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Abstract

We present an unconventional approach for the explanation of focal shift behind a lens. It is based on the fact that, within
the approximation of Fresnel diffraction, the intensity distributions in the conjugate planes of a lens are equal to their
geometrical images. We show that the focus (position of highest intensity) is always shifted towards the lens. The results for
a Gaussian beam and a uniform converging spherical wave are presented.
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1. Introduction

Focal shift is a known phenomena. It occurs when a
converging wave is diffracted at an aperture. Then, the
point of highest intensity is not at the geometrical focus
but somewhat closer to the aperture. In the case of conven-
tional optical systems, which have high Fresnel numbers,
the focal shift is negligible. However, the focal shift
becomes significant if the Fresnel number is small. With
decreasing beam diameter the maximum intensity on the
optical axis moves towards the aperture, causing an asym-
metric intensity distribution about the geometrical focal
plane of the lens [1]. The publication of Erkkila and
Rogers [2] in 1981, describing the asymmietric intensity
distribution about the geometrical focal plane, has initiated
investigations of this phenomena. Li and Wolf [3], Parker
Givens [4], and Stamnes and Spjelkavik [5] showed the
focal shift for an uniform converging wave. Carter [6]
discussed the focal shift of a converging Gaussian beam
and its implication to optical design. The focal shift of a
truncated Gaussian beam was investigated by Li and Wolf
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[7). In a succeeding publication [8] they presented the
modification of the three-dimensional intensity distribution
near the focus when the Fresnel number is gradually
decreased. Li and Platzer demonstrated experimentally the
existence of the focal shift and showed the good agreement
between theory and measurements [1]. In a more recent
paper Wang et al. [9] has investigated the focused field in
systems with large Fresnel numbers.

So far, publications have treated the focal shift by
analysing the converging wave. In the present paper, we
present a different approach for the explanation of focal
shift. First, we show that, within the approximation of
Fresnel diffraction, the intensity distribution of a converg-
ing wave behind a lens is equal to the geometrical image
of the intensity distribution in the conjugate plane of the
incoming wave. Based on this fact, we will develop a
procedure to investigate the focal shift.

In Section 2, we shall derive the theory of diffraction
for this paper based on the Fresnel approximation. We can
use this approximation, since the focal shift becomes sig-
nificant when the Fresnel approximation becomes valid.
Section 3 will use the equivalence shown in Section 2 to
develop a procedure to find the focal shift of a converging
wave with arbitrary intensity distribution. In Section 4 we



apply this procedure to evaluate the focal shift of a Gauss-
1an beam and a uniform converging spherical wave.

2. Theory

The following derivation is based on Figs. 1 and 2. Fig.
1 shows a plane wavefront U(r,) at distance z,=0
focused by a thin lens with focal length f placed at

= +0. The vector r, has the components x and y and
is therefore perpendicular to the axis {,. The p, stands for
the radius of the wave in the transverse plane at z,=0
(e.g., the radius of an aperture or the waist of a Gaussian
beam). The observation plane is placed at the distance
z, > 0, where the wave function U(r,,z,) is observed. We
will use the expression ‘converging’ in order to refer to the
propagating wave behind the lens in Fig. 1.

Fig. 2 shows how the plane wavefront U,(r,) of Fig. 1
would propagate freely into the half space z,>0. We
assume that the angular spectrum of the wave falls within
a small solid angle. Such a wave is known as a (optical)
beam [10] and we will use this expression in the following.
An observation plane is placed at the distance z, (z, > 0),
where the wave function U,(r,,z,) is observed. We would
like to point out that for the following we will keep strictly
to the introduced symbols and indices. The index ‘0’ refers
always to the location ¢ =0 in both of Figs. 1 and 2. The
indices 1 and 2 refer to the waves U, and U,, respectively.
The vector r has the two components x and y and there-
fore is perpendicular to the axis {.

We shall show, that the geometrical imaging relation
between the conjugate planes of the lens holds for the
intensity distribution also within the approximation of
Fresnel diffraction. This result has been previously pub-
lished by Kogelnik [11] and Yariv [12], but we shall follow
here a different approach. For convenience, we develop
first the expression for the beam U(r,,z,) in Fig. 2 (bold

lines). A beam propagating along the axis {, can be
described by the Fresnel approximation [13]
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In Fig. 1 a thin aberration free lens with focal length f
is introduced. Therefore, the wave function U/(r,) has to

x |
zZ1
-
lens at 2o = +0 ‘
with focal length f
- 9 wave U1(r1,zy)
- converging beam
/ y
[+
< — ?
P1
wave Up(rp) atzp =0
1
! - f e

Fig. 1. Propagation of a converging wave with U (r ) at z, = 0.
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Fig. 2. Propagation of a wave with U (r,) at z, = 0 without the lens (solid line) and with the lens (dashed line).

be multiplied by the phase function ¢ of the lens, which is

ik
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The converging beam U/(r,z,) in Fig. 1 is then found
to be given by
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If the condition
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is satisfied, the Fourier transforms (FT) of Egs. (4) and (6)
are equal. Eq. (7) is recognised as the condition for
geometric imaging, i.e. the Gaussian lens formula and z,
and z, are known as the positions of the conjugate planes
of the lens. Furthermore, if we compare the Fourier kernels
in Egs. (4) and (6), using the definition of the Fourier
transform given in Eq. (1), we get for the conjugate planes
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well known from geometrical optics.

The intensity distribution is given by the I=|U|".
Consequently, the intensity distributions in the planes are
related by

Iz(r2’12)=3211(r1711)~ (10)

3. Evaluating the focal shift of a converging wave

Let us use the findings of Section 2 in order to evaluate
the focal shift or the location of the maximum intensity on
the axis {,. A plane wavefront at z, = 0 with an arbitrary
intensity distribution, focused by an aberration free lens at
7, = +0 of a focal length £> 0 (see definition in Eq. (5)),
propagates along the axis ¢, into the half space z, > 0. As
shown above, I,(z,) on the axis ¢, is imaged on the axis
{,, yielding the intensity /,(z,). The relation between
these two intensities is given by Eq. (10). Expressing the
magnification B using Egs. (7) and (9) we find
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The point of maximum intensity 7,(z,) on {, is then
given by the condition
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To get further information about the behaviour of /,(z,)
in the vicinity of the focus of the lens, we shall investigate
the farfield for 7,, which corresponds, according to Eq.
(7), to the focal region on {,. At far distance (z, 3> pZ/A)
the Fresnel integral of Eq. (1) becomes

k r’
il 2, +
exp| ikl z, 2z

iAz,

Ux(r,y,2,) = FT{Uo(rO)}’ (13)



which is the Fraunhofer approximation of diffraction. Tak-
ing the absolute square of Eq. (13), it can be seen that at
far distance the intensity of any beam decreases with 1,/z3,
ie.
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Using Eq. (14) to calculate d1, /d z, in the focus of the
lens (z, = f, z, = %), we find
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Eq. (16) tells us, that the intensity I,(z,) on the axis is
higher in front of the focus (z, <f) than behind the focus
(z, > f) of the lens. Therefore, there must be a focal shift
towards the lens, independent of the initial intensity distri-
bution. If 7| is the distance for the point of highest
intensity on {, and if we introduce

b=z ~f a7)

as definition of the focal shift 8, we can conclude that the
focal shift is always negative independent of the intensity
distribution of the wave at z,= 0.

4. Focal shift of a Gaussian beam and uniform converg-
ing spherical wave
4.1. Focal shift of a Gaussian beam

The main characteristic of a propagating Gaussian beam
is, that the transverse intensity distribution remains Gauss-

ian at all distance (paraxial approximation assumed). Ap-
plying this characteristic it is straightforward to show that
the intensity along the axes ¢, must be inversely propor-
tional to the square of the beam radius w,(z,). The
equation for the beam radius of a propagating Gaussian
beam is given by [13]
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where w, is the radius of the beam waist. Hence, we can
express the intensity along the {, axis by
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where [, is the intensity at the origin {x, =0, y, = 0 and

72,=0), a=w? and b=(A/(w,7))?. To calculate the
focal shift we apply Eq. (12), using Eq. (19) for I,(z,) and
assuming that |z,| > f, which is certainly true as long as
the focal shift |§| < f. The resulting condition becomes

then
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This equation has the two solutions, namely z, = 0 and
a — z,bf = 0. Since we are looking for a solution next to
the focal plane on {,, corresponding to a distance z, = *
on {,, only the latter solution is of interest; thus
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Since a, b and f are positive, the distance z, is also
positive and z, <f, which means a focal shift towards the

Fig. 3. Intensity distribution along the ¢, axis of an uniform beam diffracted by the aperture at z = 0.
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Fig. 4. (a) intensity along the axis {, of a Gaussian beam, (b) intensity along the axis {; of a uniform beam; (c) inverse of the squared
magnification, i.e., 1/B7; (d) Gaussian beam multiplied with 1,/82; (¢) uniform beam multiplied with 1/87; () intensity along the axis £,
of the converging Gaussian wave; (g) intensity along the axis {, of the converging uniform wave.
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Fig. 4 (continued).

lens as expected. Substituting Eq. (21) into Eq. (7) and
using the relation of Eq. (17) yields for the focal shift
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which is in accordance with equation (65) of Ref. [14] for
d, = 0.

4.2. Focal shift of a converging uniform spherical wave

As next we will evaluate the focal shift of a converging
spherical wave, having a uniform intensity distribution at
the diffracting circular aperture. But first, let us derive the
intensity distribution along the {, axis of the plane wave
diffracted at the aperture (uniform beam) using the
Rayleigh—Sommerfeld integral.

In general, the scalar field at the point P(r,,z,) is
given by [15]

1 exp( kR
Us(ry,2,) = J/{“o(’o)%cos(e)ds’ (24)

where X stands for the surface limited by the aperture in
2o =0 (Fig. 3). For a plane wave diffracted at the circular
aperture and propagating along the axis {, we have
AS(r)=A, and for R=/(z3+r}) with r,=]r,|. Fur-
thermore, for the paraxial approximation we can assume
that cos(@) = 1. Substituting these relations into Eq. (24)
and introducing polar co-ordinates yields
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where p, is the radius of the limiting aperture at z, = 0.
Integrating Eq. (25) and approximating the square root in
the phase by the first two terms of the Taylor series yields
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which is the function describing the intensity distribution
along the axis {,, in accordance with equation (3.2) of
Ref. [3] for f— . Introducing Eq. (26) into Eq. (12) and
using Eqgs. (7) and (17) we get after some algebraic
transformations
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An approximative value for the focal shift & is found
by expanding the tangent into a Taylor series about 6 =0
and by taking the first two terms. Finally we get for the
focal shift

L(r,=0,z,)=

tan

(27

P A (28)

N
+ _ —_
12\ Af
which is in accordance with equation (3.15) of Ref. [3].
4.3. Finding focal shifts numerically

A numerical method of finding the focal shift, or the
point of maximum intensity, is shown in Fig. 4. We take
the examples of the Gaussian and the uniform beam. We
chose a wavelength of A =633 nm, a focal length of lens
of f=3.9 m and beam diameters of 2w, =2p = 3.2 mm.
The focal shift for these parameters has been experimen-
tally determined for the converging uniform spherical wave
by Li and Platzer [1].



The steps followed in order the to get the maximum
intensity of the converging wave are: first, calculate and
plot the intensity function I,(z,) along the axis ¢, of the
beams (Fig. 4a and 4b). Second, evaluate the magnifica-
tion factor B(z,) using Eqs. (9) and (7) (Fig. 4¢). Third,
multiply the abscissa of the graph (intensity) by the inverse
of the squared magnification factor (Fig. 4d and 4e).
Finally, multiply the ordinate of the graph (distance) by the
magnification factor in order to get the correct scaling for
the distance z, (Fig. 4f and 4g). The maximum intensity is
then found in the plot for the converging Gaussian beam at
z,=3.6 m (Fig. 4f) and in the plot for the converging
uniform wave at z, = 2.4 m (Fig. 4g) yielding a focal shift
of 8= —0.3 m and §= —1.5 m (Eq. (17)), respectively.
Calculating the focal shifts by the Eqs. (23) and (27), we
get §= —0.340 m and 6 = — 1.52 m, respectively. Hence,
the values found in the plots agree well with the calculated
values of Egs. (23) and (27). However, with Eq. (28),
which is an approximation of Eq. (27), we find a focal
shift of §= —2.07 m. This is about a 30% difference of
the value obtained by Eq. (27). This means, that for the
chosen parameters the approximation made in Eq. (28) is
not good enough. From the expansion of Eq. (27) we get
as condition for an error smaller than 1%
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For the given parameters above, we get —0.55 for the
left side hand side of Eq. (29), and therefore the inequality
is not satisfied.

5. Conclusions

We have shown that the effect of focal shift can be
explained by the imaging laws of geometrical optics and
the diffraction of the incident light wave. We have proven,
in a different way than Kogelnik [11] and Yariv [12], that
within the approximation of Fresnel diffraction the inten-
sity distribution of a converging wave behind a lens is
equal to the geometrical image of the intensity distribution
in the conjugate plane of the incoming wave. The position
of highest intensity behind the lens is than determined by
the combination of the increasing cross-section of the

incident wave due to diffraction and the variable magnifi-
cation of the lens along the axes, governed by geometrical
optics.

Using this approach, we have shown that the focus
(position of highest intensity) is always shifted towards the
lens, independent of the intensity distribution of the inci-
dent light wave. As examples, we have calculated the focal
shift for a Gaussian beam and a uniform converging
spherical wave. The results agree with those published in
the open literature. We believe, that the different view of
focal shift presented in this paper, gives a good physical
understanding of the origin of the focal shift. In addition,
the separation of the effect in two parts, diffraction of the
incident wave and optical imaging, simplifies the numeri-
cal calculations comparing the focal shift for different
geometries.
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