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(i) SYMBOLS, CONSTANTS AND ACRONYMS

The follewing important notations will be used in the text hereunder

{eventually with some subscripts) and are explained in more detail

where their meaning is not obviously.
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h(}, HO)
A(), BO)
(), FO

imaginary unit

: signum furction
: Gamma functien
1 exponential integral function

! complementary error-function

direction of propagation; transmission line length

time variable; time constant; normalized time

: high frequency time-delay of transmission line

time shift

'excess time-delay' due to transmission line losses

: rise-time

propagaticn velocity (in vacuum; in medium £,n)

: frequency in Hz and angular frequency in Radians/s
: Laplace transformation complex variable

: wavelength (in vacuum: in medium €,u)

permittivity and permeability of vacuum

permittivity {(complex, real part, imaginary part)

: relative permittivity

: susceptibility {complex, real part, imagimary part)

permeability (complex, real part, imaginary part)
relative permeability

specific conductivity

electric and magnetic field strength

voltage Fourier transform pair

r current Fourier transform pair

t Fourier transform pair for impulse response

real and imaginary part of H( )

: Fourier transform pair for step response



m

o) ;s e'()
B 1 B'Q)
¢()

YO

C() ; LO)
G() : RO
203 5 YO
Z.00

Fopr
Lo
TEM-mode
PVDF

FEP
PTFE

. attenuation function

: phase shift function

power factor
(total: per unit line length)

(total; per unit line length)

: phase shift function

: propagation function

: capacitance ; inductance R

per unit
: conductance ; resistance line length
: series impedance ; shunt admittance l

: characteristic impedance

: impedances

: reflection coefficients

transmission coefficients

: input reflection function, transmission function

: input and reflected power fraction

: transmitted and absorbed power fractions

: polynomials in p

: skin-effect and dielectric loss parameters

: impedance ratios

: voltage or current transforming ratio

: Cbaper parameter

: direct current

: alternating current

: Fourier forward and inverse transform operator

: Laplace forward and inverse transform operator

: transversal electromagnetic

mode

: Polyvinylidene fluoride

:Flvorethylerepropylene

:Polytetrafluorethylene



1. INTRCDUCTION

Fast pulse techniques have undergone an enormous development during the
last two decades. They have been promoted in particular ia the field
of nuclear measurement techniques, in the field of communications and
by the increasing need for fast digital computers, The introduction of
integrated circuit technology in the 1960's led to a breakthrough of
digital circuits, on a broad basis, Since then the switching speed of
such circuits has constantly been increased. Pulse rise-times have been
decreased from a few tens of nanoseconds down to as low as a few tens
of picoseconds. Thus, the interconnection sytems of fast logic elec-—
tronics have now become an important factor because of the efectrical
Limitalions they can impose on the maximum speeds at which information
may be exchanged. i
The transmission of waveforms with rise-times in the nanosecond and
subnanosecond range requires intercornection s}stems having a large
bandwidth. Interconnections are normally realized by means of transmis-
sion lines. The designer of a transmission line system is faced among
other things with the followirg phenomera which may considerably limit
its bandwidth: reflections, crosstalk, radiation losses, skin-effect
losses, dielectric losses. The problem of reflections can be eliminated
by matching the impedance of the driving and the receiving circuits to
the impedance of the transmission line system. Crosstalk and radiation
losses may be reduced by using shielded {e.g.coaxial) types of trans-
mission lines. At present, shin-effect fLosses and diefectnic fosses
are the principle bandwidth-limiting factors in commonly used coaxial
high frequency transmission lines.

Usually skin-effect losses are the predominant facter. However, in the
upper range of the transmission band dielectric losses may become
equally important or predominant. This occurs at about 1 GHz for solid
polyethylene dielectric cables. In the particular case of superconduc-
tive transmission lines [39-41], dielectric losses are generally
predominant, The prediction of pulse distortion due to both kinds of
losses requires a iime domain wpprouch,

In high speed transmission line systems, reflections, losses, and so

on, are bandwidth-limiting factors and consequently are undesired side-



effects. There are, however, applications where these effects are
intentionally incorporated in order to limit the bandwidth: this is the
case when transmission lines are applied as low-pass filtering elements
[42-45] to EMI (electromagnetic interference) problems. Such filters
may e.g. be used to protect electronic equipment against fast
transients incident from power supply 1lines. Both sbin-gffect and
diefectric £osses play an important role in these filters [43]. 1t is
an accepted fact that the susceptibility of senstive electronic equip-
ment strongly depends on the rise-time of the incident transients
{pulses, spikes). As a consequence, the performance evaluation of such
filters requires also a Lime domain anafysis,

The mest commonly used approach to quancify the distortion of pulses on
transmission lines is the calgylation of the step response. The case of
skin-effect has extensively been studied in the past [16-203] : Coaxial
cables having predominantly skin-effect losses have a step response
function described by a complementary error function. Bui what s the
4lep aesponse of a transmission Line having predominanify diedectric
fosses ? This has been cne of the basic questions that has initially

motivated the present work {chapters 2 and 3), The above problem has

been addressed in the past by a few authors only. The analysis presen-
ted in chapter 3 shows that the step response for coaxial cables with
dielectric losses is basically an arctan function, Great efforts have
been undertaken to cbtain expressions in a form which are easily
applicable to engineering analysis. The results should be of interest
for the prediction of pulse rise-times and waveshapes in high-speed
applications of transmission 1lines as well as for the application to
filtering problems.

Another problem of importance in transmission line theory is the study
of wave propagation on nonuniform transmission lines. This problem may
play a role both in the case of intercomnection systems and of the EMI
filters mentioned above. It is of relevance in the applications to
microwave devices (impedance matching circuits, resonaters, special
types of [filters), as well, What has received lictle attention in the
past, is the i{ransient fehaviour of nonuniform transmission lines:
Chapter 4 1is dedicated to this subject. The same philosophy has been
adopted as in chapter 3: The choice of a special class cof nonuniform
transmission lines leads to simple and closed-form solutions, whose

quantitative evaluation does not require numerical methods. The results



are of interest for the dimensicning of fast pulse transformers based
on nonuniform transmission lines as transforming elements. As an
illustrative example, the impact of skin-effect lpsses on the step
response function is calculated.

In chapter 5 the author deals with a specific problem that is of inte-
rest in the design of transmission line EMI filters: He discusses the
application of lossy nonuniform transmission lines as absorption fil-
ters. Here, a frequency domain treatment is given. The applicaticon dis-
cussed is basicelly an extension of the distributed low-pass filter
concept (using lossy uniform transmission lines) as presented by Max
[43]. The two concepts, however, pursue two different goals: The
low-pass filters studied in [43] are optimized with respect to maximum
transmission attenuation, the present concept aims at maximum energy

absorption in the filter.



Note to the reader

Chapter 2 is a summary and discussion of known results from dielectric
physics, c¢ircuit and transmission 1line theory. It contains the
fundamental equations sand important assumptions on which s8ll other
chapters are based. The chapters 3 through 5 may be read independently
of each other. A short introduction is given at the beginning of every
chapter, in which related work of other aﬁthors is discussed and the
main objectives are stated. The conclusions are drawn for the

individual chapters.

The reader who is not interested in detaills can find the main results

of the present thesis summarized in the following publications:

H.Curtins and A.V.Shah, "Pulse behaviour of transmission iines with
dielectric losses”. IEEE TRANS. ON CIRCULITS AND SYSTEMS, Vol. CAS-
32, No.8, 1985, pp.B19-826 (Results of chapter 3).

H.Curtins, A.V.Shah and J.J.Max, "Step response of iossless
parabolic transmission 1ine"”. ELECTRONICS LETTERS, Vol.19, NOD,19,
1983, pp.755-756 (Part of results of chapter 4)}.

H.Curtins and A.V.Shah, "Step response of lossless nonuniform
transmission lines with power-law characteristic impedance
function”. IEEE TRANS, ON MICROWAVE THEORY AND TECENIQUES, Vol.
MTT-33, No.l1, 1985, pp.1210-1212 {Part of results of chapter 4).

H.Curting, A.V.Shah and J.J.Max, "The lossy parabolic transmission
line. Its application to matching sections and absorptior filters.-
The "EMI-trap' ". INTL. SYMP. ON CIRCUITS AND SYSTEMS PROCEEDINGS,
May 1984, pp.882-886 (Hesulta of chapter 5)6



2. DEFINITTONS AND BASIC ASSUMPTIONS

A great number of excellent textbocks dealing witLh the problem of wave
propagation in various types of transmission lines have been published
in the past [3-10}. We shall therefore summarize and discuss the

basic assumptions and results relevant to the present analysis only.

2.1 Transmission line type

As we are pargicularly interested in coaxial lines, the.  term
'transmission line' will imply in all what follows the coaxial type.
A coaxial line consists of a hollow metalic tube (or braided conduc-
tor) and a concentric metallic cenductor, as is shown in Fig.2.1 . The
radius of the inner conductor and the radius to the outer conductor
are denoted by r1 and r_, respectively. Thenelectrical properties of
these conductors are described by the conductivity ¢ . The apnular

space in between is filled with a linear and isotropic dielectric

medium characterized by the permittivity £ and the permeability L .
In the <case of lossy dielectric materials, these twoc gquantities are
complex and are functions of the frequency w.

The line is said to be uniform if there is no cross-sectional
variation with the position 2, either in the conducters nor in the
properties of the dielectric medium, i.e. if the cross-section of the
line 1is identical for all wvalues of =. A transmission line is
referred to as nonuniform if the cross-secticnal dimensions vary along
the axis of propagation 2z and/or if the conductor and dielectric
medium parameters { 6,€, U ) depend on z. 1n this work we will bhe
voncerned (in chapter 4) with nonuniform lines whose geometrical
cross—-section is varying, but whose dielectric and  conductor

properties are kept constant along the axis z.
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inner conductor

Jo.m,
outer conductor

Fig.2.1 Cross-section of coaxial transmission line.

2.2 TEM, 'quasi-TEM' mode propagation assumption

A transmission line can be regarded as & set of boundary conditions to
Maxwell's equations, whose solutians in general permit more than one
mode of propagation. If one assumes perfect conductors { g+ w), a
homcgeneons, lossless dielectric medium ( g,py=real) and an electri-
cally small cross-section ( ﬂ(r1+r2)<=k‘;l=wavelength), the transverse
electromagnetic (TEM) mode or 'principle mode' is predominant. An
approximate rule is that higher {(nontransverse ) modes may exist if
n(r1+ré) is greater than the wavelength [3].

The basic assumptions for pure TEM mode propagation are not fulfilled

anymere, e.g. in the foallowing cases:

- imperfect conducteors, i.e. the conductivity g is finite
(skin-effect losses result, see [15-20])

- the dielectric medium is dispersive, i.e, €=€'+ je"
andfor M=H"+ ju'" are complex quantities [21]

~ inhomogeneous dielectric medium, as is the case for the
microstrip line [9,10]

~ the line is nonunifeorm

- discontinuities are present in the line {fringing effects)

- radiation losses in unshielded transmission lines
(e.g. in the open two wire line)

- the cross-sectional dimensions of the line are comparable

or larger than the wavelength of interest
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If the TEM field distribution is not significantly changed by the
presence of one or mofe of the above mehitiohed Effects. then the line
is said to have a 'quasi-TEM' propagation behaviour. The, TEM mode is
in this case used as an approximation function to describe the actual
propagation properties of the line., A criterion that is often applied
to justify a ‘'quasi-TEM' approach is the condition that the
attenuation of the electromagnetic wave over the distance of one

wavelength is small compared to 1 Neper.

Our analysis applies to a pure TEM mode of propagation, In cases where

the line shows dispersion, a 'quasi-TEM' propagation behaviour is

assumed.

2.3 Transmission line equations

The equations governing the wave propagation behaviour on a
transmission line are either derived from Maxwell's relations directly
or from a circuit point of view. For TEM waves there exists a true
complementarity between the electromagnetic fields used in Maxwell's
equations (electric and magnetic fields &(z,w) and H(z,w), respectively)
and the current-voltage distributions as used in a equivalent
electrical circuit description, One therefore can change over from
the equations of field theory to those of circuit theory, and vice

versa, by replacing

Field theary Circuit theory
electric field E&{z,w) +——— V(z ,w) voltage [V]
magnetic field AH{z,w) &—— I(z,w) current [A]
Re {permittivity) e {w) —L0 Clw) capacitance [F/m]
Re (permeability) u'{w) P L{w) inductance [H/m]
Im {permittivity) wee™(w) S0, G(w) conductance [1/{m]
Im {permeability) weu'{w) —2 R{w) resistance [R/m]

(2.1)
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The connection between field theory and circuit theory functions are
provided by a proportionslity factor D, in which only geometrical
parameters of the transmission line are contained,

In field theory the propagation fumction y and the intrinsie impe-

dance Z, . . . of the dielectric are defined by:
intrinsic
Y = jw veu

(2.2)
Aule

Zintrins[c =

These two quantities are transferred into circuit theory functicns by
means of the relations (2.1). They become the propagation function vy

the characteristic impedance Zc of the line:

Y = /R+JaLI(G s jul) = vZ¥ = juw/en
(2.3)

zZ = YR+ jwl)/(GC+ juC) = VZ/Y = DVu/c

vherin Z=R+jwl 4is the series impedance per unit line length [{/m]
and Y=G+jwC is the shunt admittance per unit line length [1/0m]

Note that the propagation function is independent of the 1ine's geo~

metry while the characteristic impedance Zc depends on D.

Let us consider the electrical equivalent circuit of the line as shown
in Fig.2.2 . In the case of sinusoidal steady state excitation
V5=V0(w)'exp(jtut) one can write down the following set of first
order coupled differential equations for voltage V{z,w) and current
I(z,w) [3-8]:

av
iz * Z1 =0
(2.4)
—dI+YV =0
dz

Differentiating (2.4) with respect to 2z and resclving into voltage V
and current I, leads to a uncoupled, second order differential equa-

tions for V and I:
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It should be noted that (2.4) and (2.5) apply to uniferm and as well
as to nonuniform transmissien lines. For uniform transmission lines 2
and Y are independent of the pesition z, which causes the second term
in (2,5} te be cancelled., For nonuniform transmission lines equations
(2.4) and (2.5) are approximations, based on the 'quasi-TEM'

assumptichn.

2,4 Transfer function

Consider a transmission line connected te a generator V5= Vu(w) exp( jt )
having the internal impedance Zs(w)=2c(m) at z=0 and terminated in its
characteristic impedance Zl(m}=2:(m) at z=%, as schematically shown in
Fig.2.2 , The voltage transfer function is then defined as following:

v
_V_g = exp[- y(juw)*L] = exp[- alw) - ] $(w)] (2.6)
1
where a{w) is the attenuation in [Neper]

$(w) is the total phase function in [Radians]

Fig.2.2 Transmission line parameters.
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The high frequency time-delay tg of the line is defined by the rela-
tien:

£t = lim IEQEE:&
07 ohe i (2.7

Note that above definition has to be interpreted in terms of a given
model for the dielectric permittivity e { for simplicity let us
assume that U =l J. In fact, from a basic, physical viewpoint, all
materials attain for w += the permittivity of vacuum, i.e. E(w)=£u.
Locking from this angle, the high frequency time-delay would be
expressed by tu=l/c0, where ¢ denates the propagation velocity of
light in vacuum, This, however, is not the meaning we would like to

D
limiting value obtained for w+« , in a given mathematical model (or

attribute to &, as given by equation (2,7) . Rather L denotes the

physical approximation) of £{w). In order to explain the signi-
ficance of (2.7) in a concrete case let us e.g. consider a Debye
dielectric {see section 2.9 and references [24,29]) where the real
part of the permittivity is described by E'(m)=e1+-52/(1 +uFTf) .

€, and T, are constants. The high frequency time-delay for a
transmission line with such a dielectric medium is expressed as :
tD=E'fE:ﬁ; . - Remember that such permittivity models are, in general,
approximate models, i.e. they are able to describe the behaviour of
dielectric materials only over a limited range of frequencies (e.g.
from DC up to a few tens of GHz). Note that all similar expressions
£ (@), u'(=), Cl=), C, (=), L{=}, L1(m), which are used hereunder, are
applied in this text according tec the same interpretation as given

above for the high frequency time~delay tu.

By using (2.7) and introducing a modified transfer function H(jw} one

can express (2.6) as following:

v
f = exp(-juty)-H( juw) (2.8)

where exp(-jntu) is the delay term and H{jw) accounts for the dis-
tortion of the signal while traveling down the line.
If one further defines:
(2.9)
Bluw) = ¢(w) - wty

one can express the modified transfer function as follows:
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H(jw) = A{jw) + B(juw) = exp[-a{w) = jB(w}] (2.10)

A(jw) and B(jw) denote real and imaginary parts, respectively, of the
modified transfer function H(jw). The atteﬁuation o{w) and the phase
function B{w), respectively, describe the dissipation and dispersion
behaviour of the transmission line. For a lossless uniform line both,
the attenuation and phase function, are equal to zere and therefore
the transfer function becomes H(jw) =1 .

The high frequency time-delay tD is introduced in this analysis for
convenience, In practice, however, this quantity can often not be
measured, i.e. PB{w) can not be obtained separately from the total
phase function ¢(w). For the step respomse analysis this is , in ge-
neral, of minor importance, as one is in particular interested in the
waveshape and not in the time-delay between input and output of the

line.

2.5 Causality and Hilbert transforms

Let h(t) be the time domain inverse transform of the transfer functien
H{jw), which is given in (2.10), The functions h{t} and H{juw) are
called a Fourier transform pair. Let further H(p) be the Laplace
transform of h(t). H(p) is obtained by the so-called analytical
continuation principle of H(jw) in the complex plane p [47]. h(t) and
H(p) are called a Laplace transform pair., The impulse response h(t}
is & causal time function, i.e. h{t}=0 for t<0. The condition of
causality expresses that there exists a temporally nonlocal
connection between an applied excitation and the response of a
physical system, i.e. the cause-effect relationship. The principle
of causality can also be expressed in terms of the convolution
integral: Let h{(t) be the response of a causal system. If this system
is excited by a signal v1(t). then the response vz(t) to this

excitation is expressed as following:

t
ve(t) = J v1(u)'h(t-u)'dv (2.11)

-]
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That is to say that the system retains memory of past excitations.
The response vz(t) given by (2.11} can consequently be calculated from
the knowledge of v1(t) in the interval {-«,t) only, if h(t) is given.

An important property of the causal transform H(jw) is that its real
part A(jw) and its imaginary part B(jw) are interrelated by the
so-called Hilbert transforms. These transforms are based on the right
half-plane analyticity of H(p) and enable one to construct the
imaginary part B{jw} from a given real part A(jw) (or vice verss) or,
what amounts to the same thing: one can find the complex function
H(jw) from the knowledge of either real or imaginary part, A(jw) and
B(jw) are thus uniquely related. For the reader's convenience these

transforms shall be listed hereunder [see 1,2,14]:

o

A(ju)
B(jw) = - + Jm_"u de
o (2.12)
WB(JU)
AGw) = Alm) + & Im_u u

-0

Because h(t) is a real and cansal function, real and imaginary parts
of H{jw) are even and odd functions, respectively, of the frequency
w. It is important to note that equations (2,12} are merely based on
the analytical properties of H(p) in the right half-plane and that
they represent anly one of the possible forms aof the Hilbert
transforms. Other forms can be found in [1,2,14]. 1In optical
problems above relationships are often referred to as the Kramers-
Kronig dispersion relations [see e.g. 21].

As the transmission line is a passive physical system, the transfer
funcrion H{p)} has no poles in the right half p-plane. The system is
stable,
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2.6 Minimum phase assumption

By assuming that not only the transform H(p} is analytical in the
right half-plane, but that in addition -1n|H{p)

. is also analytical
for Re{p)>0 *, the so-called class of minimum phase functions is
defined. This special class of functions have the property that
A(jw )=exp[-a(w)-jB{w)] can be determined from either the attenuation

o(w) or from the phase function B{w) only., In fact, o(w) and PR(w)
are uniquely related through a pair of modified Hilbert transforms
[141]:

o0 w

w a(u) i o(u)
B(UJ)=;T-[-U—5—_—J£du=—“ [uz——m-;du
-m ] (2.13)
2 " B
w
o(w) = af{0) - T J u(uz—-ujz) du

The transfer function of a transmission line as given by (2.8) is a
non-minimum phase function. However, all non-minimum phase networks
can be resolved into the cascade of a minimum phase network and an
all-pass network. An all-pass network [1,14] has the property that its
magnitude function 1is independent of the frequency w . As a
consequence, the term exp(—jutn) in (2.8) represents an all-pass
network. Turin [28] states that the modified transfer function H{jw)

accounting for the losses in a transmission line may be considered as

mimimum phase [see also Nahman 26]. Therefore, H(jw) is unigquely
determined by either «(w) or B{w) according to the transforms {2.13).

* The fact that H(p) has no zeroes for Re{p) >0 implies that
-1nl#¢p)| is finite,
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2,7 Asymptotic behaviour, Paley-Wiener criterion

Causal networks, whether minimum phase or nonminimum phase , are
characterized by the property that the asymptotic behaviour of the
attenuation u(w)=-1n|H(jw)l must be such that it camnot increase equal
or faster than a constant times @ (see e.g. Guillemin [1}, p.536).
Thig can be seen from equations (2.12-2.13), if one takes a closer
look at the convergence criterion for these transforms. The above
condition for the attenuation a{w) is known as the Paley-Wiener
criterion, which is written in the following form {1,14 }:

o«

I alw) (2.14)

dw < o=
1+ w?

From (2.14) it is also easily seen that the attenuation cannot be

infinite even over a finite range of frequencies.

2.8 Methods for obtaining the impulse response of a lossy

transmisgion line

This section aims to discuss and comment on some commonly applied
approaches to calculate the impulse response function h(t) based upon
the knowledge of either physical parameters (e.g.d,e .U ),
attenuation @{Ww), phase function B{w), real part A{jw) or imaginary
part B(jw) of the transfer function H(jw). This procedure is nat
always trivial and has not always been followed up in a correct way in
the past (see e.g. the incorrect treatment given in [19,20] end the
following discussion in section 3.1}.

To do so we shall consider the scheme given in Fig.2.3. In a time do-
main analysis our primary concern is the determination of the impulse
response h{t} for a lossy transmission line. The most important
condition for h(t) ta be satisfied is the principle of causality., The
transition from time domain into frequency domain (and vice versa) are

provided by the Fourier (¥ ) and Laplace (L) transform methads and
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their inverse transforms, 7 ' and £_1, respectively. Note that the
transform H{jw) 1is attributable to the losses of the line only and
does not iaclude the all-pass term exp(-—jwtu) responsible for the high
frequency time-delay. The form of H{jw)} will determine whether h{t)
is obtained in terms of elementary functions or whether no closed-form

golutions can be found.

Looking at the scheme given in Fig.2.3 one might consider the simplest
case to be the following one; We assume that either the real part
A(jw) or the imaginary part B(jw) of the causal transform H(jw) is

known, Because A{jw) and B(jw) are even and odd functions of the

frequency w, the corresponding impulse response h(t) is directly
obtained by the Fourier-cosine transform from A(jw) and by the
Fourier-sine transform from B(jw) [13]. An alternative method is to
calculate A(jw) from B{jw) , and vice versa, using the Hilbert
transforms (2.12) and subsequently applying the inverse Fourier

transform 7 on H jw).

@,
086

HT = Hilpert Translotm

0 = geometncal tailor

time
domain F.L

pre——.t
hay, ety 71

N

)

HT

— .
Lutnewiitidde

frequancy minimum
(Laplace]) ,___..-Q) - —
domain @ phasa @

NG
\@'L'

Fig.2.3 Methods for obtaining the impulse and step response
of a lossy transmission line.
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In experimental studies of lossy transmission lines the atrtenuaticn
afw) " is quite often measured over a certain limited range of

frequencies and the question then arises, wether it is possible to
predict the impulse or step response h(t) and f(t), respectively. It
has been assumed that the transform H{jw) is a minimum phase function.
In this case the attenuation a(w) and the corresponding phase
function B{w) are uniquely related through the Hilbert transforms
(2.13). These transforms, however, require that either g(u) or B{w)

must be known for all frequencies from DC+w, i,e. attenuation and
phase shift must be specified in complementary parts of the w -axis.
From a rigourous theoretical point of view, one can therefore not
completely determine H(jw) based on the knowledge of g(w) in a
limited frequency interval only. Under certain conditions it 1is,
however, possible to obtain an approximate transfer function ﬁ(jw) and
the corresponding approximate impulse response w(t). For this purpose,
let us assume that the attenuation u(m)=a1&u) is given in the
frequency range DC-wb . The value w, thereby denotes the
'break-off' frequency, for which the attenuation a(mb):bl Neper. In
fact, frequencies transmitted with an attenuation more than 2 Nepers
(or approximately' 20 dB) do hardly contribute to the leading edge of
the step respomse f(t) [27,28]. As a consequence it is  the
attenuation characteristic in the interval (-2 Nepers that mainly
determines the waveshape and its resultant rise-time ({or transition
time). In order to illustrate this behaviour let us consider two

attenuation curves, where the first is given by:

a(w) ;0fwsw
o) - | ° (2.15)

- >
uz(w) oW W

and the other shall be described by:

* The step response f(t) is defined by f{t)= st h(u)du ; £>0 .
v}
We shall denote by F(jw) the Fourier transform of f(t).
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o (w) ;0swsw
ﬂ.(z)(u)a[ 1 hl

o:s(m) powe W, (2.16)

as is shown in Fig.2.5,

Before looking at the corresponding step response curves let us
introduce the ‘excess time-delay' L It denotes the time delay
between the moment at which the high frequency signal components

arrive and the moment at which the step response function f(t) attains
the 50% amplitude level; fﬁis is illustrated in Fig.2.4. In terms of
the new time variable T it is.the time between 1=0 and the time after
which £(1) attains the 50% amplitude level.

The st&p response functions based on the attenuation characteristics
(2.15) and (2.1_6_), respectively, are gqualitatively illustrated in

Fig.2.6, The wav_éshapes of the two responses f“)(t) and f(z}(t) are
(1} (2)

d d

differ from each other. As a consequence, the attenuation

approximately the same, however, the 'excess time-delay t' 'and t

characteristic in the frequency interval (u.lb -} hardly influences the

Fig.2.4 Definitions of step response parameters:
t0=2/c is the high frequency time-delay
T=t¢t - ty time variable with respect to Ly
l:ﬁz'rd ig the excess time-delay taken bet-
ween T= 0 and the time after which the
step response function £(1)} attains the
50% amplitude level.
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step response waveshape. However, the ‘excess time-delay' td
depends on this part of the attenuation curve. This is to say that by
chosing an arbitrary function for the attenuation (which is compatible
with the Paley-Wiener criterion, equation 2,13) in the frequency
interval (wb—m) the step response waveshape remains practically

unchanged and an uncertainty in the total time delay t';0+td results.
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Fig.2.5 Comparison of two different attenuation characteristics:
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Fig.2.6 Qualitative step response curves f(1) ({t) and f(z) (t),
respectively, resuleing from the two attenuation curves al') and
al?) as given in Fig.2.5 .
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Another problem which is often encountered is that certain parameters
of the dielectric medium (or other material, parameters) to be employed
in the transmission line are given, i.e. for example the dielectric
permittivity

e{w) = €' (W) + je"(w) =eaer(m) (2.15)
and/or the magnetic permeability

plw) = u'(m)+ju“(w)=u0ur(w) (2.16)

Quite often the loss tangent tanS{w)} is used to specify the loss

properties of dielectric materials. Tt is defined as the ratio of the

imaginary part e&" of the permittivity to the real part €', i.e.

tand(u) = &'"(w)/e'(w) (2.17)

where §(w) denotes the loss angle.

The dielectric permittivity e(p) and the magnetic permeability u(p) are
analyticsl functions in the right half-plane Re(p) >@. Their real and

imaginary parts evaluated on the frequency axis p=jw are consequently

related through the Hilbert transforms (2.12).

If one assumes that the transmission line has perfect conductors (i.e.

0 + =) and that either the real part €'(w),u'{w) or the imaginary part

e"(w),u"{w) are known, then the propagation function

Y(iw) = vZ{jw)+Y(juw) = V[R(w) + jwLl{w)]-[6(w) + juC{w)] (2,18)

is determined through the equivalence equations (2.1) and the Hilbert
transforms (2.12), The Hilbert transforms are applied to the equiva-

lent electrical circuit parameters R, L, G, and € in the following

manner:
real part (even function) imaginary part (odd function)
R(l.u) D
' (w) 2 L{w) . — 2> u'(w) 3
< > :
€ (w) © 1/0 > Clw) transforms G(w) . 140 > €M) §

w
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The inductance L{w) and the capacitance C{w) may, according to (2.12),

be expressed as following:

L(w) = L(=) + L1(w)
(2.20)
C(w) = C(=) + C, (w)
where L{=) and C{=), respectively, dencte the inductance and the
capacitance at high frequencies (w + =), These, in turn, are related

with the materials parameters by the expressions:

D

p'(=) < > L{=) (2.21)
€' (w) <—1LD—> C{w}

With (2.19-20) one obtains for y{jw)+R :

. _ L(w)  R(®) | Clw) g ~
Y(jw)k = Jwtg Il+L(m) iRy I-[1+ ey 9 —"‘"mc(w)l g

(Remember that t0=¢f(;TTE(;T'E denotes the high frequency time-delay
of the line).

Once (2,20-2,21) are specified the transfer function H(jw)'exp(-jmto)
is completely known (path (:) in Fig.2.3). In general, however, H{jw)
is a quite complicated expression and its time domain retransform h(t)

is not found in terms cf elementary functiocns.

In order to simplify the form of eguation {2.22) high frequency
approximations are cften carried cut. These approximations seek in
most cases to obtain y(jw)+f in terms of additive functions, i.e. a
propagation function of the form:
YGu)HE = Jerg+ atw) + 3B(w) (2.29)

In carrying out these approximations (path(:)in Fig.2.3) special care
has to be taken as to the causality of the resulting transfer func-
tion, Path(:)in Fig.2.3 includes in most cases the following argu-

mentations and approximations: Weak dispersion is present, i.e.
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C1(u)) L1(w)
<< 1 1
C(™) L(e) - (2,28)

Under these conditions the propagagation function becomes:

g -J o R(w) (1= §(w)
v(je)d = Juegny| {1- 3 e T we( (2.25)

For high enough frequencies, at which

RW . G@ Ly (2.26)
w L{=) J w C(=)

one pbtains, by carrying out the multiplication under the sguare-root

expression and neglecting the term R(w)G(m)/mzL(m)C(m) . the formula:

' R(w) Gw)
Y(jw)*L = jmu-\f L-3j w?(w) NI ] (2.27)

Finally, the binomial expansion of (2.27) leads to the first-order
approximation for Y(jw)*% :
R(w) G(w)

+
L(=) C(m)

y{jwyk

. 1
Jmt0+ 2 tu[
(2,28)

= jmtu+ a(w)

The attenuation of the line is therefore

3 1 =T « Rlw) + VI * 6(w) 1+ 2 (2.29)

a(w) =
As is observed from (2.28) no phase shift is associated any more with
the attenuation a(w). In fact, this phase shift is lost while
carrying out the different approximation steps. However, because
H(jw) is a causal and minimum phase function (see section 2.6), we can
agsociate with the attenuation (2.29)} a phase function B(w) according
to the Hilbert transforms {2.13), as is illustrated in Fig,2.3.
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Approximation for the characteristic impedance function

Another problem that should be mentioned at this place concerns the

dependence of the characteristic impedance Z (juw) on the frequency w ,
c

in the case of a dispersive tramnsmission line. In analogy to (2.18)

and (2.22) one can write:

R(w) + jwL{w)
VZ(Ju}/Y(ju) = ——— = (2.30)
Glw) + jwClw)

2 (jw) =
L R
1+ L(::;) - m(tgw)
- I -
Clw) 6w (2.31)
+ ——— -

=3
C{=) w Clw)

Applying the approximations given ir (2.24) and (2.28) yields the

high frequency approximation for the characteristic impedance:

Z (@) = VI |1 75 [RWAE) - 6@/=) 1] 5 3

The characteristic impedance function of a causal system is a causal
transform. However, its approximation (2.32) is no more causal and
therefore can, in this form, not be used for time domain transforma-
tion purposes.

As is seen from (2.32), the imaginary part of ZC(jUD decreases with
increasing w. This becomes evident if we recall that R{w)/L{«) and
G(w)/C(=) increase with a rate that is smaller than ® (according to

the Paley-Wiener criterion {2.14)).

In most time domain analysis involving dispersive transmission lines

the characteristic impedance is considered as constant and real

[5.8,16,19-20]. This has, in practice, proven to be an adequate
approximation for lines with low losses, at frequencies of the order
several MHz- 1 GHe.
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2.9 Dispersion models

In the following we shall assume dielectric materials with a constant
magnetic  permeability u(m):un. This conditien” is, in general,
fulfilled for most insulators used in high frequency transmission
lines, As a consequence the dielectric permittivity alene describes
the dispersion properties of the medium.

Let us denote by x{w) the dielectric susceptibility, which is inter-

related to the permittivity by the equation:

x(w) = [elw) - e(=)]/ey = x'(w) + § x"(w) (2.33)

*
Consider now a capacitor filled with a dielectric medium p{w)} and
excited with a time dependent electric field e{t)} . The medium
responds with a polarization p(t) to this excitation.The polarization

to an arbitrary electric field e(t) is given by the convolution:

o

A(0) =€y | dw)e(e-n)-au
1}

(2.34)
where d(t) is the dielectric response function.

For sinuscidal steady state excitation &{w)-exp(jwt) , this relation-

ship is written in the following form:

Plw) = g5 x (w)+ £(w)

(2.35)
where pLL) , Plw)
e(t) , &w)
d(t) |, x{w)

are Fourier transform pairs.

* The geometrical dimensions of the capacitor are assumed to be so

small that no wave propagation needs to be considered.
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The (specific) conductivity Od(w) of the medium can be expressed as:

o,(w) = g, + Ea°w-x"(w) = Oy + 0 (w) (2.36)

0 0

in which 0 denotes the DC (direct current) conductivity and cd(m) is
the AC (alternating current) conductivity. In most practical high
frequency applications the DC conductivity of the materials employed
are negligeable compared to the AC conductivity.

In a dispersive wmedium, X is frequency dependent and the polarization
P(w) therefore does not follow the excitation intantaneously, As a
consequence there will be some power lost, which is referred to as

dielectric loss. The dielectric loss is proportional to wy'"{w).

The classical approach to the interpretation of dielectric loss is

based on the well-known Debye polarisation mechanism [24] in which the

susceptibility is described by:

1

X (w) E_IETEEE ; Debye dielectric (2.37)

where T denotes the Debye relaxation time,
In the Debye model only one relaxation time is present, The
corresponding time domain dielectric response results as:

di{t) = exp(—thr) i Debye dielectric (2.3

Such an exponential decay function is not very often encountered in

practice except for some liguids *, in which the interaction between
the individual molecules is very weak. However, a 'Debye-like'
departure of the susceptibility curve x(w) is observed in most solids,
The deviation from the behaviour of a Debye dielectric, at higher

frequencies has been explained by considering tﬁe distribution of

* The Debye model is able to describe adequately the behaviour of

weak dipolar solutions or dipolar molecules in the gaseous phase.
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relaxation times [23,25,37]. The imaginary part of the susceptibility

can then be expressed as :

” wT
YRR P S @)
0

L R
T

where W(Tr} denotes a certain distribution of relaxation times.

A number of empirical distribution models have been proposed. Examples
are the Cole-Cole, Fuork-Kirkwood, Cole-Davidson, Hawliak-Nigami, the
Williams-Watt and other functions [23,35-36] * . Much experimental
data have been analysed in the past in terms of the degree of fit to

these models,

A new approach to the interpretation of the dielectric response has
been proposed and discussed by Jonscher, Nghai and other authors
{30-36]. They have ohserved, that experimental data of a wide range of
materials exhibit a remarkable universality of the dielectric response
behaviour regardless of their physical structure, types of bonding,
chemical type and pclarization species. This ’universal' behavigur is
expressed  in terms of the imaginary part of the dielectric

susceptibility as:

2.40
X = |o)™ : 0<amc< (2-40)

The range of materials that ohey the empirical relation (2.40) include
polymeric, organic  and inorganic, dipolar, electronic, ionic,
crystalline, amorphous, insulating and semiconducting materials and
other more [30,32,33], The susceptibility function (2.40) is in

general observed over several frequency decades. Example: Dry sand

* ¥(w) = 1/[1 +j(unk)”] i Cole-Cole function
xw) = 1./(1+_]'u1‘l'r)s ;i Cole-Davidson function
x(w) = 1/[1+j{wr)")® 5 Havliak-Nigami function

where r and u are constants .
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Fig.2.7 Typical dielectric response y(w) observed for a wide
range of dielectric materials. Very often the departure for X'
and X" is ’'Debye-like' and then turns over to the dielectric
response model as proposed by Jonscher [33],

follows equation (2.4Q) over 7 decades with a value of m=0.84, [33].
However, as already mentioned ﬁreviously, the departure of the y'{w)
and x'"(w) curves for most of these materials is 'Debye-like', as is
schematically shown in Fig.2.7. It is important to note that the
dielectric susceptibility givern by (2,40) and the permittivity
function resulting from the madel of Junscher et al. are physically
net meaningful for frequencies w +0. 1In fact, ¥'+m and y"+= for
w~+ 0, As a conseqguence,this model does not describe correctly the
physics of dielectric materials at low frequencies {for the range of
validity of Jonscher's model (2.40)} see reference [33]).

By using the Hilbert transforms (2.12) one can show that the real part
of the susceptibility x'{w) haes the same frequency dependence as the
imaginary part x'"(w), s0 that the ratio

x"(w)/ x'(w) = constant (2.41)
Note that in the case of a Debye dielectric this ratio is equal to
wr_ . Equation (2.41) expresses that the ratio of the energy lost per

cycle to the energy stored per cycle in the capacitor is constant.
Consequently the dielectric loss is proportional to:

wx"(w = |u" (2.42)



-~ 31 -

The time domain respbﬁsé for the dielectric wmodel given by (2.40)
results as:

dit) = £ (2.42)

This form of response function is known as the Curie-von Schweidler
law [33].

The 'universal' response accerding to Jonscher et al. covers materials
in which the peclarization mechanisms result from dipoles, hopping
charges and lattice dipoles. The type of interactions are characteri-
zed by nearest-neighbour and, in particular, by many-body interaction
[36] .As a reminder note that the dipoles in the Debye dielectric are
free-moving and non-interacting, It may be interesting to ncte that
the Cole-Cole, the Cole-Davidson, the Hawliak-Nigami and other models

do as well reduce to the empirical law (2,40) in the limit case mTr» 1,
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3. PULSE BEHAVIOUR OF TRANSMISSION LINES W1TH .DIELECTRIC LOSSES
IR - U

For the operation of transmission lines in the 100 MHz region and
ahove, the determination and prediction of signal distortion due to
high frequency loss phenomena is of great importance. At  these
frequencies, shielded (ccaxial) types of transmigsion lines, passess
skin-effect {conductor) and dielectric {insulator) losses. From the
designer's viewpoint, the detailed knowledge of conductor and insulator
material properties is indispensable for the performance evaluation of
such transmission lines. For digital data transmission purposes, the
time domain transient analysis is needed, in order to obtain an
estimate of the data transmission capabilities of the interconnection
system considered . In most applications, such as high  speed
communication  networks, these loss phenowena are an undesired
side-effect and therefore are preferably kept as low as possible,
There are, however, applications where high frequency losses are
intentionally incorporated in the transmission lines, e.g. when such
lines are wused for filtering purposes of transiert disturbances
(42-45]. Such line filters are typically used for the filtering of
transients in  power supply lines and attenuation of nuclear
electromagnetic pulses (NEMP). 1ln fact, it is well known that most of
today's fast and sophisticated electronic equipement, is susceptible,in
particular to pulse transients with short rise-times. In borh
categories of applications, one 1is interested in the prediction of
pulse rise-times and wave-~shapes for given material parameters of

conductors and insulators,

The transient behaviour of transmission lines with skin-effect losses
has been the subject of numerous investigations [e.g.16-20] in the
past. Wigington and Nahman [16] have shown that in the case of the
simple planar skin-effect, in which the transmission line attenuation
M w) is proportional to the square-root of (angular) frequency, i.e.

ﬂ(m)“VE , the step response results as a complementary error-function.

The square-root law attenuation characteristic is an asymptotic

approximation for higher frequencies; it is derived from the
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consideration that the penetration depth p of the field into a
conductor of finite conductivity varies inversely proportional to the

square-root of freguency, namely g = 1a .

Contrary to the case of skin effect, very few authors have addressed

the transient behaviour of tranmission lines with dielectric losses

[19-20,26-29], One major problem encountered is the fact that no
general description for this type of losses is readily available. In
general, dielectric losses are also temperature dependent, because the.
pelarizability of the dielectries is temperature dependent, However,
at very low temperatures, impurities in a dielectric material can still
cause dielectric abscrption. Attenuation measurements obtained on
superconductive cables [39-41] suggest a  dielectrie attenuation
characteristic @(w) approximately proportional to the frequency g .
Because in such cables the metal conductor losses are at least two
orders of magnitude below that of the dielectric material (FEP), the

dielectric losses can be observed directly, for all practical purposes.

Based on the above assumption, Brianti and Riege [19,20] constructed a
transfer function H(jw) by setting H{jw)=exp(-k|w|) and subsequently
calculated the step response, which yielded an arctan-funetion. HNo
experimental data has been given by [19,20]; the analysis is incorrect,
as the authors did not account for the phase distortion, which
necessarily is introduced by the attenuation . In faet, Guillemin [1]
has shown that the linear attenuation curve versus frequency implied by
the hypothesis H{jw)=exp(-k|w|)} is not compatible with the Paley-Wiener
criterion; No causal network can provide an attenvation which
asymptotically increases faster or equal to a constant times w (see

also chapter 2, section 2,5-2.7).

As mentioned in chapter 2 (section 2.9) recent . investigations [30-36]
on the altermating current (AC) conductance G(w) of meny kinds of
dielectric materials have shown te follew a remarkable 'universal'

behaviour deseribed by the equation Glw)« |w|m; m <1. Thereby, the case

m=0.8 is very often epcountered and came to be considered aimost as a

'law of nature' [30]., When incorporated in transmission lines, such

dielectric materials will give rise to a high frequency attenuation
a(w) = |w|™, Nahman [26] has presented a detailed analysis of the step



- 34 -

response for a transmiésion line with an wq-atteﬁﬁéﬁion characteristic.
This problem has the advantage of being analytically defined; however,
the resulting step response expressions are rather awkward and cannot
be given in closed-form. They are therefore not suitable for most

engineering analysis.

The main chjectives of this chapter are:

a) To derive the step response function based on a causal
transfer function H(jw), whose real part is expressed by
Re H(jw) = exp{-k|w]) . 1t is shown that this response
can be expressed in terms of an arctan-function. The
result is used to disprove the hypothesis made by Brianti
and Riege [19,20].

b) To show that the arctan-function represents an excellent
approximation for the step respeonse of a transmission

line having an attenuation varying like af{w) = |Lu|u'8

¢) To derive the step response based on a piece-wise linear
attenuation model. This is shown to be useful in the case
where the attenvation of a transmission line varies exactly

linearly with frequency, from DC up te a limit frequency w, -

d) To present experimental data on the frequency and time
domain responses, which will prove the validity of the

above theoretical results.

As previously mentioned, the law a(w) =|w|m describes many dielectric
materials and therefore the arctan-function may be considered as very
useful to characterize the transient behavipour of swch transmission

lines in the case that dielectric losses are predominant. The

arctan-function also leads to a simple formula for calculating the step

response rise-time £,
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3.1 Step response resulting from the H(jw)=exp(-k|w|) hypothesis
(Model 1)

In frequency domain analysis involving transmission lines with
dielectric 1losses, one often assumes & linear attenuation versus
frequency characteristic. This is for many practical applications,
quite a useful approximation, at least over a limited range of
frequencies [3,9,19,20). Also, the phase shift introduced by the
losses may often be disregarded. In time domain analysis, however, the
phase shift may not be neglected; even if it is small.

Following the above argumentation, Brianti and Riege (19,20] have

considered the linear atbtenuation characteristic given by:

a1(m)=k|m| : k>0 (3.1}
in which k is a positive constant,

Based on {3.1) they constructed the transfer f{function H1(jﬂ) for a
source-line-load arrangement as shown in Fig.2,2 and accerding to the
definition given in equation (2.8), Note that this definition of
H1(jw) does not include the high frequency time-delay tO: H1(jm)
describes merely the distortion of the signal due to the line losses.

They set:
H,(jw) = expi-a, (@}] = exp(-k|w|) (3.2)

Subsequently they calculated the impulse response h1(t) using the

inverse Fourier-cosine transform and obtained:

2k/m

k2+t2

hy(t) = (ncncausal) (3.3)

Finally, Brianti and Riege [19,20) argued that the response (3.3} can
only be wvalid for times t>0, as the physical system considered is
cavsal. By means of the convolution integral they then received the

following expression for the step response function:
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t
f1(t)= J h1(t=*u) du = % arctan{t/k) u(t) ; {causal) (3.4)
Ju]

where u(t) denotes the unit step funciion.

This last step is mathematically incorrect; the impulse response h1(t)
given in (3.3) is noncausal and consquently symmetrical with respect to
t=0. This in tura implies that the iategral 1limits in (3.4} should
extend over the interval-2Su £t instead of Ofust. 1In fact, the step
response of a system, whose impulse response is noncaussl, is noncausal
as well.

The question now arises: What is the error in the atteauation hypot-
hesis (3.1) ?. To find an answer let us recall same properties of
causal transfer functions, as discussed in sections 2.5- 2.7. One
remarks that the frequency-dependent transfer function Hi(jw) is purely
real: This fact is not compatible with the requirements of a causal
transform (Hilbert transforms 2.12). A first suggestion to change this
fact would be to associate a phase shift 81(w) ‘'with the attenuation
a1(m) in order to make H1(jm) causal, This leads to a new transfer

function:
HT™ (5} = exp[-k|w] -8, ()] (3.5)

The magnitude jH?eu(jm)i remaing thereby unchanged. Because the system
i3 assumed as a minimum phase ‘network, 81(w) is calculated via the
modified Hilbert transform {2.13). However, as is readily seen, this
transform does nat converge for an attenuation curve as given by {3.1).

In fact, a linear attenuatioen versus frequency characteristic is not

compatible with the Paley-Wiener criterion (2.14). This criterion is a

necessary condition for a system te be causal.



- 37 -

3.2 Step response resulting from the A{jw)=exp(-k|w|) hypothesis
(Model 2}

The discussion given by Brianti and Riege [19,20} have induced the
author to pursue the properties of another transfer function
Hz(jw)=A2(jw)+sz(jw) in which the real part is described by an

exponential expression:

3.6
Az(jw) = exp(—k!u]|) 7 k>0 (3.6)

The situation, where the real part is known corresponds to case @
discussed under section 2.B and shown in Fig.2.3. To find the
correspending imaginary part Bz(jm), one will have to apply the Hilbert

transform (2.12) on Azfjw). This yields:

@ o
Ao(ju) exp{- k|u|) 3.7
. 1 2t] 1 p (3.7)
Bz(Jw)=_?Jm-udu='nJ W - u du
~00 -

where u is a dummy integration variable,

In order to simplify above expression,let us split up the integral into

two terms as following:

o o
] 1 exp(+ ku) J’ exp(- ku}
Bz(J“’)="rFH’ﬁd”+ W
‘ - 0 - (3.8)
=_1 L 1
-7 Jexp(—ku) [w+u+w-u du
0

These indefinite integrals are tabulated in [13]), p.311, formulas
3,352/3 and 3,352/6 . One obtains the imaginary part B, (juw):

sgn (w}

thjw)=— exp(—k|m§)}§(k|w|)—exp(k[ml)EL(-k|w]) £3,9)
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- wherein E;(k|m|) and Ei{—k|m|) denote the exponential integral
functions defined in [13], p.925:

-a o
— exp(-u exp(-
E (klu|) = - Lim ——E———l du + J —EB——Eldu
L a0 u u
-k |w) a
(3.10)
- kol
Ei(-k|mL) - I exp{u) du
- m u

With (3.6) and (3.9) the complete transfer function is determined:

Hy(dw) = exp(-k|u])

B [exptklul) E;telu]) - exp(kfol) €, -k [u])

(11°¢)}

-]

The resuwit of the integral pgiven in (3.7} is &lsoc tabulated in
[13], p.362 formula 3.477/1, in a form that differs, heowever, from our
result (3.9) by a factor of 7, This factor 7 in [13], p.342 is an
error which has been introduced by copying over the formula from :
Erdélyi A. et al. "Tables of integral transforms'" Vol 1II,
McGraw-Hill,New York. As the reader may also see from appendix B,
(3.9) is the correct formula.

As can be seen, Bz(jw) is an odd function of frequency w, i.e.
B,(-juw} = -B,(jw) {3.12)

Next, consider the attenuation characteristic resulting from (3,11).
One cbtains:

o) = - InlH,Ciw)] = - 3 1n]a2CGw) + B2(jw) |

(gr-e)

"

k|wf - % 1n

1 (=— 2
v (B cclul) - expailul) Ey(kJub) |
Al
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For the corresponding phase function one calculates:

g (w) = arcran{B_fA.)
2 272 ) _ (3.14)
= - sgnlw)rarctan| T [ Ei(k|m|) - exp(2k]m|)Ei(-k|m[)]]

What 1is the behaviour of the attenuation characteristic uz(w) ?
Because the expression (3.13) is rather complicated, we shall derive
its low and high frequency asymptotic behaviour. This derivation is too
lengthy to be given here . It is presented in appendix A with all
necessary details.

For small arguments of k|w|, the asymptotic series expansion leads to:

1
uz(iwl <<i) ™ klqu
(3.15)
while for large arguments of klw|, it follows:

1 T
ay(lw] >> ) = lnlskae] (3.16)

Hence, the departure of uz(m) is linear with frequency w and the
roll-off at high frequency is logarithmical. Equations {3.13) and
their corresponding asymptotic curves are graphically illustrated in
Fig.3.l. The abbreviation x=kw denotes the normalized frequency
(parametric variable), in all what follows.

Next, let us turn the attention to the time domain responses. For
computing the impulse and step response, hz(t) and fz(t), respectively,
we shall recall that Az(jw) and Bz(jw) are even and odd functiong of
the variable kw. Consquently, hz(t) is obtained through the inverse
Fourier transform applied to Az(jw):

o

2k/w

2—'2' u(l’.) (3-]?)

hZ(t) = % uft) J Az(jm)'COS(wt)-dw =
k™ + &

0

The same result is, of course, obtained from the inverse Fourier-sine

transfornm applied to Bz{jw).
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By convolution of hz(t) with the unit step u(t) the step response

results as:

t

fz(t) = J hz(t—T) d7 = % arctan(t/k) u(t) (3.18)
0

Comparison of (3.1B) with (3.4) shows that fz(t) and f1(t) are in
agreement. The corresponding impulse responses (3.17) and (3.3),
respectively, however differ, because hz(t) is causal and h1(t)' is
noncausal.- In fact, (3.17) and not (3.3) is the correct impulse
response for (3.4).

An alternative methed to find the imaginary part Bz(jw), the
attenuation az(m) and the phase shift Sz(m) would be to proceed as
follows: One firat determines the impulse response hz(t) through the
inverse Fourier-cosine transform and subsequently calculates Bz(jw),
uz(m) and BZ(M) from the forward Fourier transform. This calculation
is presented in appendix B. It proves the validity of equations(3.6)
to {3.14).
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Fig.3.1 Attenuation characteristic @,(w), according to (3.13),
calculated from the fourier transform of the impulse response for
a cable having the step response f(t)=arctan(c/k)as given by
equation (3.18). The attenuation curve is plotted as function of
the normalized frequency x=kw. The dashed curves represent the
low and high frequency asymptotic behaviour (see appendix A).
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Concluding, we may summarize that a causal system having an
arctan-function as step response has an attenuation behaviogur described

by (3.13) and not the one assumed by Brianti and Riege [19,20].
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3.3 Step response based on Jonscher's model for the susceptibility
(Model 3)

In this section, the step response for a tramsmission line characteri-
zed by a dielectric susceptibility x(w) according te the 'universal'
model prepesed by Jonscher [33] is  derived. This susceptibility is
given by equation (2.40), namely:

|rn-‘|

Y w) = - Xn'lm + sgn(w) ; 0<m<l (3.19)"

where xu=constant.

The signum function sgn(w) provides that y" is an odd function of the
frequency w . The line is assumed to have a length 2 , a magnetic

permeability u(m):u(w)=uu and ideal conductors (g +e«)},

First, we shall determine the real part of the susceptibility. y' and
¥x" are connected with each other via the Hilbert transforms (2.12),
i.e.
- L]
, 1 X" ()
X' (wy =+ J oo du (3.20)

— @

wherein x'(=)=0 is imposed by the physics of the dielectric.

In {13}, p.292 cone finds the integral (3.20) for the function (3.19) as

following:

w

f ~Xo*sgn(u)-

w-1u

o™ (3.21)

du = Xp° tan(?ﬂ}'fwim'1

1 .1
x(w)—ﬁ

-]

The complex susceptibility is consequently:

(w) =« ™t L Dem< ]
x(w) [ m (3.22)
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Note that the real and imaginary parts of ¥ have the same frequency
dependence and that therefore their ratio is constant;

ET%E% = - sgn{w)*tan(nn/2)'; n=m-1 (3.23)
' (w

To obtain the dielectric permittivity € we can use relation (2.33}). It
yields:

e(w) = e{=) + €+ x(w)

o {3.24)

mlm_1

= E{®) + g, tan{%ﬂ) - j sgn(w) |-

whara C1= EOXO R

It is important to note that the dielectric susceptibility (3.22) and
the corresponding permittivity (3.24) are physically not meaningful for
w + 0 .This problem has already been addressed in section 2.8 and is
illustrated 3in Fig.2.6 : At lew frequencies most dielectrics show a
'Debye-like' susceptibility and not the ome given by (3,22)}. For the
purpese of calculating the time domain responses (step response},
however, we may still use (3.22); In fact, one is in general interested
in the leading part of the step response {e.,g. the part of the step
response for amplitudes between 0-90% of the steady state amplitude).
This part of the response (= beginning aof the transient regime
[5,p.129]) reflects, however, the dispersion behaviour of higher
frequency components.

Now one can determine the distributed line parameters (per unit line
length). Because of the assumption of constant u(w)=u{=) the inductance

is constant. These parameters become:

L(=) = B+ u(=) (H/m)
Ly(w) = O [H/m]
R(w) =0 (2/m]
and based an (3.24): > (3.25)
C) =1 e(=) [F/n]
Ci(w) = 1~ g tan(ZE). [o|m (F/m]
6@ = Erg e ful” [1/2m]
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The proporticnality factor D in (3.25) contains only the geometrical
information about the transmission line. In terms of series impedance

and shunt admittance the line is described by following expressions:

Z(Jw) = Jwile)
¥(jw) = Jue[C(®) + C ()] + 6(w) (3.26)

fl

For the purpese of finding a reasonably simple expression for the
propagation function y(w)+f we shall carry out the approximation steps
discussed in (2.24) to (2.29). The line is supposed to have small

dispersion in the frequency range of interest, which means that:

C. (W) 14 (3.27)
N R I m, ., ™1 e
Py vy tan(2 )« wl <
and
G(w) 4

- 2 w™! o« g
wC(=) e(=) ful (3.28)

In order to fulfill sbove inequalities the frequency |w| has to be high
enough. This, in turn, implies that the step response fynction based on
the distributed parameters (3.25)} is only valid in the beginning of the
transient regime (see e.g. transient regime in the case of skin-effect
attenvation as defined in [5]). We will now establish the time domain
inequality resulting from (3.27-28). For this purpose let us express
the relaticns (3.27-28) as function of the Laplace transformaticn comp-
lex variable p . Consider the functien jwe(w) , where g(w) is given by
(3.24).Using the analytical continvation principle [47] one can express
the permittivity as function of p, by going through the following cal-

culation:

juelw) = jwe(=)+ Lic;tan(r—gﬁ)- sgn(o) +c1]- wl" (3.29)
= juwe(®) + LS [;i'sin(mTrIZ)'sgn(ua)+cos{mﬂ/2)]' w|”
cos(mn/2)
5
Z4 (3.30)
=jwe(e) + ———— ¢ (ju)" (3.31)

cos(mn/2)
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Using the substitutien g, g1/cos(mn/2) one obtains:

pe(p) =pe(= +g, p" (3.32)

With (3.32), the inequalities (3.27-28) are :

g, P (3.33)
<< 1 '
e(=)p
or
21 L
£(=) p p" (3.34)

If one now takes p to be real and positive (this is compatible with the
defining conditions for the Laplace transform, see [5, p.129]) and then
performs the inverse Laplace transform of the inequality (3.34), one

obtainsg [12, p,1025]:

-1
g "

e(=} T{m)

>0 (3.35)

where F(m) 1is the Gamma function defined by (12, p.255]:
o
[(n) = J W™ e explou)e du (3.36)
h

The transient regime is therefore defined by the time interval:

1

{ E{m) (3.37)

1-m
0 <t <« lE—ZT(m)] : O<m<]

Next lst us be concerned with the calculation of the propagation
function Y(jw)+«f and the characteristic impedance Zc(jw). This step is
straightforward, if we apply the results presented in equations
{2.18-32). To ¢istinguish between the attenuation and phase shift
function discussed under section 3.1 and 3.2 we shall set:

Y(jm)'ﬁ-—jwtu= ay jBJ' For the attenuation one obtains:

(3.38)
oy(w) = 3 2 Vil 7e@) g fol” = fkal” = |x|"




- 46 -

1

where k e %R vu(e) /e(«) z, ] ™ and x=kw (3.39)

On a log(attenuation) versus log(frequency) plot such an attenuation

characteristic yields a straight line having a slope m.

By means of the Hilbert transform (2.13) and reference [13], p.292
formula 3.241/3 , the phase shift jis calculated to

B (w) = sgn(w) 'tan(%i)°|kw|m
- (3.40)
= sgn{w) * t:an(-g-—)° a,(w)

The characteristic impedance is evaluated according to (2.30). In terms

of an approximation we will consider Zc to be frequency independent,

i.e.

Zc(j(D) = /L(m)/c(m) = D« Yu(=)/e(=) (3.41)

where as a reminder, D depends only on the geometrical cross-section
of the line (see egquation 3.25).

Approximation (3.41) has been applied by many authors in the past for
the time domain characterization of transmission lines with skin-effect
losses [16-20]. In the case of skin-effect losses the attenuation and
the phase shift correspond to (3.38) and (3.40), respectively, under
the condition m=1/2 ., Because we are evaluating the impulse (and step)
response for an arrangement source-line-load as shown in Fig.2.2 for
the conditians Zs=ZR=Zc’ the approximation (3.41)} is not necessary: The
transmission line is matched to the source and to the load. In
practice, however, the generator's (=source) as well as the receiver's

(=load) impedances are real (e.g. ZS=ZE=SOS?): Then (3.41) is useful.

It is important to note that the attennation and the phase function
{3.3B) and (3.40), respectively, do not depend on the line's geometry
D, contrary to the characteristic impadance (3.41). This fact is only
true in the case of dielectric losses, however it does not apply to the

case of skin-effect (=conductor} losses [16-20].
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To derive the the expression for the transfer function Hs(jm) recall
the decomposition of the term (jm)m into sine and cosine functions, as
shown in equations (3.29-31)., By means of this relationship one finds

the following expression for the transfer function Hz(jm):

H (jw) = expf - (k)™ / cas(mm/2) ]

(3.42)

Nahman [26] has given a detailed analysis for the step response based
upon the transfer function (3.42). The result, which cannot be given in

closed-form, is expressed as follows:

1 [* exp(-rt-a ")
1 exp(-rt-a,r :
fi(e) =1 -3 J R 'sm(azrm)'dr ; £20 (3.43)
o r
with
a - k" cos(mn) e = k" sin{mn) (3.44)
1 cos(mn/2) 2 cos(mm/2)

The quantitative evaluation of the integral expression in (3.43) using
conventional integration techniques is rather delicate, in particular
for small times t and a pawer index m c¢lose to unity. Convergence is
critical umnder these conditions, because the parameter a, is negative
(a1< 0 for m > 1/2) and consequently the term exp(—rt_a1rm) of the
function to be integrated assumes large values as r increases and while
|rt|‘<|a1rm|. Fig.3.2 illustrates fs(t) as function of the normalized
time (parametric variable) t'=t/k and for different values of the power
index m, Remark the increase of the ‘'excess time-delay' td as m
increases. In fact, td-+m form +» 1,

What is the range of validity for the time t in (3.43) and how is it
expressed in terms of the proportionality factor k ? To answer this
question let us use the definition of the loss tangent tand{w) as given
by equation (2.17)., For a dielectric medium as described by (3.24) it

becomes:
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Fig.3.2 Calculated step response curves for a transmigsion line
with an attenuation behaviour @s(w) = (kw)", as function of the
normalized time t'st/k. tl=t, /k is the 'excess time-delay' as
defined in Fig.2.4
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Fig.3.3 Validity range for the step response f4(t) according to

equation (3.48). W is used to denote the upper Iimit of the vali-

dity range.

Example: Assume that the fellowing quantities are given: m =0.8,
tglk = 10. The range of validity is then expressed as:

0 < t/k € Wk=4
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le"(w)] E1'|lﬂlm-1

= : (3.45)
15'(w)| £(®) + C{tan(mﬂ/Z)'1w|m_1

|cané(w)] =

Under the conditions of small dispersion (3.27-28) one obtains the
approximate function:
g, lul
|cans(uy] s ——n (3.46).
e{o}
Condition (3.37) can now be modified to (see details of the calculation

in appendix C):

1
cos(mi/2)  \Tom (3.47)
r(m)|tan6(woﬂ

1
0 <t <« 3t kanﬁ(woﬂ
or

1 to cos{m®/2) ]1—m
0<t €< ke | £+ — —m——— = W 3,48
2y r(a) (3.48)

0
the frequency for which the attenuation as(w) attains 1 Neper, i.e.

where ta is the high frequency time-delay of the line and @ denotes

aa(m0)=1 Neper. W 1is used to denote the upper limit of the validity
range O<t <« W,

As can be observed from (3.47-48) the range of validity for the time t
of the step response (3.43) increases with the high frequency
time-delay tu and with increasing power index m. This behaviour is

illustrated in Fig.3.3 .

The integral expression (3.43) is rather awkward. Tt is valid only for
m <1 and its calculation gets quite involved for values of m clgse to
unity. Im practice, one may encounter transmission lines with m=1 and
the question then arises on how tolcalculate the correspanding step
response function. Typical examples for m=1 are reported for
superconductive transmissian lines operating at temperatures around 4°K
[39-41]. At these low temperatures conductor losses are cansiderably
reduced, i.e. conductor losses are at least two orders of magnitude
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lower than the diélectric losses (e.g. for FEP). The case of an
attenuation which is exactly linear with frequency (up to a certain
limit frequency) will be addressed in the next section 3.4, where a

piece-wise linear attenuation model is assumed,

It does not need to be emphasized that (3.43) is not easily applicable
to engineering analysis. What one would need are simple mathematrical
expressions which can relate a'(kw)m-attenuation characteristic to the
time domain waveform and the rise-times. This subject is discussed in

sections 3,5 and 3.6.
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3.4 Step response resulting from a piece-wise linear attenuation model
(Model 4)

In this section the step response based on a piece-wise linear

attenuation characteristic is deduced. This characteristic is given by:

klu| 5 Jol 5|l [l 5 [x| = fx|
Ga(u.l) = =
kel b s lul 2w, Iz, |+ =)z x| (3.49)

where Wy and X, denote the 'break-off' frequency and the normalized
frequency (parametric constant), respectively, at which the attenua—
tion attains a constant level,

The basic idea in mind is the calculation of the step response of a
transmission line having exactly a linear atteneation versus frequency
characteristic. The introduction of the 'break-off' frequency W, will
render {3.49) compatible with the Paley-Wiener criteriocn, Under the

condition that
ué(wh) >> 1 Neper (3.50)

the waveform of the step response and its resultant rise-time will be
determined by the linear attenvation versus freqQuency part of (3.49),
In practice, one can, in terms of an approximation, often replace the

inequality (3.50) by a modified cne:
&ﬂ(wb) > 2 Neper (" 20 dB ) (3.51)

For the justification of above equation the reader is referred to the
discussion under section 2.8 and the illustrations of Fig.2.5 and

Fig.2.6 as well as the references [27-28].

The transmission line is assumed to be minimum phase. Consequently the
phase function BA is determined through the Hilbert transform (2,13).

This relation yields:
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From {13,p.63-64], these integrals are evaluated as follows:

B, () = £+ [ x|l (e /x0%] + x e 1alCxw M (x - %) (3.53)

By means of the inverse Fourier—cosine transform the impulse response

is expressed by:

h(e) = %‘u(t‘)-J exp[-&a(x)]*cos[B&(x)]'cos(xﬂ) dx (3.54)
o

where t'=t/k is the normalized time {parametric) variable.

Finally, the step response is found by convolution of ha(t') with the

unit step u(t') and is written as:

[m sin{xtc )}
il

£,(¢) = %.u(t-) * | expl-¢, (x)] rcos{B, (x) ]+ dx (3.55)

For the attenuation function (3.49) and the phase function (3.53), the
step respanse {3.553) cannot be found in closed-form an&.therefore
numerical integration was performed. The results of this calculation
are tllustrated in Fig.3.4 , whereby fa is given as function of t' and
for different values of x, . One can observe that the waveshape of the

b
responses remaln 'practically unchanged' * for *y > 2 Neper and

* To quantify the term 'pratically unchanged' let us compare fﬁ(t') for
xb=5, 18, 100 . Let further all three curves intersect at their 50% am-
plitude level. We consider the interval 0.1 = fb £ 1 - Under these con-

ditions one finds the following maximum differences:

ey =5 —f (t':x = . Yex =5 (tt:x = .oms
Ifa(t 1%, =5) - £, (t5x, 10)] so.om |fa(t ix,=5)~ £ (t'5x, 160) | so.o0m
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amplitudes 0,1 sfa 51, Merely small changes occur for emplitudes
fb< 0.1 if L incresses. However, increasing x, causes the response
to be increesingly delayed. The attenustion model (3.49) does, &s long
88 xb”l. lead to a waveshazpe which is independent of X, and a
time-delay té which is dependent on Xy -

Some important charecteristics of the step response function fa(t') are

summgrized in Fig.3.5 under the condition xb> 1 . Thereby the 0-50%

rise-time is obtained by linesr extrapolaticn of fﬁft') at low

amplitudes, i.e. by the approximation :

af, (t') , ,
£,(€) = £() s —— | - (F-£) 5 s, (3.56)

T.'
3

where t; denotes the time for which fﬂ(t;)=0.2 .

£,

|
10
norm, time t'=t/k

15

Fig.3.4 Calculated step response curves based on a piece-wise
linear ettenuation model @,(x) as given by equation (3.49)
for different velues of the paremeter Xy
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1
N /i/ té= funciron of 5(b
8|
| ;, X, =10° >>1
.6 E
- a4l |
-
-2 tr{10-60x) =2.1
1 | i1 1 i (|
O 10 15

norm. time -tk

Fig.3.5 Calculated characteristics of the step respense f,(t')
corresponding to the piece-wise linear attenuation model, under

the condition xp ® 1. For the calculation of LL{50%), refer to
equation (3.56).
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0.82

3.5 Relation between the (kw) and the arctan step response

When considering the Fourier transform used to calculate the impulse
response , e,g. equations (3.17}) and (3.55), it is evident that
frequency components transmitted with more than approximately 2 Nepers
attenvaticn {(i.e. more than approximately 20 d8} hardly do contribute
te the leading edge of the step Tesponse. As a consequence, it is the
attenuvation characteristic in the interval 0-2 Nepers that is mainly
determining the waveshape and its resultant transition or rise-time.
Explained in a different way, we may state, that two attenuation curves
that are equal up to approximately 2 Nepers and have different wvalues
above, should in fact yield almost the same step response waveshape
towever, they will; in general, yield a different 'excess time-delay’

Ly See discussion given in sections 2.8, 3.4 as well as reference

[27].

For this purpose we have expressed the attenvation curve pgiven by

equation (3.13) as a function of the parameter ax=akw :

1 - ' 2
a,(ax}=alx| - 7 1n 1+"i2 [Ei(alxl)-exp(2a|x|)Ei(-a|x])} l (3.57)

The introduction of the constant factor a provides that:

uz(ax) = wy(a) = 1 Neper {3.58)

x=1

Above condition is fulfilled for:

(3.59)
a = 1.914

The attenuation characteristic (3.57) is now compared with the one

given in (3.38), namely with:
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o, (x) = [x]" 5 O<m<l ' (3.60)

These two cutrves have an intersection point at x=1, i.e.

“2(3) = &3(1) = 1 Neper (3.61)

Note that the intersection point is independent of the parameter m.
This index parameter m is used as fitting variable. The criterion for

best fit used here was a least sguare fit minimalizing the function:

.
E(x;m} = J [as(x;m) - uz(ax) ]2 = minimal
a

(3.62)

in the normalized frequency interval Osxs1 (i.e in the frequency

interval between O and 1 Neper attenuatien).

From (3.62) one obtains the best fit (numerical) under the condition:

m = 0,82 (3.63)

In Fig.3.6 &éax) is compared with a{x). Tt can be observed that cthe
fit holds good up to approximately x=1.5 (relative error
,(&3—&2)/ﬂzf £4%7 and that the deviation gets more important for larger

values of x.

Let us now consider the step responses resulting from ¢(3.57) and
{3.60/63), respectively. These may be calculated, on one hand,
according to (3.18) and, on the other hand, from (3.43) by assuming
m=0.82., For an attenuation curve {3.57) one obtains the simple

arctan-function :

2 _t .64
£,(t) = 2 acctan(zh) u(r) (3.64)
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attenuation Neper

norm. frequency x=kw

Fig.3.6 Comparison of the xnﬂz—attenu&tion characteriscic with
azfax) as given by equation (3.57).

...... (ke)®2_step response

amplitude
?

'2_ 2 _t.':& A=
— 3 arctan (7)) ;a=19u

norm, time t'=t/k

Fig.3.7 Calculated step response waveforms corresponding to the
two attenuation curves presented in Fig.3.6 . as function of the
normalized time t'=t/k . For the arctan-response the time offset
was chosen such as to cesuse the two step responses to intersect
at their 50% amplitude level. '
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The two responses are presented in Fig.3.7, thereby the arctan-response
iz shifted in +t-direction, sc as to intersect with the (hn)u'82
response at the 50% amplitude level. As expected, there is a
good overlapping of the two curves, if we disregard the leading
tail of the (ku)P-82 response for values f3 <(.1 ; This difference is
due to the deviation of the corresponding attenuation characteristics

(3.57) and (3.60/63) at higher frequencies.

A problem of scme interest is the sensitivity of the (k)™ step
response with respect to & {small) variation of m, i.e. m+m*am .
Such a variation may quite often be encountered in practice and one
then 1is interested in the error introduced, if (3.64) is still used as
the approximation function, In order to illustrate this dependence, a
(kw)u.vs

compared with the approximate response for (kw)

and a (kw)u'9 response are calculated using (3.43) and are
0.8z according te
equation (3.64), The results are shown in Fig.3.8. Thereby the
responses were shifted along the t'-axis in such a way as to cause all
three curves to intersect at the 507 amplitude level. The (km)u'75
discriminates {i.e. . attenuates more strongly) frequencies in the
interval 0Osxs1, while the (kuﬂo'g case favors (i.e. attenuates less
strongly) frequencies in the same interval, when compared to the
(km)U.BZ )u,g
response lies above that one of the (ku

characteristic. As a consequence, the flat top of the (ky
yo-82 response; and the (k)@ 70
response is lower over the same time interval . A further observatien

is that the 10-60% rise-times of all three curves are almost the same,

Therefore, depending on the application and the accuracy requirved, it
is conceivable to use (3.64) as approximation function for a (ku) ™

step response for values of index parameter m between (.755ms0.9 .

How does the step response f,(t'} (piece-wise linear attenuation model)
given by (3.55) compare with the arctan~function (3.64) and with the
(k)" step response 7 If cne disregards the 'excess time-delay' té

one would expect that fu(t’) and the (kyw)™ response yield the same
waveshape for the limiting value m-+1 . This is in fact the case, as
is observed from Fig.3.9 for m=0.99. InFig.3,10 fﬁ(t‘)‘is compared
with the arctan-function (3.64) and with a complementary
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| _—— (ki*"step response

...... (kw)o' » step response

amplitude
B
T

1]
- % arctan(%) ca=t94

norm, time t'=t/k

fig.3.8 Effect of a small change Am with respect to m=0.82,
on the step response waveshape of a transmission line heving
an attenugstion ofw) = (kw)™ and comparison with the arctan-
response, The time offset for the (kw)0-9 and the (kw)?.7%
step responses is chosen in such & way as to allow all three
curves to intersect at the point t'=a=1.914,

;
.8+
2 6|
2 |
3 o — () o x =10°
E .
m -
Sl - (k)" step response
0 1 1 1 | 1 L L t
5 10 15

norm. time t'=t/k

Fig.3.9 Comparison of the step response f,(t') based on the
piace-wise linear attenuation versus frequency model (3.49)
with the (kw)?-99 step response &s given by equetion (3.43),
The (kw)99% curve is shifted along the t'-axis so as to
intersect with fa(c') at the 50% amplitude level.
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error-function. Latter is found in the case of skin-effect attenuatian

[16-20). It corresponds to the (kw)™ response for m=1/2.

It can be seen that the arctan-function is not an as good approximation
for fa(t') as for a {km)n'az

an arctan-function than ta a complementary error-function.

response. However, fa(t') fits closer to

b o ®
l I |

amplitude

N
T

norm, time t'=1/k

Fig.3.10 Comparison of f,(t') with the arctan approximation
function (3.64) and with the (kw)9-3 step response (= comple-
mentary error-function). The f,(t') curve is shifted along
the t'-axis in order to intersect with the arctan curve at
the 50% amplitude ievel.
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3.6 Characterisatian of the step response in terms of rise-times

In the last section the different step response models have been
compared with respect to their waveshape. Another practically
interesting parameter is the rise-time t; . In Table 3.1 the 0-50% and
the 10-60% rise-times have been calculated and summarized for three
step response madels * , It is surprising to nate that the 0-50%
Tise-time tL(SOX) remains very <¢lose to the normalizatien constant
a=1.914 for f3(t') and for fq(t') (this noramlizaticn constant is given
in equation 3.59). If one excludes the case m=1/2 in model 3 all 0-50%
rise-times t;(SOZ) are within <5% of the value a=1.914, i.e.
lt;(SOZ}- a l/t;(502)< 0.05. The significance of abave observation is
that a measurement of t;(SOX) does not allow cne to predict the type of
attenuation curve within the models presented in Table 3.}. However,
the step responses do significantly differ from each other with respect
to their waveshape for amplitudes f{t')>0,5. This part of the
response becomes flatter for decreasing power factor m (see e.g.
Fig.3.2, Fig.2.B, Fig.3.1Q). This fact is also expressed e.g. by the
10-60% rise-time t;(10—602) listed in Table 3.1: The wvalue of
t;(lO-GOZ) increases rapidily as m decreases.

* Note that the 0-50% rise-time tr(SOZ) far model 3 and model 4 is
determined by using the linear extrapolation formula given in equation
(3.56).

The 10-60% rise-time also used here has the advantage that the
extrapolation equation (3.56) is not needed to indicate the time
required for the step response amplitude to increase by 50% of the
steady state value. Note that it is not common to indicate the 10-60%

rise-time.
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Table 3.1

Comparison of {(calculated) rise-times for different step response models.

STEP RESPONSE ATTENUAT ION ﬂGoNv n.uﬁoumomv
o~ ) *% kK
m I(e") pmﬁmxvum_x_ |W ln H+._~qlm ﬁﬂﬁm_x_v|mxuﬁmm_x_vm..~ﬁlm_x_vw _ 1.914 2.331
£ (3.18) (3.57)
- + +
m=0.5 2.15 3.3
-+
m=0.6 2.0 2.7
M m m=0.7 1.95 ¥ 2.5
£, @, (x) = Ix|® 5 0<m<1 . .
-
m m = 0.82 1.93 ¥ 2.4
= *
m=0.9 1.92 2.25
*
(3.43) (3.38) m=0.99 1.91 2.13
]
= o x| 5 Ix] s} |
L f t a {x) = s olx >> ]
@ bﬁn ) 4 x| : |x| 2 b 1.9 2.1
a b
= (3.55) (3.458)
Abbreviations: t' = t/k * : is evaluated by using (3.56) + : calrulated from :
x = kuw ** 1 a=1,914 , see (3.59) £ (t'emal 7.
=tk Wk 1 2,331 =a-tan(0.6+1/2) - tan(0.1+m/2)] 3(Eim=3) = cerflyzy]

Note: In our numbering Model 1 would
included here.

correspond to the Incorrect hypothesis of [19,20] and is therefore not
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3.7 Prediction of rise-time from the frequency domain attenuation

characteristic

Let us suppose that the dielectric medium to be employed in a
transmissigr line exhibits a dielectric susceptibility according to
(3.22), i.e. x(w = |w["' . One is now interested in predicting the
rise-time ' and the (approximative) waveshape of the resulting step
respnnse . j

If one accepts the arctan-function (3.64) as approximation function for
m=0.82 (Fig.3.2) and in addition for a whole interval m :Am (Figs.3.8,
3.9 and 3.10), then the practical determination of the pulse rise-time
based on the knowledge of the line's attenuation may be carried out

with the following steps:
a) Determination of the power factor m from a log(attenuation)
versus log(frequency) plot, to make sure that m is in the

range specified.

b) Determination of the angular frequency w = 2nfu, at which
the attenuation attains a(w0)= (kmo)m= 1 Neper (=B.684d8).

¢} Evaluation of t; based on the arctan-function (3.64).

For the 0-50% rise-time, this procedure'yields:

t (502) = ak= f- a 51?f_ . (3.65)
u] D

* Nahman [27] finds the following formula for the rise-time of a "

step response:

a(w, )

L ] + ¢ (50%)

1
tr(SOZ) = 51

where a(m1) denotes the attenvation at a fixed {angular) frequency m1.
It is dnteresting to note that his expression reduces to equation
(3.65) if one sets w1=uh and if one considers t;(SOZ):constant (see
Table 3.1}, which has actually been done in the derivation of (3.65).
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Roughly speaking, one may say that all (kw)" attenuation
characteristics have, approximately, an arctan function as step res-

ponse, provided that:
0.7<m < 1 {3.66)

The limits given in (3.66) are somewhat arbitrary, but give a rough
indication of the validity of the arctan approximation.

The usefulness of (3.65) is clearly visible, as for the determination
of tr(SOZ) one requires merely the {(angular) frequency Wy at which the

attenuation is 1 Neper.

3.7.1 Rise-time tr(SOZ) versus transmission line length

The relation between line length £ and the proportionality factor k is
readily seen from (3.39), namely:

kag™ (3.67)

8ecause the 0-507 rise-time is practically constant and equal to
a=1,914 over the range 0.7<m<1 (Table 3.1), the following expression
helds in this interval:

t (soz)|
£ £=2

EN L

=

{3.68)

le

t (502)'
£ 2=L

Above relationship has already heen reported by Nahman [27],
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3.8 Experimental verificatien for the application of the arctan—

function as sppreoximation to the (kw)" response ; 0.7<m<]

Most of today's commercially available HF coaxial cables using solid
dielectric (e.g. FEP=Fluorethylenepropylene or PTFE=Polytetrafluor~
ethylene, [46]) are mainly limited by skin-effect losses at frequen-
cies below 1 GHz, in which regien they are characterized by an iy

atfenuation behaviour. In the frequency range above approximately 1 GHz,
losses due to the nonideal dielectric material get more important and

then a o "7"0-8

-law is prevailing [46,27]. This behaviour is more
pronounced in the case of higher impedance lines, as for such lines the

relative contribution of skin effect-losses is reduced.

Rise-time measurements on such cables were not carrried out HKere for
the following reason: For a 1 Neper attenuation freguency fu of
several GHz, rise-times tr(SD%) of the order of several tens of ps

100
-
4
L]
H
@ A v Dy d |
S L7 i 4 )
d E 4" ) NV 4
v 3 o
€ 10 - -+ -
Q 7 ] ,l 7 A
'g 4 2 — . 14
/ y
E ; — st wprd
[+ - 5/ ’// Pd g //"/
L7 C 4 P Y
s | A
3 N / s
1 10 100 1000

frequency t MHz

Fig.3.11 Measured attenuation curves for different lossy trans-
zission lines (note: line length is different for case 4 - E }:

A: PVDF dielectric insulator with m=0.9
B: PVC dielectric insulator with m=0.76
C: PVDF dielectric insulator with m=0,83
D: PVC dielectric insulator with m=0,79
:+ PVC dielectric insulator with m=0.72
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+--—i——-
1
]
i

output from a
Tektronix S-52
pulse generatar

100 ps/div,

50 ns/div,

Fig.3.12 Measured step response curves for the transmission
lines having the attepuation characteristics shown in Fig,3.11.
The (+*) symbol denotes calculated values based on equations(3.64),
(3.64) and (3.65), whereby the 1 Neper attenuation frequency fp
is determined from Fig.3.1! (intersection points of the attenua-
tion curves with the curve a=1Neper = 8.68 4B ).

The first photo (upper left) shows the output pulse of the
Tektronix 5-52 pulse generator. when directly connected with a

1 meter coaxial line {type RG-213} to the sampling unit Tektronix
7511/8-2 . Generator and detection system have 50Q internal
impedance.
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would result ({see egn.3,65)}, for which no adequate equipement {pulse
generator,detecting system) was available with the author. Instead,
rise-time and waveshape measurements were made on different coaxial
transmission lines used far filtering purposes in electromagnetic
interference {(EMI) problems and having predominantly dielectric laosses.
Fig.3.!1 summarizes the measured attenvation curves in a
log(attenuation) versus log(frequency) plot, from which the slope m is
readily determined. The corresponding {observed) step response curves
are presented in Fig.3.12 and compared with calculated data {calculated
from the attenvation curves given in Fig.3.11, where the frequency fﬂ
is obtained from the intersection point of the attenuvation curves with
the level a=8,68 dB (=1 Neper) and subsequently equations (3.65) and
(3.64) are applied).

As can be observed, calculated and measured values are in good
agreement., Note that the flat tops of the observed responses for m<0,82
are situated below the arctan-approximation ( * symbol), while for
m>0.82 they are situated above (this is expected, if we recall the
response curves presented in Fig.3.8).

Fig,3.13 and Fig.3.l4 show experimentally the relationship rise-time
tr(502) versus line length £ as described by (3.68). The relatively
large error for the measured values is dwe to the inaccuracy in the
determination of the time t=0 (according to equation 3,56) and to

the reading error from the oscilloscope.
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Fig.3.13 Measured attenuation characteristic of a PVDF coaxial
transmission line.
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Fig.3.14 Measured and calculsted rise-time t_(50%) versus
transmission line length % for the PYDF coaxial cable whose
attenuation is given in Fig.3.13. The calculated values are
based on equations (3.65) and {3.68), where the 1 Neper atte-
nuation frequency fg can directly be taken from Fig.3.13. The
measured rise time vglues are determined with the heip of
equation (3.56).
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3.9. Conclusions

Transmission lines having predominantly skin-effect losses can, in most
cases, he described by an attenuation o{w} proporticnal to vw . The

resultant step response is a complementary error-function. Many

dielectric materials can be described by a frequency-dependent
conductance proportional to w" . When used in transmission lines,
such  dielectric  insulators will give rise to an attenuaticn
proportional ta «" . In this chapter, we have shown, that the resul-
ting step response based on such an attenuation characteristic is, for
values of m close to 0.8, wel) described by an arctan-functian. This
case m=0.8 is often encountered in practice. The proposed
arctan-function is therefore very useful in engineering analysis, as it
provides a simple means for calculating the step response rise-time

from the knowledge of the 1 Neper attenuatign frequency only.

The applicability of the theory to other than coaxial types of
transmission lines has to be investigated. This would be interesting
e.g. in digital systems for microstrip lines (on various substrates) ,
where an accurate prediction of rise-time is indispensable. Another
potential application is the prediction of the distortien of voltage
spikes induced by nuclear electromagnetic pulses (NEMP) on lossy

cablesz,

The present thecry finds an interesting application for the time domain
characterisation of distributed electromagnetic interference filters

using lossy uniform transmission lines as described in [42-43].
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4, PULSE BEHAVI1OUR OF NONUN1FORM TRANSMISS1ON LINES

T < e AMel

This chapter addresses the pulse behaviour of nonuniform transmission
lines. First, a short survey on the literature related to the theory
and to the applications of such lines is giver. This should help the
reader to make himself familiar with some important aspects in this
bread field of problems. Subsequently, the time domain analysis (step
response) of a whole class of nonuniform transmission lines is
presented. 1t is shown that the step response for this class of lines
can be obtained din exact and closed=form, & fact that considerably
facilitates the transient analysis. Therefore this transmission line
class should prove to be useful in treating certain time domain

problems invelving nonuniform transmission lines.

The literature on nonuniform transmission lines is indeed rich and ad-
dresses numerous aspects of theoretical as well as of practical nature.
For the reader's convenience some of the impertant keywords and
references are summarized in Table 4.1 . This table aims as well to
sitvate the work in the present chapter with respect teo the work done

in the past by many other auwthors.

Frequency domain theory

From the theoretical point of view, the analysis and synthesis of the
general  nonuniform  transmission line is confronted with serious
mathematical obstacles. A close inspection of past literature (Table
4.1) confirms this fact, as merely a few papers dealing with the
behaviour of the general nonuniform line have been  published
[e.p.50-52]. Youla [50] discusses the nonuniform line having an
arbitrary series impedance function Z2(z,p), a shunt admittance function
Y(z,p} and under arbitrary limit conditions (i.e. terminations at
source and load) in terms of a Volterra integral equation formulaticn.
His analysis leads to expressions for various quantities of engineering
interest, such as transducer power gain, input reflection function,
etc., which are obtained by integration {in most cases numerical

intepration) of an ordinary Volterra integral equation. Protonotarios
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et al. {S51] investigated nonuniform transmission lines in terms of a
Sturm-Liouville equation approach. This method is advantageous insofar
as it does not require the sclution of any nonlinear differential equa-
tion, such as is obtained through conventional integral transform tech-
niques (Riccati's differential equation, [53-55,57]). The problem is

reduced to that of determining of the eigenvalues of the corresponding

Sturm-Liouville equation. The basic problem for the characterisation
of a nonuniform transmission line consists in finding the solution of
the second order linear differeatial equation (2.,5) for a given Z{z,p)
and Y{z,p), respectively. DBecause no general sclution exists for this
problem, many authors have devoted their efforts to the analysis of
special types of nonumniform lines, for which relatively simple and, in
particular, closed-form solutions result (see list given in Table 4,1),
Several methods have been applied, A first one is the direct seclutien
of the differential equation {2.5), e.g. in the case of the
exponential line (for this type of line the differential equation (2.5)
has constant coefficients) [71-74]. Another method invelves the
application of integral transforms, by which (2.5) is often modified to
a generalized second order Riccati's nonlinear differential equation
{53-55,57). This type of differential equation has extensively been
studied in the past. If certain interrelationships on Z and Y are
imposed, classes of nonuniform transmission 1lines with closed-form
solutions may be derived ({see e.g. the table of solutions given in
[57], where some dinterrelationships &are listed). By applying the
principle of dwality [58], the method c¢f generalization [59-601, the
theorem of adjoint equation [63], it is possible to widen the existing

classes of solvable nonuniform transmission lines.

Frequency domain applications

Nonuniform transmission lines have been used extensively as impedance
matching devices [69-77)] and resonators [72-73). A typical example in
the field of radio and microwave frequencies is the matching between a
source and an antenna having different impedance levels., Among the dif-
ferent impedance transformers studied in the past, in particular, the
Tchebycheff-type deserves to be mentioned, This type of line shews bet-
ter transmission performance when compared to other types {63-70]., For

the application of nonuniform lines to resonators it has been shown
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Survey of the literature on nonunifocrm transmission lines,

FreqQuency Domain

Time DomalIN

THEORY

ON GENERAL NONUNIFORM LINE

analysis and synthesis

analytical, intrinsic proper-
ties

input reflection coefficient
(under arbitrary limit condi-
tions). [50-52,86]

ON SPECIAL NONUNIFORM LINE TYPES

exponential [71-77]
Bessel [61-62,74,88-89)
power-law [61-62,74]
Dolph-Tchebycheff [69-70]
Gaussian [69]

hyperbolic [81]
trigonometric [77]

and ocher special tapers
(see bibliography, [75] )

- exponential [78-80] (*)
- power-law (*%)
{83, this chapter]

APPROACH TO SOLUTION

FOR GENERAL NONUNIFORM LINE

Volterra integral formulatiaon
Sturm-Liouville formulation
Matrixz formulation

[50-52]

FOR SPECIAL NONUNIFORM LINE TYPES

direct solution of 2nd order

lin., diff. eguation [61-2,71-3]
integral transforms (-> Riccati
nonlin. diff. equation [53-60])

- Laplace transform [78]
- numerical methdds {80)
(method of characteristics,
cubic spline method)

APPLICAT IONS

impedance matching [69-77]
filters (Notch-filters) [85]
resonators [72-74)

broadband terminatians [65]
absorbers [66,68,84]
directional couplers [89-90]
and other applications

- short pulse transformers
[79]

=

: no closed-form solutions ; (**) : closed-form solutions
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that their physical length can be reduced when compared to similar
uniform transmission line rescnators, This is of some interest in
microwave circuits, if high component packaging density is required.
Other applications are listed in Table 4,1, Tt is maybe interesting to
note that the problem of electrical impedance matching has also
analogies in the accoustical and optical field: An illustrative example
in the accoustical field are the horns [87], which provide an
accoustical match between the speaker's throat and the sound carrying
medium, t.e.the air. An equivalent problem in optics are  the
antireflection coatings, e.g. the antireflection coating on a solar
cell to match the refracticn indexes of air and the one of the solar

cell material. This leads to enhanced absorprien of the solar cell,

Time demain: Theory and applications

Unlike the case of the frequency domain, very few papers have addressed
the time domain analysis of lossless nenuniform transmission lines
[78-80,83]). 1In fact, to the author's best knowledge, no papers dealing
with the transient behaviour of the general nonuniform line has been
published. As far as special types of lines are concerned, Schatz's
analysis [78-79]] dealing with "Pulse transients in exponential

transmission lines,”

is unique in terms of an approach by analytical
means {note, however, that the analysis does not lead to closed-form
solutions), Other autﬂors [80, and ref. mentioned therein] have
utilized numerical approaches to obtain solutiens. Hill [80] discusses
the method of characteristics and the cubic spline method to ocbtain
compiter soluticns for the exponential transmission line, These
metheds allow the incorporation of losses and of nonlinear sending and
receiving conditions; they are therefore are of a certain interest to
applications which are, due to their high degree of complexity, not
worthwhile to approach by standard techniques such as Laplace transform
techniques. Alse, the proposed methods are not only limited to
expenential transmission lines, but may be applied to an arbitrary type
of taper.,

Another interesting approach for the characterisation of the transient
respense of linear networks in terms of the rise-time tr and the
delay-time t, has been presented by Elmore in 1947 [91]. Under the

assumption that the response to a unit step function is monotonically
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rising to its final value (this assumption implies that the 'impulse
response h{t)z 0 for all values of the time variabie t), this theory
enables the prediction of t  and t; directly fram the knowledge of the
Laplace transform of the network. Hence, no retransform into the time
domain 1is required, In fact, for numerous applications, the Laplace
transform is readily obtained but the retransform usually represents
the crucial point., FElmore's analysis has been applied successfully to
tapered distributed RC-networks [92]. However, unlike the case of the
RC-lines {=lossy nonuniform transmission lines), the analysis cannot be
applied to lossless nonuniform transmission lines, as in general the
important assumption of monotonicity for the step respanse is not
- fulfilled,
As 1is cbserved from Table 4.1, there are very few time domain
applications of nonuniform transmission lines. Schatz [78-79] suggests
that such lines may be used advantageously as pulse transformers with
short and fast-rising pulses, in particular where large amounts of
power are involved., Such requirements are to be found e.g in
'electrostatic' ion deflectors for large nuclear particle accelerators;
and they are not readily met with conventional two-winding iron core

transformers.

The main objectives of this chapter are:

a) To make a contribution to the time domaih analysis
of nonuniform transmission lines (Table &.1). The
step response of a whole class of lines is presented

in exact and claosed-form.

b) To show that the step response for this class of
nonuniform lines can be used to approximate the step

respanse of the expanential transmission line.
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4.1 The lossless power-law transmission line. Definition and Laplace

domain sclutions.

The nonuniformity of e transmission line is achieved either by changing
its pgeometrical cross-section in a certain continuous manner along the
line and/or by changing the dielectric medium properties (permittivity
€=¢e{z) and/or permeability M=1u(Z) } in such a way that the desired
variation in characteristic impedance results. If only the geometric
dimensions of the line is varied and a homogenecus dielectric is used
the line will have a propagstion velocity, which is independent of the

position z, i,e, Y:}(p),

Definition
The general lossless power-law transmission line is described in terms
of its equivalent electrical circuit by the series impedance Z and the

shunt admittance Y as fcllows:

Z(z,p) = Z{p)*(1 42}’ = pL (1+n2)" {6.1)
¥(z,p) = Y(p)-(1+n2)° = pC (1+n2)°

where Ly inductance per unit line length at z=0 [H/m]
CU capacitance per unit line leagth at 2z=0 [F/m]
n taper parameter (*) [1/m]
r,s : arbitrary power factors

Our concern here are only 1lines with constant propagation velocity
c=constant. Because of this restriction one will have to impose the

condition r=-s on the power factors,

The solutions of the second order linear differential eqns, (2.3) when
inserting above expressions for the series impedance and shunt
admittance, -respectively, leads to Bessel-functions whose orders are
functions of r and s [61-62,65,87-88]. Therefore this type of



- 76 —

nonunhiform transmission line is very often also referred to as the
Bessel-line (*). Bessel-functions of arbitrary order however, are not
suitable for transient analysis, as usually no simple retransforms of

such expressions exist.

The transient response analysis propased here is based on the following

important restriction for the power factor r :
r =2n (4.2)

where n is any positive or negative integer number.

4s will be shown, the class of 1o0ssless nonuniform lines defined
through {4.1-4.2)1leads to solutions in terms of Bessel-functions of
order (n+l1/2), which, in turn, may be expressed by well-known
elementary functions (trigonometric, powers). In consequence, the step

response function can now be evaluated by standard retransform methods.

Using above definitions we can write down the set of equations

governing this special class of the power-law lines, for the lossless

case:
2n : -
= ; d
Z(z,p) = pL; (1+0nz) series impedance 5.3
T(z2,p) = pC, (l+nz)'2n ; shunt admittance
and
Z{z)y =2, (1 +nz)3" ; characteristic impedance
© ° (4.4)
y(p) = p/c : propagation function

where Z_=vL_/C and ¢ = v"LD'Cﬂ

{*} In the literature the term 'tapered' refers to the variation of the
characteristic impedance along the transmission line; in certain cases,
however, it describes the cross-sectional geometry along the line.
There are also diffferent designations for the Bessel, the power-law
and the parabolic transmission line [61-62,74]. In this chapter we

will follow the designations as given by Wagner [61].
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Laplace domain solutions

In this section we are deriving the sclutions for voltage V and current
I for the power-lew line defined above. It is uderstood that when we
write V, I we mean V(z,p), I(z,p}, etc. Until not menticned

differently n is assumed positive.

To obtain the solution we first insert (4.3) into the the second order

linear differential equation (2.5) and obtain :

v 2 v y?
—_— e — o= ¥ =0
2 2
d d
y y dy 1 (4.5)
d?1 o od1 Y2
? v m3 10
with y={l+nz) . dy y dy n

Reference [13] lists a table of numerous differential equations leading
to solutions in terms of Bessel-functions. One recognizes, that (4.5)
is listed as formula 8.494/9 on page 972. The sclution results as :

L V-

(4.6}

V{v,p) = ¥ By (Gy/m)

where # : arbitrary Bessel-function {and any linear combination)

of order {n+l1/2); n being an integer positive number.

It is common to represent the basic solutions in terms of progressive
and reflected waves V+(y,p) and V (y,p}, respectively. Then we will
have to chose Bessel-functions of the third kind (also called
Hankel-functions)} for the expression A in eqn.(4.6). These functions
are denoted by HtlL/z) and HEiL,E). One notes that its index1 has
values, which are multiples of one half. In such cases, both H as
well as H(Z) may be reduced into a simple series expression given by

[13,p.967]:

_ i
NI S TR P
{ne1/2) Iy 16 (n-i) i’ 2vy

(4.7)
e . exp(+yy/n) n 1! {n+i)! 'L]i
(n+1/2) Sy -0 (n-i)li! vy
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Substitution of (4.7) into (4.6) yields the following expressions for

progressive and reflected waves V+(z,p) and V_(z.p), respectively:

n .
V,(z,p) = (1+n2) vexp(3y2)+ | (1) ————
= i-0 {(n-1)ii!

(n+i)! [ n }1

2y(1 +nz) (4.8)

(The suffix + denotes the progressive wave, while the suffix - denotes
the reflected wave.)
The corresponding solutions for currents I+(z,p) and T _(z,p), respecti-

vely , are obtained via equation (2.4) and are expressed as:

n dv
Z(y,p) dy (4.9)

I(erj ==

Recalling that 2Z(y,p) =Y(P)‘ZC(Y) and, further, that Zc(y) =Zuyzn,one

finds by using (4.6) the formula for current:

E_ [ n+1/2 B

(jvy/n)
Yz(y) dy w

I(y,p) = - {re1/2) (4.10)

After carrying out the differentiation it can be seen that:

I(y,p) = - n-1/2 [

(n+—1/2)°8(nn/2)(jYy/D)+

Y7(3) (4.11)

d .
A B(mw)(ﬂy/n)]

However, the term in parenthesis may be expressed by a Bessel-functicn
of order (n-1/2) and of the argument JjYy/n [13, p.967]:

Yy .
[ l = B yzydyy/m 412)
Finally we obtain:
y™172 (4.13)

Wz,p) = - —— * B, ;y(dv¥/n)
Z () (n-1/2)
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One observes that the order of the Bessel-function for current is one

order lower than the order of the corresponding voltage solurion (4.8).

Expressed in the original variable 2z and taking the same series

expansion for B(n4/2) the desired formula for current waves becomes:
+] -t 1 (n+i-1)! n 1
I,(z,p) = ~+vexp(zyz) ] (1) . [
- Zgfl +nz) i=0 (n-i-1)" 1% \2¥(1 +nz)

The same current solutions may of course as well be obtained by solving
(4.5) and subsequently adjusting the constant, suech that (2.4) is
fulfilled.

Next, let as consider the case where n is a negative integer number,
i.e. where the characteristic impedance Zc(z) decreases for increasing
z (see 4.3). A close inspection of the differential equation (4.5)
shows that a change of sign in the power factor n merely interchanges
current with voltage and vice-versa, Thus, we may write down the

relations:

V.{z,p;n<0)

1
1+

Zn-Ii(z,p:n >0)

4,15
% ¥V, (z,pin>0) (@13
0

H
I+

I,{(z,pin<0)

Once the basic solutions for the voltage and current equations are
established, the peneral sclution is a 1linear superposition of

progresgive and reflected waves, i.e.

V(Zup) =4a V+(le) + b V_(an) (A.lé)

I(z,p) = a I+(z.p) +b I (z.p)

where a and b are arbitrary constants, which have to be evaluated for
the particular limit conditions imposed on the specific problem., As a
reminder, n=0 represents the case of the uniferm transmission line,

whose basic solutions are:

V,{z.p) = exp(-Yz) (4.17)

1,(z.p) = 5= exp(-2)
B 0

(%1°%)
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Two observations may be made with respect to equations (4.8) and

(4,14}, First, if we define an impedance for a progressive wave:
Z:(z.p) = ¥ (2,0) /I (2,p) (4.18)
and in the same way the impedance for a reflected wave:
Z(z,p) =V (z,p /I (2, (4.19)

one finds, that these two quantities are complex, unlike in the case of
the wniform line , where Z: =-Z; = Zcl is real, Th?s simply takes
account of the phase lag between voltage and current. Ballantine [88]
showed, that for a positive conical line {this line corresponds to a
power-law line for n=:21 and will be called parabolic 1line in this
chapter) Z: = Zg'(ny/Y + yz) and Z;: ZJ{-ny/Y + yz). Recalling that
¥=plc for the parabolic line , z: may be interpreted as the impedance
of a positive capacitance in series with a resistance, Z; looks like
the impedance of a’‘negative’capacitance in series with & resistance.
The interesting thing is that a "mepative’ capacitance reactance is an
extremely rare thing, as pointed out by [88].

The second point to be emphasized is the high frequency behaviour of
the power-law 1liner At high values of the propagation function the
first term in (4.8) and (4.14) are predominant. Under this condition
_Z: as well as Z; approach a real value Z; =- Z; = Zoyzn . The line then
acts as an ideal transforming device, which suggests their use for

impedance matching or pulse transforming purposes.

The results given in (4.8) and (4.14) have already been mentioned by
several authors [62,74,87-88,and others] in frequency domain analysis
involving nonuiform transmission lines. Also the restriction r=-s {see

4,1} is reported by the same authors,

The important observation to be made for the present work is that the

class of nonuniform lines described by a power-law, where the power
index 1 _is even (r=2n), will prove indeed to be b advantageous class

for time domain analysis.
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4,2 Voltage reflection and transmission coefficients

In this section we will derive the reflection and transmission
coefficients at the interface wuniform/nonuniform transmission lines.
These results will be used in the next sections to calculate the step
response transforms., Some of the formulas can be found in similar form
in the literature. The reader may, however, find it convenient to have

them derived here in exactly the form that they will be used later on,
Three different situations are thereby of particular interest:

a) voltage transmission onto a nonuniform transmission line connec-

ted to a source of impedance Z5 (Fig.4.1/a)

b) voltage reflection and transmissicn for a wave propagating on a

uniform line and encountering a nonuniform line {Fig.4.1/b)

c) voltage reflection and transmission coefficients for a wave pro-
pagating down a nonuniform line and incident on a uniform line

with impedance Zg or Z, ,respectively (Fig.4.1/c,d).

For all configurations illustrated in Fig.4.1 the propagation behaviour
in the nonuniform line is described by progressive and reflected waves

given by (4.8) and (4.14). Equation (4,17} applies to the uniform line.

If we first take a look at configuration a) one can write down Ohm's

law at z=0 :

-
= =V - = 4,
Vi(z=0) =V - T Z 1 (0,p)=TyV (0.p) (4.20)

which, sfter rearranging, yields the transmission coefficient TD:

. Ya (4.21)
0 V*(O,p) + ZSI+(0.p)
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In the case b) the following limit conditions held at z=0:

. ]
- Wt

T (z=0) + T (2=0) V. (z=0)

(4.22)

fs(z=0) + fn(z=0) f(z=0)

where Tg , TR and T are the currents driven by the corresponding

voltage waves. ¥ , fs . i) and- ¥ are waves for a uniform line
decribed by (4.17), while vr and TT are progressive waves for the
power-law line described in (4.8 and 4.14).

The magnitude of V5 can be chosen arbitrarily. By setting 35(3 =0Y= Vo

and evaluating the limit ‘conditions one cbtains:

V. (0,p) - 2L (0,p)

[, =
1
v (0.p) + 2_1 (0,0 {4.23)
and
. 2V
T. =1 =
T T V) v 2,10, (4.26)

One observes, that T1 =2 TEI .The facter 2 results from the fact that in
a) Tn is giving the ratio of transmitted to internal source amplitude
VD , however in b) T1 expresses the ratio of transmitted to incident
wave amplitude.

The ceoefficients FE, TE'
derived analcgously to T0 and T1 and are listed hereunder without

r and T, {situatien <c) and d) } are
s

giving the details of the calculatioen:

V(L) VP -2, T (p)
[ o= - . (4.25)
v.(py V_(2.p) -2, I (R.p)

oLl e VR L] (g
* v Y_(L,p) - 2, I_(E,p)
V.(0,p)  V_(0,p) +Z_ I (0.p) (4.27)
r =--= = -

Vo) V(0,9 +2Z T(0p)
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1 2 (V.(0,p),(0,p) -V (0p)L (0,p)}

ov(op v {0,p) +2_ 1 (0,p)

U: uniform line | N: nonuniform line

Fip.4.1 Definition of reflection and transmission
coefficients at the discontinuity nenuniform/uniform
transmission lines.

(4.28)



It is important to note, that all coefficients given above are complex
quantities, contrary to the case of real reflection and transmission
coefficients obtained at the interface of uniform/uniform transmission
line having different characteristic impedances.

The reader should not confuse these coefficients with the ‘dnput
reflection coefficient' obtained for a uniform line of length & and
terminated in a ohmic load impedance ZE , when seen at the position
z=0; latter has the form Rin= |P2]' exp(-2yR} and is coﬁplex as well.
Here we are considering the local reflectior or transmission
coefficient at either z=0 or z2=R (see input reflection function

defined in section 5.2 ).



- 85 -

4,3 Step response of positive parabeolic transmission line

The positive parabolic transmission line is obtained from (4.3-4.4) yhen

the power index n is set to n=l. The characteristic impedance Zc and

the propagation function ¥ then become:

z (2) = 2, (1+mz)? (4.29)

¥(p) = p/e

Further, the Laplace domain soluticns are deduced from (4.8) and
(4.14), when inserting n=1 :

¥, {z,p) = |{1+nz)} ¢ L exp(y pz/c)

i P (4.30)
*]

Ii(Z.P) = zu(l_mz) « exp(; pz/c)

Consider the arrangement as shown in Fig.4.2, where a parabolic line is
connected to a unit rtamp generator consisting of an ideal voltage
source in series with an impedance Zs . On the receiving side at z=%

the line is terminated intc a lead impedance ZR.'

flo1)
f{at)

| === ---
e

™~

Fig.4.2 Basic configuration analysed.
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For the subsequent calculations the following designations are used:

Fu(z,p) ' fv(z.,t) : voltage Laplace transform pair
Fc(z,p) y fc(z,t) + current Laplace' transform pair

f and fc Bre the step response functions for veltage and foir current,
v

respectively, taken according to .the arrangement given in Fig.4.2 .,

The following abbreviations will be applied:

£y = ifc ;  time-delay of line
1 =t -2/ ; (seeFig.2.4)
v, =2 /2 S dan ti
\ E_./' a impe ce ratic (6.31)
v, = ZQIZD ;  impedance ratic
y =l+nz
¥, = 1+nk
M = [¢E1 2, b : voltage transforming ratic
Let us set the time, at which the generator 1Is switching te t=0.

Instantly a wavefront will start off at z=0 and propagating down the
line while undergoing a certain distertion. After the time-delay g
the wavefront enccunters the load ZR. at z=4 and is partly
backreflected towards the generator. At the generator, after twice the
propagation time a new reflection event takes place, This process is

repeated until a steady state on the line is achieved.

We are only interested in the leading part of the step response and

therefore it is meaningful te limit the time t tc values:

0<¢t <2 ta for the step response fu(O.t) (4.32)

D<1 < 2tu for the step response fu(E,T)

This restriction also considerably facilitates the analysis, as we da

not have te account for multiple reflecticons con the transmissicn line.
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Under the condition (4.32) the determination of the transforms Fv(O,p)
and F (£,p) are straightforward. F“(O,p) results in:
c

1 o 1 V0 4,33)
F (O,p) =~ T_V ) = -
u_( P) p 0 ;( P) p V*(O-P)"'ZS I+(0.P) -

where 1/p is the transform of the unit step

and TD is the transmission coefficient derived in {4,.21)

Substitution of (4.30) into (4.33) gives:

1 {(p+ne)
F (0,p) = (4.34)
l+v p(p+nc )

1
)
1+ 5

In the case of the infinite line (length %==), the voltage transform

valid at any point z is obtained as :

1 (py*+ ney)
FV(Z.P) = =3 . Ny + exp({- pz/c) (4.35)
Yy +Y op(p+ )
y2 +V

1

At the load (z=£) the transform is expressed hy:
i
FV{R.P) =3 TuTk'V+(2.p) (4.36)
By using (4.21) and (4.26) it is reduced to:
AN (ROERCRSERNCRISRRS]

1
F(2.p) = & - [ (4.37)
V() +2, 10 | [V (4.0) -2, 12, ]

b=

which, after inserting the formulas for progressive and reflected waves

(4.30) and making use of the abbreviations (4.31), becomes:

2 YV, prexp(- p/c)
F (E‘-P) =
2 .38
v U4y (2 (paaye(p- el (4.38)
1+v1 Y+ Y,
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It may be observed that (4.34) does not depend on the load impedance

Z .
2‘ 1
In fact, for reasons of causality, it can mnot be influenced by the

this is a direct consequence of the restriction made in (4.32).

conditions at the load for times t < ty -

We are, for the following calculations assuming ohmic scurce and load
impedances ZS and Zl , respectively, Then the step response functions
may be obtained by looking up in existing Laplace transform/retransform
tables [11-13].

For the positive parabolic transmission line the response to a unit

step observed at z=0 is obtained from equation (4.34) as:

\J1 ne
fF{D,t) =1 - 'exp[- t) ; 0t <2
v 1+v l+v

. \ o (4.39)

or for the infinite parabolic line it is written as:

v

ne
f(z,t) =1~ 'exp[——y-—(t—-z-)] ; e>2
v yz

e, v, © c (4.40)

In the same way the step response function calculated at the load

follows from equation (4.38) as:

2y v

1 2
E(4,1) = P .
(T+v)e(y)+v,+y (T+v )]
=
ne y (L+v,) ney, =
ex})—1 y T]+2'—’exp[ 3 T] ; ~
+v, yyv, YiEY,

0<T<2tn

Equation (4.40) is valid at any time t > z/c because no reflected wave

is present.
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One observes that the response fu(z,t) as given by (4.41) is composed
of two exponential terms, the first one having a negative argument and
the second one having a positive argument. The reader should not get
confused by the fact, that one term of the step response (4.41) is
increasing expanentislly, a fact which 1is not compatible with the
behaviour of a stable network. The stability of the system is still
asgured in our case , as the time £ is limited tn<t < 3tu. Further,
if we take a closer look at the arguments of the exponential terms, it
mzy be seen that the negative one does not depend on the lead impedance
Z2 , while the the positive argument does not depend on the source
impedance ZS .

Because the load impedance was assumed ohmic, it is not possible to
obtain a refilectionless termination by adjusting Z

e
level of the line st z<=£. In fact, a complete impedance match at

to the impedance

2=2 would require a complex impedance Z, such that the reflection

L
factor given by (4.25) is zero on the whole axis p= jw. However, if

2, =2, 1+ n!l)2 the refiection is kept relatively low,

Next we may derive the current transforms Fc(O.p) and F (2,p) end their
[+
retransforms, which are easily deduced by applying Chm's law at the

source and at the load:

F 0. = [1-F,00] /2,

F(Lp}=FU,p)/2

€ L currant (4'42)
waveforms

fc(O,t) = [1— fu(G,t)] /Z5

fc(l,t) = fv(l,t) /Z!1

Several curves illustrating the voltage step response waveshape are
calculated in Fig,4.3 at the load ZR'
The result given in equation (4.41) has been published by the author
in [83}. It decribes the step response waveform under arbitrary limit

conditions Zs and ZE (ohmic) by simple and c¢losed-form expressions.
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Thuis feature considerably facilitates the transient analysis, when e.g.
r._.' [T . - . oaa o

compared with the awkiward expressions obtaifiéd, in the case of the

exponential transmissicn line [78] , even under specially simple limit

conditions (infinite line length, 25= 0.

—r
—_

(e0/1,¢.0c)
o
|

p—
() [ U S ST T N T S A | NN B! 1_J

1 2
norm. time ct/¢

Fig.4.3 Calculated step response curves fu(R.t) for a
positive parabelic transmission line with the voltage
transforming ratio M as parameter.
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4.4 Step response of negative parabolic transmissicn line

The negative parabolic transmission line is the special case of the

power-law line feor the power index set to n=-1, hence it has a
characteristic impedante which is decreasing for increasing z. From
(4.3) ane veadily obtains:

z,/ (1+n2)’ (4.43)

Z.(z)

Y(p} = p/c

The Laplace domain solutions of the negative parabolic line are related
to the solutions for the positive positive parabolic 1ine by (4.15),

i.e voltege and current transform are basically interchanged:

1
¥, (z,p) = —— -« exp(7 pz/c)
= (14nz)
ne exp(5 p2/c) (4.44)
Ii(z'p) = T i(l+nz)] * ——E""——
' 0

By following the same calculation procedure as in the case n=1 one

finds in the case n=-1 the step response transform at z=0 as following:

1 1

F (0.p) = .

1+\.!‘I (p

§ NEv

u
1+ 1

{4.45)

For the infinite negative parabalic line the voltage transform at any

point z becomes: .
1 1
F (z,p) = —— = « exp{-pz/c)
F] Nevyy
Y L+vy® (p+r—3) (4.46)
l+v y
4
At the load (z=g) the transform is written as:
s p-exp(- pt/c) (4.47)
F (L,p)= ‘
v (T+v)(L+v,y?) nev, neVa¥y
1 271 (p+ 1 Ye(p -
+V1 1+V2y12
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For ohmic source and load impedances Z, and Zg , respectively, the
retransforms of (4.45)-(4.47) become:

! [ nevy ] O0<e<2t
£.{0,t) = * exp|- o
v(0:E) 1+v, P +v, o (4.48)

For the infinite line:
I'\C\J,ly

1+vy ¢ (4.49)

and at the load it is evaluated to:

2 v v ¥y
£,(2,7) = A .
(1+\J1)-[\J1(1+v2y1)+y1v2(1+v1)]

[ [ nev, J ¥, v, (1) [ﬂc}'fvz J]
exp|- 1| + ————=~ - exp|[——— 1

2 2
1+\J1 \11(1+\)2y1) (1+\)2y1)

0<r<21:0

One remarks, that the step response {4.50) at the load for the positive
parabolic line inder the condition \J1=1 ) Ve y12 and for the negative
parabolic line under the condition \)1=]_ . \)2=1 / y12 merely differ from
each other by the factor M2 , where M denotes the voltage transforming
ratio (see Fig.4,3)., In both cases the high-pass characteristic of the

line is apparent,

(0s°%)



- 93 -

4.5 Experimental data

~

In order to test the validity of the theoretical results derived above,
the step response waveform was measured on a coaxial type of parabolic
transmission line . A characteristic impedance variation accerding to a
parabolic law was obtained by keeping the outer diameter ceonstant and
varying the diameter of the inner conducter. The {following design

parameters were implemented:

Zc(z=0) =89

z (z=8) = 720
£=22nm (4.51)
€, = 1 (air dielectric)
t0 = 7.4 ns

From these data one obtains a veoltage transforming ratie:
M=v72/8 =3 (4.52)

The variation of the characteristic impedance between B and 72 was
chosen in order to get a reasonably high voltage transforming ratio M
and at the same time to limit the total variation of the inner diameter
between input and output. In fact, for a variation of the charac-
teristic impedance between 50! to 4508 one would obtain a much larger
variarion of the inner diameter between input and output. This is due
to the fact that the characteristic impedance is -2 logarithmic function

of the ratio of outer to inner diameter,

The measurement setup for the determination of the step response is
shown in Fig.4.4 in the case where the line is used as positive
parabolic line, and in Fig.4.6 in the case where the line is used as
negative parabolic 1line,  Because the pulse generator as well as the
sampling unit have 50§ internal impedances the parabolic transmission
line described above could net be used in the transformer mode with

v1=1 and v2=9=Mz. In both cases the parabolic line was terminated with
an ohmic impedance corresponding to the characteristie impedance level

ZE(Z=£) of the line at z<f, i.e. with 729 in the case of the positive
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parabolic line and with 89 in the case of the negative parabolic line.
Consquently, merely weak Feflactions will occur at- z=2 ; ~this “dlso
reduces (but does not eliminate) the problem of multiple reflections
on the line. ~Notfe, ‘however, that for both setups there is a
considerable * impedance mismatch at z=0. This is of minor importance
for the following measurements, "as the backreflected wave will bé
absorbed without Ffurther (forward) reflection by the pulse generator

itself.

Fig.4.5 and Fig.4.7 show the measured step response waveforms for the-
positive and negative parabolic transmission line, respectively. It
may be seen that the measured data are in reasonable agreement with
the calculated values {pointed curve, valid in the interval

l1<ct/R-A<3) data. The deviation of the measured response with

respect to the calculated response is due to the finite rise-time of

50Q

1 Volt

generator sampling

unit

Fig.4.4 Measurement setup to determine the step response of the
pasitive parabolic transmission line. It consists of a fast pulse
generator (Philips PM5775) that provides for the variation of re-
petition rate and pulse duration and that has .typical rise-times

t . (20-90Z) = 700 ps. The -waveform vz(c) was measured. with a Tektro-
nix 7511/7T11 sampling unit with & rise-time of t (10~ GOZ) 70 ps.
Both pulse generatar and sampling unit have SOthernal zmpedance.
Two 509 coaxial cebles (type RG213) were inserted for measurement
convenience. The total rise-time of the pulse generator, the coaxial
lines and the sampling unit is ¢£.(10-90%)=1.5 ns. The amplitude of
the step is 1 Volt (measured at open circuit). The length of the
line is £=2.2m . The time - deisy of the line was measured as
tp=7.4ns (air dielectric}. Note that a 229 resistance was in-
serted in series with the 508 coaxial line at z=9% in order to
match the impedance level of the line (220+500=72Q).
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the measurement system (tr(10—90%) =1.5 as) on one hand and due to the
signal distortion at the interconnections uniform/parabolic line at z=0
and at z=% , on the other hand. The effect of multiple reflections is
not very important, as is seen from Fig.4.5 and Fig.4.7. This is
expected, as the ianitial wave is almost completely tramsmitted at z=12
{(at the time ct/%-A=l). However, because of the mismatch at z =0,
which is more important for the positive parabolic lire (50% to 88),
this effect 1is slightly higher than in the case of the negative
parabolic line (S0Q tao 72Q).

400

V(t), mV

i — observed
200+
i i .-... calculated

ct/é — A

Fig.4.5 Measured step response v,(t) compared with calcula-
ted response. The measurement setup is shown in Fig.4.4 .
The calculated step response is obtained from formula (4.41)
by using the following relations:
30
v,l(t) =2fv(t) and v'2(t) = 55497 V1(C)
The factor 2 in the first equation results from the fact that
the parabolic line is fed over a uniform transmission line
and not directly connected to the generator (see transmission
" coefficients Tq and T, given by equations 4.2] and 4.24 } .
& denotes the time-delay (in units of tp=R/c) of the two
501 coaxial lines. t=0 cerrespends to the time moment at
vhich the generator switches from 0—+1 Volt.
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1 Volt

generator sampling

unit

Fig.4.6 Measurement setup to determine the step response of the
negative parabolic transmission line. This is basically the sape
arrangement as shown in Fig.4.4 for the case of the positive para-
bolic transwission line. Note that here & 9.5Q1 resistance shunts
the parabolic line at z =12, in order to match the impedance level
of the line {50Q || 9.50 = 8Q).

=74 ns

Nles

200

100 —— observed

v(t), mV

I ... calculated

ct/e-A

Fig.4.7 Comparison of measured with calculated step response
vo(t) for the negative parabolic trensmission line. The measu-
rement setup is shown in Fig.4.6 . The calculated step response
is obtained from formula (4.50) by using the following rela-
tions:

v1(t) = 2 fv(t) and vz(t) = V1(t)

The factor 2 in the first equation results from the fact that
the parabolic line is fed over a uniform transmission line
and not directly connected to the generator (see transmission
coefficients Tp and Ty given in equations 4.21 and 4.24) .

A denotes the time-delay {in units of tg=1%/c} of the two
3090 coaxial lines.
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4.6 Comparison of step response of parabclic and exponential

transmission lines

It has been shown that the step response of the parabolic transmission
line leads to simple and closed—formlexpressions under arbitrary limit
conditiong., In this section we will discuss the utility of the
parabolic step response function to approximate the step response of
the exponential transmission line. The latter type of line has been
extensively investigated in the frequency domain [71-77], where
relatively simple solutions are obtained; it has also found numerous
applications in the past. However, its time domain solutions represent
rather awkward expressions (this is true even under specially simple
limit conditions such as : infinite line length, Zs=0). To demonstrate
this fact the step response function of an- exponential and a parabolic
line are calculated in the footnote (*) on next page).

If we are assuming a voltage transformation ratio M which does not
differ too much from unity, i.e. (M- 1) <« ],then it is conceivable to
use the step response function of the parabolic line as approximation
function for the exponential line. For this purpose consider an
exponential transmission line with a characteristic impedance function

described by:

xp.
Z:(z) = Zo-exp(ﬂ1z) H M= exp(n1£/2) (4.53)

and a parabelic transmission line whose characteristic varies like:

pat.
2 (2) = 2+(1+n,2)° 5 M= (1+nd) (4.54)

Both lines are assumed to have a constant propagaticn velocity c.

If one now sets (M-1) <<1 then one obtains from the series expansion

of the functions (4.53) and (4.54) the first order approximation:
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BXP.

2z2/8
2, () =250

]sz 1+(M—1)] = zc_-[1+(rf[-1)2£—z

= ZD.

#

par. exp,

2
zc(z)=zu.[1+(m-1)% ] = zn-[1+(M-1)%] =2 (2) (4.55)

Condition: (M-1) << 1

(*} Consider the exponential transmission line as described by equation
(4.53). Under the condition V= ZS/ZD=0 and ‘.J2=Z,Z'.y'2’.l:l=ex[::(n1$’.)=I"[2
Schatz et al. [7B] obtain the following expression for the step response

function fv(l,t) H

g
BAD. 2 1 J1[1n(M)'S(r)]
£ (£,6) = M+ [In(} - J (§,-r) « ————dr - In(M}-(§ -1}

/ s(r)

J,[In(M)-s(§, )]

- (g- s ——————— - In(Ms(g )+, [In(M)+s(E,)]
s(§.)
1
2 £

)
+ [10a0 - €, +1000) ) I Jo[1n(M)=s(e)dr +J [1n(M)rs(E)]
1

1 <& <3 (4.56a)

where £1= Ct/2=t/tu ; s(u)=v’u2—1 H Ju[] and J1[] are

Bessel-functions of the first kind.

For the parabolic transmission line with the characteristic impedance
given by equation (4.54) one obtains, under the same condition for

\)1=l and \22==M2 (see eguation 4.41).

par. 2
£,(L,8,) =

1
+ | exp(-25.) + — » exp(E_/M) 7 0< < 2
2M +1 2 am 2 K

(4.56b)

1
where £2= Enzﬂ.( £

rrl

1 P
Sn-LewenE .
0 2 tq

The step response function for the exponential transmission line gets

guite involved for v, #£ 0 and has not been calculated by [78].
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Becsuse of the equality (4.55), the step response for both the
exponential and the parabolic transmission line, are expected to be
equal as well.

In Fig.4.8 the normalized step response function of the parabolic
line is compared with the normalized response of the exponentisl line
for different voltage transforming ratios M. The curves were

calculated from equations (4.56a) and (4.56b), respectively.

500 +60Q transformer ; M = V60730
500 + 750 transformer ; M = V75/50 = /3/2 (4.56c)
50Q + 100 transformer ; M = v100/50 = V2

It can be observed that the step response of the parabolic 1line fits

well the response of the exponential line over the given time intervsl

1<ct/2<3, For exsmple, even for s relatively high voltage
N —— exponential - parabolic
1 I
2
= t M=/60/50
QO |
3
= .8
o TN
E
‘U —
Vi= 2
_6!!1]IIIIJI_!_I_llllllllltll
1 2 3

norm. time ct/¢

Fig.4.8 Calculated step response curves fi(t) for a positive pa-
rabolic transmission line for different velues of the voltage
transforming ratios M compared -with corresponding curves for the
expenential transmission line. The curves are calculated from
equations (4.568) and (4.56b), respectively.
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transforming ratic of M= v2  the maximum {relative} deviation
axp. par . . EXp. .

!fu(i,c) - fv(l,t)|/ fv(i,t) £ 1.5% . In Fig.4.9 the the two responses

are given for higher values of M (note that the condition M-1 « 1 is
not fulfilled here anymore). The deviation of the curves become more

important for values of M >2 .

exponential - parabolic

amplitude f,(t)/M
a
I

N
I

o

norm. time ct/¢€

Fig.4.9 Calculated step response curves for a positive para-
bolic transmission line for different voltage transforming
ratios M compared with corresponding curves for the exponential
transmission line (calculated fFrom equations 4.56a and 4.56b).
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4.7 Step response of the power-law transmission line

In this section we will extend the step response analysis to the more
‘general case of an arbitrary power index r, In order to avoid any

confusion due to the sign of n, only positive values are taken into

consideration in the derivation of the results. For megative n the
important expressions will be summarized in a table.

For the following discession it is useful to make appropriate changes
in the transmission coefficients preseated in equations (4.21) and
(4.26), These coefficients are defined in terms of the basic Laplace
domain solutions for the corresponding power-law line given by (4.8)
and (4.14). Inserting these expressions into (4.21) and using the
abbreviations:

1 (n+i-1)! . . ne i
ai=—1+v1 —__(n-i)li! [n+1+(n-1)v1][—2—] (4.57)

n
n-1
P(p) = E-n a, p

we can write the transmission coefficient To as following:
n
1 p
T =

O lav, P, (p} (4.58)

P1 (p) is a polynomial of order n in p.

Next we are looking at the numerator N{p} of the transmission «coef-

ficient Ti given by (4.26):

M) = 2 [V.(Rp) X, (2,93 = ¥ (Rup) I_(R.) h59)

The following theorem is applicable to formula (4.59):
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Theorem 1 The numerator N{p) is a constant, i.e. :
Zy
N(p) = 2 ;w = 2u2 ;  independent of the power index n . (4.60)
o]
Proof 1 4 clpse inspection of the lLaplace domain solutions (4.8)

——————— and (4.14) shows that the following relations between

progressive and reflected voltage and current waves exist:

V_{(2,p)
and I (z.,p)

v+(lv_p) ‘
T (g,-p) (4.61)

Equation (4.59) is then rewritten as:

N(p) = 2y [V+(Q,,—p) I+(l.p) + V+(£,P) 1*(5'”—13) (4.62)

One easily can see that N{p) has a symmetry with respect to p:
N(p) = N(-p) (4.63)
N(p) is consequently an even function of the complex variable p., This

faect holds as well for purely imaginary p-values and therefore one

finds a further relation:

(4.64)

'N(JPO) - N(—]PO) = N(jpo) i Pg is real
Such an equation héwever, can only be satisfieH if N{p) is real for all
values of p. It can easily be verified that N(p)= 2\5 , if one inserts

the Laplace-domain solutions (4.8) and (4.14) into N{p). (q.e.d).

By virtue of above thesrem the term Tzﬂﬁl,p) becomes:

- ~ 2v2
AN (4.65)
vV ALp)-2Z,T (R.p)
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Analogously, as for equation (4.57) we define:

2 R
. Y1n C o (n+i-1)0 C(a-i)v,).[ < i
1= 7n . . . n+1+______‘_2_ -E
(yy +v,) (n-i)-ie y2 (4.66)
n

P,(p) = I b, pn-d
i=0

which reduces formula (4,63), after inserting the basic solutions for
voltage and current (4.8)/(4.14) and by applying (4.66), to:

ZuzyT pn
T,V (&p) = ————
87 2n

(y] +vy)  Py(p)

- exp{-piic) (4.67)

In sumnary, it 1s important to retain, thet T, as well as ?k V+(£'p)

can be expressed by conventional polynomials of the complex variable p.

As will be seen, this representation 1s very advantageous for

retransform purposes .

4.7.1 Voltage transforms for positive power—index n

We are proceeding with the calculation of the transforms F (0,p} and
Fu(l,p) at source and load, respectively. This is quite
straight-forward, with the definitions and simplifications presented
above. Recalling the farmula for Fu(O,p) in (4.33) and after inserting
{4,58) we obtain:

1 1™y o)
F (0,p) = =T, V (0.p) = (4.68)
L+v, P (p)

-l

vhere 1/p is the transform of a urit step and V+(O,p) is the solution
for the progressive wave given by (4.8). P1(p) has been defined
by (&4.57).
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The transform FU(E,p) for a power-law line of finite length g and
terminated by an dhmic impedance 21 , is readily obtained frem (4,36)
when applying (4.58) and (4.67) It becomes:

ZvaT 92n~1 exp{~ pL/c)
T, T, V,(%.9) -

F.Q2,p) = >
(1+v )y #v,)  P(p) P,(p)

1
p

(69°%)

As a reminder V= ZS/ZI:I and = sz Zg » It can be seen that the degree
of the numerator polynomial is by one lower thar the degree of the pro-
duct of the denominator polynomials. Note that the transform (&.69)
merely takes account of the first arriving and reflected wave at z=2£,
but does not include all multiple reflections taking place after each
time dinterval 2t;. . Therefore it is important to remember that the
retransform of (4.69) is restricted to times gt <3t0. which is the
time between the first arrival of the wavefront and the time after

which the first reflection returns from the source.

4.7.2 Step response function for positive power index n

The important property of the transforms derived iIn equations ({4.68)
and {(4.69) is their formulation in terms of rational functions, whose
retransforms are obtained by the classical methed of  "Partial-
bruchzerlegung”. In fact the method requires the determination of all

zeroes of the polynomials P1(p) and Pz(p), respectively [11].

Let us denote the zeroes of P1(p) by pyreceans 1P, and those of Pz(p)

by Poyq rocees  Po . Then we can rewrite latter polynomials as:
n 2n
P {p)= T {(p-p,) i B(p) =0 {(p-p)
! i=1 ! 2 1=n41 ¢ (£.70)

For the following derivations we are assuming that all zerces
Preececes +P,,, are different {we will consider the case of multiple

zeroes afterwards)., Then the retransform of (4.68) becomes [11]:
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1 n
£(0,8) =1+ ; i{=1;1 exp(p,t) : 0<t<2ty

1 (4.71)
where
[al
= ! - 4,72
L= py V(O /L (ps-p.) ( )
réi

In exactly the same way the response at the load is expressed by:

( ZUZyT 2n
f (L,1) = 3 0<t1<2
v ) 2n gq EiexP(piT) T ‘o (4.73)
(14v, 20y, +"z) - T=t-t,
thereby
2n
- pen? (4.74)
g = o /1 (-
[ 3]
rft

In the case that one or more zeroes have a multiplicity greater than
one 1 the corresponding terms in (4,71) and (4.73), respectively, have
to be slightly modified. In fact, as is well known, exp(pit) is
replaced by exp(pit)-P(t) * and the coefficients given in (4.72) and
(4.74) are altered. For this the reader is referred to a standard book

for the Laplace transform methods, such as Doetsch [11].

The procedure involved in finding the step response waveform for a
given power index n can consequently be summarized in the following

important steps:

Calculation of : 1) polynomials P (p) and Pz(p) via equations
(4,57) and (4.66)
2) zeroes of Pi(p) and Pz(p)
3) step response waveform using expressions
given in equations (4.71/72) and (4.73/74)

* P(t) is a polynomial of. degree equal to : multiplicity -1
of the corresponding zero.
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4.7.3 Zeroes of polynomials P,{p) and Pz(p)

e

There are in total 2n zerces to be determined, if we assume that all
are different for P1(p) as well as for Pz(p). The number to be
actually caculated in a practical case for a given power "index- n _ is

however reduced; this shall be demonstrated -with the following theorem,

Theorem 2 a) All zeroes of P1(p) and Pz(p) are egither real or complex
—_—— conjugate,
b) All zeroes of P1(p), i=l,...n are in the left-half of
the p-plane.
c) All zerces of Pz(p)' izn+l,..., 2n are situated in--the

right-half of the p-plane.

Proof 2 a) This is a property of all polynomials with real coeffi-
————— —_ cients ai .
b) Let P, be a zero of P1(p). Then we deduce from a) that
T, is alsp a zerc of P1(p) and consquently by calculating

the sum P1(p1)+P1($:) we obtain:

n-1

1 n
- n,— o
P.(p,) + P {p) =1+V1[aJp1+p,]+aJp, +P

) ]+...+ZanJ=0

(SL7%)

From (4.57) it may be seen that all coefficients a, are positive, All
individual terms in the brackets [....] in (4.73) are real, as they are
composed of pairs of complex conjugate terms. Hence, above expression

can be made equal to zero only if the real part of Py is :
Re(p,) < O . (4.76)

¢) The proof of this part of the theorem is completely analogous to
the proof of part b): All coefficients bi of Pz(p) given by (4.66)
are alternatively positive and negative. As a consequence it is readily

seen that Pz(p1)+P2(E:)=0 can only be satisfied if:

Re(p1) >0 ) 4.77)
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The reader should not get confused by the fact that the zeroes of the
polynomial Pz(p) are in the right half of the p-plane. The stability
of the system is still assured, &s the time variable t for the step
response (4.73) is limited to tEI <t < 3tu .

By virtue of above theorem the maximum number N of =zeros for the

product polynomial P(p)=P1(p)'P2(p) to be calculed is:
N=2¢| (n+1) div 2 (4.78)

A case of practical interest is the situation where the power-law line
is wused as transformer, i.e. where \J1=1 and v2= yfn . Under these
conditions cone recognizes that the following relation between the

polynamials P1(p) and Pz(p) holds:

P (pivy=1) = B,(-b/y, i vymy ") (4.79)
Im{p) )
- V-1 ; v?-M
P [ B/
h |
P, ‘ _%/yi
dh
R -B/Y
f > & i Re(p)
_A ﬁ_
& 1
P 1 R
L v

Zeroes of Pip) Zeroes of Rip)

Fig.4.10 Determination of zeroes of polynomial
P(p) =P,(p)*P2(p) in the case of a power index
n=>5. Unce pys py and py are determined, all
other zeroes are deduced by applying theorem 2
and equation (4.79).
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T~

Equation (4,79) simply means that if e.g. pi is a zero of P1(p), then

-pi/yI is a zero of polynomjal Pz(p). Under these conditions merely
= (n+1}) div 2 (4.80)

zeroes have to be calculated, in order to completely determine the
product polynomial P(p) in terms of a product of zeroes {equation
4.70). This is illustrated in Fig.4.l0 for the case of a power index
n=5. Here N =(5+1)div 2 =3,

Table 4.1 summarizes the calculated zerces of P (p) under the cond1t1on
v = 0 and v, = 1 and for polyncmial P (p) under the condition V= y1 for
dlfferent values of power index n=1- 5. Note that all 2n zeroes are

different.

4.7.4 Voltage transforms and step response functions for negative

power index n

The voltage transforms and the step response functions are easily
deduced for the negative power-law transmission line (n is negative) by
using the expressions (4.15) relating voltage and current solutions fpr
positive and negative power indexes -h. Because the procedufe of
calculating the transforms and the step response functions is
completely analogous to the case of positive index n we simply

summarize the important results in Table 4.2,

The zeroes for the polynomials P (p) and P (p) for the negative
power-law line under the conditlon v1_1 and V = y1 are the same as for
the positive power-law line and therefore may be taken directly from
Table &4.1. For different conditions of v, and Vv, they have to be
recalculated. a ’ hal

Fig.4.11 illustrates the step response curves for positive and negative
power-law lines with indexes r=%1 and n=%5 and for different voltage
transforming ratios M= yh:l= (1+ T]R,)Inl .
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amplitude 2£(t)/M
2 O @
! I ]

o
I

o

norm. time ct/¢

Fig.4.11 Calculated step response functions {normalized) for n=tl1
and n=*5 at different voltage transforming ratios M. The curves are
derived under the condition vy=1 and v,=H#2= y;““ (see equations
(4.73-74) and Table 4.1) .
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4,8 Step response of power—law transmission 1iné as approximation

for the step response of the exponential transmission line

In section 4.6 the step response function of the parabolic 1line has
been proposed as approximation model to describe the step résbonse of
exponential transmission line. It has been shown that this response
yields & gocd approximation for low voltage transforming ratics MgV2
(see Fig.4.8-4.9 and equation 4.55). For higher values of M a better
approximation for the step response of the exponential line can be
obtained by using the response of the power-law lime with index n>1,

In fact, the exponential represents a limit case of the power-law line,

when n+«, The following relation holds:

Nz 2n
Zc(z) = Zn-exp(nz) = lim ZD'[l +-2—] (4.81)

n+o@ o

power—law {n=5)

------ parabolic (n=1)

Y 4 ponenti al

®
2

amplitude f,(t)/M
'-lli'h [
!

)
[

norm. time ct/¢

Fig.4.12 Calculated step response curves (normalized) for the power-
law line, the parabolic line and the exponential line for two different
voltage transforming ratios M. The calculations are based on equations:
(4.73) for the power-law line, on (4.41) for the parabolic line and on
(4.56a) for the exponential line. All curves are derived under the con-
ditions: V= Z_/Z =0 and v,= Z,/Z =M% .
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Above relationship has been mentioned by Wagner [61] and Hanna [B7].
Hanna found in his theoretical investigation (frequency domain)
concerning the behaviour of Bessel horns {the term 'Bessel' horn in
[B7] is wused to denote the 'power-law' horn in this work) , that the
transmission properties of the exponentisl shaped horn is superior than
that of any power-law shaped horn, i.e by increasing the power index n
the transmission can be improved. Because of the relation (4.81) the
transmission function of the exponential horn is the asymtotic function
for the power-law line.

Fig.4.12 ghows the step response of a power-law line with index n=35,
the response of a parabolic line (=power-law line with index n=1 ) and
compares these curves with the response of the exponential transmission
line . As can be observed, the power-law step response ( n=1)
provides a clese fit for the exponential step response functien for
relatively high voltage transforming ratios M (e.g. M=6 implies a

variation of impedance from input to output of H2= 36 ).
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4.9 Step response function of parabolic transmission line

with skin-effect losses

So far, we have considered nonuniform transmission lines in the absence
of any kind of lasses, i.e. there are neither losses taused by nonideal
conductors nor, those of dielectric insulators nor any other losses.
In practice, however, neither ideal conductors nor ideal dielectric
materials are available and therefore necessarily vunwanted distortion
is introduced, This distortion may, in certain cases be nat negligible

and an estimate of its impact on the waveform will then be desirable.

Schatz [78] gives an expression for the distortion of the step response
of an exponential transmission line due to conductor and/or dielectric
losses under the assumption that the losses are EEE}}, but not
negligible. The given expression enables one to first determine the
response of the lossless line £ (®,t) and then to write the

lossless

response of the lossy line (L,t) as follawing:

flossy

(L,t) = exp[-a’(mmax)‘ﬂ. - flossless(n"t) (4.82)

flussy
This formula simply means that a multiplicative factor relates
approximately the response of the lossless and the one of the lossy
line, as is illustrated in Fig.4.15, The attenvation a' is derived from
the frequency damain behaviour of the line, In fact, g'=g'(yw ) is
the attenuation of the line far the highest frequency contained ;ﬁx the
transition (for details of the calculation of ', for the exponential
transmission line see [78])}. A precise evaluation of the dissipation
effects would require a rigorous transient solution: this path is, in
general, confronted with extraardinary analytical difficulties. On the
other hand equation (4.82) is readily applicable. However, it
represents a very coarse approximation because it does not account for
any phase distortion, which necessarily is introduced by the

attenuation (Hilbert transforms 2.13).

In this section, the step response of a parabolic transmission line

having skin-effect losses is calculated. In addition to the
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1 -
P a=axp{-a't}
8- b — lossless line
3.8—
3 |
.-g' Al ——
e
2 e | with smalt losses
) PP, IV PPN I SR |

time t

Fig.4.13 Approximate calculation of the step response function
of lozsy (uniform and nonuniform) transmission lines in the case
chat the losses are small but not negligible. First the response
of the lossless line iz calculated. Subsequently this responze 1s
multiplied by & factor a=exp(-a’'f), in which @’=a'(u,,,) denores
the frequency domain ettenuation (per unit lime length) of the
line at the highest frequency Wp,, that is contained in the ex-
citing pulse (see reference [78]).

assumptions made in section 2.2 {'quasi-TEM' propagation beheviour) the
analysis hereunder is based on the following expressions for the series

impedance Z(z,p) and shunt admittance Y(z,p), respectively:

2(z,p) [pL0+k./5]-[1+nz]2n L L s

-2n
-[1+nz]

[}
b=
(%]

Y(z,p)

The proporticnality factor k in equeation (4.83) is assumed to be
independent of the positien 2, This, however, implies that the two

conducters constituting the parabclic transmission line have either &
constant cross-sectional geometry or that the cross-sectional geometry
varies in euch & way that k is independent of z. The above condition

is, for example, fulfilled im the case wvhere the parabolic line
consists of two metal wires (having a finite conductivity o) with fixed
diameters and separated from each other in such a way that the desired
parabolic impedance variation results. Note that if one disregards the
dependence of Z and Y on z in (4.83), then one obtains the same
impedance and admittance functions as for the case of the uniform

transmission line with skin-effect losses (see e.g.[5,16-20]).
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The assumptions made in (4.83) do considerably facilitate the transient
analysis of the pa%ébolic line with skin—effetz.losses: Because k is
independent of the position z, the same Laplace domain solutions as for
the lossless line (equations 4.8 and 4.14 , n=+]) can be used for the
lossy line; however, they are used with a slightly modified propagation

function y(p).

Because one is in particular interested in the distortion of the
leading part of the step response (i.e. one is interested in the
transient regime, see [5] for a precise discussion of the term
'transient regime' ), one can apply the following approximations for
the propagation function ¥(p) and the characteristic impedance function
Zc(z) (see details of the derivation in sectien 2.7, equations
2,17-2.31):

Y(p) = VZT = p/T T, + 5 KVTILy VT i kY < ply

4,84
Ylossless + Yskin ( )

Zc(z,p)= W- (1+|‘|z]2n i on= £l
In the basic solutions for voltage and current for the parabolic line
{equations 4.8 and 4.l4), the propagation function Y appears in the
form 1/y and in the form exp(~YL) . Because of the assumption
kvp ¢=pL0 made in (4.84), one can as well set:

1 1
+Y

<=

Y].1:155113':.5 skin Y1::59.113515 (4.83)

exp(-YL) = exp(-¥ L)+ exp(- Yoin )

lossless
Next, we are calculating the voltege transform Fskngg,p) and its
retransform fmdn(l't)' respectively, By using the approximations given
in (4.84-85), this transform is obtained from the transform of the

lossless parabelic line (equations 4.3B or 4.47) as following:
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kg .
F o) = Fpbvexp-—= /5 | < F (.00 G ()
° (4.86)
fskin(l't) = fu(l't) * gskin(t)
where F“(J’L,p) : voltage transform for the lossless parabelic line
fv(!’..t) : step response function for the lossless parabolic
line (see equations 4.41 and 4,50)
gskhﬁt) : [ Laplace transform pair taking account for
Gskhﬁp) : | the skin-effect losses
2= V'ED /CD
% ¢ convolution operator

It should be mentioned that the expressions {4.86) are not just limited

to the parabolic line, but can be applied to any pewer-law line,

forinl&t)/ Topin(€.€/€)

parabolic line : n==t

0 1 4 | 1 l 1 | 1 | 1 !
1.0 14 1.8

norm. time ct/€

Fig.4.14 Calculated step response functions for & parabolic trans-
mission line with skin-effect (=conductor) losses for different va-
Ives of the attenvation parameter Qg, - The curves are calculated
from equations (4.89-91) for & voltage transforming ratio M=6,
aad under the conditions v, = ZS/ZD=1 and V,= 22/20=M2 .
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From [12] the retransform of the skin—effect term becomes:

K2e? 1 ]
—| ;0<cc2t =2
16 22 ¢ o

kit 1

3
, (e} = * == -
skin W/rz, Ve ¢

g . expl— {(4.87)

Let us now consider a positive parabolic transmission line (n=1), which

is terminated at source and load such that: u1=], and v, = M 2,

Then, by using the abbreviation:

ke (4.88)

the step response function results, after some calculation, as:

MQ kin fe ne "~
f . (Q.T)=‘—L—_' K.,” exp[-—z--‘l’] +1<zexp —H_T b
skin 4T (1eM) 2 @
D<=t -% < 2%
ct/2 . Qz
1 M- R '
wh K, = J —— + exp u - o ] du (4.90)
ere H ‘/us 2 4y
o]
cT/R >
1 1-M Q..
e - J —— exp u - skin du (4.9])
2 v u? M 4u
0
The dimen=zionless factor stin is a measure for the strength of the

skin-effect attenuation.

Fig.4.14 illustrates the distortion of the step response due to skin-
effect losses for different values of the factor stinand for a
voltage transforming ratio M=b, As can be seen, significant
distortion is present for stin exceeding = 0.05. The attenuation factor
din can in principle assume an arbitrary value without violating the
basic assumptions for 'guasi-TEM' propagation and the approximation

condition wused in (4.84): The only requirement is that the line's
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length & is large enough, in which case the factor k im equation
(4.88) can be kept as low as desired. This factor k determines the
attenuation per unit line length, which in turn determines if TEM

propagation is predominant.

It has been assumed that the parameter k does not depend on the
position =z. For practical applications to pulse transformers, which
are e.g. realized in planar technology (thin or thick-film}, abave
results are not applicable in the given form, because the impedance
variation in general is achieved by changing the width of <conductor(s}
strip(s) and thus the condition k=constant is no more fulfilled.
However, an estimate of the maximum distortion of the step response
waveform can be obtained if k is identified with the maximum value of
k(z}, i.e. k=Maximum [ k(z) ; 05z 5% ] .

No attempt has been made to calculate the impact of dielectric losses
on the step response function . In fact, no simple description of this
type of losses exists for most dielectric materials., The attenuation
models such as the pm- attenunation characteristic discussed in section
3.3 in the case of uniform lossy transmission 1lines lead to awkward
expressions for the transforms and therefore are not worthwhile looking
at here. For this type of problem numerical methods would be more

adequate,
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Concluding remarks on the step response analysis

The transient analysis of nonuniform transmission lines is in most

cases confronted with extraordinary mathematical difficulties, because:

a)

b)

In general it is difficult to find closed-form Laplace domain so-

lutions for a given characteristic impedance function Zc(z).

Even if closed-form solutions are obtained, it 1is in general
rather difficult to find simple and closed-form time domain
retransforms under arbitrary limit conditions, i.e. terminations
at the source and at the load. An illustrative example is the

exponential transmission line.

In this chapter it has been shown, that:

Among

The power-law line an with even power index n and, in particular,
the parabolic line {power index n=tl) leads to simple, closed-
form Laplace and time domain solutions under arbitrary limit
conditions. The transforms for this class of nonuniform lines are
raticnal functions, its time domain responses result as a sum of
exponential terms of the form exp(—pit). This property makes
this transmission line model quite suitable to treat certain time

domein problems invelving nenuniform transmissien limes. -

the different types of nonuniform transmission lines, the expo-

nential type has been extensively studied and applied in the past in

the frequency domain and to a certain extent in the time domain. 1ts

time domain solutions (step response) get very involved under arbitrary

limit

a)

conditions, The present analysis could demonstrate that:

The step response of the exponential line can be approximated to

any degree of accuracy by the step response of the power-law

line,
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b) In most cases a sufficiently good approximation of the step res-
ponse of the exponential line is obtained by using the
response of:

- the parabolic line {power index n=t1) for voltage transfor-
ming ratios Mg 2.

- the power-law line with-index n=t5 for voltage transforming
ratios M< 6,

The incorporation of losses in nonuniform transmission lines has hardly
been addressed in the past in time domain analysis. The case of
skin-gffect losses analysed in this chapter for the parabolic line is

only one illustrative example. It demonstrates that resonable simple

solutions in terms of analytical means can only be obtained under quite

restrictive assumptions.



- 122 -

5 APPLICATION OF LOSSY NONUNIFORM TRANSMISSION LINES TO ABSORPTION
FILTERS™ (FREQUENCY DOMAIN TREATMENT)

Lossy, nonuniform transmission line structures have already been
analysed in the past for the purpose of electromagnetic energy

absorption. Two investigations deserve to be mentioned in particular:

Jacobs [65] proposed the use of lossy nonuniform lines as broadband
termination for uniform lines. The problem treated is the following:
Assume, that a uniform line needs to be terminated in its
characteristic impedance Z such that no (or minimal) reflection occurs.
At large wavelength or lgw frequencies ( A << a3, a is a typical
geometric dimension of the terminating lumped element) the problem is
readily solved by connecting & lumped element, e.g. a resistive disc
terminating a coaxial cable. However, as the frequency increases, the
geometrical dimension of the terminating element is not negligible
anymore. In fact, the impedance at elevated frequencies may have
little correlation with the DC resistance of the disc. Jacobs [65]
suggestion is to attach a lossy nonuniform line of length £ to the
vniform line , as schematically shown in Fig.5.1 . At z=2 the line
is short-circuited, The nonuniformity of the line is obtained by
increasing the permittivity e=€(z,w) of the dielectric insulating
material in such a way that at the interface uniform/nonuniform line
{at z=0) the impedance level of the nonuniform line corresponds ta the
characteristic  impedance of the uniform line and at =z =& the
permittivity attains (theoretically) the value g+ =, As a result,
the 1line of finite physical length £ gets electrically extremely long
(theoretically infinite),. By intraducing a complex permittivity
€=€'{z,w)+je"{zw) the line is made absorbant, Due to the fact, that
the line is electrically very long, the electromagnetic wave will be
completely dissipated in the lossy nonuniform line section. Evidently,
in practice the value of € 1is 1limited and therefore a compromise
between actual 1length £ and permissible return loss has te be made,
It is of coarse as well conceivable to obtain the same effect by wusing
insulating materials with high permeability u or a combinatian of high

€ and p . However, as pointed out by (65], high permittivity
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uniform ! nonuniform
line : line )
\ : | i
i } T
' (z.) short
| el " circuit
-0 -¢

Fig.5.1 Broadband terminetion of g lossless uniform line by
using a lossy nonuniform trensmission Iine according to [65],
The impedance level of the nonuniform line ar z =0 corres-
ponds to the impedance level (characteristic impedance) of
the uniform line. The incoming wave undergoes no reflection

8L z=0 and is subsequently absorbed while traveliing down
the nonuniform line.

materials at microwave frequencies are more easily cobtained than high
permeability materials. The advantage of ahove concept Ffor use as
breadband  termination is that it provides an impedance match
independent on how the line is terminated at z=§ .

Walther [66] discusses the behaviour of gradual transition absorbers
for electromagnetic and accoustical waves. These absorbers find
applications in the construction of anechoic chambers and for
camouflaging targets in radar and sonar detection. The problem to be
solved is analogous to the one described by [65]: How can the
reflection be made low, while at the same time the matching section
(absorbing section) is kept thin (corresponding to a small length L) 7.
The approach given by [66) suggests here alss the use of lossy mate-
rials with high permittivity and/or high permeability, such that again
a smooth impedance transition from a homogenecus medium to a termina-—

ting wall is formed (Fig,5.2), The electrical length is thereby made

=

terminating
wall

absorbing

£, ~contant medium

N e e v

N
1
(=]

=¢

fig.5.2 [Iahomogeneous absorbing panel according to [66],
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as large as possible, which causes the electiomagnetic wave to be
absorbed in a relatively thin layer. The smooth impedance transition
in combination with the absorption will result in minimal reflection
back towards the incident homogeneous medium.

The application of nonuniform lines as 'EMI-traps' described in this
chapter a%e basically equal to the applications presented above, how-
ever, the short circuit at z=f (see Fig.5.l1) is replaced by a lcad of

impedance Zg.

5.1 The 'EMI-trap'. Definition and basic assumptions,

An important problem in the EMI {electromagnetic interference) field is
the filtering of high frequency disturbances {typically 50-1000 MHz)
that appear on a network of interconnection lines, such as mains supply
cables. These disturbances may quite often cause interference with
sensitive electronic equipement connected to the grid, Therefore, most
of today's electronic systems are protected against such disturbances
by low-pass filters (mains filters). One major disadvantage associated
with conventional low-pass filters used in mains supply filtering is
their performance degradation at high frequencies (typically for
frequencies above 50 MHz, [42-45]). This degradation is mainly due to

the parasitic elements associated with the lumped reactive elements

(capacitances, inductances) which constitute the filter, as is
schematically shown in Fig.5.3/a. In order to improve the high
frequency behavionr of these conventional low-pass filters, Max et al.
{42-45] have discussed the use of lossy uniform transmission lines as
filtering elements, Such distributed transmission line filters are
based on the combination of two high frequency phenomena, i.e. on the

combination of strong localized reflecticns and transmission line

losses as schematically illustrated in  Fig.5.3/b. The strong
reflections are thereby obtained by providing an important impedance
mismatch at the transitions eniform/uniform lines or expressed with the
symbols given in Fig.5.3/b: Z0 ® 2,2, 0T Z0 > 72,2 - This filter
structure has been analysed in detail in [43] for the single section
case as well for the case where several transmission line sections

with alternately high and low characteristic impedances are cascaded.
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Fig.5.3 Comparison of three different filter concepts. In all
3 cases a filter element is inserted between two uniform (loss-
less) lines (U) with impedances Z, and Zy . respectively.

a)

b)

c)

Conventional filter using lumped elements (Lgs Cpl.
The filtering effect is based on a strong reflection
at the input of the filter. There are parasitic ele-
ments (L,. Cy) associated with (Ly. Cp)s which will
necessarily degrade the high frequency performance of
the filter.

Distributed low-pass filter uvsing lossy uniform trans-
mission lines (LU) according to [42.43]. This filter is
based on the principle of the combination of two effects:
strong reflections and transmission line losses., Strong
reflections are obtained for Zp<« Z.,,2y or Zp® Z_. 2.

Proposed distributed low-pass filter using lossy nonuni-
form transmission lines (LN). This filter structure, called
'EMI-trap', is an absorption filter contrary to case a}
and b) where low transmission (=high transmission atte-
nuation} is obtained without & too high reflection back
towards the source.
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Both conventional {Fig.5.3/a) as well as the distributed (Fig.5.3/h)
EM1 low-pass filter; are based on a stroﬁg reflection in order to
obtain a low transmission {=high transmission attenuation).
Consequently, an dimportant amount of the energy of the incident
disturbance will beback-reflected towards the EMI souice, Thereby, it
may once again interfere with equipment connected to the netwerk, It
is, in fact, desirable in certain cases te aveid this strong
reflection, keeping, however, at the same time the transmission low,

Hence, as both low reflection and low transmission sre required, the

energy evidently has to be absorbed.

A good absorption filter for EMI applications should combine a low
value of the input reflection Rin(m) with a low value of the

transmission function Tuut@ﬂ. This is in fact obtained through lossy

nonuniform lines.  Such nonuniferm lines act as "EMI-traps": allowing

the incoming disturbance to actuwally enter intc the filtef‘ (by
providing an impedance match) and be 'trapped’, i.e, dissipated there
itself, The 'trap'-effect is obtained by substituting nonuniferm
transmission lines for uniform transmission lines in the EMI-filters
previously described by Max [42,43). Fig.5.3/c illustrates
schematically the simplest configuration for an 'EMI-trap'. The main
difference of the structure propesed here, as compared to the one of
Fig.5.3/b is the fact that the impedance level of the filtering element
{lossy nonuniform line) is equal to the impedance level of the source

(uniform line with impedance Z_ ),

Assumptions:

In the present chapter the absorption capabilities of a
parabolic  'trap® is  investigated, It dis assumed that the
characteristic impedance Z: and the propagatien functien Y can be

described by tﬁe fellowing equations:

Z2n
Zc(z,w) = Zc(z) = ZD- {14—nz] ; n=x1 (5.1)

T(wy = jwey + a'(w) + JB'(w)
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where o attenuation per unit line length [Neper/m]
B' : phase shift per unit line length resulting from the
attenuation [Radians/m]

L L/c is the high frequency time-delay [s]

Note that as far as the characteristic impedance function is concerned
the same approximarion has been applied in equations {3.41) and (4.84).
The attenuation @' and phase shift function B' will be specified
later an: They can either be defined in terms of a (theoretical) model

or through experimental data.

5,2 Modelization of an 'EMI-trap’

1n this section the general equations to calculate the absorption beha-

viour of an 'EMI-trap' are derived. The results are applicable to any

nonuniform transmission line model, for which the the basic frequency

domain solutions for current amd voltage are known. As an example these
results will be applied to the parabolic transmission line, because its
simple frequency domain scolutions lead as well to relatively simple
expressions for the ebsorbed, trensmitted and reflected power
fractions. As will be shown, the conclusions for the parabelic line

are in a qualitative way also applicable to other nonuniform lines.

Let us consider the configuration shown in Fig.5.4, in which a section
of lossy nonuniform transmission line is inserted between twa
(lossless) uniform lines having the impedances Zs and 22 , respec—
tively. The quantities we are interested in are the input reflection
function Rin(w) and the transmission function Tout(uﬂ . which are

defined as following:

Ve (2=0,w) Vi(z=t,w) (5.2)
R (W= — 5 T ()= —
n v, (2=0,w) o v (2=0,u)
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The reflection and transmission coefficients T . 'l’5 and T

L T Ty Ty g
for an arbitrary transmission line have 'been c@lculated in equations
(4.23-4.28) as function of the complex variable p. The correspending
frequency domain formulas are obtained if we confine p to  the
imaginary axis, i.e. if we set : p=jw. This can be done without
afterthought, because the system considered is passive and therefore

certainly stable. If we further define:

vV (L,w) v (0.%) {5.3)
§ = —— and § = —
+ ‘v’+(0,u.)) vV (2,w)}

we can obtain R.m( w) and Tuut(w) by going through the following short

calculation (see notations used in Fig.5.4):

Votw) = ¥ (0w + Vew =1, 0w (5.4)
VoW =1 V(0w +T, (0. (5.5)
V,00,u) =5, 5 T, V,(0.0) (5.6)

Next, from (5.4) and {5.5) it follows that:

y4 ! /
®— U parabolic | U
) line F———
140
VS E V1 ; __V.T—y
— —
VR ' Vz )
z:=0 ZLE

Fig.5.4 Basic configuration analysed. A lossy parabolic trans-
mission line (n=%*1)is inserted between two uniform lines (U)
with the characteristic impedances Z, and Zy . respectively.
Vg, Vg and Vy are the incident., the reflected and the trans-
mitted waves. Vy and V, are sclutions for the parabolic line
given by equations (4.8) and (4.14). The reflection and trans-
mission coefficients T,.Tg»Tg . Ty, Tosand Ty are defined by
(4.23-28) and Fig.4.1 .
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v (0.w) T,

v, (0.0) (1-8,8T.Tp) (5.7)

At z=0 the input reflection function is evalusated:

¥ 0,u ¥.0,0 + ¥ 00, - ¥ 0,0 (5.8)

R (uw) = =
in Vs(o,w) Fs(o.m)

which when inserting into (5.6} and (5.7) becomes:

T, +8 8 T,{(T +T )
Rln(“")'= 1778 T e {5.9)
1-5S8STT

+ -5k

The transmission function is readily obtained by correctly combining
(5.4) and (5.7):

T (w) - 3.T,Ty (5.10)
out 1-SSTT
+ -8k

Equations (5.9) and {5.10) are in agreement with the formulas reported
by [43] for the case, where the nonuniform line is replaced by a uniform

line, i.e. where the taper parameter n=0 (compare Fig.5.3/a and /b).

Once the input reflection function Rin(m) and the transmission function
th(w) are known the reflected and transmitted power fractions zre
readily calculsted, If the input power Pin(w) is normalized to unity,

i.e.
VS(O.w)'VS(O.m)
Pne) = 2 =1 (5.11)
a
then one can express the absorbed power Pabs(m) as follows:
P (W=1l-R (wR (w-—T (w)T  (w)
abs in in u2 out out (5.12)
=1- Pref(w) - Pout(w)

in which me(w) denotes the reflected power fraction.
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5.2.1 Positive parabelic 'trap’

First we shall evaluate (5.9) and (5.10) for the case of a lossy
positive parabelic line (n=1). The whole information about the loss
function is contained in the propsgation function {5.1}. The
calculatien of the input reflection function Rin(m) and of the
transmission function Tuut(w) do consequently include the following

steps, which are not given here in detail:

a} Calculation of reflection and transmission coefficients
P1 ,FB 'PE ,T1 ,TS and TR by using (4.23)-(4.28) and
inserting the basic sclutions of the line for voltage and
current given in (4.8)and (4.14) for n=1. Note that these
solutions are applicable for lines with and without losses

{if v remains independent of the position z).
b) Evalwation of (5.9-10).

After some calculaticn and manipulations one obtain:

R (@) - (l+ay)i-ay) - (1-a,)(1-a,y)rexp(-2v8) (5.13)
in
(Q1+a,)(l-a,y) - (1-8a,Y)(1-ay)exp(-21L)
and
4v, ¥ exp(-v2)
T = - =58 ——— (5.14)
n Den )
where Den ¢ Denominator of equation {5.13)
2 2
aﬁl—v1' . l+% o %—M . vfM
= : = : = ; = 5.
L. A T oM S (5.15)

{See alse abbreviations in equation 4,31),
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5.2,2 Negative parabolic 'trap’

By using the basic solutions of voltage and current for the negative
parabolic line (n=-1) given in (4.8) and (4.14) and following the same
calculation procedure as in the case of the positive parabolic line,

the input reflection and transmission function become:

(1+b,¥)(1-b,¥) - A-b, V{1 -b icexp(-2vR) (5 14)

Ri (w) = -
n (1+b,)(1-b,¥) - (1-b,v)(1-by) exp(-2vR)
and
4 ¥* exp(-vk) (5.17)
T (W) =- 7"
out ‘v, Den

thereby Den : Denominater of (5.16) and

v, -1 v+l 1-uM 1+w M

be=—t— ;be—t— ;be—2— ;b=—="

3 N 2 ’ 3 t 4 (5-18)
nv, nv, nvzl'-l n\)ZM

The input reflection functions {5.12) and {5.16}, respectively, may as
well be applied to calculate the behaviour of parabolic matching

sections, for which \J,I-=1 and vy= 2 is set.
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5.3 HNumerical examples and discussion

In this section we will calculate quantitatively the fraction of power

that is absorbed in a positive parabolic 'trap'. To take account for
p

the losses we shall assume a (kw)"- attenuation function as given by
(3.38), in which the power index is chosen as m=0.8. The propagation

function times the line length & can then be expressed as:

y(w)R = j% £+ a'(wif + j8" (w)-h

(5.19)
- j% L+ (k)™ + j tan(mm/2)+{kw)"
Above equation is written in terms of L/} as following:
o & 2" . _[&]'" .
Y(Mh= j2ny o+ Qlass [A] + j ten{mn/2) Qluss iy (5.20)
in which @ is the loss factor given by:
lass
c |" [ m (5.21)
Qloss“[znkﬂ. = Z“k/to]

The calculation of the absorbed, reflected and transmitted . pawer
fracticns is now straightforward: The propagation function (5.19) is
inserted in equations (5.13} and (5.14)}. Subsequently, (5.12) is
applied. In the expressions for the input reflection function Rin
and the transmission function T . the propagation function appears
‘in the form Y and in the form exp(-y%). Analogously as for the case
of skin-effect attenuation {equation 4.85, discussed in section 4.8) we
can apply the feollowing epproximation, under the assumption that the
losses are small and that m is not close to unity (if m is close to

unity the phase term becomes large due to the tan{mn/2) function):

Y(A) = jIR/x

(zz'<)

oy~ [k o) 0y (3] o [
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Fig 5.6 shows the calculated power absorption, power reflection and
power transmission curves for the three different filter structures
illustrated in Fig.5.5.in the case of a 1loss factor Qlos;ﬂ.l (note
that Qloss is a dimensionless factor). For all three filter types the
same propagation function Y given in equation (5.1%) is assumed. The
;;Eiowing observations may be made:

1} The absorption Pabs is maximum in the case of the 'trap' given in
curve {c} [This statement is valid if one looks at the overall curve
and takes exception of the local absorption maxima that are present
in curve (a)]. Even for configuration (b), for which a complete
impedance match is present at source and at load, less absorption is
abtained than for configuration (c). This has the following explana-
tion: In both cases (b) and {c), the wave is completely coupled into
the absorbing section at z=0. While for case (b) the wave propa-
gates down the line and undergoes absorption, it is in case (c)
transformed at the same time, into higher or lower voltage, respec-
tively., Arriving at z=J, there will be no reflection in case (b),
but 8 strong reflection in case (c}, because the impedance level Z
of the parsbolic line is much larger (or smaller} than the lpad's

impedeance Z . The result is that in case (c) the wave will undergo

i s a
B 'a s Pz
2
1 2 1 3 1 1_:.\]_1_
;&——e-——%: §+——-E——4§ %———P———i

(2) (b) (<)

Fig.5.5 Comparison of different filter structures using uniform
and parabolic transmission lines.

1 : vniform line with impedance Zg=2Zjp

2 : Iossy wniform line with impedance Z;

3 : lossy uniform line with impedance Zy=Z =73

4 : lossy parabolic line (n=1)with impedance
Zy=Z = Zp et z=0 and Zy=Z; at z=h.

(a) : two points of strong reflections at z=0 and z={
(b) : no reflections (line is completely matched)
(c) : one point of strong reflection at z=f
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absorption a second time , while travelling back towards the source
(z=0).At 2=0 no reflection takes place, because the scurce impedance
2, and the impedance level of the parabolic line Zu are equal. We
therefore may argue, that in the case of the 'trap' (c) the

absorption length is doubled {under the assumption of total reflec—

tion at z=%), The basic principles underlying a 'trap' are : impedance

matching at the input of the filter (z=0), impedance transformatien,

strong reflection at z=£ and transmissien line lesses.

The filter configuration {(a) according to [42,43] does not perform
very well in terms of absorption, In fact, this type of low-pass

filter has been suggested in view of minimizing che transmitted

power P_ . and not at all in order to optimize the absorption F;bs.
It is interesting to note, that the asymptetic value of Pahs is
: 2 2 2 . .
B = =
obtained as: F‘abs(A large) v, T+ v, . This simply means, that the

entire energy coupled into the lossy parabolic line section at z=0

is completely dissipated before it arrives at the load (z=%). The

backreflected fraction PrBf at 2=0 is, of course, lost for any

absorption (for large values of £/A this is the complementary
P i.e. =1- .

part of , 1.e Praf 1 Pahs)

The average transmitted power PDut is  slightly higher for

configuraticn (c), when ccmpared to configuration (a). This arises

from the fact thét the filter (a) has two points of strong

reflection, while the filter (c) has merely one. On the other side,

canfiguration (a) leads to more prenounced ‘resonances' than

configuration (c), These 'rescnances’ are undesired and represent
one of the major problems encountered with this type of low-pass fil-
ters [42,43].

The average reflected power P, for configuration (c), however, is
lower than that of configuration {a). In case {a) this term cannot
be kept low if at the same time the transmitted power should be

minimal .

Increasing loss parameter Qj,.; causes the absorption characteristic
Paps to be shifted down to lower values of £/, as illustrated in

Fig.5.7. One alsc remarks that the 'rescnances’ in curve (c) get
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Fig.5.7 Absorption charscteristics Pa (Rk/)\) for various
values of the loss parameter Q... for the 'trap' c and the
lossy uniform transmission line b (these configurations are
shown in Fig.5.5 ). The values of M, Vy, v, and m are the
same as the ones given in Fig.5.6 . All curves are calcula-
ted from equations (5.12-5,15) and (5.19-5.21),

1
I m-09/ /48,1 <4

.8 5
6

i}

o’ a M =+10
. — vl¢1
2§ "

105;50‘1
olunl v syl oy vaenl g
1 10 100 1000
€A

Fig.5.8 Power absorption characteristics Pg(%/3) for dif-
ferent values of the power index m. The curves are calculated
from (5.12-5.15) and (5.19-5.21). The filter structure c is
schematically ilustrated in Fig.5.5 (c).
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more pronounced for increasing Qluss' This is due to the fact
that at values of &/} 2 10 the parabolic transmission line section

is working almost as an ideal transformer.

The influence of the power factor m 1in equation (5.19) is
illustrated in Fig.5.8., Decreasing m csuses the absorption charac—

teristic to increase at a slower rate per decade.

It is meaningful to limit the range of &/ values to the region-
/A > % , as below this limit the parabolic line is not working as
a transformer {see the transforming properties of nonuniform lines
such as given in [69,70,74]). For the rahge R/A>1/2, the 'trap'
{c) shows higher absorption capsbilities than similar distributed

low-pass filters (a) and (b).
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5.4 Design guidelines for a 'trap'

As has been pointed out in the previous section maximum absorption for
the 'trap' is obtained if there is a complete impedance match at z=0,
Under the condition that the nonuniform line is working as ideal trans-
former , i.e. for |y&| ®» M-1 one obtains the following expressions for
a positive parabolic ‘trap':

Condition: \J]nl YR » me=M-1

2z
v,- M
R. = * exp(-2vL)
pig]
v_+M
2z
2\J2H > (5.23)
T = * exp(-vR)
out v+ M
2
| exp(-2a) ( 2)2 (20 + & 2
= - ——— e |(u,-M v exp(-2a) + 4u_M
abs (\)2+ MZ)Z 2 2

Above formula states the following: The incoming wave will be
completely coupled into the lossy nonuniform line sectiom at z=0, it is
(ideally) transformed to higher voltage amplitudes, while travelling
down the line. If the attenuation a=a'f is different than zero the
incoming wave undergoes absorption at the same time. At z={ it is
partly refiected, and the complementary part is transmitted. The
reflected fraction propagates back to the source {z=0), where no
reflection takes place anymore, Note that the reflected part of the
signal passes over the line twice; this is expressed by the term
exp(-2vR), while the transmitted part of the sigral passes only once
through the line and contains the term exp(-vi). The voltage

transforming ratio M appears in Tou as a multiplicative term, however

t
nrot in R . This is due to the fact that, in the latter case, the

wave is é:ce transformed ‘'up® for forward propagation and once
transformed 'down' for backward propagationm.

An additional condition to obtain high absorption Pabs is that a strong
reflection should occur at z=% , i.e. v2< M . The following relation

is then obtained:
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Condition: \)1=1 H \a‘z‘zc M i |yt 2 nt=M-1
bvz (5.24)
Pabs = 1 - exp{-b4a) - ;F;- exp(-2a}

where the attenuation o is a function of the frequency.

The expressions (5.23-5.24) should be useful in dimensioning such
'traps'. Formula (5.24) is not only limited to the positive

parabolic 'trap', but can be applied to most nonuniform lines. In

fact, by assuming that the 1line is ideally transforming
(|Y£| *>M-1), no information about the type of taper of the line is
needed.

As a comparison the absorption characteristic for a uniform line
matched at 2=0 and at 2z=2% (see configuration b in Fig.5.3) is

obtained as : Pabs= 1 - exp(-2a).
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5,5 Experimental realization of a 'trap'

In order to demonstrate the practical feasibility of an 'EMi~trap' a
coaxial type parabolic transmission line section with ligquid
dielectric was realized. The following design parameters are

implemented:

Design parameters:

Z =157 9 negative parabolic line
a (with air dielectric)
Z1 =41.8 Q (5.25)
M =/157/41.8 = 1.94 (see eqn. 4.31)
£ = 0.47 meter
Z = Zg = 50 & (imposed by the measurement system}

The properties of the liquid dielectric (methyl alcohol) were
determined by a phase shift and by an attenuation measurement in a

coaxial uniform line of the same length,

Measured characteristics for methyl alcohol:

Phase shift Im{Y%)
Attenuation  Re{yR)

5.5:10°% ¢« £ [Radians]
(2.8+107%« £)™  [Neper] l> (5.26)

Power index m= 1,64
o 3a 7 a .
validity: 510" < f < 6+10 ; £ in Hertz

Note that the phase shift is linear with frequency f (in the range

specified ). All measured {pase shift) values are within 257 of the
curve given above. The attenuation characteristic was obtained from
a log{attenuation) versus log(fregquency) plot, in which the slope
corresponds to the power index m, All attenuation values (in the
range specified) are within 5% of the characteristis given above,
It is important to note that m>1 can only be fulfilled over a
limited range of frequency (Paley-Wiener criterion given in equatian

2.14 3.
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From equaticn (5.26) one obtains the following parameters:

e = 31.5 (relative dielectric permittivity)

Zn =28 R

Z, = 7.59

= = = E = ¢ .

v1 = vz Zs/zﬂ ZQ/ZU 50/28 1.79 (5.27)
Qloss = 0.15 1,64 ,

o= anss- (/A {note: u:u_R.)

B = 2me(R/N) {note: B=a'l)

validity range: % < % < 3

Note that here u1%l. i.e. the impedance level of the parabolic line at
z=() is not matched to the characteristic impedance of the uniform line

Z: (see i1l1lustration in Fig.5.4).

Fig.5.9 shows measured and calculated curves for the absorption Pabs'

obs .
" . Note that PBbs
is not measured but calculated from the measured values of reflection

for the reflection P}e and for the transmission Pm_I

-]
[

o
|

» calculated

'S

s« gbserved

amplitude

[N

47

Fig.5.9 Messured asbsorption characteristic for a negative
parabolic 'trap' filled with a liquid dielectric (methyl
alcohol) as compared with the calculated absorption curve.
The calculated curve is based on equations (5.16-5.18), on
the design parameters (5.25) and on the measured propagation
function YL given in (5.26-5,27).
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Pref and transmission Pm‘t by using relatien {5,12). P;;iis calculated
using (5.12-5,15) and the attenuation and phase shift functions,
respectively, given by (5.27). There is a reasonable agreement between
calculated and observed absorbtion curves. The differences between the
two curves at low values of B/A=1/2 are due to the fact that the line
is not operating as ideal transformer. The differences at higher
values of RB/A>4 are due to interconnection problems of the S0R coaxisl
lines (the transition region from the coaxial source and load lines is
not very well defined in terms of characteristic impedance). Note also

that the losses are rather strong.



- 143 -

5,6 Concluding remarks,

A novel application of Jlossy nonuniform transmission lines to
absorption filters has been suggested in this section. These
distributed low-pass filters or ‘traps' should ©be wuseful in
EMI-filtering problems, where the energy of the incident disturbances

is preferably absorbed or dissipated and not just backreflected towards

the EMI-source, The basic principles on which these absorption filters
are based, is the combinatiaon of three effects:

-coupling of the disturbances into the lossy nenuniform line section

(impedance match at the filter input),

-impedance transformation,

-strong reflection at the filter output, and

—transmission line losses,
The advantage of above 'EMI-traps', when compared with similar
distributed filters ‘[¢2—43] using uniform transmission lines is their

enhanced absorption capabilities. On the other side 'EMI-traps' show

slightly higher transmission (=lower transsission attenuation) and
their practical realization is, due to the nonuniformity, usually more
difficult,

The medelization of the }EMI—trap' is based on the analysis of the
lossy parabolic line. This model has shown to considerably facilitate
the derivation of transmission and input reflection characteristics
used to calculate the power absorption in the ‘trap'. The results
deduced for the lossy parabolic line are, however, in a gualitative
way, well transferable to other types of nonuniform lines, as well. In
particular, the expression for the power absorption given in (5.24} 1is
applicable to most of the commeonly used nonuniform lines,independent of

the type of taper.
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APPENDIX A

Asymptotic behaviour of the attenustion az(w)

In this appendix we shall derive the low and high frequency asymptotic

behaviour for the attenuation characteristic given by (3.13), i.e.

a,(w) = - In|H,(u)| = - % in|A2(jw) + B2(j) |

[ 2
1*? [Ei(k|w[) - exp(Zklwi)El(-k|w|)] l

k|w| - -é- 1n

For the derivation we assume that the normalized frequency x=kw> Q.

1. Behaviour of uz(x) for xz «1

In [13]), p.927 one finds the following series expansion for the expo-

nential integral EL(X) ;

— . o« xs .

Ei(—x) = C+1n(x) + E T 1n(x)
= > (4.1)
= (-x)®

Ei(—x)=C+ In(x) + E-—s-.s—, = 1n(x} C = Euler's constant
5=1 )

For x<« 1 , the term In{x) is preponderant and one then can write:

E_i(x) - exp(Zx)Ei(-x) * [1-exp(2x)] 1ln(x)

(4.2)
~= 2x1n(x)
The attenuation function uz(x) becomes, when using (A.2):
1 1 2
a(x) = x - +1n|1+- 2x1n(x)] | (a.3)
2 2 2

However, because x1n{x)<«1 for x<1, one can apply the series
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expansion to the ln| | function and cbtains:
2
. 112
a(x) = x - 3 [11 xln(x)] (4.4)

The second term ln (A.4) is negligible when compared to the first term:

x1n(x) < Vx for x«1 (4.5)

As a consequence,the behaviour of az(x) at low values of x=kw is

linear with x :

uz(x) = x for x«1 (4.6)

2, Behaviour of uz(x) for x»1

For large arguments x [13] gives the foilowing series expansions for

the exponential integrals {see p.927):

[H

exp(-0E () = =+ 0()

(4.7)
—exp(x) E () = 3 + o)
i X x*
where O(—12)= terms of the order of 12 and higher orders in %
X X
With equation (A.7) the attenuation uz(x) becomes:
2
- 1l 1 2
az(x) =x -3 Infl + "2 exp(x) = ]
{A.8)

[H

X - lnlexp(x) sz-} = x - x + 1ln(mx/2}

Consequently, the attenuation has a logarithmic high frequency behaviour

a,(x) ~ In(m/2) for x»1 (A.9)
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APPENDIX B

Fourier transform of the arctan-function

Consider the causal impulse response

O
z_ 2

2Kk
h(t) ==
K+t

u{t) ; k>0 (real) (B.1)
and its corresponding step response function:

£(t) = % arctan(t/k)+u(t) (B.2)

To find the Fourier tramsform H(jw) one can write:

2k .
H( jew) jm l exp(-jut) u(t) de=2 [ SxPLIWE) 4

2 k242 k?+ 2
sin(wc)
=2_kr_(£s(_m2dt _‘j&FZ—Z—dt (B.3)
LI V) T ke
= Heuen(‘]m) - JHudd(jw)

In {13], p.406 Heum1 and HDdd are tabulated as following:

(jw) = exp(-kfw|)

H
even

sgn(w)

( —
i (Jm) . lexp(—klwl)Ei(klwl) (B-‘f")

odd

- exp(k|w|) B (-k|w])

Equation (B.4) corresponds to the expression (3.14) given in section
{3.2).
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APPENDIX C

Validity range for the the step response fj(t)

The step response fs(t) is given by equation {3.43) and is expressed

as:

1 exp(-rt-a r") n (C.1)
f3(t) =1 - 7 1 °sin(azr Yedr ; t2>0 *
r
4]

For a transmission line with the dielectric permittivity described in
(3.24), £,(t) is valid only in the transient regime defined by the
inequality (3.37), i.e.

£(=) ]Tl_m - [e(w) cos(mn/2) ]ﬁ (C.2)

0<t <« [
‘:z'r(m) 3;1 -F(m)

We may express (C.2)} in terms of the loss tangent tanS(w) defined by
equation (3.46), which yields:

1-m

cos{mn/2)

<t & —+| —————
w| Utand(w)|-T(m)

(.3

where w denotes an arbitrary frequency.

Because {C.3) is valid for all frequencies (i.e. for all frequencies
which are compatible with the approximations made in equations 3.27-
3.28), we may certainly base our further considerations on a specific

frequency Wy . Let therefore y be the frequency at which the atte-

npuation u1(wn) =1 Neper. However, as can be seen from equation (3.38),

mu=1/k-, where k is the proportionality factor in the attenuation ex—
pressien for u3(w).

Let us now express equation (C.3) in terms of tané(mn) or in terms

of the facter k. For this purpose we are resolving (3.39) and (3.46)
in terms of .the parameter Z, and equating the resulting expressions.

This yields the following formula between k and tanG(wu):
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1
k=% tn-|tan6(wu)| (C.4)

With equation {(C.4) the validity range (C.3) for. the step response

f3(t) can be written as:

1

1 | cans | [ cos{mw/2) 1-m o
0<t«§tutan(wu) m] (C.5)
In terms of the factor k,above relationship becomes:
1
ty cos{mr/2
0<t « k[%TU __)]1"“ (C.6)

'{m)

Equations (C.5) and (C.6) correspond to equations (3.47) and (3.48)

discussed in section 3.3 .
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