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1 Introduction

Let Q denote the algebraic closure of Q in C. For an algebraic number « € Q, let H(«)
denote the (absolute multiplicative Weil) height of «, as defined in Section 1.5 of [3]. We
have H(a) € Q N [1, 00) for all @ € Q. By a well-known theorem of Northcott [18] (see
also Theorem 1.6.8 in [3]), there are at most finitely many algebraic numbers of bounded
degree and bounded height. This article seeks to answer the question: “How many « € Q
are there of fixed degree d and fixed height H?” In particular, we are interested in whether
the height assumes many values, but each single value is assumed only rarely, or whether
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there are only few values that are however assumed very often. For fundamental properties
of the height, we refer to Section 1.5 of [3].

Much is known about counting algebraic numbers or more generally points in P*(Q)
of fixed degree (over Q or over any fixed number field) and bounded height: Schanuel
first proved, in [21], an asymptotic for the number of algebraic points of bounded height
that are defined over a fixed number field. Further results, including the asymptotic for
the number of quadratic points (over Q) of bounded height, were obtained by Schmidt
in [22] and [23]. If n is larger than the degree of the point (over QQ), then Gao found and
proved the correct asymptotic in [12]. He also determined the correct order of magnitude
for any n and any degree (over Q). Masser and Vaaler then counted algebraic numbers of
fixed degree and bounded height in [17] (over Q) and [16] (over any fixed number field). If
the degree of the point (over any fixed number field) is at most slightly less than %”, then
Widmer obtained the correct asymptotic in [28]. More recently, Guignard [14] counted
quadratic points (over any fixed number field) if » > 3; he also counted points whose
degree (over any fixed number field) is an odd prime less than or equal to » — 2. However,
Guignard uses a slightly different height, corresponding to another choice of norm at the
infinite places.

The same problem has also been studied for integral points, i.e. elements of Q” whose
coordinates are algebraic integers: In Theorem 5.2 in Chapter 3 of [15], Lang gives an
asymptotic for the number of algebraic integers of bounded height that lie in a fixed
number field (with an unspecified constant in the main term). The work [7] of Chern
and Vaaler, which was also used crucially in [17], yields an asymptotic for the number of
algebraic integers of fixed degree over (Q and bounded height. In [1], Barroero extended
the results of Lang and Chern and Vaaler to count algebraic integers of fixed degree over
any fixed number field and bounded height. Widmer counted, in [29], integral points of
fixed degree (over any fixed number field) and bounded height under the assumption that
the degree of the point is either 1 or at most slightly less than #. In [13], Grizzard and
Gunther counted (among other things) algebraic integers of fixed degree (over Q), fixed
norm, and bounded height. This last result is somewhat related to our work in that the
d-th power of the height of an algebraic integer of degree d (over Q) with no conjugate
inside the open unit disk is equal to the absolute value of its norm.

We emphasize that all these results give much more precise asymptotics than the ones
obtained in this article. However, already when counting rational numbers of fixed height,
Euler’s phi function appears, so it is clear that such precise asymptotics cannot be obtained
in general when counting algebraic numbers of fixed degree and fixed height. Instead, we
strive to obtain an asymptotic for the logarithm of the associated counting function.

In order to state our results, we have to introduce some notation: The conjugates (over
Q) of an algebraic number are the complex zeroes of its minimal polynomial over Q. While
there is no nice asymptotic for the logarithm of the counting function associated to our
question from the beginning, we have managed to obtain such an asymptotic in many
cases if the number of conjugates that lie inside the open unit disk is also prescribed. For
deN=1{1,2..},kef{0...,d},and H € [1, 00), we set

Ak, d,’H) = {a € G [Q(e) : Q] = d, H(e) = 'H, and precisely

k conjugates of « lie inside the open unit disk},
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Ak d) = | Ak d 1),
H>1

Bk d, 'H) = {H(a);a € G, [Q(a) : Q] = d, H(x) < H, and precisely

k conjugates of « lie inside the open unit disk},

and
Bk, d) = {H(a);ax € A(k, d)}.

By Northcott’s theorem, the sets A(k, d, H) and B(k, d, H) are finite for all { > 1. The main
goal of this article is to measure the growth of |A(k d, H)| and |B(k, d, H)| as functions of
H. As A(k, d, H) is empty if H ¢ B(k, d), we consider |A(k d, H)| only for H € B(k, d).

We set
log |A(K, d,
atkd)= lim 2AGLTDI
HeB(kd) log'H
H—o00
and

b — Tim 28B40
H—00 log H

if these limits exist. It will follow from Lemma 3.1 that A(k, d) is an infinite set. Thus,

B(k, d) contains arbitrarily large elements and at least the limit superior and inferior

corresponding to a(k, d) certainly exist.

We remark that it is not clear if the conjugates inside the open unit disk are the right
thing to take into account here. The Galois group of the normal closure of Q(«), the degree
[Q (H (@) ) : Q], and the normal closure of Q (H (@)? ) also seem to play an important role
as will become apparent. Of course, these objects are not independent of one another (e.g.
k € {0, d} is equivalent to [Q (H(Ot)d) : Q] =1).

The main results of this article can be summarized as follows:

Theorem 1.1 Letd € Nand k € {0, ..., d}. Then the following hold:

(1) b(0,d) = b(d, d) = d (Theorem 2.1(i)),
(i) a(0,d) = a(d, d) = d? (Theorem 2.1(ii)),
(iii) b(k d) =d(d +1)if0 < k < d (Theorem 4.1(ii)),
(iv) alk d) =0if0 < k < d and gcd(k, d) = 1 (Theorem 5.2), and
(v) a(k d) does not exist if 0 < k < d and ged(k, d) > 1, but the corresponding limit
superior and limit inferior are equal to d(gcd(k, d)—1) and O respectively (Theorem 7.5
and Lemma 7.6).

Demanding that the action of the Galois group of the normal closure of Q(«) on the
conjugates of « € A(k d, H) is sufficiently generic implies that there are few such « if
0 < k < d. The following is our strongest result in this direction:

Theorem 1.2 (= Theorem 5.2(iii)). Letd € N, € > 0, and k € {1, ...,d — 1}. There exists
a constant C, depending only on d, k, and €, such that for all H € [1, oo) we have

Ho € A(k d, H); the Galois group of the normal closure of Q(«) acts
primitively on the set of conjugates of a}| < CHE.



33 Page4of33 Dill Res. Number Theory (2021) 7:33

We also show that the height function together with the degree is in some sense “almost
injective” if the degree is at least 2:

Theorem 1.3 (= Theorem 4.3). Let d > 2. For every € > 0, there is Hy = Ho(d, ¢) € R
such that
o eCilQ@: U=dH <HI .
{H(a);a € C [Qe) : Q] =d, H(er) < H} —

forall H > Ho.

If d = 4 and k = 2, then we obtain finer results than those given by Theorem 1.1
according to whether [Q(H*) : Q] equals 2, 4, or 6:

Theorem 1.4 Let € > 0. There exists a constant C, depending only on €, such that the
following hold:

(i) A2 4 H)| < CHE for all H € B(2,4) such that [Q(H*) : Q] = 6 (Lemma 3.3),
(i) |A(2 4, H)| < CHE forall H € B(2,4) such that [Q(H*) : Q] = 4 (Theorem 6.1), and
(iii) forevery i € [0, 4], there exists a sequence (Hy)nen in B(2, 4) such that [Q(HZ}) : Q] =

log AQAHAI _ (Theorem 6.2).

2foralln € N, limy—, 0 Hy = 00, and lim;—, Tog M,

In the construction in the proof of Theorem 6.2, the field Q(#*) is made to vary in an
infinite set unless k = 4. This suggests that in general fixing the field Q(%) might lead
to more uniform growth behaviour. The following is a simplified version of Theorem 7.1:

Theorem 1.5 Let 8 € (0,1) and € > 0 and let K C Q be a fixed Galois extension of Q.
Let k d € N such that 0 < k < d and let H € Q N [1, 00) such that the normal closure of
Q(H?) is equal to K.

Suppose that a € A(k,d, H). Set L = Q) NK and | = d[L : Q]! and let B € L be the
Q(a)/L-norm of «. There exists a constant C = C(k d, K, §,€) > 0 such that if for every
field embedding o : Q(B) < C, we have either |o(B)| > (1 —8)"L or |o(B)| <1 — 6, then

|A(k, d, H)| = CHAU-D~,

Theorem 7.1 is then used together with upper bounds for |A(k, d, H)| from Theorem 5.2
for the determination of the limit superior corresponding to a(k, d) in Theorem 7.5. We
also give examples that show the necessity of the dependence of C on K and é.

In Sect. 8, we count polynomials with integer coefficients of fixed degree d and fixed
Mahler measure M as defined in Section 1.6.4 of [3]. Among these polynomials, those
that are irreducible in Z[¢] are in a 1-to-d correspondence with the algebraic numbers
of degree d and height Ma. However, we also count the polynomials that are reducible
in Z[t] and this leads to somewhat simpler results although even fewer of the considered
limits exist. We obtain Theorem 8.1, an analogue of Theorem 1.1 in this context.

Following a suggestion of Norbert A’Campo, we study the dynamical behaviour of the
height function in Sect. 9. The dynamical behaviour of the Mahler measure has been
studied initially by Dubickas in [9] and [10] and subsequently by Zhang in [31] as well as
by Fili, Pottmeyer, and Zhang in [11]. We obtain the following result:
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Theorem 1.6 (= Theorem 9.3). Let a € Q and define inductively ag = o, a,, = H(a,—1)
(n € N). Then either there exist N,a € Nandb € Q, b > 0, such that a,, = a® foralln > N

orlim, 00y = 1.

In particular, the periodic points of H are precisely the a’ fora € Nand b € Q, b > 0.

Our proofs are mostly elementary. Our constructions of many algebraic numbers of a
given height rely on point counting results for lattices by Barroero-Widmer in [2] (in the
proofs of Theorem 2.1 and Lemma 3.1) and Widmer in [30] (in the proof of Theorem 7.1).
The first of these results generalizes a theorem of Davenport in [8] while the second one
generalizes a theorem of Skriganov in [25].

The main result of [2] is formulated in an arbitrary o-minimal structure; we will however
apply it only in the structure of semialgebraic sets, where a subset of R” (n € N) is called
semialgebraic or definable (in the structure of semialgebraic sets) if it is a finite union of sets
defined by a finite number of polynomial equations and inequalities with real coefficients.
By the Seidenberg-Tarski theorem, the structure of semialgebraic sets is o-minimal, which
implies that besides polynomial equations and inequalities with real coefficients, we can
also use existential and universal quantifiers to define semialgebraic sets. For a general
introduction to o-minimal structures, see [26].

For a real number &, we denote by [£] the largest integer which does not exceed §. We
use ¢ to denote Euler’s phi function and p to denote the Mdobius function. For a finite
field extension L/K, we denote the corresponding field norm by Ny k. If K is a number
field, then we denote its ring of integers by Ok. The norm of an ideal Z of Ok is denoted
by N(Z). The imaginary unit in C is denoted by v/—1 and the real and imaginary part of a
complex number are denoted by Re and Im respectively.

For a real-valued function f on S C R”, we write O(f) for any function g : S — R such
that there exists a constant C = C(f g) > 0 with |g(s)] < Cf(s) foralls € S.Ifn =1, S
is unbounded, and f(s) > 0 for |s| large enough, we say that a function g : S — R is of
growth order off) if limges,|sj— 00 ';%E—jg' =0.

If @ is an algebraic number of degree d, a minimal polynomial of « in Z[t] is an irreducible
element of Z[t] that has « as a zero. There are two choices for a minimal polynomial of
a in Z[t] as (Z[¢t])* = {£1}. The following simple observation will be used at different
places throughout this article: If 4 is the leading coefficient of a minimal polynomial of «
in Z[¢t] and oy, . . ., ay_ are the conjugates of « that lie outside the open unit disk, then
H(@)? = |al|lay| - - - leg_i| = +aoq - - - ag_g (see Propositions 1.6.5 and 1.6.6 in [3]). We
can write £o; instead of |o;| (i = 1,...,d — k) since the non-real conjugates appear in
complex conjugate pairs and the real conjugates are equal to their absolute value up to

sign.

2 Thecasek € {0,d}

In this section, we treat the case where k € {0, 4}, which is the easiest one to resolve.
Theorem 2.1 Let d € N. The following hold:

(i) b0,d)=b(d d)=d,and
(i) a(0,d) = a(d, d) = d>

(In particular, all these limits exist.)
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Proof (i) Eisenstein’s criterion shows that all real positive d-th roots of integers between
2 and H? that are congruent to 2 modulo 4 belong to B(0, d, ). Using that the height of
a non-zero algebraic number is equal to the height of its inverse, we deduce that they also
belong to B(d, d, H). Also, every element of B(0, d, H) or B(d, d, H) is a real positive d-th
root of some integer between 1 and H%. So H% > |B(0, d, H)| > %'H‘i for H large enough
and the same holds for |B(d, d, H)|. It follows that (i) holds.

(ii) Let us define

Z = [(wo,...,wd_l,T)eRdXR;w0>O,Elx1,...,xd, Y- 94 €ER:
sz+y]221‘v’j:1,...,d, gGxL YL X%, ¥0) =0V =0,...,d -1,

and fi(x1, 1, - %y 9y T) = w¥j = 0, ..., d — 1}, 2.1)

where fi(x, y1, - - ., %4, Y0, T) =

(1 +=1y1) - (xg + v/~ 1ya)

and gi(x1, y1, . - -, Xa» Ya) =

—1)4-j
Re( (=)*7T O-j(x1+\/—_1y1,...,xd+\/—_1yd)):

1
Im( oj(x1 +\/—1y1;~~~;xd+\/_1yd))
(o1 +v/=Ty1) -+ (xa + v=Tya)
forj=0,...,d — 1, where oj is the j-th elementary symmetric polynomial in d variables.

The set Z is definable in the o-minimal structure of all semialgebraic subsets of R”
(n € N). Let 7 : R? x R — R? be the canonical projection. For T € R, T # 0, the set
Zr =n(ZN([RE x {T})) parametrizes polynomials wot? +- -+ 4wy_1t+T of degree d with
real coefficients and positive leading coefficient that have no complex zeroes inside the
open unit disk and whose constant coefficient is equal to T. Note that Zy = |T| - Z7/ 1
(T # 0) and that the coordinates of a point in Z7 can all be bounded by some constant
multiple of | T'|, depending on d. It follows that the volume of Z7 is | T|* times the volume
of Zr) 1) (T # 0) and that the volume of any orthogonal projection of Z7 on some
j-dimensional coordinate subspace of R? has j-dimensional volume at most a constant
multiple of | T}/, depending on d.

We then deduce from Theorem 1.3 in [2] that

|zr 02| = veyriTi?| = 01

for |T| > 1, where V,, is the volume of Z,, for u € {£1}. Here and in the rest of this proof,
the implicit constants in the O notation depend only on d. The volume V/, is positive for
u € {£1} since

d
|wozd+---+wd_1z+u|>1—g>0

forall (wo, ..., wg_1) € [1/(4d), 1/(2d)] x [-1/(2d), 1/(2d)]? ! and all z € C with |z| < 1
and therefore [1/(4d), 1/(2d)] x [—1/(24d), 1/(2(1)]”1_1 C Zy. We have

Ny(T) := |{P(¢t) = at +.. . £T e Z[t];a > 0, all complex zeroes of P are at least

1in absolute value}|

= |zr N 27|+ |2 ry N2 = (Vi + Vo) T+ 0T
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for T € N.
If we define

NyT) = |{P(t) = at? + .- -+ T € Z[t];a > 0,gcd(a, ..., £T) = 1,

all complex zeroes of P are at least 1 in absolute value}|,

then we have Ny(T) = SIT N, (S). Using Mébius inversion together with an elementary
bound for the divisor function, we deduce that

Ny(T) = ZH(S)Nd <§) = (Vi +V_)T? Z % +0 (Td—%>,

SIT S|IT

Here } g 1 % =[lyr (1 — }%) is at most 1 and at least LTT) In fact, for d > 2, the
L

product is at least [ ]7~, (1 — l<2) = %, so bounded from below uniformly.
What we really want is

Ny(T) = [{P(t) = at® +... £ Te Z[tl;a > 0,gcd(a, ..., £T) = 1, Pis irreducible in Q[¢],

and all complex zeroes of P are at least 1 in absolute value}|

since |A(0, d, H)| = dN;(H?) if H% € N, but the contribution of the reducible polynomials
to Ny (T) is at most
]

4]
Y Ne®N,—e (%) =Y Y owsIri) = 0 (T473).

e=1R|T e=1R|T
Hence, we obtain that

d 1
d(vi + v_1)¢g; i _ o (Hd(d_2>>

for H% e N. Since H? € N for all H € B(0, d), we deduce (ii) from elementary lower
bounds for ¢(H?), at least for a(0, d). For a(d, d) we can repeat the same argument, but
counting é instead of « and replacing sz + y/.2 > 1by x}z + y/.2 > 1in (2.1). ]

One can say even more about the sets B(0, d) and B(d, d). We denote by N7 the set of
the positive real d-th roots of all natural numbers.

Lemma 2.2 Letd € N. We have

B0,a) < | N\ ¢ 90,
N4 ifd € ¢(N),
and
B(d, d) — N?\{l} ifd > 1,
N4 ifd =1.

Proof (As suggested by G. Rémond.) It follows from Propositions 1.6.5 and 1.6.6 in [3]
that B(0, d) and B(d, d) are both contained in Ni. In the case d = 1, the lemma follows
from H(n) = H(n™!) = n for all n € N together with H(0) = 1, so we assume that d > 2.
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If [Q@) : Q] =d > 2 and H(a) = 1 for some « € Q, then « is a root of unity by
Kronecker’s theorem (Theorem 1.5.9 in [3]), so « € A(0,d, 1) and d = ¢(n) for some
n € N. On the other hand, if d = ¢(n) for some n € N, then any primitive n-th root of
unity belongs to A(0, d, 1). It follows that 1 never belongs to B(d, d) if d > 1 and that 1
belongs to B(0, d) if and only if d € ¢(N).

Let now N be a natural number that is greater than or equal to 2. We want to show
that the positive real d-th root Né of N belongs to B(0, d) N B(d, d). For this, we define a
natural number p as follows: If N = 2, wesetp = 1.If N > 3,then weletp € Nbe a prime
number such that p < N and p does not divide N. Such a prime number always exists:
If N =3, wesetp = 2.If N > 4 and no such prime number existed, then N would be
divisible by the product IT of all prime numbers that are smaller than N. Now I1 —1 > 5
must have a prime factor and this prime factor must be greater than or equal to N. It
follows that IT < N < II — 1, a contradiction.

The polynomial Nt? — p is irreducible in Z[t] by the coprimality of p and N together
with Eisenstein’s criterion (applied to pt? — N if N = 2). The complex zeroes of this
polynomial belong to A (d, d,N é) and their inverses belong to A <0, a,N $> It follows

that N2 € B(0, d) N B(d, d). This completes the proof of the lemma. O

3 Some useful lemmas

In this section, we collect some simple but useful lemmas. The first one shows that speci-
fying the number of conjugates inside the open unit disk does not change the growth rate
obtained by Masser and Vaaler in [17].

Lemma 3.1 Letd € Nandk € {0, ...,d}. The limit

. ZH’gH |A(k’ d» H/)|
lim
H—00 Hd(d‘H)

exists and is positive.

Lemma 3.1 implies that A(k, d) is infinite and so B(k, d) contains arbitrarily large ele-

ments.

Proof We first remark that

Y Ak d M) = {e € C[Q@): Q] =4 H(@) <, and
H<H

precisely k conjugates of « lie inside the open unit disk}|.

We can again apply Theorem 1.3 from [2] to the following definable family of semial-
gebraic sets:

Z=1{(woy...,wg, T) € R4H1 xR, T >1,wp>0,3xy,...,%

yl,...,ydeR:sz—i-yjz<1Vj:1,...,k, xf—i—yle‘v’j:k—i—l,...,d,

gj(xl»yl;u';xd;yd) :()V] = 1,...,d,

d
wofi (5L Y1 - X ya) = w¥i =1, dwy [] & +y) < T*4, (3.1)
j=k+1
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where

[y 50 0) = (<1Y Re (50 + V=, 020 + vV =Tya)
and

&L Y1 - %0 yq) =Im (oj(xl + x/—_lyl, oo Xy + «/—_lyd))

forj =1,...,d and the o are again the elementary symmetric polynomials in d variables.
If again Z7 = (Z N (R¥*1 x {T})) for the projection 7 : R¥*1 x R — Rl and T > 1,
then it is easy to see that all coordinates of a point in Z7 are bounded by some constant
multiple of T, depending on d, that Zr = T - Zj, and that Z; has non-empty interior.

Similarly as above, Ny (T) := | Zr NZ4+1| counts the number of polynomials P(¢) € Z|[¢]
of degree d with positive leading coefficient and precisely k complex zeroes inside the open
unit disk (counted with multiplicities) such that the product of the leading coefficient
and the absolute values of the complex zeroes outside the open unit disk, each absolute
value raised to the power of the respective zero’s multiplicity, is at most 7. If N (T)
denotes the number of such polynomials with coprime coefficients, then we have that
Ngi(T) = Y52y Ny (%)

Using another Mobius inversion and Theorem 1.3 from [2], we deduce that

d+1
n=1 n

o0
Ny(T) = C (Z “(")> T4 L O(T% log max{2, T})
for some constant C > 0, where C as well as the implicit constant in the O notation
depend only on d and k. The proof of Lemma 2 in [17] shows that the number of reducible
polynomials that we count in this way is of lower growth order. We can therefore deduce

the lemma by setting T = H?. O
The next lemma follows straightforwardly from Lemma 3.1.

Lemma 3.2 Letd € Nand k € {0, ..., d}. If the limits a(k, d) and b(k, d) both exist, then
a(k,d) + b(k, d) = d(d + 1).

Proof If they added up to some smaller number, we would immediately obtain a con-
tradiction with Lemma 3.1 for H big enough, so suppose they add up to some bigger
number. If b(k, d) = 0, then a(k d) > d(d + 1) and we immediately get a contradiction
with Lemma 3.1 for H big enough. So we can assume that b(k, d) > 0.

We can find some ¢ € (0,1) such that (1 — €)b(kd) + (1 — €)alk d) > d(d + 1)
and then we can find § € (0, ¢) such that (1 — 8)b(k,d) > (1 + 8)(1 — €)b(k d) and
(1 —e)blkd)+ (1 —08)(1—¢€)alk d) > d(d+ 1). For H > 1 large enough, it follows from
the definitions of a(k, d) and b(k, d) that

Y AkdH) = Y JAkdH)

‘H'eB(kd,H) H' eB(kd, H)
H/ZHI—G

> (H(1—8>b<k,d) _ H(1+8><1—e>h<k,d)) HA=O)1—e)alkd).

As (1 —-8)b(k d) > (14 8)(1 —€)b(k, d) and § < ¢, the right-hand side grows asymptot-
ically faster than
HA=bkd)+(1-8)(1~€)alkd)
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Since (1 — €)b(k, d) + (1 — 8)(1 — €)a(k d) > d(d + 1), this again contradicts Lemma 3.1.
O

The nextlemma is the first and weakest in a series of results saying thatfork € {1,...,d—
1}, there cannot exist too many o € A(k d, H) whose Galois group is “large”.

Lemma 3.3 Letd € N, e > 0,andk € {1, ...,d—1}. Thereexists a constant C = C(k, d, €)
such that

H{o € A(d — k d, H); the Galois group of the normal closure of Q(«) acts
transitively on the k-element subsets of the set of conjugates of a}| < CH*

forall’ H > 1.
Furthermore, we have

|A(k d, H)| < CHE
for all H > 1 with [Q(H%) : Q] = (4).

Proof Let a € A(d — k d,’H) and assume either that the Galois group of the normal
closure of Q(«) acts transitively on the k-element subsets of the set of conjugates of «
or that [Q(H%) : Q] = (dik)' Now, for such an o we have H? = H(a)? = +ao - - - ok,
where a > 0 is the leading coefficient of a minimal polynomial of « in Z[¢] and &y, . . ., o
are the conjugates of o that do not lie inside the open unit disk. By assumption, we have
0 < k < d. We can assume without loss of generality that « = «; since o) determines «
up to d possibilities.

Now note that
(“ 1_[,]';1 O‘/’) l_[f';z (ﬂakﬂ (Hf;y O’/))

i
ad® = aak = ,

k—1
k+1 .
(aIT )

where a1 is a conjugate of o, distinct from the o;j (j = 1, .. ., k) (here we use that k < d).

The numerator and denominator of the right-hand side are products of conjugates of +H%
by our assumption on either the Galois group of the normal closure of Q(«) or the degree
of H%. So acX is determined by H up to finitely many possibilities (bounded in terms of
only d and k), so it can be assumed fixed. The same holds for aoc}( forallj =1,...,d by
conjugating. And aa* together with 4 determines « up to k possibilities (here we need
that k > 0), so it remains to bound the number of possibilities for a.

But a?|b|* = H;izl alaj ¥ is already determined up to finitely many possibilities
(bounded independently of ), where b is the constant coefficient of a minimal polynomial
of o in Z[t], and a has to divide this natural number as k < d. Since | ]—[;1:1 aoz;‘ | < Hdz, it
follows from well-known bounds for the divisor function that there are at most C’(d, €)H*¢
possibilities for a. O

The next two lemmas contain general facts from algebraic number theory that will be
useful at several places in this article.

Lemma 3.4 Suppose that o € Q with [Q(t) : Q] = d. Let ay, . . ., oy be the conjugates of
a and let a € 7 be the leading coefficient of a minimal polynomial of o in Z|[t]. Let S be a
subset of {1, ..., d}. Then a ||, o is an algebraic integer.
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Proof Let v be a finite place of Q(«1, ..., ay) and | - |, an associated absolute value. We
have

e

seS

d
< lal, [ [ max{1, ezl,}.
v i=1

From the Gauss lemma (Lemma 1.6.3 in [3]) and the definition of 4, we deduce that

d
jal, [ [ max{1, ely} = 1.
i=1

As v was arbitrary, the lemma follows. o

Lemma 3.5 Let K C Q be a number field, N € 7, H > 1, and ¢ > 0. Set D = [K : Q].
There exists a constant C = C(D, €) such that

l{a € Ox; Nijgle) = N, H(a) < H}| < CH".

Lemma 3.5 essentially follows from the proof of Proposition 2.5 in [5]. For the reader’s
convenience, we reproduce the proof here.

Proof We can assume without loss of generality that 0 < |[N| < HP since otherwise the
set whose cardinality we wish to bound has at most one element.

Let Uy denote the group of algebraic units in K. We call two elements of K\ {0} associate
if their quotient belongs to Uk. It follows from [4], pp. 219-220, our bound for |N| in
terms of H, and elementary bounds for the divisor function that the number of pairwise
non-associate elements of Ok \{0} with K/Q-norm N is bounded by C'(D, €)H2.

Hence we can assume that @ = aoé forsome ¢ € Uk and fixed g € O with Ng,g(a) =
Nk g(ag) = N and max{H (), H(ato)} < H. It follows that H(§) < H2. We want to bound
the number of possibilities for £.

Let o; : K — C denote the distinct embeddings of K in C (i =1, ..., D) and set

v(n) = (log lo1(n)l, ..., loglop(n)])

for n € Uk. Then v is a group homomorphism from the multiplicative group Uk to the
additive group R and its image v(Ux) C RP is a discrete free Z-module.

Since H(£) < H?, we have that v(£) belongs to the cube [—2D log H, 2D log H]”. This
cube can be covered by at most C”(D, €)H3 translates of the unit cube [0, 1]°. Since v is
a group homomorphism, it therefore suffices to show that the number of € Uk with
v(n) € [-1,1]P is bounded by a constant depending only on D. For 1 € Ux define

D
Py() =[] (¢ = oitm) € Zl2]
i=1
so that P,(n) = 0. If v(n) € [—1, 1]°, then the absolute value of each coefficient of P, is
bounded by exp(D(1 + log 2)). This completes the proof of the lemma. O

4 Thecasek € {1,d — 1} ord prime

In this section, we completely resolve the cases where k € {1,d — 1} or d is prime. We
also determine b(k, d) for all k and d. Although many of the results in this section will
be superseded by Theorem 5.2, we have included them because they can be proved in a
different, somewhat easier way.
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Theorem 4.1 Letd € Nand k € {0, ..., d}. Then the following hold:

(i) a(Ld)=ald—-1,d)=0ifd > 2,
(i) bk d)=d(d+1)ifd >2and0 < k < d, and
(iii) a(k d) =0ifd is primeand 0 < k < d.

(In particular, all these limits exist.)

Theorem 4.1(ii) implies together with Lemma 3.2 that ford > 2and 0 < k < d, a(k, d)
must be equal to 0 if it exists.

Proof (i) This follows from Lemma 3.3 as the Galois group of the normal closure of Q(«)
always acts transitively on the 1-element and the (d — 1)-element subsets of the set of
conjugates of «.

(ii) It follows from Lemma 3.1 that |B(k, d, H)| = O (H‘MH)) for H > 1. If the equality
in (ii) is false or the limit b(k, d) does not exist, it follows that there is some € > 0 such that
there exist arbitrarily large H{ > 1 such that |B(k, d, H)| < H*@+1)~¢ Lemma 3.3 implies
that for H' € [1, 00), the number of & € A(k, d, H') with Galois group isomorphic to the
full symmetric group S is bounded from above by CH'? for some constant C = C(k, d, €).
Furthermore, the number of & € ;-4 A(k d, H') with Galois group not isomorphic to

the full symmetric group is of growth order o (Hd(d+1)) (see [27]). But by Lemma 3.1, the
number of « of degree d with precisely k conjugates inside the open unit disk and height
at most H grows asymptotically like some constant positive multiple of H#@+1), which
yields a contradiction for H large enough.

(iii) We follow a similar strategy as in the proof of Lemma 3.3. Let d be a prime number,
0 <k <d H e [loo),and @ € A(k d, H). The Galois group of the normal closure
of Q(«) must contain an element of order d since d is prime and the Galois group acts
transitively on the d-element set of conjugates of «. Since d is prime, such an element of
order d must act as a d-cycle on the conjugates of «. If these conjugates are oy, ..., oy,
we can assume without loss of generality that this d-cycle acts on them by acting on the
indices as (12 - - (d — 1)d). We have H? = H()? = +a [1jc; @i for some ! C {1,...,d}
with |I| = d — k and a € N the leading coefficient of a minimal polynomial of « in Z[t].
We aim to write some [-th power of aaf_k as a quotient of products of conjugates of
+H%, where I € N and the number of conjugates that appear are bounded in terms of k
and d only. Once this is achieved, we can conclude as in the proof of Lemma 3.3.

To a (formal) product ]_[fl:1 ocl.ei with e; € Z we associate a vector (ey, . . ., ez) € Z%. Let
v € Z? be the vector associated to [1,c; @i- Consider the Z-module A generated by A'v
(i=0,...,d— 1), where A is a permutation matrix corresponding to the cycle (12 - - - d).
If finite (which we will later prove it to be), the index [Z% : A] can be bounded by (d — k)%
through an application of Hadamard’s determinant inequality.

Assuming for the moment that [Z4 : A] < 0o, we deduce that (1,0, . ..,0) € A for some
natural number n < (d — k)%. We see that d — k must divide # since d — k divides the
sum of the coordinates of every element of A. Hence we have n = (d — k)/ with/ € N
bounded by (d — k)%’l. The expression of (1,0, . . ., 0) as a linear combination of the A’y
is necessarily unique and the coefficients of the A’v in this linear combination can also be
bounded in absolute value in terms of k and d only (i = 0, ..., d — 1). Translating all of
this into terms of products of conjugates of +=H yields that (aaf_k )! can be written as
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a quotient of products of conjugates of £+ for some natural number [ < (d — k)%_l,
where the number of conjugates that appears is bounded in terms of k and d only as we
wanted.

It remains to prove that [Z¢ : A] < oo. Equivalently, we can show that the vector
subspace V of C? generated by the A’v (i = 0, ...,d — 1) has dimension d. Over C, the
matrix A is diagonalizable and we have C% = @?2_01 Wi, where ¢ is a primitive d-th root
of unity and

W, = {we CHAw = aw} (L € Q).

The vector subspace V is A-invariant and so V = @?1:_01 (VN Wp). It cannot be
contained in W) since Av # v (here we use that 0 < k < d), so there exists some
je{l...,d— 1} with V' N W, # {0}. As dim W, = 1 for all i, it follows that
W, C V. Since' V is defined over Q, it follows by conjugating that @212—11 W, C V.
But 0 # Z?I;()l Alyv e VN Wi, s0 Wi C V as well. It follows that V = EB?;OI Wi = c4.

O

By adapting the proof of Theorem 4.1(iii), we can now strengthen Lemma 3.3.

Lemma4.2 Letd € Ne > 0,andk € {1,...,d—1}. Thereexists a constant C = C(k, d, €)
such that

o € Ak d, H); the Galois group of the normal closure of Q(«) acts
2-transitively on the conjugates of a}| < CHE

forall’ H > 1.

Proof LetH € [1, 00) and @ € A(k, d, H) such that the Galois group of the normal closure
of Q() acts 2-transitively on the conjugates of «. Let «y, ..., &y be the conjugates of «.
We want to mimick the proof of Theorem 4.1(iii). We have H? = +a [1;e; o for some
IcA{1,...,d}with|l| =d — k and a € N the leading coefficient of a minimal polynomial
of « in Z[¢t]. The Galois group of the normal closure of Q(«) can be identified with a
subgroup G of the symmetric group S;. To a (formal) product ]_[fl=1 af with e; € Z we
again associate a vector (ey, . . ., e;) € Z%. The group G then acts on Q% by permuting the
coordinates. We will denote the vector associated to [ [;.; ; by v. As we have seen in the
proof of Theorem 4.1(iii), it suffices to show that the vector space V' generated over Q by
the gv for g € G must be Q¢ in order to prove the lemma.

Certainly, this vector space is G-invariant. Since G acts 2-transitively, we know that
there are only 4 G-invariant vector subspaces of Q4,ie {0},Q(1, 1, 1,...,1),

Q1 -10,...,00® Q0 1, -10,...,00® - ®QO,...,0,1, —1),

and Q7 (see [24], Exercise 2.6). We can immediately exclude the first two since neither
of them contains the vector v. Furthermore, the vector deG gv is non-zero and lies in
Q(1,1,1,...,1), so we can also exclude the third one. It follows that V = Q¢ and we are
done. O

The next theorem shows that the height function together with the degree is in some
sense “almost injective” if the degree is at least 2.
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Theorem 4.3 Letd > 2. For every € > 0, there is Ho = Ho(d, €) € R such that

Ho € G[Qw) : Q] = 4, H(a) < H}| < e
{H () € G [Qa) : Ql =d, H(er) < H}| —

Jorall H > H.

Theorem 4.3 is patently wrong for d = 1, where the left-hand side of the inequality in
the theorem grows linearly in H.

Proof First, we can replace the numerator in the inequality by the cardinality of the set

{o € G Q) : Q] =d, H(x) < 'H, precisely one conjugate of o

lies outside the open unit disk}.

Why? By Lemma 3.1, the number of « of degree d with precisely one conjugate outside
the open unit disk and height at most H grows asymptotically like some constant positive
multiple of H?¥@+1), Because of Lemma 3.1, applied for all k € {0, .. ., d} (or thanks to the
main result of [17]), demanding that « is in this set then changes the left-hand side of the
inequality in the theorem by a factor bounded from below by some ¢ = ¢(d) > 0 for H
large enough in terms of d.

Let

B(d; H) = {H(a);x € G, [Q() : Q] = d, H(a) < H},

then we can rewrite our new numerator as

Z e € C;[Qe) : Q] = d, H(e) = H, precisely one conjugate of «
HeB(d;H)

lies outside the open unit disk}|.

By Theorem 4.1(i) each summand here is bounded by CH? for some C = C (d, €) and
we are done. O

5 Thecasegcd(k, d) = 1

In this section, we prove Theorem 5.2, which will give a useful unconditional upper bound
for |A(k d, H)|. Theorem 5.2 also provides a further strengthening of Lemmas 3.3 and 4.2.
We first prove an auxiliary lemma that will also be useful later.

Lemma 5.1 Let kd € Nsuch that 0 < k < d and let H € Q N [1, 00). Let K denote
the normal closure of Q(H?®) and suppose that a € Ak d, H). Then [K(a) : K] divides
ged(k, d).

Furthermore, let oy, ..., a, be the conjugates of o, numbered so that |a;| > 1 if and
only if1 < i < d — k. Then any element o € Gal(Q/Q) that fixes H® also fixes the set

{051, e O(d_k}.

Proof We first prove the second part of the lemma: If it were false, there would exist an
element 0 € Gal(Q/Q) that fixes H%, but does not fix the set {«1, ..., o _x}. But this
immediately yields a contradiction since H? = aa; - - - a4_j for some non-zero integer a
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and

<log---og_gl

e

seS

for every subset S of {1, ..., d} of cardinality d — k thatis notequal to {1, ...,d — k}.

We deduce that the coefficients of the polynomial ]_[?z_lk (t — «;) belong to Q(H%). In
order to prove the first part of the lemma, we will make use of the following simple facts:
If Ky /K; is a finite Galois extension of fields of characteristic 0 within a fixed algebraic
closure K; and & € Kj, then [Ky(€) : Kb] divides [K1(£) : Ki]. Furthermore, if 1 is a
conjugate of & over Kj, then [Ky(n) : K] = [K2(§) : Ka).

We deduce that [K (&) : K] = [K(«;) : K] divides [Q(H%, ;) : QH)] (i=1,...,d — k)
and divides [Q() : Q] = d. But by the above, d — k is the sum of some of the [QHY, «;)
Q(H)], namely one for each irreducible factor of ]_[?z_lk (t — ;) in Q(HA)[¢]. So [K () : K]
divides d — k and d, hence divides gcd(k, d). This completes the proof of the lemma. O

We can now prove Theorem 5.2.

Theorem 5.2 Letd € N, ¢ > 0, and k € {1,...,d — 1}. There exists a constant C,
depending only on d, k, and €, such that for all H € Q N [1, 00) the following hold:

(i) Let K denote the normal closure o Q(Hd) and let | € N divide gcd(k, d), then
g
Ha € A(k, d, H); [K(a) : K] =1}| < CHd(l_l) S

(i) |A(k d, H)| < CHAEARD=Dre, g
(i Ha € A(k d, H); the Galois group of the normal closure of Q(«) acts
iii
primitively on the set of conjugates of a}| < CHE.

In particular, a(k, d) = 0 if gcd(k, d) = 1.

We will see later that the exponent in the bound for |A(k d, H)| is indeed sharp for
every choice of (k, d). Let us also note at this stage that one might hope a priori to prove
that a(k d) = O foralld € Nand k € {1,...,d — 1} with gcd(k, d) = 1 by showing
the following: For any transitive subgroup G of the symmetric group S; and any vector
v € Q% with exactly k entries equal to 1 and d — k entries equal to 0, the set Gv generates
Q7. Unfortunately, this statement is wrong. One can construct a counterexample with
G equal to the subgroup generated by the d-cycle (12---d) from any counterexample

to the following statement: Any sum of k distinct d-th roots of unity is non-zero. If we
2 /—1

denote e~ » by ¢, for n € N, then a construction by Rédei (see [19], Satz 9) yields
counterexamples like

2

6
o:<—1)+(—1><—1>=;2+<244) PRAL
j=1

i=1
where the right-hand side is a sum of 13 distinct 42-nd roots of unity. If G is a 2-transitive
subgroup of Sy, then it follows from the proof of Lemma 4.2 that the statement is correct.
We see that Theorem 5.2(i) yields an upper bound with exponent € as soon as the normal
closure of Q(H?) contains «. If we restrict ourselves to o such that Q(«) is Galois over Q,
we can for example obtain such a bound as soon as [Q(H?) : Q] = d. In Theorem 6.1, we
will see another case where Theorem 5.2(i) can be applied with [ = 1.
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Proof of Theorem 5.2 Let H € Q N [1,00) and let & € A(k d, H). Let K be the normal
closure of Q(H%) and set [ = [K(«) : K]. By Lemma 5.1, [ divides ged(k, d). Thus, part
(ii) of the theorem directly follows from part (i), after adjusting the constant C. Since
[ < ged(k d) < d,we must havel = 1if Gal(Q/Q) acts primitively on the set of conjugates
of @, so part (iii) also follows from part (i).

We now fix / and prove part (i): Let oy, . . ., @y be the conjugates of o, numbered so that
loj] > 1ifand only if 1 < i < d — k. Let a be the (non-zero) leading coefficient of a
minimal polynomial of « in Z[¢], chosen such that H(«)? = aa; - - - ay_y. It follows from
Lemma 5.1 that

Nggy o) = a @A
1T Bel
where 7 is the orbit of {a1, ..., ¢y_¢} under the Galois group of the normal closure of
Q(«) and the cardinality of 7 is [Q(H?) : Q]. Since the Galois group acts transitively on
{ag, ..., a4}, we have that

QHQ (1-%) el

Noayp(H?) = dl HCTREN:%) (5.1)
In particular, d divides (d — k)[Q(H?) : Q]. Since k > Oand aw; - - - oy € Z, we have that
a divides Ny /Q(’Hd ) in Z. So the number of possibilities for a is bounded by C1H5 for
some constant Cj, depending only on d and €. Hence we can assume that a € Z\{0} is
fixed.
Let I C {ay,...,a4} be the subset of conjugates of « over K (of cardinality /). For

je{l, ..., 1}, weset
n=a 2 []#
JCLII=j BeJ

All the y; lie in the fixed number field K that is determined uniquely by H and 4. We
deduce from Lemma 3.4 that the y; are algebraic integers (j = 1,..., ).

The orbit of I under Gal(Q/Q) consists of % pairwise disjoint sets [ = I, ..., I%. We
calculate that Nx/q(y;) is equal to
KQu

AT X 16

s=1]Cl|J|=j Be]

By Lemma 3.4, the number

d
I
N=a[] > T]#
s=1]Cl,||=j Be]
is a rational integer and together with 4, it completely determines Nx /¢ (y}).

If j = [, then N; = N; divides N@(Hd)/@(Hd) by (5.1) since k < d. Therefore, N is
already determined up to CyHs possibilities, where C, depends only on d, k, and €. If
j €{l,...,1—1},then N; is at least bounded in absolute value by C3H?, where C3 depends
only on d and k.

The algebraic integers y; (j = 1, . .., [) lie in the given number field K of degree at most
d! and their height is bounded by C4H%, where Cy depends only on d and k. It therefore
follows from Lemma 3.5 that the number of possibilities for each of them, if their K /Q-
norm is fixed, is bounded by CsH 3, where Cs depends only on d, k, and €. Part (i) of
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the theorem now follows since aa’ + Z}zl (—1)7)/jocl’j = 0 and so « is determined up to
Galois conjugation by [, 4, and the y; j = 1,..., ). O

6 The case (k, d) = (2,4)

One might be tempted to conjecture that a(k, d) = 0 foralld > 2 and 0 < k < d, but this
is not true. We begin our investigations by studying the simplest non-trivial case, namely
(k d) = (2, 4). In this case, there are three possibilities for [Q(H*) : Q], namely 2, 4, or
6. In the last case, we can apply Lemma 3.3 to obtain that |A(2, 4, H)| grows more slowly

than H€ for every € > 0. We now show in the next theorem that the same holds in the
middle case, where [Q(H*) : Q] = 4.

Theorem 6.1 Let € > 0. There exists a constant C = C(€) such that |A(2,4, H)| < CH®
Sfor all H > 1 with [Q(H*) : Q] = 4.

Proof If [Q(H*) : Q] = 4 and a € A(2, 4, H), then the normal closure of Q(«) is either
Q(a) or a number field of degree 8; otherwise, its Galois group would be naturally iso-
morphic to the symmetric or the alternating group on 4 elements and we would get
[Q(H*) : Q] = 6 (recall that by Lemma 5.1, a Galois automorphism of Q can only fix H*
if it fixes the set of conjugates of o that lie outside the open unit disk). We denote the
normal closure of Q(H*) by K.

In the first case, i.e. if the normal closure of Q(«) is Q(«), K coincides with the normal
closure of Q(«) as both are equal to Q(w).

In the second case, i.e. if the normal closure of Q(«) is a number field of degree 8, the
Galois group of the normal closure of Q(«) is isomorphic to the dihedral group D4 and
Q(H*) is a quartic subfield of that normal closure. If K is not equal to the normal closure of
Q(a), then the extension Q(H*)/Q is Galois. Suppose now that the conjugates of « are the
a; (i =1,...,4) and that the Galois group is generated by field automorphisms acting on
the conjugates «; by acting on their indices as the cycle (1234) and the transposition (13).
Since [Q(H?*) : Q] = 4, we can assume after a cyclic renumbering that H* = +aaay,
where a € N is the leading coefficient of a minimal polynomial of « in Z[¢]. The only
subfield of the normal closure of Q(«) of degree 4 that is Galois over QQ corresponds under
the Galois correspondence to the cyclic normal subgroup of D, generated by (13)(24). But
this element does not fix H* since |aja2| > 1 > |azas]. So Q(H*) cannot be Galois over
Q and it follows also in this case that K is equal to the normal closure of Q(«).

The theorem now follows from Theorem 5.2(i) with [ = 1. O

In the case where [Q(H*) : Q] = 2, it follows from Theorem 5.2 that we have
|A(2, 4, H)| < C(€)H*T* for all such H. However, the next theorem shows that one cannot
always expect this growth and in fact one cannot obtain a uniform growth rate in H even
after partitioning A(2, 4) into an arbitrary finite number of subsets. In Sect. 7, we will prove
that |A(2,4, H)| > C'H*~€ if [Q(H?*) : Q] = 2 and there exists & € A(2, 4, H) satisfying
a certain additional condition depending on Q(H*) and a parameter § (cf. Theorem 1.5),
but the constant C’ will also depend on Q(H*) and 8.

Theorem 6.2 The limit a(2, 4) does not exist. For every k € [0, 4], there exists a sequence
(Hu)nen in B(2, 4) such that [Q(H}) : Q] = 2 foralln € N,

lim H, = oo,
n—0o0
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and

. log|A(2,4, H,)|
llm —_— =K
n— 00 log H,

Proof Let k € [0,4]. We fix m € N prime with m # 1 mod 4 and denote its positive
square root by /m. We define u; + up/m = u1 — up/m (u1, up € Q).

If k < 4, we apply a theorem of Chebyshev [6] (Bertrand’s postulate) to find a prime
number by € N such that

mE% < |by| < 2mEx, (6.1)

We then set 8 = by + by /m, where by € {[by/m), [ba1/m] + 1} is not divisible by bs.
After maybe replacing B8, b1, by by —B, —b1, —by, which preserves (6.1), we can assume
that0 < B < 1.

If «k = 4, we take m = 2 and B = (3 + 2v/2)" for some r € N. The integers by, by are
then defined by 8 = by + by+/2. We automatically have that 0 < 8 < 1.

If « > 0, we assume that

1Bl = 4y/m + 8 (6.2)

by choosing m or r sufficiently large. If « = 0, we assume that m > 5. We set H = |B] i
We record that

HY = 1] < 3/mlby| < 6mITEE = 6mT T (k< 4) (63)

as well as
4

MR = mEET < byl < 1Bl = HY (k< 4)
because of (6.1) and hence
m < H2) (i < 4), (6.4)

Let € > 0. We will prove that there exist positive constants Ho, ¢, H1, C such that the
constants Hy and ¢ depend only on «, the constants H; and C depend only on « and e,

|A(2,4, H)| < CH*T¢
if H > Hi,and
|A(2, 4, H)| > cH"

if H > Ho. The theorem then follows since [Q(H*) : Q] = 2 and H tends to infinity as m
or r respectively tend to infinity.

Upper bound. We first prove the upper bound. Let « € A(2,4, H). Let oy, . . ., oq be the
conjugates of «, ordered such that ||, || > 1, and let a > 0 be the leading coefficient
of a minimal polynomial of « in Z[¢]. It follows that 8 = +H* € {£aa;as).

Let F be the fixed field of the stabilizer H of {&1, @2} in the Galois group G of the normal
closure of Q(«). By Lemma 5.1, every o € G which fixes  must lie in H. Since the converse
implication holds trivially, it follows that F = Q(B) and f € {*aazas}. We deduce from
Lemma 3.4 that a divides a2 ]_[;L:1 aj = BB inZ. Since | B| < 1, it follows from well-known
bounds for the divisor function that the number of possibilities for a is bounded by CiHi
for a certain constant C; that depends only on €.

From now on, we assume that « is fixed and count the number of possibilities for . We
have mx% — ya1 £ B = 0, where y = a(a; + o). For a given «j, there are exactly four
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possible @. From now on, we assume that @ = «;. It then suffices to bound the number of
possibilities for y.

Now y lies in F, so y € Q(B). Furthermore, we have that y = a(a; + a2) € Q(B) is
an algebraic integer by Lemma 3.4. Since m # 1 mod 4, we have y € Z + Z/m, so
Y = c1 4 ca/m for some cy, ¢y € Z. Leta = ged(cy, cp, @), &1 = @ ey, and & = a Leo. By
the usual bound for the divisor function, the number of possibilities for & is bounded from
above by Cya'e < CyHi with a constant C that depends only on €. In the following, we
assume that a is fixed.

Asy = a(az + aa), the integer C% — mc% = yY is divisible by a thanks to Lemma 3.4. It
follows that % ged(a, @%) ™! (E% — mé%) is divisible by @’ = a gcd(a, a*)~1. As a* ged(a, a*) ™1
and a’ are coprime, we deduce that &2 — mé; is divisible by a’. By construction, we have
that ged(¢y, ¢o, a’) = 1. It follows that & # O unlessa’ = 1.

Furthermore, we know that

ol = alley < PIETL 281420 _ 218
2d./m 24/ m am
since |az), |aa| < 1, |@1), |aa] = 1, and aloion| = H* = |B]. Thanks to (6.3) and (6.4), it
follows that

4 K

M 1 (6.5)
G| < = < —_—, .
N a T a
at least if k < 4. If k = 4, the same follows from || = H* and v/2 < 12.

For a given &, we have to bound the number of &, € Z such that |¢; —&/m| = a Y| <

2aa~! and ¢ — mé3 = 0 mod a'. Set 71 = gcd(m, a'), then 1 is squarefree and must
divide ¢;. Furthermore, 771 is uniquely determined by 1, a, and 4, so we can assume it fixed.
We set ¢} = e, m' = mm1, and a’ = a'sin~ L. It follows that ;f”nc/l2 = m’&% mod a”.
By construction, we have ged(m/, a”) = 1. We also have gcd(é3, @”) = 1 since a common
prime divisor of a” and & would have to divide 4’ and therefore &;, but gcd (¢, ¢, a’) = 1.
It follows that ged(ic}, a”) = 1 as well.

The number of square roots modulo @” of a number coprime to a” is bounded by 25%1,
where s is the number of distinct prime factors of @”. The number of ¢] satisfying |c] —
Co/mimn™| = 1 |e1 —Ey/m| < 2a(arn)”! that lie in a given congruence class modulo a”

-1 -1

is at most 4 gcd(a, @?)a~! since gcd(a, a%)a~"! is a natural number and a” ged(a, a*)a—' =

a(am)~L. It follows that the number of c; for a given ¢ is at most 253 ged(a, a?)a . If
%lol;lgﬁ by Théoreme 11 in [20]. As the function x +— 1;;1% is
strictly monotonically increasing for x > 16, all natural numbers less than 16 have at most

a” > 3, we have s <

2 distinct prime factors, and a” < a < H*, we have

2—5810gH }

< 2, —
§ = max ! log log max{3, H}

1

Recall that & can only be 0 if @’ = 1, in which case gcd(a, a*)a~! = aa~! < 7. Thanks

to (6.5) and the above, the number of possibilities for the pair (¢1, ¢2) is then bounded from
above by

HK 28
(247 ged(a, a*)at + aé) - 8 - max {4, TH loglog max{3 1} }
a

< (24H“ +H2)-8-max{4,HWW}.
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If ¥k > 2, we can estimate H2 < HX.

If « < 2, we have to study more closely the case that ¢; = 0. We use that 4 is the leading
coefficient of a minimal polynomial of « in Z[t]. If &3 = 0 and y = ¢, we can therefore
conclude that a divides all coefficients of the polynomial

(at® — alon + o)t + acqan)(at® — alos + o)t + acsay)

= (at? — c1t + B)(at® — a1t £ B) € Z[t].

Here, the sign of B is the same as that of 8. In particular, a divides c¢;(8 + 8) = 2b1c1 as
well as B = b% — mb%.

Set § = ged(by, b% — mb%) = ged(by, mb%). It follows from (6.1) that 0 < |b1| <
byl /m +1 < 2mﬁ + 1. As k < 2, this implies together with (6.3) that 0 < |b1| < m
for H > H; = Hi(k). We assume from now on that H > H;. Since m is prime, it then
follows that 6 = ged (b, b%). But b, is prime and does not divide b1, so § = 1. Since any
common divisor of  and b1 must also divide 4, it follows that gcd(a, b1) = 1.

We deduce that ¢; must be divisible by @ gcd(a, 2) L. Since |c1| = [V| < 2a, there are at
most 8 possibilities for c;.

Putting everything together, we obtain that the number of possibilities for « is bounded
by

€ € __ 28
2-4-CyHT - CyH4 - 25H - 8 - max{4, H SloglogmaxBH] } < CH<T¢

for H > H; with a constant C that depends only on €.

Lower bound. For the lower bound, we first treat the case k = 0, so 8 = +(b; + 2./m)
with by € {[2+/m], [24/m] + 1} 0odd. Let /B denote an arbitrary complex square root of
B. The degree of /B is 4: Otherwise, /B would have to be an element a; + az+/m of
Z[«/m], which implies that a3 + a3m + 2ai1as/m = B, so aj,a; € {1} andm+ 1 €
{£[2+/m), £([2+/m] + 1)}. This yields a contradiction with 7 > 5. Therefore, we have
/B € A(2,4). Since H(+/B) = H, the lower bound holds with ¢ = 1.

We now assume that « > 0. We choose y = ¢1 + ¢ca/m with

e[S 3]

and ¢; = [cp+/m] + 1. It follows that

0<y=<2Jmey+1=<|B|-3. (6.6)

We set @ = % + 4/ VTZ —B,s0a® — ya + B = 0, where ,/ %2 — B denotes the positive

2
square root if Z- — 8 > 0 and an arbitrary complex square root otherwise. It follows that
B+a?

o

« is an algebraic integer of degree dividing 4. Note that « # O and y = is uniquely
determined by «.

We begin by controlling the cases where [Q(«) : Q] < 4.

If @ were a rational integer, then « would be a common divisor of b1 and by. As by and

by are coprime by construction, it would follow that « = %1 and therefore

B+ o?

o

|)’|=’ =|B+1>|8 -1

This contradicts (6.6). So o cannot be a rational integer.
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If « is quadratic, we have o € Z[+/m] (if not, we could apply an automorphism of Q that
sends 4/m to —./m, but leaves & unchanged to the defining equation of « and obtain a
contradiction). Therefore, y2 —4p is a square in Z[/m]. It follows that (y +8)(y —8) = 4
foracertain § € Z[/m]. By using an elementary bound for the divisor function, we deduce
from |NQ(ﬁ)/Q(4ﬁ)| < 16|B] that the norms of the ideals generated by y + § and y — §
lie in a set of cardinality at most Cs3|g| 33 for some constant C3 = C3(k). Of course, these
norms are also at most equal to |N@(ﬁ)/@(4ﬂ)| < 16| B]|. The number of ideals of norm N
in a quadratic number field is bounded by the number of natural numbers dividing N. It
follows that the ideals themselves lie in a set of cardinality at most C4|p| 16 for a constant
C4 that depends only on «, so we can assume them to be fixed.

This determines y + § and y — § up to multiplication by a unit of Z[+/m]. This unit is of
the form ¢ u!, where ¢ = +1,1 € Z, and u is fixed (depending on m1) and satisfies H (1) > 1,
so H(u) > hp = min{H(§);& € C [Q(&) : Q] < 2,H(§) > 1} > 1. Using the fact that
[y = }[czﬁ] +1- czﬁ| < land 0 < B < 1 together with (6.6) and fundamental
properties of the height, we can bound the height of y &+ § from above by

QH(y)H(8) = 2H(y)H(y? — 4B)? < 42H(y)2H(B) = 42|y |81 < 42|83

If we write 1’ = n¢u!, where i and 1’ are two possible values for y + 8, then it follows

that h'zl‘ < Hw)"" = HW') < H(n)H(n') < 32|B)3 and so |/ is bounded from above by

log(32)+3 log | 8|
log h1p

y 438, where Cs is an absolute constant. Now y +8§ determines y —4§ since (y +68)(y —8) = 48

. Hence there are at most Cs log | 8| possibilities for the unit and hence for

and B is fixed. And y + § together with y — & determines y, so there are at most Cs log | 8|
possibilities for y as well. It follows that « is quadratic for at most Cg| 8| § = CgH? choices
of y, where Cg = Cg(x) depends only on «.

Summarizing, we find that o has degree < 4 for at most CeH? choices of y.

. . . 2
If o has degree 4 over Q, which we from now on assume, its conjugates are & £/ 2= — 8

= 2 — =2 — =2 -
and £ & |/ &= — B, where \/ &- — B also denotes the positive square root if Z- — 8 > 0

and an arbitrary complex square root otherwise.
2
If § > 0and - < |B|, then
y2

1
+. /5 —Bl=182 > L
) Bl =181 >

=

If 8 > 0and yTZ > |B], we have

2 2
ly v |y
T Dy P A e N
7 flz3 7 P>

sincey < |B]+1landy > 2|/3|% > 2.
If B < 0, we have

14 y? y? y
T [ _pl> | ~ 2o,
2 \/4 ﬁ—\/4+|’3| 2~

sincey < |B] — 1.

_ _1 s a—
Recall that 8 > 0.If [y| < 282, then 4/ VT2 — B is purely imaginary and

N =

+ /Y _Bl=B <1

7
27\



33 Page220f33 Dill Res. Number Theory (2021) 7:33

Otherwise, we have

+ /5| <

7
27\

SR
NI

=2
L1+ 5] = = flewwm 41— cavm] <1

So in any case, o has two conjugates inside and two conjugates outside the open unit
disk. Finally, we can compute that

Hat= ||+ -8 [ S -5 -8 =18

so H(a) = |B]3 = H.

Thanks to (6.2), the number of choices for y can be estimated as
[ 181 _L} _Bl—2ym—4_ 1B _ M
2ym  Jm]|~ 2/m T 4ym Aym

We can then use (6.4) to deduce that the number of choices for y is equal to at least HTK if

k < 4.If k = 4, we get that the number of choices for y is equal to at least %. Since y is

uniquely determined by «, the lower bound is proven with ¢ = ﬁi and Ho = (8\/§C6)%.
O

7 Thecasegcd(k, d) > 1

In fact, the situation is even worse than Theorem 6.2 suggests: The limit a(k, d) never
exists if 0 < k < d and ged(k, d) > 1. In this section, we consider the general case where
ged(k, d) > 1 and first prove the following more refined result about the frequency of the
corresponding height values. It is valid for all k € {1, ..., d — 1}, but of interest mostly in
the case where ged(k d) > 1.

Theorem 7.1 Letkd € N such that0 < k < d. Let$ € (0,1) and € > 0 and let K C Q
be a fixed Galois extension of Q. Let H € QN [1, 00) such that the normal closure of Q(HY)
is equal to K.

For a subfield L C K suchthat [L:Q] |d |[L:Q]gcd(k d)and S € L, set

App(k d, H) = {a € A(k d, H); Q() N K = L, Noyo/(@) = B
Then we have that
Alk d, H) = U U Awsk d H). (7.1)

LCK BeL
(L:Q]|d| [L:Q] ged(k.d)

There exists a constant C = C(k d, K; 8, €) > Osuch that ifAr g(k d, H) # @ for a subfield
L C K as above and B € L and if furthermore for every field embedding o : Q(B) — C,
we have either |o(8)| > (1 —8) L or |o(B)| <1 — 6, then

|ALp(k d H)| > CHAUD=e, (7.2)
wherel = d[L: QL

Before the proof, we make some remarks on this theorem: The number of possibilities
for L given K is bounded in terms of d and k. As f is a product of [ conjugates of «, we
can bound its height by H!. Since K/Q is a Galois extension, we have that [K(«) : K] =
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[Qa) : L] = [ for any o € A g(k d, H). An upper bound for |Az g(k d, H)| of the same
growth order as (7.2) (up to H2) is therefore provided by Theorem 5.2(i). However, the
following examples show that it is not possible in general to prove the lower bound (7.2)
with C depending on k, d, §, and ¢, but not on K, or with C depending on &, d, K, and
€, but not on 8. For reasons of space, we grudgingly leave it to the reader to work out the
details in the examples.

The necessity of the dependence on K is shown by the following example:

Example 7.2 Let m € N be even such that m — 1 and m + 1 are both squarefree and
m > 2. The asymptotic count of squarefree integers shows that there exist arbitrarily
large such m. Set o = v/m 4+ +/m? — 1, where /- denotes the positive square root. One
can show that o is not a square in Q(vm2 —1) and so [Q(«) : Q] = 4. We find that
o € A2, 4 H) with H* = m+ Vm? —1. We have K = L = Q(v/m? —1), [ = 2, and
B = Ng)rla) = —(m + Vm? = 1) in Theorem 7.1. We can take § = % for m large
enough. One can show that any o’ € A(2, 4, H) with || > 1 is an algebraic integer and
satisfies an equation a’> + ya’ &+ 8 = 0 with y € Ok. Let ¥ denote the image of y under
the non-trivial field automorphism of K. Then one can show that || < 2|8| while |y| < 2.
This implies that the number of such y is bounded independently of m, but H — oo as

m — OQ.

The necessity of the dependence on § is shown by the following example:

Example 7.3 Let (a,b) € N? be a solution to a> — 2b> = —1 and set o = #ﬁ, where
/- again denotes the positive square root. The Q(+v/2)/Q-norm of & is —1, which implies
that @ ¢ Q(+/2) and so [Q(«) : Q] = 4. We find that a minimal polynomial of « in Z[¢] is
at* — 262 —aand « € A(2, 4, H) with H* = 1+ bv/2. We have K = L = Q(v/2), [ = 2,
and B = No)/L(e) = —# in Theorem 7.1. Let o’ € A(2, 4, H) such that |o/| > 1
and let 4’ > 0 be the leading coefficient of a minimal polynomial of @ in Z[¢]. One can
show that 4’ divides NK/@(H4) = —a?and that bv/2 — 1 < a’ < bv/2 + 1. We deduce
that @’ = a. This implies that o’ satisfies an equation aa’? + ya’ + (1 + b+/2) = 0 with
y € Ok.Since N(Z) = aforZ = aOg + (1+ b«/i)OK, we must have y € 7. Let ¥ denote
the image of y under the non-trivial field automorphism of K. Then one can show that
max{|y|, [7]} < 2(1 + bv/2) while

min{|y|, [V]} < max{l + bV2 —a,a—bV2+ 1} <2

Applying Theorem 2.1 in [30] with S = ((1, 1), (1, 1)) and C = {(0,0)} to the image of
7 under a Minkowski embedding (cf. the proof of Lemma 7.4 below and note that the
K /Q-norm of every element of 7 is divisible by a) shows that the number of such y is
bounded independently of (a, b), but H — oo as b — oo.

We now prove Theorem 7.1.

Proof of Theorem 7.1 Wefirstprove(7.1):Leta € A(k d, H). The normal closure of Q(H%)
is equal to K. Set [ = [K(«) : K]. By Lemma 5.1, [ divides gcd(k, d). Set L = K N Q(w).
Since K /Q is Galois, we have that [Q(«) : L] = [K(«) : K] =[.So [L : Q] = % divides d
and is divisible by m. We set B = Ng()/2(@) € Land it follows thata € Ay g(k d, H).
This proves (7.1).
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Next, we prove (7.2): We fix L and B and suppose that Ay g(k d, H) # ¥ and that for
every field embedding o : Q(8) < C, we have either |o(8)| > (1—8)"Lor |o(8)| < 1-3.
It follows that there exists some o € Ay, g(k d, H).

Let a denote the leading coefficient of a minimal polynomial of « in Z[t], chosen such
that @ > 0. If P denotes the (monic) minimal polynomial of « in L[¢], then Lemma 3.4
shows that aP € Op[t]. Let 7 denote the ideal of O generated by the coefficients of aP.

Since K /Q is Galois and L C K, every field embedding o : L < C factors through K.
Thus, we can set

T= [1 @0
o:L—C

it is an ideal of Ok. Since Q(a) D L, we have that [ |
of o in Q[t] and a[],.;, ¢ o(P) is a minimal polynomial of « in Z[t]. In particular, the

oL O (P) is the minimal polynomial
sets of complex zeroes of the o (P) form a partition of the conjugates of . This implies
together with Lemma 3.4 that the ideal 7 is divisible by a[L:Q]’IOK. At the same time, J
contains aF“@~1g for every coefficient ¢ of a minimal polynomial of « in Z([t]. It follows
that 7 = a[L:Q]’I(’)K, which implies that

N(Z) = o+, (7.3)

Let g, ...,  be the conjugates of o, numbered so that |o;] > 1 if and only if 1 <
i <d — k. We deduce that H(a)? = Faq; - - - ag_g. It follows from Lemma 5.1 that the
coefficients of the polynomial ]_[?:_lk (t — a;) belong to Q(H?). By the proof of (7.1), we
have | = [Q(@) : L] = [K(«) : K]. In particular, P is also the minimal polynomial of «
in K[¢]. Let I C {ay,..., o4} be the subset of conjugates of o over K (of cardinality /).
The orbit of I under Gal(Q/Q) consists of %l pairwise disjoint sets [ = I, ..., I%. As the

coefficients of the polynomial ]‘[;’;{‘ (t — o) belong to K and K /Q is Galois, we must have

{Otl, .. .,Old_k} = UI]
jes

for some S C {1,..., %]

This implies that for every o : L < C, o(P) has either all complex zeroes inside or all
complex zeroes outside the open unit disk. As g is the constant coefficient of P up to sign
and [[,.; c o(P) is the minimal polynomial of « in Q[¢], we have that

Hi=a ] lo() (74)
o:L—C

lo(B)1=1

We can also deduce that |o(8)| < 1 for precisely ]f embeddings o : L — C.
Recall that [ = d[L : Q]~1. We can and will assume without loss of generality that / > 2.
Fory =(y,..,vi-1) € 7'~1, define the polynomials

Py(t) =at' +y1t' ™ + -+ it + (—1)ap € O[]

and Q, = | o(Py) € Z[t].
Suppose that y satisfies the following:

(1) T is generated by a, y1, and af,

(2) L=Q),
3) lo(y)l < % forallo : L < Csuchthat|o(B)| <1(@=1,...,1—1),

Dill Res. Number Theory (2021) 7:33
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@) lo()] < 228 forallg : L < Csuchthat |o(8) = 1(i=1...,/—1),and
(5) Py is irreducible in K[¢].

It follows from (1), (7.3), and the Gauss lemma (Lemma 1.6.3 in [3]) that QZ =
a[L’Q]_lQ;/, where Q) € Z[¢] is primitive with leading coefficient a.
If lo(B)] < 1foro : L — C and dy,o is some complex zero of G(PZ), then it follows
from (3) that
-1
alay,ol' < [alo B+ lo()] | max{L, lay,q |}~
i=1
< allo(B)] + 8) max{l, |y [} . (7.5)

As |o(B)|] < 1 — 8 by our hypothesis, this implies that lay,o < 1.
If |o(B)] = 1foro : L — C and Uy,0 is some complex zero of O(PZ)’ then it follows
from (4) that

-1
alo(B) < la+ Y _lo()l | max{L, a0} < a(l+ 8l (B)]) max(1, o0}, (7.6)
i=1

As |o(B)| = (1 — 8)~! by our hypothesis, this implies that oty 0| > 1.

It follows from (2) that the o (P, ) for o : L — Care paimige distinct. Together with (5)
and the fact that K/Q is Galois, this implies that Q;, is irreducible in Q[¢] and therefore
in Z[t].

Let o, be a complex zero of P,. It follows that [Q(«,) : Q] = [L : Q = d and
H(ay)d =a HI sisc |o(B)], which equals H? by (7.4). Since |o(8)| < 1 for precisely 17(

a(B)1=1
embeddings o : L — C, we have that precisely k conjugates of «,, lie inside the open unit

disk.
Furthermore, we deduce from (5) that

[Lery) : Q] = [L(ay) : LI[L : Q] = I[L : Q] = [Qery) : Q],

which implies that Q(«, ) D L. It follows that L C Q(e, ) NK. Since [Q(e; ) : Qo)) NK] =
[K(ey) : K] and [K(ay)iz K] =1=[Q(x,) : L] by (S)iwe must have L = Q(ay)iﬂ K. We
also have that NQ(ay) /;(ocZ ) = B so that oz£ € ALp(k d, H). Since y is uniquely determined
by &, a, and L, we have reduced the proof of (7.2) to proving the following Lemma 7.4:

Lemma 7.4 In the above setting, there exists a constant C = C(k, d, K, 5, €) > 0 such that
the number of y € T satisfying (1) to (5) is greater than or equal to CHAU—1—¢,

Proof We will use ¢y, ¢y, ... for positive constants that depend only on &, d, K, §, and €.
Recall that we have assumed that / > 2. We can assume without loss of generality that
€ < %

We want to use Theorem 2.1 in [30]. Let r and s denote the number of real embeddings
and pairs of complex conjugate embeddings of L respectively. For each pair of complex
conjugate embeddings of L, we choose one element of the pair. Furthermore, we order
both the real embeddings of L and the pairs of complex conjugate embeddings of L in fixed
ways each. Let A denote the image of 7 inside R” x C° under the thus obtained Minkowski
embedding. We identify C with R? by identifying (v, w) € R? with v + w+/—1 € C and we

identify each y; with itsimagein A (i = 1, ...,/ — 1). In the following, we use the notation
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of [30:: Wesetn =r+s,N =[L:Q],C ={0} C RN,mj =pfi=1forl <j<r,and
mj =i =2forr+1=<j<r+s Foreachje{l,...,n}leto;: L < C denote the
associated embedding used to define the Minkowski embedding.

We have Nmg(A) > al_ﬁ = al_é since the L/Q-norm of any non-zero element of
7 is non-zero and divisible by N(7) = al%“Q-1 The same lower bound holds for j(A, B),
where B > 0 is arbitrary. We set Q; = % if |oj(8)] < 1and Q; = M otherwise
(/ = 1,...,n). Conditions (3) and (4) for a fixed i define a product Zq of intervals and
disks satisfying conditions (1) and (2) on p. 480 of [30] for our choice of Q;, y; = 0 € R,
and (k, M) = (8N®/2, 1) (cf. [30], p. 479).

Thanks to (7.4), we have Q = al_ééHll_l. It follows from (7.4) that the volume of Zq
is greater than or equal to c;alZ@~1H?. Let A; denote the discriminant of L, then the
determinant of A is equal to 275|A] %N(I) = 2_S|AL|%6I[L:Q]_1.

Theorem 2.1 in [30] then yields a main term which is greater than or equal to coH? for
the number of y; satisfying (3) and (4), for fixed i. Choosing B = Qmax and using our lower
bound for (A, B), we find that the corresponding error term is bounded from above by
Cngil.

We turn to (1). The ideal Z = a0y + aBO; is contained in Z and [Z : 7’] divides
[Z : a0;] = aPAN(Z)~! = 4. If (1) is not satisfied, then y] is contained in ZP for some
prime ideal P such that Z'P divides Z’. Note that N(P) then divides a. Applying Theorem
2.1 in [30] as above to each ideal ZQ instead of Z with Q a product of pairwise distinct
such P and then using the inclusion-exclusion principle, we see that imposing (1) means
that the main term gets multiplied by a factor

1;[ <1 - %ﬁ) =[] (1 - %)[Lz@] _ <@)w@]

pla
while the error term gets multiplied by 2%, where u is the number of possibilities for P.
As a < H?, the factor in the main term can be bounded from below by ¢4~ while u is
bounded from above by € log H + ¢5 thanks to Théoréme 11 in [20].

We next consider (2). If (2) is not satisfied, then o (y1) = o/(y1) for two distinct embed-
dings o, ¢’ of L in C and so y; lies in a lower-dimensional linear subspace of RN, obtained
by equating two coordinates or setting a coordinate equal to 0. The intersection of such
a subspace with Zq is a bounded convex set of volume 0 that is contained in Zq and so
Theorem 2.1 in [30] shows that the number of such y; can be absorbed into the error
term.

It remains to be shown that the number of y which satisfy conditions (1) to (4), but not
(5) is of lower growth order than HAU=1)=¢ Let P be some monic irreducible factor of P,
in K[t]. Set ] = deg P. We define py, . . LPeK by aP(t) = at! +[91tz_1 +---+pjand set
K =Q(p1, ..., py). Since P is irreducible in K [¢], P divides Q, € Z[t], and K/Q is Galois,
we deduce that [[ .z, ¢ o (P) is irreducible in Q[¢] and divides Q’Z € Zl[t].

Let Q be a minimal polynomial in Z[t] of some complex zero of P and let & denote the
leading coefficient of Q, then Q = a ] ks O (P). Since Q is primitive and divides Q’Z in
QI¢], it follows that Q divides Q;/ in Z[t] and so & divides a. Lemma 3.4 now implies that
aP € Oglt],so p; € Ok foralli=1,...,1.

We have

INk /@ (@:)| = |N[(/Q(l~0i)|[K:K] = (a[K:Q]_1|qi|

[K:K]
) ) (7.7)
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where

gi=a [] > I G=1...D.

0:K>CIciEeCioP)§)=0} £ €]
T|=i

Since & divides a, it follows from Lemma 3.4 that §; € Z. Since Q divides Q;,, we have
|Gi] < coa HQ’ ()=0 max({1, |¢|}. Thanks to (7.4), (7.5), and (7.6), this implies that
Y

@il <cea [ lo(B)=ceM?. (7.8)
o:L—C

lo(B)1=1

Since Q divides Q’,, we can also use (7.4), (7.5), and (7.6) to estimate

1

@)
o (B
Hp)) <a 1_[ max{l,—z}
a
o eGal(K/Q)
<ga [[ max{Lich<ca [] lo®I=cH (7.9)
/ =0 o:L—C

LAY lo(B)=1

fori=1,...,1

It then follows from (7.7), (7.8), (7.9), and Lemma 3.5 that the number of possibilities for
pi € Ok is bounded from above by Cng+% (i=1,...,1). The leading coefficient of aP is
of course always equal to a. Furthermore, suppose that P, = aPy - .- P,, with P, = P and
all ; monic and irreducible in K[¢]. The above argumer;t for P shows that aP; € Ox|[t]
for all i. Since a’”_le = (aby)- - - (aP,,), we deduce that p; divides a”’ 8 in Og. Asm < [,
it follows that Nxq(p;) divides alKQU=1) np /q(aB) in Z. Lemma 3.5 then shows together
with (7.4), (7.9), and elementary bounds for the divisor function that there are at most
coHT possibilities for p;.

This implies that the number of possibilities for P is bounded from above by
clo’Hd(Z*lHeTl. If y satisfies conditions (1) to (4), but not (5), then a’le is equal to a
product of at leas?two such factors P. Furthermore, Y is uniquely determined by Py, so
it follows that the number of such y is less than or equal to c1rHA=2+€ This compfetes
the proof of Lemma 7.4 and thereby completes the proof of Theorem 7.1. ]

It is now easy to show that a(k, d) does not exist if 0 < k < d and ged(k, d) > 1. We can

even determine the corresponding limit superior and limit inferior.

Theorem 7.5 Letk,d € N such that 0 < k < d. Then we have

log |A(Kk, d,
lim su —og| U d, )| =

HeBkd) log'H
H—00

d(ged(k d) — 1).

Proof Set ] = gecd(k, d). The limit superior is less than or equal to d(! — 1) by Theo-
rem 5.2(ii). If [ = 1, this already proves the theorem, so let us assume that / > 2. We want
to show that the limit superior is also greater than or equal to d({ — 1).

We fix a totally real number field L of degree % that is a Galois extension of Q. Such an

L can be constructed as a subfield of Q (cos (%’)), where p is primeand p =1 mod 2Td
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Letoy,..., od be the embeddings of L into R. The set of elements
(loglo1(#)], ..., log |0%_1(u)|),

d

where u runs over the units of Oy, is a lattice in R7~! by Dirichlet’s unit theorem. Using
d

elementary multidimensional diophantine approximation, we find that any lattice in R 7

contains a vector (vl, .. -:V4,1> such that v; < 0 for i < 1%, v; > 0 fori > lf, and
[

41
Y.~ vi <0.As every algebraic unit has norm 1, it follows that there exists an algebraic
unit € L such that |o;(¢)| < 1 (i < ]f) and |o;(u)| > 1 (’7‘ <i< %).

We fix a prime ¢q that does not ramify in L. For n € N sufficiently large, we can suppose

that the algebraic integer 8 = qu” satisfies

o) < 3 (i < ’7‘)

I0:(8)| > 2 (i - é)

We have [Q(B8) : Q] = % since 17< and % are coprime, so L = Q(8).
Set P(¢) = ¢/ + (=1)!'B. As q is unramified in L, this polynomial is irreducible in L[¢] by
Eisenstein’s criterion for the principal ideal domain obtained by localizing Oy, at one of

and

the prime ideals lying over g. Let « be a complex zero of P. It follows that [L(x) : L] = .
Since B € Q(«) and L = Q(p), this implies that [Q(«) : Q] = d. Furthermore, precisely k
conjugates of « lie inside the open unit disk.

Set’H = H(x)sothata € A(k d, H). We have H? = H(,B)% el asH(,B)% isa product of
conjugates of B up to sign and L/Q is a Galois extension. Let K denote the normal closure
of Q(H?), then it follows that K C L C Q(«). At the same time, [Q() : K] = [K(«) : K]
divides / by Lemma 5.1. Since [Q(«) : L] = [, we deduce that K = L. It follows that
L = Q) N K and Nga);1 () = B,soa € Af g(k d, 'H) in the notation from Theorem 7.1.

We now deduce the theorem by applying Theorem 7.1 with K = L, § = %, and [ =
gcd(k, d) and letting # and thereby H go to infinity. ]

Determining the corresponding limit inferior is even easier.

Lemma 7.6 Letk d € N such that0 < k < d. Then we have

lin inf log |A(k, d, H)| _

HeB(kd) log’ H
H—00

0.

Proof Thanks to Lemma 3.1 and [27], we can find @ € A(k, d) of arbitrarily large height
such that the Galois group of the normal closure of Q(«) is isomorphic to the full symmetric
group S;. The degree of any product of k conjugates of such an algebraic number «
is equal to (i) We can therefore find arbitrarily large H = H(a) € B(k d) such that
[QH%) : Q] = (i) The lemma now follows from Lemma 3.3. O

8 Counting polynomials of given Mahler measure

In this section, we consider polynomials of degree d with integer coefficients of a given
Mahler measure instead of algebraic numbers of degree d of a given height. The difference
is of course that we also consider reducible polynomials. For a polynomial A € Z[t],
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we denote its Mahler measure by M(A). If o is an algebraic number of degree d, its
(multiplicative) height is equal to the d-th (positive real) root of the Mahler measure
of any one of its two minimal polynomials in Z[¢]. Together with the properties that
M(a) = |a| (a € Z) and M(AB) = M(A)M(B) (A, B € Z[t]), this characterizes the Mahler
measure uniquely.

Forgivend e N,k € {0, ..., d}, and M € [1, o0), we define

Z(k, d, M) ={A € Z[t];deg A = d, M(A) = M, and precisely k complex zeroes
of A (counted with multiplicities) lie inside the open unit disk},

Blkd) = | J IM@A)A € Ak 4 M),
M=>1

and
B(k, d, M) = B(k d) N [1, M].

We will prove the following analogue of Theorem 1.1 for the Mahler measure instead
of the height:

Theorem 8.1 Letd € N.
Ifk € {0,d}, then

log |A(k d, M)

li =d 8.1
Mig(}(,d) log M ( )
M—0o0

and
log |B(k d,
lim 08Bk M _ (8.2)

M—o00 log/\/l
Ifkell,...,d — 1}, we have
log |A(k d, M)|

lim inf 0, 8.3
Ains Tog M &
M—00

log |A(k, d,
lim sup 28A&E M _ ko d — k), (8.4)
MeB(od) log M
M—o0
and
log |B(k, d,
log|Btkd M)l _ ;. (85)

M—00 logM

Proof Letd e N,k € {0,...,d}, M € E(k, d), and € > 0. All unspecified constants will
depend only on d, k, and €.

We first bound IZ(k, d, M)| from above: Let A € Z(k, d, M). By factoring A into irre-
ducible factors in Z[¢], we see that M = ao [ [;_; H ()% foray € Nand algebraic numbers
a; of degree [Q(w;) : Q] = d; with precisely k; conjugates inside the open unit disk. Of
course, we then have Y °_, d; = d and ) ;_; k; = k. The number of possibilities for s and
the d; and k; is bounded in terms of only d and k, so we can assume that s and the d; and
k; are fixed. Set F = Q(M). We claim that H(«;)% € F foralli = 1,...,s. If not, there
would exist some ¢ € Gal(Q/Q) such that o (M) = M, but ¢ (H(a,-)d") + H ()% for
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some i. But then it follows that
o (H@)®)| < 1H @)™
while
7 (16"
for allj # i, and so M| = |o(M)| < | M|, a contradiction.
Now H ()% € F isanalgebraic integer by Lemma 3.4, its height is bounded by H ()% <

M, and Nf (H(oz,')di) divides NF,g(M). Since [F : Q] is bounded in terms of only d
and k, we can use Lemma 3.5 together with elementary bounds for the divisor function

< |H(e))%|

to deduce that H(x;)% is determined up to CME€ possibilities, so we can assume that
Hi=H (oc,')di is fixed. But then «; is determined up to C,-’}"l;i‘dre possibilities if k; € {0, d;}
and up to 65H§Cd(ki’di)7l+e possibilities if 0 < k; < d; by Theorems 2.1(ii) and 5.2(ii). Note
that [T;_; H; < M.

Since ag divides NF;g(M), it is determined up to C' M€ possibilities. All in all, the
number of possibilities for A (given a fixed s and fixed d; and k;) is bounded from above

by C MG +2etmaxief} yith

e= m?x{gcd(ki, d)) — 1,0 < k; < d;}
and

f= miax{di;k,' € {0,d;}}.

We see that e < max;{k; — 1} < k — 1 < max{k d — k} and f < max{k, d — k}. It follows
that the number of possibilities for A is bounded from above by CMmaxtkd—k}+(s+2) Thjg
proves that the limit superior in (8.4) is less than or equal to max{k, d — k}.

For the inequality in the other direction, we consider M € N such that M% € B(k k)
(if k # 0) and ./\/ld%k € B(0,d — k) (if k # d). By Lemma 2.2, all M € N\{1} satisfy these
conditions. We can then apply Theorem 2.1(ii) to find many products A(¢)(z — 1)4k ¢
Z(k, d, M) with A equal to a minimal polynomial (in Z[t]) of some a € A (k, k, M%) (if
k # 0) and A(t)tk € Z(k, d, M) with A equal to a minimal polynomial (in Z[¢t]) of some
aeA <O,d —k Mﬁ) (if k # d). Note that « is determined by A up to k or d — k
possibilities respectively. This establishes that the limit superior in (8.4) is greater than or
equal to max{k, d — k}. Hence, equality holds in (8.4).

Ifk € {0,d}and M € E(k, d), then M € N automatically. It then follows from the above

that
liminf log |A(k d, M))| > d
MeB(icd) log M
M—o0
as well as
log |A(k d,
lim sup M < d‘
MeBlkd) log M
—00

We deduce (8.1). In that case, we also have§(1<, d, M) ={n e N;nu < M} (for M € [1, 00))
since M (ntd) =M (n(t — 1)d) = nforn € N, so (8.2) follows as well.

Suppose now thatk € {1, ..., d —1}. We first prove (8.3). It follows from Lemma 3.1 and
[27] that we can find & € A(k, d) of arbitrarily large height such that the Galois group of
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the normal closure of Q(«) is isomorphic to the full symmetric group S;. Any product of k
conjugates of such an algebraic number « has degree (Zl) We can therefore find arbitrarily
large M = H(a)? € B(k d) such that [Q(M) : Q] = (‘,f)

Let now M € B(k d) be arbitrary with [Q(M) : Q] = (%) and let A € A(k d, M).
Suppose that A decomposes in Z[¢] as the product of a non-zero integer ap and s irreducible
factors A; of degree d; and with k; complex zeroes inside the open unit disk respectively
(i = 1,...,5). We can then bound the degree of M from above by [];_, (L,i‘) Using
the combinatorial interpretation of the binomial coefficient, one can see that (Z;) (‘Z:) <
@Y ifd,d" e Nk €1{0,....d'}, kK" € {0,...,d"}, and (K, k") ¢ {(0,0), (d’,d")}. If
s > 1, this implies that [];_; (Z:) is smaller than (‘]f), and we obtain a contradiction.

We deduce that s = 1. Therefore, A must be equal to the product of a non-zero integer
ap and a minimal polynomial (in Z[¢]) of some algebraic number « of degree d. We want
to bound the number of possibilities for ag and «.

Since H(x)? is an algebraic integer, ao divides Ng(a)/q(M) and so the number of
possibilities for ag is bounded by C” M¢. Since [Q (H(oz)d) : Q] = [QWM) : Q] = (Z),
the number of possibilities for «, given 4y, is bounded by C""H(a)¢ < C"” M¢ thanks to
Lemma 3.3. We deduce (8.3).

We can deduce from Theorem 4.1(ii) that the limit in (8.5) has to be greater than or
equal to d + 1 (if it exists). For the inequality in the other direction (which will also imply
the existence of the limit), we can use that for M € [1, 00), any M € B(k d, M) is equal
to M(A) for some A € Z[t] of degree d, and that the d + 1 coefficients of this A are all
bounded by 29M(A) < 2% M in absolute value thanks to Lemma 1.6.7 in [3]. O

9 Dynamics of the height function

In this section, we study the dynamics of the restriction of the height function to Q N R.
We start by classifying the periodic points. We define inductively H* = id and H" =

HoH" ! (neN).

Theorem 9.1 Ifn € N and o € Q are such that H" (o) = «, then a = zzbfor somea € N
andb e Q b > 0, and H(a) = a. Conversely, H(a?) = a® foralla e Nand b € Q, b > 0.

The proof of this theorem will be essentially achieved by the following lemma:

Lemma 9.2 Ifa € Q then H(a) > H(H(a)) with equality if and only if H(a) = ab for
somea € Nandb € Q, b > 0.

Proof Let B = H(a). We have glQQ] = 4/ l_ﬁylz 1 V> where &’ is the leading coefficient
of a minimal polynomial of « in Z[¢] and the product runs over all complex zeroes y
of that minimal polynomial that are at least 1 in absolute value. It is now clear that any
conjugate of Bl that is not equal to B[R Q s Jess in absolute value than glQ@):QI,
Furthermore, B(2®*Q js an algebraic integer by Lemma 3.4.

It follows that H(8)Q@Q = (ﬁ[Q("‘):@]> < BlA@QI and hence H(H(x)) < H(x)
unless [Q (,3[@(“)’@]) : Q] = 1, in which case 8 = a® for some a € Nand b € Q, b > 0.
Furthermore, it is clear that H(a?) = a’ foralla € Nand b € Q, b > 0. O

We can now prove Theorem 9.1.
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Proof of Theorem 9.1 Suppose that H"(a) = « for some # € Nand « € Q. It follows from
Lemma 9.2 that

H"(a) = H"(H"(@)) < HHH""Ya))) < HH" Y(a)) = H" ().

We deduce that equality must hold everywhere. Hence, Lemma 9.2 implies that e = H” («)
is of the desired form and we have H(«) = «. The converse implication is again obvious.
O

Next, we study the possibilities for the forward orbit of a given element.

Theorem 9.3 Let a € Q and define inductively ag = o, a,, = H(ay—1) (n € N). Then
either there exist NNa € Nand b € Q, b > 0, such that o,, = a® foralln > N or

lim, 000, = 1.
Theorem 9.3 implies (the non-trivial direction of) Theorem 9.1 as a corollary.

Proof Letd = [Q(a1) : Q]. We will show by induction on # € N: Either «,, = ab for

somem,a € N,m < n,and b € Q, b > 0 (and then of course the same holds for all «,

d|n—1

4" is the product of at most (d! — 1)"~! conjugates of a1 up to sign,

with r > m), or «
where 0° := 1 and the empty product is defined to be 1.

The assertion is trivially true for » = 1. Suppose now that it has been proven for all
m < n(n € N) and suppose further that no «,, is of the form ab forsomem,a € N,m < n,
and b € Q, b > 0. It follows that aZ!’H is a product of at most (d! — 1)"~! conjugates of o

. . . - . -1 -1
up to sign. Since « is an algebraic integer by Lemma 3.4, so is aﬂ!n . Now aff!n lies in the

n n— d!
normal closure of Q(«;) and so its degree divides d!. It follows that afﬂ_l =H (aﬂ! 1)
is equal to the product of the absolute values of at most d! conjugates of oz,‘f"il, namely
of absolute values of conjugates of afflnil outside the open unit disk, the absolute value of

!n_l) : Q]! times in the product. Since

each such conjugate occurring precisely d![@(ozfl
the non-real conjugates appear in complex conjugate pairs in the product and the real
conjugates are equal to their absolute values up to sign, we deduce that afﬂl is equal to
. -1 . . . .
the product of at most d! conjugates of «?""  up to sign, each conjugate occurring either
-1 . .
0or d![@(aﬁ’n ) : Q]! times in the product.
. . -1 -1 1. . .

But if each conjugate of «?" occurs d!/[Q(a%" ") : Q]! times in this product, then

ozfﬁl must be a rational integer and so o4 is of the form a® for some a € N and 1b e Q,
. "o, . -

b > 0. Otherwise, O‘Z!H is equal to a product of at most d! — 1 conjugates of a;’f!” up to
sign and therefore equal to a product of at most (d! — 1)” conjugates of &1 up to sign.

If no «y, is of the form a® for somea € Nand b € Q, b > 0, then it follows directly that

n—1

(-4)
1<ay=|an <oy
for all n € N since every conjugate of «; is less than or equal to «; in absolute value. We
deduce that lim;,_, 0 ¢, = 1. O
Acknowledgements
This article has grown out of an appendix to my PhD thesis. | thank my PhD advisor Philipp Habegger for his constant
support and for many helpful and interesting discussions. | thank Philipp Habegger and Gaél Rémond for helpful
comments on the thesis and | thank Gaél Rémond for suggesting the proof of Lemma 2.2. | thank Fabrizio Barroero for
useful comments on an earlier version of this article and | thank Martin Widmer for correspondence on his work. I thank

the referee for their helpful suggestions for improving the exposition. When I had the initial idea for this article, | was
supported by the Swiss National Science Foundation as part of the project “Diophantine Problems, o-Minimality, and



Dill Res. Number Theory (2021) 7:33

Heights”, no. 200021_165525. | completed it while supported by the Early Postdoc.Mobility grant no. P2BSP2_195703 of
the Swiss National Science Foundation. | thank the Mathematical Institute of the University of Oxford and my host there,
Jonathan Pila, for hosting me as a visitor for the duration of this grant.

Received: 12 January 2021 Accepted: 7 April 2021 Published online: 26 April 2021

References

1.

Barroero, F.: Counting algebraic integers of fixed degree and bounded height. Monatsh. Math. 175(1), 25-41 (2014)

2. Barroero, F., Widmer, M.: Counting lattice points and O-minimal structures. Int. Math. Res. Not. IMRN 18, 4932-4957
(2014)

3. Bombieri, E, Gubler, W.: Heights in Diophantine geometry, vol. 4 of New Mathematical Monographs. Cambridge
University Press, Cambridge (2006)

4. Borevich, Al Shafarevich, I.R: Number theory. Translated from the Russian by Newcomb Greenleaf. Pure and Applied
Mathematics, vol. 20. Academic Press, New York, London (1966)

5. Chang, M. Factorization in generalized arithmetic progressions and applications to the Erdés-Szemerédi sum-
product problems. Geom. Funct. Anal. 13(4), 720-736 (2003)

6.  Chebyshev, P.L: Mémoire sur les nombres premiers. J. Math. Pures Appl. (1) 17, 366-390 (1852)

7. Chern, S-J, Vaaler, J.D.: The distribution of values of Mahler's measure. J. Reine Angew. Math. 540, 1-47 (2001)

8. Davenport, H.: On a principle of Lipschitz. J. Lond. Math. Soc. 26, 179-183 (1951)

9. Dubickas, A: Mahler measures close to an integer. Canad. Math. Bull. 45(2), 196-203 (2002)

10. Dubickas, A.: On numbers which are Mahler measures. Monatsh. Math. 141(2), 119-126 (2004)

11. Fili, P.A, Pottmeyer, L, Zhang, M.: On the behavior of Mahler's measure under iteration. Monatsh. Math. 193(1), 61-86
(2020)

12. Gao, X.: On Northcott's theorem. Ph.D. Thesis, University of Colorado (1995)

13. Grizzard, R, Gunther, J.: Slicing the stars: counting algebraic numbers, integers, and units by degree and height.
Algebra Number Theory 11(6), 1385-1436 (2017)

14.  Guignard, Q. Counting algebraic points of bounded height on projective spaces. J. Numb. Theory 170, 103-141
(2017)

15. Lang, S: Fundamentals of Diophantine geometry. Springer-Verlag, New York (1983)

16. Masser, D.W,, Vaaler, J.D.: Counting algebraic numbers with large height. Il. Trans. Am. Math. Soc. 359(1), 427-445
(2007)

17. Masser, D.W,, Vaaler, J.D.: Counting algebraic numbers with large height. I. In: Diophantine approximation, vol. 16 of
Dev. Math., pp. 237-243. Springer-Verlag, Wien (2008)

18. Northcott, D.G.: An inequality in the theory of arithmetic on algebraic varieties. Proc. Cambridge Philos. Soc. 45,
502-509 (1949)

19. Rédei, L: Natdrliche Basen des Kreisteilungskorpers. I. Abh. Math. Sem. Univ. Hamburg 23, 180-200 (1959)

20. Robin, G.: Estimation de la fonction de Tchebychef 6 sur le k-ieme nombre premier et grandes valeurs de la fonction
w(n) nombre de diviseurs premiers de n. Acta Arith. 42(4), 367-389 (1983)

21, Schanuel, S.H.: Heights in number fields. Bull. Soc. Math. France 107(4), 433-449 (1979)

22. Schmidt, W.M.: Northcott's theorem on heights. I. A general estimate. Monatsh. Math. 115(1-2), 169-181 (1993)

23. Schmidt, W.M.: Northcott's theorem on heights. Il. The quadratic case. Acta Arith. 70(4), 343-375 (1995)

24. Serre, J-P.: Linear representations of finite groups. Translated from the second French edition by Leonard L. Scott.
Graduate Texts in Mathematics, vol 42. Springer-Verlag, New York, Heidelberg (1977)

25.  Skriganov, M.M.: Ergodic theory on SL(n), Diophantine approximations and anomalies in the lattice point problem.
Invent. Math. 132(1), 1-72 (1998)

26. van den Dries, L.: Tame topology and o-minimal structures, vol. 248 of London Mathematical Society Lecture Note
Series. Cambridge University Press, Cambridge (1998)

27. van der Waerden, B.L.: Die Seltenheit der Gleichungen mit Affekt. Math. Ann. 109(1), 13-16 (1934)

28. Widmer, M.: Counting points of fixed degree and bounded height. Acta Arith. 140(2), 145-168 (2009)

29. Widmer, M.: Integral points of fixed degree and bounded height. Int. Math. Res. Not. IMRN 13, 3906-3943 (2016)

30. Widmer, M.: Weak admissibility, primitivity, o-minimality, and Diophantine approximation. Mathematika 64(2), 475-
496 (2018)

31. Zhang, M.: Mahler measure and how it acts as a dynamical system. Master's thesis, Oklahoma State University (2015)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 33 0of 33

33



	On the frequency of height values
	Abstract
	1 Introduction
	2 The case k in{0,d}
	3 Some useful lemmas
	4 The case k in{1,d-1} or d prime
	5 The case gcd(k,d) = 1
	6 The case (k,d) = (2,4)
	7 The case gcd(k,d) > 1
	8 Counting polynomials of given Mahler measure
	9 Dynamics of the height function
	References




