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Notations

In this thesis, the indefinite metric on spacetime is always chosen so that time-like directions correspond
to negative eigenvalues and space-like directions to positive eigenvalues. In particular, the minkowskian
metric is always: 7,, = diag(—1,+1,...,+1). The Dirac matrices are then taken to satisfy the Clifford
algebra:

(A =22 (1)
Except stated otherwise, all formulae are expressed in a Majorana representation of the Clifford
algebra of SO(10,1) where I''? is block-diagonal, so that it can also be seen as the chirality matrix of
a Majorana-Weyl representation of the Clifford algebra for SO(9,1). In that case, the Dirac matrices
can be chosen to be real as in the following Majorana representation:

. i
C:F0:<—]OI16 ][86>a PZ:(’?’i ’Z))’Vi:l,“.’g P*:Floz(z)[ —O]I>’ )

where {7¢,77} = 20“1;5 form a Majorana representation of SO(9). We give an example of such a
representation in appendix A. However, most formulae are valid in any representation. From the
chirality matrix I',, we define the left-handed and right-handed chiral projection operators by:

1 1
’PLZE(]I-I—I‘*) and PRZE(][—P*) . (3)
We use the following convention for the anti-symmetrization bracket [] on indices:
1
F[zlzk] = y Z (_1)|U|EU(1)...iU(k) ) (4)
0ES

where |o| = 0 or 1 is the signature of the permutation o € S;. Although this notation is sometimes
ambiguous, in case it acts only on part of the indices enclosed, or when several of these brackets are
entangled, its meaning can be inferred by looking at what indices are anti-symmetrized on the other
side of the equality. For example, in an equation like:

ijri1...i4 — ij:i1...i4 _ Sn[j[zll-\k']lzu] _ 1277[_7[11nk]121-\Z213l4] , (5)

all anti-symmetrizations on the right-hand side are on the groups of indices {j,k} and {i1,...,%4}
separately, as the comparison with the left-hand side suggests.
Furthermore, we choose hermitian generators t* for the U(N) gauge groups, so that a U (NN) matrix
is given by:
U = exp(i0°t?) , (6)

for N? real parameters §°. We normalize the t so that:
[t%, %] = if%t° , and Tr(t® - %) = 6 | (7)

for a completely anti-symmetric matrix fe*¢. Matrices in the adjoint representation of U (NN) are simply
decomposed as: A = A%" on the basis of generators, so that the A are real in case of a hermitian
operator



Chapter 1

Introduction

I will start with a historical introduction, in order to explain how my work fits in the long line of
research towards a quantum theory of gravity and a unified theory of all interactions. I will not
attempt to give all relevant references to the subject, since the list would become either endless or

incomplete.



2 Chapter 1: Introduction

After the early successes of quantum mechanics in the description of atomic orbitals, it became
apparent that we should try to find a quantum version of Albert Einstein’s general theory of relativity.
However, a quantum description of classical field theory was first needed. A first example of a quantum
field theory with local gauge invariance was found in quantum electrodynamics. The essential new
ingredient needed to extract sensible results from quantum electrodynamics is renormalization theory.
However, the issue of renormalization is precisely the element that makes the quantization of gravity
such a difficult problem.

1.1 Renormalization

Indeed, when we compute quantum corrections to the classical result given by some field theory, many
quantities turn out to be ultraviolet divergent. More precisely, such calculation always involve the
computation of momentum integrals on the momenta of all virtual particles (those that do not appear
in the initial or final states). The momenta p, of these particles need not be related to their mass by
the relativistic physical on-shell condition p,p* = —m?, so that they can be arbitrarily large, usually
leading to divergent integrals. Since these divergences are due to very high momenta, which are related
by Fourier transformation to small distances, they can be seen as coming from the shrinking of the
virtual particles’ loop in the Feynman diagrams to a single point, which means that they are related
to the local nature of interactions in quantum field theory.

We can use different regularization methods to exhibit the structure of the divergent contributions
to the results (most notably the Pauli-Villars regularization that introduces additional particles of
very large masses M; to make the integrals less divergent, the use of an ultraviolet cutoff A to limit
the integration range to finite values or the dimensional regularization, that replaces the usual 4-
dimensional space-time momentum integrations by their 4 + e-dimensional counterparts), but of course
the results will blow up when we remove the cut-off (i.e. send M; or A — oo or € — 0). The way
out is to suppose that the bare quantities present in the original action are themselves divergent
and rescale the fields, coupling constants and masses of the theory by infinite constants (with an
appropriate cutoff-dependence), so that the physical results are finite when expressed in terms of
these renormalized quantities. Then, we can rewrite the bare action as a finite physical action plus
a number of so-called infinite counterterms. The counterterms can thus be seen as compensating the
divergent quantities in the original action to replace them by the finite physical ones. Fortunately,
this rather unnatural method allows us to extract the finite physical quantum corrections out of the
divergent momentum integrations. It was proven to be applicable to all orders of perturbation theory
in quantum electrodynamics and various other quantum field theories.

Despite being both gauge field theories, general relativity is quite different from electrodynamics
in various ways. Firstly, being a gauge theory of the Lorentz algebra, the gauge symmetry of the
general theory of relativity is non-abelian. An answer to that difficulty was found only much later,
when the work of Feynman, Faddeev, Popov, De Witt and Berezin about path integration in quantum
theories indicated how to gauge away the unphysical degrees of freedom in a systematic way for a
general choice of gauge, allowing us to quantize non-abelian gauge field theories in a covariant way.
In fact, this procedure leaves a shadow of the original gauge invariance in the form of the so-called
BRST symmetry from the names of Becchi, Rouet, Stora and Tyutin.

In 1973, Veltman and t’Hooft were able to show that the coupled theory of a non-abelian SU(3)
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gauge field with Ny < 16 triplets of fermionic matter fields in the fundamental representation of the
gauge group was renormalizable and asymptotically free, two important criteria for a theory to be
well-defined. Actually, in that sense, quantum electrodynamics is ill-defined since its coupling constant
blows up at very high energies. On the other hand, we don’t expect it to make sense at such high
energies anyway, since it should be replaced by a more fundamental theory much before (note that it
merges with weak interactions at the weak scale and shouldn’t be considered separately above that
limit).

Unfortunately, general relativity differs from usual non-abelian gauge theories in an essential way.
Besides the fact that the local gauge symmetry group is acting directly on the space-time and not in
some inner space, a more subtle difference resides in the fact that the gravitational coupling constant
is dimensionful, making hopelessly non-renormalizable any direct quantization of general relativity,
since the divergences grow worse with any additional graviton loop in the Feynman expansion.

1.2 Quantum gravity

This fact suggests that either standard perturbation theory is ill-defined and the theory only makes
sense when treated exactly, which would imply the existence of a non-trivial ultraviolet fixed point,
or quantum gravity should not be directly described by the quantization of general relativity, but
through a different theory that has a better high-energy behaviour but the same low-energy limit.

The first point of view is usually advocated by the community of researcher studying loop quantum
gravity or dynamical triangulations. In loop gravity, one tries to deal directly with the gauge-invariant
observable, like Wilson loops, instead of dealing with the graviton field. This theory has some nice
features, like giving a random lattice picture (spin network) of space-time and smearing-out the point-
like interactions of gravitons to joining and parting interactions of loops (quite similarly to string
theory, in fact).

However, it seems extremely difficult to show that it indeed reduces to general relativity in the
low-energy limit, since a smooth continuous space-time has to be represented by a network containing
an infinite number of links. In other words, the low-energy case corresponds to the situation where
the theory is extremely complicated.

The dynamical triangulations approach suffers from the same problem since it attempts to directly
discretize space-time with a random triangulation. However, since the model is much simpler, the
large N limit of the number of vertices might be computed exactly in lower dimensions and estimated
numerically in higher dimensions. However, it doesn’t seem to be clear whether it leads to sensible
result beyond the lower-dimensional cases where gravity is trivial or topological. In 4-dimensional
minkowskian spacetime, it remains to be seen whether the theory has an ultraviolet-stable fixed point
where the continuum large N limit can be taken in a sensible way. An example of a dynamical
triangulation theory in two dimensions is presented in chapter 2.

There are other theories of that first type like Regge calculus, but I won’t describe them all here.

There have also been countless attempts of the second type to describe quantum gravity by theories
whose starting point is not pure general relativity. After the discovery of supersymmetry on the string
world-sheet, the idea of a boson-fermion symmetry was extended to field theories and it has soon been
shown to lead to interesting cancellations between Feynman diagrams, so that there was some hope
that supersymmetrizing general relativity could be enough to keep the ultraviolet divergences under
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control. It turned out that it was not to be, even in the case of the N' = 1 supergravity theory in
eleven dimensions, where some hope remained until a few years ago. In any case, the most successful
of this second type of theories is without any doubt string theory, which we will introduce in the
following section.

1.3 String theory

String theory was first proposed as a theory of the strong interaction. Indeed, strong interaction
experiments indicated that the spectrum of resonances followed a linear trajectory, usually called
Regge trajectory, that links mass and spin through the Regge slope o' as: m? = (J — a(0))/c’ for
some constant «(0). People noticed correctly that a relativistic open string also exhibited such a
mass spectrum. Thanks to the infinite tower of higher mass and higher spin states this equivalence
predicts, the physical amplitudes exhibit an interesting duality symmetry between s-channel and
t-channel results. For that reason, these early string models were called dual resonance models.
However, it turned out that the theory is unitary only when the space-time in which the string lives is
26-dimensional and the constant «(0) = 1. In particular, there is a scalar state with J = n = 0 that
has a tachyonic mass given by m? = —1/a/, that makes the theory unstable.

This theoretically deceptive result, as well as some contradictory later experimental results led to
the abandon of this line of work, while quantum chromodynamics became generally accepted as the
correct theory describing the strong interactions.

On the other hand, although the open string theory above only has a state of spin 1 in its massless
spectrum, the theory of closed strings contains a massless symmetric tensor of spin 2 that we can
identify with the graviton, since its low-energy effective theory indeed corresponds to general relativity.
It was later realized that the nice high-energy behaviour of the theory (that can be traced back to
the smearing-out of the quantum field theory point-like particle interactions) might indeed make
it an interesting candidate for a definition of quantum gravity. Furthermore, its supersymmetric
extension ”only” requires ten dimensions, while the GSO (Gliozzi-Sherk-Olive) projection allows us to
remove the tachyonic ground state from the spectrum of the Ramond-Neveu-Schwarz string and obtain
spacetime supersymmetric theories. Of course, this conclusion became obvious from the point of view
of the Green-Schwarz superstring, which is manifestly supersymmetric in space-time. In fact, certain
superstring theories were shown to be free of anomalies and ultraviolet divergences. This revived
interest in string theories culminated with the proof of anomaly-cancellation in heterotic theories that
paved the way to the study of the possible low-energy particle phenomenology that string theory
allows. This period around 1984 became known as the first superstring revolution.

Despite these encouraging early successes, string theory suffers from another kind of problem. It
is a first-quantized theory, not a quantum field theory, so that the perturbative expansion in Riemann
surfaces of higher genera is not the perturbative expansion of some non-perturbatively defined theory,
although it is certainly needed for the unitarity of the theory. This means that we can only derive
some low-energy approximation of the equations of motion for the massless fields, so that it is difficult
to understand the vacuum structure of the theory in the high-energy régime. An obvious answer to
this problem is to try to develop a string field theory. Despites some early successes in the bosonic
open string case and some recent results about superstring fields, it seems to be extremely diffcult to
obtain a field theory of closed superstrings. Furthermore, it might well be that the non-perturbative

4
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sector of superstring theory is not described by superstrings living in a ten-dimensional spacetime, but
rather by supermembranes living in an eleven-dimensional spacetime, since everything looks like an
additional dimension is unfolding when we raise the value of the coupling constant in type IIA string
theory.

This unknown mysterious eleven-dimensional theory has been called M-theory, since we expect it
to be the "mother” of all superstring theories, but we are far from having a concrete non-perturbative
and background-independent definition of it. We only know that it should have various perturbative
régimes corresponding to the known superstring theories in ten dimensions and reduce to eleven-
dimensional supergravity in the low-energy limit.

1.4 Branes and dualities

The most significant discovery in the last ten years of research on string theory has been linked to
dualities and branes, the so-called second superstring revolution. We understood so far that there were
five apparently different consistent superstring theories in flat ten-dimensional minkowskian space-
time, the type ITA and IIB closed superstring theories with A/ = 2 spacetime supersymmetry on
one hand, the type I theory that contains both open strings and closed unoriented strings and the
heterotic closed string theories with gauge group Fg X Fg and SO(32), all three with A/ = 1 spacetime
supersymmetry, on the other hand. However, it became clear that these theories are all related by
various kinds of duality transformations that maps one theory to another, so that the idea emerged
that they should all be different perturbative régimes of a unique theory, M-theory. In a fancier
language, they should all correspond to various corners of the moduli space of vacua of M-theory.

An essential ingredient in the discovery of this web of dualities was the understanding that string
theories should contain D-brane states in their non-perturbative spectrum. Indeed, if one quantizes
open string with Dirichlet boundary conditions in certain directions instead of the standard purely
Neumann boundary conditions, one can see the hypersurface on which the open-strings’ends are
attached as a dynamical object on its own. Such types of hypersurfaces were called D-branes as a
reminder of their interpretation as Dirichlet boundary conditions. More interestingly, if one performs
a T-duality, i.e. an inversion of the radius of compactification of the spacetime in some direction
of the form R = o /R, one can exchange Dirichlet with Neumann boundary conditions, so that the
dimension of the boundary state changes in the process. At the same time, the original string theory
is usually transformed into some other kind of string theory.

A classic example illustrating this process is the T-duality between type ITA and IIB superstring
theories. While the type ITA string theory contains non-perturbative Dp-brane states for all even
values of p, type IIB string theory contains them for all odd values of p (this can be seen easily from
the central charges appearing in the type ITA and IIB supersymmetry algebras). In consequence, if
we toroidally compactify only one dimension, none of them can be self-dual under the inversion of the
compactification radius, but they turn out to be dual to each other.

Another type of dualities involves the inversion of the string coupling gs = 1/gs. It is called
S-duality. The canonical example is the self-duality of the type IIB string theory under such a trans-
formation. Another example is the S-duality between type I superstring theory and heterotic string
theory with the same gauge group SO(32). There, one has to pay attention that some perturbative
states on one side are mapped to D-brane states on the other side, making D-branes an essential in-
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gredient of the duality. Finally, when both kinds of inversions are involved, we speak about U-duality.

Since we lack a complete understanding of the non-perturbative régime of superstring theory,
it is difficult to prove that these dualities are indeed correct, since there are few states where one
can follow the evolution of one state all the way from the perturbative régime of one theory to the
perturbative régime of the other, where things are under control again. Fortunately, some brane
states have masses that are protected from quantum corrections by supersymmetry. This happens
when they are annihilated by some fraction of the supercharges. Then, they satisfy a so-called BPS
(Bogomolnyi-Prasad-Sommerfeld) bound:

m? =72, (1.1)

that relates their mass to their charge. The study of such states has been very useful in testing duality
conjectures.

There are also ways to construct non-BPS D-branes, such that they are the lowest-mass states
with a certain set of quantum numbers, so that we can expect them to remain stable when we raise
the value of the coupling constant. Such states are usually constructed out of a Dp-brane and the
corresponding anti-Dp-brane, which are usually unstable since they exchange tachyon states. However,
there is a nice way to remove the instability called tachyon condensation, which actually prompted a
revival of interest in string field theory, since it is a proper framework to discuss questions of vacuum
decay.

Furthermore, the study of the physics of D-branes together with the finding that there should be
an eleven-dimensional theory that is the large coupling limit of type ITA string theory also revived the
interest in matrix models, making it plausible that M-theory could be (at least, partly) described by
such kind of models. I will describe these ideas in the next section.

1.5 Matrix models for M-theory?

Here, I want to develop the idea that the second superstring revolution drastically changed our under-
standing of the meaning of matrix models, nearly as much as it changed our understanding of string
theory. Simple matrix models of the kind presented in chapter 2 were already considered in the late
80’s in the context of string theories, but they could only describe systems living in dimensions smaller
or equal to 2, making them interesting for the study of conformal field theories coupled to gravity,
but not really well-suited to give a non-perturbative description of the ten-dimensional superstring
theories. On the other hand, models of the kind presented in chapter 3 and 4 of this thesis were
already considered before, although they were not aimed at describing superstring theories.

More specifically, the same Hamiltonian as in the BFSS matrix model was introduced as a matrix
regularization of the dynamics of a supermembrane, a connection we will describe in details in section
3.3. However, at that time, it wasn’t clear that supermembrane theories could be relevant to the
study of non-perturbative string theories and it wasn’t clear neither that the same physical theory
also described the low-energy dynamics of DO-branes in type ITA string theory. After it was understood
that the theory had (unlike the Green-Schwarz superstring) a continuous spectrum of states, it was
essentially forgotten for 7 years until the time came when all these connections could be made. More
precisely, the second superstring revolution led to the idea that we could decouple all degrees of freedom
of type ITA superstring theory except the DO-branes by going to the infinite momentum frame, so that
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M-theory in this limit could be described by the simple theory governing the low-energy dynamics of
DO-branes. Although it is unessential in this argument, the fact that this theory could also be seen as
describing M-theory supermembranes in this particular frame gave a further motivation for studying
this model and check whether it could reproduce eleven-dimensional supergravity results.

On the other hand, matrix models of the type discussed in chapter 4 of this thesis were also
considered earlier in the rather different context of Yang-Mills theories. Indeed, the study of the
large N limit of Yang-Mills integrals showed that many results could be obtained by compactifying
all spacetime dimensions to a single point. Such 0-dimensional matrix theories were called totally
reduced models. Again, when it became clear from the relation between dimensionally reduced Super
Yang-Mills theories and D-brane low-energy dynamics that such an action could also describe type IIB
D-instantons, it was understood that it could be related to type IIB superstrings. More precisely, it was
shown that the totally reduced super Yang-Mills action can be obtained as the matrix regularization
of a type IIB superstring in the Schild gauge. I will also explain this connection thoroughly in chapter
4.

1.6 Matrix models based on osp(1[32,R)

Since matrix models where the matrix eigenvalues generate the spacetime manifold give an algebraic
rather than geometric picture of spacetime, another possible idea is to try to construct a matrix
model directly from algebraic considerations and to formulate it in a background-independent way
so that it can be considered in situations with various target-spacetime dimensions. If such a model
is to be related to M-theory, we should endow it with an algebraic structure inspired from that of
eleven-dimensional supergravity. Furthermore, to avoid the puzzle linked to the absence of transverse
Mb5-branes in supersymmetric matrix quantum mechanics, we want to formulate it in such a way that
membranes and M5-branes are treated as equally fundamental objects. A possible choice fulfilling these
wishes is a model based on the the 0sp(1|32, R) supersymmetry algebra, the minimal supersymmetric
extension of the eleven-dimensional Poincaré superalgebra. Though various supersymmetric action
can be made out of 0sp(1]32, R) supermatrices, we figured out that a mass term together with a cubic
interaction seems to lead to the most interesting results.

Together with Luca Carlevaro and Adel Bilal, we studied such a model in twelve-dimensional and
eleven-dimensional contexts. In the latter case, we showed how to perform the infinite momentum
frame limit and used the matrix version of T-duality to obtain a supersymmetric matrix quantum
mechanics. The constrained fields can be eliminated to obtain a quartic potential for the D0O-branes
out of the initial cubic potential. However, since we cannot find a closed form for the solutions
of the constraints, we use a perturbative technique that leads to an infinite tower of higher-order
interactions amongst the physical fields, an apparently very complicated theory. On the other hand,
the lowest-order terms reproduce those of the BFSS theory with an additional mass term together
with interaction terms involving the 5-brane degrees of freedom. This research was published in [19].

In another research paper detailed in chapter 6, the product of a research collaboration with
Takehiro Azuma of Kyb6to University, we study the same model, this time expressed as a totally
reduced ten-dimensional matrix model. In this context, in absence of a Hamiltonian formulation,
there is no direct way to discriminate physical from unphysical fields. However, the constrained fields
of the preceding chapter appear as tachyonic fields in this approach. This evidently leads to the
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conclusion that the trivial vacuum is unstable for these fields. Searching for non-trivial solutions of
their equations of motion, we find that they can describe vacua of the fuzzy sphere type. We study
two examples in details, the triple fuzzy 2-sphere and the maximally symmetric fuzzy 8-sphere, which
are two ways of filling the nine space-like directions. We further discuss their respective stability
properties. This research was published in [16].

1.7 Outlook

This thesis is organized as follows. The first part is constituted by the three review chapters on matrix
theories, which contain the necessary background to understand which ideas led us to the research
projects presented in the second part of this thesis in chapter 5 and 6.

More precisely, chapter 2 aims at giving a first simple example of a duality between a matrix model
and a string theory. In particular, we compute a critical exponent, the string susceptibility, on both
sides of the correspondence to figure out which specific conformal field theories of matter coupled to
low-dimensional quantum gravity can be described by which critical points of the matrix partition
function.

Chapter 3 is dedicated to the study of supersymmetric matrix quantum mechanics. That part
of the text aims at showing how M(atrix) theory can be considered either as a low-energy effective
action for D0O-branes or as a matrix regularization of a supermembrane theory in eleven dimensions in
the light-cone gauge. The BFSS conjecture on M-theory is also explained there, as well as the puzzle
regarding the absence of transverse Mb5-branes in this theory.

Chapter 4 is an introduction to the totally reduced IIB matrix model. In parallel to the discussion
in chapter 3, it shows why the IIB matrix model can be considered either as a low-energy effective
action for D-instantons or as the regularization of the Green-Schwarz type IIB superstring action in the
Schild gauge. The on-shell closure of the supersymmetry algebra and the D-brane spectrum are also
derived there. Finally, it is shown how to deform it slightly to obtain non-commutative curved-space
classical solutions of the fuzzy sphere type.

Chapter 5 contains a study of a matrix model with osp(1|32,R) supersymmetry. In particular,
a supersymmetric matrix quantum mechanics is obtained after the elimination of certain unphysical
fields. It is compared to the BFSS matrix model and conjectured to be related to the D0-brane
dynamics in a curved background of anti-de Sitter type with non-trivial M5-branes fluxes.

Chapter 6 studies the same model in a different context, where it has similarities with the massive
IIB matrix model. In particular, non-commutative classical solutions of the fuzzy sphere type are
obtained and their stability is analyzed.

Finally, a few conclusive remarks are given in chapter 7, before going to the technical appendices,
where some of the notation used are also introduced (in appendices A and B).



Chapter 2

Matrix models for quantum gravity

Although the results and ideas contained in this chapter are not really needed to understand the
following ones, we have included it since it provides an interesting first example of a duality between
a matrix theory and a string theory. Furthermore, it illustrates quite well how a matrix theory can
be seen as a discretization of the string world-sheet, while the large N limit will be the continuum
limit of the discretization. We will use this idea twice more later when we will show in chapter 3
how the BFSS matrix theory can be seen as a matrix regularization of the world-volume theory of a
supermembrane and in chapter 4 when we will show how the IKKT matrix model can be derived from
a regularization of the world-sheet of the Green-schwarz superstring.

The goal of this chapter is essentially to compute a critical exponent, the string susceptibility,
both on the matrix theory and string theory side to show how different kinds of critical points of the
matrix model partition function describe various conformal field theories on the string world-sheet,
representing low-dimensional quantum gravity coupled to some matter fields.

With this goal in mind, we first explain the discretization procedure and why we expect the sum
over all random triangulations of the string world-sheet to reproduce in the large N limit the genus
expansion of the string theory partition function. Then, we introduce a computational method, the
so-called orthogonal polynomial method, that allows us to compute matrix integrals in a convenient
way. Then, we first take the simplest large N limit and show how it predicts the critical behaviour
of the partition function in the neighbourhood of the critical coupling. The result we obtain for the
string susceptibility corresponds to the genus 0 contribution on the string theory side. Then, we take
a more subtle large N double scaling limit that keeps contributions of Riemann surfaces of all genera
to the partition function.

In the second part of this chapter, we explain the quantization of a bosonic string in a spacetime of
non-critical dimension and how the requirement of conformal symmetry leads to the Liouville action.
Finally, we use a scaling argument to compute the string susceptibility and discuss the significance
of its possible values and how they relate to specific critical points of the matrix theory partition
function.
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2.1 Old matrix models & dynamical triangulations

Matrix models were first used in the context of quantum gravity around 1990, when people thought of
describing low-dimensional quantum gravity through matrix integrals [73, 49, 102, 101]. The idea
behind such models is to discretize the string world-sheet, before taking a continuum limit that
would include naturally the contributions of surfaces of all possible genera, thus predicting the genus
expansion of perturbative string theory from a non-perturbative theory. The simplest of such models
is defined through the discretization of 0-dimensional string theory, whose action is:

o0
Z=> /Dhe’BA+7X, (2.1)

g9s=0

where hgp is the (euclidean) metric tensor of determinant h on the Riemann surface parametrized
by the two coordinates ¢! and o2, A = i Vhd?0 its area, while its genus gg is related to the Euler
characteristic y through the Gauss-Bonnet theorem:

1
X = E/R\/f_ld20=2—2g5 (2.2)

and R is the Ricci curvature of the surface. The metric integration is defined as Dh = Dh11Dh12Dhao.
On the other hand, 8 and «y are real parameters (“coupling constants”). We then wish to replace
both the metric path integration and the infinite sum over surface topologies by a single sum over
all possible discrete geometries of the string world-sheet. It turns out that we can obtain interesting
critical behaviour, even if we restrict the possible discretization to equilateral triangulations only.
Since a flat hexagon can be covered by 6 equilateral triangles, we can represent positive (resp. negative
curvature) at each vertex by the coincidence of less than (resp. more than) 6 triangles. We denote
here by N; the number of triangle touching the vertex ¢

In appropriate units, the area is simply given by the total number of triangles, i.e. A =1/3%", N;,
since each triangle has three vertices. The discrete definition of x is known to be x =V — E+ F, where
V, E and F denote the number of vertices, edges and faces, respectively. In a triangular discretization,
each face is surrounded by 3 edges, while each edge separates two faces. In consequence, there is a
relation 3F = 2FE that gives the Euler characteristic as: x = V — 1/2F. Furthermore, V is simply
given by >, 1, while F is given by F' = A = 1/3)", N;, since there is exactly one face per triangle.
We thus obtain: y = *;(1 — N;/6) On the other hand, x = & [ RVhd?s — = 3,(N;/3)R;, so that
the discretized Ricci curvature at vertex ¢ is:

1 — N;/6)

Ry =\ T 27(6 — N;)/N; . (2.3)

2.1.1 Matrix model approximation

Our next task is to construct a matrix integral that produces a diagrammatic expansion that generates
all such random triangulations [48]. Of course, triangular vertices are produced by trilinear couplings,
while edges (propagators) are produced by bilinear terms. We thus need to consider a matrix integral

of the form: .
_ 1ar2 3
/dMe Tria M+ M%) (2.4)

10
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where M is some N X N hermitian matrix, g is the coupling constant,
N N . .
dM =[Jam} [] dReM;dImM;}, (2.5)
i=1 i,j=1,i<j

and we normalize the result by:

/dMe_TT(%Mz) =1. (2.6)

Of course, this integral can be expressed as:

oo(i)k dM (Tr(M3))k e 1Tr(GM?) | (2.7)
St/

which is a sum over diagrams containing k vertices. The contribution of each of these diagrams can
be computed thanks to:

/dM M;:M;QZMJZZ e~ Tr(zM?) _ il 0 /dM e‘T’"(%MQ“LJM”J:o =
oJl  oJlr

0 0 (L2
=g ¢ o, 29
21 In

through the use of the usual generating functional method. This diagrammatic expansion gives a
surface with trilinear vertices and diverse polygonal faces, all closed thanks to the matrix traces. By
putting a vertex on each face of this diagram and by connecting together with edges all those pair of
new vertices that correspond to faces that share a boundary, we obtain the so-called dual diagram, that
has triangular faces, but diverse types of vertices. This is of course, the desired random triangulation
of a Riemann surface. Since the dualization exchanges the roles of faces and vertices, the diagram
with k vertices of order ¢g* in the matrix integral corresponds to a random triangulation with & faces
in the discretized string theory picture, i.e. to a Riemann surface of area k, which allows us to make
the formal identification g = e #. Furthermore, because of the multiple matrix traces, the matrix
integral generates connected as well as disconnected diagrams. The free energy from the matrix point
of view is thus the partition function from the string theory point of view. The precise correspondence

is then:
—Tr(Ln? 3
eZ:/dMe Tr(gM +~/LWM), (2.9)

Note that a rescaling M — +/NM gives the action as: NTr(1/2M? — gM?) with an overall factor of
N. In this formulation, we see that each propagator (edge) is accompanied by a factor of 1/N, while
each vertex of a diagram brings a factor of N. On the other hand, each closed loop (building a face in
the diagram) is described by a trace, which brings another factor of N. in consequence, each diagram
carries an overall factor of:

NV=E+E = NX = N?2720s | (2.10)

As x remains unchanged under the dualization of the diagram, which exchanges V and F, while
keeping F, this remains true for the discretization of the world-sheet. In consequence, we have the

11
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correspondence: N = e¢7. Furthermore, we can arrange the result:

Z(g) =Y N*"*"Zy(g) (2.11)
h

as a sum over topologies.

2.1.2 The orthogonal polynomial method

There is an efficient method to solve simple matrix models called the orthogonal polynomial
method [39]. The idea behind it is to diagonalize the matrix M and integrate over its eigenvalues and
the diagonalization matrix instead of the elements of M. Since M is Hermitian, it can be diagonalized
by a unitary transformation described by some U(N) matrix U through: M = UtDU, where D is some
real diagonal matrix. Since the Jacobian of the variable transformation only depends on infinitesimal
variations of D, it can be calculated using the linear approximation: U = T+ 4T + ..., where T is
a Hermitian matrix, so that Ut =1 —4T +.... In particular, M = D + i[D,T] + .... In terms of
elementary matrices E'Z-J = &;®e" (that are defined to have only one non-zero element equal to one at
line 7 and column j), T' can be described as: T = Zi,j eijEij with eij e CVi,j =1,...,N, eij = (eij)*,
while D can be simply described as: D = ), \;E;'. To derive the Jacobian of the transformation,
noting that the (m,n)-th element of Eij is given by: (Eij )™ = 6747, we should first compute:

(B ESN™, =Y 07 a50p6, = (B8 (2.12)
]
so that: ' ' .
(E/,E,') = E's, - E5 . (2.13)
In particular, this implies that:
[D’T] = Z Ai(eijEij - GJZE]Z) ) (214)
2%
so that: . .
([D,T])"; = (N — Aj)e'; - (2.15)

This means that M depends only on eij for 4 # j, which gives the correct number of independant
variables, with the N? real independant components of the Hermitian matrix M replaced by the N
real eigenvalues \;’s and the N(N — 1)/2 complex parameters eij for i < j. Thus, while M depends
on A as:

oM,

e 6F and
k
aMZJ - 1 (sk k - .
Vel i€'; (67 — 67) fori # 5 , (2.16)
M depends on € as:
MY
9 j’ = 0and
Oey,
ok = (A — ;)65 for i # 5. (2.17)

12



2.1 Old matrix models & dynamical triangulations 13

Thanks to OM", / 86?; =0,0M ZJ /O, doesn’t contribute to the determinant, while 9M°, /O, contribute
as 1, thus reducing it to:

« TrOMY N )

_ s J _ . )

J= > (-1 ._H. .W_..H .()\z—)\]) : (2.18)
TESN2_y 4,J=1,i#] w(j)  HI=1i<]

Furthermore, the action doesn’t depend on the ¢;;’s, which reduces the matrix integral computation

to:
N

/ de i — Aj)2e™V (2.19)

t,j= 1 <g

In fact this product of eigenvalue differences can be written as a determinant, called the Vandermonde
determinant in the literature. Taking N = 3 for illustration, the usual properties of the determinant
allows to rewrite the jacobian as det()\J 1) since:

_ 1 A A2 1 X 2 1 X\ 22
detO =11 X M |=][0 X=X X=X |=|0 M-\ A2 — A2 :
1 X3 M 0 A3—A A2 0 0 (A3 — A1) (A3 — X2)
so that for general N:
N
AN = ] i=x)=det(\] ) (2.20)
ij=1,i<j

To compute the integral, we now have to introduce an infinite set of polynomials { P, () }2° ; orthogonal
with respect to the measure:

/ drxe ™ VNP (N Pa(N) = Bnbmn (2.21)

normalized so that P,(A\) = A" + ..., hence the constant h,. We can then replace det()\g _1) by
det(Pj_1(X;)), since adding polynomial of lower orders in each column doesn’t change the determinant.
Again, we illustrate this idea for N = 3:

1 X\ A% 1 M+ec A%—k/\1+d
‘j_l = 2 = 2— = - 5
det(N ") =11 X A 1 XA4c M-k +d | =det(Pj_1(N))
1 A3 M 1 M+c M—Fk\3+d

for any kind of polynomials normalized as P,,(A) = A"+.... Given that property, the task of computing
the partition function reduces to the computation of:

2

/ [T dxi(det(Pi—1 (X)) / Hd,\ > H i1 (i) | eV (2.22)

eSSy i=1

In each term of the sum, the integrals on the A; factorize, giving non-zero results only for terms
containing HZ]\L 1 PZ-Q_I()\W(i)), thanks to the orthogonality property. In other words, cross-terms do not

13



14 Chapter 2: Matrix models for quantum gravity

contribute to the result. Furthermore, each term contributes the same Hii1 h;_1 and there are N! of
them. We finally obtain:

N-—1 N-1
Z=N!'[] hi=Ng ] £77F, (2.23)
= k=1

where fi = hy/hg_1. Of course, the values of the f; depend on the measure, or in other words, on
the specific matrix model potential.

In the naive (planar) large N limit, we set: x = limy_,00 k/N and f(x) = limy_00 f(k/N) =
In this limit, we obtain:

1 1 — N—oo !
FZ: N2 (ln(N')—i—Nln ho) +§ (N — k) In( fk> — C’—i—/o (I —x)In(f(x)dx . (2.24)

To determine f(x) more precisely, note first that: AFP,(\) = njl a; P;(\) for:
0

k3

a; = hi! / drxe VAP, (A P(N) . (2.25)

For even potentials, [ dxe™VMAP,(A)P,()\) = 0, so that a,, = 0. Since also [ die™VMAP(A\)P,(\) =
0 for all : < n — 1, AP, is simply:

AP, (A) = Poy1(A) + raPa—1(A) (2.26)
for some scalar coefficient 7.
Furthermore:
n = / dre ™ VINB, (NP, (A / dre ™ VOB, (NP1 () = rohn_1 (2.27)

so that r,, = f,. Similarly, differentiating (2.26), we obtain:

AP, (N) = Py (N) = Pa(N) + 1Py (V) (2.28)
so that (using Ph;(\) = (n+1)Pa(M) + X140 aiPi(V):
nhy, = / dre™ VMNP (X / dre™ VNP (N rp Py 1 (N) =1 / dre ™ VNV NP,V P, 1 () ,

(2.29)
after integration by parts.

2.1.3 The genus zero partition function

We now want to use (2.29) to find an expression for f, = 7, and consequently, for the partition
function. Take for example the potential:

1/, X X
V(A = % </\ +W+b—) : (2.30)

14
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with derivative:
A3 N
gV'(\) =X+ 2+ 3bﬁ : (2.31)

To compute (2.29), we need to calculate integrals of the form: [dle™VA?~1P, P, ;. Using repeat-
edly (2.26), we can rewrite:

n+2p—1
PP = Y alP;, (2.32)
i=n—2p+1
where a; is a homogeneous polynomial of order (p + (n — 1 — 7)/2) in the variables r,_9p,...,7n42p

containing (*7; 1) positive terms for odd #’s and a; = 0 for even i’s. Together with the orthogonality
&1

relation, this reduces (2.29) to:

2
ng = rn(l + ﬁ(?"n+1 +rn+ o)+

3b
+F{Tn+l(rn+2 +rpy1 + Tn) + Tn(’rn+1 + 7y + rnfl) + Tnfl('rn+1 +rp+rp-1+ Tnf2)}) . (2'33)
In the large N limit, with r,+1/N — r(x £ €) for e = 1/N, this goes to:

gx = m(x)(1 + 67(x) + 30br%(x)) + O(1/N) corrections = W (r(x)). (2.34)

Expanding W (r) near a critical point r. as: W(r) = g. + 1/2W"(r.)(r — r¢) + ..., we can guess the
critical behaviour as':
r(x) = e o< lge — gx|'/? . (2.36)
Since (2.27) implies that 7(x) = f(x), we obtain from (2.24) the large N behaviour of the partition
function near the critical coupling g..
For general even polynomial V/(\) = 1/(2¢9) >_%, bpA?P, the remark below (2.32) tells us that a, 1

will always be a p-th order homogeneous polynomial containing (2”;1) positive terms, so that:

gx = pz::l %bpﬂ’(x) + O(1/N) corrections . (2.37)

Through fine-tuning enough of the parameters b,, we can in principle reach an m-th order critical
point where gy = W (r) is such that all derivatives W@ (r = r,) vanish Vi = 1,...,m — 1 [114]. This
more general critical behaviour is then:

r(x) — e  |ge — gx|™ . (2.38)

This relation? defines the critical exponent v = —1/m, usually called string susceptibility.

'Tf b = 0, we can solve exactly for r(x) and we obtain:
r—re = (1/V6) (9x — g:)'""* . (2:35)

for g = —1/24 and r. = —1/12.
*In our example, if we set b at the critical value b, = 6/15, we have 7. = —1/6, g. = —1/18 and the tricritical
behaviour is then:

r(X) = rc = (I/W) (gx — 90)1/3 . (2.39)

15
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In such one-matrix models where f(x) = r(x), the leading singular behaviour of f for large N is
then:

fFX) = feoc|ge —gx|[™7 - (2.40)
For g ~ g., the g-dependent part of the partition function is determined by the region where y ~ 1,
where the above estimate is valid. Putting (2.40) in (2.24) and using In(f) = In(f.) + In(1 — alg. —

9x|™7) o< |ge — gx|~7 this determines the behaviour of the partition function in the neighbourhood of
the critical coupling as:

1

1 ! _ _ L -
e /0 (1= x)lge — gx|dx ~ (1 = x)lge — gx| "+ +/0 (1=2x)lge —gx| " ldx  ~
0
© n
e — 9x| 9e 7?:0 W TB—7—1) (9/9¢) (2.41)

For large n, the Stirling’s formula predicts an asymptotic of the type: n”~2 for the coefficients, which
determines the contributions of surfaces of large area, i.e. big n, to the partition function, a result
that we will test again a string calculation in the end of this chapter to understand which critical
points correspond to which kind of non-critical string theories in the continuum.

Of course, there is no full proof that the large N limit of matrix integrals is able to reproduce the
properties of the continuum theory, but there is a variety of tests supporting this conjecture (see [115]
for a review).

2.1.4 The all genus partition function

To discuss the contribution of higher genus surfaces, we should keep higher terms in the 1/N expansion.
Coming back to the example treated above, this means that we shall consider the complete expression:

gx = r(x) (1 +2(r(x +€) +r(x) +r(x —€) + 3b{r(x +e)(r(x +2€) +r(x +€) +r(x)+
+r0)r(x +e) +70x) +rx =€) +r(x —e)(r(x +€) +r(x) +r(x —€) +r(x - 26))}) =

= 70O+ 610+ 308r(0)) + ) (20700 + 180(2r (000 + (00)%) )+
64
+ 5700 (2900 + 335 (2r(0r 90 + 4500V 00 + 30" () ) + O(E). (2.42)

To obtain an interesting large N limit, we want to transform the large N expansion (2.11) into an
expansion of the type:

Z(g) = K2 2Z4(g), (2.43)
h=0

where k is kept fixed in the limiting procedure. This is possible if the partition function scales in an
appropriate way near critical coupling. We already know that:

Z(g) = N*(lg — ge|*’c+..) + > _N*"Z,(g), (2.44)
h=1

16
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which suggests to take k=2 = N2|g — gc|5/ 2. In other words, we want to approach critical radius as:
g—ge=r PN (2.45)

while keeping « fixed at some finite value. To obtain a simple-looking result, we introduce a new
variable z related to x through: gx — g = g~ */3(1/2W" (1))~ V/®(—6rc(1 + 15br,))*> N=*/5z and the
rescaled functional:

Iz) = g*3(1)2W" (r.))3/® (—6rc(1 + 15br.)) YO N5 (r(x) — re) (2.46)
so that: 5 5
9 ~1/5 9

eaX x N % (2.47)

With these rescaled variables the expansion (2.42) turns into:
z=12(z) —1/31"(z) + O(N~2/%) . (2.48)

In this improved large N limit, the behaviour of the partition function containing the contribution
of surfaces with all genera is thus determined by the solutions of the Painlevé I differential equation:
x = 1?(z) — 1/31"(z). Its perturbative solution with leading term z'/2 o £=2/® is of the form:

I(z) = 2'/?(1 - Zuk:v_5k/2) , (2.49)
k=1

2 2

where the uy, are all positive, so that the leading term in Z(x) will be of order 25/ & k2 as anticipated
in (2.43). From (2.46), I(z) < N?/5(r(x) — r.) and we can obtain the critical behaviour from (2.24).
For large k, the ug grow as (2k)!, so that the perturbative solution is not Borel summable. This might
lead to wonder whether perturbative agreement between matrix models and gravity extends to a full
non-perturbative equivalence or not.

For the higher order critical point reached by tuning b to critical value b, = 6/15, since Zy(g) =
aN?|g — gc|7/3 +...,weset k2= N?|g— gc|7/3. Again, to make the result look simpler, we introduce
a new variable through: gx — g. = 187 /7(g/N)% 7z and rescale:

i(z) = (864)/T(N/9)*T(r(x) — 7)., (2.50)
which leads to another differential equation:
z = P(z) —(z)l"(z) — 1/2("(2))* + ol® () . (2.51)

where a = 1/10 with our choice of potential. We can also solve this differential equation through a
perturbative expansion, which will be of the form:
5 o
() =231 =) vopa™ /%), (2.52)
k=1

with 2= 7%/3 & K2k as it should be. The signs of the v; depend on the particular value of a. They are
all positive for @ < 1/12, in which case such matrix models describe the unitary theory of quantum

17



18 Chapter 2: Matrix models for quantum gravity

gravity in 2D coupled to the Ising model. On the contrary, our specific model is not unitary. It rather
describes the Yang-Lee edge singularity coupled to gravity.

For a general even potential, we can reach a critical point of order m, in other words with critical
exponent ¥ = —1/m, where we will have Zy(g) = aN?%|g — g¢|>™” + .... In that case, we will take:
k2= N2g — g.|*", gx — ge x NO=2/2g and

Uz) o« NP2 (r(x) —7,) , (2.53)

which will lead to the m**-order hamiltonian density for the Korteweg-de Vries hierarchy of differential
equations. We will not explain this connection here, but rather turn our attention to the corresponding
string calculations, to establish a relation between m and the number of fields that we couple to two-
dimensional gravity in the Liouville approach.

2.2 Non-critical string theory and the Liouville action

Let us here sketch how to treat non-critical bosonic string theory, when D # 26 [140, 58, 45, 46,
88, 87, 86, 85]. In that case, since there is no conformal symmetry to gauge all three independent
components of the world-sheet metric, we should treat the conformal factor as an additional dynamical
field, described by a Liouville-type action, as we will explain below, following the conformal gauge
approach of [70]. Starting from the (euclidean) string theory partition function:

_ DhDX —S8(X;h)—£ JVhd?c
Z = 7V01(Dz'ff)e ) (2.54)

where Vol(Dif f) is the volume of the diffecomorphism group of the string world-sheet, hgy, is the
world-sheet metric, h = det(hgp) its determinant, o' are coordinates on the world-sheet and S(X; h)
is the bosonic string action given by:

S(X;h) = Si / K9, X", X Vb o (2.55)

™

for fields X*# describing the string propagation in a flat D-dimensional space-time. To define the
integration, we need to normalize the measures Dh and DX in an appropriate way. For example, we
can require that:

/Dh((SX)ef‘SX”X”‘/Edz" =1, (2.56)
and similarly for Dh (see [77] for more details). More interesting for us here is the fact that the mea-
sures, though diffeomorphism-invariant, are not necessarily invariant under conformal transformations
hap — €“hgp. Since the normalization above depends on h,it turns out that:

Dyop X = eis=S1@D, X | (2.57)

where S7, is called the Liouville action, given by:

Sp(X;h) = /(%habﬁawﬁbw + Rw + pe?)Vhd?o . (2.58)
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2.2 Non-critical string theory and the Liouville action 19

This result can be derived diagrammatically, via the Fujikawa method, or via an index theorem [7].
The metric has also a similar anomalous variation under conformal transformation. Without going
into too much details, it involves replacing the metric integration [ Dhi1Dhi2Dhae/Vol(Dif f) by an
integration over a conformal factor ¢ and ghosts b and c¢. Indeed, if we choose a representative metric
il,ab(’l') for each point of the moduli space of metrics relevant to the considered Riemann surface, any
metric can be reached through a diffeomorphism f and a conformal transformation parametrized by
¢ through:

f*h = e®h(r) . (2.59)
Gauge-fixing the diffeomorphism group to h(7), we obtain:

Z = / drDy¢Dp X Dy, (gh)e St =San(beih) =45 [ Vhd®o (2.60)

where f dr is the finite dimensional integration on the moduli space of metrics, Dy(gh) = Dpb,,
Dy c*DpbzzDpc? is the ghost integration and Sgy (b, ¢; b) is the ghost action from the Faddeev-Popov
determinant:

Syn(b,c;h) = / (b, V6% + b5:V,*)Vhd?o . (2.61)

The ghost measure also has a conformal anomaly proportional to the Liouville action when we rescale
h — e“h:
. _ 26 SL(w)
Dewh(gh) = e 48r Dh(gh) . (262)

In standard bosonic string theory, we would set D = 26 to obtain a conformally-invariant quantum
theory. Here, we are rather interested in obtaining results that can be compared to matrix theory
results, in other words, we want to study low-dimensional non-critical string theories. Since it is
difficult to compute the Weyl anomaly in Dj ¢, instead of trying to find the correct action for the
Liouville mode ¢ that gives rise to a Weyl-invariant theory, we will assume [126, 65] that it takes a
Liouville-type form and impose conformal invariance on the overall path integration:

Z= / d7D; $D; X D; (gh)e S —San ()= (b1 1120 0u00u0-+ha Rt )W o

to determine the correct constants ki, ko and A. This is possible since, contrarily to Dp¢, the inte-
gration measure Dj; ¢ does not depend on ¢. In other words, it’s the measure of integration for a free
field. Using (2.57) and (2.62), we find:

25—-D 25—-D

Mi=—ger %27 gga

(2.63)

In particular, if we rescale ¢ — 1/12/(25 — D)¢ so that its kinetic term is normalized like that of the
X'’s, the two first terms in the action for ¢ are written as:

8% / (A9, 98y + QRI)V I 20 (2.64)

with:

Q= , (2.65)
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20 Chapter 2: Matrix models for quantum gravity

so that the leading short-distance behaviour of the operator product expansion of the energy-
momentum tensor 7' = —1/20¢0¢ + Q/20°¢ is given by:

T(2)T(w) =~ 1/2 +... (2.66)

L
(z = w)*

with the central charge c; = 1+ 3Q?, so that the total conformal anomaly indeed vanishes. To
determine A, or rather some related « for the rescaled ¢ field (chosen so that pe®® appears in the
Liouville part of the action), we require that the actual physical metric is indeed hqp = = hae ¢ 50
that [ 4/ h;beo“z’d?o is the actual world-sheet surface. For this sake, we impose that this combination
is conformally invariant, or in other words, that e*® has conformal weight (1,1). This sets:

1

o= m(\/% D—-+1-D). (2.67)
In consequence, for D < 1, @ and « are real and the Liouville theory is well-defined. For D > 25,
both « and @ are imaginary and we should Wick rotate ¢ — —i¢ to get a real physical metric. This
gives a time-like kinetic term to ¢. Precisely for D = 25, ¢ can be seen as a free time coordinate in
target-space and we recover the critical bosonic string theory. However, in the most interesting régime
1 < D < 25, a is complex and @) is imaginary and we do not really know how to make sense of the
Liouville approach.

2.2.1 String susceptibility in the Liouville approach

We saw in the part about matrix models that an m-th order critical point determined a scaling
behaviour of string susceptibility y = —1/m. In this subsection, we want to show that this corresponds
to a Liouville string theory embedded in a target-space of dimension D < 1, so that both approaches
can be compared in a meaningful way. We’re interested here in the partition function for a world-sheet
of fixed area, more precisely:

Z[A] = / drD; ¢D; XD; (gh)e~SXobeh) §( / Vhe®d?o — A
and we define the string susceptibility -y as the critical exponent in:

Z[4]

where x is here the Euler characteristic of the world-sheet we consider. To determine -y, we note that
the integration measure does not change under the shift $ — ¢ + p/a for a constant p. On the other
hand the action changes as:

Q/R¢x/i_zd20—> Q/R¢\/i_zd20+ @/R\/i_zd%. (2.68)
8w 8 8o
so that:

Z[A] :/dTDﬁqSDBXD;L(gh) —S(X,9b.eh) = 38X 5 ep/\/_ea¢d2o— = e~ X P Z[eP A
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2.2 Non-critical string theory and the Liouville action 21

since d(e? f(p) — A) = e P6(f(p) —e P A). In particular, we can take e = A and we obtain the scaling
behaviour: o
714) = a-Ex-1771)

so that:

7:2—%:iaD—1—VKD—%ﬂD—DL (2.69)

When we compare this definition with the matrix model definition:

S 2.70
v g (2.70)

we see that m and D should be related as:

6

D=1- m , (2.71)
so that the large IV limit of a one-matrix model with a critical point of order m should describe a theory
of two-dimensional gravity coupled with a conformal field theory of central charge D =1 — W.
For example, m = 2 corresponds to the pure gravity case D = 0, while m = 3 corresponds to gravity
coupled to a 1/2-boson, i.e. a fermion. This is the conformal field theory of the critical Ising model.
Of course, this relation loses meaning for D > 1, showing as usually that D = 1 is a barrier for the
central charge of a conformal field theory.

This chapter only covers very early results about two-dimensional gravity and matrix integrals,
but there is a vast literature on the subject that we won’t attempt to cover here. Instead, let us point
to some good review articles like [40, 90, 66, 89, 8, 9, 47, 50, 100] and the references they contain.

Although the results exposed in this chapter are very interesting and offer a first example of how
a matrix model can be used to study the non-perturbative régime of a string theory, it is clear that
they are not really relevant to the problem of finding a non-perturbative definition of the known
ten-dimensional critical superstring theories, since their scope seems to be limited to the study of
low-dimensional systems. On the other hand, following these earlier developpments, other approaches
involving more elaborate matrix models have been suggested to provide a non-perturbative definition
of type II superstring theories. That is what we will study in the next chapters.
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Chapter 3

DO-branes, membranes and the BFSS
matrix model

This chapter is certainly the core chapter of this review on matrix models. Most motivations for
the research project described in chapter 5 find their source here. Indeed, there have been numerous
calculations in BFSS theory that show a remarkable agreement with supergravity results, although
more work has to be done in that direction. It is probably the most attractive proposal so far in the
search for a non-perturbative definition of M-theory.

We have four main goals in this chapter. First, we want to explain the connection between the
low-energy effective action for a Dp-brane in string theory and the N' = 1 super Yang-Mills theory
dimensionally reduced from 10 to p + 1 dimensions. This allows us to see the BFSS matrix model
with gauge group U(N) as the low-energy effective action for N D0-branes in type ITA string theory.
Second, we want to explain the BFSS conjecture that states that M-theory in the infinite momentum
frame can be described by the large N limit of this supersymmetric matrix theory and the related
more controversial finite N conjecture of Susskind. Third, we will study the supersymmetry algebra
of the model in details to shed light on the brane spectrum of the theory. That will lead us to the
conclusion that the transverse M5-branes we would expect from the M-theory point of view seem to
be absent of the BFSS theory, perhaps because of the infinite momentum frame limit. Finally, we will
discuss a classical theory of supermembranes and we will show how its light-cone frame expression
can be regularized through the replacement of Poisson brackets by commutators, leading again to the
same supersymmetric matrix quantum mechanics.

To put a long story short, this chapter shows a kind of duality between the world-volume theory
of an M2-brane and the low-energy effective action of many DO-branes in type ITA string theory. Note
that the we will obtain a parallel result in the following chapter where we will identify the world-sheet
theory of a fundamental F1-string with the low-energy effective action of many D(-1)-branes, more
properly called D-instantons.
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 23

3.1 N =1 super Yang-Mills Theory in 10 dimensions

Since we can see various matrix models [20, 107, 67] as dimensional reductions of N'=1 super Yang-
Mills Theory (SYM) in 10 dimensions [91, 92, 52], we will first briefly study this case. This theory
contains only massless fields, a non-abelian vector field A, and an adjoint Majorana-Weyl spinor ¥ of
16 real components, that we can choose to take as left-handed (see the Appendix for conventions on
spinors and Dirac matrices). All fields are themselves matrices in the adjoint representation of some
Lie group and the theory has a local gauge invariance under its adjoint action. A, is the connection for
that gauge symmetry and can be developped as A;, = A;T“ on a basis of the gauge group’s Lie algebra
given by Hermitian generators satisfying [T, T%] = if “bCTC for some totally anti-symmetric tensor £
(there exists a basis of the Lie algebra in which f%¢ is anti-symmetric whenever the Lie algebra is
the direct sum of commuting simple and U(1) Lie subalgebras [84, 161]) and Tr(T® - T?) = §%. Of
course, ¥ can also be decomposed as ¥ = ¥*T*. We define the gauge covariant derivative as: [D, ¥] =
0, ¥ +i[A,, ¥] and the non-abelian field strength tensor as: F,, = %[Du, D)) = 0,A, -0, Au+i[Au, A,
so that: Fj, = 0,47 — 0, A, — fabCAZAﬁ. These fields have a gauge-invariant action in 10 dimensions
given by:

Ssyar = - /Tr <—1FWFW + 2UTH[D,, \I/]) dOz | (3.1)

910 4 2

This leads to the following equations of motion:
(D, F™] = %{\Iz,r"qf} . T¥[D,,¥]=0, (3.2)
and it is supersymmetric under the field transformations:
) 1
SeA, = —%aﬂuqf L 8T =—ZF, T, (3.3)

Indeed, the variation of the action §.Ssy s is

% /TT(%(GP”’VPFNV[D'O,\IJ] — \TJI‘NVPG[’DP,FW]) — IL'gFMVPM[DV’ o) + z‘I‘I‘“[DV ] )dlo
4910 ol / (0L ) (P T T¢)d! s =

4;10 T?"( - —(GIWVp\P[Dpa Fuu] + ‘IJI‘IJuPG[Dp, FW]) + e O[DY, F/W] 4T e D, W])dml‘_
492 fabc/(gru‘l,a)(@bru\I,C)dlox _ -,

4_%'0 /TT(GI‘NVP\IJ[’D ] + fabc(gru‘lla)(\ibr“\llc))dmg;,

after using partial integration in the first step and Majorana fermions properties in the second. The
first term disappears in all dimensions due to the Bianchi identity ¢#*?[D,, F,,] = 0. The second term
vanishes thanks to a Fierz transformation valid in certain special dimensions only, specifically in 3,4,6
and 10 dimensions. The proof of this fact (for D=10) can be found in the Appendix B.4.
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24 Chapter 3: D0O-branes, membranes and the BFSS matrix model

3.1.1 Dimensional reduction, D-branes and SYM theory

In fact, besides being a supersymmetric theory of 10-dimensional gauge fields, N’ = 1 super Yang-Mills
theory in 10 dimensions with U(N) gauge group can also be seen as some simplified low-energy field
theory describing a bunch of N space-filling D9-branes in superstring theory. To be more precise, the
bosonic part of the action for a single Dp-brane is given by the Born-Infeld theory (generalized to
non-trivial backgrounds) described by [124]:

Spr = -T, / e*"’\/— det(Gap + Bag + 2ma/ Fap) dPTIE (3.5)

where «, 3 are world-volume indices taking p + 1 values from 0 to p. The fields G,g, Byg and ¢ are
the pullbacks to the Dp-brane world-volume of the bosonic fields of the massless N’ = 1 supergraviton
multiplet in ten dimensions, the metric, the Kalb-Ramond anti-symmetric tensor and the dilaton,
respectively. They appear in the massless spectrum of all consistent supersymmetric string theories
in 10 dimensions. On the other hand, F,g3 is the field strength tensor of a U(1) gauge field A, living
on the brane’s world-volume, giving Chan-Paton charges on the ends of open strings attached to it
from a string theory point of view. Finally, for p = 1, the string tension would be given by T =
which defines the meaning of o/, the squared string legth.

2mal?

Although this action can be shown to reproduce the open bosonic string computations correctly, it
is a very difficult problem to generalize it. The supersymmetrization, as well as the inclusion of several
interacting D-branes (leading to a non-abelian gauge field) are not completely understood, especially
for non-trivial backgrounds (for some recent accounts about it, see [156, 38, 36, 37, 35, 43, 76]). In the
single bosonic brane case, the validity of the Born-Infeld action above has been tested through string
perturbative calculations by [18, 30, 29, 6]. Such calculations also set the branes’ tensions to be:

1 1
T, = N (3.6)

For a detailed review of Born-Infeld theory for branes, see for example [139, 138, 137]. However, since
Born-Infeld theory is highly non-linear and hard to handle, we will be interested in some simplified
versions of it in the present work. For that sake, we start by enumerating a few simplifying assumptions
that allow to reach a useful polynomial approximation of the Born-Infeld action. We suppose the
following facts:

e The 10-dimensional background space-time metric is flat Minkowskian.

e The brane is sufficiently flat so that we can identify the first p 4+ 1 space-time coordinates with
the world-volume coordinates A, (an assumption customarily called static gauge).

e There is no background B-field .
e The dilaton field is constant along the brane.

e Both 9,X® (for X% describing transverse directions with a =p+1,...,9) and 27a/F,g are not
too big on the brane’s world-volume and of similar order of magnitude.
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 25

Under such conditions, the determinant can be expanded as follows:

det(Gop + 2 Fop) = det(nep + 0o X0 X* + 2ma' Fyp) =
1
= det(1ap) — aX*0° X" — 5(2m')2paﬂpaﬂ + O((8X)*, F*, (0X)% - F?).

(3.7)
The second equality is exact for p = 0,1, while for example:
1
det(nag + 0o X0 X% + 210’ Fop) = det(1)ag) — 0a X0 X — 5(2wa')2Fa5Fa’3—
N2 pa yB 1 Y4, af a a
— (2ma)*(F,F" + §F7,5F N*)0, X0 X (3.8)

for p=2. In any case, leaving out the fourth-order terms, the action can be approximated through:

Tp V}) Tp

S =
P gs 4gs

/ ((2m’)2FaﬂFaﬂ + 28aX“6°‘X“> g (3.9)

where V, is the brane’s volume V, = [ /det(nq3)dP 1z and g, is the string coupling g5 = exp(< ¢ >),
determined dynamically by the dilaton expectation value. Taking p = 9 as a first example, we see
that this action corresponds to 10-dimensional YM theory if we take the ten-dimensional Yang-Mills
coupling to be:

gl = (%jﬁ = (2m)7a, (3.10)
In this case, however, the generalization to fermions and several D-branes is rather straightforward,
since N' = 1 SYM theory in 10D is essentially unique. However, this correspondence is not limited
to D9-branes, we can dimensionally reduce 10-dimensional N’ = 1 super Yang-Mills theory to p + 1
dimensions and obtain a theory of Dp-branes. To do so, we suppose that the fields do not depend on
the toroidally compactified dimensions z® anymore, so that the derivatives and integrations in these
transverse directions are trivial and the covariant derivatives become transverse scalars. Specifically,
this reduction involves the replacement:

iDy = 0y — Ag — (21d/) ' X,Va=p+1,...,9 (3.11)
— Fab = l'[IZ)aai)b] — (27ra')_2i[Xa,Xb]Va,b:p+1,...,9 (3 12)
Fop = 3[Da,Dp] — —(27a/) Dy, Xp)Vb=p+1,...,9, a=0,...,p '
Starting from (3.1), we obtain the following Dp-brane action:
2m)9~P e
5, =Tt T [y (- gy red - a(amd!) 2D X107 X7+
910
+(2ma’) X, Xp|[X?, X] + 200T%[D,,, U] + 2(2ma’) L1 UT[X,, fo])dP“x : (3.13)

Of course, one should rescale the action so that it remains finite in the limit where the compactification
radii become null. A way to do this is to match the normalization of (3.13) with that of the Born-Infeld
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26 Chapter 3: D0O-branes, membranes and the BFSS matrix model

action (3.5). This gives us:

1 1 1 1
Sp=—5— TT(—ZFaﬂFQB - 5(2Wa')_2[pa,Xa][DaaXa] + Z(Qﬂa')_4[Xa,Xb][XaaXb]+
gp—|—1

- 1 )
+%\11Pa[pa,x11] + 5(27ra’)*1x1r1“a[Xa,\1:])czlf’+1x, (3.14)
with a p + 1-dimensional Yang-Mills coupling given by:

2 Js _ -2 [ﬂ
ot = Gy, ~ T4 (3.15)

Note that it is a non-abelian generalization of (3.9), accounting for N Dp-branes if the gauge group
is U(N). Indeed, as can be understood easily from open string theory, the U(1)" gauge symmetry of
N D-branes is enhanced whenever two branes are coincident, reaching the maximally symmetric case
U(N) when they all lie on top of each other. In the string theory language, if we start with an open
string stretched between two D-branes and push them together, the string energy will progressively
drop to zero, allowing new massless vectors to appear in the string spectrum.

3.1.2 T-duality

We now want to show how the above dimensional reduction process can be reversed through the
matrix analogue of string theory’s T-duality. To illustrate the ideas involved, let us first study T-
duality in the case of one compact direction, for the space R® x S'. In string theory, T-duality
corresponds to the inversion of the circle radius Ry to a dual radius Ry=a /Rg. Besides exchanging
type ITA with type IIB string theory, such an operation changes the boundary conditions for open
strings, exchanging Neumann with Dirichlet boundary conditions in the T-dualized direction (here,
X9). Since the presence of Dirichlet boundary conditions are usually interpreted through the presence
of D-branes on which open strings’ends are attached, a T-duality also transforms Dp-branes into
D(p £ 1)-branes. More precisely, if a Dp-brane is wrapped onto the compact direction in the original
theory, the strings’ends are free to be at any value of Xg and the boundary conditions are Neumann
in that direction. After T-duality, the boundary conditions change to Dirichlet, which means that the
strings’ends are kept fixed at some precise value of Xy, thus, the D-brane’s position is now fixed in the
9-th direction, meaning that it was unwrapped and has now become a D(p — 1)-brane. Reciprocally, a
Dp-brane that was originally unwrapped in the 9-th direction will become a wrapped D(p + 1)-brane
after such a T-duality.

To describe mathematically D-branes on a circle, it is useful to think of S' as being the orbifold
R/Z [72]. Instead of describing N D-branes moving on S!, we consider N families of D-branes moving
on R, each labelled by some other index n € Z. Thus, we treat U(oco) doubly-indexed matrices Xomimg
instead of the original U(N) matrices, introducing periodicity constraints to keep the correct number
of degrees of freedom. In string theory language, X,,;; corresponds to a string stretching between
the m-th copy of the i-th brane and the n-th copy of the j-th brane. To make the theory invariant
under the Z action, these matrices should be invariant under a simultaneous translation of 27 Ry in
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 27

the 9-th direction and a relabelling of the indices n — n + 1. More precisely, this means that:

a

=X(m-yi(n-1; > fa <9

mi,ng
X79ni,nj :Xgmfl)i,(n—l)ja ifm #mn (3.16)
Xgi,nj =2mRydi; + X(gn—l)i,(n—l)j :

Dropping the 4,j indices and writing X° as an infinite matrix with N x N matrix as entries, the
constraints give the following aspect to X? around the diagonal:

i X 4 X 4 X 3
X1 X0—27TR9][ X_1 X_2

X_3
xX'=1 X, X X X X5 |, (3.17)
X3 X5 X1 Xo+2mRel X_4
) X3 X5 Xy

where we have set X = X,?O. Such a matrix can be interpreted as a matrix representation of the
covariant derivative operator:
4,0
2mia (— +iAg(%9)) (3.18)
81179
acting on a Fourier decomposition of functions of the type:

f(@) =Y gneio/Fo (3.19)

which are periodic on a circle of radius Ry = o /Rg. The partial derivative part 2wic/ o acts on it by
multiplication of the n-th term in the sum by —27na’/Rg = —2nmRg. Writing the Fourier components
as a column vector as:

N

oo ...
[y

(3.20)

(=)

|
N —

‘S~>‘|S~>

\

it acts on it like the diagonal matrix: diag(..., —4mRg, —2m Ry, 0,27 Ry, 47 Ry, ...). Furthermore, the
connection part: )
—21d’ A(%) = —2nd’ Zflnemj"/R" , (3.21)
n

acts on ¢ exactly as the remaining part of (3.17) if we identify X, ~ —2ma/A,, so that we can indeed
identify the action of X? on a circle of radius Ry transverse to the Dp-brane world-volume with the
action of the covariant derivative 2mwic/ (6%9 +iAg(%9)) on the dual circle of radius o/ Rg on which the
dual D(p + 1)-brane is now wrapped. In particular, if the circle radius Ry tends to zero, a flat infinite
direction appears in the dual theory, effectively reversing the dimensional reduction process described
above.
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28 Chapter 3: D0O-branes, membranes and the BFSS matrix model

3.2 The BFSS matrix model

The interesting hypothesis made by Banks, Fishler, Shenker and Susskind [20] in 1996 is that M-theory
may be described completely through the dynamics of an infinite number of DO-branes (or D-particles),
when expressed in a particular Lorentz frame called the infinite momentum frame (abbreviated as IMF
in the following). Although this hypothesis seems too simple to be true at first sight, it passes a few
important tests, like the comparison with the 11D supergravity result for the two-graviton scattering in
the low-energy limit and the correct spectrum of an arbitrary number of 11-dimensional supergraviton
multiplets of 256 states.
Such a theory of a big number of NV D0-branes can be cast mathematically as a quantum mechanical
theory of N x N matrices with the following action[20, 61]:
1 1 e i | PSS
S = 72 /TT (5([Dt,Xz]) —g¥ D, 9] + Z([XMXJ]) + 59T [XMP]) dt . (3.22)

As should be clear from the previous subsection, the BFSS action is the dimensional reduction from
9+1 to 0+1 dimensions of 10-dimensional ' = 1 super Yang-Mills theory, in which we replaced:
iD; = i0; — A; through X; (rescaling X; by a factor of 27a/ in comparison to (3.14) and writing g1 = ¢
for simplicity).

Varying this action with respect to the various fields (taking fermionic derivatives to be left-
derivatives), we get:

6S i 1 6S

92 _ L ixi D, X — — {0t w -

SA 92[ ’[ t ]] 292{ > }a ba (5(81514) 0,

68 1 . 1 C 1 - 0S 1

— = — —<[A,[D;, X" —[X;, [ XY, X — —{¥, IT"T P = — = — Dy, X;] , 2
6XZ 92[ 1[ ty ]]+g2[ ]7[ ) ]] 292{ ’ }a b 5((9th) 92[ t ] (3 3)
6S 1 1 - . i 0S 1

08 Vit - Lig v b a0t _ _ g

ST 2 [\P 7A] g2 [\I}aXz]F 2g2 (81‘,\P ) ) by (S(Bt\If) 292\P .

That gives us the following equations of motion:

D4 [P, X7 =X, (X7, X)) = {8,170}

[Dy, U] = —iTTY[X;, 9], (3.24)
and the constraint: .
¢ = [X*, 1Dy, Xi]) + 5 {0, 9} = 0. (3.25)
This also allows us to compute the Hamiltonian:
. 2 1 . -
H=Tr(p;0 X" — py0,¥)—L="Tr (%pf — @([Xi,Xj])2 + ipg TOT [ X;, 9] + iAC) ,  (3.26)

where C is essentially the constraint (3.25):

C =[pi,X"] — {pu, ¥} =0. (3.27)
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3.2 The BFSS matrix model 29

This also allows to write the Hamiltonian equations of motion:

SH ., . . SH 1 S - . .
0K =y — 90 AT, o' =~ = 0 X, X)) + (o, TOT' 0} — A,
H . H .
oV = —6— = —‘irorl[Xia\I}] - Z[Aa ‘I(] ) Opw = _6_ = i[p‘I’aXi]FOPZ + Z[p‘I”A]

opw U

which are indeed equivalent to the Lagrangian ones.

3.2.1 The infinite momentum frame

Let us describe the IMF more precisely in this subsection. It was introduced in quantum field theory
by Weinberg [160] to simplify perturbation theory, since the vacuum is trivial in the IMF. Moreover, it
gives a non-relativistic appearance to a relativistic system, in a sense that we will make more precise
below. Starting from a reference frame where particles have an approximately uniform and isotropic
spectrum of velocities, we perform a high-velocity relativistic boost in some direction, so that all
particles acquire a big component of the velocity in that direction. If the sum of all momenta in this
new frame is now ﬁ, we can write the velocity of the k-th particle as:

Py = P + it (3.28)

where ﬁfc- P = 0, > ﬁfc- =0 and ), ny = 1. It is clear that we can find a big enough boost so that
N, will be positive for all massive particles. For massless particles, however, we cannot change the
sign of the momentum of a particle with a boost of subluminal speed in a direction opposite to the
original momentum. We therefore suppose in the following that we avoid taking the boost direction
(opposite to 13) anti-parallel to any massless particles’ momentum. This will be possible except in the
very degenerate case where all particles are massless with parallel momenta. Let’s now assume that
we have reached a frame where all 7, are positive and the boost is big enough so that ;|| P|| > [zl

for all k. Noting || P|| = P, the energy of each particle will be given by:

=] \2 2
By = /i +m2 = P + 7(1%2)77 ;m’c +OP?) . (3.29)
k

We can interpret this formula as the non-relativistic energy of a particle of mass 7P shifted by
the constant n; P + m% /(2ni P). Note that this is related to the light-cone frame, where one spatial
direction is singled out as longitudinal. To use a similar notation, we can denote the longitudinal
particle momenta as fractions of the total longitudinal momenta P as: pxr, = nxP. Then we create
light-cone momenta from the temporal and longitudinal momenta as: pyy = Fy £ ppr = Er = mi P.
In this frame, the mass shell condition reads: py_pg+ — (ﬁ,ﬁ2 = m}, which is equivalent to:

(Pr)* +mi,
Pk+

Ey —meP = (3.30)

If the total longitudinal momentum P is very large, all individual pgr, will be large, so that Ey =~ pgr,
and pr4+ ~ 21, P. Thus, the infinite momentum frame can also be seen as a light-cone frame boosted
in the longitudinal direction.
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30 Chapter 3: DO-branes, membranes and the BFSS matrix model

3.2.2 The BFSS matrix model as M-theory in the IMF

Now that we have defined the Infinite Momentum Frame, we want to make more precise the BFSS
conjecture by explaining the relationship between M-theory in the infinite momentum frame and DO0-
branes matrix quantum mechanics in the large N limit. To understand why DO0-branes might be
sufficient to describe M-theory in the IMF, the following arguments are necessary [20]:

e Only states with a positive longitudinal momentum survive as independent dynamical degrees
of freedom in the large N limit. The other states get infinite energies and can be integrated
out. However, the process of integrating out such modes can determine the dynamics of the
remaining degrees of freedom.

e From a type IIA string theory point of view, momenta in the eleventh direction appear as charges
under the Ramond-Ramond 1-form.

e Since fundamental strings do not carry any RR. charges, they have zero longitudinal momentum
and should not appear as physical degrees of freedom in M-theory boosted to the IMF.

e The only objects which are charged under the RR potential in type IIA string theory are the
DO-branes. Each D-particle carries a single unit of charge. There are also anti-D-particles with
a negative unit of charge, but we only expect positively charged D0-branes to contribute in the
IMF limit.

e We also have to consider states carrying N units of charge, which we interpret as bound states
of N DO-branes.

Technically, the procedure goes as follows:

e Consider M-theory compactified in the eleventh dimension on a circle of radius R1¢ with states
of momentum Pjg = N/Ryg. It is equivalent to a type ITA string theory with bound states of
DO-branes carrying N units of charge under the RR one-form potential.

e Carry out an infine boost in the longitudinal direction. It will send Pjg = N/Rjy — oo and
should decouple the string states given the arguments above, leaving only D0-branes as dynamical
degrees of freedom.

e If we want this limit to agree with eleven-dimensional N’ = 1 supergravity in a minkowskian
spacetime in the low-energy limit, we have to take the IMF boost in a way that decompactifies
the eleventh dimension by sending Ry — oc.

e This implies of course that NV should go to oo at the same time.

In the end, one can conjecture that M-theory in the infinite momentum frame could be described
by the supersymmetric matrix quantum mechanics for DO-branes in the large N limit and compare
its predicitions with supergravity in the low-energy limit. Noticing that tests of this duality were
valid at finite N already, Susskind [150] suggested to consider the sector of M-theory compactified
on a light-like circle of radius R that contains states of momentum P~ = N/R. The discrete light-
cone quantization (DLCQ) of this system should be equivalent to the U(N) supersymmetric matrix
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3.2 The BFSS matrix model 31

quantum mechanics for DO-branes. Following ideas from Seiberg [144] and Sen [145], we want to show
here how these two proposals relate and explain why type ITA DO-branes in the IMF can indeed be
described by the BFSS matrix model Hamiltonian, which is a reasonable conjecture if we can show
that:

e type ITA perturbative string theory is valid in this limit, in other words, string theory is weakly-
coupled.

e the string scale is big, i.e. the string length is small, so that the string massive modes do not
influence the DO-branes’ dynamics in this limit. From the D-brane point of view, it means that
the terms of higher order in the expansions made in equations (3.7) and (3.9) will be negligible.

To show this, we will consider almost light-like compactifications. Thus, we take a space-time com-
pactified on a one-parameter family of space-like circles of lengths v/12 + [2, parametrized by I, through

the identification:
(m)N<x—\/12/2+l~2> _ (3.31)

t t+1/v2

Note that the circle becomes time-like in the limit [ — 0. If we perform a Lorentz boost:

1 g

(ff); \/@g (j) (3.32)

of parameter:
1
8= (3.33)

\/ 1+ 212/12

we reach new coordinates in which the space-like identification reads:

( ”;,I ) ~ ( xlt,_i) . (3.34)

In other words, there is a boost relating any space-like circle (even almost time-like) to a purely
longitudinal circle, in which case we know the precise relationship between M-theory and type IIA
string theory. Indeed, we know that M-theory compactified on a circle of length [ = 27Ryp in the
eleventh dimension is equivalent to type ITA superstring theory at string coupling and string length:

Rio 32 ! lP3
= _— ( u = . 3-35
gS ( lP ) ’ Rl() ( )

where [p is the eleven-dimensional Planck length and Rjg is measured in the eleven-dimensional
Einstein metric). Note that these two relations combine to Rig = Vo gs, if we want to measure Rig
in string units. In any case, the light-like limit Rjg — 0 corresponds to small string coupling and big
string length, i.e. small string tension, a limit in which string perturbation theory is valid, but SYM
theory is not a good approximation of the full Dirac-Born-Infeld theory since o is large.
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32 Chapter 3: D0-branes, membranes and the BFSS matrix model

Despite this deceptive conclusion, let us nevertheless study the behaviour of D-particles in this
limit. If they have a longitudinal momentum in the compact direction P = N/R1y and a total
energy

E' = N/R10 + AFE (3.36)
in type ITA string theory, these will transform to:
p1o \/11—52 —\/1’3_/32 pro
()-( 22 ) )
VI-g 15

in the original frame where the compactification was almost light-like. In this frame, the light-front
energy is thus:

L g_poy_ 1 148 :i< 7 2>z£
P ﬁ(E P ﬂMAE A G AREIUL AAE, (3.38)

so that we expect type ITA configurations to have energies of the order:

i
AE P (3.39)

This energy compares to the string scale as:

AE P —  2wP” 311/2
o ol = T (Ruolp?) /2 (3.40)
which means that the energy of interest is smaller than the string scale in the light-like limit, although
the latter goes to zero, too. In other words, we are working in units where the DO-branes’ light-cone
Hamiltonian is zero and the string length, too, although it vanishes slower in the limit we consider.
This suggests that it might be possible to find units in which the light-cone energy of D-particles stays
finite while the string length diverges when we take the limit, which would fulfill our initial goal. To
achieve this, let us introduce a new eleven-dimensional length scale /11 such that the energy of interest
stays constant in the Rjgp — 0 limit. Since P~ goes to zero like R1p/lp> when Rijg — 0 (where we
have introduced powers of [p on dimensional ground), we expect it to scale like Rio/l;% in the new
description. To achieve finite light-cone energy for the D-particles, we need to keep the ratio Ryo/l;?
fixed in the light-like limit. To be specific, we can fix it to be:

2rlfto _ 1 (3.41)

Lot

since the R.H.S stays constant in the limiting procedure, so that we must have /11 — 0 when R — 0.
In these new units, the light-cone energy will be:

L 1p? 2 Ip?
AR =P a0l e e (3.42)
12 12
11 11

which does not scale in the limit. Furthermore, this theory corresponds to a string theory with new
parameters:

Rip\*? N A
gs = (—> o« (111)*? and o =2 iy, (3.43)
Iy Ry
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3.2 The BFSS matrix model 33

so that both the string coupling and the string length vanish in the light-like limit, giving rise to a
theory which we can describe through a simple BFSS matrix model.

To summarize what we have done in this subsection, we have shown that M-theory compactified
on an almost light-like circle boosted to the infinite momentum frame can be described through the
large N limit of a supersymmetric matrix model that gives the dynamics of an infinite number of
DO-branes living in a weakly-coupled type ITA string theory with string coupling g, = (R1ol11)%/? and

string length Val = (I, /R10)"/%. Both are vanishing in the limit where the circle becomes light-
like, which corresponds to the discrete light-cone quantization of M-theory. Of course, one can worry
about that limit (or equivalently about infinite boosts). For a discussion about the subtleties involved
in this limit and direct comparisons between type ITA superstring theory compactified on light-like
and almost light-like circles, one can consult [42, 41], where both perturbative and non-perturbative
evidences show that the limit seems to be well-defined. This lets us think that the same might be true
of M-theory.

Another point worth further discussion is whether the large N limit of matrix theory really exists,
although all calculations performed so far exhibited well-defined large N behaviour. Discussions about
this point and the related question about the renormalizability of supermembrane theory can be found
in [129].

Finally, there are many works comparing matrix model predictions with 11D supergravity results.
The reader can consult for example [71] for a one-loop computation of the interaction of a pair
of DO-branes, [25, 22, 24, 23] for two-loops results, [111, 154] for leading-order computations of the
interaction between pairs of arbitrary background configurations, [135, 136, 118, 119] for the discussion
of supersymmetric non-renormalization theorems, [132, 116, 117] for discussion of the one-loop effective
action and [153, 69, 134, 133, 68, 104] for 3-body interactions. Such results are also reviewed in [152,
103], where the likelihood of different conjectures about matrix theory is also discussed.

3.2.3 Supersymmetry

Next, we want to turn our attention to the supersymmetry algebra to understand how a theory having
only DO-branes as fundamental degrees of freedom can describe other kind of branes as well. Of course,
the BFSS matrix model inherits its supersymmetry from A’'=1 SYM theory in 10 dimensions. However,
it is a bit more delicate to prove explicitly. We can infer the transformation rules from (3.3) and (3.11)
to be:

bedi = —35TW = 6X; = AT (3.44)
SeAg = —%@roqf — 0 A = —%J\IJ : (3.45)

1 1 : ; .
56111 = _ZFNVFNUG — 6€\IV = E ([Dt,Xi]FOFZ — %[XZ',X]']P”) €. (346)

This is usually called dynamical or homogeneous supersymmetry in the matrix model literature. There
is an additional inhomogeneous supersymmetry, called kinematical supersymmetry, that is simply a
translation by a constant fermionic parameter:

00 Ai =0, 0sA0=0, 6T =¢1. (3.47)
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34 Chapter 3: D0O-branes, membranes and the BFSS matrix model

A detailed proof of the supersymmetry can be found in the Appendix C on the supersymmetry of the
BFSS model. These transformations induce corresponding kinematical and dynamical supercharges
and we want to compute their anti-commutation relations to see how various brane central charges
are obtained as particular configurations of DO-branes. The following results were first obtained by
Banks, Seiberg and Shenker in [21], but we will use here a formalism closer to that used by Adler
in [2] (though our conventions are different), based on what he calls generalized quantum mechanics
or trace quantum mechanics [1, 4, 3].

To study the supersymmetry algebra, we first want to find an expression for the supercharges.
For that sake, first note that the Lagrangian is not supersymmetric itself, but transforms into a total
derivative under supersymmetry (Cf. Appendix C):

i i 1 ij
OL = 15 OTr(@ WDy, Xi]) + @atTr(e’fr”\If[Xi,Xj]) : (348)

Secondly, remark that §S = 0 is valid when both € and € are constant Grassmann parameters. Let
us now suppose they are not, the variation of the action can be read off in the appendix on the
supersymmetry of the BFSS model:

1 i _ 1 i .
0S = 9—2 /T’l"( - E[Dt,XZ]\I/P (8t6) - Z\DT[X“XJ]F](atE) - ‘L\I/T(atEI))dt =

.y / (@) + Q*(@1)a ) it (3.49)

From that variation, we can read off the dynamical supercharge using the supersymmetric version of

the Noether theorem: . )
o= _@TT(‘T’[DtaXi]Ti - %\I’T[Xi,Xj]Fij)a : (3.50)

as well as the kinematical supercharge:
~ 1
Q* = —g—2Tr(\IJT)°‘ : (3.51)

Let’s now work in a gauge where A = 0 for simplicity. To compute the algebra, we need to introduce
the Poisson bracket of two operators corresponding to the Hamiltonian structure of the model:

(AB)py= A OB A 6B  0A B, 64 4B
TIPE T S(X08 S(pa)e 6(pa)h 0(X)E T 8(a)t 3(pg)E T 6(p%)h 6(Ta)s

In particular, we of course have:
(XD, (7)Y pe = —{(p))L, (X)) pp = 610005, {(Ta)L, (05) 3 pe = {052, (Wa)2}pr = (PL)56d6 .

To use those supercharges in the Poisson bracket formula without having to worry about losing track
of traces of commutators, we need to symmetrize their expressions with respect to ¥ and py in this

(3.52)

way:
a ay 1 I o . B2 0pi L i\ @
Q% =Tr(q") = ;Tr (——292‘1’ +ipe) (g pil "I = S [ X, X5]TY) 67 )

0% = Tr(§®) = Tr ((—%w ; ipw)“) . (3.53)
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3.2 The BFSS matrix model 35

Indeed, brane charges are only non-trivial in the large N limit, so that they will appear under the
form of traces of commutators. The symmetrization in ¥ <> py is a technical trick introduced in [2]
that allows us to work directly with the supercharges instead of the supercharge densities, thus taking
advantage of the properties of the trace. With this definition, the supercharges can be shown to
generate supersymmetry transformations, since:

5 X" =i{epQ”, X'} pp = %EFi‘I' )
. 1 ) -
(56\11(1 :Z{eng’B, \Ifa}pB = 5 (['Dt,Xi]FOPZ — E[Xi’Xj]FZ]> €, (354.)
S X' =i{ehQ, X" ypp =0, 00T =i{€Q°, Uo}pp =¢€1.
Now, we can compute the supersymmetry algebra from the supercharges’ Poisson brackets. From
now on, we restrict ourselves to the Majorana-Weyl representation of the Clifford algebra of SO(9,1)
described in appendix A to simplify the calculations. Then:

1 g o
QL =Qq =Tr(ga) = 5T7 ((ngiPOP’ + Q[Xi,Xj]P”)aﬂ(qT)ﬂ> ,

- - B 1 .
QL=Q) =Tr(Gy) =Tr ((—@\If + zp$)a) : (3.55)
First note that: .
= - K3
{(@")ad’ @ pr = —g—z(PL)éiéﬁé’é : (3.56)
so that:
(Q), 0P pp = — ;—Q(PL)QTT(I) . and (3.57)
(@1 Q%pp == 5 5T ((ngiPLPOPi - %[Xi,XjJPLP”)aﬁ) - (3.58)

(3.56) also allows us to compute the bosonic part of {Q/[,Q°}ps:

1 ) i . . [
{Qa- Q7Y = (*piT°T" + S[Xi, XjI09), (@ 1), " (@2} P (9°pRT TF — S X, XTM) 53¢ =

=- @TT ((QQPiFOFZ + §[Xi,Xj]P”)7’L(92kaOFk - §[Xk,Xl]Fkl)aﬂ) - (3:59)

To simplify this expression, we use: [OIT'T* = I'** 4§tk [TOTk T%] = 2I0(§%T7 — §7%T%) and

1/2{1% Tk} = 1wkl 4 §it§ik — §ik 53l Thus, we obtain:

T ~\B1bos i 9 ;1 2 i opj , 1 ikl o

{Qa- Q7}PE = —5Tr | (gpin' — @([Xi,Xj]) )Pr — ipi[ X", X;]PLITY + @’PLP [Xi, X;][ Xk, Xi]
o

where we remark the 4-form central charge X|; X; X; X;}, usually identified as the charge of a longitudi-

nal M5-brane wrapped in the longitudinal direction. The other terms involve bosonic Poisson brackets

of the type {p;, X’} pp and contains fermions. To compute them, it is useful to calculate first:

()" (X7, X)) Y pp = 67 (X9),°05 — 65 (XI) 00 + (j = k) - (3.60)
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36 Chapter 3: DO-branes, membranes and the BFSS matrix model

The fermionic part of the Poisson bracket is thus:
QL Q™ = =), [T A (B X)) T+
+ (i) Lo (X7, X) (0T | (@3 =
= —%TT(XJ-{(}'Y,(TS}) (TP (PLT s — (0 Pr)an (PLTT)s ] 6 (3.61)

Using the symmetry of T°T and the anti-symmetry of '/ and symmetrizing it explicitly under (y < §),
the expression in the brackets can be reduced using the following Fierz identity of the Appendix on
Majorana fermions of SO(9,1):

(PLLT) oy (PLT et + (PLL ) oy (PLTT )5 + (7 ¢ 6) = 2((PLI’TY)5(PL)ae — (PLITY ) ae (PL)s) -
Thus, we obtain:
erm. 1 j 7
{Qa 3 Qﬁ}f = _ETT (Xj{p‘l” \I(}((,PLPOPJ)O/B - Xj{p‘I’PO’ r \IJ}(,PL)O/B) ) (362)

Adding the two parts of the calculation and summarizing, we get the supersymmetry algebra of the
BFSS matrix model:

{Q4,Q%}pr = (PL)’BTT(]I)

Q

{QL, Q% pp = (PLI‘OI‘“) Ap, — —(PLP”) Arr([X;, X;]) (3.63)

l\tJIS

{Qa, Q" pp = - ;(PL) PH + L (PLTOT),PTr (pi[X, X+ palX;, ) -

" 16g — 5 (PLTM) ST (X, X[ X, X))
It is worth noting that the M-theory radius is related to the Yang-Mills coupling as Rig = va'gs = g2,
so that 1/¢g?Tr(1) = N/Rig = Py = Tr(py), the longitudinal light-cone momentum, where N is
counting the number of D0O-branes in the system. On the other hand, the Hamiltonian is H = P_.

We would expect that the supersymmetry of BFSS matrix theory can be obtained from some IMF
limit applied to the eleven-dimensional supersymmetry algebra [155, 146]:

{Qa, Q%) = - (OPM)ﬂPM + (CFMN)ﬂZMN — —(éfMl-"MS)ﬁZMI...MS (3.64)

Note that the charges Zyn and Z,...M5 are given by space integrals of the time components of the
associated conserved currents jasno and jar,...m50, so that anti-symmetry forces the time-components
of the charges Zpro and Zyps, .. a0 to vanish. In the light-cone frame, the eleven coordinates zM go
into the nine space-like z* and the light-cone coordinates z+ and =, C =T and T10 Pr, so that
we expect something of the form:

{Qu @7} = —S(PLP (3.65)
(Qu, Q") = —E(PLrori)ﬂPi P2y — L (PUTOT)3Z, , (3.66)
{Qa, Q%} = (PL)5H+ (73 sz, — —(P a8 7, ia (3.67)
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3.3 The theory of membranes 37

To summarize our results, we obtained expressions for the charges of a transverse membrane:

Zi = 5=Tr((X, X;)) (3.68)

as well as for a membrane wrapped around the eleventh dimension:

Z; = —iTr(p[ X', X;] + pu[X;, ¥]) = —iTr(X,C) (3.69)

and an Mb-brane wrapped around the eleventh dimension:
1

Note that the central charges indeed vanish at finite IV since they are either given by the trace of a
commutator or proportional to the constraint C' = 0.

On the other hand, we have no term proportional to I'*'~% that we could identify as the charge of
a transverse Mb-brane. This is the heart of the puzzle of the transverse M5-branes in BFSS theory.
Its absence is probably related to the IMF limit that breaks the covariance of the model, since purely
transverse D-branes cannot be constructed in light-cone perturbative string theory neither, because the
Virasoro condition 0, X~ = 0, X%0; X* shows that both Dirichlet and Neumann boundary conditions
in transverse directions imply Neumann boundary conditions in the longitudinal direction [21]. From
a matrix model point of view, transverse D-branes are not translation invariant in the longitudinal
direction, so that they do not remain static objects when we boost the system to the IMF. Note
that, however, large transverse strings are allowed in the light-cone formalism, so that the apparent
dissymmetry between transverse membranes and transverse Mb5-branes in the BFSS matrix model
might be due to the fact that the membranes are fundamental objects in matrix theory, in a way that
we will make more precise in the following sections, while the M5-branes are not. This remark led us
to the idea that a fully covariant description of M-theory might involve membranes and M5-branes on
an equal footing, ultimately leading to a matrix model of the type presented in [19].

3.3 The theory of membranes

In this section, we want to explain in more details why the matrix model is related to the propagation
of supermembranes in a 10+1-dimenional space-time, a property we would expect from any theory
claiming to be a candidate for M-theory. Let us first describe a bosonic membrane moving in a space-
time of arbitrary dimension. The most obvious choice would be a Nambu-Goto type action ([127, 95])
proportional to the membrane’s area:

SnG = T / /= det(hag)d®o , (3.71)

where the o,’s are 3 coordinates on the membrane’s world-volume for a = 0, 1,2, hog(0o) is the metric
on this world-volume and T3, denotes the membrane tension. In particular, if the membrane lives in
a flat D-dimensional space-time with coordinates z#, for 4 = 0,...,D — 1, hog(o) is the pullback of
the D-dimensional metric and it can be expressed as:

hap = Oqzt0gz), - (3.72)
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38 Chapter 3: DO-branes, membranes and the BFSS matrix model

Mimicking the procedure leading to the Polyakov action in string theory ([51, 64]), we introduce an
auxiliary world-sheet metric y,3(c) and write a free action for the z’s, seeing them as bosonic field
living on the membrane’s world-volume:

T [,
Sm = _7/(7 P0ua 05, — 1)1/~ det(rap)d’c (373)

Note that we need to introduce a cosmological term since the theory is not conformally invariant,
unlike Polyakov’s string. Computing the equations of motion from the variation of 7,4, we obtain:

1 1
Yoy + 5y has — 57 =0 (3.74)

Multiplying that equation with 7,e and g4, we get:

1
hap = 5%,3(77%75 -1). (3.75)
We can finally multiply by v*% to obtain:
(6% 3 o
Y ﬂhaﬁ = 5(’7 ﬂhaﬂ -1), (3.76)
so that:
fyaﬂhag =3 and Yo8 = hap - (3.77)

This shows the classical equivalence of the two formulations. On the other hand, from varying z#, we
obtain the expected Klein-Gordon equation:

0o (\/— det(y)y*P dpat) = 0

As is noted in [99], there are 6 independent components of the metric 7, but only three reparametriza-
tion symmetries of the ¢’s to fix them. We can however use those to set:

4
Yoo = _m det(hab) =—h, Yoa =0, (378)

where a,b, ... denote space-like world-volume indices. Note that this gauge makes sense in a world-
volume of the type R x ¥ where ¥ is a Riemann surface of fixed topology. The gauge-fixed action

Sg = _TTM (_% oy, + \/H(’Yabaal“uabxu - 1)) V det(’yab)d?’a . (3.79)

Using (3.77) to set the remaining components of 4 to hg so that y%hg, = 2, we obtain another
gauge-fixed action:

becomes:

NT
S, = TM / (@i, — h) d°o . (3.80)

The determinant can be conveniently written in the form of a Poisson bracket defined by {f,g} =
€9, f0,g with ¢® anti-symmetric and €2 = 1, since:

N2 v v 1 2 1 v
Th = 012" 012,002" 0oz, — 012+ Or 012" Do, = 5(81;3“8256,, — 0ozt O y))” = E{m“,x Hezy,z,} .
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With that notation, the action becomes:

S, = % / (55%“ _ %{m“,x"}{xmmy}> Po . (3.81)

The equations of motion obtained by varying z* are:

2
NTJ'&“ = 01(012* Oax” oy — Ooxt 012" Doy) + O2(Ooxt 012" 013y — 12t 012" Do) =

= 01({z",2"}02x) + Oo({z", 2" }012,) = {{z", 2"}, 2, } .
However, this system is still constrained by the remaining ”shadows” of (3.77). Indeed,

_ hoo = 2Fxy = y00 = —h ,
Yap = hap = { hoa = #1042, = 0 . (3.82)

Note that the second line implies in particular:
{j)“,.’l?u} = 81 (.'I-;'HBQCC“) — 82(11.7”81.%“) =0. (383)

We have thus expressed the closed bosonic membrane theory as a constrained system where the degrees
of freedom are D scalars z* living on the membrane world-volume of topology R x ., where X is a
Riemann surface. Although it is a much nicer formulation than the original Nambu-Goto theory, it
remains very difficult to quantize because of the constraints and the non-linearity of the equations of
motion.

As in string theory, the choice of light-cone coordinates for the embedding space-time is a useful
step towards quantization. Specifically, we set:

1

+ 0 D-1

T = Ttz 3.84
7 ) (3.84)
With such coordinates, the flat Minkowski metric is described by: ny+ =n—— =0, - =n—_y = —1,

Ni+ = N+; = 0, while the transverse part is 7;; = d;; as before, so that the scalar product of two vectors
becomes:

VAW, =VW' -V W - VTW ™ . (3.85)
Light-cone gauge is defined by the relation:
T =0"=7. (3.86)

This reduces the constraints (3.82) to:

Orz~ = 5(0:2'0ra" + h) = §(0,;2°0ra" + E{a’, o7 Wi, 25}) (3.87)
0,2~ = 0;x'0,7; '
while the action reads:
NT, ) 2 o
Sro = TM/ (—28795_ + 0,x'0rm; — m{x’,aﬂ}{aq,a@}) d’o . (3.88)
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40 Chapter 3: D0-branes, membranes and the BFSS matrix model

The conjugate momenta of 2~ and z* are thus:

5SLC NTM 5SLC NTM ;
_:—+:7:—— ;7 = = 87—1, 389
P P = 50,a) 5 ¢ Di T (3-89)

so that the light-cone Hamiltonian reads:
: _ NTy . 2 -
Hic = /(piBT:v’ +p_ 0,z )d?c — L = T/ (6T:EZBT:E¢ + m{xl,xj}{xi,xj}) o . (3.90)
The only remaining constraint comes from (3.83), forcing the transverse degrees of freedom to satisfy:

{i",2;} =0. (3.91)

Although we simplified the constraints, this theory is still unfortunately rather difficult to quantize,
since the equations of motion are still non-linear. This Hamiltonian has a residual invariance under
time-independant area-preserving diffeomorphisms that leave the symplectic form invariant.

3.3.1 Matrix regularization of the membrane action

We now want to show how it is possible to regularize this membrane theory and turn it into a matrix
model. Following Goldstone and Hoppe ([106]), we will treat the case where the membrane has the
topology of a sphere. Functions on such a membrane can be described by three cartesian coordinates
X1, X2 and x3 satisfying:

)2+ O+ 00 =1. (3.92)

In the usual spherical coordinates:
x1 = sin(f) cos(d) , x2 = sin(f)sin(d) , x3 = cos(d), (3.93)

we can define a Poisson bracket on the sphere by:

1 ,0fdg dgof
19 =500 Gaas ~ 2009 (3.94)

With this definition, the x’s satisfy the Poisson algebra:

{x%x"} = e™x°. (3.95)

A representation of this Poisson algebra can be given in terms of any N-dimensional representation of
su(2). Let us identify:

2
@ —J? 3.96
Xt 5t (3.96)
where the J%’s generate the N-dimensional matrix representation of SU(2) and:
[J4, J°] = ietege (3.97)

This is a useful idea, since we can find a matrix approximation of any function on the sphere in the
following way:
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e Give a representation of each spherical harmonics y"™(¥) = Dar.al Czl),T..al X - x® with
[ < N in terms of matrices as
l l
yim= 3" cim T (3.98)

ai...q;
e For each function on the sphere, f(X) =>_; , kpmy'™(X), define its matrix approximation as

F= Y kmY™, (3.99)
I<N,m

where the sum stops at | = N — 1, since we cannot represent higher spherical harmonics with
an N x N matrix, because the dimensions match as: 5\51(2[ +1) = N2

e Comparing (3.95) with (3.97), we can see that the correspondence (3.96) implies the prescription:

—iN
2

{f,9} & [F,G] . (3.100)

e Finally, we have to discretize integrals in this way:

1 1
y / fd*o & ~Ir(E), (3.101)

where the coeflicients are chosen so that both sides agree exactly in the large N limit.

Applying these ideas to discretize our light-cone membrane Hamiltonian Hr¢o, we get the following
matrix approximation:

. 1 ..
HLC = 7TTMT7" (BTXZBTXi — E[XZ,X]][XZ,X]]> . (3102)
Recalling from (3.6) that the D2-brane tension was Th = m in string units, the membrane
tension should be T = ﬁ for some appropriate length scale I, for the membrane theory. Since
M

P = 21T 0. X" = #&Xi, we obtain:
M

11
22713,

1 ) S
Hio=5Tr (m?upipl - [X’,XJ][Xi,Xj]> : (3.103)

In the case of a membrane living in eleven-dimensional space-time, this agrees exactly with the bosonic
part of (3.14) rescaled by a global factor of 2w’ if we choose Iy so that 273, = (2ma’)3g2. Since
9} = 5257, we should take:

1
I =Vdgs . (3.104)
This fits very nicely in the big picture, since this is precisely the eleven-dimensional Planck length

expressed in string units, as given by (3.35).
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42 Chapter 3: D0-branes, membranes and the BFSS matrix model

3.3.2 Supersymmetric extension of the membrane action

It is indeed possible to extend the membrane action (3.81) to a supermembrane theory. However, as
is the case for the Green-Schwarz formulation of the superstring [96, 97, 98], such a supersymmetric
extension is only possible in a limited number of dimensions, namely 4, 5, 7 and 11. Note that these
are all one dimension higher than in the Green-Schwarz superstring (and N’ = 1 super Yang-Mills
theory) case. Although all these theories are equally acceptable classically, it is believed that only the
eleven-dimensional one is free from anomalies in the Lorentz algebra, making eleven-dimensional space-
time the natural setting for propagating membranes, just as ten-dimensional space-time is natural for
superstrings. We won’t go into details about the developments that lead to such theories, here, but
we will quote the main results. Details can be found in the original paper of Bergshoeff, Sezgin and
Townsend [33, 32] or in the review [74]. Using the convenient supersymmetry-invariant combination:

T = Ozt + PTFOp (3.105)

where 9 is a Majorana spinor of SO(10,1). the membrane action in a flat background can be written
as:

T 1 _
5= =53t [ (V= dettrn) 0" mims ~1) = 57 [0 @ga” + 9T 05)+
G0, (T )| T 0,0 ) (3.106)

Besides the reparametrization symmetry that we already had in the bosonic case, this action has
another world-volume symmetry, called x-symmetry. As for the Green-Schwarz superstring, this
symmetry is necessary to have a matching of the number of bosonic and fermionic physical degrees
of freedom, since it allows to project out half of the fermions. The Wess-Zumino terms proportional
to €*?7 are indeed chosen so that this symmetry holds. On the other hand, this action exhibits the
desired space-time supersymmetry:

Szh = —eThep, Sp=ce, (3.107)

that indeed leaves 7h invariant. The Fierz identity:

(&[IFH¢2)(¢3FNV¢4]) =0. (3108)

is needed in the proofs of both supersymmetry and x-symmetry, which explains why only space-time
dimensions 4, 5, 7 and 11 are allowed. Another parallel with the Green-Schwarz superstring lies in the
fact that gauge-fixing of the k-symmetry usually breaks the Lorentz covariance of the action, so that
it is difficult to find a way to quantize the theory in a covariant way. It is thus customary to study
supermembranes in the light-cone gauge. Without going into details, let us just quote the resulting
light-cone hamiltonian:

Hc— @ / <8T;1:i87mi n %{xi,xj}{xi,xj} - %&ri{mi,¢}> do . (3.109)
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3.3 The theory of membranes 43

where k-symmetry has been used to project out half of the 32 components of 1, that can now be
seen as a Majorana-Weyl spinor of SO(9,1). Applying the matrix regularization procedure to that
functional, we obtain as expected the BFSS Hamiltonian (3.26) in the gauge A = 0:

1 ) A 1- . .
Hyc =27TyTr (EaTX’aTXz — Z[X’,XJ][X’,XJ] — §\IJP1[X’,\IJ]) , (3.110)

where we should set 27Ty = ﬁ as before.
P

There have been some attempts to treat supermembranes theories in a more covariant way. One
can look at [79, 80] for more details. There are also supermembrane actions valid in general supergrav-
ity backgrounds [33, 32] expressed in a superspace formulation. Although the precise identification
between superfields and component fields is not fully understood yet [63], it is interesting to note
that k-symmetry only holds when the background fields satisfy the equations of motion of eleven-
dimensional N=1 supergravity [33], so that supergravity seems to emerge out of supermembranes
already at the classical level. Rather than explaining these facts in details here, we will discuss the
puzzle related to the continuous spectrum of the membrane theories in the following subsection.

3.3.3 Membranes as a second-quantized theory

De Wit, Liischer and Nicolai [62] showed that the membrane theory has no mass gap separating the
massless degrees of freedom from the rest of the spectrum, as opposite to superstring theory and its
equally spaced mass levels. The geometrical intuitive reason for this instability is that the membrane
can grow very long spikes at a very small cost of energy. Indeed, a roughly cylindrical spike of length
[ and radius r has a classical energy 2nT)srl, proportional to its area. If the spike’s radius is very
small, so that » < 1/(T1), the energy cost is very small although the spike can be quite long. A
quantum membrane is therefore subject to many fluctuations of this type, making it hard to interpret
as a localized object. Note that this phenomenon doesn’t occur in string theory since a long string has
energy proportional to its length, without any other parameter to make it small. From a theoretical
point of view, that instability is clear in the matrix-regularized form of the theory. Indeed, there are flat
directions in the potential, since any set of mutually commuting matrices minimize the T'r(([X?, X7])?)
potential term. For example, if we take 9 diagonal matrices, they will minimize the potential for any
diagonal components. In fact, the off-diagonal components builds an effective confining potential
for the diagonal ones in the matrix-regularized bosonic membrane theory,which leads to a discrete
spectrum of energy levels for N x N matrices of fixed sizes. However, supersymmetric compensations
in the supermembrane case precisely cancel this effective potential, giving rise to a continuous spectrum
of states. This result was first proven in [62] for the U(2) maximally supersymmetric matrix model
and subsequently refined in [78]. This apparent disadvantage of matrix theory was later turned into
a virtue by the new interpretation that Banks, Fischler, Schenker and Susskind brought up in [20].
From the BFSS point of view, we indeed expect a continuous spectrum of states to appear for any
matrix size bigger or equal to 2. Suppose there are two single massless graviton states in M-theory. If
they are non-interacting (infinitely far apart), we can represent them as two diagonal components in a
U(2) matrix theory. Considering these states together, we can obtain a bound state of arbitrary small
energy by taking them to have a large separation and a small relative velocity. This discussion of course
extends to higher values of N, where we can change the particle number by creating or destroying
bound states of two or many D-particles, which reflects itself in the matrix model formulation by a
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44 Chapter 3: D0-branes, membranes and the BFSS matrix model

matrix having a bigger or smaller number of non-interacting diagonal blocks. In this sense, matrix
theory should be seen as a second-quantized theory where the particle number is not conserved.

From the membrane point of view, as the building of long spikes has very low energy cost, we
can imagine a big membrane decaying in smaller-size membranes joined by very thin tubes. In the
limit where the latter become very small, their effect on the classical dynamics becomes negligible and
we have an effective system of multiple membranes, even though the topology didn’t really change.
When quantum effects are taken into account, we can add or remove handles and the topology can also
change, so that a consistent quantum supermembrane theory should allow for an arbitrary topology
and be a ”second quantized” theory from the target-space point of view.
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Chapter 4

The IIB matrix model

The aim of this chapter is to introduce the basics of the IIB matrix model that are relevant to the
research project of the chapter 6, as well as to make clear how the IIB matrix model positions itself
in comparison to the BFSS model in the big string theory picture. We will also alternatively call it
IKKT model from the initials of its inventors.

After the definition of the model and a discussion of its classical solutions, we will show how it
can be derived from regularizing the Green-Schwarz superstring action for type IIB theory (i.e. with
two supercharges of the same chirality) by going into the Schild gauge. Although it has first been
obtained from the Nambu-Goto formulation of the superstring action, we propose here an alternative
derivation (to my knowledge, new in the literature) starting from the Polyakov-type action, in order
to enhance the parallelism with the membrane case of the preceding chapter. This also requires a
new choice for the parameters of the xk-symmetry in order to induce the N' = 2 supersymmetry of the
IKKT matrix theory from a combination of the N' = 2 supersymmetry and the 2 sk-symmetries of the
Green-schwarz superstring that preserve the choice of the Schild gauge.

We further study the supersymmetry algebra of the IIB matrix model and show how a convenient
combination of the dynamical and kinematical supercharges rotates its strange-looking algebra into
the usual N’ = 2 supersymmetry in 10 dimensions. Finally, we compute the anti-commutators of the
supercharges in a calculation parallel to that performed in the BFSS case. It allows us to obtain
expressions for the D1-brane and D3-brane charges, as one would expect from a theory related to type
IIB string theory. This part reviews and details known results, correcting some earlier mistakes in the
literature.

Then, we briefly overview related matrix models that have the interesting feature that they possess
classical solutions where the spacetime-generating bosonic matrices build various non-commutative
spaces. In particular, we show how to obtain fuzzy-sphere solutions of various dimensions in such kind
of models. This line of work directly leads to the ideas presented in the research project of chapter 6.
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46 Chapter 4: The IIB matrix model

4.1 The IIB matrix model

Another proposal for a non-perturbative definition of superstring theory that takes the form of a
matrix theory is the so-called IIB matrix model that was suggested by Ishibashi, Kawai, Kitazawa and
Tsuchiya [107] and further refined with Fukuma [81] in 1997, also called IKKT model in the literature.
Similarly to the BFSS model, it is also a compactified version of N' = 1 D=9+1 super Yang-Mills
theory with gauge group U(N), with the difference that it is compactified to 04+0 dimension instead
of 0+1. Such models having a point-like target space are called totally reduced models [75, 94, 93].
As such, they are not really dynamical, the information is contained in the partition function. We
can define the model in two different ways, either through the large N limit of the microcanonical
partition function:

7= / AXdUetSs

where Sg) = —H®O ig defined in the 10-dimensional Euclidean space by Wick-rotating X, and T in
the manifestly covariant action:

1 1 1 1o
Stiexr = 71T (Z[XuaXu][XuaX ]+ 5 UTHX,, w]) (4.1)

expressed in terms of hermitian M(/N) matrices X, and 1 of large but fixed sizes. In target-space,
9 is a 10-dimensional Majorana-Weyl spinor field with 16 real components that we choose as left-
handed. This action is indeed the direct time-like dimensional reduction of the BFSS matrix model of
the preceding chapter. Alternatively, the model can be defined through the grand-canonical partition
function:

m -
Zip =" / dXdVetsE 1f)
N=1

where f3 is the chemical potential dual to the matrix size N and Sg) [8] is the Wick-rotated version
of:

1 1 1-
S%KTW] = WTT (Z[X“,X,,][X“,X"] + E‘I’F“[Xua‘l’]) + BN (4.2)

It is generally expected that the grand-canonical partition function has a critical behaviour in the limit
B — B (we will give the classical value of . later) that is identical to the microcanonical partition
function with a large but fixed value of N. In fact, the action (4.2) can also be regarded as an effective
action for (4.1) (see section 4.2 of [107] for details).

Issues of convergence are treated in details in Austing’s thesis [12] and the previous papers with
Wheater [13, 14].

In either case, the classical equations of motion are easily derived as:

2[X,, [ XH*, X"]] - {¥,T*T} = 0 (4.3)
TH[X,,¥] = 0.
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4.1 The IIB matrix model 47

We immediately see that any classical configuration with diagonal matrices will solve the equations
of motion and minimize the energy functional. In a type IIB language, this corresponds to a bunch
of N non-interacting D-instantons. Following [107], we can also construct D-string configurations, by
choosing configurations where [X#, X"] is a diagonal matrix for all values of y and v.

In the continuum, a string stretching in the direction of 2! can be realized by:

L
2 =7, wlzcl‘FQ_a’ gt =c'vVp=2,...,9, (4.5)
T

for 9 constants c# describing the position of the string of length L in the target-space and 0 < o < 2.
This system of course satisfies:
L
0,21} = — 4.6
fa%a'y = o=, (46)

with all other Poisson brackets vanishing. In particular, it satisfies the classical equations of motion:

{"L‘ua {$u’mv}} =0, (47)

Seeing large N matrices as operators acting on an N-dimensional space, we can realize the matrix
approximation of this system through

[2 [2 L
X0 = ~7 Xt =c1+ NP Xt =cIVp=2,...,9, (4.8)
T

if the operators satisfy canonical commutation relations of the kind [g, p] = 7. Then, it follows that:

(X0 X1 = L and [X,,[X*, X"]]=0. (4.9)
mN
However, there is no finite-dimensional representation of the algebra [g, p] = 7, so that these states only
exists in the N — oo limit. This is consistent with the fact that the charges of D-branes configurations
are given by traces of commutators that can be non-zero only in the N — oo limit.
Later in this chapter, we will study alternative models where a phenomenological term has been
added to the original action. Such kind of models have more interesting classical vacua.

4.1.1 The IKKT model as a regularization of the IIB superstring

One of the main motivation leading towards the IKKT action is that it is related to the Green-
Schwarz [96, 97] superstring action in the so-called Schild gauge [143]. Let us try to explain this
connection here. The IIB superstring is defined in terms of the world-sheet scalar fields z#, 8 and
1, which are respectively a target-space vector (describing the embedding of the string in the 10-
dimensional target-spacetime) and two Majorana-Weyl target-space spinors of the same chirality (we
take them as left-handed here). We first define a convenient combination of these fields:

7 = Gpxt — iOTH 0p0 + i T O , (4.10)
which is invariant under the supersymmetry transformations:

Szt = ielhg — i€THey (4.11)
0=c, dp=¢,
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48 Chapter 4: The IIB matrix model

Besides the obviously supersymmetric kinetic term in 72, we also need a Wess-Zumino term to get

a k-symmetric action. Indeed, on a world-sheet with coordinates 0%, a = 0,1 and metric h,g, the
Green-Schwarz action reads:

1
Ao

Sas = / [(haﬂ Th76,)V —h + 2i€*? 9oz (0T 1050 + YT ,0p%) + 262 (OT0,0) (YT ,0p%) | d*0

where we have written h = det hog. If we define the following projection operators:

1
v—h

and a pair of Grassmann parameters ' and x2 that are world-sheet vectors and target-space spinors
satisfying the self-duality conditions:

Py .

1

Pf’gﬁ}; =gl Pfﬂm% = g2

we can show that, besides the above supersymmetry, this action is also invariant under the local
k-symmetry defined by:

Szt = iOTH50 — iy THep
050 = 2T mo,uk'® 69 = 2T 7y, K2 (4.12)
8 (V—RhP) = —162'\/—h(879f<;1’3PfW - aﬁﬁpﬁ) .

In contrast to usual supersymmetries, the transformation law of z* contains both bosonic and fermionic
fields in the case of k-symmetry.

Details of the proof of k-symmetry may be found in the appendix D on the Green-Schwarz super-
string. It turns out that the same Fierz transformation that allows to prove supersymmetry of super
Yang-Mills theory in D=10 and of the BFSS matrix model plays a central role in the proof of all
interesting symmetries of the Green-Schwarz superstring. The following properties of the projection
operators are also necessary in the proof and will be needed further in that chapter to understand
how the supersymmetry of the IIB matrix model emerges out of the supersymmetry and x-symmetry
of the Green-Schwarz superstring. Firstly, P_ and P, are orthogonal projectors:

PP hg, PY’ = PO (4.13)
P%hg,P? = P*’hgs, PY’ = 0.
Secondly, they have the following symmetry property:
P py — pYfpgd (4.14)

Now, we want to show how the Green-Schwarz action can be gauged to obtain the Schild action.
The Schild gauge corresponds to the choice # = 1) where we identify both Majorana-Weyl spinors,
which is allowed in type IIB string theory, where both supercharges (and thus, 6 and %, too) have the
same chirality. In such a case; mh = 0,z" and the last term in the action cancels due to anti-symmetry
in a ¢ B, so that the action reduces to:

1 —
Sas = pv— / [ho‘ﬂaaa:“agmuv —h+ 4i6“ﬂ8ax“1pf‘uagw] o .
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4.1 The IIB matrix model 49

Varying Sgg with respect to h,g we obtain the relation:
1
T = R*YRP2 9, Osz,, — Qhaﬁm&aﬂ”am =0,

which is solved by:

hap = kOuz" 0z, (4.15)
for any constant k!. The standard choice kK = 1 leads us to the equivalent Nambu-Goto [127, 95]
formulation of the Green-Schwarz superstring:

1

2o

For later convenience, we rather take k = 2/+/N in the following. Furthermore, since we want to have
a polynomial action, we will use (4.15) to write h**9,z*05z,v/—h = 2v/—h as:

_ 2
2_—2\/—h = —2f—h det(0ya" 0gz )V —h .

To obtain a Schild-type action, we still need to rewrite the determinant in a convenient way as:
det(0y2"0px,) = ozt Oy 012" 012, — Opxt' 012, 012" Ooy = (4.16)
1 1
= 5(80:@8135,, — 012,00z,) (00t O12¥ — O12# Opx”) = 5(eaﬂaazuagx,,)(eaﬂaaa:“aﬂa:”) .

We can now introduce a Poisson bracket similar to the one we used in the membrane theories through:

1
{f.9} = \/_—he‘*ﬁaafagg, (4.17)
so that the action reads:
2 1 7 -
L = = TR ZahTH B J2
Ssenita m,/[ ol m} {0} + LT {wu,zp}:| Vohdo . (4.18)

If we directly apply the regularization procedure that we described in the membrane case (paying
attention to the fact that we haven’t gauged the metric components here, so that we have to include
the density v/ —h in the relation so that it has an invariant meaning), we can do the replacements:

N 1 , 1
(1.9} > ~i5[RG, o [Vohdo— LTe(F) (4.19)
and we obtain the totally reduced action (4.1):
(1) 4 1 o 1=
Stkxr = LT Z[XuaXI/][XMaX ]+ E‘I’P“[Xu,\l’] (4.20)
a

for g3 = o' /4.

'k corresponds to the ratio of the length scales between world-sheet coordinates and target-space coordinates. For
example, for a string extended in the direction z* in a flat spacetime with metric 7., it corresponds to the choice of
world-sheet coordinates ¢ = Vkz® and ¢! = vka' (indeed, this choice leads to a Minkowskian world-sheet metric
hag = 1ap)
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50 Chapter 4: The IIB matrix model

4.1.2 The grand-canonical formulation from the Schild superstring

Here, we want to show how to obtain a chemical potential for the grand-canonical formulation directly
from the Schild formulation. This subsection is not really needed in the following and has been added
here for completeness to show why the microcanonical and grand-canonical formulation should be
related. As a byproduct, we will obtain the classical value of the critical chemical potential 5. =
1/(8a’). Of course, we expect the quantum value to be different.

In order to obtain a chemical potential term in the matrix-regularized IIB action, we introduce a
cosmological constant term in the Schild action. For that purpose, let us introduce two constants
and v and write a new Schild action Sgchilg in this way:

Ssenaalp ) = [ [ (- gl o e} 4 i o} ) + 6| Voo )

As was noted earlier in [107], this action is classically equivalent to the other. Indeed, if we vary
Sschitg With respect to +/—h, we obtain:

# af " v %) E _
2N(\/__h)2(€ 0ot Opz”) (e 37:6“35:1:,,)+47r5 0 (4.22)

which we can solve for v/—h as:

V=h= @ J% V(€28 00527 (€190, 2, D5,) (4.23)

Substituting this constraint into (4.21), we obtain exactly the Nambu-Goto action (4.1.1):

Sne = ,/5W Qet(h g D) + 1P Boa T, 50| o (4.29)

when v = 2/(ma/) and 8 =1/(8¢’). In order to keep the chemical potential 8 open, we only want to
fix the relative product of the two parameters to:

1

27

4.25
Ao ( )

V8 =

while the factor of 7 in the fermionic term of (4.24) can be absorbed through an appropriate rescaling
of the fermionic variables. This choice leads us to the following form of the Schild superstring action:

gSchild[,B] = / [ﬁ <—%{.’L‘u,xy}{x“’xl/} + %QZFH{‘(L‘H"(/J}) B Nﬁ:| \/—_hd20' . (4.26)

We can now apply the matrix regularization to obtain the totally reduced action (4.2):

S{3crl) = 55T ( [, X][X“,X”H%\TIF”[XM,\IJ])+ﬁN. (4.27)

As usually in dimensional reductions of N/ = 1 super Yang-Mills theory, the first prefactor can be
absorbed in a redefinition of the fields X# and V.

50



4.2 Supersymmetry of the Schild superstring action 51

4.2 Supersymmetry of the Schild superstring action

In this subsection, we first want to show how the supersymmetry of the IIB matrix model emerges from
the supersymmetry and the x-symmetry of the type IIB superstring in the Schild gauge. Recalling
the supersymmetry transformations:
Syxt =ixTH0 , ezt = —ifTHyp (4.28)
5x9:X, 5§¢:£a

and the x-symmetry transformations of the IIB superstring action:

Srat = i00P6,.0 , 20t = —ipTH, 29 ,
6,00 = 2TP o k'™ §ther = 2DF T, K2 (4.29)
we will identify two combinations of the 4 parameters that lead to new supersymmetry transformations
that preserve the Schild gauge. We will then identify the matrix regularization of these transformations

with the A’ = 2 supersymmetry of the IIB matrix model. With this goal in mind, we relate ! and x?
to x and ¢ in the following way:

Klo = gru (&Tx) np PP, K2 = gru (X_—f) PP . (4.30)

Although far from obvious, this choice leads to the following fermionic transformations:
- k — k‘ ea/B —
91 = KTHTY mapmp, (fTX) P = §haﬂ7rau7fg <£TX) - §FW 7= Tou gy (6 2 X) )

_ k _ k af o
6,29 = kTFTY 10,5, (XTg) P_ﬁﬂ — §ha’B7Tau7Tg (XTS) + grwj\j_—hﬂauﬂﬂv (gTX> . (4.31)

When we fix the gauge § = 9, moy — Ogz* and (1/v/—h) 6a’37ra“7r3,, — {z,,z,}, so that these
transformations become:

(haﬂaax“aﬂ:l,‘u — I‘“”{,r“,x,,}) <£_TX> , (432)

N N

(haﬁaaxﬂaﬂmu + I"“’{m“,x,,}) <£_TX> . (4.33)

Then, we eliminate ¥ from the action by setting hag = kOuz*0gx,, so that h"‘ﬂﬁam“agmu = 2/k
with k = 4/N. In the Schild action (4.18), the transformations above take the simple form:

510 = (T— %F“"{xu,xu}) (’S_TX) , (4.34)
Spotp = (14 %F’W{x”,xu}) (XT%) , (4.35)

so that:
St = ipTH (6,10 — §,29p) = ipT*(x — £) . (4.36)
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52 Chapter 4: The IIB matrix model

We can now define the following useful combinations of supersymmetry parameters:

c=2x—¢), ¢=XTE (437
in terms of which the Schild superstring action has the following N/ = 2 supersymmetry:
(6 + O + 0 )2 = %(awqp) , (4.38)

(G 460 = (8.2 + 0¢)b = %{xu,x,,}ﬂ“’e 4T,

4.2.1 Supersymmetry of the IIB matrix model

The N = 2 supersymmetry of the IIB matrix model follows immediately from the matrix regulariza-
tion of the above transformations, giving the homogeneous supersymmetry (usually called dynamical
supersymmetry):

5 X, = %eruxp (4.39)
i 4
56‘11 = _ZFN [X,U,Xu]ea

that is the dimensional reduction of the usual supersymmetry of N'=1 super Yang-Mills theory in
D=10 and one inhomogeneous supersymmetry, which is a simple fermionic translational invariance:

60X, =0, 0¥ =¢€T, (4.40)

also called kinematical supersymmetry.
We can show explicitly the invariance of the action under these transformations as:

1 1
SeStxkr = @TT((QW[\I}), X7)[X,, X0 ) + (@0 TOL9), X, ][X,0, X, 4
1 _
+ Z(\IJFPPWQ)[X,J, (X, X)) =0, (4.41)
thanks to the Jacobi identity I'**?[X,, (X, X,]] = 0 and the Majorana property e['*¥ = —UT e,
while é¢ St T = 0 follows trivially from T'r([,]) = 0.

4.2.2 On-shell closure of the N = 2 supersymmetry algebra

The particular structure of the N' = 2 supersymmetry of the IIB matrix model allows us to interpret the
eigenvalues of the large N matrices describing the bosonic fields as space-time coordinates [10, 108].
To see why, we want to investigate the structure of the supersymmetry algebra. Computing the
commutation relation of two successive supersymmetry transformations, we get:

(@6 QIX, = Jar"alX,, X,] (1.42)

1
64 - 5!

1_ 7 _ _
[€£2Q,e1Q|V = 562P"61[Xu,‘1’] - (3—262F“61Fu - GQF”I'"“E’Gle...M) X, ¥,
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4.2 Supersymmetry of the Schild superstring action 53

thanks to the Fierz identity of the appendix on Majorana fermions in D=9+1. The two last term are
proportional to the equation of motion (4.3). Modulo equations of motion, we thus have:

[e2Q, e1Q] Xy = [A, X\ (4.43)
[€2Q, e1Q]¥ = [A, V]

with A = 1/26I"e;X,. In a 0-dimensional gauge theory, this is of course simply a U(N) gauge
transformation of parameter A. Of course, {Q,Q} = 0. On the other hand:

~ 7
[e2Q,€1Q1X,, = §€1Fu62 (4.44)
[GQQ, 61Q]‘I’ =0.
Introducing the operator P, which generates the translational symmetry of the model through:
X,, = exp(ic, P") X, = X, + ¢, 1+ O(c?) (4.45)
and the redefined supercharges:

Q (4.46)

we obtain the standard N = 2 chiral superalgebra:
{QD, @} = i(PLCT")ap Py (447)

up to gauge transformations and equations of motion. This superalgebra, characteristic of N' = 2
supersymmetry in 10 dimensions supports the interpretation of X, as space-time coordinates. The
presence of N' = 2 space-time supersymmetry in 10 dimensions and the existence of massless exci-
tations (due to the flat directions in the Tr([X*, X*])? potential) are essential features for a model
claiming to be a non-perturbative definition of type IIB string theory, since they indicate that the
matrix model might indeed have the correct low-energy limit, namely type IIB supergravity in 10
dimensions.

4.2.3 Central charges and D-brane spectrum

In the following, we want to perform a similar calculation, but in a way that allows us to keep track
of traces of commutators, in order to understand the structure of the possible central charges and the
branes’ spectrum of the IIB matrix model. This calculation has been first performed in [55]. Although
the calculation procedure is in principle the same, we obtain a different result, correcting a mistake
in the literature. We use the same Poisson bracket notation as in the BFSS case, even though there
is no Hamiltonian formalism for a totally reduced matrix model. Here, we really want to consider
P, =Tr(p,) and iQ = Tr(py) as translation operators in target-superspace. We recall our definition
of the Poisson bracket for the reader’s convenience:

0A 0B 0A 0B 0A 0B 0A 0B

LB = SO 5y Sk ST T SWaIE g T DUR)E W)

(4.48)
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54 Chapter 4: The IIB matrix model

Then, we can define the dynamical and kinematical supercharges Q® and Q® so that they generate
the supersymmetry transformations of the model as in:

S X" =i{esQP, X"} pp = %gr“\p ,
. i

50, =i{esQP, Vo) pp = — 4 [Xu X, T, (4.49)

S X" =i{epQ°, X " pp =0, 60T =i{esQ%, Uo}pp =€1.
This corresponds to the choice of left-handed supercharges and leads to the following definitions:
1 = 1

@ =1r(®) = =5 7r ((F0°p, + 500 710 X7

0% = Tr(§®) = —iTr (3) - (4.50)

Now, we can compute the supersymmetry algebra from the supercharges’ Poisson brackets. From
now on, we restrict ourselves to the Majorana-Weyl representation of the Clifford algebra of SO(9,1)
described in the Appendices to simplify the calculations. Then:

@l = @ =1r(a]) = 5 Tr ((X°DB)ap, — 11X X)) 53 )

QL= Q5 =1r(a]) = Tr (=iry)a) - (4.51)

Obviously,
{Qa,Q"}pp =0, and (4.52)
{01,Q% pp —Tr ((PLroT)o py) - (4.53)

Let us then compute the bosonic part of {Q;—, QP tpB:

(Qd, Q%5 =2 (pur°r“> L), (09) 2 pB (X, X,IT7) 556~
—([Xu, XpIT) 0 (Ph). " (T 1)04} p s (puTOTH) ¢ =

1
=< Tr (pulXo, X,)TTHPLT ), — (X, X, o (TPPLTOTH), ) (4.54)

Note that we restrained ourselves from using the cyclicity of the trace in order to keep track of the
traces of commutators. However, we can use: ['*I'VP = I'#P 4 VTP — ptPT¥ to obtain:

1QL, @5 = ST ([pus X0, X J(PLTOT0), 4 2{py [X¥, X, ]} (PLTT),P) |

where we remark in particular the 3-form central charge [p,, [X,, X,]]. The other terms contained in
the dynamical supercharge commutator involve bosonic Poisson brackets of the type {p,, X"} pp and
contains fermions. We first recall that:

{(pu)e”s (X7, XP)) " pp = —0,(XP)y 04 — 64(X7)4"05 + (v < p) - (4.55)
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so that the fermionic part of the Poisson bracket is:

(QL QMg = 5 [T 00 ()i, (X, X7 £ pppaTug) -
~(Coppbad (X X7, () (ITH)2] = (4.56)

1
— 3 (PLTT) A (PLT ) AT (W51XY, pY]) = 3 (PLTT) S (PLlw)o T ((p3), (X7, 971 -

1

4
As we did in the previous chapter, we can use the Fierz identity of Appendix B, which here takes the
following form:

7
(PLTT#),* (PLT),f = —(PLTT") P (Pr),’ + E(PLF"P“)O/B (PrLuly), +
5 1 1
+ %(PLFOFW)Q/’ (Prlenalv),’ — E(PLFOI"‘)‘”)O/B (Pl aw),’ — 32 E (PLTOT#45) PPLT by s TY),C -

Besides several terms proportional to the equations of motion, we get:

1 1
Z(’PLPOPV)aﬂTT (\IJT[XVap]II—] — Py [Xya \Ij]) + m(’PLPOPNAM)a,BTT (\IITFK/\/W[XV,p]IJ—] - p‘I/Fm\/u/[Xua \II]) )

Putting this result together with the purely bosonic part, we obtain:
{Q;—a QB}PB =0 )
~ i
{Qa,Q°}pB ZE(PLFOF“)JBPM

{Q;—a Qﬁ}PB :%(PLPOPV)aﬂTT ({plu [X“’ XV]} + \IJT[XIMPE] - p\II[XV; ‘IJ]) ) (4'57)

1 1 1
+§(PLP0Pqu)aﬂTT ([pua [XuaXp]] + ﬁquFuupa[XUapg] - ﬂplllr;wpa[Xa, \D]) )

where one can read off the D1-brane and D3-brane central charges in the last expression. These are
indeed the branes we expect to see appearing in type IIB string theory.

4.3 Alternative totally reduced models

In the last part of this chapter, we will review recent developments that eventually led us to the research
presented in chapter 6. The work we present here is mostly due to Kimura and collaborators. They
proposed different variations of the IIB matrix model [109, 120, 121, 123]. Some of these modifications
can be performed for a target-space of any dimension, while others are limited to a specific number of
dimensions (at least if we want to maintain the covariance). An example of the first kind is described
by the following action:

1 1
S= g_QTT (Z[XM’XV][XWXU] + >‘2XMX/A> ) (4.58)

where a mass term has been added to the bosonic part of the original IKKT action (4.1). We will
call it the massive IIB matrix model. Such mass terms can appear when we consider a matrix model
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56 Chapter 4: The IIB matrix model

living in a non-trivial gravitational background. For example, they appear in matrix models living on a
pp-wave background [27] and in attempts to describe quantum gravity in de Sitter spaces [83, 125, 54].
The equations of motion given by the massive IIB matrix model are the following:

[Xy, [ X, X))+ 202X, =0 (4.59)

If the mass term has the normal sign (A\? < 0), its addition lifts the flat directions of the potential
Tr([Ayu, A)])? and confines all the "D-instantons” to the point X# = 0. In other words, while any
diagonal matrices with arbitrary eigenvalues solved the IKKT equations of motion, all eigenvalues are
brought back to zero by the mass term. The situation becomes more interesting if A> > 0 when the
mass term is tachyonic. In such a case, X* = 0 is of course an unstable extrema and the system
decays to lower-energy states. Let us consider for illustration a simplified version in three Euclidean
dimensions. In such a case, we can make the Ansatz that A’ for i = 1,2, 3 are given by an N-dimensional
irreducible representation of the su(2) Lie algebra. Specifically, we set:

Xt =rJi (4.60)
for some constant r, where the J%’s are N x N matrices satisfying:
[J5, I = 2iek gk (4.61)
which we can define by the following relationship:
Jy=[0"1®..01+1I@0"'Q@I®...0 1+...+1®...@ I® 0'sym , (4.62)

where the o?’s are the standard Pauli matrices:

01:((1)(1)), 02:(? B’) 03:<(1) _01) (4.63)

and T is the 2 x 2 identity matrix. The sum contains N — 1 terms with N — 2 tensor products
and the subscript ”sym” means that we keep only the totally symmetric part of the tensor product,
corresponding to the irreducible subrepresentation of dimension N. With that definition and the
properties (0%)2 = T and },(0" ® 0%)sym = 1, the X*’s build a fuzzy 2-sphere of radius R = rv/N2? — 1

since they also satisfy:
3

D (X2 =r?(N? = D)Iyun - (4.64)
=1

Putting this fuzzy sphere Ansatz in the equation (4.59), we obtain the simple relation:
r? =4)\% (4.65)

Indeed, the radius is real for a positive A?> and it would become imaginary for A?> < 0, which is another
reflection of the fact that the trivial solution is more stable in that case. In addition, the classical
energy FF = —SE of the fuzzy sphere solution is:

AQ

E=-—"2Tr((J;)?) = —2-=5(N*~N) = —@NRQ : (4.66)
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of course smaller than that of the trivial solution. Worth noting is the fact that it grows with the
value of N, i.e. with the radius of the fuzzy sphere, albeit through quantum jumps in energy. We can
thus expect the fuzzy spheres to expand until they reach their maximal size where the representation
of su(2) fills up the whole N x N hermitian u(/N) matrices. In that sense, the fuzzy sphere replaces
the 3 unstable direction of the trivial solution by 2 stable orbital direction and one radial direction,
which might be classically stable, but tends to decay quantum-mechanically into meta-stable spheres
of bigger and bigger radii. This process stops when the representation of the rotation algebra becomes
maximal. Of course, one should be careful in taking the large N limit in such a case. Besides
the classical energy consideration above, there have been recent attempts at showing the quantum
stability of such solutions [163]. In [120], where this action is studied in a 4-dimensional context,
expansions around the two-dimensional fuzzy sphere and the two-dimensional fuzzy torus have been
studied. This background field method naturally leads to non-commutative gauge theories living on
such non-commutative backgrounds.

Although the mathematics become more involved, we can extend this framework to higher-
dimensional target-spaces and find that such matrix models can describe higher-dimensional fuzzy
spheres [122], at least for even fuzzy 2k-spheres [53, 141, 105, 142], when D = 2k + 1 is odd. More
specifically, we can define the following 2k+1 matrices constructed as the symmetrized tensor products
of 2% x 2% Dirac matrices in dimension 2k + 1:

=P ele..@l+...+1®...0 I&T{P]ym, (4.67)

where the I‘,(f)’s build a representation of the Clifford algebra of SO(2k + 1) i.e. {F,(Lk),I‘,(,k)} =
26, Igk y ok. Since the cross-products cancel in the commutators (only terms like I‘,(ﬁ,) RI®...®I

survive, while terms of the form I‘l(‘k) TP el...ol disappear), their commutators Jﬁu = 1/2[Jlf, JE
furnish a representation of the so(2k + 1) Lie algebra of respective dimensions Ny given by [141, 105]

(n+1)(n+2)(n+3) (n+1)(n+2)(n+3)2%(n+4)(n+5)

N1:(n+1), Ny = 6 , N3= 360 s
~(n+1)(n+2)(n+ 3)2(n+4)%(n +5)%(n +6)(n +7)
Na= 302400 ’ (4.68)

if there are n factors in the tensor product. These matrices can be shown to satisfy the following
algebraic relations:

JSJLC = n(n + 2k)][kaNk ,
Jh, Ik, = —2kn(n + 2k) Iy, N, »
(T8, TN = =26, + 26,5 T (4.69)
[Tk, JE] =2 (—5HPJ50 TIPS N B 6W,J,’jp)
where the commutation relations are simply inherited from those of the Dirac matrices. Then, we can
follow the same procedure as before and make the Ansatz

Xy=rJi Vp=1,...,2k+1, (4.70)
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58 Chapter 4: The IIB matrix model

for some constant r to be fixed by the equations of motion. Indeed, putting (4.70) into (4.59), we
obtain the relation:
2N = 4kr? (4.71)

so that the fuzzy sphere solves the equations of motion for the sphere radius R = A\/2 \/kn(n + 2k).
We can also compute its classical energy to be:
4 1 /\4 A2
E=——Tr(~(Jw)? + k(J,)?) = — 2k)Ng = —
Of course, all these results reduce to the fuzzy 2-sphere case when we choose k = 1.

Other kinds of models which admit non-commutative classical non-commutative solutions have
been proposed. For example, in [109], a Chern-Simons term has been added to the IIB matrix action.
It is also called Myers term, since it may be seen as describing the presence of a background flux [5].
In a 3-dimensional setting, such a matrix model can be defined as:

N,R?. (4.72)

1 2i -
Scs = 5T ( (X, XV [ XH, XY+ - \Ifa (X, U]+ Ezae’“’pX“X,,Xp —a\Il\Il) , (4.73)
90
for some constant . Contrarily to the massive IIB matrix model, it is translation-invariant in the
3-dimensional space-time generated by the X* and it has the A’ = 1 supersymmetry:
1

bXy = e, ¥ (4.74)

0¥ = —%U“”[X“,Xy]e ,
For ¥ = 0, the equations of motion for X* are given by:
(X, [ X, X7]] +i0e?[X,, X,] =0 (4.75)
They can of course be solved by the fuzzy 2-sphere Ansatz (4.60) for:

(4.76)

o
r=—.
2

Models that contain the two type of terms (mass and Chern-Simons) have also been studied by
Valtancoli in [159, 158], where the stability of the fuzzy sphere solution is discussed, depending from
the values of A and a. Of course, such kind of totally anti-symmetric terms can be added in any

dimension, but they lead to very non-linear theories. However, higher-dimensional fuzzy spheres can
also appear as solutions in these models, thanks to the duality relation:

it gk gk gk = my (4.77)

M1 2 M2k H2k+1

m1 =2i, mo=238(n+2), mg=—48i(n+2)(n+4), ms=-384n+2)(n+4)(n+6).

The computation of the various my’s is given in appendix E.
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4.4 Other studies of the ITB matrix model

There are other important lines of work on the IIB matrix model that I won’t describe in details here,
since they are not directly related to my personal work. A particularly important problem to solve
is to show that there is a dynamical breaking of the SO(10) covariance in the IIB matrix model, if
its solutions are to describe our 4-dimensional spacetime. There are various papers on this issue that
point towards such a symmetry breaking to SO(4). The main idea is to integrate out the off-diagonal
components of the matrices, as well as the diagonal components of the fermions to obtain an effective
action for the eigenvalues of the bosonic matrices that are supposed to generate the spacetime. By
doing so, we obtain an effective theory similar to a branched polymer theory. A numerical study of
this model shows that different directions seem to have different length scale, which could show how
some directions become compact and small [10, 11, 113, 112]. Another interesting approach uses a
variational method to determine the most likely resulting configurations [131, 130]. They also conclude
from numerical studies that the 4-dimensional configuration might dominate. In any case, it seems
that a purely bosonic model doesn’t show any symmetry-breaking. It should thus be mediated by the
fermionic determinant.

The reader might also be interested in the study of loop equations [81, 10], gauge-invariance and
diffeomorphism-invariance in the IIB matrix model [10]. Since the matrix eigenvalues form a kind
of random lattice space-time with N points, gauge-invariance appears in a similar fashion to lattice
gauge theories, with the difference that the lattice is not fixed. On the other hand, diffeomorphism
invariance expresses itself as a permutation symmetry of the lattice points.
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Chapter 5

A matrix quantum mechanics with
0sp(1|32,R) supersymmetry

After having introduced various matrix models and explained their various relationships to string
theory and brane physics in the review part of this thesis, I will go on with the description of my
first research project, realized in collaboration with Luca Carlevaro and Prof. Adel Bilal. As we have
discussed in chapter 3, the BFSS conjecture has been shown to reproduce well the eleven-dimensional
supergravity results. However, a disagreement seems to exist between the corrections to supergravity
predicted by supersymmetric matrix quantum mechanics from three-graviton scattering computations
and the R*-corrections we would expect from type ITA string theory [104]. Tt is thus possible that
matrix theory does not completely fulfill its goal of describing the non-perturbative sector of type
ITA string theory. Furthermore, we have seen that transverse Mb5-branes were absent in the BFSS
theory. Although we advocated the idea that it might be an artifact of the infinite momentum frame
at the end of subsection 3.2.3, it would be better to have a theory that can take such backgrounds into
account. In any case, we also would like to have an eleven-dimensional covariant formulation of the
theory, as well as a way to describe gravitational backgrounds other than flat minkowskian space-time
and gravitational pp-wave background.

The model presented in this chapter is a tentative proposal to overcome these difficulties by the
introduction of a matrix model defined in a background-independant way by its supersymmetry and its
action, with no reference to a particular target spacetime. In particular, there is no a priori constraint
on topology and dimensionality. However, it is difficult to test its eventual physical relevance in this
original abstract formulation, so we look at two possible expressions of its dynamics, in a twelve-
dimensional and eleven-dimensional contexts. We are more particularly interested in the latter case,
where we want to perform a boost to the infinite momentum frame, to see how it relates to better-
known M-theoretical physics.

This way, we obtain a matrix quantum mechanics similar to, but different from the BFSS matrix
model. This is not too surprising, since the bosonic part of the symmetry of our model is the conformal
group rather than the Lorentz group in ten dimensions, suggesting that our model might rather be
related to M-theoretical physics in an AdS;1-spacetime background. Unfortunately, very few is known
about such physics, so that it is difficult to test this conjecture.
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5.1 Introduction

In the absence of a microscopic description of M-theory, some of its expected features can be ob-
tained by looking at the eleven-dimensional superalgebra [155], whose central charges correspond to
the extended objects, i.e. membranes and five-branes present in M-theory. Relations with the hidden
symmetries of eleven-dimensional supergravity [57] and its compactifications and associated BPS con-
figurations (see e.g. [60, 162] and references therein) underlined further the importance of the algebraic
aspects. It has been conjectured [34] that the large superalgebra osp(1/32) may play an important
and maybe unifying role in M and F theory [157].

In this chapter, we will explore further this possible unifying role and study its implications for
matrix models. One of the main motivations is to investigate the dynamics of extended objects
such as membranes and five-branes, when they are treated on the same footing as the “elementary”
degrees of freedom. In order to see eleven and twelve-dimensional structures emerge, we have to
embed the SO(10,2) Lorentz algebra and the SO(10,1) Poincaré algebra into the large osp(1]32)
superalgebra. This will yield certain deformations and extensions of these algebras which nicely
include new symmetry generators related to the charges of the extended objects appearing in the
eleven and twelve-dimensional theories. The supersymmetry transformations of the associated fields
also appear naturally.

Besides these algebraic aspects, we are interested in the dynamics arising from matrix models
derived from such algebras. Following ideas initially advocated by Smolin [148], we start with ma-
trices M € o0sp(1|32) as basic dynamical objects, write down a very simple action for them and then
decompose the result according to the different representations of the eleven and twelve-dimensional
algebras. In the eleven-dimensional case, we expect this action to contain the scalars X; of the BFSS
matrix model and the associated fermions together with five-branes. In ten dimensions, cubic super-
matrix models have already been studied by Azuma, Iso, Kawai and Ohwashi [17] (more details can
be found in Azuma’s master thesis [15]) in an attempt to compare it with the IIB matrix model of
Ishibashi, Kawai, Kitazawa and Tsuchiya [107].

To test the relevance of our model, we try to exhibit its relations with the BFSS matrix model. For
this purpose, we perform a boost to the infinite momentum frame (IMF), thus reducing the explicit
symmetry of the action to SO(9). Then, we integrate out conjugate momenta and auxiliary fields
and calculate an effective action for the scalars X;, the associated fermions, and higher form fields.
What we obtain in the end is the BFSS matrix model with additional terms. In particular, our
effective action explicitly contains couplings to 5-brane degrees of freedom, which are thus naturally
incorporated in our model as fully dynamical entities. Moreover, we also get additional interactions
and masslike terms. This should not be too surprising since we started with a larger theory. The
interaction terms we obtain are somewhat similar to the higher-dimensional operators one expects
when integrating out (massive) fields in quantum field theory. This can be viewed as an extension of
the BFSS theory describing M-theoretical physics in certain non-Minkowskian backgrounds.

The outline of this paper is the following: in the next section we begin by recalling the form of the
osp(1]32) algebra and the decomposition of its matrices. In section 3 and 4, we study the embedding
of the twelve-, resp. eleven-dimensional superalgebras into 0sp(1|32), and obtain the corresponding
algebraic structure including the extended objects described by a six- resp. five-form. We establish
the supersymmetry transformations of the fields, and write down a cubic matrix model which yields
an action for the various twelve- resp. eleven-dimensional fields. Finally, in section 5, we study further
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62 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

the eleven-dimensional matrix model, compute an effective action and do the comparison with the
BFSS model.

5.2 The osp(1|32,R) superalgebra

We first recall some definitions and properties of the unifying superalgebra osp(1|32, R) which will be
useful in the following chapters. The superalgebra is defined by the following three equations:

[(ZaB, Zcp) = QapZcep + QacZps + QUepZca + QpcZpa ,
[ZaB,Qc) =QacQB + QecRa , (5.1)
{QAa QB} = ZAB )

where Q 4 p is the antisymmetric matrix defining the sp(32, R) symplectic Lie algebra. Let us now give
an equivalent description of elements of 0sp(1/32,R). Following Cornwell [56], we call RB, the real
Grassmann algebra with L generators, and RByy and RBy,; its even and odd subspace respectively.
Similarly, we define a (p|g) supermatrix to be even (degree 0) if it can be written as:

A B
M= .
( 1)
where A and D are p X p, resp. ¢ X g matrices with entries in RBy, while B and F' are px ¢ (resp. ¢xp)
matrices, with entries in RBr;. On the other hand, odd supermatrices (degree 1) are characterized

by 4 blocks with the opposite parities.
We define the supertranspose of a supermatrix M as':

MST _ AT (_1)deg(M)FT
- _(_1)deg(M)BT DT .

If one chooses the orthosymplectic metric to be the following 33 x 33 matrix:

0 —I 0
G=|1Ls o0 o],
0 0 i

(where the 7 is chosen for later convenience to yield a hermitian action), we can define the osp(1(32, R)
superalgebra as the algebra of (32|1) supermatrices M satisfying the equation:

MST .G+ (-1)tesMG. M =0.

From this defining relation, it is easy to see that an even orthosymplectic matrix should be of the

form:
A B & \1:
M= F —AT &, (-'\;nTc 0), (5.2)
—i®] i®] 0 ’

'We warn the reader that this is not the same convention as in [15].
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where A,B and F are 16 x 16 matrices with entries in RBry and ¥ = (&1, ®3)" is a 32-components
Majorana spinors with entries in RBy;. Furthermore, B = BT, F = F so that m € sp(32,R) and C

is the following 32 x 32 matrix:
. 0 _][16
0= (1[16 ! ) , (53)

and will turn out to act as the charge conjugation matrix later on.
Such a matrix in the Lie superalgebra 0sp(1]|32, R) can also be regarded as a linear combination of
the generators thereof, which we decompose in a bosonic and a fermionic part as:

_(h O 0 X\ _ ;AB A
H = (0 0) + (—z’xTC 0) =h*"Zap+x"Qa (5.4)
where Z,p and @Q 4 are the same as in (5.1). An orthosymplectic transformation will then act as:

85 = [H, o] = h"P[Zap, o] + x"[Qa, o] = 5 + (1) . (5.5)

This notation allows us to compute the commutation relations of two orthosymplectic transformations
characterized by H = (h,x) and E = (e, €). Recalling that for Majorana fermions x ' Ce = €' Cx, we

can extract from [52), (52)] the commutation relation of two symplectic transformations:

1 h,e],B 0
o000, = (M5 0) (5.6

the commutation relation between a symplectic transformation and a supersymmetry:

D
(1) (1)) B _ 0 ha"xp
[5}1, 75)( ]A (Z-(XTc)DhDB 0 ’ (57)
and the commutator of two supersymmetries:

[521)’5§<1)]AB _ (—i(XA(eTC)BO— ea(x'C)B) 8) _ (5.8)

5.3 The twelve-dimensional case

In order to be embedded into osp(1|32,R), a Lorentz algebra must have a fermionic representation
of 32 real components at most. The biggest number of dimensions in which this is the case is 12,
where Dirac matrices are 64 x 64. As this dimension is even, there exists a Weyl representation of 32
complex components. We need furthermore a Majorana condition to make them real. This depends
of course on the signature of space-time and is possible only for signatures (10, 2), (6,6) and (2,10),
when (s,t) are such that s —¢ = 0 mod 8. Let us concentrate in this paper on the most physical
case (possibly relevant for F-theory) where the number of timelike dimensions is 2. However, since we
choose to concentrate on the next section’s M-theoretical case, we will not push this analysis too far
and will thus restrict ourselves to the computation of the algebra and the cubic action.
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64 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

To express the 0sp(1]32, R) superalgebra in terms of 12-dimensional objects, we have to embed the
S0(10,2) Dirac matrices into sp(32,R) and replace the fundamental representation of sp(32,R) by
S0(10,2) Majorana-Weyl spinors. A convenient choice of 64 x 64 Gamma matrices is the following:

—_ ~0 . ~i
1‘\0:(][22 332) ’1-\11: (190 I;) 7FZ:(wai E) V’L:].,,]_O, (59)

where T° is the 32 x 32 symplectic form:

- 0 -1
0 _ 16
b (1116 0 )

which, with the T'”’s, builds a Majorana representation of the 10 + 1-dimensional Clifford algebra
{T#, T} = 2p** 135 for the mostly + metric . Of course, I'0 = T'°T' .. .T'9. This choice has (%)% =
(I''1)?2 = —1gy, while (I'*)2 = Mgy, Vi = 1...10, and gives a representation of {T'™ , T'N} = 2pMN ¢,
for a metric of the type (—,+,...,+,—). As we have chosen all I'’s to be real, this allows to take
B =1 in U* = BU, which implies that the charge conjugation matrix C' = I'’T'!!, i.e.

-T% o
C‘( 0 f0>'

This will then automatically satisfy:
crMo=t = (M7 | orTMNo—t = —(MMyT (5.10)

and more generally:
CPML..Mnc—l _ (_1)n(n—1)/2(]_"M1---Mn)T . (5.11)

The chirality matrix for this choice will be:

-1 0
0 11 32
r,=1"...T —( 0 ][32).

We will identify the fundamental representation of sp(32,R) with positive chirality Majorana-Weyl
spinors of SO(10,2), i.e. those satisfying: P, ¥ = U, for:

1 0 0
Pr=5(+T) = (0 1132> '

Decomposing the 64 real components of the positive chirality spinor ¥ into 32432 or 16+ 16+ 16+ 16,
we can write: T = (0,®7) = (0,0, ®],®, ). Because ¥ = U = ¥ TC, this choice for the charge
conjugation matrix C is convenient since it will act as C in equation (5.3) (though with a slight abuse
of notation), and thus:

(0,0, —i®, ,i®; ) = (0, —i® 1) = -0 ' C = —iT.
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5.3 The twelve-dimensional case 65

5.3.1 Embedding of SO(10,2) in OSp(1|32,R)

We would now like to study how the Lie superalgebra of OSp(1|32,R) can be expressed in terms of
generators of the super-Lorentz algebra in 1042 dimensions with additional symmetry generators. In
other words, if we separate the sp(32,R) transformations h into a part sitting in the Lorentz algebra
and a residual sp(32,R) part, we can give an explicit description of the orthosymplectic algebra (5.1)
in the form of an enhanced super-Lorentz algebra, where the central charges of the super-Lorentz
algebra appear as new generators of the enhanced superalgebra.

To do so, we need to expand a symplectic matrix in irreducible tensors of SO(10,2). This can be
done as follows:

1 1
hyP = 5(7’+FMN)ABhMN + a(P+PM1"'M6)ABhX/h...M6 (5.12)

where the + on hpy, .. recalls its self-duality, and the components of h in the decomposition
in irreducible tensors of SO(10,2) are given by hyy = —S%TTﬁp(y,Q’R)(hFMN) and hj\'/[l___Mﬁ =
= _%TTEF(?’Q,R) (hLpr,...0)- Indeed, a real symplectic 32 x 32 matrix satisfies mI® = —T%n", and C
acts like T on P, T'M1--Mn_ Fyurthermore, (5.11) indicates that:

Thus, P,T'Mi-Mn is symplectic iff n is even and (—1)*™~1)/2 = _1. For 0 < n < 6, this is only
the case if n = 2 or 6. As a matter of fact, the numbers of independent components match since:
12-11/2 +1/2-12!/(6")? = 528 = 16 - 33.

The symplectic transformation §; may then be decomposed into irreducible 12-dimensional tensors
of symmetry generators, namely the s0(10,2) Lorentz algebra generator JM” and a new 6-form sym-
metry generator JM1-Mé_ To calculate the commutation relations of this enhanced Lorentz algebra,
we will choose the following representation of the symmetry generators:

1 1
JMN — E,P+ PMN, JMI---M6 — EP«F I\Ml...Mﬁ .

so that a symplectic transformation will be given in this base by:
h = hMN JMN + hMl...Mﬁ JMI---Mﬁ .

We will now turn to computing the superalgebra induced by the above bosonic generators and the
supercharges for D = 10 4+ 2. The bosonic commutators may readily be computed using:

[ [(min(k,)—1)/2] k I
—1)k=-12.(25 + 1)!
Eernmen, )01
X‘I][]MI[N1 - 7]M2].+1N2].+1FM2].+2___Mk]N2].+2___Nl] if k-1 is even and,

Caryny, Tvyvy] = 4
(min(k,l)—1)/2

5 n(2) 1)

J=0

XT[M; [Ny - - - TMaj Noj LMo 1. My Noj11...N] if k-1 is odd.
(5.14)
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66 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

On the other hand, for the commutation relations involving fermionic generators, we proceed as follows.
We expand equation (5.7) of the preceding chapter in irreducible tensors of SO(10, 2):

1 1
(B> 0n] = = 5p X haanw (P TMN)E Qs — X gy g (P TH-0) 4

which is also given by:

[0y, 0n] = X harn[Qa, TN+ X bty iy [Qa, JM1--Mo] (5.15)

Comparing terms pairwise, we see that the supercharges transform as:

1 1
MY,Qa] = 5 (PyTMN)P4Qp, [T, Qu) = o (Py TP 1Q
Finally, in order to obtain the anti-commutator of two supercharges, we expand the RHS of (5.8) in
the bosonic generators JMV and JM1--Ms.

1 1
—x'ep{Qa,Q"} = [6x,0] = 76 ¢ CTune) MY+ 2 (x T CTusy g ) T8 (5.16)
and match the first and the last term of the equation.
Summarizing the results of this section, we get the following 12-dimensional realization of the
superalgebra osp(1/32, R)?:

[JMN_ JOP] = _4plMIO JNIP]
[JMN’JMl...Mg] _ _12,'7[M[M1 JNIMz...Mg]
[JNI---NG’ JMl...Mﬁ] — _4| 6'77[N1[M1 77N2 Mo 77N3 M3y 77N4 My nN5 My JNG]M6]

+ 9. 62 n[Nl[Ml ENQ...N@]MQ...Mﬁ]AB JAB

3
+ 4 (i_:) n[Nl[Ml 77N2 Mo nNg M3 JN4...N6]M4...M6] (517)

MY, Qu] = 5 (P TP, Qs
MMe, Q] = g (P, TMEME)B

{Q4,Q"} =

U B MN B 7M;...M
——(CTyN) A" T"Y = —(CTngy.a5) 4 T V00

16 16
where antisymmetrization brackets on the RHS are meant to match the anti-symmetry of indices on
the LHS.

*Notice that the second term appearing on the right-hand side of the third commutator is in fact proportional to

MM which, in turn, can be reexpressed as I'*1--Mi0 = _(1/2)eAB M1--Mio Ty 5T, Indeed, in 10 4+ 2 dimensions,
we always have:

(k—1)k

My...M (1) = My..MyMyiq...M
v ko— (12_k)' et e Mp41 12 FMk+1...M12F

*
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5.3 The twelve-dimensional case 67

5.3.2 Supersymmetry transformations of 12D matrix fields

In the following, we will construct a dynamical matrix model based on the symmetry group osp (1|32, R)
using elements in the adjoint representation of this superalgebra, i.e. matrices in this superalgebra.

We can write such a matrix as:
m v
M = (—z'\IJTC 0> , (5.18)

where m is in the adjoint representation of sp(32, R) and ¥ is in the fundamental one. Since M belongs
to the adjoint representation, a SUSY will act on it in the following way:

—i(xa(¥TC)" - Ua(xTO)P) _mADXD> (5.19)

(1) B _ D B _
5x My X @b, M], ( _i(XTc)DmDB 0

In our particular 12D setting, m gives rise to a 2-form field C' (with SO(10,2) indices, not to be
confused with the charge conjugation matrix with sp(32,R) indices) and a self-dual 6-form field Z*,
as follows:

1 1
ma" = E(PqLFMN)ABCMN + a(,P-FFMlmMB)ABZJ_\t[I...Ms . (5.20)

We can extract the supersymmetry transformations of C, Z* and ¥ from (5.19) and we obtain:

1
M Cun = —xXTunT,

16
1 _
6)(<1)Z]—\|—/[1...M6 - EXPMl---Ma‘I( ’ (5.21)
1 1
M = _§FMNX Cun — @FMI'“MGXZIJ\}L..Me; :

These formulze allow us to compute the effect of two successive supersymmetry transformations us-
ing (5.11) and (5.14):

0,601 = @) x - (xw) e}

i_ P 1 MM
[6;1), MNCun = ~X {F[M Cnip + EF[M ' 5Z]—|\}]M1...M5}fp+ € (5.22)
60,0025 aay = X{ Tt Cotaw + 2 Tyas V24, -
X V€ Mj...Mg — X 4 [Ml...M5 MG]N 2 [Ml M2...M6]N
5'& N1N2N3 +
E [M1M2M3 ZM4M5M6]N1N2N3}P+ €

where we used the self-duality® of ZT. At this stage, we can mention that the above results are in
perfect agreement with the adjoint representation of [(5)((1), 5&1)] (viz. (5.8) ) on the matrix fields.

3 - i _ 1 Ni...Ng o+
ZT satisfies ZMl---M6 = BI€M1.. Mg ZNl...Ne
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68 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

5.3.3 sp(32,R) transformations of the fields and their commutation relation with
supersymmetries

To see under which transformations an osp(1]32,R)-based matrix model should be invariant, one
should look at the full transformation properties including the bosonic sp(32, R) transformations. In
close analogy with equation (5.19), we have the following full transformation law of M:

(1) h x m v\l ”
B _
O Ma” = [(—z‘y 0)’(—@ 0>]A ’ (5.23)

implying the following transformation rules:

65m B = [hym] 4P — i(xaT" — Tax?), (5.24)
§OW 4 =h,CTc —m,Cxc . (5.25)

We then want to extract from the first of the above equations the full transformation properties of
Cnn and Z]_\;-l---M6' From (5.17) and (5.22) or directly using (5.14) and the cyclicity of the trace, the
bosonic transformations are:

4
(S’(LI)CMN = 4hP[NCM]P + _th."Ns[NZ]TJ]Nl...Ns ’

5!
(1) + _ P N +
On " Zaty.te = 12Ppar, aay OMelp = 2407 0 Zg, v — (5.26)
20 N1 N3 N. +
+ ?h o 3[M1M2M3ZM4M5M6]N1N2N3’

while the fermionic part is as in (5.21). If one uses (5.26) to compute the commutator of a supersym-
metry and an sp(32,R) transformation, the results will look very complicated. On the other hand,
the commutator of two symmetry transformations may be cast in a compact form using the graded
Jacobi identity of the osp(1|32,R) superalgebra, which comes into the game since matrix fields are in
the adjoint representations of osp (1|32, R).

Such a commutator acting on the fermionic field ¥ yields:

[5)((1),6,(11)]\11 = —hmyx + [h,m]x = —mhyx =

1 1
= —g (P h)Cury — G (PTMNO)Z, . (527

The same transformation on m leads to:
0,60 A" = i (WA TRTO)E = () a(®TO)P) | (5.28)

which in components reads:

60, 84 Cun = f—ﬁ X ChTuNY (5-29)
1
[5)(<1)a 5}(11)] ZZ_\|—41...M6 - 16 XTChPML--Me\II : (5.30)
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5.3 The twelve-dimensional case 69

In eqns. (5.27), (5.29) and (5.30), one could write h in components as in (5.12) and use:

min(k,l) k I
Loy Uy = Z (—1)7/2(2k]1)ﬂ(j> (J) MM Ny - - MM N; Dy M Ny (5:31)
=0

to develop the products of Gamma matrices in irreducible tensors of SO(10,2) and obtain a more
explicit result. The final expression for (5.27) and (5.30) will contain Gamma matrices with an even
number of indices ranging from 0 to 12, while in (5.29) the number of indices will stop at 8. Since we
won’t use this result as such in the following, we won’t give it here explicitly.

5.3.4 A note on translational invariance and kinematical supersymmetries

At this point, we want to make a comment on the so-called kinematical supersymmetries that have
been discussed in the literature on matrix models ( [107], [17]). Indeed, in the IIB matrix model,
commutation relations of dynamical supersymmetries do not close to give space-time translations, i.e.
they do not shift the target space-time fields X by a constant vector.

However, as was pointed out in [107] and [17], if one introduces so-called kinematical supersym-
metry transformations, their commutator with dynamical supersymmetries yields the expected trans-
lations by a constant vector, as we explained in subsection 4.2.2. By kinematical supersymmetries,
one simply means translations of fermions by a constant Grassmannian odd parameter. In our case,
this assumes the form:

57 Crrn = 00 21 gy = 04 800 = ¢, (5.32)
= (6,68 1M = 0

Since there is no vector field to be interpreted as space-time coordinates in this 12-dimensional setting,
it is interesting to look at the interplay between dynamical and kinematical supersymmetries (which
we denote respectively by §!) and 5(2)) when acting on higher-rank tensors. In our case:

i 1
60, 6710mx =~ CTane) s BO,0017, gy = — 10 CTanan®) - (5:39)

Thus, [5,&1), 5§2)] applied to p—forms closes to translations by a constant p-form, generalizing the vector
case mentioned above.
For fermions, we have as expected:

61, 61w =0. (5.34)

It is however more natural to consider dynamical and kinematical symmetries to be independent.
We would thus expect them to commute. With this in mind, we suggest a generalized version of the
translational symmetries introduced in (5.32):

It is then natural that the matrix

K= <—i?T o g) (5.36)
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70 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

should transform in the adjoint of 0sp(1|32,R), which means that:

k4" = [hk]4% —i(xa(€TC) — €alx O)) (5.37)
sWen =n,Cc —k,C%c. (5.38)

We can now compute the general commutation relations between translational symmetries M —
M + K and osp(1]32,R) transformations and conclude that these operations actually commute:

6, 6 m=0. (5.39)

5.3.5 Twelve-dimensional action for supersymmetric cubic matrix model

We will now build the simplest gauge- and translational-invariant osp(1|32, R) supermatrix model with
U(N) gauge group. For this purpose, we promote each entry of the matrix M to a hermitian matrix
in the Lie algebra of u(NN) for some value of N. We choose the generators {t%},_; . n2 of u(N) so
that: [t%, %] = i f*°1¢ and Try(n)(t* - 1) = 6.

In order to preserve both orthosymplectic and gauge invariance of the model, it suffices to write
its action as a supertrace over osp(1|32,R) and a trace over u(N) of a polynomial of 0sp(1]32,R) ®
u(N) matrices. Following [148], we consider the simplest model containing interactions, namely:
ST osp(1(32,R) TTu(v) (M [M, M],(ny). For hermiticity’s sake one has to multiply such an action by a
factor of i. We also introduce a coupling constant g?. This cubic action takes the following form:

) 1
I= g_QSTTosp(l\32,IR)TTu(N)(M[Ma Mlywny) = _g_gfachT'rosp(IBQ,R)(MaMch) = (5.40)

1
= —— [ (Trsp(s,Q,R) (m*m®m®) + 3z'\IJ“TCmb\IJC>
g

which we can now express in terms of 12-dimensional representations, where the symplectic matrix m
is given by (5.20).

Let us give a short overview of the steps involved in the computation of the trace in (5.40). It
amounts to performing traces of triple products of m®’s over sp(32, R), i.e. traces of products of Dirac
matrices. We proceed by decomposing such products into their irreducible representations using (5.31).
The only contributions surviving the trace are those proportional to the unit matrix. Thus, the only
terms left in (5.40) will be those containing traces over triple products of 2-forms, over products of a
2-form and two 6-forms, and over triple products of 6-forms, while terms proportional to products of
two 2-forms and a 6-form will yield zero contributions.

The two terms involving Z1’s (to wit CZ1tZ* and ZtZ+Z%) require some care, since 41412
is proportional to T'y in 12D, and hence Tr(P+T'41412) o« Tr(I'2) # 0. Since double products of
six-indices Dirac matrices decompose into I and Dirac matrices with 2, 4 up to 12 indices, their trace
with TM¥ will keep terms with 2, 10 or 12 indices (the last two containing Levi-Civita tensors) while
their trace with IT'™1-+Ms will only keep those terms with 6, 8, 10 and 12 indices.

Finally, putting all contributions together, exploiting the self-duality of Z* and rewriting cubic
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5.4 Study of the 11D M-theory case 71

products of fields contracted by f2¢ as a trace over u(N), we get:

321 1
I= g Trum) (CMN [Cx7,CoMlumy = 55 Ca® 125" 20, aay Juiy +
61
+ 2(31)3 ZXBCDEF [Z$EFGHI7 Z&LHIABC]u(N) +
31 3
+ 6—4\IJTC7D+I‘MN[CMN, \Ij]u(N) + _32 - 6!\I;TC,P+PM1...M6[ZA+/[1."M6’ \Ij]u(N))

where we have chosen: €% =gy 11 = +1, since the metric contains two time-like indices. Similarly,

one can decompose invariant terms such as ST ogp(1132,R) TTu(v) (M?) and
ST osp(1(32,R) TTu(nv) ([M, M]3y [M, M]yny), etc. While it might be interesting to investigate fur-
ther the 12D physics obtained from such models and compare it to F-theory dynamics, we will not
do so here. We will instead move to a detailed study of the better known 11D case, possibly relevant
for M-theory.

5.4 Study of the 11D M-theory case

We now want to study the 11D matrix model more thoroughly. Similarly to the 12 dimensional case,
we embed the SO(10, 1) Clifford algebra into sp(32, R) and replace the fundamental representation of
sp(32,R) by SO(10,1) Majorana spinors. A convenient choice of 32 x 32 Gamma matrices are the s
we used in the 12D case. We choose them as follows:

F - . - i
0 (][?6 01116> 10 = (]1016 166> T = (“6 —(?YZ> Vi=1,...,9, (5.41)

where the 7*’s build a Majorana representation of the Clifford algebra of SO(9), {7*,¥} = 269 T14. As
before, we have T''0 = TOT! ... T9 provided 7' - - - 42 = T4, since we can define 72 to be 42 = 4! .48,
This choice has (I'°)2 = —13p, while (T™)2 = T35, VM = 1...10 and gives a representation of
{TM TNY = 2pMN 155 for the choice (—,+,...,+) of the metric. As we have again chosen all I'’s to
be real, this allows to take B=1in ¥*= B\Il, which implies that the charge conjugation matrix is

C =T10°. Moreover, we have the following transposition rules for the ' matrices:
CYf\Ml...Mné—l — (_1)n(n—|—1)/2(f\M1Mn)T (542)
We will identify the fundamental representation of sp(32, R) with a 32-component Majorana spinor of

S0(10,1). Splitting the 32 real components of the ¥ into 16 + 16 as in: ¥ = (@I, <I>;—), we can use
the following identity:

(—=i®g ,i®] ) = 0T = —j0TC = —iT
to write orthosymplectic matrices again as in (5.2).
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72 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

5.4.1 Embedding of the 11D super-Poincaré algebra in osp(1|32, R)

In 11D, we can also express the sp(32,R) transformations in terms of translations, Lorentz transfor-
mations and new 5-form symmetries, by defining;:

h = hMPM + hMNJMN + hMl___M5JM1"'M5 . (5.43)

With the help of (5.14), we can compute this enhanced super-Poincaré algebra as in dimension 12,
using the following explicit representation of the generators:

’ 2 ’ 5! )
In order to express everything in terms of the above generators, we need to dualize forms using the
k(k—1) ~ N
formula: (—1)" 2 eM-MuDyp oy, = —(11—k)!IDM-Me_ This leads to the following superalgebra:

[PM, PN] = 4JMN
[PM,JOP] — 27]M[OPP}

[JMN | JOP| — _4y[M[O yNIP]
[PM | gMiMs) _%8MM1...M5N1.“N5JNl...N5
[JMN | JMi-Ms] — 10 [M[My N]Mo... M)
MM pNLLNg) _% M MsNooNs pA ﬁn[m[m M, N2EMs---Ms]Ns---Ns]Ol...O5J01...05+
n %H[Ml[m Mo Ny ) M5 N3 ) Ma Na_ g MolVs] (5.45)
[P, Q4] = (T")",4Qp
MY 0] = %(fwMN)BAQB
JM-Ms ] = é(fMl...M5)BAQB
(04,05} = %(éf\M)ABPM _ %(éfMN)ABJMN n %(CvflemME’)ABJMl...Mg, _

Note that this algebra is the dimensional reduction from 12D to 11D of (5.17). In particular, the first
three lines build the s0(10,2) Lie algebra, but appear in this new 11-dimensional context as the Lie
algebra of symmetries of AdSi; space (it is of course also the conformal algebra in 9+1 dimensions).
We may wonder whether this superalgebra is a minimal supersymmetric extension of the AdSy, Lie
algebra or not. If we try to construct an algebra without the five-form symmetry generators, the graded
Jacobi identity forbids the appearence of a five-form central charge on the RHS of the {Q 4, Q?} anti-
commutator. The number of independent components in this last line of the superalgebra will thus
be bigger on the LHS than on the RHS. This is not strictly forbidden, but it has implications on the
representation theory of the superalgebra. The absence of central charges will for example forbid the
existence of shortened representations with a non-minimal eigenvalue of the quadratic Casimir operator
C = —1/4Py PM + Jyn JMY (“spin”) of the AdS;; symmetry group (see [128]). More generally, in
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5.4 Study of the 11D M-theory case 73

11D, either all objects in the RHS of the last line are central charges (this case corresponds simply
to the 11D Super-Poincaré algebra) or they should all be symmetry generators. Thus, although it is
not strictly-speaking the minimal supersymmetric extension of the AdSi; Lie algebra, it is certainly
the most natural one. That’s why some authors [34] call osp(1|32, R) the super-AdS algebra in 11D.
Here, we will stick to the more neutral osp(1]|32,R) terminology. Furthermore, osp(1]32,R) is also
the maximal finite-dimensional (non-central) N' = 1 extension of the AdS;; algebra. In principle, one
could consider even bigger superalgebras, but we will not investigate them in this article.

It is also worth remarking that similar algebras have been studied in [31] where they are called
topological extensions of the supersymmetry algebras for supermembranes and super-5-branes.

5.4.2 The supersymmetry properties of the 11D matrix fields

Let us now look at the action of supersymmetries on the fields of an osp(1|32,R) eleven-dimensional
matrix model. We expand once again the bosonic part of our former matrix M on the irreducible
representations of SO(10,1) in terms of 32-dimensional I" matrices:

= 1 = 1 -
m = XM I‘M + ECMN I"MN + EZML..M;‘; PMl...M5 ,

where the vector, the 2- and 5-form are given by:

1

- 1 - -
Xy = 3—2T7"5p(32,R)(mPM)7 Cun = —3—2T’f‘5p(32,R)(mrMN), Iy My = 3—2Trgp(32,R)(mI‘Ml___M5),

Let us give the whole 55}) transformation acting on the fields (using the cyclic property of the
trace, for instance: Tr([h, m|]I'™M) = Tr(h[m,TM))):

1
(512

1 .
52) CMN _ _y4 (h[MXN] _ h[MQCN}Q i ﬂhMl...M4[M ZN]Ml...M4) n 17’_6XTP0PMN\II’

62) XM =9 (hMQ Xg + h@ CQM - EMMI“‘MSNI___N5hN1"'N5 ZMl...M5) - IZ—GXTfOfM‘I’a

1
55}) ZM1...M5 -9 <E€M1.“M5N1___N5Q hN1...N5 XQ + 5hQ[M1M4 CMS]Q . 5hQ[M1 ZM2M5]Q +

+ i Mi...Ms

1
5' € ON1..Ns hO ZNl...N5 o h01...05

€0 DN NoN [M1 M2 M3 7MaM5]N1NaN3 | _
3 . 4| 1...U51IV11V21IV3

_ i XTfOfMl...Ms\I] )
16

52) U = (thM + hun [MN + b s fMl"'M‘r’)\I'—

_ 1~ 1~
— My Xy — §FMNXCMN - 5FM1'"M5XZM1...M5 ,

where the part between parentheses describes the symplectic transformations, while the remainder
- k(1) =
represents the supersymmetry variations. Note that we used (—1) 2 EMI"'MllFMk+1___M11 =—(11 -

E)IT MMy i 62) ZM1--Ms 5 dualize the Dirac matrices when needed.
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74 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

5.4.3 Eleven-dimensional action for a supersymmetric matrix model

As in the 12D case, we will now consider a specific model, invariant under U (N) gauge and osp(1|32, R)
transformations. The simplest such model containing interactions and “propagators” is a cubic action
along with a quadratic term. Hence, we choose:

1
I = STrogp(132,R)0u(N) (—MM2 + 72 M[M, M]u(N)) - (5.46)

Contrary to a purely cubic model, one loses invariance under M — M + K for a constant diagonal
matrix K, which contains the space-time translations of the BFSS model. In contrast with the BFSS
theory, our model doesn’t exhibit the symmetries of flat 11D Minkowski space-time, so we don’t really
expect this sort of invariance. However, the symmetries generated by PM remain unbroken, as well as
all other osp (1|32, R) transformations. Indeed, the related bosonic part of the algebra (5.45) contains
the symmetries of AdS; as a subalgebra, and as was pointed out in [83] and [54], massive matrix
models with a tachyonic mass-term for the coordinate X’s fields appear in attempts to describe gravity
in de Sitter spaces (an alternative approach can be found in [125]). Note that we take the opposite
sign for the quadratic term of (5.46), this choice being motivated by the belief that AdS vacua are
more stable than dS ones, so that the potential energy for physical bosonic fields should be positive
definite in our setting.

The computation of the 11-dimensional action for this supermatrix model is analogous to the one
performed in 12 dimensions. We remind the reader that each entry of the matrix M now becomes a
hermitian matrix in the Lie algebra of u(NN) for some large value of N whose generators are defined
as in the 12D case.

After performing in (5.46) the traces on products of Gamma matrices, it comes out that the terms
of the form XXX, XXZ, XCC, CCZ and XCZ have vanishing trace (since products of Gamma
matrices related to these terms have decomposition in irreducible tensors that do not contain a term
proportional to I32) so that only terms of the form XXC, XZZ, CZZ, CCC, ZZZ will remain from
the cubic bosonic terms. As for terms containing fermions and the mass terms, they are trivial to
compute. Using (5.31) and the usual duality relation for Dirac matrices in 11D, one finally obtains
the following result:

1 1 -
I'=—32uTryu {XMXM = 5 OunCY™Y + o Zagy g 200 f—(jxlulf} +

321 3
+ g_2 T'ru(N) (3 CNM [XM, XN]u(N) — 8M1"'M11 {W ZMl...M5 [XMea ZM7...M11]U.(N) -

23 52 3
[GiE Zog vty ny” B AB My My Mo ZM7---M11]u(N)} + g Cmn Zgyon,™ s 20 MMy +
3i [~ 1~
+ Cun [CNo, COM]y ) + ) {‘I’ M [ X, Ulyvy + 2 UTYN [Crrw, Uy + (5.47)

1 —~
+ 5\I,]:1M1M5 [ZMI...M55\IJ]u(N)}) .
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5.5 Dynamics of the 11D supermatrix model and its relation to BFSS theory 75

5.5 Dynamics of the 11D supermatrix model and its relation to
BFSS theory

Now, we will try to see to what extent our model may describe at least part of the dynamics of
M-theory. Since the physics of the BFSS matrix model and its relationships to 11D supergravity and
superstring theory are relatively well understood, if our model is to be relevant to M-theory, we expect
it to be related to BFSS theory at least in some régime. To see such a relationship, we should reduce
our model to one of its ten-dimensional sectors and turn it into a matrix quantum mechanics.

5.5.1 Compactification and T-duality of the 11D supermatrix action

If we want to link (5.47) to BFSS, which is basically a quantum mechanical supersymmetric matrix
model, we should reduce the eleven-dimensional target-space spanned by the XM’s to 10 dimensions,
and, at the same time, let a “time” parameter ¢ appear. At this stage, the world-volume of the theory
is reduced to one point. We start by decompactifying it along two directions, following the standard
procedure outlined in [151]. Namely, we compactify the target-space coordinates Xy and X1 on circles
of respective radii Ry = R and Rjp = wR. We introduce the rescaled field X{, = X19/w which has the
same 2w R periodicity as Xy. We can then perform T-dualities on Xy and X{, to circles of dual radii
R= I2,/R (parametrized by T and y), where [1; is some scale, typically the 11-dimensional Planck
length. The fields of our theory, for simplicity denoted here by Y, now depend on the world-sheet
coordinates 7 and y as follows:

Y(Ta y) = Z Yin ei(mT—HLy)/ﬁ . (548)

As a consequence, we now need to average the action over 7 and y with the measure drdy/ (27r§)2.
Finally, one should identify under T-duality:

Xo ~ 272, (z'BT — Ay (r, y)) 20D, , Xio=wXly~ 21wl (z'ay — Ay, y)) 2Dy,  (5.49)

where A and A, are the connections on the U(NN) gauge bundle over the world-sheet. For notational
convenience, we rewrite ¢ 2 Coio, Fy L [D;,Dy] and T, £ Ty and encode the possible values of
the indices in the following notation:

A, B=0,...,10, 44 k=1,..,9,
a=1,...,10, B=0,..,9.
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76 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

Then, the compactified version of (5.47) reads:

324 drd 3
I = = ﬁﬂ"u(m( 6 Cioi[Dy, Xi] + 6w Ci10i[Dy, Xi] + — . T Ty [D,, T] -

3w 3 [y 3w 51"'ﬂ1010 Sy

T 39 v P [Dya vl - W Ear--0100 Zar a5 U Dry Zag--ao) (51)2 € 2, - z[Dyv Z/BG"',BIO] +
) 3

+ G'LwﬁbFTy + 3Cij [XjaXi] + WEAI Amj ZAl---A5 [Xj,ZA6---A10] —
2352 Aq--An B1 B> 3 Aq---As

N Zp ayas (281 B2 AuAs Ay Zaran] + 4 {Cij (Zj Aypg> Z; -

— 2Co [ZOal---a4aZia1---a4] + 2Ci10 [Zloﬁl...g4,ziﬂl"'ﬂ4] — 2¢[Zloil---i4aZOi1---i4]} +

+ Cij [Cjk, Cri] + 3 Cio [Cro, Cki] — 3 Ci10 [Cr10, Cri] + 6 ¢ [Cr10, Cko + (5.50)
3i 1~ o e P

+ = {TT X, W) + 5 TTy(Cy, 9] — TTT0[Cho, W] + LT [Chro, 9] — TLOT 9, 9] +
1~ ~ ~ o~ ) —

+ o T [ZAI...A5,\IJ]} + iug? (DTDT — W?D,D, + XiX; + 12—6\11111 42—

1 1
_ ECijCij + C;0Ci0 — Ci10Ci10 + 5ZAI"'ASZAl...A5)) )

Repeated indices are contracted, and when they appear alternately up and down, minkowskian
signature applies, whereas euclidian signature is in force when both are down.

5.5.2 Ten-dimensional limits and IMF

Since the BFSS matrix model is conjectured to describe M-theory in the infinite momentum frame,
we shall investigate our model in this particular limit. For this purpose, let’s define the light-cone
coordinates t; = (7 +y)/v/2 and t_ = (7 — y)/v/2 and perform a boost in the y direction. In
the limit where the boost parameter u is large, the boost acts as (ty,t ) — (uty,u”'t_ ), or as
(1,9) = V2(uty,ut,) on the original coordinates. In particular, when v — oo, the ¢_ dependence
disappears from the action and we can perform the trivial ¢_ integration. The dynamics is now solely
described by the parameter ¢ = V2 2ut,, which is decompactified through this procedure. In particular,
both D and D are mapped into Dt

So far, the ratlo of the compactification radii w is left undetermined and it parametrizes a contin-
uous family of frames. It affects the kinetic terms as:

Lo g [l —6(0-—0-)'ﬁx-+i§(f—f)ﬁxp_
©T g wo ) apy 2v2nka ) io = wGino ) ilDy, Xi] + 35¥ (Lo —wI ) (D, Y]
—3 10)) Sw gPr-B1010 )

— (5')2 €ay-a100 Za1---a5 Z[Dtazae---am] (5') Z/J’l'"ﬂs Z['Dt,Zﬂ6...510] + ... (5.51)

In order to have a non-trivial action, as in the BFSS case, we must take the limit u — oo together
with N — oo in such a way that N/ (Ru) — oco. In the following, we will write R = Ru, implicitly
take the limit (R, N) — oo and let ¢ run from —oo to oc.
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5.5 Dynamics of the 11D supermatrix model and its relation to BFSS theory 7

In the usual IMF limit, one starts from an uncompactified Xy. In our notation, this corresponds
to R — oo, i.e. to the particular choice w = R1p/R — 0. So, in the IMF limit, all terms proportional
to w drop out of (5.51). In the following chapters, we will restrict ourselves to this case, since we are
especially interested in the physics of our model in the infinite momentum frame.

5.5.3 Dualization of the mass term

Let us comment on the meaning of the Z/)\? term arising from the T-dualization of the mass term
Tr((Xo)?), which naively breaks gauge invariance. To understand how it works, we should recall that
the trace is defined by the following sum:

Trym)(=D}) = = > (wa®)D}ua(®)) = Y liDilua ) - (5.52)

a

for a set of basis elements {|uq(t))}, of u(N), which might have some ¢-dependence or not. If the
|ug(t)) are covariantly constant, the expression (5.52) is obviously zero. Choosing the |u4(t)) to be
covariantly constant seems to be the only coherent possibility. Such a covariantly constant basis is:

- et ! !
lug(t)) 2 ¢ P AWy

(where the |u,)’s form a constant basis, for instance, the generators of u(N) in the adjoint representa-
tion). Now, t lives on a circle and the function exp( j:) Ap(t") dt") is well-defined only if the zero-mode

A(()O) = 27n, n € 7. But we can always set A(()O) to zero, since it doesn’t affect the behaviour of the

system, as it amounts to a mere constant shift in ”"energy”. With this choice, we can integrate 5t by
part without worrying about the trace.

5.5.4 Decomposition of the five-forms

In (5.50), the only fields to be dynamical are the X;, the Z,,..o; and the ¥. The remaining ones
are either the conjugate momentum-like fields when they multiply derivatives of dynamical fields, or
constraint-like when they only appear algebraically.

Thus, the Cjp and ¥ have a straightforward interpretation as momenta conjugate respectively to
the X; and to W. For the 5-form fields Z4,...4, however, the matter is a bit more subtle, due to the
presence of the 11D € tensor in the kinetic term for the 5-form fields. Actually, the real degrees of
freedom contained in Zy,...4, decompose as follows, when going down from (10 + 1) to 9 dimensions:

Q°(M101,R) — 3 x QY (Mo, R) ® Q*(Mg,R) . (5.53)

To be more specific (as in our previous convention, iy = 1,...,9 are purely spacelike indices in

9D), the 3-form fields on the RHS of (5.53) are Z; ;,is0,10 £ B isis, while the 4-form fields are
A A TRy A TR UL} -

Ziviaigialo = Zivigigiar Liriaisia0 = Hirigigiy and® T4 & 1/5lehIsi=udl0Z; ;o these conventions

“Using
N
TR ) +++i90,10 in
g iNiN 1o Ekyhningr-ig0,10 = —(9— N)! E a(r) (S;c,,(n) ,

™ n=1
where 7 is any permutation of (1,2,..,N) and o(w) is the signature thereof, this relation can be inverted: Z;,...;; =
Lo TII67d9
4) ©t1-"1576°°79
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78 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

allow us to cast the kinetic term for the 5-form fields into the expression 6/4! TI*""% [ﬁt, Zj, .iq), while
B and H turn out to be constraint-like fields, the whole topic being summarized in Table 1.

dynamical var. | number of real comp. | conjugate momenta || constraint-like | number of real comp.
X; 9 C; Ci; 36
Ciio 9
1) 1
Zinia 126 1,4, H;, 126
_ Bi1i2i3 84
v 32 v

Table 1: Momentum-like and constraint-like auxiliary fields

We see that longitudinal 5-brane degrees of freedom are described by the 4-form Z;,..;,, while trans-
verse 5-brane fields Z;, ...;; appear in the definition of the conjugate momenta. As they are dual to one
another, we could also have exchanged their respective roles. Both choices describe the same physics.
We can thus interpret these degrees of freedom as transverse 5-branes, completing the BFSS theory,
which already contains longitudinal 5-branes as bound states of DO-branes.

Choosing the ¢, ...;, tensor in 9 spatial dimensions to be:

N 0,10

€41 --ig Eil---ig = —&1-i90,10 >

we can express the action I, in terms of the degrees of freedom appearing in Table 1 (note that from
now on all indices will be down, the signature for squared expressions is Euclidean and we write D,
instead of Dy ):

8v/2i . i 3 —~
= / dtT'r'u(N) ( — 62 Cyo [DtaXi] ~ 1 I, .4y [Dt, Zil...“] + 3 Uy [Dt, \P] + 3C;j [Xj,Xi] —

7g’R 2

1 1
+ <Hi1i2i3j [XjaBi1i2i3] — M8i1...i8jzi1...i4 [Xj Hi;,---ig]) + 34l W(Z,H,H,B) +

1 1
+ 5 {Cij Kij(Z,H,H,B) —2C (mgijr--jzikr--m[Hj1---j4aHk1---k4] + [Zij1j2j3,3j1j2j3]> +

1 1
+ 2C;10 (mgijl-"jwr"m[Zjl---juHk1'"k4] — [Hij1j2j37Bj1j2j3]) — §¢[Zi1---i47Hi1---i4]} +

+ Cij [Cjk, Cril + 3 Cio [Cko, Cri] — 3 Cito [Crio, Cki] + 6 ¢ [Ckio, Crol+

3i (=~ 1~ e e
+ 3 {‘I’ T [Xi, U] + 5y ULy5[Cyy, U] — ULy [Cio, U] + TIL [Cino, ¥ — (5.54)
. 1~ - 1 -
— Uyl [¢, \If] + E\Pril...ur*[zil...u,qf] + E\Pril...i4ror*[nil...i4,\IJ]+
1~ -

_ 1 —~ ~ ~ . 1 —
_ \I]Fil---i4F0[Hi1---i4,\Ij] — 5 \I/Filiﬂsl‘of‘*[Bilizig,\p]} + UQZZ {(Xz)2 + EKIJ‘I/ + ¢2_

1

a ((Zil---i4)2 + (Wyoiy)? = (Hiyoia)? — 4(Bi1i2i3)2)}> :
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5.5 Dynamics of the 11D supermatrix model and its relation to BFSS theory 79

We have abbreviated two lengthy expressions in the result above to make it shorter: on one hand, the
term coupling the various 5-form components to the Cj;:

Kij(ZILH,B) 2 [Zjkikoks> Zikikoks) + (I kikokss Wi kikoks) — 31Bj kvkas Bikiks) — [Hj kikokss Hikkoks) »

on the other hand, the trilinear couplings amongst the 5-form components:
W(Z,ILH,B) = & {Bilizj (2 M i3iaisy Wig-ia] — [Zjiiais, Ziowio] — [Hjisiais, Hig-ia]) +

2
+ 5 Bi1i2i3 ( [Bi4i5iea Bi7isi9] + [Zi4i5i6j’ Zj i7isi9] - [Hi4i5iﬁj’ Hj i7i8i9] ) }
+ (3!)2 Hi1i2j1j2 [Zj1j2k1k21Hk1k2i1i2]

5.5.5 Computation of the effective action

We now intend to study the effective dynamics of the X; and ¥ fields, in order to compare it to
the physics of DO-branes as it is described by the BFSS matrix model. For this purpose, we start
by integrating out the 2-form momentum-like and constraint-like fields, which will yield an action
containing the BFSS matrix model as its leading term with, in addition, an infinite series of couplings
between the fields. Similarly, one would like to integrate out the Z-type momenta and constraints II,
H and B, to get an effective action for the 5-brane (described by Z;;i;) coupled to the DO-branes. We
will however not do so in the present paper, but leave this for further investigation.
To simplify our expressions, we set:>

s 8V2

A 2
B=ny "=
and write (5.54) as (after taking the trace over u(N)):
I =7 [t (BOT(T + AYICH + O F + Lo+ Lo+ L) (5.55)

For convenience, we have resorted to a very compact notation, where:

C,(Ll é ( Czao ) ’ Z‘;b é ( —6ab6ij 0 > : A,?Jb é 3fab8( CZC] ¢C(51.7 ) ’

Cio 0 56, B —¢%i; —Cf
Fa
and where the components of the vector F{ = ( Gz“ ), are given by the following expressions:

2

1 : 3 = ~x
F, = G[Dt,Xi] — meijl"'j4k1"'k4 [Hjl---j4aHk:1---k4] — Z[Zij1j2j3aBj1j2j3] — 3—2{\I/,PiP0\I/} ,

A ?

. Jpp
Gz’ = meijr"ﬂkl'"m[Zj1---j4aHkl"'k4] — Z[Hij1j2j3,lej2j3] + 3—2{\I/,Pir*‘11}

SIf we consider X and hence C, Z and ¥ to have the engineering dimension of a length, then so has 3, while v has
dimension (length)~*.
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80 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

Note that we have written 4 fabcﬁbfm\ﬂc as {0, f\I'}a with a slight abuse of notation. The remaining
terms in the action (5.55) depending on C;; and ¢ are contained in

Lo 2 g(c*;;)Z + EjCH — fYCHCHLCEy

Ly = B¢ + T
with the following definitions

1 . 3 - ~
Eij = §Kij + 3 [Xi,Xj] + 6—4{\11,Fij‘11} ,

J 2 ZZ[Z,-I...i4,Hi1...,-4] - ;—2{@,1“01“*\11} :
and finally L is the part of I, in (5.54) independent of C;;, Cii0, Cio and ¢. in other words the part
containing only dynamical fields (fermions ¥ and coordinates X;) as well as all fields related to the
5-brane (the dynamical ones: Z and II, as well as the constrained ones: B and H).

Now, (5.55) is obviously bilinear in the C¢ (note that A;‘Jb is symmetric, since Cj; is actually
antisymmetric in ¢ and j). So one may safely integrate them out, after performing a Wick rotation
such as

t—>17=1t |, Ci10 — 6,’10 = +1Cj10
The indeterminacy in the choice of the direction in which to perform the Wick rotation will turn out
to be irrelevant after the integration of Cj1p (indeed, this & sign appears in each factor of ¢ and each

factor of G, which always come in pairs).
We then get the Euclidean version of (5.55):

IE—'y/dT T(IY + A )C?+(6S)TF3—£C—L¢—E) ,
where the new rotated fields assume the following form:
— a —u _Fo
1 4 10 0 A i
ot () e ()
b & 5%8;; 0 xab o 3 foe ( =Cg  +igedy
K 0 5ab5ij ’ K ﬁ $i¢05ij CZC]

The gaussian integration is straightforward, and yields, after exponentiation of the non trivial part of
the determinant:

/D@m DCj eXP{ - IE}
1 —a . ~
x exp{ —5Tr (ln(][?]’-’+Ai;)> —7/dr ( E( DT+ AY) T — Lo — Ly — ﬁ) }

The term quadratic in F is obviously tree-level, whereas the first one is a 1-loop correction to the
effective action. The 1-loop "behaviour” is encoded in the divergence associated with the trace of an
operator, since

TrO = / dr O%(7){r]7) = A / dr 0% () (5.56)
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5.5 Dynamics of the 11D supermatrix model and its relation to BFSS theory 81

where the integration in Fourier space is divergent, and has been replaced by the cutoff A. Transform-
ing back to real Minkowskian time ¢, we obtain the following effective action

b A

T ET + A E -

Ieffzy/ <£+£C+£¢+4ﬂ

A (u(r 1 B ) (557

5.5.6 Analysis of the different contributions to the effective action

The natural scale of (5.57) is 3, which is proportional to the mass parameter y. We therefore expand
(5.57) in powers of 1/8, which amounts to expanding (5.57) in powers of A. Now, this procedure
must be regarded as a formal expansion, since we don’t want to set 8 to a particular value. However,
this formal expansion in 1/ actually conceals a true expansion in [X;, X;], which should be small to
minimize the potential energy, as will become clear later on.

First of all, let us consider the expansion of the tree-level term up to O(1/83). The first order

term is given by:
1 —a\r=a 1
B/dt (F;)TF; = B/dtTT<(Fi)2 - (Gi)Q)-

Since F; contains [D;, X;] and {¥, ¥}, while G; contains only {¥, ¥} (ignoring Z-type contributions),
this term will generate a kinetic term for the X*’s as well as trilinear and quartic interactions.
The second-order term is:

5 e = 2 dtTr( Cii{ [P Fj] - [Gi, 651} —2¢[E,Gz~1).

All vertices generated by this term contain either one C, with 2 to 4 X or ¥, or one ¢, with 3 or 4 X
or U.
Finally, the third-order contibution is as follows:

2
/6/dt abF ;3 /dt TT([FZ,CZJ][CJIC,F]C] [Gi,Cij][Cjk,Gk]+

+[E: Bll¢, il — [Gi, 9lld, Gil + 2[Gi, Cijll¢, Fy] — 2[F3, Cigl (¢, Gj]) ;

producing vertices with 2 ¢’s or 2 (s, together with 2 to 4 X or W, as well as vertices with 1 ¢ or 1
C, with 3 to 4 X or V.

Next we turn to the 1-loop term, where we expand the logarithm up to O(1/3%). Because of the
total antisymmetry of both f%¢ and Cij, one has TrA = 0, so that the first term cancels. Now,
keeping in mind that

1
fabCfbad — (aa)(scd and famnfbnOfcom — 5C«Q(aa)fabc ’

Cy(ad) referring to the quadratic Casimir operator in the adjoint representation of the Lie algebra,
one readily finds:

(i). TrA® = (%)22i02(uD)AfdtTr((Cij)2 —9(¢)2),
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82 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

. 3
(ii). TrA® = — (%) Cy(ad)A fdtTr(C,-j[Cjk,Ck,-]).
In other words, the 1-loop correction (i) renormalizes the mass terms for C;; and ¢ in I, as follows:

e Mass renormalization for Cj;: %75 — %75 (1 + %Cg(aD)A)

e Mass renormalization for ¢: 78 — v (1 + 23%6’2((10)A)
Whereas the 1-loop correction (ii) renormalizes the trilinear coupling between the Cj; in I,:
e Renormalization of the C;;[Cjy, Ck;] coupling: v — 7 (1 - %Cg(aD)A)

Up to T’I"Z3, the 1-loop corrections actually only renormalize terms already present in I, from
the start. This is not the case for the higher order subsequent 1-loop corrections: there is an infinite
number of such corrections, each one diverging like A. A full quantization of (5.57) is obviously a
formidable task, which we will not attempt in the present paper. A sensible regularization of the
divergent contributions should take into account the symmetries of the classical action, which are
not explicit anymore after performing T-dualities and the IMF limit. However, since our model is
quantum-mechanical, we believe it to be finite even if we haven’t come up with a fully quantized
formulation.

Summing up the different contributions computed in this section, one gets the following 1-loop
effective action up to O(1/83):

1

— /dt £C+£¢+£ /dtTr G?) —

; A
_#/dtTT(Cij([E,Fj] - [Gi,Gj]) —2¢[E,G,-]> v ;?/dtTr(C% _9¢2) )

4/63 /dtTT ([FZ,CZJ][Cjk,Fk] - [Gi;Cij][Cjk,Gk] + [E,¢][¢,E] - [Giaﬁb][qsa Gi] +
Ay

o [are(Cslonoul) + 0uss) 659)

26, Cifll, Fy] — 2(F, Ol Gj]) -

where A is proportional to the cutoff A:

Y

A
Note that the O(1/8*) terms that we haven’t written contain at least three powers of Cj; or ¢.

5.5.7 TIterative solution of the constraint equations

The 1-loop corrected action (5.58) still contains the constraint fields Cj; and ¢, which should in
principle be integrated out in order to get the final form of the effective action. Since I.g¢ contains
arbitrarily high powers of C;; and ¢, we cannot perform a full path integration. We can however solve
the equations for Cj; and ¢ perturbatively in 1/8. This allows to replace these fields in (5.58) with
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5.5 Dynamics of the 11D supermatrix model and its relation to BFSS theory 83

the solution to their equations of motion. Thus, in contrast with the preceeding subsection, here we
remain at tree-level.
The equation of motion for C;; may be computed from (5.58), and reads:

Cij + %(Ew +3i[0jk,0ki]) + % (%i{[Gian] - [E‘,Fj]} + /\Cw) +
+% g ({[F[ia [Ciik> Frl] = [Gpa» [Cip> Gl + [Glis (6, Fyll — [Fis, [9, Gj]]]} +
- %[Cjkaoki]) +0(1/6%) =0, (5.59)

while the equation of motion for ¢ is:

2

57— g (PG -33) + 1 (1R[] -

'l TR

—[Gi,[Gi, 9]l + [Fi,[Cij, G]] — [Gi,[CijaFj]]> +0(1/8°) = 0. (5.60)

By solving the coupled equations of motion (5.59) and (5.60) recursively, one gets C;; and ¢ up to

O(1/B%). We can safely stop at O(1/8°), because the terms contributing to that order in (5.59)

and (5.60) are, on the one hand, ﬂ_lA(é/éCij)TrZ4 and ﬁ_lA(6/5¢)TTZ4, whose lowest order is

O(1/p%), and on the other hand 5_2(6/(56’,-]-)FTZ3F and [3_2((5/6¢)FTZ3F, whose lowest order is

O(1/87), so that the eom don’t get any corrections from contributions of O(1/8*) coming from I.g.
Subsequently, the 1/3 expansion for Cj;; reads

Cij = — %Eij + % ([Eik,Ekj] + i[Fi,Fj] - i[Gquo + %Ez‘fr
+ %(— 2B (B Bl + 3 B (P ) — 2 B (G, Gl + 5[ B ) Fyl-
- 3Bk G, Gyl + 11 [Py, T = 1A (G, 1) + O/ (5.61)
and the expansion for ¢:
¢ = %J + %[E,Gi] - (g)z%f - (5.62)
- 555 (1B IR 0 = G4 6. 1) = 20[P% Bl G5+ 2[Gi Bl P ) + 00/6°).

Now, plugging the result for C;j; and ¢ into I.g, one arrives at the ”perturbative” effective action,
which we have written up to and including O(1/3°), since the highest order (O(1/8%)) we calculated
in Ig is quadratic in C and #%, and since the O(1/8*)-terms in (5.58) only generate O(1/47) - terms.

Snote that their expansion starts at O(1/3)
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This effective action takes the following form:

1 ~ 1
“Ig = /dt(£+@TT(1§2—G§+J2—2(EU)2)+

+ﬁiaT7“( — Eij[Ejk, Eri] + ZEU{[E’F]'] - [Gian]} + %J[F&,Gio) +

A 9 9 1
+%T7~<(Ei-)2 — ZJZ) + ﬁTT (([EikaEkj])2 + 16

+ 5B, Bl (B F5] — 1G4 Gyl) — £ (B Gi)? = 3 { (B Bis)? — (G, B} +

([F’Z’F]] - [Gi’Gj])2 -

+ {1~ (66 )2} - 5160 Bl Bl + (B Byl G;-])) +O(1/8°).

At that point, we can replace the aliases E, F, G and J by their expression in terms of the
fundamental fields X, ¥, Z, II, B and H. The result of this lengthy computation (already to order
1/B) is presented in the Appendix. Here, we will only display the somewhat simpler result obtained
by ignoring all 5-form induced fields. Furthermore, we will remove the parameter § from the action,
since it was only useful as a reminder of the order of calculation in the perturbative approach. To do
so, we absorb a factor of 1/ in every field, as well as in D; (so that the measure of integration scales
with ). Thus, B only appears in the prefactor in front of the action, at the 4 power. This is similar
to the case of Yang-Mills theory, where one can choose either to have a factor of the coupling constant
in the covariant derivatives or have it as a prefactor in front of the action. To be more precise, we set:

and similarily for the Z sector: (Z,I1,H,B) — (Z/B,11/5,H/B, B/B).

With this redefinition, it becomes clear that our developpment is really an expansion in higher
commutators and not in 5. It makes thus sense to limit it to the lowest orders since the commutators
should remain small to minimize the potential energy. To get a clearer picture of the final result, we
will put all the 5-form-induced fields (Z,I1, H, B) to zero. For convenience we will still write X as X
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and £ as t in the final result, which reads:

1(X,0) :é / 0t Try ) (([Dt,Xi])Q + 2 (X0, X)) + i@D0[D;, ©] - B[X;, 0]

1 2% — - - 35 .
—§(XZ-)2 - 399 —3[Dy, X;1{O,,T(0} — 5[X,-,Xj]{®,rij®}+

+3((6, 1,00} — (8, 1iF.0)? + ({8, Tol.0})? - £(6,F0))+
+3[ X, X;][[X5, Xiel, [ X, Xil] — 9[Xe, X;][[Ds, Xi], [Dy, X;]] -

%~ 4 — —
~22{8, F0 X, X, Xk, Xill + 551X, X,][{8, 340}, {8, Fri0) -

4’i . . . 32' .
-5 18,1,,0}[(6, 740}, {6, F10}] + *' {6, Fyy@}[Dy, Xil, 1D, X,1)+

3% e S 3% - - - e -

~ 551X, X]{0, 1,100}, {8, T;T0e)] 2—;{®,I‘Z]®}[{®,FZI‘0®},{@,I‘]FOG)}]—I-
34 e S 35 e - - -

+551X:, X][{8, 1.6}, {8, [,1.6}] - 75{6,1,0}[{0,\T.6}, {6,[,1.0}-

+ eighth-order interactions.

We see that the first four terms in this action correspond to the BFSS matrix model, but with a

doubled number of fermions. So, in order to maintain half of the original supersymmetries (i.e. N =1

in 10D), one could project out half of the original fermions with P_ SLLLR (14 T,)/2. Finally, in

addition to the BFSS-like terms, we have mass terms and an infinite tower of interactions possibly
containing information about the behaviour of brane dynamics in the non-perturbative sector.

5.6 Discussion

After a general description of 0sp(1|32) and its adjoint representation, we have studied its expression as
a symmetry algebra in 12D. We have described the resulting transformations of matrix fields and their
commutation relations. Finally, we have proposed a matrix theory action possessing this symmetry
in 12D. We have then repeated this analysis in the 11-dimensional case, where osp(1|32) is a sort of
super-AdS algebra. Compactification and T-dualization of two coordinates produced a one-parameter
family of singular limiting procedures that shrink the world-sheet along a world-line. We have then
identified one of them as the usual IMF limit, which gave rise to a non-compact dynamical evolution
parameter that has allowed us to distinguish dynamical from auxiliary fields. Integrating out the latter
and solving some constraints recursively, we have obtained a matrix model with a highly non-trivial
dynamics, which is similar to the BFSS matrix model when both X? and multiple commutators are
small. The restriction to a low-energy sector where both X? and [X, X] are small seems to correspond
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86 Chapter 5: A matrix quantum mechanics with osp(1/32, R) supersymmetry

to a space-time with weakly interacting (small [X, X]) D-particles that are nevertheless not far apart
(small X2). The stable classical solutions correspond to vanishing matrices, i.e. to D-particles stacked
at the origin, which displays some common features with matrix models in pp-wave backgrounds (see
for instance [27, 59, 44]).

Since the promotion of the membrane charges in the 11D super-Poincaré algebra to symmetry
generators implied the non-commutativity of the P’s, and thus the AdS1; symmetry, the membranes
are responsible for some background curvature of the space-time. Indeed, since the Cysn don’t appear
as dynamical degrees of freedom, their role is to produce the precise tower of higher-order interactions
necessary to enforce such a global symmetry on the space-time dynamically generated by the X;’s. The
presence of mass terms is thus no surprise since they were also conjectured to appear in matrix models
aimed at describing gravity in de Sitter spaces, albeit with a tachyonic sign reflecting the unusual
causal structure of de Sitter space ([83, 54]). One might also wonder whether the higher interaction
terms we get are somehow related to the high energy corrections to BFSS one would obtain from the
non-abelian Dirac-Born-Infeld action. Another question one could address is what kind of corrections
a term of the form ST7ep(1132)0u(n) ([M, M][M, M]) would induce.

It would also be interesting to investigate the dynamics of the 5-branes degrees of freedom more
thoroughly by computing the effective action for Z (from I.g of the Appendix) and give a definite
proposal for the physics of 5-branes in M-theory. Note that there is some controversy about the ability
of the BFFS model to describe transverse 5-branes (see e.g. [82, 21] and references therein for details).
Our model would provide an interesting extension of the BFSS theory by introducing in a very natural
way transverse 5-branes (through the fields dual to Z;j;;) in addition to the DO-branes bound states
describing longitudinal 5-branes, which are already present in BFSS theory.
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5.7 Appendix

We give here the complete effective action at order 1/4.

g [ @Tram) ( - ﬁ{(X P+ =T+ (Zaid)? + () = (Hyi)? = 4 (Biii)?) } +

31 )
{4 i1-- 24[Dt7 1y 14]+ \IJPO[Dt,\IJ]_FZHmzZsJ[ 'Lllzis]_4 4|611 RLY] 21 14[ 15 Zs]

j

37 41 Cinis (Bi1i2j (2 (1L} izinis> Wigeio] + [Zj isiaiss Zig-io] — [Hji3i4i5,Hi6---ig]) +
2

3 Biriaia ([Bi4’i5i6’Bi7i8i9] + [Zisisis j» Zjiisio] — [Hi4i5i6j’Hji7i8i9]>> +

j 3 [—~ l— /~  ~

ZHi1i2j1j2 [Zj1j2k1k2’Hk1k2i1i2] T 39 2% [XM\IJ] + 4 \ (Fil"-iz;P*[Zil---iu\Il]"i_

Pil---i4f0f*[ﬂi1---i4, \If] - fi1---i4f0[Hi1---i4a \IJ] - 4fi1i2i3f0f*[3i1i2i37\1/]) )} +

) .
{36 ([Dt’Xi])2 - ggijl---jg[pt,Xi][Hjl---j4,Hj5---j8] — 12 [DtaXi][Zijl"'jsale"'js] -
9 — ~~ 1

g[DtaXi]{\PariPO\IJ} - E[ i1-- Z47Hj1---j4]([Hi1---i4aHj1"-j4] - 16[Hi1i2isj4aHj1j2j3i4] +
36[Hiyisgsjar Wjrjaigial — L6[Hiyjojajas Wjrinigia] + [Hj1j2j3j4aHi1i2i3i4]) -

1
—gijr"js[Hjl-"jMHjs-"js][zikr--ksaBkr"ka] + 95231 Js[Hjl jar W Js]{\I} T FO\IJ} -
2-4! 2

(Zijeios Bivesi)? + Sl B (T, FiF0W) + S (T, BT} +

% Zisiar W) ((Zin i W] = 16[Zi1i2i3j4,nj1j2j3i4] + 36[Zisinsaar Wi joisia) —

16 Zis s Wiiaisia] + (Zinjasagar Winiiia] ) — ﬁ%...js[zjl...ﬂ,Hj5...j8][Hik1...k3,Bkl...kg] -
29 s i Wi s 0 T+ (s By )P+ ey By, T ) —
510 ({fo I,L,0})? — 116([Z"1"'“’H"“'"“DQ + %[Zil...m,H,-4...Z~4]{\IJ,I‘0I‘*\P} + g([Bikle, Bikks))? +

1 1
5([Zik1kzk3,zjk1k2k3]) + [Zikykakss Zikykoks) Mty tatg > Wity 1a15] + 5([Hik1k2k3aﬂjk1k2k3])2 -

9 -
3[Zikskoks > Zjkrkoks) [Bitatas Bjtats] — [Zikikokss Zjknkoks | [ Hitaiotss Hjtnsis] + 2T0({‘I’aP0F*‘I’})2 -
3 (MLiky koka» Wikikoks) [ Bititn Bitnta] — Wik kokss ik koks ] [Hitytatas Hjti1515) +

1
3 [Bikykas Biky ko [ Hity 15155 Hjy1515] + 5([Hik1kzk3aij1k2k3])2 — 6[Zikykoks> Zjkikaks|[Xir X5] +
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37 — ~ 3 o~
3_2[Zik1k2k3a Zikikoks 1Y, Tig O} — 6[ILig, koks, Wiy kaks) (X, Xj] + 3_2[Hik1k2k37 Tk ks {0, T U} +

9s — ~
18 [Bik kys Biki ko) [ Xis Xj] — 3—2[Bik1k2a3jk1k2]{‘1’,rz‘j‘l’} + 6 [Hikykokss Hjkkoks ][ Xir X5] —

37 — ~ 9z _ ~ 9 _ -
3—2[Hik1k2k3aijlkzks]{‘lfal“ij‘l’} + 18 ([X4, X;))* — E[Xian]{‘I’an‘j‘I’} - ﬁ({‘l’a iU} } +

(9(1/63)> :
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Chapter 6

Classical curved-space solutions of an
0sp(1|32,R) totally reduced matrix
model

We have seen in section 4.3 that various extensions of the IIB matrix model have been proposed to
go away from the usual classical commutative vacuum of the theory. In some sense, such models can
be seen as phenomenological guesses tailored at obtaining certain kind of possible non-perturbative
vacua, in order to study the perturbative non-commutative dynamics of the IIB matrix model in the
neighbourhood of such non-commutative spacetimes.

The motivation for this second research project, realized in collaboration with Takehiro Azuma
from Kyoto University, is that we noticed a similarity between the massive cubic 0sp(1]32, R) matrix
model introduced in the preceding chapter and the IIB massive matrix model studied by Kimura
in [120]. This led us to conjecture that the osp(1/32,R) matrix model could also have interesting
non-commutative static solutions, when expressed as a totally reduced model.

This turned out to be indeed the case and we could show that fuzzy sphere solutions were ener-
getically favoured compared to the trivial solution. However, we can at best find meta-stable vacua
of this kind. The instability that generates the non-commutative vacua is also present in the vicinity
of the non-trivial vacua (at least in certain directions).
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90 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

6.1 Introduction

One of the interesting proposal for a constructive definition of superstring theory [20, 107, 67, 110] is
a formulation through a large N reduced model. The best-known model of this kind is the so-called
IIB matrix model [107, 81] that we have described in chapter 4.

Another intriguing attempt for a constructive definition of superstring theory is the background-
independent matrix model based on the Lie superalgebra osp(1]32,R) [148, 147, 17, 15, 19] that we
studied in the preceding chapter in the context of 12-dimensional and 11-dimensional backgrounds.
Considered in a 10-dimensional context, it is a natural generalization of the IIB matrix model, in
which both bosons and fermions are unified into a single supermultiplet. 0sp(1/32,R) has been known
as the unique maximal simple Lie superalgebra with 32 fermionic generators [28]. In a 10-dimensional
representation, the smallest irreducible spinors are the 16-components chiral spinors, so that the 32
fermionic generators can be decomposed in two chiral spinors of equal or opposite chiralities. The
former and the latter respectively correspond to the type ITA and IIB superstring theories.

In the papers [17, 15], it has been attempted to clarify the relation between a purely cubic
0sp(1]32,R) supermatrix model and the IIB matrix model, paying particular attention to the structure
of the supersymmetry algebra. Here, we will instead study its classical solutions and show that it is
difficult to find a truly stable vacuum configuration.

Though the IIB matrix model only possesses flat commutative spacetime as a classical solution, we
will see that the cubic matrix model exhibits curved-space solutions. Since large N reduced models
are expected to be an eligible framework to describe gravitational interactions, it is essential to have
the possibility of describing curved spacetimes manifestly and study perturbations around curved
backgrounds.

There were some earlier approaches to construct totally reduced matrix models which have some
curved space as a classical solution, so that it becomes possible to perform perturbations around this
curved background. Such models have been discussed briefly in chapter 4.3. They typically have
classical solutions given by a set of fields satisfying some Lie algebra. Thus, such a massive IIB matrix
model can be expanded around various curved spaces. In [120], expansions around the two-dimensional
fuzzy sphere and the two-dimensional fuzzy torus have been studied.

In this paper, we take this latter approach in order to describe a curved background spacetime
by considering an osp(1|32,R) supermatrix model with a mass term. We analyze how the massive
supermatrix model incorporates the non-commutative curved-space classical solutions.

This paper is organized as follows: In Section 2, we give a brief review of the osp(1|32,R) Lie
superalgebra and associated supermatrix models. In Section 3, we suggest an Ansatz that allows to
solve the equation of motions of the massive supermatrix model and leads to solution of the fuzzy
sphere-type. We describe in detail two of these solutions, one exhibiting SO(3) x SO(3) x SO(3)
symmetry and the other exhibiting SO(9) symmetry and compare their stability properties. This
leads us to a more general discussion of a possible brane nucleation process in such totally reduced
matrix models. Then, we make a few remarks on the structure of the supersymmetry transformations
in our model. Finally, we summarize the results presented in this work in section 4 and indicate there
a few directions for future research on this topic.
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6.2 o0sp(1|32,R) supermatrix model with a mass term

L. Smolin proposed a cubic matrix model [148, 147] based on the Lie superalgebra osp(1|32,R). The
action is constructed from a matrix M belonging to osp(1|32, R), whose entries are promoted to large
N Hermitian matrices. Note that we changed the notation compared to the published version of the
paper, in order to agree with the definitions given in the preceding chapter, so that they differ from
those taken in [15]. In particular, this choice amounts to take the matrices in the (even part) of the
Lie superalgebra osp(1/32,R) to be of the form:

MZ(—TZZ 15) , (6.1)

with a minus sign in front of 49y and not a plus sign as in [15, 17]. In this matrix, 9 is a 32 components
Majorana spinor and m belongs to the Lie algebra sp(32, R).

6.2.1 Action

We consider an 0sp(1]32, R) supermatrix model with a mass term included, expecting similarities with
the massive IIB matrix model studied in [120]. We consider the following action, with a mass term
added to the pure cubic osp(1|32, R) supermatrix model:

S = TT‘u(N) [Strasp(1\32) (—3MM2 + iM[M, M])] =
Tryny [3N(_mpqmqp — 2iypPehp) +1 (mpq[qua my] + 3ipP[mp?, ¢q])] . (6.2)

where p,q,r,---=1,...,32 and g > 0. In this model, each element of the osp(1]32,R) supermatrices is
promoted to an N X N hermitian matrix. This action is invariant under U(N) gauge transformations
and OSp(1]32,R) orthosymplectic transformations, and these two symmetries are decoupled, since
they do not act on the same indices. Since we want to consider this model in a 10-dimensional
spacetime context, we decompose the bosonic part m as follows:

1 1 1
m = W™ 4 A0 o B - 22Cy g T o H o DY 5 2y T, (6.3)

where p; = 0,...,9 and IT'™* is the chirality operator. Then, the relevant part of the action (6.2) is
expressed as (writing simply T'r instead of T'r(y) from now on):

1 1
S = 96uTr (—W2 — A, A" + B,B" + 5(]“1“20#1;12 _ EHMI"'AMHMNI“_

1 - . .
— EZM...MF)Z”1 Hs — Eww) +32¢T'r (30“1“2 [B¥1, B¥2] 4+ Cy yn [CH? s, C’“”“]) +

+ cubic interactions involving (W, A, H, Z, ), (6.4)
while the full result can be found in the first appendix and the detailed computation in [15]. In the
purely cubic supermatrix model (without mass term, which has been studied in [148, 17, 15]), the

rank-2 field C,,,, possesses a cubic interaction term but has no quadratic term. This has been a
severe obstacle to the appearance of a Yang-Mills-like structure in the supermatrix model, because
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92 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

it has been impossible to identify C,,,,, with the commutators of the rank-1 fields [B,,, B,,] (or
[Au,, Au,])- In the 11-dimensional case, this difficulty has been overcome in [19] through the addition
of a mass term, and we thus expect this model to contain the massive IIB matrix model, the bosonic
part of which has been studied in [120] to investigate perturbation theory around noncommutative
curved-space backgrounds.

6.3 Resolution of the equations of motion

We proceed to search for possible curved-space classical configurations solving the equations of motion
that follow from the action 6.4). To get a clearer picture of the problem, we now set the fermions and
the positive squared-mass bosonic fields to zero:

=W = Ay = Hyy s = Zpyopis = 0. (6.5)

Since their masses are positive (at least in the spatial directions, while the time-like direction of
quantum fields is generally unphysical), (6.5) is a stable classical solution for fixed B, and C,.
Furthermore, we choose to think about the tachyonic 10-dimensional vector field B, rather than the
well-defined A, as the space-time generating field, in order to obtain a curved-space non-commutative
vacuum. The classical equations of motion for the remaining tachyonic fields B, and C,, following
from (6.4) are

B, = _iU_l[BU, Cuu], (6.6)
Cw/ —iﬂ_l([Bua Bu] + [Cupa Cup])-

Although it is difficult to solve these equations in full generality, the equation of motion for C),
suggests to take C,,, « [By, B,| for B,’s satisfying a fairly simple commutator algebra. If we look for
objects having a clear geometrical interpretation, it is tempting to look for solutions building fuzzy
spheres.

6.3.1 SO(3) x SO(3) x SO(3) classical solution

The simplest tentative solution is the product of three fuzzy 2-spheres with the symmetry SO(3) x
SO(3) x SO(3). Such a system is described by N x N hermitian matrices building a representation
of the s0(3) Lie algebra in the following way:

2

N
[Bi, Bj] = iure;jiBr, B? + B2 + B2 = i*r? 1yxn for (i,5,k =1,2,3) (6.8)

with similar relations for 7,7,k = 4,5,6 and 4,5,k = 7,8,9, trivial commutators for indices that do
not belong to the same group of 3, and By = 0 (e;;, is defined as usually). We can in principle choose
three representations of different dimensionalities N(), N and N® for the three fuzzy spheres and
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put them together in a matrix of size N > N + N®@) 4+ NG) More precisely, for i = 1,2, 3:

Jhay 00 0 0 0
Bi=pr|{ 0 00 |,fori=123, Bi=pur| 0 Jyy 0 |, fori=4,56, (6.9)
0 00 0 0 0
00 O
Bi=ur| 0 0 0 , fori=17,8,9, (6.10)
0 0 Jiw

where J¢ Nk 18 the i-th generator of the N (k)_dimensional irreducible representation of the su(2) Lie
algebra with [J?, J7] = ie;j,J*. This set of fields (6.8) describes a space formed by the Cartesian
product of three fuzzy spheres located in the directions (1, z2, z3), (%4, T5, ¢) and (7, Ts, T9), whose
respective radii are pry/(N®)2 —1/2 ((N? — 1)/4 is the quadratic Casimir operator of the so(3)
Lie algebra). Note that any posmve integer values of N9 are possible here, since N(*) indexes the
dimensions of irreducible representations. For SO(3), the irreps have dimensions N = 2j + 1, for all
integer values of the spin j. However, we can also use spinorial representations with half-integer spins
in this case. It’s better to consider this classical solution instead of the single SO(3) fuzzy sphere

[B;, Bj] = ipre;jr By (for i,5,k =1,2,3), B, =0 (for u =0,4,5,--- ,9), (6.11)

because the solution By = -+ = Bg = 0 would be unstable in the directions 4 to 9 due to the negative
squared mass' of the rank-1 fields B,. Without restricting the generality, we can focus on the first
sphere located in the direction (z1,z2,3), since the three fuzzy spheres all share the same equations
of motion.

In the framework of fuzzy 2-spheres, we can solve the equations of motion (6.6) and (6.7) with the
following Ansatz for the rank-2 field Cj;:

C’L] = f(’f') eijk:Bka Viaja ke {1a 27 3}7 {4a 57 6} or {7’ 87 9} . (612)

where f(r) is a function depending on the radius parameter r, and Cp, = 0 if ;1 and v do not belong
to the same triplet of indices. Indeed, the equation of motion (6.7) reduces then to:

€ijeBr(=f(r) +r+1f*(r)) =0, (6.13)
for all three fuzzy spheres (6.13) has two solutions: fu(r) = EV1-4r- V21;4T2
the equation of motion for B (6.6), this leads to

. When we plug this result in

Bi(1—-2rfs(r)) =0. (6.14)
This gives the same condition on the radius parameter r for both f; (r) and f_(r), namely:
V1—4r2 = 0. (6.15)

Therefore, when we assume the Ansatz (6.12), we obtain the classical solution (6.8) with the radius
parameter set to r = %, which is fortunately real. Indeed, r? < 0 would indicate that the fuzzy sphere

!The classical solution with By = 0 has no problem, because it has a positive mass unlike the other directions of the
field B.
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94 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

solution is unstable. For example, in the IIB massive matrix model described by (4.58), the sign of
the squared radius of the fuzzy 2-sphere is linked to the sign of the mass term in the action and it
would become negative for a correct-sign mass term, which is to be expected, since in that case, the
trivial commutative solution becomes the stable vacuum of the theory.

We next want to discuss the stability of the SO(3) x SO(3) x SO(3) classical solution in more
qualitative terms [109, 159, 158]. To this end, we compare the energy of the trivial commutative
solution B, = 0 with that of the fuzzy-sphere solution. The classical energy for B, = 0 is obviously
Ep,—o = —SB,=0 =0.

In the SO(3) x SO(3) x SO(3) fuzzy-sphere background, the 2-form field Cj; is

Ci; = EijkBk- (6.16)

Therefore, the total energy is

9 3
Bso@y = —Sso@p = —64p Y Tr(B,B*) = —4p* Y NOND —1)(N® 4 1) . (6.17)
pn=1 =1

This result shows that the SO(3) x SO(3) x SO(3) fuzzy-sphere classical solution has a lower energy
compared to the trivial commutative solution and hence a higher probability. However, since the
spheres’ radii are proportional to N, it also shows that bigger spheres are more stable, so that the
radial directions are not really stable, although they can only change by quantum jumps in energy,
while maintaining the symmetry. Moreover, the C,,’s for y and v belonging to different triplets of
indices are still unstable. We should also give them a non-trivial vacuum expectation value. We could
do that without disturbing the fuzzy-sphere solution by choosing them so that they commute with
the B,’s and satisfy:

Cy = —ﬁ[CNP, Cupl - (6.18)

An example of a solution to this coupled set of equations can be found by taking the following
triplets of fields to separately form a representation of su(2) each: {Ci4,Caz,Cr1}, {Ca4,Ca9,Co2},

{C34,Cus,Cs3}, {Cas,Cs8,Cs2}, {C35,Cs7,Cr3}, {Cis,Cs9,Co1}, {C36,Ce9,Co3}, {Cis,Ces,Cs1},
{Cs,Cs7,Cr2}. Concretely, one can set:

Cis = MJ}V(a) , Car = I'I‘J]2V(a) , Cni = I'I‘J]Ei[(a) ’ (6-19)

for each triplet of C),’s (for various choices of representation sizes N (@) @ =4,...,12) and arrange
the different representations of su(2) in a big u(/N) matrix in such a way that they mutually commute.
6.3.2 Other curved-space solutions and the fuzzy 8-sphere

So far, we have analyzed the simplest curved-space solution, the SO(3) x SO(3) x SO(3) triple fuzzy
spheres. Here, we consider other curved-space classical solutions. The fuzzy 2k-spheres[53, 141, 105,

2Recall that in our notation, the action is minus the potential. Since we now consider a classical solution with By = 0
(thus no need of Wick rotation), the energy is simply minus the classical action in which we substitute the solution.
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142], which exhibit a SO(2k + 1) symmetry, are constructed by the following n-fold symmetric tensor
product of (2k + 1)-dimensional gamma matrices:

BSO(%‘H) = %[([‘Igﬂ) R1®--- 1) +---+(1®---®1Q [‘;S)k))]sym’ (6.20)
where p runs over 1,2,--- ,2k + 1. I‘gk) are 2F x 2% gamma matrices, and build a representation of

the SO(2k + 1) Clifford algebra,; i.e. {I‘](,k),I‘,(Ik)} = 20pq1lokyor. These matrices satisfy the following
algebraic relations:

ByORRI pIOGkH) = #n(n + 2k) 1N, x N (6.21)
By P BIpEE = (%)487%(% + 2k) 1n, x Ny, (6.22)
[ng0(2k+1)’BfO(2k+l)] _ H2T2(_5pquSO(2k+1) i 5q8350(2k+1))’ (6.23)
[ng0(2k+1)’BiO(2k+1)] _ u2r2(5qu:;S;O(2k+1) n 5ptB(}qsO(2k+1) _ 6psB(}S;O(2k+1) _ 5th§sO(2k+l)),

(6.24)

where ngo(%ﬂ) = [B;,9 O@k+1) B,}9 O(%H)] furnishes (up to a normalization factor) a representation of

the s0(2k + 1) Lie algebra and Ny is the dimension of the fully symmetrized irreducible representation
for the SO(2k + 1) fuzzy sphere. More precisely, defining Jp, = 1/(ur)B]‘,qu(2k+l) Vp,gq=1,...,2k+1

and Jp = 1/(ur)B§,§O(2k+1) Vp = 1,...,2k + 1, the relations (6.23) and (6.24) together with the
definition of ng0(2k+1) become equivalent to a Lorentz algebra so(2k + 1,1) for {JMN}ﬁf[le:O. Of

course, this is because the commutation relations (6.23) and (6.24) are inherited from those of the
gamma matrices. Thanks to these relations, we expect that the equation of motion can be solved
for all even-dimensional fuzzy spheres in a similar fashion to the fuzzy 2-spheres. In other words,
this means that the SO(2k + 1) fuzzy spheres will provide us with a whole set of curved classical
solutions for some precise values of the parameter r. In addition, the B,‘,g O(2k+1),

self-duality relation:

s satisfy the following

SO(2k+1) RSO(2k+1 so(@k+1) _ (Br)1 SO(2k+1
€p1-pary1 Bpy ( )sz ( )"'Bp2k( )= (7) kap2k£1 ) (6.25)
where
my =2i, me=28(n+2), mg=—48i(n+2)(n+4), mg=—-384(n+2)(n+4)(n+6),
(6.26)

which is a consequence of the duality relations for odd-dimensional Gamma matrices. We give hints

for the computation of these coefficients in Appendix 2 of this chapter and a detailed computation in

Appendix E. This whole setup extends the SO(3) case to higher dimensions?.

31t generalizes the fuzzy 2-sphere case with k& = 1 for which the totally symmetric space on which Bf 0(3)Bf 00 ig
proportional to the identity is (n + 1)-dimensional. For N = n + 1, the radius of the SO(3) fuzzy sphere is indeed:
2,2 2
N° -1
Eln(n+2) = ()’ = —.

The relation (6.21) actually corresponds to the Casimir of the so(3) Lie algebra. And (6.25) is trivially equivalent to the

commutation relation [BZ.SO@)7 B]SO(S)] = i/u“qjkB,fo(s).
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96 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

Another possible classical solution of our massive supermatrix model is the single SO(9) fuzzy
sphere. The analysis is similar to the SO(3) x SO(3) x SO(3) fuzzy spheres. Here, the indices p, g, - - -
run over 1,2,--- ;9. For the SO(9) fuzzy-sphere classical solution, we likewise assume the following
Ansatz for the rank-2 fields Cp,:

C0O) = iy~ g(r)BaO®). (6.27)

Then, the equation of motion (6.7) implies

—14
IBI;qu(g)(—g(r) + 14 7r%g(r)) = 0. (6.28)

We again have two choices for the function g(r):

1++/1— 2872
g1(r) = =5 (6.29)
The equation of motion (6.6) for the rank-1 field B, gives
B5OO)(1 - 8r?gy(r)) = 0. (6.30)

Now, unlike the case of the SO(3) x SO(3) x SO(3) fuzzy spheres, 1 —8r2g_(r) = 0 does not have any

real positive solution for r. However, there is exactly one such solution for 1 — 8r2g, (r) = 0, which is

_1
7'—8.

More generally, for an SO(2k + 1) fuzzy sphere, the same Ansatz would give

1x4/1-402k - 1)r?
g:l:(’r) - 2(2]{) _ 1)7‘2 ’

1—2kr?gy (r)

1
0, solvable only for g, (r) at r = %

We discuss the stability of the SO(9) fuzzy-sphere classical solution by computing its classical
energy. At the classical level, we obtain

)
Eso9) = —gugn(n + 8)Na. (6.31)

Ny is given in [141, 105] by*

N, — (n+1)(n+2)(n+3)2%(n+4)* (n+5)2%(n+6)(n+7) . (6.32)
302400
In contrast with the SO(3) x SO(3) x SO(3) case, N can take here only certain precise values. For

example, the smallest non-trivial representation (n = 1) has dimension 16, the following one (n = 2)

k(k+1)
4Generally, Ny is known to be of the order O(n~ 2 ), and more explicitly,

(n+D(n+2)(n+ 3)’ Ny =t D(n+2)(n+3)*(n+4)(n+5)

1=(@+1), N2 6 360
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6.3 Resolution of the equations of motion 97

126, then 672, etc... The classical energy for the SO(3) x SO(3) x SO(3) fuzzy-sphere solution is
of the order O(—u3n3) = O(—u3N?3) while that of the SO(9) fuzzy-sphere solution is of the order
O(—p3nt?) = O(—u?’Ng). Therefore, at large N, the SO(3) x SO(3) x SO(3) triple fuzzy-sphere
solution is energetically favored compared to the SO(9) solution at equal size N of the matrices. The
presence of a spherical solution for all N in the SO(3) x SO(3) x SO(3) case may indeed be a stabilizing
factor. On the other hand, at equal value of n, whose physical meaning is less clear, the fuzzy 8-sphere
solution has lower energy.

Note that the single SO(q) fuzzy spheres for g < 8 are not stable classical solutions of our model.

When the SO(q) sphere occupies the direction z1,z2, - , 24, the solution B(i_ol(q) = Bfo(q) =... =
Bg 0@ _ ¢ s trivially unstable because of the negative mass squared. On the other hand, the

Cartesian product of several fuzzy spheres, such as SO(3) x SO(6), are interesting candidates for
classical solutions.

6.3.3 Nucleation process of spherical branes

Starting from an empty spacetime, it is interesting to try to guess how spherical brane configurations
could be successively produced through a sequence of decays into energetically more favorable meta-
stable brane systems. The reader may have noticed that we have so far limited ourselves to the study
of curved branes building irreducible representations of their symmetry groups. This could seem at
first to be an unjustified prejudice, but it turns out that such configurations are energetically favored
at equal values of N. For example, for SO(3), an irreducible representation Ry of dimension N
contributes:
Ery = —4p*(N* = N)

per fuzzy 2-sphere, while a reducible representation Ry, @...@Rn,, of equal dimension Ni+...+N,, =
N would contribute;

m
ERy,0..0Ry,, =—4°Y (N} —N).
i—1

This is obviously a less negative number, especially for big values of N. A similar conclusion was
reached in [109] for the case of a Euclidean 3-dimensional IIB matrix model with a Chern-Simons term
and it seems to be a fairly general feature of matrix models admitting non-trivial classical solutions.
This property is particularly clear for low-dimensional branes, since the classical energy is of order
O(—u2N?3) for SO(3), but it remains true for any SO(2k + 1) fuzzy-sphere solution, whose energy is
of order O(—p3N+4/(k(k+1))) " which also shows that low-dimensional configurations are favored. As
we noticed in the preceding subsection, this latter fact might be a consequence of the fact that there
are more irreducible representations available for low-dimensional fuzzy spheres, which makes it easier
for them to grow in radius through energetically favorable configurations. A third obvious fact is that
configurations described by representations of high dimensionality are preferred.

Put together, these comparisons give us a possible picture for the branes nucleation process in
this and similar matrix models. As they appear, configurations of all spacetime dimensions described
by small representations will be progressively absorbed by bigger representations to form irreducible
ones, that will slowly grow in this way to bigger values of N. Parallel to that, branes of higher
dimensionalities will tend to decay into a bunch of branes of smaller dimensionalities, finally leaving
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98 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

only 2-spheres and noncommutative tori of growing radii. If the size of the Hermitian matrices is
left open, as is the case in a grand-canonical approach to completely reduced models, where the path
integration contains a sum on the matrix size, no configuration will be truly stable, since the size of
the irreducible representations will grow continuously.

Of course, this is a relatively qualitative study, which could only be proven correct by a full quantum
statistical study of the model. However, it seems to be an interesting proposal for the possible physics
of such theories.

6.3.4 Supersymmetry

We next comment on the structure of the supersymmetry. The biggest difference with the purely
cubic supermatrix model, due to the addition of the mass term, is that this model is not invariant
under the inhomogeneous supersymmetry

(5§m = 0, (Sgtﬁ = f, (6.33)

which is a translation of the fermionic field. However, this model has 2 homogeneous supersymmetries
in 10 dimensions, which are part of the osp(1]32, R) symmetry:

i[5 ) (% D) ) e

which transform the bosonic and fermionic fields as
Sem = —i(eh — E), bp = —me. (6.35)

In the IIB matrix model, the supersymmetry has to balance between a quartic term Tr([4,, A,])?
and a trilinear contribution Tr9I'*[A,, ] in the action (4.1), which implies that the SUSY transforma-
tion of the fermionic field has to be bilinear in the bosonic field. On the other hand, the homogeneous
supersymmetries are all linear in the fields in the purely cubic supermatrix model [17, 15]. By incor-
porating the mass term, we are allowed to integrate out the rank-2 field C,, ,, by solving the classical
equation of motion iteratively as in [19]°.

Thanks to this procedure, the homogeneous SUSY transformation for the fermionic field becomes

Setp = i[Bm,Buerme +oen, (6.36)

while the transformation of the field B, is

1 L i

56Bu = 3_2t7'32x32(7'(6¢ - '@bf)ru*) = Eeru*d]- (637)

The Yang-Mills-like structure of the homogeneous SUSY transformation on the fermion comes from —2C,,T* e,
which is a part of §.¢) = —me. The explicit form of the iterative solution of the equations of motion (6.6) and (6.7) is

C,W = _i/lil[Bm Bu] + iﬂig[[Bﬂv BP]= [B"7 Bp]]
_iuis[[Bl“ BP]! [[BV’BX]: [pr BX]]] + iuis[[BV’Bﬂ]v [[Bu: BX]7 [pr BX]]] + 0(/“”77)'
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6.4 Conclusion and outlook 99

In that sense, the mass term is essential to realize the Yang-Mills-like structure for the homogeneous
supersymmetries. On the other hand, if we want to preserve the homogeneous supersymmetries, we
cannot just put a mass term for C,,,, by hand, the osp(1|32,R) symmetry forces all fields to share
the same mass, since they all lie in the same multiplet. In particular, we are forced to introduce a
mass term for the fermions as well, which breaks the inhomogeneous supersymmetries. In other words,
it seems difficult to have super Yang-Mills-type structure for both homogeneous and inhomogeneous
supersymmetries in the context of supermatrix models.

Indeed, in contrast with the purely cubic supermatrix model[17, 15], which has twice as many
SUSY parameters, the massive supermatrix model has only A’ = 2 SUSY in 10 dimensions, because
it lacks the inhomogeneous supersymmetries. In consequence, we cannot realize the translation of
the vector field A, as a commutator of two linear combinations of the homogeneous and inhomoge-
neous supersymmetries (6.35) as in the IIB matrix model, where it leads to the interpretation of the
eigenvalues of A, as spacetime coordinates. On the contrary,

[0, bxJm = —il(ex — x€),m], [d¢,0x]¢p = —i(ex — x€)Y, (6.38)

vanishes up to an sp(32, R) rotation. This is in clear contrast with the supersymmetry algebra of the
IIB matrix model, which contains more than gauge transformations.

6.4 Conclusion and outlook

In this paper, we have investigated a supermatrix model based on 0sp(1|32,R) with a mass term and a
cubic interaction. To be able to describe the gravitational interaction in terms of large N reduced mod-
els, we must understand how the reduced models can describe physics in curved spacetimes. Although
the TIB matrix model only possesses flat spacetime as a classical solution, by adding a tachyonic mass
term as in [120], we can obtain new classical solutions building curved space backgrounds. Following
this idea, we have expected that massive supermatrix models could also exhibit similar properties
leading to non-trivial classical solutions. In particular, we have investigated fuzzy-sphere solutions
with symmetries SO(3) x SO(3) x SO(3) and SO(9), and calculated the parameter determining the
quantization step separating the radii of configurations described by different representations of the
Lie algebra. We have then discussed their respective likelihood by comparing their energy at the clas-
sical level, which gave us a way to understand a possible dynamical evolution of the solutions through
successively more favorable brane configurations.

It is an intriguing issue to search for other stable curved-space classical solutions. For example, an
S0O(3)xSO(6) fuzzy sphere could be a promising candidate. Indeed, the expansion around this classical
solution may be related in some way to the BMN matrix model [27, 59, 149, 26, 44], which appears as
the discrete light-cone quantization of DO-brane in the M-theory pp-wave background [27]. However,
to study this case explicitly, we first have to analyze how the equations of motion (6.6) and (6.7) can
be treated in the case of odd fuzzy spheres. Indeed, as is outlined in [142], the commutator [B;, Bj]
does not correspond to a representation of SO(2k) for odd fuzzy spheres, which makes the analysis
much more involved. However, the construction of an SO(3) x SO(6) classical solution would show
how transverse 5-branes can appear in this model. The SO(4) x SO(5) case should proceed along
similar lines. Another case that can be investigated is a solution of the type SO(2) x SO(2) x SO(5),
in which the two first circles build a noncommutative torus as in [120].
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100 Chapter 6: Classical curved-space solutions of an osp(1|32,R) totally reduced matrix model

It is important to notice that such backgrounds can never really be a local minima of our tachyonic
potential. Indeed, decomposing:

B,=B,+B,, Cu=0C,+Cpu, (6.39)

in a background part F and a fluctuation part ﬁ', we can write the background-field method effective
action for B and C as:

~ o~ A A 14 N
$ = Sy(B, C) + 96uTr (B, B" + 5c*,“,(JW) (6.40)
+32T'r (3éMV[BH7 Bu] + GC'N,,[B“, Bu] + 3C’MU[B“, Bu] + 3éuu [éup, ép“] + é;w[éypa épu]) )

where S; is the classical value of the action in the chosen background. Now, if we choose a particular
perturbation in direction 1, By # 0 with all other Bu’s and C’u,,’s vanishing, only the tachyonic mass
term will contribute to the configuration’s energy and we can obtain states of arbitrarily low energy by
growing B;. This conclusion doesn’t depend on the specific background chosen, only on the fact that
terms linear in the perturbations vanish in a background satisfying the classical equations of motion.
In other words, the potential has no local minima, only saddle points. It is thus worth asking whether
we can build a matrix model that has fuzzy-sphere solutions that are at least local minima of the
potential, or even global minima. This could be a direction for further research.

6.5 Appendix 1: Massive supermatrix model action

1 1
S = 96uTr (_W2 — A A" + B,B" + 501111120“1“2 _ IHM'"MHM-"M

1 I
o1 D B = E’”’”)
+ 32iTr< — 3C u[AM, AP2] + 3C), 1 [BM, B2] + 6W Ay, B + Cpuyy [CF2 15, CF311]

1 1
+ZBM1[HM2---u5a ZHe] — nguz (A[HM 5 popa, HIPPIP2PS) L [ZH0 ) oy, ZH2PY7PA])

3
+W6“1 BOA—WZy us> Zpgepro) + 1044 [Hygoonisy Zygepio))

200 . ...
+W€m Hro (5Hu1---u4 [Zusuﬁlnpxa Zusueulopx] + 10Hu1---u4 [HM5M6M7P7 HHSMQ#IOP]

+6pru1u2 [ZILSMMSPX’ Zue---um]) )
- 3TT (1/JP* [VV, 1;0] -I' &F“ [Aua ¢] + QZJPM* [B/u 7/1] + %7/7]]:‘“1“2 [CN1N2 ’ "ﬁ]

1 - 1-
b V] + ST 2y 9] (6.41)
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6.6 Appendix 2: Notations and useful formulae

In this appendix, we give hints for the derivations of the coefficients my, in the self-duality relation (6.25)

for the SO(2k + 1) fuzzy sphere. A full proof can be found in Appendix E. It is trivial that m; = 2:

as explained in the footnote 3, while the computation of the coefficient mg can be found in [53]. In

this appendix, we give formulae that are useful to derive m3 and m4. We set & =1 and omit ”gym”,

with the understanding that these formulae are only valid in the fully symmetrized representations.
In general, we have:

2k+1 . N
Z (Fl( : ®Fl( ) = (Lghar ® Lok n),
=1
2k+1 X .
Z (Fl(ll)2 ® Fl(ll)2) = _Qk(IQkXQk ® 12’°X2k) (642)
I1,l2=1

More specifically, to compute mg, we also need the following formulae (where summation on all
l; =1,...,7 is implicit):

(Fl(lgl)zlza ® Fl(ll)213) = —18(1sxs ® 1sxs), (6.43)
(T, @ F(3) ® Pl(ll)le) = —6(1sxs ® Lgxs ® 1gxs), (6.44)
(Fl(?l)z Tz(fz)4 ® Pl(l) 1) = 24(1gxs ® 1gxs ® 1sxs), (6.45)
(T l(?l)z 1(31)4 ® Pz(sl)ﬁ ® Fl(f.)..lﬁ) = —48(1sxs ® 1gxs ® lgxs @ lgxs)- (6.46)
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Chapter 7

Conclusions and outlook

In this thesis, we have discussed in general the different proposals that have been made in the literature
to obtain a non-perturbative definition of string theory through the use of matrix models. These
models show many of the features we would expect of a non-perturbative definition of string theory. In
particular, the BFSS matrix model is closely related to type ITA string theory and eleven-dimensional
supergravity, while the IIB matrix model is closely related to type IIB string theory. We have shown
how they can be obtained as a matrix regularization of a supermembrane living in 11 dimensions and
of a superstring theory living in 10 dimensions, respectively. On the other hand, it remains unclear
at present if any of them can capture the whole dynamics of M-theory. In particular, we don’t know
if they can reproduce the complicated (and widely unknown) vacuum structure of M-theory, since we
only know how to formulate them around certain simple backgrounds. Further study of dynamical
symmetry-breaking in the IIB matrix model is clearly important in that respect, as is the formulation
of matrix models in various backgrounds.

The type of matrix models that constituted the main subject of my doctoral research have been
first proposed in order to get a manifestly background-independant formulation of M-theory, since
their definition doesn’t depend on the dimension of the target-spacetime. It can be seen as a step
further towards a purely algebraic formulation of quantum gravity, instead of the usual geometrical
one. This can be motivated by the common belief that the structure of quantum spacetime at very
small scales is fuzzy, exhibiting discreteness and non-commutativity.

Together with my collaborators, we have tried to study it in the more familiar contexts of ten,
eleven, and twelve dimensions and compared their properties with better-known models. In all cases,
cubic supermatrix models are much more complicated, making them difficult to quantize properly.
However, the large number of fields comes together with a large symmetry, making it plausible that
they could be equivalent to simpler-looking models in certain limits, once gauge-equivalent configura-
tions are eliminated, depending on what part of the symmetries we take as being local, respectively
global.

It is interesting to note that the apparent instability due to the presence of cubic bosonic terms
shows itself in different disguises in chapter 5 and 6. In chapter 5, the fields having a tachyonic mass-
term turn out (after compactification and T-duality) to be constrained unphysical fields. Integrating
them out, we generate an effective potential for the remaining fields whose bosonic part is a polynomial
containing even powers of the fields only, positive-definite at least until 4th order. Unfortunately, this
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expansion leads to an infinite number of higher-order interactions, making it difficult to study this
effective theory quantum-mechanically. It would be interesting (though far from obvious) to find a
comparatively simple function of the fields that can be developped perturbatively to produce such an
expansion, in order to understand its structure better.

In chapter 6, where we haven’t performed any T-duality, we cannot discriminate between physical
and unphysical fields. Instead, the tachyonic fields trigger successive decays to vacuum configurations
of lower energies. Examples of such vacua are given by various types of fuzzy sphere configurations.
Although we show that none of them can be truly stable in this particular model, it could be interesting
to understand in which kind of matrix models such solutions could become stable.

One can also wonder whether an expansion of the model around such a non-commutative vacuum
would actually produce an effective action similar to the one described in chapter 5 or not. This could
also be an interesting future direction of research.

As we mentioned in the last subsection of chapter 4, the study of this kind of solutions can also
be performed in the perhaps physically more realistic case (though algebraically less interesting) of
the massive ITIB matrix model. In particular, stability issues are more likely to be understood in that
case, since we have more control on the quantum theory. In particular, it is important to understand
well the features of non-commutative spacetimes in general and fuzzy spheres in particular, since they
could provide interesting vacua of M-theory whatever the ultimate formulation of it will be.

To summarize the present status of research on cubic supermatrix models based on the superalgebra
0sp(1]32,R), it’s fair to say that we still do not know very much about their actual physical relevance.
However, the study of their properties in various contexts has brought some interesting conclusions,
that could hopefully be of some help in the broader context of the search for a constructive definition
of M-theory, at least if matrix models have some role to play in this game.

103



Appendix A

Majorana fermions in various
spacetime dimensions and signatures

This is a résumé of the construction of real Majorana representations of the Clifford algebra in various
space-time dimensions and signatures. Let us start with the trivial 2-dimensional case: We use the
standard definition for Pauli matrices:

01:((1)3), 022(? BZ> 03:<(1) _01) (A1)

For the euclidean metric, to satisfy {y%,7/} = 6, we can take:

vl =¢t, v =03, (A.2)
For the Minkowskian metric, to satisfy {y?,7/} = 7% with n*/ = diag(—1,+1), we can take:

0 =io? Al=ol. (A.3)

The chirality matrix is then 7o = 4%y! = ¢ and the representation is obviously both Majorana and
Weyl. Of course, in 241 dimensions, we can use exactly the same 4%’s to get a Majorana representation.
On the other hand, there isn’t any such representations in 3 or 4 Euclidean dimensions. On the other
hand, in 3+1 dimensions, we can take:

P =olgict, Yr=cledsd, =001, Y =cod. (A.4)

Then, the chirality matrix is 7* = i7%y'y%2¢® = 02 ® 1. Note that it is not real, which reflects the
incompatibility of the Majorana and Weyl conditions in 3+1D. Such a Majorana-Weyl representation
exists however in 242 D, if one takes:

Y=ic?@c, Y'=0'0I, A?=ic’Qic?, ~*=ic’Qd’. (A.5)

Indeed, the chirality matrix will be: 4* = —%9192y3 = 63 ® I, real in this case. This five matrices of
course provides us with a Majorana representation in 3+2D as well. There are no such representations

in 5 Euclidean or Minkowskian dimensions.
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In 6 dimensions, Majorana representations exist for signatures (6,0), (4,2) and (3,3), the latter
being Majorana-Weyl, but not in the Minkowskian case. In 442 dimensions, we can choose:

¥ =i0?QIRT, 4! = o'l®c'®@c!, 72 = o' @' @03, 7* = 6'@c?R1, v = 13RI, 75 = o' ®c'®ic?.

The chirality matrix is then:y® = —iy%91y%243444% = ¢! ® 62 ® T is imaginary, as should be expected
since 4 — 2 # 0 mod 8. Multiplying v® by 4, we can however create a Majorana representation in
4+3 dimensions. For 343 dimensions, we just have to exchange the respective roles of 7% and v*, to
obtain the desired Majorana-Weyl representation. In 6 Euclidean dimensions, however, the Majorana
representation is purely imaginary and can be taken as:
' = 0?Qic’®io?, v = 0?01, 73 = 620031, 4! = ic'®1I®ic?, v° = ic’@IRic?, 75 = IQic?®c’ .
It leads to a chirality matrix v* = y'y2y34%*y%v8 = 1 ® 02 ® o3, which is imaginary, too, giving us a
Majorana representation in 7 Euclidean dimension as well.

In 7+1 dimensions, the Majorana representation is again purely imaginary and can be chosen as:

PY=ic'®ic’ Q0! Qic?, Y =il®c' ®ic’®c®, 4? =il®c' @ IQic?, ¥ =il®c® @' ®ic?,
=02Qic’Qc'Qic?, ¥ =ic) 0% ®0*®ic%, ¥ =i’ @0 Ric? QL Y =ic® Ric?RIRI.

In that case, the chirality matrix is: 8 = i7091y29374%457" = T ® 0! ® 02 @ 0!, imaginary again, so
that we have a Majorana representation in 841 dimensions, too. In 8 Euclidean dimensions, however,
we can find both real and imaginary Majorana representations. The imaginary case is obvious from
cancelling 4* above, so let’s turn to the real case. We can choose:

NV=0'I®I®c, V¥=0'0II®d, Y¥=101Qic’®ic%, 7' =1Qis’ Q0> ®ic?,
YP=0'Qic’?@c'®ic?, ¥ =c*@1I0c' QL 7" =ic? i’ @1, ¥ =c®c' @31,

so that the chirality matrix will be: 77 = y192y34%y5~677v8 = 53 ® 03 ® 0> ® 1, which also gives the
Majorana representation in 9 Euclidean dimensions, which is used extensively throughout this thesis.
For completeness, let us mention the existence of a real Majorana representation in 543 dimensions:

Veolool@d @, Y=0l0o @0, P =c@s @t el v =cl0sl @ TaT,

P =TI L ¥=0'®c' ®@c' ®ic?, Y =0'®0' ®ic’?1, ¥ =0'Ric’1 1,
with an imaginary chirality matrix: 79 = —iy'y?y3y4y51%y7¢® = 62 @ I® 1 ® 1, which illustrates the
absence of Majorana representations in 643 dimensions. However, multiplied by ¢, it allows us to give
a real Majorana representation in 54+4 dimensions, which of course, also exists in 444 dimensions by
elimination of one of the first five ’s.

Since these reality properties are periodic modulo 8, these basic representations allow to construct
all higher-dimensional representations by a simple recursive method. Before illustrating this fact, let
us recall the general picture we could exhibit:

If there are s space-like dimensions and ¢ time-like dimensions, there exists a Majorana represen-
tation of the Clifford algebra {y*,v*} = 2np**1 of SO(s,t) in which all matrices can be chosen to
be:

{real ifs—¢t=0,1or2 mod8, (A.6)

imaginary if s —¢t=0,6, or 7 mod 8§,
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106 Appendix A: Majorana fermions in various spacetime dimensions and signatures

if the metric n*” is chosen to have s positive and t negative eigenvalues (if one does the opposite
choice, the reversed rules will apply).

Moreover, given a Majorana representation for the Clifford algebra of SO(s,t), we can obtain
immediately the corresponding representation for SO(t, s) by multiplying by 7 all 4 matrices.

Let us now show how we can obtain a real (resp. imaginary) Majorana representation of the
Clifford algebra of SO(8+ s, t) from the ones for SO(s,t) and SO(9) (resp. SO(8,1)). If the Majorana
representation for SO(s, t) is real, denoting SO(s, t) real Dirac matrices by {y*}£% " and SO(9) real
Dirac matrices by {'yi}?zl, the desired representation is obtained as:

I'*=~1"®+Va=0,...,s+t—1, Dt _Te+Vi=1,...,8. (A.7)

On the other hand, if the Majorana representation for SO(s, t) is imaginary, denoting SO(s,t) imag-
inary Dirac matrices by {y*}5t’ ! and SO(8,1) imaginary Dirac matrices by {y'}5_,, we can choose:

=7 'Va=0,...,s+t—1, DT _T@+Vi=1,...,8. (A.8)

Majorana representations of even bigger Clifford algebras can be constructed along the same lines,
but we won’t detail it here.
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Appendix B

Properties of Majorana fermions in
10D and various identities

B.1 Majorana-Weyl spinors in 941 dimensions

The formulee below are valid for 7n,, = diag(—1,+1,...,+1) and anti-commuting (grassmannian)
spinors. Complex conjugation is determined by the matrix B, chosen as the product of all imaginary

Dirac matrices. Consequently, it satisfies:
B2=1, B =B, BI“B~l=(TW)*, BIM-#nB~l— (Dhi-hn)*

That operator allows us to define charge conjugation of a spinor by:

v¢ = BU*
In particular, Majorana spinors are self-conjugate, thus they satisfy:

¥ = BU*

Consequently, the charge conjugation matrix C = BT act as:

¥ =T,

so that Majorana spinors satisfy:
T=CTF', T=0'C.
C determines the transposition properties of the Dirac matrices as:

n(n+1)

C’=-1, C'=-C, Cr*C '=—("T, CTH-#C t=(-1) 2 (W)l

Finally, Hermitian conjugation is determined by I'® = BC as:

n(n+1)

(1-10)2 — —]I, FOPN(PO)fl — _(Pu)f ) POFul...un (1-10)71 — (—1)T(P“1"'“”)T )
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108 Appendix B: Properties of Majorana fermions in 10D and various identities

We can now determine which Majorana fermion bilinears are symmetric or anti-symmetric.

eruttin ) = T OTM-#n (10 T(AD) T = —eTi, Y (-pllerremot. . cTHem T T (AN T =
n

: geS,
— el Z 1)/l (rHe@)T | (THe@)T(rO) T (AT T :()\TI‘OL Z (=1)lo Pt | THew )T
n! n!
oES, 0ES,
= (- 1)n+"(" L (/\Fm...une)"l' = (-1 )n(n+1) N[HLbn g (B.8)

Similarly, one can prove that:

-1 2 wHn ifdist.u; =0
efThbn )\ — { ( )(n+1)(n+2) ‘ i (B.9)

(=1) 2 ATDmesee ifu; £ 0Vi

With those relations at hand, we can look at the Hermiticity properties of Majorana fermion bilinears.
Indeed,

n(n +1)

(enHkn )T = \F(DRL-Hn)H(OY e = —(—1)

n(n+ )

=—(-1) ATTOT#1lin g = gD H1-bim )\ (B.10)

)\“’1‘\01‘\[11 M, (1'10) 11‘\01‘\0 (1'10)—1

Similarly, one can also prove that:
(6Tpu1---un>\)1‘ — _ipsrpny ’ (B.11)

so that all Majorana fermion bilinears are anti-hermitian.

B.2 Weyl spinors

In all even dimensions, we can define a chirality operator as the product of all even-dimensional Dirac

matrices. In 10D, we can define:
r,=4r%....1° (B.12)
so that {T'y,I'*} = 0Vu. which differentiates left-handed fermions: I',¥; = ¥y, from right-handed

fermions satisfying I',Wp = —Upg. It is also customary to define left-handed and right-handed chiral

projectors as:
1+7T, 1-T.,

P = Pp = B.13
L 9 3 R 9 3 ( )
which of course satisfy:

P =rpp, P% = Pg, PrPr = PpP;, =0 (B.14)
I“P, = PgT* |, THPp = P T* (B.15)

This implies that certain Weyl fermion bilinears are null. Explicitly:
er/rRUM" M AL g = €L RPR/L T M PrpAL R = (B.16)

1+ (-1, 14T, 0 if k iseven
— e Bk —

€r./Rl 2 5 AL/R eRLM M A g if kisodd (B.17)
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B.3 Dualization of Dirac matrices 109

Similarly, one easily shows that:

- €7 gL PPk )\ if kiseven
GL/RFM"'M)\R/L — { L/R 0 R/L b icodd (B.18)

B.3 Dualization of Dirac matrices

A consequence of the definition of the chirality operator as the product of all Dirac matrices is that:

( (k—1)(k—2)
— 2
P*P,ul...p,k -4 (1)0 — k)' 6,“1---Nkulmulo_k]:‘lq...l/m—k , (B19)

if we choose €919 = —¢g1. g = +1, the + being determined by the choice of sign in the definition of

I’y above. Of course, since:

6"“.““kljl...Vl()_k6“1---Nkp1...p10_k = _k'(lo - k)!é[pllllpj/ll(:]:,:c] ’ (BZO)
double dualization amounts to identity:
- )(k—1)2(k—2) - )(ka)z(sfk)

THL--Mk — 4 (10 — k)! eul"'ukul---vlo_k . (:E)F* o 61/1...V1ofkp1mka*Ppl...pk — (B.Ql)
— _(_1)%*‘]6(10—]6)]?“1...”]‘, — THL-fk (B22)

As is usual, defining the dual Gamma matrix as:

) k(k—1)
— 2

(*I‘)Ml---#lo—k _ :i:( )k' E,Ul..-u10—kUl“.Ukr*l-\ul...uk ) (B23)

we can easily see that (+x[)A1-#s = tge %, T, I+ which allows to decompose I'*1-#5 in a
self-dual and an anti-self-dual part as:

THLH5 = —((T 4 +T)Ph5 4 (T — 4T)Phs} =T, 4 T_ . (B.24)

1
2
Note that the choice of sign in the definition of Iy, determines what we call self-dual and anti-self-dual
later.

B.4 Fierz identities in 941 dimensions

Given the orthogonality relation:

k(k—1)

TT(Pul...ukrul...w) — 32k|(_1) 5 6klnN1[V1 - ,,’,unl/n] (B25)
we get the completeness relation:
10 k(k—1)
1 (-1)
0ol = g5 > )T (B.26)
k=0
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110 Appendix B: Properties of Majorana fermions in 10D and various identities

which implies the Fierz transformation rule:

k(k—1)

10
0,8 =~ D T puemyier,, L, 0) (B.27)

Using the dualization formulae above, the completeness relation can be reduced to:

4 k(k—1)
1 —-1)" 2
5253 — 3 Z % [(PNI-.-Nk)g(I’ul...uk)g + (_l)k(P*PNI...Nk‘)g(]:‘*]_—‘ulmuk)i] 4+
k=0 )
1

which is a useful formulation if we deal with Weyl spinors.

B.5 Fierz relation for the supersymmetry algebra of the IIB matrix
model

In this section, we want to prove that:

(@TH# 4 €9) (Tpy. s TV W), (B.29)

g . 7 o
(€T ) (I eg)a = —(e1l7e2) Ua + o (€Tie2) (M"Y Vo — oo,

when all three fermions are Majorana-Weyl left-handed fermions. To do so, we need to compute a few

products of Gamma matrices. Since €; and e are both left-handed, only terms with odd number of
indices will contribute to the sum. To compute the term with one index, note that:

AT = Uk _ kTt D) S AT QT = TP @ Ty + Ty @ TV 48TV @ 1 (B.30)
To compute the term with three indices, we use:

pkimpij — pijkim Gn[i[krj]lm] _ 6n[i[knj]lrm} . (B.31)
THMPY @ DD = DF™ @ Tpymi — ST @ TV, + 2119 @ T, + 48T; @ T'TY — 481V @ 1
klm

Finally, we wish to compute the term with 5 indices:

I‘\kl...k5l-\ij :Fijk1...k5 + 1On[z[k11‘\]]k2k5] _ 2On[i[k1nj]k21"k3...k5] —
T*BT9 @ Ty g Ti = —5ITH™ @ TV, — LI @ T,V o+ (B.32)
+25(Tk M @ Ty g, — DL IF-M @ T,Ty, ky)
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B.6 Fierz relation to prove supersymmetry of the SYM action in 10D 111

which allows to write the Fierz formula above as:

(@1 0) (D)o = —3% [(arkrij@)(rkri@)a (@D DT ) (T, DT ) o —
_é(arklmrijGZ)(Pklmri\I’)a + é(af‘*rklmrijEQ)(P*Fklmri‘l’)a

+%(arkl---k5ri%2) (Try. ks Ti0)a] = (B.33)
=—%[@wﬁwqmmnwn—%@ﬂWmﬂ%ﬂammn@h+2_m@whwqwqxubmnmh =

= —% [(arij’“ez)(l“kiw)a + (el e2) (DT 0) o + 8(€T €2) Uy — %(al“j’“""“@)(Fkl...k4\1f)a+

45 (ETH7 ) (0, W) — £ (T e) (Cai)o — S(ETer) (Y W) + (& e2) U~
—@ﬂ“m@xF%mWLﬁ-%Eﬂﬁ“mmmﬂrmmmmh =
= —11—6 [—g(arijk@)(rk,«y)a — (e ) (T 0) o + 16(eTV eg) Uy — %(ar’“lm@)(rj i ¥)a

1 o
+ﬂ(elrjkl"'k4€2)(Pkl...k,;\IJ)a ]

On the other hand:
1

) 1 . )
aﬂh“®nmmwzIa%““®nhm—nwhm®rmhm) (B.34)
and:
|- j 1 kim i1 ki
so that:

| ) 1 ) ) 5 )
(@ET;0) (T e)q = — (61T e) Ty, + 6 7(@Te) (T, T W), + y(arklmeg)(rklmrﬂw)mt

1 : .
—g(ark’mez)(rklmﬂ T, @&TFksey) (Tgy. 4 T9T)a] (B.36)

~ 2.5

Since €; and ey are Majorana, the terms with a 3-indices Dirac matrix (€7T(®) ;) vanish when we
anti-symmetrize on (1 <> 2), giving the desired expression.

B.6 Fierz relation to prove supersymmetry of the SYM action in
10D

Here, we want to prove that the following relation holds:
€ape(TTHT0) (THTC), = 0 (B.37)
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112 Appendix B: Properties of Majorana fermions in 10D and various identities

for any triplet of left-handed (9+1)-dimensional Majorana spinors. Using B.28, the (a <> b) anti-
symmetry and the Majorana and Weyl properties of fermions, only terms with 1 or 5 indices survive
in the completeness relation and we obtain:

— 1 — 1 —
€ape(PITHTC) (T, %), = Eeabc((wbrwa)(ru\w)a - m(\Ifbrul---WW)(Pul_,,uww)a) . (B.38)

However, we still haven’t used the (b <> ¢) anti-symmetry. For that sake, we multiply U¢ by the chiral
projector Pr,, write explicitly the 3 different terms in the anti-symmetrization, and ”divide” by ¥¢ in
every term on the L.H.S., which gives the matrix:

_%ﬁabc((‘l}bruPL)ﬂ(Fu\Ija)a + (TeTHPL)P (0,000 + (‘f“P“‘I’b)(F“PL)g)) . (B.39)

To extract the 1-index part of the development of this matrix on the complete basis of 10-dimensional
Dirac matrices, we multiply it with (Pp)g‘ (making use of the orthogonality property B.25) and we get:

1 _ _ _

—geabc((\I/bF“PLF”I‘N\I/“) + (DeTHPLTPT, 00 + (\I!aI‘“\Ifb)Tr(F“PLFP)) -
1 _

:§eabc(—8 — 84 16)(TeT*¥®) = 0.

since ['*I'’T";, = —8I'Y. Similarly, using: I'*I'"**sT', = 0 and the orthogonality property B.25, it is
trivial to show that the 5-indices part vanishes as well, ending the proof.

B.7 Fierz relation to compute the supersymmetry algebra of matrix
theory

Starting from the Fierz relation of the preceding paragraph:
€ape(TATHTE) (THTC), = 0 (B.40)

and cancelling the ¥’s we can write it as:

D [(PLTT™) a5 (PLIT,)q6] =0, (B.41)
S3
or equivalently:
D UPLTT)ap(PLTTi)ys — (Pr)ap(PL)rs] = 0, (B.42)

83
where the sum is taken on all cyclic permutations of 8, v and § and roman letters denote space-like
indices. If we multiply that equation with (T°T7).,, use THTY = T'* + p“**T and relabel the indices,
we get:
~(PLTY)ag(PLTT3)y5 — (PLTY)as(PLTT) gy —(PLIY )ay (PLT )55+
+(PL)ap(PLT’T) 15 + (PL)as (PLTTY) gy +(PL) ary (PLTTY ) 55—
—(PrIT?)05(PL)ys — (PLIT?) 06 (PL) gy — (PLTT) 0y (PL)sg = O . (B.43)
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B.7 Fierz relation to compute the supersymmetry algebra of matrix theory 113

On the other hand, we could also multiply it by the symmetric matrix (I'°T7), ., which gives

—(PLIT3)ap(PLTY) s + (PLTT:) s (PLT™) gy +(PLT™) 0y (PLTOT) 55+
+(PLF0Fj)aﬂ(PL)76 + (PLFOFj)aJ(PL)ﬁ7+(PL)a7(PLFOFj)Jﬂ_
—(PL)ap(PLTTY) 35 — (PL)as(PLTTY) gy — (PLTTY ) oy (PL)gs = 0 . (B.44)

Adding these two expressions, we obtain:

~(PLT) o5 (PLTT)ys — (PLT'T)ap(PLT)05 — (PLT)as(PLT ) gy + (PLTT) 06 (PLTY) g+
+ 2(PL)ary (PLTTY) 55 — 2(PLTTY) 0y (PL)ss = 0, (B.45)

or equivalently:
(PLT) 05(PLTOT )76+ (PLT?) s (PLTOT ) ap+(B > 6) = 2 ((PL)ay (PLT’TY )55 — (PL)sp(PLTTY)0y) -

This is the expression we need for the computation of the supersymmetry algebra.
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Appendix C

Proof of the supersymmetry of the
BFSS matrix model

In this appendix, we detail the proof of the supersymmetry of the BFSS matrix model, keeping all
total derivatives, in such a way that the Noether supercharges can be read off easily.

C.1 Dynamical supersymmetry

Acting on the BFSS action:

5= [1r (%([Dt,xi]f — S+ (X X)) gz/?ri[xi,w]) . (€

with the supersymmetry transformations:
0 X; = %@Piqx . 0A= —%equ (C.2)
60 = % ([Dt,Xi]POPi - %[Xi,Xj]rij) €, 060 = % (Jrz[pt,xi] + fgrij[Xi,XjD ,  (C.3)

we obtain the four following pieces:
Tr (§(Dy, Xi])?) = Tr (J[\IJ,XZ'][Dt,Xi] + z’[Dt,gri\I/][Dt,Xi]) =T +T,
%Tr (6(1X4, X;0)?) = Tr (i€l [V, X;][ X", X)) = T3,
—iTr (5(@*[@, \If])) =Tr (—%eri[pt, U|[Dy, X;] + iefrij[xi,xj][pt, 0] — %m*[(eT\p), ¥ - (C4)
—%@Fi[Dt, [€Dy, X;]] — i\y’frij[pt, G[Xi,Xj]]> =Ty+Ts+Ts+Tr+ Ty,
Tr (§(9T[X;, ¥])) = T'r (—%efrirjxy[xj, [Dy, X;]]) — ia“ijrkqf[xk, [Xi, X;]] + %¢TFine[Xi, [Dy, X;]]—

—ixifrirjke[[xj,xk],xi] (UT[D), (griqf)]) =Ty + Tio+ T11 + T12 + T13 .

_L
2
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C.2 Kinematical supersymmetry 115

Let’s first treat the contributions with two derivatives, Ts, T4 and T%. Using properties of Majorana
fermions and cyclicity of the trace, these 3 terms add to:

Ty + Ty + T = %BtTr(€Fi\IJ[Dt, X;]) — iTr(IT(84€)[ Dy, X)) - (C.5)

The first term is a total derivative and will vanish in §S and the second term is zero for a constant
supersymmetry parameter €, showing that the supersymmetry is only global. However, we keep track
of such terms to compute the supercharges through the Noether theorem.

Then, let’s study terms with one derivative. Besides the tricks already used above, we need to use

I'TY =T% + 69 and T%[X;, [Dy, X;]] = sT9[Dy, [X;, X;]], in Ty and Ty, which gives us:

1 y 1 g
Ty +Ts +Tg +To+ Ty = Zam«(a T9¥[X;, X;]) — 5Tr(szTPU (0h€)[ X4, X)) - (C.6)

Then, there are two kinds of terms with zero derivatives. Let us first treat 73, T19 and T72. Using
[Tk = 1%k 4 7469k — TI§%* and [T9F = T9k + Tk§% — 19§ and noting that 9% X;, [X;, Xx]] = 0
because of the Jacobi identity, these three terms exactly cancel:

T3 +Tio+Ti2=0 (C.7)

Finally:
1 . Iy _

Ts+Tis = F(eT ) (POTHT) + (IO ) (TT0T¢)] =0 (C.8)
for Majorana-Weyl fermions in 9+1 dimensions. It’s not surprising to see the appearance of the same
Fierz identity needed to prove the supersymmetry of N’ = 1 super Yang-Mills theory in 10 dimensions,
since the BFSS matrix model is just a dimensional reduction of the latter.

C.2 Kinematical supersymmetry

The kinematical supersymmetry is much simpler to prove, since only fermionic terms of the action
contribute to d¢S. Varying the field as follows:

b Xi=0, 60A=0, 6T =¢, (C.9)
we obtain the following contributions:
~iTr (8(w'[Dy, w])) = Tr (~ie'[Dy, ¥] — W' [Dy, €]) = T + T3 ,
Tr (5(PTY[X;, 9])) = Tr (€T°[X;, U] + (I X, €]) = T4 + T .

Obviously:
T + Ty = —id,Tr(eT0) — 2%Tr(U1(9;€)) , (C.10)

while:
T35+ Ty, =0. (C.11)
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Appendix D

Symmetries of the Green-Schwarz
superstring

In this appendix, we give further details concerning the diverse symmetries of the Green-Schwarz
superstring action, in particular global space-time supersymmetry, local fermionic k-symmetry and
bosonic A-symmetry.

D.1 N =2 Supersymmetry

We first recall the form of the Green-Schwarz superstring action in our conventions.

1
2ma!

Sas = / [(haﬂ Th75,)V —h + 2ie*P 9o 2t (T ,050 + YT ,0p) + 268 (AT 0,0) (YT ,0p%) | d*0 |

where we have set:
T = Gpt — 10T 0p0 + it T 01 . (D.1)

The 2 supersymmetry transformations that leave 75 invariant are given by:

ezt = ieDHO, Sext = —ifDHep (D.2)
569:67 5§¢:£7

for two Grassmann parameters € and £ that are constant on the world-sheet. Under these transfor-
mations, the first term is of course invariant, let us first check how the Chern-Simons term transforms
under e:

e/ 6L = —ie™P Dt (€T ,050) + €*P (ETH0,0) (AT ,040) .

The first term can be written as a total derivative, while we can use integration by part on the second
one to transform part of it as in:

P (€1 0,0) (0T ,050) = Oy (¢*P (ETH0) (AT ,050)) — € (ET40) (90T ,050) (D.3)
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D.2 k-symmetry 117

so that we can rewrite it (modulo total derivatives) as:

€8 (€19,0) (6T, 950) — geaﬂ(er“aae) (6T,,950) — éeaﬂ (7%6) (8,07 ,956) — (D.4)

= ;((gr‘ué)(ér‘uol) + (eT*4") (ér\ue) + (a-\,ug)(élrué)) —0,

thanks to the usual Fierz transformation, which also allows to prove supersymmetry in super Yang-
Mills and BFSS theory. The proof of the second supersymmetry follows exactly the same pattern, so
we will not detail it here.

D.2 k-symmetry

Then, we turn to the more mysterious local fermionic k-symmetry of the superstring. Again, we recall
the convention we use for the reader’s convenience:

8t = 3007 6,.0 — i TH o0
6,0 = 2TFma, k'™, 09 = 2TH 7y, K2 (D.5)
85 (V—=Nhh*P) = —16iv/—1h(0,0kP P*T — 8,4pK?P PO |

for a pair of Grassmann parameters ! and x2 that are world-sheet vectors and target-space spinors.
We impose the following ”self-duality” conditions on the k’s:

Pf"g/-ﬁé =g, Pf’gﬁ% = K2 .
with respect to the following projection operators:

1
Vi

Note that P_ and P, are orthogonal projectors since:

ey .

1

PePhy, P’ = PYY (D.6)
P hg, P = P*Phg PP = 0.
To prove these relationships, one essentially has to show that:

¢Phg, e’ = —h-hoF

which simply follows from the inversion rule for 2 x 2 matrices:
pos _ L ( hin  —hot > .
h \ —hio hoo

P{PpY = PP pgd (D.7)

Another useful identity is:
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118 Appendix D: Symmetries of the Green-Schwarz superstring

We of course only need to check that it is true for 8 # §. It turns out that:

1
4PP P! = K4 while 4P Pt = RO p10 4 o (D.8)
which indeed agree since det(h™!) = 1/h. In particular, this relation allows us to see that:
P Pty = PSP P nbn,, (D.9)

without the anti-symmetric combination.
With these tools in hand, let us first rewrite the action completely in term of wh instead of Oy zH.
Indeed, since terms like €% (0T*9,0) (6T ,830) vanish:

1 _ _ _ _
S6s =5 [(haﬂwgm)\/—h + 20t (0T 4, 030 + YT, Opep) — 2e*7 (9rﬂaa9)(¢ruaﬁ¢)] d’o
(D.10)
First, we note that:
ST = 2i050TH6,0 — 2100 PTH85h = 4i0a 0T TV kP15, — 40 THT k%P g, . (D.11)

Varying w4 in the first term and  and % in the second gives:
A = V=hhPrls, (m5,)+2ie*P T8, (0T 1050 + YT ,0p4)) = 2ie®P (aﬁ (TH(OT#6,,0 + PT 1)) ) —
—(aﬁwg)(éruanewru&w)) + 16iv/—hrhn (90 P* K1Y — 9gypTH PP k27) (D.12)

where we integrated by parts terms with 0gdf or 0gdy and used (D.11), (D.6) and (D.9). This result
justifies our choice in (D.5) for the transformation rule of v/—hh®#, which allows us now to obtain:

8 (V=RhP)mling, + A = 2ie®P (aﬂ (0T 6,0 + PTH5,1p)) — (Dpmh) (OT¥5,,60 + zﬁrﬂa,ﬂp)) , (D.13)

where:
Opmh = —i0g0T"0n0 + 10T 0p1p . (D.14)

Let us now turn our attention to the terms:
B = 2ie¢®P 6, (1) (0T ,050 + DT ,051) = —4e“P (0,074 6,0 — DotpT 0,2 (AT ,050 + YT ,0p7p)  (D.15)
and
C = 285, (0TH0,0) (YT ,05¢) = (D.16)
26“/3( (00" 6,0) (YT 4 0pp) + (O7%6,0) (atT 10p1p) + 2(6TH8a0) (8T 6,1h) —

(0uTT"0,0) T ) — 0 (T#0,0) (T, 050) — (0,0 (IT5.0)) )
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so that they add to:
B+ C = 2P ( — 2(9a0T%6,,0) (0T ,050) + 2(DoPTH6,h) (YT 0h) + (D.17)
+ (0750 (9T u03%) — (807" 056) (PT,8,1) — Do (B18,6) (9T, 930) — (ér“aﬂe)wruam)))
This sums up with what we obtained before in a nice way to give (up to total derivatives):
2105, L = 2P < — 2(0a0T#6,,0) (0T ,050) + (6T#5,0) (0,0 50)+
FAODT5.0) (FE,0) — (FE5,9) 0uiT#050) ) =0 (D.15)

as we already proved in the part concerning supersymmetry in (D.4). Indeed, this is a local symmetry,
since we never needed to suppose anything about the (¢, o!)-dependence of .

D.3 A-symmetry

The Green-Schwarz action exhibits another local symmetry, customarily called A-symmetry. In con-
trast to xK-symmetry, A-symmetry involves a bosonic parameter. It is defined by the following trans-
formations:

530 = V=hP*®830), , 6xtp = V—RP* 859, , (D.19)
SyzH = iOTH60 — iy oep .

Actually the calculation is very similar to the proof of x-symmetry, except that we do not vary the
metric. Following the same steps as above, we obtain:

2/, L = di/—hrt (PP 93001650 — PP 95T xep) +
+ 2¢%8 ( — 2(8a§F“6,\0)(§Fu650) + (éF“é,\H)(aaéF“350)+
+ 20T 50) (IT,05) — (FT50) 0T 05) )~ (.20)
— 2P (aﬁ (x(OT"650 + PT551))) — 10 ((OT*550) (P, Dp1) — (ér“aﬂo)(iruaw)))
Besides the total derivatives of the last line, the two intermediate lines vanish because of the same

Fierz identity we already used twice in this appendix, while the first line vanishes because of the
particular form of the A-transformations. Indeed:

PP 9074 5,0 = /—h P PY 9507950, (D.21)

and such terms vanish because of the symmetry in 8 <> § of P*? P,

119



Appendix E

Proof of the duality relations for fuzzy
spheres

In this appendix, we give the derivation of the coefficients my, in the self-duality relation (6.25) for the

SO(2k + 1) fuzzy spheres. In this appendix, we define the 2¥ x 2% gamma matrices in the (2k + 1)-
)

dimensional Euclidean space r§,’“ by the following recursive relation:

(k)
e =tom=( G ) i - nwen= (L0, 7).

zTgC) 0 Lok ok 0
(k+1) o o 12k ok 0
Popis = lokyor @03 = ( 0>< T ) ; (E.1)
where the index p runs over p = 1,2, ,2k + 1. The 3-dimensional gamma matrices are identical to

)

the Pauli matrices: I‘Z(l = ¢;. Under this notation, we obtain

o109 =iog, TOTOTETY =1@ PP ...rl® = —ir®  rWrd...o{M = .
(E.2)
It is trivial that m; = 2i for the SO(3) fuzzy sphere, as we have explained in the footnote 3. Then,

we start with the coefficient mo. In this appendix, we omit the subscript ”sym”, which indicates that
the tensor product is restricted to the fully symmetric subspace.

E.1 Computation of ms

We first perform the computation of mgy for the SO(5) fuzzy sphere[53]. We frequently utilize the
following identity for the symmetric tensor product:
3

Z(Ui ® 0;) = (Llax2 ® lax2). (E.3)

i=1
Now, we consider the case in which n = 2 for brevity; i.e. the SO(5) fuzzy sphere is described by the
2-fold symmetric tensor products as

B5O®) = (T ® 14x4) + (Laxa ®TP)). (E.4)
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E.2 Computation of ms 121

Then, the left-hand side of (6.25) is

ep1-ps BSO ) BSOB) BSOG) pSOE)

2)

= epropasl(Tppa ® Lasa) + (Lixa ® Tholp,) + 2(02),, @ T

pip2 P3P4)]
(E.5)

We do not lose any generality if we set ps = 5, and the indices p1,--- ,p4 run over 1,2, 3,4. The first
two terms give 4! = 24 of (Fg)34 ®1axa) + (1axa ® F%)M), to constitute 24B§O(5). On the other hand,
the third term is computed as

26p,.- 7’45(P1(11)Pz ®F1(J?p4) = 4€zyk[(r(2 ® F( )) (F( ) ® T( ))]

= S er?) + (P erd)
= —8(0% ® (—i12x2)) ® (0% ® (—ivs)) + (0% © (—i0r3)) ® (0% ® (—il2x2))
= 8[(12x2 ® 03) ® (1lax2 ® 12x2) + (lax2 ® 12x2) ® (laxe ® 03)] = 83550(5)- (E.6)

By the same token, this kind of contribution makes 8(n — 1)B§ 00) for any n. Altogether, we have
mo = 8(n + 2).

E.2 Computation of mg

The computation of mg for the SO(7) fuzzy sphere goes in the similar way. In this computation, we
use the formulae

5 5
Z(Fl(2) ® Fz(2)) = (1axsa ® 14x4), Z T 1(121)2 ® Pl(121)2) = —4(14xa ® laxa). (E.7)
=1 l1,lo=1

Now, we set p; = 7 without loss of generality, and consider the 3-fold tensor product. The left-hand
side of (6.25) is now

S Bsom BSOM ... pSO

= Cpr- ;067[{( p1 ps ® Lgxg ® Lgxg) + (Lgxs ® F;E;S;)---% ® 1gxs) + (1sxs ® 1gxs ® Ps;)...pﬁ)}

(E.8)
+3{(T. ., ® T®) ® 15x8) + (5 other permutations of this kind)} (E.9)
+6(Tfps © Tiips © Thop )] (E-10)

e We first consider the contribution of (E.8). Since there are 6! = 720 ways to contract the indices
Pi1, " ,Pe, this gives

—720i[(T%") ® 1gxs ® Lsus) + (Lsxs @ TS @ 1gxg) + (Laxs ® 1gxg ® TH))] = —720i B 7).
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e We then go on to the contribution of (E.9):

3
6?1"'1167(P£1) ps @ P]():?r,)pa ® 18><8)

e1y-567[4T ) 16 O ) ® Lays) +2(T0) , @1 @ Lsxs)]

lals
(@i[(TP), @ T ® Lays) +2(T%; @ T\ @ Laxs)]
(4)il((T2), ® 03) @ (Tf2), © 19x2) ® Taxs) — 2((TS7) ® 19x2) @ (TS ® 03) @ 1s)]
—(41)i[4((1axa ® 03) ® 1gxg ® 1gxs) +2(1sxs ® (laxa ® 03) ® 1gxs)],

lals

where the indices 1,9, -+ runover 1,2,--- ,5 and we have utilized the formule (E.7). Summing

up all 6 permutations, we obtain —864iB;
n-fold tensor product, the result is —432i(n

50(7)

. When we extend this argument for the general
S0(7)

e Lastly, we investigate the term (E.10):

3 3
66}71"'?67(P;$71202 ® FI(JS%M ® PI(Js)ps)

12611---1567[@[(?1)2 ® Fl(:l)4 ® Fl(5()5) + (2 other permutations)]
1202 '[(FLLZSW T, i) + (perm.)]
24i[((T{ l3l4l5 ® loxa) ® (1“5324 ® 1ax2) ® (Fl(:) ® 03)) + (perm.)]
244 (T s l4 ( ) @ 19x2) ® (Fl(sl)4 ®1ax2) ® (Tl(? ® 12x2)

+2(Fz('4) ® Laxo) ® (TOTE) — 64, Laxa) ® Laxo) ® (T ® 03)) + (perm.)]

—96i[(1gxs ® 1gxs ® (laxa ® 03)) + (1gxs ® (laxs ® 03) ® 1gx3)
+((Laxs ® 03) ® Lgxg ® 1gxs)] = —96iB5 77,

For the general n-fold symmetric tensor product, we obtain —48i(n — 1)(n — 2)B;g oM,

We sum up all the contributions of (E.8), (E.9) and (E.10) to obtain m3 = —48i(n + 2)(n + 4).

E.3 Computation of my

We next go on to the coefficient my for the SO(9) fuzzy sphere. We repeat the same procedure, but
the computation is rather complicated. We exploit the following formulae in this computation:

TP @T) = (Lsxs ® 1s), (E.11)
(Th), ® i) = —6(Lsxs @ Lsxs), (E.12)
(Pl(?l)glg 1(31)213) —18(1gx8 ® 1gxa), (E.13)
(Pl(?l)g (3) ® Pl(ll)gls) —6(15xs ® 1gx3 ® 1sxs), (E.14)
T 1(31)2 1(224 ® Fl(l) 13) = 24(1sxs ® lgxs ® 1gxs), (E.15)
(Fl(?l)z 1(224 ® Fl(5l)6 ® Pl(?-)--la) = —48(1gxs ® 1sx3 ® lgxs ® Lgxs)- (E.16)
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E.3 Computation of my 123

We set pg = 9, and the indices p1,p2,--- and l1,lo, - - - respectively run over 1,2,--- ;8 and 1,2,--- , 7.
We consider the 4-fold tensor product

BSO(Q)BSO(Q) . BSO(Q)

€p1--ps9
= €pps9[((T p%) ps ® L16x16 @ 116x16 ® ligx16) + -+ (Liex16 ® lisx16 @ ligxi6 ® Fz(ﬁ)...ps))
(E.17)
+4(( pl pe ® Fé,,)pg ® 116x16 @ 116x16) + (11 other permutations)) (E.18)
+6(( pl pa ® F,(,S) s @ Ligx16 @ 116x16) + (5 other permuations)) (E.19)
+12((r§,41 2 T ®TW @ 1igx16) + (11 other permutations)) (E.20)
+24(T ), ® Thgp, © Tiohe © T, ) (B.21)

e (E.17) trivially gives (8')350(9)

e The contribution of (E.18) is computed as follows:

epl...psg(f‘él) pe @ I‘Z(,‘f.)ps ® Li6x16 ® ligx16)

= 6(6N)(T 56279 ST @ 116016 ® Li6x16) + 2(6!)(T l(742)39 ® Pl(jg ® 1i6x16 @ L16x16)

lel7

= 6(5!)((Fl(3l)7 ®03) ® (T\") ® 1axa) ® Lix16 ® Lix1s)

lgl7
—2(6!)((I‘l(7) ® 1ax2) @ (T l(7) ® 03) ® l16x16 ® l16x16)
= —(61)[6((1sxs ® 03) ® Lisxi6 @ Liexi6 @ Lisxi6)
+2(Li6x16 ® (1sxs ® 03) ® ligxis @ ligxis)]-

We sum up all 12 permutations to obtain 69120350(9) (—23040(n — l)Bg,g ) for the general
n-fold tensor product).

e We go on to the contribution of (E.19):

4 4
epl---p89(rz()1)---p4 ® PI()E,)---pg ® 1isx16 ® Ligx16)

4 4 4 4
= _4(4')[(Pl(5l)6l789 &® Fl(Sl)ﬁl’?S ® Ligxi6 @ 116X16) + (Fl(sl)6l78 ® Fl(5l)5l789 ® ligx16 ® 116X16)]
3
= 4@

Isloly
+((I‘l(5l)6l7 ®03) ® (Pl(sl)eh ® 1ox2) ® Ligx16 ® Lligx16)]

= —T2(4")[((1sxs ® 03) ® Lisx16 ® Lisxi6 ® Liexi6)
+(1i6x16 @ (1gxs @ 03) ® Ligxi6 ® Ligxis6)]-

® loxo) ® (F( ) ® 03) ® Ligx16 ® Lisx16)

lslsly

Therefore, when we sum all the permutations, (E.19) gives —31104B5°® (~10368(n —1)B5
for the general n).

e We next investigate the terms (E.20). Together with all the permutations, this gives
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124 Appendix E: Proof of the duality relations for fuzzy spheres

50(9) (

—41472B, —6912(n — 1)(n — 2)350(9) for any n) due to the following considerations:

4
e][,l...pgg(1‘,(,1)...][,4 ® PI()45)P6 ® PI(J?IJS ® Ligx16)

@[T, ®03) ® (TC) ® 1ayz) ® (T1), ® Laxa) ® Ligxis)

+2((0F) . ® Laxz) ® (Th), ® Laxa) ® (TL) ® 03) ® Ligxas)

Islgly Isls
+2((Pl(5l)617 ®12x2) ® (Fl(f) ®03) ® (Tl(gl)6 ® 1ax2) ® ligx16)]

= —(4D[24((1sxs ® 03) ® Lix16 ® Liexi6 ® Lligx16)
+12(116x16 ® ((1sxs ® 03) @ 116x16 + Lisx16 ® (1gxs @ 03)) ® lisx16)],

where we have used the formule (E.14) and (E.15).
e Lastly, (E.21) gives —2304350(9) (—384(n —1)(n — 2)(n — 3)350(9) for any n):

246?1"'1189(F1(§)p2 ® Pg:ls)m ® P;SJ45?D6 ® P;g%/)ivs)
= 48[(P§f‘22 ® 1252) @ (T]7), ® 12x2) ® (]2, @ 1ax2) ® (I, ® 13)

(039 12><2) ® (]_"(3) ® 12X2) (039 (Pl(l-)--ls R 0'3) ® (I‘( ) ® 12><2)
(T
Ty

l5l5 l1l2

+(T
( l5l6 ® 12X2) ® (Fl(l) s ® 03) ® (Fl(f’l)z ® 12><2) l(??l)4 029 12><2)
+(rf 11 16 ®03) ® (T ® Laxz) ® (Fl(jl)4 ® 1ax2) ®

l1ls

l3l4

® 1oys)] = —2304B;5 ),

l5l6

Here, we have exploited the formula (E.16).

When we sum up the contributions of (E.17) ~ (E.21), we obtain m4 = —384(n + 2)(n + 4)(n + 6).
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