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Chapter 1

Introduction

Although this work is trying to approach the field of high temperature snperconductivity,

we do not want to begin the introduction with
Since the discovery of high temperature superconductivity by Muller and Bednorz. ..

as many of the publications in this field. Nevertheless the fundamental work of Muller
and Bednorz [Bednorz86) needs to be mentioned, because it caused a tremendous wave of
experimental and theoretical effort in order to understand these materials, in particular
in comparison to the well known conventional supercondnctors. Questions about the role
of antiferromagnetic fluctuations, the pairing mechanism and the symmetry of the super-
conducting order parameter are currently of great interest. But it is not only the field of
high temperature superconductivity that we are interested in and that this work is dealing
with, it is also the more general problem of the interplay, competition or coexistence of
different types of order in highly correlated electron systems. In fact, the competition of
antiferromagnetism and superconductivity, or charge order and snperconductivity plays
an important role in high temperature superconductivity. The coexistence of antiferro-
magnetism and superconductivity is also of interest in the framework of heavy fermion
superconductors. However, this work is mainly focused on the features of copper oxide
materials. Nevertheless, some of the results might also be applicable to heavy fermion
compounds. Starting from a tight binding model with attractive nearest neighbor singlet
pairing interaction, which we have called the NNSP model, we derive the phase diagram of
high temperature superconductors, including both their antiferromagnetic and snpercon-
ducting properties. For the first time their phase diagram can be qualitatively reproduced
starting from a simple semi-microscopical model. This canses some implications, snch as
the nnconventional character of the superconducting order parameter with d- or extended

s-wave (zs-wave) symmetry, which is in contrast to the classical BCS-superconductors.
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Moreover, the narmal state behavior is strongly influenced by antiferromagnetic correla-
tions. However, we do not want to anticipate any results before the model has been defined
and motivated, which is the aim of this introductory chapter. In section 1.1, some basic
features of high temperature superconductors are summarized, which are used in section
1.2 to motivate the NNSP model. In section 1.3, two extreme limits are discnssed: the
free case and the "atomié” limit. Both limits show the metallic, and on the other hand,
the antiferromagnetic and insulating features of the NNSP model. The last section 1.4

presents an overview of this dissertation.

1.1 High Temperature Superconductivity

The most astonishing point of high temperature superconductors is their transition tem-
perature into the superconducting state. It ranges from 24 K for the (Nd, Ce)2CuO4_4-
compounds {Tokura89] up to 125 K for T13BaCazCus0yp [Cox88]. A common feature |
of high temperature superconductors is their extremely anisotropic structure including
CuO; layers as their main components. It is widely accepted that the electronic activ-
ity takes place within these layers. For this reason they are often called copper-oxide
superconductors. Their phase diagram is another common feature. A generic phase dia-
gram is shown in figure 1.1 | where & is the hole concentration in the CuQ, planes and
T the temperature. The left-hand side for § = 0 corresponds to the undoped or par-
ent material, snch as YBa;Cu30¢ [Jorgensen90] or LagCuQy4 [Bednorz86, Jorgensen87).
They are insulating and show antiferromagnetic long—range order and no superconductiv-
ity. In these materials, the copper ions in the CuQ; planes are in a Cu?t state with a
Cu(3d?) electronic configuration, which corresponds to a half-filled d;2_,» band. From
this point of view one shonld expect a metal, but a strong on-site repulsion splits the
band into a lower and an upper Hubbard band [Hubbardl, HubbardIl, HubbardIII].
In this dissertation, we show that this splitting can also be achieved by a weak singlet
nearest neighbor pairing interaction which drives the system into the antiferromagnetic
state for half—filling. As the copper—oxide superconductors are doped by cationic substi-
tution (Laj_xSr¢CuQy4) or by oxygen intercalation (LazCuOgyy), the Néel temperature
drops very rapidly and they exhibit a metal-insulator transition at § =~ 0.05. Beyond
this threshold the antiferromagnetic long-range order disappears and superconductiv-
ity occurs. There is no coexistence of superconductivity and antiferromagnetism like
in heavy fermion compounds [Steglich85, Steglich93]. However, it has been shown by
NMR. [Slichter93, Kitaoka93], angle resolved photoemmission [Aebi94] and inelastic neu-
tron scattering experiments [Birgenau88a, Birgenau88b, Birgenau89a, Birgenau89b], that
above and even below the superconducting critical temperature strong antiferromagnetic

fluctuations exist for hole concentrations well above the insulator-metal transition line.
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Figure 1.1: Generic phase dia-
gram of high temperature super- insulator
conductors like the YBaCuO- and
LaSrCuO-compounds, where 4 is o :
the hole concentration within the

CuOj-planes and T the tempera-
ture. The solid curve marks the
antiferromagnetic phase boundary,
below which antiferromagnetic long
range order exists. The dashed
curve is the superconducting phase
boundary as a function of doping.
An insulator-metal transition oc-
curs at & & 0.05, which is indicated
by the thin vertical line. The dotted
curve marks the area below which
short range antiferromagnetic fluc- .- ~-.
tuations are important and control . g ..
the normal state behavior. :

metal,
fermi liquid like

N

AT anomalous metal

Temperature T

hole concentration &

These fluctuations give rise to a spin gap and are responsible for the anomalons nor-
mal state behavior in this regime [Mangelschots92a, Mangelschots92b, Torrence89]. It
has been extensively discussed at the workshops on "Phase Separation in Cuprate Su-
perconductors” [PS92, PS93] that these fluctuations are accompanied by an electronic
phase separation of antiferromagnetic domains and itinerant electrons, which become su-
perconducting below the transition temperature. The decrease of the Néel temperature
is due to the addition of holes which enter predominantly in the oxygen 2pc orbitals
[Bianconi87, Nucker88, Alloul90] and act in a frustrating way onto the antiferromagnetic
exchange coupling between neighboring Cu ions. This leads to a spin—glass phase at low
temperatures [Aharony89). It should be noted, although the holes reside predominantly
at the oxygen sites, that there is a strong hybridization between the copper 3d,z_» and
oxygen 2po orbitals. This has for instance been observed in NMR experiments where the
Knight shift and the nuclear relaxation rate for both the Cu and O ions has been com-
pared [Mangelschots92a, Mangelschots92b]. These results show that the electron distribu-
tion around the Cu and O sites are similar. For this reason there is no sharp distinction
between the electrons in the Cu 3d,2_,. and O 2po orbitals and single band models are
therefore possible [Anderson87]. The superconducting critical temperature first increases
with increasing hole concentration, reaches an optimum value at § = 0.15 and finally drops
to zero as 4 approaches 0.3. Accordingly the region on the left and right hand side of the
optimal hole concentration is often called underdoped and overdoped regime, respectively.

It is a challenging question why 7. shows this behavior and what the physical origin of it
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is. A simple explanation is possible for the model discussed in this work. Comparing the
maximum Néel temperature for the undoped material and the optimal superconducting
critical temperature, one observes that Ty is about four to six times larger than TM3, For
instance in the case of YBa;Cu,0Oyg, the Néel temperature is about 600K, while the critical
temperature for YBaCuz0g 15, which corresponds to optimal doping, is 90K . Note that
for LaaCuOy4, Ty = 250K and T/M* = 40K.

Besides the phase diagram and the normal state behavior of high temperature super-
conductors, there is another important question of interest in current research, which is the
origin of the pairing interaction and the symmetry of the superconducting order param-
eter [Annett90a, Annett9Qb, Coffey93, Anderson93, Li93, Levi93, Dynes94, Schrieffer94).
There exists strong evidence from NMR. experiments [Slichter93] that the pairing state of
high temperature snperconductors is a spin singlet state. This rules out p-wave pairing
with S = 1 and { = 1, where § is the total spin of the electron pair and { is its relative angu-
lar momentum. More generally, only pairing states where { is an even number are allowed.
This is, for instance, in contrast to superfluid 3He, where triplet pairing with § = 1 and
{ =1 is the most stable state [Vollhardt90, Mahan90]. The classical superconductors may
be well described by the BCS—theor)-r with an effective, attractive electron—electron interac-
tion which originates from electron-phonon coupling and yields an s—wave superconducting
order parameter [BCS57], while in heavy fermion superconductors like UPt; and UBej3
S = 0 and ! = 2 pairing is present {Rice87a, Rice87b, Sigrist91]. For high temperature
superconductors, several different experiments have been carried out in order to answer
this question. Tunneling experiments which probe the density of states of the quasiparticle
excitations show for same materials, such as YBa,CugQ7_s [Valles91], a pseudo—gap which
is consistent with d—wave pairing. On the other hand, for Nd;_,Ce,CuOy [Tralshawala91]
or the newly discoverd Hg—compounds [Chen94], a real gap is observed which favors con-
ventional s-wave symmetry. Other materials lie in between those two extreme limits.
Measurements of the nuclear relaxation rate in NMR experiments on several copper—oxide
superconductars show no coherence peak (Hebel-Slichter-peak) and a power law behavior
in the low temperature regime [Kitacka93, Thelen93]. Both results support d—-wave pair-
ing. In addition, angular resolved photoemisson experiments [Shen93, YokoyaPP, Aebi94)
might be explained assuming anisotropic d-wave pairing and antiferromagnetic fluctua-
tions. However, from these experiments one cannot clearly distinguish between d-, zs-
or a mixed state with zs 4 id-wave symmetry. The SQUID-experiments by Chaudhari
and Lin [Chaudhari94] and the single Josephson tunneling experiments by Sun et al.
[Sun94] favor a strong s~wave component to the superconducting order parameter, while
other SQUID experiments [Wollman93] indicate d-wave pairing. Overall, there is a great
controversy about the symmetry of the order parameter in high temperature supercon-

ductors. It has been reported that theoretical models which start from antiferromagnetic
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fluctuations [Monien90, Pines91, Monthoux91], or assume an antiferromagnetic exchange
coupling [Dagotta94, Dagott090, Liu92] show d-wave superconductivity. From this point
of view it seems surprising that, although most of the cuprates apparently are antiferro-
magnetic insulators in the undoped case and show strong antiferromagnetic fluctnations in
the doped region, some of them are d— and others conventional s—wave superconductors.
In this dissertation we will show that there is no contradiction between antiferromagnetic
pairing interactions and different kinds of symmetries for the superconducting order pa-
rameter. We also show that the symmetry might depend on carrier density, temperature
and coupling strength. Moreover, we show that even for a pure d-wave superconductor a

real gap is possible due to the competition of antiferromagnetism and superconductivity.

There are other experiments which are also important in order to understand the nature
of high temperature superconductors. Examples are measurements of the specific heat,
Pauli susceptibility, transport experiments or measurements of the upper critical field, to
name only a few of them. This work, however, concentrates on the correlations between
antiferromagnetic and superconducting order and the symmetry of the superconducting
order parameter, which is why the above mentioned experiments are not reported here.
Moreover, the experiments described above reveal some basic features which are common
properties of nearly all high temperature superconductors and which are used in the next

section to introduce and motivate the NNSP model.

1.2 The NNSP Model

The basic characteristics which are shared by most high temperature superconductors can

be summarized as follows:
e Extremely anisotropic structure including CuQO,-layers in which the electronic ac-
tivity takes place.
~ e Strong hybridization between the Cu 3d_2_,» and O 2po orbitals.
e The undoped material is an antiferromagnetic insulator.
¢ An insulator-metal transition occurs at low carrier densities.

e Strong antiferromagnetic fluctuations exist well beyond the insulator-metal transi-

tion line.

e The superconducting critical temperature depends on doping, shows an optimal
value at § == 0.15 and vanishes for § < 0.05 and 4 > 0.3.
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e The electron pairing in the superconducting state is of singlet type.

These features should somehow be incorporated in any realistic model for copper oxide
superconductors [Dynes94]. Some of them can be used to define the model, others must be
derived and explained. For the NNSP model, the layered structure, the strong hybridiza-
tion, the essential role of antiferromagnetic correlations and the existence of superconduc-
tivity of singlet type can be considered as the starting points. In fact, from the first point
follows that high temperature superconductors can be treated as quasi two-dimensional
systems. The second point shows that the antiferromagnetic electrons and the super-
conducting holes or electrons form one band, so that a unit cell of a CuOs-plane can be
considered as one site of a square lattice. Moreover, it suggests a tight—binding description.
PFinally in order to allow for antiferromagnetic fluctuations and singlet superconductivity,
a singlet pairing interaction between nearest neighbors is assumed. Combining this, the
Hamiltonian of the NNSP model then reads in particle number representation in real space
[Negele88]:

H= Z tijcfacja + ) Wimngn;, — p Z (nip +n4y) (1.1)

13,0 1,3

where c}, creates and c,;, destroys an electron with spin ¢ at site ¢ and n;, = c;‘ac,-a.
The term ¢;; is the hopping integral between site 7 and site 7. It is spin independent and
incorporates the kinetic energy of the electrons as well as the electron lattice interaction
[HubbardI]. For this reason it is usually negative. Here we will assume t;; = —t (¢ > 0)
for < and j on neighboring lattice sites and ¢;; = 0 othegwise. The implications of next
nearest neighbor hopping is briefly discussed in the last chapter of this dissertation. The
interaction term is assumed to be an attractive nearest neighbor interacion with W;; =
W (W < 0). The last term in the Hamiltonian above accounts for a grand canonicle
description which is nsed throughout the entire dissertation and is therefore added to the

Hamiltonian. p represents the chemical potential determined selfconistently from
1
n= 23 () (12)
i

which is the mean electron density per unit cell. As most of the properties of high tem-
perature superconductors are controlled by the number of carriers per unit cell measured
from half-filling, this quantity is, besides W, the most important parameter. The hopping
parameter t is used as energy unit, i. e. the coupling constant, temperature and all other

energies are measured in units of £.

The NNSP model is a special case of the extended Hubbard model with attractive, spin

independent nearest neighbor interaction [Micnas88a, Micnas88b], which can be writien
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Figure 1.2: Hopping and interac- SRR OsEEEED EEEEE @----- - --
tion of the NNSP model in two di-
mensions. The fiilled ¢ and open o
circles define the sublattices A and - N
B, respectively. The solid arrows

I
1 and | represent electrons with ei- | \ W<o: |
ther spin up or spin down, while a ___é_____" _____ %}'____?+____{é___
dashed arrow marks a previous site U=0_... X
of an electron. ¢ is the hopping am- : : I. : i
plitude and W the nearest neighbor Ats | | |

pairing interaction. Both, onsite re- .
pulsion U and nearest neighbor in- !
teraction between electrons of equal
spin are assumed to be zero within . 5
the NNSP model. ; f .

as follows:
H = Z ti'jczto-cja + UZ”iT"f¢ + VZn;TnJ'T + WZ”iT”J'L - 'U’Z (n,-T + ;)
1 17 17 i
(1.3)

with V =W, U > 0 and V, W < 0. From this point of view, the NNSP model corresponds
to U = 0 and V = 0 which is shown in figure 1.2, where the hopping and interaction

1,70

terms are visualized on a two-dimensional square lattice. The white and black nodes
are the neighboring sites of the lattice. An up{(down)-arrow symbolizes an electron with
spin up(down). A dashed arrow signals a previous site of an electron. Accordingly the
hopping term connects a dashed arrow at one site with an arrow of the same direction at V
one of its neighboring sites, while the interaction terms are given by nondirected relations
between electrons of different spin at the same site (U—term), of equal spin at neighboring
sites (V—term) and of opposite spin at neighboring sites (W—term). Only the W-term is
included in the NNSP model.

The Hamiltonian in equation (1.1) is valid for any dimension. In fact, most of the
general results are derived independently of dimension or can easily be generalized. To
take the layered structure of the copper oxide materials into acconnt, the twe—dimensional
case is assumed for the numerical calcnlations. This is a somewhat dangerous assumption
because of the nonexistence of long-range order in strictly two—dimensional quantumme-
chanical systems [Hohenberg67, Binney92, Nolting86]. A brief discussion on this issue is
presented in chapter 8.

Although the real-space representation of the Hamiltonian of the NNSP model in

equation (1.1) yields a better visualization of the meaning of the hopping and interaction
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terms, its Founrier representation is often more practical in calculations. The following

transformation rules are used:
1 -ikR; -
Cg = Ez:%e ‘ (1.4)
1 kH.
Cp = —E Cp€ (1.5)
e VL 5

where L is the lattice size and R; and k are D-dimensional lattice vectors in real space
and Fourier space, respectively. Within the first Brioullin zone, the components of k are

o

given by
ko = —mnq for a=1...D , | (1.6)

where L is the linear lattice size in dimension & with []2_, Lo = L and n, is an integral

number in the range

L L,
_‘2_ct £ N S —2'— (17)
The Fourier representation of the NNSP model now reads
zW

ke kk'q

where z = 2D is the number of nearest neighbors. The tight-binding band energy ¢ is
given by

D
€ = =2t Z cos(ka) (1.9}
=1
and the nearest neighbor stracture factor for the interaction term is

1 &
- 1qdg
- ¢ (1.10)

a=1

S{q)

1 D
= —D——z_:cos(qa) , (1.11)

where d, is a relative lattice vector pointing to one of the z nearest neighbors of each lattice
point. Comparing both representations, it becomes obvions that it is advantageous to work
in Fourier space in the weak coupling regime, because the hopping term is diagonal, and
to use the real space representation, where the interaction term is diagonal, in the strong

coupling limit.
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Related models have been extensively studied in the past. Schneider et al. [Schneider89,
Schneider90a, Schneider90b, Frick90] considered a three-dimensional layered model with
anisotropic hopping and attractive nearest neighbor pairing interaction like in the NNSP
model. In their approach they modelled the crystal structure of high temperature su-
perconductors in a superior way than just assuming a two-dimensional lattice, but they
entirely neglect the antiferromagnetic implications of the nearest neighbor interaction. Ac-
cordingly their interpretations are misleading. Teubel et al. {Teubel90}, who have studied
the NNSP model from a functional integral point of view, neglect the antiferromagnetic
component, too. The trio Micnas, Robaszkiewicz and Ranninger have studied the ex-
tended Hubbard model as it is given in equation (1.3) ([Micnas88a, Micnas88b, Micnas89,
Micnas90], [Robaszkiewicz8la] — [Robaszkiewicz81d], [Robaszkiewicz82]). Although they
discnssed the antiferromagnetic instability, they did not take the competition between su-
perconductivity and antiferromagnetism into account. For this reason their results indeed
show the importance of the antiferrornagnetic component but are still wrang, especially
in the neighborhood of half-filling. It is one of the major points of this work to show
that the interplay between antiferromagnetic and superconducting correlations cannot be
neglected. Moreover, it is precisely its incorporation that leads to results which are com-

parable to the real world of high temperature superconductors.

A semi-phenomenological approach to the reiation of antiferromagnetic fluctuations
and superconductivity in copper oxide compounds has been presented by Monthoux and
Pines [Pines91, Monthoux91]. They start from experimental data for the spin suscepti-
bility which shows a peak at the antiferromagnetic reciprocal lattice vecter @ = (7, 7)
and model an effective quasiparticle interaction mediated by antiferromagnetic spin fluc-
tuations [Monthoux91]. They perform both a weak coupling calculation using the BCS
approach {Monthoux92a, Leggett75] and a strong coupling treatment using the Eliashberg
formalism {Monthoux92b, Monthoux93, Eliashberg60]. Both calculations lead to super-
conductivity with d-wave symmetry. Moreover, the incorporation of lifetime effects and
a selfconsistent calculation of the chemical potential in the Eliashberg approach leads to
results which are comparable to those measured for YBa;Cuz Q7. Nevertheless, they were
neither able to derive a doping-dependent phase diagram including both the antiferromag-
netic and superconducting properties of the copper oxide materials, nor to explain their

results from a microscopical point of view.

1.3 Two Extreme Limits

Two limits of the NNSP model can be exactly solved, the free case (W = 0) and the

“atomic” limit (t = 0). Both cases show two different and somehow excluding properties,
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Figure 1.3: Tight binding band (a) for nearest neighbor hopping on a two dimensional
square lattice and Fermi surface (b) for n = 0.25, 0.5...,1.75, starting from the inner
surface. For half-filling, the Fermi surface is a square and nested.

the metallic behavior on one hand and the antiferromagnetic and insulating behavior on
the other hand.

1.3.1 Free Electrons

In the limit W = 0, the Hamiltonian in equation (1.8) becomes

Ho= (& — p)mhs - (1.12)
ko

This Hamiltonian is diagonal in Fourier space and describes a metal with a single s~band
in a tight binding picture [Ashcroft76]. For nearest neighbor hopping on a square lattice,
the dispersion relation is given in equation (1.9). For D = 2 it is shown in figure 1.3
(a). The bandwidth B = 8t. According to the Pauli principle, the groundstate is given
by filling the one-particle energy states |ko) from below up to the Fermi energy. The
Fermi surface for various band fillings n are shown in figure 1.3 (b). For half-filling it
is a square and it is "nested”, which means that a reciprocal lattice vector ( (m, ) or
(—m, 7)) maps an entire section of the Fermi surface onto another. This is due to the fact

that the lattice is bipartite’ and that nearest neighbor hopping only joins sublattice A

YA bipartite graph is a graph whose vertex-set can be split into two sets 4 and B in such a way that
each edge of the graph joins & vertex in A to a vertex in B.



1.3. Two Extreme Limits 11

0'5> — T T LI ] 05 T T T T
_ ] . P (b) ¢/t =0.2,04
04 | i oaf i 1
[ j { ol ]
I"l II: r
~03F {1 sl ".' ]
X i o ]
& ] Vo
2 02} 4 oz} E .
o1 § 01} .
0. [ 0. L W - Ll
5. 5 5 25 0 2.5 5 7.5

€/t
Figure 1.4: Density of states for the tight binding band given in equation (1.14). On the
left hand side (a) only nearest neighbor hopping is assumed, while the curves on the right
hand side (b) are calculated for '/t = 0.2 (solid line) and t'/t = 0.4 (dotted line).

to sublattice B [Hirsch85c|. Implications of the nesting property on the Hubbard model
have been discussed by several authors [Richmond69, Mattis70, Chaikin75]. In the low
density limit the Fermi surface is more or less a circle and shows the s-wave symmetry of
the band.

Besides the Fermi surface, the density of states is an important feature of the free

Hamiltonian. [t is defined by
1
N(E/t)z E%}&(Ek/t—f/f) . (113)

For nearest neighbor hopping and in two dimensions it is shown in figure 1.4(a). The
symmetry of the density of states reflects the particle hole symmetry of the nearest-
neighbor—hopping model. Moreover, in this model the logarithmic van Hoove singularity
(~ In(e/4t)), which is typical for two-dimensional systems for topological reasons, occurs
at the same energy where the Fermi surface is nested. In fact, including for instance a

next nearest hopping term via
e = —2t(cos{kg) + cos(ky)) + 4t' cos{k;) cos(ky) (1.14)
the van Hove singularity will shift to the left or right according to the sign of ¢/. Further-

more, two singularities may occur. This is shown in figure 1.4(b) for t'/t = 0.2,0.4. In

this work, however, nearly all calculations assume nearest neighbor hopping. Nevertheless,



12, - Chapter 1. Introduction

most of the results can be easily generalized. Some implications of next nearest neighbor

hopping are discussed in the last chapter of this disseration.

1.3.2 The Atomic Limit; A Monte Carlo Study

We first need to explain the notion atomic limit”. For the usual Hubbard model the case
t = 0 is correctly called an atomic limit, for there is no mare interaction betwcen electrons
on neighboring sites and the problem becomes a one-site problem. For the NNSP model
this is not the case. Even for t = 0, the problem is a lattice problem because of the nearest
neighbor interaction. However, all electrons are immobile, so that we are still using the

. term "atomic limit” to name this case. For ¢t = 0, the NNSP Hamiltonian reads

Hy = Z W,-J-n,-Tnﬂ - ‘U'Z (TL,'T -+ n,-i) . (1.15)

ij i

In one dimension a transfer matrix method [Reichl80] can be used to calculate the partition
function [Tanner94]. In two dimensions one can try a similar technique as it has been
used to solve the two~dimensional Ising model [Onsager44, Kaufmann49a, Kanfmann49b).

Using the local particle number and the z—components of the local spin operators

n; = (ni+ny) and (1.16)
i ' .
sio= glmr—my) (1.17)

the Hamiltonian of the atomic limit can be rewritten as follows:

=W ) (%n;nj - sfs;) —uy o, (1.18)

<4,3>

which shows the similarity to the Ising model. The interaction term, however, includes
both a density—density interaction and a spin—spin interaction of the z—components of the
local spin operators and neither the number of electrons is fixed nor their position. This
last feature is in sharp contrast with respect to the Ising model. For this reason and
for simplicity we have not tried to find the exact solution by analytical means. Instead
we have used a classical Monte Carlo technique, which also yields exact results for the
thermodynamic limit in a finite size scaling procedure. Because both, Monte Carlo Simu-
lation and finite size scaling analysis are standared techniques, a discnssion of the details
implemented for the atomic limit of the NNSP model is omitted here. It should be noted

that for the atomic limit all energies can be measured in units of T'.
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Figure 1.5: Mean double occupa-
tion number per lattice site on an
8 site ring with N = 8 electrons
(half-filling) for W/T between —5
and 5. The solid line is estimated
using an exact diagonalization tech-
nigue and the square dots show the
Monte Carlo results. Both calcula-
tions agree closely, which indicates

the validity of the Monte Carlo al- . . .
gorithm. 5. -2.5 0. 2.5 5.
w/Tr

double occupation d

To test the algorithm, the Monte Carlo results for the mean double occupation number
1
d= EZ(nngu) (1.19)

has been compared with exact diagonalization results [Tanner94]. This is shown in figure
1.5 for a one dimensional ring of L = 8 sites and N = 8 electrons, where the solid line
is obtained by exact diagonalization, while the square dots are the Monte carlo results.
The agreement is obvious. In addition, the same algorithm has been used to calculate the
atomic limit of the usual Hubbard model, which is even for finite lattice sizes and fixed
particle numbers analytically solvable. The comparison of these calculations also show

exact agreement.

Because of the negative sign of the coupling constant, the interaction Hamiltonian in
equation {1.18) favors antiferromagnetic order. Due to the classical character of the inter-
action Hamiltonian, antiferromagnetic long range order is possible for dimensions greater
than or equal to two. In one dimension, thermal fluctuations destroy any long range or-
der for finite temperatures. The phase diagram for the two—dimensional square lattice is
shown in figure 1.6 . It displays the Néel temperature as a function of filling. Due to
particle hole symmetry it is plotted versus |n — 1|. The dots are obtained by the Monte
Carlo technique including a finite size scaling procedure, while the solid line is evaluated
by a simple mean field approximation, where the Hamiltonian in equation {1.15) has been
replaced by a one particle Hamiltonian including an antiferromagnetic mean field param-
eter. For the half-filled system the ground state is the perfect Néel state, whereas away

from half-filling it is characterized by a phase separation between an antiferromagneti-
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Figure 1.6: T/|W| versus |n — 1| phase diagram for ¢ = 0 and W < 0. The square
dots are the Monte Carlo resuits, while the solid line is estimated using the Mean Field
approximation.

cally ordered and an empty domain. The message of the phase diagram is twofold. First
it shows the antiferromagnetic praperties of the interaction of the NNSP maodel for all
fillings and that they cannot be neglected in any calculation. Second it shows that the
simple mean field approximation yields qualitatively correct results. Both calculations
show antiferromagnetic long range order for all fillings. The deviation must be attributed
to neglecting thermal fluctuations and to the fact that the mean-field approximation does
not provide a realistic description of a phase separation. This issue is discussed in more

detail in chapter 6.

1.4 Overview

Two extreme limits were discussed in the previous section, which can both be exactly
solved because the Hamiltonian becomes diagonal either in Fourier or real space. The
general case (t # 0 and W < 0) is not exactly solvable, so that approximation approaches
have to be used. The functional integral formalism which is introduced in chapter 2 is
guite a good starting point for studying phase transitions in highly correlated electron
systems. Even the competition between different kinds of orders enters in a natural way.
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The functional integral description is a one—to—one map of the original problem and there-
fore not-exactly solvable either. It yields, however, a different point of consideration, from
which approximations which are more suitable to the problem of phase transitions, as for
instance a traditional perturbation theory, can be derived. Some of them are discussed
in chapter 3. The symmetry-broken Hartree Fock Bogoliubov approximation is related
to the time-independent saddle point approximation and is therefore also discussed in
chapter 3. Starting from the functional integral formalism, the approximations can be
interpreted in a better way and it becomes obvious what is neglected and what has to be
included to/improve them. Both the derivation of the functional integral formalism and
the approximations-are very general, so that the results from chapters 2 and 3 can be used
for a largé class of models, including for instance all modifications of the Hubbard model,
attractive as well as repulsive ones. The symmetry—broken Hartree Fock Bogoliubov ap-
proximation is one of the simplest methods for studying t-he competition between different
order parameters. In chapters 4 — 6 this metﬁod is applied to the NNSP model. To allow
for superconductivity and antiferromagnetism, both superconducting and antiferromag-
netic variational parameters are included in the effective Hamiltonian. In chapter 4 the -
selfconsistent equations are derived using a Greens function technique. They are coupled
nonlinear equations of all variational parameters and reflect their interdependence on each
other. The notion of d- and zs-wave pairing is introduced. In addition, the possibillity of
mixed symmetry, where the superconducting order parameter has a nonzero d- and zs-
wave component, is discussed. Chapter 5 presents and analyzes the numeric solutions for
all order parameters as a function of coupling strength, electron density and temperature,
in particular the competition between antiferromagnetism and superconductivity and its
implications. Moreover, a comparison to the BCS approximation, where the antiferro-
magnetic features are neglected, yields some interesting information. Chapter 6 considers
several types of phase diagrams: ground state, temperature versus filling and tempera-
ture versus coupling strength phase diagrams. They are obtained by linearizing the self
consistent equations, for all phase iransitions are of second order. Based on the chemical
potential and its behavior as a function of filling, the existence of an electronic phase
separation is revealed and discussed. Chapter 7 includes a discussion about the applica-
tion of the NNSP model to reality, in particular the phase diagram of high temperature
superconductors. It starts from fixing the model parameters and ends with interesting
implications, such as the d—wave symmetry of the superconducting order parameter or the
shape of the density of states. We conclude this dissertation with a global summary of

the results obtained and some suggestions for further research.
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Chapter 2

The Functional Integral Formalism

In this chapter we derive a general framework for studying phase transitions from a micro-
scopical point of view, that is, starting from a microscopicl model defined by a Hamiltonian
such as in equation (1.1). This method is known as the functional integral description of
quantum mechanical systems and was first used by Feynman [Feynman65]. There are
several ways to introduce this method (see e. g. [Amit84, Negele88]). We are using the
direct approach for the partition function which can be summarized in four steps:

1. Writing the interaction as a quadratic form,

2. Dividing 8 = 1/T in N imaginary time slices and introducing a time-ordered prod-

uct, i. e. applying a Trotter-Suzuki [Trotter39] decomposition,

3. Using the Stratanovich-Hubbard [Stratonovich57, Stratonovich$8, Hubbard59] trans-

formation for every time slice, and

4. taking the limit N — oo.

In section 2.1 we show several ways to write the interaction of the NNSP model as a
quadratic form ending with a general form which may also be applied to other models.
Using this general form, the functional integral representation of the partition function is
derived in section 2.2. It leads to the definition of a free energy functional based on an
effective one-particle Hamiltonjan. In section 2.3 we derive a procedure for calculating
the free energy functional, using a generalization of the Nambu formalism. Finally, all of
this development is applied to the NNSP model.

17
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2.1 Quadréticl Form of the Pairing Interaction of the NNSP
Model

Although it is possible and for some reasons easier to derive the following decompositions
in real space, we are using the Fourier representation of the Hamiltonian in equation (1.8).
The resulting formuia will be more suitable for approximations derived in chapter 3. The
interaction part is a two—particle operator and writing it in quadratic form means writing
it in quadratic form of one—particle operators. There exist three different ways to do this,
leading to three possible quadratic representations of H; and describing four different

types of order which are presented in the following sections 2.1.1 - 2.1.3.

2.1.1 The Charge— and Spin—Density Wave Representation

The first decomposition leads to the notion of charge- and spin-density waves. The

interaction Hamiltonian may be written as follows:

Hi = ELE >.5(a) (Ek: C}c+qTCkT) (%: c’tc'—qick'l) ' (2.1)

which appears o be more or less a quadratic form. The operators in the parentheses are

the Fourier transforms of the local particle number operators n,,:

1 . a—teR; 1 f> . ’ 2°

E Zn-?"'e - Izck—qacka - nqa . ( : )
k

In order to obtain a quadratic representation, one has to introduce spin-independent
entities, which are the Charge-Density—Wave (CDW) operator

o Y S
Mg = (ng + ) =nte=1f . (2.3)
and the Spin-Density-Wave (SDW) operator

1
i M) == e

The last equality signs in equation (2.3) and equation (2.4) are valid due to the inversion
symmetry of the lattice. Hence both operators are selfadjoint. The meaning of these
operators becomes clear, when using the real space representation given in equation (2.2).

A nonzero value of {5,) or (sq) describes a system with charge density or'spin density order



2.1. Quadratic Form of the Pairing Interaction of the NNSP Mode! 19

with respect to the wave vectar 9. Twospecial cases are impartant: ¢ = 0 and ¢ = Q, where
{) maps one sublattice onto the other presuming a bipartite lattice. For ¢ = 0, {ny) # 0
describes a nniform charge distribution while {s;) # 0 inidicates Ferromagnetism. A finite
value for (7,) describes a system where the mean charge on one sublattice is different from
the one on the other sublattice. On the other hand, (sg) # 0 represents antiferromagnetic
long range order. In this case the mean magnetization on both sublattices are different.
Chiral structures are described by (n,) # 0 or {(s,) # 0 for intermediate wave vectors
g. With the definition of CDW and SDW operators, the interaction Hamiltonian finally

becomes
1
Hi =Wzl Z S(q) (En;nq - sésq) . (2.5)
q
which is aobviounsly a quadratic form.

2.1.2 Electron Pairing Representation

The second way to write the interaction term as a quadratic form leads to pairing operators
with different internal symmetry and finite center of mass momentum. Commuting the

+- and }-operators, the interaction Hamiltonian may be written as follows:

Wz
=7~ > S(@)chgrhogiCinchr (2.6)
kk'q

and after some variable transformations:

Wz
?{1 = T Z S(k - k’)c}c“‘rct—k’+qic—k+qlckT . (2'7)
kK g

The forthcoming treatment of this expression depends on how one factorizes the structure
factar S(k — k') into terms which depend only on & and %’

Cartesian Decomposition

The most simple case is the cartesian decomposition using the definition of S{g) in equation

(1.10). The interaction Hamiltonian then reads:

M= WLY Y Plg)Pu(9) (2.8)



20 Chapter 2. The Functional Integral Formalism

with
1 ;
P.(g) = I Zc—k+q¢ckTe ko (2.9)
k

where 8, is a relative lattice vector pointing to one of the z nearest neighbors enumerated
by @ = 1...z. Pl(q) is the adjoint operator to P, (q). Note: these operators are not
selfadjoint, even when the lattice has inversion symmetry. Again, the meaning of these
operators needs to be discnssed. For this reason it is very useful to transform them back

into real space representation:
1 N R .
Pl9)= 7 2 PAN ™ with Plj)=clyppel, . (2.10)
3

The operator C;'+aTC;1 creates an electron pair with one electron at site 7 and the other
electron at the neighboring site in a-direction. Therefore this index characterizes the
internal structure of the pair, i. e. its symmetry. The definition of P}{q) inclndes a
Fourier transformation of P}(7) with respect ta j, so that g becomes the center of mass

momentum of the pair.

Group-Theoretical Decomposition

Instead of using the cartesian symmetry characterization, one often nses a group-theoretical
classification. What does this mean? In a system with a total symmetry group G, any
non-retarded two particle potential which respects this symmetry can be expanded in

basisfunctions frmp (k) of the irreducible representations of G as follows:

Saprs(k k') = 3 Soit fome (k) frome(K) (2.11)

'mr

where the indices «, ..., & are spin or psendospin variables. I" labels the irreducible repre-
sentaticns induced by G acting on the two-particle Hilbert space and mr is an additional
index needed for representations with dimension greater than one. This decomposition
leads directly to a quadratic representation of the interaction Hamiltonian with generalized
pairing operators defined by the basisfunctions frmp (k). Within the NNSP model a two—
dimensional square lattice is assumed. Its point group Dy has eight elements in five classes.
Accordingly there exist five irreducible representations I'y,...,I's, where I'1,..., T4 are
one—-dimensional and s is two—dimensional [Sigrist87]. For the two-dimensional square

lattice basisfunctions can be chosen so they are related to the coordination shells of the
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Table 2.1: Basisfunctions of the irreducible representations of the point group D4 corre-
sponding to the first coordination shell.

representation basisfunction state
Ty frs(k) = cos{ky) + cos(k,) | extended s-wave
Iz fa(k) = cas(ky) — cas(ky) d-wave
- fo. (k) = V/2sin(k,) pPy-Wave
5
fo, (k) = V2sin(k,) py-Wave

lattice. Within the NNSP model only the first coordination shell is involved. The cor-
~ responding basisfunctions are summarized in table 2.1. Using these basisfunctions the
potential for the NNSP model then reads:

1 . 7 .
S(k—K) = Y fulb) f2lK) - (2.12)
where a sums over d, s, p, and py. With this decompaosition, the interaction Hamiltonian
becomes:
Hi=WLY Y PHa)Pulg) . - (2.13)
g o

with pairing operators defined by:
1
Poa) = ;C_mwm falk) . (2.14)

These have the same form as the pairing operators in equation (2.9), but the structure

functions have changed. Their real space representations are given by:
Pi(5)=>"ga(8) cl spch, (2.15)
é . .

Here the sum over & ranges over all nearest neighbors and g,(6) are weight functions
corresponding to the index a. Again, we can interpret the index « as an internal symmetry

index and PI(j) as the creation operator for a pair of symmetry a at site j. Within
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the same interpretation, the Fourier transformed operator Pl(q) is the creation operator
for a pair of symmetry o and center of mass momentum ¢. For the nearest neighbor
pairing interaction, there are always z different symmetries corresponding to the number
of nearest neighbors. Using the general formula above, it is very easy to generalize this
result to other pairing interactions and higher dimensions. For instance, a local attractive
interaction yields only one pairing operator with f, = 1, which corresponds to the s—wave

symmetry in the group—theoretical classification.

As is known from the general considerations of Yang [Yang62], a nonzero value of the

pair wave function

oy (o
DB CRINC I (2.16)

is equivalent to the existence of Off Diagonal Long Range Order (ODLRO) and indicates
singlet superconductivity. Here 7 and p denote the center of mass and the relative co-
ordinate of the electron pair created by c}+p/2Tc}—p/2-l’ respectively. Again, the Fourier
transform of this anomalous expectation value with respect to both the internal coordinate
p and the center of mass coordinate j may be expanded in terms of basisfunctions of the

irreducible representations of the symmetry group G. This yields:

¥(g.6) = 3 I (9) frm (k) t(217)
with

Urme(9) = (Pl (9)) (2.18)
and

Prme () = %?fr.mr(k) C_pyqllhi - (2.19)

From this point of view, the meaning of a nonzero expectation value (Pr m,(¢)) becomes
clear. It indicates superconductivity of electron pairs with symmetry I', mr and center
of mass momentum 4. The latter describes a spatial modulation of the superconducting
order parameter. Note that the expansion of the pair wave function in equation (2.17) also
includes components which are not included in the expansion of the pairing interaction.
This means that the symmetry of the superconducting state might be different from the
symmetries mediated by the interaction potential. As we will show in chapter 3, within a

saddle point approximation. the possible symmetries are exactly those for which ST'™r is
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nonzero. Consider for instance the attractive Hubbard model with only on—site interaction,
which might also exhibit d-wave superconductivity, althongh this is very unlikely. In the

BCS-treatment of this model only s-wave superconductivity appears.

2.1.3 The Spin—Flip Representation

This last possibility to write the interaction term as a quadratic from arises from the
combination of the first and the fourth and of the third and the second fermion operator
of the interaction Hamiltonian in equation (1.8). In order to obtain the proper order one

needs to commute the fermion operators. There are two possibilities:

Wz
%1 = —_L_. Z S(Q) {nkfléq’o - cl'—QlckTCL+qTCk‘.L} (2.20)
kk'q
Wz
= 7 2 5@ {mardao = chgreencb g} - (2.21)
ki g

Adding both equations and using some variable transformations and S(g) = S(-g), the
interaction Hamiltonian becomes:
Wz

Wz
k k.k',q

In this form #; may be treated as in section 2.1.2. Introducing spin flip operators
1
Q.(g) = fzc’tﬂlcﬂf“(k) for a=1,...,z , (2.23)
k
where the f,(k) are either the cartesian or the group theoretical structure functions, yields:
Wz ot
Hy = Tznk - WLZZQ&(Q)Q.:(Q) . (2.24)
k T o .

The first term has one-particle character and can be added to Hp while the second term
has the desired quadratic form. As explained before in section 2.1.2, the index a can be
interpreted as a general symmetry index and Q_,(q) as a spin—flip operator corresponding

to this symmetry.

A finite expectation value of one of these spin—flip operators breaks the spin symmetry
because one electron of spin 1 is destroyed and another electron of spin | is created. Hence
the total spin is not conserved. For this reason this representation becomes less important.

Nevertheless, for other Hamiiton operators including spin-independent density-density
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interactions, it might be important. For such Hamiltonians this representation includes
also spin conserving components which yields the Fock exchange terms in a saddle point

approximation.

2.1.4 The General Form

In the previous sections 2.1.1 - 2.1.3, we described several ways of writing the interaction

Hamiltonian in a quadratic form such as
Z gia hl&(q) ' \ - (225)

Here 7 indicates one of the representations and the q—,’a—sum includes the sum over all
wave vectors in the first Brioullin zone and over all components h,,(q), respectively. g;a(q)
is a representation—specific coupling constant which may also depend on ¢ and a as is the
case for the CDW/SDW-representation. Instead of using only one of the representations,
one can add two or more of them. That is, for all families of real constants {};} with

Y. A = 1, the interaction Hamiltonian is given by

Z )\191“ wz q)hta( ) . (226)

1,9,

Note that the constants {};} may be arbitrarily chosen. The only condition they must
satisfy is the sum rule mentioned above. However, it is very useful to restrict oneself to
positive values of all A; in order to maintain the sign of the coupling constants g;a(g).
With this additional constraint the interaction Hamiltonian is, mathematically spoken,

the convex envelope of all possible representations.

In the forthcoming considerations we do not pay any attention to the parameters
{X:}. Therefore it is useful to redefine the index ¢ including the component index o
and the coupling constants via A;gia(q) — ¢i(g). Within this definition the interaction

Hamiltonian becomes finally:
=3 gi(e)hl(h(e) - (2.27)
1.9

This is quite a general form which may also be applied to many other models. Hence, the
final formula for the partition function derived in the next section 2.2 is also very general.
However, for any specific calculations one has to remember the definition of the coupling

constants g;(¢), particularly the arbitrariness of the parameters {};}. In fact, it is an

il
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interesting question whether for approximate treatments there exists an optimum choice
of these parameters. We will discuss this problem within the mean field approximation in
section 3.2.3.

2.2 The Functional Integral Representation of the Parti-
tion Function

2.2.1 Introducing a Time-Ordered Product

Within the Schrédinger or Heisenberg picture of quantum mechanics the partition function

of the grand canonical ensemble is defined by:
Z=Tre PR =Tr §(8) |, , (2.28)

where S(3) is the evolution operator in imaginary time evaluated at 7 = 8. In order to
get rid of the noncommutivity of Hg and Hi, one uses a Trotter-Suzuki decomposition
[Trotter59], i. e. one divides 8 into N time slices of length ar, = /N, labeled by an

index r, yielding:

N
S@)=JleHe . (2.29)

r=1

As N approaches infinity and hence A7, becomes infinitesimally small, the exponential

function in equation (2.29) may be decomposed due to the Baker-Hausdorff theorem:
g~HATr = o~ Ho Arr o =Hy Are for a7, —0 . (2.30)

This decomposition has to be carried out for each time slice . Since commuting the
resulting factors of different time slices is not permitted, it is necessary to introduce a

time ordered product!:

N
S = lim T, exp{—HoaT,y) exp (—H1 AT . 2.31
(ﬁ) Neoo E P ( 0 r) P ( 1 r) ( )
In the same manner noncommutative contributions of #; may be treated. For every time
slice they can be considered as commutative. In this sense the introduction of the time
ordered product maps the quantum mechanical system onto a classical system. The price

to pay is the increase of the dimension by one.

! Neglecting the time order yields S(8) = exp(8Ho)exp(8H1), which is obviously wrong!
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2.2.2 The Stratanovich—-Hubbard Transformation

As for every time slice r where the contributions of #; may be considered as commutative
operators, a classical formula may be applied. In its general form for complex numbers

e,z € € it reads:

42 e
ol = [ &2 e e | (2.33)
— W . N

For real o € R it suffices to introduce a real field z € R . In this case one has to perform

the following replacement

d2
and (a‘'z+az*) — 20z . - (2.34)

\/-

It should be emphasized that the sign of the linear term in z is arbitrary. In order to
use this formula for the quadratic representation of the interaction Hamiltonian derived
in the previous section 2.1, it has to be modified including the coupling constant and \the
time slice a7,. Both have to be treated differently becanse Art, is always positive while
the sign of gi(g) depends on ¢ and i. For one term in equation (2.27) of the form ghthar,

one obtains

conare o [P oy (ot £ Joan(g) o, (o4 b)) L 239

and after the variable substitution v — v4/|g| a7,

erahhar 2V g)ar, exp (- [l + sgn(=g) g (o + hon)] ar,)

(2.36)

In this formula we have chosen the free sign of the linear terms so that + |g| becomes —g,
i.e. for negative g the positive and for positive coupling constant the negative sign. Finally,
this Stratanovich-Hubbard transformation has to be applied for all g, 7 and all time slices
r. That is, for every set of indices {q, 7, r} one has to integrate over a corresponding field

variable v,(g, 7+), which yields:

S(8) = Jm T, H [/ ( Dular)), ,(q)|mr) x exp(-HFlulor,) (237
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with
HEw]) = Ho+ 3 { 19:(a)l los(a. 7 )" +

tq

sen(~9:(9)) 9:(9) (Rl(@)ula, )+ hil@lla,m)) } . (238)
where H#{v] means that H¥ is a functional of the 7—, g- and i~dependent field v,(q, 7).

The expressions in equation {2.37) and (2.38) are not very handy, so it is useful to define

a shortcut:

S(8) = /’Dzu T,exp (— /013 ’H#[u]dr) i (2.39)

Here the functional integral measure is given by:

(,77) (o) ary (2.40)

/’Dzu = Nh_I;nm HH

r=1 g

Note that for a selfadjoint operator the introduction of a real field is sufficient.

2.2.3 Definition of the Free Energy Functional

The partition function is defined as the trace of §(3). Hence, interchanging the functional

integration with the trace operation — both are linear operations — yields:
Z= /:D% exp (—ﬁF#[v]) (2.41)

with

F#*[y]:= —%ln (Tr T, exp (— [)ﬁ ?{#[v]d‘r)) . (2.42)

which is called the "free energy functional” of the system. It should not be confused with

the free energy, which is given by the natural logarithm of Z:

1
F=—-=In(2} . (2.43)

5
In fact, F# and F are only identical in a saddle point approximation where the functional
integral is replaced by the integrand evaluated at the minimum of F #. It is very practical

to decompose F#[v] into two parts:

FH) = Falil 4 [ Tl lafér (2.49)
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with
1 J£}
Fglv] = —Eln (TrT, exp (—/0 ’H,ff[v]dv')) (2.45)
and

Healt] = Ho+ 3 fsgn(=0i() 0s(a) (A (Q)usla,7) + hiladolla,m)) . (246)

The first term Feg[v] is just the free energy of the field—dependent Hamilton operator
Hew[v], whereas the second term leads to a Gaussian weight factor:

9[v] = exp (*é f: Z 19:()! |v;(q, 7)° d'r) (2.47)

in the functional integral in equation (2.41).

2.3 The Computation of the Free Energy Functional

Because the effective Hamiltonian H.g[v] is a one—particle operator, the free energy func-
tional may be computed exactly. From the decomposition above it becomes clear that it
suffices to determine Fog[v]. In this section we shall show how this can be doue in princi-
ple. The basic idea behind the calculation scheme described below is that oue takes the
functional derivatives of F.g with respect to some properly defined variables, calculates

the resulting expressions using a Greens function method and finally integrates them back.

2.3.1 The Nambu Representation

First of all one has to rearrange the operators in H.g[v] so that it becomes explicitly a
quadratic form. For this task note that the quadratic representation of the interaction
Hamiltonian is based on a complete set of one—particle creation and annihilation oper-
ators and all field operators are linear combinations of product of two of them. In the
forthcoming sections the corresponding one-particle states are labeled by a single roman
index including momentum and spin, or, as one works in a real space representation, the
lattice site and spin or any other one—particle state description. Ou the other hand, the

set of all creation and anuihilation operators is enumerated by a greek index which ranges
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from 1 to 4L. Accordingly all these operators may be combined into one column vector

with 4L components:

§= (:t) o (2.48)

where ¢ = {c, }i=1,. 25 and ¢t = {c!},-zll__,,gL are the collections of all annihilation and

creation operators, respectively. The adjoint operator of € is a row vector given by
et = (efe) . (2.49)

This represention is a straightforward generalization of the Nambu representation which
is very often used in the theory of superconductivity [Nambu60], which is why we shall
call it the Nambu representation as well. Within the context of this work both vectors are
considered as matrices, namely € as a 4L x 1 and € as a 1 x 4L matrix. The transpose

matrices € and &l are:

g7 = (c c") = ¢ir

t (2.50)
EtT = (C ) = Te¢ ,

C

with

0 1
1“:(1 0) , (2.51)

where 1 is an identity matrix of size 2L x 2L and 0 is a matrix of the same size but with
all entries equal to zero. The anticommutation rules for the components of the Nambu

vectors are given by:
(i3], = dus
[Ea,c_:ﬁ]_l_ = Tap , (2.52)

where dog is the Kronecker Delta and T',p is the af—component of T.

Because the effective Hamiltonian is a linear combination of biproducts of creation and
annihilation operators and these products are in normal order, i. e. the creation operators
are always on the right hand side of the annihilation operators, there exists a traceless
matrix M{v] with

et Mv)e+ %Ter['u] , (2.53)
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where M![v] is defined by the 2L x 2L block matrix representation

M!  M!2 '
M = ( M e ) . (2.54)

Moreover, M may be chosen so that
M=-IM'T . (2.55)

Using the block matrix representation of M in equation (2.54), this equation reads:

Ml M12 M2 T M12 T
(3087, o

Clearly there is always a mabrix M/v] with Healv] = L&t M[v] & But this matrix is in
2

general not traceless. For this reason one has to prove why the condition Tr M[v] = 0
leads to the additional term in equation (2.53). The diagonal part of # is given by:

Heg = Z & i (2.57)

with n; = c!ci and diagonal matrix elements ¢;[v] which might depend on ». On the other

hand, using the matrix representation above leads to:

HE = ;z(M,ﬁc,c, + MZ% c,(_;) + i (2.58)
- = o2 oo 2 2,z 1
= 2E(M M2} cle, + 2TrM + 2TIM . (2.59)
Comparing this equation with the expression for ’H,Eﬁ above yields:
1
E(Mi*Mﬁ') = & (2.60)
A TIM = 0 . (2.61)

From these equations it follows that the constraint Tr M = 0 causes no contradiction. On
the other hand, the additional term 1/2Tr M' cannot be omitted because this would lead

to the following equations:
1
§(M3,~—M?;) = ¢ (2.62)
A TeM? = 0 . (2.63)

However, if one uses the traceless condition for M, namely Tr M = Tr (M! + M2) = ¢,

these equations are only vald if 3 ;¢ = 0, which is not true in general. The second
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symmetry property in equation (2.55) can be derived using the anticommutation rules for
the Nambu components in equation {2.52). In particular:

eiMe = 3 clMoge,

aff
= =Y M +TrM
B feta

af
— __ETMTETT
= -eIM're , (2.64)

where the last equation arises from the definition of the transposed Nambu vectors in
equation (2.51_}. This shows that M may be chosen so that M = —TM7”T". This equation
implies that (M?)T = —M! and with equation (2.61):

ML =¢ . (2.65)

It should be mentioned that, due to terms with g;(g) > 0, both the effective Hamiltonian

H.g and hence the matrix M are not necessarily hermitian.

Now, whenever the v-dependence of one of the previously defined functionals is given
by Heg[v], it may also be considered as a functional of M. In the forthcoming sections
and chapters we shall use both representations, the u-representation defined by Her V]
and the M-representation defined by H.g{M]. They are distinguished by the argument
given in brackets. Occasionally we shall omit the argument, indicating that the func-
tional dependence on v or M is of no interest or that the expression is valid for both

representations.

For the calculations below it is useful to introduce a new symbol for the quadratic and

the constant? part of the effective Hamiltonian, namely:

Hea[v] = HI[v] + Hig[v] | (2.66)

with
Hilv] = -;-E‘ Miv]c and (2.67)
< [v] = %Ter[v] . (2.68)

Accordingly the effective free energy functional is also devided into two parts:

q 1 A c
Faalo) = Fixlol + 5 jo Heglo] (2.69)

#This means that it is no longer an operator but still a functional of the fields.
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where F[v] is the free energy functional given in equation (2.45) where H.g[v] has been
replaced by H3:[v]. Because Tr M*[v] = ¥, elu], only Fi4lv] needs to be calculated, which

i1s shown in the next sections.

2.3.2 The Time Evolution Operator Corresponding to the Effective Hamil-
tonian

In order to calculate the functional derivatives of F.q, it is useful to introduce the time

evolution operator which belongs to the effective Hamiltonian. As for any time-dependent
Hamiltonian [Mahan90], it is definded by:

gcﬂ'(‘?'g, 71) 1= T exp (— /1:2 ’Heg('r']d'r') : : {2.70)

This operator has some nice properties, including:

Sei(T2,71) = Serr(m2)SH (1)

Sal(sm) = Sealrs, 72)8a(mm) |

where Seq(7) and its inverse §; (r) are defined by:

Sea(r) = Texp (- [ Healr'ir') (2.71)

Sc_ﬂl('r] T exp (/OT ?{cg(f")d’r') . (2.72)

Fl

Here T orders the products of time—dependent operators with decreasing time argument,
while T orders them with increasing time argument. The time-dependence of an arbitrary

operator A is as usnal given by

Alr) = S () AS.a(r) {2.73)
Furthermore one can introdace an effective partition function

Z.g = TrSa(B8) , (2.74)

so that the effective free energy functional becomes:

1

5in(Za) (2.75)

Fcﬂ:_
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The partition function is then given by:
Z= f D% Zeg[v) glv] | (2.76)

where g[v] is the Gaussian weight factor in equation (2.47).

As for the full effective Hamiltonian H.q, one can also define the time evolution oper-
ator and the partition function for the quadratic part H2z just by replacing Hq by HX
in the formulae above. The resnlting quantities should be indexed by an upper index 9.

Because Hg[v] is for every field distribution a C—number, S (7) is related to Seq(r) via

Sea(7) = Sg(7) Sealr) (2.77)

- with
SE(r) = Texp (— /DT ?{:‘ﬂ(f')dr') and (2.78)
(7)) = exp (— /OT 'Hjﬂ(r')d'r’) . (2.79)

Accordingly, the effective partition function is given by
Zet = Sca(B)Z5 (2.80)
and the free energy functional is

Fa = —;61‘1“ (Z:lﬂ) - =In(S&(8)) (2.81)

L
B

which leads to the same expression as in equation (2.69).

2.3.3 Functional Derivative of the Effective Free Energy Functional

Using the chain rule, the partial functional derivative of F.g[M] with respect to Mg s(7)
is given by:

FSIM] 1 a7%M]
Mo p(r) BEM] Mo p(r) (282)
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For the derivative of the effective partition function, one has to take into account the time
ordered product within the defintion of S(4). This yields for € > 0 and € — 0:

925 [M] OTs (8% (B, 7+ )8%(r + ;7 — €S (r — €)) -
IMap(r) M. 8(7) (2.83)
5 883 (7 +¢1—¢)
— q eff H q _
= Tr (Scﬁ(ﬁ, T+ €) M 5(7] S (T e)) : (2.84)
Because ¢ is infinitesimally small, the second factor becomes
O8L(T+eT—¢) 1,
: = —5%l : 2,
dM. 4(7) gtals for =0 (2.85)

Inserting this in equation (2.84) and introducing an identity operator Sea()S; () be-

tween the creation and the annihilation operator and an appropriate number of factors
S (T)( .fﬁ'(T))_l yields:

0Z5IM] 1 a _ _
e = 2T (SROEMEm). (2.86)

where the time-dependence of the creation and aunihilation operators is defined by the
full effective Hamiltonian in equation (2.73). Finally, the partial derivative of the effective

free energy functional becomes

dF%[M] 1 <_f
IM,g{r) 28

ey (2.87)

where (.. )eq is an abbreviation for Tr (Sea(f)...)/Z.g[M]. Note that S.q(8) and Sea()
are in general moncommutative operators due to the time-dependence of the effective

Hamiltonian, so that the expectation value above is time-dependent as well.

2.3.4 The Greens Function

In order to calculate the right hand side of equation (2.87), one introduces a generalized

field dependent one-particle Greens function matrix:
N =t y=tft
Gea(r, ) == (Te(r)(r)) (2.88)

including both diagonal and nondiagonal — the anomalous — contributions. Here the

time-dependence is defined by the effective time evolution operator according to equation
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(2.73) and the time order operator T orders the operators with decreasing time argnment.

That is, due to the fermionic character of the creation and annihilation operators, G.g is

given by:

(s(ryetry)  for T
Ger(7,7) = i i (2.89)
_ <§f (T’]ET(T)>cE for <71

In components:

Geai{T, 7 )ap = (2.90)

The right hand side of equation (2.87) now results from the Greens function in the limit
7' N 7. In fact:

OF % [M] i n

el ki’ Bl 2.
DMy o(r) 38 T B (251
or, defining

FiM 3
(a cff[ ]) - aFl:ﬂ'[M] (292)
N M » Mg o {(T)
equation (2.87) may be rewritten in matrix form:
IFHFM] 1 n
—8_NI_ = _% Geﬂ-('r"r ) A (293)

2.3.5 The Equation of Motion

There exist several ways of calculating G.g. The most important and practical method is
the derivation of an equation of motion with respect to its first time argument. Formaily

it is given by:

af;c;,:g(r, ) = 8(r = ) 1+ (T (), SN ) (2.94)
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Here the 7-dependence of H.q according to the time dependence of v is explicitly indi-
cated. The commutator has to be calculated for all components of €. Using the matrix

representation of H.q(r) vields

[Hea(7),55] = %%Maﬁ(r) RN
= %Z Mas(r) { (2648 ~ 8as) 25 + 2L (28485 — Tas) }
of
= %Z M, s(7) {2_:; [EJ, E‘G]+ _60156,6 — FﬁgEL}
af
= r,ﬁé
_ - % Zﬁ: Mip(r)z, + % Zﬁ Mag(r)Cascl, . (2.95)

Note that the constant part of H.q provides no contribution. The second term may be

written as follows:

Y Mog(r)Taseh = 3 TesMpa(r)zh = (TMTe!T) . (2.96)
aff afl

Using equations 2.50 and (2.55), this expression becomes the same as the first term, so

that finally the commutator for all components is:
[Heg(7),T) = ~M(7)T . (2.97)

Because of the time-ordered product one has to be careful introducing this result into the

equation of motion (2.94) above. For 7 > 7' one obtains:
<[7{cﬂ(‘r)1§](‘r‘) Et(‘r')>cﬂ = -M(r)Gea(r,7) , (2.98)

and for 7 < 7"
- <57T(T') [Heﬁ(T)1ET] (T)>;rﬁ' -7 <61T(T!) [Hcﬁ(f)'E]T(T)fﬂ
. T
= <(_:1T(T ) cT(T)MT(T)>cﬂ-
= —M(7) Geg(r, ')

That is, the final form of the equation of motion for the one-particle Greens function

becomes:

%Geﬁ(r, ) =6§(r—-7)1-M(7) Gg(r,7) . (2.99)
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This is a system of coupled linear differential equations and can therefore be solved exactly.
It should be emphasized that, due to the r—dependence of M(r), a Fourier transformation
method does not map this system onto a system of algebraic equations, so it has to be

integrated directly.

2.3.6 The Effective Free Energy Formula

From equation (2.99) it becomes clear that the inverse of G.g is given by:

G'c'ﬂl('r,r') = (3%‘ + M(‘r)) S(r—7) . (2.100)

Ge'f,[1 is linear in M(7), so it is not very difficolt to guess the functional dependence of the
effective free energy on G g and hence on M:

Fg=—-Trln (-G ™) (2.101)

where Tr includes both a matrix trace and a 7—-integration from 0 to 4. In order to prove
this formula, one only has to calculate the functional derivative of the right hand side with
respect to M and compare the result with equation (2.91). This yields:

an{':r[M] 1 3G_1(Tl T+)6
— . = - dar G T 1T+ L) A |1 =
M. 5(7) 28 Jo 1 % G OM, 5(7)
1 g
= —== | A1 > Geg(71, 71 )y 85,0 8y,8 8(T — 1)
218 0 i
= -~ Gualr, )
= '“ﬁ e\, T B

Finally, the free energy functional F# is given by:

F#y] = —-%Tr In (—-G;f% (T, ‘r+)) {(2.102)
1

1 B
+3JL %}:Ish'(q)lIv,-(qr,'r)l2 dr + gﬁTer[u]

This formuola will be nsed in the next chapter 3 dealing with approximations, in particular

for the saddle point approximation.
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2.4 The Functional Integral Representation for the NNSP
Model

In this last section of this chapter we shall write down explicitly the functional integral
representation of the NNSP model. The possible quadratic forms of the interaction term
have already been derived in section 2.1 and are summarized in table 2.2. The first column
gives the representation index and the second c¢olumn its type. The third column shows
the corresponding field operators, whereas the fourth and the fifth column define the field
variables related to them and their natuore, respectively. The last column summarizes the
coupling constants. Introducing for each of the representations a real parameter X; > 0
with 33 X; = 1, where 4 is the index in table 2.2, leads to an effective Hamiltonian of the

following form:

%eﬁ[P:m1 A,Q] =
Wz
Ho + '\37 ;nk free part
Wz .
+ X _2,.;,; S(g)4/s8n(5(g)) np(g,7) Cow
~ M2WzL'S " S(g)v/sgn(—S(g)) s,m{g, ) SDW
q

+0WLY S {PHOAL(e,7) + Pa(9)Al(g,7)}  Pairing
¢ o

(2.103)

LY Y {QL9)%le, 1) + Qula)h(e )} SF

Remember that W is assnmed to be negative. In the forthcoming treatment we shall
neglect the SF representation, i. e. we select A3 = 0. In order to get rid of the square root
in the second and third term in equation {2.103), it is nseful to introduce a band index
v €-{0, 1} and restrict the g-sum to the inner half of the first Brioullin zone. This means

that the g-sum is divided into two parts according to:
t
@)=Y fla+v@Q =3 "fla) | (2.104)
q Tovg "q

where f is an arbitrary function of ¢, which respects the lattice symmetry, and @ is the
antiferromagnetic wave vector. The prime indicates the restricted g-sum. This formal
procedure is depicted in figure 2.1 for a square lattice, where the first Brioullin zone is

shown (thin dashed line). Introducing the band index means that one replaces the sum
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Table 2.2: Quadratic representations of the interaction of the NNSP model

index | representation ﬁeld:— conj. field — nature coupling
operator variable constant
1 CDW e = M plg, ) real |WzL5(g)/4
SDW sq = 5} m(g,7) real -WzL S(q)
2 Pairing {P‘l(q)}azl‘ ] {Aa(q,r)}&ﬁmz complex WL
3 SF {QL(Q)}a=1. . {Qa(q,r)}azlmz complex -WL

Figure 2.1: The first Brioullin zone for a
square lattice of lattice constant one (thin
dashed line). The thick solid line sur-
rounds the inner half of it, whereas the
thick dashed line marks this region shifted

by Q = (m, 7).

over the first Brioullin zone by a sum over the two regions labeled by » = 0 and v = 1.
This replacement is valid because the sum over the v = I region is equivalent to the sum
over the four triangles left by subtracting the inside of the solid line from the first Brioullin
zone. This procedure might seem a bit artificial but the advantage is that the sign of the

structure function as defined in equation {1.10) is now fixed for both bands:

Solq)
Si{q) =

S(q)
-5{g)

it

(2.105)

IA IV

g} Yge1/2Bz
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Using this in equation (2.103), the effective Hamiltonian finally becomes:

Het[p:m, A] = Ho free part
+ X —-—L Z S(9) ¢ n(a)p.(q.7) CDW
: (2.106)
- A12WZLZ S.(q) i1~ su(q)my(q, ) SDW
V,q
+ MWL Z Z {Pt ,T)+ P (g)AL g, T)} , Pairing

where the v—dependent field variables and operators have to be understood in the sense
of equation (2.104). The partition function can now be expressed as a functional integral

over the fields p, m and A. Explicitely:
Z = ijpoDzé exp (~ﬁF# (o, m, &]) , (2.107)

with

F#[p,m,A] = Fuglp,m, A+ (2.108)

+'W£'f’“f0 dr z{w(qn (|p(q, )+ e D) )+ 318, (q,r)|}

As before, Fcf_f_[p, m, A] is the field-, and therefore time—dependent, effective free energy

functional related to H.g[p, m, A]. Note that in equation (2.108) above, the g-sum ranges
over the entire first Brioullin zone because the introduction of the band index makes no
sense in this context. The contributions in the curly brackets are all positive. Based on
this expression many approximations are possible. In the next chapter 3 they are derived
from a general point of view, whereas chapters 4 to 5 are dealing with the application of
these approximatins to the NNSP model.
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Chapter 3

Approximations

Is it worth this effort? This is a good and legitimate question. It can be answered with
a few points. First of all, the derived effective Hamiltonian is one-particle operator, so
that in principle F# may be calculated exactly for every path v,(g,7). But practically
this is in nearly all cases impossible. Furthermore, if one is able to calculate the free
energy functional, the functional integration over all paths still remains which is also a
nonsolvable task. To our knowledge, only Gaussian path integrals can be exactly evaluated.
Hence, approximations are necessary. Here lies the real strength of this formalism. From
the functional integral representation of the partition function, several approximation
schemes may be derived. Furthermore it provides an idea on how to understand ihese
approximations, about what is neglected and what one has to do in order to improve
them. On top of most approximations is the restriction on time—indepeﬁdent fields. For
this reason implications of this restriction are discussed in section 3.1. The saddle point
and mean field approximations are described in section 3.2. The latter is related to the
standard symmetry-broken Hartree Fock Bogoliubov approximation, which is not based
on the functional integral formalism. It is derived from a variational point of view in

section 3.3.

3.1 Time-Independent Fields and Computation of the Free
Energy Functional

The time-independent field approximation (TIFA) is one of the most important approxi-
mations because it enables the explicit calculation of the effective Greens function matrix
and of the free energy functional. Neglecting the time dependence means that the func-
tional integral is only performed over time-independent fields v;(g). The effective Hamil-

tonian becomes then time-independent as well, and the time ordering operator becomes

41
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the identity or can just be omitted. This yields:

Z = /921; exp (—CFeg[v]) g[v] (3.1)
with
Falv) = _%m (Tt exp (~BHea(v]) (3.2)
glv] = exp (—ﬁZ!gf(q)llv;(q)lz) , (3.3)
where

Healv] = Ho+ 3 fsen(-0:(0)) 0i(0) (hl(@)oila) + Bi(aei@)) . (34)

In this case the effective Greens function matrix G.a(7,7') depends only on the time
difference of its arguments, which leads to the definition of the Greens function with only

one time argnment:
Gt (7) := Gegg(7,0) . . (3.5)
Because this is a fermionic Greens function, it obeys the typical antiperiodic feature: -
Gea(7 - 8) = —G.a(7) for T€]0,8] , (3.6)

which follows from the cyclic invariance of the trace operation and from [Seg(71), Seai(T2)] =
0 for all 7y, 7> due to the time-independence of H.g. For this reason, G.q(r) may be
expanded in a Fourier series in the region -8 < 1 < (. We are using the following

definition of the Fourier transformation:

Geﬁ'(T) = é’ Z Geft (Wn) e n” (37)

8 .
Geg(wn) = fo 47 Giegr(7) e~ %7 | (3.8)

where the w, are the fermionic Matsubara frequencies given by
™
wp = (2n + I)E YneZ . (3.9)

Usually one introduces a new symbol for the Fourier transfrom of G.g(r), but we prefer
to distingnish G.g(7) and its Fourier transfrom Geg{w,) by their argument. With this
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transformation, the equation of motion for G.q(r) is mapped onto an algebraic equation
for Geg(wn):

(iwn + M{o]) Getr () = 1 (3.10)

with the formal solution

1

Cenlon) = ot MLD

(3.11)

which means that Geg(w,) is the inverse of (w, + M[v]). As in the case of a one-
component Greens function for free fermions, the w,~sum in equation (3.7} can be calcu-
lated explicitly (see e. g. [Mahan90j}. This yields:

Ger(7) = exp (= Mvjr) {[1 - fF(MD])] O(r) - M) O(-7)} (3.12)

where f(z) is the Fermi distribution function defined by

1
=—_= . 3.13
Differentiating equation (3.12) leads back to the original equation of motion for Geg(7)-
The limit G.g(7,7™) corresponds tc the limit

- 1
Geg(r=07) = ~f(M[v]) = T AMAl 1] (3.14)
Hence, the functional dependence of F.g on M([v] is given by
1 1
- AM[v) - 1 ,
Fe[M[o]) = ~ 52 Tr In (P 4 1) + STrM' o] (3.15)
or with Tr M[v] = 0:
Foa[M[]) = mz_lﬁ—Tr In (2cosh (5 MM)) + é—Ter[v] . (3.16)

This is one of the most important results concerning this approximation because it explic-
itly provides for the functional dependence of the free energy functional on the fields.

The physical meaning of the time-independent field approximation becomes clear if

one goes back to the point where the time-dependence was introduced. It is therefore
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exact if one is allowed to neglect the time-ordering operator within the Trotter-Suzuki
decomposition, i. e. if the commutator of the kinetic and the interaction part of the
original Hamiltonian vanishes. From this point of view, the time-independent field ap-
proximation neglects quantum correlations or fluctuations. But one cannot say that the
original model described by H is approximated by a classical model because the creation
and annihilation operators are still treated quantummechanically, i. e. their commutation
or anticommutation rules are not neglected. Thermal fluctuations are included because
the functional integration over the time-independent fields v,(g) still needs to be done,

which is the reason why further approximations are necessary.

3.2 Saddle Point and Mean Field Approximation

3.2.1 General Saddle Point Approximation for Time-Dependent Fields

* The basic idea behind a saddle point approximation is the assumption that the functional
integral in equation (2.41) may be replaced by the value of the integrand related to the
minimum of F#. A functional differentiation of F# with respect to v;(q,7) yields to
equations for the field variables which belong to a minimum, maximum or a saddle point
of F#. They are in general coupled nonlinear integral equations which might have many
solutions. However, one has to find the solution which belongs to the global minimum of
F#_ The functional differentiation of F# with respect to v,(q,7) is performed using the
technique described in chapter 2.3, which yields:

aF#[u] _ BFcﬂ[u] l . oo T |
5o.(a,7) Bv,-(q,'r)+ 3 lg:(g)t vi(g, 7) (3.17)

with

OFgiv] 1
Wgﬁ = zvenr(-9:(9))9:(0) (h!(w)kﬁ : (3.18)

Note that v;(g,r) and vX(q,7) are treated here as independent variables instead of the

imaginary and real part of v;(g, 7). Finally the saddle point equations are:

vlg.r) = sgnl-gi(@)*? (hi(a.r)) (3.19)

vilem) = sgn(-gi(@))*? (hl(g,m)) . | (3.20)
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or taking the sign of the coupling constant explicitly into account, the first eqnation

becomes:

—i (h,-(qn'r)>cﬂr 9:(g) >0

(’l;(qr,‘r)>cfr g:(g} <0

vi(g,7) = (3.21)

The equation for vi(g, T) is given by replacing h, (g, 7) by its adjoint operator. These equa-
tions show that in a saddle point approximation the fields are more or less the expectation
values of their corresponding field operators. A more detailed form of the selfconsistent
equations may be derived using the Nambu representations of the field operators. Because
h.(g,7)is alinear combination of products of the creation and annihilation operators, there

exists a matrix m with
h() = selmiget iTrmiGig)  and . (3.22)
W) = getmlGget: (TrmlGg) (3.23)

where m! = (m*)T. The v~dependence of M{v] is therefore given by:
Mfv] = Mo+ 3 y/sgn(—0:()) 9:(0) {m' (i, Jus(a, 7) + m(i,q)oa, )} o (3.24)
.9
where Mg is defined by:
1,1
HO = 5 MOC + §TI‘ MO (325)

and is in general a diagonal matrix. This depends on the set of one—particle states defining
the Nambu representation. The Nambn matrices for the field operators and for Hg obey
the same symmetry properties as M. In fact, the condition TrM = 0 is equivalent to
Trm = 0 and TrMp = 0 becanse the field variables are independent variables. Using

eqnation (3.22) and (3.23), the selfconsistent equations are now given by:

5(8,7) = soen(-gi(@)}* {Trm!(i,q) = T+ (Gea(r, ") m(i)} - (3:26)

The effective Greens function matrix can be calculated as a functional of all fields nsing
the equation of motion method described in chapter 2. The equations above, inciuding the
complex conjugate equations, therefore define a complete set of selfconsistent equations
for the saddle point fields. As mentioned above, they have, in general, many solutions.

The solution which minimizes F# should be named by @(g, 7).
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For the partition fu;lction and the free energy one obtains:
2 = exp (-pF*[3]) = Zeat) g[7) | (3.27)
and
F= F#[F] . (3.28)

For any kind of saddle point approximation the %ree energy is:therefore indentical to the
free energy functional evaluated at the saddle point fields 7.

In this approximation there is no more functional integration. For this reason thermal
fluctuations of the fields are neglected. Quantum effects are included because the fields are
still time dependent, which causes the problem of calculating the Greens function matrix

“and hence the mean values of the field operators. Combining both, the time-independent
field and the saddle point approximation, overcomes this problem.

-

3.2.2- Time-~Independent Saddle Point Approximation (TISPA)

For time-independent fields the free energy functional is explicitly given by:

F#*y] = —%Tr In (2cosh (ﬁM )) +Z|g1 g} lv;(q |2+ Ter[ ]

(3.29)
Varying this expression with respect to vX(g) leads to the selfconsistent equations for time

independent fields. The first term is just Figz[v] and using the chain rule, its functional
derivative with respect to vY{g) is

8F%;
3v (9)

ﬁ[M 3Mu,ﬂ[”]
Z IMogls] Ouig) (3.90)

The second factor in the sum above may be directly calculated using equation (3.24),
where the field operators are expressed by their Nambu representations. For the first
factor the chain rule has to be used a second time. With the formula for Ff; in equation
(3.18), it is given by:

OFLM[)) 1 BM[v]\ 8M[v]
Mo = a4 (tanh( 2 )BMa‘g[v])

1 AMEl\  OM,.[0]
1 %ta“h( 2 )W TMaplo)

_ _%mh(ﬁl\g[v])ﬁcx _ | (3..31)
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The functional derivative of the second and third term in equation (3.29) is straight for-
ward, so that finally the selfconsistent equations for the time-independent saddle point

approximation are:

w(0) = 5 sgnl g,(q))?'“{’rrml(z 051 (o () mi0))} . a2

Thus, instead of differentiating F# directly one can just use the general selfconsistent
equations for time—dependent fields (3.26). For time-independent fields they read:

vi(q) = %Sgn(—g;(q))3’2{Tr m'(i,q) - Tr (Gea(07)m(iq))} . (3.33)

" Using the result for G.g(07) in equation (3.14), this equation becomes:

5(9) = 5 sn(~0:(0))¥? {Trm1(i, )+ Tr (FMBDm(i, )} - (3.34)

Both equations (3.32) and (3.32) are equivalent because

flea) - fz) = wanh () (3.35)
fl-2)+ fle) = 1 S (3.36)
and Tr (%, ¢) = 0 for all 7 and ¢. From the right-hand side of equation (3.32) or equation
(3.32), it becomes explicitly clear that the selfconsistent equations are nonlinear integral

equations. As above, the solution which minimizes the free energy functional should be

named by T.

As in the general time—dependent saddle point approximation, the free energy is now

given by the free energy functional evaluated at :

F = F#[g] ='—%ln Tr (expli ( +Z|gt )| 7:()] )}) . (3.37)

Moreover, the average value of an arbitrary operator A is given by:

TisPa Tr (exp (—BHea(7]) A)

(-A> Tr exp (—ﬁ?{cﬁ[ ])

=D (3.38)

because the common factor g[7] cancels out. For this reason, the TISPA might be under-
stood in the way that the original Hamiltonian is replaced by H.a[v] + X.: 4 9i(9)] O

TIS PA

H =" Hrispa = Hea +Z|91 lm(af - (3.39)
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From the calculation of the average value of A, one might suggest that the TISPA is just
the approximation where # is replaced by H.q[7]. But because the fre¢ energy functional
is calculated with respect to Hes(T] + 3, ,19:(g)| lu;{g)*, the quadratic terms have to
be included. From this interpretation follows an important result: the field components
7,(q) for a non-hermitian field operator (h}(g) # h;(g)) corresponding to positive coupling
constants g;{g) > 0 have to be zero. The proof of this statement is quite simple: the
partition function and the {ree energy have to be real, and moreover (4) = (A4} g has to
be real for any arbitrary hermitian operator .A. For this reason, H1igpa and therefore all
contributions to Hrigpa, namely

- Veen(—ai(@) a:(a) (Al (@)uila) + hi(@)ui0)) + o)l (o) (3.40)

have to be hermitian. For a negative coupling constant this constraint is always satisfied.
For positive coupling constants there are two cases. First, assume that the field operator

is hermitian. In this case the expression above has to be replaced by!

219i(9) h; (Q)vilg) + gi(g)vi(9)? . (3.41)

The substitution v;{q) — ¢ v;(g) with v,(g) € R therefore yielde a hermition operator:

2 gi(9) hi (Q)uilq) — gia)vilg)® (3.42)

which means that one can find an imaginary solution for the original field component.
For a nonhermitian operator h}(q) # h;(q) and gi(g) > 0, the field variable has to be a
complex number and hence the substitution above cannot be used. For this reason the
corresponding contribution to Hrigpa has to be zero.

Using this result, the effective Hamiltonian of the TISPA becomes

Hrisea = Ho+ ) g:(9) {hf(Q)v.r(Q) + &, (9)u(q) — tvi(g)) } : (3.43)

g

where the starred sum indicates that the contributions for nonhermitian field operators
corresponding to positive coupling constants are omitted and that for terms, including
hermitian field operators corresponding to positive coupling constants, the variable trans-
formation v;(¢) — ¢ v;(g) has been used. Finally, within this description, the selfconsistent
equations for all fields become

v(e) = (hle)) (3.44)
vi(a) = (hl(e)) - (3.45)

1See the Hubbard-Stratanovich transformation for real numbers on page 28.
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In the same way as (A) is replaced by (A),q, the one-particle Greens function matrix

is given by the effective Greens function matrix?:
PA
G{r) ISP Geg(r) | {3.46)
or

Glwn) =5 Gafwn) = ﬁﬁ—[ﬁ—] = (twn + M)t . (3.47)

This leads to a nice interpretation of M[v]. Its eigenvalues are the excitation energies of
the quasi particles and quasi holes, because det{iw, + M[T]) is the common denominator
of all components of G.g(wn). Moreover, because M(7] is now a hermitian matrix with
real eigenvalues, the quasi—particles are stable, that is, they have an infinite lifetime. In
other words, the TISPA includes no self-energy. The creation and annihilation operators
of the gquasi-particles might be derived by diagonalizing M([3]. If U is the unitary matrix
which diagonalizes M[7], the Nambu operator for the quasi particles is given by

v=Uz . (3.48)

This is the generalization of the Bogoliubov transformation which is used within the BCS

approximation to derive the excitation energies of the Cooper pairs [Nambu60].

The TISPA-Hamiltonian Hyispa might also be derived using the ususal mean field

decom position
AB s A(B) + (A) B — (A (B) (3.49)

for the general expression of the interaction Hamiltonian in equation (2.27) on page 26.
In fact, if one assumes that only terms with negative coupling constants and terms with

positive coupling constants but hermitian field operators contribute, the replacement

1 — 3 0:(0) {H(0) (h: (@) + 1 (@) (h1(0)) — [{Rut))[ '} (3.50)

1,9

’In order to derive a functional integral representation for the one-particle Greens function matrix,
one also has to decompose the time evolution operators defining the time-dependence of the creation and
annihilation operators. This can be dane in the seme way as the decomposition for the partition function.
Now, replacing all fields by the minimizing field ¥ yields the relation above.
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yields the Hamiltonian in equation (3.39). But now, from this point of view an important

question arises: is the assumption above, namely the replacement
DD (3.51)
4,q i,q i

an additional constraint or does it result from the selfconsistent determination of the
average values of the field operators?

This question cannot be answered in general. But experience shows that the selfconsistent
equation for the expectation value of a hermitian field operator only has the trivial solution,
namely zero, if the corresponding coupling constant is repulsive. For example, the gap
equation within the BCS approximation, which is just the selfconsistent equation for the
pairing operator, has a nonzero solution only if the coupling constant is negative. There

are many other examples which show that the relation

G(@)>0 A h(g) £k (@) = (h(g)) =0 | (3.52)

holds. It seems as if this relationship is true in general and that in fact the restriction
(3.51) in equation (3.50) is not really an additional assumption. This is a very interesting
point because it shows that both, the TISPA within the functional integral formalism
and the usual mean field decomposition for the quadratic representation of the interaction

Hamiltonian, lead to the same result and are therefore equivalent.

3.2.3 Uniform Fields

.The TIFA leads to an explicit expression for the free energy functional, while the additional
saddle point approximation produces selfconsistent equations for the minimizing fields
T;(g), which form a set of coupled nonlinear integral equations. They might be considered
as an "infinite” set of coupled nonlinear equations of order L. Even when using the
general result from above, the number of equations is still of the order of the system
size. For relatively small systems they can be solved numerically, vsing, for instance, an
iteration method, but in order to describe a sharp phase transition one has to go to the
thermodynamic limit. In order to reduce the number of equations to a finite number,
symmetry arguments are helpful. In fact, a nonvanishing value of (h‘-(q)> for ¢ # 0 breaks
the translational symmetry of the system with respect to g. For this reason, one only
considers spacially constant fields, i. e. only the components of v;(g) with ¢ = 0 are taken
into account. This means that the spatial fluctuations of the fields are neglected. In some
cases, however, if one wants to describe phase transitions with spacially varying order

parameters, one has to include field components for the corresponding special values of g.
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For example, a charge density wave order or an antiferromagnetic order is described by
field variables corresponding® to ¢ = Q. Finally, a finite set of variables remains, which
is independent on the system size. This set should be indexed by a single roman index j.
The effective Hamiltonian, the free energy functional and all other functionals of v now
become ordinary functions of this finite set of variables {v;}. The selfconsistent equations

then read:

'UJ'=

{Tr m; - %Tr (tanh (w) mj)} , ' (3.53)

(SR

where m; is the Nambu matrix for 2. Note that due to the renaming of the components
of v;(g) the range of the index j might be different from the range of the previously used
index ¢, which was introduced to distinguish the different quadratic representations of the

interaction Hamiltonian.

This approximation is usually called the "mean field approximation”, because the
internal fields v; are now uniform fields without any spatial modulation. To summarize,

the mean field approximation includes three steps:

1. Within the functional integration only time-independent fields are concerned.

2. Ounly uniform fields and Fourier components corresponding to some physically im-

portant values for ¢ are involved.

3. Saddle point approximation.

From this list it follows that a description which goes beyond the mean field approximation
needs to abandon one or more of these points. For example point #3 may be skipped. In
this case one has to perform a functional integral over constant fields, which may be done
numerically. Omitting the second point leads to g—dependent fields, allowing for spatial
fluctuations of the fields. Reintroducing time-dependent fields means studying the effect

of quantum fluctuations.

* As shown in chapter 2, one can intreduce a band index v € {0, 1} to split the Brioullin zone into two

halfs. In that case the antiferromagnetic wave vector corresponds to v = 1 and g = 0.
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3.3 Symmetry—-Broken Hartree—Fock—Bogoliubov Approx-

imation
3.3.1 The Variational Principle

In this section we derive the selfconsistent equations for time-independent fields from a
slightly different point of view without using the functional integral formalism. It is a
variational approach where the original Hamiltonian is approximated by a parametrized

one—particle Hamiltonian of the following form:

HHFB {’LU] = HU + Z gi,a(‘i’) {wi,a(q)hla(Q) + w:,a(Q)hi.a(q)} ' (354)

tor,g

where the terms h; (g} are one-particle field operators corresponding to the various
quadratic representations of the interaction Hamiltonian. They are defined in chap-
ter 2. The fields w, ,(g) are variational parameters. For a hermitian field operator

hf-,a(q) = h; o(¢), the expression in curly brackets should be replaced by

2w (Qhiole) - (3.55)

»

Because the HFB approximation described in this section is a variational method, the
effective coupling constants g; (¢) and the additional factor 2 for hermitian field operators
may be absorbed. But for various reasons, including the comparison to the TISPA of the
functional integral formalism, we separate them from the variational parameters. It should
be noted that the Hamiltonian above is not the most general ansatz to start with. The most
general quadratic Hamiltonian includes all distinct products of creation and annihilation
operators as used for instance in [Bormann91b]. But from a practical point of view this
approach is more than sufficient. Within the symmetry-broken Hartree-Fock—Bogoliubov
(HFB) approximation, the fields w; ,(¢) and their complex conjugate fields are determined
by minimizing the right hand side of the Bogoliubov inequality [Brenig83, Ring80]

F < Ffep = Furs + (H — Hurs ) (3.56)

1

HFB

where Fuypp and (...)ypp have to be calculated with respect to the HFB Hamiltonian
Hurp. This inequality ensures the existence of a minimum because F is a lower bound for
the HFB free energy functional FI#FB' It originates from the variation of the information

entropy in the grand canconical ensemble in the space of all statistical operators p, which
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leads to

1
Flel = 5T (plap) + T (570) < Flp | @)
for p = exp(~fH) and for all p’ # p. In fact, the Bogoliubov inequality is derived for
p' = purB = exp(—BHurp). The variational principle now reads:

$Ffp=0 . =~ (3.58)

Why is it called the symmetry-broken Hartree-Fock-Bogoliubov approximation? From
equation {3.54) follows that the trial Hamiltonian might have a lower symmetry than
the original Hamiltonian. On the other hand, if a trial Hamiltonian is used which has
the same symmetry, the usual Hartree-Fock approximation is retained. But this ap-
proximation cannot describe any phase transition. For this reason, symmetry—breaking
terms are necessary. For instance, in order to describe a superconducting phase transi-
tion, one has to add pair operators which break the U{1) gauge-symmetry generated by
the particle number operator. Such an approach leads to the BCS approximation. In
order to describe antiferromagnetic order, a term proportional to the antiferromagnetic
SDW-operator needs to be added. 1t violates the translational symmetry with respect
to . That is, one has to add symmetry-breaking fields as they are used to calculate
correlation functions. These fields are interpreted as internal fields and are determined

selfconsistently.

3.3.2 Selfconsistent Equations

As shown below, the HFB free energy functional may be expressed in a natural way as a
functional of w and (h)ypp, i- e. as a functional of the variational parameters and the
mean values of the field operators, including their complex conjugates. For this reason the
variational principle in equation (3.58) reads explicitly:

aF* OFH,
# o _ HFB } HFB )
S Fjpg = Z { 3’“’;‘,0,(9) 5%‘1,0.(9) + a(hi,q(Q))HFB 5(h:,a(9))HFB

1,0,

+ complex conjugate terms } =0 . (3.59)
From this equation it follows that

9F gFB
— = 0 and 3.60
5,(4) (360

oF%

HFB = 0 Viog , (3.61)

3 (hia(9) o
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which, including the complex conjugate equations, form the set of selfconsistent equations
within the HFB approximation. Writing down the functional dependence of the HFB
free energy functional on w and {h)yrp yields a more detailed form of the selfconsistent
equations. Three terms Fupp, (H)upg and (Hurp)ypg are involved. First, the free energy
with respect to Hyrp should be treated. It is a functional of w and is defined by:

‘ Fypp[w] = —% In Tr (EXP [ ~ ﬂ'HHFB]) . (3.62)

For this reason the functional derivative of Fypp with respect to w; ,(g) is proportional

to the mean value of the corresponding field operator:

OFurslw] _ (o) (h!,(a))

G (@) (3.63)

HFB

For the mean value of Hyrg — Ho, one gets directly

(Murs = Ha), o= Y 6ia(9) { 0ia(9) (Bl ol@)), o + @) (10 (@) p
H : HFB

Ho,q
(3.64)
This is a functional of w and {h)npp with
3<HHFB - Hg) O Fisea
HE = ! _ OFurslv]
a‘w‘-la(q) - gt,a(Q) <hi’a(q)>HFB - awi'a(q) and (365)
O Hure — Ho
(P a(@))\p

Finally, the mean value of H; = H — M with respect to Hypp needs to be calculated.
Becanse the HFB Hamiltonian is a one-particle operator, Wick’s Theorem may be used
[Mahan90]. For this purpose one has to go back to the original form of the interaction
Hamiltonian. For the NNSP model it is given by:

Wz
Hy = I Z S(q)c}c_‘_chchL,_qJ(ck.J( . (3.67)
q.k k'

Using Wick's Theorem yields:
Wa

<H1>HP‘B I oyt S(q){ <CL+qTCkT>HFB <°}c'—qlck'l>HFB

A ]
<C’¢+QTC’¢'—Q-L>HFB <CkTCkr-L>HFB

+ <CL+?TCk'¢>HFB <C’°fc’1°'“‘!¢>HFB } . (3.68)
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Now, for all three terms the same variable transformations which have been used in the
previous chapter 2 in order to derive the several quadratic representations of the interaction
Hamiltonian may be applied. The first term therefore leads to SDW and CDW operators,
the second term to pairing operators with different internal symmetry and the last term

to SF operators. That is, the expectation value of #; becomes:

) ,
(H1>HFB = WZLZQ: 5(q) (Z <n;>HFB <nq>HFB - <3‘§>HFB <Sq>HFB)

+WL Z <PJ'(Q)>HFB <P°‘(q]>HFB

~WLY (QL()), s (Qul9)) oy - | (3.69)

Finally one can introduce the general i-, a— and g-dependent field operators A, ,(¢) and

the corresponding effective coupling constants g; o(g):

(H)arn = 3 9ia(@) (rla(9)ny (Pia (@) (3.70)

1,0,

It is not very difficult to show that this formula is true for general, non-retarded two—
particle interactions. Moreover, for these interactions it is valid whenever Wick’s Theorem
holds. It should be emphasized that the right hand side of equation {3.70) does not include
the parameters A;, which were introduced in the previous chapter 2 to sum over all the
different quadratic representations. Now, from equations {3.63) and {3.65), it follows that
the first set of selfconsistent equations, namely those which arise from the partial variation
of FI-?I%FB with respect to w in equation (3.60), are identically satisfied. The second set

remains, which reads:

3<?{HFB - HO>HFB 6<H1>HFB
m gial) wiale) = — P pp (3.71
) <hI'°(Q)>HFB Biala) Biald) 0 <h‘1-°(Q)>HFB )

or evalnating the right hand side of this equation and including the complex conjungate

equation yields the selfconsistent equations of the HFB approximation:
Wia(@) = (hial@))ypy 2nd (3.72)
wiale) = (hla(@),  Vieg . (3.73)

From the more general equation {3.71), it follows that, if one adds a term oh to the HFB
“ Hamiltonian, where % is not included in #;, the corresponding field variable & needs to

be zero. In fact, such a term would lead to the following equation:

B = a(m)HFB , (3.74)

8<B HFB
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and, because M, does not depend on &, it is equivalent to @ = 0. This proves the statement
that, within the HFB approximation only those fields provide a contribution which are
mediated by the interaction Hamiltonian. For instance in the attractive Hubbard model
only s—wave superconductivity will occur, while in the NNSP model this type of pairing

is not present.

3.3.3 Calculation of the HFB Free Energy Functional and Explicit Form
of the Selfconsistent Equations

The right-hand sides of the selfconsistent equations and the HFB free energy functional
integral can be calculated using the same technique as for the TISPA of the functional
integral formalism. Namely, introducing the Nambu representation of the HFB Hamilto-

nian:
Hun[u] = 58 Mupslule + 3 TeMigpfu] | (3.75)
with
MHF‘B[w] = Mg+ Z gi,a(?) {mt(il o, Q)wi,a(Q) + m(zl «, Q)w:,a(Q)} (376)
i,0,9
yields:
F¥# [w] = -——1— Tr In | 2 cosh —ﬁ—h—/lﬂ[—w—] - 9i,0(2) ’wg,a(f]) ’
HFB 28 ( ( D) )) ‘;? | ’
+% T: Mprpfu] | (3.77)

where additionally <hi'°(Q)>HFB and <h‘t'°'(Q)>HFB have been replaced by w, ,(g) and
w},(g) according to the selfconsistent equations (3.72) and (3.73). Based on this ex-
pression one can derive an explicit form of the selfconsistent equations. Varying FITI#FB [w]

with respect to w},(g) ylelds:

1 . 1 M .
wi.a(q) = _2' {TI ml(z, o, Q) - 5 Tr (‘La"nh (L??F—'B"M) m(z,a, Q))} ) (3?8)
whereas the equation for w] ,{(¢) is given by the complex conjugate equation. As in the
TISPA, one can reduce the number of equations if one takes only a finite set of variational
parameters into account. For instance, if one neglects spatial variations, only the ¢ = 0
components will contribute. On the other hand, all components which correspond to

nonhermitian field operators and positive coupling constants may be omitted?. That is

*We are using the same argument as before. Experience shows that for these components only the

trivial solution, namely zero, minimizes the free energy functional.
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one can replace the 1, @, ¢ ~ sum by the restricted sum Zii.a.q which was introduced in
section 3.2.2. Including this restriction, a comparision between the TISPA and the HFB

approximation is possible, which is discussed in the following paragraph.

Comparision to the TISPA

As in the TISPA, the free energy within the HFB approximation is given by the HFB free
energy functional evaluated at the minimizing field @. That is,

HFRB e
F "2 Fippl®] (3.79)

For this reason the original Hamiltonian # is replaced by the HFB Hamiltonian including
the quadratic terms (¥ — Hurp)urB:

2 Ho+ Y 00a(0) {0 (@0 (0) + BLa(0)hiale) -

1,0,9

maaf} . 380

where, as mentioned above, the sum over all 4, o and ¢ is replaced by the restricted sum,
excluding those terms which correspond to positive coupling constants and nonhermitian
operators. This Hamiltonian appears like the TISPA Hamiltonian in equation (3.43), but
there is a big difference. If one rewrites the TISPA Hamiltonian including the replacement
i— 4,0 and g:(g) > Migio(g) with 33, A =1 and }; > 0, one obtains:

o0} (38D)

Hrispa = Ho + Z *A!‘ gi.Q(Q) {ﬁi,a(Q)hI,a(q) + ﬁ;,a(q)hi.a(q) -

1,0,9

From this equation it follows that both approximations are identical only for A; =1 V1.
This constraint canses no contradiction and both approximations are indeed identical if
within the functional integral description only one quadratic representation is used. How-
ever, the TISPA and the HFB .a.pproxima,tion are different from each other if two or more
representations are taken into account, because the sum over all A; has to equal one, which
cannot be satisfied for A; = 1 V4. For this reason one can ask if the TISPA with an ap-
propriate choice of the parameters A; might lead to a better mean field approximation.
Nevertheless, the HFB approximation is a variational method and leads to thermodynam-
ically selfconsistent solutions for the variational parameters. For this reason it is used to
stndy the NNSP model.
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Chapter 4

Symmetry Hartree Fock Approximation
for the NNSP Model: Formulae

Within the previous chapters a very technical formalism was introduced. This chapter is
designated to apply this formalism to the NNSP model. Just writing down the functional
integral as it was shown in the second chapter does not provide any information about
the phase diagram of the model, but it gives an idea on how to construct a trial Hamil-
tonian for the symmetry—broken Hartree Fock Bogoliubov approximation. In fact, this
approximation is one of the easiest ways to derive the phase diagram of a given model. If
the proper trial Hamiltonian is used, it yields qualitatively good results. Furthermore, it
is a thermodynamic selfconsistent approach. In this chapter a trial Hamiltonian is incor-
porated including antiferromagnetic and superconducting variational parameters and the

selfconsistent equations are derived. Some remarks on the technique used for solving the .

selfconsistent equations simoultaneously are also included.

4.1 Trial Hamiltonian, Free Energy Functional and Self-

consistent Equations

4.1.1 Construction of the Trial Hamiltonian

The antiferromagnetic phase diagram of the interaction Hamiltonian of the NNSP model
was derived in chapter 1. In two dimensions it shows an antiferromagnetic phase transition
for all fillings. On the other hand, a BCS approximation for the total Hamiltonian, kinetic
and interaction part, leads to a superconducting phase transition [Schneider90a]. For this
reason variational parameters which couple on one hand to the antiferromagnetic and on
the other hand on the pairing field operators have to be included in a variational HFB

59
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Table 4.1: Variational parameters and corresponding field operators for the symmetry
broken HFB approximation of the NNSP model.

repr. — fieldoperator variational | nature | coupling
index | parameter constant
1 =y = | | wLja

: B=Tg=0= Esz}-nka p rea zLf

s, f
1 SAF = Sg=—q = HQTL- Eck—f«QTCkT ~ CkrQiCky TMAF real Wzl
k
Pg=0)= - A | L
2 (g=0) = I ;C—kickT falk) . { a}a:.l...z complex | W

approximation. Table 4.1 summarizes this minimum set of variational parameters and its
corresponding field operators. The index in column 1 is the same index as in table 2.2
and enumerates the quadratic representation of the interaction Hamiltonian from which
the field operator in the second column originates. It should be emphasized again that
within the HFB approximation no parameters A; have to be introduced. The variational
parameters and their nature are given in the third and forth column, while the last column
lists the effective coupling constants. The first field operator describes a nniform charge
distribution and leads to the usual Hartree approximation if no further terms are added to
the trial Hamiltonian. As shown below, it renormalizes the chemical potential. Inclnding
the SDW operator in the second row allows for an antiferromagnetic phase transition,
while including variational parameters corresponding to different types of pairing oper-
ators might lead to superconductivity with different symmetry. The corresponding field
operators are given in the last row of table 2.2. Here the structure functions might be the
cartesian or the group theoretical functions defined in chapter 2.1.2, or any other set of

functions with

S(k—K) = 23 fulk) falk) (4.1)
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Using this table and the general ansatz in equation (3.54), the trial Hamiltonian then
reads:

Hursle, mar, &) = Y (& — p)nis free part
k.o
WzL 1
+2 : 0 (E ana) density
ko (4_2)
1
1 t
+ 2WzL mar (EE- ; CkyQ1Cht Ck-I-Qch—) AF

1
+WiL Z{ (f ZC—HCH fa(k)) A% +h. c.} . Pairing
o %

As already mentioned in the general considerations in chapter 3.3, the additional factor
2 in the density and antiferromagnetic contribution has been introduced because 5 and
SAF hermitian operators and hence their variational parameters may be chosen to be real.
Exchanging the a—sum with the k—sum, the pairing term may be rewritten as follows:

WL ; { (% Z;‘C_HCH fa(k)) AL +h. c.} =Wzy_ {/_\g(k) C_g Sk + I c.}

k
(4.3)

with a k-dependent superconducting variational parameter
. 1 .
At (k) = - SOAL falk) . (4.4)
=]

In this form the pairing part of the trial Hamiltonian has the usual form as it is used
in the BCS approximation for non-local interactions [Schneider90a] or in similar HFB
approximations [Robaszkiewicz81b]. It should be noted that, if a general A*(k) is used in
the variational HFB approximation, one can see that it may be parametrized according
to equation (4.4). With the HFB Hamiltonian above as well as the general expression in

equation (3.77) and table 4.1, the free energy functional for the HFB approximation is

given by:
2 1
F¥.5lp. mar, A] = Furslp, mar, 8] - WL { % +mip+ - Y 1A (4.5)
with
1
Fura[p, mar, A] = ——1InTr exp (—fHurs[p, mar, A]) (4.6)

B
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_ —.%Tr o (2 cosh (ﬁMHFB[P,mAF. A]))

2
1
U Mirglp, mar, A] (4.7)

where Myrg[p, mar, A] is the Nambu matrix associated with the trial Hamiltonian in
equation (4.2). Using 7, ¢x = 0, the last term becomes

1
2

Wz
TrMII—IFB[Pn mar, A= —L (p -3 p) = —-Lg , (4.8)

where the right hand side of this equation defines the renormalized chemical potential Z.
Now, in principle one can write down the Nambu matrix Murg[g, mar, A] and it can be
diagonalized so that the matrix trace in equation (4.7) can be derived explicitly. From the
resulting expression for the free eﬁergy functional one can then derive the selfconsistent
equations for the variational parameters. However, we prefer a Greens function method
in order to calculate the right hand sides of the maore formal selfconsistent equations in
equations (3.72) and (3.73), which give the relation between the variational parameters
and their corresponding field operators. For the variational parameters p, mar and A,

and their complex conjugates they read explicitly:

p o= 3L (adues (49)
MAF = %;{(CLQTC&T)HFB‘<"}c+olcu>HFB} (4.10)
Ae = %;(C_HCH)HFB fal) (4.11)
AL = %;(chclu)m MO (4.12)

Before calculating the right hand sides of these equations we want to discuss an important

point regarding the grand canconical description we have used up to now.

4.1.2 The Free Energy Functional for Fixed Particle Density

In a grand canonical description thke chemical potential is fixed and the electron density
is a fluctuating entity. For this reason the free energy functional above depends on p
and, using a saddle point approximation, one gets a selfconsistent equation for p. Usually,
however, one is interested in the physics for the fixed particle number density n = N/L,
where N is the total number of particles and L the system size. In this case one can

replace p by the fixed value of n and, because Hypp depends only on (u — Wzn/2), the
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chemical potential by the renormalized chemical potential ZZ, which has 1o be determined
selfconsistently. Furthermore, one needs to introduce the canonical free energy functional

Afipp = Fles +IN (4.13)

which, neglecting n~dependent terms, is explicitly given by

_ _ 1
AﬁFB[;.t, mar, A = Furgp[E, mar, A] — Wzl {miF + ;Z jAa|2}
ypln | (4.14)

The canonical free energy functional is written as a function of Z, mar, A4 and their
complex conjugate variables, because the selfconsistent equations above may now be de-
rived by minimizing the canonical free energy functional with respect to these variables.
In particular, the first of the selfconsistent equations results from the condition

aAﬁFB = {j

= (4.15)

which is an implicit equation for z. This discussion seems at this point a bit artificial, but

it is important for instance for the calculation of the specific heat in chapter 7.

4.1.3 Equations of Motion for Creation and Annihilation Operators

In order to calculate the right hand side of the selfconsistent equations (4.9) ... (4.12)
using a Greens function method, it is very practical to start with the derivation of the
equations of motion for the creation and annihilation operators. Their 7—dependence is

defined with respect to the trial Hamiltonian and is given by

ek ()= eHHFB T ct e~HurFB T (4.16)

Here we have introduced the following notation:

t —
& = ¢, for a=+4 (4.17)
¢, for a=-—

where o is assumed to be —1 for spin down and +1 for spin up. Differentiating equation
(4.16) with respect to 7 yields the equation of motion for the creation and annihilation

operators:

3 et (7) = [rwen, ] () (418)
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The calculation of the commutator is a quite simple but long task and needs not be

included here. The result is:

—cka(ﬂ +{(e - Bk, (r) + Wao (D% (k)T _ () + marcE o, (1))}
' (4.19)

where A7 (k) is the k-dependent superconducting variational parameter A(k) as defined
above and A*(k) is its complex conjugate. In the first chapter we have made the general
assumption that the model is considered on an bipartite lattice with transformation vector
Q = (m,m,...). For this reason the following equations are valid for all integral numbers
leZ:

Ci:ch-l»-nQa = ¢ for n=20 , (4.20)
c;ct-l-nQu = Cf:-;—Qo' for n=214+1

Based on these relations and with the equation of motion (4.19) one obtaines directly an
equation of motion for C,:::+Q6(T), which is given by:

d
ch_l_qa(*r) = :f:{ (e — ) cf_I_Qa('r] +

Wza (Ai(k) Trpg_o(T)+ mAFCki,(T)) } , (4.21)

so that this equation (4.21), equation (4.19) and the equations for —k and opposite spin,
which result from equation (4.21) and (4.19) by replacing k by —k and o by —o, define a

complete set of time—dependent differential equations.

4.1.4 Greens Function

From the equation of motion for the creation and annihilation operators we obtain which
one-particle Greens functions couple. Therefore it is not very useful to start from the
general Greens function matrix defined in chapter 2.3.4. It is better to start directly from

the following four Greens functions:

Golk,7) = (Teeg,(r)ch,). (4.22)
Goo(k,7) 1= (Treprgo(Tel,) o (4.23)
Fi(k,7) = (Tocly (M)el,), o (4.24)
Fl (k1) = <T.,ct_(k+Q]_a(T)cLa>HFa . (4.25)

In addition, from the selfconsistent equations it becomes clear that it suffices to know

these Greens functions in order to calculate the mean values of the field operators on the
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right hand side of the selfconsistent equations. Using equations {4.19) and (4.21), the time

derivatives of these Greensfunctions are:

L Golky) = 8(r) - (e~ MGolky7)

dr
~Wzo (A(k)F} (k, ) + marGoo (k, 7)) (4.26)
2 Gaolki7) = ~(ersq - F)Cao(k,7)
~Wzo (~AR)FS, (k,7) + marC,(k, 7)) (4.27)
LRLk) = (- IEL (k)
-Wzo (A" o (k,7) + mppF! kT )) (4.28)
d

—Fh,(k,7) = (ex+q — E)Fp,(k,7)
-Wzo (—A*(Fc)GQU(k,T) + marFl (&, T)) ) (4.29)

dr

where the relations in equation {4.20) have also been incorporated. If only nearest neighbor
hopping is under consideration, one can replace ;g by —ex. If, however, the free particle
dispersion relation includes the next nearest neighbor hopping terms, ¢; has to be replaced
by ex + € with €x10 + €9 = —€ + €. In this case, in the formulae above one has to
replace €x4.0 by —¢x and & by Z — ¢,. In the forthcoming treatment, however, we assume
only nearest neighbor hopping, bearing in mind that the generalization, including next
nearest neighbor hopping, is obtained by replacing & by  — €,. Now, using the Fourier
transformation in equation {3.7), the set of ordinary differential equations may be mapped

on a coupled set of algebraic equations by

d

- —iwn and &) —1 . (4.30)
T

As in the previous chapter 3 we do not introduce a new symbol for the Fourier transformed

functions. They are distinguished by their argument. The algebraic set of equations for

the frequency-dependent Greens functions then reads in matrix form:

€1 Wzomar WzoA(k) 0 G 1
Wzomar €3 0 ~WazaAlk) Goo | | O
WzoA* (k) 0 €3 Wzomp F! o
0 ~WzoA*{k) Wzomap €4 FI;,G 0

(4.31)
with

€ = (iwn‘{"fk_ﬁ)

€2 = (iwn_ek'_ﬁ)
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€3 = (wn—e+7)
€4 = (wonteat+@m . {4.32)
Using an algebraic computer system like Mathematica [Mathematica), it is an easy task

to invert the coeflicient matrix above. The result is:
€2€364 — szzmiFfa - szzla(k)lzq

o = : a.
G (iwn — E#)(iwn — E3) (4.33)
W222|A(k)|? ~ 264 + W222mi 5
Ggo = oWzmap (iwn — E}){(iw, — EZ) (4.34)
2.2 2 2.2, 2
Flo= owant(k) L2 AW cat Woami (4.35)

(iwn — B{)(wy ~ E3)

1 2.2 » €3 — €2
= W2map A*(k 4.36
Far = mar A0 G T B G — ED) (4:36)

Here the common denominator is the determinant of the coefficient matrix. Its roots define

the excitation energy spectra of the quasi particles and quasi holes:

Ef = £W22A(K)2 + (Eap + B)? (4.37)

Ef = +W22AR)12 + (Esr - B)? (4.38)
with

Epp = \Jet + W2zmdy . (4.39)

Without an upper index, E; always refers to E;’”

4.1.5 Selfconsistent Equations and Free Energy

In a straight forward way, i.e. without using the general results from chapter 3 {see the end
of this section), the expectation values on the right hand side of the selfconsistent equations
may be calculated from the Greens functions G,, Gg, and the anomalous Greens function
F!. In fact, in the limit 7 — 0~ one obtains:

Go{k,07) = —{nio)urs (4.40)
Goo(k,07) = _<c}cdck+Q0>HFB (4.41)
Fh(k07) = —(chuclice)ipn (4.42)
Fh (k,07) = —(a}wc*_(kml_a)HFB , (4.43)

so that the selfconsistent equations become

n = —%ZGa(k,O') (4.44)
ko
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maAp = 21L {Gar(k,07) — Ggy(k,0” )} (4.45)

A, = _EZ(F}(k,o—))* falk) (4.46)
k

8y = ——};;ﬂ(k,o-)f;(k) . | (4.47)

Note that the fourth Greens function is not nsed because no variational parameter corre-
sponding to f—pairing [Yang89] has been included into the trial Hamiltonian. Nevertheless,
this Greens function component may not be omitted in order to get a closed set of coupled
equations of motions for all Greens functions. The inclusion of a n-pairing variational
parameter and its implications is briefly discussed in chapter 8. Now, the limit = — 0~
may be calcnlated from the frequency dependent Greens functions. For this purpose it
is vseful to write them with simple denominators. All four Greens functions have the

following form:

G(k, iwy)

(i — B7)(im = BD) (4.48)

G(k, twn) =

where G(k, tw,) represents one of the four Greens functions in equations (4.33) to (4.36),
while G(k,%w,) is the numerator of G(k, iw,) and is a polynomial of third degree of iw,.

For this reason one can write {using again Mathematica [Mathematical)

Gk, twn) = 222: { (k, E) G,(k‘"E")} : (4.49)

E; = Wip — B; wy, + E;

The advantage of this representation is that one now has obtained simple denominators

of degree one and that the numerators do no longer depend on frequency. With

eﬁT

. - f = {
%Z ex.p(zwn‘r) _ ) eB1 = 7 f(e) o (4.50)

n— € ET

—;‘:'é%‘:I = —e“f(—e) for 7 <0 ’

the 7—dependent Greens functions for 7 > 0 are therefore given by:

1

Gk, > 0)= EZ E2 . 2E3 {eE."r (.:;}(k, E) f(E) - e BiT é(k, -E;) f(—Ei)}
) (4.51)
and for 7 < 0 by:
. . :
G(k,7 < 0) E >3 21) ! {eE"TC‘.(k,E,-) f(~Ei) - e B G(k, - Ey) f(E,-)} 1

1i=1

(4.52)
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from which the desired r-limit can be calculated at once. The result is:

1)t+1

Gk, 7 = 0—') = = E

111

{Gk, B)F(~E:) - Gk, -E)F(B)} . (4.53)

Finally one can replace the Fermi function by:

flz) = 1- ta,n;l(ﬂ:c/Z) . (4.54)

This leads to:

I 2 (=)™ [ Gk, E)) — G(k, - E;)
Gk r=07) = g X e { a + (4.55)
é(k1E1)+é(k1_Et) ﬂEt
2 ta,nh (—"2—)}

Using this formula and the expressions for the frequency-dependent Greens functions
above in equation (4.33) to equation (4.36), from which the denominators G(k, E;} and
é(k, — E;) can be directly obtained, the result for the time-dependent Greens functions
in the limit r = 07 is

- 1
Go(k,07) = -5+ m{fek—EAF)(EAF'i‘ﬁ)AI’*'
(e + Ear)( Ear - !T)Az} (4.56}
-y _ oWzmpp _ _ '
Gao(k,07) = —2—{(Bar + )41 + (Bar ~ F)A2 (4.57)
WzA*(k
Fi(k,07) = “_z—u{(EAF—ek)Al+(EAF+ek)A2} (4.58)
4E)F
2,2A%
t -y _ OWEEAM(E)mar . .
Fh,(k,07) = o {41~ 4}, (4.59)
where A; is defined hy
1 BE; .
= — = 4,
A Etta.nh( 5 ) for 1=1,2 | (4.60)

while the definitions of the quasi particle energies E; and of the energy Ear are given in
equation (4.37), (4.38) and (4.39), respectively. Summing these expressions over ¥ and o
yields the right hand sides of the selfconsistent equations. They are:

the equation for the chemical potential:

n=1+ ‘—Z{(EAF-%-#)Al (Ear —mAz} ; (4.61)
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the equation for the antiferromagnetic parameter:

Wzmpp 1

4L 4 Eap

{(EAF + E)A1 + (EarF — F)Az} ) (4.62)

and the equations for the pairing parameter:

Aaz—%z_fa(k)&(k){jll-l—Ag} for a=1,...,2 (4.63)
k
with
AR = ST ALLK) O (a69)

Note that the coniributions in the equations for the pairing parameters which arise from
the terms proportional to € in the expression for the anomalous Greens fanction F} {k,07)
vanish, for a shift of & — & + Q changes the sign of ¢ while fo(k)A(k) remains invari-
ant. These 2 + 2z equations (including the complex conjugate equations for the pairing
parameters) have to be solved simultaneously. In order to find the solution which belongs
to the global minimum of the free energy functional, it is useful to derive an explicit ex-
pression for it. This can be done by integrating the selfconsistent equations because they
resalt from varying the (canconical) free energy functional with respect to 77, mar and the
pairing parameters A, and their complex conjugates. From the selfconsistent equations
above it is not very difficult to obtain the analytic form of the free energy functional. It

reads:
1 E,
ki
1
- WzL {mip+;Z|Aa|2} : (4.65)
This expression can be directly derived using the general results of chai:ter 3.2.2 and the

quasi particle and hole excitation spectrum given in equations (4.37)...(4.39). In fact,

because formally

Fyrp = —%Tr In (2 cosh (ﬁM;‘FB)) -zl (4.66)

and the eigenvalues of Myrp are given by the excitation energies Ef (k) for ¢ = 1,2 and
o = & and for all & in the first Brioullin zone, the Nambu matrix Myrp may be replaced
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by Ef(k), so that the trace operation reduces to a sum over :, @ and k. Finally, the cosh-
function is symmetric so that the a—sum causes a factor of 2. The results of this section
are summarized in tables 4.2 and 4.3. They include the Hamiltonian of the NNSP model,
the trial Hamiltonian, the canonical free energy functional, the quasi particle excitation
energy spectra and finally the selfconsistent equations. The results listed here are valid
for all dimensions. In the forthcoming sections, however, only the two dimensional case is

considered.

Table 4.2: Summary of the formulae for the symmetry-broken HFB approximation for
the NNSP model 1: Hamiltonian and trial Hamiltonian.

Hamiltonian of the NNSP model:

Wz
H =3 (e — u)nno + I 2 S(Q)Cfcdrqrck'rci'c'—uck'l
ko a.k k!

with

1 .
S(q) = ;zelqéa

Trial Hamiltonian of the HFB approximation:

_ 1
Hure = Z(E" — BNk + 2WzL map (Ef Z C}‘c+QTCkT - c}c.{_Qch)
%

ko
> 1 T .
+WL . {(—L- - C—k.Lckaa(k)) Aa-{-’h C.}

where the fo(k) are defined by

S(k~K) = = 3 fulk) 28"
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Table 4.3: Summary of the formulae for the symmetry-broken HFB approximation for
the NNSP model I: free energy functional, excitation spectra and selfconsistent equations.

Canonical free energy functional:

AﬁFB = —%Zln (2cosh (ﬂTEt-)) +aL(n-1)-WzL {mip + %ZMGF}
ki e

Excitation spectra:

Ef = £\/W222|A(k)f2 + (Ear + 1)

Ef = £,/W22|A(K)2 + (Ear — B)?

with

Epp = \/c,zc + W2z2mi,
and

NOEES WA

Selfconsistent equations:

electron density and chemical potential:

n=1+ %;{(EAF + E)A1 — (Ear —TL)A::}

antiferromagnetic parameter:

1 — —
. B {(EAF + B A1+ (Bar — #)A2}
pairing parameters:
Wz
A, = _H¥fa(k)a(k){A1 + M4} for a=1...z

with

1 BE;
A,_Etanh( 2 )

3
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4.2 Selfconsistent Equations for D = 2

4.2.1 Extended s—wave/d—wave Pairing and Relative Phase

In two dimensions ten coupled nonlinear equations have to be solved simultaneously. For
singlet pairing the pairing parameter has to be an even function of the relative momentum
vector k [Sigrist87], i. e.:

A(k) = A(—k) . (4.67)

Within the group-theoretical representation (see table 2.1 on page 23), this means that
the p-wave components vanish identically or may just be omitted, so that the k~dependent

superconducting variational parameter now becomes:

B(K) = 2{Bea feslk) + Bafal)} (4.68)
with

fes(k) = (cos{ky) + cos(ky)) (4.69)

fa(k) = (cos(k.) — cos(ky)) . (4.70)

The two components A, and Ay, which describe zs—~wave and d~wave superconductivity,
respectively, are still complex numbers. It is very practical to introduce the phase of these

parameters according to

A:cs = lAwsleiéw (4,71J
Ay = |Dglee (4.72)

and the relative phase

¢= s —dd - (4.73)

Because the free energy functional depends on the absolute value of the k-dependent

superconducting variational parameter, which is now given by

A = Z5{ 18aaf? F2,086) + 18aP F3E) + 2100 18] o (B) ful) cos(@)} (474)

and on the absolute values of A, and Ay in guadratic terms, only the relative phase is
important. For this reason the two complex equations for A,, and A,z reduce to three
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real equations for |A |, [A4f and ¢. They may be derived either by introducing the phase
factors in the selfconsistent equations for A,,; and Ay, or by differentiating the free energy
functional with respect ot |Azs|, |A4| and ¢. The second method yields:

9A* 1 BE;\ 9E; ~
SIA - T Zt h( )GIA | —2WL|A for «=zs,d (4.75)
A% OE;
50 ——Zt ( )a¢ : (4.76)
where
OE; w?
alA:{:sI - Efrs (f:rs |Ars| + .fd' |Ad| COS(¢)) (477)
OF, w?
EV Efd(fdlﬂdl+fms IAulcos(qf;)) (4.78)
, 2
%71 = _%|A35||Ad| f.'r:.s fd Sin(ﬁb) . (4.79)
The selfconsistent equa.tions for [Azs|, |Ag| and ¢ now become: _
1A = me B) (D] fus (k) + |Ad] cos(¢) fa(h) ) { A1 + 42} (4.80)
|Ad] = __Zfd(k)(lﬂ-:s|cos(¢)fzs(k)-I-|Ad|fd(k)){A1+A2} (4.81)
k
2
0 = T landIBalsin(@) Y o B) felk) {41 + 42} (4.82)
k

Clearly the absolute values of the zs~wave and the d-wave components have to be real
and positive. For this reason the range of solutions for |Az,| and |Ag4| can be restricted
to R* x R*. As a function of ¢, the free enérgy functional is periodic with period =,

because a shift of ¢ by 7 yields
AEI,,, = {182 200 + 1847 £3(8) (4.83)

= 2[Agy||Ad] fas (k) falk) cos(@) }

i. e. the sign in front of the mixed term changes. Now one can exchange the kz— with the

¢t

k,~sum in the expression for the frec energy functional. This does not change the sign of
fzs(k) but of fz(k), so that with

Ak A (k) | (4.84)

P+ ks Hky

the free energy functional remains invariant under the transformation ¢ — ¢ 4+ 7, which
means that it is periodic with period m. To summarize, the selfconsistent equations for

the pairing parameters have to be solved in the range

(182,104, ¢) € R* xR* x[o,n] . (4.85)
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The equation for ¢ can be solved analytically, which is shown in the next section.

4.2.2 s+ :d Pairing

or minimizing the free energy functional with respect to ¢. First of all, from the free
energy functional or explicitly from the selfconsistent equations, it becomes obvious that
¢ is irrelevant and has no more meaning if one of the two components [A,;| or |Ag4] vanish.
In this case ¢ can be arbitrarily chosen without changing the result. Consider the mixed
phase where both components |A;,| and |Ag4| are nonzero. The equation (4.82) for ¢ is

therefore satisfied if

sin(¢) = 0 (4.86)
VY fesR) falk) {s + 42} = 0 . (4.87)
k

The solutions of the first of these equations are
¢max(l) =ir Vvl € Z (488)

and in the range [0, 7[ only ¢ = @max = 0. As we shall show below, these values of ¢ lead
to maxima of the free energy functional. The solutions of the second equation are the odd
multiples of x/2:

bmin(l) = @I +1)2 VieEZ (4.89)

and in the range [0,7[ only ¢ = @min = 7/2. They belong to minima of the free en-
ergy functional. Before we prove the maxima and minima properties of the free energy
functional with respect to these values of ¢, we need to show that in fact ¢min(!) solves
equation (4.87) and that there do not exist any further solutions. For ¢ = ¢min(f), the
absolute sqrare of A(k) becomes symmetric with respect to the exchange of the k;~ with
the k,~axis. On the other hand, the product of the two structure functions fz,(k) fa(k)
changes sign if k; is replaced by k, and vice versa. For this reason the odd multiples of
7 /2 solve equation (4.87). In order to see that there are no further solntions, it is useful
to consider the derivative of the left hand side of equation (4.87) with respect to ¢, which

is given by:

2 2 a8 ;
g%z?fm(k) fak) {4 + A2} = —W? |51 sin(qb)kzlif“(k; fd(’“) Ter (490
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with

dA4; 8 { 1 sinh(ﬁE£/2)}SO , (4.91)

8E; ~ 2E;cosh(BE./2) \cosh(BE:/2)  BE:/2

which is less than or equal to zero becaunse cosh{z) > 1 and sinh{z) > z forall z € R
and 8 and E; are always positive quantities. Moreover, it is negative for all E; > 0 and
vanishes for E; — 0. The set of (ky, k,)-pairs, for which E; = 0 or f2,(k) f2(k) = 0 is
a nonmeasurable set. For this reason the expression on the right hand side of equation
(4.90) is greater than zero for all ¢ €]0, 7[. For ¢ = 0 or ¢ = =, it becomes identically zero
because of the pre—factor sin(¢). Finally, this shows that the left hand side of equation
(4.87) is a strictly monotonic increasing function of ¢ for ¢ €]0, [, and hence proves
that dmin = 7/2 is the only solution of equation (4.87) in this range and, because of the
periodicity =, the odd muitiples of /2 are the only solntions of equation (4.87) for all ¢.
The derivative of the free energy functional with respect to ¢ is given by:

oA*  W? . .
B = |Seell8dlsin®) 3 (k) Sl {1+ A2} (4:92)
From the considerations above it follows that the k—sum is negative for ¢ € [0, 7/2[, zero
for ¢ = n/2 and positive for ¢ €|n/2, [. In the range {0, n[, sin(¢) is always greater than

or equal to zero. Therefore:

5

aA¥

< 0 for ¢€]0,7/2f
o6 )

0 for ¢elr/2,%[ ' (4.93)
= 0 for ¢=0xr/2

This shows that A# asa function of ¢ has a maximum at ¢ = 0 and, due to the periodicity,
at all even multiples of 7/2 and minima at all odd multiples of #/2. In figure 4.1 the free
energy functional A#/t is plotted as a function of ¢ for T/t = 0, W/t = —4 and n = 1.2,
_ while the variational parameters |Az,|, |Agl, mar and & are determined selfconsistently.
Figure 4.1 visnalizes the general behavior described above, namely the minimum at ¢ =

7 /2 and the maximum at ¢ = 0 in the range of [0, #[, which is true for all parameters.
. Moreover, it shows that the difference between the maximum and the minimnm values of
A# ftis not very large. For this reason the solutions of the selfconsistent equations depend

not very sensitively on ¢.

In this section, we have shown that the relative phase between the zs—wave and the d-
wave component, which minimizes the free energy functional, is 7 /2 (or all odd mnltiples of
7/2). This is usually refered as zs + id-pairing [Sigrist87]. For ¢ = 7/2, the selfconsistent
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— 0 1.
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equations for the absolute values of A,; and A, then become:

Bl = Y {4 42)

v lAd[ Zfd “{41 + AO}

and the square of the absolnte valne of A(k) is given by:

| A

i

8P = {180 2,00+ 184 B8}

(4.94)

(4.95)

(4.96)

which enters in the equations for the chemical potential and the antiferromagnetic varia-

tional parameter. The free energy functional and the selfconsistent equations for D = 2

are summarized in table 4.4.
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Table 4.4: HFB free energy functional, excitation spectra and selfconsistent equations of
the symmetry—broken HFB approximation for the NNSP model for D = 2 and ¢ = n/2.

Canonical free energy functional:

1 E; _
AﬁFB = 3 ;ln (2 cosh (ﬁQ )) +zLl(n-1) - WL{4m%F + |Ags| + |Ad|2}

Excitation spectra:

Bf = £,/16WA(K)? + (Ear + 1)?

Ef = +\/16W2|A(K)|? + (Ear - B)?

with

Eur = \/ez + lﬁWzmiF
2_ 1 2 2 2 42
AR = o { 8al? £2,(6) + 124 £3(R)}

fes(k) = cos(k,) + cos(ky) and fy(k} = cos(k;) — cos(ky)

Selfconsistent equations:

electron density and chemical potential:
n=1+ S > {(EAF + M)Ay — (EaF - ﬁ)Az}
2L 5

antiferromagnetic parameter:

Wmar 1 _ —
Far — u}A
7 ; B {(EAF + )AL + (Ear — 1) 2}

MAP = —

zs-wave and d—wave pairing parameter:

W [Aqf

el = =41

Zfi(k){A1 + Az} for a=uzs,d
k

with

1 BE;
A; = —tanh
E; o ( 2 )
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4.3 Numerical Remarks

Finding the roots of a single nonlinear equation is, in most cases, a simple numerical task.
A Newton methad is usually sufficient, or, if one is not able to calculate the derivative of
the target function but is able to bracket the root (to find a value on the left and right
hand side of the root), one can use a secant method or related methods, like a bisection
or false position method [NumRec]. For a highef dimensional set of coupled nonlinear
equations the situation is more difficult. One can also use a generalized Newton method,
but it converges only if the starting point is very close to the root. Furthermore, at each
iteration step the Jacobian has to be calculated, which requires a lot of computing time.
For these reasons we have used a different but straightforward method. First of all it
is quite easy to show that n(j), defined by the right hand side of the first selfconsistent
equation in table 4.4, is a monotonic increasing function of the renormalized chemical

potential Z for all parameters. Differentiating n{z) with respect to & yields:

I _ ST A + Ay 4 (Epp +1) oL 201 _pyierite 97
o 2sz: 1+ A2+ (Ear + B) 37 F, (Ear — % aEg} (4.97)
With |
8Ey _ (Bar +p) '
5 T (4.98)
0E; _ _ (Bar-7)
am E, ! (4.99)
the previous equation becomes:
on{p) 1 (Bar +B)2 041 | (Ear — )% 042 !
% _2L¥{A1+A2+ oy ey G (4.100)
Because A; > 0, (Eap + ) < B}, (Ear — B)? < E? and 04;/6E; < 0 with
oas| _ ok
oFE; dE;
_ A {1 B BE;/2 }
KB sinh(BFE;/2) cosh(BE;/2)
< = .
< E o (4.101)

the partial derivative n(f)/0F is always positive or vanishes. Moreover, it is easy to show
that n(Z) obeys the following two limits:

ﬁli_*n;c"n.(;ii) = 2 (4.102)
lim »(g) = 0 . ' (4.103)

H——o0
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For half-filling the renormalized chemical potential is always zero, i. e.
n(f=0)=1 . {4.104)

This is an exact result and is reproduced by the HFB approximation. From these rela-
tions, it follows that iz is always negative for » < 1 and positive for n > 1. Because of this
nice behavior of n{fZ), it is possible and very practical to use one of the one-dimensional
methods to invert the first selfconsistent eqnation in order to get a function or procedure
E(|Azs|, |Adl, mar,t, W,T,n) which calcnlates & for given but arbitrary variational pa-
rameters |A,|, |Agl, mar and mode] parameters ¢, W, T and n. For that purpose we have
implemented the false position method described in [NumRec], for it yields the fastest
algorithm and even converges for discontinous target functions. For bracketing the root,
we have maltiplied or divided a starting value for & several times by a constant up to the
point where two bra,ckéting values have been found. The starting value for & has been
chosen to be positive for » > 1 and negative for n < 1. Because of the behavior of n(f)
described above, the false position method together with this bracketing technigae will
always converge. Using this function within the evalnation of the right hand sides of the
remaining selfconsistent equations reduces the number of equations by 1. The price to pay
is the calculation of the chemical potential for every function evaluation. The advantage,

however, is that now the three equations have all the same form, namely

mar = mar Iar(|Bos|, [Aal, mar) (4.105)
|Bzel = Az Les(|Basl, [Aal ,maR) (4.106)
[Aa] = |Ad| Ta(|Az], [Ba] , mar) (4.107)

where the functions Iaf, I, and I; are defined by the right hand sides of the selfconsistent
equations, and the renormalized chemical potential has been replaced by the numerical
function G{|A.|,|A4|, maF,t, W, T,n) described above. These equations can be iterated,
i. e. starting from an initial guess for the parameters |Ag,|, |A4| and mar, a subsequent
evaluation of the functions Iaf, I, and I; might hopefally converge. This means one is
looking for a stable fixed point of the dynamical system defined by the three fanctions
Iazr, Ixs.and I3. This method works for almost all input parameters. It converges rather
fast if the parameters are far from any phase transition, but it is nearly impossible to
calculate sharp phase boundaries because near a phase boundary the free energy fanctional
becomes too flat. Therefore we have chosen another method which can be motivated as
follows. The minimum of a parabolic function in D dimensions can be found by minimizing
it in each direction. This procedure needs D one—dimensional root finding processes.
For an arbitrary function which is twice continuously differentiable, the neighborhood
of a minimum appears parabolic. That is, if one has a good starting point, the one-

dimensional root finding methods for each direction of the parameter space will hopefully
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lead to the desired solution. Because the function is not exactly a parabolic function, one
has to iterate this process. In particnlar, starting from an initial guess, one first solves the
equation for the antiferromagnetic variational parameter. This leads tc a new value for
mar which, together with the other initial values for |Az,| and |A4], is used to solve the
second equnation. The result of this one-dimensional problem is a better value for |Ag,}.
In the last step of the first iteration step one uses the new values for mar and |Ag,| to
calculate a new value for |A,. If the free energy was a parabalic function, one iteration step
would lead to the right solution. But for a nonparabolic function one has to use the new
values for mar, |Ay,| and |Ayl to start a second iteration step and so on. If one starts not
too far from the minimum, this iteration leads to the global minimum of the free energy
functional. The advantage of this procedure is that within every one-dimensional step
one can determine if for the corresponding variable only the trivial solution, namely zero,
exists. This leads to sharp phase boundaries. The disadvantage is obviously computing
time. Finally we have combined both methods. First we have iterated the selfconsistent
equations up to 50 times. Second, if after these 50 iteration steps the solution is not found
yet, the second method is used. In figure 4.2 the results of all three methods, the iteration
method (figure 4.2 (a)), the method using one-dimensional root finding techniques (figure
4.2 (b)) and the method which combines both techniques (figure 4.2 {c)) are shown. In
each diagram the values for mar, |Ag4f and |A,,| after each iteration step are plotted as
a function of computing time for W/t = —4 and n = 1.2. On the left hand side they are
plotted for T = 0 (far from the critical temperature), while on the right hand side they are
shown for T = 0.5 {just above the critical temperature). Every point corresponds to one
iteration step. For T/t = 0, the simple iteration method (a) is about seven times faster
than the second method {b). The third method (c) is identical to the first one, because
it converges after 40 iteration éteps. On the other hand, near the critical temperature for
T/t = 0.5, the simple iteration technique does not converge within a maximum number of
1000 iteration steps which makes it useless for this set of parameters. The second method
converges as fast as far from the phase transition for T/t = 0 and the third method is
comparable to the second one. These calculations reveal that the best choice is the third
" method, for it is as fast as the simple iteration technigque far from any phase transition
and comparable to the secand method very clase to a phase transition. The results shown
in chapter 5 are calculated using this combined method.
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Figure 4.2: (see next page) The variational parameters mayp (+), |Azs| (O) and |Ag] (o)
as a function of computing time using the simple iteration method (a), the method using
one-dimensional root finding techniques (b) and the method which combires both tech-
nigues (¢). The curves are calculated for W/t = —4 and n = 1.2 for T/t = 0 (left side)
and T/t = 0.5 (right side). The initial values are |Aq4| = 0.2, |Ag| = 0.2, mar = 0.3,
wheras the final values for T'/t = 0 are |Ag| = 0.182, |A,| = 0.083, mar = 0.378 and for
T/t = 0.5 |Ag] = 0, |Ags| = 0, mar = 0.379.
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Chapter 5

Solving the Selfconsistent Equatiohs:

Order parameter for D = 2

In the following sections of this chapter the numerical results for the order parameter are
presented and discussed. In all figures the antiferromagnetic order parameter is drawn with
a solid line, the absolute value of the zs~wave component of the superconducting order
parameter with a dotted line and the absolute value of the d-wave component with a
dashed line. Calculations of the free energy functional are used to verify that the solutions
found by the iteration process described in the previous chapter 4 in fact minimize the
free energy functional. Due to particle hole symmetry (only nearest neighbor hopping
is taken into account) all functions of n are plotted as functions of |n — 1|. All energies
and temperatures are measured in units of the hopping integral ¢. The groundstate order
parameters are considered in section 5.1. In section 5.2 their temperature behavior is
studied, while in section 5.3 the HFB resnlts are compared with the resnlts obtained by
the BCS approximation.

5.1 Groundstate Order parameter

5.1.1 Half-filling: n =1

For half-filling the renormalized chemical potential is zero and both energy branches E;

and E; are identical:

Ey = E; = /& + 16W2(JA(k)|* + mig) . (5.1)

83
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Figure 5.1: The selfconsistent solutions for halffilling (n = 1) and 7'/t = 0.0 as a function
of W/t. Only for the antiferromagentic order parameter exisis a nontrivial solution, which
minimizes the free energy functional. Both |A.,f and |Ag| vanish for all coupling constants,
which shows that there is no superconductivity for half-filling. The inset zooms the weak
coupling regime in the range W/t = -0.5...0.

The selfconsistent equations for myr, |A,,| and |A;] now become very simple and read:

2w
map = — YAy (5.2)
k
W ldel 2 )
|A g STy E;fa(k)Al for o=gzs,d . (5.3)

Solving these equations leads to the important result that for halffilling there is no su-
perconductivity for all parameters, i. e. both components |A,,| and |Ag4| are zero for all
values of the coupling constants and all temperatures. This i3 shown in figure 5.1 for the
groundstate (T'/¢t = 0.0), where the sélfconsistent solutions are plotted as a function of
W/t. Only the antiferromagnetic order parameter mur is different from zero, increases
with increasing absolute value of the coupling constant and approaches the maximum value
of marp = 0.5 as W/i} goes o infinity. In this limit the exact groundstate is the perfect
Néel state and is reproduced by the HFB approximation. In fact for ¢ -+ 0 the right hand
side of the selfconsistent equation for the antiferromagnetic order parameter in absence
of any superconducting order becomes 1/2. The deviation from this maximum value for
the antiferromagnetic order parameter in the weak coupling regime is due to quantum
fluctuations which arise from the finite hopping amplitude. From the inset in figure 5.1
follows that the antiferromagnetic order parameter decreases exponentially for W/t — 0.

To visualize the absence of superconductivity for half-filling, the free energy functional
is plotted in figure 5.2 as a function of |Ag| and |A4| for W/t = —4 and T/t = 0. At
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each point in the |A.,|~|Ag|-plane, the antiferromagnetic order paramter is determined
selfconsistently. From this figure it becomes obvious that indeed the global minimum of
" the free energy functional lies at [A;,] = 0 and |Ag| = 0. It is quite easy to show that for
a solution of the selfconsistent equations with finite value of the antiferromagnetic order
parameter mar > 0, the components |A | and |Agl of the superconducting order param-
eter have to be zero. In fact, with f2(k) < 4 for nearly all k-values and f2(k) = 4 for a
nonmeasurable subset of the first Brioullin zone, the right-hand side of the selfconsistent

equation for |A,| becomes:

w 2w
%gfg(ml <_'JE_'§ijl.—_1 | (5.4)

because of the finite value of map which solves the antiferromagnetic selfconsistent equa-
tion. This inequality, however, does not prove that there do not exist any nontrivial
solutions of the superconducting selfconsistent equations for vanishing antiferromagnetic
order parameter, i. e. in the BCS limit. As shown in section 5.3, solutions of this type

exist but have always a higher free energy as a solution with finite antiferromagnetic order

-4
L 4.2

01 0.05
,A:r:sl 015

020

Figure 5.2: The free energy functional for half-filling with W/t = -4 and T/t =0as a
function of the components of the superconducting order parameter |Az,| and |Ag|. At
each point in the |A,;|-|A4|-plane mar and § are calulated selfconsistently. The absence
of superconductivity for half-filling is obvious.
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parameter, i. e.

A*(mar > 0,181 18D o < A% (mar = 0,182 [Bdb)|gog (55)

)'HFB
where the left—hand side is evaluated at the antiferromagnetic solution with marp > 0
and the right~hand side at the BCS solution with map = 0. Note that this inequality is
also valid away from half-filling. For half-filling, however, it shows together with the first
result in equation (5.4) the supression of superconductivity according to antiferromagnetic

order.

In this context, a comparison to the negative I Hubbard model with on—site attraction
is quite interesting. For this model a symmetry broken HFB approximation can also
be carried out, including an s-wave variational pairing parameter A, describing s-wave
superconductivity and a CDW variational parameter p,—g = pcpw, which describes a
nonuniform charge distribution corresponding to the wave vector @ [Robaszkiewicz81lal.
The resulting formulae for the free energy functional and the quasi particle energy spectra

are very similar to those of the NNSP model and read:

1 _ 2
AﬁFB = 3 Zln (2 cosh (%%)) +zl{n~-1)- UL{'O—??-N—- + |As]2} , (5.6
ki
with
Ey, = \/Ezlﬂalz + (Ecpw + 1)? (5.7)
E, = \/172|As|2 + (Ecpw ~ E)? (5.8)
and
Ecpw = \/:;i + U2p%pw/4 - (5.9)

For half-filling the renormalized chemical potential vanishes and both excitation energy

branches read:

Ey = By = \Je& + Upkpy/4 + A7) . (5.10)

From these formulae follows that the free energy functional for the HFB approximation for
the attractive Hubbard model is a function of the combined variable pipy /4 + |A%, 1. e.
it is degenerate on all cirlces pipy /4 + |A|* = R* with radius £ in the p/2-{A,|-plane.
This symmetry does not exist for the HFB approximation for the NNSP model due to

the nonlocal interaction which causes the k—dependence of the pairing functions. In fact,
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the k—dependence of f,;(k} or fi(k) leads to inequality (5.4} and proves the suppression
of superconductivity approaching half-filling. It should be noted that for the negative

U Hubbard model the addition of an arbitrary small nearest neighbor interaction term
favours the CDW- solution for half-filling [Robaszkiewicz8lal.
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Figure 5.3: The order parameters map (solid line), |Az,| (dotted line) and |Ag| (dashed
line) for jn — 1| = 0.2(a), 0.4(b), 0.6(c), 0.8(d) and T/t = 0 as a function of W/t.

5.1.2 Away from Half-filling

The W/t-dependence of the groundstate order parameter away from halffilling is shown
in figure 5.3 for different values of [n — 1}. In figure 5.3(a) the antiferromagnetic order
parameter (solid line), the xs-wave component (dotted line) and the d-wave component
{dashed line) of the superconducting order parameter is plotted for |n — 1| = 0.2, in
figure 5.3(b) for |n — 1| = 0.4, in figure 5.3(b) for |n — 1| = 0.6 and in figure 5.3(b) for
in — 1| = 0.8. It is interesting to observe that in contrast to the half-filled case in all four
figures, either the absolute value of the zs—wave component or the absolute value of the
d-wave component of the superconducting order parameter is nonzero for all W/t < 0,
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which shows that away from half-filling the groundstate exhibits off-diagonal long range
order and, if the system is noninsulating, superconductivity occurs! [Yangfi?, Rogovin76].
For |n — 1| = 0.2 (a) and for [n — 1| = 0.4 (b), the d~wave component is nonzero for all
values of the coupling constant and one can observe an zs-wave phase boundary below
which the zs-wave component becomes finite. On the other hand, for |[n — 1| = 0.6 {c)
and |n — 1| = 0.8 (d), the zs-wave component is nonzero for all values of the coupling
constant and there is a finite d~wave phase boundary. It follows that in the weak coupling
regime (say |W/t| < 2,...,4), the superconducting order parameter has d—wave symmetry
near half-filling and below |n — 1} = 0.5 and zs-wave symmetry above {n — 1| = 0.5, i.
e. in the low electron or low hole concentration regime. Approaching W/t = 0, the
superconducting order parameter becomes exponentially small. In the strong coupling
regime both components of the superconducting order parameter are different from zero
and the symmetry is mixed zs 4 id-wave: Meoreover, it seems that in the limit |W/t| — oo
both components saturate and approach each other. This behavior is discussed in the next

section, where the order parameters are plotted as a function of density.

Regarding the antiferromagnetic order parameter it becomes obvious that away from
half-filling there is a critical coupling strength below which the system shows antiferromag-
netic long range order. This antiferromagnetic groundstate phase boundary depends on
doping and decreases with increasing |n — 1]. Moreover, because either the zs-wave com-
ponent or the d-wave component of the superconducting order parameter is different from
zero for all coupling constants, it is also a phase boundary below which superconductivity
coexists with antiferromagnetism. As for halffilling the value of the antiferromagnetic or-
der parameter increases monotonically with decreasing coupling constant and approaches
its maximum value of /2 in the limit [W/t| = oo, which is in agreement with the exact
value obtained by the Monte Carloc simulation discussed in chapter 1. For this reason the
HFB approximation predicts the exact ground state even in the strong coupling limit. It
is generally accepted that mean field approximations give good results for small coupling
constants, so that one can conclude that the HFB approximation describes the antiferro-
magnetic groundstate properties of the model for all coupling constants less than zero® very
well. It has been argued [Nozieres85, Micnas90], that even in the superconducting case
the HFB approximation leads to acceptable groundstate results for all coupling constants.
In this context it is an interesting question which role the nonzero superconducting order
parameters play in the strong coupling regime. Do they still describe superconductivity?

In this limit the system becomes an insulator, so that they cannot describe superconduc-

'The additional constraint of being noninsulating is necessary, for there are systems which show off
diagonal long range order but are not superconducting, . g. the atomic limit of the attractive Hubbard

model.
2For positive conpling constants other variationsl parameters have to be included in the variational

HFB approximation.
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tivity. They describe, however, the existence of a macroscopic number of localized electron

pairs, which are indeed present in an antiferromagnetically ordered ground state.

Finally the competition between the different order parameters can be observed as a
function of coupling strength. As shown, for instance in figure 5.3(a}, [Ag4| increases in
a discontinuous way with the onset of the antiferromagnetic order but is suppressed at
the zs-wave phase boundary, and in figure 5.3(d), |Az| is twice decreased at the d-wave
aud the antiferromagnetic phase boundary. The competition between antiferromagnetism
and superconductivity becomes more obvious in a comparison of the HFB—approximation
with a finite value of the antiferromagnetic order parameter and the BCS-approximation,

where may is set to zero. This is shown in section 5.3.

To verify the results shown in figure 5.3, we have calculated the free energy functional
as a function of the components of the superconducting order parameter for different sets of
parameters. At each point in the [A,;|-}]Ag4|-plane the antiferromagnetic order parameter
and the renormalized chemical potential are determined selfconsistently. The first free
energy landscape in figure 5.4 shows its global minimum on the |A4|-axis. It belongs to
In — 1) = 0.2, W/t = -2 and proves the pure d-wave symmetry of the superconducting
order parameter. In figure 5.5 the free energy functional is plotted for [n — 1| = 0.2 and in
figure 5.6 for |n — 1| = 0.6 in the strong coupling regime for W/t = —6. Both free energy
surfaces have their minimum in a region with mixed xs4 id-wave symmetry. The last free
energy plot in figure 5.7 belongs to the low carrier density regime. For |n — 1| = 0.8 and
W/t = —4 it verifies pure zs-wave superconductivity.
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Figure 5.4: The free energy functional for [n - 1} =02, W/t = -2.0 and T/t = 0.0 as
a function of the components of the superconducting order parameter |{A,,| and |Ag4]. At
each point in the |A;|-|Aq4|-plane mar and [ are calculated selfconsistently. For these
parameters the symmetry of the superconducting order parameter is pure d-wave.
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Figure 5.5: The free energy functional for [n — 1| = 0.2, W/t = -6 and T/t =0 as a
function of the components of the superconducting order parameter |A.,| and [Ag|. At
each point in the |A_,|-|Az|-plane map and & are calculated sellconsistently. Here the
symmetry of the superconducting order parameter is mixed zs + i1d-wave.
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Figure 5.6: The free energy functional for |n — 1| = 0.6, W/t = -6 and T/t = 0 as a
function of the components of the superconducting order parameter |Az,| and {Ag4|. At
each point in the |A |-|{Az{-plane mar and Z are calculated selfconsistently. Here the
symmetry of the superconducting order parameter is mixed zs+1d-wave with |Ay,| = |A4|.

Figure 5.7: The free energy functional for [n — 1} = 0.8, W/t = -4 and T/t = 0 as a
function of the components of the superconducting order parameter |A,,| and [Ag]. At
each point in the |Ay,|-|Ag|-plane mayr and T are calculated selfconsistently. Here, in the
low density limit, the symmetry of the superconducting order parameter is pure zs-wave.
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5.1.3 The Groundstate Order parameter as a Function of Density

Most of the features described in the previous sections 5.1.1 and 5.1.2 become more clear
if one plots the order parameter for fixed coupling constants as a function of |n — 1|. The
strong coupling regime for |W/t| > 4 is shown in figure 5.8, whereas the intermediate and
weak coupling regime for |W/t| < 4 is shown in figure 5.9. In all figures the existence
of superconductivity (|Agl # 0 or |A4| # 0) for all densities away from half-filling and
the continous suppression of superconductivity approaching half-filling is visible. The
symmetry of the superconducting order parameter depends strongly on density. In the

strong coupling regime in figure 5.8 the superconducting order parameter is characterized

T 0.5 L B UL |
(c) W/t = —6. : (d) W/t = ~5.
E 0.4 - ]
3 |
ﬂ . 03 | b
& ' ]
bl ] [ ]
T - 02 F == NP . b
i \\‘ ] [ ”’ T e \\ “\ :
E \“ : f’ ‘,:““ A ‘\‘
] [, \ .‘J
1 0.1y d \ “\-
! “; / \ i
) I i ’
{ ' } L \ 1
—— PR NP ST B | DN 0. [ | A VU R SPL T
02 0.4 08 0.8 1. Q. 0.2 0.4 0.8 0.8 1.
I = 1] In - 1]

Figure 5.8: The groundstate order parameters mpp (solid line), |Ay,| (dotted line) and
|A4| (dashed line) as a function of |n — 1| in the strong coupling regime for W/t = —8.(a),
W/t = —7.{(b), W/t = —6.(c), W/t = —-5.(d).
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Figure 5.9: The groundstate order parameters map (solid line), |A,,| (dotted line) and
|Ag| (dashed line) as a function of |n — 1] in the weak coupling regime for W/t = —4.(a),
W/t = -3.(b), W/t = -2.(c), W/t = —1.(d).

by a very broad region in which both components |A4| and |A;,| are different from zero.
Only in a very small region around half-filling is the symmetry of the superconducting
order parameter pure d-wave and only in a very small region below |n — 1| = 1 is it pure
zs—wave. It appears that in the limit |W/t| — co both components become identical. This
means that in the strong counpling regime the probability to find zs-wave superconductivity
becomes equal to the probability to find d-wave superconductivity. Moreover, it shows
that the larger the absolute value of the coupling constant is, the less the symmetry of the
pairs plays any role. On the other hand, in the weak coupling regime for |W/t| < 3, the
region of mixed zs + id-wave superconductivity shrinks to a very small region between
|n — 1] = 0.55 and |n — 1] = 0.6 but it still exists and lies outside the antiferromagnetic
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phase. The numerical data show that even for W/t = -1, there is a region around
fn—1| = 0.56 with mixed zs + id-wave symmetry. In spite of this small overlap, the weak
coupling regime is characterized by the nonexistence of mixed superconductivity, pure
d-wave superconductivity near half-filling and below |n — 1| =~ 0.56 and pure zs-wave

superconductivity in the low carrier regime for |n — 1| > 0.56.

The antiferromagnetic crder parameter shows its maximum at half-filling and decreases
monotonically with increasing values of |n — 1|. It becomes zero at the antiferromagnetic
groundstate phase boundary. In the strong coupling regime antiferromagnetic long range
order exists for nearly all densities, whereas in the weak coupling regime the antiferromag-
netic order parameter is different from zero in a relative small region around half-filling.
Away from half-filling the nonzero antiferromagnetic and superconducting crder param-
eters indicate a coexistence between superconductivity and antiferromagnetism. From a
physical point of view a coexistence of antiferromagnetic order and superconductivity of the
same electrons seems to be surprising, because antiferromagnetism involves localized and
superconductivity very mobile electrons. The answer to this question is the occurence of
a phase separated region of antiferromagnetically ordered domains and itinerent electrons
which become superconducting below the critical temperature. This phase separation is

discussed in chapter 6.

For all values of W/t there are three distinct phase boundaries for mar, |Azs| and |Aq]
in the region between halfilling and |n — 1] = 1. As |n — 1| approaches half-filling, su-
perconductivity is suppressed due to antiferromagnetism. Moreover, the superconducting
order parameter also vanishes as |n — 1| approaches 1, which is not very surprising because
of the disappearance of any mobile charge carriers for n — 0 (no electrons) or n — 2 (no
holes). For this reason, |n — 1| = 0 and |n — 1| = 1 are superconducting phase boundaries.
In particular, |n — 1| = 0 is a phase boundary for the d-wave while |n — 1| = 1 is a phase
boundary for the zs-wave component. At all these phase boundaries, including [n—1| =0
for |Ag| and |n—1| = 1 for |A.| the corresponding order parameter vanishes continuously,
that is, the phase transitions are of second order. They are discussed in more detail in

chapter 6.

Concerning the d-wave superconducting order parameter shown in figures 5.8 and 5.9,
a strong correlation to the antiferromagnetic order parameter becomes visible. In fact, the
region where |A,| is different from zero is more or less identical to the region where the
antiferromagnetic order parameter is different from zero. In addition, |A4| increases with
the onset of antiferromagnetic long range order, whereas it is suppressed approaching half-
filling. This enhancement of |A4| can very clearly be observed in figure 5.9 (c) at [n— 1| =
0.45 or in figure 5.9 (d) at |n — 1] & 0.25. The smaller the absolute value of the coupling

constant is, the more visible is this effect, but it also exists in the strong coupling regime.
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From these results one can conclude that the competition between the antiferromagnetic
order parameter and the d-wave component of the superconducting order parameter is
constructive at the antiferromagnetic phase boundary, whereas it is destructive near half-
filling. On the other hand, the maximum of the zs—wave superconducting order parameter
lies in regions where no antiferromagnetism exists, i. e. in regions where the number of
electrons or holes is comparably small. The range of these regions depends on the coupling
strength. In the strong coupling regime in figure 5.8 the zs-wave superconducting order
parameter is always suppressed at the antiferromagnetic phase boundary, which is visible
in figure 5.8 (a) and (b) at n — 1| = 0.8. In the intermediate regime for W/t = -3, |A]
seems to be stabilized with the onset of antiferromagnetic long range order. It should be
noted that in none of the graphs in figures 5.8 and 5.9, |A.,| and mar are different from
zero while [Ay| vanishes, i. e. a coexistence of antiferromagnetism and snperconductivity
is always accompanied by a finite d-wave component. Finally, the competition between
the two superconducting components |A,| and |A4| is always destructive with respect
to each other. In figure 5.9 (a), for instance, |A,| is decreased by the onset of |Ag,| at
|n ~ 1| & 0.15 and in figure 5.9 (c) |Ag| is suppressed by the finite value for |A4| which
occurs at |n — 1] ~ 0.64.
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Figure 5.10: The antiferromagnetic order parameter as a function of temperature for
half-filling and different values of the conpling constant: W/t = —6 (solid line), W/t = —4
(dashed line), W/t = —2 (dotted line}.

5.2 The Order parameter as a Function of Temperature

In the previous section 5.1, the most important issues about solutions of the selfconsistent
equations for T'/t = 0 have been discussed. In'this section the numerical results for finite
temperatures are presented. They show how the groundstate solutions behave when the
temperature is increased. From this behavior the Néel temperature for the antiferromag-
netic and the critical temperature for the superconducting phase transition can be derived.
In-addition, the competition between several order parameters for finite temperatures is

shown.

5.2.1 Half-filling

For halffilling only the antiferromagnetic order parameter is different from zero. Its tem-
perature dependence is shown in figure 5.10 for W/t = —6 (solid line), W/t = —4 (dotted
line) and W/t = —6 (dashed line). It is the usual mean field behavior with an exponent of
1/2 in the neighborhood of the transition temperature [Binney92], which is defined by the
value of T/t above which no nontrivial solution for the antiferromagnetic order parameter
exists. The transition temperature is of order |W/t|. The deviation from this value is due
to the kinetic energy of the electrons and becomes larger with decreasing absolute value of
the coupling constant. Below the Néel temperature the antiferromagnetic order parameter

increases monotonically with decreasing temperature. It saturates approaching T/t = 0.
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line) for |n — 1| = 0.2(a), 0.4(b), 0.6(c), 0.8(d) and W/t = —6 as a function of T/t.

For this reason more and more electrons become localized and contribute to mar as the

temperature is lowered. Because the perfect Néel state is not an eigenstate of the HFB

hamiltonian, the maximum value of the antiferromagnetic order parameter for T/t = 0

is less than n/2 due to quantum fluctuations. These fluctuations become smaller as the
absolute value of the coupling strength is increased.

5.2.2 Away from Half-filling

Because of the existence of both superconductivity and antiferromagunetism for T/t = 0,

it is very interesting to study the temperature dependence of the order parameter away
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line) for jn — 1| = 0.2(a), 0.4(b) and W/t = —2 as a function of T'/t.

1.5

from half-filling. The order parameters are shown as a function of terperature T/t for
W/t = —6 in figure 5.11 and for W/t = -2 in figure 5.12 for different values of |n — 1}.
Accordingly, figure 5.11 corresponds to the strong coupling and figure 5.12 to the weak
coupling regime. In all graphs the three different and distinct phase boundaries for the
occnrence of antiferromagnetism, where mpp (solid line) becomes different from zero,
for the onset of zs-wave superconductivity where |Ag } (dotted line) becomes different
from zero and for the onset of d~wave snperconductivity where |A4| becomes different
from zero, are clearly visible. In the neighborhood of each of these phase boundaries,
the corresponding order parameter shows the typical mean field behavior, namely the
disappearence with an exponent of 1/2, if one passes the phase boundary from low to high
temperatures. Consider first the antiferromagnetic order parameter. Near halffilling, for
|n—1] = 0.2 and W/t —6 in figure 5.11 (a) and for [n— 1| = 0.2 and W/t —2 in figure 5.12
(a), the temperature dependence of mup is similar to the temperature behavior at half-
filling. The Néel temperature is about the absolute valne of W/t and mup approaches
more or less monotonically its maximum value of n/2 as the temperature approaches
zero. As doping is increased, the temperature behavior of the antiferromagnetic order
parameter changes enormously. The Néel temperature decreases and mar(T/t) shows its
maximum at a finite value of temperature and not for the groundstate, as is the case for
half-filling. This means that a fraction of electrons or holes which initally contribute to the
antiferromagnetic order parameter become again itinerant if one lowers the temperature
below the value for which map takes on its maximum. This points to a phase separation
between antiferromagnetically ordered and itinerant electrons which is discussed in more

detail in chapter 6. The numerical data show that even very close to n = 1, the maximum
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of map(T/t) lies at a finite temperature. Concerning the superconducting order parameter,
from figure 5.11 (b) or 5.11 {c) it follows that the suppression of the antiferromagnetic
order parameter is strengthened with the occurence of a finite value of |A.,| or |A4],
i. e. the onset of superconductivity is accompanied by the decrease of the number of
carriers which contribute to the antiferromagnetically ordered domains. In other words,
by the increase of the number of itinerant electrons, which now become superconducting.
Note that the superconducting critical temperature, which is the maximum of the d-wave
and the zs-wave phase boundary, lies always below the temperature where the maximum
of the antiferromagnetic order parameter appears and hence is always smaller then the
Néel temperatnre. Finally, figure 5.11 (d) shows that the suppression of mar(T/t) due
to the phase separation and the occurence of superconductivity might be so strong that
antiferromagnetism vanishes again at a lower temperature after it has become finite at a
higher temperature. This is usually called the reentrance behavior of antiferromagnetism.
In a region where no antiferromagnetism exists, e. g. in the weak coupling regime for
W/t = —2 and |n ~ 1| > 0.45 (see the ground state order parameter in figure 5.9), the
ususal BCS behavior of the superconducting order parameters is recovered. For this reason

it is not discussed here.

5.3 Comparison to the BCS Approximation

In this section we would like to point out the differences between the HFB, including an
antiferromagnetic variational parameter, and the BCS approximation. The latter results
from the first for mar = 0. In the BCS approximation only the pairing variational pa-
rameters are taken into account. ft neglects the antiferromagnetic features of the model.
For this reason the comparison of the HFB and the BCS approximation shows very clearly
the influence of antiferromagnetism on superconductivity and vice versa, e. g. the compe-
tition between both. In the first subsection 5.3.1 the groundstate free energy is discussed

‘whereas the second subsection 5.3.2 reveales the differences for the order parameters.

5.3.1 Groundstate Free Energy

For half-filling the BCS approximation predicts superconductivity with a finite value of the
superconducting variational parameters, whereas the HFB approximation shows antiferro-
magnetic order and no superconductivity. fn figure 5.13, the free energy for half-filling is
shown as a function of coupling strength. The solid line is the free energy functional eval-
uated at the antiferromagnetic solution of the HFB approxiina;tion, i. e. the free energy
of the HFB approximation, and the dot~dashed line depicts the free energy for the BCS
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Figure 5.13: The ground state free
energy for half-filling as a function of
coupling strength. The solid line is the
free energy for the HFB approximation,
while the dot—dashed line-is the free en-
ergy of the BCS approximation.

solution. From this figure it follows that the HFB approximation leads to a much lower
free energy than the BCS approximation, which proves the absence of superconductivity
for half-filling due to the occurrence of antiferromagnetism (see also section 5.1.1). The
difference between the free energy of the BCS approximation and the HFB approximation
becomes larger as the absolute value of the coupling strength is increased. This shows that
for half-filling the BCS approximation becomes very bad in the strong coupling regime
even for T/t = 0.
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Figure 5.14: Comparison of the groundstate free energy of the HFB approximation
-(solid line), including an antiferromagnetic variational parameter and of the usual BCS
approximation (dot-dashed line). The free energy is plotted as a function of counpling
strength for |n — 1| = 0.2 (a) and |n — 1| = 0.6 (b).

Away from half-filling a similar behavior occurs as soon as the antiferromagnetic order
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parameter becomes different from zero. As a function of coupling strength the free energy
of the HFB and the BCS approximation is shown in figure 5.14 for |n — 1{ = 0.2 {a) and
for fn — 1 = 0.6 (b). From these figures it follows that as soon as antiferromagnetism
occurs, the free energy is lowered with respect to the BCS solution. As for half-filling,
the differences of the free energies increase with increasing absolute value of the coupling
constant, which again shows the badness of the BCS approximation in the strong coupling
regime. The differences become smaller, however, as the number of electrons (n — 0) or
holes {n — 2) is decreased, i. e. in the low carrier regime. Outside the antiferromagnetic
regime both the HFB and the BCS approximation are identical. In this regime the free

energies are equal and the BCS approximation becomes valid.

5.3.2 Groundstate Order Parameter

Away from half-filling and for T/t = 0 both approximations predict superconductivity
for all coupling constants and densities with slightly different phase boundaries for the
rs-wave and d-wave components of the superconducting order parameter. The magni-
tude of the order parameters for the HFB and BCS approximation, however, differ more
drastically from each other. This is shown in figure 5.15 as a function of coupling strength '
for jn — 1] = 0.2 (left side) and |n — 1j = 0.6 {right side) and in figure 5.16 as a function
of density for W/t = —6 (left side) and W/t = ~2 (right side). In both figures the first
row shows the xs-wave component for the HFB approximation {solid line) in comparison
to the BCS approximation {dot-dashed line), while in the second row the d-wave com-
ponent is plotted. From these figures it follows that the existence of antiferromagnetism
suppresses the superconducting order parameters. Only in a very small region in the
neighborhood of the antiferromagnetic ground state phase boundary the superconduct-
ing order parameters are increased due to antiferromagnetism. The suppression becomes
larger as halffilling is approached, where the superconducting order parameters vanish
within the HFB approximation while they are nonzero for the BCS approximation. It
should be noted that the d~wave component is more influenced by a nonvanishing antifer-
romagnetic order parameter than the zs-wave component. This is very clearly visible in
figure 5.16 (c) and (d), where the d—wave superconducting order parameters for the HFB
approximation differ obviously from the BCS solution, while the zs—wave components for
both the HFB and the BCS approximation in figure 5.16 (a) and (b) show more or less
the same behavior. This again shows the strong correlation between antiferromagnetism

and d-wave superconductivity.

The comparisons above reveal that the HFB approximation yields much better results
than the BCS approximation, in particular in the neighborhood of half-filling and in the

strong coupling regime. Moreover, the discussion of the chemical potential and the phase
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Figure 5.15: Comparison of the HFB approximation (solid line), including an antiferro-
magnetic variational parameter and the usual BCS approximation (dot-dashed line). The
zs—wave parameter (a,b) and the d—wave parameter (c,d) are shown as a function of W/t
for T/t = 0 and |n — 1] = 0.2 (left side) and |n — 1| = 0.6 (right side).

separation in chapter 6 show that even in the weak coupling regime the introdnction of

an antiferromagnetic variational parameter leads to a quite different phase diagram than

the BCS approximation predicts.
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Figure 5.16: Comparison of the HFB approximation (solid line), including an antiferro-

magnetic variational parameter and the usval BCS approximation (dot dashed line). The

zs—wave parameter (a,b) and the d-wave parameter (c,d) are shown as a function of |n—1|

for T/t = 0 and W/t = —6 (left side) and W/t = —2 (right side).



Chapter 6

Phase Diagrams of the
Two—Dimensional NNSP Model

From an experimental point of view it is more interesting to study phase boundaries
than order parameters, because in the superconducting case, the order parameters are
not directly measureable, while the phase boundaries become visible in measurements of
the specific heat or the conductivity. Nevertheless, the order parameters contain more
information than the phase boundaries, where the order parameters vanish!. For this
reason some of the results below were already discussed in the previous chapter 5, but only
for a particular set of model parameters. The global behavior of the phase boundaries and
its implications become more clear within phase diagrams where the phase boundaries
are drawn as a function of the model parameters, for instance in a ground state W/t—
{n — 1| phase diagram, or in a finite temperature phase diagram, where the behavior of the
Néel temperature and the superconducting critical temperature are shown as functions
of density or coupling strength. The phase boundaries for antiferromagnetism, xzs-wave
and d-wave superconductivity are defined by the disappearance of the order’ parameters
mar, |Az,| and |Ag}, respectively. For this reason the phase boundaries may be calculated
by computing the order parameters. Using a bisection algorithm near the disappearance
of the order parameters allows for calculating the transition point with rather arbitrary
precision. This method is in some particular cases very useful and even necessary but very
slow. If one is only interested in phase diagrams of the model, one can calculate the phase

boundaries directly using the fact that all transitions are of second order.

! Por instance, that the phase transition is of second order.

105
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6.1 Linearization of the Selfconsistent Equations

For a second order phase transition the order parameter vanishes continously at the tran-
sition point. Therefore the phase boundary might be calculated by linearizing the corre-
‘sponding selfconsistent equations. The selfconsistent equations have the following form:

n = In(mar, |z, 04|, B)
map = map Iar(mar Aol 18al , B)
[Ags] = [Bzs] Ls(mar; [Bal . |Ad] ) _
1Ag] = |Ad] La(mar, |Assl 184 ,8) - B (6.1)

where the functions I,, Jar, Js and I are defined by the right hand sides of the selfc_onsis-
tent equations in table 4.4. They are quadratic functions of the order parameters because
they depend indirectly on mur, |Ass| and |Ay| via, By, £y and Egp. For this reason,
linearizing the set of selfconsistent-equations with respect to one of the order pérameters
'is quite an easy task. In fact, the antiferromagnetic phase boundaries are determined by’
the following set of equations: '

n o= L0 Azl 154 )

S IAF(0=|Qms|a|AdF,E)
Acal = Dl Ls(0,[Bes], |Ad] 1) o
[Ad = |8al 10,185, 184 1) (6.2)

the phase boundaries for the zs~wave component of the superconducting order parameter

are given by the solutions of

n = In(mAFu 01 |Ad| I}I)

mpr = map Iar(mar, 0, |Adl , B)
1 = Izs(mAFa 0, |Ad| Ht_!’) .
|Agl = 1Agl Ia{mar, 0, |Aql, 7) (6.3)

and finally the phase boundaries for the d-wave component of the superconducting order

parameter are determined by solving

n = In(mAF| ’A:\:sl 1 0! "_1’)

mar = mar Iap(mar, |Aes] |0, B)
|Azs| = !Aa:sl Ims(mAFy lAmsl 1075)
1 = ILiy(mar,|Al,0,8) . ‘ _ (6.4)

Four equations have to be solved for each of the phase boundaries for maF, |Ags| o1 |&d|‘.

Three equations of them are necessary to determine the renormalized chemical potential
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6.2. Groundstate Phase Diagram
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Figure 6.1: Groundstate phase diagram. The solid line marks the antiferromagnetic
phase boundary above which map becomes zero, the dotted line the phase boundary of
the zs—wave component where |A .| vanishes, and the dashed line the phase boundary of

the d—-wave component of the superconducting order parameter where |Ag| becomes zero.

The flags show which type of order exists within the specified regions.

and the remaining order parameters, while the fourth equation yields the value of the
coupling constant, temperature or density at the transition point. A similar method as it
was used to find the order parameters might be applied to solve these sets of equations.
In particular, it is also very practical here to invert the first equation numerically in order
to get rid of the chemical potential. In the following sections 6.2 and 6.3 the results are
presented after solving these sets of equations with respect to W/t for the groundstate

phase diagramm, or T'/¢ for the finite temperature phase diagrams.

6.2 Groundstate Phase Diagram

The groundstate phase boundaries in the W/¢-|n — 1|-plane are shown in figure 6.1. The
solid line is the antiferromagnetic phase boundary, the dotted line is the xs—wave phase

boundary and the dashed line is the d-wave phase boundary. Accordingly, AF marks
antiferromagnetism with map # 0, s reflects superconductivity with zs—wave symmetry

(|Azs| # 0), d describes superconductivity with d-wave symmetry (|A4] # 0} and s+ id,



108 Chapter 6. Phase Diagrams of the Two-Dimensional NNSP Model

describes superconductivity with mixed zs-wave, d-wave symmetry (|A.;| # 0 and |Ag| #
0), where the telative phase of both components is ¢ = 7/2. These characterizations are

given within the flags which poiat to the regions where the specified type of order exists.

For half-filling {|n — 1| = 0) the'system orders antiferromagnetically. In figure 6.1
this is indicated by the AF label which points to the line | — 1| = 0. It is therefore a
phase boundary for superconductivity, or more precisely, for the d-wave component of the
superconducting order parameter. For n = 0 and n = 2 superconductivity also vanishes
due to the nonexistence of mobile charge carriers. For this reason the line n — 1] = 1
is also a phase boundary for superconductivity, in this case for the zs-wave component.
The disappearance of superconductivity for [n — 1| =+ 0 and |n ~ 1| = 1 is more visible
- in T/t versus |n — 1| phase diagrams which are discussed in the next section 6.3. The
horizontal W/t = 0 is a phase boundary for all considered types of order, because there
are no nontrivial solutions of the selfconsistent equations for positive coupling constants.

The antiferromagnetic phase boundary (solid line) shows that for halffilling for all
negative values of the coupling constant the antiferromagnetic groundstate order param-
eter is different from zero. For a given value of doping {|n — 1| > 0), however, there is
a critical value for W/t above which the groundstate has no more antiferromagnetic con-
tribution. This threshold decreases monotonically with a decreasing number of electrons
{n — 0) or holes (n — 2) and it is an interesting question whether there exists a maximum
value for |n — 1| above which there does not exist any antiferromagnetism for all coupling
constants. Because of the monotonic behavior of the antiferromagnetic phase boundary,
this question can be answered in the limit W/t — —o0, i. e. for fixed values W < 0 and
for t — 0. In this limit and for T = 0, the set of equations for the antiferromagnetic phase
boundary (equations (6.2}) read:- '

B 1
n—-1 = — — (6.5)
sz: By lmap=0
2 |W| 1
1 = ZLINT (6.6)
L 2 Bilmyyeo
Ao W] o fulk)?
o = * = d -7
|Aq| oL Zk: E, . for a=uzs, (6.7)
with
F = = 2 2o . .
lmAF"—'O Eg‘m;\p:o \/IGW zA(k)' T (6 8)

Note that the solutions of this set of equations are independent of |W| because the renor-
malized chemical potential might be rescaled by |W|. Now, let us assume that the solution

of the set of equations above includes a nonzero superconducting order parameter, i. e. at
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least one of the components |A,,| or |Ay|, which solve equation (6.7), has a finite value.

From the equation for the nonzero component then follows

_ W falk)? 2|W| 1 .
1= %—: 2 <L %:E ’ (6.9)

mup=0 mar=0

because f,(k)? < 4 for nearly all wave vectors k and f,(k)? = 4 for a nonmeasurable
subset of the first Brioullin zone, independent of . For this reason there is no solution of
equation (6.6) and hence for the whole set of equations (6.5) — (6.7). This means that the
assumption of a finite superconducting order parameter at the antiferromagnetic phase
boundary for t = 0 and T = 0 must be wrong. For |A,,] = 0 and |A4| = 0, however, it
follows from equations (6.5), {6.6) and (6.8) that '

(n_l)IAF‘ phase boundary - Sgl’l(,ﬁ) (610)
7l | = 2w| . (6.11)

AF phase boundary

This means that the solution of the set of equations for the antiferromagnetic phase bound-
ary in the limit ¢ — 0 and for T = 0 is given by |[n —1| = 1, 7 = 2|W|sgr(n — 1) and
|Ag| = 0 for @ = 25 and @ = d. In other words, for t = 0 and T = 0 the HFB ap-
proximation predicts antiferromagnetism for all densities. This is equivalent to the exact
result obtained by the Monte Carlo simulation of the interaction Hamiltonian. Regard-
ing the ground state phase diagram in figure 6.1, it rules out the existence of an upper
bound for |n — 1|, above which no antiferromagnetism exists for all coupling constants. In
other words, this result shows that for all densities one can find a finite critical value for
W/t below which the groundstate has an antiferromagnetic component. This result can
be compared to a similar result for an extended Hubbard model with on-site attraction
and repulsive spin—-independent density—density interaction between nearest neighbors. In
such a model the competition between s—wave superconductivity and CDW order plays an
important role and in the groundstate phase diagram for strong on-site attraction there is
an upper bound for |[n—1| above which the CDW component of the groundstate disappears

for all coupling constants [Robaszkiewicz81b, Micnas90].

The zs-wave phase boundary in figure 6.1 (dotted line) separates the region of the
W/t-|n —1| plane on the right hand side of the phase boundary where a nontrivial solution
of the selfconsistent equations for |A.,| exists and therefore superconductivity with zs—
wave symmetry appears, from the region on the left hand side of the phase boundary, where
only the solution |A;;| = 0 leads to the global minimum of the free energy functional. For
the d-wave component of the superconducting order parameter the situation is just the
opposite: the region on the left hand side of the d-wave phase boundary in figure 6.1
(dashed line) is characterized by a nontrivial solution for |Ag4|, whereas only the trivial
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solution exists in the region on the right hand side of the d~wave phase boundary. In
the weak coupling regime (|[W/t| < 3) the zs-wave phase boundary is nearly constant
as a function of W/t and zs—wave superconductivity appears predominantly in the high
doping regime for |n — 1| > 0.56, which corresponds to a relatively low electron (n < 0.44)
or hole (n > 1.56) concentration. The d-wave phase boundary {dashed line) follows
more or less the zs~wave phase boundary and d-wave superconductivity appears in the
neighborhood of half-filling and below {n — 1| = 0.56. For this reason there is almost
no coexistence of zs-wave and d-wave superconductivity in the weak coupling regime
for all fillings. This scenario changes in the strong coupling regime. As the zs-wave
phase boundary crosses the antiferromagnetic phase boundary at W/t = ~2.8, a broad
coexistence regime of zs-wave and d-wave superconductivity appears between the zs—
wave and the d-wave phase boundary. In fact, the flat behavior of the zs-wave phase
boundary as a function of filling for W/t = —3 might be used to define the separation
line between the weak coupling and the strong coupling regime. The coexistence regime
of zs—wave and d-wave superconductivity is labeled by zs + id to emphasize the phase
shift of ¢ = 7/2 between the zs—wave and d-wave component of the superconducting
order parameter. The coexistence regime becomes broader as the absolute value of the
coupling constant is increased and covers the entire density regime with the exception
of half-filling as |{W/t| goes to infinity. In this region, both the order parameter for zs-
wave and d-wave superconductivity become identical, i. e. the probability to find a pair
with zs-wave symmetry becomes identical to the probability to find a pair with d-wave
symmetry. One can say that the differences between d-wave superconductivity and zs—
wave superconductivity disappear, which means that the internal structure of the pairs

becomes unimportant.

Considering the coexistence regime of antiferromagnetism and superconductivity, it
becomes obvious that in the weak coupling regime only d-wave superconductivity might
coexist with antiferromagnetism. On the other hand, in the strong coupling regime the
symmetry of the superconducting order parameter in the coexistence regime is predom-
inantly mixed zs + id-wave. It should be noted that in the strong coupling regime the
d-wave phase boundary follows the antiferromagnetic phase boundary, which shows the
strong correlation between antiferromagnetism and d-wave superconductivity. Moreover,
because the d-wave phase boundary lies always slightly above the antiferromagnetic phase
boundary, a coexistence between antiferromagnetism and superconductivity is always ac-
companied with a nonzero d-wave component of the superconducting order parameter.
This means that in the groundstate phase diagram there is no coexistence between pure
zs-wave superconductivity and antiferromagnetism. For finite temperatures this is not
necessarily true, which is shown in the next section 6.3. In section 6.5 on phase separation,

the coexistence regime of antiferromagnetism and superconductivity will be interpreted
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more accurately.

6.3 Finite Temperature Phase Diagrams

6.3.1 T/t versus n Phase Diagrams

From a physical point of view, phase diagrams which show the temperature behavior of
the system are more interesting‘ because in reality phase boundaries are usualy observed
and studied by cooling the system. In figure 6.2, the Néel temperatare for the antiferro-
magnetic phase (solid line}, the zs—wave critical temperature for the occurence of zs-wave
supercondactivity {dotted line) and the d-wave critical temperature for the occurence of
d-wave supercondnctivity {dashed line) are shown as a function of doping |n — 1| for
W/t = —6 (a) and W/t = -2 (b) 2. Because the system becomes superconducting either
by the occurence of a finite value of the zs—wave pairing parameter or by the occurence of
a finite value of the d-wave pairing parameter, the superconducting critical temperature
T. is just the envelope of the zs-wave and the d-wave phase boundary. As in the ground
state phase diagram, the labels indicate the type of order. In addition, NO characterizes
the region without any long range order. Only the trivial solutions for all order parameters
exist in this region. Within the mean field picture, the NO region is described by the free

particle Hamiltonian.

The most interesting point in both phase diagrams is the decrease of the supercon-
ducting critical temperature as doping approaches half-filling {|n — 1] = 0). This shows
the absence of superconductivity at half-filling for all temperatures. Moreover, the con-
tinuous decrease of T for {n — 1| — 0 shows the suppression of superconductivity due
to antiferromagnetic correlations in a relatively wide doping range around half-filling. In
fact, in the strong coupling regime it seems that the superconducting critical temperature
is lowered as soon as the antiferromagnetic order parameter becomes different from zero.
For W/t = —6 in fignre 6.2 {a), this behavior is visible below the multicritical point at
In — 1| a2 0.81, where the antiferromagnetic phase boundary crosses the superconducting
phase boundary. In the weak coupling regime, however, T, seems to be increased at the
multicritical point and its suppression appears below the density where the maximum of
the d-wave phase boundary occurs. For W/t = —2 in figure 6.2 (b), this point lies approx-
imately at |n — 1| = 0.3. The suppression of the superconducting critical temperature due

to antiferromagnetic order becomes more clear in a comparison to the phase boundaries

*These two values of W/t have been chosen to show the features in the strong and weak coupling
regime, although the values for the transition temperatures are too high for a comparison to reality (see
also chapter 7).
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obtained by the BCS approximation, which is discussed in section 6.4. For {n — 1| —= 1,
the superconducting critical temperature decreases as well because of the disappearance
of any mobile charge carriers as the band is totally filled (n — 2) or the band becomes
totally empty (n — 0). The maximum value for T.(|n — 1|) lies between |n — 1} = 0 and
|n — 1] = 1. In the strong coupling regime there is only one maximum which appears
at the multicritical point mentioned above. For W/t = —6, the maximum value for the
superconducting critical temperature (T,/t)max approximately equals 1. In the weak cou-
pling regime, however, there are two local maxima of T (|n — 1{). The first one lies in the
low carrier regime and is the maximum of the zs-wave phase boundary. The second one
is the global maximum and lies in the antiferromagnetic regime. 1t is the maximum of the
d-wave phase boundary. For W/t ='—2 its value is about 0.3. It should be noted that
the valley between the two maxima of the superconducting critical temperatures might be
filled up with the occurence of p—wave superconductivity, as it was discussed by Micnas et
al. [Micnas88a, Micnas88b]. From the Pauli principle, however, it follows that for singlet
pairing p-wave superconductivity is not allowed. For this reason the p—wave components

have not been included in our treatment.

As the groundstate phase diagram has already shown, the symmetry of the super-
conducting order parameter depends on filling and on coupling strength. From the finite
temperature phase diagrams it now becomes obvious that the symmetry of the supercon-
ducting order parameter depends also on temperature. In fact, in the strong coupling
regime the symmetry might be pure d-wave or pure zs-wave just below the supercon-
ducting critical temperature but mixed (zs + id)-wave for lower temperatures. In figure
6.2 (a), this behavior occurs for instance at |» — 1| = 0.2, where the symmetry is pure
d-wave at T/t = 0.7 and mixed {zs + id)-wave at T/t = 0.5. Note that for a fixed value
of the coupling constant there is only one multicritical density at which both the zs-wave .
and the d-wave component of the superconcting order parameter become different from
zero at the same temperature. In all other cases the entrance in the mixed symmetry
region splits into two phase transitions for the occurence of the zs-wave component and
the d-wave component. This multicritical density has the same value as the density at
which the zs-wave and the d-wave groundstate component become identical. Moreover,
comparing figures 5.8 (¢) and 6.2 (a), we note that for all densities for which the ground-
state zs—wave component is larger than the groundstate d-wave component, the zs-wave
transition temperature is higher than the d-wave transition temperature and vice versa.
In the weak cou'p]ing regime a similar behavior only cccurs in a very small doping regime
around {n — 1| = 0.56. Qutside this region the symmetry of the superconducting order
parameter is the same for all temperatures below T, and so is the symmetry of the ground
state order parameter. It should be noted that in the strong and the weak coupling regime

the shape of the zs-wave and the d-wave critical temperature as a function of doping fol-
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lows more or less the shape of the zs-wave and d-wave groundstate order parameter,

respectively (compare figure 5.8 (c) with figare 6.2 (a) and figure 5.9 (c) with figure 6.2
(b)) |

Another interesting point in these phase diagrams is the existence of antiferromag-
netism above T and regions where antiferromagnetism might coexist with superconduc-
tivity. These regions lie on the left hand side of the antiferromagnetic phase boundary
(solid line), which has its maximum at half-filling, decreases as doping is increased, sur-
ronnds the reentrance regime and vanishes at the antiferromagnetic ground state phase
boundary. In both cases, for W/t = -6 in figure 6.2 (a) and for W/t = —2 in figure 6.2
{b), the maximum of the Néel temperature is about 6 times larger than the maximum of
the supercondncting critical temperature. In section 6.5 about phase separation, the anti-
ferromagnetic phase boundary away from half-filling will be changed and the coexistence
regime will be interpreted in a slightly different way. For this reason a discussion of the

antiferromagnetic regime and the coexistence regime is omitted here.
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Figure 6.2: T/t versus |n ~ 1| phase diagram for W/t = —6 (a) and W/t = -2 (b).
The solid line shows the Néel temperature, the dotted line the phase boundary of the
zs—-wave component and the dashed line the phase boundary of the d—wave component
of the superconducting order parameter. The superconducting critical temperature is the
envelope of the zs-wave and d—wave phase boundary. The flags show which types of order
exist within the specified regions.
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Figure 6.3: T//t-W/t phase diagram for half-filling (n = 1). Only the antiferromgnetic
transition temperature is different from zero, which shows the absence of superconductivity
for half-filling for all temperatures and coupling constants. The inset zooms the weak
coupling regime in the range W/t = -0.5...0.

6.3.2 T/t versus W/t Phase Diagrams

The final type of phase diagrams which should be discussed are T'/t-W/i phase diagrams
for different values of electron density. Owing to particle~hole symmetry they are classified
by |n — 1|. As before, the antiferromagnetic phase boundary is always drawn with a solid
line, the zs—wave phase boundary with a dotted and the d-wave phase boundary with a
dashed line. In figure 6.3, the Néel temperature is shown for half-filling. The inset zooms
the weak coupling regime, where it shows an exponential behavior. In the strong coupling
regime, however, it increases linearly with |W|. In fact, for ¢ = 0 the Néel temperature
becomes proportional to |W| with proportionality constant equal to 1, i. e. the HFB
approximation qualitatively leads to the exact result but yields a transition temperature
which is about twice as high as the value obtained by the Monte Carlo simulation (see
also chapter 1). The exact result is reduced due to thermal fluctuations, which are not

fully included in mean field approximations [Binney92].

Away from halfilling, T'/t-W/t phase diagrams are shown in figures 6.4 for |n — 1| =
0.2 (a), [n — 1| = 0.4 (b}, [n— 1] = 0.6 (c) and |n ~ 1| = 0.8 (d). In all figures the
Néel temperature becomes different from zero at the ground state phase boundary with
infinite slope, surrounds the reentrance regime where transitions NO — AF — (NO or SC)
are possible, and finally increases linearly with increasing absolute value of the coupling

constant. As for half-filling, the linear behavior of the Néel temperature in the strong
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Figure 6.4: T/t versus W/t phase diagrams for different values of filling: fn — 1| = 0.2
(a), [n—1] = 0.4 (b), [n—1} = 0.2 (¢), [n— 1| = 0.2 (d) As before, the solid line is the Néel
temperature, the dotted line the zs-wave and the dashed line the d-wave phase boundary.
The superconducting critical tem perature is given by the higher value of the zs-wave and
the d—wave transition temperature. '

coupling regime is an exact result, but the proportionality constant derived within the

HFB approximation has a wrong value in comparison to the Monte Carlo result.

The superconducting critical temperature is the maximum of the zs—wave and the
d-wave transition temperature. It is different from zero for all coupling constants and
all densities away from half-filling and it is zero for half-filling. In the weak coupling
regime and in regions where no antiferromagnetism exists, it shows an exponential behav-
ior and is identical to the transition temperature of the BCS—approximation. When the

superconducting phase boundary enters the antiferromagnetic regime (AF) it signals the
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coexistence of antiferromagnetism and superconductivity for lower temperatures. Compar-
ing the BCS and the HFB phase diagrams in section 6.4 shows that the superconducting
critical temperature is drastically decreased due to the occurence of antiferromagnetic long
range order. In the strong coupling regime, T increases linearly with increasing |W| /t,
but the proportionality constant is much smaller than for the Néel temperature. For the
latter, this behavior is qualitatively exact, whereas for the superconducting critical tem-
perature it leads to quite a wrong result. Why? As |W| /¢ increases, the electrons or
holes become more and more immobile, so that in the limit [W| — oo the system becomes
an insulator for all densities. It cannot be superconducting. For this reason the critical
temperature should vanish as |W| /¢ is increased. From this point of view the guestion
arises why the mean field approximation yields to a qualitatively exact result for the Néel
temperature and entirely fails in the superconducting case? The answer to this question
is that the superconducting order parameter as defined in equations (4.4} and (4.12) does
no longer describe the onset of superconductivity in the strong coupling regime. It is a
static quantity which does not take into account the mobility of the charge carriers due to
a finite hopping amplitude ¢t which is related to the effective mass of the charge carriers. In
the strong coupling limit it depends only on the ratio of coupling constant to temperature,
which controls the disappearance of the order parameter and hence the phase boundary.
This means that whatever approximation is used, the critical temperature in the strong
coupling limit, which is calculated npon the pairing order parameter, becomes linear in
the coupling strength. In [act, including fiuctuations into the calculations of the critical
temperature for the attractive Hubbard model also leads to linear behavior in the strong
coupling regime [Sachdev9l, Rodriguez34]. On the other hand, antiferromagnetism is a
static type of long range order and the antiferromagnetic magnetization is the correct order
parameter even in the strong coupling regime. For this reason the HFB-approximation
yields a qualitatively good result for the antiferromagnetic transition temperature and
fails in the superconducting case, so that the criteriom [or superconductivity has to be
modified. In particular, it should depend explicitely on ¢. From this point of view the cri-
teria of Scalapino et al. in [Scalapino92, Scalapino93] are more appropriate because they
describe the superconducting phase via the current—current correlation function which is
directly connected to the Meissner—effect and is proportional to ¢. We suppose that their
criterion might lead to the correct behavior of the superconducting critical temperature.
In fact, their criterion is related to the ratio D/m?*, where D is the superfinid density
and proportional to the pairing parameter and m*, the effective mass of the electron pairs
which is proportional to 1/t. In the weak coupling regime, the effective mass is nearly
constant as a function ol coupling strength and the superconducting transition temper-
ature is controlled by the pairing parameter. In this regime the predictions of the HFB
approximation are correct. In the strong coupling regime, however, the charge carriers

become more and more localized and the pairing parameter becomes constant, so that the
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superconducting transition temperature is controlled by the effective mass and decreases
with increasing absolute value of the coupling constant. The criteria of Scalapino et al.
might also explain the Kosterlitz-Thouless criterion [Kosterlitz73, Binney92) used by Den-
teneer et al. [Denteneer91, Denteneer93] to derive the critical temperature in the strong

coupling regime for the two—dimensional attractive Hubbard model.
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Figure 6.5: Comparison of the HFB and the BCS 7'/t versus |n — 1| phase diagrams for
W/t = -6 (a,b) and W/t = —2 (c,d). In the HFB phase diagrams the solid line is the Néel
temperature, while in the HFB and in the BCS phase diagrams the dotted line represents
the zs-wave and the dashed line the d-wave phase boundaries. The superconducting
critical temperature is given by the higher value of the zs-wave and the d-wave transition
temperature.

6.4 Comparison to the BCS Approximation

As the groundstate order parameters for the HFB and the BCS approximations differ from
each other, so do the transition temperatures. The 7'/t versus |n — 1| phase diagrams in
figure 6.5 are estimated within the HFB approximation (left side) and the BCS approx-
imation (right side) for W/t = —6 (first row) and for W/t = —2 (second row). In all
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plots the zs—wave phase boundary is drawn with a dotted line while the d—wave phase
boundary is drawn with a dashed line. The solid line in the HFB phase diagrams is the
Néel temperature. It does not exist in the phase diagrams of the BCS approximation.
Two major aspects follow from these figures. First, the suppression of superconductivity
for half-filling is due to the finite valne of the antiferromagnetic order parameter. Second,
for nearly all model parameters (W/t and n) the superconducting critical temperature
of the HFB approximation is lower than the critical temperature estimated within the
BCS approximation, which means that the occurence of antiferromagnetism suppresses
superconductivity. This is a first step towards an explanation of the expected decrease
of the critical temperature in the strong coupling regime. In fact, because the system
orders antiferromagnetically in the atomic limit and becomes an insulator, the critical
temperature has to vanish for |W/t| = co. The HFB approximation yields to a suppres-
sion due to antiferromagnetism, but still to a linear behavior of the critical temperature
in the strong coupling regime. This indicates either a failure of the mean field picture

or a misinterpretation of the pairing parameters, as was discussad in the previous section
refsecTWPhdg.

Overall, the comparison of the HFB and the BCS approximation shows some very
important aspects. First it shows that the BCS approximation for the NNSP model fails
in the weak coupling regime near halffilling and in the strong coupling regime for nearly all
densities. Second, it proves the strong competition between the different order parameters
used in the variational HFB approximation, namely the suppression of superconductivity
according to the occurence of antiferromagnetism, which is very clearly visible in the half-
filled case. From this competition one can conclude that at least static many particle
correlations are included in the variational HFB approximation, although it is a2 mean
field type of approximation.

6.5 Phase Separation

The importance of the phase separation for the NNSP model has already been pointed
out in chapter 1 where the antiferromagnetic features of the interaction Hmailtonian have
been discussed. In fact, the wrong qualitative behavior of the mean field Néel temperature
for the interaction Hamiltonian can be explained by the neglection of the phase separation
within the mean field picture. In this section it is shown that even in a mean field
approximation phase separation can be detected by studying the density dependence of
the chemical potential. A Maxwell construction, which is introduced in the first section
6.5.1, leads to new phase boundaries within the HFB phase diagrams and to a better

understanding of the coexistence regime of antiferromagnetism and superconductivity.
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Figure 6.6: The chemical potential as a function of n for W/t = —6 and different values
of temperature: T/t = 5 (solid line) and with increasing dash length 7'/t =4, 3, 2, 1.
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Figure 6.7: The chemical potential as a function of » in the range [1,2] for W/t = -2
and different values of the temperature: 7'/t = 1.75 (solid line) and with increasing dash
length T/t = 1.25, 0.75, 0.25.

This is shown in section 6.5.2 below. In section 6.5.3 the Maxwell construction is applied
. ta the atomic limit. The new phase boundary shows better agreement with the transition
temperature obtained by the Monte Carlo simulation. This supports the validity of the

Maxwell construction.
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Figure 6.8: The chemical potential as a function of n in the range {1,2] for W/t = -2
and T/t = 1 (solid line) after performing the Maxwell constrnction. The dotted line is
the original selfconsistent solution for the chemical potential while the dash—dotted lines
mark the boundaries for the coexistence region.

6.5.1 Chemical Potential and Maxwell Construction

Up to now only the order parameter and the phase boundaries were discussed. The
chemical potential, which has to be determined selfconsistently as well, has not yet been
considered. It is the subject of this section, in particular its dependence on filling above
the superconducting critical temperature. It shonld be emphasized that, for the following
discussion on phase separation, the chemical potential and not the renormalized chemical

potential needs to be considered. Both quantities are related to each other via
plt =g/t +2Wn/t . (6.12)

Because of particle-hole symmetry the renormalized chemical potential is antisymmetric
as a function of density with respect to half-filling. The chemical potential minus 2W
has the same property. For this reason it suffices to discuss u/t — 2W/t for denstties
n € [1,2]. As all energies up to now, the chemical potential also has to be measured in
units of the hopping integral t. In figure 6.6, i/t — 2W/t is plotted in-the range n € [1,2]
for W/t = —6 for different values of temperature as indicated. In figure 6.7, p/t - 2W/t
is plotted in the same way for W/t = —2. Both fignres obvionsly show a large density
range where the slope of the chemical potential with respect to n becomes negative. This
indicates a phase separated region [Gorbatsevich94]. In this region the chemical poteniial

is pinned and in analogy, for instance, to the van der Waals theory for the liquid gas
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transition, a Mazwell construction has to be carried out in order to get the correct value
for the chemical potential and the proper behavior for the phase boundaries surrounding
the phase separated region [Reichl80]. This is shown in figure 6.8 for W/t = —2 and
T/t = 1. The dotted and the solid line in this figure show the chemical potential before
and after the Maxwell construction, respectively. The region where it is constant defines
the phase separated region. The phase boundaries are indicated by vertical dot-dashed
lines. Within this region antiferromagnetic domains coexsist with free electrons above and

with superconducting electron pairs below the superconducting critical temperature.
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Figure 6.9: Groundstate phase diagram including the phase separation region. Antifer-
romagnetic long range order only exists at half-filling as indicated. Phase separation (PS)
occurs below the dot—dashed region. As before the dotted line is the phase boundary of the
zs-wave component and the dashed line the phase boundary of the d-wave component
of the superconducting order parameter. The old antiferromagnetic phase boundary is
drawn in light gray. The flags show which types of order exist within the specified regions.

6.5.2 Implications on the HFB Phase Diagrams

The Maxwell construction leads to a new antiferromagnetic phase boundary and a phase
boundary below which phase separation occurs. For T/t = 0 this is shown in figure 6.9 for
W/t € [-4,0] and for finite temperature in T/t~|n — 1| phase diagrams in figure 6.10 for
W/t = —6 (a) and W/t = —2 (b). In all three phase diagrams the new phase boundary
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for the phase separation region is given by the dot-dashed line, while the old antiferro-
magnetic phase boundary is drawn in light gray. The dotted and dashed lines are the
zs— and d-wave phase boundaries, respectively. The phase separated region is indicated
by PS, whereas NO, AF, zs, d and zs + id mark the nonordered, the antiferromagnetic
region, superconductivity with zs-, d—, and mixed zs 4 id-wave symmetry, respectively.
Due to the Maxwell construction, the old antiferromagnetic regime shrinks to a very small
region around Kalf-filling and is separated from the sﬁperconducting regime. For T/t =0
antiferromagnetic long range order only occurs at half-filling as indicated. Above the su-
perconducting critical temperature in figure 6.10 the phase separated region is surrounded
by the antiferromagnetic region on the left hand side and the nonordered, metallic region
on the right hand side. For this reason it describes a phase separation of antiferromag-
netically ordered domains and free electrons and anomalous metallic behavior is expected.
The mobile electrons become superconducting below the superconducting critical temper-
ature. There is no more coexistence between antiferromagnetism and superconductivity.
The former coexistence regime of antiferromagnetism and superconductivity is replaced
by a phase separated region of antiferromagnetic domains and superconducting electron
pairs with zs—, d-, or mixed zs + id-wave symmetry which depend on coupling strength,
temperature and doping. In this regime snperconductivity becomes unconventional. Con-
ventional zs—wave or pure d-wave superconductivity occurs only in the extreme weak
coupling regime above the phase separation line in figure 6.9. It should be emphasized
that the superconducting phase boundaries have to be recalculated due to the new be-
havior of the chemical potential. However, because there is only a weak dependence of &
on the components of the superconducting order parameter they remain unchanged. This
new picture shows that in the weak as well as in the strong coupling regime for nearly
all densities except half-filling both, mobile electrons and strong antiferromagnetic fluc-
tuations exist above and even below the superconducting critical temperature. Moreover,
superconductivity can only occur within the phase separation region. It seems that the
antiferromagnetic correlations are necessary for the superconducting phase transition. The
drop of T, at half-filling is approached is now due to the decrease of the fraction of mobile
charge carriers in comparison to the number of electrons which localize in antiferromag-
netic domains. At half-filling all electrons localize and form at zero temperature the Néel
state. In the next section the Maxwell construction is applied to the atomic limit and
compared to the results of the Monte Carlo simulation of this limit. The results of this

comparison show the validity of the Maxwell construction and its interpretation.
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Figure 6.10: T/t versus |n — 1| phase diagram for W/t = ~6 (a) and W/t = ~2 (b)
including the phase separation region (PS) obtained by the Maxwell construction. The
solid line shows the new antiferromagnetic phase boundary, the dotted line the zs-wave,
the dashed line the d-wave phase boundary and the dot-dashed line the upper bound of
the phase separation region. The old antiferromagnetic phase boundary is drawn in light

gray.
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Figure 6.11: T/|W| versus |n — 1| phase diagram for t = 0 and W < 0. The sqnare dots
are the Monte Carlo results for the phase transition, while the dot—dashed line is estimated
using the Mean Field approximation including the Maxwell Construction to obtain the
phase separation region (PS). The old mean field antiferromagnetic phase boundary is
drawn in light gray.

6.5.3 Phase Separation in the Atomic Limit

In chapter 1 the phase diagram of the interaction Hamiltonian was presented using the
results obtained by a classical Monte Carlo simulation. It was compared to the results of
a simple mean field approximation, which results from the HFB approximation above if
the pairing parameters are neglected and the hopping integral is chosen to be zero. The
deviations from the exact results have to be explained by the neglection of fluctuations and
of the phase separation in a mean field description. Using the Maxwell construction de-
scribed above leads to the phase diagram in figure 6.11. In fact, the new phase separation
line (dot dashed line) follows gualitatively the exact phase boundary of the Monte Carlo
simulation. Especially the flat behavior as the eleciron density approaches half-filling and
the nearly infinite slope of the phase boundary as |n — 1| approaches 1 are well described.
The transition temperature is still too high. This is due to the neglection of fluctuations.
From figure 6.11 it follows that the mean field approximation including the Maxwell con-
struction yields the qualitatively correct results for all densities and describes the right
physics. Regarding the HFB phase diagrams for the NNSP model, this implies that the
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antiferromagnetic channel is well approximated by the HFB approximation including the
Maxwell construction even in the strong coupling limit. This has some important implica-

tions on the interpretation of the NNSP model in comparison with reality, i. e. the high

temperature superconductors.
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Chapter 7

High Temperature Superconductors and
the NNSP Model |

Up to now about 100 pages were dealing with abstract theoretical considerations. In this
chapter the comparison to reality is of interest. One of the most difficult issues in this
framework is the determination of the model parameters t and W and the interpretation of
the mean electron density n. Because both the antiferromagnetic and the superconducting
properties of the high temperature superconductors shounld be described within the NNSP
model, there is a unique and cbvious solution. [ts derivation is given in the first section 7.1
below. In the second section 7.2 the corresponding HFB phase diagram and its relation
to the phase diagram of high temperature superconductors is discussed. Because of good
agreement between both phase diagrams, electronic and thermodynamic implications are
possible and meaningful. The density of states and the superconducting energy gap are
discussed in section 7.3, while thermodynamic properties like the specific heat and the

Pauli susceptibility are considered in section 7.4.

7.1 Fixing the Model Parameters

Because the NNSP model is a very simplified model which cannot account for the com-
plicated details of the copper oxide materials and moreover a mean field type of approx-
imation is used, which in general yields transition temperatures which are about twice
as high as the exact results (see for instance the phase diagram of the atomic limit in
figare 6.11), only the magnitude of the parameters is important. It is meaningless to
care about a factor of two or three. The following considerations need in this sense to
be understood. All energies and temperatures are measured in units of the hopping in-

tegral t, so its value should be estimated first. From energy band calculations a band

129
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width of order 1 eV has been derived [Mattheiss87, Pickett88, Yu91], which is consistent
with photoemission experiments [Minami89, Takahashi89, Olsen89]. In two dimensions
and for the nearest neighbor hopping tight binding band in equation (1.9) the band width
is 8¢, so that a hopping amplitude of order 0.1 eV or 1000 K is a good choice. In fact,
t = 0.25 eV has been nsed by Monthoux and Pines [Monthoux92a], while Schneider et al.
(Schneider90a, Frick90] have nsed ¢ = 0.07 V.

In order to estimate the coupling strength, it should be emphasized again that one of
the main reasons to study a nearest neighbor singlet pairing interaction was the ability to
describe both the antiferromagnetic and the superconducting features of high temperature
superconductors. For this reason either the Néel temperature or the superconducting crit-
ical temperature can be nsed to determine W/t. In the previous chapters we have shown
that, within the symmetry broken HFB approximation, the antiferromagnetic component
is well described for all coupling constants and electron densities. On the other hand, we
have argued that, for the superconducting critical temperature, the HFB approximation
totally fails in the strong coupling regime. It is therefore wise to use the antiferromagnetic
transition temperature to fix W/t. Moreover, because the undoped material is an anti-
ferromagnetic insulator and shows no superconductivity which is described by the NNSP
model, and if half-filling is interpreted as the undoped case, the Néel temperature for
n = 1 should be used. In the intermediate and strong coupling regime the Néel tem-
perature is given by |W/t| and for ¢ = 1000 K and |W/¢| > 1 this yields Ty > 1000 K,
which is much to high in comparison to T = 250 K for La;CuQ4 and Ty = 600 K for
YBasCu30g. For this reason, within the NNSP madel high temperature superconduc-
tors should be described in the weak coupling regime. A second point which favors weak
and rules out strong coupling constants is discussed in section 7.4.1 on the temperature
dependence of the specific heat. In the weak coupling regime the Néel temperature for
half-filling behaves exponentially as a function of |W/t|, so that values of abont 0.7 or
0.8 for |W/t] shonld be the appropriate ones. For the following discussion we shall take
W/t = —1, which is consistent with estimates of the antiferromagnetic coupling constant
for the undoped compounds of about 500 — 1000 K (see e. g. [Erice89] and references

therein).

The last point which has to be checked is the role of the electron density n and its
relation to 4, the number of holes per unit cell in the CuO; planes. Within the NNSP
mode! the undoped material is described by half-filling and corresponds to 6 = 0. n reflects
the mean number of electrons and 2 — n the mean number of holes per site of the square
lattice, which has been assumed in all calculations. As argued in the introduction, each
unit cell of the CuO5 planes can be mapped onto one site of the lattice and, because the
nearest neighbor hopping model shows particle hole symmetry, § can be directly identified

with |n — 1|. This interpretation is in sharp contrast to the interpretation of Schneider et
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al. [Schneider90a, Schneider90b] and Micnas et al. [Micnas90]. Both authors used § ~ n
or 6 ~ 2—n. Using § = |n — 1] and the values for W/t and ¢ from above, a phase diagram

for high temperature superconductors can be derived.

7.2 Phase Diagram
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Figure 7.1. T/t versus § = |n - 1| phase diagram for W/t = —1. This diagram shows
the antiferromagnetic phase boundary (solid line), the phase separated region (below the
dot-dashed line}, the d—wave (dashed line} and the zs-wave (dotted line) transition tem-
perature. The old antiferromagnetic phase boundary is drawn in light gray. The inset
zooms the superconducting transition temperature in the doping range of interest for

5 €[0,0.3].

The HFB phase diagram for W/t = -1 is shown in figure 7.1. It includes the phase
separated region (solid line on the left hand side and dot—dashed line on the right hand
side} as it is derived by the Maxwell construction described in chapter 6.5. The region
where antiferromagnetic long range order appears is surrounded by the solid line. For & ¢
[0,0.5] the superconducting phase boundary is given by the d—wave transition temperature
(dashed line), while in the extremely overdoped regime for § > 0.5 it is given by the zs-
wave transition temperature (dotted line). The small inset shows the superconducting
critical temperature in the interesting doping regime for § € [0,0.3]. The features of this

phase diagram can be summarized as follows:



132 Chapter 7. High Temperatnre Superconductors and the NNSP Model

Figure 7.2: Density of states in the
antiferromagnetically ordered system for [
halé-filling, T/t = 0 and W/t = —1. 02
The antiferromagnetic gap is given by [

Egft = 2/W|/tzmar = 276 with N
mar = 0.34533 and z = 4. 6.

In the undoped case (6§ = 0) the system orders antiferromagnetically and shows no
snperconductivity. Fort = 0.1 ¢V the Néel temperatuore is about 700 K.

Superconductivity occurs for § > 0. In the relevant doping range for d € [0.,0.3] the
superconducting order parameter has d—wave symmetry. zs-wave snperconductivity
only appears beyond § = 0.5 . This doping range, however, is not of any interest (is

it possible to create extremly overdoped materials?).

The superconducting critical temperature first increases in the underdoped regime
for § < 0.15, shows a maximum'at é == 0.17 and finally drops to zero as 4 is further
increased beyond 0.3.

The critical temperatare is about 100 K for the optimally doped system and for
t = 0.1 eV, so that the ratio Ty (6 = 0)/T.(é ~ 0.17) eqnals approximately 7.

The phase separated region covers the whole doping range from § =0 up to 6 = 0.5
and extends to temperatures comparable to the Néel temperature for half-filling.

Comparing the generic phase diagram of the copper oxide superconductors in figure 1.1
with these characteristic points of the phase diagram of the NNSP model for W/t = -1,
some remarkable agreement is revealed. Not only the qualitative features, but also the

qnantitative estimates for the Néel temperature and the superconducting transition tem-

peratures as a function of doping agree. For this reason the phase diagram of high temper-

ature superconductors might be interpreted from the point of view of the NNSP model.

The following physical scenario can be drawn: for half-filling the nearest neighbor pairing

interaction drives the system into the antiferromagnetic state. As the density of states in

figure 7.2 shows, a large antiferromagnetic gap opens below the Néel temperature and the

single tight binding band splits into two sub-bands. For this reason the system becomes
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an insnlator for 7'/t = 0 [Scalapino93]. As the system is doped, antiferromagnetic long
range order disappears and the system enters into a phase separated region. In fact, elec-
tronic phase separation has been discussed as one possible microscopical scenario for the
doped copper oxide supercondnctors (see for instance [P592, PS93] and references therein)
and strong two-dimensional antiferromagnetic fluctuations have been observed in many
experiments [Birgenan88a, Birgenau88b, Uemura87, Uemnra88]. The phase separation of
antiferromagnetic domains and metallic droplets above T, is responsible for the unusnal
normal state behavior. In this region the system behaves as an antiferromagnetic Fermi
liguid and shows unusual metallic behavior. The existence of a spin gap as it is for in-
~ stance observed in NMR experiments [Pennington90, Mangelschots92a, Mangelschots92b)
and which points to non Fermi liquid behavior is one consequence. The spin gap is more
or less the energy required to extract an electron from an antiferromagnetic domain. On
the other hand, the existence of a fermi surface which has been revealed in angle-resolved
photoemission experiments [Abrikosov93, Aebi94], is due to the metallic component. It
is reduced in intensity because the number of mobile charge carriers is only a fraction of
6. The other part is localized in antiferromagnetic domains. Only the mobile fraction is
probed in transport experiments, for instance in measurements of the Hall coefficient and
the resistivity. This explains the small carrier density of the order of 102! in nearly all high
temperature superconductors. The linear resistivity as a function of doping [Torrence89]
is a consequence of the continnons increase of the mobile fraction as 4 is increased. In
angle-resolved photoemission experiments, however, both components become visible. In
fact, the observed shadow bands [Abrikosov93, Aebi94] can be explained in terms of the
phase separation. Also the unusnal normal state behavior of the Pauli snsceptibility as
a function of temperature [Torrence89, Takigawa89] is a consequence of the existence of
strong antiferromagnetic correlations. The temperature where the Pauli susceptibility
shows a maximum remarkably agrees with the phase separation line in figure 7.1. To
summarize: the bivalent behavior of high temperature supercondnctors in normal state
— on one hand metallic behavior and on the other hand typical non-Fermi liquid an-
tiferromagnetic characteristics — are a direct conseciuence of the electronic phase sepa-
ration. As doping is increased the antiferromagnetic fraction decreases and the sysiem
becomes more and more a metal. Beyond the phase separation line usual Fermi liquid
behavior occurs. This smooth transition to metallic behavior has also been observed in
experiment [Torrence88, Torrence89]. Interesting enoungh, as the antiferromagnetic com-
ponent vanishes in the overdoped regime, the superconducting critical temperature drops
to zero. This strong correlation between antiferromagnetism and superconductivity has
been clearly shown for a number of copper oxide compounds [Shafer90]. It seems that in
the relevant doping range the antiferromagnetic fluctnations mediate the transition into
the superconducting state with d—wave symmetry. On the other hand, if the number of

mobile charge carriers decreases, the superconducting critical temperature should decrease
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as well. In the phase separated region both scenarios are competing. In the underdoped
regime the increase of the number of mobile charge carriers determines the increase of the
superconducting transition temperature. In the overdoped regime, however, the antiferro-
magnetic fluctuations vanish, so that the d-wave transition temperature decreases. This
leads to an 'optima.l T. at § = 0.16. Its relatively high value of about 100 K is due to
the fact that within the NNSP model pairing takes place aver the whole Brioullin zone.
This is in contrast to the conventional BCS model', where only a small shell around the
Fermi surface of the order of the Debye temperature is involved. The d-wave symmetry
of the superconducting order parameter leads to unconventional superconductivity, which
is in addition strongly influenced by antiferromagnetic fluctnations which still exist in the

superconducting state. Some consequences are discussed in the next sections.

7.3 Density of States

7.3.1 Groundstate Density of States

For a free electron gas with dispersion relation ¢, the density of states is defined by
equation (1.13). For an interacting system this definition has to be generalized [Mahan90]:

N(e/t) = %Zsa(k,e/t) , (7.1)
ko

'1t should be noted again that there is a difference between the BCS theary and a BCS type of ap-
proximation. The BCS theory starts from electron-phonan coupling which lesds to conventional s-wave
supercanductivity. The BCUS approximation, however, is a technique which might be applied to a large
variety of models.
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where S, (k,¢/t) is the spectral density function which is related to the normal Matsubara
Greens function via '

Go(kyiwa) = [ da Sokiz) | (7.2)
wy — T | _
Using the formula for G, (&, iwy,) in equation {4.33), an analytical expression for the spec-
tral density function can be easily derived. With some limitations, the density of states is
directly probed in tunneling experiments [Meservey69, Dynes94]. For this reason these ex-
periments yield information about the quasiparticle excitation spectrum and can be used,
for instance, to distinguish between different types of pairing in superconductors. In fact,
one of the most interesting features of the phase diagram in figure 7.1 is the symmetry of
the superconducting order parameter. In contrast to the BCS theory it is d-wave with an
anisotropic energy gap which is given by '
1 ' :

A(k) = Zﬁd(ms(kr) —cos(ky)) . (7.3)
From this equation follows that it becomes zero on the lines k, = %k, in the first Brioullin
zone and a pseudo gap in the density of states is expected {Zhou92, Wenger93]. Because of
the competition between antiferromagnetism and superconductivity, however, the situa-
tion is much more complicated. In fact, the interplay between the antiferromagnetic order
parameter, the chemical potential and the superconducting order parameter can alter this
simple picture. In figure 7.3 the groundstate density of states for W/t = ~1 and for opti-
mal doping is drawn. The energy scale is shifted so that the chemical potential lies at the
origin, namely le/t = 0. Two gaps are visible. The first g'ap, which is not symmetric with
respect to the chemical potential, results from the finite antiferromagnetic order parameter
and reflects the spin gap in the phase separated region. It also exists above T,. The second
gap is the superconducting gap which, in contrast to the antiferromagnetic gap, is more
or less symmetric. In order to study the details of the superconducting gap as a function
of doping, the density of states is plotted in the range ¢/t € {-1,1] shown in figure 7.5
for different fillings. In the underdoped regime for'd = 0.02 (a) and § = 0.05 (b), a real
gap occurs Which decreases as doping is increased. For fillings ];eu'ger than § = 0.05, the
real gap disappears and a pseudo gap with its characteristic V-shaped form occurs. For
3 = 0.1 this is shown in figure 7.5(c). For optimal doping for é = 0.15 (d}, some internal
structure appears within the superconducting gap. Finally in the overdoped regime for
6 = 0.2 (¢) and & = 0.25 (f}, where the antiferromagnetic fraction becomes very small,
the typical d-wave gap occurs. [t should be noted that these calculations of the densitiy
of states are performed on the results of the HFB approximation withont considering the
modifcations mediated by the Maxwell construction to derive the phase separated region.

For this reagson the influence of the antiferromagnetic gap would-be altered if the phase
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separation would be taken into account. Especially in the overdoped regime which also
lies _within" the phase separated region. The V-shaped form and the size of the super-
conducting gap, however, will be rather unchanged due to the weak correlation of the
chemical potential and the superconducting order parameters. The density of states for
optimal doping shawn in figure 7.5 (d) can be compared to the experimental results on
YBasCuzO7_y [Geerk89, Valles91l]. Both the V-shaped form and the width of about 40
meV agree very well. In fact, for ¢t = 0.1 eV the maximum width of the energy gap for
optimal doping becomes 0.04 eV. The ratio of the zero temperature energy gap and the -
critical temperature has often been discussed, For the YBag(juaOv_y compounds it is |
about 4.4 (40 meV divided by 90K). Within the NNSP model the maximum gap for pure
d-wave superconductivity is given by :

E,=2x2x|W|x|Ag . (7.4) .
The first factor 2 is due to the symmetry of the energy gap around the chemical potential,
while the second factor 2 is the maximum of (cos{k,) — cos{k,)). In figure 7.4 the ratio
E,/T. is plotted as a function of doping for W/t = —1 in the relevant doping range.
It is weakly doping-dependent and over a wide range of about 4 - 5 in agreement with
reality. It should be noted that this ratio is significantly larger than the BCS value of
'3.53 for a conventional s—wave su perconductor because of the anisotropic nature of the
superconducting order parameter and the influence of the antiferromagnetic background

- on the quasiparticle excitation spectum.
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Figure 7.4: The ratio of the maximum
energy gap in the groundstate density
of states to the value of the transition
temperature as a function of doping for 0 . e
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Figure 7.5: Groundstate density of states derived within the HFB approximation for
W/t = =1 and various fillings: in the underdoped regime for 6 = 0.02 (a), § = 0.05 (b),
§ = 0.1 (c), for optimal doping § = 0.15 (d) and in the overdoped regime for § = 0.2 {e)
and & = 0.25 (f).
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7.3.2 Density of States near T,

02}

0. [ P | PR | mal
3 -2. -1.
€ft
Figure 7.6: Density of states derived within the HFB approximation near the 'supercon-
ducting critical temperature for W/t = ~1 and various various fillings: in the underdoped

regime for § = 0.05 (a), § = 0.1 (b), for optimal doping & = 0.15 (c) and in the overdoped
regime for § = 0.25 (d). The solid line is just above T, while the dotted line is the density
of states immediately below T.. :

It is also interesting to study the density of states in the neighborhood of the supercon-
ducting critical temperature as a function of doping. For W/t = —1 and various fillings
this is shown in figure 7.6. In all four graphs (a) - (d) the solid line corresponds to the
normal state a few degrees of Kelvin above T., while the dotted line is the density of states
immediately below the critical temperature. From (a) to (d) the density of states is given
for § = 0.05,4 = 0.1 § = 0.15 and § = 0.25. Two aspects can be derived from these graphs.

As the system is cooled below the critical temperature, new quasiparticle states emerge
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below the chemical potential at ¢/t = 0. This is very clearly visible in figure 7.6 (a) and
(b) for the underdoped systems. It also appears for optimal doping in figure 7.6 (c) and
in the overdoped regime in figure 7.6 (d), where the new states result in an opening of a
superconducting gap and an increase of the density of states below the chemical potential.

Because of these new states the free energy is lowered and superconductivity occurs.

The second interesting point is the position of the chemical potential. In the un-
derdoped regime for = 0.05 iu figure 7.6 (a}, the chemical potential lies: within the
antiferromagnetic gap. For this reason semiconducting properties are expected in the
normal state just above the critical temperature. On the other haud, for 0.1 < é < 0.2
the chemical potential lies in the upper baud near the van Hove singularity. The maxi-
mum T occurs in this region, which supports the van Hove scenario [Gefron93, Dessau93].
Moreover, it has been argued that the high density of states and the flat dispersion are
responsible for the linear in 7" behavior of the normal state resistivity as it is observed
for the optimally doped compounds [Batlogg89, Torrence89]. In the overdoped regime
the chemical potential shifts into the middle of the band and the normal state resistivity
behaves more Fermi liquid like (~ T?). As already noted, this picture might change if
the phase separation is taken into account. Nevertheless it points to the right direction in
comparison to reality. In fact, the transition from semiconducting, over anomalous Fermi
liquid to usual Fermi liquid behavior in the normal state just above the superconducting
critical temperature as doping is increased, has been reported for various copper oxide
supercouductors and identified as a common and significant feature of these-materials (see
e. g. [Ginsbergl]- [Ginsberglll] and references therein). From the point of view of the
NNSP model this observation is due to the competition of antiferromagnetic fluctuations

and metallic properties in the phase separated region above T..

7.4 Thermodynamic Properties

7.4.1 Specific Heat

In a canonical description the specific heat is the derivative of the entropy with respect to

temperature for fixed particle number deusity [Reichl80], i. e.

c=T (g._f,) , (7.5)
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where the entropy itself is the first temperature derivative of the canonical free energy for
fixed particle number density:

S=- (‘;—i)n . (7.6)

It should be noted that due to the temperature dependence of the chemical potential, it is
important to use the canonical free energy functional in equation (4.14) and not the free
energy functional for the grand canonical description for fixed chemical potential given
in equation (4.5). Moreover, in order to calculate the derivatives in equation (7.6) and
equation (7.5), the implicit temperature dependence on the variational parameters of the
HFB approximation has to be taken into account, i.e. first the total temperature derivative
has to be computed and second the resulting expression has to be evaluated at the solution
of the selfconsistent equations. In this sense the partial derivatives in equation (7.6) and
equation (7.5) are somehow misleading. Because the first derivative of the canonical free
energy functional with respect to the variational parameters vanish at the selfconsistent
solution, the calculation of the entropy is quite easy. The result is

=~ {(1-AE))in (1~ #(2)) + F(EYm (f(2))} (7.7)
ki

where f is the Fermi function defined by

1

ey (7.8)

flz)=
The expression above reflects the information—theoretical interpretation of the entropy:

S5=-Y PAn(R) (7.9)
!

where the sum ranges over all microscopical states of the system and P, is the probability
of state # ! being occupied. For the HFB approximation there are four quasiparticle bands
+E; for i = 1,2 with occupation probability distributions f(E;) and f{—E;) =1 — f(E;).
The calculation of the specific heat, i.e. the second derivative of the canonical free energy
functional is much more complicated. For this reason 2 numerical derivation method of the
entropy data has been used. Moreover, the entropy density and the specfic heat density

instead of its corresponding extensive quantities have been calculated.

For half-filling, i. e. the undoped system and W/t = —1, the entropy and the specific
heat is shown in figures 7.7(a) and (b), respectively. The solid line is the HFB solution,

while the dashed line is valid for free electrons. The discontinuity in the entropy indicates
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Figure 7.7: Entropy (a) and specific heat (b) for w/t = —1 and half-filling as a function
of temperature. The solid line is derived within the HFB approximation, while the dashed
line shows the entropy and the specific heat for free elecrons.

the transition into the antiferromagnetic state with long range order. Accordingly the

specific heat shows a jump at Ty. The exponential decay for T/t — 0 is due to the

opening of a large antiferromagnetic gap below the Néel temperature. Both, the jump

in the specific heat and the exponential decay has been observed in the undoped copper

oxide compounds, which show antiferromagnetic long range order.

v —

0. 0.05 0.1

T/t

0.4

03

0.1

. i

1

NEr—

0.05

T/t

0.1

0.15

Figure 7.8: Specific heat for W/t = —1 as a function of temperature for 6 = 0.05 {a) and

§ = 0.15 (b).
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Because the phase separation, revealed in the phase diagram of the NNSP model in
figure 7.1, is very important for the normal state behavior but was not selfconsistently
taken into account, the specific heat for the doped system is only studied in the low
temperature regime where the implications of the d—wave character of the superconducting
order parameter can be studied. In figure 7.8 the specific heat is plotted as a function of
temperature for W/t = -1 and for 8 = 0.05 (a) and & = 0.15 (b). For the underdoped
case an exponential behavior occurs due to the existence of a real gap in the density of
states shown in figure 7.5°(b). On the other hand, the low temperature behavior of the
specific heat is quadratic if a pseudo gap is present. This is shown for optimal doping in
figure 7.8 (b).
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Figure 7.9: Specific heat as a func- [ ]
tion of temperature for W/t = -6 and [
|n — 1} = 0.2. The first jump from the 02 ]
right marks the occurence of d~wave and [
the second jump of zs-wave supercon- o Ll e
ductivity. 0. 0.2 0.4 0.6 0.8 1.
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The specific heat in the strong coupling regime for W/t = —6 and n = 1.2 as a func-
tion of temperature is shown in figure 7.9. 1t shows a double jump according to the two
distinct phase boundaries for the d~wave and the rs-wave component of the supercon-
ducting order parameter. Because such a splitted transition has not been observed in
high temperature superconductors, they cannot be described by the NNSP model in the
strong coupling regime. This conclusion is consistent with the estimation of the coupling
strength upon the antiferromagnetic transition temperature for half-filling (see above). It
cannot be used as a proof for the weak coupling regime because the HFB approximation
fails in the superconducting case for strong coupling constants and finite temperatures.
Nevertheless, the double peak structure of the specific heat should also emerge in approx-
imations which go well beyond the HFB approximation because the groundstate phase
diagram is well described in the HFB approximation even in the strong coupling regime
[Nozieres85, Micnas90] and predicts mixed zs+id—wave superconductivity. A double peak
structure of the specific heat has been observed in the heavy fermion superconductor UPt3
[Stewart84, Ott87, Fisher89, Goltsev94]. From this point of view the strong or interme-
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diate coupling regime, where zs 4 td—wave superconductivity occurs, might be used to
describe the heavy fermion compounds. For this purpose, however, the model has to be

solved in three dimensions.

7.4.2 Pauli Susceptibility

Finally the implications on the Pauli susceptibility should be discussed. The Pauli suscep-
tibility is probed in measurements of the Knight shift in NMR experiments [Pennington90).

From the point of view of the HFB approximation, the most simple way to derive an
analytic expression for the Pauli susceptibility is the calculation of the ferro-magnetization
in a constant external magnetic field perpendicular to the square lattice. This leads to an
additional Zeeman term in the Hamilton operator:

B
'H—%r?{-—--é—%:am, . i (7.10)

where B is the magnetic field strength. This Zeeman term can be directly included into
the effective Hamiltonian of the HFB approximation because it is a one—particle operator.
Moreover, the magnetic field can be integrated into a spin—dependent chemical potential

via

|

Zofa+o (7.11)
so that the formulas for the Greens functions can easily be generalized. From the normal,
now spin—dependent Greens function, the mean magnetization can be calculated. The

result is:

m= 5% zk: 21: [ta,nh (1@;—3-/—21) — tanh (w)] . (7.12)

The derivative of equation (7.12) with respect to B yields the Pauli susceptibility. Because
the order parameter and the chemical potential depend quadratically on B, which follows
from the generalized gap equations including the influence of the magnetic field, the Pauli
susceptibility for B = 0 is given by |

_ B BE;
X= op L0 sk’ 5) (7.13)

where the right hand side has to be evaluated at the selfconsistent solutions for the order

parmeter without external field.
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For the undoped system the Pauli susceptibility is shown in figure 7.10 for W/t = 1.
Furthermore the susceptibility for free electrons is plotted for comparison {dashed line).
The onset of antiferromagnetic long range order leads to a cusp at the Néel temperature.
The exponential decay below the Néel temperatnre arises from the opening of the antifer-
romagnetic gap shown in the density of states in figure 7.2. A similar behavior has been
observed in the antiferromagnetically ordered undoped high temperature superconductors
(see e. g. [Erice89] and articles therein).
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Figure 7.11: Pauli snsceptibility for W/t = —1 as a function of temperature for § = 0.05
(solid line), 0.1 (dashed line) in {a) and for § = 0.15 (solid line), 0.2 (dashed line) in (b).

In figure 7.11 (a) the Pauli susceptibility is plotted as a function of temperature for
W/t = -1 for § = 0.05 (solid line) and & = 0.1 (dashed line}. In figure 7.11 (b} it is shown
for optimal doping, i. e. § = 0.15 (solid line) and for § = 0.2 (dashed line}, which lies
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in the overdoped regime. At the superconducting transition temperature a cusp occurs
which is maximal for optimal doping. In fact, the value of the Pauli susceptibility at the
transition temperature seems to be related to the critical temperature. It increases with
increasing critical temperature in the underdoped regime, reaches a maximum for opti-
mal doping and drops with decreasing transition temperature in the overdoped regime.
This behavior is in sharp contrast to the predictions of the BCS theory. Here the normal
state is described by the free electron gas and the susceptibility above T, is given by the
dashed live in figure 7.10. From this figure follows a manotonic decrease of the Pauli
susceptibility at 7. with increasing transition temperature. Because the only difference
between the BCS and the HFB approximation used for the NNSP model is the inclusion
of an antiferromaguetic variational paramter, the behavior of the Pauli susceptibility at
the superconducting critical temperature has to be attributed to the existence of antiferro-
magnetic domains in the normal state above T,.. The same mechanism which controls the
critical temperature as a function of doping is also respousible for this unusual behavior of
x(Te/t). In the underdoped regime the decreasing antiferromagnetic fraction leads to an
increase of x{T./t}, while in the overdoped regime the decrease of the number of electrons
causes the drop of x(7./t) as a function of doping.

In the low temperature regime the Pauli susceptibility reflects the groundstate deunsity of
states shown in figure 7.5. As soon as the superconducting energy gap becomes a pseudo
gap for 6 > 0.1, the low temperature behavior changes from exponential to linear. More-
over, a reflection point is possible as is shown in figure 7.11 (a) for & = 0.1. Below the

critical temperature the Pauli susceptibility drops to zero due to singlet pairing.
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Chapter 8

Summary and Outlook

8.1 What has been done?

High temperature superconductors share several common properties. The most important
ones are extreme anisotropic structure due to CuQy layers, antiferromagnetic long range or-
der in the undoped case, doping—dependent singlet superconductivity and uwnunsual normal
state behavior due to antiferromagnetic fluctuations above the superconducting critical
temperature, 10 name only a few of them. These features led to the introduction of the

NNSP model which can be summarized as follows:

o The layered structure is modelled by a two—dimensional system.

¢ Due to the strong hybridization of the copper d,2_,» and the oxygen 2po orbitals, a
single band description on a square lattice is introduced where each node corresponds

to one unit cell of the CuOs—planes.

¢ A nearest-neighbor hopping tight binding band takes tunneling processes between

neighboring sites into account.

e To allow for antiferromagnetic lucutations and singlet superconductivity, an attrac-
tive density—density interaction between electrons of opposite spins on neighboring

sites is added to the free tight binding Hamiltonian.

Two extreme limits, the free case and the ”atomic limit”, have been solved exactly. They
show two and somehow excluding properties of the NNSP model, namely the metallic
behavior in the free case and the occurence of two-dimensional antiferromagnetic long

range order for all densities in the atomic limit, due to the Ising type of interaction.

147



148 Chapter 8. Summary and Qutlook

The general case cannot been solved exactly. For this reason we considered the func-
tional integral description of a quantum mechanical system. It provides a very useful
formalism to study phase transitions in quantum mechanical systems from a microscopic
point of view. Starting from a generic quadratic representation for the interaction Hamil-
tonian, the functional integral representation for the partition function has been derived.
The results are independent on the NNSP model and can be used for a large variety of
models. Moreover, we have generalized the functional integral formalism to competing or-
der parameters. In fact, for the NNSP model a free energy functional has been explicitely

derived including charge density, spin density and pairing field variables.

The functional integral representation leads to an exact expression for the partition
function. It serves as a good starting point for approximations. Chapter 3 is attributed
to this problem. Step by step, additional restrictions and assumptions have been in-
troduced. The time-independent field approximation, saddle point approximations for
time-dependent and time-independent fields and finally the mean field approximation
for uniform fields have been discussed. General selfconsistent equations have been de-
rived for time- and momentum—dependent fields. The nonlinear character and the fact
that they are coupled equations reflect the competition between different types of fields.
For a pairing model where only the pairing representation has been used to define the
functional integral, these equations are the generalized gap equations, including time and
momentum—dependent effects. They can be used, for instance, to study the role of the
center of mass momentum of Cooper pairs or the influence of quantum mechanical fluc-
tuations on the solutions of the gap equation. Within the time-independent saddle point
approximation, we have shown that for hermitian field operators and positive effective cou-
pling constants, only the trivial solutions for the corresponding fields exist. This shows,
for instance, the absence of superconductivity for positive coupling constants in the pair-
ing model mentioned above. For all other fields it has been proven that the selfconsistent
solution for a field is given by the mean value of the corresponding field operator. If
the field operator describes any long range order, a nontrivial solution therefore signals a
phase transition. Finally the symmetry broken Hartree Fock Bogoliubov approximation
has been derived from a variational principle. It is related to the time-independent saddle
point approximation. In fact, we have shown that, if only one quadratic representation is
used in the functional integral formulation, both approximations are identical. However, if
the competition between different types of order is taken into account by the inclusion of
more than one quadratic representation, they differ from each other. As the derivation of
the functional integral representation, the appfoximations have been derived on the basis
of the general quadratic form for the interaction Hamiltonian. For this reason they can

be applied to a large class of models for correlated electron systems.
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The symmetry-broken Hartree Fock Bogolinubov approximation has been used to study
the NNSP model for the following reasons:

e it is a variational approximation and therefore leads to the best of its type,

¢ it is a thermodynamic selfconsistent approximation,

¢ it allows for phase transitions by the introduction of symmetry breaking fields,
¢ it can be used to describe the competition between different types of order, and

e it can be solved in the thermodynamic limit.

The minimum set of variational parameters which have been included into the trial Hamil-
tonian of the symmetry broken Hartree Fock Bogoliubov approximation is a real antifer-
romagnetic and a set of complex pairing parameters, which describe superconductivity
with different internal symmetry. It has been shown that in two dimensions only d-,
z5— or mixed x5+ id-wave with a relative phase of /2 are possible. The selfconsistent
equations for the antiferromagnetic and superconducting parameters have been derived
using a Greens function method, and a numerical technique has been applied to find the
solution which minimizes the free energy functional. The main results can be summarized

as follows:

e For half-filling the system orders antiferromagnetically and shows no superconduc-
tivity for all coupling constants, which is a consequence of the competition between
antiferromagnetism and superconductivity. A large antiferromagnetic gap opens be-

low the Néel temperature, so that the system becomes insulating for 7'/t = 0.

o Away from halffilling, superconductivity appears for all coupling constants and den-
sities. The symmetry of the order parameter depends on filling, coupling strength
and temperature. In the weak coupling regime only pure d- and pure Ts-wave su-
perconductivity exists, while in the strong coupling regime the symmetry of the su-
perconducting order parameter is predominantly mixed zs+id-wave. The occurence
of d-wave supeconductivity is strongly correlated to antiferromagnetic fluctuations,

while xs-wave superconductivity occurs mainly in metallic regions.

o The selfconsistent solution of the chemical potential as a function of filling indicates
a phase separation of antiferromagnetic domains and metallic droplets above T
and superconducting electron pairs below the superconducting critical temperature.
The boundary of the phase separated region has been calculated using a Maxwell

construction.
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e It has been shown that the HFB approximation describes the antiferromagnetic

phase very well for all coupling ‘constants and temperatures. The superconducting
groundstate is well described for all coupling constants and in the weak coupling
regime also for finite temperatures. However, the HFB approximation fails for the
superconducting critical temperature in the strong coupling regime. We have argued
that this fact is due to the static character of the pairing parameters which do not

take the mobility of the charge carriers into account.

The BCS approximation, which results from the HFB approximation if the antifer-
romagnetic component is neglected, is only correct in the extreme weak coupling
regime and for small electron {n < 1) or hole (n > 1) concentrations. It totally
fails for half-filling. Moreover, the comparison of both approximations clearly show
the competition between antiferromagnetism and superconductivity included in the
HFB approximation.

Because the HFB approximation describes the antiferromagnetic phase transition very

well, the Néel temperature for half-filling has been used to estimate the coupling strength

for a quantitative comparison of predictions of the NNSP model with properties of high

temperature superconductors. For t = 0.1 eV, a coupling strength of about W/t = -1

and with § = |n — 1], some remarkable agreement has been revealed. In fact, for these

parameters the NNSP model predicts the following features:

For half-filling (6 = 0) the system is an insulating antiferromagnet. The Néel tem-
perature is about 700 K for t = 0.1 V.

Due to the phase separation, strong antiferromagnetic fluctuations exist above and
even below the critical temperature in the relevani doping regime. They decrease

with an increasing number of holes.
Superconductivity occurs for 6 > 0.

For § = 0.16 the system is optimally doped with a maximum transition temperature
of about 100 K for t = 0.1 eV.

The superconducting critical temperature increases in the underdoped regime and

decreases in the overdoped regime. For 6 > 0.3 it drops to zero Kelvin.

The superconducting order parameter has d-wave symmetiry in the relevant dop-
ing regime. Only for § > 0.5 conventional superconductivity occurs with zs-wave

symmetry.
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Implications on the normal state behavior above T, such as the density of states, the
specific heat and the Pauli susceptibility have been discussed. We have shown that the
normal state behavior emerges from semiconducting to anomalous and finally to usual
Fermi liquid behavior as doping is increased, and that the shape of the superconducting
gap and the low temperature behavior of the specific heat and the Pauli susceptibillity is
related to this. In fact, in the underdoped regime for 4 < 0.1, semiconducting properties
occur in the normal state and the groundstate density of states shows a real gap, although
the symmetry of the superconducting order parameter is d-wave. Accordingly the specific
heat and the Pauli susceptibility behave exponentially in the low temperature regime.
This behavior is due to the strong influence of antiferromagnetic fluctuations and the fact
that the chemical patential lies within the spin gap above T.. As doping is increased,
the chemical potential just above the superconducting critical temperature maoves into the
upper band and the antiferromagnetic fluctuations decrease. For this reason the normal
state behavior changes from anomalous Fermi liquid behavior with a linear temperature
dependence of the resistivity for hole concentrations around optimal doping to more or less
usnal Fermi liquid behavior with a quadratic temperature dependence of the resistivity in
the overdoped regime. The superconducting energy gap becomes a pseudo gap and exhibits
a V—shaped form, as it is expected for a d-wave superconductor and the low temperature
behavior of the specific heat devided by T, and the Pauli susceptibility becomes linear in
T. We have calculated the ratio of the maximum energy gap in the density of states to the
transition temperature. This ratio is doping dependent and shows a mean value of about
4.5 in agreement with tunneling experiments on YBaCu [Geerk89, Valles91]. Although
the HFB approximation of the NNSP model leads to surprisingly good results, there are

still many open questions. Some of them are briefly discussed in the following sections.

8.2 Further Research

8.2.1 Phase Separation

In our treatment the phase separation has not been treated selfconsistently. In fact, a
reintroduction of the pinned value for the chemical potential obtained by the Maxwell
construction will lead to a wrong value for the particle number density. For this reason a
first step towards a better description of the NNSP model is to use a method where the
phase separation can be treated selfconsistently. Such a method requires the introduction
of spatial fluctuations, for a phase separation cannct be longer described by a uniform an-
tiferromagnetic internal field. For this purpose, the generalized selfconsistent equations of
the time—independent saddle point approximation including momentum-dependent effects

may be used.
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8.2.2 Additional Parameters
Repulsive U

For high temperature superconductors it has been -a.rgued that a strong on-site repulsion
on the in-plane copper ions is present[Emery87, Anderson87]. For this reason it should
be interesting to study the influence of an on-site repulsion term on the phase diagrams
of the NNSP model. In fact, in a first try it can be directly introduced into the HFB
approximation if the coupling constant in front of the antiferromagnetic variational pa-
rameter is replaced by Wz — U. Because U does not enter into the pairing terms, the
on-site repulsion favors the antiferromagnetic component, which will lead to a higher Néel
temperature and antiferromagnetic order parameter. In a more sophisticated approach,
also the ferro— and paramagnetic features of the repulsive Hubbard model should be taken
into account [Hirsch85c].

n-Pairing

The basic principle of the HFB approximation is the concept of spontaneous symmetry
breaking [Ring80, Bormann91b]. Within the HFB approximation for the NNSP model
the translational symmetry with respect to the antiferromagnetic reciprocal lattice vector
and a U(1) gauge symmetry mediated by the particle number operator might be violated.
In fact, a finite value for the antiferromagnetic order parameter breaks the translational
symmetry, while the occurence of superconductivity is accompanied by a violation of the
U(1) gauge symmetry. From this point of view, the occurence of n—pairing [Yang89,
Tian94] should be discussed as well. This is related to a spatially varying superconducting
order parameter

Ap(k) ~ <Citcaci_(k+Q)_,,> : (8.1)

and breaks both the translational and the gauge symmetry. Within this work, a finite
value of the anomalous Greens function Féo signals the occurence of n-pairing, which
occurs in the coexistence regime of antiferromagnetism and superconductivity. However,
the n-pairing parameter has not been considered selfconsistenly. In this case variational
parameters which couple onto the pairing operators c}ca ct—(k+0)—o and their complex conju-
gates have to be included into the trial Hamiltonian. For this reason the diagonalization of
the trial Hamiltonian becomes much more complicated. Nevertheless, the implications of
n-pairing parameters should be discussed in the future, because this might lead to a better

understanding of the possible coexistence of antiferromagnetism and superconductivity.
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Next Nearest Neighbor Hopping

From photoemmision experiments [Minami89, Takahashi89, Olsen89] and band calcula-
tions [Mattheiss87, Pickett88, Yu91], it follows that a tight binding band including both
nearest and next nearest neighbor hopping is more suitable to describe the copper oxide
superconductors. Because the formulae derived in chapters 5 and 6 for the Greens func-
tions and selfconsistent equations can be easily generalized, the introduction of a nearest
neighbor hopping term might be a good starting point for further development. As al-
ready shown in the introductory chapter, the additional next nearest neighbor hopping
term destroys the particle-hole symmetry, so that hole-doped and electron-doped systems
differ from each other. This will be mirrored in doping—dependent phase diagrams which
become asymmetric with respect to half~filling or in the density of states. For instance,
the maximum of the Néel temperature no longer appears for n = 1 and the identification
6 = |n— 1| must be replaced by § = 1 —n for hole doped (n < 1) and by 6 = n— 1 for elec-
tron doped {n > 1) systems. For the BCS approximation, the implications of next nearest
neighbor hopping on the phase boundaries of the components of the superconducting order
parameter has been discussed by Micnas et al. [Micnas90]. Because in their treatment the
competition between antiferromagnetism and superconductivity has not been taken into
account, it seems worthwhile to generalize the HFB approximation including next nearest

neighbor hopping effects.

8.2.3 Dynamic Criterion for Superconductivity

We have shown that the HFB approximation does not properly describe the supercon-
ducting phase transition in the strong coupling regime. We have argued, however, that
the incorrect prediction of the superconducting critical temperature is due to the static
nature of the pairing order parameter and that the mobility of the charge carriers has to
be taken into account in the strong coupling regime. The criterion for superconductivity
introduced by Scalapino et al. [Scalapino92, Scalapino93] might overcome this problem,
for it describes the phase transition into the superconducting state by the London pene-
tration depth, which is a dynamic quantity related to the superfluid density devided by
the effective mass of the electron pairs. This might be successfully applied to the HFB
approximation of the NNSP model.

8.2.4 Fluctuations

Although the HFB approximation yields acceptable predictions for both the antiferro-

magnetic and the superconducting component in the case of W/t = —1, which lies in
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the weak coupling regime, fluctnations have to be introduced to improve our results, in
particular in two dimensions, where fluctuations destroy any long range order in quantum
mechanical systems. Moreover, it has been shown that fluctnations play an important role
in high temperature superconductors [Schneider92a, Schneider92b, Ghiron93]. As men-
tioned above, a better description of the phase separation requires the introduction of
spatial fluctnations, as well. In our belief, fluctuations which arise from spatially varying
internal fields are the most important ones. They could be studied if the more general
approximations of chapter 3 are used, or on the basis of a Ginzburg-Landau functional
(Ginzburg65, Binney92, Amit84, Annett90a] which can be derived from the functional in-
tegral representation or directly from the HFB free energy functional for time-independent
fields. Furthermore, a spin wave approximation for the antiferromagnetic component seems
to be worthwhile for consideration because it describes the effect of collective modes on the
HFB solution and therefore includes a spatially fluctuating antiferromagnetic component.
A T-matrix approximation, as it has been used to study the attractive Hubbard model
in the intermediate coupling regime [Fresard92, Rodriguez94], or a random phase approx-
imation as it has been used to study the extended Hubbad model in the strong coupling
regime [Robaszkiewicz81c, Robaszkiewicz81d, Micnas90] includes higher order correlation
functions and might therefore lead to a better description of the NNSP model. It should
be emphasized that in all these approximations both, antiferromagnetic and anomalous
pairing correlation functions need to be incorporated. For this reason a thermodynamic
selfconsistent treatment is very difficult to handle and requires some tremendous numerical
effort.

8.2.5 The Problem of Two Dimensions

The quasi-two-dimensional character of capper oxide superconductors has been mod-
eled by an exact two—dimensional system. This is a dangerous assumption because in a
quantum mechanical system of two dimensions fluctnations destroy any long range order
[Hohenberg67, Binney92]. Within the HFB approximation, which is a mean field type of
approximation, these fluctuations are suppressed and long range order might appear. For
this reason the NNSP model shonld be solved in three dimensions, taking the anisotropic
structure of the high temperature superconductors explicitely into account by the intro-
duction of at least an anisotropic hopping term [Frick90]. The interaction term includes an
Ising spin-spin interaction and must not necessarily be replaced by its anisotropic three
dimensional form. However, the predictions of the HFB approximation for an extreme
anisotropic three-dimensional system differ only slightly from the predictions for the ex-
act two-dimensional system [Micnas90]. Our results have to be interpreted within this

framework.
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8.3 Resume

In this project the essential features of the phase diagram of high temperature supercon-
ductors have been derived for the first time from a semi-microscopical point of view in
a selfconsistent treatment. Both, the antiferromagnetic properties including quasi-two—
dimensional antiferromagnetic long range order in the undoped case, and strong antiferro-
magnetic fluctuations above and even below the superconducting critical temperature due
to the occurence of electronic phase separation and the superconducting properties, like
the doping dependence of the critical temperature or the d-wave symmetry of the order
parameter, have been revealed and explained. Because the singlet pairing interaction is
somehow unphysical, the reason being the violation of the rotational spin symmetry, we
can conclude that the extended Hubbard model including a next nearest neighbor sin-
glet pairing interaction is as important for high temperature superconductors as the Ising

model is for magnetic systems.
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