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Chapter 1 

Introduction 

Although this work is trying to approach the field of high temperature superconductivity, 

we do not want to begin the introduction with 

Since the discovery of high temperature superconductivity by Müller and Bednorz... 

as many of the publications in this field. Nevertheless the fundamental work of Müller 

and Bednorz [Bednorz86] needs to be mentioned, because it caused a tremendous wave of 

experimental and theoretical effort in order to understand these materials, in particular 

in comparison to the well known conventional superconductors. Questions about the role 

of antiferromagnetic fluctuations, the pairing mechanism and the symmetry of the super­

conducting order parameter are currently of great interest. But it is not only the field of 

high temperature superconductivity that we are interested in and that this work is dealing 

with, it is also the more general problem of the interplay, competition or coexistence of 

different types of order in highly correlated electron systems. In fact, the competition of 

antiferromagnetism and superconductivity, or charge order and superconductivity plays 

an important role in high temperature superconductivity. The coexistence of antiferro­

magnetism and superconductivity is also of interest in the framework of heavy fermion 

superconductors. However, this work is mainly focused on the features of copper oxide 

materials. Nevertheless, some of the results might also be applicable to heavy fermion 

compounds. Starting from a tight binding model with attractive nearest neighbor singlet 

pairing interaction, which we have called the NNSP model, we derive the phase diagram of 

high temperature superconductors, including both their antiferromagnetic and supercon­

ducting properties. For the first time their phase diagram can be qualitatively reproduced 

starting from a simple semi-microscopical model. This causes some implications, such as 

the unconventional character of the superconducting order parameter with d- or extended 

s-wave (ens-wave) symmetry, which is in contrast to the classical BCS-superconductors. 

1 



2 Chapter 1. Introduction 

Moreover, the normal state behavior is strongly influenced by antiferromagnetic correla­

tions. However, we do not want to anticipate any results before the model has been defined 

and motivated, which is the aim of this introductory chapter. In section 1.1, some basic 

features of high temperature superconductors are summarized, which are used in section 

1.2 to motivate the NNSP model. In section 1.3, two extreme limits are discussed: the 

free case and the "atomic" limit. Both limits show the metallic, and on the other hand, 

the antiferromagnetic and insulating features of the NNSP model. The last section 1.4 

presents an overview of this dissertation. 

1.1 High Temperature Superconductivity 

The most astonishing point of high temperature superconductors is their transition tem­

perature into the superconducting state. It ranges from 24 K for the (Nd1 Ce)2Cu04_$-

compounds [Tokura89] up to 125 K for Tl2Ba2Ca3Cu4Oi0 [Cox88]. A common feature 

of high temperature superconductors is their extremely anisotropic structure including 

CuÜ2 layers as their main components. It is widely accepted that the electronic activ­

ity takes place within these layers. For this reason they are often called copper-oxide 

superconductors. Their phase diagram is another common feature. A generic phase dia­

gram is shown in figure 1.1 , where 6 is the hole concentration in the CuC>2 planes and 

T the temperature. The left-hand side for S = O corresponds to the undoped or par­

ent material, such as YBa2Cu30g [Jorgensen90] or La2Cu04 [Bednorz86, Jorgensen87]. 

They are insulating and show antiferromagnetic long-range order and no superconductiv­

ity. In these materials, the copper ions in the CuO2 planes are in a Cu2+ state with a 

Cu(3d9) electronic configuration, which corresponds to a half-filled dx2_y2 band. From 

this point of view one should expect a metal, but a strong on-site repulsion splits the 

band into a lower and an upper Hubbard band [Hubbardl, HubbardII, HubbardIII]. 

In this dissertation-, we show that this splitting can also be achieved by a weak singlet 

nearest, neighbor pairing interaction which drives the system into the antiferromagnetic 

state for half-filling. As the copper-oxide superconductors are doped by cationic substi­

tution (La2_xSrxCu04) or by oxygen intercalation (La2Cu06+y), the Néel temperature 

drops very rapidly and they exhibit a metal-insulator transition at 5 m 0.05. Beyond 

this threshold the antiferromagnetic long-range order disappears and superconductiv­

ity occurs. There is no coexistence of superconductivity and antiferromagnetism like 

in heavy fermion compounds [Steglich85, Steglich93]. However, it has been shown by 

NMR [Slichter93, Kitaoka93], angle resolved photoemmission [Aebi94] and inelastic neu­

tron scattering experiments [Birgenau88a, Birgenau88b, Birgenau89a, Birgenau89b], that 

above and even below the superconducting critical temperature strong antiferromagnetic 

fluctuations exist for hole concentrations well above the insulator-metal transition line. 
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Figure 1.1: Generic phase dia­
gram of high temperature super­
conductors like the YBaCuO- and 
LaSrCuO-compounds, where S is 
the hole concentration within the 
Cu02~planes and T the tempera­
ture. The solid curve marks the 
antiferromagnetic phase boundary, 
below which antiferromagnetic long 
range order exists. The dashed 
curve is the superconducting phase 
boundary as a function of doping. 
An insulator-metal transition oc­
curs at 5 « 0.05, which is indicated 
by the thin vertical line. The dotted 
curve marks the area below which 
short range antiferromagnetic fluc­
tuations are important and control 
the normal state behavior. 

hole concentration 6 

These fluctuations give rise to a spin gap and are responsible for the anomalous nor­

mal state behavior in this regime [Mangelschots92a, Mangelschots92b, Torrence89]. It 

has been extensively discussed at the workshops on "Phase Separation in Cuprate Su­

perconductors" [PS92, PS93] that these fluctuations are accompanied by an electronic 

phase separation of antiferromagnetic domains and itinerant electrons, which become su­

perconducting below the transition temperature. The decrease of the Néel temperature 

is due to the addition of holes which enter predominantly in the oxygen 2ptr orbitals 

[Bianconi87, Nucker88, Alloul90] and act in a frustrating way onto the antiferromagnetic 

exchange coupling between neighboring Cu ions. This leads to a spin-glass phase at low 

temperatures [Aharony89]. It should be noted, although the holes reside predominantly 

at the oxygen sites, that there is a strong hybridization between the copper 3dx2_y2 and 

oxygen 2pcr orbitals. This has for instance been observed in NMR experiments where the 

Knight shift and the nuclear relaxation rate for both the Cu and O ions has been com­

pared [Mangelschots92a, Mangelschots92b]. These results show that the electron distribu­

tion around the Cu and O sites are similar. For this reason there is no sharp distinction 

between the electrons in the Cu Zdx2_y2 and O 2pv orbitals and single band models are 

therefore possible [Anderson87]. The superconducting critical temperature first increases 

with increasing hole concentration, reaches an optimum value at ¢5 « 0.15 and Anally drops 

to zero as S approaches 0.3. Accordingly the region on the left and right hand side of the 

optimal hole concentration is often called underdoped and overdoped regime, respectively. 

It is a challenging question why Tc shows this behavior and what the physical origin of it 

insulator 
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4 Chapter 1. Introduction 

is. A simple explanation is possible for the model discussed in this work. Comparing the 

maximum Néel temperature for the undoped material and the optimal superconducting 

critical temperature, one observes that T^ is about four to six times larger than J1™3**. For 

instance in the case of Y I ^ C u 2 O e , the Néel temperature is about 600K, while the critical 

temperature for YBa2Cu2Og-IBi which corresponds to optimal doping, is 90K". Note that 

for La2CuO4, T N = 250K and T c
m a x = 4Oi^. 

Besides the phase diagram and the normal state behavior of high temperature super­

conductors, there is another important question of interest in current research, which is the 

origin of the pairing interaction and the symmetry of the superconducting order param­

eter [Annett90a, Annett90b, CofTey93, Anderson93, Li93, Levi93, Dynes94, Schrieffer94]. 

There exists strong evidence from NMR experiments [Slichter93] that the pairing state of 

high temperature superconductors is a spin singlet state. This rules out p-wave pairing 

with 5 = 1 and / = 1, where 5 is the total spin of the electron pair and I is its relative angu­

lar momentum. More generally, only pairing states where I is an even number are allowed. 

This is, for instance, in contrast to superfluid 3He, where triplet pairing with 5 = 1 and 

I = 1 is the most stable state [Vollhardt90, Mahan90]. The classical superconductors may 

be well described by the BCS-theory with an effective, attractive electron-electron interac­

tion which originates from electron-phonon coupling and yields an s-wave superconducting 

order parameter [BCS57], while in heavy fermion superconductors like UPt3 and UBej3 

5 = 0 and I = 2 pairing is present [Rice87a, Rice87b, Sigrist91]. For high temperature 

superconductors, several different experiments have been carried out in order to answer 

this question. Tunneling experiments which probe the density of states of the quasiparticle 

excitations show for some materials, such as YBa2Cu307_a [Valles9l], a pseudo-gap which 

is consistent with d-wave pairing. On the other hand, for Nd2-XCexCuO4 [Tralshawala91] 

or the newly discoverd Hg-compounds [Chen94], a real gap is observed which favors con­

ventional 5-wave symmetry. Other materials lie in between those two extreme limits. 

Measurements of the nuclear relaxation rate in NMR experiments on several copper-oxide 

superconductors show no coherence peak (Hebel-Slichter-peak) and a power law behavior 

in the low temperature regime [Kitaoka93, Thelen93]. Both results support d-wave pair­

ing. In addition, angular resolved photoemisson experiments [Shen93, YokoyaPP, Aebi94] 

might be explained assuming anisotropic rf-wave pairing and antiferromagnetic fluctua­

tions. However, from these experiments one cannot clearly distinguish between d-, xs-

or a mixed state with xs + id-wave symmetry. The SQUID-experiments by Chaudhari 

and Lin [Chaudhari94] and the single Josephson tunneling experiments by Sun et al. 

[Sun94] favor a strong s-wave component to the superconducting order parameter, while 

other SQUID experiments [Wollman93] indicate d-wave pairing. Overall, there is a great 

controversy about the symmetry of the order parameter in high temperature supercon­

ductors. It has been reported that theoretical models which start from antiferromagnetic 
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fluctuations [Monien90, Pines91, Monthoux91], or assume an antiferromagnetic exchange 

coupling [Dagotta94, Dagotto90, Liu92] show d-wave superconductivity. From this point 

of view it seems surprising that, although most of the cuprates apparently are antiferro­

magnetic insulators in the undoped case and show strong antiferromagnetic fluctuations in 

the doped region, some of them are d- and others conventional s-wave superconductors. 

In this dissertation we will show that there is no contradiction between antiferromagnetic 

pairing interactions and different kinds of symmetries for the superconducting order pa­

rameter. We also show that the symmetry might depend on carrier density, temperature 

and coupling strength. Moreover, we show that even for a pure d-wave superconductor a 

real gap is possible due to the competition of antiferromagnetism and superconductivity. 

There are other experiments which are also important in order to understand the nature 

of high temperature superconductors. Examples are measurements of the specific heat, 

Pauli susceptibility, transport experiments or measurements of the upper critical field, to 

name only a few of them. This work, however, concentrates on the correlations between 

antiferromagnetic and superconducting order and the symmetry of the superconducting 

order parameter, which is why the above mentioned experiments are not reported here. 

Moreover, the experiments described above reveal some basic features which are common 

properties of nearly all high temperature superconductors and which are used in the next 

section to introduce and motivate the NNSP model. 

1.2 The NNSP Model 

The basic characteristics which are shared by most high temperature superconductors can 

be summarized as follows: 

• Extremely anisotropic structure including Cu02~layers in which the electronic ac­

tivity takes place. 

• Strong hybridization between the Cu Sdx2_y2 and O 2pa orbitals. 

• The undoped material is an antiferromagnetic insulator. 

• An insulator-metal transition occurs at low carrier densities. 

• Strong antiferromagnetic fluctuations exist well beyond the insulator-metal transi­

tion line. 

• The superconducting critical temperature depends on doping, shows an optimal 

value at S :¾ 0.15 and vanishes for 5 < 0.05 and 6 > 0.3. 
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• The electron pairing in the superconducting state is of singlet type. 

These features should somehow be incorporated in any realistic model for copper oxide 

superconductors [Dynes94]. Some of them can be used to define the model, others must be 

derived and explained. For the NNSP model, the layered structure, the strong hybridiza­

tion, the essential role of antiferromagnetic correlations and the existence of superconduc­

tivity of singlet type can be considered as the starting points. In fact, from the first point 

follows that high temperature, superconductors can be treated as quasi two-dimensional 

systems. The second point shows that the antiferromagnetic electrons and the super­

conducting holes or electrons form one band, so that a unit cell of a Cu02~plane can be 

considered as one site of a square lattice. Moreover, it suggests a tight-binding description. 

Finally in order to allow for antiferromagnetic fluctuations and singlet superconductivity, 

a singlet pairing interaction between nearest neighbors is assumed. Combining this, the 

Hamiltonian of the NNSP model then reads in particle number representation in real space 

[Negele88]: 

n = Yl ^ C I C F + Y wnnitnü - v Y fat + M) . t1-1) 

where c\ff creates and cia destroys an electron with spin v at site i and n^ = c\aci<T. 

The term Uj is the hopping integral between site i and site j . It is spin independent and 

incorporates the kinetic energy of the electrons as well as the electron lattice interaction 

[Hubbardl]. For this reason it is usually negative. Here we will assume £,j = — t (t > 0) 

for i and j on neighboring lattice sites and Uj = 0 otherwise. The implications of next 

nearest neighbor hopping is briefly discussed in- the last chapter of this dissertation. The 

interaction term is assumed to be an attractive nearest neighbor interacion with Wij = 

W (W < 0). The last term in the Hamiltonian above accounts for a grand canonicle 

description which is used throughout the entire dissertation and is therefore added to the 

Hamiltonian. ß represents the chemical potential determined selfconistently from 

n = ^Cfat + "^) . (1-2) 
i 

which is the mean electron density per unit cell. As most of the properties of high tem­

perature superconductors are controlled by the number of carriers per unit cell measured 

from half-filling, this quantity is, besides W, the most important parameter. The hopping 

parameter t is used as energy unit, i. e. the coupling constant, temperature and all other 

energies are measured in units of t. 

The NNSP model is a special case of the extended Hubbard model with attractive, spin 

independent nearest neighbor interaction [Micnas88a, Micnas88b], which can be written 
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Figure 1.2: Hopping and interac­
tion of the NNSP model in two di­
mensions. The filled • and open o 
circles define the sublattices A and 
B1 respectively. The solid arrows 
"f and I represent electrons with ei­
ther spin up or spin down, while a 
dashed arrow marks a previous site 
of an electron, t is the hopping am­
plitude and W the nearest neighbor 
pairing interaction. Both, onsite re­
pulsion U and nearest neighbor in­
teraction between electrons of equal 
spin are assumed to be zero within 
the NNSP model. 

as follows: 

H = IL ^ ' C L C J V + u Yl n«în*-L + v Yl 7^7Vr + w Yl n^n3i -v-Yl (n*+n*±) 

(1.3) 

with V — W, U > 0 and V, W < 0. From this point of view, the NNSP model corresponds 

to U = 0 and V = O which is shown in figure 1.2, where the hopping and interaction 

terms are visualized on a two-dimensional square lattice. The white and black nodes 

are the neighboring sites of the lattice. An up(down)-arrow symbolizes an electron with 

spin up(down). A dashed arrow signals a previous site of an electron. Accordingly the 

hopping term connects a dashed arrow at one site with an arrow of the same direction at 

one of its neighboring sites, while the interaction terms are given by nondirected relations 

between electrons of different spin at the same site (î/-term), of equal spin at neighboring 

sites (F-terrn) and of opposite spin at neighboring sites (Vl^-term). Only the W-term is 

included in the NNSP model. 

The Hamiltonian in equation (1.1) is valid for any dimension. In fact, most of the 

general results are derived independently of dimension or can easily be generalized. To 

take the layered structure of the copper oxide materials into account, the two-dimensional 

case is assumed for the numerical calculations. This is a somewhat dangerous assumption 

because of the nonexistence of long-range order in strictly two-dimensional quantumme-

chanical systems [Hohenberg67, Binney92, Nolting86]. A brief discussion on this issue is 

presented in chapter 8. 

Although the real-space representation of the Hamiltonian of the NNSP model in 

equation (1.1) yields a better visualization of the meaning of the hopping and interaction 

<i> f 
V = O 

"V 
-O 

é ô——é-

-----0---

—ô——è- ——ò— 



Chapter 1. Introduction 

terms, its Fourier representation is often more practical in calculations. The following 

transformation rules are used: 

^ = ^Ev** . (1-5) 

where L is the lattice size and R^ and k are D-dimensional lattice vectors in real space 

and Fourier space, respectively. Within the first Brioullin zone, the components of k are 

given by 

ka = —na for a = 1 . . .D , (1.6) 
La 

where La is the linear lattice size in dimension oc with YIa=I La = L and nQ is an integral 

number in the range 

- ^ < n « < ^ - (1.7) 

The Fourier representation of the NNSP model now reads 

w = £(«* - MW* + z-j- Y, 5(î)4+,tcJbîcI'-«icfc'4 - (1-8) 
k<r hk'q 

where z = 2D is the number of nearest neighbors. The tight-binding band energy 6¾ is 

given by 

D 

efc = - 2 i £ c o s ( f c Q ) (1.9) 
O = I 

and the nearest neighbor structure factor for the interaction term is 

Sii) = 7É«*" (1-1°) 
Z a= l 

= ìf>s( ìa) . (I-") 
where Sa is a relative lattice vector pointing to one of the z nearest neighbors of each lattice 

point. Comparing both representations, it becomes obvious that it is advantageous to work 

in Fourier space in the weak coupling regime, because the hopping term is diagonal, and 

to use the real space representation, where the interaction term is diagonal, in the strong 

coupling limit. 
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Related models have been extensively studied in the past. Schneider et al. [Schneider89, 

Schneider90a, Schneider90b, Frick90] considered a three-dimensional layered model with 

anisotropic hopping and attractive nearest neighbor pairing interaction like in the NNSP 

model. In their approach they modelled the crystal structure of high temperature su­

perconductors in a superior way than just assuming a two-dimensional lattice, but they 

entirely neglect the antiferromagnetic implications of the nearest neighbor interaction. Ac­

cordingly their interpretations are misleading. Teubel et al. [Teubel90], who have studied 

the NNSP model from a functional integral point of view, neglect the antiferromagnetic 

component, too. The trio Micnas, Robaszkiewicz and Ranninger have studied the ex­

tended Hubbard model as it is given in equation (1.3) ([Micnas88a, Micnas88b, Micnas89, 

Micnas90], [Robaszkiewicz81a] - [Robaszkiewicz81d], [Robaszkiewicz82]). Although they 

discussed the antiferromagnetic instability, they did not take the competition between su­

perconductivity and antiferromagnetism into account. For this reason their results indeed 

show the importance of the antiferromagnetic component but are still wrong, especially 

in the neighborhood of half-filling. It is one of the major points of this work to show 

that the interplay between antiferromagnetic and superconducting correlations cannot be 

neglected. Moreover, it is precisely its incorporation that leads to results which are com­

parable to the real world of high temperature superconductors. 

A semi-phenomenological approach to the relation of antiferromagnetic fluctuations 

and superconductivity in copper oxide compounds has been presented by Monthoux and 

Pines [Pines91, Monthoux91]. They start from experimental data for the spin suscepti­

bility which shows a peak at the antiferromagnetic reciprocal lattice vector Q = {^,^) 

and model an effective quasiparticle interaction mediated by antiferromagnetic spin fluc­

tuations [Monthoux91]. They perform both a weak coupling calculation using the BCS 

approach [Monthoux92a, Leggett75] and a strong coupling treatment using the Eliashberg 

formalism [Monthoux92b, Monthoux93, Eliashberg60]. Both calculations lead to super­

conductivity with d-wave symmetry. Moreover, the incorporation of lifetime effects and 

a selfconsistent calculation of the chemical potential in the Eliashberg approach leads to 

results which are comparable to those measured for YBa2Cu307- Nevertheless, they were 

neither able to derive a doping-dependent phase diagram including both the antiferromag­

netic and superconducting properties of the copper oxide materials, nor to explain their 

results from a microscopical point of view. 

1.3 Two Extreme Limits 

Two limits of the NNSP model can be exactly solved, the free case (W = 0) and the 

"atomic" limit (t — 0). Both cases show two different and somehow excluding properties, 
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Figure 1.3: Tight binding band (a) for nearest neighbor hopping on a two dimensional 
square lattice and Fermi surface (b) for n — 0.25, 0.5... ,1.75, starting from the inner 
surface. For half-filling, the Fermi surface is a square and nested. 

the metallic behavior on one hand and the antiferromagnetic and insulating behavior on 

the other hand. 

1.3.1 ÏVee Electrons 

In the limit W = O1 the Hamiltonian in equation (1.8) becomes 

This Hamiltonian is diagonal in Fourier space and describes a metal with a single s-band 

in a tight binding picture [Ashcroft76]. For nearest neighbor hopping on a square lattice, 

the dispersion relation is given in equation (1.9). For D = 2 it is shown in figure 1.3 

(a). The bandwidth B = St. According to the Pauli principle, the groundstate is given 

by filling the one-particle energy states \ka) from below up to the Fermi energy. The 

Fermi surface for various band fillings n are shown in figure 1.3 (b). For half-filling it 

is a square and it is "nested", which means that a reciprocal lattice vector ( (7r, n) or 

(-TT1 TT) ) maps an entire section of the Fermi surface onto another. This is due to the fact 

that the lattice is bipartite1 and that nearest neighbor hopping only joins sublattice A 

1A bipartite graph is a graph whose vertex-set can be split into two sets A and B in such a way that 

each edge of the graph joins a vertex in A to a vertex in B. 
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Figure 1.4: Density of states for the tight binding band given in equation (1.14). On the 
left hand side (a) only nearest neighbor hopping is assumed, while the curves on the right 
hand side (b) are calculated for t'/t - 0.2 (solid line) and t'/t = 0.4 (dotted line). 

to sublattice B [Hirsch85c]. Implications of the nesting property on the Hubbard model 

have been discussed by several authors [Richmond69, Mattis70, Chaikin75]. In the low 

density limit the Fermi surface is more or less a circle and shows the s-wave symmetry of 

the band. 

Besides the Fermi surface, the density of states is an important feature of the free 

Harniltonian. It is defined by 

JV(«A)=±i;<KaA-«/t) 
kcr 

(1.13) 

For nearest neighbor hopping and in two dimensions it is shown in figure 1.4(a). The 

symmetry of the density of states reflects the particle hole symmetry of the nearest-

neighbor-hopping model. Moreover, in this model the logarithmic van Hoove singularity 

(~ ln(«/4i)), which is typical for two-dimensional systems for topological reasons, occurs 

at the same energy where the Fermi surface is nested. In fact, including for instance a 

next nearest hopping term via 

ek = -2t(cos(kx) + cos(^y)) + 4t' cos(A;s) cos(fcy) (1.14) 

the van Hove singularity will shift to the left or right according to the sign of t'. Further­

more, two singularities may occur. This is shown in figure 1.4(b) for t'/t = 0.2,0.4. In 

this work, however, nearly all calculations assume nearest neighbor hopping. Nevertheless, 
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most of the results can be easily generalized. Some implications of next nearest neighbor 

hopping are discussed in the last chapter of this disseration. 

1.3.2 The Atomic Limit; A Monte Carlo Study 

We first need to explain the notion "atomic limit". For the usual Hubbard model the case 

t = 0 is correctly called an atomic limit, for there is no more interaction between electrons 

on neighboring sites and the problem becomes a one-site problem. For the NNSP model 

this is not the case. Even for ¢ = 0, the problem is a lattice problem because of the nearest 

neighbor interaction. However, all electrons are immobile, so that we are still using the 

term "atomic limit" to name this case. For t = 0, the NNSP Hamiltonian reads 

i,j i 

In one dimension a transfer matrix method [Reichl80] can be used to calculate the partition 

function [Tanner94]. In two dimensions one can try a similar technique as it has been 

used to solve the two-dimensional Ising model [Onsager44, Kaufmann49a, Kaufmann49b]. 

Using the local particle number and the s-components of the local spin operators 

m = (TVJ- + Tiij.) and ¢1-16) 

*f - \ («* - « * ) . ' (1-17) 

the Hamiltonian of the atomic limit can be rewritten as follows: 

w i = w E {\n^-s*si) -^X> • (1-18) 

which shows the similarity to the Ising model. The interaction term, however, includes 

both a density-density interaction and a spin-spin interaction of the z-components of the 

local spin operators and neither the number of electrons is fixed nor their position. This 

last feature is in sharp contrast with respect to the Ising model. For this reason and 

for simplicity we have not tried to find the exact solution by analytical means. Instead 

we have used a classical Monte Carlo technique, which also yields exact results for the 

thermodynamic limit in a finite size scaling procedure. Because both, Monte Carlo Simu­

lation and finite size scaling analysis are standared techniques, a discussion of the details 

implemented for the atomic limit of the NNSP model is omitted here. It should be noted 

that for the atomic limit all energies can be measured in units of T. 
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Figure 1.5: Mean double occupa­
tion number per lattice site on an 
8 site ring with N — 8 electrons 
(half-filling) for W/T between - 5 
and 5. The solid line is estimated 
using an exact diagonalization tech­
nique and the square dots show the 
Monte Carlo results. Both calcula­
tions agree closely, which indicates 
the validity of the Monte Carlo al­
gorithm. 

W/T 

To test the algorithm, the Monte Carlo results for the mean double occupation number 

d=jE(n^n) ( 1 - 1 9 ) 
t 

has been compared with exact diagonalization results [Tanner94]. This is shown in figure 

1.5 for a one dimensional ring of L = 8 sites and N — 8 electrons, where the solid line 

is obtained by exact diagonalization, while the square dots are the Monte carlo results. 

The agreement is obvious. In addition, the same algorithm has been used to calculate the 

atomic limit of the usual Hubbard model, which is even for finite lattice sizes and fixed 

particle numbers analytically solvable. The comparison of these calculations also show 

exact agreement. 

Because of the negative sign of the coupling constant, the interaction Hamiltonian in 

equation (1.18) favors antiferromagnetic order. Due to the classical character of the inter­

action Hamiltonian, antiferromagnetic long range order is possible for dimensions greater 

than or equal to two. In one dimension, thermal fluctuations destroy any long range or­

der for finite temperatures. The phase diagram for the two-dimensional square lattice is 

shown in figure 1.6 . It displays the Néel temperature as a function of filling. Due to 

particle hole symmetry it is plotted versus \n — l|. The dots are obtained by the Monte 

Carlo technique including a finite size scaling procedure, while the solid line is evaluated 

by a simple mean field approximation, where the Hamiltonian in equation (1-15) has been 

replaced by a one particle Hamiltonian including an antiferromagnetic mean field param­

eter. For the half-filled system the ground state is the perfect Néel state, whereas away 

from half-filling it is characterized by a phase separation between an antiferromagneti-

"13 
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U 
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Figure 1.6: T/ |W| versus \n - 1| phase diagram for t = 0 and W < 0. The square 
dots are the Monte Carlo results, while the solid line is estimated using the Mean Field 
approximation. 

cally ordered and an empty domain. The message of the phase diagram is twofold. First 

it shows the antiferromagnetic properties of the interaction of the NNSP model for all 

fillings and that they cannot be neglected in any calculation. Second it shows that the 

simple mean field approximation yields qualitatively correct results. Both calculations 

show antiferromagnetic long range order for all fillings. The deviation must be attributed 

to neglecting thermal fluctuations and to the fact that the mean-field approximation does 

not provide a realistic description of a phase separation. This issue is discussed in more 

detail in chapter 6. 

1.4 Overview 

Two extreme limits were discussed in the previous section, which can both be exactly 

solved because the Hamiltonian becomes diagonal either in Fourier or real space. The 

general case ( £ ^ 0 and W < 0) is not exactly solvable, so that approximation approaches 

have to be used. The functional integral formalism which is introduced in chapter 2 is 

quite a good starting point for studying phase transitions in highly correlated electron 

systems. Even the competition between different kinds of orders enters in a natural way. 
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The functional integral description is a one-to-one map of the original problem and there­

fore not exactly solvable either. It yields, however, a different point of consideration, from 

which approximations which are more suitable to the problem of phase transitions, as for 

instance a traditional perturbation theory, can be derived. Some of them are discussed 

in chapter 3. The symmetry-broken Hartree Fock Bogoliubov approximation is related 

to the time-independent saddle point approximation and is therefore also discussed in 

chapter 3. Starting from the functional integral formalism, the approximations can be 

interpreted in a better way and it becomes obvious what is neglected and what has to be 

included to^im prove them. Both the derivation of the functional integral formalism and 

the approximations'are very general, so that the results from chapters 2 and 3 can be used 

for a large class of models, including for instance all modifications of the Hubbard model, 

attractive as well as repulsive ones. The symmetry-broken Hartree Fock Bogoliubov ap­

proximation is one of the simplest methods for studying the competition between different 

order parameters. In chapters 4 - 6 this method is applied to the NNSP model. To allow 

for superconductivity and antiferromagnetism, both superconducting and antiferromag-

netic variational parameters are included in the effective Hamiltonian. In chapter 4 the 

selfconsistent equations are derived using a Greens function technique. They are coupled 

nonlinear equations of all variational parameters and reflect their interdependence on each 

other. The notion of d- and zs-wave pairing is introduced. In addition, the possibility of 

mixed symmetry, where the superconducting order parameter has a nonzero d- and xs-

wave component, is discussed. Chapter 5 presents and analyzes the numeric solutions for 

all order parameters as a function of coupling strength, electron density and temperature, 

in particular the competition between antiferromagnetism and superconductivity and its 

implications. Moreover, a comparison to the BCS approximation, where the antiferro-

magnetic features are neglected, yields some interesting information. Chapter 6 considers 

several types of phase diagrams: ground state, temperature versus filling and tempera­

ture versus coupling strength phase diagrams. They are obtained by linearizing the self 

consistent equations, for all phase transitions are of second order. Based on the chemical 

potential and its behavior as a function of filling, the existence of an electronic phase 

separation is revealed and discussed. Chapter 7 includes a discussion about the applica­

tion of the NNSP model to reality, in particular the phase diagram of high temperature 

superconductors. It starts from fixing the model parameters and ends with interesting 

implications, such as the rf-wave symmetry of the superconducting order parameter or the 

shape of the density of states. We conclude this dissertation with a global summary of 

the results obtained and some suggestions for further research. 
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Chapter 2 

The Functional Integral Formalism 

In this chapter we derive a general framework for studying phase transitions from a micro­

scopical point of view, that is, starting from a microscopici model defined by a Hamiltonian 

such as in equation (1.1). This method is known as the functional integral description of 

quantum mechanical systems and was first used by Feynman [Feynman65]. There are 

several ways to introduce this method (see e. g. [Amit84, Negele88]). We are using the 

direct approach for the partition function which can be summarized in four steps: 

1. Writing the interaction as a quadratic form, 

2. Dividing ß = 1/T in JV imaginary time slices and introducing a time-ordered prod­

uct, i. e. applying a Trotter-Suzuki [Trotter59] decomposition, 

3. Using the Stratanovich-Hubbard [Stratonovich57, Stratonovich58, Hubbard59] trans­

formation for every time slice, and 

4. taking the limit JV -» oo. 

In section 2.1 we show several ways to write the interaction of the NNSP model as a 

quadratic form ending with a general form which may also be applied to other models. 

Using this general form, the functional integral representation of the partition function is 

derived in section 2.2. It leads to the definition of a free energy functional based on an 

effective one-particle Hamiltonian. In section 2.3 we derive a procedure for calculating 

the free energy functional, using a generalization of the Nambu formalism. Finally, all of 

this development is applied to the NNSP model. 

17 
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2.1 Quadratic Form of the Pairing Interaction of the NNSP 
Model 

Although it is possible and for some reasons easier to derive the following decompositions 

in real space, we are using the Fourier representation of the Hamiltonian in equation (1.8). 

The resulting formula will be more suitable for approximations derived in chapter 3. The 

interaction part is a two-particle operator and writing it in quadratic form means writing 

it in quadratic form of one-particle operators. There exist three different ways to do this, 

leading to three possible quadratic representations of 1Hi and describing four different 

types of order which are presented in the following sections 2.1.1 - 2.1.3. 

2.1.1 T h e C h a r g e - and Sp in-Dens i ty Wave Representat ion 

The first decomposition leads to the notion of charge- and spin-density waves. The 

interaction Hamiltonian may be written as follows: 

*i = Çp(«)(^U<w)(x>U^) • (21) 

which appears to be more or less a quadratic form. The operators in the parentheses are 

the Fourier transforms of the local particle number operators n^ : 

££"*'-**'= £ECU«*=: V • (2-2) 
3 k 

In order to obtain a quadratic representation, one has to introduce spin-independent 

entities, which are the Charge-Density-Wave (CDW) operator 

V=(V + O = ^ H • (2-3) 

and the Spin-Density-Wave (SDW) operator 

s* ••= \{%1 - %l) = *-<, = sl • . (2.4) 

The last equality signs in equation (2.3) and equation (2.4) are valid due to the inversion 

symmetry of the lattice. Hence both operators are selfadjoint. The meaning of these 

operators becomes clear, when using the real space representation given in equation (2.2). 

A nonzero value of {77 ) or (sq) describes a system with charge density or spin density order 
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with respect to the wave vector q. Two special cases are important: q = 0 and q — Qy where 

Q maps one sublattice onto the other presuming a bipartite lattice. For q — O1 (¾) ^ 0 

describes a uniform charge distribution while (s0) / 0 inidicates Ferromagnetism. A finite 

value for (T]Q) describes a system where the mean charge on one sublattice is different from 

the one on the other sublattice. On the other hand, (SQ) ^ 0 represents antiferromagnetic 

long range order. In this case the mean magnetization on both sublattices are different. 

Chiral structures are described by (77̂ ) ^ 0 or {sq) ^ 0 for intermediate wave vectors 

q. With the definition of CDW and SDW operators, the interaction Hamiltonian finally 

becomes 

H1 = WzLY1S(C)(^vIv,-s\s^ , (2.5) 

which is obviously a quadratic form. 

2.1.2 Electron Pairing Representat ion 

The second way to write the interaction term as a quadratic form leads to pairing operators 

with different internal symmetry and finite center of mass momentum. Commuting the 

f- and ,[--operators, the interaction Hamiltonian may be written as follows: 

k,k',q 

and after some variable transformations: 

Wi = ^r E s(k - W'W-v+n'-w'kr • (2-7) 
k,y,q' 

The forthcoming treatment of this expression depends on how one factorizes the structure 

factor S(k — k') into terms which depend only on k and h'. 

Cartesian Decomposition 

The most simple case is the cartesian decomposition using the definition of S{q) in equation 

(1.10). The interaction Hamiltonian then reads: 

q a 
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with 

PM-=lZc-*+,lc*eM" > (2-9) 
k 

where 5a is a relative lattice vector pointing to one of the z nearest neighbors enumerated 

by a = 1.. .2. Pl(q) is the adjoint operator to Pa(q). Note: these operators are not 

selfadjoint, even when the lattice has inversion symmetry. Again, the meaning of these 

operators needs to be discussed. For this reason it is very useful to transform them back 

into real space representation: 

Pl(9) = lZPti)e'qRi with Pl(J) = Cl^c]1 . (2.10) 
3 

The operator c]-+tt.|.c^ creates an electron pair with one electron at site j and the other 

electron at the neighboring site in a-direction. Therefore this index characterizes the 

internal structure of the pair, i. e. its symmetry. The definition of P^(q) includes a 

Fourier transformation of Pl(j) with respect to j , so that q becomes the center of mass 

momentum of the pair. 

Group-Theoretical Decomposition 

Instead of using the cartesian symmetry characterization, one often uses a group-theoretical 

classification. What does this mean? In a system with a total symmetry group G, any 

non-retarded two particle potential which respects this symmetry can be expanded in 

basisfunctions /r,mr(fc) of the irreducible representations of G as follows: 

W(*.t f )=E S ^A."r( f c )A>r(*' ) • (2-11) 
r,mr 

where the indices a , . . . , (5 are spin or pseudospin variables. T labels the irreducible repre­

sentations induced by G acting on the two-particle Hilbert space and mp is an additional 

index needed for representations with dimension greater than one. This decomposition 

leads directly to a quadratic representation of the interaction Hamiltonian with generalized 

pairing operators defined by the basisfunctions /r,mr(fc). Within the NNSP model a two-

dimensional square lattice is assumed. Its point group D^ has eight elements in five classes. 

Accordingly there exist five irreducible representations T\,..., Tß, where I 1 I , . . . , I ^ are 

one-dimensional and T5 is two-dimensional [Sigrist87]. For the two-dimensional square 

lattice basisfunctions can be chosen so they are related to the coordination shells of the 
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Table 2.1: Basisfunctions of the irreducible representations of the point group D^ corre­
sponding to the first coordination shell. 

representation 

r2 

r3 

T5 

basisfunction 

fx*(k) - cos(kx) + cos(fcy) 

fd(h) = cos(kx) - cos(fcy) 

/ \ 
UM = y/2fÂn(kx) 

v fPy{k) = y/2&\n(ky) } 

state 

extended s-wave 

<i-wave 

px-wave 

Py -wave 

lattice. Within the NNSP model only the first coordination shell is involved. The cor­

responding basisfunctions are summarized in table 2.1. Using these basisfunctions the 

potential for the NNSP model then reads: 

5(*-*') = ;E/- (*) /W • (2.12) 

where a sums over d, xs, px and py. With this decomposition, the interaction Hamiltonian 

becomes: 

^-^EE*W9) - (2.13) 
q a 

with pairing operators defined by: 

Pa(Q) •= jY,C-k+ql
Ckïfc*{k) (2.14) 

These have the same form as the pairing operators in equation (2.9), but the structure 

functions have changed. Their real space representations are given by: 

5 

(2.15) 

Here the sum over S ranges over all nearest neighbors and ga(S) are weight functions 

corresponding to the index a. Again, we can interpret the index a as an internal symmetry 

index and P£(j) as the creation operator for a pair of symmetry a at site j . Within 
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the same interpretation, the Fourier transformed operator P^(q) is the creation operator 

for a pair of symmetry a and center of mass momentum q. For the nearest neighbor 

pairing interaction, there are always z different symmetries corresponding to the number 

of nearest neighbors. Using the general formula above, it is very easy to generalize this 

result to other pairing interactions and higher dimensions. For instance, a local attractive 

interaction yields only one pairing operator with fs = I1 which corresponds to the s-wave 

symmetry in the group-theoretical classification. 

As is known from the general considerations of Yang [Yang62], a nonzero value of the 

pair wave function 

is equivalent to the existence of Off Diagonal Long Range Order (ODLRO) and indicates 

singlet superconductivity. Here j and p denote the center of mass and the relative co­

ordinate of the electron pair created by cj+p/2fc\-p/2V r e sP e c t 'v e 'y- Again, the Fourier 

transform of this anomalous expectation value with respect to both the internal coordinate 

p and the center of mass coordinate j may be expanded in terms of basisfunctions of the 

irreducible representations of the symmetry group G. This yields: 

*(qtk)= Yl * r . m r ( g ) A > . r M •"• (2-17) 
r,mp 

with 

*r.mP(«) = (i»Amr(«)) (218) 

and 

pr,m r(9) = ^ E / r , " . r W ^ + ^ T • (2-19) 
k 

From this point of view, the meaning of a nonzero expectation value (Ppimr(q)) becomes 

clear. It indicates superconductivity of electron pairs with symmetry T, mr and center 

of mass momentum q. The latter describes a spatial modulation of the superconducting 

order parameter. Note that the expansion of the pair wave function in equation (2.17) also 

includes components which are not .included in the expansion of the pairing interaction. 

This means that the symmetry of the superconducting state might be different from the 

symmetries mediated by the interaction potential. As we will show in chapter 3, within a 

saddle point approximation, the possible symmetries are exactly those for which 5 , m r is 
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nonzero. Consider for instance the attractive Hubbard model with only on-site interaction, 

which might also exhibit d-wave superconductivity, although this is very unlikely. In the 

BCS-treatment of this model only s-wave superconductivity appears. 

2.1.3 T h e Spin-Fl ip Representat ion 

This last possibility to write the interaction term as a quadratic from arises from the 

combination of the first and the fourth and of the third and the second fermion operator 

of the interaction Hamiltonian in equation (1.8). In order to obtain the proper order one 

needs to commute the fermion operators. There are two possibilities: 

Wz 
L 

Wz 

Ki = — Y, 5 M {"fc'Ao - 4'-5icfcTcl+gtcJt'i} (2*2°) 
k,k',q 

k,k',q 

Adding both equations and using some variable transformations and S(q) = S(-q), the 

interaction Hamiltonian becomes: 

In this form H\ may be treated as in section 2.1.2. Introducing spin flip operators 

Q « ( 9 ) : = ^ E c U i c f c t / « ( f c ) f o r " = 1 , . . . , 3 - (2"23) 
k 

where the /a(fc) are either the cartesian or the group theoretical structure functions, yields: 

«I = C E » * - ^ E É Q Ì ( ? ) Q < » ( « ) • (2-24) 
k q a 

The first term has one-particle character and can be added to HQ while the second term 

has the desired quadratic form. As explained before in section 2.1.2, the index a can be 

interpreted as a general symmetry index and Qa(q) as a spin-flip operator corresponding 

to this symmetry. 

A finite expectation value of one of these spin-flip operators breaks the spin symmetry 

because one electron of spin f is destroyed and another electron of spin I is created. Hence 

the total spin is not conserved. For this reason this representation becomes less important. 

Nevertheless, for other Hamilton operators including spin-independent density-density 
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interactions, it might be important. For such Hamiltqnians this representation includes 

also spin conserving components which yields the Pock exchange terms in a saddle point 

approximation. 

2.1.4 The General Form 

In the previous sections 2.1.1 - 2.1.3, we described several ways of writing the interaction 

Hamiltonian in a quadratic form such as 

Wi = Es-(«)Mo,(?)^(?) • ' (2.25) 
qa 

Here i indicates one of the representations and the q-, a-sum includes the sum over all 

wave vectors in the first Brioullin zone and over all components hia(q), respectively. giQ{q) 

is a representation-specific coupling constant which may also depend on q and a as is the 

case for the CDW/SDW-representation. Instead of using only one of the representations, 

one can add two or more of them. That is, for all families of real constants {\{} with 

Y^i K = 1) the interaction Hamiltonian is given by 

-Hl = Y, X^Uq)hl(q)hia(qy . (2.26) 
i,q,a 

Note that the constants {At} may be arbitrarily chosen. The only condition they must 

satisfy is the sum rule mentioned above. However, it is very useful to restrict oneself to 

positive values of all A, in order to maintain the sign of the coupling constants gia(ç)-

With this additional constraint the interaction Hamiltonian is, mathematically spoken, 

the convex envelope of all possible representations. 

In the forthcoming considerations we do "not pay any attention to the parameters 

{A^}. Therefore it is useful to redefine the index i including the component index ot 

and the coupling constants via A ^ 0 (g) —> gi{q). Within this definition the interaction 

Hamiltonian becomes finally: 

Wi = £ * ( * ) f t ! ( 9 ) M r i - (2-27) 
».9 

This is quite a genera! form which may also be applied to many other models. Hence, the 

final formula for the partition function derived in the next section 2.2 is also very general. 

However, for any specific calculations one has to remember the definition of the coupling 

constants gi(q), particularly the arbitrariness of the parameters {A,*}. In fact, it is an 
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interesting question whether for approximate treatments there exists an optimum choice 

of these parameters. We will discuss this problem within the mean field approximation in 

section 3.2.3. 

2.2 The Functional Integral Representation of the Part i ­

tion Function 

2.2.1 Introducing a T ime-Ordered Product 

Within the Schrödinger or Heisenberg picture of quantum mechanics the partition function 

of the grand canonical ensemble is defined by: 

Z = T r C - ^ = Tr 5(/3) , (2-28) 

where S(ß) is the evolution operator in imaginary time evaluated at r = ß. In order to 

get rid of the noncommutivity of Ho and H\, one uses a Trotter-Suzuki decomposition 

[Trotter59], i. e. one divides ß into N time slices of length Arr = ß/N, labeled by an 

index r, yielding: 

S(ß)=l[e-nAT' . (2.29) 
r=l 

As N approaches infinity and hence Arr becomes infinitesimally small, the exponential 

function in equation (2.29) may be decomposed due to the Baker-HausdorfT theorem: 

C- W A T * = e"Wo A T ' e~u' A T - for AT> -> 0 . (2.30) 

This decomposition has to be carried out for each time slice r. Since commuting the 

resulting factors of different time slices is not permitted, it is necessary to introduce a 

time ordered product1: 

N 

S(ß)= lim T r TT exp ( - ¾ Ar r) exp (-^1Ar1 . ) . (2.31) 
N-ìoo ±x

t 

r=l 

In the same manner noncommutative contributions of Hi may be treated. For every time 

slice they can be considered as commutative. In this sense the introduction of the time 

ordered product maps the quantum mechanical system onto a classical system. The price 

to pay is the increase of the dimension by one. 

'Neglecting the time order yields S(0) = exp(ß'Ho)exp(ß'Hi), which is obviously wrong! 
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2.2.2 The Stratanovich-Hubbard Transformation 

As for every time slice r where the contributions of "Hi may be considered as commutative 

operators, a classical formula may be applied. In its general form for complex numbers 

a,z G C it reads: 

c-l-l3 = f^e-^2±^I+a^ (2.32) 

'-r2 = | ^ e - M 2 ± ( « - ' + « ' ) . (2.33) e 

For real a £ (R it suffices to introduce a real field x 6 IR . In this case one has to perform 

the following replacement 

f d2z f dx , , 4 , 
I > I a n ( i (a*z + az*) —> 2aa; . (2.34) 

J TT J y/TT 

It should be emphasized that the sign of the linear term in z is arbitrary. In order to 

use this formula for the quadratic representation of the interaction Hamiltonian derived 

in the previous section 2.1, it has to be modified including the coupling constant and* the 

time slice Ar r . Both have to be treated differently because Arr is always positive while 

the sign of 3,-(9) depends on q and i. For one term in equation (2.27) of the form gh^hArr 

one obtains 

e-9MfcAr. = J ^ e x p ^_ H 2 ± ^ / s g n t - p J ^ l A T V ^ + *„•)) , (2.35) 

and after the variable substitution v —> vy/Ì9Ì û r ' 

e-atfh&- * ^ Tr = J — \g\ Ar7. exp (- \g\ \v\2 + ^sgn(-g) g (h]v -f hv*) A r J . 

(2.36) 

In this formula we have chosen the free sign of the linear terms so that ± \g\ becomes - # , 

i.e. for negative g the positive and for positive coupling constant the negative sign. Finally, 

this Stratanovich-Hubbard transformation has to be applied for all q, i and all time slices 

r. That is, for every set of indices {¢, i, r} one has to integrate over a corresponding field 

variable V^q1T1.), which yields: 

S(ß) = j i n ^ T r f i / ( I l ^ ^ \9i(q)\ A r J X exp (_«*[v] Ar r) (2.37) 
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with 

w*H = «o + E{ls,(?)lk(«,rr)|2 + 
M 

J*&(-9i{9))9i(q) (hUqMqtTrì + kiiqìvfaTr))} , (2.38) 

where ft#[v] means that ft* is a functional of the r - , q- and i-dependent field v,-(ç,Tr). 

The expressions in equation (2.37) and (2.38) are not very handy, so it is useful to define 

a shortcut: 

S(ß) = Iv2V TTexp ( - I n*[v]dr\ . (2.39) 

Here the functional integral measure is given by: 

N 

n 
r = l q,i 

Note that for a selfadjoint operator the introduction of a real field is sufficient. 

JV\:= lim n n ^ T ^ I S . ( ï ) | A r r • (2.40) 

2.2.3 Defini t ion of t h e F ree E n e r g y Func t iona l 

The partition function is defined as the trace of S(ß). Hence, interchanging the functional 

integration with the trace operation - both are linear operations - yields: 

Z= IV2v e x p ( - / 3 F # M ) (2.41) 

with 

F*[v] := - ^ I n (TrTTexp U / % * [ v ] d r ] J , (2.42) 

which is called the "free energy functional" of the system. It should not be confused with 

the free energy, which is given by the natural logarithm of Z: 

F = - i In(Z) . (2.43) 

In fact, F * and F are only identical in a saddle point approximation where the functional 

integral is replaced by the integrand evaluated at the minimum of F * . It is very practical 

to decompose F*[v] into two parts: 
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with 

F*[v] = - ± l n ( r r T T e x p U J* H^[v]dr J j (2.45) 

and 

H^B[V] := H0 + £ ^ ( - ^ ¢ ) ) jt-(9) (h^v^r) + A;(<Mç,r ) ) . (2.46) 
' ,g 

The first term FeffM is just the free energy of the field-dependent Hamilton operator 

HCR[V], whereas the second term leads to a Gaussian weight factor: 

9b>] = ex?i~ßl EM^lM^r^dr] (2.47) 

in the functional integral in equation (2.41). 

2.3 The Computation of the Free Energy Functional 

Because the effective Hamiltonian Heff[u] is a one-particle operator, the free energy func­

tional may be computed exactly. From the decomposition above it becomes clear that it 

suffices to determine Feff[u]. In this section we shall show how this can be done in princi­

ple. The basic idea behind the calculation scheme described below is that one takes the 

functional derivatives of F^ with respect to some properly defined variables, calculates 

the resulting expressions using a Greens function method and finally integrates them back. 

2.3.1 The N a m b u Representat ion 

First of all one has to rearrange the operators in HCK[V] so that it becomes explicitly a 

quadratic form. For this task note that the quadratic representation of the interaction 

Hamiltonian is based on a complete set of one-particle creation and annihilation oper­

ators and all field operators are linear combinations of product of two of them. In the 

forthcoming sections the corresponding one-particle states are labeled by a single roman 

index including momentum and spin, or, as one works in a real space representation, the 

lattice site and spin or any other one-particle state description. On the other hand, the 

set of all creation and annihilation operators is enumerated by a greek index which ranges 
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from 1 to 4L. Accordingly all these operators may be combined into one column vector 

with 4L components: 

- = ( c
C

t ) . (2.48) 

where c = {c;}t=i,...,2L ana" c* — {c\}i=i,...,2L a r e t n e collections of all annihilation and 

creation operators, respectively. The adjoint operator of c is a row vector given by 

ct = (c f c ) . (2.49) 

This represention is a straightforward generalization of the Nambu representation which 

is very often used in the theory of superconductivity [NambuôO], which is why we shall 

call it the Nambu representation as well. Within the context of this work both vectors are 

considered as matrices, namely c as a 4L X 1 and c* as a 1 x 4L matrix. The transpose 

matrices c and c* are: 

cT 

FtT = 

(2.50) 

with 

r = | I , (2.51) 

where 1 is an identity matrix of size 2L x 2L and 0 is a matrix of the same size but with 

all entries equal to zero. The anticommutation rules for the components of the Nambu 

vectors are given by: 

Cot> cß J + ~ Saß 

i + = Top , (2.52) -at cß 

where 5aß is the Kronecker Delta and Taß is the a/3-component of T. 

Because the effective Hamiltonian is a linear combination of biproducts of creation and 

annihilation operators and these products are in normal order, i. e. the creation operators 

are always on the right hand side of the annihilation operators, there exists a traceless 

matrix M[u] with 

WeAM = ^ M [ U ] C + ^ T r M 1 M , (2.53) 
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where M 1 ^ ] is defined by the 2L X 2L block matrix representation 

, , ( M 1 M1 2 \ , % 

M = ( M - M̂  J ' (254) 

Moreover, M may be chosen so that 

M = - r M T r . (2.55) 

Using the biock matrix representation of M in equation (2.54), this equation reads: 

/ M 1 M 1 2 \ _ _ / (M 2 ) T (M 1 2 )T \ 

[ M 2 1 M 2 ) ~ [ (M2 1)T (M1)"1 J ' ( 2 ' 5 6 ) 

Clearly there is always a matrix M[v] with %eff[v] = | c t M [ v ] c . But this matrix is in 

general not traceless. For this reason one has to prove why the condition TrM[V] = 0 

leads to the additional term in equation (2.53). The diagonal part of H is given by: 

W a = X ^ (2-57) 
t 

with Ui — clct and diagonal matrix elements C1-[v] which might depend on v. On the other 

hand, using the matrix representation above leads to: 

«Sr = ^ E K c J c , + M ^ + Ì T r M 1 (2.58) 
I 

i 

Comparing this equation with the expression for Ti^ above yields: 

J (Mj. - M2,) - e, (2.60) 

A TrM = 0 . (2.61) 

From these equations it follows that the constraint TrM — 0 causes no contradiction. On 

the other hand, the additional term 1/2TrM1 cannot be omitted because this would lead 

to the following equations: 

ì ( M i - M a ) = U (2.62) 

A TrM 2 = 0 . (2.63) 

However, if one uses the traceless condition for M, namely TrM = Tr(M 1 -j- M2) = 0, 

these equations are only valid if Yi €i — Ot which is not true in general. The second 
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symmetry property in equation (2.55) can be derived using the anticommutation rules for 

the Nambu components in equation (2.52). In particular: 

C1Mc = ]Tcj,Ma0Cg 
aß 

*ß 

= - c T M T c t T 

= - c f r M T r c , (2.64) 

where the last equation arises from the definition of the transposed Nambu vectors in 

equation (2.51). This shows that M may be chosen so that M = - r M T I \ This equation 

implies that (M 2 ) T = - M 1 and with equation (2.61): 

Mi = a . (2.65) 

It should be mentioned that, due to terms with pt(g) > 0, both the effective Hamiltonian 

Weft and hence the matrix M are not necessarily hermitian. 

Now, whenever the u-dependence of one of the previously defined functional is given 

by WeffMi it may also be considered as a functional of M. In the forthcoming sections 

and chapters we shall use both representations, the u-representation defined by #effM 

and the M-representation defined by Weff[M], They are distinguished by the argument 

given in brackets. Occasionally we shall omit the argument, indicating that the func­

tional dependence on v or M is of no interest or that the expression is valid for both 

representations. 

For the calculations below it is useful to introduce a new symbol for the quadratic and 

the constant2 part of the effective Hamiltonian, namely: 

«-M = * > ] + KM , (2-66) 

with 

w S r M : = 5 ^ M H c and (2.67) 

« d r M : = ^ T r M 1 H . (2.68) 

Accordingly the effective free energy functional is also devided into two parts: 

FaH = F^[V]+1-£KS[V\ , (2.69) 

*This means that it is no longer an operator but still a functional of the fields. 
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where -F^fv] is the free energy functional given in equation (2.45) where "Heff[u] has been 

replaced by %çff[u]. Because TrM1Ju] = YIi 6Hi on^y ^SrM neef^s to be calculated, which 

is shown in the next sections. 

2.3.2 The T ime Evolution Operatoi* Corresponding to the Effective Hamil-

tonian 

In order to calculate the functional derivatives of F^, it is useful to introduce the time 

evolution operator which belongs to the effective Hamiltonian. As for any time-dependent 

Hamiltonian [Mahan90], it is definded by: 

<5cff(r2, T1) := T exp (- J* Wef f(r')dr'j . (2.70) 

This operator has some nice properties, including: 

£ff( r2, r i ) = Scff(r2)S^ (n) 

^Cff(r3) T1) = 5eff(r3j T2) Jeff(r2l rj) , 

where Scit(r) and its inverse $ëtï(T) a r e defined by: 

S*(T) := T e x p ^ - j T ^ f f t T ' ) ^ ' ) (2.71) 

S£(T) := T e x p ^ T W e f f ( r ' ) d T ' ) . (2.72) 

Here T orders the products of time-dependent operators with decreasing time argument, 

while T orders them with increasing time argument. The time-dependence of an arbitrary 

operator A is as usual given by 

A(r):^S^(r)AStiï(r) • (2.73) 

Furthermore one can introduce an effective partition function 

Zc f f:=Tr5e f f(/?) , (2.74) 

so that the effective free energy functional becomes: 

Feff = - ì l n ( Z e f f ) . (2.75) 
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The partition function is then given by: 

Z = Jv2VZ^[V]9[V] , (2.76) 

where g[v] is the Gaussian weight factor in equation (2.47). 

As for the full effective Hamiltonian "Hcff, one can also define the time evolution oper­

ator and the partition function for the quadratic part V^n just by replacing H^ by Ti^ 

in the formulae above. The resulting quantities should be indexed by an upper index q . 

Because ^ ^ M is for every field distribution a 1-number, S^(T) is related to <Seff(r) via 

Srf(T) = S^(T) SMT) , (2.77) 

with 

S^(T) := T e x p ( - j T % y T ' ) r f r ' ) and (2.78) 

SIx(T) := e x P ( - j ^ f f ( r ' ) d r ' ) . (2.79) 

Accordingly, the effective partition function is given by 

Zar = ,55,(/3)¾ , (2-80) 

and the free energy functional is 

F r f = - Ì In ( ¾ ) - ^ I n (S<ff(/3)) , (2.81) 

which leads to the same expression as in equation (2.69). 

2.3.3 Func t i ona l Der iva t ive of t h e Effective Free E n e r g y Func t iona l 

Using the chain rule, the partial functional derivative of F^[M] with respect to M a i ^(r ) 

is given by: 

M&[M] = 1 MSr[M] (282) 

OMcJ3(T) ß^[M]OMaiß(r) • K " ; 
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For the derivative of the effective partition function, one has to take into account the time 

ordered product within the defintion of S^(ß). This yields for e > 0 and e —y 0: 

ÖM0iß(r) dMaß(r) 
(2.83) 

Because e is infinitesimally small, the second factor becomes 

Inserting this in equation (2.84) and introducing an identity operator Ses(r)S~^(T) be­

tween the creation and the annihilation operator and an appropriate number of factors 

^ ) ( ¾ ^ ) ) - 1 yields: 

where the time-dependence of the creation and annihilation operators is defined by the 

full effective Hamiltonian in equation (2.73). Finally, the partial derivative of the effective 

free energy functional becomes 

lg^=è<^>>- • (2-87) 
where (.. .)cff is an abbreviation for Tr (S ̂ (ß).. .)/2eff[M). Note that Scfr(/3) and SCS(T) 

are in general noncommutative operators due to the time-dependence of the effective 

Hamiltonian, so that the expectation value above is time-dependent as well. 

2.3.4 The Greens Function 

In order to calculate the right hand side of equation (2.87), one introduces a generalized 

field dependent one-particle Greens function matrix: 

G e f f ( r , rO:=(Tc( r )c t ( r ' ) ) e f f , (2-88) 

including both diagonal and nondiagonal — the anomalous — contributions. Here the 

time-dependence is defined by the effective time evolution operator according to equation 
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(2.73) and the time order operator T orders the operators with decreasing time argument. 

That is, due to the fermionic character of the creation and annihilation operators, Gcff is 

given by: 

C (E(T)Ct(T1)) for T>T' 

G*(T,T')=\ * (2.89) 
( - (E tT(T')cT(T)) for r <r' . 

In components: 

f ( « a W c j M ) _ for T.>T' 
Gcf!(r,T%ß = { ° (2.90) 

I - ( 4 ( r > - 0 ( r ) ) e f i for r < r< . 

The right hand side of equation (2.87) now results from the Greens function in the limit 

T' \ r . In fact: 

or, defining 

\ ÖM ) a ß dUß,a{r) 

equation (2.87) may be rewritten in matrix form: 

2.3.5 T h e Equation of Motion 

There exist several ways of calculating G ^ - The most important and practical method is 

the derivation of an equation of motion with respect to its first time argument. Formally 

it is given by: 

d 

d 
^Gc f f(T,r ') = 5 ( T - T ' ) 1 + (T[KfF(T), C](T) c V ) ) e f f - (2-94) 
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Here the r-dependence of H^ according to the time dependence of v is explicitly indi­

cated. The commutator has to be calculated for all components of c. Using the matrix 

representation of "Weff(r) yields 

Z aß 

= ô E M«rf(T) { ( 2 ¾ - s*s) h + ^ (2¾¾ - r«0 } 

= 2 £ MctfM {24 (¾, ^ ] + -¾,*¾ - r ^ 4 } 

= Tß& 

= -^E M ^( r )^ + öE M ^( r ) r ^ i • 
1 0 a/3 

(2.95) 

Note that the constant part of Heff provides no contribution. The second term may be 

written as follows: 

aß aß 
(2.96) 

Using equations 2.50 and (2.55), this expression becomes the same as the first term, so 

that finally the commutator for all components is: 

[*«ff(T),c] = - M ( r ) c . (2.97) 

Because of the time-ordered product one has to be careful introducing this result into the 

equation of motion (2.94) above. For r > r' one obtains: 

{[Hair), C](T) et(r ' )) = -M(T) Geff(r, T') 

T 

(2.98) 

and for r < r'\ 

- { c ' V ) [ ^ ( r ) , c T ] ( T ) ) ^ = - ( c t T ( r ' ) [ ^ f f ( r ) , E ] T
W ) 

= ( c t V ) c T ( r ) M T ( r ) ) ^ 

= - M ( T ) G d T ( T 1 T ' ) . 

That is, the final form of the equation of motion for the one-particle Greens function 

becomes: 

OT 
GMr, O = 6(T -r')l- M(r ) Geff(r, r') . (2.99) 
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This is a system of coupled linear differential equations and can therefore be solved exactly. 

It should be emphasized that, due to the r-dependence of M(r ) , a Fourier transformation 

method does not map this system onto a system of algebraic equations, so it has to be 

integrated directly. 

2.3.6 T h e Effective FVee E n e r g y Fo rmu la 

From equation (2.99) it becomes clear that the inverse of Geff is given by: 

C M T V . T ' ) = ( £ + M ( r ) ) * ( r - T ' ) . (2.100) 

G~ff* is linear in M(r ) , so it is not very difficult to guess the functional dependence of the 

effective free energy on Geff and hence on M: 

^ = - è T r l n ( " G : f f l ( r , T + ) ) ' (2101) 

where Tr includes both a matrix trace and a r-integration from 0 to ß. In order to prove 

this formula, one only has to calculate the functional derivative of the right hand side with 

respect to M and compare the result with equation (2.91). This yields: 

MS[M] 
dMaß(r) -- -2/3/0 < ^ g G ^ > ^ 8M.,(r) 

1 fß 
2ß Jo 7 Ï 

= - 2 ö G
e f f ( r > r + W ' 

Finally, the free energy functional F * is given by: 

F*[v] = - ^ T r In (-GjJ(T1T+)) (2.102) 

*.9 

This formula will be used in the next chapter 3 dealing with approximations, in particular 

for the saddle point approximation. 
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2.4 The Functional Integral Representation for the NNSP 

Model 

In this last section of this chapter we shall write down explicitly the functional integral 

representation of the NNSP model. The possible quadratic forms of the interaction term 

have already been derived in section 2.1 and are summarized in table 2.2. The first column 

gives the representation index and the second column its type. The third column shows 

the corresponding field operators, whereas the fourth and the fifth column define the field 

variables related to them and their nature, respectively. The last column summarizes the 

coupling constants. Introducing for each of the representations a real parameter Â  > 0 

with YA ^i — 1) where % is the index in table 2.2, leads to an effective Hamiltonian of the 

following form: 

Wz 

1 k 

Wz 
+ A1 ^ L £ S{q)y/sgn(S(q))Vqp(qiT) 

free part 

CDW 

- X1IWzL Y, S(q)y/s&n(-S(q))Sqm(q> r) SDW 

+ A 2 W L ^ £ {Pl(l)&M r) + Pa(q)A*0(q, r ) } Pairing 
q a 

- ^WL £ E {Ql(9)na(q> r) + QMQKq1 r)} SF . 

(2.103) 

q a 

Remember that W is assumed to be negative. In the forthcoming treatment we shall 

neglect the SF representation, i. e. we select A3 = 0. In order to get rid of the square root 

in the second and third term in equation (2.103), it is useful to introduce a band index 

v G- {0,1} and restrict the ç-sum to the inner half of the first Brioullin zone. This means 

that the g-sum is divided into two parts according to: 

E/(«) = E'/h+^) = E'/,(ri (2.104) 
v,q v,q 

where / is an arbitrary function of q, which respects the lattice symmetry, and Q is the 

antiferromagnetic wave vector. The prime indicates the restricted g-sum. This formal 

procedure is depicted in figure 2.1 for a square lattice, where the first Brioullin zone is 

shown (thin dashed line). Introducing the band index means that one replaces the sum 
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Table 2.2: Quadratic representations of the interaction of the NNSP model 

index 

1 

2 

3 

representation 

CDW 

SDW 

Pairing 

SF 

field -

operator 

sq = s\ 

l J a = I . . . z 

I. J O=I...z 

conj. field -

variable 

m(q,r) 

{*-(»• r>L..... 

in^<=,., 

nature 

real 

real 

complex 

complex 

coupling 

constant 

WzLS(q)/4 

-WzL S(q) 

WL 

-WL 

' v = 1 

Figure 2 .1: The first Brioullin zone for a 
square lattice of lattice constant one (thin 
dashed line). The thick solid line sur­
rounds the inner half of it, whereas the 
thick dashed line marks this region shifted 
by Q = {n,n)-

Q 

over the first Brioullin zone by a sum over the two regions labeled by v — O and u = 1. 

This replacement is valid because the sum over the v = 1 region is equivalent to the sum 

over the four triangles left by subtracting the inside of the solid line from the first Brioullin 

zone. This procedure might seem a bit artificial but the advantage is that the sign of the 

structure function as defined in equation (1.10) is now fixed for both bands: 

So(q) - S(q) > 

SlW = S(q) < 
Vg G 1/2 Bz (2.105) 
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Using this in equation (2.103), the effective Hamiltonïan finally becomes: 

Heff[Pim. A] = Ho free part 

+ Ai ^ T L E 'SM ? VMPA* r) CDW 

- X1IWzLYlSMi^ sv(q)mM> r) SDW 

+ X2WLYE{PlM^(^r) + PMK(^r)) , Pairing 

(2.106) 

q a 

where the ^-dependent field variables and operators have to be understood in the sense 

of equation (2.104). The partition function can now be expressed as afunctional integral 

over the fields p, m and A. Explicitely: 

Z = I VpVmV2A exp(-ßF*[p,m,A]) , (2.107) 

with 

F # [ ^ m , A ] = Fe f f[p,m,A]+ (2.108) 

\W\zL [P 
+ ß 

jf*£{|5(,) |^ . 
As before, Fea[pt m, A] is the field-, and therefore time-dependent effective free energy 

functional related to Weff[p)"i» A]. Note that in equation (2.108) above, the ç-sum ranges 

over the entire first Brioullin zone because the introduction of the band index makes no 

sense in this context. The contributions in the curly brackets are all positive. Based on 

this expression many approximations are possible. In the next chapter 3 they are derived 

from a general point of view, whereas chapters 4 to 5 are dealing with the application of 

these approximatins to the NNSP model. 

file:///W/zL


Chapter 3 

Approximations 

Is it worth this effort? This is a good and legitimate question. It can be answered with 

a few points. First of all, the derived effective Hamiltonian is one-particle operator, so 

that in principle F# may be calculated exactly for every path vt(q,r). But practically 

this is in nearly all cases impossible. Furthermore, if one is able to calculate the free 

energy functional, the functional integration over all paths still remains which is also a 

nonsolvable task. To our knowledge, only Gaussian path integrals can be exactly evaluated. 

Hence, approximations are necessary. Here lies the real strength of this formalism. From 

the functional integral representation of the partition function, several approximation 

schemes may be derived. Furthermore it provides an idea on how to understand these 

approximations, about what is neglected and what one has to do in order to improve 

them. On top of most approximations is the restriction on time-independent fields. For 

this reason implications of this restriction are discussed in section 3.1. The saddle point 

and mean field approximations are described in section 3.2. The latter is related to the 

standard symmetry-broken Hartree Fock Bogoliubov approximation, which is not based 

on the functional integral formalism. It is derived from a variational point of view in 

section 3.3. 

3.1 Time-Independent Fields and Computation of the Free 
Energy Functional 

The time-independent field approximation (TIFA) is one of the most important approxi­

mations because it enables the explicit calculation of the effective Greens function matrix 

and of the free energy functional. Neglecting the time dependence means that the func­

tional integral is only performed over time-independent fields v{(q). The effective Hamil­

tonian becomes then time-independent as well, and the time ordering operator becomes 

41 
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the identity or can just be omitted. This yields: 

Z = Jv2V exp(-ßF^[v]) g[v] (3.1) 

with 

^effM = - ^ n ( T r e x p ( - / m e f f M ) ) (3-2) 

g[v] = exp (-ß^i9i(q)\h(q)\
2) , (3-3) 

where 

Ua[v] = U0 + £ ysgn( - f t ( 9 j )* (g ) (/>.](<?k(<?) + />,(<?K(<?)) . (3.4) 

In this case the effective Greens function matrix Geff(r,r;) depends only on the time 

difference of its arguments, which leads to the definition of the Greens function with only 

one time argument: 

G e f f(T):=G e f f(r ,0) . (3.5) 

Because this is a fermionic Greens function, it obeys the typical antiperiodic feature: 

Geff(r-/3) = -Gef f(T) for T e]0,ß] , (3.6) 

which follows from the cyclic invariance of the trace operation and from [*Seff(ri), Sçfifa)] = 

0 for all Tj1 Ti due to the time-independence of %efl. For this reason, Geff(r) may be 

expanded in a Fourier series in the region —ß < r < ß. We are using the following 

definition of the Fourier transformation: 

GeffK) - / drGeffWe-*"nT , (3-8) 
Jo 

where the Wn are the fermionic Matsubara frequencies given by 

u;n = (2n + l ) ^ Vn G Z . (3.9) 

Usually one introduces a new symbol for the Fourier transfrom of Gcf((r), but we prefer 

to distinguish Gcff(r) and its Fourier transfrom Geff(wn) by their argument. With this 
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transformation, the equation of motion for Gcff(r) is mapped onto an algebraic equation 

for Geff(w„): 

(iwn -f M[v]) Geff {ojn) = 1 (3.10) 

with the formal solution 

G - K > = ^ n + M[V)) ' ( 3 - U ) 

which means that Grfr(wn) is the inverse of (iu;n -j- M[u]). As in the case of a one-

component Greens function for free fermions, the <jn-sum in equation (3.7) can be calcu­

lated explicitly (see e. g. [Mahan90]). This yields: 

Geff (r) = exp ( - M H r ) { [ l - f(M[v})] G(r) - / ( M H ) O ( - r ) } , (3.12) 

where f(x) is the Fermi distribution function defined by 

/W-^VT ' (3-13) 

Differentiating equation (3.12) leads back to the original equation of motion for Geff(r). 

The limit Geff ( r , r + ) corresponds to the limit 

G t f f(r = 0") = - / ( M M ) = - ^ 1 ^ . (3.14) 

Hence, the functional dependence of Fcg on M H is given by 

F*[M[v]] = - ^ T r In ( ^ M M + l) + ^ T r M 1 H (3.15) 

or with T r M H = 0 : 

^ [ M H ] = - ^ T r In (2cosh ( ^ ¾ + ^ T r M 1 H . (3.16) 

This is one of the most important results concerning this approximation because it explic­

itly provides for the functional dependence of the free energy functional on the fields. 

The physical meaning of the time-independent field approximation becomes clear if 

one goes back to the point where the time-dependence was introduced. It is therefore 
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exact if one is allowed to neglect the time-ordering operator within the Trotter-Suzuki 

decomposition, i. e. if the commutator of the kinetic and the interaction part of the 

original Hamiltonian vanishes. From this point of view, the time-independent field ap­

proximation neglects quantum correlations or fluctuations. But one cannot say that the 

original model described by Ti is approximated by a classical model because the creation 

and annihilation operators are still treated quantum mechanically, i. e. their commutation 

or anticommutation rules are not neglected. T her mal fluctuations are included because 

the functional integration over the time-independent fields v^q) still needs to be done, 

which is the reason why further approximations are necessary. 

3.2 Saddle Point and Mean Field Approximation 

3.2.1 General Saddle Point Approximation for T i m e - D e p e n d e n t Fields 

The basic idea behind a saddle point approximation is the assumption that the functional 

integral in equation (2.41) may be replaced by the value of the integrand related to the 

minimum of F * . A functional differentiation of F * with respect to V,-(Ç,T) yields to 

equations for the field variables which belong to a minimum, maximum or a saddle point 

of F&. They are in general coupled nonlinear integral equations which might have many 

solutions. However, one has to find the solution which belongs to the global minimum of 

F * . The functional differentiation of F# with respect to v^q^r) is performed using the 

technique described in chapter 2.3, which yields: 

ÔF*[v] dFcs[v] 1 . , .. ,, . r . 1 7 . 
+ * \9iW\vi(qtr) (3.17) dVi(q,T) dv^q.r) ß 

with 

^ = £\Z^=Ä(«)(fc!(«,r)).e • (3-18) 

Note that i>,-(ç, r) and v*(q, T) are treated here as independent variables instead of the 

imaginary and real part of v^q, r ) . Finally the saddle point equations are: 

f,-(9.r) = sgn(-5 t(g))3 /2 (ht(q, r ) ) ^ (3.19) 

vJfo.T) = sgn(-9l(q))V2 (fc!(ç,r)) , (3.20) 
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or taking the sign of the coupling constant explicitly into account, the first equation 

becomes: 

"t(9.T) = I / c f f (3.21) 

The equation for v*(q, r) is given by replacing h^q.r) by its adjoint operator. These equa­

tions show that in a saddle point approximation the fields are more or less the expectation 

values of their corresponding field operators. A more detailed form of the selfconsistent 

equations may be derived using the Nambu representations of the field operators. Because 

fi-t (q, r) is a linear combination of products of the creation and annihilation operators, there 

exists a matrix m with 

M ? ) = ^m{i,g)c + -Tr m ^ i . ç ) and . (3.22) 

hl(q) = ì c W ( i , g ) c + 5 (Tr H i 1 ^ g ) ) ' , (3.23) 

where m* = (m*)T. The u-dependence of M[v] is therefore given by: 

M[«] = M 0 + Yl \/sgn(-5j(«))ft(9) {«"*(*. ?W<7> r) + m(i, q)vfa r ) } , (3.24) 
M 

where Mo is defined by: 

H0 = -CtM0C + - T r M j (3.25) 

and is in general a diagonal matrix. This depends on the set of one-particle states defining 

the Nambu representation. The Nambu matrices for the field operators and for HQ obey 

the same symmetry properties as M. In fact, the condition TrM = 0 is equivalent to 

Tr m = 0 and TrMo = 0 because the field variables are independent variables. Using 

equation (3.22) and (3.23), the selfconsistent equations are now given by: 

t 

",-(¢. r) = ~ sgn(- f t(g))3/2 JTr m 1 ^ , q) - Tr (Geff(r, r + ) m(i, q))) . (3.26) 

The effective Greens function matrix can be calculated as a functional of all fields using 

the equation of motion method described in chapter 2. The equations above, including the 

complex conjugate equations, therefore define a complete set of selfconsistent equations 

for the saddle point fields. As mentioned above, they have, in general, many solutions. 

The solution which minimizes F& should be named by v,-(g, r ) . 
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For the partition function and the free energy one obtains: 

Z = exp (-j9F#[ü]) = Zrtfflgffl (3.27) 

and 

F = F#[v) . (3.28) 

For any kind of saddle point approximation the free energy is therefore indentical to the 

free energy functional evaluated at the saddle point fields v. 

In this approximation'there is no more functional integration. For this reason thermal 

fluctuations of the fields are neglected. Quantum effects are included because the fields are 

still time dependent, which causes the problem of calculating the Greens function matrix 

and hence the mean values of the field operators. Combining both, the time-independent 

field and the saddle point approximation, overcomes this problem. 

3.2.2 T i m e - I n d e p e n d e n t Saddle Point Approximation (TISPA) 

For time-independent fields the free energy functional is explicitly given by: 

F#[v] = ~ T r l n ( 2 c o a h ( M ) ) + Ç | A ( î ) | | u i ( ç ) p + Î T r M 1 M -

" • (3.29) 

Varying this expression with respect to v*(q) leads to the selfconsistent equations for time 

independent fields. The first term is just - ¾ ^ ] and using the chain rule, its functional 

derivative with respect to v*(q) is 

MSr[MM] _ v dF^[M[v]} dMaß[v] f 3 3 0 ) 

Ml) tß 9MQß[v] dvfa) • 

Th« second factor in the sum above may be directly calculated using equation (3.24), 

where the field operators are expressed by their Nambu representations. For the first 

factor the chain rule has to be used a second time. With the formula for Fe
q
ff in equation 

(3.16), it is given by: 

M i [ M M _ 1 ( (ßM[v]\ dM[v] \ 

dMaß[v] - 4 H t a n n ^ ; ^ M j 
{0M[v]\ dMpM , 

-7 E tanh(-
i l r i ^-

- i - m . . • ("" 
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The functional derivative of the second and third term in equation (3.29) is straight for­

ward, so that finally the selfconsistent equations for the time-independent saddle point 

approximation are: 

«,(?) = 5 S g n ( - S , ( ? ) ) 3 / 2 { T r m 1 ( ! , ? ) - Î T r ( t a n h ( M ) m ( i , ç ) ) J . (3.32) 

Thus, instead of differentiating F# directly one can just use the general selfconsistent 

equations for time-dependent fields (3.26). For time-independent fields they read: 

Vi(q) = \ S g n ( ^ O 7 ) ) 3 ' 2 {Tr m l( i , q) - Tr (Geff({r)m(z, , ) )} . (3.33) 

Using the result for Geff(0~) in equation (3.14), this equation becomes: 

vx(q) = i Sgn(^1(C))3 '2 [TTm1^q) + Tr ( / (MM)m(i , ¢))} - (3.34) 

Both equations (3.32) and (3.32) are equivalent because 

/ ( - * ) - / ( * ) = t a n h ( Ç ) , (3.35) 

/ ( - a ) + /(x) = 1 (3.36) 

and Tr in(i, q) = 0 for all i and q. From the right-hand side of equation (3.32) or equation 

(3.32), it becomes explicitly clear that the selfconsistent equations are nonlinear integral 

equations. As above, the solution which minimizes the free energy functional should be 

named by v. 

As in the general time-dependent saddle point approximation, the free energy is now 

given by the free energy functional evaluated at v: 

F = F#[v] = - ì l n T r exp - M ^ M + ElftMlfcfotf 
t i 9 

(3.37) 

Moreover, the average value of an arbitrary operator A is given by: 

/ ^\ T I S P A Tr (exp(- /m e f fM) A) _ f 3 3g) 

because the common factor g[v] cancels out. For this reason, the TISPA might be under­

stood in the way that the original Hamiltonian is replaced by WeffM + ICi,g \9i(l)\ l*\(î)l : 

U T ^ A HT I S P A := WeffM + Y, 1^(9)1 Ml)? • (3 '3 9) 
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From the calculation of the average value of A, one might suggest that the TISPA is just 

the approximation where H is replaced by 7^(¾]. But because the free energy functional 

is calculated with respect to Weff[v] + ^ \9i{l)\ K(?)l » the quadratic terms have to 

be included. From this interpretation follows an important result: the field components 

v^q) for a non-hermitian field operator {h](q) ^- h^q)) corresponding to positive coupling 

constants gi(q) > 0 have to be zero. The proof of this statement is quite simple: the 

partition function and the free energy have to be real, and moreover (.4) = {A)cS has to 

be real for any arbitrary hermitian operator A. For this reason, 1HTISPA a n d therefore all 

contributions to ^TISPA, namely 

)/•*»(-*(«))ft(«) (M(«k(?) + M Î K M ) + IJ1-(S)I h(«)|J (3-40) 

have to be hermitian. For a negative coupling constant this constraint is always satisfied. 

For positive coupling constants there are two cases. First, assume that the field operator 

is hermitian. In this case the expression above has to be replaced by1 

2i9i(<l) WcMq)+ SibMl)2 • (3.41) 

The substitution v^q) -» iv^q) with v^q) £ IR therefore yields a hermition operator: 

2 9i(g)h1(q)^)-9r(g)vt(q)2 , (3.42) 

which means that one can find an imaginary solution for the original field component. 

For a nonhermitian operator h](q) ^ ^(q) and ¢7,((7) > 0, the field variable has to be a 

complex number and hence the substitution above cannot be used. For this reason the 

corresponding contribution to %TISPA n a s to be zero. 

Using this result, the effective Hamiltonian of the TISPA becomes 

-KnspA = -H0 + £>(<?) {^!(çk-M + MrìWW - fc(?)l2} . (3-43) 
».9 

where the starred sum indicates that the contributions for nonhermitian field operators 

corresponding to positive coupling constants are omitted and that for terms, including 

hermitian field operators corresponding to positive coupling constants, the variable trans­

formation v^q) —> iv{(q) has been used. Finally, within this description, the selfconsistent 

equations for all fields become 

»*(?) = (\(9)) (3-44) 

<(?) = (M(«)> • (3-«) 

'See the Hubbard-Stratenovich transformation for real numbers on page 28. 
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In the same way as (.4) is replaced by (A)^, the one-particle Greens function matrix 

is given by the effective Greens function matrix2: 

TISPA G(r) 1 ^ A Gc f f(r) , (3.46) 

or 

G K ) T - ^ A GeffK) = . ' M = («*„ + M M ) " 1 . (3.47) 

This leads to a nice interpretation of M[t7]. Its eigenvalues are the excitation energies of 

the quasi particles and quasi holes, because det(io;n + M[F]) is the common denominator 

of all components of G effK)- Moreover, because M[v] is now a hermitian matrix with 

real eigenvalues, the quasi-particles are stable, that is, they have an infinite lifetime. In 

other words, the TISPA includes no self-energy. The creation and annihilation operators 

of the quasi-particles might be derived by diagonalizing M[v]. If U is the unitary matrix 

which diagonalizes M[v], the Nambu operator for the quasi particles is given by 

j = Uc . (3.48) 

This is the generalization of the Bogoliubov transformation which is used within the BCS 

approximation to derive the excitation energies of the Cooper pairs [Nambu60]. 

The TISPA-Hamiltonian TfriSPA might also be derived using the ususal mean field 

decomposition 

AB —> A (B) + (A)B- (A) (B) (3.49) 

for the general expression of the interaction Hamiltonian in equation (2.27) on page 26. 

In fact, if one assumes that only terms with negative coupling constants and terms with 

positive coupling constants but hermitian field operators contribute, the replacement 

Wi —• £*s.(<?) {h\(i){hM) + K(«)(*!(«)) - \(Mii)\2} (3-50) 
»,3 

2In order to derive a functional integral representation for the one-particle Greens function matrix, 

one also has to decompose the time evolution operators denning the time-dependence of the creation and 

annihilation operators. This can be done in the same way as the decomposition for the partition function. 

Now, replacing all fields by the minimizing field v yields the relation above. 



50 Chapter 3. Approximations 

yields the Hamiltonian in equation (3.39). But now, from this point of view an important 

question arises: is the assumption above, namely the replacement 

E-^E* (3-51) 

an additional constraint or does it result from the selfconsistent determination of the 

average values of the field operators? 

This question cannot be answered in general. But experience shows that the selfconsistent 

equation for the expectation value of ahermitian field operator only has the trivial solution, 

namely zero, if the corresponding coupling constant is repulsive. For example, the gap 

equation within the BCS approximation, which is just the selfconsistent equation for the 

pairing operator, has a nonzero solution only if the coupling constant is negative. There 

are many other examples which show that the relation 

9i(q) > 0 A h^q) ? h\(q) = » {/>.(<?)) = 0 (3.52) 

holds. It seems as if this relationship is true in general and that in fact the restriction 

(3.51) in equation (3.50) is not really an additional assumption. This is a very interesting 

point because it shows that both, the TISPA within the functional integral formalism 

and the usual mean field decomposition for the quadratic representation of the interaction 

Hamiltonian, lead to the same result and are therefore equivalent. 

3.2.3 Uniform Fields 

. The TIFA leads to an explicit expression for the free energy functional, while the additional 

saddle point approximation produces selfconsistent equations for the minimizing fields 

v^q), which form a set of coupled nonlinear integral equations. They might be considered 

as an "infinite" set of coupled nonlinear equations of order L. Even when using the 

general result from above, the number of equations is still of the order of the system 

size. For relatively small systems they can be solved numerically, using, for instance, an 

iteration method, but in order to describe a sharp phase transition one has to go to the 

thermodynamic limit. In order to reduce the number of equations to a finite number, 

symmetry arguments are helpful. In fact, a nonvanishing value of (^(q)) for q / 0 breaks 

the-translational symmetry of the system with respect to q. For this reason, one only 

considers spacially constant fields, i. e. only the components of v^q) with q = 0 are taken 

into account. This means that the spatial fluctuations of the fields are neglected. In some 

cases, however, if one wants to describe phase transitions with spacially varying order 

parameters, one has to include field components for the corresponding special values of q. 
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For example, a charge density wave order or an antiferro magnetic order is described by 

field variables corresponding to q = Q. Finally, a finite set of variables remains, which 

is independent on the system size. This set should be indexed by a single roman index j . 

The effective Hamiltonian, the free energy functional and all other functionals of v now 

become ordinary functions of this finite set of variables {VJ}. The selfconsistent equations 

then read: 

where n\j is the Nambu matrix for h -. Note that due to the renaming of the components 

of v^q) the range of the index j might be different from the range of the previously used 

index i, which was introduced to distinguish the different quadratic representations of the 

interaction Hamiltonian. 

This approximation is usually called the "mean field approximation", because the 

internal fields Vj are now uniform fields without any spatial modulation. To summarize, 

the mean field approximation includes three steps: 

1. Within the functional integration only time-independent fields are concerned. 

2. Only uniform fields and Fourier components corresponding to some physically im­

portant values for q are involved. 

3. Saddle point approximation. 

From this list it follows that a description which goes beyond the mean field approximation 

needs to abandon one or more of these points. For example point # 3 may be skipped. In 

this case one has to perform a functional integral over constant fields, which may be done 

numerically. Omitting the second point leads to ^-dependent fields, allowing for spatial 

fluctuations of the fields. Reintroducing time-dependent fields means studying the effect 

of quantum fluctuations. 

8As shown in chapter 2, one can introduce a band index v E {0,1} to split the Brioullin zone into two 

halfs. In that case the antiferromagnetic wave vector corresponds to v = 1 and q = 0. 

m (3.53) 
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3.3 Symmetry-Broken Hartree-Fock-Bogoliubov Approx­

imation 

3.3.1 T h e Variational Principle 

In this section we derive the selfconsistent equations for time-independent fields from a 

slightly different point of view without using the functional integral formalism. It is a 

variational approach where the original Hamiltonian is approximated by a parametrized 

one-particle Hamiltonian of the following form: 

«HFBM = Wo+ £ 9iM{vi,MhUq) + <MhtJq)} , (3.54) 
i,a,q 

where the terms hia(q) are one-particle field operators corresponding to the various 

quadratic representations of the interaction Hamiltonian. They are defined in chap­

ter 2. The fields wia(q) are variational parameters. For a hermitian field operator 

M a M ~ ^aI?) ) the expression in curly brackets should be replaced by 

Because the HFB approximation described in this section is a variational method, the 

effective coupling constants &,<*(<?) and the additional factor 2 for hermitian field operators 

may be absorbed. But for various reasons, including the comparison to the TISPA of the 

functional integral formalism, we separate them from the variational parameters. It should 

be noted that the Hamiltonian above is not the most general ansatz to start with. The most 

general quadratic Hamiltonian includes all distinct products of creation and annihilation 

operators as used for instance in [Bormann91b]. But from a practical point of view this 

approach is more than sufficient. Within the symmetry-broken Hartree-Fock-Bogoliubov 

(HFB) approximation, the fields wia(q) and their complex conjugate fields are determined 

by minimizing the right hand side of the Bogoliubov inequality [Brenig83, Ring80] 

^ < ^HFB ~ -^HFB+ ( ¾ - ^HFB ) H p B , (3-56) 

where FHFB
 a n ^ {• • -)HFB

 n a v e to be calculated with respect to the HFB Hamiltonian 

^HFB • This inequality ensures the existence of a minimum because F is a lower bound for 

the HFB free energy functional -Fjfpg. It originates from the variation of the information 

entropy in the grand canconical ensemble in the space of all statistical operators /?, which 
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leads to 

F[p] = ^Tr (p\np) +Ti (p-H)<F[p'] , (3.57) 

for p ~ exp(-ß'H) and for all p' ^ p. In fact, the Bogoliubov inequality is derived for 

p' = PHFB — GXPf-̂ O1HHFB)- The variational principle now reads: 

^ H F B = 0 . (3 .58) 

Why is it called the symmetry-broken Hartree-Fock-Bogoliubov approximation? From 

equation (3.54) follows that the trial Hamiltonian might have a lower symmetry than 

the original Hamiltonian. On the other hand, if a trial Hamiltonian is used which has 

the same symmetry, the usual Hartree-Fock approximation is retained. But this ap­

proximation cannot describe any phase transition. For this reason, symmetry-breaking 

terms are necessary. For instance, in order to describe a superconducting phase transi­

tion, one has to add pair operators which break the U(I) gauge-symmetry generated by 

the particle number operator. Such an approach leads to the BCS approximation. In 

order to describe antiferromagnetic order, a term proportional to the antiferromagnetic 

SDW-operator needs to be added. It violates the translational symmetry with respect 

to Q. That is, one has to add symmetry-breaking fields as they are used to calculate 

correlation functions. These fields are interpreted as internal fields and are determined 

selfconsistently. 

3.3.2 Selfconsis tent E q u a t i o n s 

As shown below, the HFB free energy functional may be expressed in a natural way as a 

functional of w and (ft.)HFB> i. e. as a functional of the variational parameters and the 

mean values of the field operators, including their complex conjugates. For this reason the 

variational principle in equation (3.58) reads explicitly: 

.^H#
FB = E ( Ä K . W + . . / ¾ ^ , , , M ) H F B 

i,a,q { 0Wi,aW d(hi,Q{WHFB 

+ complex conjugate terms > = 0 . (3.59) 

From this equation it follows that 

y r H F B 

FHFB 

= 0 and (3.60) 

d F h = 0 Vi,* l f f , (3.61) 

HFB 
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which, including the complex conjugate equations, form the set of selfconsistent equations 

within the HFB approximation. Writing down the functional dependence of the HFB 

free energy functional on w and {^}HFB yields a more detailed form of the selfconsistent 

equations. Three terms FHFB, ( ^ ) H F B
 anc* (^HFB)HFB

 a r e evolved. First, the free energy 

with respect to %HFB should be treated. It is a functional of w and is defined by: 

FHFBH =-^TiTt ( e x p [ - J9WHFB]) • (3-62) 

For this reason the functional derivative of Ì*HFB with respect to wia(q) is proportional 

to the mean value of the corresponding field operator: 

For the mean value of %HFB _ ^ o i o n e g e t s directly 

(WHPB - Wo)HFB = E mA9) U,M (h[M)HFB + <M <\,(?)>HFB} • 
i,a,q ^ 

(3.64) 

This is a functional of w and {/I)HFB with 

^(«HFB - U0) 
\ , , , A

 / H F B = 9,,(9) ^,M . (3.66) 

Finally, the mean value of H\ = H — WQ with respect to "HHFB needs to be calculated. 

Because the HFB Hamiltonian is a one-particle operator, Wick's Theorem may be used 

[Mahan90]. For this purpose one has to go back to the original form of the interaction 

Hamiltonian. For the NNSP model it is given by: 

«I = ^ E % ) 4 + , t ^ 4 . - , ^ • (3-67) 
9,Jt1A:' 

Using Wick's Theorem yields: 

^VHFB = T ~ ^ 5 ^ M (Cfc+*ÎC<=Î/HFB \ C * ' - ^ C * ' V H F B 

~ \Ck+qîCk>-ql)HFB \CkîCk'l)KFB 

+ (cUtfc»i)tìFB (wl-tùm } ' (3-68) 

q,k,k' 
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Now, for all three terms the same variable transformations which have been used in the 

previous chapter 2 in order to derive the several quadratic representations of the interaction 

Hamiltonian may be applied. The first term therefore leads to SDW and CDW operators, 

the second term to pairing operators with different internal symmetry and the last term 

to SF operators. That is, the expectation value of %\ becomes: 

' 9 / H F B \ 1 V H F B X 3 / H F B 
9 

(Wl)HFB = ^ E 5 W ß ("J)1JFB (¾ 
9 

+ ^E(^) ) H F B (^ ) ) H F B 
q,a 

-WLX(QK,)) (QM) . (3.69) 
HFB \ " " W ' / H F B q,a 

Finally one can introduce the general z-, or- and ^-dependent field operators hia(q) and 

the corresponding effective coupling constants giia(q)'-

(Wl)HFB = E SrAl) ( C ( ? ) ) H F B ( M « ) ) „ F B • (3-7°) 
i,a,q 

It is not very difficult to show that this formula is true for general, non-retarded two-

particle interactions. Moreover, for these interactions it is valid whenever Wick's Theorem 

holds. It should be emphasized that the right hand side of equation (3.70) does not include 

the parameters Â , which were introduced in the previous chapter 2 to sum over all the 

different quadratic representations. Now, from equations (3.63) and (3.65), it follows that 

the first set of selfconsistent equations, namely those which arise from the partial variation 

of FyçpQ with respect to w in equation (3.60), are identically satisfied. The second set 

remains, which reads: 

dlUuFB -Ho) d(Ui) 
\ / t ,A / H F B = ^ ( 9 ) ^ ( ? ) = fl/\ / r , (3-71) 

or evaluating the right hand side of this equation and including the complex conjugate 

equation yields the selfconsistent equations of the HFB approximation: 

WiAl) = ( M ? ) ) H F B
 a n d ( 3 ' 7 2 ) 

< « ( « ) = « c ( « ) ) H F B V i , o , ? . (3.73) 

From the more general equation (3.71), it follows that, if one adds a term wh to the HFB 

Hamiltonian, where h is not included in %]_, the corresponding field variable w needs to 

be zero. In fact, such a term would lead to the following equation: 

w ~ 
din HFB 

d(h 
(3.74) 

HFB 
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and, because H\ does not depend on K1 it is equivalent to w = 0. This proves the statement 

that, within the HFB approximation only those fields provide a contribution which are 

mediated by the interaction Hamiltonian. For instance in the attractive Hubbard model 

only s-wave superconductivity will occur, while in the NNSP model this type of pairing 

is not present. 

3.3.3 Ca lcu la t ion of t h e H F B FVee E n e r g y Func t iona l a n d Expl ic i t F o r m 

of t h e Selfconsis tent E q u a t i o n s 

The right-hand sides of the selfconsistent equations and the HFB free energy functional 

integral can be calculated using the same technique as for the TISPA of the functional 

integral formalism. Namely, introducing the Nambu representation of the HFB Hamilto­

nian: 

^ H F B H = 2 e t M H F B H E + 2 T r M H F B H , (3.75) 

with 

M H F B H = M0 + J2 9iM {mf(*. *, <7K>(<?) + m(h «, *)<,(<?)} (3-76) 
i,o,q 

yields: 

4 M - - ^ T r l n ( 2 c o s h ( ^ ^ ) ) - S , l i a ( Ç ) ^ a ( , ) | 2 

+ Ì T T M ^ B H , (3.77) 

where additionally (h.ia(q)) and (h\ (q)) have been replaced by wiQ(q) and 
\ ' / H F B N ' IHFB ' 

w*a(<?) according to the selfconsistent equations (3.72) and (3.73). Based on this ex­

pression one can derive an explicit form of the selfconsistent equations. Varying ^HFB M 

with respect to w*a(q) yields: 

^ 9 ) = Ì { ^ m » ( i , « w ) - Ì T > ( t a n h ( ^ p M ) „ ( i , „ , , ) ) } , (3.78) 

whereas the equation for w*a(q) is given by the complex conjugate equation. As in the 

TISPA, one can reduce the number of equations if one takes only a finite set of variational 

parameters into account. For instance, if one neglects spatial variations, only the q = 0 

components will contribute. On the other hand, all components which correspond to 

nonhermitian field operators and positive coupling constants may be omitted . That is 

'We are using the same argument as before. Experience shows that for these components only the 

trivial solution, namely zero, minimizes the free energy functional. 
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one can replace the i, a, q - sum by the restricted sum Y^i.a.q which was introduced in 

section 3.2.2. Including this restriction, a comparision between the TISPA and the HFB 

approximation is possible, which is discussed in the following paragraph. 

Comparision to the TISPA 

As in the TISPA, the free energy within the HFB approximation is given by the HFB free 

energy functional evaluated at the minimizing field w. That is, 

F * I V * F B [ ™ ] . (3.79) 

For this reason the original Hamiltonian 1H is replaced by the HFB Hamiltonian including 

the quadratic terms (H - %HFB)HFB: 

H "-Zf H0 + J2 *S.>(«) {»,»(?)<„(?) + <MhM - h«(?)|2} • (3-80) 
1,Ct1Q 

where, as mentioned above, the sum over all i, a and q is replaced by the restricted sum, 

excluding those terms which correspond to positive coupling constants and nonhermitian 

operators. This Hamiltonian appears like the TISPA Hamiltonian in equation (3.43), but 

there is a big difference. If one rewrites the TISPA Hamiltonian including the replacement 

ì —> i,a and gi{q) —> Kgi,<x(q) with Y*i ^t = 1 and Â  > 0, one obtains: 

HTISPA = U0 + £ XgUg) K C ( ^ U ? ) + KMhM - |M«)f} (3-81) 
i,ct,q 

From this equation it follows that both approximations are identical only for Â  = I V i . 

This constraint causes no contradiction and both approximations are indeed identical if 

within the functional integral description only one quadratic representation is used. How­

ever, the TISPA and the HFB approximation are different from each other if two or more 

representations are taken into account, because the sum over all A; has to equal one, which 

cannot be satisfied for Â  = 1 Vz. For this reason one can ask if the TISPA with an ap­

propriate choice of the parameters At might lead to a better mean field approximation. 

Nevertheless, the HFB approximation is a variational method and leads to thermodynam-

ically selfconsistent solutions for the variational parameters. For this reason it is used to 

study the NNSP model. 
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Chapter 4 

Symmetry Hartree Fock Approximation 
for the NNSP Model: Formulae 

Within the previous chapters a very technical formalism was introduced. This chapter is 

designated to apply this formalism to the NNSP model. Just writing down the functional 

integral as it was shown in the second chapter does not provide any information about 

the phase diagram of the model, but it gives an idea on how to construct a trial Hamil-

tonian for the symmetry-broken Hartree Fock Bogoliubov approximation. In fact, this 

approximation is one of the easiest ways to derive the phase diagram of a given model. If 

the proper trial Hamiltonian is used, it yields qualitatively good results. Furthermore, it 

is a thermodynamic selfconsistent approach. In this chapter a trial Hamiltonian is incor­

porated including antiferromagnetic and superconducting variational parameters and the 

selfconsistent equations are derived. Some remarks on the technique used for solving the 

selfconsistent equations simoultaneously are also included. 

4.1 Trial Hamiltonian, Free Energy Functional and Self-

consistent Equations 

4.1.1 Construction of the Trial Hamiltonian 

The antiferromagnetic phase diagram of the interaction Hamiltonian of the NNSP model 

was derived in chapter 1. In two dimensions it shows an antiferromagnetic phase transition 

for all fillings. On the other hand, a BCS approximation for the total Hamiltonian, kinetic 

and interaction part, leads to a superconducting phase transition [Schneider90a], For this 

reason variational parameters which couple on one hand to the antiferromagnetic and on 

the other hand on the pairing field operators have to be included in a variational HFB 

59 
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Table 4 .1 : Variational parameters and corresponding field operators for the symmetry 
broken HFB approximation of the NNSP model. 

repr. -

index 

1 

1 

2 

fieldoperator 

^ V t t SAF - sq=Q _ 2 i 2^cfc+(?îcfcT ~ ck+QicH 

{pa(9 = 0) = ~Y,c„Hckffa(k)\ 

variational 

parameter 

P 

TUAF 

{-A„} 
I. J a = l...z 

nature 

real 

real 

complex 

coupling 

constant 

WzL/4 

WzL 

WL 

approximation. Table 4.1 summarizes this minimum set of variational parameters and its 

corresponding field operators. The index in column 1 is the same index as in table 2.2 

and enumerates the quadratic representation of the interaction Hamiltonian from which 

the field operator in the second column originates. It should be emphasized again that 

within the HFB approximation no parameters Â  have to be introduced. The variational 

parameters and their nature are given in the third and forth column, while the last column 

lists the effective coupling constants. The first field operator describes a uniform charge 

distribution and leads to the usual Hartree approximation if no further terms are added to 

the trial Hamiltonian. As shown below, it renormalizes the chemical potential. Including 

the SDW operator in the second row allows for an antiferromagnetic phase transition, 

while including variational parameters corresponding to different types of pairing oper­

ators might lead to superconductivity with different symmetry. The corresponding field 

operators are given in the last row of table 2.2. Here the structure functions might be the 

cartesian or the group theoretical functions defined in chapter 2.1.2, or any other set of 

functions with 

5(fc-*') = 7E/•(*)/-(*') • (4-1) 
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Using this table and the general ansatz in equation (3.54), the trial Hamiltonian then 

reads: 

k,tr 

WzL I X^ 
+ 2 ^ ^ P I 7 2-f n*< 4 L k,<r 

+ 2WzLmkF f ^ E 4 + o t c f c t - c I + Q | c u ] 

free part 

density 

AF 

. Pairing 

(4.2) 

As already mentioned in the general considerations in chapter 3.3, the additional factor 

2 in the density and antiferromagnetic contribution has been introduced because T\ and 

5AF hermitian operators and hence their variational parameters may be chosen to be real. 

Exchanging the û-sum with the fc-sum, the pairing term may be rewritten as follows: 

WL E { ( l E <Uic*t W*)) A° + h- c-} = Wz E {*'(*) e-«<*T + h' C j 

with a fc-dependent superconducting variational parameter 

A*(fc):=Ì£A;/a(fc) . 

(4.3) 

(4.4) 

In this form the pairing part of the trial Hamiltonian has the usual form as it is used 

in the BCS approximation for non-local interactions [Schneider90a] or in similar HFB 

approximations [Robaszkiewicz81b]. It should be noted that, if a general A*(A) is used in 

the variational HFB approximation, one can see that it may be parametrized according 

to equation (4.4). With the HFB Hamiltonian above as well as the general expression in 

equation (3.77) and table 4.1, the free energy functional for the HFB approximation is 

given by: 

*# ^HFBb. mAF, A] = FHFB[p, mAF, A] - WzL < — + mA F IC + ÏÇ|A.I'} (4.5) 

with 

^HFB [P1TOAF, A] = - - In Tr exp (-PUHFBIP, mAFi A]) (4.6) 
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= - A Tr In f 2 cosh / / ™ H F B [ ^ A F , A] 
2ß \ \ 2 

mAF,A] . (4.7) 

where M H F B I P . ^ A F , A] is the Nambu matrix associated with the trial Hamiltonian in 

equation (4.2). Using £jt*fc = O, the last term becomes 

where the right hand side of this equation defines the renormalized chemical potential /L 

Now, in principle one can write down the Nambu matrix MHFB[^ 7 7 1 AFJ A] and it can be 

diagonalizcd so that the matrix trace in equation (4.7) can be derived explicitly. From the 

resulting expression for the free energy functional one can then derive the selfconsistent 

equations for the variational parameters. However, we prefer a Greens function method 

in order to calculate the right hand sides of the more formal selfconsistent equations in 

equations (3.72) and (3.73), which give the relation between the variational parameters 

and their corresponding field operators. For the variational parameters /»,TTIAF and A01 

and their complex conjugates they read explicitly: 

P = 7 E Kr)HFB (4-9) 
L k,<r 

™AF = ^ E { { C U t C ^ > H F B - ( C U i C n ) H F B } ( 4 ' 1 0 ) 

fc 

k 

K = Ì £ ( < V - H ) H P B / « W - (4.12) 
k 

Before calculating the right hand sides of these equations we want to discuss an important 

point regarding the grand canconical description we have used up to now. 

4.1.2 T h e FVee E n e r g y Func t iona l for F ixed Pa r t i c l e Dens i ty 

In a grand canonical description the chemical potential is fixed and the electron density 

is a fluctuating entity. For this reason the free energy functional above depends on p 

and, using a saddle point approximation, one gets a selfconsistent equation for p. Usually, 

however, one is interested in the physics for the fixed particle number density n = N/L, 

where TV is the total number of particles and L the system size. In this case one can 

replace p by the fixed value of n and, because KHFB depends only on (p, - Wzn/2), the 
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chemical potential by the renormalized chemical potential JI, which has to be determined 

selfconsistently. Furthermore, one needs to introduce the canonical free energy functional 

^HPB== ^HFB +ßN > (4.13) 

which, neglecting ^-dependent terms, is explicitly given by 

^HFBI/ 1 '
 mAF, A] = F H F B [ ^ rnAFl A] - WzL I m A F + ~Y, lA«|2 \ 

+ JlLn . (4.14) 

The canonical free energy functional is written as a function of JI1 mAF, AQ and their 

complex conjugate variables, because the selfconsistent equations above may now be de­

rived by minimizing the canonical free energy functional with respect to these variables. 

In particular, the first of the selfconsistent equations results from the condition 

which is an implicit equation for JI. This discussion seems at this point a bit artificial, but 

it is important for instance for the calculation of the specific heat in chapter 7. 

4.1.3 Equations of Motion for Creation and Annihilation Operators 

In order to calculate the right hand side of the selfconsistent equations (4.9) ... (4.12) 

using a Greens function method, it is very practical to start with the derivation of the 

equations of motion for the creation and annihilation operators. Their r-dependence is 

defined with respect to the trial Hamiltonian and is given by 

CL(T) := e^ H F B T cfa e ~ ^ H F B r . (4.16) 

Here we have introduced the following notation": 

^ ici for * = + ( 4 1 7 ) 

I ck.
 for « = -

where a is assumed to be —1 for spin down and +1 for spin up. Differentiating equation 

(4.16) with respect to r yields the equation of motion for the creation and annihilation 

operators: 

J:<£(r)=[WHFB,ct](r) . • (4-18) 
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The calculation of the commutator is a quite simple but long task and needs not be 

included here. The result is: 

d_ 

(4.19) 

£-C£,(T) = ± {(¾ - p) ci(r) + Wzo (A±(fc) clk_o{r) + mAFc±+Q(7(r)) } 

where A~(fc) is the fc-dependent superconducting variational parameter A(Z:) as defined 

above and A+(A;) is its complex conjugate. In the first chapter we have made the general 

assumption that the model is considered on an bipartite lattice with transformation vector 

Q = (TT, IT, . . . ) . For this reason the following equations are valid for all integral numbers 

IeZ: 

c?j.«n rr - cî,r f° r n~2l , 
k+nQa k<r ^ ^ 

Ck+nQ„ = CUQ0
 f 0 r » = 2/ + 1 . 

Based on these relations and with the equation of motion (4.19) one obtaines directly an 

equation of motion for H+QCT(T"). w m c n is given by: 

Wzo (A±(k) c*k+Q _ff (r) + mAFci(r)) } , (4.21) 

so that this equation (4.21), equation (4.19) and the equations for — fe and opposite spin, 

which result from equation (4.21) and (4.19) by replacing k by —k and a by —a, define a 

complete set of time-dependent differential equations. 

4.1.4 G r e e n s Func t ion 

From the equation of motion for the creation and annihilation operators we obtain which 

one-particle Greens functions couple. Therefore it is not very useful to start from the 

general Greens function matrix defined in chapter 2.3.4. It is better to start directly from 

the following four Greens functions: 

G,(fc,r) := (T,ckJr)cl)HFB (4.22) 

G 0 ^ t 1 T ) := ^rCk+QJr)cl}nm (4.23) 

FHk1T) := ( T T c L , _ » c L ) H F B (4.24) 

F k ( * . r ) := ( T T c L ( f c + ( ? ) _ » c L ) H F B . (4.25) 

In addition, from the selfconsistent equations it becomes clear that it suffices to know 

these Greens functions in order to calculate the mean values of the field operators on the 



4.1. Trial Ha.miìtonian, Free Energy Functional and Selfconsistent Equations 65 

right hand side of the selfconsistent equations. Using equations (4.19) and (4.21), the time 

derivatives of these .Greensfunctions are: 

— G„(*,T) = A(T)-(Ck-P)G^(A1T) 
dr 

-Wzu (A(AOFj(A1 r ) + mAFGQ,(k,T)) 

— G Q 1 7 ( A , T) = -(cfc+Q - M)GQ^(A1 r ) 

WZCT ( -A(A)F^(A,T) + mAFGff(&,r)) 

- F t ( A , r ) = (£fc-/I)Ft(A1T) 

- W ^ ( A * ( * ) G „ ( * , T ) + TTIAFF^(A 1 T)) 

T - F ^ ( f c ^ ) = (€fc+Q -M)F^(A 1T) 
dr 

-1^2(7 (-A+(A)G^(A1 T) + mA FFt (A, T)) 

(4.26) 

(4.27) 

(4.28) 

(4.29) 

where the relations in equation (4.20) have also been incorporated. If only nearest neighbor 

hopping is under consideration, one can replace e^+Q by —e .̂ If, however, the free particle 

dispersion relation includes the next nearest neighbor hopping terms, €k has to be replaced 

by €fc + e'k with €k+Q + ^h+o ~ ~€& + €'k- *n this c a s e i m the formulae above one has to 

replace e^+Q by —fjt and JL by / I - ej.. In the forthcoming treatment, however, we assume 

only nearest neighbor hopping, bearing in mind that the generalization, including next 

nearest neighbor hopping, is obtained by replacing ß by JL- e'k. Now, using the Fourier 

transformation in equation (3.7), the set of ordinary differential equations may be mapped 

on a coupled set of algebraic equations by 

)• Uun and 5(r) 
dr 

(4.30) 

As in the previous chapter 3 we do not introduce a new symbol for the Fourier transformed 

functions. They are distinguished by their argument. The algebraic set of equations for 

the frequency-dependent Greens functions then reads in matrix form: 

with 

/ 
Cl 

WzarriAF 

WzaA*(k) 

0 

WzamAF 

^2 

0 

-WzaA'(k) 

Wz<7&{k) 

0 

É3 

Wzam/tf 

C1 = (XWn + fjb - / i ) 

C2 = (iw„ - £fc - JL) 

0 

-WzCTA(A) 

WZCTTTIAF 

e4 

\ 

/ 

( G. \ 

GQ a 

Fl 
1V FQ* ) 

( l \ 

0 

0 

l°/ (4.31) 
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e4 = (ùon + ek + j[) . (4.32) 

Using an algebraic computer system like Mathematica [Mathematica], it is an easy task 

to invert the coefficient matrix above. The result is: 

r _ WU - Wiz*mlFc3 ~ WV|A( fc ) |% 
^ - (iwn- El)(Iun -El) {i-i6> 

G Q „ = aWzmAF -^7-. -^ ^- (4.34) 
(iwn - El)(Iwn - Ef) 

Ej. = " - » • „ „ A - W ^ , ^ ^ , (4«) 

Here the common denominator is the determinant of the coefficient matrix. Its roots define 

the excitation energy spectra of the quasi particles and quasi holes: 

Ef = ±^/w2zi\A(k)\i + (EAF + -p)i (4.37) 

Ef = ± ^ 2 * 2 | A ( * ) | 2 + ( £ A F - r t 2 (4-38) 

with 

^AF = y/4 + W*z*m\F . (4.39) 

Without an upper index, Ei always refers to Ef. 

4.1.5 Selfconsistent Equations and Free Energy 

In a straight forward way, i.e. without using the general results from chapter 3 (see the end 

of this section), the expectation values on the right hand side of the selfconsistent equations 

may be calculated from the Greens functions G^, GQCT and the anomalous Greens function 

F^. In fact, in the limit r —$• O- one obtains: 

G1(A1O-) = - K 0 ) H F B (4-40) 

Gc(M-) = - (cU + Q „) H F B (4-41) 

F*(* ,O- ) = - { c L < L - . ) H F B (4-4*) 

F^(M-) = - ( c t c !„ + Q W ) H F B , (4.43) 

so that the selfconsistent equations become 

n = - £ $ > , ( * , (T) (4-44) 
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mAF = -^H{GQt(k'Q~)-GQi(^0-)} (4.45) 

A « = - ^ E ( F j ( M ' ) ) * / * « (4.46) 

k 

Note that the fourth Greens function is not used because no variational parameter corre­

sponding to Tj-pairing [Yang89] has been included into the trial Hamiltonian. Nevertheless, 

this Greens function component may not be omitted in order to get a closed set of coupled 

equations of motions for all Greens functions. The inclusion of a 7?-pairing variational 

parameter and its implications is briefly discussed in chapter 8. Now, the limit r —• O -

may be calculated from the frequency dependent Greens functions. For this purpose it 

is useful to write them with simple denominators. AU four Greens functions have the 

following form: 

G ( * > n ) = % ^ _ (4.48) 

where G(fc, twn) represents one of the four Greens functions in equations (4.33) to (4.36), 

while G(k, iwn) is the numerator of G(A;, iu>n) and is a polynomial of third degree of iujn. 

For this reason one can write (using again Mathematica [Mathematica]) 

G(*.««.)- ä-gig 1¾- {u^Ë-r^TË-j • (4'49) 

The advantage of this representation is that one now has obtained simple denominators 

of degree one and that the numerators do no longer depend on frequency. With 

ß ^ ÌWr 

*r+T = irM for ' >o 
(4.50) 

-£^ = -^/(-*) for r<0 , 

the r-dependent Greens functions for r > 0 are therefore given by: 

G{k>T>0) = Ëf^ËÏ £ tìf {eEiT Ö(*' Et) m) ~ e~EiT Ö(*' ~Et) fi~Ei)} 
(4.51) 

and for r < 0 by: 

(4.52) 
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from which the desired r-limit can be calculated at once. The result is: 

G(k, r = 0-) = -^4-gI E ^ p - {G(*. Ei)K-Bi) - G(*. -Ei)I(E,)] . (4.53) 

Finally one can replace the Fermi function by: 

/ ( x ) = l - t a n h ( M 2 ) ( 4 5 4 ) 

This leads to: 

G(fc,r = 0-)= * £LOC(*^L^r«0 + («5) 

G(k,Ei) + G{k,-Ei)UMhfßEi 

2 V 2 

Using this formula and the expressions for the frequency-dependent Greens functions 

above in equation (4.33) to equation (4.36), from which the denominators G(k,Ei) and 

G(Ie1-Ei) can be directly obtained, the result for the time-dependent Greens functions 

in the limit r —• O- is: 

G, ( M " ) = - ^ + ^ ^ { ( Ê f c - ^ A F K ^ A F + ZïMi + 

(ffc + £ A F ) ( £ A F -F)A2) (4.56) 

G Q ^ 1 O - ) = g ^ A F {(^AF + Jl)A1 + (EA F - Jl)A2] (4.57) 

F^(A1O-) = aW
A

Zf(k) {(EAF - Ck)A1 + (g A F + ek)A2) (4.58) 
4#AF l J 

F ^ ( M - ) = ^ ¾ ^ ^ - ^ } , (4.59) 

where Ai is defined by 

Ar.= ±tznh(^j for t = I12 , (4.60) 

while the definitions of the quasi particle energies Ei and of the energy Ü?AF
 a r e given in 

equation (4.37), (4.38) and (4.39), respectively. Summing these expressions over k and a 

yields the right hand sides of the selfconsistent equations. They are: 

the equation for the chemical potential: 

" = l + ^ E { ( J S ? A F + ^Mi- ( iS?AF- / îM2} , (4.61) 
k 
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the equation for t he antiferromagnetic paramete r : 

mAF = - - ^ ^ E ^ { < £ A F + /IM1 + (EAF-JI)A2) , (4.62) 

and t he equations for the pairing parameter : 

Wz 
^a ^ - 1 Z UkWk)[A1+A2] for tt = l , . . . , z (4.63) 

k 

with 

A ( * ) = i £ * . £ ( * ) . (4.64) 
Z a 

Note that the contributions in the equations for the pairing parameters which arise from 

the terms proportional to e* in the expression for the anomalous Greens function FJ.(/:,0~) 

vanish, for a shift of k ->• k + Q changes the sign of ejt while fa(k)A(k) remains invari­

ant. These 2 + 22 equations (including the complex conjugate equations for the pairing 

parameters) have to be solved simultaneously. In order to find the solution which belongs 

to the global minimum of the free energy functional, it is useful to derive an explicit ex­

pression for it. This can be done by integrating the seifconsistent equations because they 

result from varying the (canconical) free energy functional with respect to £T, m^F a n d the 

pairing parameters A a and their complex conjugates. From the seifconsistent equations 

above it is not very difficult to obtain the analytic form of the free energy functional. It 

reads: 

- WzL L\F + Ì5>"l'} - (4.65) 

This expression can be directly derived using the general results of chapter 3.2.2 and the 

quasi particle and hole excitation spectrum given in equations (4.37)...(4.39). In fact, 

because formally 

1 m , (n . / £ M H F B ^HFB = - ^ T r In (^2cosh ( ^ ^ ) ) ~ P L (4.66) 

and the eigenvalues of M H F B are given by the excitation energies E*(k) for i = 1,2 and 

a = ± and for all k in the first Brioullin zone, the Nambu matrix M H F B
 m a y De replaced 
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by Ef(Ic), so that the trace operation reduces to a sum over i, a and fc. Finally, the cosh-

function is symmetric so that the a-sum causes a factor of 2. The results of this section 

are summarized in tables 4.2 and 4.3. They include the Hamiltonian of the NNSP model, 

the trial Hamiltonian, the canonical free energy functional, the quasi particle excitation 

energy spectra and finally the selfconsistent equations. The results listed here are valid 

for all dimensions. In the forthcoming sections, however, only the two dimensional case is 

considered. 

Table 4.2: Summary of the formulae for the symmetry-broken HFB approximation for 
the NNSP model I: Hamiltonian and trial Hamiltonian. 

Hamiltonian of the NNSP model: 

« = I > * - /*)"** + ~Y YL 5Mcl+sîcfcî4'-5|
cfc\L 

k,(T q,k,h 

with 

S(I)=1ZE^" 

Trial Hamiltonian of the HFB approximation: 

^HFB = £ ( e * - v)nka + 2WzL m A F I ^ £ 4+Qîcfcî - cl+QicU 
k,tr \ k / 

+ W i E I (7 £ C-HC*T/°«1 A« + h' c-
. I ^ k 

where the fa(k) are defined by 

S(*-*') = i £/„(*)£(*') 
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Table 4.3: Summary of the formulae for the symmetry-broken HFB approximation for 
the NNSP model II: free energy functional, excitation spectra and selfconsistent equations. 

Canonical free energy functional: 

A * F B = ~ 5 > ( 2 c o . h ( Ç ) ) + p i ( n - I)-WzL I m}* 

Excitation spectra: 

Ef = ±y/W*Z*\b(k)\* + (EAP + M)2 

E± = i ^ W V l A(A)I2 -f (EAF - M)2 

with 

^AF = ^l + W^z'mi,. 

and 

A(*) = ± £>•£(*) 
Z a 

Selfconsistent equations: 

electron density and chemical potential: 

n = 1 + — Y, {(EAF + Ji)A1 - {EAF - Ji)A2) 
k 

antiferromagnetic parameter: 

™AF = f^" E ^"{(^AF + JL)A1 + {EAF - Jt)A2) 

pairing parameters: 

A « = - J i l l /CWA(AO(A1 +A2) for a =l...z 

with 

*-5-»(?) 

H-; E M } 
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4.2 Selfconsistent Equations for D = 2 

4.2.1 Extended s-wave/d-wave Pairing and Relative Phase 

In two dimensions ten coupled nonlinear equations have to be solved simultaneously. For 

singlet pairing the pairing parameter has to be an even function of the relative momentum 

vector k [Sigrist87], i. e.: 

A(A) = A ( - * ) . (4.67) 

Within the group-theoretical representation (see table 2.1 on page 23), this means that 

the p-wave components vanish identically or may just be omitted, so that the fc-dependent 

superconducting variational parameter now becomes: 

A(A:) = - { * « / „ ( * ) +Ad/d(fe)} (4.68) 

Wl ith 

fxs(k) = (cos(kx) + cos(fcy)) (4.69) 

fd{k) = (co8(fcx) - cos(*y)) . (4.70) 

The two components Axi and Aj , which describe sis-wave and d-wave superconductivity, 

respectively, are still complex numbers. It is very practical to introduce the phase of these 

parameters according to 

AK5 = |A M | e*» (4.71) 

Ad = |Ad| e**' (4.72) 

and the relative phase 

<j> = èxs-d>d . (4.73) 

Because the free energy functional depends on the absolute value of the /^-dependent 

superconducting variational parameter, which is now given by 

|A(fc)|2 = ì { |A I a |2 fl(k) + |A,|2 fd(k) + 2 | A „ | IAJI fxs{k)fd(k) cos(0)} ,(4.74) 

and on the absolute values of AX3 and A^ in quadratic terms, only the relative phase is 

important. For this reason the two complex equations for Axs and A<* reduce to three 
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real equations for |AXJ|, |Aj | and <j>. They may be derived either by introducing the phase 

factors in the seïfconsistent equations for Axs and A^, or by differentiating the free energy 

functional with respect ot |A IS | , |Aj | and ¢. The second method yields: 

dA# I N - ^ t fßEi\ dEi 
= - - V t a n h ( ^ ) -—Ì--2WLÌAJ for a = xs, d (4.75) 

2 kl V 2 / d\Aa\ 

« - -is«>(Ç)S • <««) 
ô | A a | 

r / « ( / « IA„ | + /d |Ad | cos(tf>)) (4.77) 

where 

d\Axs\. ~ ~Ei 

5 ¾ , " = ^ ( M A d i + ̂ | A I 5 i c o s ( ^ ) ) (4.78) 

- ^ = -^-\Axs\\Ad\fxsfdsin($) . (4.79) 

The seïfconsistent equations for |A I S | , |A,*| and 4> now become: 

lA-i = - ^ E / « W ( l A » l / « W + l ^ l C M ( ^ W ) { ^ i + ̂ } (4.80) 
A: 

lA<<l = - 4 ^ Z)/d(fc) ( | A „ | cos(^)/„(A:) + |Ad | /d(A;)) (A1 + i42} (4-81) 
k 

-wir 2 

0 = — |A„||Ad |8in(^)X;/»(fc)/d(A!){Ai + A2} • (4-82) 
fc 

Clearly the absolute values of the xs~wave and the d~wave components have to be real 

and positive. For this reason the range of solutions for IA13I and \Ad\ can be restricted 

to R + x R + . As a function of <£, the free energy functional is periodic with period IT, 

because a shift of <j> by IT yields 

|A<fc)|a| = 4(1/^.1'/.'.(*)+ |û„|a/j(*) (4-83) 
<p-itp+ir Z K r 

-2\Axs\\Ad\fX3(k)fd(k)cos(4>)} , 

i. e. the sign in front of the mixed term changes. Now one can exchange the kx~ with the 

fcy-sum in the expression for the free energy functional. This does not change the sign of 

fxs(k) but of fd{k), so that with 

the free energy functional remains invariant under the transformation <f> —> <f> + TT, which 

means that it is periodic with period IT. TO summarize, the seïfconsistent equations for 

the pairing parameters have to be solved in the range 

( I A 1 3 I 1 I A J I , ^ ) e IR+ x IR+ x [0,TT[ . (4.85) 
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The equation for <j> can be solved analytically, which is shown in the next section. 

4.2.2 xs + id Pairing 

or minimizing the free energy functional with respect to <f>. First of all, from the free 

energy functional or explicitly from the selfconsistent equations, it becomes obvious that 

<j> is irrelevant and has no more meaning if one of the two components |Aœj | or |Aj | vanish. 

In this case <f> can be arbitrarily chosen without changing the result. Consider the mixed 

phase where both components |AW | and |Aj | are nonzero. The equation (4.82) for <j> is 

therefore satisfied if 

sin (^) = 0 (4.86) 

Jc 

The solutions of the first of these equations are 

4n«(fl = JT V I e Z (4.88) 

and in the range [0, TT[ only 0 = <f>m&x = -̂ As we shall show below, these values of <f> lead 

to maxima of the free energy functional. The solutions of the second equation are the odd 

multiples of TT/2: 

<f>min(l) = (21+l)^ V / 6 Z (4.89) 

and in the range [0,7r[ only <f> ~ <f>min = TT/2. They belong to minima of the free en­

ergy functional. Before we prove the maxima and minima properties of the free energy 

functional with respect to these values of <$>, we need to show that in fact #min(0 solves 

equation (4.87) and that there do not exist any further solutions. For $ = <£min(0i t n e 

absolute square of A(fc) becomes symmetric with respect to the exchange of the kx- with 

the fcy-axis. On the other hand, the product of the two structure functions fxs{k) fd(k) 

changes sign if kx is replaced by ky and vice versa. For this reason the odd multiples of 

7T/2 solve equation (4.87). In order to see that there are no further solutions, it is useful 

to consider the derivative of the left hand side of equation (4.87) with respect to <f>, which 

is given by: 

J £/*.(*) /„(*) [A1 + A,} = -W1 |/U |Ad| sin(« £ & y * ) g (4.90) 
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with 

dAi _ ß r "1 sinh(/?^/2) 
dEi 2Ei cosh{ßEi/2) \ cosh(/3^/2) ßEt/2 

< O , (4.91) 

which is less than or equal to zero because cosh(i) > 1 and sinh(x) > x for all x G IR 

and ß and Ei are always positive quantities. Moreover, it is negative for all Ei > 0 and 

vanishes for Ei ->• 0. The set of (kXi fcy)-pairs, for which Ei = 0 or f%s(k) fj(k) = 0 is 

a nonmeasurable set. For this reason the expression on the right hand side of equation 

(4.90) is greater than zero for all <j> G]O17r[. For $ = 0 or 4> = TT, it becomes identically zero 

because of the pre-factor sin($). Finally, this shows that the left hand side of equation 

(4.87) is a strictly monotonie increasing function of <j> for <j> G]O17r[, and hence proves 

that 4>m[n = TT/2 is the only solution of equation (4.87) in this range and, because of the 

periodicity TT, the odd multiples of TT/2 are the only solutions of equation (4.87) for all ¢. 

The derivative of the free energy functional with respect to <f> is given by: 

QAt W 2 r T 
~ = — \àxs\\&d\s\n($) ^/«(k) ^k)[A1+ A2) . (4.92) 

From the considerations above it follows that the fc-sum is negative for <f> G [0,7r/2[, zero 

for <p = TT/2 and positive for <f> G]7r/2, W[. In the range [0, ir[t sin(^) is always greater than 

or equal to zero. Therefore: 

OA* 

d<f> 

< 0 for <£G]0,7r/2[ 

> 0 for <£G]7r/2,7r[ (4-93) 
= 0 for 4> = 0,7r/2 . 

This shows that A* as a function of 0 has a maximum at $ = 0 and, due to the periodicity, 

at all even multiples of TT/2 and minima at all odd multiples of TT/2. In figure 4.1 the free 

energy functional A#/t is plotted as a function of 4> for T/t = 0, W/t = —4 and n = 1.2, 

while the variational parameters |âx*|i |Ad|, TTIAF and Jl are determined selfconsistently. 

Figure 4.1 visualizes the general behavior described above, namely the minimum at <f> = 

TT/2 and the maximum at 0 = 0 in the range of [0,"TT[, which is true for all parameters. 

Moreover, it shows that the difference between the maximum and the minimum values of 

is not very large. For this reason the solutions of the selfconsistent equations depend 

not very sensitively on <f>. 

In this section, we have shown that the relative phase between the ss-wave and the d-

wave component, which minimizes the free energy functional, is TT/2 (or all odd multiples of 

7r/2). This is usually refered as x$ + id-pairing [Sigrist87]. For <f> ~ 7r/2, the selfconsistent 
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Figure 4.1: The canonical free en­
ergy functional as a function of the rel­
ative phase between the xs- and d-
wave component of the superconduct­
ing variational parameter for T/t — O1 

W/t = - 4 and n = 1.2. The varia­
tional parameters, including the renor-
malized chemical potential, are deter-
minded selfconsistently, i. e.: |AJ = 
0.182, (A15I = 0.083, TrtAF = 0.378 and 
^ = 5.774. 

•2.977 

-2.978 -

-2.983 

equations for the absolute values of A w and A^ then become: 

A. 

IAJ = -

4L 

W\àd\ 
4L 

fr 

and the square of the absolute value of A(A) is given by: 

|A(fc)|2 = i{ |A,5 |2 / ,2
sW + |Ad|

2/J(A-)} , 

(4.94) 

(4.95) 

(4.96) 

which enters in the equations for the chemical potential and the antiferromagnetic varia­

tional parameter. The free energy functional and the selfconsistent equations for D = 2 

are summarized in table 4.4. 
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Table 4.4: HFB free energy functional, excitation spectra and seîfconsistent equations of 
the symmetry-broken HFB approximation for the NNSP model for D = 2 and <j> = TT/2. 

Canonical free energy functional: 

4 B = ~\ Y> (2c°sh ( C ) ) +PL{n-l)~ WL{iml? + |AI5|
2 + IA.I2} 

Excitation spectra: 

Et = ±\/w2|A(fc)|2 + (£AF + /7)2 

^ - ±V1W2|AWI2+(SAF-^)2 

with 

EAF = y/el + 16Wm£F 

|A(fc)|2=i{|A„|2/,2s(fc) + |Ad|2/iW} 

/xs(^) = COs(Ar1) + cos(fcy) and fd{k) = COs(Zc1) - cos(fcy) 

Seîfconsistent equations: 

electron density and chemical potential: 

n = 1 + — E {(^AF + V)M - {EAF - V)M) 
k 

antiferromagnetic parameter: 

E £~{^AF + ̂ M + (JBAF " ^ 2 I 
VKmAF 

mAF = ; 

as-wave and d-wave pairing parameter: 

^1 = - ^ ^ ^ / ^ ( ^ + ^} for a = xs,d 
k 

with 

Ai = — tanh 
£; V 2 
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4.3 Numerical Remarks 

Finding the roots of a single nonlinear equation is, in most cases, a simple numerical task. 

A Newton method is usually sufficient, or, if one is not able to calculate the derivative of 

the target function but is able to bracket the root (to find a value on the left and right 

hand side of the root), one can use a secant method or related methods, like a bisection 

or false position method [Nu m Ree]. For a higher dimensional set of coupled nonlinear 

equations the situation is more difficult. One can also use a generalized Newton method, 

but it converges only if the starting point is very close to the root. Furthermore, at each 

iteration step the Jacobian has to be calculated, which requires a lot of computing time. 

For these reasons we have used a different but straightforward method. First of all it 

is quite easy to show that Ti(Ji), denned by the right hand side of the first selfconsistent 

equation in table 4.4, is a monotonie increasing function of the renormalized chemical 

potential p for all parameters. Differentiating n(p) with respect to /!yields: 

dn(p) 1 v - f , , , _ .OE1OAi frt _. dE2 OA2 

d{x 

With 

OEx 

dp 
OE2 

dp 

-2L^r^ 

(EAF+P) 

E1 

{EAF - P) 
E2 

dp OE1 - ^ ¾ ¾ } • (4-97) 

(4.98) 

(4.99) 

the previous equation becomes: 

Because Ai > 0, (EAF + p)2 < E\, (EAF - p)2 < El and dAi/dEi < 0 with 

dAi 

dEi 

dAj 
dEt 

oil i- ßBt/2 

Ei 1 sinh(/?£;/2)cosh(/3£;/2) 

< ~ . (4.101) 

the partial derivative dn(p)/dpis always positive or vanishes. Moreover, it is easy to show 

that n(p) obeys the following two limits: 

Jim n(p) = 2 (4.102) 

J i m n(p) = 0 . (4.103) 
fl-t — OO 
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For half-filling the renormalized chemical potential is always zero, i. e. 

n(/Z=0) = 1 . (4.104) 

This is an exact result and is reproduced by the HFB approximation. From these rela­

tions, it follows that JL is always negative for n < 1 and positive for n > 1. Because of this 

nice behavior of TI(JL), it is possible and very practical to use one of the one-dimensional 

methods to invert the first selfconsistent equation in order to get a function or procedure 

/ï(|AXJ | , \Ad\, mAF»*» VV, T,n) which calculates JI for given but arbitrary variational pa­

rameters IA3J5I, |Aj | ,T7iAF and model parameters £, W,T and n. For that purpose we have 

implemented the false position method described in [NumRec], for it yields the fastest 

algorithm and even converges for discontinous target functions. For bracketing the root, 

we have multiplied or divided a starting value for JL several times by a constant up to the 

point where two bracketing values have been found. The starting value for JL has been 

chosen to be positive for n > 1 and negative for n < 1. Because of the behavior of n(jX) 

described above, the false position method together with this bracketing technique will 

always converge. Using this function within the evaluation of the right hand sides of the 

remaining selfconsistent equations reduces the number of equations by 1. The price to pay 

is the calculation of the chemical potential for every function evaluation. The advantage, 

however, is that now the three equations have all the same form, namely 

mAF = ^AF / A F ( I A X , I , |Ad|, mAF) (4.105) 

|A M | = |A I 5 | J1 5(IA^I, |A d | ,m A F ) (4.106) 

|Ad | - |A d | / d ( |A x s | , |A d | ,mAF) , (4.107) 

where the functions /AFI 4 S and Id are defined by the right hand sides of the selfconsistent 

equations, and the renormalized chemical potential has been replaced by the numerical 

function /1(IA15I, |Ad| ,mAF,t, W,T,n) described above. These equations can be iterated, 

i. e. starting from an initial guess for the parameters |AX5 | , |A<f| and mp.y, a subsequent 

evaluation of the functions ÌAF, IXS and Ij might hopefully converge. This means one is 

looking for a stable fixed point of the dynamical system defined by the three functions 

IAFIIX* and Id. This method works for almost all input parameters. It converges rather 

fast if the parameters are far from any phase transition, but it is nearly impossible to 

calculate sharp phase boundaries because near a phase boundary the free energy functional 

becomes too flat. Therefore we have chosen another method which can be motivated as 

follows. The minimum of a parabolic function in D dimensions can be found by minimizing 

it in each direction. This procedure needs D one-dimensional root finding processes. 

For an arbitrary function which is twice continuously difTerentiable, the neighborhood 

of a minimum appears parabolic. That is, if one has a good starting point, the one-

dimensional root finding methods for each direction of the parameter space will hopefully 
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lead to the desired solution. Because the function is not exactly a parabolic function, one 

has to iterate this process. In particular, starting from an initial guess, one first solves the 

equation for the antiferromagnetic variational parameter. This leads to a new value for 
mAF which, together with the other initial values for |A I S | and jAjf, is used to solve the 

second equation. The result of this one-dimensional problem is a better value for |A I 3 | . 

In the last step of the first iteration step one uses the new values for TTIAF and |AX3| to 

calculate anew value for |Aj | . If the free energy was a parabolic function, one iteration step 

would lead to the right solution. But for a nonparabolic function one has to use the new 

values for TTIAF, |A r s | and |Ad| to start a second iteration step and so on. If one starts not 

too far from the minimum, this iteration leads to the global minimum of the free energy 

functional. The advantage of this procedure is that within every one-dimensional step 

one can determine if for the corresponding variable only the trivial solution, namely zero, 

exists. This leads to sharp phase boundaries. The disadvantage is obviously computing 

time. Finally we have combined both methods. First we have iterated the selfconsistent 

equations up to 50 times. Second, if after these 50 iteration steps the solution is not found 

yet, the second method is used. In figure 4.2 the results of all three methods, the iteration 

method (figure 4.2 (a)), the method using one-dimensional root finding techniques (figure 

4.2 (b)) and the method which combines both techniques (figure 4.2 (c)) are shown. In 

each diagram the values for roAFt |A<*| and \ASS\ after each iteration step are plotted as 

a function of computing time for W/t = —4 and n = 1.2. On the left hand side they are 

plotted for T = 0 (far from the critical temperature), while on the right hand side they are 

shown for T = 0.5 (just above the critical temperature). Every point corresponds to one 

iteration step. For T/t = 0, the simple iteration method (a) is about seven times faster 

than the second method (b). The third method (c) is identical to the first one, because 

it converges after 40 iteration steps. On the other hand, near the critical temperature for 

T/t = 0.5, the simple iteration technique does not converge within a maximum number of 

1000 iteration steps which makes it useless for this set of parameters. The second method 

converges as fast as far from the phase transition for T/t = 0 and the third method is 

comparable to the second one. These calculations reveal that the best choice is the third 

method, for it is as fast as the simple iteration technique far from any phase transition 

and comparable to the second method very close to a phase transition. The results shown 

in chapter 5 are calculated using this combined method. 
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Figure 4.2: {see next page) The variational parameters mAF (+)) |Ax s | (D) and |A<jj (•) 
as a function of computing time using the simple iteration method (a), the method using 
one-dimensional root finding techniques (b) and the method which combines both tech­
niques (c). The curves are calculated for W/t = - 4 and n = 1.2 for T/t = 0 (left side) 
and T/t = 0.5 (right side). The initial values are \Ad\ - 0.2, \AXS\ = 0.2, mAF = 0.3, 
wheras the final values for T/t = 0 are |Ad | = 0.182, \AXS\ = 0.083, mAF = 0.378 and for 
T/t = 0.5: IAd! - 0, \AXS\ = 0, mAF = 0.379. 
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Chapter 5 

Solving the Selfconsistent Equations: 

Order parameter for D = 2 

In the following sections of this chapter the numerical results for the order parameter are 

presented and discussed. In all figures the antiferromagnetic order parameter is drawn with 

a solid line, the absolute value of the zs-wave component of the superconducting order 

parameter with a dotted line and the absolute value of the rf-wave component with a 

dashed line. Calculations of the free energy functional are used to verify that the solutions 

found by the iteration process described in the previous chapter 4 in fact minimize the 

free energy functional. Due to particle hole symmetry (only nearest neighbor hopping 

is taken into account) all functions of n are plotted as functions of \n — 1|. AU energies 

and temperatures are measured in units of the hopping integral t. The groundstate order 

parameters are considered in section 5.1. In section 5.2 their temperature behavior is 

studied, while in section 5.3 the HFB results are compared with the results obtained by 

the BCS approximation. 

5.1 Groundstate Order parameter 

5.1.1 Half-filling: n = 1 

For half-filling the renormalized chemical potential is zero and both energy branches E\ 

and E2 are identical: 

E1 = E2 = y/e* + 16W2(|A(*)|2 + m2
AF) . (5.1) 

83 
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Figure 5.1: The seìfconsistent solutions for half-filling (n = 1) and T/t = 0.0 as a function 
of W/t. Only for the antiferromagentic order parameter exists a nontrivial solution, which 
minimizes the free energy functional. Both |AXj | and | A^j vanish for all coupling constants, 
which shows that there is no superconductivity for half-filling. The inset zooms the weak 
coupling regime in the range W/t = -0.5 .. .0. 

The seìfconsistent equations for m-AFt IA5 

2WmAF 
7TlAF = - E* 

and \Ad\ now become very simple and read: 

(5.2) 

|A«| = - ¾ ^ ££(*)* for a = xs'd • (5.3) 

Solving these equations leads to the important result that for half-filling there is no su­

perconductivity for all parameters, i. e. both components \&xs\ and |Aj | are zero for all 

values of the coupling constants and all temperatures. This is shown in figure 5.1 for the 

groundstate (T/t = 0.0), where the seìfconsistent solutions are plotted as a function of 

W/t. Only the antiferromagnetic order parameter TTIAF is different from zero, increases 

with increasing absolute value of the coupling constant and approaches the maximum value 

of TTIAF — 0.5 as \W/t\ goes to infinity. In this limit the exact groundstate is the perfect 

Néel state and is reproduced by the HFB approximation. In fact for t —• 0 the right hand 

side of the seìfconsistent equation for the antiferromagnetic order parameter in absence 

of any superconducting order becomes 1/2. The deviation from this maximum value for 

the antiferromagnetic order parameter in the weak coupling regime is due to quantum 

fluctuations which arise from the finite hopping amplitude. From the inset in figure 5.1 

follows that the antiferromagnetic order parameter decreases exponentially for W/t -+ 0. 

To visualize the absence of superconductivity for half-filling, the free energy functional 

is plotted in figure 5.2 as a function of |AXS| and |Aj | for W/t = —4 and T/t = 0. At 
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each point in the |Aa;S|—|A |̂—plane, the antiferromagnetic order paramter is determined 

selfconsistently. From this figure it becomes obvious that indeed the global minimum of 

the free energy functional lies at | A „ | ~ 0 and |Ad | —D. It is quite easy to show that for 

a solution of the selfconsistent equations with finite value of the antifenomagnetic order 

parameter TTIAF > 0. the components |AXi | and |AjJ of the superconducting order param­

eter have to be zero. In fact, with fl{k) < 4 for nearly all fc-values and f%(k) = 4 for a 

nonmeasurable subset of the first Brioullin zone, the right-hand side of the selfconsistent 

equation for |A a | becomes: 

fc k 

because of the finite value of rnj^p which solves the antiferromagnetic selfconsistent equa­

tion. This inequality, however, does not prove that there do not exist any nontrivial 

solutions of the superconducting selfconsistent equations for vanishing antiferromagnetic 

order parameter, i. e. in the BCS limit. As shown in section 5.3, solutions of this type 

exist but have always a higher free energy as a solution with finite antiferromagnetic order 

Figure 5.2: The free energy functional for half-filling with W/t = - 4 and T/t = 0 as a 
function of the components of the superconducting order parameter jATi | and jAd|. At 
each point in the |AXi |-|Ad|-plane IUAF and JI are calulated selfconsistently. The absence 
of superconductivity for half-filling is obvious. 

(5.4) 
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parameter, i. e. 

A*(mkF > O, | A „ | , IAdI)|HFB < A#(mAF = 0, |A W | , |A r f | ) |B C S , (5.5) 

where the left-hand side is evaluated at the antiferromagnetic solution with WAF > 0 

and the right-hand side at the BCS solution with TTIAF = 0- Note that this inequality is 

also valid away from half-filling. For half-filling, however, it shows together with the first 

result in equation (5.4) the supression of superconductivity according to antiferromagnetic 

order. 

In this context, a comparison to the negative U Hubbard model with on-site attraction 

is quite interesting. For this model a symmetry broken HFB approximation can also 

be carried out, including an s-wave variational pairing parameter A s describing s-wave 

superconductivity and a CDW variational parameter pq-Q = />CDWi which describes a 

nonuniform charge distribution corresponding to the wave vector Q [Robaszkiewicz81a]. 

The resulting formulae for the free energy functional and the quasi particle energy spectra 

are very similar to those of the NNSP model and read: 

A*FB = -^\n(2cosh^yPL(n-l)-VL{PJfL + \A,\2} , (5.6) 

with 

Ei = V^ 2 ' A *I 2
 + (£CDW + M)2 (5-7) 

E2 = V^ 2 IA - I*+ ( ^ D W - F ) 2 (5.8) 

and 

SCDW = y/*l + tfVèow/4 • (5-9) 

For half-filling the renormalized chemical potential vanishes and both excitation energy 

branches read: 

£?i = ^ 2 = ^fc + ^ ( ^ D w / 4 + I A - I 2 ) • (5-10) 

From these formulae follows that the free energy functional for the HFB approximation for 

the attractive Hubbard model is a function of the combined variable P C D W / 4 + IAaI > i- e-

it is degenerate on all cirlces />cDw/4+ |As|2 = R2 with radius R in the p/2-(As |-plane. 

This symmetry does not exist for the HFB approximation for the NNSP model due to 

the nonlocal interaction which causes the ^-dependence of the pairing functions. In fact, 
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the ^-dependence of fXs{k) or /j(fc) leads to inequality (5.4) and proves the suppression 

of superconductivity approaching half-filling. It should be noted that for the negative 

U Hubbard model the addition of an arbitrary small nearest neighbor interaction term 

favours the CDW- solution for half-filling [Robaszkiewicz81a]. 



88 Chapter 5. Solving the Selfconsistent Equations: Order parameter for D = 2 

O? 

0.1 

I I , 

( b ) | n -

• 

- 1 | =0.4 ^ \ 

\ 
• 

. . . . I . 

~ 

H 
U 

U 
I 
I 
I 

\ 
\ 
\ 

• , \ * . 

-10. -8. -6. -4. -2. O. 

0.2 

< 
— 0.15 

H 

< 
fa 0-1 
< 

0.05 

n 

r — ^ • • i ' ^ 1 ' • 

(c) 

"~^"~-^^ " v 

i • 

\n 

' S 

- J _ t 

' 
- 1 | = 0.6 

1 1^ 

-10. -8. -6. -4. -2. 0. 

W/t 

Figure 5.3: The order parameters m^p (solid line), \AXS\ (dotted line) and |A<j| (dashed 
line) for \n - 1| = 0.2(a), 0.4(b), 0.6(c), 0.8(d) and T/t = 0 as a function of W/t. 

5.1.2 Away from Half-filling 

The ty/t-dependence of the groundstate order parameter away from half-filling is shown 

in figure 5.3 for different values of \n — 1|. In figure 5.3(a) the antiferromagnetic order 

parameter (solid line), the xs-wave component (dotted line) and the d-wave component 

(dashed line) of the superconducting order parameter is plotted for \n - 1| = 0.2, in 

figure 5.3(b) for |n - 1| = 0.4, in figure 5.3(b) for \n - 1| = 0.6 and in figure 5.3(b) for 

|n — 1| = 0.8. It is interesting to observe that in contrast to the half-filled case in all four 

figures, either the absolute value of the zs-wave component or the absolute value of the 

<2-wave component of the superconducting order parameter is nonzero for ali W/t < O1 
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which shows that away from half-filling the groundstate exhibits off-diagonal long range 

order and, if the system is noninsulating, superconductivity occurs1 [Yang62, Rogovin76]. 

For |n — 1| = 0.2 (a) and for \n — Ij — 0.4 (b), the d-wave component is nonzero for all 

values of the coupling constant and one can observe an xs-wave phase boundary below 

which the zs-wave component becomes finite. On the other hand, for |n — 1| = 0.6 (c) 

and |n — 1| = 0.8 (d), the zs-wave component is nonzero for all values of the coupling 

constant and there is a finite d-wave phase boundary. It follows that in the weak coupling 

regime (say \W/t\ < 2 , . . . , 4), the superconducting order parameter has rf-wave symmetry 

near half-filling and below \n - 1| =s 0.5 and zs-wave symmetry above |n - 1| « 0.5, i. 

e. in the low electron or low hole concentration regime. Approaching W/t = 0, the 

superconducting order parameter becomes exponentially small. In the strong coupling 

regime both components of the superconducting order parameter are different from zero 

and the symmetry is mixed xs + id-vravc: Moreover, it seems that in the limit \W/t\ —> oo 

both components saturate and approach each other. This behavior is discussed in the next 

section, where the order parameters are plotted as a function of density. 

Regarding the antiferromagnetic order parameter it becomes obvious that away from 

half-filling there is a critical coupling strength below which the system shows antiferromag­

netic long range order. This antiferromagnetic groundstate phase boundary depends on 

doping and decreases with increasing \n — 1|. Moreover, because either the as-wave com­

ponent or the rf-wave component of the superconducting order parameter is different from 

zero for all coupling constants, it is also a phase boundary below which superconductivity 

coexists with antiferromagnetism. As for half-filling the value of the antiferromagnetic or­

der parameter increases monotonically with decreasing coupling constant and approaches 

its maximum value of n/2 in the limit \W/t\ -)• oo, which is in agreement with the exact 

value obtained by the Monte Carlo simulation discussed in chapter 1. For this reason the 

HFB approximation predicts the exact ground state even in the strong coupling limit. It 

is generally accepted that mean field approximations give good results for small coupling 

constants, so that one can conclude that the HFB approximation describes the antiferro­

magnetic groundstate properties of the model for all coupling constants less than zero very 

well. It has been argued [Nozieres85, Micnas90], that even in the superconducting case 

the HFB approximation leads to acceptable groundstate results for all coupling constants. 

In this context it is an interesting question which role the nonzero superconducting order 

parameters play in the strong coupling regime. Do they still describe superconductivity? 

In this limit the system becomes an insulator, so that they cannot describe superconduc-

'The additional constraint of being noninsulating is necessary, for there are systems which show off 

diagonal long range order but are not superconducting, e. g. the atomic limit of the attractive Hubbard 

model. 
2For positive coupling constants other variational parameters have to be included in the variational 

HFB approximation. 
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tivity. They describe, however, the existence of a macroscopic number of localized electron 

pairs, which are indeed present in an antiferromagnetically ordered ground state. 

Finally the competition between the different order parameters can be observed as a 

function of coupling strength. As shown, for instance in figure 5.3(a), |Aj | increases in 

a discontinuous way with the onset of the antiferromagnetic order but is suppressed at 

the zs-wave phase boundary, and in figure 5.3(d), |AXS| is twice decreased at the d-wave 

and the antiferromagnetic phase boundary. The competition between antiferromagnetism 

and superconductivity becomes more obvious in a comparison of the HFB-approximation 

with a finite value of the antiferromagnetic order parameter and the BCS-approximation, 

where TTIAF is set to zero. This is shown in section 5.3. 

To verify the results shown in figure 5.3, we have calculated the free energy functional 

as a function of the components of the superconducting order parameter for different sets of 

parameters. At each point in the |Aa;5|-|A<f|-plane the antiferromagnetic order parameter 

and the renormalized chemical potential are determined selfconsistently. The first free 

energy landscape in figure 5.4 shows its global minimum on the |Ad|-axis. It belongs to 

In — Ij = 0.2, W/t — —2 and proves the pure rf-wave symmetry of the superconducting 

order parameter. In figure 5.5 the free energy functional is plotted for \n — 1| = 0.2 and in 

figure 5.6 for jn — 1| = 0.6 in the strong coupling regime for W/t = —6. Both free energy 

surfaces have their minimum in a region with mixed xs + zd-wave symmetry. The last free 

energy plot in figure 5.7 belongs to the low carrier density regime. For jrt — 11 = 0.8 and 

W/t = —4 it verifies pure ss-wave superconductivity. 
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Figure 5.4: The free energy functional for |n - 1| = 0.2, W/t = -2.0 and T/t = 0.0 as 
a function of the components of the superconducting order parameter jAxs | and ]Aj|. At 
each point in the lA^I-lA^-plane TH-AF ana* /I are calculated self consistent Iy. For these 
parameters the symmetry of the superconducting order parameter is pure d-wave. 

Figure 5.5: The free energy functional for |n - 1| = 0.2, W/t = - 6 and T/t = 0 as a 
function of the components of the superconducting order parameter |AXS| and |Aj | . At 
each point in the |AX3|—|Ad|—plane rriAF and JL are calculated selfconsistently. Here the 
symmetry of the superconducting order parameter is mixed xs + id-wave. 
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Figure 5.6: The free energy functional for |n - 1| = 0.6, W/t = - 6 and T/t = 0 as a 
function of the components of the superconducting order parameter |AS , | and |A^|. At 
each point in the |AIS|-|A<i|-plane TTCAF and JL are calculated selfconsistently. Here the 
symmetry of the superconducting order parameter is mixed a;s+i(f-wave with |Aa,a| a* |Aj|. 

Figure 5.7: The free energy functional for |n - 1| = 0.8, W/t = - 4 and T/t = 0 as a 
function of the components of the superconducting order parameter lA^f and |AaI- At 
each point in the |A;„|-|Aj|-plane rn^F and Jl are calculated selfconsistently. Here, in the 
low density limit, the symmetry of the superconducting order parameter is pure xs-wave. 
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5.1.3 T h e Groundstate Order parameter as a Function of Dens i ty 

Most of the features described in the previous sections 5.1.1 and 5.1.2 become more clear 

if one plots the order parameter for fixed coupling constants as a function of \n — 1|. The 

strong coupling regime for \W/t\ > 4 is shown in figure 5.8, whereas the intermediate and 

weak coupling regime for \W/t\ < 4 is shown in figure 5.9. In all figures the existence 

of superconductivity ([A^I ^ 0 or |A<*| ^ 0) for all densities away from half-filling and 

the continous suppression of superconductivity approaching half-filling is visible. The 

symmetry of the superconducting order parameter depends strongly on density. In the 

strong coupling regime in figure 5.8 the superconducting order parameter is characterized 
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by a very broad region in which both components |Aj | and |AIS |.are different from zero. 

Only in a very small region around half-filling is the symmetry of the superconducting 

order parameter pure d-wave and only in a very small region below \n - 1| = 1 is it pure 

xs-wave. It appears that in the limit \W/t\ —» oo both components become identical. This 

means that in the strong coupling regime the probability to find ss-wave superconductivity 

becomes equal to the probability to find d-wave superconductivity. Moreover, it shows 

that the larger the absolute value of the coupling constant is, the less the symmetry of the 

pairs plays any role. On the other hand, in the weak coupling regime for \W/t\ < 3, the 

region of mixed xs + id-wave superconductivity shrinks to a very small region between 

|n — Ij = 0.55 and \n — Ij = 0.6 but it still exists and lies outside the antiferromagnetic 
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phase. The numerical data show that even for JiV/t = - 1 , there is a region around 

\n — 1| = 0.56 with mixed xs + id-wave symmetry. In spite of this small overlap, the weak 

coupling regime is characterized by the nonexistence of mixed superconductivity, pure 

d-wave superconductivity near half-filling and below |n - 1| « 0.56 and pure xs-wave 

superconductivity in the low carrier regime for |TI — Ij > 0.56. 

The antiferromagnetic order parameter shows its maximum at half-filling and decreases 

monotonically with increasing values of \n — 1|. It becomes zero at the antiferromagnetic 

groundstate phase boundary. In the strong coupling regime antiferromagnetic long range 

order exists for nearly all densities, whereas in the weak coupling regime the antiferromag­

netic order parameter is different from zero in a relative small region around half-filling. 

Away from half-filling the nonzero antiferromagnetic and superconducting order param­

eters indicate a coexistence between superconductivity and antiferromagnetism. From a 

physical point of view a coexistence of antiferromagnetic order and superconductivity of the 

same electrons seems to be surprising, because antiferromagnetism involves localized and 

superconductivity very mobile electrons. The answer to this question is the occurence of 

a phase separated region of antiferromagnetically ordered domains and itinerent electrons 

which become superconducting below the critical temperature. This phase separation is 

discussed in chapter 6. 

For all values of W/t there are three distinct phase boundaries for m^p, \AXS\ and |Aj | 

in the region between halfilling and \n — Ij = 1. As \n — 1| approaches half-filling, su­

perconductivity is suppressed due to antiferromagnetism. Moreover, the superconducting 

order parameter also vanishes as \n —1| approaches I1 which is not very surprising because 

of the disappearance of any mobile charge carriers for n —> 0 (no electrons) or n -> 2 (no 

holes). For this reason, \n — Ij — 0 and \n— Ij = 1 are superconducting phase boundaries. 

In particular, \n — Ij = 0 is a phase boundary for the d-wave while \n — 1| = 1 is a phase 

boundary for the xs-wave component. At all these phase boundaries, including \n — 1| = 0 

for jAdj and |ra —1| = 1 for JAXS| the corresponding order parameter vanishes continuously, 

that is, the phase transitions are of second order. They are discussed in more detail in 

chapter 6. 

Concerning the d-wave superconducting order parameter shown in figures 5.8 and 5.9, 

a strong correlation to the antiferromagnetic order parameter becomes visible. In fact, the 

region where JAjJ is different from zero is more or less identical to the region where the 

antiferromagnetic order parameter is different from zero. In addition, |Aj | increases with 

the onset of antiferromagnetic long range order, whereas it is suppressed approaching half-

filling. This enhancement of |Ad| can very clearly be observed in figure 5.9 (c) at \n — Ij « 

0.45 or in figure 5.9 (d) at |n — 1| « 0.25. The smaller the absolute value of the coupling 

constant is, the more visible is this effect, but it also exists in the strong coupling regime. 
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From these results one can conclude that the competition between the antiferromagnetic 

order parameter and the d-wave component of the superconducting order parameter is 

constructive at the antiferromagnetic phase boundary, whereas it is destructive near half-

filling. On the other hand, the maximum of the zs-wave superconducting order parameter 

lies in regions where no antiferromagnetism exists, i. e. in regions where the number of 

electrons or holes is comparably small. The range of these regions depends on the coupling 

strength. In the strong coupling regime in figure 5.8 the zs-wave superconducting order 

parameter is always suppressed at the antiferromagnetic phase boundary, which is visible 

in figure 5.8 (a) and (b) at \n — l| =s 0.8. In the intermediate regime for W/t = - 3 , \AXS\ 

seems to be stabilized with the onset of antiferromagnetic long range order. It should be 

noted that in none of the graphs in figures 5.8 and 5.9, \AXS\ and rn^p are different from 

zero while |Aj | vanishes, i. e. a coexistence of antiferromagnetism and superconductivity 

is always accompanied by a finite d-wave component. Finally, the competition between 

the two superconducting components |A M | and |Aj | is always destructive with respect 

to each other. In figure 5.9 (a), for instance, |Aj | is decreased by the onset of |AXJt| at 

\n — 1| Ä 0.15 and in figure 5.9 (c) |A I S | is suppressed by the finite value for |Aj | which 

occurs at |n — 1| « 0.64. 
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Figure 5.10: The antiferromagnetic order parameter as a function of temperature for 
half-filling and different values of the coupling constant: W/t = - 6 (solid line), W/t = - 4 
(dashed line), W/t = - 2 (dotted line). 

5.2 The Order parameter as a Function of Temperature 

In the previous section 5.1, the most important issues about solutions of the selfconsistent 

equations for T/t = 0 have been discussed. In this section the numerical results for finite 

temperatures are presented. They show how the groundstate solutions behave when the 

temperature is increased. From this behavior the Néel temperature for the antiferromag­

netic and the critical temperature for the superconducting phase transition can be derived. 

In addition, the competition between several order parameters for finite temperatures is 

shown. 

5.2.1 Half-filling 

For half-filling only the antiferromagnetic order parameter is different from zero. Its tem­

perature dependence is shown in figure 5.10 for W/t — - 6 (solid line), W/t = - 4 (dotted 

line) and W/t = - 6 (dashed line). It is the usual mean field behavior with an exponent of 

1/2 in the neighborhood of the transition temperature [Binney92], which is defined by the 

value of T/t above which no nontrivial solution for the antiferromagnetic order parameter 

exists. The transition temperature is of order \W/t\. The deviation from this value is due 

to the kinetic energy of the electrons and becomes larger with decreasing absolute value of 

the coupling constant. Below the Néel temperature the antiferromagnetic order parameter 

increases monotonically with decreasing, temperature. It saturates approaching T/t = 0. 
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Figure 5.11: The order parameters mAF (solid line), [AIS| (dotted line) and |Aj | (dashed 
line) for \n - 1| = 0.2(a), 0.4(b), 0.6(c), 0.8(d) and W/t = - 6 as a function of T/t. 

For this reason more and more electrons become localized and contribute to mAF as the 

temperature is lowered. Because the perfect Néel state is not an eigenstate of the HFB 

hamiltonian, the maximum value of the antiferromagnetic order parameter for T/t = 0 

is less than n/2 due to quantum fluctuations. These fluctuations become smaller as the 

absolute value of the coupling strength is increased. 

5.2.2 Away from Half-filling 

Because of the existence of both superconductivity and antiferromagnetism for T/t = 0, 

it is very interesting to study the temperature dependence of the order parameter away 
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from ha^filling. The order parameters are shown as a function of temperature T/t for 

W/t = - 6 in figure 5.11 and for W/t = ~2 in figure 5.12 for different values of \n - 1|. 

Accordingly, figure 5.11 corresponds to the strong coupling and figure 5.12 to the weak 

coupling regime. In all graphs the three different and distinct phase boundaries for the 

occurence of antiferromagnetism, where m^p (solid line) becomes different from zero, 

for the onset of zs-wave superconductivity where |A I sj (dotted line) becomes different 

from zero and for the onset of d-wave superconductivity where \Aj\ becomes different 

from zero, are clearly visible. In the neighborhood of each of these phase boundaries, 

the corresponding order parameter shows the typical mean field behavior, namely the 

disappearence with an exponent of 1/2, if one passes the phase boundary from low to high 

temperatures. Consider first the antiferromagnetic order parameter. Near half-filling, for 

| n - l | = 0.2 and W/t-6 in figure 5.11 (a) and for | n - 1| = 0.2 and W/t- 2 in figure 5.12 

(a), the temperature dependence of TTIAF is similar to the temperature behavior at half-

filling. The Néel temperature is about the absolute value of W/t and ?7IAF approaches 

more or less monotonically its maximum value of n/2 as the temperature approaches 

zero. As doping is increased, the temperature behavior of the antiferromagnetic order 

parameter changes enormously. The Néel temperature decreases and Ta^[T/t) shows its 

maximum at a finite value of temperature and not for the groundstate, as is the case for 

half-filling. This means that a fraction of electrons or holes which initally contribute to the 

antiferromagnetic order parameter become again itinerant if one lowers the temperature 

below the value for which TTIAF takes on its maximum. This points to a phase separation 

between antiferromagnetically ordered and itinerant electrons which is discussed in more 

detail in chapter 6. The numerical data show that even very close to n = 1, the maximum 
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of 77iAF {T/t) lies at a finite temperature. Concerning the superconducting order parameter, 

from figure 5.11 (b) or 5.11 (c) it follows that the suppression of the antiferromagnetic 

order parameter is strengthened with the occurence of a finite value of |AXS| or |Ad|, 

i. e. the onset of superconductivity is accompanied by the decrease of the number of 

carriers which contribute to the antiferromagnetically ordered domains. In other words, 

by the increase of the number of itinerant electrons, which now become superconducting. 

Note that the superconducting critical temperature, which is the maximum of the rf-wave 

and the is-wave phase boundary, lies always below the temperature where the maximum 

of the antiferromagnetic order parameter appears and hence is always smaller then the 

Néeì temperature. Finally, figure 5.11 (d) shows that the suppression of m^(T/t) due 

to the phase separation and the occurence of superconductivity might be so strong that 

antiferromagnetism vanishes again at a lower temperature after it has become finite at a 

higher temperature. This is usually called the reentrance behavior of antiferromagnetism. 

In a region where no antiferromagnetism exists, e. g. in the weak coupling regime for 

W/t = —2 and \n - 1| > 0.45 (see the ground state order parameter in figure 5.9), the 

ususal BCS behavior of the superconducting order parameters is recovered. For this reason 

it is not discussed here. 

5.3 Comparison to the BCS Approximation 

In this section we would like to point out the differences between the HFB, including an 

antiferromagnetic variational parameter, and the BCS approximation. The latter results 

from the first for TTZAF = 0. In the BCS approximation only the pairing variational pa­

rameters are taken into account. It neglects the antiferromagnetic features of the model. 

For this reason the comparison of the HFB and the BCS approximation shows very clearly 

the influence of antiferromagnetism on superconductivity and vice versa, e. g. the compe­

tition between both. In the first subsection 5.3.1 the groundstate free energy is discussed 

whereas the second subsection 5.3.2 reveales the differences for the order parameters. 

5.3.1 Groundstate Free Energy 

For half-filling the BCS approximation predicts superconductivity with a finite value of the 

superconducting variational parameters, whereas the HFB approximation shows antiferro­

magnetic order and no superconductivity. In figure 5.13, the free energy for half-filling is 

shown as a function of coupling strength. The solid line is the free energy functional eval­

uated at the antiferromagnetic solution of the HFB approximation, i. e. the free energy 

of the HFB approximation, and the dot-dashed line depicts the free energy for the BCS 
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Figure 5.13: The ground state free 
energy for half-filling as a function of 
coupling strength. The solid line is the 
free energy for the HFB approximation, 
while the dot-dashed linens the free en­
ergy of the BCS approximation. 

solution. From this figure it follows that the HFB approximation leads to a much lower 

free energy than the BCS approximation, which proves the absence of superconductivity 

for half-filling due to the occurrence of antiferromagnetism (see also section 5.1.1). The 

difference between the free energy of the BCS approximation and the HFB approximation 

becomes larger as the absolute value of the coupling strength is increased. This shows that 

for half-filling the BCS approximation becomes very bad in the strong coupling regime 

even for T/t-Q. 
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Figure 5.14: Comparison of the groundstate free energy of the HFB approximation 
(solid line), including an antiferromagnetic variational parameter and of the usual BCS 
approximation (dot-dashed line). The free energy is plotted as a function of coupling 
strength for |n — 1| = 0.2 (a) and |n — 1| = 0.6 (b). 

Away from half-filling a similar behavior occurs as soon as the antiferromagnetic order 



102 Chapter 5. Solving the Selfconsistent Equations; Order parameter for D = 2 

parameter becomes different from zero. As a function of coupling strength the free energy 

of the HFB and the BCS approximation is shown in figure 5.14 for \n - 1| = 0.2 (a) and 

for |n — 1| = 0.6 (b). From these figures it follows that as soon as antiferromagnetism 

occurs, the free energy is lowered with respect to the BCS solution. As for half-filling, 

the differences of the free energies increase with increasing absolute value of the coupling 

constant, which again shows the badness of the BCS approximation in the strong coupling 

regime. The differences become smaller, however, as the number of electrons {n —• 0) or 

holes (n —y 2) is decreased, i. e. in the low carrier regime. Outside the antiferromagnetic 

regime both the HFB and the BCS approximation are identical. In this regime the free 

energies are equal and the BCS approximation becomes valid. 

5.3.2 Groundstate Order Parameter 

Away from half-filling and for T/t = 0 both approximations predict superconductivity 

for all coupling constants and densities with slightly different phase boundaries for the 

is-wave and <2-wave components of the superconducting order parameter. The magni­

tude of the order parameters for the HFB and BCS approximation, however, differ more 

drastically from each other. This is shown in figure 5.15 as a function of coupling strength 

for |n — 1| — 0.2 (left side) and \n — 1| = 0.6 (right side) and in figure 5.16 as a function 

of density for W/t = - 6 (left side) and W/t = - 2 (right side). In both figures the first 

row shows the is-wave component for the HFB approximation (solid line) in comparison 

to the BCS approximation (dot-dashed line), while in the second row the rf-wave com­

ponent is plotted. From these figures it follows that the existence of antiferromagnetism 

suppresses the superconducting order parameters. Only in a very small region in the 

neighborhood of the antiferromagnetic ground state phase boundary the superconduct­

ing order parameters are increased due to antiferromagnetism. The suppression becomes 

larger as half-filling is approached, where the superconducting order parameters vanish 

within the HFB approximation while they are nonzero for the BCS approximation. It 

should be noted that the rf-wave component is more influenced by a nonvanishing antifer­

romagnetic order parameter than the ccs-wave component. This is very clearly visible in 

figure 5.16 (c) and (d), where the rf-wave superconducting order parameters for the HFB 

approximation differ obviously from the BCS solution, while the a: s-wave components for 

both the HFB and the BCS approximation in figure 5.16 (a) and (b) show more or less 

the same behavior. This again shows the strong correlation between antiferromagnetism 

and tf-wave superconductivity. 

The comparisons above reveal that the HFB approximation yields much better results 

than the BCS approximation, in particular in the neighborhood of half-filling and in the 

strong coupling regime. Moreover, the discussion of the chemical potential and the phase 
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Figure 5.15: Comparison of the HFB approximation (solid line), including an antiferro-
magnetic variational parameter and the usual BCS approximation (dot-dashed line). The 
œs-wave parameter (a,b) and the d-wave parameter (c,d) are shown as a function of W/t 
for T/t = 0 and \n - 1| = 0.2 (left side) and |n - 1| = 0.6 (right side). 

separation in chapter 6 show that even in the weak coupling regime the introduction of 

an antiferromagnetic variational parameter leads to a quite different phase diagram than 

the BCS approximation predicts. 
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Figure 5.16: Comparison of the HFB approximation (solid line), including an antiferro-
magnetic variational parameter and the usual BCS approximation (dot dashed line). The 
xs-wave parameter (a,b) and the d-wave parameter (c,d) are shown as a function of \n~ 1| 
for T/t = 0 and W/t = - 6 (left side) and W/t = -2 (right side). 



Chapter 6 

Phase Diagrams of the 

Two-Dimensional NNSP Model 

From an experimental point of view it is more interesting to study phase boundaries 

than order parameters, because in the superconducting case, the order parameters are 

not directly measureable, while the phase boundaries become visible in measurements of 

the specific heat or the conductivity. Nevertheless, the order parameters contain more 

information than the phase boundaries, where the order parameters vanish1. For this 

reason some of the results below were already discussed in the previous chapter 5, but only 

for a particular set of model parameters. The global behavior of the phase boundaries and 

its implications become more clear within phase diagrams where the phase boundaries 

are drawn as a function of the model parameters, for instance in a ground s ta te W/t-

\n — Ij phase diagram, or in a finite temperature phase diagram, where the behavior of the 

Néel temperature and the superconducting critical temperature are shown as functions 

of density or coupling strength. The phase boundaries for antiferromagnetism, i s - w a v e 

and d-wave superconductivity are defined by the disappearance of the order parameters 

771AF) IA-E, I and |A^j, respectively. For this reason the phase boundaries may be calculated 

by computing the order parameters. Using a bisection algorithm near the disappearance 

of the order parameters allows for calculating the transition point with rather arbitrary 

precision. This method is in some particular cases very useful and even necessary but very 

slow. If one is only interested in phase diagrams of the model, one can calculate the phase 

boundaries directly using the fact tha t all transitions are of second order. 

For instance, that the phase transition is of second order. 

105 
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6.1 Linearization of the Selfconsistent Equations 

For a second order phase transition the order parameter vanishes continously at the tran­

sition point. Therefore the phase boundary might be calculated by linearizing the corre­

sponding selfconsistent equations. The selfconsistent equations have the following form: 

n = / n ( " U F , I A 1 5 I 1 I A J L M ) 

mAF = m A F /AF(TUAF, |A X J , |Ad|, /Z) 

|A X J = [A15I /„(TTIAF', IA1 5I, IAdI ,ZZ) 

|Ad| = |Ad| Jd(TnAF1[AxJJAdI1M) , • (6-.1) 

where the functions Tn, ZAF1 IXS a n d Id ^e defined by the right hand sides of the selfconsis­

tent equations in table 4.4. They are quadratic functions of the order parameters because 

they depend indirectly on TnAF, IA x J and |A^| v i a , £ ì , E% and Ì?AF- For this reason, 

linearizing the set of selfconsistent-equations with respect to one of the order parameters 

is quite an easy task. In fact, the antiferromagnetic phase boundaries are determined by 

the following set of equations: 

n = /„ (0 , IA1 5IJAdI1M) 

1 = /AF(OJA1 5I1IAdI, /!) 

|A „ | = IAxJZ15(OJA1JJAdI1M) 

|Ad| = IAdIZd(OJAxJJAdI1M) , (6~2) 

the phase boundaries for the ics-wave component of the superconducting order parameter 

are given by the solutions of 

n = /«("UFI 0 JAdI 1 M) 

•mAF = mAF /AF(TnAF, 0, |A d | ,/Z) 

1 = Jx5(TTlAF1 0 , |Ad| , M) 

|Ad| = | A d | / d ( m A F , O J A d I , / I ) , (6.3) . 

and finally the phase boundaries for the d-wave component of the superconducting order 

parameter are determined by solving 

n =* Zn(TTiAFjA1J1O1M) 

TTlAF = T T I A F Z A F ( T T I A F J A X J 1 O , / ! ) 

|AX5 | = IA 1 J J X S ( T T I A F J A X 5 | , 0 , 7 Z ) 

1 = Jd(TTiAFjA15I1O1M) • (6-4) 

Four equations have to be solved for each of the phase boundaries for TTIAFI [ A X J or [Ad|-

Three equations of them are necessary to determine the renormalized chemical potential 
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O. 0.2 0.4 0.6 0.8 1. 
\n- 1| 

Figure 6.1: Groundstate phase diagram. The solid line marks the antiferromagnetic 
phase boundary above which m^p becomes zero, the dotted line the phase boundary of 
the zs-wave component where IA15J vanishes, and the dashed line the phase boundary of 
the rf-wave component of the superconducting order parameter where JAJI becomes zero. 
The flags show which type of order exists within the specified regions. 

and the remaining order parameters, while the fourth equation yields the value of the 

coupling constant, temperature or density at the transition point. A similar method as it 

was used to find the order parameters might be applied to solve these sets of equations. 

In particular, it is also very practical here to invert the first equation numerically in order 

to get rid of the chemical potential. In the following sections 6.2 and 6.3 the results are 

presented after solving these sets of equations with respect to W/t for the groundstate 

phase diagramm, or T/t for the finite temperature phase diagrams. 

6.2 Groundstate Phase Diagram 

The groundstate phase boundaries in the W/t-\n - l|-plane are shown in figure 6.1. The 

solid line is the antiferromagnetic phase boundary, the dotted line is the is-wave phase 

boundary and the dashed line is the d-wave phase boundary. Accordingly, AF marks 

antiferromagnetism with m&p ^ 0, xs reflects superconductivity with is-wave symmetry 

(|A«,| T̂  O)1 d describes superconductivity with d-wave symmetry (|Ad| ^ 0) and xs+ id, 
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describes superconductivity with mixed res-wave, d-wave symmetry (|A IS | ^ 0 and |A</| ^ 

0), where the relative phase of both components is <j> = TT/2. These characterizations are 

given within the flags which point to the regions where the specified type of order exists. 

For half-filling (\n - 1| = 0) the'system orders antiferromagnetically. In figure 6.1 

this is indicated by the AF label which points to the line |n - 1| = 0. It is therefore a 

phase boundary for superconductivity, or more precisely, for the d-wave component of the 

superconducting order parameter. For n = 0 and n = 2 superconductivity also vanishes 

due to the nonexistence of mobile charge carriers. For this reason the line \n — l\ — 1 

is also a phase boundary for superconductivity, in this case for the ss-wave component. 

The disappearance of superconductivity for Jn — Ij —» 0 and \n — 1| —> 1 is more visible 

in T/t versus \n - 1| phase diagrams which are discussed in the next section 6.3. The 

horizontal W/t = 0 is a phase boundary for all considered types of order, because there 

are no nontrivial solutions of the selfconsistent equations for positive coupling constants. 

The antiferromagnetic phase boundary (solid line) shows that for half-filling for all 

negative values of the coupling constant the antiferromagnetic groundstate order param­

eter is different from zero. For a given value of doping {\n — 1| > 0), however, there is 

a critical value for W/t above which the groundstate has no more antiferromagnetic con­

tribution. This threshold decreases monotonically with a decreasing number of electrons 

(n -» 0) or holes (n —> 2) and it is an interesting question whether there exists a maximum 

value for \n — 1| above which there does not exist any antiferromagnetism for all coupling 

constants. Because of the monotonie behavior of the antiferromagnetic phase boundary, 

this question can be answered in the limit W/t —> —oo, i. e. for fixed values W < 0 and 

for t —> 0. In this limit and for T = O, the set of equations for the antiferromagnetic phase 

boundary (equations (6.2)) read: 

n - 1 

1 = 

IAaI -

My> 1 
L^E1 TTlAF 

2 | W | V 1 

\&«\\w\ 
2L E 

k 

=0 

m A F = 0 

UW2 

E1 
fo r a xs, 

(6.5) 

(6.6) 

(6.7) 
.=0 

with 

Ey 
m A P = 0 

= Eo 
" U F = O 

= ^/l6W2|A(A:)|2 + jZ2 . (6.8) 

Note that the solutions of this set of equations are independent of \W\ because the renor-

malized chemical potential might be rescaled by |W|. Now, let us assume that the solution 

of the set of equations above includes a nonzero superconducting order parameter, i. e. at 
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least one of the components \AXS\ or |Aj | , which solve equation (6.7), has a finite value. 

From the equation for the nonzero component then follows 

1 = 1̂ 1 V /.(*)' 
21 V £i 

<2\W\_y-J_ 
m A p = 0 L ' k E l 

(6.9) 
mAF=0 

because /a(&)2 < 4 for nearly all wave vectors k and fQ(k)2 = 4 for a nonmeasurable 

subset of the first Brioullin zone, independent of a. For this reason there is no solution of 

equation (6.6) and hence for the whole set of equations (6.5) - (6.7). This means that the 

assumption of a finite superconducting order parameter at the antiferromagnetic phase 

boundary for ( = 0 and T = O must be wrong. For |AX3| = 0 and |Aj | = 0, however, it 

follows from equations (6.5), (6.6) and (6.8) that 

( n - 1 ) * p t. h * = S g n ( ^ ( 6 - 1 0 ) 

Ar phase boundary 

IPlL . . . = 2\W\ . (6.11) 
Af phase boundary 

This means that the solution of the set of equations for the antiferromagnetic phase bound­

ary in the limit t —» 0 and for T = 0 is given by |n — 1| = 1, /T = 2 \W\ sgn(n - 1) and 

IA0.1 = 0 for a = xs and a = d. In other words, for t —• 0 and T = O the HFB ap­

proximation predicts antiferromagnetism for all densities. This is equivalent to the exact 

result obtained by the Monte Carlo simulation of the interaction Hamiltonian. Regard­

ing the ground state phase diagram in figure 6.1, it rules out the existence of an upper 

bound for \n— 1|, above which no antiferromagnetism exists for all coupling constants. In 

other words, this result shows that for all densities one can find a finite critical value for 

Wft below which the groundstate has an antiferromagnetic component. This result can 

be compared to a similar result for an extended Hubbard model with on-site attraction 

and repulsive spin-independent density-density interaction between nearest neighbors. In 

such a model the competition between s-wave superconductivity and CDW order plays an 

important role and in the groundstate phase diagram for strong on-site attraction there is 

an upper bound for \n — Ij above which the CDW component of the groundstate disappears 

for all coupling constants [Robaszkiewicz81b, Micnas90]. 

The is-wave phase boundary in figure 6.1 (dotted line) separates the region of the 

Wft-\n —1| plane on the right, hand side of the phase boundary where a nontrivial solution 

of the selfconsistent equations for |A IS | exists and therefore superconductivity with xs~ 

wave symmetry appears, from the region on the left hand side of the phase boundary, where 

only the solution |AXÄ| — 0 leads to the global minimum of the free energy functional. For 

the rf-wave component of the superconducting order parameter the situation is just the 

opposite: the region on the left hand side of the d-wave phase boundary in figure 6.1 

(dashed line) is characterized by a nontrivial solution for |A,j|, whereas only the trivial 
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solution exists in the region on the right hand side of the d-wave phase boundary. In 

the weak coupling regime (\W/t\ < 3) the xs-wave phase boundary is nearly constant 

as a function of W/t and zs-wave superconductivity appears predominantly in the high 

doping regime for \n- 1| > 0.56, which corresponds to a relatively low electron (n < 0.44) 

or hole (n > 1.56) concentration. The d-wave phase boundary (dashed line) follows 

more or less the xs-wave phase boundary and d-wave superconductivity appears in the 

neighborhood of half-filling and below |n — l | « 0.56. For this reason there is almost 

no coexistence of xs-wave and d-wave superconductivity in the weak coupling regime 

for all fillings. This scenario changes in the strong coupling regime. As the as-wave 

phase boundary crosses the antiferromagnetic phase boundary at W/t as —2.8, a broad 

coexistence regime of as-wave and d-wave superconductivity appears between the xs-

wave and the d-wave phase boundary. In fact, the flat behavior of the xs-wave phase 

boundary as a function of filling for W/t « - 3 might be used to define the separation 

line between the weak coupling and the strong coupling regime. The coexistence regime 

of xs-wave and d-wave superconductivity is labeled by xs + id to emphasize the phase 

shift of 4> = T / 2 between the xs-wave and d-wave component of the superconducting 

order parameter. The coexistence regime becomes broader as the absolute value of the 

coupling constant is increased and covers the entire density regime with the exception 

of half-filling as \W/t\ goes to infinity. In this region, both the order parameter for xs-

wave and d-wave superconductivity become identical, Ì. e. the probability to find a pair 

with xs-wave symmetry becomes identical to the probability to find a pair with <f-wave 

symmetry. One can say that the differences between rf-wave superconductivity and xs-

wave superconductivity disappear, which means that the internal structure of the pairs 

becomes unimportant. 

Considering the coexistence regime of antiferromagnetism and superconductivity, it 

becomes obvious that in the weak coupling regime only d-wave superconductivity might 

coexist with antiferromagnetism. On the other hand, in the strong coupling regime the 

symmetry of the superconducting order parameter in the coexistence regime is predom­

inantly mixed xs -f id-wave. It should be noted that in the strong coupling regime the 

rf-wave phase boundary follows the antiferromagnetic phase boundary, which shows the 

strong correlation between antiferromagnetism and d-wave superconductivity. Moreover, 

because the d-wave phase boundary lies always slightly above the antiferromagnetic phase 

boundary, a coexistence between antiferromagnetism and superconductivity is always ac­

companied with a nonzero d-wave component of the superconducting order parameter. 

This means that in the groundstate phase diagram there is no coexistence between pure 

xs-wave superconductivity and antiferromagnetism. For finite temperatures this is not 

necessarily true, which is shown in the next section 6.3. In section 6.5 on phase separation, 

the coexistence regime of antiferromagnetism and superconductivity will be interpreted 
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more accurately. 

6.3 Finite Temperature Phase Diagrams 

6.3.1 T/t versus n Phase Diagrams 

From a physical point of view, phase diagrams which show the temperature behavior of 

the system are more interesting because in reality phase boundaries are usualy observed 

and studied by cooling the system. In figure 6.2, the Néel temperature for the antiferro-

magnetic phase (solid line), the a:s-wave critical temperature for the occurence of ss-wave 

superconductivity (dotted line) and the d-wave critical temperature for the occurence of 

d-wave superconductivity (dashed line) are shown as a function of doping \n — 1| for 

W/t = - 6 (a) and W/t = - 2 (b) 2. B ecause the system becomes superconducting either 

by the occurence of a finite value of the zs-wave pairing parameter or by the occurence of 

a finite value of the d-wave pairing parameter, the superconducting critical temperature 

Tc is just the envelope of the zs-wave and the d-wave phase boundary. As in the ground 

state phase diagram, the labels indicate the type of order. In addition, NO characterizes 

the region without any long range order. Only the trivial solutions for all order parameters 

exist in this region. Within the mean field picture, the NO region is described by the free 

particle Hamiltonian. 

The most interesting point in both phase diagrams is the decrease of the supercon­

ducting critical temperature as doping approaches half-filling (\n - Ij = 0). This shows 

the absence of superconductivity at half-filling for all temperatures. Moreover, the con­

tinuous decrease of Tc for \n - 1| —• 0 shows the suppression of superconductivity due 

to antiferromagnetic correlations in a relatively wide doping range around half-filling. In 

fact, in the strong coupling regime it seems that the superconducting critical temperature 

is lowered as soon as the antiferromagnetic order parameter becomes different from zero. 

For W/t = - 6 in figure 6.2 (a), this behavior is visible below the multicritical point at 

|n — 1| « 0.81, where the antiferromagnetic phase boundary crosses the superconducting 

phase boundary. In the weak coupling regime, however, Tc seems to be increased at the 

multicritical point and its suppression appears below the density where the maximum of 

the d-wave phase boundary occurs. For W/t = - 2 in figure 6.2 (b), this point lies approx­

imately at \n — 1| = 0.3. The suppression of the superconducting critical temperature due 

to antiferromagnetic order becomes more clear in a comparison to the phase boundaries 

2These two values of W/t have been chosen to show the features in the strong and weak coupling 

regime, although the values for the transition temperatures are too high for a comparison to reality (see 

also chapter 7). 

Dia.gra.ms
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obtained by the BCS approximation, which is discussed in section 6.4. For \n - 1| -¥ 1, 

the superconducting critical temperature decreases as well because of the disappearance 

of any mobile charge carriers as the band is totally filled (n -t 2) or the band becomes 

totally empty (n -4 0). The maximum value for Tc(\n - 1|) lies between \n - Ij = 0 and 

|ra — 1| = 1. In the strong coupling regime there is only one maximum which appears 

at the multicritical point mentioned above. For W/t = - 6 , the maximum value for the 

superconducting critical temperature (T e / t)m a x approximately equals 1. In the weak cou­

pling regime, however, there are two local maxima of Tc(\n - Ij). The first one lies in the 

low carrier regime and is the maximum of the is-wave phase boundary. The second one 

is the global maximum and lies in the antiferromagnetic regime. It is the maximum of the 

d-wave phase boundary. For W/t = ' -2 its value is about 0.3. It should be noted that 

the valley between the two maxima of the superconducting critical temperatures might be 

filled up with the occurence of p-wave superconductivity, as it was discussed by Micnas et 

al. [Micnas88a, Micnas88bj. From the Pauli principle, however, it follows that for singlet 

pairing p-wave superconductivity is not allowed. For this reason the p-wave components 

have not been included in our treatment. 

As the groundstate phase diagram has already shown, the symmetry of the super­

conducting order parameter depends on filling and on coupling strength. From the finite 

temperature phase diagrams it now becomes obvious that the symmetry of the supercon­

ducting order parameter depends also on temperature. In fact, in the strong coupling 

regime the symmetry might be pure d-wave or pure is-wave just below the supercon­

ducting critical temperature but mixed (xs + id)-wave for lower temperatures. In figure 

6.2 (a), this behavior occurs for instance at jn — 1| = 0.2, where the symmetry is pure 

d-wave at T/t — 0.7 and mixed {xs -f id)-wave at T/t = 0.5. Note that for a fixed value 

of the coupling constant there is only one multicritical density at which both the zs-wave 

and the d-wave component of the superconcting order parameter become different from 

zero at the same temperature. In all other cases the entrance in the mixed symmetry 

region splits into two phase transitions for the occurence of the ccs-wave component and 

the d-wave component. This multicritical density has the same value as the density at 

which the xs-wave and the d-wave groundstate component become identical. Moreover, 

comparing figures 5.8 (c) and 6.2 (a), we note that for all densities for which the ground-

state is-wave component is larger than the groundstate d-wave component, the xs-wave 

transition temperature is higher than the d-wave transition temperature and vice versa. 

In the weak coupling regime a similar behavior only occurs in a very small doping regime 

around |n — 1| « 0.56. Outside this region the symmetry of the superconducting order 

parameter is the same for all temperatures below Tc and so is the symmetry of the ground 

state order parameter. It should be noted that in the strong and the weak coupling regime 

the shape of the xs-wave and the d~wave critical temperature as a function of doping fol-
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lows more or less the shape of the xs-wave and d-wave groundstate order parameter, 

respectively (compare figure 5.8 (c) with figure 6.2 (a) and figure 5.9 (c) with figure 6.2 

(b)). 

Another interesting point in these phase diagrams is the existence of antiferromag-

netism above Tc and regions where antiferromagnetism might coexist with superconduc­

tivity. These regions lie on the left hand side of the antiferromagnetic phase boundary 

(solid line), which has its maximum at half-filling, decreases as doping is increased, sur­

rounds the reentrance regime and vanishes at the antiferromagnetic ground state phase 

boundary. In both cases, for Wjt = - 6 in figure 6.2 (a) and for W/t = - 2 in figure 6.2 

(b), the maximum of the Néel temperature is about 6 times larger than the maximum of 

the superconducting critical temperature. In section 6.5 about phase separation, the anti­

ferromagnetic phase boundary away from half-filling will be changed and the coexistence 

regime will be interpreted in a slightly different way. For this reason a discussion of the 

antiferromagnetic regime and the coexistence regime is omitted here. 

^ 
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Figure 6.2: T/t versus \n - 1| phase diagram for W/t ~ - 6 (a) and W/t = -2 (b). 
The solid line shows the Néel temperature, the dotted line the phase boundary of the 
xs-wave component and the dashed line the phase boundary of the d-wave component 
of the superconducting order parameter. The superconducting critical temperature is the 
envelope of the zs-wave and rf-wave phase boundary. The flags show which types of order 
exist within the specified regions. 
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Figure 6.3: T/t-W/t phase diagram for half-filling (n = 1). Only the antiferromgnetic 
transition temperature is different from zero, which shows the absence of superconductivity 
for half-filling for all temperatures and coupling constants. The inset zooms the weak 
coupling regime in the range W/t = -0.5 .. .0. 

6.3.2 T/t versus W/t Phase Diagrams 

The final type of phase diagrams which should be discussed are T/t-W/t phase diagrams 

for different values of electron density. Owing to particle-hole symmetry they are classified 

by \n — 1|. As before, the antiferromagnetic phase boundary is always drawn with a solid 

line, the xs-wave phase boundary with a dotted and the d-wave phase boundary with a 

dashed line. In figure 6.3, the Néel temperature is shown for half-filling. The inset zooms 

the weak coupling regime, where it shows an exponential behavior. In the strong coupling 

regime, however, it increases linearly with \W\. In fact, for t = 0 the Néel temperature 

becomes proportional to |W| with proportionality constant equal to 1, i. e. the HFB 

approximation qualitatively leads to the exact result but yields a transition temperature 

which is about twice as high as the value obtained by the Monte Carlo simulation (see 

also chapter 1). The exact result is reduced due to thermal fluctuations, which are not 

fully included in mean field approximations [Binney92]. 

Away from halfilling, T/t-W/t phase diagrams are shown in figures 6.4 for \n — 1| = 

0.2 (a), |n - 1| = 0.4 (b), |n - 1| = 0.6 (c) and |n - 1| = 0.8 (d). In all figures the 

Néel temperature becomes different from zero at the ground state phase boundary with 

infinite slope, surrounds the reentrance regime where transitions NO —• AF —> (NO or SC) 

are possible, and finally increases linearly with increasing absolute value of the coupling 

constant. As for half-filling, the linear behavior of the Néel temperature in the strong 
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Figure 6.4: T/t versus W/t phase diagrams for different values of filling: |n - 1| = 0.2 
(a), | n - 1| = 0.4 (b), \n~ 1| = 0.2 (c), \n- 1| = 0.2 (d) As before, the solid line is the Néel 
temperature, the dotted line the xs-wave and the dashed line the d-wave phase boundary. 
The superconducting critical temperature is given by the higher value of the is-wave and 
the (2-wave transition temperature. 

coupling regime is an exact result, but the proportionality constant derived within the 

HFB approximation has a wrong value in comparison to the Monte Carlo result. 

The superconducting critical temperature is the maximum of the xs-wave and the 

d-wave transition temperature. It is different from zero for all coupling constants and 

all densities away from half-filling and it is zero for half-filling. In the weak coupling 

regime and in regions where no antiferromagnetism exists, it shows an exponential behav­

ior and is identical to the transition temperature of the BCS-approximation. When the 

superconducting phase boundary enters the antiferromagnetic regime (AF) it signals the 
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coexistence of antiferromagnetism and superconductivity for lower temperatures. Compar­

ing the BCS and the HFB phase diagrams in section 6.4 shows that the superconducting 

critical temperature is drastically decreased due to the occurence of antiferromagnetic long 

range order. In the strong coupling regime, Tc increases linearly with increasing \W\ /£, 

but the proportionality constant is much smaller than for the Néel temperature. For the 

latter, this behavior is qualitatively exact, whereas for the superconducting critical tem­

perature it leads to quite a wrong result. Why? As |W| /t increases, the electrons or 

holes become more and more immobile, so that in the limit \W\ —» co the system becomes 

an insulator for all densities. It cannot be superconducting. For this reason the critical 

temperature should vanish as \W\ ft is increased. From this point of view the question 

arises why the mean field approximation yields to a qualitatively exact result for the Néel 

temperature and entirely fails in the superconducting case? The answer to this question 

is that the superconducting order parameter as defined in equations (4.4) and (4.12) does 

no longer describe the onset of superconductivity in the strong coupling regime. It is a 

static quantity which does not take into account the mobility of the charge carriers due to 

a finite hopping amplitude t which is related to the effective mass of the charge carriers. In 

the strong coupling limit it depends only on the ratio of coupling constant to temperature, 

which controls the disappearance of the order parameter and hence the phase boundary. 

This means that whatever approximation is used, the critical temperature in the strong 

coupling limit, which is calculated upon the pairing order parameter, becomes linear in 

the coupling strength. In fact, including fluctuations into the calculations of the critical 

temperature for the attractive Hubbard model also leads to linear behavior in the strong 

coupling regime [Sachdev91, Rodriguez94]. On the other hand, antiferromagnetism is a 

static type of long range order and the antiferromagnetic magnetization is the correct order 

parameter even in the strong coupling regime. For this reason the HFB-approximation 

yields a qualitatively good result for the antiferromagnetic transition temperature and 

fails in the superconducting case, so that the criteriom for superconductivity has to be 

modified. In particular, it should depend explicitely on t. From this point of view the cri­

teria of Scaiapino et al. in [Scalapino92, Scalapino93] are more appropriate because they 

describe the superconducting phase via the current-current correlation function which is 

directly connected to the Meissner-efTect and is proportional to t. We suppose that their 

criterion might lead to the correct behavior of the superconducting critical temperature. 

In fact, their criterion is related to the ratio D/m*, where D is the superfluid density 

and proportional to the pairing parameter and m*, the effective mass of the electron pairs 

which is proportional to 1/t. In the weak coupling regime, the effective mass is nearly 

constant as a function of coupling strength and the superconducting transition temper­

ature is controlled by the pairing parameter. In this regime the predictions of the HFB 

approximation are correct. In the strong coupling regime, however, the charge carriers 

become more and more localized and the pairing parameter becomes constant, so that the 
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superconducting transition temperature is controlled by the effective mass and decreases 

with increasing absolute value of the coupling constant. The criteria of Scalapino et al. 

might also explain the Kost edit z-Thou less criterion [Kosterlitz73, Binney92] used by Den-

teneer et al. [Denteneer91, Denteneer93] to derive the critical temperature in the strong 

coupling regime for the two-dimensional attractive Hubbard model. 
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Figure 6.5: Comparison of the HFB and the BCS T/t versus \n - 1| phase diagrams for 
W/t = - 6 (a,b) and W/t = - 2 (c,d). In the HFB phase diagrams the solid line is the Néel 
temperature, while in the HFB and in the BCS phase diagrams the dotted line represents 
the xs-wave and the dashed line the rf-wave phase boundaries. The superconducting 
critical temperature is given by the higher value of the as-wave and the d-wave transition 
temperature. 

6.4 Comparison to the BCS Approximation 

As the groundstate order parameters for the HFB and the BCS approximations differ from 

each other, so do the transition temperatures. The T/t versus \n — Ij phase diagrams in 

figure 6.5 are estimated within the HFB approximation (left side) and the BCS approx­

imation (right side) for W/t = - 6 (first row) and for W/t = -2 (second row). In all 
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plots the xs-wave phase boundary is drawn with a dotted line while the d-wave phase 

boundary is drawn with a dashed line. The solid line in the HFB phase diagrams is the 

Néel temperature. It does not exist in the phase diagrams of the BCS approximation. 

Two major aspects follow from these figures. First, the suppression of superconductivity 

for half-filling is due to the finite value of the antiferromagnetic order parameter. Second, 

for nearly all model parameters (W/t and n) the superconducting critical temperature 

of the HFB approximation is lower than the critical temperature estimated within the 

BCS approximation, which means that the occurence of antiferromagnetism suppresses 

superconductivity. This is a first step towards an explanation of the expected decrease 

of the critical temperature in the strong coupling regime. In fact, because the system 

orders antiferromagnetically in the atomic limit and becomes an insulator, the critical 

temperature has to vanish for \W/t\ —» co. The HFB approximation yields to a suppres­

sion due to antiferromagnetism, but still to a linear behavior of the critical temperature 

in the strong coupling regime. This indicates either a failure of the mean field picture 

or a misinterpretation of the pairing parameters, as was discussed in the previous section 

refsecTWPhdg. 

Overall, the comparison of the HFB and the BCS approximation shows some very 

important aspects. First it shows that the BCS approximation for the NNSP model fails 

in the weak coupling regime near half-filling and in the strong coupling regime for nearly all 

densities. Second, it proves the strong competition between the different order parameters 

used in the variational HFB approximation, namely the suppression of superconductivity 

according to the occurence of antiferromagnetism, which is very clearly visible in the half-

filled case. From this competition one can conclude that at least static many particle 

correlations are included in the variational HFB approximation, although it is a mean 

field type of approximation. 

6.5 Phase Separation 

The importance of the phase separation for the NNSP model has already been pointed 

out in chapter 1 where the antiferromagnetic features of the interaction Hmailtonian have 

been discussed. In fact, the wrong qualitative behavior of the mean field Néel temperature 

for the interaction Hamiltonian can be explained by the neglection of the phase separation 

within the mean field picture. In this section it is shown that even in a mean field 

approximation phase separation can be detected by studying the density dependence of 

the chemical potential. A Maxwell construction, which is introduced in the first section 

6.5.1, leads to new phase boundaries within the HFB phase diagrams and to a better 

understanding of the coexistence regime of antiferromagnetism and superconductivity. 
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Figure 6.6: The chemical potential as a function of n for W/t ~ —6 and different values 
of temperature: T/t = 5 (solid line) and with increasing dash length T/t = 4, 3, 2, 1. 
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Figure 6.7: The chemical potential as a function of n in the range [1,2] for W/t = —2 
and different values of the temperature: Tjt — 1.75 (solid line) and with increasing dash 
length T/t= 1.25, 0.75, 0.25. 

This is shown in section 6.5.2 below. In section 6.5.3 the Maxwell construction is applied 

to the atomic limit. The new phase boundary shows better agreement with the transition 

temperature obtained by the Monte Carlo simulation. This supports the validity of the 

Maxwell construction. 
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Figure 6.8: The chemical potential as a function of n in the range [1,2] for W/t = - 2 
and T/t = 1 (solid line) after performing the Maxwell construction. The dotted line is 
the original selfconsistent solution for the chemical potential while the dash-dotted lines 
mark the boundaries for the coexistence region. 

6.5.1 Chemical Potential and Maxwell Construction 

Up to now only the order parameter and the phase boundaries were discussed. The 

chemical potential, which has to be determined selfconsistently as well, has not yet been 

considered. It is the subject of this section, in particular its dependence on filling above 

the superconducting critical temperature. It should be emphasized that, for the following 

discussion on phase separation, the chemical potential and not the renormalized chemical 

potential needs to be considered. Both quantities are related to each other via 

p/t = p/t + 2Wn/t (6.12) 

Because of particle-hole symmetry the renormalized chemical potential is antisymmetric 

as a function of density with respect to half-filling. The chemical potential minus IW 

has the same property. For this reason it suffices to discuss fi/t — 2W/t for densities 

n £ [1,2). As all energies up to now, the chemical potential also has to be measured in 

units of the hopping integral t. In figure 6.6, \i/t - 2W/t is plotted in the range n G [1, 2] 

for W/t = - 6 for different values of temperature as indicated. In figure 6.7, fi/t — 2W/t 

is plotted in the same way for W/t = - 2 . Both figures obviously show a large density 

range where the slope of the chemical potential with respect to n becomes negative. This 

indicates a phase separated region [Gorbatsevich94]. In this region the chemical potential 

is pinned and in analogy, for instance, to the van der Waals theory for the liquid gas 

Dia.gra.ms
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transition, a Maxwell construction has to be carried out in order to get the correct value 

for the chemical potential and the proper behavior for the phase boundaries surrounding 

the phase separated region [Reichl80]. This is shown in figure 6.8 for Wft = - 2 and 

Tft = 1. The dotted and the solid line in this figure show the chemical potential before 

and after the Maxwell construction, respectively. The region where it is constant defines 

the phase separated region. The phase boundaries are indicated by vertical dot-dashed 

lines. Within this region antiferromagnetic domains coexsist with free electrons above and 

with superconducting electron pairs below the superconducting critical temperature. 
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Figure 6.9: Groundstate phase diagram including the phase separation region. Antifer­
romagnetic long range order only exists at half-filling as indicated. Phase separation (PS) 
occurs below the dot-dashed region. As before the dotted line is the phase boundary of the 
zs-wave component and the dashed line the phase boundary of the d-wave component 
of the superconducting order parameter. The old antiferromagnetic phase boundary is 
drawn in light gray. The flags show which types of order exist within the specified regions. 

6.5.2 Implications on the HFB Phase Diagrams 

The Maxwell construction leads to a new antiferromagnetic phase boundary and a phase 

boundary below which phase separation occurs. For Tft = 0 this is shown in figure 6.9 for 

Wft € (-4, 0] and for finite temperature in Tft-\n - 1| phase diagrams in figure 6.10 for 

Wft — - 6 (a) and Wft = - 2 (b). In all three phase diagrams the new phase boundary 
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for the phase separation region is given by the dot-dashed line, while the old antiferro-

magnetic phase boundary is drawn in light gray. The dotted and dashed lines are the 

xs- and rf-wave phase boundaries, respectively. The phase separated region is indicated 

by PS, whereas NO, AF, xs, d and xs + id mark the nonordered, the antiferromagnetic 

region, superconductivity with xs-, d-, and mixed xs + id-wave symmetry, respectively. 

Due to the Maxwell construction, the old antiferromagnetic regime shrinks to a very small 

region around half-filling and is separated from the superconducting regime. For T/t = 0 

antiferromagnetic long range order only occurs at half-filling as indicated. Above the su­

perconducting critical temperature in figure 6.10 the phase separated region is surrounded 

by the antiferromagnetic region on the left hand side and the nonordered, metallic region 

on the right hand side. For this reason it describes a phase separation of antiferromag-

netically ordered domains and free electrons and anomalous metallic behavior is expected. 

The mobile electrons become superconducting below the superconducting critical temper­

ature. There is no more coexistence between antiferromagnetism and superconductivity. 

The former coexistence regime of antiferromagnetism and superconductivity is replaced 

by a phase separated region of antiferromagnetic domains and superconducting electron 

pairs with xs-, d-, or mixed xs -f id-wave symmetry which depend on coupling strength, 

temperature and doping. In this regime superconductivity becomes unconventional. Con­

ventional xs-wave or pure d-wave superconductivity occurs only in the extreme weak 

coupling regime above the phase separation line in figure 6.9. It should be emphasized 

that the superconducting phase boundaries have to be recalculated due to the new be­

havior of the chemical potential. However, because there is only a weak dependence of Jl 

on the components of the superconducting order parameter they remain unchanged. This 

new picture shows that in the weak as well as in the strong coupling regime for nearly 

all densities except half-filling both, mobile electrons and strong antiferromagnetic fluc­

tuations exist above and even below the superconducting critical temperature. Moreover, 

superconductivity can only occur within the phase separation region. It seems that the 

antiferromagnetic correlations are necessary for the superconducting phase transition. The 

drop of Tc at half-filling is approached is now due to the decrease of the fraction of mobile 

charge carriers in comparison to the number of electrons which localize in antiferromag­

netic domains. At half-filling all electrons localize and form at zero temperature the Néel 

state. In the next section the Maxwell construction is applied to the atomic limit and 

compared to the results of the Monte Carlo simulation of this limit. The results of this 

comparison show the validity of the Maxwell construction and its interpretation. 
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Figure 6.10: T/t versus \n - Ij phase diagram for W/t = - 6 (a) and W/t = - 2 (b) 
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Figure 8.11: T/ |W| versus \n - 1| phase diagram for t = 0 and W < 0. The square dots 
are the Monte Carlo results for the phase transition, while the dot-dashed line is estimated 
using the Mean Field approximation including the Maxwell Construction to obtain the 
phase separation region (PS). The old mean field antiferro magnetic phase boundary is 
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6.5.3 Phase Separation in the Atomic Limit 

In chapter 1 the phase diagram of the interaction Hamiltonian was presented using the 

results obtained by a classical Monte Carlo simulation. It was compared to the results of 

a simple mean field approximation, which results from the HFB approximation above if 

the pairing parameters are neglected and the hopping integral is chosen to be zero. The 

deviations from the exact results have to be explained by the neglection of fluctuations and 

of the phase separation in a mean field description. Using the Maxwell construction de­

scribed above leads to the phase diagram in figure 6.11. In fact, the new phase separation 

line (dot dashed line) follows qualitatively the exact phase boundary of the Monte Carlo 

simulation. Especially the flat behavior as the electron density approaches half-filling and 

the nearly infinite slope of the phase boundary as \n~ Ij approaches 1 are well described. 

The transition temperature is still too high. This is due to the neglection of fluctuations. 

From figure 6.11 it follows that the mean field approximation including the Maxwell con­

struction yields the qualitatively correct results for all densities and describes the right 

physics. Regarding the HFB phase diagrams for the NNSP model, this implies that the 
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antiferromagnetic channel is well approximated by the HFB approximation including the 

Maxwell construction even in the strong coupling limit. This has some important implica­

tions on the interpretation of the NNSP model in comparison with reality, i. e. the high 

temperature superconductors. 
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Chapter 7 

High Temperature Superconductors and 
the NNSP Model 

Up to now about 100 pages were dealing with abstract theoretical considerations. In this 

chapter the comparison to reality is of interest. One of the most difficult issues in this 

framework is the determination of the model parameters t and W and the interpretation of 

the mean electron density n. Because both the antiferromagnetic and the superconducting 

properties of the high temperature superconductors should be described within the NNSP 

model, there is a unique and obvious solution. Its derivation is given in the first section 7.1 

below. In the second section 7.2 the corresponding HFB phase diagram and its relation 

to the phase diagram of high temperature superconductors is discussed. Because of good 

agreement between both phase diagrams, electronic and thermodynamic implications are 

possible and meaningful. The density of states and the superconducting energy gap are 

discussed in section 7.3, while thermodynamic properties like the specific heat and the 

Pauli susceptibility are considered in section 7.4. 

7.1 Fixing the Model Parameters 

Because the NNSP model is a very simplified model which cannot account for the com­

plicated details of the copper oxide materials and moreover a mean field type of approx­

imation is used, which in general yields transition temperatures which are about twice 

as high as the exact results (see for instance the phase diagram of the atomic limit in 

figure 6.11), only the magnitude of the parameters is important. It is meaningless to 

care about a factor of two or three. The following considerations need in this sense to 

be understood. All energies and temperatures are measured in units of the hopping in­

tegral i, so its value should be estimated first. From energy band calculations a band 

129 
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width of order 1 eV has been derived [Mattheiss87, Pickett88, Yu91], which is consistent 

with photoemission experiments [Minami89, Takahashi89, 01sen89]. In two dimensions 

and for the nearest neighbor hopping tight binding band in equation (1.9) the band width 

is 8t, so that a hopping amplitude of order 0.1 eV or 1000 K is a good choice. In fact, 

t = 0.25 eV has been used by Monthoux and Pines [Monthoux92a], while Schneider et al. 

[Schneider90a, Frick90] have used t = 0.07 eV. 

In order to estimate the coupling strength, it should be emphasized again that one of 

the main reasons to study a nearest neighbor singlet pairing interaction was the ability to 

describe both the antiferromagnetic and the superconducting features of high temperature 

superconductors. For this reason either the Néel temperature or the superconducting crit­

ical temperature can be used to determine W/t. In the previous chapters we have shown 

that, within the symmetry broken HFB approximation, the antiferromagnetic component 

is well described for all coupling constants and electron densities. On the other hand, we 

have argued that, for the superconducting critical temperature, the HFB approximation 

totally fails in the strong coupling regime. It is therefore wise to use the antiferromagnetic 

transition temperature to fix W/t. Moreover, because the undoped material is an anti­

ferromagnetic insulator and shows no superconductivity which is described by the NNSP 

model, and if half-filling is interpreted as the undoped case, the Néel temperature for 

n = 1 should be used. In the intermediate and strong coupling regime the Néel tem­

perature is given by \W/t\ and for t = 1000 K and \W/t\ > 1 this yields T N > 1000 K1 

which is much to high in comparison to T^ % 250 K for La2CuÛ4 and T^ Ä 600 K for 

YBa2Cu3(V For this reason, within the NNSP model high temperature superconduc­

tors should be described in the weak coupling regime. A second point which favors weak 

and rules out strong coupling constants is discussed in section 7.4.1 on the temperature 

dependence of the specific heat. In the weak coupling regime the Néel temperature for 

half-filling behaves exponentially as a function of |VK/i|, so that values of about 0.7 or 

0.8 for \W/t\ should be the appropriate ones. For the following discussion we shall take 

W/t = - 1 , which is consistent with estimates of the antiferromagnetic coupling constant 

for the undoped compounds of about 500 — 1000 K (see e. g. [Erice89] and references 

therein). 

The last point which has to be checked is the role of the electron density n and its 

relation to 5, the number of holes per unit cell in the Cu02 planes. Within the NNSP 

model the undoped material is described by half-filling and corresponds to 5 = 0. n reflects 

the mean number of electrons and 2 — n the mean number of holes per site of the square 

lattice, which has been assumed in all calculations. As argued in the introduction, each 

unit cell of the CuC>2 planes can be mapped onto one site of the lattice and, because the 

nearest neighbor hopping model shows particle hole symmetry, 5 can be directly identified 

with \n — 1|. This interpretation is in sharp contrast to the interpretation of Schneider et 
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~ n al. [Schneider90a, Schneider90b] and Micnas et al. [Micnas90]. Both authors used S 

or S ~ 2 — n. Using 5 = \n - 1| and the values for W/t and t from above, a phase diagram 

for high temperature superconductors can be derived. 

7.2 Phase Diagram 
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Figure 7.1: T/t versus 5 = |n - 1| phase diagram for W/t — - 1 . This diagram shows 
the antiferromagnetic phase boundary (solid line), the phase separated region (below the 
dot-dashed line), the d-wave (dashed line) and the ccs-wave (dotted line) transition tem­
perature. The old antiferromagnetic phase boundary is drawn in light gray. The inset 
zooms the superconducting transition temperature in the doping range of interest for 
S e [0,0.3]. 

The HFB phase diagram for W/t = - 1 is shown in figure 7.1. It includes the phase 

separated region (solid line on the left hand side and dot-dashed line on the right hand 

side) as it is derived by the Maxwell construction described in chapter 6.5. The region 

where antiferromagnetic long range order appears is surrounded by the solid line. For <5 E 

[0,0.5] the superconducting phase boundary is given by the d-wave transition temperature 

(dashed line), while in the extremely overdoped regime for S > 0.5 it is given by the xs-

wave transition temperature (dotted line). The small inset shows the superconducting 

critical temperature in the interesting doping regime for 5 £ [0,0.3]. The features of this 

phase diagram can be summarized as follows: 
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Figure 7.2: Density of states in the 
antiferromagnetically ordered system for 
half-filling, T/t = 0 and W/t = - 1 . 
The antiferromagnetic gap is given by 
E3Jt - 2|W|/t 2 TTiAF = 2.76 with 
7TiAF = 0.34533 and z — 4. 

• In the undoped case (S = 0) the system orders antiferromagnetically and shows no 

superconductivity. For t = 0.1 eV the Néel temperature is about 700 K. 

• Superconductivity occurs for 6 > 0. In the relevant doping range for & e [0., 0.3] the 

superconducting order parameter has d-wave symmetry, zs-wave superconductivity 

only appears beyond S = 0.5 . This doping range, however, is not of any interest (is 

it possible to create extremly overdoped materials?). 

• The superconducting critical temperature first increases in the underdoped regime 

for S < 0.15, shows a maximum'at S a; 0,17 and finally drops to zero as S is further 

increased beyond 0.3. 

• The critical temperature is about 100 K for the optimally doped system and for 

t = 0.1 eV, so that the ratio TN(<5 = 0)/Tc(5 % 0.17) equals approximately 7. 

• The phase separated region covers the whole doping range from S — 0 up to S = 0.5 

and extends to temperatures comparable to the Néel temperature for half-filling. 

Comparing the generic phase diagram of the copper oxide superconductors in figure 1.1 

with these characteristic points of the phase diagram of the NNSP model for Wjt = - I 1 

some remarkable agreement is revealed. Not only the qualitative features, but also the 

quantitative estimates for the Néel temperature and the superconducting transition tem­

peratures as a function of doping agree. For this reason the phase diagram of high temper­

ature superconductors might be interpreted from the point of view of the NNSP model. 

The following physical scenario can be drawn: for half-filling the nearest neighbor pairing 

interaction drives the system into the antiferromagnetic state. As the density of states in 

figure 7.2 shows, a large antiferromagnetic gap opens below the Néel temperature and the 

single tight binding band splits into two sub-bands. For this reason the system becomes 
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an insulator for T/t ~ 0 [Scalapino93]. As the system is doped, antiferromagnetic long 

range order disappears and the system enters into a phase separated region. In fact, elec­

tronic phase separation has been discussed as one possible microscopical scenario for the 

doped copper oxide superconductors (see for instance [PS92, PS93] and references therein) 

and strong two-dimensional antiferromagnetic fluctuations have been observed in many 

experiments [Birgenau88a, Birgenau88b, Uemura87, Uemura88]. The phase separation of 

antiferromagnetic domains and metallic droplets above Tc is responsible for the unusual 

normal state behavior. In this region the system behaves as an antiferromagnetic Fermi 

liquid and shows unusual metallic behavior. The existence of a spin gap as it is for in­

stance observed in NMR experiments [Pennington90, Mangelschots92a, Mangelschots92b] 

and which points to non Fermi liquid behavior is one consequence. The spin gap is more 

or less the energy required to extract an electron from an antiferromagnetic domain. On 

the other hand, the existence of a fermi surface which has been revealed in angle-resolved 

photoemission experiments [Abrikosov93t Aebi94], is due to the metallic component. It 

is reduced in intensity because the number of mobile charge carriers is only a fraction of 

5. The other part is localized in antiferromagnetic domains. Only the mobile fraction is 

probed in transport experiments, for instance in measurements of the Hall coefficient and 

the resistivity. This explains the small carrier density of the order of 10 in nearly all high 

temperature superconductors. The linear resistivity as a function of doping [Torrence89] 

is a consequence of the continuous increase of the mobile fraction as S is increased. In 

angle-resolved photoemission experiments, however, both components become visible. In 

fact, the observed shadow bands [Abrikosov93, Aebi94] can be explained in terms of the 

phase separation. Also the unusual normal state behavior of the Pauli susceptibility as 

a function of temperature [Torrence89, Takigawa89] is a consequence of the existence of 

strong antiferromagnetic correlations. The temperature where the Pauli susceptibility 

shows a maximum remarkably agrees with the phase separation line in figure 7.1. To 

summarize: the bivalent behavior of high temperature superconductors in normal state 

— on one hand metallic behavior and on the other hand typical non-Fermi liquid an­

tiferromagnetic characteristics — are a direct consequence of the electronic phase sepa­

ration. As doping is increased the antiferromagnetic fraction decreases and the system 

becomes more and more a metal. Beyond the phase separation line usual Fermi liquid 

behavior occurs. This smooth transition to metallic behavior has also been observed in 

experiment [Torrence88, Torrence89]. Interesting enough, as the antiferromagnetic com­

ponent vanishes in the overdoped regime, the superconducting critical temperature drops 

to zero. This strong correlation between antiferromagnetism and superconductivity has 

been clearly shown for a number of copper oxide compounds [Shafer90]. It seems that in 

the relevant doping range the antiferromagnetic fluctuations mediate the transition into 

the superconducting state with rf-wave symmetry. On the other hand, if the number of 

mobile charge carriers decreases, the superconducting critical temperature should decrease 
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0.2 h 

Figure 7.3: Density of states for the 
optimally doped system for S = 0.15, 
T/t = 0 and W/t = - 1 . The chemical 
potential lies at e/t = 0. 
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as well. In the phase separated region both scenarios are competing. In the underdoped 

regime the increase of the number of mobile charge carriers determines the increase of the 

superconducting transition temperature. In the overdoped regime, however, the antiferro-

magnetic fluctuations vanish, so that the d-wave transition temperature decreases. This 

leads to an optimal Tc at 6 % 0.16. Its relatively high value of about 100 K is due to 

the fact that within the NNSP model pairing takes place over the whole Brioullin zone. 

This is in contrast to the conventional BCS model1, where only a small shell around the 

Fermi surface of the order of the Debye temperature is involved. The d-wave symmetry 

of the superconducting order parameter leads to unconventional superconductivity, which 

is in addition strongly influenced by antiferromagnetic fluctuations which still exist in the 

superconducting state. Some consequences are discussed in the next sections. 

7.3 Density of States 

7.3.1 Groundstate Density of States 

For a free electron gas with dispersion relation £*., the density of states is defined by 

equation (1.13). For an interacting system this definition has to be generalized [Mahan90]: 

"(«/t) = 7Es-c.«/») . (7.1) 
fc<r 

1It should be noted again that there is a difference between the BCS theory and a BCS type of ap­

proximation. The BCS theory starts from electron-phonon coupling which leads to conventional s-wave 

superconductivity. The BCS approximation, however, is a technique which might be applied to a large 

variety of models. 
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where SCT(fc, e/t) is the spectral density function which is related to the normal Matsubara 

Greens function via 

G^ (A, tujn) = I dx - 1 

J IU)n — X 

Using the formula for Ga(k,iujn) in equation (4.33), an analytical expression for the spec­

tral density function can be easily derived. With some limitations, the density of states is 

directly probed in tunneling experiments [Meservey69, Dynes94]. For this reason these ex­

periments yield information about the quasiparticle excitation spectrum and can be used, 

for instance, to distinguish between different types of pairing in superconductors. In fact, 

one of the most interesting features of the phase diagram in figure 7.1 is the symmetry of 

the superconducting order parameter. In contrast to the BCS theory it is d-wave with an 

anisotropic energy gap which is given by 

A(k) = ~Ad{coä{kx) - cos(fcy)) . (7.3) 

From this equation follows that it becomes zero on the lines kx = ±fcy in the first Brioullin 

zone and a pseudo gap in the density of states is expected [Zhou92, Wenger93]. Because of 

the competition between antiferromagnetism and superconductivity, however, the situa­

tion is much more complicated. In fact, the interplay between the antiferromagnetic order 

parameter, the chemical potential and the superconducting order parameter can alter this 

simple picture. In figure 7.3 the groundstate density of states for W/t = — 1 and for opti­

mal doping is drawn. The energy scale is shifted so that the chemical potential lies at the 

origin, namely e/t = 0. Two gaps are visible. The first gap, which is not symmetric with 

respect to the chemical potential, results from the finite antiferromagnetic order parameter 

and reflects the spin gap in the phase separated region. It also exists above Tc. The second 

gap is the superconducting gap which, in contrast to the antiferromagnetic gap, is more 

or less symmetric. In order to study the details of the superconducting gap as a function 

of doping, the density of states is plotted in the range e/t £ [— 1,1] shown in figure 7.5 

for different fillings. In the underdoped regime for 5 = 0.02 (a) and 6 = 0.05 (b), a real 

gap occurs which decreases as doping is increased. For fillings larger than 5 = 0.05, the 

real gap disappears and a pseudo gap with its characteristic V-shaped form occurs. For 

8 = 0.1 this is shown in figure 7.5(c). For optimal doping for «5 = 0.15 (d), some internal 

structure appears within the superconducting gap. Finally in the overdoped regime for 

S = 0.2 (e) and 5 = 0.25 (f), where the antiferromagnetic fraction becomes very small, 

the typical d-wave gap occurs. It should be noted that these calculations of the densitiy 

of states are performed on the results of the HFB approximation without considering the 

modifcations mediated by the Maxwell construction to derive the phase separated region. 

For this reason the influence of the antiferromagnetic gap would be altered if the phase 

(7.2) 
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separation would be taken into account. Especially in the overdoped regime which also 

lies within" the phase separated region. The V-shaped form and the size of the super­

conducting gap, however, will be rather unchanged due to the weak correlation of the 

chemical potential and the superconducting order parameters. The density of states for 

optimal doping shown in figure 7.5 (d) can be compared to the experimental results on 

YBa2Cu307-y [Geerk89, Valles91]. Both the V-shaped form and the width of about 40 

meV agree very well. In fact, for t — 0.1 eV the maximum width of the energy gap for 

optimal doping becomes 0.04 eV. The ratio of the zero temperature energy gap and the -

critical temperature has often been discussed, For the YBa2Cu3C>7_y compounds it is 

about 4.4 (40 meV divided by 90K). Within the NNSP model the maximum gap for pure 

rf-wave superconductivity is given by 

Eg = 2x2x \W\x |Ad| . (7.4). 

The first factor 2 is due to the symmetry of the energy gap around the chemical potential, 

while the second factor 2 is the maximum of (COS(AJ1) — cos(fcy)). In figure 7.4 the ratio 

Eg/Tc is plotted as a function of doping for W/t = —1 in the relevant doping range. 

It is weakly doping-dependent and over a wide range of about 4 - 5 in agreement with 

reality. It should be noted that this ratio is significantly larger than the BCS value of 

3.53 for a conventional s-wave superconductor because of the anisotropic nature of the 

superconducting order parameter and the influence of the antiferromagnetic background 

on the quasiparticle excitation spectum. 

6. 

4. 

,- ** 

2. 

Figure 7.4: The ratio of the maximum 
energy gap in the groundstate density 
of states to the value of the transition 
temperature as a function of doping for . 
W/t = : - 1 . . ' 'o. . 0.1 0.2 0.3 
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-1. -0.5 0. 0.5 1. -1. -0.5 0. 0.5 
e/t e/t 

Figure 7.5: Groundstate density of states derived within the HFB approximation for 
W/t = - 1 and various fillings: in the underdoped regime for S = 0.02 (a), S = 0.05 (b), 
6 = 0.1 (c), for optimal doping 5 = 0.15 (d) and in the overdoped regime for S = 0.2 (e) 
and 6 = 0.25 (f). 
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7.3.2 Densi ty of States near Tc 
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Figure 7.6: Density of states derived within the HFB approximation near the supercon­
ducting criticai temperature for W/t = — 1 and various various fillings: in the underdoped 
regime for 5 = 0.05 (a), S = 0.1 (b), for optimal doping 5 - 0.15 (c) and in the overdoped 
regime for S = 0.25 (d). The solid line is just above Tc, while the dotted line is the density 
of states immediately below Tc. 

It is also interesting to study the density of states in the neighborhood of the supercon­

ducting critical temperature as a function of doping. For W/t = - 1 and various fillings 

this is shown in figure 7.6. In all four graphs (a) - (d) the solid line corresponds to the 

normal state a few degrees of Kelvin above TCi while the dotted line is the density of states 

immediately below the critical temperature. From (a) to (d) the density of states is given 

for S — 0.05, S = 0.1 S = 0.15 and S = 0.25. Two aspects can be derived from these graphs. 

As the system is cooled below the critical temperature, new quasiparticle states emerge 
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below the chemical potential at e/t = 0. This is very clearly visible in figure 7.6 (a) and 

(b) for the underdoped systems. It also appears for optimal doping in figure 7.6 (c) and 

in the overdoped regime in figure 7.6 (d), where the new states result in an opening of a 

superconducting gap and an increase of the density of states below the chemical potential. 

Because of these new states the free energy is lowered and superconductivity occurs. 

The second interesting point is the position of the chemical potential. In the un­

derdoped regime for S = 0.05 in figure 7.6 (a), the chemical potential lies within the 

antiferromagnetic gap. For this reason semiconducting properties are expected in the 

normal s ta te just above the critical temperature. On the other hand, for 0.1 < 6 < 0.2 

the chemical potential lies in the upper band near the van Hove singularity. The maxi­

mum Tc occurs in this region, which supports the van Hove scenario [Gofron93, Dessau93]. 

Moreover, it has been argued that the high density of states and the flat dispersion are 

responsible for the linear in T behavior of the normal s ta te resistivity as it is observed 

for the optimally doped compounds [Batlogg89, Torrence89]. In the overdoped regime 

the chemical potential shifts into the middle of the band and the normal state resistivity 

behaves more Fermi liquid like (~ T2). As already noted, this picture might change if 

the phase separation is taken into account. Nevertheless it points to the right direction in 

comparison to reality. In fact, the transition from semiconducting, over anomalous Fermi 

liquid to usual Fermi liquid behavior in the normal state just above the superconducting 

critical temperature as doping is increased, has been reported for various copper oxide 

superconductors and identified as a common and significant feature of these materials (see 

e. g. [Ginsbergl]- (GinsbergIII] and references therein). From the point of view of the 

NNSP model this observation is due to the competition of antiferromagnetic fluctuations 

and metallic properties in the phase separated region above Tc. 

7.4 Thermodynamic Properties 

7.4.1 Specific Heat 

In a canonical description the specific heat is the derivative of the entropy with respect to 

temperature for fixed particle number density [Reichl80], i. e. 

(7.5) 
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where the entropy itself is the first temperature derivative of the canonical free energy for 

fixed particle number density: 

\OT)„ 

It should be noted that due to the temperature dependence of the chemical potential, it is 

important to use the canonical free energy functional in equation (4.14) and not the free 

energy functional for the grand canonical description for fixed chemical potential given 

in equation (4.5). Moreover, in order to calculate the derivatives in equation (7.6) and 

equation (7.5), the implicit temperature dependence on the variational parameters of the 

HFB approximation has to be taken into account, i.e. first the total temperature derivative 

has to be computed and second the resulting expression has to be evaluated at the solution 

of the selfconsistent equations. In this sense the partial derivatives in equation (7.6) and 

equation (7.5) are somehow misleading. Because the first derivative of the canonical free 

energy functional with respect to the variational parameters vanish at the selfconsistent 

solution, the calculation of the entropy is quite easy. The result is 

5 = - E {( 1 - / (¾)) 1" (l - / (¾)) + / (^ ) In (f(Ei))} , (7.7) 
fet 

where / is the Fermi function defined by 

f& = (P75TÏ) 

The expression above reflects the information-theoretical interpretation of the entropy: 

S = -£fl ln(f l) (7.9) 
I 

where the sum ranges over all microscopical states of the system and P( is the probability 

of state # I being occupied. For the HFB approximation there are four quasiparticle bands 

±E{ for i = I1 2 with occupation probability distributions /(-E1) and /(--E1) = 1 — f(Ei)-

The calculation of the specific heat, i.e. the second derivative of the canonical free energy 

functional is much more complicated. For this reason a numerical derivation method of the 

entropy data has been used. Moreover, the entropy density and the specfic heat density 

instead of its corresponding extensive quantities have been calculated. 

For half-filling, i. e. the undoped system and W/t = - 1 , the entropy and the specific 

heat is shown in figures 7.7(a) and (b), respectively. The solid line is the HFB solution, 

while the dashed line is valid for free electrons. The discontinuity in the entropy indicates 

(7.6) 

(7.8) 
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T/t T/t 
Figure 7.7: Entropy (a) and specific heat (b) for w/t = -1 and half-filling as a function 
of temperature. The solid line is derived within the HFB approximation, while the dashed 
line shows the entropy and the specific heat for free elecrons. 

the transition into the antiferromagnetic state with long range order. Accordingly the 

specific heat shows a jump at T^. The exponential decay for T/t ^ 0 is due to the 

opening of a large antiferromagnetic gap below the Néel temperature. Both, the jump 

in the specific heat and the exponential decay has been observed in the undoped copper 

oxide compounds, which show antiferromagnetic long range order. 
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Figure 7.8: Specific heat for W/t = —1 as a function of temperature for 6 = 0.05 (a) and 
6 - 0 . 1 5 (b). 
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Because the phase separation, revealed in the phase diagram of the NNSP model in 

figure 7.1, is very important for the normal state behavior but was not selfconsistently 

taken into account, the specific heat for the doped system is only studied in the low 

temperature regime where the implications of the d-wave character of the superconducting 

order parameter can be studied. In figure 7.8 the specific heat is plotted as a function of 

temperature for W/t = - 1 and for S = 0.05 (a) and 6 = 0.15 (b). For the underdoped 

case an exponential behavior occurs due to the existence of a real gap in the density of 

states shown in figure 7.5(b). On the other hand, the low temperature behavior of the 

specific heat is quadratic if a pseudo gap is present. This is shown for optimal doping in 

figure 7.8 (b). 

Figure 7.9: Specific heat as a func­
tion of temperature for W/t = - 6 and 
|n - 1| = 0.2. The first jump from the 
right marks the occurence of d-wave and 
the second jump of xs-wave supercon­
ductivity. 

The specific heat in the strong coupling regime for W/t = —6 and n = 1.2 as a func­

tion of temperature is shown in figure 7.9. It shows a double jump according to the two 

distinct phase boundaries for the d-wave and the ss-wave component of the supercon­

ducting order parameter. Because such a splitted transition has not been observed in 

high temperature superconductors, they cannot be described by the NNSP model in the 

strong coupling regime. This conclusion is consistent with the estimation of the coupling 

strength upon the antiferromagnetic transition temperature for half-filling (see above). It 

cannot be used as a proof for the weak coupling regime because the HFB approximation 

fails in the superconducting case for strong coupling constants and finite temperatures. 

Nevertheless, the double peak structure of the specific heat should also emerge in approx­

imations which go well beyond the HFB approximation because the groundstate phase 

diagram is well described in the HFB approximation even in the strong coupling regime 

[Nozieres85, Micnas90] and predicts mixed i s + id-wave superconductivity. A double peak 

structure of the specific heat has been observed in the heavy fermion superconductor UPt3 

[Stewart84, Ott87, Fisher89, Goltsev94]. From this point of view the strong or interme-
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diate coupling regime, where xs -f id-wave superconductivity occurs, might be used to 

describe the heavy fermion compounds. For this purpose, however, the model has to be 

solved in three dimensions. 

7.4.2 Pauli Susceptibil ity 

Finally the implications on the Pauli susceptibility should be discussed. The Pauli suscep­

tibility is probed in measurements of the Knight shift in NMR experiments [Pennington90]. 

From the point of view of the HFB approximation, the most simple way to derive an 

analytic expression for the Pauli susceptibility is the calculation of the ferro-magnetization 

in a constant external magnetic field perpendicular to the square lattice. This leads to an 

additional Zeeman term in the Hamilton operator: 

where B is the magnetic field strength. This Zeeman term can be directly included into 

the effective Hamiltonian of the HFB approximation because it is a one-particle operator. 

Moreover, the magnetic field can be integrated into a spin-dependent chemical potential 

via 

•ß^-ß + a— , (7.11) 

so that the formulas for the Greens functions can easily be generalized. From the normal, 

now spin-dependent Greens function, the mean magnetization can be calculated. The 

result is: 

m èÇÇH(^±^)-ta„h(fc^))] . (,12) 

The derivative of equation (7.12) with respect to B yields the Pauli susceptibility. Because 

the order parameter and the chemical potential depend quadratically on B, which follows 

from the generalized gap equations including the influence of the magnetic field, the Pauli 

susceptibility for B — 0 is given by 

*=&çx:-*'(Ç) • (-3) 
where the right hand side has to be evaluated at the selfconsistent solutions for the order 

parmeter without external field. 
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Figure 7.10: Pauli susceptibility as a 
function of temperature for W/t = - 1 
and S = 0. The solid line is the HFB 
solution, while the susceptibility for free 
electrons is given by the dashed line. The 
antiferromagnetic transition leads to a 
cusp and an exponential decay below the 
Néel temperature. 
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For the undoped system the Pauli susceptibility is shown in figure 7.10 for W/t = —1. 

Furthermore the susceptibility for free electrons is plotted for comparison (dashed line). 

The onset of antiferromagnetic long range order leads to a cusp at the Néel temperature. 

The exponential decay below the Néel temperature arises from the opening of the antifer­

romagnetic gap shown in the density of states in figure 7.2. A similar behavior has been 

observed in the antiferromagnetically ordered undoped high temperature superconductors 

(see e. g. [Erice89] and articles therein). 
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Figure 7.11: Pauli susceptibility for W/t ~ —1 as a function of temperature for S = 0.05 
(solid line), 0.1 (dashed line) in (a) and for S = 0.15 (solid line), 0.2 (dashed line) in (b). 

In figure 7.11 (a) the Pauli susceptibility is plotted as a function of temperature for 

W/t = - 1 for 5 = 0.05 (solid line) and 5 = 0.1 (dashed line). In figure 7.11 (b) it is shown 

for optimal doping, i. e. ô — 0.15 (solid line) and for 8 = 0.2 (dashed line), which lies 
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in the overdoped regime. At the superconducting transition temperature a cusp occurs 

which is maximal for optimal doping. In fact, the value of the Pauli susceptibility at the 

transition temperature seems to be related to the critical temperature. It increases with 

increasing critical temperature in the underdoped regime, reaches a maximum for opti­

mal doping and drops with decreasing transition temperature in the overdoped regime. 

This behavior is in sharp contrast to the predictions of the BCS theory. Here the normal 

state is described by the free electron gas and the susceptibility above Tc is given by the 

dashed line in "figure 7.10. From this figure follows a monotonie decrease of the Pauli 

susceptibility at Tc with increasing transition temperature. Because the only difference 

between the BCS and the HFB approximation used for the NNSP model is the inclusion 

of an antiferromagnetic variational paramter, the behavior of the Pauli susceptibility at 

the superconducting critical temperature has to be attributed to the existence of antiferro­

magnetic domains in the normal state above Tc. The same mechanism which controls the 

critical temperature as a function of doping is also responsible for this unusual behavior of 

x{Tc/t). In the underdoped regime the decreasing antiferromagnetic fraction leads to an 

increase of x(Tc/t),
 w h^ e m the overdoped regime the decrease of the number of electrons 

causes the drop of x(^cA) 3^ a function of doping. 

In the low temperature regime the Pauli susceptibility reflects the groundstate density of 

states shown in figure 7.5. As soon as the superconducting energy gap becomes a pseudo 

gap for 5 > 0.1, the low temperature behavior changes from exponential to linear. More­

over, a reflection point is possible as is shown in figure 7.11 (a) for S = 0.1. Below the 

critical temperature the Pauli susceptibility drops to zero due to singlet pairing. 
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Chapter 8 

Summary and Outlook 

8.1 What has been done? 

High temperature superconductors share several common properties. The most important 

ones are extreme anisotropic structure due to CuC>2 layers, antiferromagnetic long range or­

der in the undoped case, doping-dependent singlet superconductivity and unusual normal 

state behavior due to antiferromagnetic fluctuations above the superconducting critical 

temperature, to name only a few of them. These features led to the introduction of the 

NNSP model which can be summarized as follows: 

• The layered structure is modelled by a two-dimensional system. 

• Due to the strong hybridization of the copper dxz_y2 and the oxygen 2pa. orbitals, a 

single band description on a square lattice is introduced where each node corresponds 

to one unit cell of the Cu02-planes. 

• A nearest-neighbor hopping tight binding band takes tunneling processes between 

neighboring sites into account. 

• To allow for antiferromagnetic flucutations and singlet superconductivity, an attrac­

tive density-density interaction between electrons of opposite spins on neighboring 

sites is added to the free tight binding Hamiltonian. 

Two extreme limits, the free case and the "atomic limit", have been solved exactly. They 

show two and somehow excluding properties of the NNSP model, namely the metallic 

behavior in the free case and the occurence of two-dimensional antiferromagnetic long 

range order for all densities in the atomic limit, due to the Ising type of interaction. 

147 
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The general case cannot been solved exactly. For this reason we considered the func­

tional integral description of a quantum mechanical system. It provides a very useful 

formalism to study phase transitions in quantum mechanical systems from a microscopic 

point of view. Starting from a generic quadratic representation for the interaction Hamil-

tonian, the functional integral representation for the partition function has been derived. 

The results are independent on the NNSP model and can be used for a large variety of 

models. Moreover, we have generalized the functional integral formalism to competing or­

der parameters. In fact, for the NNSP model a free energy functional has been explicitely 

derived including charge density, spin density and pairing field variables. 

The functional integral representation leads to an exact expression for the partition 

function. It serves as a good starting point for approximations. Chapter 3 is attributed 

to this problem. Step by step, additional restrictions and assumptions have been in­

troduced. The time-independent field approximation, saddle point approximations for 

time-dependent and time-independent fields and finally the mean field approximation 

for uniform fields have been discussed. General selfconsistent equations have been de­

rived for time- and momentum-dependent fields. The nonlinear character and the fact 

that they are coupled equations reflect the competition between different types of fields. 

For a pairing model where only the pairing representation has been used to define the 

functional integral, these equations are the generalized gap equations, including time and 

momentum-dependent effects. They can be used, for instance, to study the role of the 

center of mass momentum of Cooper pairs or the influence of quantum mechanical fluc­

tuations on the solutions of the gap equation. Within the time-independent saddle point 

approximation, we have shown that for hermitian field operators and positive effective cou­

pling constants, only the trivial solutions for the corresponding fields exist. This shows, 

for instance, the absence of superconductivity for positive coupling constants in the pair­

ing model mentioned above. For all other fields it has been proven that the selfconsistent 

solution for a field is given by the mean value of the corresponding field operator. If 

the field operator describes any long range order, a nontrivial solution therefore signals a 

phase transition. Finally the symmetry broken Hartree Fock Bogoliubov approximation 

has been derived from a variational principle. It is related to the time-independent saddle 

point approximation. In fact, we have shown that, if only one quadratic representation is 

used in the functional integral formulation, both approximations are identical. However, if 

the competition between different types of order is taken into account by the inclusion of 

more than one quadratic representation, they differ from each other. As the derivation of 

the functional integral representation, the approximations have been derived on the basis 

of the general quadratic form for the interaction Hamiltonian. For this reason they can 

be applied to a large class of models for correlated electron systems. 
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The symmetry-broken Hartree Fock Bogoliubov approximation has been used to study 

the NNSP model for the following reasons: 

• it is a variational approximation and therefore leads to the best of its type, 

• it is a thermodynamic selfconsistent approximation, 

• it allows for phase transitions by the introduction of symmetry breaking fields, 

• it can be used to describe the competition between different types of order, and 

• it can be solved in the thermodynamic limit. 

The minimum set of variational parameters which have been included into the trial Hamil-

tonian of the symmetry broken Hartree Fock Bogoliubov approximation is a real antifer-

romagnetic and a set of complex pairing parameters, which describe superconductivity 

with different internal symmetry. It has been shown that in two dimensions only d-, 

xs- or mixed xs + id-wave with a relative phase of 7r/2 are possible. The selfconsistent 

equations for the antiferromagnetic and superconducting parameters have been derived 

using a Greens function method, and a numerical technique has been applied to find the 

solution which minimizes the free energy functional. The main results can be summarized 

as follows: 

• For half-filling the system orders antiferromagnetically and shows no superconduc­

tivity for all coupling constants, which is a consequence of the competition between 

antiferromagnetism and superconductivity. A large antiferromagnetic gap opens be­

low the Néel temperature, so that the system becomes insulating for T/t — 0. 

• Away from half-filling, superconductivity appears for all coupling constants and den­

sities. The symmetry of the order parameter depends on filling, coupling strength 

and temperature. In the weak coupling regime only pure d- and pure xs-wave su­

perconductivity exists, while in the strong coupling regime the symmetry of the su­

perconducting order parameter is predominantly mixed x s-\-id-wave. The occurence 

of d-wave supeconductivity is strongly correlated to antiferromagnetic fluctuations, 

while xs-wave superconductivity occurs mainly in metallic regions. 

• The selfconsistent solution of the chemical potential as a function of filling indicates 

a phase separation of antiferromagnetic domains and metallic droplets above Tc 

and superconducting electron pairs below the superconducting critical temperature. 

The boundary of the phase separated region has been calculated using a Maxwell 

construction. 
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• It has been shown that the HFB approximation describes the antiferromagnetic 

phase very well for all coupling-constants and temperatures. The superconducting 

groundstate is well described for all coupling constants a.nd in the weak coupling 

regime also for finite temperatures. However, the HFB approximation fails for the 

superconducting critical temperature in the strong coupling regime. We have argued 

that this fact is due to the static character of the pairing parameters which do not 

take the mobility of the charge carriers into account. 

• The BCS approximation, which results from the HFB approximation if the antifer­

romagnetic component is neglected, is only correct in the extreme weak coupling 

regime and for small electron (n < 1) or hole (TI > 1) concentrations. It totally 

fails for half-filling. Moreover, the comparison of both approximations clearly show 

the competition between antiferromagnetism and superconductivity included in the 

HFB approximation. 

Because the HFB approximation describes the antiferromagnetic phase transition very 

well, the Néel temperature for half-filling has been used to estimate the coupling strength 

for a quantitative comparison of predictions of the NNSP model with properties of high 

temperature superconductors. For t » 0.1 eV, a coupling strength of about W/t = —1 

and with S = \n — 1|, some remarkable agreement has been revealed. In fact, for these 

parameters the NNSP model predicts the following features: 

• For half-filling (6 = 0) the system is an insulating antiferromagnet. The Ncel tem­

perature is about 700 K for t = 0.1 eV. 

• Due to the phase separation, strong antiferromagnetic fluctuations exist above and 

even below the critical temperature in the relevant doping regime. They decrease 

with an increasing number of holes. 

• Superconductivity occurs for S > 0. 

• For S = 0.16 the system is optimally doped with a maximum transition temperature 

of about 100 K for £ = 0.1 eV. 

• The superconducting critical temperature increases in the underdoped regime and 

decreases in the overdoped regime. For S > 0.3 it drops to zero Kelvin. 

• The superconducting order parameter has d-wave symmetry in the relevant dop­

ing regime. Only for 6 > 0.5 conventional superconductivity occurs with xs-wave 

symmetry. 



8.2. Further Research 151 

Implications on the normal state behavior above Tc, such as the density of states, the 

specific heat and the Pauli susceptibility have been discussed. We have shown that the 

normal state behavior emerges from semiconducting to anomalous and finally to usual 

Fermi liquid behavior as doping is increased, and that the shape of the superconducting 

gap and the low temperature behavior of the specific heat and the Pauli susceptibillity is 

related to this. In fact, in the underdoped regime for 5 < 0.1, semiconducting properties 

occur in the normal state and the groundstate density of states shows a real gap, although 

the symmetry of the superconducting order parameter is d-wave. Accordingly the specific 

heat and the Pauli susceptibility behave exponentially in the low temperature regime. 

This behavior is due to the strong influence of antiferromagnetic fluctuations and the fact 

that the chemical potential lies within the spin gap above Tc. As doping is increased, 

the chemical potential just above the superconducting critical temperature moves into the 

upper band and the antiferromagnetic fluctuations decrease. For this reason the normal 

state behavior changes from anomalous Fermi liquid behavior with a linear temperature 

dependence of the resistivity for hole concentrations around optimal doping to more or less 

usual Fermi liquid behavior with a quadratic temperature dependence of the resistivity in 

the overdoped regime. The superconducting energy gap becomes a pseudo gap and exhibits 

a V-shaped form, as it is expected for a d-wave superconductor and the low temperature 

behavior of the specific heat devided by T, and the Pauli susceptibility becomes linear in 

T. We have calculated the ratio of the maximum energy gap in the density of states to the 

transition temperature. This ratio is doping dependent and shows a mean value of about 

4.5 in agreement with tunneling experiments on YBaCu [Geerk89, Valles91]. Although 

the HFB approximation of the NNSP model leads to surprisingly good results, there are 

still many open questions. Some of them are briefly discussed in the following sections. 

8.2 Further Research 

8.2.1 Phase Separation 

In our treatment the phase separation has not been treated selfconsistently. In fact, a 

reintroduction of the pinned value for the chemical potential obtained by the Maxwell 

construction will lead to a wrong value for the particle number density. For this reason a 

first step towards a better description of the NNSP model is to use a method where the 

phase separation can be treated selfconsistently. Such a method requires the introduction 

of spatial fluctuations, for a phase separation cannot be longer described by a uniform an­

tiferromagnetic internal field. For this purpose, the generalized selfconsistent equations of 

the time-independent saddle point approximation including momentum-dependent effects 

may be used. 
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8.2.2 Additional Parameters 

Repulsive U 

For high temperature superconductors it has been argued that a strong on-site repulsion 

on the in-plane copper ions is present[Emery87, Anderson87]. For this reason it should 

be interesting to study the influence of an on-site repulsion term on the phase diagrams 

of the NNSP model. In fact, in a first try it can be directly introduced into the HFB 

approximation if the coupling constant in front of the antiferromagnetic variational pa­

rameter is replaced by Wz - U. Because U does not enter into the pairing terms, the 

on-site repulsion favors the antiferromagnetic component, which will lead to a higher Néei 

temperature and antiferromagnetic order parameter. In a more sophisticated approach, 

also the ferro- and paramagnetic features of the repulsive Hubbard model should be taken 

into account [Hirsch85c]. 

77-Paîring 

The basic principle of the HFB approximation is the concept of spontaneous symmetry 

breaking [Ring80, Bormann91b]. Within the HFB approximation for the NNSP model 

the translational symmetry with respect to the antiferromagnetic reciprocal lattice vector 

and a U(I) gauge symmetry mediated by the particle number operator might be violated. 

In fact, a finite value for the antiferromagnetic order parameter breaks the translational 

symmetry, while the occurence of superconductivity is accompanied by a violation of the 

U(I) gauge symmetry. From this point of view, the occurence of 77-pairing [Yang89, 

Tian94] should be discussed as well. This is related to a spatially varying superconducting 

order parameter 

and breaks both the translational and the gauge symmetry. Within this work, a finite 

value of the anomalous Greens function Fn0. signals the occurence of ^-pairing, which 

occurs in the coexistence regime of antiferromagnetism and superconductivity. However, 

the 77-pairing parameter has not been considered selfconsistenly. In this case variational 

parameters which couple onto the pairing operators c\,ac^,k,Q^._0 and their complex conju­

gates have to be included into the trial Hamiltonian. For this reason the diagonalization of 

the trial Hamiltonian becomes much more complicated. Nevertheless, the implications of 

77-pairing parameters should be discussed in the future, because this might lead to a better 

understanding of the possible coexistence of antiferromagnetism and superconductivity. 
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Next Nearest Neighbor Hopping 

From photoemmision experiments [Minami89, Takahashi89, 01sen89] and band calcula­

tions [Mattheiss87, Pickett88, Yu91], it follows that a tight binding band including both 

nearest and next nearest neighbor hopping is more suitable to describe the copper oxide 

superconductors. Because the formulae derived in chapters 5 and 6 for the Greens func­

tions and selfconsistent equations can be easily generalized, the introduction of a nearest 

neighbor hopping term might be a good starting point for further development. As al­

ready shown in the introductory chapter, the additional next nearest neighbor hopping 

term destroys the particle-hole symmetry, so that hole-doped and electron-doped systems 

differ from each other. This will be mirrored in doping-dependent phase diagrams which 

become asymmetric with respect to half-filling or in the density of states. For instance, 

the maximum of the Néel temperature no longer appears for n — 1 and the identification 

ö = \n— 1| must be replaced by 5 = 1 -n for hole doped (n < 1) and by 5 = n- 1 for elec­

tron doped (n > 1) systems. For the BCS approximation, the implications of next nearest 

neighbor hopping on the phase boundaries of the components of the superconducting order 

parameter has been discussed by Micnas et al. [Micnas90]. Because in their treatment the 

competition between antiferromagnetism and superconductivity has not been taken into 

account, it seems worthwhile to generalize the HFB approximation including next nearest 

neighbor hopping effects. 

8.2.3 Dynamic Criterion for Superconduct ivi ty 

We have shown that the HFB approximation does not properly describe the supercon­

ducting phase transition in the strong coupling regime. We have argued, however, that 

the incorrect, prediction of the superconducting critical temperature is due to the static 

nature of the pairing order parameter and that the mobility of the charge carriers has to 

be taken into account in the strong coupling regime. The criterion for superconductivity 

introduced by Scalapino et al. [Scalapino92, Scalapino93] might overcome this problem, 

for it describes the phase transition into the superconducting state by the London pene­

tration depth, which is a dynamic quantity related to the superfluid density devided by 

the effective mass of the electron pairs. This might be successfully applied to the HFB 

approximation of the NNSP model. 

8.2.4 Fluctuations 

Although the HFB approximation yields acceptable predictions for both the antiferro-

magnetic and the superconducting component in the case of W/t = - 1 , which lies in 
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the weak coupling regime, fluctuations have to be introduced to improve our results, in 

particular in two dimensions, where fluctuations destroy any long range order in quantum 

mechanical systems. Moreover, it has been shown that fluctuations play an important role 

in high temperature superconductors [Schneider92a, Schneider92b, Ghiron93]. As men­

tioned above, a better description of the phase separation requires the introduction of 

spatial fluctuations, as well. In our belief, fluctuations which arise from spatially varying 

internal fields are the most important ones. They could be studied if the more general 

approximations of chapter 3 are used, or on the basis of a Ginzburg-Landau functional 

[Ginzburg65, Binney92, Amit84, Annett90a] which can be derived from the functional in­

tegral representation or directly from the HFB free energy functional for time-independent 

fields. Furthermore, a spin wave approximation for the antiferromagnetic component seems 

to be worthwhile for consideration because it describes the effect of collective modes on the 

HFB solution and therefore includes a spatially fluctuating antiferromagnetic component. 

A T-matrix approximation, as it has been used to study the attractive Hubbard model 

in the intermediate coupling regime [Fresard92, Rodriguez94], or a random phase approx­

imation as it has been used to study the extended Hubbad model in the strong coupling 

regime [Robaszkiewicz81c, Robaszkiewicz81d, Micnas90] includes higher order correlation 

functions and might therefore lead to a better description of the NNSP model. It should 

be emphasized that in all these approximations both, antiferromagnetic and anomalous 

pairing correlation functions need to be incorporated. For this reason a thermodynamic 

selfconsistent treatment is very difficult to handle and requires some tremendous numerical 

effort. 

8.2.5 The Problem of Two Dimensions 

The quasi-two-dimensional character of copper oxide superconductors has been mod­

eled by an exact two-dimensional system. This is a dangerous assumption because in a 

quantum mechanical system of two dimensions fluctuations destroy any long range order 

[Hohenberg67, Binney92]. Within the HFB approximation, which is a mean field type of 

approximation, these fluctuations are suppressed and long range order might appear. For 

this reason the NNSP model should be solved in three dimensions, taking the anisotropic 

structure of the high temperature superconductors explicitely into account by the intro­

duction of at least an anisotropic hopping term [Frick90]. The interaction term includes an 

Ising spin-spin interaction and must not necessarily be replaced by its anisotropic three 

dimensional form. However, the predictions of the HFB approximation for an extreme 

anisotropic three-dimensional system differ only slightly from the predictions for the ex­

act two-dimensional system [Micnas90]. Our results have to be interpreted within this 

framework. 
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8.3 Resume 

In this project the essential features of the phase diagram of high temperature supercon­

ductors have been derived for the first time from a semi-microscopical point of view in 

a selfconsistent treatment. Both, the antiferromagnetic properties including quasi-two-

dimensional antiferromagnetic long range order in the undoped case, and strong antiferro­

magnetic fluctuations above and even below the superconducting critical temperature due 

to the occurence of electronic phase separation and the superconducting properties, like 

the doping dependence of the critical temperature or the d-wave symmetry of the order 

parameter, have been revealed and explained. Because the singlet pairing interaction is 

somehow unphysical, the reason being the violation of the rotational spin symmetry, we 

can conclude that the extended Hubbard model including a next nearest neighbor sin­

glet pairing interaction is as important for high temperature superconductors as the Ising 

model is for magnetic systems. 
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