Université de Neuchatel Faculté des Sciences

Etude de la diffusion multiple des électrons dans
les métaux désordonnés

These

sous forme réduite

Travail effectué dans le groupe du professeur Hans Beck et présenté
a la faculté des sciences pour 'obtention du grade de docteur es
sciences de I’Université de Neuchatel, Suisse

par

Raymond Frésard

1989



IMPRIMATUR POUR LA THESE

Etude de la diffusion multiple des électrons

dans les métaux désordonnés

de Monsieur Raymond Frésard

UNIVERSITE DE NEUCHATEL
FACULTE DES SCIENCES

La Faculté des sciences de I'Université de Neuchatel
sur le rapport des membres du jury,

Messieurs H, Beck, J.-F. Germond, R. Monnier
(EPF-Zurich) et R. Riedinger (Mulhouse)

autorise 'impression de la presente thése.

Neuchatel, le 21 Jjuillet 1989

Le doyen:
TN en s ST

F. Persoz



Liste de publications

Multiple Scattering Effects in Liquid and Amorphous Metals: Cluster Calcu-
lations.

R. Frésard, H. Beck

Physica B141, 243 (1986)

Multiple Scattering Effects in Electronic Transport in Liquid and Amorphous
Metals.

R. Frésard, H. Beck

Zeit. fir Phys. Chemie Neue Folge 157, 617 (1988)

Electrons in Non-Crystalline Metals - Still a Challenging Problem.
H. Beck, R. Frésard, Y. Cuche
Z. Phys. B Cond. Matter 68, 237 (1987)

Scattering From Two Non-Overlapping Centers.
R. Frésard, J.-F. Germond
Phys. Lett. A 120, 367 (1987)

Study of the temperature coeflicient of the resistivity of liquid and amorphous
metals: Cluster calculations.

R. Frésard, H. Beck

Helvetica Physica Acta 59, 974 (1986)

En outre I’ article:

Multiple Scattering Theory of Electron Transport in Disordered Metals in the
Muflin-tin Model: I - EMA Formulation and the Separation of Off-shell Correc-
tions, par M. Itoh, H. Beck et R. Frésard, a été accepté pour publication par
Journal of Physics: Condensed Matter,

ainsi que |’article:

Muffin-tin Ema Calculations of Electrical Resistivity for Liquid and Amorphous
Metals, par R. Frésard, H. Beck et M. Itoh, qui apparaitra dans les Proceedings
of the LAM-7 Conference, Kyoto, Japan, 1989, Ed: H. Endo, en tant que numéro
spécial du Journal of Non-Crystalline Solids.

Un exemplaire complet de ce travail de thése est déposé a la bibliothéque de
Puniversité de Neuchatel, 26 avenue du 1°" Mars 2000 Neuchatel



Physica 141B (1986) 243-256
North-Holland, Amsterdam

MULTIPLE SCATTERING EFFECTS IN LIQUID AND AMORPHOUS METALS:

CLUSTER CALCULATIONS
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We have calculated the density of states. the resistivity p and the thermopower of small clusters of s-scatterers using the
full. multiple scattering amplitude for the conduction electrons. The density of states shows a structure induced minimum.
The multiple scattering contributions to p can be positive or negative depending on the position of the Fermi energy. The
influence of disorder (temperature) on p can be quite different from the Ziman rule. pointing to predominantly negative
temperature coefficients of p in strong scattering systems (Mooji rulej.

1. Introduction

The calculation of transport coefficients for
disordered (in particular liquid and amorphous)
metals is an outstanding problem. which, in spite
of much theoretical effort. has not yet found a
satisfactory solution. Whereas in crystalline me-
tals very reliable band structure calculations are
available, and the “only” problem consists in
finding the appropriate form of electron-phonon
interaction, the absence of long range order still
represents a serious theoretical difficulty.

Most of the calculations of electrical resis-
tivity, for example, have been done in the
framework of Ziman's theory, using either a
pseudopotential or an atomic f-matrix in order to
describe the electron—ion scattering [1]. This ap-
proach has the merit of leading to concrete
results without too much computational effort,
but it neglects all multiple scattering effects.
Moreover, one is often forced to make assump-
tions about the values of the Fermi energy E;
and the Fermi wave vector k, which may not be
“consistent” with each other [2].

Better approximations can be based on' exact
formulae for electrical transport coefficients,
which are of two different types. The Kubo-
Greenwood formula on one hand expresses the
conductivity in terms of a (configurationally aver-
aged) two-electron Green function [3]. Suitable

approximations for the one-electron self-energy
and the vertex function yield corrections to the
Ziman expression, which are of higher order in
the atomic r-matrix [4, 12]. In the same Kubo-
Greenwood approach the effective medium ap-
proximation of Roth [5] has been applied to
transport properties by ltoh et al. [6, 7].

This paper is based on an alternative ap-
proach, offered by an expression for the resistivi-
ty p in terms of the total scattering matrix
T(k. k') of the metal giving the scattering am-
plitude for an elastic electron—ion collision from
momentum fik to ik’. At zero temperature it has
the form

3% f
= | dO
YT VT Rt

xfdnk.(k— K'Y |T(k. k', E-)|* . (1.1)

2 being the volume of the system and the integ-
rations running over the directions of k and k'
the absolute value of which is given by k° =
k'?=ki=2mE./#> As stated by Dunleavy and
Jones [8] this result can be obtained by a
Boltzmann equation approach [9] where the
transition probability in the collision integral is
given by | T(k, k')|>. Expression (1.1) can also be
found starting from a force-force correlation
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function expression for p [10]. However, the
exact form of p in such an approach also invoives
a denominator. Rather than entering into the
controversy about the correct form of p in this
context {11.8] we motivate our choice of study-
ing (1.1) by two arguments. First. the Boltzmann
equation approach appeals to our physical intuit-
ion. Its usual limitation to the regime of long
mean free path is not valid here. since the quan-
titv |T(k. k)" entering (1.1) rigourously de-
scribes the scattering effect of all the jons on an
imcoming free electron and thus (1.1) vields the
resistivity of a piece of metai which is connected
to a perfect conductor (i.e. free electron boun-
darv conditions). Secondly. eq. (1.1)—even if it
is not rigorously the exact expression for the
resistivity — allows for an interesting discussion of
multiple scattering contributions to the scattering
properties of a given arrangement of ions. which
is the main goal of this work.

An cxpansion of the scattering amplitude 7 of
a given svstem in terms of the r-matrix of the
individual atom is particularly useful for an en-
semble of non-overlapping muffin-tin scatterers.
In this situation only the energy-shell part of T is
necded. which can be calculated. in principle at
least. by a simple matrix inversion. The main
results of such a multiple scattering expansion
for 7. namely the density of states D(E) and the
resistivity. are summarized in section 2. For a
concrete system one would first evaluate the
Fermi energy E.. using the rigorous form of
D(E). This fixes the length ik, = (2mE;)' ° of
the momenta Ak and Ak’ of the incoming and
outgoing electrons, respectively. The integral
(1.1) then vields the resistivitv. It is important to
notice that the free electron relation (hk):=
(hk'y' =2mE; is only a consequence of the
boundary conditions used in the scattering ring
calculation (a piece of metal immersed in a free
electron gas) and does nor mean that ‘band
structure effects™ induced by the electron-ion
interaction are neglected. The latter are, of
course, included in the exact form of T.

Previous calculations of p which included some
multiple scattering effects [8. 4, 12] have shown
that multiple scattering contributions can lead to
positive or negative corrections to the lowest

order (single site) Ziman result. However,
evaluating multiple scattering in |T|? invariably
necessitates some approximation for higher
order ionic correlation functions, which are not
easy to control.

The goal of our calculations, presented here, is
to obtain more insight into the qualitative be-
haviour and the quantitative contribution of
multiple scattering in electronic transport in dis-
ordered metals, without making any approxi-
mation for ionic structure factors. In order to be
able to implement the results of section 2 we
have concentrated on small systems, i.e. clusters
of a small number of muffin-tin scattering cen-
ters, for which we evaluate § D(E), the correc-
tion to the free electron state density due to the
ions. the resistivity p(E¢) and the thermopower
Q(E;). The relevance of these results is two-
fold: on one hand they can be taken as cluster
results in their own right and can in principle be
compared with experimental data. if one suc-
ceeds in implanting small clusters of a given
element into a free electron like matrix (like Cu
or an alkali metal). If these clusters are suffi-
ciently distant from each other in the matrix the
measured AD and p would simply be the (inco-
herent) sum of the contributions of each cluster,
or - stated differently — they would be equal to
the average 6§ D_ and p_ (for a cluster) multiplied
by the number N_ of clusters:
é6D=NG6D, . p=N.p_. (1.2)
On the other hand, these equations can also be
used as an approximation for 6D and p of a
macroscopic  {concentrated) system the local
structure of which is given by clusters of the type
used to compute §D_ and p.. Egs. (1.2) then
amount to neglecting all coherence effects be-
tween the multiplie scattering of an electron from
different clusters (i.e. by neglecting all terms in
(2.2) which involve t-matrices in different clus-
ters): the solid is modelled by a dense packing of
small clusters, whereby the multiple scattering
inside a cluster is treated exactly, but the coher-
ence effects between clusters is neglected.

This is certainly an incomplete approach for
calculating the resistivity of a given metal, and
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thus we have not done our calculations with the
intention to compare our numbers with experi-
mental data. Rather, we wish to exploit such
cluster calculations in two ways:

(i) The importance of multiple scattering in
the results for 6D_ and p_ is investigated as a
function of cluster structure, cluster size and
Fermi energy. Some general features concerning
for example the difference between the full re-
sult for p and the single-site approximation, as a
function of E; and similar aspects are extracted
and explained in simple physical terms.

(ii) The cluster data shall be used as a guide-
line and as a ‘“‘judge” for developing analytic
approximations in the calculation of p for a
macroscopic system which go beyond the Ziman
approximation. This is the scope of future work.

The rest of the paper is organized as follows:
section 2 summarizes the (muffin-tin) multiple
scattering formalism, section 3 gives more details
about our cluster calculations (types of clusters
treated etc.). The numerical results are presen-
ted in section 4 and a summary is given in the
last section.

2. Summary of multiple scattering results

We consider the scattering properties of the
one-electron Hamiltonian

2 N
=P -
H=3- +§1 V.(r—R,), (2.1)

where V_is a muffin-tin potential attached to site
R,. According to the general multiple scattering
formalism, summarized, for example, by Ehren-
reich and Schwartz [13] the total scattering
operator T is expressed by the single-site scatter-
ing operators ¢, and the free electron propagator
Gy

T=21,+ 2 1,Gyt, +-. (2.2)

{(nwm)

Alternatively, T can be decomposed in a sum
over “path operators” 7,, such that the matrix
element of T in plane wave states is given by

T(k, k:) = E eik-R"—ik’~Rm Tnm(k, k:) . (23)

n.m

Each 7, has an angular momentum decompos-
ition (L =1, m)

Tm(k k)= (A7) 2 Y, ()75 Y, (k). (2.4)

In principle T and each 7 depend on an energy
variable E. However, owing to our free electron
boundary conditions for scattering, we only
need “energy-shell matrix elements™. for which
E = (hk)2m = (kk')’12m = (fx)/2m  then.
7ot (k, k') — which we denote by 7:5'(k)—is
given by [13]

o (k)= ([77' (k) = B(x)) " )us (2.5)
Here

Bt =4mik 217N €y
Ly
><},L](Rn - Rm)h/‘:(KIRn - le)(snm — 1)
(2.6)

with
Covir=[ a2 Y,V Y0 2.7)

and h] being the outgoing spherical Hankel
function. The matrix 7 involving the single-site
phase-shifts 8% is diagonal

tE ()= =848, ke ) sin (k). (2.8)

Inserting the solution of (2.5) and (2.3) into
(1.1) we can in principle evaluate the resistivity p
of a metal composed of N such muffin-tin ions.
A more explicit form for p will be written down
below for the case of s-scattering only.

The change in the electronic density of states
can also be expressed by the matrices 7 and B
[13]. An interesting alternative is offered by the
generalized cluster phase-shifts {14. 15]. They are
defined in such a way that the matrix 7 (eq.
(2.5)) is diagonalized.

Using h} =j, +in, we can decompose B into
its real and imaginary parts:
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B=«k[N-i(J-1)] (2.9)
with

N = (1= 8,85 )am 2 €y 17170

xY, (R, —R,)n (KlR -R.D). (2.10)
]ﬁi =477L2 Coo ‘L i

xY, (R,—R,)j, (xR, = R,|[). (211)
Thus. from (2.5),
7 =—=k[N+ C-1iJ] (2.12)
with
Cit =6, 8" ctgsh. (2.13)
We now diagonalize the matrix
M=I""(N+C)I’ (2.14)

I=J" being the square root of the non-nega-

tive matrix J. and we relate the eigenvalues of M

to the cluster phase-shifts n,

Mo () =2 e (N agn,(er (1), (2.15)
A

¢(A) being the eigenvector number A. With the

help of M =M — i1 the matrix 7 can be written
as
1 -1
7= (1ul) (2.16)
or
, 1
Tom =T 2 T Nent(h)
K "’.":
Ly.LyA
xe™sinm, @ (A7 3 (2.17)

In this result the generalized phase-shifts 7, ap-
pear in a similar way as the single-ion phase-
shifts in (2.8). The number N, of non-zero
phase-shifts equals the sum L/ D where D, is

n=1

the number of non-vanishing phase-shifts of the
nth scatterer. Using the formuia [16]
SN(k)= Im Trin T(k) (2.18)
for the change in the integrated density of states
per site (spin included) we find the exact,
Friedel-like reiation
2
= — . 2.
BN(K) = = 2 m,(0) (2.19)
For the sake of exhibiting multiple scattering
effects it will be useful to compare the exact
results (1.1) and (2.19) for p and 8N, respective-
ly, with corresponding single-site approxi-
mations. For the resistivity truncating the series

(2.2) after the first term yields the usual Ziman
T-matrix formula [17]:

2kg

3w
f 89 4’S(lr(q. ke

) (2.20)

pSS=

with

1 .
(g, k)= — ;2(21 +1) e sin §,(k)P,(cos 8) ,
(2.21)

g* =2k*(1-cos ), (2.22)
6 being the scattering angle between k and k'.

The single-site approximation for the density
of states is given by the Friedel sum

8N, =—Es (x )-—Z(21+1)5 (k).
(2.23)

This limit can be obtained by considering very
distant scattering centers in egs. (2.10) and
(2.11). Then n, and j, go to zero and therefore
N=0andJ:: =6,,8"". Thus, in (2.14), M=
C is diagonal and has eigenvalues ctg 6°.

It will be interesting to consider an inter-
mediate approximation for the cluster phase-
shifts, obtained by expanding (2.14) for weak
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scatterers, where the phase-shifts are small and
ctg 8+ is large. Neglecting N with respect to C
we then have to diagonalize
M=1"'cr™ (2.24)
and the corresponding approximate phase-shifts
7, can be inserted into (2.19). In contrast to the
Friedel sum (2.33), the density of states so calcu-

lated contains structural information through the
matrix I in (2.24).

3. Some details concerning our calculations

We have applied the results of section 2 to
various clusters of identical s-scatterers. The neg-
lect of all single-site phase §, for / =1 consider-
ably simplifies the computational scheme and
should be adequate in order to discuss electronic
properties of simple metals. The muffin-tin po-
tential was modelled by a square well of depth
-V, and radius a. Where we use V; values for
which the phase-shifts §,, /=1, would be non-
negligible, our restriction to s-phase shifts has of
course only model character, independent of the
real behavior of the square well potential. The
number N, of cluster phase-shifts (A=1---N,)
is now equal to the number N of sites in the
cluster.

We have studied the following types of
clusters:

(i) Ordered clusters of fcc symmetry compris-
ing the first and the second shell of neighbors,
i.e. N=13 and N=19. The distance d between
nearest neighbors was chosen to be 2.2a, yield-
ing an atomic volume £, =(2.2a)"/V2. The fcc
structure has the advantage of yielding simple
expressions for the R,. At the same time it
represents a close packed neighbor structure ty-
pical of an amorphous or a liquid metal with a
high coordination number. Even though it has
the point symmetry of a perfect crystal the elec-
tronic properties of such a cluster are typical of a
disordered metal, since by summing the contri-
bution of many clusters incoherently, as in (1.2),
we discard any long range order. Moreover,
expression (1.1) for the resistivity involves au-

tomatically an angular average over the direc-
tions of the incoming and outgoing electrons.
The two clusters will be denoted as (13.0) and
(19.0).

(i) In order to study the influence of the
cluster structure, more particularly of its degree
of order or disorder, on its electronic properties.
we have deformed the two ordered fce-like clus-
ters by random displacements of the ionic sites.
For the details of this deformation procedure we
have followed Cubiotti et al. [18]. The position
of the nth scattering center is shifted by a vector
S,. The 3N components s,(i=1---3N) of these
displacements are random variables, calculated
by the formula:

5, =2[iV2-int(ivV2) - iIna . (3.1)

Here int(x) is the integer part of x and the factor
n allows to go from *“‘weak’™ to “strong’ dis-
order. 1t is always chosen sufficiently small so
that the muffin-tin spheres do not overlap. (Since
for the fcc structures d > 2a, there is some *‘free
room” between the muffin-tin spheres.)

These deformed clusters will be denoted as
(13.D) and (19.D), respectively. Two clusters
with the same number of particles but with dif-
ferent degrees of disorder can be used to simu-
late the effect of thermal vibrations of the ions
on the electronic properties. In the regime of
sufficiently high temperatures an electron mov-
ing through the cluster sees the instantaneous
ionic configuration. Thus the disordered clusters
will represent a high temperature system (large
amplitudes of thermal vibrations leading to
strongly asymmetric instantaneous configur-
ations) and the ordered (fcc) clusters model the
same system at low 7. This can be justified by
going to the limit of T larger than the Debye
temperature in the formula [19]

2kg

3n’'h f s R
= eem—— d -
= ) 99’ |7(q)|

A ‘
x fdw W@‘_"_—l S(q, w) (3.2)
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for the resistivity that replaces (2.20) at low T,
where inelastic scattering has to be taken into
account. At high T the frequency integral over
the dynamic structure factor S(¢. w) reproduces
the static structure factor S(g). In this limit a
description in terms of elastic scattering from a
rigid arrangement of ions (described by S(gq))
and one in terms of the sum of all inelastic
scattering (given by [ dw S(q, w)) are equival-
ent. and the T dependence of p is essentially
given by that of the ionic structure.

In order to characterize the structure of our
clusters we have plotted in fig. 1 the angular
average of the structure factor

1 -
S(9)=71-x fcmq 2 e

1 .
=% 2 Jo(qlR, —R,). (3.3)

For ga=2. S(g) has a similar behaviour as
found in a liquid or amorphous metal. The first
peak is located at k= 7.3/(2a), which is consis-
tent with experimental structure factors, where
7= k,d =< 8{30]. The small size of our clusters is,
however, reflected in the following features:

(i) The height of the first peak (=1.8 for the
ordered and 1.5 for the disordered case) is lower
than that in an amorphous or liquid metal.

(1) The secondary oscillations are more pro-
nounced, and show shoulders, which are, how-

2

Sta}
u( o

qa

Fig. 1. A comparison of lhe structure faclor (3.2) of the
ordered (a) and a disordered (b) 19-particle cluster. The
dashed line represents the truncated structure factor used for
calculating pgs (see fig. 5).

ever, of a different shape than the one usually
seen on the second peak for a metallic glass.
Moreover, there is a small “prepeak” near ga =
2.

(iii) There is a central peak of height N and of
width ~1/D, D being the diameter of the clus-
ter. In an infinite system this yields the usual
8(q) contribution which is subtracted from (3.3),
and which does not contribute to the Ziman
integral (2.20). In order to judge for which
domain of Fermi energies the ceniral peak will
lead to a behaviour of p for our clusters which is
qualitatively different from the one of a large
system we have calculated the Ziman resistivity
by using a truncated S(g) as shown in fig. 1. The
results will be discussed in section 4.

On the other hand the two curves in fig. 1, for
the ordered and the deformed 19-particle clus-
ters, show very directly the influence of increas-
ing disorder on the structure factor of the clus-
ter. The effect is indeed the same as that of an
increasing temperature, seen in diffraction ex-
periments on amorphous and liquid metals.

For each cluster we have computed the follow-
ing quantities:

(a) The cluster phase shifts 5,. For the or-
dered clusters the eigenfunctions of M(2.14, 15)
transform according to irreducible represent-
ations of the cubic point group, and we find
degeneracies in 7, of order 1,2 and 3.

(b) The density of states D(E). Following the
procedure outlined in the Introduction (eq.
(1.2)), we multiply the contribution of one clus-
ter by the number of clusters needed to build a
macroscopic system out of such cluster units of
the same mean atomic volume. This yields for
the integrated density of states per unit volume
(including the free electron contribution)

3
N = 35 + s S ~m(0). 6.4

(We use Rydberg units.) Subtracting out 7,(0)
removes the contribution of bound states. The
(differential) density of states D(FE) is then ob-
tained by numerical differentiation.

(c) The resistivity p, according to eqs (1.1)
and (2.20), respectively.
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(d) The thermopower Q. Without going into
details we remark that the latter can be calcu-
lated in the same multiple scattering framework

[1):

_ 7°kiT 3 1n p(E)
3e JE E=Eg’

Q (3.5)

where p(E) is the energy-dependent resistivity
given by (1.1) with E. = #A’k2/(2m). The mul-
tiple scattering resistivity (1.1) is differentiated
numerically, whereas in the single-site approxim-
ation one obtains from (2.20) the well-known
result [1]:

2;2
o kBT( Ca L)
0.=- 5,5 3-2%-3 (3.6)
with
= IT(2kF’ KF)IZS(sz) , (37)
I(2kg)
2kg

1 J 3 d 5
r 4k!3:1(2k1:) ) q q (q) aKF IT(qi KF)I b

(3.8)

2kg

1@k =z | 34 #S(lrta k)P (9)

4. Results
(a) Cluster phase-shifis

Fig. 2 shows the results for the potential
strength Vya® = 2.4. As the curve for the single-
well phase shift shows, this is a relatively
“strong” potential, which almost has a bound
state (the critical value above which there is at
least one bound state is V,a’ =0.25%%). The
cluster (13.0) has 6 distinct phase shifts. The
corresponding eigenvectors (2.15) transform ac-
cording to the irreducible representations

A (2), E;(1), T\,(1), T,,(2) of the point group

LT

PHASE SHIFT

K e

Fig. 2. Phase shifts for V,a’ = 2.4. Full curve: phase-shift of
the potential well. Dotted lines: cluster phase-shifts for the
(13.0) cluster, belonging to the following irreducible repres-
entations of the group O, : A (a.f), Ty, (b.e), T, (c). E (d).

O,,, the multiplicities being given in parentheses.
The cluster has 4 bound states: 4 phase-shift
curves (A, and T,,) start out at 7. The results
for the disordered counterpart (13.D) would be
qualitatively similar. However, the degeneracies
are removed, and there are only three bound
states.

(b) Density of states

D(E), computed by differentiating (3.4), is
shown for different (13.D) clusters in fig. 3,
together with the free electron curve. At low
energies there is structure in these curves which
depends on the particular behavior of the phase-
shifts for a given potential and a given arrange-
ment of the scatterers. These structures are
smoothed out when the average is taken over
several clusters of the same degree of disorder.
At high energies (E =6.5) all curves follow the
free electron behavior, albeit with a possible
overall shift.

The most interesting feature, however, is the
minimum between those two-energy regimes, at
E=E_. It is fully developed for the strong
potentials, whereas for V,a’ = 0.9 only an indic-
ation of a minimum is visible. Such minima have
been found by approximate calculations of the
averaged self-energy of an electron moving in a
random potential, using self-consistent perturb-
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DlE)

(% a)?

Fig. 3. Densities of states for the cluster (13.D) with differ-
ent well-depths: V,a" = 0(a). 0.9(b). 2.4(c). 15(d). 22(e). The
arrows indicate the position of the structure induced minima
at E=E_.

ation theory [20] or an effective medium ap-
proach [21]. Photoelectron spectroscopy has re-
vealed the existence of such a minimum in amor-
phous AuSn alloys {22]. It also plays an impor-
tant part in a simple stability argument for metal-
lic glasses involving simple metals put forward by
Nagel and Tauc [23].

1t is interesting to note that the value of E
varies considerably with potential strength. On
the other hand, we have calculated the number
Z, of electrons per ion for which the Fermi
energy would lie at E . We find 1.3<Z_=<1.8,
with little dependence on V,a>. Our Z_ is consis-
tent with Z_=1.6 given by Nicholson and
Schwartz {21], who have 11.6 for Cu alloys in-
cluding the filled d-band.

These facts, i.e. strong variation of E_ at
almost constant Z_ and the existence of a
minimum itself, may be understood by the help
of a fictitious mean dispersion curve £(k) of the
electron moving in the ionic potential. We take
€(k) to be that dispersion curve which would
yield the true density of states through the
formula

D(E) = N—zn—o g 8(E — &(k)) . (4.1)

It is the inverse of the function k(e), given by

k(€)= (3#°N(£))'"*. (4.2)

Here £ = E — E is the energy variable counted
from the value E, at which N(E), the integrated
density of states (3.4) begins to deviate from
zero. The resulting €(k) are shown in fig. 4. The
flat position of the curves A and B, followed by a
steeper rise and even an “‘overshooting™ of the
free electron line in A, can be understood in the
usual “quasi crystalline” picture [20], {23] which
would yield a gap (or at least a pseudogap) at
some wave vector k,, representing the spherical-
ly averaged zone boundary. We stress that e(k)
has been determined *‘a posteriori”’ and that our
calculation of D(E) is not based on the existence
of such a hypothetical dispersion function, but
fig. 4 shows in a simple way the effect of ionic
structure on the electronic properties in a disor-
dered metal. In particular, it is interesting to
note that k,, and kg are in fact different from
each other and from k_/2 (see fig. 1), where the
‘‘average zone boundary” would be expected to
lie. These differences can be interpreted by no-
ticing that the effective average wave number
k=VE -V “inside” the system can be larger or
smaller than the free electron value k,=VE
depending on whether the average potential V is
attractive or repulsive. In the case Vya® = 2.4 the
single-site potential is truly attractive (§, is posi-
tive and smaller than #/2), therefore k > k, and
thus the value k_ , for the wave number of the
incoming electron which will correspond to the

10 T T 1

€lk)o? —

Fig.. 4. “Dispersion curves”, calculaled according 10 eq.
(4.2) for the (19.0) clusier with V,a°=15 (repulsive
pseudopotential). The letiers e, f, g mark the position of &, ,
k2, kg, respectively (see text).
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zone boundary k /2 inside the system is effec-
tively smaller than &k /2. The opposite is true for
V,a® =15, where & starts at 7 and decreases
towards /2 in the relevant energy domain (£ <
5). Disregarding the bound state we can there-
fore speak of a repulsive pseudopotential the
phase-shift of which is negative (modulo #), and
k<ky. V,a®=22 has a similar phase-shift as
V,a® =2.4 (modulo ), and the two potentials
indeed yield similar densities of states. The re-
pulsive nature of V,a® = 15 is also reflected in the
fact that D(E) takes off at E,= 1.6 only: there
are no states between E=0 and E=E; (in
reality our superposition of cluster densities of
states according to (1.2) yields a slightly negative
D(E) between zero and E,, which has to be
discarded).

The minimum of D(E) at E_ is a direct struc-
ture effect, seen in the electronic state density.
Indeed, the Friedel approximation (2.23), which
includes no structural information, yields a
smooth density of states without any minimum.
On the other hand, the phase-shifts 7,
diagonalizing (2.24) also yield a minimum qual-
itatively similar as the exact formula (3.4). For
identical s-scatterers, eq. (2.24) is particularly
suggestive:

M, =cgs-(J7"),, (4.3)

and, according to (2.15), applied to M, the
values of ctg 7, are given by ctg & divided by the
eigenvalues of the “structure matrix” J, related
to the structure factor by

S(0)= 775 2 (), (44)

see egs. (2.11) and (3.2)

(c) Resistivity

Fig. 5 shows the resistivities as a function of
the Fermi wave number (denoted by k or « in
the following) of the clusters (19.0) and (19.D)
for two potential strengths, calculated exactly
(pums) according to (1.1) and in the single-site
approximation (pgs) according to (2.21), with

2000 1
v, o= 2.4 v, a?=15

1000

RESISTIVITY t R cmi

12 345

Fig. 5. Left: (a) Resistivity of the cluster (19.0) for V,a° =
2.4. The three curves denote pg(a). p,s(b) and pgg(c) using a
truncated structure factor. Below, the position of the Fermi
wave vector for various valences, calculated by the use of the
true density of states (Z) and for free electrons (Z,). Right:
(b) Idem. for V,a’ =15.

1=0 only. The well-known structure of pg with
a maximum at 2kp = kp, due to the “Ziman
integral” in (2.21) is less pronounced than usual,
due to the influence of the large central peak in
S(g) (it is also washed out by the energy depen-
dence of the single-site phase-shift). For com-
parison we have calculated pgg using a truncated
structure factor, the low g behavior of which is
sketched in fig. 1. The resistivity pgs indeed
deviates from pgg for kpa <1.6. Therefore we
should not use our results for comparison with
experimental data from macroscopic samples (in
particular at low Fermi energies), but the various
conclusions concerning the effect of multiple
scattering, to be drawn below, should still be
valid, at least semi-quantitatively.

The energy dependence of p,¢ is much more
monotonic than for pgg: the maximum at k=
k,/2 has practically disappeared. Even consider-
ing the above mentioned effect of S(¢) at low ¢,
the curves for pys and pgg show that multiple
scattering effects tend to decrease the strong
structural (Bragg-type) scattering near k = k /2,
although the latter is still active (or even enhan-
ced by multiple scattering) in the density of
states, producing the minimum discussed above.
We do not show curves for weak potentials, since
there py differs little from pgs.
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In order to follow in more detail the different
behaviors of p,,s and pgs we have plotted in fig. 6
the ratio a = p,/pss. It is interesting to note
that we find a <1 and a >> 1, i.e. multiple scat-
tering does not necessarily enhance the resistivity
as one might naively assume. We have made the
following observations:

(1) Cluster size influences the details of a(x),
but not the positions of its maxima and minima.

(i1) Disorder damps the oscillations in a, but
does not shift the maxima and minima.

(1) For ‘*‘attractive”™ pseudopotentials (see
above) a oscillates between a>1 and a <1,
whereas for “repulsive” ones it is most often
smaller than 1.

(iv) For weak potentials a > 1 around the first
peak of S(g). whereas for stronger potentials a is
typically larger than 1 for x <k /2 and a <1 for
k =k /2.

(v) The maxima of a are typically shifted to
somewhat lower values of k with increasing V,a",
but they do not depend strongly on the latter
quantity. The wavelengths A, =2=x/k,, corres-
ponding to the wave numbers k, of the ith max-
imum are roughly the following: A, =2d, A, =d,
d=2.2 a being the mean neighbor distance in
the cluster (19.D). These simple relations sug-
gest that enhancement or suppression of p
through multiple scattering processes is a
“matching effect” between the de Broglie
wavelength of the scattered particle and the

S12x)—~—

1 2 3
xa—
Fig. 6. a = py4/pss for the clusier (19.0). The curves are

labelled by the values of V,a’. Below 1he siruclure factor is
shown for comparison.
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Fig. 7. « for a dumbell with different potential sirengths.

(mean) distance between two neighboring scat-
terers. This is corroborated by fig. 7, showing a
for a dumbell (N =2). Indeed, a has its first
maximum at about the same value as in the
19-particle cluster. The amplitude of its oscill-
ations, however, is much smaller (between about
0.9 and 1.1), even for strong potentials. Thus the
curves in fig. 6 can be viewed as the superpos-
ition of a certain number of “‘dumbell curves”,
with the additional effect of a shift of the a-
values towards a <1 for the repulsive potentials.

Multiple scattering has yet another effect on
the theoretical value of p for a metal with a given
atomic potential: through the modification of the
density of states the Fermi energy E; is shifted
with respect to the nearly free electron value for
a given valence Z and atomic volume £2,. In fig.
5 we show E.(Z), calculated both in the NFE
approximation and using the true density of
states. As the figures show, this shift of E; may,
depending on V,a* and Z, enhance or counter-
balance the effect of multiple scattering on p, as
represented by the ratio a at fixed k. For exam-
ple, the values of p for Z=1 and pg for the
corresponding Z, =1 in fig. 5b are about equal,
although a(k) <1 in that energy domain, show-
ing that the single-site approxi-
mation would be quantitatively correct.

We have also investigated the convergence of
the multiple scattering series (2.2). As expected,
for wave numbers higher than some threshold «,,
the triple or even double scattering approxi-
mation to (2.5), obtained by expanding
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'-B)y'=(1-7B)"'r

=74+ 7Br+1tBrBr+--- (4.5)
reproduce p quite well. For V,a*> = 0.9, for exam-
ple, k,a =1.2. Below «, a given approximation to
p deviates more and more from the true result,
the lower the energy. As shown in fig. 8, for
V,a® = 2.4, the series for a is probably divergent
for ka < 1.5, since there all the shown approxi-
mations of a tend to larger and larger values
when x decreases, whereas the exact a (=a,)
decreases. This is obviously related to the oc-
currence of 4 “cluster bound states” for this
potential strength.

One of the most interesting results is the in-
fluence of disorder on the transport behavior of
our systems. Following the discussion in section
3 we consider the results for ordered (disor-
dered) clusters to be typical of low (high) tem-
peratures and we introduce the quantity
y= Pois _ 1

(4.6)

Porp

In an obvious notation. y can be thought of as
the “temperature coefficient of resistivity”, in
particular y <0 when increasing disorder lowers
the resistivity, which is “unusual” for a “normal”
metal. From numerous applications of Ziman’s
formula (2.20) it is well known that y <0 when
2kg, the upper limit of integration in eq. (2.20)
lies near the peak of S(g), located at k. (See

20— A T
%y
a;
15f 1
3
1.0
oy a, %
ay
0.5 = -
1 2 3
: xQ —

Fig. 8. Various approximations 1o the ralio a = Pus'Pss for
the clusler (19.0).

e.g., the textbook of Shimoji [1] or Delley et al.
[24].) This behavior is indeed found in our y-
curves for single-site scattering, denoted as ¥ in
fig. 9. The domains of negative y are indeed
centered around successive peaks of S(g). It
should be noted that our disordered cluster is
quite strongly deformed, therefore the variation
in ys5(x) is rather pronounced.

The multiple scattering curves, y,s(x), on the
other hand, show rather interesting deviations
from vy, when V,a® is large enough. (For
Vya® =0.4 and 0.9, ¥ and yyq differ little.) In
the case V,a’ = 2.4, v, also oscillates around 1,
but there is a “phase-shift”: the first domain
where v, <0 is larger and is shifted towards
lower wave numbers and lies now rather on the
left of the first peak of S(g); at 2k, < k. There-
fore, the usual criterion, 2k, = kp, for y <0, no
more holds. However, it is interesting to note
that the Fermi wave number k., for valences
Z <12, is also shifted towards lower values. This
means, for example. that if in the free electron
approximation, kga=19 (Z=1.8) lies in the
domain where y <0, the corresponding kga in
the strong scattering system V,a’ = 2.4 lies near
1.6, which is again well in the region y < 0. Thus
the condition for y <0 in terms of the mean
conduction electron number Z per ion (i.e. Z<
2) may still be the same in a strong scattering

0.25F 7 12.4) ‘ ] 7
1 0 bz PN
~ Tus 1101 N
e d
= =
b 1
: -
v 0 L 1
1 2 3
x g —=

Fig. 9. ¥ (eq. (4.6)) in multiple scattering and in single-site
approximation in the 19-particle clusters. The values of V,a’
are given in parentheses, and the structure factor $(2x) is
shown underneath.
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system as in the NFE approximation, but the
corresponding Fermi wave vector may lie well
below k /2.

The cases V,a® = 10 and 15, leading to repul-
sive pseudopotentials, show an interesting new
behavior: whereas s (omitted from fig. 9 for
reasons of clarity) has again “Ziman behavior”,
Yus(k) is rather different: except for small variat-
ions. which are due to the specific form of the
cluster and are smoothed out by a suitable con-
figurational average, the curve is rather flat in
the domain 1=<kxa=<2.3 and lies somewhat
below zero. This seems to be a manifestation of
Mooji's rule [25,26]: when, in a disordered
metal, p(x) is larger than a critical value p, on
the order of 120 wQ cm (this corresponds to k <
2.3 in fig. 5b and in fig. 9 for V,a’ =15) the
temperature coefficient of p has a tendency of
being negative. For xka=2.3 the resistivity is
below p, and y shows the usual Ziman-like oscill-
ations, following the ones in S(g) (albeit in a
range of k-values outside the usual range of
valences Z <5 of normal metals), like the corres-
ponding y;5(x). For these strong scatterers mul-
tiple scattering effects lead to qualitative devia-
tions from the “Ziman rule” for negative tempe-
rature coefficients. More precisely, they lead to a
more general “‘rule”, which seems to be obeyed
in many disordered metals: high resistivities are
typically accompanied by negative .

Xxa

Fig. 10. Thermoelectric power of lhe cluster (19.0) as a
function of x: Q,,.(a) and Q¢(b) for V,a® = 2.4, Q,,.(c) and
Q,s(d) for V,a’ =10.

(d) Thermopower

The results, calculated according to (3.5) and
(3.6-9), respectively, confirm the general con-
clusions drawn for the resistivity in the preceding
paragraph. Fig. 10 shows the negative of Q as a
function of x for V,a® =2.4 and 10. The single
site curve shows the signature of the structure-
dependent term p in eq. (3.7) which varies like
the structure facture and produces a minimum or
even a change in sign in Q for x = k /2. Like the
resistivity pys, the multiple scattering Qys is
much smoother and the structural effect near
k,/2 is more or less suppressed.

5. Summary and conclusions

We have investigated the effect of multiple
scattering of electrons in small clusters of s-wave
scatterers on electronic state density and trans-
port coefficients. Here are the main results:

(i) The electronic density of states D(E)
shows a typical structure induced minimum. Its
position varies considerably with the strength V,
of the single-ion potential. The Fermi energy lies
in the minimum for a number Z of electrons per
ion between about 1.3 and 1.8, depending on V.
This minimum in D has also been formed by
different theoretical methods {20,21] and has
been observed in amorphous noble metal-poly-
valent metal films [22].

(i) The multiple scattering contributions to
the electrical resistivity p can be positive or
negative, i.e. pys can be larger or smaller than
the single-site approximation pgg. This has been
found by previous authors [8, 4, 12] using differ-
ent methods, but it is in contrast to other recent
transport theories like the ones put forward by
Gotze [27] or Beck and Nettel [28], where the
resistitivity calculated *‘self-consistently”, is al-
ways higher than pgs. The fact that pyg can be
considerably lower than pgg is particularly inter-
esting in view of the remarks by Esposito et al.
(2] who find, for example, p-values on the order
of 1000 ulcm for late transition metals when
using a “consistent” couple of values for kr and
E; ((kzh)* =2mE;) in a single-site calculation.
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Obviously our s-scattering calculations are not

valid for transition metals, but we expect the

same effect in a system with predominant d-

scattering. There the resonant single-ion phase-

shift producing a high pg, the Ep is near the
resonance energy, will be replaced by a family of
cluster phase-shifts like in our fig. 2. Those will
go through #/2 at different energies, thereby

reducing the “resonance effect” on p.

(iii) The energy dependence of the multiple
scattering contributions, reflected in our coeffi-
cient a(k)= p,,s(x)/pss(x), can be understood
qualitatively by interference effects in a wave
picture of scattering, as it is demonstrated in fig.
7 for a dumbell cluster.

(iv) Our most important result concerns the
“temperature dependence’ of p, which is re-
presented by the variation of p with cluster dis-
order in our calculations. With respect to the
“Ziman rule”, namely y=(T/p)(dp/dT)<0
when 2k = k,, which is obeyed by pgs, we find
the following important modifications due to
multiple scattering processes:

- For strong scatterers representing an ‘“‘attrac-
tive” pseudopotential (see section 4 for this
terminology) the range where y <0 is enlarged
and shifted to 2k < k. Thus the Ziman rule is
no more valid, but the domain of valences Z
where y <0 may still be similar as in the
single-site approximation.

— For repulsive pseudopotentials we find y <0
and little variation in v for all relevant x’s up
to 2x =1.4k,. This is precisely the behavior
expected by the “Mooji rule” {25] since the
resistivity p,,¢ itself, which has a monotonically
decreasing energy dependence, is larger than
about 120 uf) cm over the same domain where
Yy < 0.

These facts may allow to understand the well-
known exceptions from the Ziman behavior in
the realm of liquid and glassy metals, such as
Gd,Co,; [29] which has y <0 even though 2k,
is not near k.

Although we believe that these cluster results
on the influence of multiple scattering on elec-
tronic structure and transport will retain their
qualitative features in a calculation for larger,
and finally for macroscopic systems, we are fully

aware of the fact that this is only a first step
towards an approach to calculating electronic
properties of disordered metals which goes
beyond the single-site approximation while, at
the same time, being of sufficient simplicity so
that numerical results can be found without
enormous computational effort. Work in this
direction, including calculations for s-, p- and
d-scatterers, is in progress.

Acknowledgements

We are grateful to B. Delley and J.-F. Ger-
mond for their help in the numerical calculations
and to G. Solt for interesting comments. This
work was supported by the Swiss National Sci-
ence Foundation.

References

[1] Shimoji, Liquid Metals (Academic Press, London,
1977).

[2] E. Esposito, H. Ehrenreich and C.D. Gelau jr, Phys.
Rev. B18 (1978) 3913.

[3]1 D.A. Greenwood, Proc. Phys. Soc. 71 (1958) 585.

[4] J. Gorecki and J. Popielawski, J. Phys. F: Metal Phys.
13 (1983) 1197.

[5) L.M. Roth, Phys. Rev. B9 (1974) 2476.

[6]1 M. lioh, K. Niizeki and M. Watabe, J. Phys. F: Metal
Phys. 11 (1981) 1605.

[7) M. Ttoh and M. Watabe, J. Phys. F: Metal Phys. 14
(1984) 1847.

[81 H. N. Dunleavy and W. Jones, J. Phys. F: Meial Phys. 8
(1978) 1477.

[9) J. Ziman. Elecirons and Phonons (Clarendon Press,
Oxford, 1960) ch. 7.

[10] 1.S. Rousseau, 3.C. Stodart and N.H. March, Proc.
Conf. on Properties of Liquid Melals, S. Takeuchi, ed:
(Taylor and Francis, London, 1973) p. 249.

|11} M. Huberman and G. Chester, Adv. in Phys. 24 (1975)
489.

[12] 3. Gorecki and J. Popielawski, J. Phys. F: Meial Phys.
13 (1983) 2107.

113) H. Ehrenreich and L.M. Schwartz, Solid State Physics
31 (1976) 149-286.

[14] Yu N. Demkov and V.S. Rudakov, JETP 32 (1971)
1103.

[15] W. John and P. Ziesche, Phys. Sial. Sol. (b) 47 (1971)
555-564.

[16) P. Lloyd. Proc. Phys. Soc. 90 (1967) 207 and 217.



256 R. Frésard and H. Beck | Muliiple scantering in liquid and amorphous metals

[17] O. Dreirach, R. Evans, H.J. Giintherodt and H.U.
Kiinzi, J. Phys. F: Metal Phys. 2 (1972) 709.

{18] G. Cubiotti, E. Donato, E.S. Giuliano and R. Ruggeri.
Nuovo Cimento 25B (1975) 35.

{19] G. Baym. Phys. Rev. A135 (1964) 1691.

{20] L.E. Ballentine. Adv. Chem. Phys. 31 (1975) 263.

{21] D. Nicholson and L. Schwartz. Phys. Rev. Lett. 49
(1982) 1050.

{22] P. Haussler. F. Baumann, J. Krieg. G. Indlekofer. P.
Oelhafen and H.J. Guntherodt. Phys. Rev. Lett. 51
(1983) 714.

23] S.R. Nagel and J. Tauc. Phys. Rev. Lett. 35 (1975) 380.

{24] B. Delley, H. Beck. D. Trautmann and F. Rosel. J.
Phvs. F9 (1979) 505.

[25] J.H. Mooji. Phys. Stat. Sol. A17 (1973) 521.

[26] P.J. Cote and LV. Meisel, in: Glassy Metals I, H.J.
Giintherodt and H. Beck, eds., Topics in Applied
Physics, Vol. 46 (Springer, Berlin, 1981) p. 141.

[27) W. Gétze, Phil. Mag. 43 (1981) 219.

[28] H. Beck and S. Nettel, Phys. Lett. A105 (1984) 319.

{29} H.J. Gintherodt, P. Oelhafen, R. Lapka, H.U. Kiinzi,
G. Indlekofer, J. Krieg, T. Laubscher, H. Rudin, U.
Gubler, F. Rosel, K.P. Ackermann, B. Delley, M.
Fischer, F. Greuter, E. Hauser, M. Liard, M. Miiller, J.
Kubler, K.H. Bennemann and C.F. Hague, Journal de
Physique, Collog. C8 (1980) 38].

{30] Y. Waseda, in: Liquid Metals, Conf. Series no 30, R.
Evans and D.A. Greenwood, eds. (Institute of Physics,
Bristol and London. 1976) p.230.




Zeitschrift fiir Physikalische Chemie Neue Folge, Bd. 157, S. 617 —622 (1988)
© by R. Oldenbourg Verlag, Miinchen 1988 — 0044-3336/88 $3.00 + 0.00

Multiple Scattering Effects in Electronic Transport
in Liquid and Amorphous Metals *

R, Frésard and H. Beck, Institut de Physique, Université de Neuchétel,
Rue A.-L. Breguet 1, CH-2000 Neuch&tel

Abstract

We have calculated the resistivity of clusters of N (N<177) s-scatterers
arranged in a cubic symmetry in order to exhibit the contributions due
to multiple scattering processes. We have then studied the influence of
increasing structural disorder on the registivity and found a transition
from Ziman behaviour (weak scattering regime) to Mooij behaviour (strong
scattering regime). The effects of multiple scattering on the total

averaged cross-section ¢ of clusters of d-scatterers are also discus-
sed.

Introduction;

The calculation of transport coefficients for disordered metals is still
in  outstanding problem. For instance the temperature coefficient of the
cesistivity o of many amorphous and liquid metals is negative particu-
tarly when p is higher than a critical value of about 150 pQ-cm. This is
fooij’s rule, which has not yet found a generally accepted explanation.
This paper is based on an expression for p in terms of the total
scattering matrix T(k,k’) of the metal giving the scattering amplitude

‘or an elastic electron-ion collision from momentum fik to fik’ [1]. At

* Presented at the Sixth International Conference on Liquid and Amorphous Metals,
rarmisch-Partenkirchen, FRG, August 24 to 29, 1986.
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T=0 it has the form:
3 fl » 2 2

p= — [do [d2 |T(k,k",E)| (k-k") m

7 2 4 [ 3 L 3 F

2rnQe kF
Q being the volume of the system and the integration running over the
directions of k and k', with (fk)’ = (fk’)’ = (hk )’ = 2m E . We hate
calculated the exact T-matrix, describing rigorously the scatteriry
effects of all ions on an incoming free electron, for some clusters,

This allows us to discuss multiple scattering contributions to p fcc

a given arrangement of iong, and to study the influence of a change in
this arrangement on p. For more details see [3].

Theoretical framework:

We calculate T for the one-electron Hamiltonian [4]:

2

P
2m

=

H =

+ 2V (r—R“) 2

[y

where V is a potential well of depth V; and radius a at site RL. I
order to exhibit multiple scattering effects, it is useful to compar:
the results with the single site approximation e, (Ziman T-matrix
formula [71):

s 2k
34 F 3 2
o, = J daqg S(@ lt(q,k )l Q3
2 & F
ek 2 0
Fo . i (k) |
where: 7(q,k ) = - k T (2Q1+1y e ' F gind (k ) P (cosh) (4
F F 1)0 1 F 1
2 2 2
and: ¢ = (k- k) =2k (1~ cose) &)

We have done our calculations of p for various clusters of N identica
s-scatterers and for small clusters of d-scatterers, Taking only .;
phase-shifts considerably simplifies the computational scheme, and al-
lows to study relatively big clusters, It should be adequate for simpl:
metals. Where we use V values with non-negligible 8 for 131, th:
restriction to s-phase shlfts has of course only model character
We have studied the following types of clusters:
i) Ordered clusters of fcc symmetry comprising up to nine shells a!
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neighbors, i.e 13 ¢ N «177. The fcc structure has the advantage to
represent a close packed neighbor structure typical of a disordered
metal with a high coordination number., Even though it has the point
gymmetry of a perfect crystal, the electronic properties of such a
cluster are typical of a disordered metal, since if one calculated the
resistivity of a piece of metal by summing the contributions of many
clusters incoherently one would discard any long range order.

ii) In order to study the influence of the cluster structure, more
particularly of its degree of order or disorder, on its electronic
properties, we have deformed the ordered fcc-like clusters by random
displacements of the atomic sites, respecting the condition that two
potential wells do not overlap.

Two clusters with the same number of particles but with different
degree of disorder can be used to simulate the effect of thermal
vibrations of the ions on the electronic properties. In the regime of
sufficiently high temperatures an electron moving through the cluster
sees the instantaneous ionic configuration. Thus the disordered cluster
will represent a high temperature system and the ordered cluster models
the same system at low T. We will use the notation (N.0) and (N.D) for
ordered and disordered N-ions clusters, respectively.

Results;

Figure 1 shows the resistivities p e and p .s as well as the quantity
a = p&a/pga -1, as functions of the Fermi wave number k; for the cluster
(87.0) for a strong potential, and the structure factor. It is
interesting to note that « can be positive or negative, i.e. multiple
scattering does not necessarily enhance the resistivity as one might
naively assume, We have made the following observations: For strong
potentials, a is most often negative () -2/3), whereas for weaker
potentials, -2/3 £ a1 for the biggest cluster. The maxima of a are
2
typically shifted to somewhat lower values of k; with increasing Voa s
but they do not depend strongly on the latter quantity. The wave-lengths
Xl = Zn/k‘, corresponding to the wave numbers k‘ of the i-th maximum are
roughly the following: x' z 2, Az =z d, d = 2,2a being the mean neighbor
distance in the clusters. These simple relations suggest that enhance-
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ment or suppression of p through multiple scattering processes is 3
"matching effect"” between the de Broglie wave-length of the gcattere]
particle and the distance between two neighboring scatterers,
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Figure 1 : Mutiple scattering — Figue 2 : y(V.a ,K) defined i
(ﬂ’ . J and single-site (,os . ) resis- the text, for some clusters. h:
tivities, structure factor 5 amd sﬂz_:;]e—sjte 7., do not depend o,
a’vezwf‘ezrjmvevectari. l:;a,

In order to discuss the influence of the degree of order of tte
cluster, we show in Figure 2 the quantity 7y = p“s/po” -1 fer
differents potentials and clusters. r can be thought of as tte
"temperature coefficient of the resistivity", in particular y < 0 when
increasing disorder lowers the resistivity. The single site result, LA
shows Ziman behaviour (81; LA is negative near the peaks of S(q) ard
positive near the minima,

The multiple scattering curves, LA on2 the other hand, show rather
interesting deviations from LA when Voa is 1argez enough. (For week
potentials, LA and oo differ little.) For Voa = 2.4, LA also
oscillates around =zero, but the first domain where ‘r"s is negative :s
shifted to lower wave numbers. For the "small" clusters, i.e 43¢ N <8,
this domain is enlarged, but for the big ones, it is reduced. The ca:e
Vo a = 10 shows a new behaviour. For the same "small" clusters the LA
curves are rather flat in the domain 1% k‘a {2 to 2.2, depending on tle
size, and lie somewhat below zero. This is a manifestation of Mooij s

rule, because the corresponding e, are monotonically decreasing (s
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tanctions of k_. This cross-over between Ziman and Mooij behaviour, when
tane potential becomes stronger, has been interpreted elsewhere [2] in
tsrms of generalized clusters phase-shifts defined below. For the big
(lugters, N > 100, the r , curves look like the preceding ones, but do
ot lie below zero anymore., Indeed, these large clusters are more
{ypical of fcc crystals at different temperatures, rather than amorphous
end liquid metals, which is also corroborated by their structure factor
tnowing, for example, a split first peak, Then Mooij’s rule is no more
¢pplicable.

The last part of this section concerns the averaged cross-section o
for clusters 2of d-scatterers (only 62 is different from zero), The
I arameter V;a is chosen such that 62 shows a sharp resonance, ¢ is

civen by:

1 1
c=—fde fde |— Tk 6)
4 n * ¥ 4

In Ziman’s approximation, it reduces to an expression like (3) but with
qI replaced by g, which leads to a sharp maximum for 9. at the
rzsonance of 62. The enormous reduction of ¢ through multiple scattering
wiich we find around the resonance of the single ion phase-shift is easy
t> understand with the help of the generalized phase-shifts n [51, [6].
Tie latter are the eigenvalues of the matrix = L describing all
. stattering processes beginning at site n and endgng at site m, The

ccoss-section is given by:

4n g

- § sin n 7)
-
Most of these phase-shifts have a resonant form, but the energies

o (k) =
-3 F

1

£

wiere they go through n/2 are different for different A, which is not
tie case for the corresponding single-site phase-shifts, This splitting
¢: the phase-shifts due to the multiple scattering around the resonance
w.ll not only lead to a drastic reduction of ¢, but also of p
(:alculating p is, however, more time consuming). This is particularly
iiteresting in wview of the remarks by Esposito et al [9] who find, for
eiample p values of the order of 1000 uQcm for late transition metals
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2
when using a "consistent” couple of values for k_ and EL ((ﬁkr) = 2mE
in a single site calculation,

Conclusion;

Multiple scattering processes may enhance or lower the resistivity wi i
respect to the single site result, which has been found by previo:
authors [1], [10) using different methods., Around the resonance of td:
single site phase-shift, they lead to an important reduction of t g
total scattering power for d-scatterers.

Depending on the potential strength, increasing Lhe structuri.l
disorder of the clusters leads to "Ziman" or "Mooij" behaviour in tlg
resistivity,

We plan to do similar calculations for more realistic models . f
metallic glasses and for quasi-crystalline structures. Moreover th
results of these numerical investigations will be used as a test and j
guideline for analytic calculations going beyond Ziman approximation.
This work has been supported by the Swiss National Foundation.
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The following aspects of the electronic properties of liquid and amorphous metals are
studied: (i) density of states of polyvalent liquid metals by means of finite cluster calcula-
tions, (ii) the Hall coefficient of simple metals by the use of a generalised transport
equation, (iii) the effect of multiple scattering on the electrical resistivity.

Measuring electronic densities of states (DOS) and
electrical transport coeflicients in liquid and amor-
phous metals is an everyday activity of the Basel solid
state group. Therefore any condensed matter theoreti-
cian working there is exposed to the question how
10 calculate such quantities in a simple but well
founded theoretical framework. It is the purpose of
this contribution to summarize some recent calculca-

. tions aiming at a better understanding and a more
. quantitative description of the electronic properties

in non-crystalline metals — a fascinating problem of
condensed matter physics on which the first autbor
has had many stimulating discussions with H. Tho-
mas.

1. Electronic Densities of States in Simple Metals

DOS measurements is these systems have revealed
interesting deviations from free electron behaviour in
the form of minima, observed in amorphous noble
metal polyvalent metal films (1] and in polyvalent
liquid metals like Pb, Sn, Bi, Tl [2, 3]. In the latter
metals the minima are unexpectedly strong and al-
most appear as pseudogaps. Self-consistent calcula-
tions of the electronic self-energy, second order in the
pseudo-potential [4], seem to produce only relatively
weak deviations from the free electron curve Dy(E).
In order to include higher order effects in the electron
- ion interaction (multiple scattering (MS) effects) we

have calculated the full scattering amplitude (7-ma-
trix) for a cluster of N muffin fin ions embedded in
a free electron gas. T can be calculated by inversion
of a matrix of dimension N-P, P being the number
of non-zero phase-shifts considered for each site [5].
The correction 6D(E) to Dy(E), due to the presence
of one such cluster, is then given by the energy deriva-
tive of the trace of log T[5], and the density of states
of a macroscopic system can be obtained approxi-
mately by multiplying 6 D by the cluster density before
adding it to D, (corresponding to an incoherent sum
of individual cluster contributions).

Calculations for various structures and sizes
(N=180) of cluster of s-scatterers [6] have indeed
reproduced the structure induced minima observed
in [1], and explained also [7] by eflective medium
calculations (EMA). The minimum is due to an in-
creased electron-ion scattering for wave numbers k
close to the “effective zone boundary”, ie. 2k=k,
the latter being the position of the first maximum
of the structure factor S(g).

Figure 1 shows some new results for a cluster of
19 scatterers, which represents a polyvalent simple
metal, the s and p phase shifts (§, and 4,) being the
only ones that are non-zero in the relevant energy
domain. The structure of the cluster has been ob-
tained by subjecting the 18 neighbors of a given site
in a fcc lattice to some random displacements [6]
in order to simulate a small region of a close packed
liquid metal (the angular average of the cluster struc-
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Fig. 1. Density of states D(E) for a cluster of 19 s—p scatterers
(non-overlapping potential wells of radius a and depth ¥, with
V, a®=4.5). The following curves are shown: free electron density
of states (a), D(E) taking into account s-sphase shifts only (b), D(E)
for p-phase shifts only (c). D(E) for s and p phase shifts (including
hybridization effects). The arrows mark the positions of structure
induced minima, and the energies E, and E,, corresponding to
the first and second peak in S(g) are also indicated. Units are chosen
such that A=1and 2m=1

ture factor is qualitatively the same as the one of
a typical liquid metal). Curve (b) shows the density
of states D(E) when only ¢, is taken into account.
The bottom of the band would then be shifted to
positive energies (for the chosen potential §, is nega-
tive, which represents an effective repulsion [6]). A
small structure induced minimum is indicated by an
arrow. D(E), given by 6, only (curve c) shows two
pronounced minima (arrows) which are clearly also
due to structure scattering since they appear near the
energies E;=h?(k;/2)*/2m, related through the free
electron E versus k relation to the positions k, and
k, of the first two maxima of the structure factor.
Apparently this structural effect is even stronger for
p-scattering than for s-scattering, since for the latter
only the influence of the main peak in S(q) is visible
in all the clusters we have considered. Curve (d) in-
cludes d, and &, and shows therefore the important
effect of “s— p hybridisation”, which produces a real
gap in D(E). (The slightly negative values of D(E)
in the region is due to our superposition of individual
cluster contributions). It is interesting to note that
the shape of curve (¢) is quite similar for various clus-
ter sizes and structures and for different potential
depths (showing some “universality” of the structural
scattering), whereas the details of curve (d) can vary
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appreciably, showing the usual geometry and wave
function dependence of a hybridisation mechanism,
Nevertheless, these cluster calculations seem to be in
agreement with the recent DOS measurements of the
Basel group [2, 3]. More work aiming at interpreting
the results in Fig. 1 in terms of “cluster phase shifts”
and complementing the cluster data by EMA calcula-
tions for macroscopic systems are in progress.

2. Hall Coefficient in Simple Amorphons Metals

Measurements on alloys of noble and polyvalent met-
als, such as Au, _,Sn, [8] have shown systematic de-
viations of the Hall constant R from the free electron
value R,: starting at pure Au, were Rx Ry, |R| gets
smaller than |R,| when x increases from zero to aboul
0.25, moving back towards |R,| when x>0.25. The
effect is weak in the lignid state and rather pro-
nounced in quench condensed films at low T The
generalized transport equation for electrons in electric
and magnetic fields, derived by Mahan [9] by using
the true equilibrium spectral function for the electron-
ic quasiparticles which are scattered by the ions, still
restricting the collision kernel in the Boltzmann equa-
tion to second order in the electron ion potential,
offers an interesting framework for calculating the
Hall constant R, since it is well known that in the
usual calculation of R, based on a relaxation time
solution of Boltzmann’s equation, at T=0, the effects
of electron-ion collisions drop out. When a finite spec-
tra] width of the electrons is accounted for the col:
lision term in the transport equation becomes a true
integral operator. Preliminary calculations we have
performed in this framework, appropriate for simple
metals, produce deviations of R from the free electron
value R, for two reasons:
i ) The renormalized band energy E (k) of such a disor-
dered simple metal is typically flatter than E,(k
=h*k?/2m for k <k,/2, but it rises more steeply than
E, for k>k,/2 (see e.g. self energy calculations for
pseudopotential systems in [4]). This yields a Hal
constant R which is typically smaller in absolute value
than R, for ky<k,/2, and becomes larger for kg xk,/]
and kp>k,/2 (k; is the concentration dependent Fer-
mi wave number).
ii ) The effect of the integral operator in the collisio?
equation is smaller than the “band structure effect’
(i). It generally leads to an increase of |R|, the
k-dependence of this effect being related to the wave
number dependence of S(g).

Quantitatively the effect on R is still relatively
small for reasonable psendopotentials and yields d¢-
viations R = R — R, corresponding to those reporlCd
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for the liquid state [8] as to their magnitude and
concentration dependence. In order to explain the
larger 6 R(x) for the low T films one may again have
to invoke s — p hybridization.

In transition metal alloys such hybridisation ef-
fects may even be more important, causing significant
deviations from the free electron “band structure”.
Incidentally one of the authors (H.B.) is in possession
of a letter from H. Thomas (dated October 14, 1980),
in which he points out the possibility of obtaining
deviations from R, in particular the often observed
positive values of R, by assuming an effective disper-
sion E(k) with portions of positive and negative slope
at the Fermi energy, due to s—d hybridisation. Later
on, such hybridisation effects have been studied in
more detail by various authors [10], who have indeed
obtained positive Hall coefficients on this basis.

3. Multiple Scattering Effects
in the Electrical Resistivity

As is well-known, the striking feature of the electrical
resistivity p in many amorphous metals is its negative

1d
temperature coefficient az;—dg [1]. The experimen-

tal findings are often summarized by Mooji’s rule
(originally found for disordered crystalline alloys
{12]), stating that typically x<0 when
p>p*x 150 uQcm.

We have used our results for the T-matrix of muf-
fin-tin clusters in order to investigate the influence
of multiple scattering (MS), which is neglected in the-
usual weak-scattering approaches like the Ziman for-
mula, on electrical transport coefficients. We post-
; pone the general question, how the full T-matrix
| should finally appear in a generalized transport equa-
tion, to the end of this paragraph, and we first present
some facts concerning the exact *scattering power”
of a single small cluster, represented by its total cross-
section 6 (E) and its contribution p (E) to the electronic
resistivity, given by

3h
PR =7 gy J K SAK (=KD T EQP (1)

which is the result of a Boltzmann equation approach
with the transition probability in the collision integral
being given by | T3, the differential cross section for
a collision of the electron at the Fermi energy E;
with the full ensemble of (rigid) ions. (22, the volume
of the total system formed by the cluster and the sur-
rounding electron gas, is given for later discussion
and is of no relevance for the cluster calculations).

~ The following main results reveal some interesting
Insight into the physics of multiple scattering [6]:
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i) MS can increase or decrease the scattering power
of the cluster with respect of the single scattering re-
sult (where T is replaced by the sum of the individual
atomic z-matrices), depending on the energy E of the
scattered electron. The effect is easily understood by
considering the condition for constructive or destruc-
tive interference of a de Broglie wave diffracted by
two neighboring atoms in the cluster. In fact the case
of a dumbell (2 site cluster) which can be solved ana-
lytically for s-scattering, for example, already exhibits
the main features of this interferences effect.

A very drastic reduction through MS of 6(E) or
4 p(E) can occur for d-scatterers in the energy domain
where the single site phase shift goes through reso-
nance. This effect may then eliminate the discrepancy
between calculated and measured p-values in transi-
tion metals or rare earths [13, 14].
ii) Comparing G or ép for a cluster of symmetric
structure with one which has undergone random de-
formations yields insight into the structure sensitivity
of MS. For weak scatterers the ratio 7(E)
=0 pyer(E)/d pyym(E) oscillates around one. In particu-
lar y<1 (i.e. the deformations have reduced the total
scattering power) around the energy value E=kZ/2m
with 2kyxk,. This reconfirms the Ziman prediction
for negative temperature coefficients « of p, the higher
“temperature” of the cluster being expressed by its
less ordered structure. Strong scatterers show an en-
tirely different behavior: here y is somewhat smaller
than one in a rather large energy domain, in which
dp(E) is relatively large. This is consistent with Moo-
ji's rule: negative a’s are usually accompanied by large
values of p. This result shows that in a strong scatter-
ing system the Ziman criterion 2k.xk, for a<0,
which requires a strong correlation between electronic
and ionic structure, looses its importance and is re-
placed by Mooji’s rule which may be viewed as a
percursor effect of localisation in strongly disordered
metals [15]. It also becomes clear from such cluster
calculations that the Ziman approximation becomes
more unreliable when the structure (in a relatively
large cluster) is rather ordered, because the coherence
effects in multiple scattering (which make the resistivi-
ty of a perfectly periodic lattice vanish!) are ignored.
This should certainly be remembered in the calcula-
tion of p for quasicrystalline or nanocrystalline alloys.

Let us now, as a final point, examine how the
full T-matrix of a non-crystalline metal, which con-
tains all the multiple scattering information on the
sytem, should appear in an improved transport
theory. The most natural expression for p might be
(1) used by various authors [16], approximating | T'|?
for a macroscopic system by suitably factorizing high-
er order ionic structure factors. Expression (19 is, in-
deed, related to a rigorous expression for p of the
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form [17, 18]:

p=N/1+D) @

where N is a force-force and D a velocity-force corre-
lation function for the conducting electrons. N can
be shown to be equal to expression (1) [17], so, if
one is willing to neglect D with respect to 1, Eq. (1)
turns out to be exact and may be expected to be
the best generalisation of Boltzmann result. This is,
however, a fallacy!

Our cluster calculations give indeed a first, “naive”
indication that something is wrong with (1): the
values of p(E) and 6(E), when the normalizing volume
Q (showing up tn equation (1)) is taken 10 be the
cluster volume, get smaller and smaller for larger and
larger clusters. This is related to the fact that cross-
sections increase only like an area and therefore it
appears that one can only obtain a finite thermody-
namic limit from (1) by making approximations! In
particular the single site (Ziman) approximation
which neglects all the coherence due to MS (or any
similar approach which would describe the macros-
copic solid by superposing the results from small clus-
ter regions) brings in sums of the form Z exp (iq(R,
—R,,)) which guarantee a finite thermodynamic limit
for expression (1).

Huberman and Chester [18] have carefully ana-
lyzed the relationship between expression (2) for p
and the Kubo formula for the conductivity ¢. They
have shown that both, numerator and denominator
of (2), vanish in the limit ¢—0, exp(¢|t|) being the
usual convergence factor in time integrals showing
up in N and D. The ratio N/(1 + D) nevertheless goes
to a finite limit, coinciding with the inverse of o, as
expected. Unfortunately, this means that (1) cannot
be used for calculating p. By doing partial integra-
tions in time Milinski [19] has put the dynamic con-
ductivity in the form of a force-force correlation func-
tion:

Nw)—-imw

o(w)= 5

w

©)

Here, N(w) is the frequency dependent force-force
correlation function. Due to the denominator, we
need the coefficient of w? of N, even in order to evalu-
ate the zero frequency conductivity! When N is again
rewritten in terms of the total T-matrix, this means
that — in contrast to what was assumed in Eq. (1)
— we need the ofl-energy-shell T-matrix in order to
calculate p or o.

All these considerations show that it is not a sim-
ple task to incorporate multiple scattering in a
“sound” way into electronic transport of strongly
scattering disordered metals. A promising approach
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seems to be the effective medium approximation
(EMA) that has proven to be quite successful in ac-
counting for short-range order in the calculation of
the density of states and the one-electron spectral
function of liquid and amorphous metals [20]. Roth
and Singh [21] have used the same ideas for transport
by deriving a Bethe-Salpeter equation for the two-
electron vertex function. However, much more work
has to be done in order to reduce the computational
effort to a level, where “every day calculations” can
be performed and where a simple insight into the
effect of multiple scattering, as they have been re-
vealed in our cluster calculations, becomes possible.

1t is a great pleasure to thank H. Thomas for many illuminating
discussions on transport phenomena. We thank Steve Nettel for
drawing our interest 1o Milinski’s work, and M. ltoh, as well as
W. Gotze for many valuable discussions. This work has been sup-
ported by the Swiss National Science Foundation.
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The scaiiering of a particle by two non-overlapping fixed centers is studied in the limit where the individual scaiterings take
place in one partial wave only. The resulting scatlering amplidiude and its generalized phaseshifis are obtained in closed analytical
form. Numerical calculations are presented in the case of d-waves.

The problem of multiple scattering from fixed
scatterers has a long history in several branches of
physics: its modern quantum-mechanical solution
was first found by Foldy [1] in the case of s-waves.
Then Korringa [2] and Kohn and Rostoker [3]

" introduced it in connection with band theory. Inde-
pendently it was initiated in nuclear physics by
Brueckner [4] and Drell and Verlet [5] for the scat-
tering of pi-mesons from the deuteron. Shortly after
came the demonstration of the so-called Bég theo-
rem [6]. This theorem states that if the scatterers do
not overlap then the total scattering amplitude can
be expressed entirely in terms of the on-shell scatter-
ing amplitudes from the individual scatterers. This
has the important consequence that multiple scatter-
ing from an assembly of non-overlapping scatterers
can be calculated without knowledge of the individ-
ual potentials. Extensive use of this property has been
made 1n the analysis of nuclear reactions since.

The main purpose of this letter is to give a peda-
gogical summary of the results concerning the scat-
tering from two non-overlapping centers when
scattering from the individual centers is dominated
by one partial wave /. This includes the important
physical cases of low energy (/=0) or resonance
scattering in particle physics as well as electronic
properties of simple (/=0) or transition (/=2) met-
als in solid state physics. The derivation of the for-
mulae will not be repeated here since they can be

* Supported by the Fonds nalional suisse pour la recherche
scientifique.

gathered (sometimes with painful work) from the
extensive literature on the subject. The general
expression of the scattering amplitude for an arbi-
trary number of non-overlapping potentials of spher-
ical symmetry has been derived in great detail by
Agassi et al. in a series of papers [ 7]. Due 1o the nec-
essary expansion into partial waves their expressions
involve quite a large number of angular recouplings.
However in our case of two scatterers in one partial
wave the scattering amplitude from incoming
momentum k 1o outgoing momentum k' can be cast
into the simple analytical form

Fk' ky=4n Y Y, (k)Y (k)

xzf, cos(ig-d)+2kf?H,, cos(K-d)
1 = (kfiH m)? ’

(1)

where ¢g=k" —k denotes the momentum transfer,
K=1(k’ +k) the average momentum, f; the partial
wave amplitude for the scattering from one center and
|k| =k’ | =k. By choosing the quantization axis along
the separation distance d of the two scatterers, the
structure functions H,,, of eq. (1) are diagonal in m,

H.,= Y (-1)"/4n2r+1)

I'even
0/ g2/

xj'dg YoL YL YL hi®) (kd)

EA’/m"'i-’lm ’ (2)
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the integration over the three spherical harmonics
being known as Gaunt numbers [8] and the h{*) as
outgoing spherical Bessel functions (we use the defi-
nition of ref. [9]). The functions J,,, and N,,, result
from the decomposition of £§* into its irregular »n,
and regular j; part. For real values of k they also coin-
cide with the real and imaginary parts of H,,.
Expression (1) for the scattering amplitude was first
proposed by Brueckner [4] for the special case of s-
or p-wave. Its standard interpretation in terms of
multiple scatterings is obvious: The first term in the
numerator describes the scattering from one center
only (single scattering), the second from two centers
(double scattering) and the denominator leads to
rescattering terms on the same center. As can be seen
from the presence of the scalar products ¢-d and X-d
in the trigonometric functions, eq. (1) does not cor-
respond to a partial wave expansion of the scattering
amplitude F(k’, k). As found in ref. [7] this special
form is particularly hard to generalize 10 the pres-
ence of more than one partial wave or more than two
centers. This is not the case however if generalized
partial wave phase-shifis are introduced.

The method of partial waves for nonspherical scat-
terers was introduced by Demkov and Rudakov [10]
in the case where the potential is invariant under a
given symmetry group. For two centers the symme-
try group corresponds to the D, group and the char-
acteristic scattering amplitudes

A, =C, Y. (k) cos(k-d), ifi=(l,me=+1),

=C, Y, (k) sin(3k-d), ifi=(l,m e=—1),
(3)
form a complete set of orthogonal functions on the

surface of the unit sphere. They can be normalized
by choosing the coefficients C, according to

C=[4(12J,)]-"2, i(,m, 1), (4)

where the functions J,,, are defined through egs. (2).
With this particular choice we then obtain that

[ aouar 000 =05 (5)

Note that the eigenfunctions 4; do not depend on the
dynamics but only on the symmetry group. As is the
case for potentials of spherical symmetry, they
diagonalize the scattering amplitude (1), the result-
ing expression being
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F(k',k)=4n ; A:(KYF, A% (k) , (6)
with
F,= 1—/%;’:%1; fori=(l,m, £1),

=0, otherwise . (7)

Due 10 unitarity the partial amplitude F; of eq. (7)
lies on a circle centered at the complex point ¥/2k with
radius 1/2k and consequently can be expressed in
terms of generalized phase-shifts n;

1 .
F;,:El—([exp(Zmi)—]] . (8)

Comparison between egs. (7) and (8) yields
n;= —arg(c1gd, —1¥ H,,), fori=(,m, £1)

=0, otherwise ,

(9

where J, denotes the phase-shift of partial wave / for
the scattering from one center. The function between
parentheses whose argument gives the phase-shifts n;
corresponds 10 the generalization of the Jost func-
tion [11] for non-spherical potentials. Eq. (9) rep-
resents the main result of this letter since it solves the
problem of the scattering by two non-overlapping
potentials. On the other hand it has been shown [12]
that the n; satisfy the two-dimensional secular
equation

ctgd;, =N,
~Nim ctg d,

ct 1 Jlm
3/ T 1

whose solution coincides with eq. (9). Within this
method numerical calculations have been performed
for the scattering from up to 19 s-wave scatierers
[13]).In fact eq. (10) (or rather its generalization to
n-centers) is the easiest way of getting the general-
ized phase-shifts when there are many scatierers. This
is especially useful if one only needs to calculate the
forward scattering amplitude averaged over the ori-
entation of kor d,

det

=0, (10)
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which is determined by the phase-shifts 7; alone in
complete analogy with the spherical case. By apply-
ing the optical theorem to eq. (11) we also get the
expression for the average total cross section

an o
(oy= 73 L sintn; . (12)

Note that the values of the #; depend on the choice
of the direction of d ( z-axis in this work) but ¢ F(0))

or (o) not. In principle the summation over A in
egs. (6), (11) and (12) contains 4/ 2 terms but, due
10 the symmetry properties of the functions H,,, the
phase-shifts are degenerate according to

Neti—mey =MNiimeey » (13)

and only 2/+ 2 different phase-shifts subsist. Half of
them determine the scattering amplitude at low
energy [10] since

lim (k=%="n;)
k=0

Za,

=l_—yl-—al/—dm, fi=(,m, +1),

=0, otherwise , (14)

where g, denotes the same limit for the phase-shift &,
and

(21+1)!

Ym= (=1)""QI=1)? s

(15)

This can been seen clearly in fig. 1 which shows the
behavior of the six non-degenerate partial total cross
sections as functions of the incident momentum in
the case of the d-wave. The indexes 4 have been
labeled by the irreducible representations of the
D, group with the obvious correspondence

A(2,0,+1) =X}, i=(2,0,=1) X,

A=(2, %), 1) =TI, A=(2,%),-1)~1I

g
j‘=(27 iz, +1)HA|, l=(2, izy_l)HAu,
(16)
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Fig. 1. Partial 101al cross sections (a} and their sum (b) for the

scallering by iwo non-overlapping potential wells of range a. The

curves correspond 1o the six non-degenerate values of #. The input

paramelers are 2mV,a*/h* = — 17 and d/a=2.4. Also represented
in (b) is the single scattering result.

5

The /=2 phase-shift J, needed as input corresponds
to the solution of the Schrédinger equation for a
square-well potential of depth 2mVya*/h*= —17.
This special value was chosen since it gives rise to a
resonance in the /= 2 partial wave. Fig. 1a shows that
this resonance propagates to all generalized phase-
shifts #, but with a certain splitting in energy. In other
words each partial wave amplitude F; (7) has a pole
in the complex k-plane close to the real axis which
correspond to the complex zeros of the Jost function
[14]. The trajectories of these poles when the sepa-
ration distance d is varied are shown in fig. 2.
Although it can be qualitatively understood in term
of the structure functions H,,,(kd) with k equal to
the zero of ctg(Jd,) —1i, the behavior of the positions
and widths of hese resonances are rather compli-
cated functions of d. This genuine multiple scatter-
ing effect gives rise to a decrease and broadening of
the total cross section compared to the single scatter-
ing limit. This is clearly seen in fig. 1b and well known
in the field of pion scattering by nuclei [15]. The
same effect has also been advocated for explaining
the overestimation of the resistivity in the coherent
single scattering calculations for some transition
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Fig. 2. Trajectories of the resonant /=2 poles in the complex -
plane for the scatiering by two non-overlapping potential wells of
range a. The curves correspond 10 the six non-degenerate values
of /. Note the shift in the vertical scale between the m=0, 1 and
2 cases. The numbers beside the poles give the corresponding val-
ues of the separation distance d/a. The input parameter is
2mVoa /b= —17.

metals [16,17].

In conclusion the method of the generalized phase-
shifts gives rise to a very simple analytical solution
to the problem of the scattering by two centers when
scattering from the individual centers is dominated
by one partial wave. The equations quoted in this let-
ter have been derived under the non-overlapping
hypothesis but they are also valid in the special case
of separable potentials if the structure functions H,,,
are changed accordingly {18]. The generalized phase-
shifts 7, can easily be obtained by solving the secular
equation (10) and the averaged total cross section
depends only on these. This is also true for more than
two scatterers and Demkow and Rudakov [10] give
the exact expression for a cubic arrangement of eight
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s-wave centers. The extension of the method to more
than one partial wave is also possible and should lead
to analytical results in the case of a few numbers of
scatterers. This could happen to be very efficient for
calculating both pion-!2C elastic scattering within the
alpha-particle model [19] and electrical resistivity
of small clusters of vacancies in irradiated metals.

We are extremely grateful to Professor H. Beck for
suggesting this work and for enlightening discus-
sions. Useful comments from Professor P. Huguenin
are also acknowledged.
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STUDY OF THE TEMPERATURE COEFFICIENT OF THE RESISTIVITY OF LIQUID

AND AMORPHOUS METALS : CLUSTERS CALCULATIONS.

R. Frésard and H. Beck, Institut de Physique, Université de Neuchéatel,
Rue A.-L. Breguet 1, CH-2000 Neuchatel.

Abstract: Using a multiple scattering approach, we have studied the influen-
ce of increasing structural disorder on the re31st1v1ty of small clusters of
s-scatterers. We find a transition from Ziman behaviour (weak scattering re-
gime) to Mooij behaviour (strong scattering regime).
1. Introduction: The temperature coefficient of the resistivity p of many
amorphous and liquid metals is negative particuIarly when p is higher than a
critical value of about 150 uQecm. This is MOOlJ s rule, which has not yet
found a generally accepted explanation.

This paper is based on an expression for p in terms of the total scat-
tering matrix T( k , k ') of the metal giving the scattering amplitude for an
elastlc electron—lon collision from momentum f k tof k '. At T=0 it has the

(k- E'JZ (1)

)
93k 40, day [T(& R e
Q being the volume of the system and the 1ntegrat10n runnlng over the direc-

271 Q2 e* k¢

tions of k and k', with (Ak)? = (hk )2 = (A kp)? = 2mEf. As sta-
ted by [1], this result can be obtained by a Bolzmann equation approach [2]
where the tr8051t10n probability in the collision integral is given by
lT( k, ')l . We have calculated the exact T-matrix, describing rigorously
he scattering effects of all ions on an incoming free electron, for some
clusters. The resistivity of a piece of metal, connected to a perfect conduc-
tor, is then taken to be the incoherent sum of cluster contributions, calcu-
lated according to (1). This allows us to discuss multiple scattering contri-
butions to p for a given arrangement of ions, and to study the influence of a
change in this arrangement on p. For more details see [3].

2. Theoretical framework: We consider the one-electron Hamiltonian:

2 N P
H = _e._ 3 }_j V_(7-R.) (2)

where V, is a muffin-tin potentlal at site R . For such a Hamiltonian
it is 0531ble, [b], to calculate the T-matrix and the generalized phase-
shift -The latter are the eigenvalues of the matrix tny, descri-
bing all scattering processes beginning st site n and ending at site m. In
order to exhibit multiple scattering effects, it will be useful to compare
the results with the single site approxlmatlon pgs given by the usual Ziman
T-matrix formula [7]: 2 ke

_shy 2
% " mkia id‘i SISO RS (3

where:

q*= 2 k.2 (41-cosb) ()



and:

“HkF) (cos B
T(q‘mh%; > (034 €% Sindyk) Py (cos ) (s)

8 being the scattering angle between k and k '. We have done our calcula-
tions for various clusters of N identical s-scatterers. The neglect of all
single-site phase-shifts &5 for 251 considerably simplifies the computatio-
nal scheme and should be adequate in order to discuss simple metals. The muf-
fin-tin potential was modelled by the square well of depth V¢ and radius a.
Where we use Vo values for which the phase-shifts 6y, 2>1 would be non-
negligible, our restriction to s-phase shifts has of course only model chara-
cter.

We have studied the following types of clusters:

i) Ordered clusters of fcc symmetry comprising the first and second shell
of neighbors, i.e N=13 and N=19. The distance d between nearest neighbors was
chosen to be 2.2 a. The fcc structure has the advantage to represent a close
packed neighbor structure typical of a disordered metal with a high coordina-
dination number. Even though it has the point symmetry of a perfect crystal,
the electronic properties of such a cluster are typical of a disordered me-
tal, since by summing the contributions of many clusters incoherently we dis-
card any long range order.

ii) In order to study the influence of the cluster structure, more parti-
cularly of its degree of order or disorder, on its electronic properties, we
have deformed the two ordered fcc-like clusters by random displacements of
the atomic sites, respecting the condition that two potential wells do not
overlap.

Two clusters with the same number of particles but with different de-
gree of disorder can be used to simulate the effect of thermal vibrations of
the ions on the electronic properties. In the regime of sufficiently high
temperatures an electron moving through the cluster sees the instantaneous
ionic configuration. Thus the disordered cluster will represent a high tempe-
rature system and the ordered cluster models the same system at low T. We
will use the notation (13.0) and (13.D) for ordered and disordered N=13 clus-
ters, respectively.

3. Results: Let us introduce the quantity
__JMS_____ 1
3‘ ¢ opop in an obvious notation.

Yy can be thought of as the "temperature coefficient of the resistivity"™ in
particular vy < 0 when increasing disorder lowers the resistivity which is
"unusual” for a "normal" metal. Figure 1 shows y, the structure factor and
the resistivity as functions of kg. The single site result ygg has the
same behaviour for all values of the potential: it is negative when 2 kp is
located near a peak of S(q). This is the well-known Ziman bebaviour [8], [9].
The ymMs curves for weak potentials differ little from ygg, and therefore
follow Ziman's behaviour too. For strong potentials, yMg oscillate little
and lies somewhat below 0 up to a value of kp corresponding to a critical
value p, of p. Having chosen an interatomic distance typical of simple me
tals, po is around 120 uQ + cm. It is interesting to notice that p, is
augmented by decreasing the disorder. Here yMg obeys Mooij's rule: when, in
a disordered metal p is larger than a critical value, (of the order of 150 p@
* om in real systems), the temperature coefficient is negative, otherwise it
is positive.
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Figure 2 shows the cluster phase-shifts as functions of the Fermi wave
number kg for the potential strength Vg a? = 10. This is a strong potential
which has a bound state. Due to the symmetry, the cluster (13.0) has only 6
distinct phase-shifts, the degeneracies of which are removed by the disor-
der. Let us discuss the influence of increasing disorder on the scattering
power of the cluster in terms of the total cross-section given by [5]:

T - .."&L‘I. L sin k) (6)

For the cluster (13.0) a three-fold degenerated phase-shift ny

yields the contribution oy (0 = (4m/k?)3 sinznk to o. In the cluster

A



(13.0) the corresponding branch is éplit into three nl,ni,ni, which yields
(D)

Gk = An/k? z sinznxé. For strong scattering systems many branches m) are
X
close to n/2 for typical values of kg for simple metals (this case is shown

in Fig. 2). For such a branch, o) is large (sin 7y, = 1) and a

simple estimate yields oiD)< ciD).

c—_— — ——y - - —_— e

(13.0) (13.D)

fig. 2
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Contrary to this, for weak fotentials the relevant phase-shifts are small.

Then oy is small and al0) > ¢ (D) | Therefore Mooij's rule for the

total cross-section, D) ¢ 4(0) if ¢ is larger than a critical value

finds a simple explanation in terms of the splitting of local degeneracies of

the cluster phase-shifts by an increasing disorder.

4, Conclusion: Our cluster calculations exhibit both Ziman and Mooij be-

haviour, depending on the potential strength which suggests that the T-depen-

dance of the resistivity of liquid and amorphous materials can be explained

in the framework of potential scattering. Obviously such cluster calculations

will not yield reliable numerical values for the resistivity of real systems

but they can be used as a test for an analytical calculation. Work in this

direction is in progress. This work has been supported by the Swiss National

Foundation. :
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