemma 9.4(b) shows that under the assumptions A1 and A6, A6’ of Proposition 2.2,
lim, 00 ZX = 0 and lim, o ST (w) = 0 for any w € R™. From inequality (34) it is
easy to see that {SZ (w)}n>0 converges to zero uniformly on any compact set of R™
so that lim,,—,o, S¥(w,) = 0. o
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Proof of Proposition 5.6. Let () be a compact set. Let €, > 0 such that
limy,— 400 € = 0 and let {B(z;,€,)}icr, be a finite cover of Q by balls of radius e,.
From (34), we deduce

sup ST (w) < Z ST(z;) + KTe, + €, ZY.
weQ i€l

Therefore, Corollary 9.5(b) implies

(35)

m(rn+T)—1 /g
sup STw)|| <(A#U)+Be) | Y. w*|  +KTe
we

q i=n

for some constants A and B depending on Q, g, T, H, and #(I,,) denotes the cardinal
of I,.

Since @ is a compact subset of R™, the family {z;}:;>0 can be chosen such that
#(I,) < C.e;™ for some C > 0. Noting that

m(Tn+T)—1
DD R o
i=n
inequality (35) gives
sup ST (w)|| < (A.C.€,™ + Ben)TYY? + KTe,,.
wEeQ

q

Therefore, with ol as defined in §5,

1 (a®T) < sup (%z,(v) — mily(e), L (€), %l,('y) + l.,-(e))
(36) < sup (%l,(’y) — mily(e), z,(e)) :

Now we choose a sequence {€, }n>0 such that

) 1
lr(e) = Jpin sup (l, Flr() = ml) :
This easily gives

_ k()
l,-(e) = m

For example, one may choose €, = v&/ 2™,
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