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Notations

In this thesis, the indefinite metric on spacetime is always chosen so that time-like directions correspond
to negative eigenvalues and space-like directions to positive eigenvalues. In particular, the minkowskian
metric is always: 7,, = diag(—1,+1,...,+1). The Dirac matrices are then taken to satisfy the Clifford
algebra:

(A =22 (1)
Except stated otherwise, all formulae are expressed in a Majorana representation of the Clifford
algebra of SO(10,1) where I''? is block-diagonal, so that it can also be seen as the chirality matrix of
a Majorana-Weyl representation of the Clifford algebra for SO(9,1). In that case, the Dirac matrices
can be chosen to be real as in the following Majorana representation:

. i
C:F0:<—]OI16 ][86>a PZ:(’?’i ’Z))’Vi:l,“.’g P*:Floz(z)[ —O]I>’ )

where {7¢,77} = 20“1;5 form a Majorana representation of SO(9). We give an example of such a
representation in appendix A. However, most formulae are valid in any representation. From the
chirality matrix I',, we define the left-handed and right-handed chiral projection operators by:

1 1
’PLZE(]I-I—I‘*) and PRZE(][—P*) . (3)
We use the following convention for the anti-symmetrization bracket [] on indices:
1
F[zlzk] = y Z (_1)|U|EU(1)...iU(k) ) (4)
0ES

where |o| = 0 or 1 is the signature of the permutation o € S;. Although this notation is sometimes
ambiguous, in case it acts only on part of the indices enclosed, or when several of these brackets are
entangled, its meaning can be inferred by looking at what indices are anti-symmetrized on the other
side of the equality. For example, in an equation like:

ijri1...i4 — ij:i1...i4 _ Sn[j[zll-\k']lzu] _ 1277[_7[11nk]121-\Z213l4] , (5)

all anti-symmetrizations on the right-hand side are on the groups of indices {j,k} and {i1,...,%4}
separately, as the comparison with the left-hand side suggests.
Furthermore, we choose hermitian generators t* for the U(N) gauge groups, so that a U (NN) matrix
is given by:
U = exp(i0°t?) , (6)

for N? real parameters §°. We normalize the t so that:
[t%, %] = if%t° , and Tr(t® - %) = 6 | (7)

for a completely anti-symmetric matrix fe*¢. Matrices in the adjoint representation of U (NN) are simply
decomposed as: A = A%" on the basis of generators, so that the A are real in case of a hermitian
operator



Chapter 1

Introduction

I will start with a historical introduction, in order to explain how my work fits in the long line of
research towards a quantum theory of gravity and a unified theory of all interactions. I will not
attempt to give all relevant references to the subject, since the list would become either endless or

incomplete.



2 Chapter 1: Introduction

After the early successes of quantum mechanics in the description of atomic orbitals, it became
apparent that we should try to find a quantum version of Albert Einstein’s general theory of relativity.
However, a quantum description of classical field theory was first needed. A first example of a quantum
field theory with local gauge invariance was found in quantum electrodynamics. The essential new
ingredient needed to extract sensible results from quantum electrodynamics is renormalization theory.
However, the issue of renormalization is precisely the element that makes the quantization of gravity
such a difficult problem.

1.1 Renormalization

Indeed, when we compute quantum corrections to the classical result given by some field theory, many
quantities turn out to be ultraviolet divergent. More precisely, such calculation always involve the
computation of momentum integrals on the momenta of all virtual particles (those that do not appear
in the initial or final states). The momenta p, of these particles need not be related to their mass by
the relativistic physical on-shell condition p,p* = —m?, so that they can be arbitrarily large, usually
leading to divergent integrals. Since these divergences are due to very high momenta, which are related
by Fourier transformation to small distances, they can be seen as coming from the shrinking of the
virtual particles’ loop in the Feynman diagrams to a single point, which means that they are related
to the local nature of interactions in quantum field theory.

We can use different regularization methods to exhibit the structure of the divergent contributions
to the results (most notably the Pauli-Villars regularization that introduces additional particles of
very large masses M; to make the integrals less divergent, the use of an ultraviolet cutoff A to limit
the integration range to finite values or the dimensional regularization, that replaces the usual 4-
dimensional space-time momentum integrations by their 4 + e-dimensional counterparts), but of course
the results will blow up when we remove the cut-off (i.e. send M; or A — oo or € — 0). The way
out is to suppose that the bare quantities present in the original action are themselves divergent
and rescale the fields, coupling constants and masses of the theory by infinite constants (with an
appropriate cutoff-dependence), so that the physical results are finite when expressed in terms of
these renormalized quantities. Then, we can rewrite the bare action as a finite physical action plus
a number of so-called infinite counterterms. The counterterms can thus be seen as compensating the
divergent quantities in the original action to replace them by the finite physical ones. Fortunately,
this rather unnatural method allows us to extract the finite physical quantum corrections out of the
divergent momentum integrations. It was proven to be applicable to all orders of perturbation theory
in quantum electrodynamics and various other quantum field theories.

Despite being both gauge field theories, general relativity is quite different from electrodynamics
in various ways. Firstly, being a gauge theory of the Lorentz algebra, the gauge symmetry of the
general theory of relativity is non-abelian. An answer to that difficulty was found only much later,
when the work of Feynman, Faddeev, Popov, De Witt and Berezin about path integration in quantum
theories indicated how to gauge away the unphysical degrees of freedom in a systematic way for a
general choice of gauge, allowing us to quantize non-abelian gauge field theories in a covariant way.
In fact, this procedure leaves a shadow of the original gauge invariance in the form of the so-called
BRST symmetry from the names of Becchi, Rouet, Stora and Tyutin.

In 1973, Veltman and t’Hooft were able to show that the coupled theory of a non-abelian SU(3)
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gauge field with Ny < 16 triplets of fermionic matter fields in the fundamental representation of the
gauge group was renormalizable and asymptotically free, two important criteria for a theory to be
well-defined. Actually, in that sense, quantum electrodynamics is ill-defined since its coupling constant
blows up at very high energies. On the other hand, we don’t expect it to make sense at such high
energies anyway, since it should be replaced by a more fundamental theory much before (note that it
merges with weak interactions at the weak scale and shouldn’t be considered separately above that
limit).

Unfortunately, general relativity differs from usual non-abelian gauge theories in an essential way.
Besides the fact that the local gauge symmetry group is acting directly on the space-time and not in
some inner space, a more subtle difference resides in the fact that the gravitational coupling constant
is dimensionful, making hopelessly non-renormalizable any direct quantization of general relativity,
since the divergences grow worse with any additional graviton loop in the Feynman expansion.

1.2 Quantum gravity

This fact suggests that either standard perturbation theory is ill-defined and the theory only makes
sense when treated exactly, which would imply the existence of a non-trivial ultraviolet fixed point,
or quantum gravity should not be directly described by the quantization of general relativity, but
through a different theory that has a better high-energy behaviour but the same low-energy limit.

The first point of view is usually advocated by the community of researcher studying loop quantum
gravity or dynamical triangulations. In loop gravity, one tries to deal directly with the gauge-invariant
observable, like Wilson loops, instead of dealing with the graviton field. This theory has some nice
features, like giving a random lattice picture (spin network) of space-time and smearing-out the point-
like interactions of gravitons to joining and parting interactions of loops (quite similarly to string
theory, in fact).

However, it seems extremely difficult to show that it indeed reduces to general relativity in the
low-energy limit, since a smooth continuous space-time has to be represented by a network containing
an infinite number of links. In other words, the low-energy case corresponds to the situation where
the theory is extremely complicated.

The dynamical triangulations approach suffers from the same problem since it attempts to directly
discretize space-time with a random triangulation. However, since the model is much simpler, the
large N limit of the number of vertices might be computed exactly in lower dimensions and estimated
numerically in higher dimensions. However, it doesn’t seem to be clear whether it leads to sensible
result beyond the lower-dimensional cases where gravity is trivial or topological. In 4-dimensional
minkowskian spacetime, it remains to be seen whether the theory has an ultraviolet-stable fixed point
where the continuum large N limit can be taken in a sensible way. An example of a dynamical
triangulation theory in two dimensions is presented in chapter 2.

There are other theories of that first type like Regge calculus, but I won’t describe them all here.

There have also been countless attempts of the second type to describe quantum gravity by theories
whose starting point is not pure general relativity. After the discovery of supersymmetry on the string
world-sheet, the idea of a boson-fermion symmetry was extended to field theories and it has soon been
shown to lead to interesting cancellations between Feynman diagrams, so that there was some hope
that supersymmetrizing general relativity could be enough to keep the ultraviolet divergences under
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control. It turned out that it was not to be, even in the case of the N' = 1 supergravity theory in
eleven dimensions, where some hope remained until a few years ago. In any case, the most successful
of this second type of theories is without any doubt string theory, which we will introduce in the
following section.

1.3 String theory

String theory was first proposed as a theory of the strong interaction. Indeed, strong interaction
experiments indicated that the spectrum of resonances followed a linear trajectory, usually called
Regge trajectory, that links mass and spin through the Regge slope o' as: m? = (J — a(0))/c’ for
some constant «(0). People noticed correctly that a relativistic open string also exhibited such a
mass spectrum. Thanks to the infinite tower of higher mass and higher spin states this equivalence
predicts, the physical amplitudes exhibit an interesting duality symmetry between s-channel and
t-channel results. For that reason, these early string models were called dual resonance models.
However, it turned out that the theory is unitary only when the space-time in which the string lives is
26-dimensional and the constant «(0) = 1. In particular, there is a scalar state with J = n = 0 that
has a tachyonic mass given by m? = —1/a/, that makes the theory unstable.

This theoretically deceptive result, as well as some contradictory later experimental results led to
the abandon of this line of work, while quantum chromodynamics became generally accepted as the
correct theory describing the strong interactions.

On the other hand, although the open string theory above only has a state of spin 1 in its massless
spectrum, the theory of closed strings contains a massless symmetric tensor of spin 2 that we can
identify with the graviton, since its low-energy effective theory indeed corresponds to general relativity.
It was later realized that the nice high-energy behaviour of the theory (that can be traced back to
the smearing-out of the quantum field theory point-like particle interactions) might indeed make
it an interesting candidate for a definition of quantum gravity. Furthermore, its supersymmetric
extension ”only” requires ten dimensions, while the GSO (Gliozzi-Sherk-Olive) projection allows us to
remove the tachyonic ground state from the spectrum of the Ramond-Neveu-Schwarz string and obtain
spacetime supersymmetric theories. Of course, this conclusion became obvious from the point of view
of the Green-Schwarz superstring, which is manifestly supersymmetric in space-time. In fact, certain
superstring theories were shown to be free of anomalies and ultraviolet divergences. This revived
interest in string theories culminated with the proof of anomaly-cancellation in heterotic theories that
paved the way to the study of the possible low-energy particle phenomenology that string theory
allows. This period around 1984 became known as the first superstring revolution.

Despite these encouraging early successes, string theory suffers from another kind of problem. It
is a first-quantized theory, not a quantum field theory, so that the perturbative expansion in Riemann
surfaces of higher genera is not the perturbative expansion of some non-perturbatively defined theory,
although it is certainly needed for the unitarity of the theory. This means that we can only derive
some low-energy approximation of the equations of motion for the massless fields, so that it is difficult
to understand the vacuum structure of the theory in the high-energy régime. An obvious answer to
this problem is to try to develop a string field theory. Despites some early successes in the bosonic
open string case and some recent results about superstring fields, it seems to be extremely diffcult to
obtain a field theory of closed superstrings. Furthermore, it might well be that the non-perturbative

4
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sector of superstring theory is not described by superstrings living in a ten-dimensional spacetime, but
rather by supermembranes living in an eleven-dimensional spacetime, since everything looks like an
additional dimension is unfolding when we raise the value of the coupling constant in type IIA string
theory.

This unknown mysterious eleven-dimensional theory has been called M-theory, since we expect it
to be the "mother” of all superstring theories, but we are far from having a concrete non-perturbative
and background-independent definition of it. We only know that it should have various perturbative
régimes corresponding to the known superstring theories in ten dimensions and reduce to eleven-
dimensional supergravity in the low-energy limit.

1.4 Branes and dualities

The most significant discovery in the last ten years of research on string theory has been linked to
dualities and branes, the so-called second superstring revolution. We understood so far that there were
five apparently different consistent superstring theories in flat ten-dimensional minkowskian space-
time, the type ITA and IIB closed superstring theories with A/ = 2 spacetime supersymmetry on
one hand, the type I theory that contains both open strings and closed unoriented strings and the
heterotic closed string theories with gauge group Fg X Fg and SO(32), all three with A/ = 1 spacetime
supersymmetry, on the other hand. However, it became clear that these theories are all related by
various kinds of duality transformations that maps one theory to another, so that the idea emerged
that they should all be different perturbative régimes of a unique theory, M-theory. In a fancier
language, they should all correspond to various corners of the moduli space of vacua of M-theory.

An essential ingredient in the discovery of this web of dualities was the understanding that string
theories should contain D-brane states in their non-perturbative spectrum. Indeed, if one quantizes
open string with Dirichlet boundary conditions in certain directions instead of the standard purely
Neumann boundary conditions, one can see the hypersurface on which the open-strings’ends are
attached as a dynamical object on its own. Such types of hypersurfaces were called D-branes as a
reminder of their interpretation as Dirichlet boundary conditions. More interestingly, if one performs
a T-duality, i.e. an inversion of the radius of compactification of the spacetime in some direction
of the form R = o /R, one can exchange Dirichlet with Neumann boundary conditions, so that the
dimension of the boundary state changes in the process. At the same time, the original string theory
is usually transformed into some other kind of string theory.

A classic example illustrating this process is the T-duality between type ITA and IIB superstring
theories. While the type ITA string theory contains non-perturbative Dp-brane states for all even
values of p, type IIB string theory contains them for all odd values of p (this can be seen easily from
the central charges appearing in the type ITA and IIB supersymmetry algebras). In consequence, if
we toroidally compactify only one dimension, none of them can be self-dual under the inversion of the
compactification radius, but they turn out to be dual to each other.

Another type of dualities involves the inversion of the string coupling gs = 1/gs. It is called
S-duality. The canonical example is the self-duality of the type IIB string theory under such a trans-
formation. Another example is the S-duality between type I superstring theory and heterotic string
theory with the same gauge group SO(32). There, one has to pay attention that some perturbative
states on one side are mapped to D-brane states on the other side, making D-branes an essential in-
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gredient of the duality. Finally, when both kinds of inversions are involved, we speak about U-duality.

Since we lack a complete understanding of the non-perturbative régime of superstring theory,
it is difficult to prove that these dualities are indeed correct, since there are few states where one
can follow the evolution of one state all the way from the perturbative régime of one theory to the
perturbative régime of the other, where things are under control again. Fortunately, some brane
states have masses that are protected from quantum corrections by supersymmetry. This happens
when they are annihilated by some fraction of the supercharges. Then, they satisfy a so-called BPS
(Bogomolnyi-Prasad-Sommerfeld) bound:

m? =72, (1.1)

that relates their mass to their charge. The study of such states has been very useful in testing duality
conjectures.

There are also ways to construct non-BPS D-branes, such that they are the lowest-mass states
with a certain set of quantum numbers, so that we can expect them to remain stable when we raise
the value of the coupling constant. Such states are usually constructed out of a Dp-brane and the
corresponding anti-Dp-brane, which are usually unstable since they exchange tachyon states. However,
there is a nice way to remove the instability called tachyon condensation, which actually prompted a
revival of interest in string field theory, since it is a proper framework to discuss questions of vacuum
decay.

Furthermore, the study of the physics of D-branes together with the finding that there should be
an eleven-dimensional theory that is the large coupling limit of type ITA string theory also revived the
interest in matrix models, making it plausible that M-theory could be (at least, partly) described by
such kind of models. I will describe these ideas in the next section.

1.5 Matrix models for M-theory?

Here, I want to develop the idea that the second superstring revolution drastically changed our under-
standing of the meaning of matrix models, nearly as much as it changed our understanding of string
theory. Simple matrix models of the kind presented in chapter 2 were already considered in the late
80’s in the context of string theories, but they could only describe systems living in dimensions smaller
or equal to 2, making them interesting for the study of conformal field theories coupled to gravity,
but not really well-suited to give a non-perturbative description of the ten-dimensional superstring
theories. On the other hand, models of the kind presented in chapter 3 and 4 of this thesis were
already considered before, although they were not aimed at describing superstring theories.

More specifically, the same Hamiltonian as in the BFSS matrix model was introduced as a matrix
regularization of the dynamics of a supermembrane, a connection we will describe in details in section
3.3. However, at that time, it wasn’t clear that supermembrane theories could be relevant to the
study of non-perturbative string theories and it wasn’t clear neither that the same physical theory
also described the low-energy dynamics of DO-branes in type ITA string theory. After it was understood
that the theory had (unlike the Green-Schwarz superstring) a continuous spectrum of states, it was
essentially forgotten for 7 years until the time came when all these connections could be made. More
precisely, the second superstring revolution led to the idea that we could decouple all degrees of freedom
of type ITA superstring theory except the DO-branes by going to the infinite momentum frame, so that
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M-theory in this limit could be described by the simple theory governing the low-energy dynamics of
DO-branes. Although it is unessential in this argument, the fact that this theory could also be seen as
describing M-theory supermembranes in this particular frame gave a further motivation for studying
this model and check whether it could reproduce eleven-dimensional supergravity results.

On the other hand, matrix models of the type discussed in chapter 4 of this thesis were also
considered earlier in the rather different context of Yang-Mills theories. Indeed, the study of the
large N limit of Yang-Mills integrals showed that many results could be obtained by compactifying
all spacetime dimensions to a single point. Such 0-dimensional matrix theories were called totally
reduced models. Again, when it became clear from the relation between dimensionally reduced Super
Yang-Mills theories and D-brane low-energy dynamics that such an action could also describe type IIB
D-instantons, it was understood that it could be related to type IIB superstrings. More precisely, it was
shown that the totally reduced super Yang-Mills action can be obtained as the matrix regularization
of a type IIB superstring in the Schild gauge. I will also explain this connection thoroughly in chapter
4.

1.6 Matrix models based on osp(1[32,R)

Since matrix models where the matrix eigenvalues generate the spacetime manifold give an algebraic
rather than geometric picture of spacetime, another possible idea is to try to construct a matrix
model directly from algebraic considerations and to formulate it in a background-independent way
so that it can be considered in situations with various target-spacetime dimensions. If such a model
is to be related to M-theory, we should endow it with an algebraic structure inspired from that of
eleven-dimensional supergravity. Furthermore, to avoid the puzzle linked to the absence of transverse
Mb5-branes in supersymmetric matrix quantum mechanics, we want to formulate it in such a way that
membranes and M5-branes are treated as equally fundamental objects. A possible choice fulfilling these
wishes is a model based on the the 0sp(1|32, R) supersymmetry algebra, the minimal supersymmetric
extension of the eleven-dimensional Poincaré superalgebra. Though various supersymmetric action
can be made out of 0sp(1]32, R) supermatrices, we figured out that a mass term together with a cubic
interaction seems to lead to the most interesting results.

Together with Luca Carlevaro and Adel Bilal, we studied such a model in twelve-dimensional and
eleven-dimensional contexts. In the latter case, we showed how to perform the infinite momentum
frame limit and used the matrix version of T-duality to obtain a supersymmetric matrix quantum
mechanics. The constrained fields can be eliminated to obtain a quartic potential for the D0O-branes
out of the initial cubic potential. However, since we cannot find a closed form for the solutions
of the constraints, we use a perturbative technique that leads to an infinite tower of higher-order
interactions amongst the physical fields, an apparently very complicated theory. On the other hand,
the lowest-order terms reproduce those of the BFSS theory with an additional mass term together
with interaction terms involving the 5-brane degrees of freedom. This research was published in [19].

In another research paper detailed in chapter 6, the product of a research collaboration with
Takehiro Azuma of Kyb6to University, we study the same model, this time expressed as a totally
reduced ten-dimensional matrix model. In this context, in absence of a Hamiltonian formulation,
there is no direct way to discriminate physical from unphysical fields. However, the constrained fields
of the preceding chapter appear as tachyonic fields in this approach. This evidently leads to the
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conclusion that the trivial vacuum is unstable for these fields. Searching for non-trivial solutions of
their equations of motion, we find that they can describe vacua of the fuzzy sphere type. We study
two examples in details, the triple fuzzy 2-sphere and the maximally symmetric fuzzy 8-sphere, which
are two ways of filling the nine space-like directions. We further discuss their respective stability
properties. This research was published in [16].

1.7 Outlook

This thesis is organized as follows. The first part is constituted by the three review chapters on matrix
theories, which contain the necessary background to understand which ideas led us to the research
projects presented in the second part of this thesis in chapter 5 and 6.

More precisely, chapter 2 aims at giving a first simple example of a duality between a matrix model
and a string theory. In particular, we compute a critical exponent, the string susceptibility, on both
sides of the correspondence to figure out which specific conformal field theories of matter coupled to
low-dimensional quantum gravity can be described by which critical points of the matrix partition
function.

Chapter 3 is dedicated to the study of supersymmetric matrix quantum mechanics. That part
of the text aims at showing how M(atrix) theory can be considered either as a low-energy effective
action for D0O-branes or as a matrix regularization of a supermembrane theory in eleven dimensions in
the light-cone gauge. The BFSS conjecture on M-theory is also explained there, as well as the puzzle
regarding the absence of transverse Mb5-branes in this theory.

Chapter 4 is an introduction to the totally reduced IIB matrix model. In parallel to the discussion
in chapter 3, it shows why the IIB matrix model can be considered either as a low-energy effective
action for D-instantons or as the regularization of the Green-Schwarz type IIB superstring action in the
Schild gauge. The on-shell closure of the supersymmetry algebra and the D-brane spectrum are also
derived there. Finally, it is shown how to deform it slightly to obtain non-commutative curved-space
classical solutions of the fuzzy sphere type.

Chapter 5 contains a study of a matrix model with osp(1|32,R) supersymmetry. In particular,
a supersymmetric matrix quantum mechanics is obtained after the elimination of certain unphysical
fields. It is compared to the BFSS matrix model and conjectured to be related to the D0-brane
dynamics in a curved background of anti-de Sitter type with non-trivial M5-branes fluxes.

Chapter 6 studies the same model in a different context, where it has similarities with the massive
IIB matrix model. In particular, non-commutative classical solutions of the fuzzy sphere type are
obtained and their stability is analyzed.

Finally, a few conclusive remarks are given in chapter 7, before going to the technical appendices,
where some of the notation used are also introduced (in appendices A and B).



Chapter 2

Matrix models for quantum gravity

Although the results and ideas contained in this chapter are not really needed to understand the
following ones, we have included it since it provides an interesting first example of a duality between
a matrix theory and a string theory. Furthermore, it illustrates quite well how a matrix theory can
be seen as a discretization of the string world-sheet, while the large N limit will be the continuum
limit of the discretization. We will use this idea twice more later when we will show in chapter 3
how the BFSS matrix theory can be seen as a matrix regularization of the world-volume theory of a
supermembrane and in chapter 4 when we will show how the IKKT matrix model can be derived from
a regularization of the world-sheet of the Green-schwarz superstring.

The goal of this chapter is essentially to compute a critical exponent, the string susceptibility,
both on the matrix theory and string theory side to show how different kinds of critical points of the
matrix model partition function describe various conformal field theories on the string world-sheet,
representing low-dimensional quantum gravity coupled to some matter fields.

With this goal in mind, we first explain the discretization procedure and why we expect the sum
over all random triangulations of the string world-sheet to reproduce in the large N limit the genus
expansion of the string theory partition function. Then, we introduce a computational method, the
so-called orthogonal polynomial method, that allows us to compute matrix integrals in a convenient
way. Then, we first take the simplest large N limit and show how it predicts the critical behaviour
of the partition function in the neighbourhood of the critical coupling. The result we obtain for the
string susceptibility corresponds to the genus 0 contribution on the string theory side. Then, we take
a more subtle large N double scaling limit that keeps contributions of Riemann surfaces of all genera
to the partition function.

In the second part of this chapter, we explain the quantization of a bosonic string in a spacetime of
non-critical dimension and how the requirement of conformal symmetry leads to the Liouville action.
Finally, we use a scaling argument to compute the string susceptibility and discuss the significance
of its possible values and how they relate to specific critical points of the matrix theory partition
function.



10 Chapter 2: Matrix models for quantum gravity

2.1 Old matrix models & dynamical triangulations

Matrix models were first used in the context of quantum gravity around 1990, when people thought of
describing low-dimensional quantum gravity through matrix integrals [73, 49, 102, 101]. The idea
behind such models is to discretize the string world-sheet, before taking a continuum limit that
would include naturally the contributions of surfaces of all possible genera, thus predicting the genus
expansion of perturbative string theory from a non-perturbative theory. The simplest of such models
is defined through the discretization of 0-dimensional string theory, whose action is:

o0
Z=> /Dhe’BA+7X, (2.1)

g9s=0

where hgp is the (euclidean) metric tensor of determinant h on the Riemann surface parametrized
by the two coordinates ¢! and o2, A = i Vhd?0 its area, while its genus gg is related to the Euler
characteristic y through the Gauss-Bonnet theorem:

1
X = E/R\/f_ld20=2—2g5 (2.2)

and R is the Ricci curvature of the surface. The metric integration is defined as Dh = Dh11Dh12Dhao.
On the other hand, 8 and «y are real parameters (“coupling constants”). We then wish to replace
both the metric path integration and the infinite sum over surface topologies by a single sum over
all possible discrete geometries of the string world-sheet. It turns out that we can obtain interesting
critical behaviour, even if we restrict the possible discretization to equilateral triangulations only.
Since a flat hexagon can be covered by 6 equilateral triangles, we can represent positive (resp. negative
curvature) at each vertex by the coincidence of less than (resp. more than) 6 triangles. We denote
here by N; the number of triangle touching the vertex ¢

In appropriate units, the area is simply given by the total number of triangles, i.e. A =1/3%", N;,
since each triangle has three vertices. The discrete definition of x is known to be x =V — E+ F, where
V, E and F denote the number of vertices, edges and faces, respectively. In a triangular discretization,
each face is surrounded by 3 edges, while each edge separates two faces. In consequence, there is a
relation 3F = 2FE that gives the Euler characteristic as: x = V — 1/2F. Furthermore, V is simply
given by >, 1, while F is given by F' = A = 1/3)", N;, since there is exactly one face per triangle.
We thus obtain: y = *;(1 — N;/6) On the other hand, x = & [ RVhd?s — = 3,(N;/3)R;, so that
the discretized Ricci curvature at vertex ¢ is:

1 — N;/6)

Ry =\ T 27(6 — N;)/N; . (2.3)

2.1.1 Matrix model approximation

Our next task is to construct a matrix integral that produces a diagrammatic expansion that generates
all such random triangulations [48]. Of course, triangular vertices are produced by trilinear couplings,
while edges (propagators) are produced by bilinear terms. We thus need to consider a matrix integral

of the form: .
_ 1ar2 3
/dMe Tria M+ M%) (2.4)

10
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where M is some N X N hermitian matrix, g is the coupling constant,
N N . .
dM =[Jam} [] dReM;dImM;}, (2.5)
i=1 i,j=1,i<j

and we normalize the result by:

/dMe_TT(%Mz) =1. (2.6)

Of course, this integral can be expressed as:

oo(i)k dM (Tr(M3))k e 1Tr(GM?) | (2.7)
St/

which is a sum over diagrams containing k vertices. The contribution of each of these diagrams can
be computed thanks to:

/dM M;:M;QZMJZZ e~ Tr(zM?) _ il 0 /dM e‘T’"(%MQ“LJM”J:o =
oJl  oJlr

0 0 (L2
=g ¢ o, 29
21 In

through the use of the usual generating functional method. This diagrammatic expansion gives a
surface with trilinear vertices and diverse polygonal faces, all closed thanks to the matrix traces. By
putting a vertex on each face of this diagram and by connecting together with edges all those pair of
new vertices that correspond to faces that share a boundary, we obtain the so-called dual diagram, that
has triangular faces, but diverse types of vertices. This is of course, the desired random triangulation
of a Riemann surface. Since the dualization exchanges the roles of faces and vertices, the diagram
with k vertices of order ¢g* in the matrix integral corresponds to a random triangulation with & faces
in the discretized string theory picture, i.e. to a Riemann surface of area k, which allows us to make
the formal identification g = e #. Furthermore, because of the multiple matrix traces, the matrix
integral generates connected as well as disconnected diagrams. The free energy from the matrix point
of view is thus the partition function from the string theory point of view. The precise correspondence

is then:
—Tr(Ln? 3
eZ:/dMe Tr(gM +~/LWM), (2.9)

Note that a rescaling M — +/NM gives the action as: NTr(1/2M? — gM?) with an overall factor of
N. In this formulation, we see that each propagator (edge) is accompanied by a factor of 1/N, while
each vertex of a diagram brings a factor of N. On the other hand, each closed loop (building a face in
the diagram) is described by a trace, which brings another factor of N. in consequence, each diagram
carries an overall factor of:

NV=E+E = NX = N?2720s | (2.10)

As x remains unchanged under the dualization of the diagram, which exchanges V and F, while
keeping F, this remains true for the discretization of the world-sheet. In consequence, we have the

11
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correspondence: N = e¢7. Furthermore, we can arrange the result:

Z(g) =Y N*"*"Zy(g) (2.11)
h

as a sum over topologies.

2.1.2 The orthogonal polynomial method

There is an efficient method to solve simple matrix models called the orthogonal polynomial
method [39]. The idea behind it is to diagonalize the matrix M and integrate over its eigenvalues and
the diagonalization matrix instead of the elements of M. Since M is Hermitian, it can be diagonalized
by a unitary transformation described by some U(N) matrix U through: M = UtDU, where D is some
real diagonal matrix. Since the Jacobian of the variable transformation only depends on infinitesimal
variations of D, it can be calculated using the linear approximation: U = T+ 4T + ..., where T is
a Hermitian matrix, so that Ut =1 —4T +.... In particular, M = D + i[D,T] + .... In terms of
elementary matrices E'Z-J = &;®e" (that are defined to have only one non-zero element equal to one at
line 7 and column j), T' can be described as: T = Zi,j eijEij with eij e CVi,j =1,...,N, eij = (eij)*,
while D can be simply described as: D = ), \;E;'. To derive the Jacobian of the transformation,
noting that the (m,n)-th element of Eij is given by: (Eij )™ = 6747, we should first compute:

(B ESN™, =Y 07 a50p6, = (B8 (2.12)
]
so that: ' ' .
(E/,E,') = E's, - E5 . (2.13)
In particular, this implies that:
[D’T] = Z Ai(eijEij - GJZE]Z) ) (214)
2%
so that: . .
([D,T])"; = (N — Aj)e'; - (2.15)

This means that M depends only on eij for 4 # j, which gives the correct number of independant
variables, with the N? real independant components of the Hermitian matrix M replaced by the N
real eigenvalues \;’s and the N(N — 1)/2 complex parameters eij for i < j. Thus, while M depends
on A as:

oM,

e 6F and
k
aMZJ - 1 (sk k - .
Vel i€'; (67 — 67) fori # 5 , (2.16)
M depends on € as:
MY
9 j’ = 0and
Oey,
ok = (A — ;)65 for i # 5. (2.17)

12



2.1 Old matrix models & dynamical triangulations 13

Thanks to OM", / 86?; =0,0M ZJ /O, doesn’t contribute to the determinant, while 9M°, /O, contribute
as 1, thus reducing it to:

« TrOMY N )

_ s J _ . )

J= > (-1 ._H. .W_..H .()\z—)\]) : (2.18)
TESN2_y 4,J=1,i#] w(j)  HI=1i<]

Furthermore, the action doesn’t depend on the ¢;;’s, which reduces the matrix integral computation

to:
N

/ de i — Aj)2e™V (2.19)

t,j= 1 <g

In fact this product of eigenvalue differences can be written as a determinant, called the Vandermonde
determinant in the literature. Taking N = 3 for illustration, the usual properties of the determinant
allows to rewrite the jacobian as det()\J 1) since:

_ 1 A A2 1 X 2 1 X\ 22
detO =11 X M |=][0 X=X X=X |=|0 M-\ A2 — A2 :
1 X3 M 0 A3—A A2 0 0 (A3 — A1) (A3 — X2)
so that for general N:
N
AN = ] i=x)=det(\] ) (2.20)
ij=1,i<j

To compute the integral, we now have to introduce an infinite set of polynomials { P, () }2° ; orthogonal
with respect to the measure:

/ drxe ™ VNP (N Pa(N) = Bnbmn (2.21)

normalized so that P,(A\) = A" + ..., hence the constant h,. We can then replace det()\g _1) by
det(Pj_1(X;)), since adding polynomial of lower orders in each column doesn’t change the determinant.
Again, we illustrate this idea for N = 3:

1 X\ A% 1 M+ec A%—k/\1+d
‘j_l = 2 = 2— = - 5
det(N ") =11 X A 1 XA4c M-k +d | =det(Pj_1(N))
1 A3 M 1 M+c M—Fk\3+d

for any kind of polynomials normalized as P,,(A) = A"+.... Given that property, the task of computing
the partition function reduces to the computation of:

2

/ [T dxi(det(Pi—1 (X)) / Hd,\ > H i1 (i) | eV (2.22)

eSSy i=1

In each term of the sum, the integrals on the A; factorize, giving non-zero results only for terms
containing HZ]\L 1 PZ-Q_I()\W(i)), thanks to the orthogonality property. In other words, cross-terms do not

13



14 Chapter 2: Matrix models for quantum gravity

contribute to the result. Furthermore, each term contributes the same Hii1 h;_1 and there are N! of
them. We finally obtain:

N-—1 N-1
Z=N!'[] hi=Ng ] £77F, (2.23)
= k=1

where fi = hy/hg_1. Of course, the values of the f; depend on the measure, or in other words, on
the specific matrix model potential.

In the naive (planar) large N limit, we set: x = limy_,00 k/N and f(x) = limy_00 f(k/N) =
In this limit, we obtain:

1 1 — N—oo !
FZ: N2 (ln(N')—i—Nln ho) +§ (N — k) In( fk> — C’—i—/o (I —x)In(f(x)dx . (2.24)

To determine f(x) more precisely, note first that: AFP,(\) = njl a; P;(\) for:
0

k3

a; = hi! / drxe VAP, (A P(N) . (2.25)

For even potentials, [ dxe™VMAP,(A)P,()\) = 0, so that a,, = 0. Since also [ die™VMAP(A\)P,(\) =
0 for all : < n — 1, AP, is simply:

AP, (A) = Poy1(A) + raPa—1(A) (2.26)
for some scalar coefficient 7.
Furthermore:
n = / dre ™ VINB, (NP, (A / dre ™ VOB, (NP1 () = rohn_1 (2.27)

so that r,, = f,. Similarly, differentiating (2.26), we obtain:

AP, (N) = Py (N) = Pa(N) + 1Py (V) (2.28)
so that (using Ph;(\) = (n+1)Pa(M) + X140 aiPi(V):
nhy, = / dre™ VMNP (X / dre™ VNP (N rp Py 1 (N) =1 / dre ™ VNV NP,V P, 1 () ,

(2.29)
after integration by parts.

2.1.3 The genus zero partition function

We now want to use (2.29) to find an expression for f, = 7, and consequently, for the partition
function. Take for example the potential:

1/, X X
V(A = % </\ +W+b—) : (2.30)

14
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with derivative:
A3 N
gV'(\) =X+ 2+ 3bﬁ : (2.31)

To compute (2.29), we need to calculate integrals of the form: [dle™VA?~1P, P, ;. Using repeat-
edly (2.26), we can rewrite:

n+2p—1
PP = Y alP;, (2.32)
i=n—2p+1
where a; is a homogeneous polynomial of order (p + (n — 1 — 7)/2) in the variables r,_9p,...,7n42p

containing (*7; 1) positive terms for odd #’s and a; = 0 for even i’s. Together with the orthogonality
&1

relation, this reduces (2.29) to:

2
ng = rn(l + ﬁ(?"n+1 +rn+ o)+

3b
+F{Tn+l(rn+2 +rpy1 + Tn) + Tn(’rn+1 + 7y + rnfl) + Tnfl('rn+1 +rp+rp-1+ Tnf2)}) . (2'33)
In the large N limit, with r,+1/N — r(x £ €) for e = 1/N, this goes to:

gx = m(x)(1 + 67(x) + 30br%(x)) + O(1/N) corrections = W (r(x)). (2.34)

Expanding W (r) near a critical point r. as: W(r) = g. + 1/2W"(r.)(r — r¢) + ..., we can guess the
critical behaviour as':
r(x) = e o< lge — gx|'/? . (2.36)
Since (2.27) implies that 7(x) = f(x), we obtain from (2.24) the large N behaviour of the partition
function near the critical coupling g..
For general even polynomial V/(\) = 1/(2¢9) >_%, bpA?P, the remark below (2.32) tells us that a, 1

will always be a p-th order homogeneous polynomial containing (2”;1) positive terms, so that:

gx = pz::l %bpﬂ’(x) + O(1/N) corrections . (2.37)

Through fine-tuning enough of the parameters b,, we can in principle reach an m-th order critical
point where gy = W (r) is such that all derivatives W@ (r = r,) vanish Vi = 1,...,m — 1 [114]. This
more general critical behaviour is then:

r(x) — e  |ge — gx|™ . (2.38)

This relation? defines the critical exponent v = —1/m, usually called string susceptibility.

'Tf b = 0, we can solve exactly for r(x) and we obtain:
r—re = (1/V6) (9x — g:)'""* . (2:35)

for g = —1/24 and r. = —1/12.
*In our example, if we set b at the critical value b, = 6/15, we have 7. = —1/6, g. = —1/18 and the tricritical
behaviour is then:

r(X) = rc = (I/W) (gx — 90)1/3 . (2.39)

15
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In such one-matrix models where f(x) = r(x), the leading singular behaviour of f for large N is
then:

fFX) = feoc|ge —gx|[™7 - (2.40)
For g ~ g., the g-dependent part of the partition function is determined by the region where y ~ 1,
where the above estimate is valid. Putting (2.40) in (2.24) and using In(f) = In(f.) + In(1 — alg. —

9x|™7) o< |ge — gx|~7 this determines the behaviour of the partition function in the neighbourhood of
the critical coupling as:

1

1 ! _ _ L -
e /0 (1= x)lge — gx|dx ~ (1 = x)lge — gx| "+ +/0 (1=2x)lge —gx| " ldx  ~
0
© n
e — 9x| 9e 7?:0 W TB—7—1) (9/9¢) (2.41)

For large n, the Stirling’s formula predicts an asymptotic of the type: n”~2 for the coefficients, which
determines the contributions of surfaces of large area, i.e. big n, to the partition function, a result
that we will test again a string calculation in the end of this chapter to understand which critical
points correspond to which kind of non-critical string theories in the continuum.

Of course, there is no full proof that the large N limit of matrix integrals is able to reproduce the
properties of the continuum theory, but there is a variety of tests supporting this conjecture (see [115]
for a review).

2.1.4 The all genus partition function

To discuss the contribution of higher genus surfaces, we should keep higher terms in the 1/N expansion.
Coming back to the example treated above, this means that we shall consider the complete expression:

gx = r(x) (1 +2(r(x +€) +r(x) +r(x —€) + 3b{r(x +e)(r(x +2€) +r(x +€) +r(x)+
+r0)r(x +e) +70x) +rx =€) +r(x —e)(r(x +€) +r(x) +r(x —€) +r(x - 26))}) =

= 70O+ 610+ 308r(0)) + ) (20700 + 180(2r (000 + (00)%) )+
64
+ 5700 (2900 + 335 (2r(0r 90 + 4500V 00 + 30" () ) + O(E). (2.42)

To obtain an interesting large N limit, we want to transform the large N expansion (2.11) into an
expansion of the type:

Z(g) = K2 2Z4(g), (2.43)
h=0

where k is kept fixed in the limiting procedure. This is possible if the partition function scales in an
appropriate way near critical coupling. We already know that:

Z(g) = N*(lg — ge|*’c+..) + > _N*"Z,(g), (2.44)
h=1

16
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which suggests to take k=2 = N2|g — gc|5/ 2. In other words, we want to approach critical radius as:
g—ge=r PN (2.45)

while keeping « fixed at some finite value. To obtain a simple-looking result, we introduce a new
variable z related to x through: gx — g = g~ */3(1/2W" (1))~ V/®(—6rc(1 + 15br,))*> N=*/5z and the
rescaled functional:

Iz) = g*3(1)2W" (r.))3/® (—6rc(1 + 15br.)) YO N5 (r(x) — re) (2.46)
so that: 5 5
9 ~1/5 9

eaX x N % (2.47)

With these rescaled variables the expansion (2.42) turns into:
z=12(z) —1/31"(z) + O(N~2/%) . (2.48)

In this improved large N limit, the behaviour of the partition function containing the contribution
of surfaces with all genera is thus determined by the solutions of the Painlevé I differential equation:
x = 1?(z) — 1/31"(z). Its perturbative solution with leading term z'/2 o £=2/® is of the form:

I(z) = 2'/?(1 - Zuk:v_5k/2) , (2.49)
k=1

2 2

where the uy, are all positive, so that the leading term in Z(x) will be of order 25/ & k2 as anticipated
in (2.43). From (2.46), I(z) < N?/5(r(x) — r.) and we can obtain the critical behaviour from (2.24).
For large k, the ug grow as (2k)!, so that the perturbative solution is not Borel summable. This might
lead to wonder whether perturbative agreement between matrix models and gravity extends to a full
non-perturbative equivalence or not.

For the higher order critical point reached by tuning b to critical value b, = 6/15, since Zy(g) =
aN?|g — gc|7/3 +...,weset k2= N?|g— gc|7/3. Again, to make the result look simpler, we introduce
a new variable through: gx — g. = 187 /7(g/N)% 7z and rescale:

i(z) = (864)/T(N/9)*T(r(x) — 7)., (2.50)
which leads to another differential equation:
z = P(z) —(z)l"(z) — 1/2("(2))* + ol® () . (2.51)

where a = 1/10 with our choice of potential. We can also solve this differential equation through a
perturbative expansion, which will be of the form:
5 o
() =231 =) vopa™ /%), (2.52)
k=1

with 2= 7%/3 & K2k as it should be. The signs of the v; depend on the particular value of a. They are
all positive for @ < 1/12, in which case such matrix models describe the unitary theory of quantum

17



18 Chapter 2: Matrix models for quantum gravity

gravity in 2D coupled to the Ising model. On the contrary, our specific model is not unitary. It rather
describes the Yang-Lee edge singularity coupled to gravity.

For a general even potential, we can reach a critical point of order m, in other words with critical
exponent ¥ = —1/m, where we will have Zy(g) = aN?%|g — g¢|>™” + .... In that case, we will take:
k2= N2g — g.|*", gx — ge x NO=2/2g and

Uz) o« NP2 (r(x) —7,) , (2.53)

which will lead to the m**-order hamiltonian density for the Korteweg-de Vries hierarchy of differential
equations. We will not explain this connection here, but rather turn our attention to the corresponding
string calculations, to establish a relation between m and the number of fields that we couple to two-
dimensional gravity in the Liouville approach.

2.2 Non-critical string theory and the Liouville action

Let us here sketch how to treat non-critical bosonic string theory, when D # 26 [140, 58, 45, 46,
88, 87, 86, 85]. In that case, since there is no conformal symmetry to gauge all three independent
components of the world-sheet metric, we should treat the conformal factor as an additional dynamical
field, described by a Liouville-type action, as we will explain below, following the conformal gauge
approach of [70]. Starting from the (euclidean) string theory partition function:

_ DhDX —S8(X;h)—£ JVhd?c
Z = 7V01(Dz'ff)e ) (2.54)

where Vol(Dif f) is the volume of the diffecomorphism group of the string world-sheet, hgy, is the
world-sheet metric, h = det(hgp) its determinant, o' are coordinates on the world-sheet and S(X; h)
is the bosonic string action given by:

S(X;h) = Si / K9, X", X Vb o (2.55)

™

for fields X*# describing the string propagation in a flat D-dimensional space-time. To define the
integration, we need to normalize the measures Dh and DX in an appropriate way. For example, we
can require that:

/Dh((SX)ef‘SX”X”‘/Edz" =1, (2.56)
and similarly for Dh (see [77] for more details). More interesting for us here is the fact that the mea-
sures, though diffeomorphism-invariant, are not necessarily invariant under conformal transformations
hap — €“hgp. Since the normalization above depends on h,it turns out that:

Dyop X = eis=S1@D, X | (2.57)

where S7, is called the Liouville action, given by:

Sp(X;h) = /(%habﬁawﬁbw + Rw + pe?)Vhd?o . (2.58)
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2.2 Non-critical string theory and the Liouville action 19

This result can be derived diagrammatically, via the Fujikawa method, or via an index theorem [7].
The metric has also a similar anomalous variation under conformal transformation. Without going
into too much details, it involves replacing the metric integration [ Dhi1Dhi2Dhae/Vol(Dif f) by an
integration over a conformal factor ¢ and ghosts b and c¢. Indeed, if we choose a representative metric
il,ab(’l') for each point of the moduli space of metrics relevant to the considered Riemann surface, any
metric can be reached through a diffeomorphism f and a conformal transformation parametrized by
¢ through:

f*h = e®h(r) . (2.59)
Gauge-fixing the diffeomorphism group to h(7), we obtain:

Z = / drDy¢Dp X Dy, (gh)e St =San(beih) =45 [ Vhd®o (2.60)

where f dr is the finite dimensional integration on the moduli space of metrics, Dy(gh) = Dpb,,
Dy c*DpbzzDpc? is the ghost integration and Sgy (b, ¢; b) is the ghost action from the Faddeev-Popov
determinant:

Syn(b,c;h) = / (b, V6% + b5:V,*)Vhd?o . (2.61)

The ghost measure also has a conformal anomaly proportional to the Liouville action when we rescale
h — e“h:
. _ 26 SL(w)
Dewh(gh) = e 48r Dh(gh) . (262)

In standard bosonic string theory, we would set D = 26 to obtain a conformally-invariant quantum
theory. Here, we are rather interested in obtaining results that can be compared to matrix theory
results, in other words, we want to study low-dimensional non-critical string theories. Since it is
difficult to compute the Weyl anomaly in Dj ¢, instead of trying to find the correct action for the
Liouville mode ¢ that gives rise to a Weyl-invariant theory, we will assume [126, 65] that it takes a
Liouville-type form and impose conformal invariance on the overall path integration:

Z= / d7D; $D; X D; (gh)e S —San ()= (b1 1120 0u00u0-+ha Rt )W o

to determine the correct constants ki, ko and A. This is possible since, contrarily to Dp¢, the inte-
gration measure Dj; ¢ does not depend on ¢. In other words, it’s the measure of integration for a free
field. Using (2.57) and (2.62), we find:

25—-D 25—-D

Mi=—ger %27 gga

(2.63)

In particular, if we rescale ¢ — 1/12/(25 — D)¢ so that its kinetic term is normalized like that of the
X'’s, the two first terms in the action for ¢ are written as:

8% / (A9, 98y + QRI)V I 20 (2.64)

with:

Q= , (2.65)
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20 Chapter 2: Matrix models for quantum gravity

so that the leading short-distance behaviour of the operator product expansion of the energy-
momentum tensor 7' = —1/20¢0¢ + Q/20°¢ is given by:

T(2)T(w) =~ 1/2 +... (2.66)

L
(z = w)*

with the central charge c; = 1+ 3Q?, so that the total conformal anomaly indeed vanishes. To
determine A, or rather some related « for the rescaled ¢ field (chosen so that pe®® appears in the
Liouville part of the action), we require that the actual physical metric is indeed hqp = = hae ¢ 50
that [ 4/ h;beo“z’d?o is the actual world-sheet surface. For this sake, we impose that this combination
is conformally invariant, or in other words, that e*® has conformal weight (1,1). This sets:

1

o= m(\/% D—-+1-D). (2.67)
In consequence, for D < 1, @ and « are real and the Liouville theory is well-defined. For D > 25,
both « and @ are imaginary and we should Wick rotate ¢ — —i¢ to get a real physical metric. This
gives a time-like kinetic term to ¢. Precisely for D = 25, ¢ can be seen as a free time coordinate in
target-space and we recover the critical bosonic string theory. However, in the most interesting régime
1 < D < 25, a is complex and @) is imaginary and we do not really know how to make sense of the
Liouville approach.

2.2.1 String susceptibility in the Liouville approach

We saw in the part about matrix models that an m-th order critical point determined a scaling
behaviour of string susceptibility y = —1/m. In this subsection, we want to show that this corresponds
to a Liouville string theory embedded in a target-space of dimension D < 1, so that both approaches
can be compared in a meaningful way. We’re interested here in the partition function for a world-sheet
of fixed area, more precisely:

Z[A] = / drD; ¢D; XD; (gh)e~SXobeh) §( / Vhe®d?o — A
and we define the string susceptibility -y as the critical exponent in:

Z[4]

where x is here the Euler characteristic of the world-sheet we consider. To determine -y, we note that
the integration measure does not change under the shift $ — ¢ + p/a for a constant p. On the other
hand the action changes as:

Q/R¢x/i_zd20—> Q/R¢\/i_zd20+ @/R\/i_zd%. (2.68)
8w 8 8o
so that:

Z[A] :/dTDﬁqSDBXD;L(gh) —S(X,9b.eh) = 38X 5 ep/\/_ea¢d2o— = e~ X P Z[eP A
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2.2 Non-critical string theory and the Liouville action 21

since d(e? f(p) — A) = e P6(f(p) —e P A). In particular, we can take e = A and we obtain the scaling
behaviour: o
714) = a-Ex-1771)

so that:

7:2—%:iaD—1—VKD—%ﬂD—DL (2.69)

When we compare this definition with the matrix model definition:

S 2.70
v g (2.70)

we see that m and D should be related as:

6

D=1- m , (2.71)
so that the large IV limit of a one-matrix model with a critical point of order m should describe a theory
of two-dimensional gravity coupled with a conformal field theory of central charge D =1 — W.
For example, m = 2 corresponds to the pure gravity case D = 0, while m = 3 corresponds to gravity
coupled to a 1/2-boson, i.e. a fermion. This is the conformal field theory of the critical Ising model.
Of course, this relation loses meaning for D > 1, showing as usually that D = 1 is a barrier for the
central charge of a conformal field theory.

This chapter only covers very early results about two-dimensional gravity and matrix integrals,
but there is a vast literature on the subject that we won’t attempt to cover here. Instead, let us point
to some good review articles like [40, 90, 66, 89, 8, 9, 47, 50, 100] and the references they contain.

Although the results exposed in this chapter are very interesting and offer a first example of how
a matrix model can be used to study the non-perturbative régime of a string theory, it is clear that
they are not really relevant to the problem of finding a non-perturbative definition of the known
ten-dimensional critical superstring theories, since their scope seems to be limited to the study of
low-dimensional systems. On the other hand, following these earlier developpments, other approaches
involving more elaborate matrix models have been suggested to provide a non-perturbative definition
of type II superstring theories. That is what we will study in the next chapters.
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Chapter 3

DO-branes, membranes and the BFSS
matrix model

This chapter is certainly the core chapter of this review on matrix models. Most motivations for
the research project described in chapter 5 find their source here. Indeed, there have been numerous
calculations in BFSS theory that show a remarkable agreement with supergravity results, although
more work has to be done in that direction. It is probably the most attractive proposal so far in the
search for a non-perturbative definition of M-theory.

We have four main goals in this chapter. First, we want to explain the connection between the
low-energy effective action for a Dp-brane in string theory and the N' = 1 super Yang-Mills theory
dimensionally reduced from 10 to p + 1 dimensions. This allows us to see the BFSS matrix model
with gauge group U(N) as the low-energy effective action for N D0-branes in type ITA string theory.
Second, we want to explain the BFSS conjecture that states that M-theory in the infinite momentum
frame can be described by the large N limit of this supersymmetric matrix theory and the related
more controversial finite N conjecture of Susskind. Third, we will study the supersymmetry algebra
of the model in details to shed light on the brane spectrum of the theory. That will lead us to the
conclusion that the transverse M5-branes we would expect from the M-theory point of view seem to
be absent of the BFSS theory, perhaps because of the infinite momentum frame limit. Finally, we will
discuss a classical theory of supermembranes and we will show how its light-cone frame expression
can be regularized through the replacement of Poisson brackets by commutators, leading again to the
same supersymmetric matrix quantum mechanics.

To put a long story short, this chapter shows a kind of duality between the world-volume theory
of an M2-brane and the low-energy effective action of many DO-branes in type ITA string theory. Note
that the we will obtain a parallel result in the following chapter where we will identify the world-sheet
theory of a fundamental F1-string with the low-energy effective action of many D(-1)-branes, more
properly called D-instantons.
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 23

3.1 N =1 super Yang-Mills Theory in 10 dimensions

Since we can see various matrix models [20, 107, 67] as dimensional reductions of N'=1 super Yang-
Mills Theory (SYM) in 10 dimensions [91, 92, 52], we will first briefly study this case. This theory
contains only massless fields, a non-abelian vector field A, and an adjoint Majorana-Weyl spinor ¥ of
16 real components, that we can choose to take as left-handed (see the Appendix for conventions on
spinors and Dirac matrices). All fields are themselves matrices in the adjoint representation of some
Lie group and the theory has a local gauge invariance under its adjoint action. A, is the connection for
that gauge symmetry and can be developped as A;, = A;T“ on a basis of the gauge group’s Lie algebra
given by Hermitian generators satisfying [T, T%] = if “bCTC for some totally anti-symmetric tensor £
(there exists a basis of the Lie algebra in which f%¢ is anti-symmetric whenever the Lie algebra is
the direct sum of commuting simple and U(1) Lie subalgebras [84, 161]) and Tr(T® - T?) = §%. Of
course, ¥ can also be decomposed as ¥ = ¥*T*. We define the gauge covariant derivative as: [D, ¥] =
0, ¥ +i[A,, ¥] and the non-abelian field strength tensor as: F,, = %[Du, D)) = 0,A, -0, Au+i[Au, A,
so that: Fj, = 0,47 — 0, A, — fabCAZAﬁ. These fields have a gauge-invariant action in 10 dimensions
given by:

Ssyar = - /Tr <—1FWFW + 2UTH[D,, \I/]) dOz | (3.1)

910 4 2

This leads to the following equations of motion:
(D, F™] = %{\Iz,r"qf} . T¥[D,,¥]=0, (3.2)
and it is supersymmetric under the field transformations:
) 1
SeA, = —%aﬂuqf L 8T =—ZF, T, (3.3)

Indeed, the variation of the action §.Ssy s is

% /TT(%(GP”’VPFNV[D'O,\IJ] — \TJI‘NVPG[’DP,FW]) — IL'gFMVPM[DV’ o) + z‘I‘I‘“[DV ] )dlo
4910 ol / (0L ) (P T T¢)d! s =

4;10 T?"( - —(GIWVp\P[Dpa Fuu] + ‘IJI‘IJuPG[Dp, FW]) + e O[DY, F/W] 4T e D, W])dml‘_
492 fabc/(gru‘l,a)(@bru\I,C)dlox _ -,

4_%'0 /TT(GI‘NVP\IJ[’D ] + fabc(gru‘lla)(\ibr“\llc))dmg;,

after using partial integration in the first step and Majorana fermions properties in the second. The
first term disappears in all dimensions due to the Bianchi identity ¢#*?[D,, F,,] = 0. The second term
vanishes thanks to a Fierz transformation valid in certain special dimensions only, specifically in 3,4,6
and 10 dimensions. The proof of this fact (for D=10) can be found in the Appendix B.4.

23



24 Chapter 3: D0O-branes, membranes and the BFSS matrix model

3.1.1 Dimensional reduction, D-branes and SYM theory

In fact, besides being a supersymmetric theory of 10-dimensional gauge fields, N’ = 1 super Yang-Mills
theory in 10 dimensions with U(N) gauge group can also be seen as some simplified low-energy field
theory describing a bunch of N space-filling D9-branes in superstring theory. To be more precise, the
bosonic part of the action for a single Dp-brane is given by the Born-Infeld theory (generalized to
non-trivial backgrounds) described by [124]:

Spr = -T, / e*"’\/— det(Gap + Bag + 2ma/ Fap) dPTIE (3.5)

where «, 3 are world-volume indices taking p + 1 values from 0 to p. The fields G,g, Byg and ¢ are
the pullbacks to the Dp-brane world-volume of the bosonic fields of the massless N’ = 1 supergraviton
multiplet in ten dimensions, the metric, the Kalb-Ramond anti-symmetric tensor and the dilaton,
respectively. They appear in the massless spectrum of all consistent supersymmetric string theories
in 10 dimensions. On the other hand, F,g3 is the field strength tensor of a U(1) gauge field A, living
on the brane’s world-volume, giving Chan-Paton charges on the ends of open strings attached to it
from a string theory point of view. Finally, for p = 1, the string tension would be given by T =
which defines the meaning of o/, the squared string legth.

2mal?

Although this action can be shown to reproduce the open bosonic string computations correctly, it
is a very difficult problem to generalize it. The supersymmetrization, as well as the inclusion of several
interacting D-branes (leading to a non-abelian gauge field) are not completely understood, especially
for non-trivial backgrounds (for some recent accounts about it, see [156, 38, 36, 37, 35, 43, 76]). In the
single bosonic brane case, the validity of the Born-Infeld action above has been tested through string
perturbative calculations by [18, 30, 29, 6]. Such calculations also set the branes’ tensions to be:

1 1
T, = N (3.6)

For a detailed review of Born-Infeld theory for branes, see for example [139, 138, 137]. However, since
Born-Infeld theory is highly non-linear and hard to handle, we will be interested in some simplified
versions of it in the present work. For that sake, we start by enumerating a few simplifying assumptions
that allow to reach a useful polynomial approximation of the Born-Infeld action. We suppose the
following facts:

e The 10-dimensional background space-time metric is flat Minkowskian.

e The brane is sufficiently flat so that we can identify the first p 4+ 1 space-time coordinates with
the world-volume coordinates A, (an assumption customarily called static gauge).

e There is no background B-field .
e The dilaton field is constant along the brane.

e Both 9,X® (for X% describing transverse directions with a =p+1,...,9) and 27a/F,g are not
too big on the brane’s world-volume and of similar order of magnitude.
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 25

Under such conditions, the determinant can be expanded as follows:

det(Gop + 2 Fop) = det(nep + 0o X0 X* + 2ma' Fyp) =
1
= det(1ap) — aX*0° X" — 5(2m')2paﬂpaﬂ + O((8X)*, F*, (0X)% - F?).

(3.7)
The second equality is exact for p = 0,1, while for example:
1
det(nag + 0o X0 X% + 210’ Fop) = det(1)ag) — 0a X0 X — 5(2wa')2Fa5Fa’3—
N2 pa yB 1 Y4, af a a
— (2ma)*(F,F" + §F7,5F N*)0, X0 X (3.8)

for p=2. In any case, leaving out the fourth-order terms, the action can be approximated through:

Tp V}) Tp

S =
P gs 4gs

/ ((2m’)2FaﬂFaﬂ + 28aX“6°‘X“> g (3.9)

where V, is the brane’s volume V, = [ /det(nq3)dP 1z and g, is the string coupling g5 = exp(< ¢ >),
determined dynamically by the dilaton expectation value. Taking p = 9 as a first example, we see
that this action corresponds to 10-dimensional YM theory if we take the ten-dimensional Yang-Mills
coupling to be:

gl = (%jﬁ = (2m)7a, (3.10)
In this case, however, the generalization to fermions and several D-branes is rather straightforward,
since N' = 1 SYM theory in 10D is essentially unique. However, this correspondence is not limited
to D9-branes, we can dimensionally reduce 10-dimensional N’ = 1 super Yang-Mills theory to p + 1
dimensions and obtain a theory of Dp-branes. To do so, we suppose that the fields do not depend on
the toroidally compactified dimensions z® anymore, so that the derivatives and integrations in these
transverse directions are trivial and the covariant derivatives become transverse scalars. Specifically,
this reduction involves the replacement:

iDy = 0y — Ag — (21d/) ' X,Va=p+1,...,9 (3.11)
— Fab = l'[IZ)aai)b] — (27ra')_2i[Xa,Xb]Va,b:p+1,...,9 (3 12)
Fop = 3[Da,Dp] — —(27a/) Dy, Xp)Vb=p+1,...,9, a=0,...,p '
Starting from (3.1), we obtain the following Dp-brane action:
2m)9~P e
5, =Tt T [y (- gy red - a(amd!) 2D X107 X7+
910
+(2ma’) X, Xp|[X?, X] + 200T%[D,,, U] + 2(2ma’) L1 UT[X,, fo])dP“x : (3.13)

Of course, one should rescale the action so that it remains finite in the limit where the compactification
radii become null. A way to do this is to match the normalization of (3.13) with that of the Born-Infeld
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26 Chapter 3: D0O-branes, membranes and the BFSS matrix model

action (3.5). This gives us:

1 1 1 1
Sp=—5— TT(—ZFaﬂFQB - 5(2Wa')_2[pa,Xa][DaaXa] + Z(Qﬂa')_4[Xa,Xb][XaaXb]+
gp—|—1

- 1 )
+%\11Pa[pa,x11] + 5(27ra’)*1x1r1“a[Xa,\1:])czlf’+1x, (3.14)
with a p + 1-dimensional Yang-Mills coupling given by:

2 Js _ -2 [ﬂ
ot = Gy, ~ T4 (3.15)

Note that it is a non-abelian generalization of (3.9), accounting for N Dp-branes if the gauge group
is U(N). Indeed, as can be understood easily from open string theory, the U(1)" gauge symmetry of
N D-branes is enhanced whenever two branes are coincident, reaching the maximally symmetric case
U(N) when they all lie on top of each other. In the string theory language, if we start with an open
string stretched between two D-branes and push them together, the string energy will progressively
drop to zero, allowing new massless vectors to appear in the string spectrum.

3.1.2 T-duality

We now want to show how the above dimensional reduction process can be reversed through the
matrix analogue of string theory’s T-duality. To illustrate the ideas involved, let us first study T-
duality in the case of one compact direction, for the space R® x S'. In string theory, T-duality
corresponds to the inversion of the circle radius Ry to a dual radius Ry=a /Rg. Besides exchanging
type ITA with type IIB string theory, such an operation changes the boundary conditions for open
strings, exchanging Neumann with Dirichlet boundary conditions in the T-dualized direction (here,
X9). Since the presence of Dirichlet boundary conditions are usually interpreted through the presence
of D-branes on which open strings’ends are attached, a T-duality also transforms Dp-branes into
D(p £ 1)-branes. More precisely, if a Dp-brane is wrapped onto the compact direction in the original
theory, the strings’ends are free to be at any value of Xg and the boundary conditions are Neumann
in that direction. After T-duality, the boundary conditions change to Dirichlet, which means that the
strings’ends are kept fixed at some precise value of Xy, thus, the D-brane’s position is now fixed in the
9-th direction, meaning that it was unwrapped and has now become a D(p — 1)-brane. Reciprocally, a
Dp-brane that was originally unwrapped in the 9-th direction will become a wrapped D(p + 1)-brane
after such a T-duality.

To describe mathematically D-branes on a circle, it is useful to think of S' as being the orbifold
R/Z [72]. Instead of describing N D-branes moving on S!, we consider N families of D-branes moving
on R, each labelled by some other index n € Z. Thus, we treat U(oco) doubly-indexed matrices Xomimg
instead of the original U(N) matrices, introducing periodicity constraints to keep the correct number
of degrees of freedom. In string theory language, X,,;; corresponds to a string stretching between
the m-th copy of the i-th brane and the n-th copy of the j-th brane. To make the theory invariant
under the Z action, these matrices should be invariant under a simultaneous translation of 27 Ry in
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3.1 N =1 super Yang-Mills Theory in 10 dimensions 27

the 9-th direction and a relabelling of the indices n — n + 1. More precisely, this means that:

a

=X(m-yi(n-1; > fa <9

mi,ng
X79ni,nj :Xgmfl)i,(n—l)ja ifm #mn (3.16)
Xgi,nj =2mRydi; + X(gn—l)i,(n—l)j :

Dropping the 4,j indices and writing X° as an infinite matrix with N x N matrix as entries, the
constraints give the following aspect to X? around the diagonal:

i X 4 X 4 X 3
X1 X0—27TR9][ X_1 X_2

X_3
xX'=1 X, X X X X5 |, (3.17)
X3 X5 X1 Xo+2mRel X_4
) X3 X5 Xy

where we have set X = X,?O. Such a matrix can be interpreted as a matrix representation of the
covariant derivative operator:
4,0
2mia (— +iAg(%9)) (3.18)
81179
acting on a Fourier decomposition of functions of the type:

f(@) =Y gneio/Fo (3.19)

which are periodic on a circle of radius Ry = o /Rg. The partial derivative part 2wic/ o acts on it by
multiplication of the n-th term in the sum by —27na’/Rg = —2nmRg. Writing the Fourier components
as a column vector as:

N

oo ...
[y

(3.20)

(=)

|
N —

‘S~>‘|S~>

\

it acts on it like the diagonal matrix: diag(..., —4mRg, —2m Ry, 0,27 Ry, 47 Ry, ...). Furthermore, the
connection part: )
—21d’ A(%) = —2nd’ Zflnemj"/R" , (3.21)
n

acts on ¢ exactly as the remaining part of (3.17) if we identify X, ~ —2ma/A,, so that we can indeed
identify the action of X? on a circle of radius Ry transverse to the Dp-brane world-volume with the
action of the covariant derivative 2mwic/ (6%9 +iAg(%9)) on the dual circle of radius o/ Rg on which the
dual D(p + 1)-brane is now wrapped. In particular, if the circle radius Ry tends to zero, a flat infinite
direction appears in the dual theory, effectively reversing the dimensional reduction process described
above.
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28 Chapter 3: D0O-branes, membranes and the BFSS matrix model

3.2 The BFSS matrix model

The interesting hypothesis made by Banks, Fishler, Shenker and Susskind [20] in 1996 is that M-theory
may be described completely through the dynamics of an infinite number of DO-branes (or D-particles),
when expressed in a particular Lorentz frame called the infinite momentum frame (abbreviated as IMF
in the following). Although this hypothesis seems too simple to be true at first sight, it passes a few
important tests, like the comparison with the 11D supergravity result for the two-graviton scattering in
the low-energy limit and the correct spectrum of an arbitrary number of 11-dimensional supergraviton
multiplets of 256 states.
Such a theory of a big number of NV D0-branes can be cast mathematically as a quantum mechanical
theory of N x N matrices with the following action[20, 61]:
1 1 e i | PSS
S = 72 /TT (5([Dt,Xz]) —g¥ D, 9] + Z([XMXJ]) + 59T [XMP]) dt . (3.22)

As should be clear from the previous subsection, the BFSS action is the dimensional reduction from
9+1 to 0+1 dimensions of 10-dimensional ' = 1 super Yang-Mills theory, in which we replaced:
iD; = i0; — A; through X; (rescaling X; by a factor of 27a/ in comparison to (3.14) and writing g1 = ¢
for simplicity).

Varying this action with respect to the various fields (taking fermionic derivatives to be left-
derivatives), we get:

6S i 1 6S

92 _ L ixi D, X — — {0t w -

SA 92[ ’[ t ]] 292{ > }a ba (5(81514) 0,

68 1 . 1 C 1 - 0S 1

— = — —<[A,[D;, X" —[X;, [ XY, X — —{¥, IT"T P = — = — Dy, X;] , 2
6XZ 92[ 1[ ty ]]+g2[ ]7[ ) ]] 292{ ’ }a b 5((9th) 92[ t ] (3 3)
6S 1 1 - . i 0S 1

08 Vit - Lig v b a0t _ _ g

ST 2 [\P 7A] g2 [\I}aXz]F 2g2 (81‘,\P ) ) by (S(Bt\If) 292\P .

That gives us the following equations of motion:

D4 [P, X7 =X, (X7, X)) = {8,170}

[Dy, U] = —iTTY[X;, 9], (3.24)
and the constraint: .
¢ = [X*, 1Dy, Xi]) + 5 {0, 9} = 0. (3.25)
This also allows us to compute the Hamiltonian:
. 2 1 . -
H=Tr(p;0 X" — py0,¥)—L="Tr (%pf — @([Xi,Xj])2 + ipg TOT [ X;, 9] + iAC) ,  (3.26)

where C is essentially the constraint (3.25):

C =[pi,X"] — {pu, ¥} =0. (3.27)
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3.2 The BFSS matrix model 29

This also allows to write the Hamiltonian equations of motion:

SH ., . . SH 1 S - . .
0K =y — 90 AT, o' =~ = 0 X, X)) + (o, TOT' 0} — A,
H . H .
oV = —6— = —‘irorl[Xia\I}] - Z[Aa ‘I(] ) Opw = _6_ = i[p‘I’aXi]FOPZ + Z[p‘I”A]

opw U

which are indeed equivalent to the Lagrangian ones.

3.2.1 The infinite momentum frame

Let us describe the IMF more precisely in this subsection. It was introduced in quantum field theory
by Weinberg [160] to simplify perturbation theory, since the vacuum is trivial in the IMF. Moreover, it
gives a non-relativistic appearance to a relativistic system, in a sense that we will make more precise
below. Starting from a reference frame where particles have an approximately uniform and isotropic
spectrum of velocities, we perform a high-velocity relativistic boost in some direction, so that all
particles acquire a big component of the velocity in that direction. If the sum of all momenta in this
new frame is now ﬁ, we can write the velocity of the k-th particle as:

Py = P + it (3.28)

where ﬁfc- P = 0, > ﬁfc- =0 and ), ny = 1. It is clear that we can find a big enough boost so that
N, will be positive for all massive particles. For massless particles, however, we cannot change the
sign of the momentum of a particle with a boost of subluminal speed in a direction opposite to the
original momentum. We therefore suppose in the following that we avoid taking the boost direction
(opposite to 13) anti-parallel to any massless particles’ momentum. This will be possible except in the
very degenerate case where all particles are massless with parallel momenta. Let’s now assume that
we have reached a frame where all 7, are positive and the boost is big enough so that ;|| P|| > [zl

for all k. Noting || P|| = P, the energy of each particle will be given by:

=] \2 2
By = /i +m2 = P + 7(1%2)77 ;m’c +OP?) . (3.29)
k

We can interpret this formula as the non-relativistic energy of a particle of mass 7P shifted by
the constant n; P + m% /(2ni P). Note that this is related to the light-cone frame, where one spatial
direction is singled out as longitudinal. To use a similar notation, we can denote the longitudinal
particle momenta as fractions of the total longitudinal momenta P as: pxr, = nxP. Then we create
light-cone momenta from the temporal and longitudinal momenta as: pyy = Fy £ ppr = Er = mi P.
In this frame, the mass shell condition reads: py_pg+ — (ﬁ,ﬁ2 = m}, which is equivalent to:

(Pr)* +mi,
Pk+

Ey —meP = (3.30)

If the total longitudinal momentum P is very large, all individual pgr, will be large, so that Ey =~ pgr,
and pr4+ ~ 21, P. Thus, the infinite momentum frame can also be seen as a light-cone frame boosted
in the longitudinal direction.
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3.2.2 The BFSS matrix model as M-theory in the IMF

Now that we have defined the Infinite Momentum Frame, we want to make more precise the BFSS
conjecture by explaining the relationship between M-theory in the infinite momentum frame and DO0-
branes matrix quantum mechanics in the large N limit. To understand why DO0-branes might be
sufficient to describe M-theory in the IMF, the following arguments are necessary [20]:

e Only states with a positive longitudinal momentum survive as independent dynamical degrees
of freedom in the large N limit. The other states get infinite energies and can be integrated
out. However, the process of integrating out such modes can determine the dynamics of the
remaining degrees of freedom.

e From a type IIA string theory point of view, momenta in the eleventh direction appear as charges
under the Ramond-Ramond 1-form.

e Since fundamental strings do not carry any RR. charges, they have zero longitudinal momentum
and should not appear as physical degrees of freedom in M-theory boosted to the IMF.

e The only objects which are charged under the RR potential in type IIA string theory are the
DO-branes. Each D-particle carries a single unit of charge. There are also anti-D-particles with
a negative unit of charge, but we only expect positively charged D0-branes to contribute in the
IMF limit.

e We also have to consider states carrying N units of charge, which we interpret as bound states
of N DO-branes.

Technically, the procedure goes as follows:

e Consider M-theory compactified in the eleventh dimension on a circle of radius R1¢ with states
of momentum Pjg = N/Ryg. It is equivalent to a type ITA string theory with bound states of
DO-branes carrying N units of charge under the RR one-form potential.

e Carry out an infine boost in the longitudinal direction. It will send Pjg = N/Rjy — oo and
should decouple the string states given the arguments above, leaving only D0-branes as dynamical
degrees of freedom.

e If we want this limit to agree with eleven-dimensional N’ = 1 supergravity in a minkowskian
spacetime in the low-energy limit, we have to take the IMF boost in a way that decompactifies
the eleventh dimension by sending Ry — oc.

e This implies of course that NV should go to oo at the same time.

In the end, one can conjecture that M-theory in the infinite momentum frame could be described
by the supersymmetric matrix quantum mechanics for DO-branes in the large N limit and compare
its predicitions with supergravity in the low-energy limit. Noticing that tests of this duality were
valid at finite N already, Susskind [150] suggested to consider the sector of M-theory compactified
on a light-like circle of radius R that contains states of momentum P~ = N/R. The discrete light-
cone quantization (DLCQ) of this system should be equivalent to the U(N) supersymmetric matrix
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quantum mechanics for DO-branes. Following ideas from Seiberg [144] and Sen [145], we want to show
here how these two proposals relate and explain why type ITA DO-branes in the IMF can indeed be
described by the BFSS matrix model Hamiltonian, which is a reasonable conjecture if we can show
that:

e type ITA perturbative string theory is valid in this limit, in other words, string theory is weakly-
coupled.

e the string scale is big, i.e. the string length is small, so that the string massive modes do not
influence the DO-branes’ dynamics in this limit. From the D-brane point of view, it means that
the terms of higher order in the expansions made in equations (3.7) and (3.9) will be negligible.

To show this, we will consider almost light-like compactifications. Thus, we take a space-time com-
pactified on a one-parameter family of space-like circles of lengths v/12 + [2, parametrized by I, through

the identification:
(m)N<x—\/12/2+l~2> _ (3.31)

t t+1/v2

Note that the circle becomes time-like in the limit [ — 0. If we perform a Lorentz boost:

1 g

(ff); \/@g (j) (3.32)

of parameter:
1
8= (3.33)

\/ 1+ 212/12

we reach new coordinates in which the space-like identification reads:

( ”;,I ) ~ ( xlt,_i) . (3.34)

In other words, there is a boost relating any space-like circle (even almost time-like) to a purely
longitudinal circle, in which case we know the precise relationship between M-theory and type IIA
string theory. Indeed, we know that M-theory compactified on a circle of length [ = 27Ryp in the
eleventh dimension is equivalent to type ITA superstring theory at string coupling and string length:

Rio 32 ! lP3
= _— ( u = . 3-35
gS ( lP ) ’ Rl() ( )

where [p is the eleven-dimensional Planck length and Rjg is measured in the eleven-dimensional
Einstein metric). Note that these two relations combine to Rig = Vo gs, if we want to measure Rig
in string units. In any case, the light-like limit Rjg — 0 corresponds to small string coupling and big
string length, i.e. small string tension, a limit in which string perturbation theory is valid, but SYM
theory is not a good approximation of the full Dirac-Born-Infeld theory since o is large.
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Despite this deceptive conclusion, let us nevertheless study the behaviour of D-particles in this
limit. If they have a longitudinal momentum in the compact direction P = N/R1y and a total
energy

E' = N/R10 + AFE (3.36)
in type ITA string theory, these will transform to:
p1o \/11—52 —\/1’3_/32 pro
()-( 22 ) )
VI-g 15

in the original frame where the compactification was almost light-like. In this frame, the light-front
energy is thus:

L g_poy_ 1 148 :i< 7 2>z£
P ﬁ(E P ﬂMAE A G AREIUL AAE, (3.38)

so that we expect type ITA configurations to have energies of the order:

i
AE P (3.39)

This energy compares to the string scale as:

AE P —  2wP” 311/2
o ol = T (Ruolp?) /2 (3.40)
which means that the energy of interest is smaller than the string scale in the light-like limit, although
the latter goes to zero, too. In other words, we are working in units where the DO-branes’ light-cone
Hamiltonian is zero and the string length, too, although it vanishes slower in the limit we consider.
This suggests that it might be possible to find units in which the light-cone energy of D-particles stays
finite while the string length diverges when we take the limit, which would fulfill our initial goal. To
achieve this, let us introduce a new eleven-dimensional length scale /11 such that the energy of interest
stays constant in the Rjgp — 0 l