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Ci) SYMBOLS, CONSTANTS AND ACRONYMS 

The following important notations will be used in the text hereunder 

(eventually with some subscripts) and are explained in more detail 

where their meaning is not obviously. 

: imaginary unit 

: Signum function 

: Gamma function 

: exponential integral function 

: complementary error-function 

: direction of propagation; transmission line length 

; time variable; time constant; normalized time 

: high frequency time-delay of transmission line 

: time shift 

: 'excess time-delay' due to transmission line losses 

: rise-time 

: propagation velocity (in vacuum; in medium c ru) 

: frequency in Hz and angular frequency in Radians/s 

: Laplace transformation complex variable 

: wavelength (in vacuum; in medium E,u) 

: permittivity and permeability of vacuum 

: permittivity (complex, real part, imaginary part) 

: relative permittivity 

: susceptibility (complex, real part, imaginary part) 

: permeability (complex, real part, imaginary part) 

: relative permeability 

: specific conductivity 

: electric and magnetic field strength 

: voltage Fourier transform pair 

: current Fourier transform pair 

: Fourier transform pair for impulse response 

: real and imaginary part of H( ) 

: Fourier transform pair for step response 
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m ; power factor 

a() ; a'O : attenuation function (total; per unit line length) 

ß() ; ß'() : phase shift function (total; per unit line length) 

¢() : phase shift function 

y() : propagation function 

C() ; L() : capacitance ; inductance 

G() ; R() : conductance ; resistance 

Z() ; Y() : series impedance ; shunt admittance 

Zc() : characteristic impedance 

ZQ, Z-], Z 5, Zg1 : impedances 

per unit 
line length 

T1 ; T5 ; Tj, 

T0= T1; Ts; T £ 

Rin<> = Tout° 
Pin<> = P

ref<> 
Pout<> •• PabS<> 

reflection coefficients 

transmission coefficients 

input reflection function, transmission function 

input and reflected power fraction 

transmitted and absorbed power fractions 

P . P . P 
O ' 1 ' 2 

Q ; Q 
sk i n l oss 

polynomials in p 

sk in -e f fec t and d i e l e c t r i c l o s s parameters 

impedance r a t i o s 

vol tage or cur ren t transforming r a t i o 

taper parameter 

r - 1 

DC 

AC 

T ; r 
L ; r1 

TEM-mode 

PVDF 

FEP 

PTFE 

: d i r e c t cur ren t 

; a l t e r n a t i n g cur rent 

: Fourier forward and inverse transform operator 

: Laplace forward and inverse transform operator 

: t r ansve r sa l electromagnetic mode 

: Polyvinylidene f luor ide 

: F l u o r é t h y l e n e p r o p y l e n e 

: P o l y t e t r a f l u o r e t h y l e n e 
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1. INTRODUCTION 

Fast pulse techniques have undergone an enormous development during the 

last two decades. They have been promoted in particular in the field 

of nuclear measurement techniques, in the field of communications and 

by the increasing need for fast digital computers. The introduction of 

integrated circuit technology in the 1960's led to a breakthrough of 

digital circuits, on a broad basis. Since then the switching speed of 

such circuits has constantly been increased. Pulse rise-times have been 

decreased from a few tens of nanoseconds down to as low as a few tens 

of picoseconds. Thus, the interconnection sytems of fast logic elec­

tronics have now become an important factor because of the &£e.ci/U.coJ!. 

£ÂJnLtaÀÂ.orvi they can impose on the maximum speeds at which information 

may be exchanged. 

The transmission of waveforms with rise-times in the nanosecond and 

subnanosecond range requires interconnection systems having a large 

bandwidth. Interconnections are normally realized by means of transmis­

sion lines. The designer of a transmission line system is faced among 

other things with the following phenomena which may considerably limit 

its bandwidth: reflections, crosstalk, radiation losses, skin-effect 

losses, dielectric losses. The problem of reflections can be eliminated 

by matching the impedance of the driving and the receiving circuits to 

the impedance of the transmission line system. Crosstalk and radiation 

losses may be reduced by using shielded (e.g.coaxial) types of trans­

mission lines. At present, -aiti/i-ĉ f/eci £OÓ-Ì&Ì and tLLeJ&cJyilc toòò&ò 

are the principle bandwidth-limiting factors in commonly used coaxial 

high frequency transmission lines. 

Usually skin-effect losses are the predominant factor. However, in the 

upper range of the transmission band dielectric losses may become 

equally important or predominant. This occurs at about 1 GHz for solid 

polyethylene dielectric cables. In the particular case of superconduc­

tive transmission lines [39-41], dielectric losses are generally 

predominant. The prediction of pulse distortion due to both kinds of 

losses requires a Lime, domain, appioacti, 

In high speed transmission line systems, reflections, losses, and so 

on, are bandwidth-limiting factors and consequently are undesired side-
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effects. There are, however, applications where these effects are 

intentionally incorporated in order to limit the bandwidth: this is the 

case when transmission lines are applied as low-pass filtering elements 

[42-45] to EHI (electromagnetic interference) problems. Such filters 

may e.g. be used to protect electronic equipment against fast 

transients incident from power supply lines. Both 4tcùi-e.££e.cL and 

(LLeAacJyUc IOAAIU play an important role in these filters [43]. It is 

an accepted fact that the susceptibility of senstive electronic equip­

ment strongly depends on the rise-time of the incident transients 

(pulses, spikes). As a consequence, the performance evaluation of such 

filters requires also a time, doma-in anafyóló. 

The most commonly used approach to quantify the distortion of pulses on 

transmission lines is the calculation of the step response. The case of 

skin-effect has extensively been studied in the past [16-20] : Coaxial 

cables having predominantly skin-effect losses have a step response 

function described by a complementary error function. But what -Io the. 

òte.p /ieAfionAe. o£ a Oian^mLi^-io/i -tine, having pyiedoaunaniAy dietecOiic 

loAóOA 1 This has been one of the basic questions that has initially 

motivated the present work (chapters 2 and 3). The above problem has 

been addressed in the past by a few authors only. The analysis presen­

ted in chapter 3 shows that the step response for coaxial cables with 

dielectric losses is basically an arctan function. Great efforts have 

been undertaken to obtain expressions in a form which are easily 

applicable to engineering analysis. The results should be of interest 

for the prediction of pulse rise-times and waveshapes in high-speed 

applications of transmission lines as well as for the application to 

filtering problems. 

Another problem of importance in transmission line theory is the study 

of wave propagation on nonuniform transmission lines. This problem may 

play a role both in the case of interconnection systems and of the EMI 

filters mentioned above. It is of relevance in the applications to 

microwave devices (impedance matching circuits, resonators, special 

types of filters), as well. What has received little attention in the 

past, is the tsiana-Lcni kehav-Lowi of nonuniform transmission lines; 

Chapter 4 is dedicated to this subject. The same philosophy has been 

adopted as in chapter 3: The choice of a special, class of nonuniform 

transmission lines leads to simple and closed-form solutions, whose 

quantitative evaluation does not require numerical methods. The results 
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are of interest for the dimensioning of fast pulse transformers based 

on nonuniform transmission lines as transforming elements. As an 

illustrative example, the impact of skin-effect losses on the step 

response function is calculated. 

In chapter 5 the author deals with a specific problem that is of inte­

rest in the design of transmission line EMI filters: He discusses the 

application of lossy nonuniform transmission lines as absorption fil­

ters. Here, a frequency domain treatment is given. The application dis­

cussed is basically an extension of the distributed low-pass filter 

concept (using lossy uniform transmission lines) as presented by Max 

[43]. The two concepts, however, pursue two different goals: The 

low-pass filters studied in [43] are optimized with respect to maximum 

transmission attenuation, the present concept aims at maximum energy 

absorption in the filter. 



Note to the reader 

Chapter 2 is a summary and discussion of known results from dielectric 

physics, circuit and transmission line theory. It contains the 

fundamental equations and important assumptions on which all other 

chapters are based. The chapters 3 through 5 may be read independently 

of each other. A short introduction is given at the beginning of every 

chapter, in which related work of other authors is discussed and the 

main objectives are stated. The conclusions are drawn for the 

individual chapters. 

The reader who is not interested in details can find the main results 

of the present thesis summarized in the following publications: 

H.Curtins and A.V.Shah, "Pulse behaviour of transmission lines with 

dielectric losses". IEEE TRANS. ON CIRCUITS AND SYSTEMS, Vol. CAS-

32, No.8, 1985, pp.819-826 (Results of chapter 3). 

H.Curtins, A. V. Shah and J. J-. Max, "Step response of lossless 

parabolic transmission line". ELECTRONICS LETTERS, Vol.19, NO.19, 

1983, pp.755-756 (Part of results of chapter 4). 

H.Curtins and A.V.Shah, "Step response of lossless nonuniform 

transmission lines with power-law characteristic impedance 

function". IEEE TRANS. ON MICROWAVE THEORY AND TECHNIQUES, Vol. 

MTT-33, No.11, 1985, pp.1210-1212 (Part of results of chapter 4). 

H.Curtins, A.V.Shah and J.J.Max, "The lossy parabolic transmission 

line. Its application to matching sections and absorption filters.-

The 'EMI-trap' ". INTL. SYMP. ON CIRCUITS AND SYSTEMS PROCEEDINGS, 

May 1984, pp.882-886 (Results of chapter 5). 
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2. DEFINITIONS AND BASIC ASSUMPTIONS 

A great number of excellent textbooks dealing wiLli the problem of wave 

propagation in various types of transmission lines have been published 

in the past [3-10]. We shall therefore summarize and discuss the 

basic assumptions and results relevant to the present analysis only. 

2.1 Transmission line type 

As we are particularly interested in coaxial lines, the. term 

'transmission line' will imply in all what follows the coaxial type. 

A coaxial line consists of a hollow metalic tube (or braided conduc­

tor) and a concentric metallic conductor, as is shown in Fig.2.1 . The 

radius of the inner conductor and the radius to the outer conductor 

are denoted by r and r , respectively. The electrical properties of 
1 2 

these conductors are described by the conductivity O . The annular 

space in between is filled with a linear and isotropic dielectric 

medium characterized by the permittivity e and the permeability U . 

In the case of lossy dielectric materials, these two quantities are 

complex and are functions of the frequency CU . 

The line is said to be uniform if there is no cross-sectional 

variation with the position z, either in the conductors nor in the 

properties of the dielectric medium, i.e. if the cross-section of the 

line is identical for all values of z. A transmission line is 

referred to as nonuniform if the cross-sectional dimensions vary along 

the axis of propagation z and/or if the conductor and dielectric 

medium parameters ( O , Z , U ) depend on z. In this work we will be 

concerned (in chapter 4) with nonuniform lines whose geometrical 

cross-section is varying, but whose dielectric and conductor 

properties are kept constant along the axis z. 
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inner conductor. 
I 0 , Mo 

outer conductor } 

Fig.2.1 Cross-section of coaxial transmission line. 

2.2 TEM, 'quasi-TEM' mode propagation assumption 

A transmission line can be regarded as a set of boundary conditions to 

Maxwell's equations, whose solutions in general permit more than one 

mode of propagation. If one assumes perfect conductors ( o -*• °°), a 

homogeneous, lossless dielectric medium ( e,u = real) and an electri­

cally small cross-section ( u(r +r )<£ À ; A=wavelength), the transverse 

electromagnetic (TEM) mode or 'principle mode' is predominant. An 

approximate rule is that higher (nontransverse ) modes may exist if 

Tt(r +r ) is greater than the wavelength [3]. 

The basic assumptions for pure TEM mode propagation are not fulfilled 

anymore, e.g. in the following cases: 

- imperfect conductors, i.e. the conductivity o is finite 

(skin-effect losses result, see [15-20]) 

- the dielectric medium is dispersive, i.e. G = E*+ j e " 

and/or M= u' + j u " are complex quantities [21] 

- inhomogeneous dielectric medium, as is the case for the 

microstrip line [9,10) 

- the line is nonuniform 

- discontinuities are present in the line (fringing effects) 

- radiation losses in unshielded transmission lines 

(e.g. in the open two wire line) 

- the cross-sectional dimensions of the line are comparable 

or larger than the wavelength of interest 
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If the TEM field distribution is not significantly changed by the 

presence of one or more of the above mentioned effects, then the line 

is said to have a 'quasi-TEM' propagation behaviour. ThCxTEM mode is 

in this case used as an approximation function to describe the actual 

propagation properties of the line. A criterion that is often applied 

to justify a 'quasi-TEM' approach is the condition that the 

attenuation of the electromagnetic wave over the distance of one 

wavelength is small compared to 1 Neper. 

Our analysis applies to a pure TEH mode of propagation. In cases where 

the line shows dispersion, a 'quasi-TEM' propagation behaviour is 

assumed. 

2.3 Transmission line equations 

The equations governing the wave propagation behaviour on a 

transmission line are either derived from Maxwell's relations directly 

or from a circuit point of view. For TEM waves there exists a true 

complementarity between the electromagnetic fields used in Maxwell's 

equations (electric and magnetic fields £(Z,ÜJ) and #(z,0))f respectively) 

and the current-voltage distributions as used in a equivalent 

electrical circuit description. One therefore can change over from 

the equations of field theory to those of circuit theory, and vice 

versa, by replacing : 

Field theory Circuit theory 

electric field £(z,io) « * V(z,w) voltage [V] 

magnetic field tt(z,m) * * I(z,io) current [A] 

Re (permittivity) E'(UJ) * * C(w) capacitance [F/m] 

Re (permeability) M'(LÜ) « *• L(w) inductance [H/m] 

Im (permittivity) co'£i"(ai) * * G(UJ) conductance [1/fim] 

Im (permeability) wu'Xw) * * R(ui) resistance [Sì/m] 

(2.1) 
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The connection between field theory and circuit theory functions are 

provided by a proportionality factor D, in which only geometrical 

parameters of the transmission line are contained. 

In field theory the propagation function y and the intrinsic impe­
dance Z. , . . of the dielectric are defined by: 

intrinsic 

Y = J(U /EU 

(2.2) 

intrinsic= ^ 

These two quantities are transferred into circuit theory functions by 

means of the relations (2.1). They become the propagation function y 

the characteristic impedance Z of the line: 

Y = /(R +Ju)L)(G +jwC)--/SY - jtii/ëu 

(2.3) 

Z o /(R + ju)L)/(G + jwC) = /Zfi = D/UTe 

wherin Z = R + j w L is the series impedance per unit line length [fl/m] 

and Y = G+jü)C is the shunt admittance per unit line length [ 1/ßm] 

Note that the propagation function is independent of the line's geo­

metry while the characteristic impedance Z depends on D. 

Let us consider the electrical equivalent circuit of the line as shown 

in Fig.2.2 . In the case of sinusoidal steady state excitation 

V = V (w)*exp(j W t) one can write down the following set of first 

order coupled differential equations for voltage V(z,ui) and current 

I(z,u) [3-8] : 

f+ZI =0 
dz 

di ¢2-4) 

£± + YV = 0 
dz 

Differentiating (2.4) with respect to z and resolving into voltage V 

and current I, leads to a uncoupled, second order differential equa­

tions for V and I: 
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dz2 Z dz dz 

4 i d i | i . Ï Z I . 0 
2 Y dz dz dz 

(2.5) 

It should be noted that (2.A) and (2.5) apply to uniform and as well 

as to nonuniform transmission lines. For uniform transmission lines Z 

and Y are independent of the position z, which causes the second term 

in (2.5) to be cancelled. For nonuniform transmission lines equations 

(2.A) and (2.5) are approximations, based on the 'quasi-TEM' 

assumption. 

2.A Transfer function 

Consider a transmission line connected to a generator V = V (y) exp( jtot) 

having the internal impedance Z (u))=Z (id) at z=0 and terminated in its 
s c 

characteristic impedance Z.(w)=Z (id) at z=%, as schematically shown in 

Fig.2.2 . The voltage transfer function is then defined as following: 

where 

j - = exp[-Y(jw)'Jl]= exp[-a(w) - j<t>(w)] 

a(u) is the attenuation in [Neper] 

*(üj) is the total phase function in [Radians] 

(2.6) 

V1 

z=0 

zc . y 

Z 

Y 

dz 

! V, 
f ¥-

z= e 

Fig.2.2 Transmission line parameters, 
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The high frequency time-delay t of the line is defined by the rela­

tion: 

t - lim **•>'* 
0 io + « JLü (2.7) 

Note that above definition has to be interpreted in terms of a given 

model for the dielectric permittivity e ( for simplicity let us 

assume that V = U n ). In fact, from a basic, physical viewpoint, all 

materials attain for io •+•» the permittivity of vacuum, i.e. e(°>)=E:n. 

Looking from this angle, the high frequency time-delay would be 

expressed by tQ=l/cQ, where C n denotes the propagation velocity of 

light in vacuum. This, however, is not the meaning we would like to 

attribute to t as given by equation (2.7) . Rather t denotes the 

limiting value obtained for ÜJ + ™ , in a given mathematical model (or 

physical approximation) of e(uj). In order to explain the signi­

ficance of (2.7) in a concrete case let us e.g. consider a Debye 

dielectric (see section 2.9 and references [24,29]) where the real 

part of the permittivity is described by e'(w)=e + e /(I + u T ) , c , 

€ and T are constants. The high frequency time-delay for a 

transmission line with such a dielectric medium is expressed as : 

t =£•/£ u . Remember that such permittivity models are, in general, 

approximate models, i.e. they are able to describe the behaviour of 

dielectric materials only over a limited range of frequencies (e.g. 

from DC up to a few tens of GHz). Note that all similar expressions 

e'(»), U*(»), C(°°), C 1O"), L(»), !,,,(»h which are used hereunder, are 

applied in this text according to the same interpretation as given 

above for the high frequency time-delay t . 

By using (2.7) and introducing a modified transfer function H(jui) one 

can express (2.6) as following: 

y- = exp(-jut0)-H(ju) (2.8) 

where exp(-jitft ) is the delay term and H(jiü) accounts for the dis­

tortion of the signal while traveling down the line. 

If one further defines: 

(2.9) 
ß(Ld) = 4>((tì) - UJtn 

one can express the modified transfer function as follows: 
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H(Jd)) = A(JU)) + B(jiü) = exp[-a(ui) - jS(üj)] (2.10) 

A(juj) and B(jiu) denote real and imaginary pares, respectively, of the 

modified transfer function H(JU)), The attenuation a(u) and the phase 

function ß(tü), respectively, describe the dissipation and dispersion 

behaviour of the transmission line. For a lossless uniform line both, 

the attenuation and phase function, are equal to zero and therefore 

the transfer function becomes H(jw) =1 . 

The high frequency time-delay t is introduced in this analysis for 

convenience. In practice, however, this quantity can often not be 

measured, i.e. B(U)) can not be obtained separately from the total 

phase function <J>(w). For the step response analysis this is , in ge­

neral, of minor importance, as one is in particular interested in the 

waveshape and not in the time-delay between input and output of the 

line. 

2.5 Causality and Hilbert transforms 

Let h(t) be the time domain inverse transform of the transfer function 

H(jw), which is given in (2.10). The functions h(t) and H(jo)) are 

called a Fourier transform pair. Let further H(p) be the Laplace 

transform of h(t). H(p) is obtained by the so-called analytical 

continuation principle of H(jio) in the complex plane p [47]. h(t) and 

H(p) are called a Laplace transform pair. The impulse response h(t) 

is a causal time function, i.e. h(t)=0 for t<0. The condition of 

causality expresses that there exists a temporally nonlocal 

connection between an applied excitation and the response of a 

physical system, i.e. the cause-effect relationship. The principle 

of causality can also be expressed in terms of the convolution 

integral: Let h(t) be the response of a causal system. If this system 

is excited by a signal v (t), then the response v (t) to this 

excitation is expressed as following: 

t 

v2(t)= f Vi(u)-h(t-u)*du f2'11) 
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That is to say that the system retains memory of past excitations. 

The response v (t) given by (2.11) can consequently be calculated from 

the knowledge of v (t) in the interval (-œ,t) only, if h(t) is given. 

An important property of the causal transform H(jui) is that its real 

part A(jü)) and its imaginary part B(jcu) are interrelated by the 

so-called Hilbert transforms. These transforms are based on the right 

half-plane analyticity of H(p) and enable one to construct the 

imaginary part B(ju) from a given real part A(jùj) (or vice versa) or, 

what amounts to the same thing: one can find the complex function 

H(JU)) from the knowledge of either real or imaginary part. A(jw) and 

B(jti)) are thus uniquely related. For the reader's convenience these 

transforms shall be listed hereunder [see 1,2,14]: 

1 f A(ju) 

U ) - U 
- to 

1 ( B(lu) 
A(JU)) = A(-) + i j ̂ - ^ du 

(2.12) 

B(ju) 

Because h(t) is a real and causal function, real and imaginary parts 

of H(jcu) are even-and odd functions, respectively, of the frequency 

io. It is important to note that equations (2.12) are merely based on 

the analytical properties of H(p) in the right half-plane and that 

they represent only one of the possible forms of the Hilbert 

transforms. Other forms can be found in [1,2,14 ]. Xn optical 

problems above relationships are often referred to as the Kramers-

Kronig dispersion relations [see e.g. 21]. 

As the transmission line is a passive physical system, the transfer 

function H(p) has no poles in the right half p-plane. The system is 

stable. 
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2.6 Minimum phase assumption 

By assuming that not only the transform H(p) is analytical in the 

right half-plane, but that in addition —In|H(p)|. is also analytical 

for Re(p)> 0 , the so-called class of minimum phase functions is 

defined. This special class of functions have the property that 

H(JLU)=exp[-a(ti))-jß(üj) ] can be determined from either the attenuation 

a(w) or from the phase function ß(u) only. In fact, a(ü)) and 0(w) 

are uniquely related through a pair of modified Hilbert transforms 

o/ \ <•> f a ( l i } , 2u f °C») . 

- " D (2.13) 

j r ß(u) 
O(IÜ) = o(0) - f- —~-2 T du 

17 J u ( u^ - ur) 
-en 

The transfer function of a transmission line as given by (2.8) is a 

non-minimum phase function. However, all non-minimum phase networks 

can be resolved into the cascade of a minimum phase network and an 

all-pass network. An all-pass network [1,14] has the property that its 

magnitude function is independent of the frequency W . As a 

consequence, the term exp(-jojt ) in (2.8) represents an all-pass 

network. Turin [28] states that the modified transfer function H(jw) 

accounting for the losses in a transmission line may be considered as 

mimimum phase [see also Nahman 26]. Therefore, H(jœ) is uniquely 

determined by either «(u) or ß(w) according to the transforms (2.13). 

The fact that H(p) has no zeroes for Re(p)> O implies that 

—InI HCp)I is finite. 
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2.7 Asymptotic behaviour, Paley-Wiener criterion 

Causal networks, whether minimum phase or nonminimum phase , are 

characterized by the property that the asymptotic behaviour of the 

attenuation ct(w)=-ln|H(jiu)| must be such that it cannot increase equal 

or faster than a constant times u (see e.g. Guillemin [1], p,556). 

This can be seen from equations (2.12-2.13), if one takes a closer 

look at the convergence criterion for these transforms. The above 

condition for the attenuation d(w) is known as the Paley-Wiener 

criterion, which is written in the following form [1,1A]: 

f" a(w) (2.H) 
— = — - dw < « 

J 1 + iu2 

a 

From (2.14) it is also easily seen that the attenuation cannot be 

infinite even over a finite range of frequencies. 

2.8 Methods for obtaining the impulse response of a lossy 

transmission line 

This section aims to discuss and comment on some commonly applied 

approaches to calculate the impulse response function h(t) based upon 

the knowledge of either physical parameters (e.g.o ,E ,U ), 

attenuation a(tü), phase function ß (LÜ ), real part A(jw) or imaginary 

part B(jw) of the transfer function H(jiü). This procedure is not 

always trivial and has not always been followed up in a correct way in 

the past (see e.g. the incorrect treatment given in [19,20] and the 

following discussion in section 3.1). 

To do so we shall consider the scheme given in Fig.2.3. In a time do­

main analysis our primary concern is the determination of the impulse 

response h(t) for a lossy transmission line. The most important 

condition for h(t) to be satisfied is the principle of causality. The 

transition from time domain into frequency domain (and vice versa) are 

provided by the Fourier (T) and Laplace (L) transform methods and 
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their inverse transforms, 7 and L , respectively. Note that the 

transform H(jdi) is attributable to thé losses of the line only and 

does not include the all-pass term exp(-juit ) responsible for the high 

frequency time-delay. The form of H(Ju)) will determine whether h(t) 

is obtained in terms of elementary functions or whether no closed-form 

solutions can be found. 

Case® 

Looking at the scheme given in Fig.2.3 one might consider the simplest 

case to be the following one: We assume that either the real part 

A(jü)) or the imaginary part B(jio) of the causal transform H(ju) is 

known. Because A(Ju) and B(jw) are even and odd functions of the 

frequency w, the corresponding impulse response h(t) is directly 

obtained by the Fourier-cosine transform from A(jto) and by the 

Fourier-sine transform from B(juj) [13], An alternative method is to 

calculate A(ju) from B(jio) , and vice versa, using the Hilbert 

transforms (2.12) and subsequently applying the inverse Fourier 

transform 7~ on H(ju). 

Fig.2.3 Methods for obtaining the impulse and step response 
of a lossy transmission line. 



Case © 

- 20 -

In experimental studies of lossy transmission lines the attenuation 

a(ui) ' is quite often measured over a certain limited range of 

frequencies and the question then arises, wether it is possible to 

predict the impulse or step response h(t) and f(t), respectively. It 

has been assumed that the transform H(juj) is a minimum phase function. 

In this case the attenuation a(&)) and the corresponding phase 

function B(m) ate uniquely related through the Hilbert transforms 

(2.13). These transforms, however, require that either ct(tt) or ßCu) 

must be known for all frequencies from DC-*>=°, i.e. attenuation and 

phase shift must be specified in complementary parts of the 10-axis. 

From a rigourous theoretical point of view, one can therefore not 

completely determine H(jw) based on the knowledge of a(u>) in a 

limited frequency interval only. Under certain conditions it is, 

however, possible to obtain an approximate transfer function H(jui) and 

the corresponding approximate impulse response h(t). For this purpose, 

let us assume that the attenuation a(ai)= a (to) is given in the 

frequency range DC-U), . The value oi thereby denotes the 
D b 

'break-off frequency, for which the attenuation a(u> )»1 Neper. In 
b 

fact, frequencies transmitted with an attenuation more than 2 Nepers 

(or approximately 20 dB) do hardly contribute to the leading edge of 

the step response f(t) [27,28], As a consequence it is the 

attenuation characteristic in the interval 0-2 Nepers that mainly 

determines the waveshape and its resultant rise-time (or transition 

time). In order to illustrate this behaviour let us consider two 

attenuation curves, where the first is given by: 

a,(w) ; 0 S U ï w 
1 b 

(2.15) 
a.Cto) ; io > w 
2 D 

and the other shall be described by: 

* The step response f(t) is defined by f(t)= St h(u) du ; t > 0 . 
0 

We shall denote by F(joj) the Fourier transform of f(t). 

B< 1 Ï( U) = 
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«<"(«> = 
a AIM) ; O S ai s u) 
• b 

a,(üj) ; U)S Ui 
J D 

(2.16) 

as is shown in Fig.2.5. 

Before looking at the corresponding step response curves let us 

introduce the 'excess time-delay' t . It denotes the time delay 
• '• 0 — 

between the moment at which the high frequency signal components 

arrive and the moment at which the step response function f(t) attains 

the 50% amplitude level; this is illustrated in Fig.2.4. In terms of 

the new time variable T it is the time between T=O and the time after 

which f(x) attains the 50% amplitude level. 

The step response functions based on the attenuation characteristics 

(2.15) and (2.16), respectively, are qualitatively illustrated in 

Fig.2.6. The waveshapes of the two responses f (t) and f' '(t) are 

approximately the same, however, the 'excess time-delay" t^ 'and t^ ' 
differ from each other. As consequence, the attenuation 

characteristic in the frequency interval (u - °°) hardly influences the 

Fig.2.4 Definitions or" step response parameters: 

t =S./cis the high frequency time-delay 

T = t-t time variable with respect to t 

t . = T is the excess time-delay taken bet­
ween T= 0 and the time after which the 
step response function f(j) attains the 
50% amplitude level. 
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step response waveshape. However, the 'excess time-delay' t 

depends on this part of the attenuation curve. This is to say that by 

chosing an arbitrary function for the attenuation (which is compatible 

with the Paley-Wiener criterion, equation 2.13) in the frequency 

interval (w -°°) the step response waveshape remains practically 

unchanged and an uncertainty in the total time delay i- +t results. 

— . 

• 

• 

y 

ay 

S' 

i i 

<V'"' 

, , 1 , . . 

„.-

i I 
frequency tu 

Fig.2.5 Comparison of two different attenuation characteristics: 

(O a, i 0 a to S cu 
1 D 

CL [ Lu S W S °° 
2 O 

and 
(2) a , ( 0 s ai s ai 

i b 
a , j W1S w s •» 

-i a 

Tt is assumed that a (iiJ ) » 1 Neper. 

time t 

Fig.2.6 Qualitative step response curves f^' (t) and f'2' (t) , 

respectively, resulting from the two attenuation curves a'1' and 

a'2' as given in Fig.2.5 . 
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Case (T) 

Another problem which is often encountered is that certain parameters 

of the dielectric medium (or other material.parameters) to be employed 

in the transmission line are given, i.e. for example the dielectric 

permittivity 

E(U) = e'(u) + j e » =eQE (u) (2.15) 

and/or the magnetic permeability 

u(u) = u'(u) + jy"(w) = uQur(u) (2.16) 

Quite often the loss tangent tan5(u) is used to specify the loss 

properties of dielectric materials. It is defined as the ratio of the 

imaginary part t" of the permittivity to the real part E* , i.e. 

tanó(u) = e"(u)/e'(u) (2.17) 

where 6(u) denotes the loss angle. 

The dielectric permittivity e(p) and the magnetic permeability U(p) are 

analytical functions in the right half-plane Re(p)>0. Their real and 

imaginary parts evaluated on the frequency axis p=ju are consequently 

related through the Hilbert transforms (2.12). 

If one assumes that the transmission line has perfect conductors (i.e. 

O •*• «) and that either the real part e'((*}),y'(d)) or the imaginary part 

e"(u),vi"(u) are known, then the propagation function 

TT(Jw) = /Z(JD)-Y(Ju) = /[R(U) + j UL(u)]-[G(Oi) + jwC(u)] (2.18) 

is determined through the equivalence equations (2.1) and the Hilbert 

transforms (2.12). The Hilbert transforms are applied to the equiva­

lent electrical circuit parameters R, L, G, and C in the following 

manner: 

real part (even function) imaginary part (odd function) 

u.(u) <-JL_> L((ll) _ HUoert ^ L <_JL_> u,(w) z 

E*(u) <-^-> C(U) transfarms ^ < 1/D 
•> e "(u) 
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The inductance L(u) and the capacitance C(w) may, according to (2.12), 

be expressed as following: 

L(W) = L(») + L (U) 
(2.20) 

C(w) = C(») + C1(W) 

where L(°°) and C(<»), respectively, denote the inductance and the 

capacitance at high frequencies ((H-*-"3). These, in turn, are related 

with the materials parameters by the expressions: 

p'C») < — B > L(«) (2.21) 

ci(») < V° > c(~) 

With (2,19-20) one obtains for y(jui)'H : 

L1(W) R(w) ^ f ̂  C1(W) G(W) 

W C(<») 
Y(J->.l - J - V U t I + 1 ^ - - j — W l • £ 5 - -J - ½ ^ ] 

(Remember that t =t/L(») -¢(") *S. denotes the high frequency time-delay 

of the line). 

Once (2.20-2.21) are specified the transfer function H(ju))»exp(-jwt ) 

is completely known (path (3) in Fig.2.3). In general, however, H(jw) 

is a quite complicated expression and its time domain retransform h(t) 

is not found in terms of elementary functions. 

Case © 

In order to simplify the form of equation (2.22) high frequency 

approximations are often carried out. These approximations seek in 

most cases to obtain Y(JUj) *£ in terms of additive functions, i.e. a 

propagation function of the form: 

y(jw)-Jl = JWt0+ o(di) + jß(iü) (2.23) 

In carrying out these approximations (path(2)in Fig,2.3) special care 

has to be taken as to the causality of the resulting transfer func­

tion. Path@in Fig.2.3 includes in most cases the following argu­

mentations and approximations: Weak dispersion is present, i.e. 
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C1Cw) L (m) 
- ! — « i ; - J — '« i 
CC") L(") (2,24) 

Under these conditions the propagagation function becomes: 

T 
R(U)) G(u) , 

Y(JU)-A= jut -. [1- j — — - ].[1- j — - ] 
u \ uL(<->) ÜJC(W) 

For high enough frequencies, at which 

(2.25) 

« 1 « 1 (2,26) 
ai L(<°) > oi C(ra) 

one obtains, by carrying out the multiplication under the square-root 

expression and neglecting the term R(u)G(u)/w L(w)C(u) - the formula: 

Y(Ju)-Jt = jut A 
, RCu) G(w) 

1 - J I ., , + w L(«) oi C(«) (2.27) 

Finally, the binomial expansion of (2.27) leads to the first-order 
approximation for Y(j(*>)*£ : 

1 R(W) Q(W) 

Y(ju)-t M V ï V - + — ] 

U - ) C(-) ( 2 . 2 8 ) 

- Ju t + a(u) 

The attenuation of the line is therefore 

ü(u) * \ [ /0(-)/LC-) • R(W) + /L(»)/C(°>) • G(u) ]• Jl (2-29) 

As is observed from (2.28) no phase shift is associated any more with 

the attenuation Ot(U)). In fact, this phase shift is lost while 

carrying out the different approximation steps. However, because 

H(ju) is a causal and minimum phase function (see section 2.6), we can 

associate with the attenuation (2.29) a phase function ß(w) according 

to the Hilbert transforms (2.13), as is illustrated in Fig.2.3. 
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Approximation for the characteristic impedance function 

Another problem that should be mentioned at this place concerns the 

dependence of the characteristic impedance Z (joi) on the frequency uj , 
C 

in the case of a dispersive transmission line. In analogy to (2.18) 

and (2.22) one can write: 

Z M u ) = /Z(jLü)/Y(jü)) = 

= /L(-)/C<«) 

"\ 

R(oi) + jo)L(oi) 

G(ÜJ) + jü)C(in) 

L1(W) R(iD) 
1 + V 4 T T ^ - j 

LC") IU LC-) 

C1(W) G(O1) 

C(«) w C(oi) 

(2.30) 

(2.31) 

Applying the approximations given in (2.24) and (2.26) yields the 

high frequency approximation for the characteristic impedance: 

Zc<o>) = /L(»)/C(») . ( l - j J - [ RCw)/L(») - GCu)/C(-) ] ) (2_ 32) 

The characteristic impedance function of a causal system is a causal 

transform. However, its approximation (2.32) is no more causal and 

therefore can, in this form, not be used for time domain transforma­

tion purposes. 

As is seen from (2.32), the imaginary part of Z (jot) decreases with 

increasing ui. This becomes evident if we recall that R(o>)ZL(<°) and 

G(0))ZC(o') increase with a rate that is smaller than oi (according to 

the Paley-Wiener criterion (2.14)). 

In most time domain analysis involving dispersive transmission lines 

the characteristic impedance is considered as constant and real 

[5,8,16,19-20]. This has, in practice, proven to be an adequate 

approximation for lines with low losses, at frequencies of the order 

several MHz- 1 GHz. 
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2.9 Dispersion models 

In the following we shall assume dielectric materials with a constant 

magnetic permeability u(u))=u . This condition' is, in general, 

fulfilled for most insulators used in high frequency transmission 

lines. As a consequence the dielectric permittivity alone describes 

the dispersion properties of the medium. 

Let us denote by X(11O t n e dielectric susceptibility, which is inter­

related to the permittivity by the equation: 

X(U)) = {€(*) - e(«)]/e0 = x » + J X"<w> <2-33> 

Consider now a capacitor filled with a dielectric medium P{ID) and 

excited with a time dependent electric field fi(t) . The medium 

responds with a polarization /?(t) to this excitation.The polarization 

to an arbitrary electric field e(t) is given by the convolution: 

/Kt) = E 0 J ^<u)*e(t-u)-du (2.34) 
Q 

where d(_t) is the dielectric response function. 

For sinusoidal steady state excitation £(io)*exp(jwt) , this relation­

ship is written in the following form: 

P('JÒ) = En* X(w)* £(OJ) 

(2.35) 

where p(t) , P(u) 

e(t) , £(U) 

d(t) , XCÜI) 

are Fourier transform pairs. 

* The geometrical dimensions of the capacitor are assumed to be so 

small that no wave propagation needs to be considered. 
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The (specific) conductivity CTd(w) of the medium can be expressed as: 

°d ( w ) = 0O + V u ' x " ( ( , l ) = 0O + °d(wJ (2.36) 

in which On denotes the DC (direct current) conductivity and 0\(ui) is U d 

the AC (alternating current) conductivity. In most practical high 

frequency applications the DC conductivity of the materials employed 

are négligeable compared to the AC conductivity. 

In a dispersive medium, X i s frequency dependent and the polarization 

P(w) therefore does not follow the excitation intantaneously. As a 

consequence there will be some power lost, which is referred to as 

dielectric loss. The dielectric loss is proportional to ü)x"(w). 

The classical approach to the interpretation of dielectric loss is 

based on the well-known Debye polarisation mechanism [24] in which the 

susceptibility is described by: 

X(w) Œ
 1 + j - ; Debye dielectric (2.37) 

^ r 

where T denotes the Debye relaxation time. 

In the Debye model only one relaxation time is present. The 

corresponding time domain dielectric response results as: 

d(t) = expC-t/x ) ; Debye dielectric (2.38) 

Such an exponential decay function is not very often encountered in 

practice except for some liquids *, in which the interaction between 

the individual molecules is very weak. However, a 'Debye-like' 

departure of the susceptibility curve X(^) *-s observed in most solids. 

The deviation from the behaviour of a Debye dielectric, at higher 

frequencies has been explained by considering the distribution of 

* The Debye model is able to describe adequately the behaviour of 

weak dipolar solutions or dipolar molecules in the gaseous phase. 
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relaxation times [23,25,37]. The imaginary part of the susceptibility 

can then be expressed as : 

e ÜJ T / 2 3Qi 
X"(") « W(T) j — dT • 

1 r 1 +U^-T^ r 

0 r 

where w(Tr) denotes a certain distribution of relaxation times. 

A number of empirical distribution models have been proposed. Examples 

are the Cole-Cole, Fuork-Kirkwood, Cole-Davidson, Hawliak-Nigami, the 

Williams-Watt and other functions [23,35-36] * . Much experimental 

data have been analysed in the past in terms of the degree of fit to 

these models. 

A new approach to the interpretation of the dielectric response has 

been proposed and discussed by Jonscher, Nghai and other authors 

[30-36]. They have observed, that experimental data of a wide range of 

materials exhibit a remarkable universality of the dielectric response 

behaviour regardless of their physical structure, types of bonding, 

chemical type and polarization species. This 'universal' behaviour is 

expressed in terms of the imaginary part of the dielectric 

susceptibility as: 

X"(u) = |ü»r : 0 < m < 1 
(2.40) 

The range of materials that obey the empirical relation (2.40) include 

polymeric, organic and inorganic, dipolar, electronic, ionic, 

crystalline, amorphous, insulating and semiconducting materials and 

other more [30,32,33). The susceptibility function (2.40) is in 

general observed over several frequency decades. Example: Dry sand 

* x<w) Œ 1/[1+J(WT)"] ; Cole-Cole function 

X(w) = 1/(1+ JCJÜT ) S ; Cole-Davidson function 

X(u) a 1/[1 + j(tDir)
u ] s ; Havliak-Nigami function 

where r and u are constants . 
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Debye 
l ike' 

Jonscher model 

i i i 1 1 1 n i i n i 

frequency u 

Fig,2.7 Typical dielectric response X(^) observed for a wide 
range of dielectric materials. Very often the departure for x' 
and x" * s 'Debye-like' and then turns over to the dielectric 
response model as proposed by Jonscher [33], 

follows equation (2.40) over 7 decades with a value of m=0.84, [33]. 

However, as already mentioned previously, the departure of the x'(**>) 

and x"(w) curves for most of these materials is 'Debye-like', as is 

schematically shown in Fig.2.7. It is important to note that the 

dielectric susceptibility given by (2.A0) and the permittivity 

function resulting from the model of Jonscher et al. are physically 

not meaningful for frequencies L U + 0 . In fact, •%' -*-«> and x"-*™ ^ o r 

to+ 0. As a consequence,this model does not describe correctly the 

physics of dielectric materials at low frequencies (for the range of 

validity of Jonscher's model (2.40) see reference [33]). 

By using the Hilbert transforms (2.12) one can show that the real part 

of the susceptibility x'(to) has the same frequency dependence as the 

imaginary part x"(w), so that the ratio 

X"(w)/x'(w) = constant (2.41) 

Note that in the case of a Debye dielectric this ratio is equal to 

tut . Equation (2.41) expresses that the ratio of the energy lost per 

cycle to the energy stored per cycle in the capacitor is constant. 

Consequently the dielectric loss is proportional to: 

(DX" (W) = H (2.42) 
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The time domain response for the dielectric model given by (2.40) 

results as: 

d{t) « t"ra (2.42) 

This form of response function is known as the Curie-von Schweidler 

law [33]. 

The 'universal' response according to Jonscher et al. covers materials 

in which the polarization mechanisms result from dipoles, hopping 

charges and lattice dipoles. The type of interactions are characteri­

zed by nearest-neighbour and, in particular, by many-body interaction 

[36] .As a reminder note that the dipoles in the Debye dielectric are 

free-moving and non-interacting. It may be interesting to note that 

the Cole-Cole, the Cole-Davidson, the Hawliak-Nigami and other models 

do as well reduce to the empirical law (2.40) in the limit case IÜT » 1 
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3. PULSE BEHAVIOUR OF TRANSMISSION LINES WITH,DIELECTRIC LOSSES 

For the operation of transmission lines in the 100 MHz region and 

above, the determination and prediction of signal distortion due to 

high frequency loss phenomena is of great importance. At these 

frequencies, shielded (coaxial) types of transmission lines, possess 

skin-effect (conductor) and dielectric (insulator) losses. From the 

designer's viewpoint, the detailed knowledge of conductor and insulator 

material properties is indispensable for the performance evaluation of 

such transmission lines. For digital data transmission purposes^the 

time domain transient analysis is needed, in order to obtain an 

estimate of the data transmission capabilities of the interconnection 

system considered . In most applications, such as high speed 

communication networks, these loss phenomena are an undesired 

side-effect and therefore are preferably kept as low as possible. 

There are, however, applications where high frequency losses are 

intentionally incorporated in the transmission lines, e.g. when such 

lines are used for filtering purposes of transient disturbances 

[42-45]. Such line filters are typically used for the filtering of 

transients in power supply lines and attenuation of nuclear 

electromagnetic pulses (NEMP). In fact, it is well known that most of 

today's fast and sophisticated electronic équipement, is susceptible,in 

particular to pulse transients with short rise-times. In both 

categories of applications, one is interested in the prediction of 

pulse rise-times and wave-shapes for given material parameters of 

conductors and insulators. 

The transient behaviour of transmission lines with skin-effect losses 

has been the subject of numerous investigations [e.g.16-20] in the 

past. Wigington and Nahman [16] have shown that in the case of the 

simple planar skin-effect, in which the transmission line attenuation 

0(LO) is proportional to the square-root of (angular) frequency, i.e. 

Ct(Oi)=Î (Jj , the step response results as a complementary error-function. 

The square-root law attenuation characteristic is an asymptotic 

approximation for higher frequencies; it is derived from the 
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consideration that the penetration depth p of the field into a 

conductor of finite conductivity varies inversely proportional to the 

square-root of frequency, namely p Œ lMJj . 

Contrary to the case of skin effect, very few authors have addressed 

the transient behaviour of tranraission lines with dielectric losses 

[19-20,26-29]. One major problem encountered is the fact that no 

general description for this type of losses is readily available. In 

general, dielectric losses are also temperature dependent, because the. 

polarizability of the dielectrics is temperature dependent. However, 

at very low temperatures, impurities in a dielectric material can still 

cause dielectric absorption. Attenuation measurements obtained on 

superconductive cables [39-41] suggest a dielectric attenuation 

characteristic a(w) approximately proportional to the frequency y . 

Because in such cables the metal conductor losses are at least two 

orders of magnitude below that of the dielectric material (FEP), the 

dielectric losses can be observed directly, for all practical purposes. 

Based on the above assumption, Brianti and Kiege [19,20] constructed a 

transfer function H(ju) by setting H{ jü))=exp(-k|cü| ) and subsequently 

calculated the step response, which yielded an arctan-function. No 

experimental data has been given by [19,20]; the analysis is incorrect, 

as the authors did not account for the phase distortion, which 

necessarily is introduced by the attenuation . In fact, Guillemin [1] 

has shown that the linear attenuation curve versus frequency implied by 

the hypothesis H{ jLo)=exp(-k|w| ) is not compatible with the Paley-Wiener 

criterion: No causal network can provide an attenuation which 

asymptotically increases faster or equal to a constant times OJ (see 

also chapter 2, section 2.5-2.7). 

As mentioned in chapter 2 (section 2.9) recent . investigations [30-36] 

on the alternating current (AC) conductance G(uj) of many kinds of 

dielectric materials have shown to follow a remarkable 'universal' 

behaviour described by the equation G(tu)Œ Jio| ; m <1. Thereby, the case 

m= 0.8 is very often encountered and came to be considered almost as a 

'law of nature' [30]. When incorporated in transmission lines, such 

dielectric materials will give rise to a high frequency attenuation 

a(w) ™ Iaijm. Nahman [26] has presented a detailed analysis of the step 
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response for a transmission line with an ü)- atténuation characteristic. 

This problem has the advantage of being analytically defined; however, 

the resulting step response expressions are rather awkward and cannot 

be given in closed-form. They are therefore not suitable for most 

engineering analysis. 

The main objectives of this chapter are: 

a) To derive the step response function based on a causal 

transfer function H(ju>), whose real part is expressed by 

Re H(jü)) = exp(-k|tii|) . It is shown that this response 

can be expressed in terms of an arctan-function. The 

result is used to disprove the hypothesis made by Erianti. 

and Riege [19,20]. 

b) To show that the arctan-function represents an excellent 

approximation for the step response of a transmission 

line having an attenuation varying like Ct((d) = \ta\ ' 

c) To derive the step response based on a piece-wise linear 

attenuation model. This is shown to be useful in the case 

where the attenuation of a transmission line varies exactly 

linearly with frequency, from DC up to a limit frequency u . 
b 

d) To present experimental data on the frequency and time 

domain responses, which will prove the validity of the 

above theoretical results. 

As previously mentioned, the law a(oi)Œ jw| describes many dielectric 

materials and therefore the arctan-function may be considered as very 

useful to characterize the transient behaviour of such transmission 

lines in the case that dielectric losses are predominant. The 

arctan-function also leads to a simple formula for calculating the step 

response rise-time t . 
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3.1 Step response resulting from the H(jw)=exp(-k|u)|) hypothesis 

(Model 1) 

In frequency domain analysis involving transmission lines with 

dielectric losses, one often assumes a linear attenuation versus 

frequency characteristic. This is for many practical applications, 

quite a useful approximation, at least over a limited range of 

frequencies [3,9,19,20). Also, the phase shift introduced by the 

losses may often be disregarded. In time domain analysis, however, the 

phase shift may not be neglected; even if it is small. 

Following the above argumentation, Brianti and Riege [19,20] have 

considered the linear attenuation characteristic given by: 

a (ü)) = k|ii)| ; k > 0 C3-1) 

in which k is a positive constant. 

Based on (3.1) they constructed the transfer function H (jw) for a 

source-line-load arrangement as shown in Fig.2.2 and according to the 

definition given in equation (2.8). Note that this definition of 

H (JD) does not include the high frequency time-delay t : H (jio) 

describes merely the distortion of the signal due to the line losses. 

They set: 

H1(JUJ) = CXpI-O1(U))] = exp(-k|u|) (3.2) 

Subsequently they calculated the impulse response h (t) using the 

inverse Fourier-cosine transform and obtained: 

2k/ïï -- «, 
h . ( t ) = — (noncausal) <J-J> 

k2 + tZ 

Finally, Brianti and Riege [19,20] argued that the response ¢3.3) can 

only be valid for times t > 0, as the physical system considered is 

causal. By means of the convolution integral they then received the 

following expression for the step response function: 
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t 

f (t> = I h (t^-u) du = ̂  arctan(t/k) u(t) ; (causal) (3.4) 

O 

where u(t) denotes the unit step function. 

This last step is mathematically incorrect; the impulse response h (t) 

given in (3.3) is noncausal and consquently symmetrical with respect to 

t=0. This in turn implies that the integral limits in (3.1) should 

extend over the interval-™ S u £ t instead of U S u S t . In fact, the step 

response of a system, whose impulse response is noncausal, is noncausal 

as well. 

The question now arises: What is the error in the attenuation hypot­

hesis (3,1) ?. To find an answer let us recall some properties of 

causal transfer functions, as discussed in sections 2.5- 2.7 . One 

remarks that the frequency-dependent transfer function H (jw) is purely 

real: This fact is not compatible with the requirements of a causal 

transform (Hilbert transforms 2.12). A first suggestion to change this 

fact would be to associate a phase shift (3 (w) with the attenuation 

Q (w) in order to make H (jto) causal. This leads to a new transfer 

function: 

H ™ " ( » ) = exp[-k|to| -B1(W)] (3.5) 

The magnitude [H (jw)| remains thereby unchanged. Because the system 

is assumed as a minimum phase'network, 0 (tu) is calculated via the 

modified Hilbert transform (2.13). However, as is readily seen, this 

transform does not converge for an attenuation curve as given by (3.1). 

In fact, a linear attenuation versus frequency characteristic is not 

compatible with the Paley-Wiener criterion (2.14). This criterion is a 

necessary condition for a system to be causal. 
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3.2 Step response resulting from the A(joi)=exp(-k|üj| ) hypothesis 

(Model 2) 

The discussion given by Brianti and Riege [19,20] have induced the 

author to pursue the properties of another transfer function 

H_( Ju)-A (jti))+jB(Jw) in which the real part is described by an 

exponential expression: 

A,(j(D) = exp(-k[w|) ; k >0 
(3.6) 

The situation, where the real part is known corresponds to case [X) 

discussed under section 2.8 and shown in Fig.2.3. To find the 

corresponding imaginary part B (jw), one will have to apply the Hilbert 

transform (2.12) on A (j(o). This yields: 

1 f A2^JU) 1 f exp(-kju|) if A2UU 
du = - - du 

(3.7) 

where u is a dummy integration variable. 

In order to simplify above expression,let us split up the integral into 

two terms as following: 

»*<*"> = - ¥ 
exp(+ ku) 

du + 
exp(- ku) 

du 

(3.8) 

= - - I e x p ( - k u ) ' | — - — + — - — 
ïï | 1 ^ ' I l ü + U Ü J - U 

du 

These indefinite integrals are tabulated in [13], p.311, formulas 

3.352/3 and 3.352/6 . One obtains the imaginary part B (ju): 

B2(JOJ) = - ^ ^ - ( e x p ( - k M ) E.(k|(o| ) - e x p ( k M ) E1C-IcM ) ) (3.9) 
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wherein E±(k |oi|) and E.(-k|w|) denote the exponential integral 

functions defined in [Ì3], p.925: 

E (k|[ü|) = - lim 
a-*+0 

exp(-u) exp(-u) 

-k|o>| 

f exp( - J du + du 
J u 

(3.10) 

-kw 

E.C-kU.) = exp(u) 
du 

With (3.6) and (3.9) the complete transfer function is determined: 

H,(j«) = exp(-k|w|) 

sgn(u) • , , - , , . , , , 
-j - 2= * exp(-k|ü)|)E.(k|u|)-exp(k|ti)|)E.(-k|(ü|) 

The result of the integral given in (3.7) is also tabulated in 

[13], p.342 formula 3.477/1, in a form that differs, however, from our 

result (3.9) by a factor of TI. This factor Ti in [13], p.342 is an 

error which has been introduced by copying over the formula from : 

Erdélyi A. et al. "Tables of integral transforms'" Vol II, 

McGraw-Hill,New York. As the reader may also see from appendix B, 

(3.9) is the correct formula, 

As can be seen, B-(JU)) is an odd function of frequency ui, i.e. 

B2C-JM) = -B (ju>) (3.12) 

Next, consider the attenuation characteristic resulting from (3.11). 

One obtains: 

O2(U) = - ln|H2Cjœ)| = - \ ln|A^Cj(ü)+B^Cju)| 

= k|id| - ^ In l + - M E T ( k | i D | ) - exp(2k|w|) E C-k|w|) 
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For the corresponding phase function one calculates: 

B2(U)) = arc tan (B2/A2) 

= - sgn(u)*arctan - [ E^k |u|) - exp(2k|tü| ) E.(-k|ü)| )] 
(3.14) 

What is the behaviour of the attenuation characteristic a (tu) ? 

Because the expression (3.13) is rather complicated, we shall derive 

its low and high frequency asymptotic behaviour. This derivation is too 

lengthy to be given here . It is presented in appendix A with all 

necessary details. 

For small arguments of k|ü)|, the asymptotic series expansion leads to: 

O 2(WI « £ ) = k|u)| 

while for large arguments of k|u)| , it follows: 

(3.15) 

a , ( M » h ) = I n i q u i (3.16) 

Hence, the departure of a (tu) is linear with frequency tu and the 

roll-off at high frequency is logarithmical. Equations (3.13) and 

their corresponding asymptotic curves are graphically illustrated in 

Fig.3.1. The abbreviation x=kw denotes the normalized frequency 

(parametric variable), in all what follows. 

Next, let us turn the attention to the time domain responses. For 

computing the impulse and step response, h (t) and f (t), respectively, 

we shall recall that A (jw) and B (JOJ) are even and odd functions of 

the variable k m . Consquently, h (t) is obtained through the inverse 

Fourier transform applied to A (jto): 

2k/ir 2 f K̂/ir 
h2(t) *= - u(t) I A2(jüj)'cos(uit)*dü) = — - u(t) 

k 2
+ L2 

(3.17) 

The same result is, of course, obtained from the inverse Fourier-sine 

transform applied to B (joi). 
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By convolution of h (t) with the unit step u(t) the step response 

results as: 

f2(t) = I h2(t-T) (JT = \ arctan(t/k) u(t) (3.18) 

Comparison of (3.18) with (3.4) shovs that f_(t) and f (t) are in 

agreement. The corresponding impulse responses (3.17) and (3.3), 

respectively, however differ, because h (t) is causal and h (t) is 

noncausal. In fact, (3.17) and not (3.3) is the correct impulse 

response for (3.4). 

An alternative method to find the imaginary part B (ju)), the 

attenuation a (to) and the phase shift 6_(w) would be to proceed as 

follows: One first determines the impulse response h (t) through the 

inverse Fourier-cosine transform and subsequently calculates B,(Jw), 

o ((*)) and ß.(ü)) from the forward Fourier transform. This calculation 

is presented in appendix B. It proves the validity of equations(3.6) 

to (3.14). 
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Fig.3.1 Attenuation characteristic a2(oi), according to (3.13), 
calculated from the Fourier transform of the impulse response for 
a cable having the step response f(t) Œa r c t a n ( t / k ) as given by 
equation (3.18). The attenuation curve is plotted as function of 
the normalized frequency x=kin. The dashed curves represent the 
low and high frequency asymptotic behaviour (see appendix A). 
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Concluding, we may summarize that a causal system having an 

arctan-function as step response has an attenuation behaviour described 

by (3.13) and not the one assumed by Brianti and Riege [19,20], 
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3.3 Step response based on Jonscher's model for the susceptibility 

(Model 3) 

In this section, the step response for a transmission line characteri­

zed by a dielectric susceptibility x(w) according to the 'universal' 

model proposed by Jonscher [33] is derived. This susceptibility is 

given by equation (2.40), namely: 

X"C«) = - X0'M"
1"1 ' s8n(u) ; 0 < m < l (3.19)-

where x n
= c o n st a n t l • 

The signum function sgn(üj) provides that j(" is an odd function of the 

frequency W . The line is assumed to have a length Jl , a magnetic 

permeability u(iü)=u(m)=u and ideal conductors (o+=>). 

First, we shall determine the real part of the susceptibility, x' a nd 

X" are connected with each other via the Hilbert transforms (2.12), 

i.e. 

X*<">-Ì f ZTT^ *» <3-20> 

wherein x'(™)=0 is imposed by the physics of the dielectric. 

In [13], p.292 one finds the integral (3.20) for the function (3.19) as 

following: 

1 / " - X n - S S n C u ) - I U r - 1 -, , (3 .21 ) 
v" f in i - - ° ' A - v - .. / m 7 I i I , I 1 " " 1 

X W - d u - X0 t a n ( ^ - ) * | ü ) | 
' lu - U 

The complex susceptibility is consequently: 

X(Ü>) = |ÜI|"_1 ; 0 < m < 1 
(3.22) 
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Note that the real and imaginary parts of x have the same frequency 

dependence and that therefore their ratio is constant; 

X'» 
X' (W) 

= - sgn((ii)*tan(nTr/2) '; n = m-1 
(3.23) 

To obtain the dielectric permittivity e we can use relation (2.33). It 

yields: 

E(UI) = e(») + e Q • X(w) 

£(•») + C1' tan(Tp) - J sgn(ui) \'\u>\ 
m-1 

where C1= E ^ 0 . 

(3.24) 

It is important to note that the dielectric susceptibility (3.22) and 

the corresponding permittivity (3.24) are physically not meaningful for 

UJ -*• 0 .This problem has already been addressed in section 2.8 and is 

illustrated in Fig,2.6 : At low frequencies most dielectrics show a 

'Debye-like' susceptibility and not the one given by (3.22). For the 

purpose of calculating the time domain responses (step response), 

however, we may still use (3.22); In fact, one is in general interested 

in the leading part of the step response (e.g. the part of the step 

response for amplitudes between 0-90% of the steady state amplitude). 

This part of the response (= beginning of the transient regime 

[5,p.129]) reflects, however, the dispersion behaviour of higher 

frequency components. 

Now one can determine the distributed line parameters (per unit line 

length). Because of the assumption of constant U(ÜJ)=U(™) the inductance 

is constant. These parameters become: 

LC-) = D 

L1 Cw) = 0 

R (ta) = 0 

and based on (3.24): 

u0°) 

C(») = i . eç») 

C1Cu) - 1 - ; • tan(|^)- |u| m-1 

G(O)) 

[H/m] 

[H/m] 

[ïl/m] 

[F/m] 

[F/m] 

[I/firn] 

> (3.25) 
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The proportionality factor D in (3.25) contains only the geometrical 

information about the transmission line. In term's, of series impedance 

and shunt admittance the line is described by following expressions: 

Z(Ju) = jiüLC») 

YCju) = j w [ CC") + C1(U)) ] + G(U)) (3.26) 

For the purpose of finding a reasonably simple expression for the 

propagation function yCw)*A we shall carry out the approximation steps 

discussed in (2.24) to (2.29). The line is supposed to have small 

dispersion in the frequency range of interest, which means that: 

C1(O)) ; mTr (3.27) 
-J . _ l _ . t a n Ä ) . JUJ|-1 « 1 

C(-) e(-) 2 
and 

GCw) ç 

WC(O) e(oo) (3-28) 

In order to fulfill above inequalities the frequency |UJ| has to be high 

enough. This, in turn, implies that the step response function based on 

the distributed parameters (3.25) is only valid in the beginning of the 

transient regime (see e.g. transient regime in the case of skin-effect 

attenuation as defined in [5]). We will now establish the time domain 

inequality resulting from {3.27-28). For this purpose let us express 

the relations (3.27-28) as function of the Laplace transformation comp­

lex variable p . Consider the function jüje(u)) , where z(ni) is given by 

(3.24).Using the analytical continuation principle [47] one can express 

the permittivity as function of p, by going through the following cal­

culation: 

Ju)E(U)) = J(DG(W)+ jj ç ̂  tan (S2-) • sgn(u) + C1 I * |w|
m (3.29) 

= ju)C(ro)+ • j ' s in(mir/2) ,sgn(uj) + cos(mTi/2) • |ü)|m 

cos(mïï/2) I J 

C1 ^ (3 .30) 
_ J11, e ( « ) + — — . (JU)"' ( 3 3 } 

cos(m7J/2) ' 
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Using the s u b s t i t u t i o n ç = r /cos(nnr/2) one ob ta ins : 

p EiCp) = p e(«) + C2 p 

With (3.32), the inequalities (3.27-28) are : 

(3.32) 

C 2 P 

E C") P 

h . 

« 1 

I « \_ 
e(«) P pn 

(3.33) 

(3.34) 

If one now takes p to be real and positive (this is compatible with the 

defining conditions for the Laplace transform, see [5, p.129]) and then 

performs the inverse Laplace transform of the inequality (3.34), one 

obtains [12, p.1025]: 

T .n-1 

_2 
e(~> 

t >0 
Hm) 

(3.35) 

where r(m) is the Gamma function defined by [12, p.255]: 

r(m) = u • exp(-u)* du 

0 

The transient regime is therefore defined by the time interval: 

(3.36) 

0 < t « I , ' 1-n ; 0<m<] 
{ C2' T(m) J 

(3.37) 

Next let us be concerned with the calculation of the propagation 

function Y(Jw)-Z and the characteristic impedance Z (J'LÜ). This step is 

straightforward, if we apply the results presented in equations 

(2.18-32). To distinguish between the attenuation and phase shift 

function discussed under section 3.1 and 3.2 we shall set: 

TrCJw)**- JWtn= n + j 
3 ' 

For the attenuation one obtains: 

O3CUJ) = \ I /U(»)/E(~) C1 |w|
ra = M 

(3.38) 
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i_ 

where k = | £ /U(«)/E(») C, J " and x = ku> (3.39) 

On a log(attenuation) versus log(frequency) plot such an attenuation 

characteristic yields a straight line having a slope m. 

By means of the Hilbert transform (2.13) and reference [13], p.292 

formula 3.241/3 , the phase shift is calculated to 

ß (ai) = sgn(ui) * tan(y-)*|k(ü| 
3 Z (3.40) 

= sgn(tü) • tan(?p-)* O3(Iu) 

The characteristic impedance i.s evaluated according to (2.30). In terms 

of an approximation we will consider Z to be frequency independent, 
c 

i.e. : 

Zc(jw) = /L(»)/C{«) = D • /u(-)/e(») ( 3 - A 1 ) 

where as a reminder, D depends only on the geometrical cross-section 

of the line (see equation 3.25). 

Approximation (3.41) has been applied by many authors in the past for 

the time domain characterization of transmission lines with skin-effect 

losses [16-2O]. In the case of skin-effect losses the attenuation and 

the phase shift correspond to (3.38) and (3.40), respectively, under 

the condition m=l/2 . Because we are evaluating the impulse (and step) 

response for an arrangement source-line-load as shown in Fig.2.2 for 

the conditions Z =Z„=Z , the approximation (3.41) is not necessary: The 

transmission line is matched to the source and to the load. In 

practice, however, the generator's (=source) as well as the receiver's 

(=load) impedances are real (e.g. Z =Z„=50ÎÏ): Then (3.41) is useful. 

It is important to note that the attenuation and the phase function 

(3.38) and (3.40), respectively, do not depend on the line's geometry 

D, contrary to the characteristic impedance (3.41). This fact is only 

true in the case of dielectric losses, however it does not apply to the 

case of skin-effect (=conductor) losses [16-20]. 
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To derive the the expression for the transfer function H (jw) recall 

the decomposition of the term (jiü) into sine and cosine functions, as 

shown in equations (3.29-31). By means of this relationship one finds 

the following expression for the transfer fonction H (jw): 

H3(JD) = exp[ - (Jk(U)V COS(UIÏÏ/2) ] 
(3.42) 

Nahman [26] has given a detailed analysis for the step response based 

upon the transfer function (3.42). The result, which cannot be given in 

closed-form, is expressed as follows: 

(3.43) 

with 

m COS(mTl) 
1I " k cos(nm/2) 

, m sin(mTï) 
Ì = k ;—^-
2 cos(mïï/2) 

(3.44) 

The quantitative evaluation of the integral expression in (3.43) using 

conventional integration techniques is rather delicate, in particular 

for small times t and a power index m close to unity. Convergence is 

critical under these conditions, because the parameter a is negative 

(a < 0 for m > 1/2) and consequently the term exp(-rt-a r ) of the 

function to be integrated assumes large values as r increases and while 

|rt|*|a r [. Fig.3.2 illustrates f (t) as function of the normalized 

time (parametric variable) t'=t/k and for different values of the power 

index m. Remark the increase of the 'excess time-delay' t as m 
d 

increases. In fact, t.+» for m -»• 1. d 

What is the range of validity for the time t in (3.43) and how is it 

expressed in terms of the proportionality factor k ? To answer this 

question let us use the definition of the loss tangent tanfi (io) as given 

by equation (2.17). For a dielectric medium as described by (3.24) it 

becomes: 
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norm, t ime t' = t/k 

Fig.3.2 Calculated step response curves for a transmission line 
with an attenuation behaviour az(iù) = (km)m, as function of the 
normalized time t' = t/k. t'd=tà/k is the 'excess time-delay' as 
defined in Fig.2.4 

10000B 

1000 

100 

£ 10 

1 =r 

0.1 
100 

Fig.3.3 Validity range for the step response f^(t) according to 
equation (3.48). W is used Co denote Che upper limit of the vali­
dity range. 
Example: Assume that the following quantities are given: m =0.8, 

t0/k = 10. The range of validity is then expressed as: 

0 < t/k « W/k = 4 
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tan ô(w)| = 
€ "(lu) 

e' ((J) 

C1-M
1"-1 

£(00) + Ç *tan(iMT/2)*|ü) m-1 
(3.45) 

Under the conditions of small dispersion (3.27-28) one obtains the 

approximate function: 

i i m - 1 

tanó(w)| = — (3.46). 
E{») 

Condition ¢3.37) can now be modified to (see details of the calculation 

in appendix C): 

1 

0 < t « ^ t kanÓ(u>) : , (3.4/) 
2 0 I 0yi r(m) tan6(wn) 

l 
. i tQ cos(mTi/2) I1.m 

1 2 k r(m) J 

where t is the high frequency time-delay of the line and to denotes 

the frequency for which the attenuation a (id) attains 1 Neper, i.e. 

a,(LÜ )=1 Neper. W is used to denote the upper limit of the validity 

range 0< t « W. 

As can be observed from (3.47-48) the range of validity for the time t 

of the step response (3.43) increases with the high frequency 

time-delay t and with increasing power index m. This behaviour is 

illustrated in Fig.3.3 . 

The integral expression (3.43) is rather awkward. It is valid only for 

m < 1 and its calculation gets quite involved for values of m close to 

unity. In practice, one may encounter transmission lines with m-1 and 

the question then arises on how to calculate the corresponding step 

response function. Typical examples for m =1 are reported for 

superconductive transmission lines operating at temperatures around 4 K 

[39-41], At these low temperatures conductor losses are considerably 

reduced, i.e. conductor losses are at least two orders of magnitude 
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lower than Che dielectric losses (e.g. for FEP). The case of an 

attenuation which is exactly linear with frequency (up to a certain 

limit frequency) will be addressed in the next section 3.4, where a 

piece-wise linear attenuation model is assumed. 

It does not need to be emphasized that (3.43) is not easily applicable 

to engineering analysis. What one would need are simple mathematical 

expressions which can relate a (kœ) -attenuation characteristic to the 

time domain waveform and the rise-times. This subject is discussed in 

sections 3.5 and 3.6. 
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3.4 Step response resulting from a piece-wise linear attenuation model 

(Model 4) 

In this section the step response based on a piece-wise linear 

attenuation characteristic is deduced. This characteristic is given by: 

Q4(O)) = 
Ic 1 tu I ; |(i)j £ I io J 

k|ü) I ; I (Ü| a I tu J 
= 

| x | ; | x | S | x b | 

IxJ I |x |* |xb | 

where OJ and x denote the 'break-off frequency and the normalized 

frequency (parametric constant), respectively, at which the attenua­

tion attains a constant level. 

The basic idea in mind is the calculation of the step response of a 

transmission line having exactly a linear attenuation versus frequency 

characteristic. The introduction of the 'break-off frequency U) will 

render (3.49) compatible with the Paley-Wiener criterion. Under the 

condition that : 

W ?> * Neper (3.50) 

the waveform of the step response and its resultant rise-time will be 

determined by the linear attenuation versus frequency part of (3.49). 

In practice, one can, in terms of an approximation, often replace the 

inequality (3.50) by a modified one: 

a (u ) > 2 Neper ( ̂  20 dB ) (3.51) 

For the justification of above equation the reader is referred to the 

discussion under section 2.8 and the illustrations of Fig.2.5 and 

Fig.2.6 as well as the references [27-28]. 

The transmission line is assumed to be minimum phase. Consequently the 

phase function ß is determined through the Hilbert transform (2,13). 

This relation yields: 
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B6(X) 
« » 2x f J V ^ H 2x f u 'f 2 ? du + ; -j 

u^ - x^ I u^ - x* 
du (3.52) 

From [13,p.63-64], these integrals are evaluated as follows: 

((x) o i . ( x-lull- ( V
x ) 2 | + xb-ln|(x + x b)/(x-x b)| ) (3< 53) 

By means of the inverse Fourier-cosine transform the impulse response 

is expressed by: 

(3.54) 

where t'=t/k is the normalized time (parametric) variable. 

Finally, the step response is found by convolution of h (t') with the 

unit step u(t') and is written as: 

f4(t') = £ -u(t') • |exp[-a4(x)] .COs(B4(X)] 
sin(xt') 

dx (3.55) 

For the attenuation function (3.49) and the phase function (3.53), the 

step response (3.55) cannot be found in closed-form and therefore 

numerical integration was performed. The results of this calculation 

are illustrated in Fig.3.4 , whereby f is given as function of t' and 

for different values of x . One can observe that the waveshape of the 

responses remain 'practically unchanged' * for x > 2 Neper and 

* To quantify the term 'pratically unchanged'let us compare f (t') for 
x. = 5, 10, 100. Let further all three curves intersect at their 50% am­
plitude level. We consider the interval 0.1 S f S l - Under these con­

fi 
ditions one finds the following maximum differences: 

|f(t';x =5) - f,(t';x =10)1 Ê0. 001 ; If (t';x =5) - f (t':x =100) | S 0.GtHS 
4 b « b 4 b i b 
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amplitudes'0.1 S f S l . Merely small changes occur for amplitudes 

f <0.1 
a if t increases. However, increasing x causes the response 

to be increasingly delayed. The attenuation model (3.49) does, as long 

as x * 1, lead to a waveshape which is independent of x and a 

time-delay t' which is dependent on x . 

Some important characteristics of the step response function f,(t') are 

summarized in Fig.3.5 under the condition x a> 1 . Thereby the 0-50% 

rise-time is obtained by linear extrapolation of f (t') at low 

amplitudes, i.e. by the approximation : 

f , ( 0 - f 4 0 { ) + 
dt' 

• Cf - o ; e s t - (3.56) 

where t' denotes the time for which f.Cf )=0.2 . 

^ . 4 -

5 10 
norm, time t' = t/k 

15 

Fig.3.4 Calculated step response curves based on a piece-wise 
linear attenuation model CLi1(K) as given by equation (3.49) 
for different values of the parameter x . 
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. 4 -

norm. time t' =t/k 

Fig.3.5 Calculated characteristics of the step response f 4 f t ' J 
corresponding to the piece-wise linear attenuation model, under 
the condition x b » 2 . F o r the calculation of t'(50%), refer to 
equation (3.56). 
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fi R7 

3.5 Relation between the (kio) ' and the arctan step response 

When considering the Fourier transform used to calculate the impulse 

response , e.g. equations (3.17) and (3.55), it is evident that 

frequency components transmitted with more than approximately 2 Nepers 

attenuation (i.e. more than approximately 20 dB) hardly do contribute 

to the leading edge of the step response. As a consequence, it is the 

attenuation characteristic in the interval 0-2 Nepers that is mainly 

determining the waveshape and its resultant transition or rise-time. 

Explained in a different way, we may state, that two attenuation curves 

that are equal up to approximately 2 Nepers and have different values 

above, should in fact yield almost the same step response waveshape 

However, they will, in general, yield a different 'excess time-delay' 

t: . See discussion given in sections 2.8, 3.4 as well as reference 

[27]. 

For this purpose we have expressed the attenuation curve given by 

equation (3.13) as a function of the parameter ax=aku: 

a2(ax)=a|x| - ± InIl+-L [E (a|x| ) - exp(2a|x|)E f-a|x| ))* I (3.57) 

The introduction of the constant factor a provides that: 

a2(ax) = a2(a) = 1 Neper 

X = I 

(3.58) 

Above condition is fulfilled for: 

a = 1.9U 
(3.59) 

The attenuation characteristic (3.57) is now compared with the one 

given in (3.38), namely with: 
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Q3(X) = M ; 0 < m < l (3.60) 

These two curves have an intersection point at x=l, i.e. : 

a (a) = a (1) = 1 Nepei 
(3.61) 

Note that the intersection point is independent of the parameter m. 

This index parameter m is used as fitting variable. The criterion for 

best fit used here was a least square fit minimalizing the function: 

E(x;m) = J [a (x;m) - a?(ax) ] = minimal. 
(3.62) 

in the normalized frequency interval U S x S l (i.e in the frequency 

interval between 0 and 1 Neper attenuation). 

From (3.62) one obtains the best fit (numerical) under the condition: 

m = 0.82 
(3.63) 

In Fig.3.6 Ct (ax) is compared with CiJx), It can be observed that the 

fit holds good up to approximately x=1.5 (relative error 

f(a -a )/a J S4% and that the deviation gets more important for larger 

values of x. 

Let us now consider the step responses resulting from (3.57) and 

(3.60/63), respectively. These may be calculated, on one hand, 

according to (3.18) and, on the other hand, from (3.A3) by assuming 

m=0.82. For an attenuation curve (3.57) one obtains the simple 

arctan-function : 

f2(t) = I arctan(^) u(t) 
(3.64) 
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Fig.3.7 Calculated step response waveforms corresponding to the 
tuo attenuation curves presented in Fig.3.6 , as function of the 
normalized time t'*t/k . For the arctan-response the time offset 
was chosen such as to cause the two step responses to intersect 
at their 50% amplitude level. 

file:///0.82


- 58 -

The two responses are presented in Fig.3.7, thereby the arctan-response 
n ft ? 

is shifted in +t-direction, so as to intersect with the (kii)) 

response at the 50% amplitude level. As expected, there is a 

good overlapping of the two curves, if we disregard the leading 

tail of the (kw) response for values f <0.1 ; This difference is 

due to the deviation of the corresponding attenuation characteristics 

(3.57) and (3.60/63) at higher frequencies. 

A problem of some interest is the sensitivity of the (koj) step 

response with respect to a (small) variation of m, i.e. m-*m±Am . 

Such a variation may quite often be encountered in practice and one 

then is interested in the error introduced, if (3.6A) is still used as 

the approximation function. In order to illustrate this dependence, a 

(klo) ' and a (kta) " response are calculated using (3.43) and are 
n R ? 

compared with the approximate response for (ku) ' according to 

equation (3.6A). The results are shown in Fig.3.8. Thereby the 

responses were shifted along the t'-axis in such a way as to cause all 

three curves to intersect at the 50% amplitude level. The (koi) ' ' 

discriminates (i.e. • attenuates more strongly) frequencies in the 

interval O s x <1, while the (ku) ' case favors (i.e. attenuates less 

strongly) frequencies in the same interval, when compared to the 

(kiü) * characteristic. As a consequence, the flat top of the (km) 
n ft "y n 7 ̂  

response lies above that one of the (ko) ' response; and the (ku) ' 

response is lower over the same time interval . A further observation 

is that the 10-60% rise-times of all three curves are almost the same. 

Therefore, depending on the application and the accuracy required, it 

is conceivable to use (3.64) as approximation function for a (kœ) w 

step response for values of index parameter m between 0.75SmS0.9 . 

How does the step response fü(t') (piece-wise linear attenuation model) 

given by (3.55) compare with the arctan-function (3.64) and with the 

(kio) step response ? If one disregards the 'excess time-delay' t' 
d 

one would expect that f (t') and the (kai)m response yield the same 

waveshape for the limiting value m-*- 1 . This is in fact the case, as 

is observed from Fig.3.9 for m=0.99. In Fig,3.10 f (t')'is compared 

with the arctan-function (3.64) and with a complementary 
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norm, time t'=t/k 

Fig.3.8 Effect of a small change Am with respect to m =0.82, 
on the step response waveshape of a transmission line having 
an attenuation a(tü) = (kui)m and comparison with the arctan-
response. The time offset for the ffctuj0-9 and the Cfcw,)0-75 

step responses is chosen in such a way as to allow all three 
curves to intersect at the point t'* a = 1.914 , 

-8 

TJ -6 

(D 

.2-
»0.99 

Mt') lor X -1Q! 

4 b 

(kco) ' — step response 

10 
norm, t ime t' = t /k 

15 

Fig.3.9 Comparison of the step response f&(t') based on the 
piece-wise linear attenuation versus frequency model (3.49) 
with the {'fcwj0*99 s t ep response as given by equation (3.43). 
The ( taüj 0 , 9 9 curve is shifted along the t'-axis so as to 
intersect with fü(t') at the 50% amplitude level. 
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error-function. Latter is found in the case of skin-effect attenuation 

[16-20]. It corresponds to the (kw)m response for m=l/2. 

It can be seen that the arctan-function is not an as good approximation 

for f4(t') as for a (kw) 
0.82 

response. However, f (t') fits closer to 

an arctan-function than to a complementary error-function. 

.8 

(D .6 

to 

.2 

Fig.3.10 Comparison of fü(c') with the arctan approximation 
function (3.64) and with the (kui)0^ step response (= comple­
mentary error-function). The fa(t') curve is shifted along 
the t'-axis in order to intersect with the arctan curve at 
the 50% amplitude level. 
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3.6 Characterisation of the step response in terms of rise-times 

In the last section the different step response models have been 

compared with respect to their waveshape. Another practically 

interesting parameter is the rise-time t' . In Table 3.1 the 0-50% and 

the 10-60% rise-times have been calculated and summarized for three 

step response models * . It is surprising to note that the 0-50% 

rise-time t'(50%) remains very close to the normalization constant 

a=1.914 for f (t') and for f (t') (this noramlization constant is given 

in equation 3.59). If one excludes the case m=l/2 in model 3 all 0-50% 

rise-times t'(50%) are within < 5% of the value 3=1.914, i.e. 

|t'(50%)-a |/t'(50%) <0.05. The significance of above observation is 

that a measurement of t'(50%) does not allow one to predict the type of 

attenuation curve within the models presented in Table 3.1. However, 

the step responses do significantly differ from each other with respect 

to their waveshape for amplitudes f(t')>0.5. This part of the 

response becomes flatter for decreasing power factor m (see e.g. 

Fig.3.2, Fig.3.8, Fig.3.10). This fact is also expressed e.g. by the 

10-60% rise-time tr(10-60%) listed in Table 3.1: The value of 

t'(10-60%) increases rapidily as m decreases. 

* Note that the 0-50% rise-time t (50%) for model 3 and model h is 

determined by using the linear extrapolation formula given in equation 

(3.56). 

The 10-60% rise-time also used here has the advantage that the 

extrapolation equation (3.56) is not needed to indicate the time 

required for the step response amplitude to increase by 50% of the 

steady state value. Note that it is not common to indicate the 10-60% 

rise-time. 
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3.7 Prediction of rise-time from the frequency domain attenuation 

characteristic 

Let us suppose that the dielectric medium to be employed in a 

transmission line exhibits a dielectric susceptibility according to 

(3.22), i.e. xdü)= lw|m~ • 0 n e i s n o w interested in predicting the 

rise-time t' and the (approximative) waveshape of the resulting step 

response. 

If one accepts the arctan-function (3.64) as approximation function for 

m=0.82 (Fig.3.2) and in addition for a whole interval m ±Am (Figs.3.8, 

3.9 and 3.10), then the practical determination of the pulse rise-time 

based on the knowledge of the line's attenuation may be carried out 

with the following steps: 

a) Determination of the power factor m from a log(attenuation) 

versus log(frequency) plot, to make sure that m is in the 

range specified. 

b) Determination of the angular frequency w = 2nf , at which 

the attenuation attains a(u) ) = (kw ) m = 1 Neper (=8.68dB). 

c) Evaluation of t' based on the arctan-function (3.64). 

For the 0-50% rise-time, this procedure yields: 

t r(5«).. k.A. ^ 1 . (3.65) 

* Nahman [27] finds the following formula for the rise-time of a W 

step response: 

t (5o%) = I f ^ L L 7 ] = . e (50%) 
r % l cosCmïï/2) J r 

where U(U1) denotes the attenuation at a fixed (angular) frequency ui . 

It is interesting to note that his expression reduces to equation 

(3.65) if one sets w =ID and if one considers t1(50%)=constant (see 

Table 3.1), which has actually been done in the derivation of (3.65). 
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Roughly speaking, one may say that all (ku)™ attenuation 

characteristics have, approximately, an arctan function as step res­

ponse, provided that: 

0.7 < m < 1 (3.66) 

The limits given in (3.66) are somewhat arbitrary, but give a rough 

indication of the validity of the arctan approximation. 

The usefulness of (3.65) is clearly visible, as for the determination 

of t (50%) one requires merely the (angular) frequency u at which the 

attenuation is 1 Neper. 

3.7.1 Rise-time t (50%) versus transmission line length 

The relation between line length H and the proportionality factor k is 

readily seen from (3.39), namely: 

k = % 
1/n 

(3.67) 

Because the 0-50% rise-time is practically constant and equal to 

a=1.914 over the range 0,7<m<l (Table 3,1), the following expression 

holds in this interval: 

t (50%) 

t (50%) 

f 

l 2 

1_ 
171 

(3.68) 

Above relationship has already been reported by Nahman [27], 
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3.8 Experimental verification for the application of the arctan-

function as approximation to the (kü))m response ; 0.7<m<l 

Most of today's commercially available HF coaxial cables using solid 

dielectric (e.g. FEP=Fluorethylenepropylene or PTFE=PoIytetrafluor-

ethylene, [46]) are mainly limited by skin-effect losses at frequen­

cies below 1 GHz, in which region they are characterized by an /tj) 

attenuation behaviour. In the frequency range above approximately 1 GHz, 

losses due to the nonideal dielectric material get more important and 

then a w " ' -law is prevailing [46,27], This behaviour is more 

pronounced in the case of higher impedance lines, as for such lines the 

relative contribution of skin effect-losses is reduced. 

Rise-time measurements on such cables were not carrried out here for 

the following reason: For a 1 Neper attenuation frequency f of 

several GHz, rise-times t (50%) of the order of several tens of ps 
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Fig.3.11 Measured attenuation curves for different lossy trans­
mission lines (note: line length is different for case A - E ) ; 

A: PVDF dielectric insulator with w0.9 
B; PVC dielectric insulator with m=u.76 
Cx PVDF dielectric insulator with m=0.S3 
D: PVC dielectric insulator with m=0.79 
E: PVC dielectric insulator with m=0.72 
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Fig.3.12 Measured step response curves for the transmission 
lines having the atténuation characteristics shown in Fig.3.11 . 
The (*) symbol denotes calculated values based on equations(3.6ä), 
(3.64) and (3.65), whereby the 1 Neper attenuation frequency fg 
is determined from Fig.3.11 (intersection points of the attenua­
tion curves with the curve a = 1 Neper •= 8.68 dB ) . 
The first photo (upper left) shows the output pulse of the 
Tektronix S-52 pulse generator, when directly connected with a 
1 meter coaxial line (type RG-213) to the sampling unit Tektronix 
7S11/S-2 . Generator and detection system have 50 fi internal 
impedance. 
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would result (see eqn.3.65), for which no adequate équipement (pulse 

generator,detecting system) was available with the author. Instead, 

rise-time and waveshape measurements were, made on different coaxial 

transmission lines used for filtering purposes in electromagnetic 

interference (EMI) problems and having predominantly dielectric losses. 

Fig.3.11 summarizes the measured attenuation curves in a 

log(attenuation) versus log(frequency) plot, from which the slope m is 

readily determined. The corresponding (observed) step response curves 

are presented in Fig.3.12 and compared with calculated data (calculated 

from the attenuation curves given in Fig.3.11, where the frequency f 

is obtained from the intersection point of the attenuation curves with 

the level a=8.68 dB (=1 Neper) and subsequently equations (3.65) and 

(3.64) are applied). 

As can be observed, calculated and measured values are in good 

agreement. Note that the flat tops of the observed responses for m<0.82 

are situated below the arctan-approximation ( * symbol), while for 

m>0.82 they are situated above (this is expected, if we recall the 

response curves presented in Fig.3.8). 

Fig.3.13 and Fig.3.14 show experimentally the relationship rise-time 

t (50%) versus line length H as described by (3.68). The relatively 

large error for the measured values is due to the inaccuracy in the 

determination of the time t=0 (according to equation 3.56) and to 

the reading error from the oscilloscope. 
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Fig.3.13 Measured attenuation characteristic of a PVDF coaxial 
transmission line, 
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Fig,3.14 Measured and calculated rise-time tr(50%) versus 
transmission line length S. For the PVDF coaxial cable whose 
attenuation is given in Fig.3.13 . The calculated values are 
based on equations (3.65) and (3.68), where the J Neper atte­
nuation frequency fu can directly be taken from Fig.3.13. The 
measured rise time values are determined with the help of 
equation (3.56). 
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3.9. Conclusions 

Transmission lines having predominantly skin-effect losses can, in most 

cases, be described by an attenuation d(u)) proportional to ^ . The 

resultant step response is a complementary error-function. Many 

dielectric materials can be described by a frequency-dependent 

conductance proportional to u . When used in transmission lines, 

such dielectric insulators will give rise to an attenuation 

proportional to (»J . In this chapter, we have shown, that the resul­

ting step response based on such an attenuation characteristic is, for 

values of m close to 0.8, well described by an arctan-function. This 

case m =0.8 is often encountered in practice. The proposed 

arctan-function is therefore very useful in engineering analysis, as it 

provides a simple means for calculating the step response rise-time 

from the knowledge of the 1 Neper attenuation frequency only. 

The applicability of the theory to ' other than coaxial types of 

transmission lines has to be investigated. This would be interesting 

e.g. in digital systems for microstrip lines (on various substrates) , 

where an accurate prediction of rise-time is indispensable. Another 

potential application is the prediction of the distortion of voltage 

spikes induced by nuclear electromagnetic pulses (NEMP) on lossy 

cables. 

The present theory finds an interesting application for the time domain 

characterisation of distributed electromagnetic interference filters 

using lossy uniform transmission lines as described in [42-43]. 
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4. PULSE BEHAVIOUR OF NONUMFORM TRANSMISSION LINES 

This chapter addresses the pulse behaviour of nonuniform transmission 

lines. First, a short survey on the literature related to the theory 

and to the applications of such lines is given. This should help the 

reader to make himself familiar with some important aspects in this 

broad field of problems. Subsequently, the time domain analysis (step 

response) of a whole class of nonuniform transmission lines is 

presented. It is shown that the step response for this class of lines 

can be obtained in exact and closed-form, a fact that considerably 

facilitates the transient analysis. Therefore this transmission line 

class should prove to be useful in treating certain time domain 

problems involving nonuniform transmission lines. 

The literature on nonuniform transmission lines is indeed rich and ad­

dresses numerous aspects of theoretical as well as of practical nature. 

For the reader's convenience some of the important keywords and 

references are summarized in Table 4.1 , This table aims as well to 

situate the work in the present chapter with respect to the work done 

in the past by many other authors. 

Frequency domain theory 

From the theoretical point of view, the analysis and synthesis of the 

general nonuniform transmission line is confronted with serious 

mathematical obstacles. A close inspection of past literature (Table 

4.1) confirms this fact, as merely a few papers dealing with the 

behaviour of the general nonuniform line have been published 

[e.g.50-52]. Youla [50] discusses the nonuniform line having an 

arbitrary series impedance function Z(z,p), a shunt admittance function 

Y(z,p) and under arbitrary limit conditions (i.e. terminations at 

source and load) in terms of a Volterra integral equation formulation. 

His analysis leads to expressions for various quantities of engineering 

interest, such as transducer power gain, input reflection function, 

etc., which are obtained by integration (in most cases numerical 

integration) of an ordinary Volterra integral equation. Protonotarios 
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et al. [51] investigateci nonuniform transmission lines in terms of a 

Sturm-Liouville equation approach. This method is advantageous insofar 

as it does not require the solution of any nonlinear differential equa­

tion, such as is obtained through conventional integral transform tech­

niques (Riccati's differential equation, [53-55,57]). The problem is 

reduced to that of determining of the eigenvalues of the corresponding 

Sturm-Liouville equation. The basic problem for the characterisation 

of a nonuniform transmission line consists in finding the solution of 

the second order linear differential equation (2.5) for a given Z(z,p) 

and Y(z,p), respectively. Because no general solution exists for this 

problem, many authors have devoted their efforts to the analysis of 

special types of nonuniform lines, for which relatively simple and, in 

particular, closed-form solutions result (see list given in Table 4.1). 

Several methods have been applied. A first one is the direct solution 

of the differential equation (2.5), e.g. in the case of the 

exponential line (for this type of line the differential equation (2.5) 

has constant coefficients) [71-74]. Another method involves the 

application of integral transforms, by which (2.5) is often modified to 

a generalized second order Riccati's nonlinear differential equation 

[53-55,57]. This type of differential equation has extensively been 

studied in the past. If certain interrelationships on Z and Y are 

imposed, classes of nonuniform transmission lines with closed-form 

solutions may be derived (see e.g. the table of solutions given in 

[57], where some interrelationships are listed). By applying the 

principle of duality [58], the method of generalization [59-60], the 

theorem of adjoint equation [63], it is possible to widen the existing 

classes of solvable nonuniform transmission lines. 

Frequency domain applications 

Nonuniform transmission lines have been used extensively as impedance 

matching devices [69-77] and resonators [72-73]. A typical example in 

the field of radio and microwave frequencies is the matching between a 

source and an antenna having different impedance levels. Among the dif­

ferent impedance transformers studied in the past, in particular, the 

Tchebycheff-type deserves to be mentioned. This type of line shows bet­

ter transmission performance when compared to other types [69-70], For 

the application of nonuniform lines to resonators it has been shown 
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Table 4.1 Survey of the literature on nonuniform transmission lines. 
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(under arbitrary limit condi­

tions). [50-52,86] 

- exponential 

ON SPECIAL NONUNIFORM LINE TYPES 

[71-77] 
- Bessel [61-62,74,88-89] 
- power-law [61-62,74] 
- Dolph-Tchebycheff [69-70] 
- Gaussian [69] 
- hyperbolic [81] 
- trigonometric [77] 

- and other special tapers 

(see bibliography, [75] ) 

- Volterra int 

- exponential [78-80] (*) 
- power-law (**) 

[83, this chapter ] 

FOR GENERAL NONUNIFORM LINE 

egral formulation 
- Sturm-Liouville formulation 
- Matrix formulation 

[50-52] 

- direct solut 

FOR SPECIAL NONUNIFORM LINE TYPES 

ion of 2 order 
lin. diff. equation [61-2,71-3] 

- integral transforms (-> Riccati 
nonlin. diff. equation [53-60]) 

- impedance matching [69-77] 
- filters (Notch-filters) [85] 
- resonators [72-74] 
- broadband terminations [65] 
- absorbers [66,68,84] 
- directional couplers [89-90] 
- and other applications 

- Laplace trar isform [78] 
- numerical methods [80] 

(method of characteristics, 
cubic spline method) 

- short pulse transformers 
[79] 

(*) : no closed-form solutions ; (**) : closed-form solutions 
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that their physical length can be reduced when compared to similar 

uniform transmission line resonators. This is of some interest in 

microwave circuits, if high component packaging density is required. 

Other applications are listed in Table 4,1, It is maybe interesting to 

note that the problem of electrical impedance matching has also 

analogies in the accoustical and optical field: An illustrative example 

in the accoustical field are the horns [87], which provide an 

accoustical match between the speaker's throat and the sound carrying 

medium, i.e.the air. An equivalent problem in optics are the 

antireflection coatings, e.g. the antireflection coating on a solar 

cell to match the refraction indexes of air and the one of the solar 

cell material. This leads to enhanced absorption of the solar cell. 

Time domain: Theory and applications 

Unlike the case of the frequency domain, very few papers have addressed 

the time domain analysis of lossless nonuniform transmission lines 

[78-80,83]. In fact, to the author's best knowledge, no papers dealing 

with the transient behaviour of the general nonuniform line has been 

published. As far as special types of lines are concerned, Schatz's 

analysis [78-79]] dealing with "Pulse transients in exponential 

transmission lines." is unique in terms of an approach by analytical 

means (note, however, that the analysis does not lead to closed-form 

solutions). Other authors [80, and ref. mentioned therein] have 

utilized numerical approaches to obtain solutions. Hill [80] discusses 

the method of characteristics and the cubic spline method to obtain 

computer solutions for the exponential transmission line. These 

methods allow the incorporation of losses and of nonlinear sending and 

receiving conditions; they are therefore are of a certain interest to 

applications which are, due to their high degree of complexity, not 

worthwhile to approach by standard techniques such as Laplace transform 

techniques. Also, the proposed methods are not only limited to 

exponential transmission lines, but may be applied to an arbitrary type 

of taper. 

Another interesting approach for the characterisation of the transient 

response of linear networks in terms of the rise-time t and the 

delay-time t has been presented by Elmore in 1947 [91]. Under the 
d 

assumption that the response to a unit step function is monotonically 
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rising to ids final value (this assumption implies that the impulse 

response h(t)g 0 for all values of the time variable t), this theory 

enables the prediction of t and td directly from the knowledge of the 

Laplace transform of the network. Hence, no retransform into the time 

domain is required. In fact, for numerous applications, the Laplace 

transform is readily obtained but the retransform usually represents 

the crucial point. Elmore's analysis has been applied successfully to 

tapered distributed RC-networks [92]. However, unlike the case of the 

RC-lines (=lossy nonuniform transmission lines), the analysis cannot be 

applied to lossless nonuniform transmission lines, as in general the 

important assumption of monotonicity for the step response is not 

. fulfilled. 

As is observed from Table 4.1, there are very few time domain 

applications of nonuniform transmission lines. Schatz [78-79] suggests 

that such lines may be used advantageously as pulse transformers with 

short and fast-rising pulses, in particular where large amounts of 

power are involved. Such requirements are to be found e.g in 

'electrostatic' ion deflectors for large nuclear particle accelerators; 

and they are not readily met with conventional two-winding iron core 

transformers. 

The main objectives of this chapter are: 

a) To make a contribution to the time domain analysis 

of nonuniform transmission lines (Table 4.1). The 

step response of a whole class of lines is presented 

in exact and closed-form. 

b) To show that the step response for this class of 

nonuniform lines can be used to approximate the step 

response of the exponential transmission line. 
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4.1 The lossless power-law transmission line. Definition and Laplace 

domain solutions. 

The nonuniformity of a transmission line is achieved either by changing 

its geometrical cross-section in a certain continuous manner along the 

line and/or by changing the dielectric medium properties (permittivity 

E= e(z) and/or permeability P = u(z) ) in such a way that the desired 

variation in characteristic impedance results. If only the geometric 

dimensions of the line is varied and a homogeneous dielectric is used 

the line will have a propagation velocity, which is independent of the 

position z, i.e. Y =Y(p)-

Definition 

The general lossless power-law transmission line is described in terms 

of its equivalent electrical circuit by the series impedance Z and the 

shunt admittance Y as follows: 

where 

Z(z,p) = Z ( p ) ' ( l + n z ) r = p L Q ( l + n z ) r 

Y(z,p) = Y(p) - ( l + nz ) S = P C 0 ( I + T 1 2 ) 3 

r,s 

(4.1) 

inductance per unit line length at z=0 [H/m] 

capacitance per unit line length at Z=O [F/m] 

taper parameter (*) [1/m] 

arbitrary power factors 

Our concern here are only lines with constant propagation velocity 

c=constant. Because of this restriction one will have to impose the 

condition r=-s on the power factors. 

The solutions of the second order linear differential eqns. (2.5) when 

inserting above expressions for the series impedance and shunt 

admittance, respectively, leads to Bessel-functions whose orders are 

functions of r and s [61-62,65,87-88], Therefore this type of 
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nonuniform transmission line is very often also referred to as the 

Bessel-line (*). Bessel-functions of arbitrary order however, are not 

suitable for transient analysis, as usually no simple retransforms of 

such expressions exist. 

The transient response analysis proposed here is based on the following 

important restriction for the power factor r : 

r = 2n (4.2) 

where n is any positive or negative integer number. 

As will be shown, the class of lossless nonuniform lines defined 

through (A.1-4.2) leads to solutions in terms of Bessel-functions of 

order (n+1/2), which, in turn, may be expressed by well-known 

elementary functions (trigonometric, powers). In consequence, the step 

response function can now be evaluated by standard retransform methods. 

Using above definitions we can write down the set of equations 

governing this special class of the power-law lines, for the lossless 

case: 

Z(z,p) = pL Q(l + nz)
2 n ! series impedance 

and 

(4.4) 

ï(z,p) = PC (1+Tlz) " I shunt admittance 

Z (z) = Z (l+nz) 2 n ; characteristic impedance 

Y(p) = p/c ; propagation function 

where Z Q = / C ^ and c = v * ^ 

(*) In the literature the term 'tapered1 refers to the variation of the 

characteristic impedance along the transmission line; in certain cases, 

however, it describes the cross-sectional geometry along the line. 

There are also diffferent designations for the Bessel, the power-law 

and the parabolic transmission line [61-62,74], In this chapter we 

will follow the designations as given by Wagner [61]. 
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Laplace domain solutions 

In this section we are deriving the solutions for voltage V and current 

1 for the power-law line defined above. It is uderstood that when we 

write V, I we mean V(z,p), I(z,p), etc. Until not mentioned 

differently n is assumed positive. 

To obtain the solution we first insert (4.3) into the the second order 

linear differential equation (2.5) and obtain : 

(4.5) 

d2V 

^/ 

d2I 

7̂ 

2n 

y 

2n 
+ — 

y 

dV 

dy 

di 

dy 

Y2 

- - V - 0 

Y2 
- - X - 0 

with y = (1 + nz) . 

Reference [13] lists a table of numerous differential equations leading 

to solutions in terms of Bessel-functions. One recognizes, that (4.5) 

is listed as formula 8.194/9 on page 972. The solution results as : 

V(y.p) = yn*1/2- 3(ntU2) (jyy/n) <*-6> 

where B : arbitrary Bessel-function (and any linear combination) 

of order (n+1/2); n being an integer positive number. 

It is common to represent the basic solutions in terms of progressive 

and reflected waves V (y,p) and V (y,p), respectively. Then we will 

have to chose Bessel-functions of the third kind (also called 

Hankel-functions) for the expression B in eqn.(4.6). These functions 

are denoted by H, , , and u)2' , ,. One notes that its index has 
(n+1/2) (n+1/2) ^j 

values, which are multiples of one half. In such cases, both H as 

well as H may be reduced into a simple series expression given by 

[13,p.967]: 

exp(-Yy/n) n , .. , f n 

V l / 2 ) / 7 I=O („-!)• i: l 2Yy 

H(2) Œ exP(+Yy/n) ? f n i t" + P : f _n_ 

<n*1/2> /y" U (n-i)li: I 2Yy 

(4.7) 



- 78 -

Substitution o£ (4.7) into (4.6) yields the following expressions for 

progressive and reflected waves V (z,p) and V (z,p), respectively: 

n ? i (n + 1)*. 
V+(Z,p) = (1+Tiz) *exp(;Yz)*[(±D 

i=0 (n-i)li'. I 2y(l+nz) (4.B) 

(The suffix + denotes the progressive wave, while the suffix - denotes 

the reflected wave.) 

The corresponding solutions for currents I (z,p) and I_(z,p), respecti­

vely , are obtained via equation (2.4) and are expressed as: 

H dV 
I(y,p) = * — 

Z(y.p) dy (4.9) 

Recalling that Z(y,p) = y(p)*Z (y) and, further, that Z ( y ) = Z y n , o n e 

finds by using (4.6) the formula for current: 

n d 
Ky,P) = - M^,/2-w^M YZc(y) dy I t n + 1 /^ * (4.10) 

After carrying out the differentiation it can be seen that: 

I ( y , p ) = " 7 ^ 7 7 * y " / 2 ' (<n + 1 / 2 > ' V i * ) < ^ > + (4.11) 

y*a7'Vi/2)(jYy/n)) 

However, the term in parenthesis may be expressed by a Bessel-function 

of order (n-1/2) and of the argument jYy/n [13, p.967]: 

= jrVi/2) ( j^ {4.12) 

y m 1 / 2 . (4.13) 

Fina l ly we ob t a in : 

l ( z , p ) = - j . 5 (jYy/n) 
Z (y) l n UZ> 
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One observes that the order'of the Bessel-function for current is one 

order lower than the order of the corresponding voltage solution (A.8). 

Expressed in the original variable z and taking the same series 

expansion for B, , ̂  the desired formula for current waves becomes: 
(n-1/2) 

I jCz.P) 
±1 ""1 i (n + i - 1 ) : 

n ' e*p( + )z)'I (il) 
Z 0 ( I + TIz) i=Q ( n - i - l ) ! ! 

f ^ I ' 
l2y(l+T]Z)J 

The same current solutions may of course as well be obtained by solving 

(4.5) and subsequently adjusting the constant, such that (2.4) is 

fulfilled. 

Next, let us consider the case where n is a negative integer number, 

i.e. where the characteristic impedance Z (z) decreases for increasing 

z (see 4.3). A close inspection of the differential equation (4.5) 

shows that a change of sign in the power factor n merely interchanges 

current with voltage and vice-versa. Thus, we may write down the 

relations: 

V+(z,p;n<0) = ± ZQ'I + (z,p;n>0) 

1 (4.15) 
l + (z,p;n<0) = î f •V+(z,p;n>0) 

La -

Once the basic solutions for the voltage and current equations are 

established, the general solution is a linear superposition of 

progressive and reflected waves, i.e. 

V(z,p) = a V+(z,p) + b V_(z,p) ( 4 > 1 6 ) 

I(z,p) = a I + (Z1P) + b I_(z.p) 

where a and b are arbitrary constants, which have to be evaluated for 

the particular limit conditions imposed on the specific problem. As a 

reminder, n=0 represents the case of the uniform transmission line, 

whose basic solutions are: 

V+(z,p) = exp(- yz) (4.17) 

I + (z,p) = Y- exp(-Yz) 
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Two observations may be made with respect to equations (4.8) and 

(4.14), First, if we define an impedance for a progressive wave: 

Z*(z,p) = V+(z.p)/I + (z,p) (4.18) 

and in the same way the impedance for a reflected wave: 

Z~(z,p) = V_(z,p)/I_(z,p) (4.19) 

one finds, that these two quantities are complex, unlike in the case of 

the uniform line . where Z += - Z -= Z„ is real. This simply takes 
c c 0 . 

account of the phase lag between voltage and current. Ballantine [88] 

showed, that for a positive conical line (this line corresponds to a 

power-law.line for n = ±l and will be called parabolic line in this 

chapter) Z += Z *(ny/Y + y2) a n d Z"= Z*-(-ny/Y + y2) • Recalling that 

7= p/c for the parabolic line , Z* may be interpreted as the impedance 

of a positive capacitance in series with a resistance. Z" looks like 

the impedance of a'negative'capacitance in series with a resistance. 

The interesting thing is that a 'negative' capacitance reactance is an 

extremely rare thing, as pointed out by [88]. 

The second point to be emphasized is the high frequency behaviour of 

the power-law line: At high values of the propagation function the 

first term in (4.8) and (4.14) are predominant. Under this condition 

Z as well as Z approach a real value Z = - Z = Z^/ . The line then 

acts as an ideal transforming device, which suggests their use for 

impedance matching or pulse transforming purposes. 

The results given in (4.8) and (4.14) have already been mentioned by 

several authors [62,74,87-88,and others] in frequency domain analysis 

involving nonuiform transmission lines. Also the restriction r=-s (see 

4.1) is reported by the same authors. 

The important observation to be made for the present work is that the 

class of nonuniform lines described by a power-law, where the power 

index r is even (r=2n), will prove indeed to be a advantageous class 

for time domain analysis. 
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4,2 Voltage reflection and transmission coefficients 

In this section we will derive the reflection and transmission 

coefficients at the interface uniform/nonuniform transmission lines. 

These results will be used in the next sections to calculate the step 

response transforms. Some of the formulas can be found in similar form 

in the literature. The reader may, however, find it convenient to have 

them derived here in exactly the form that they will be used later on. 

Three different situations are thereby of particular interest: 

a) voltage transmission onto a nonuniform transmission line connec­

ted to a source of impedance Z (Fig.4.l/a) 

b) voltage reflection and transmission for a wave propagating on a 

uniform line and encountering a nonuniform line (Fig.4.1/b) 

c) voltage reflection and transmission coefficients for a wave pro­

pagating down a nonuniform line and incident on a uniform line 

with impedance ZJJ or Z ,respectively (Fig.4.1/c,d). 

For all configurations illustrated in Fig.4.1 the propagation behaviour 

in the nonuniform line is described by progressive and reflected waves 

given by ¢4.8) and (4.14). Equation (4,17) applies to the uniform line. 

If we first take a look at configuration a) one can write down Ohm's 

law at z=0 : 

VT(z = 0) = V - T 0 Z 5 I + (O1P)= T 0V +(O 1P) (4.20) 

which, after rearranging, yields the transmission coefficient T : 

T =
 VQ (4.21) 

D ~ V4(0,p) + Zg l+(0,p) 
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In the case b) Che following limit conditions hold at z=0: 

Vc(z = 0) + $_<z-0) = V Cz=O) 
(4.22) 

îs(z = 0> + îR(z = 0) = îT(z = 0) 

where î , î and î a re the cu r ren t s driven by the corresponding 
S R T 

voltage waves. V , I , V and- I a re waves for a uniform l i n e 
S S R R 

decribed by (4 ,17 ) , while V and I a re progressive waves for the 
power-law l i n e described in (4 .8 and 4 .14) . 

-*• 

The magnitude of V can be chosen a r b i t r a r i l y . By s e t t i n g V (z=O)'= V 
and evaluat ing the l imi t 'conditions one ob ta ins : 

V (0 ,p) - Z I (U,p) 
T1 . - ! 3 - t 

V+(O,p) + Z 5 I + (0 ,p) ( 4 < 23) 

and 

2V0 

1 ' V (0 ,p) + Z l + ( 0 , p ) (4.24) 

One observes, that T =2T .The factor 2 results from the fact that in 
1 0 

a) T is giving the ratio of transmitted to internal source amplitude 

V , however in b) T expresses the ratio of transmitted to incident 

wave amplitude. 

The coefficients Y , T , T and T (situation c) and d) ) are 

derived analogously to T and T and are listed hereunder without 

giving the details of the calculation: 

v a,?) v a,p) - Z11 u ,p) 
r. = - — (4.25) 

V + (Ä,p) V_U,p) - Z% I_U,p) 

T* = 1 + r* = 
i Z4(V-(A1P)I+Ca1P)-V+(A1P)I-U1P)I ( 4 > 2 6 ) 

v+(Ä,p) v_a, P) - zÄ I_(Ä,P) 

V (0,p) V (0,p) + Z I (0,p) (4.27) 

r - -
V (0,p) V (0,p) + Z I (0,p) 
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i + r = 
V (O.p) 

Z {V ( 0 , p ) I CO,p> -V ( 0 , p ) I (0 ,p) } 
5 + + ; 

V (0 ,p) + Z_ I (O.p) 
(4 

a) 

*=0 

source 

r.-X 
«-0 

T1-Ui; 

z=f 

* - * 

T r i + r f 

I=O 

U: uniform line . N: nonuniform line 

Fig.4.1 Definition of reflection and transmission 
coefficients at the discontinuity nonvniform/uniform 
transmission lines. 
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It is important to note, that all coefficients given above are complex 

quantities, contrary to the case of real reflection and transmission 

coefficients obtained at the interface of uniform/uniform transmission 

line having different characteristic impedances. 

The reader should not confuse these coefficients with the 'input 

reflection coefficient' obtained for a uniform line of length A and 

terminated in a ohmic load impedance Z« , when seen at the position 

z=0; latter has the form R = |r„|• exp(-2YÄ) and is complex as well. 

Here we are considering the local reflection or transmission 

coefficient at either z = 0 or z = K, (see input reflection function 

defined in section 5.2 ) . 
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4.3 Step response of positive parabolic transmission line 

The positive parabolic transmission line is obtained from (4.3-4.4) when 

the power index n is set to n=l. The characteristic impedance Z and 

the propagation function y then become: 

zc(z) = z0(i + nz)' 

YCP) = p/c 

(4.29) 

Further, the Laplace domain solutions are deduced from (4.8) and 

(4.14), when inserting n=l : 

V±(z,p) - ((1+nz) ± — I • exp(+pz/c) 

IJz,P) = 
±1 

z (l+nz) 
o 

p 

exp(; pz/c) 

(4.30) 

Consider the arrangement as shown in Fig.4.2, where a parabolic line is 

connected to a unit ramp generator consisting of an ideal voltage 

source in series with an impedance Z . On the receiving side at z =8, 
5 

the line is terminated into a load impedance Z*. 

Fig.4.2 Basic configuration analysed. 
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For the subsequent calculations the following designations are used: 

F (z,p) , f (z,t) : voltage Laplace transform pair 
u u 

F (z,p) , f (z,t) : current Laplace'transform pair 
c c 

f and f are the step response functions for voltage and for current, 
u c 

respectively, taken according to .the arrangement given in Fig.A.2 . 

The following abbreviations will be applied: 

t0 = l/c 

T = t - Jt/c 

y = 1 +pz 

Y1 = I+T1& 
sgn[n) 

time-delay of line 

(see Fig.2.4) 

impedance ratio 

impedance ratio 

voltage transforming ratio 

(4.31) 

Let us set the time, at which the generator is switching to t=0. 

Instantly a wavefront will start off at z=0 and propagating down the 

line while undergoing a certain distortion. After the time-delay t 

the wavefront encounters the load Z at z = J, and is partly 

backreflected towards the generator. At the generator, after twice the 

propagation time a new reflection event takes place. This process is 

repeated until a steady state on the line is achieved. 

We are only interested in the leading part of the step response and 

therefore it is meaningful to limit the time t to values: 

0 < t < 2 t for the step response f (0,t) 

0 < T < 2t for the step response f (Jl1T) 

(4-32) 

This restriction also considerably facilitates the analysis, as we do 

not have to account for multiple reflections on the transmission line. 
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Under the condition (4.32) the determination of the transforms F (0,p) 

and F (Ji,p) are straightforward. F (0,p) results in: 

1 1 • V (0,p) 
F (0,p) = - TnV (0,p) = -

4.33) 

0 t p V (0.p) + Z I (0,p) __ ^ 

where 1/p is the transform of the unit step 

and T is the transmission coefficient derived in (4.21) 
0 

Substitution of (4.30) into (4.33) gives: 

1 (p + nc) 
F(0.p) = 

1 + v, P(P +Hl-) 1 1+v 

(4.34) 

In the case of the infinite line (length A=™), the voltage transform 

valid at any point z is obtained as : 

FU.P) 

1 (py +ncy) 

. 2 - , P(P + JZ-, 
y2 + ^ 

exp(-pz/c) (4.35) 

At the load ( z=£ ) the transform is expressed by: 

By using (4.21) and (4.26) it is reduced to: 

V (V_<A,p) ! + (
ft.P) - V + (Sl1P) I_(A,p)] 

(4.36) 

F.U-P) = £ p (V+(O1P)+Z5I+(O1P)J-JVJA1P)-Zj1I-(A1P)J 
(4.37) 

which, after inserting the formulas for progressive and reflected waves 

(4.30) and making use of the abbreviations (4.31), becomes: 

F ft.P) = 

2V 2 
p-exp(- pA/c) 

I+V, yf + v 

(4.38) 
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It may be observed that (4.34) does not depend on the load impedance 

Z 0 ; this is a direct consequence of the restriction made in (4.32). 
X/ 

In fact, for reasons of causality, it can not be influenced by the 

conditions at the load for times t < t . 

We are, for the following calculations assuming ohmic source and load 

impedances Z and Z0 , respectively, Then the step response functions 
5 * 

may be obtained by looking up in existing Laplace transform/retransform 

tables [11-13]. 

For the positive parabolic transmission line the response to a unit 

step observed at z=0 is obtained from equation (4.34) as: 

E.(O.t) = 1 -
1 +v. 

1 «expl- 1| ; 0 < t < 2 tr 
1 +v. (4.39) 

or for the infinite parabolic line it is written as: 

f . C z . t ) = 1 -
y2 + v, 

• exp -
ncy 

y 2 + V , 
( t - 7 ) ; t > r (4.40) 

In the same way the step response function calculated at the load 

follows from equation (4.38) as: 

f (H1T) = 
2 y, V2 

(1 + V 1 W y 1 + v 2 + y , ( l +V 1 ) ] 

exp -
nc 

1 + v. 

y / l + v , ) 
•exp 2 

n c y , 

0 < T < 2 t . 

Equation (4.40) is valid at any time t > z/c because no reflected wave 

is present. 
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One observes that the response f (St,t) as given by (4.41) is composed 

of two exponential terms, the first one having a negative argument and 

the second one having a positive argument. The reader should not get 

confused by the fact, that one term of the step response (4.41) is 

increasing exponentially, a fact which is not compatible with the 

behaviour of a stable network. The stability of the system is still 

assured in our case , as the time t is limited t <t < 3t . Further, 
D 0 

if we take a closer look at the arguments of the exponential terms, it 

may be seen that the negative one does not depend on the load impedance 

Z. , while the the positive argument does not depend on the source 

impedance Z 

Because the load impedance was assumed ohmic, it is not possible to 

obtain a reflectionless termination by adjusting Z to the impedance 

level of the line at z=H. In fact, a complete impedance match at 

z = B. would require a complex impedance Z. such that the reflection 

factor given by (4.25) is zero on the whole axis p = jto. However, if 

Zp=Z-(I+ T]Z) the reflection is kept relatively low. 

Next we may derive the current transforms F (0,p) and F (£,p) and their 
c c 

retransforms, which are easily deduced by applying Ohm's law at the 
source and at the load: 

Fc(0,p) = (l-F v<0,p)]/Z a 

Fc(Ä.,p) = F (Sl,p) IZ1 

fc(o,t) = (i-fu<o.t)]/zs 

f.(i.t) = f <a.t)/z0 

current 
waveforms 

(4.42) 

Several curves illustrating the voltage step response waveshape are 

calculated in Fig.4.3 at the load Z0. 

The result given in equation (4.41) has been published by the author 

in [83], It decribes the step response waveform under arbitrary limit 

conditions Z and Z„ (ohmic) by simple and closed-form expressions. 
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This feature considerably facilitates the transient analysis, when e.g. 

compared with the awkward expressions obtained , iii the case of the 

exponential transmission line [78] , even under specially simple limit 

conditions (infinite line length, Z = O ) . 

- V1 = I ; V 2-M 

norm, t ime ct /£ 

Fig.4.3 Calculated step response curves f (l,t) for a 
positive parabolic transmission line with the voltage 
transforming ratio M as parameter. 
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4.4 Step response of negative parabolic transmission line 

The negative parabolic transmission line is the special case of the 

power-law line for the power index set to n=-l, hence it has a 

characteristic impedance which is decreasing for increasing z. From 

(4.3) one readily obtains: 

Zc(z) = Z 0 / ( 1 + n z ) ' 

Y(p) = p/c 

(1.43) 

The Laplace domain solutions of the negative parabolic line are related 

to the solutions for the positive positive parabolic line by (4.15), 

i.e voltage and current transform are basically interchanged: 

V+(Z,p) 
1 

O + nz) 

i±(z,p) = \pi ± (i + nZ>] • 

exp(+ pz/c) 

exp( + pz/c) 
(4.44) 

By following the same calculation procedure as in the case n=l one 

finds in the case n=-l the step response transform at z=0 as following: 

1 1 
F.CO.p) = 

I+V1 ( P + ^ l ) 
I+V1 

(4.45) 

For the infinite negative parabolic line the voltage transform at any 

point z becomes: ,, 

1 1 

F„(z.P) 
1 + V1 y ( P + 

HcV1 y *exp(-pz/c) 

1+v,y ' 

At the load (z=j.) the transform is written as: 

(4.46) 

2 V 1 
F 1 ( I ,P ) = 

p*exp(- pH/c) 

< 1 + V<1 + Vi> (p + 1 +V, 

HCV1 Hc^y1 

(4.47) 
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For ohmic source and load impedances Z g and Z^ , respectively, the 

retransforms of (4.45)-(4.47) become: 

fv(o,t) e x p( '7Tr l] : 0 < c < 2 t o 
1 + v v i + V1 ; 

(4.48) 

For the i n f i n i t e l i n e : 

1 f n c V z 1 z 
f „ < z , t ) - - ? - e x p - r ( c - - ) ; t > -

1 + v.y v l + v , y ' 
(4.49) 

and at the load it is evaluated to: 

f(A.T) = 

2 V1 V2 y, 

(l+v 1)-[v l(l+v 2yp+y lv 2(l+v i)] 

exp -

ncv, y i V 2 ^ l + V 1 ) 

T + 5— • exp — T 
1 + V1 J V1(I +

1^y,) Ui + y2y,) 

0 < T < 2 t, 

One remarks, that the step response (4.50) at the load for the positive 

parabolic line under the condition v = l , V = y and for the negative 

parabolic line under the condition v = l , v = l / y merely differ from 

each other by the factor M , where M denotes the voltage transforming 

ratio (see Fig.43). In both cases the high-pass characteristic of the 

line is apparent. 
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4.5 Experimental data 

In order to test the validity of the theoretical results derived above, 

the step response waveform was measured on a coaxial type of parabolic 

transmission line . A characteristic impedance variation according to a 

parabolic law was obtained by keeping the outer diameter constant and 

varying the diameter of the inner conductor. The following design 

parameters were implemented: 

z (Z=O) = en 

Z (Z=Jl) = 72 [3 

Î, = 2.2 m (4.51) 

e = l (air dielectric) 

t = 7.4 ns 

From these data one obtains a voltage transforming ratio: 

M = /72/8 = 3 (4.52) 

The variation of the characteristic impedance between 8fi and 72fï was 

chosen in order to get a reasonably high voltage transforming ratio M 

and at the same time to limit the total variation of the inner diameter 

between input and output. In fact, for a variation of the charac­

teristic impedance between 50ft to 450ÎÎ one would obtain a much larger 

variation of the inner diameter between input and output. This is due 

to the fact that the characteristic impedance is a logarithmic function 

of the ratio of outer to inner diameter. 

The measurement setup for the determination of the step response is 

shown in Fig.4.4 in the case where the line is used as positive 

parabolic line, and in Fig.4.& in the case where the line is used as 

negative parabolic line. Because the pulse generator as well as the 

sampling unit have 50f2 internal impedances the parabolic transmission 

line described above could not be used in the transformer mode with 

v =1 and v =9= M . In both cases the parabolic line was terminated with 

an ohmic impedance corresponding to the characteristic impedance level 

Z Cz=Jl) of the line at z=£, i.e. with 72Q in the case of the positive 
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parabolic line and with 8£i in the case of the negative parabolic line. 

Consquently, merely weak reflections will occur at' Z=B. ; "this also 

reduces (but does not eliminate) the problem of multiple reflections 

on the line. Not'e, 'however, that for both setups there is a 

considerable ' impedance mismatch at 2=0. This is of minor importance 

for the following measurements, as the backreflected wave ' will bé 

absorbed without further (forward) reflection by the pulse generator 

itself. 

Fig.4.5 and Fig.4.7 show the measured step response waveforms for the 

positive and negative parabolic transmission line, respectively. It 

may be seen that the measured data are in reasonable agreement with 

the calculated values (pointed curve, valid in the interval 

1< ct/ 8.- A <3) data. The deviation of the measured response with 

respect to the calculated response is due to the finite rise-time of 

generator 

v,(t) 

50fi 

sampling 
unit 

Fig.4.4 Measurement setup to determine the step response of the 
positive parabolic transmission line. It consists of a fast pulse 
generator (Philips PM5775) that provides for the variation of re­
petition rate and pulse duration and that has .typical rise-times 
tT(10-90%) - 700 ps. The waveform v2(t) was measured, with.a Tektro­
nix 7S11/7T11 sampling unit with a rise-time of tt(10-90%)*70 ps. 
Both pulse generator and sampling unit have 50Qinternal impedance. 
Two 50Q coaxial cables (type RG213) were inserted for measurement 
convenience. The total rise-time of the pulse generator, the coaxial 
lines and the sampling unit is tT(lO-90%) = 1.5 ns. The amplitude of 
the step is 1 Volt (measured at open circuit). The length of the 
line is H= 2.2 m . The time - delay of the line was measured as 
CQ= 7.Ans (air dielectric). Note that a 22fï resistance was in­
serted in series with the 50 fi coa*iai u n e at z = % in order to 
match the impedance level of the line (22Sl + 50Q = 72fï ) . 
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the measurement system (t (10-90%) = 1.5 ns) on one hand and due to the 

signal distortion at the interconnections uniform/parabolic line at z=0 

and at z=l , on the other hand. The effect of multiple reflections is 

not very important, as is seen from Fig,4.5 and Fig.4.7. This is 

expected, as the initial wave is almost completely transmitted at z= I 

(at the time ct/£-A=l). However, because of the mismatch at z=0, 

which is more important for the positive parabolic line (50fi to 8t2), 

this effect is slightly higher than in the case of the negative 

parabolic line (50fi to 72ÌÌ). 

> 
4 0 0 

>~ 2 0 0 
observed 

calculated 

2 3 
cx/e - A 

Fig.4.5 Measured step response v2(t) compared with calcula­
ted response. The measurement setup is shown in Fig.4.4 . 
The calculated step response is obtained from formula (4.41) 
by using the following relations: 

vJt) = 2f (t) and vJt) = - ^ 7 ; vjt) 
50+22 1 

The factor 2 in the first equation results from the fact that 
the parabolic line is fed over a uniform transmission line 
and not directly connected to the generator (see transmission 
coefficients TQ and T1 given by equations 4.21 and 4.24) . 
Û denotes the time-delay (in units of tD = H/c) of the two 
50 ß coaxial lines. t=0 corresponds to the time moment at 
which the generator switches from 0 + 1 Volt. 
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50 fi 

^ T 
-9.5Q 

50119.5 1 

-50Q 

sampling 
unit 

Fig.4.6 Measurement setup to determine the step response of the 
negative parabolic transmission line. This is basically the same 
arrangement as shown in Fig.4.4 for the case of the positive para­
bolic transmission line. Note that here a 9.5Q resistance shunts 
the parabolic line at z = £. in order to match the impedance level 
of the line (5OQ Il 9.5Sl = 8Q). 

200 

> 
E 

Z 100 

j. = IA ns 

observed 

I 
— calculated 

2 3 
c t / e - A 

Fig.4.7 Comparison of measured with calculated step response 
v2(t) for the negative parabolic transmission line. The measu­
rement setup is shown in Fig.4.6 . The calculated step response 
is obtained from formula (4.50) by using the following rela­
tions: 

and v}(t) = 2fjt) v2(t) = vy(t) 

The factor 2 in the first equation results from the fact that 
the parabolic line is fed over a uniform transmission line 
and not directly connected to the generator (see transmission 
coefficients T0 and T1 given in equations 4.21 and 4.24) . 
A denotes the time-delay (in units of tQ=i/c) of the two 
50Q coaxial lines. 
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4.6 Comparison of step response of parabolic and exponential 

transmission lines 

It has been shown that the step response of the parabolic transmission 

line leads to simple and closed-form expressions under arbitrary limit 

conditions. In this section we will discuss the utility of the 

parabolic step response function to approximate the step response of 

the exponential transmission line. The latter type of line has been 

extensively investigated in the frequency domain [71-77], where 

relatively simple solutions are obtained; it has also found numerous 

applications in the past. However, its time domain solutions represent 

rather awkward expressions (this is true even under specially simple 

limit conditions such as : infinite line length, Z =0). To demonstrate 

this fact the step response function of an exponential and a parabolic 

line are calculated in the footnote (*) on next page). 

If we are assuming a voltage transformation ratio M which does not 

differ too much from unity, i.e. (M-1-) « 1,then it is conceivable to 

use the step response function of the parabolic line as approximation 

function for the exponential line. For this purpose consider an 

exponential transmission line with a characteristic impedance function 

described by: 

e*p- f4 53) 
Zc(z) o Zo.exp(rii2) ; M o expCn^/2) ( ' ^ ' 

and a parabolic transmission line whose characteristic varies like: 

par. 

Zc(z) = Z 0'(l+n 2z)
2 ; M = ( l + n 2 Ä ) ¢4,54) 

Both lines are assumed to have a constant propagation velocity c. 

If one now sets (M-I) « 1 then one obtains from the series expansion 

of the functions (A.53) and (4.54) the first order approximation: 
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,lz.ll 2z/£ 
Zc<z> = V [ M J = Z0-[I + (M-DJ p Z0-[I + (M-I) i f ] 

par. 2 ; -. exp, 
Z c U ) - Z D . [ l + (M-l ) f J . Z 0 - [ I + ( M - I ) ^ j =Z c (z) 

(4.55) 

Condit ion: (M-I) « 1 

(*) Consider the exponential transmission line as described by equation 

(4.53). Under the condition V = Z /Zn = O and V = Z0ZZn = exp(TvJO = M
2 

Schatz et al. [78] obtain the following expression for the step response 

function f (£,t) : 

EXp. 

fuU-V=M. 
2 r J[ln(M)-s(r)] 

In(M) • a , - r ) - - dr -In(M)-(C1-I) 

Kr) 

-(C1-D-
J,[In(M)-S(C,)] 

S(C1) 
2- - ln(M)-s(Ç1)-Jt[ln(M)-s(Ç1)] 

+ ( In(M) -C1+In(M))- J jQ[ln(M)-s(r)]-dr + Jn[In(M)-S(C1)] 

1 < C1 < 3 ! (4.56a) 

where Ç.= ct/Jt = t/t ; s(u) = Ai -1 ; J [ ] and Jf ] are 

Bessel-functions of the first kind. 

For the parabolic transmission line with the characteristic impedance 

given by equation (4.54) one obtains, under the same condition for 

V = I and V=M (see equation 4.41). 

par. 2M2 f 1 I 
f W,€_) = ' exp(-2Ç ) + • exp(Ç /M) ; 0 < IL < 2 
v ' 2M +1 l * 2M ' J d 

where C2 - ^ 11^( f - D - } (M-I) (£ -1) . 

(4.56b) 

The step response function for the exponential transmission line gets 

quite involved for V ^ O and has not been calculated by [78]. 

,lz.ll
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Because of the equality (4.55); the step response for both the 

exponential and the parabolic transmission line, are expected to be 

equal as well. 

In Fig.4.8 the normalized step response function of the parabolic 

line is compared with the normalized response of the exponential line 

for different voltage transforming ratios M. The curves were 

calculated from equations (6.56a) and (4.56b), respectively. 

50 fi -»-60 ÎÎ transformer ; M = /60/50 

50IÎ+75ÏÎ transformer ; M = /7575Ö = /3/2 (4.56c) 

50 fi + 100 fi transformer ; M = /100/50 = /2 

It can be observed that the step response of the parabolic line fits 

well the response of the exponential line over the given time interval 

1< ct/A < 3. For example, even for a relatively high voltage 

exponential parabolic 

t i i i I i ' i i _ J ' ' • • I ' * i i I i i » ' I 

1 2 3 
norm, t ime c t /£ 

Fig.4.8 Calculated step response curves F±(t) for a positive pa­
rabolic transmission line for different values of the voltage 
transforming ratios M compared with corresponding curves for the 
exponential transmission line. The curves are calculated from 
equations (4.56a) and (4.56b), respectively. 
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transforming ratio of M = /2 the maximum (relative) deviation 
,exp. par. . . exp. 
|f (2.,t) - f (£,t)| I f U.t) £ 1.5% . In Fig,4.9 the the two responses 

are given for higher values of M (note that the condition M-I « 1 is 

not fulfilled here anymore). The deviation of the curves become more 

important for values of M >2 . 

exponential parabolic 

V1=O , V1=M1 

1 2 
norm, t ime ct /£ 

Fig.6. 9 Calculated step response curves for a positive para­
bolic transmission line for different voltage transforming 
ratios M compared with corresponding curves for the exponential 
transmission line (calculated from equations 4.56a and 4.56b), 
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4.7 Step response of the power-law transmission line 

In this section we will extend the step response analysis to the more 

general case of an arbitrary power index n. In order to avoid any 

confusion due to the sign of n, only positive values are taken into 

consideration in the derivation of the results. For negative n the 

important expressions will be summarized in a table. 

For the following discussion it is useful to make appropriate changes 

in the transmission coefficients presented in equations (4.21) and 

(4.26). These coefficients are defined in terms of the basic Laplace 

domain solutions for the corresponding power-law line given by (4.8) 

and (4.14). Inserting these expressions into (4.21) and using the 

abbreviations: 

P1(P) - I a Pn-1 

1=0 

we can write the transmission coefficient T as following: 

n 
1 P 

T° = I +V 1 P1Cp) (4-58) 

P (p) is a polynomial of order n in p. 

Next we are looking at the numerator N(p) of the transmission coef­

ficient T £ given by (4.26): 

N(p) = Z1 (v_(£.p) lt(i,p) - V4(Ä,p) I_(i,p)] 
(A.59) 

The following theorem is applicable to formula (4.59): 
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Theorem 1 The numerator N(p) is a constant, i.e. : 

2SL 
N(p) = 2 — = 2 v ; independent of the power index n . // CQ\ 

2O 

Proof 1 A close inspection of the Laplace domain solutions (4.8) 

and (4.14) shows that the following relations between 

progressive and reflected voltage and current waves exist: 

V.a.p) = V + U1-P) 

and I_U.P) = -I + (J.-P) (4.61) 

Equation (4.59) is then rewritten as: 

N(P) - Z5 (v U,-p) I U,p) + V (t.p) I U,-p) 
M . + • * > (4.62) 

One easily can see that N(p) has a symmetry with respect to p: 

N(p) = N(-p) (4.63) 

N(p) is consequently an even function of the complex variable p. This 

fact holds as well for purely imaginary p-values and therefore one 

finds a further relation: 

N(JP0) - N(-'JP0) - N(JP0) ; po is real 
(4.64) 

Such an equation however, can only be satisfied if N(p) is real for all 

values of p. It can easily be verified that N(p) = 2v , if one inserts 

the Laplace'domain solutions (4.8) and (4.14) into N(p). (q.e.d). 

By virtue of above theorem the term TpV(A,p) becomes: 

2 v 
ToV+(I.p) =

 2- (4.65) 
V_U,p)-ZÄI_a,p) 
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Analogously, as for equation (4.57) we define: 

y2n (n + i - 1 ) ! ( _ ( n _ i ) v 1 f He Ii 
b = • • — * n + i + • 2 • - ^ — 

(4.66) 

P5(P) = I b, Pn_i 

i=G 

which reduces formula (4.65), after inserting the basic solutions for 

voltage and current (4.8)/(4.14) and by applying (4.66), to: 

2 V3 y 
exp(-pS,/c) (4.67) 

Cy, +v 2) P2(P) 

In summary, it is important to retain, that T- as well as T. V (5,,p) 

can be expressed by conventional polynomials of Che complex variable p. 

As will be seen, this representation is very advantageous for 

retransform purposes . 

4.7,1 Voltage transforms for positive power-index n 

We are proceeding with the calculation of the transforms F (0,p) and 

F ( l ,p ) at source and load, respectively. This is quite 

straight-forward, with the definitions and simplifications presented 

above. Recalling the formula for F (0,p) in (4.33) and after inserting 

(4.58) we obtain: 

Fv(0,p) ^ T 0 V + ( O 1 P ) -
1 

I + V 1 

Pn _ 1 V+(O1P) 

P1(P) 

(4.68) 

where 1/p is the transform of a unit step and V (0,p) is the solution 

for the progressive wave given by (4.8). P (p) has been defined 

by (4.57). 
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The transform F (£,p) for a power-law line of finite length Jl and 

terminated by an dhniic impedance Z. , is readily obtained from (4.36) 

when applying (4.58) and (4.67) It becomes: 

i 2 V ? p2n"1 " P t - P W 
Fv«'P> - f T 0 T l V 4 ' P Î -

0 + V ^ f + V P1CP) P2CP) 

As a reminder ^1 = Z /Z and V = Z 0/Z n . It can be seen that the degree 

of the numerator polynomial is by one lower than' the degree of the pro­

duct 0f the denominator polynomials. Note that the transform (4.69) 

merely takes account of the first arriving and reflected wave at z = i , 

but does not include all multiple reflections taking place after each 

time interval 2I0. . Therefore it is important to remember that the 

retransform of (4.69) is restricted to times t < t < 3t , which is the 

time between the first arrival of the wavefront and the time after 

which the first reflection returns from the source. 

4.7.2 Step response function for positive power index n 

The important property of the transforms derived in equations (4.68) 

and (4.69) is their formulation in terms of rational functions, whose 

retransforms are obtained by the classical method of "Partial-

bruchzerlegung". In fact the method requires the determination of all 

zeroes of the polynomials P (p) and P Cp), respectively [ H ] . 

Let us denote the zeroes of P, (p) by p p and those of PCp) 
1 1 r> 2 

by p , , , p . .Then we can rewr i te l a t t e r polynomials a s : 
n-ti 2n 

p (p) o n (p-p ) ; P (p) = n (p-p ) 
1 = 1 1 * l=n*1 l (4.70) 

For the following derivations we are assuming that all zeroes 

p , p are different (we will consider the case of multiple 

zeroes afterwards). Then the retransform of (4.68) becomes [ H ] : 
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f (0,C) = 1 + I r exp(p.t) ; 0 < t < 2 t r 

(4.71) 

where 

C1 = P̂ "1 v t ( o , p . ) / n C P 1 - p r ) (4.72) 

r-1 

In exactly the same way the response at the load is expressed by: 

f (A1T) = 4 E ^ exp(p T) ; 0<T<2t (4.73) 

thereby 

>I = Pi / n, (Pi"Pr 
(4.74) 

nil 

In the case that one or more zeroes have a multiplicity greater than 

one 1 the corresponding terms in (4.71) and (4.73), respectively, have 

to be slightly modified. In fact, as is well known, exp(p.t) is 

replaced by exp(p t)-P(t) * and the coefficients given in (4.72) and 

(4.74) are altered. For this the reader is referred to a standard book 

for the Laplace transform methods, such as Doetsch [ H ] . 

The procedure involved in finding the step response waveform for a 

given power index n can consequently be summarized in the following 

important steps: 

Calculation of : 1) polynomials P (p) and P (p) via equations 

(4.57) and (4.66) 

2) zeroes of P. (p) and P,(p) 

3) step response waveform using expressions 

given in equations (4.71/72) and (4.73/74) 

* P(t) is a polynomial of. degree equal to : multiplicity - 1 

of the corresponding zero. 
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4.7.3 Zeroes of polynomials P1Cp)
 ar,d P->(p) 

There are in total 2n zeroes to be determined, if we assume that all 

are different for P Cp) as well as for P.Cp)- The number to be 

actually caculated in a practical case for a given power index- n . is 

however reduced; this shall be demonstrated with che following theorem. 

Theorem -2 a) All zeroes of P Cp) and P (p) are either real or complex 

conjugate. 

b) All zeroes of P,Cp). i=l,...n are in the left-half of 

the p-plane. 

c) All zeroes of P_(p). i=n+l,..., 2n are situated in the 

right-half of the p-plane. 

Proof 2 a) This is a property of all polynomials with real coeffi-

cients a. . 
i 

b) Let p be a zero of P (p). Then we deduce from a) that 

"pT is also a zero of P (p) and consquently by calculating 

the sum P (p )+P ("p~") we obtain: 

VP^ +v>,> = 7 ^ ! ^ O w P r 1 + O + --+2an)=0 b 
From (4.57) it may be seen that all coefficients a. are positive. All 

individual terms in the brackets [....] in (4.75) are real, as they are 

composed of pairs of complex conjugate terms. Hence, above expression 

can be made equal to zero only if the real part of p is : 

Re(P1) < O (4.76) 

c) The proof of this part of the theorem is completely analogous to 

the proof of part b): All coefficients b. of P (p) given by (4.66) 

are alternatively positive and negative. As a consequence it is readily 

seen that P.(p.)+P?(p.)=0 can only be satisfied if: 

Re(P1) > O . (4.77) 
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The reader should not get confused by the fact that the zeroes of the 

polynomial P~(p) are in the right half of the p-plane. The stability 

of the system is still assured, as the time variable t for the step 

response (4,73) is limited to t < t < 3t . 

By virtue of above theorem the maximum number N of zeros for the 

product polynomial P(p)=P,(p)'P_(p) to be calculed is: 

N = 2* (n + 1) div 2 (4.78) 

A case of practical interest is the situation where the power-law line 

is used as transformer, i.e. where V = 1 and v = y n . Under these 

conditions one recognizes that the following relation between the 

polynomials P.(p) and P_(p) holds: 

Zn 
P1(PJV1=D = P2C-PZy1 : V

y î ) (4.79) 

'3 
9 

2* 

- * H 

lm{p) 
V1-I ; V j - M ' 

-p3/y, 

P;/y, 

I 
-R/Y, 

H <•—i 1 1 R e ( p ) 

. - P 2 ^ i 

"ÏÏ/yi 

Zeroes of P,(p) Zeroes of P2(p) 

Fig.a.10 Determination of zeroes of polynomial 
P(p) = P-i(p)'P2(p) ii t h e case of a power index 
n = 5. Once P1, pa and p 3 are determined, all 
other zeroes are deduced by applying theorem 2 
and equation (4.79). 



- 108 -

OT 

_ l 

< 
— 
O 
Z 

>-_ i 

O 
0_ 
L-

O 

LO 
Ld 

O 
CE 
UJ 

r-sl 

C 

-T 
M 

• H 

or1 

IA
L 

N
O

M
 

>-
_ j 

O 
CL 
L-
O 

1/) 
U 

O 
Ct. 
LO 

I M 

U 

- H 
O . 

U 
• * -H 
C L 

( N 

\ ; 
C 

Il 

"H 

U 
C 

- H 

Il 

•- -rt 

ex 

<D 
4 J 

O 
a 

(SJ 

+ 

Ii 

C 

>> 
Il 

CM 

11 
CM 

? 

U
O

T
 

JJ 
— j 

O 
U 

- l e v , 

Il 

* ( M 
Q. 

— I D H 

>~ [I 
U 

ti
o

n
 

—I 

C 
O 

CJ 

O 

Ii 

!>*~ 

I= 
O 

n
d
it
 

O 
U 

/ C 

- I (N 
I 

Il 

- -— C L 

_, 
I 

D 

C L 

-

Ljs 

' I - ) 

+ 1 

^ j 

Il 

•3 

* f ) 
a 

IC 
•r-j 

+1 

I 

Il 

CM 

* — .— C L 

( N 

-^ « O 

• i - 1 

+1 

m | c N 

I 

Il 

CM 

• 
Q . 

CM 

t j s 
i—i 

CO 

„ 
Il 

* -a-
O , 

Os 
. "H 

CO 

I 

Il 

- ,— O . 

CN 
CN 
C i 

CN 

1 

Il 

CX 

e> 

i n 
CN 
i n 

-* 
+1 
•—i 

-» n 
„H 

H 

(O 

* L 0 
CL 

.5
25

 

— 
-r-> 

* i 

.-̂  -a 
CO 

7 
H 

Kl 

» - CV 
C L 

-3 
i n 
r--

,_, 
• • - > 

+1 

c* 
en 
CO 

"" 
i 

l i 

n 

-
CX 

-̂  
CO 
r̂  

d 
• i - i 

+1 

- j -
CJS 
m 
CN 

Il 

(D 

«1/1 
C L 

,7
84

 

O 
•*-> 

+1 

«* OS 
e n 

CN 

I 

Ii 

r\j 

-- 4 — 

CL 

I ^ 

CO 

d 
i - i 

+1 

O 
OS 
CO 

( N 

I 

a 
CM 

• • 

C L 

-* 

r». 
CO 
n 
CN 

+1 

>D 
O 
\£> 

f t 

Il 

t o 

* c -
a, 

,3
87

 

( N 

••-> 

+1 

\ D 
O 
\ D 

I 

Il 

*a 

» - r"i 
CX 

I-» 
i n 
VU 

CN 

•<-> 
4-1 

-3-
O 
"" 
OJ 

I 

Il 

• U 

* 
CL. 

C l 
- J 

en 

n 

« t o 
CL 

m 
-̂  ^ 

i 

» 

.- ,— CX 

r~-
- j 
MO 

en 
i 

Il 

CX 

i n 
C 
vC 

— 
•r-l 

+1 

O 
i n 
OT 

CS) 

[I 

03 

* r -
CX 

6
0
5

 

- H 

••-> 

+1 

O 
m 
c o 

est 

I 

Il 

t o 
h 

— fM 
C L 

en 
1"» 

_J 
•r-i 

+1 

( N 

m 
C l 

en 
i 

» 
r-l 

» - rM 
CX 

m 

O t 
r-
( N 

C l 

• • - 1 

+1 

CO 
( N 
co 

_. 
ti 

O 

* O) 
CX 

ZLZ 

e n 

•<-> 

+1 

CO 
(S) 
OT 

I 

11 

U l 

« - « a 

r^ 
m 
en 
•i—î 

+1 

m 
( N 
e n 

CN 

I 

II 

LO 

- -a 
C L 



- 109 -

Equation (4.79) simply means that if e.g. p is a zero of P (p), then 

-p /y is a zero of polynomial P Cp). Under these conditions merely 

N = Cn +1) div 2 (4.80) 

zeroes have to be calculated, in order to completely determine the 

product polynomial P(p) in terms of a product of zeroes (equation 

4.70). This is illustrated in Fig.4.10 for the case of a power index 

n=5. Here N = (5+1) div 2 = 3 . 

Table 4.1 summarizes the calculated zeroes of P Cp) under the condition 

v = 0 and v = l and for polynomial P (p) under the condition V = y for 

different values of power index n=l-5. Note that all 2n zeroes are 

different. 

4.7.4 Voltage transforms and step response functions for negative 

power index n 

The voltage transforms and the step response functions are easily 

deduced for the negative power-law transmission line (n is negative) by 

using the expressions (4.15) relating voltage and current solutions for 

positive and negative power indexes n. Because the procedure of 

calculating the transforms and the step response functions is 

completely analogous to the case of positive index n we simply 

summarize the important results in Table 4.2. 

The zeroes for the polynomials P Cp) and P Cp) for the negative 

power-law line under the condition v =1 and V = y are the same as for 

the positive power-law line and therefore may be taken directly from 

Table 4.1. For different conditions of V and v they have to be 

recalculated. -" 

Fig.4.11 illustrates the step response curves for positive and negative 

power-law lines with indexes n = ± 1 and n = 1 5 and for different voltage 

transforming ratios M= y" = (1 + r\H) . 
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norm, time ct/£ 

Fig.à.11 Calculated step response functions (normalized) for n = ±1 
and n = *5 at different voltage transforming ratios H. The curves are 
derived under the condition V1=J and V2= ti2= y^ (see equations 
(4.73-74) and Table 4.1) . 
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4.8 Step response of power-law transmission line as approximation 

for the step response of the exponential transmission line 

In section 4.6 the step response function of the parabolic line has 

been proposed as approximation model to describe the step response of 

exponential transmission line. It has been shown that this response 

yields a good approximation for low voltage transforming ratios M { /2 

(see Fig.4.8-4.9 and equation 4.55). For higher values of M a better 

approximation for the step response of the exponential line can be 

obtained by using the response of the power-law line with index n > l . 

In fact, the exponential represents a limit case of the power-law line, 

when n-»-°°. The following relation holds: 

Z (z) - Z -exp(nz) - lim Z - f l + ^ j 
2n 

(4.81) 

power- law (n=5! 

parabolic (n=1 ; 

ponential 

norm, t ime ct/f 

Fig,4,12 Calculated step response curves (normalized) for the power-
law line, the parabolic line and the exponential line for two different 
voltage transforming ratios M. The calculations are based on equations: 
(4.73) for the power-law line, on (4.41) for the parabolic line and on 
(4.56a) for the exponential line. All curves are derived under the con­

ci and y_= ZnIZ. =M2 
ditions: M= Z /Zn 1 s D V Vzo 
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Above relationship has been mentioned by Wagner [61] and Hanna [87]. 

Hanna found in his theoretical investigation (frequency domain) 

concerning the behaviour of Bessel horns (the term 'Bessel' horn in 

[87] is used to denote the 'power-law' horn in this work) , that the 

transmission properties of the exponential shaped horn is superior than 

that of any power-law shaped horn, i.e by increasing the power index n 

the transmission can be improved. Because of the relation (4.81) the 

transmission function of the exponential horn is the asymtotic function 

for the power-law line. 

Fig.4.12 shows the step response of a power-law line with index n= 5 , 

the response of a parabolic line (=power-law line with index n = 1 ) and 

compares these curves with the response of the exponential transmission 

line . As can be observed, the power-law step response ( n=l) 

provides a close fit for the exponential step response function for 

relatively high voltage transforming ratios M (e.g. M=6 implies a 

variation of impedance from input to output of M =36 ). 
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4.9 Step response function of parabolic transmission line 

with skin-effect losses 

So far, we have considered nonuniform transmission lines in the absence 

of any kind of losses, i.e. there are neither losses caused by nonideal 

conductors nor, those of dielectric insulators nor any other losses. 

In practice, however, neither ideal conductors nor ideal dielectric 

materials are available and therefore necessarily unwanted distortion 

is introduced. This distortion may, in certain cases be not negligible 

and an estimate of its impact on the waveform will then be desirable. 

Schatz [78] gives an expression for the distortion of the step response 

of an exponential transmission line due to conductor and/or dielectric 

losses under the assumption that the losses are small, but not 

negligible. The given expression enables one to first determine the 

response of the lossless line f (A f t) and then to write the 

response of the lossy line f. (&,t) as following: 

f, (i,t) = expf-a'O«) ) • * ! • £, , (H,t) lossy { max' J lossless' (4.82) 

This formula simply means that a multiplicative factor relates 

approximately the response of the lossless and the one of the lossy 

line, as is illustrated in Fig.4. 15. The attenuation a' is derived from 

the frequency domain behaviour of the line. In fact, a' = a'(uj ) I s 

max 

the attenuation of the line for the highest frequency contained in the 

transition (for details of the calculation of a1, for the exponential 

transmission line see [78]). A precise evaluation of the dissipation 

effects would require a rigorous transient solution: this path is, in 

general, confronted with extraordinary analytical difficulties. On the 

other hand equation (4.82) is readily applicable. However, it 

represents a very coarse approximation because it does not account for 

any phase distortion, which necessarily is introduced by the 

attenuation (Hilbert transforms 2.13). 

In this section, the step response of a parabolic transmission line 

having skin-effect _ flosses is calculated. In addition to the 
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TJ 
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lime t 

Fig.4.13 Approximate calculation of the step response function 
of lossy (uniform and nonuniform) transmission lines in the case 
Chat the losses are small but not negligible. First the response 
of the lossless line is calculated,- Subsequently this response is 
multiplied by a factor a = exp(- a'i), in which a'= a'f(J1713x̂  denotes 
the frequency domain attenuation (per unit line length) of the 
line at the highest frequency U)1113x that is contained in the ex­
citing puise (see reference '[78]). 

assumptions made in section 2.2 ('quasi-TEM' propagation behaviour) the 

analysis hereunder is based on the following expressions for the series 

impedance Z(z,p) and shunt admittance Y(z,p), respectively: 

Z(Z,p) = (pL0 + k/p~) * (l + nz j t n - * l
 (4'83) 

Y(Z,p) = pC Q- (l + na ] 

The proportionality factor k in equation (4.83) is assumed to be 

independent of the position z. This, however, implies that the two 

conductors constituting the parabolic transmission line have either a 

constant cross-sectional geometry or that the cross-sectional geometry 

varies in such a way that k is independent of z. The above condition 

is, for example, fulfilled in the case where the parabolic line 

consists of two metal wires (having a finite conductivity a) with fixed 

diameters and separated from each other in such a way that the desired 

parabolic impedance variation results. Note that if one disregards the 

dependence of Z and Y on z in (4.83), then one obtains the same 

impedance and admittance functions as for the case of the uniform 

transmission line with skin-effect losses (see e.g.[5,16-20]). 

line with small losses 

• • • • , , , , I , • , • I • , , • I • , , , 
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The assumptions made in (A.83) do considerably facilitate the transient 

analysis of the parabolic line with skin-effect losses: Because k is 

independent of the position z, the same Laplace domain solutions as for 

the lossless line (equations 4.8 and 4.14 , n=±l) can be used for the 

lossy line; however, they are used with a slightly modified propagation 

function Y(p)-

Because one is in particular interested in the distortion of the 

leading part of the step response (i.e. one is interested in the 

transient regime, see [5] for a precise discussion of the term 

'transient regime' ), one can apply the following approximations for 

the propagation function y(p) and the characteristic impedance function 

Z (z) (see details of the derivation in section 2.7, equations 

2.17-2.31): 

Y(P) = ^ T = o/L̂ C"Q +IkZC^L0" " T ; k/p" « pL0 

= Y + y (4.84) 
lossless skin 

2n 

Zc<2,P)= / L 0 Z C 0 • 1 + nz ; n - ±1 

In the basic solutions for voltage and current for the parabolic line 

(equations 4.8 and 4.14), the propagation function Y appears in the 

form 1/Y and in the form exp(-Y&) . Because of the assumption 

W p « pL made in (4,84), one can as well set: 

1 1 .. 1 
Y Ylossless + Yskin 'lossless (4.85) 

exp( -Yl ) = e x p ( - T 1 0 9 9 l M B « - « p ( _ - Y ^ 1 n I ) 

Next, we a r e c a l c u l a t i n g the voltage transform F . (J,,p) and i t s 
skin 

retransform f (£,t), respectively. By using the approximations given 

in (4.84-85), this transform is obtained from the transform of the 

lossless parabolic line (equations 4.38 or 4.47) as following: 
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W ^ = Fv(*,p).exp(-^/7 ) , F11(A1P) .Gakln(p) 

W4^-**<*•'>* W ^ 
(4.86) 

where F (£,p) : voltage transform for the lossless parabolic line 

f (A,t) : step response function for the lossless parabolic 

line (see equations 4.41 and 4.50) 

8..1,1,,(0 : [Laplace transform pair taking account for 

the skin-effect losses 
'skin 

G*in<P> 
zo = 1V^" 

0 • 
convolution operator 

It should be mentioned that the expressions (4.86) are not just limited 

to the parabolic line, but can be applied to any power-law line. 

SJ" 

. 8 -

j . 6 

. . g> 

.2 

0 

parabolic line : n= ±1 

1.0 1.4 1.8 
norm, time ct/£ 

Fig.4.14 Calculated step response functions for a parabolic trans­
mission line with skin-effect (=conductor) losses for different va­
lues of the attenuation parameter O5^in • The curves are calculated 
from equations (4.89-91) for a voltage transforming ratio M=6, 
and under the conditions V = Z /Z-I and v = ZJZ .H2 
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From [12] the retransform of the skin-effect term becomes: 

kft 
t ... C t ) = 
s k i n 4 / ^ Z . / t 3 

• —=- • exp 
k2 ft2 I l 

1 6 2 O C 
: 0 < t < 2 V 2 7 (4-87) 

Let us now consider a positive parabolic transmission line (n=l), which 

is terminated at source and load such that: v = 1 and v = N 2 . 

Then, by using the abbreviation: 

'skin 

k/lEc" 

2 Z, 

.(4.88) 

the step response function results, after some calculation, as: 

MQ1 1 

f , . (ft,T)= 5 ^ 
* i n 4 / 7 ( I + M ) 

( Tc 1 fnc 
K 1 M e X p [ ^ T J + < 2 e x p | — T 

0 < T = C - - < 2 -
C C 

where 

CT/ft 

— ^ r - • exp 
/ U3 

M-I 
skin 

4u 
du (4.90) 

CT/A 
1 

* exp 
1-M 

2M 

skin 

4u 
du (4.91) 

The dimensionless factor Q is a measure for the strength 0f the 

skin-effect attenuation. 

Fig.4.14 illustrates the distortion of the step response due to skin-

effect losses for different values of the factor Q and for a 
skin 

voltage transforming ratio M=6. As can be seen, significant 

distortion is present for Q . exceeding s 0.05. The attenuation factor 
skin 

Qskin C a n ln p r i t l c i P l e assume an arbitrary value without violating the 

basic assumptions for 'quasi-TEM' propagation and the approximation 

condition used in (4.84): The only requirement is that the line's 
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length £ is large enough, in which case the factor k in equation 

(4.88) can be kept as low as desired. This factor k determines the 

attenuation per unit line length, which in turn determines if TEM 

propagation is predominant. 

It has been assumed that the parameter k does not depend on the 

position z. For practical applications to pulse transformers, which 

are e.g. realized in planar technology (thin or thick-film), above 

results are not applicable in the given form, because the impedance 

variation in general is achieved by changing the width of conductor(s) 

strip(s) and thus the condition k=constant is no more fulfilled. 

However, an estimate of the maximum distortion of the step response 

waveform can be obtained if k is identified with the maximum value of 

k(z), i.e. k = Maximum k(z) ; 0 £ z S t 

No attempt has been made to calculate the impact of dielectric losses 

on the step response function . In fact, no simple description of this 

type of losses exists for most dielectric materials. The attenuation 

models such as the p - attenuation characteristic discussed in section 

3.3 in the case of uniform lossy transmission lines lead to awkward 

expressions for the transforms and therefore are not worthwhile looking 

at here. For this type of problem numerical methods would be more 

adequate. 
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4.10 Concluding remarks on the step response analysis 

The transient analysis of nonuniform transmission lines is in most 

cases confronted with extraordinary mathematical difficulties, because: 

a) In general it is difficult to find closed-form Laplace domain so­

lutions for a given characteristic impedance function Z (z). 

b) Even if closed-form solutions are obtained, it is in general 

rather difficult to find simple and closed-form time domain 

retransforms under arbitrary limit conditions, i.e. terminations 

at the source and at the load. An illustrative example is the 

exponential transmission line. 

In this chapter it has been shown, that: 

The power-law line an with even power index n and, in particular, 

the parabolic line (power index n=±l) leads to simple, closed-

form Laplace and time domain solutions under arbitrary limit 

conditions. The transforms for this class of nonuniform lines are 

rational functions, its time domain responses result as a sum of 

exponential terms of the form exp(-p.t). This property makes 

this transmission line model quite suitable to treat certain time 

domain problems involving nonuniform transmission lines. 

Among the different types of nonuniform transmission lines, the expo­

nential type has been extensively studied and applied in the past in 

the frequency domain and to a certain extent in the time domain. Its 

time domain solutions (step response) get very involved under arbitrary 

limit conditions. The present analysis could demonstrate that: 

a) The step response of the exponential line can be approximated to 

any degree of accuracy by the step response of the power-law 

line. 
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b) In most cases a sufficiently good approximation of the step res­

ponse of the exponential line is obtained by using the 

response of: 

- the parabolic line (power index n=±l) for voltage transfor­

ming ratios M^ 2. 

- the power-law line with-index n=±5 for voltage transforming 

ratios M ¢6. 

The incorporation of losses in nonuniform transmission lines has hardly 

been addressed in the past in time domain analysis. The case of 

skin-effect losses analysed in this chapter for the parabolic line is 

only one illustrative example. It demonstrates that resonable simple 

solutions in terms of analytical means can only be obtained under quite 

restrictive assumptions, 
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5 APPLICATION OF LOSSY NONUNIFORM TRANSMISSION LINES TO ABSORPTION 

FILfERS'(FREQUENCY DOMAIN'TREATMENT) 

Lossy, nonuniform transmission line structures have already been 

analysed in the past for the purpose of electromagnetic energy 

absorption. Two investigations deserve to be mentioned in particular: 

Jacobs [65] proposed the use of lossy nonuniform lines as broadband 

termination for uniform lines. The problem treated is the following: 

Assume, that a uniform line needs to be terminated in its 

characteristic impedance Z such that no (or minimal) reflection occurs. 

At large wavelength or low frequencies ( X « a , a is a typical 

geometric dimension of the terminating lumped element) the problem is 

readily solved by connecting a lumped element, e.g. a resistive disc 

terminating a coaxial cable. However, as the frequency increases, the 

geometrical dimension of the terminating element is not negligible 

anymore. In fact, the impedance at elevated frequencies may have 

little correlation with the DC resistance of the disc. Jacobs [65] 

suggestion is to attach a lossy nonuniform line of length 8. to the 

uniform line , as schematically shown in Fig.5.1 . At z = Jl the line 

is short-circuited. The nonuniformity of the line is obtained by 

increasing the permittivity £ = E(Z,OJ) of the dielectric insulating 

material in such a way that at the interface uniform/nonuniform line 

(at Z = 0 ) the impedance level of the nonuniform line corresponds to the 

characteristic impedance of the uniform line and at z = Jl the 

permittivity attains (theoretically) the value e-t-™. As a result, 

the line of finite physical length 9, gets electrically extremely long 

(theoretically infinite). By introducing a complex permittivity 

£ = £'(z,u))+j E"(Z,UI) the line is made absorbant. Due to the fact, that 

the line is electrically very long, the electromagnetic wave will be 

completely dissipated in the lossy nonuniform line section. Evidently, 

in practice the value of £ is limited and therefore a compromise 

between actual length Î, and permissible return loss has to be made. 

It is of coarse as well conceivable to obtain the same effect by using 

insulating materials with high permeability u or a combination of high 

e and u . However, as pointed out by [65], high permittivity 
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uniform 
line 

nonuniform 
line 

E(Z,(J) 
short 
circuit 

z-0 z- e 

Fig.5.1 Broadband termination of a lossless uniform line by 
using a lossy nonuniform transmission line according to [65] 
The impedance level of the nonuniform line at z - 0 corres­
ponds to the impedance level (characteristic impedance) of 
the uniform line. The incoming wave undergoes no reflection 
at z = 0 and is subsequently absorbed while travelling down 
the nonuniform line. 

materials at microwave frequencies are more easily obtained than high 

permeability materials. The advantage of above concept for use as 

broadband termination is that it provides an impedance match 

independent on how the line is terminated at z = £ . 

Walther [66] discusses the behaviour of gradual transition absorbers 

for electromagnetic and accoustical waves. These absorbers find 

applications in the construction of anechoic chambers and for 

camouflaging targets in radar and sonar detection. The problem to be 

solved is analogous to the one described by [65]: How can the 

reflection be made low, while at the same time the matching section 

(absorbing section) is kept thin (corresponding to a small length Jl) ?. 

The approach given by [66] suggests here also the use of lossy mate­

rials with high permittivity and/or high permeability, such that again 

a smooth impedance transition from a homogeneous medium to a termina­

ting wall is formed (Fig.5.2). The electrical length is thereby made 

E,H-contant 

z-0 z-e 

Fig.5.2 Inhomogeneous absorbing panel according to [66]. 
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as large as possible, which causes the electromagnetic wave to be 

absorbed in a relatively thin layer. The smooth impedance transition 

in combination with the absorption will result in minimal reflection 

back towards the incident homogeneous medium. 

The application of nonuniform lines as 'EMI-traps' described in this 

chapter are basically equal to the applications presented above, how­

ever, the short circuit at z=£ (see Fig.5.1) is replaced by a load of 

impedance Z.. 

5.1 The 'EMÏ-trap1. Definition and basic assumptions. 

An important problem in the EMI (electromagnetic interference) field is 

the filtering of high frequency disturbances (typically 50-1000 MHz) 

that appear on a network of interconnection lines, such as mains supply 

cables. These disturbances may quite often cause'interference with 

sensitive electronic équipement connected to the grid. Therefore, most 

of today's electronic systems are protected against such disturbances 

by low-pass filters (mains filters). One major disadvantage associated 

with conventional low-pass filters used in mains supply filtering is 

their performance degradation at high frequencies (typically for 

frequencies above 50 MHz, [42-45]). This degradation is mainly due to 

the parasitic elements associated with the lumped reactive elements 

(capacitances, inductances) which constitute the filter, as is 

schematically shown in Fig.5.3/a. In order to improve the high 

frequency behaviour of these conventional low-pass filters, Max et al. 

[42-45] have discussed the use of lossy uniform transmission lines as 

filtering elements. Such distributed transmission line filters are 

based on the combination of two high frequency phenomena, i.e. on the 

combination of strong localized reflections and transmission line 

losses as schematically illustrated in Fig.5.3/b. The strong 

reflections are thereby obtained by providing an important impedance 

mismatch at the transitions uniform/uniform lines or expressed with the 

symbols given in Fig.5.3/b: Z « Zs,ZpOr Z » Z , Zg . This filter 

structure has been analysed in detail in [43] for the single section 

case as well for the case where several transmission line sections 

with alternately high and low characteristic impedances are cascaded. 



- 125 -

strong 
reflection 

filter 

. _ - strong reflection -. 

b) 

c) 

Fig.5.3 Comparison of three different filter concepts. In all 
3 cases a filter element is inserted between two uniform (loss­
less) lines (U) with impedances Z3 and Zj, • respectively. 

a) Conventional filter using lumped elements (Lu, CQ). 
The filtering effect is based on a strong reflection 
at the input of the filter. There are parasitic ele­
ments (L1. C]) associated with (L0, CQ), which will 
necessarily degrade the high frequency performance of 
the filter. 

b) Distributed low-pass filter using lossy uniform trans-
mission lines (LU) according to [42,43]. This filter is 
based on the principle of the combination of two effects: 
strong reflections and transmission line losses. Strong 
reflections are obtained for Zu « Zs. Zj1 or ZQ%> Z5. ZĴ . 

c) Proposed distributed low-pass filter using lossy nonuni­
form transmission lines (LN). This filter structure, called 
'EMI-trap', is an absorption filter contrary to case a) 
and b) where low transmission (=hieh transmission atte­
nuation) is obtained without a too high reflection back 
towards the source, 
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Both conventional (Fig.5.3/a) as well as the distributed (Fig.5.3/b) 

EMI low-pass filters are based on a strong reflection in order to 

obtain a low transmission (=high transmission attenuation). 

Consequently, an important amount of the energy of the incident 

disturbance will be back-reflected towards the EMI source. Thereby, it 

may once again interfere with equipment connected to the network. It 

is, in fact, desirable in certain cases to avoid this strong 

reflection, keeping, however, at the same time the transmission low. 

Hence, as both low reflection and low transmission are required, the 

energy evidently has to be absorbed. 

A good absorption filter for EMI applications should combine a low 

value of the input reflection R. (u) with a low value of the 

transmission function T (UJ). This is in fact obtained through lossy 

nonuniform lines. Such nonuniform lines act as "EMI-traps": allowing 

the incoming disturbance to actually enter into the filter (by 

providing an impedance match) and be 'trapped', i.e. dissipated there 

itself. The 'trap'-effect is obtained by substituting nonuniform 

transmission lines for uniform transmission lines in the EMI-filters 

previously described by Max [42,43]. Fig.5.3/c illustrates 

schematically the simplest configuration for an 'EMI-trap'. The main 

difference of the structure proposed here, as compared to the one of 

Fig.5.3/b is the fact that the impedance level of the filtering element 

(lossy nonuniform line) is equal to the impedance level of the source 

(uniform line with impedance Z g ). 

Assumptions: 

In the present chapter the absorption capabilities of a 

parabolic 'trap' is investigated. It is assumed that the 

characteristic impedance Z and the propagation function Y can be 

described by the following equations: 

Z (8,üi) - Z (z) * Z - l l + nz ; n = ± 1 
c c 0 I J (5-1) 

Y(tu) = jut + o'(œ) + jß'(u) 
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where a' : attenuation per unit line length [Neper/m] 

B' : phase shift per unit line length resulting from the 

attenuation [Radians/m] 

t : t = Z/c is the high frequency time-delay [s] 

Note that as far as the characteristic impedance function is concerned 

the same approximation has been applied in equations (3.41) and (4.84). 

The attenuation a' and phase shift function 6' will be specified 

later on: They can either be defined in terms of a (theoretical) model 

or through experimental data. 

5.2 Modelization of an 'EMI-trap' 

In this section the general equations to calculate the absorption beha­

viour of an 'EMI-trap' are derived. The results are applicable to any 

nonuniform transmission line model, for which the the basic frequency 

domain solutions for current and voltage are known. As an example these 

results will be applied to the parabolic transmission line, because its 

simple frequency domain solutions lead as well to relatively simple 

expressions for the absorbed, transmitted and reflected power 

fractions. As will be shown, the conclusions for the parabolic line 

are in a qualitative way also applicable to other nonuniform lines. 

Let us consider the configuration shown in Fig.5.4, in which a section 

of lossy nonuniform transmission line is inserted between two 

(lossless) uniform lines having the impedances Z and Z« , respec­

tively. The quantities we are interested in are the input reflection 

function R, (w) and the transmission function T ( u) , which are in out 
defined as following: 

V (Z=Jl1W) (5.2) 
T .(U) = — 
** V (z=0,(D) 

R1n(O,) = 
Vn(Z=O1D) R ^^^ 

V (Z=O1CO) 
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The reflection and transmission coefficients I\ , T , T. , T. , T and Tn 

1_: s K. 1 s H 

for an arbitrary transmission line have been calculated in equations 

(4.23-4.28) as function of the complex variable p. The corresponding 

frequency domain formulas are obtained if we confine p to the 

imaginary axis, i.e. if we set : p = j w . This can be done without 

afterthought, because the system considered is passive and therefore 

certainly stable. If we further define: 

S = 

V (A ,to) 

V CO,«) 

and S = 

V (0,11) 

V (SL1O)) 

(5.3) 

we can obtain R. (co) and T (<u) by going through the following short 

calculation (see notations used in Fig.5.A): 

îT(A,u) = ̂ 1(A1U) + ̂ 2(SL1W) = Tj, V1(^iO) (5.4) 

?,(0,u) = T1 ?s(0,u>) + Ts ̂ 2(O1UJ) ( 

^2(O1Oi) = S + S _ r Ä ^1 (0,U)) ( 5 # 6 ) 

Next, from (5.4) and (5.5) it follows that: 

Fig.5.4 Basic configuration analysed. A lossy parabolic trans-
mission line (n = ± 1) is inserted between two uniform lines (U) 
with the characteristic impedances Z3 and Z% , respectively. 
Vs, VR, and V1 are the incident, the reflected and the trans­
mitted waves, fi and Î  a r e solutions for the parabolic line 
given by equations (4.8) and (4.14). The reflection and trans­
mission coefficients T^, Y3 » Tg1 . T1, T3, and 7¾ are defined by 
(4.23-28) and Fig.4.1 . 
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E1(O1U) 

? (o.w) Ci - s+s_rsrÄ> (5.7) 

At z=0 the input reflection function is evaluated: 

1(0,u) l(0,u> + 1(0,U) - 1(0,u) 
R ^ = * = * 
in 1.(0,U) 1.(0,u) 

(5.8) 

which when inserting into (5.6) and (5.7) becomes: 

R1n(U) WWW 
i - s#s_rBrA 

(5.9) 

The transmission function is readily obtained by correctly combining 

(5.4) and (5.7): 

T Au) 
out* 

W a 
i - s s r r . 

+ - s £ 

(5.10) 

Equations (5.9) and (5.10) are in agreement with the formulas reported 

by [43] for the case, where the nonuniform line is replaced by a uniform 

line, i.e. where the taper parameter rt = 0 (compare Fig.5.3/a and /b). 

Once the input reflection function R (uj) and the transmission function 
In 

T ,(w) are known the reflected and transmitted power fractions are 
out 

readily calculated. If the input power P1 (u) is normalized to unity, 
in 

pm<tt> 
Vs(0,u)'Vs(0,u) 

(5.11) 

then one can express the absorbed power P (u) as follows: 
abs 

Pabs(W) . 1 - R1n(U) RJa1) - - T^(W) T o u t(u) 

" l - P „ r < w > - Pout<W> 

(5.12) 

in which P „(tu) denotes the reflected power fraction. 
ret 
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5.2.1 Positive parabolic 'trap' 

First we shall evaluate (5.9) and (5.10) for the case of a lossy 

positive parabolic line (n=l). The whole information about the loss 

function is contained in the propagation function (5.1). The 

calculation of the input reflection function K. (u)) and of the 

transmission function T (ÜJ) do consequently include the following 
out 

steps, which are not given here in detail: 

a) Calculation of reflection and transmission coefficients 

r J ,r,,I rT and T0 by using (4.23)-(4.28) and 

inserting the basic solutions of the line for voltage and 

current given in (4.8)and (4.Ii) for n=l. Note that these 

solutions are applicable for lines with and without losses 

(if y remains independent of the position z). 

b) Evaluation of (5.9-10). 

After some calculation and manipulations one obtain: 

(1+BV)(I-BV) - (l-av)(l-a v)'exp(-2YJl) ,, ... 
R. (U)) = ] - l 3 (5,13> 
in 

(I+B2Y)(I-BJ) - (1-B1Y)(I-a3Y)-exp(-2YÄ) 

and 

4 \> Y2' exp(-YH) 
Tcut^ = - - T — C5.14) 

0 Den 

where Den : Denominator of equation (5.13) 

1-V1 1 + V1 ^ 2-M
2 V2+ M

2 

a, = - — ; a - ; a - — — ; B4= — ( 5 > 1 5 ) 

n n P1M ri M 

(See also abbreviations in equation 4.31). 
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5.2.2 Negative parabolic 'trap' 

By using the basic solutions of voltage and current for the negative 

parabolic line (n=-l) given in (4.8) and (4.14) and following the same 

calculation procedure as in the case of the positive parabolic line, 

the input reflection and transmission function become: 

HJ.) 
(1+b^Xl-bj) - (l-b2Y)<l-b3Y)'exp(-2YA) ( 5 > 1 6 ) 

(l + b2Y)(l-bftY) - <1-I)1Y)(I-b3-y)'expC-2Y£) 

and 

4 Y exp(-Yl) (5.17) 

T-<U) = - „V »e„ 

thereby Den : Denominator of (5.16) and 

V1-I V1+! l-v2M
2 1+V2M

2 

b o : b - ; bo — ; b - C 5 t i a ) 

TiV1 HV1 nv2M nv2M 

The input reflection functions (5.12) and (5.16), respectively, may as 

well be applied to calculate the behaviour of parabolic matching 

sections, for which V=I and V=M is set. 
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5.3 Numerical examples and discussion 

In this section we will calculate quantitatively the fraction of power 

that is absorbed in a positive parabolic 'trap'. To take account for 

the losses we shall assume a (kto)"1- attenuation function as given by 

(3.38), in which the power index is chosen as m=0.8. The propagation 

function times the line length H can then be expressed as: 

Y(W)-A o j ^ U + o'(œ)'Jl + jß'(w)*2, 

- j - * + (ko))m + j tan(mïï/2)*(ku))ra 

Above equation i s wr i t ten in terms of Jt/X as following: 

Y ( X ) . * - j 2 i r £ + Q l o s s - ( x f + J t a n ( m T T / 2 ) . Q l o s s . ( f j m 

(5.19) 

(5.20) 

in which Q i s the l o s s factor given by: 
loss 

[ 1 m i y 

2 i r k f j = [2TTkZt 0 J 

(5.21) 

The calculation of the absorbed, reflected and transmitted . power 

fractions is now straightforward: The propagation function (5.19) is 

inserted in equations (5.13) and (5.IA). Subsequently, (5.12) is 

applied. In the expressions for the input reflection function R 
in 

and the transmission function T the propagation function appears 
•ut 

in the form Y ar)d in the form exp(-YJt). Analogously as for the case 

of skin-effect attenuation (equation 4.85, discussed in section 4.8) we 

can apply the following approximation, under the assumption that the 

losses are small and that m is not close to unity (if m is close to 

unity the phase term becomes large due to the tan(mTr/2) function): 

Y(X) = J2TTÎ./X 

exp(-YÄ) = exp 
. i_ Jl ,mir , -, f % 

• exp -Q lass I \ 
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Fig 5.6 shows the calculated power absorption, power reflection and 

power transmission curves for the three different filter structures 

illustrated in Fig.5.5 in the case of a loss factor Q =0.1 (note 
loss 

that Q is a dimensionless factor). For all three filter types the 

same propagation function Y given in equation (5.19) is assumed. The 

following observations may be made: 

1) The absorption P is maximum in the case of the 'trap' given in 

curve (c) [This statement is valid if one looks at the overall curve 

and takes exception of the local absorption maxima that are present 

in curve (a)]. Even for configuration (b), for which a complete 

impedance match is present at source and at load, less absorption is 

obtained than for configuration (c). This has the following explana­

tion: In both cases (b) and (c), the wave is completely coupled into 

the absorbing section at z=0. While for. case (b) the wave propa­

gates down the line and undergoes absorption, it is in case (c) 

transformed at the same time, into higher or lower voltage, respec­

tively. Arriving at Z=Jl, there will be no reflection in case (b), 

but a strong reflection in case (c), because the impedance level Z 

of the parabolic line is much larger (or smaller) than the load's 

impedance Z . The result is that in case (c) the wave will undergo 

1 

- e -

M 

1 

- Z -

(b) 

Fig .5 .5 Comparison of different filter structures using uniform 
and parabolic transmission lines. 

1 ; uniform line with impedance Z5=Zi1 

2 : lossy uniform line with impedance Z2 

3 : lossy uniform line with impedance Z3= Z3 = Zj, 
4 : lossy parabolic line (n = 1) with impedance 

Z 0 - Z 6 - Z j a t z-0 and Z 1 - Z 2 at z-Jt. 

(a) : two points of strong reflections at z=0 and z=£ 

(b) : no reflections (line is completely matched) 

(c) : one point of strong reflection at z=£ 
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absorption a second time , while travelling back towards the source 

(z=0).At z=0 no reflection takes place, because the source impedance 

Z and the impedance level of the parabolic line Z are equal. We 

therefore may argue, that in the case of the 'trap' (c) the 

absorption length is doubled (under the assumption of total reflec­

tion at z<=£). Thebasi£pri£ciples underlying a 'trap' are : impedance 

matching at the input of the filter (z=0), impedance transformation, 

strong reflection at z=Z and transmission line losses. 

2) The filter configuration (a) according to [42,43] does not perform 

very well in terms of absorption. In fact, this type of low-pass 

filter has been suggested in view of minimizing the transmitted 

power P and not at all in order to optimize the absorption P . 

It is interesting to note, that the asymptotic value of P L is 
Jl f 2 12 abs 

obtained as: P (y-*- large) = V K • . This simply means, that the 
entire energy coupled into the lossy parabolic line section at z=0 
is completely dissipated before it arrives at the load (z=£). The 

backreflected fraction P „ at z=0 is, of course, lost for any 
ref ' 

absorption (for large values of Ä/A this is the complementary 

part of P t , i.e. P ,= 1 - P ,_ ). abs ref abs 

3) The average transmitted power P is slightly higher for 
out 

configuration (c), when compared to configuration (a). This arises 

from the fact that the filter (a) has two points of strong 

reflection, while the filter (c) has merely one. On the other side, 

configuration (a) leads to more pronounced 'resonances' than 

configuration (c). These 'resonances' are undesired and represent 

one of the major problems encountered with this type of low-pass fil­

ters [42,43T 

4) The average reflected power Pref for configuration (c), however, is 

lower than that of configuration (a). In case (a) this term cannot 

be kept low if at the same time the transmitted power should be 

minimal. 

5) Increasing loss parameter Qioss causes the absorption characteristic 

Pabs t 0 De shifted down to lower values of %/\ . as illustrated in 

Fig.5.7. One also remarks that the 'resonances' in curve (c) get 
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1 10 100 1000 
e/K 

Fig.5.7 Absorption characteristics P^3(SLfX) for various 
values of the loss parameter QiQSS for the 'trap' c and the 
lossy uniform transmission line b (these configurations are 
shown in Fig.5.5 ) . The values of H, V1, V2 and m are the 
same as the ones given in Fig.5.6 . All curves are calcula­
ted from equations (5.J2-5.15) and (5.19-5.21). 

1 10 100 1000 

et* 
Fig.5.8 Power absorption characteristics PabsCA/XJ for dif­
ferent values of the power index m. The curves are calculated 
from C5.J2-5.75J and (5.19-5.21). The filter structure c is 
schematically ilustrated in Fig.5.5 (c). 
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more pronounced for increasing Q . This is due to the fact 

that at values of Z/\ 2, 10 the parabolic transmission line section 

is working almost as an ideal transformer. 

6) The influence of the power factor m in equation {5.19) is 

illustrated in Fig.5.8. Decreasing m causes the absorption charac­

teristic to increase at a slower rate per decade. 

7) It is meaningful to limit the range of S./X values to the region' 

H/X > -~ , as below this limit the parabolic line is not working as 

a transformer (see the transforming properties of nonuniform lines 

such as given in [69,70,74]). For tie range l/\> 1/2 ,. the 'trap' 

(c) shows higher absorption capabilities than similar distributed 

low-pass filters (a) and (b). 
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5.4 Design guidelines for a 'trap' 

As has been pointed out in the previous section maximum absorption for 

the 'trap' is obtained if there is a complete impedance match at z=0. 

Under the condition that the nonuniform line is working as ideal trans­

former , i.e. for \yZ\ » M-I one obtains the following expressions for 

a positive parabolic 'trap1: 

Condition: v = I \yZ\ » n£ = M- 1 

out 

V2-M' 

v +M' 

2v M 

V 2+M
2 

exp<- 2T#) 

exp(-Yfc) 

1-
exp(-2a) 

Cv2+ M
2 ) 2 

(y - M 2 ) 2 • exp(-2a) + 4\i,H2 

> (5.23) 

Above formula states the following: The incoming wave will be 

completely coupled into the lossy nonuniform line section at z=0, it is 

(ideally) transformed to higher voltage amplitudes, while travelling 

down the line. If the attenuation a=a'H is different than zero the 

incoming wave undergoes absorption at the same time. At z.=&, it is 

partly reflected, and the complementary part is transmitted. The 

reflected fraction propagates back to the source (z=0), where no 

reflection takes place anymore. Note that the reflected part of the 

signal passes over the line twice; this is expressed by the term 

exp(-2yJl), while the transmitted part of the signal passes only once 

through the line and contains the term exp(-yü). The voltege 

transforming ratio M appears in T as a multiplicative term, however 
out 

not in R . This is due to the fact that, in the latter case, the 
in 

wave is once transformed 'up' for forward propagation and once 

transformed 'down' for backward propagation. 

An additional condition to obtain high absorption P 

reflection should occur at z=SL , i.e. v « M 

is then obtained: 

is that a strong 

The following relation 
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Condition: v = l ; v « M2 ; \yi.\ » ni = M - 1 

4v2 
Pabs = 1 " exP(_4a> - " T * exP(-2a> 

(5.24) 

where the attenuation Ct is a function of the frequency. 

The expressions (5.23-5.24) should be useful in dimensioning such 

'traps'. Formula (5.24) is not only limited to the positive 

parabolic 'trap', but can be applied to most nonuniform lines. In 

fact, by assuming that the line is ideally transforming 

( IyB. I 3>M- 1), no information about the type of taper of the line is 

needed. 

As a comparison the absorption characteristic for a uniform line 

matched at z=0 and at z=% (see configuration b in Fig.5.5) is 

obtained as : P 
abs 

1 - exp(-2a). 
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5.5 Experimental realization of a 'trap' 

In order to demonstrate the practical feasibility of an 'EMI-trap' a 

coaxial type parabolic transmission line section with liquid 

dielectric was realized. The following design parameters are 

implemented : 

Design parameters: 

Z = 157 H 1 negative parabolic line 

Z1 = A-1.8 A J ( w i t h a l r d i e l e c t r i c > (5.25) 

M =/157/41.8 = 1.94 (see eqn. 4.31) 

£ = 0.47 meter 

Z = Zp = 50 ÏÏ (imposed by the measurement system) 

The properties of the liquid dielectric (methyl alcohol) were 

determined by a phase shift and by an attenuation measurement in a 

coaxial .uniform line of the same length. 

Measured characteristics for methyl alcohol: 

Phase shift Im(yÄ) = 5.5-10"8 • f [Radians] 

Attenuation Re(yJl) = (2.8 • 10"9 • f ) m [Neper] |> (5.26) 

Power index m = 1.64 

validity: 5-107 < f < 6-108 ; f in Hertz 

Note that the phase shift is linear with frequency f (in the range 

specified ) . All measured (pase shift) values are within ±5% of the 

curve given above. The attenuation characteristic was obtained from 

a log(attenuation) versus log(frequency) plot, in which the slope 

corresponds to the power index m. All attenuation values (in the 

range specified) are within ±5% of the characteristic given above. 

It is important to note that m> 1 can only be fulfilled over a 

limited range of frequency (Paley-Wiener criterion given in equation 

2.14 ) . 
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From equation (5 .26) one ob ta ins the following parameters: 

Z = 31.5 ( r e l a t i v e d i e l e c t r i c p e r m i t t i v i t y ) 

Z* - 28 fl 

Z1 = 7.5 n 

V 1 = V2 ~ V Z 0 = V2O = 5 0 / 2 8 " 1 - 7 9 

Q, = 0.15 loss . _. 
a = Q1 • (X-A) (no te : a = a*A) 

loss B = 2n • (JlA) ( n o t e : ß = a 'Ä ) 

1 S. 
validity range: y < -7 < 5 

(5.27) 

Note that here y ^1, i.e. the impedance level of the parabolic line at 

z=0 is not matched to the characteristic impedance of the uniform line 

Z (see illustration in Fig.5.4). 

Fig.5.9 shows measured and calculated curves for the absorption P . , 
SQS 

for the reflection P , and for the transmission P L . Note that poo­
rer out abs 

is not measured but calculated from the measured values of reflection 

. 8 -

3-6 
3 

|.4 

.2 

-

-

~ n 

1 

AÂP r" 

\ M^v 
y y 

* p-b«/N / r ^ c ^ ^ - ^ 
A Y ^ V ^ p 8 b , 

• calculated 

* observed 

V\~*f-* 

m 
Fig.5.9 Measured absorption characteristic for a negative 
parabolic 'trap' filled with a liquid dielectric (methyl 
alcohol) as compared with the calculated absorption curve. 
The calculated curve is based on equations (5.16-5.18), on 
the design parameters (5.25) and on the measured propagation 
function yi given in (5.26-5.27). 
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P , and transmission P ^ by using relation (5.12). P , is calculated 
ref out ' ° ' abs 

using (5.12-5.15) and the attenuation and phase shift functions, 

respectively, given by (5.27). There is a reasonable agreement between 

calculated and observed absorption curves. The differences between the 

two curves at low values of Jl/X= 1/2 are due to the fact that the line 

is not operating as ideal transformer. The differences at higher 

values of H/X>A are due to interconnection problems of the 5Cfì coaxial 

lines (the transition region from the coaxial source and load lines is 

not very well defined in terms of characteristic impedance). Note also 

that the losses are rather strong. 



- 143 -

5.6 Concluding remarks. 

A novel application of lossy nonuniform transmission lines to 

absorption filters has been suggested in this section. These 

distributed low-pass filters or 'traps' should be useful in 

Oil-filtering problems, where the energy of the incident disturbances 

is preferably absorbed or dissipated and not just backreflected towards 

the EMI-source. The basic principles on which these absorption filters 

are based, is the combination of three effects: 

-coupling of the disturbances into the lossy nonuniform line section 

(impedance match at the filter input), 

-impedance transformation, 

-strong reflection at the filter output, and 

-transmission line losses. 

The advantage of above 'EMI-traps', when compared with similar 

distributed filters [42-43] using uniform transmission lines is their 

enhanced absorption capabilities. On the other side 'EMI-traps' show 

slightly higher transmission (=lower transmission attenuation) and 

their practical realization is, due to the nonuniformity, usually more 

difficult. 

The modelization of the 'EMI-trap' is based on the analysis of the 

lossy parabolic line. This model has shown to considerably facilitate 

the derivation of transmission and input reflection characteristics 

used to calculate the power absorption in the 'trap'. The results 

deduced for the lossy parabolic line are, however, in a qualitative 

way, well transferable to other types of nonuniform lines, as well. In 

particular, the expression for the power absorption given in (5.24) is 

applicable to most of the commonly used nonuniform lines,independent of 

the type of taper. 
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APPENDIX A 

Asymptotic behaviour of the attenuation a (u) 

In this appendix we shall derive the low and high frequency asymptotic 

behaviour for the attenuation characteristic given by (3.13), i.e. : 

1 , 1 . 2 , • x . „ 2 , • a2(oj) = - InIH2(JU)I = - y ln|A^( Jw) + BjC ju) | 

= kju>| -rln 1+"^(Ei<klul> - exp(2k|u|) E1(^IuI)] 

For the derivation we assume that the normalized frequency x=kw>0. 

1. Behaviour of o_(x) for x « 1 

In [13], p.927 one finds the following series expansion for the expo­

nential integral E (x): 

E (x) = C+InXx) + I -^r = ln(x) 
s=1 

» (-x)s 

E.(-x)=C-fln(x) + l——r = l"(x) 
1 s=l S S* 

(A.l) 

C = Euler's constant 

For x « 1 , the term ln(x) is preponderant and one then can write: 

E.(x) - exp(2x)E.(-x) = [l-exp(2x)] ln(x) 

= - 2xln(x) 

The attenuation function a (x) becomes, when using (A,2): 

O (x) - x - j In l+-y [2xln(x)|' 

(A.2) 

(A.3) 

However, because x ln(x) « 1 for x-«l,one can apply the series 
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expansion to the In| | function end obtains: 

O2Cx) = x - I (¾ x ln(x)] (A.4) 

The second terra in (A.4) is negligible when compared to the first term: 

xln(x) « ^T for x«l (A.5) 

As a consequence,the behaviour of a (x) at low values of x = kw is 

linear with x : 

a2(x) = x for x« 1 CA.6) 

2. Behaviour of Ot (x) for x»l 

For large arguments x [13] gives the following series expansions for 

the exponential integrals (see p.927): 

CXPC-X)E 1(X) - 7+0(± 2) 

(A.7) 

-exp(x)E.(-x) = i + 0(-¾) 
i X x ^ 

where 0(-j)= terms of the order of - and higher ,orders in — . 

With equation (A.7) the attenuation a (x) becomes: 

a2(x) = x - j In I +
 1JeXp(X)I-

= x - In exp(x) — 

(A.8) 

x - x + ln(Trx/2) 

Consequently, the attenuation has a logarithmic high frequency behaviour 

a2(x) * ln(irx/2) for x»l (A.9) 
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APPENDIX B 

Fourier transform of the arctan-function 

Consider the causal impulse response 

u(t) ; k > 0 (real) b(t)-£ 1 

« k 2
+ t 2 

and its corresponding step response function: 

(B.1) 

f ( t ) = \ a r c t a n ( t / k ) - u ( t ) (B.2) 

To find the Fourier transform H(jio) one can w r i t e : 

H(JU)) * f ^ - exp(-jUt) u(t) d t - f P ^ ^ dt 
J k2 + t 2

 ïï J k 2 + t 2 

2k r cos (u t ) d t . 2k f° sinCut) 

k2 + t 2 k2
 + t 2 dt (B.3) 

= H ^ n « - ^ Q d d « 

In [ 1 3 ] , p.406 H and H are tabula ted as fol lowing: 
even odd 

H Cjw) = exp( -k |w | ) 

sgn(io) f , , — , , 
H ^1CjU) = exp(-k u ) E . ( k u> ) 

odo Tj I1 i 

- e x p ( k | u | ) E1C-IcIuI)] 

(B.4) 

Equation (B.4) corresponds to the expression (3.14) given in sec t ion 

( 3 . 2 ) . 



- 147 -

APPENDIX C 

Validity range for the the step response f,(t) 

The step response f (t) is given by equation (3.43) and is expressed 

f3(t)-i-ij" f»pt-
rt-v"> . s i n ( v> d r ! t> 0 (Ci) 

For a transmission line with the dielectric permittivity'described in 

(3.24)_, f,(t) is valid only in the transient regime defined by the 

inequality (3.37), i.e. 

1 1 
0 < t « f-£^L_ Y - B [e(«)co8(mTr/2) 11 -m ( c < 2 ) 

lç2.r(m) J I C1-^n) J 

We may express (C.2) in terms of the loss tangent tanó"(ùj) defined by 

equation (3.46), which yields: 

1 f cos(nnr/2) ITtT 
0 < t « I ^ — P m (C.3) 

|w| l|tanô(u)|'r(m)i 

where io denotes an arbitrary frequency. 

Because (C.3) is valid for all frequencies (i.e. for all frequencies 

which are compatible with the approximations made in equations 3.27-

3.28)) we may certainly base our further considerations on a specific 

frequency id . Let therefore to be the frequency at which the atte­

nuation a (in ) = 1 Neper. However, as can be seen from equation (3.38), 

W = 1/k , where k is the proportionality factor in the attenuation ex­

pression for a ((1)). 

Let us now express equation (C.3) in terms of tanô(ti) ) or in terms 

of the factor k . For this purpose we are resolving (3.39) and (3.46) 

in terms of the parameter C and equating the resulting expressions. 

This yields the following formula between k and tanô(w ) : 
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With equation (C.4) the validity range (C.3) for.the step response 

f (t) can be written as: 

_L_ 
l , I cos(rmr/2) l1-m 

0 < t « 2 'ol ^ v H l = S R S f T O ] (C-5> 

In terms of the factor k,above relationship becomes: 

0< t«: k . [ l ^
C ° S ( m ï ï / 2 ) p (C.6) 

12 k rem) J 

Equations (C.5) and (C.6) correspond to equations (3.47) and (3.48) 

discussed in section 3.3 . 
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