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Abstract

The first part of this thesis focuses on the study of degenerate stochastic models typically represented
by ecological SDEs. We first consider an ecological model of interacting species, seeking conditions for
almost-sure persistence versus extinction of one or more species.

In particular, we focus on the classical two-dimensional Rosenzweig—MacArthur prey — predator
model under a degenerate stochastic perturbation, in which only the prey variable is subject to
small environmental fluctuations.

Concretely, we analyze the Rosenzweig-MacArthur prey—predator model on R2 with degenerate
noise affecting only the prey:

{dxl = x1 (F1(x1, x2)dt + &dB)) , W

dxy = x2F>(x1, x2)dt,

where € > 0 is sufficiently small, (B;);>0 is a one-dimensional Brownian motion, x; represents the quan-
tity of prey, and x, the quantity of predators.

We either adapt general results from or improve some of the ideas to exhibit the conditions
on the model so that there is:

(i) persistence of the underlying solution to (1)), and in particular the existence of a unique invariant
probability measure II called the persistence measure. It refers to a probability measure that let
invariant the set where none of the species vanishes.

(ii) convergence almost-sure (respectively in total variation) of empirical occupation measure (respec-
tively the law of the process) towards I1, at a polynomial rate, on the set of non-extinction.

(iii) extinction almost-sure of some or all species. In particular, new conditions based on unpublished
work, which follows from [Benl8]], are exhibit to ensure the convergence almost-sure of the pro-
cess toward an extinction set.

All the refinements are based on our needs to illustrate the usefullness of the tools in the context of our
model (I)). This promising work is in collaboration with Prof. Michel Benaim and Dr. Edouard Strickler,
and has resulted in the article entitled "Stochastic persistence and extinction for degenerate
stochastic Rosenzweig-MacArthur model”, published as a preprint in arXiv and currently under review
in the SIAM Journal on Mathematical Analysis.

However, since a significant part of the work we accomplished is not in the published article, it takes
a distinctive place in this thesis on - Persistence and extinction in ecological & degenerate SDE.

The initial purpose of this PhD thesis was to address an open problem arising from the work of
Prof. Michel Benaim, Dr. Carl-Erik Gauthier and Dr. Ioana Ciotir on self-repelling diffusions. In their
infinite-dimensional framework [[BCG135]], they established the existence of a unique strong solution to
the following SDE defined on the Hilbert space H := I> x I> x R,

dYt = F(Yt)dt + G—th,
Yo =y,
where Y, = ((u?)nzo, Vn=0, Xt ), o =(1,0,0), (W;);»0 is a cylindrical Wiener process, and F : H —
H, is defined as
(U0 (a,i/ 2 cos(nx))
Fl(0")so| = (an* sin(uo))
x ((an*nsin(un) _@"z0), + ((an*ncoso) _ ,("zo) .

n>0
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In particular, they showed that (Y¥;)>0 is a Markov process with the Feller property, and it admits an
explicit invariant probability based on their finite-dimensional work in [BG17]].

However, they left its uniqueness unproven: in fact, a direct counterexample showed that the strong
Feller property does not hold in this infinite dimensionsal settings, which is a common tool used to prove
unique ergodicity.

To this effect, the asymptotic strong Feller property (ASF) was introduced by Hairer and Mattingly
in and its subsequent refinements suggested a viable route to prove uniqueness. While strong
Feller refers to the ability of the underlying semigroup to smooth functions, in the sense that it transforms
measurable, bounded functions into continuous, bounded functions, the authors of set up this
new property to deal with specific models where they lack the strong Feller one, and in particular when
the models are degenerate and infinite dimensionsal. One can see the asymptotic strong Feller property
as a kind of strong Feller property for large time in the sense that the smoothing property is conserved
on the long term. The core of this new property is that they achieved similar conclusions under ASF
hypothesis, while being weaker than the original one.

However, despite significant progress, establishing the ASF property for our infinite-dimensional
model remains elusive. Our progress is nonetheless interesting in the understanding and application of
this recent theory to other degenerate models, I decided to integrate them as a second part of this thesis,
on - Uniqueness of invariant measure in infinite-dimensional & degenerate SDE.

Keywords: Markov process; stochastic differential equations; ecological model; Rosenzweig-MacArthur;
degenerate noise; invariant probability measure; stochastic persistence; Hormander condition; extinction;
almost-sure convergence; rate of convergence; self-interacting diffusion; asymptotic strong Feller prop-
erty; infinite-dimensional models; asymptotic coupling; unique ergodicity.
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Résumé

La premiere partie de cette thése se concentre sur 1’étude de modeles stochastiques dégénérés représen-
tant typidement des EDS écologiques. Nous considérons d’abord un modele écologique d’especes en
interaction, en recherchant les conditions de persistance presque slire, par opposition a I’extinction d’une
ou plusieurs especes.

En particulier, nous nous concentrons sur le modele classique bidimensionnel Rosenzweig-MacArthur
prédateur-proie sous une perturbation stochastique dégénérée, dans lequel seule la variable proie
est soumise a de 1égeres fluctuations environnementales.

Concrétement, nous analysons le modele prédateur-proie de Rosenzweig-MacArthur sur R? avec un
bruit dégénéré affectant uniquement la proie :

dx1 = X (Fl(xl, XQ)dl‘ + SdB,) s
dxy = x2F>(x1, x2)dt,

2

ou £ > 0 est suffisamment petit, (B;);>0 est un mouvement brownien unidimensionnel, x; représente la
quantité de proies et x, celle de prédateurs.

Nous adaptons les résultats généraux de et améliorons certaines des idées pour exposer les
conditions du modele afin qu’il y ait :

(i) persistance de la solution sous-jacente a (I), et en particulier I’existence d’une mesure de proba-
bilité invariante unique I1 appelée mesure de persistance. Elle désigne une mesure de probabilité
qui laisse invariant I’ensemble ol aucune des especes ne disparait.

(i) convergence presque siire (respectivement en variation totale) de la mesure d’occupation empirique
(respectivement la loi du processus) vers I, a un taux polynomial, sur I’ensemble des especes non
éteintes.

(iii) extinction presque sire de certaines ou de toutes les especes. En particulier, de nouvelles condi-
tions basées sur les travaux non publiés qui font suite a [Ben18|] sont présentées pour garantir la
convergence presque siire du processus vers un ensemble d’extinction.

Toutes les améliorations sont basées sur nos besoins d’illustrer 1’utilité des outils dans le contexte de
notre modele (I)). Ce travail prometteur a été mené en collaboration avec le Prof. Michel Benaim et le
Dr. Edouard Strinkler, et a donné lieu a I’ article intitulé « Stochastic persistence and extinction
for degenerate stochastic Rosenzweig-MacArthur model » (Persistance stochastique et extinction pour
le modele stochastique dégénéré de Rosenzweig-MacArthur), publié sous forme de prépublication dans
arXiv et actuellement en cours d’examen dans le SIAM Journal on Mathematical Analysis.

Cependant, puisque qu’une partie significative du travail accompli ne se retrouve pas dans I’article
publié, elle prend une place distinctive dans cette thése, sous - Persistance et extinction d’EDS
écologiques & dégénérées.

L’ objectif initial de cette these de doctorat était de traiter un probleme ouvert issu des travaux du
professeur Michel Benaim, Dr. Carl-Erik Gauthier et Dr. lIoana Ciotir sur les self-repelling diffu-
sions ou diffusions auto-répulsives. Dans leur modele en dimension infinie [BCGI3]], les auteurs ont
établi I’existence d’une unique solution forte a I’équation différentielle stochastique suivante définie sur
I’espace d’Hilbert H := > x > x R,

dYt = F(Yt)dt+O'th,
Yo=y,
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ou Y; = ((U))nz0, V=0, Xs), o = (1,0,0), (Wy)r=0 est un processus de Wiener cylindrique, et F' :
H — H, est définie par

(W0 (@' cos(nv))

12 n=0
Fl(Mso | = (an s1n(nx))nZO
X ((a,ll/zn sin(nx))nZO , (WM sove + ((a},/zn cos(n)c))n20 , (VD)s00r

En particulier, ils ont montré que (Y;);>0 est un processus de Markov avec la propriété de Feller, et
qu’il admet une probabilité invariante explicite basée sur leurs travaux en dimension finie dans [BG17]].

Cependant, ils n’ont pas réussi a prouver son caractere unique: en effet, un contre-exemple direct a
montré que la propriété Feller forte ne s’applique pas dans ce cadre a dimension infinie, qui est un outil
couramment utilisé pour prouver I’ergodicité unique du semigroupe.

Pour y remédier, la propriété asymptotiquement fortement Feller (AFF) introduite par Hairer et Mat-
tingly dans et ses améliorations ultérieures ont suggéré une voie viable pour prouver 1’unicité. Si
la propriété Feller forte fait référence a la capacité du semigroupe sous-jacent a lisser les fonctions, dans
le sens qu’il transforme les fonctions mesurables et bornées en fonctions continues et bornées, les auteurs
de ont présenté cette nouvelle propriété pour traiter des modeles spécifiques qui ne disposent
pas de la propriété Feller forte, en particulier lorsque les modeles sont dégénérés et de dimension infinie.
On peut considérer la propriété asymptotiquement fortement Feller comme une sorte de propriété Feller
forte pour les temps longs, dans le sens ot la propriété de lissage est conservée a long terme. Le coeur de
cette nouvelle propriété réside dans sa capacité a parvenir a des conclusions similaires sous I’hypothese
AFF, tout en étant plus faible que la propriété originale.

Cependant, malgré des progres significatifs, 1’établissement de la propriété AFF pour notre modele
a dimension infinie demeure difficile a atteindre. Nos progres sont néanmoins intéressants pour la com-
préhension et I’application de cette théorie récente a d’autres modeles dégénérés, j’ai donc décidé de les
intégrer dans la deuxieme partie de cette these, sous - Unicité de la mesure invariante pour des
EDS en dimension infinie & dégénérées.

Mots-clés: Processus de Markov; équations différentielles stochastiques; modele écologique; Rosenzweig-
MacArthur; bruit dégénéré; mesure de probabilité invariante; persistance stochastique; condition de Hor-
mander; extinction; convergence presque-siire; taux de convergence; diffusion auto-interactive; propriété
asymptotique fortement Feller; modeles a dimension infinie; couplage asymptotique; ergodicité unique.
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Part A
Persistence and extinction in ecological &
degenerate SDEs

Here, we investigate an important question arising in mathematical ecology: under which conditions
a population of several groups of interacting species may coexist over a long period of time or, in con-
trast, one or multiple (or all) species may disappear. These biological situations are often mathematically
modeled using differential equations: one can think of the Lotka—Volterra predator—prey model, origi-
nally studied in [LotI0l], where first-order nonlinear differential equations described the dynamics of two
species interacting with each other as a prey and a predator.

To take into account the effect of ecological fluctuations such as temperature variation or changing
precipitation, it may be more relevant to consider stochastic differential equations as early proposed
in [Tur77]. More recently, the survey paper or studied the notion of persistence and
extinction in stochastic ecological models by introducing a wide variety of examples.

Specifically, we consider a set of N species interacting with each other and denote by xi, - - - , x their
population density. Each of them is impacted by their own effect as well as the effects of other species,
denoted F;(x1,- -, xy), and some environmental fluctuations, modeled with an m—dimensional standard
Brownian motion(B,l, -+, B")»0 whose impact differs for each species with a factor X;(xq,--- , xy).
Those models are called Kolmogorov stochastic differential equations and are described by

dxi(t) = x(t) | Fi(x()de + )" B (x()dB] |, i=1,--- N,
=1

where x = (x1,- -, xy) is the density vector of the population, and ¢ > O the time variable.

In particular, an interesting and challenging mathematical problems concerns the situation where the
environmental fluctuations do not affect all species. Since this additional randomness tends to smooth
the global behavior, its absence causes mathematical troubles to study: such models are said to be de-
generate and they are at the core of this thesis.

The purpose of this work started with the goal to study the behavior of the classical two-dimensional
Rosenzweig—MacArthur prey—predator model [RM63]], where x; (respectively x;) denotes prey density
(respectively predator density), in which only the prey variable x; is subject to environmental fluctuations
modeled by edB;. More precisely, the model is given by the following the degenerate 2-dimensional SDE
on R2 in (1) with the corresponding drifts

X2

X1
Fi(x)=1-=L - , F(x)=-a+
I(X) K 1+X1 Z(X) ¢ 1+X1

dx 1
dxp
where k, £ > 0,0 < a < 1, and (B;)s»¢ is a standard one-dimensional Brownian motion. Remark that

if @ > 1, x2(¢) goes to 0 almost surely as ¢ — oo since x2(f) < xp(H)(—a + 1).
In case of absence of noise, i.e. € = 0, the behavior of (3) is well-known (see e.g. ):

, a,k>0,

and the detailed model reads

xl[( -4 o )dt+8dB,],

K 1+x;

X2 (—a' + lilxl ) dr.

3)

e Every trajectory starting from x; = O converges to the origin.



e If @ < %, the ODE admits a unique equilibrium p = (L w)

K+1° 1-a’ K(I—Q’)z

In addition, if @ < %, p is a source and there exists a limit cycle y  int(R?) surrounding p and

every solution starting from int(Ri) \ {p} has vy as its limit set.

o Otherwise, if @ > ’1%,1(, every solution starting from int(R2) converges to p.
2
For 0 < &2 < 2, we define k := 8%—1 > 0,6 := 5 <k, and

xk—le—x/e

) Z 09
oot =

Vs,K(X) =

which is the density of a I'-distribution with parameters k, & whose expectation is k6 = «(1 — %) and

variance k6> = #(1 — %). We also define

+00 X
Ae,a,k) = f I—VE,K(x)dx —a.
0 + X

In particular, we can upper bound A(e, a, ) using Jensen’s inequality applied to the concave function
©(x) = £ so that

1+x 5
K(1-%)

Ae,a, k) ———— —«a
1+k(1-%)

and lower bound it by Cauchy-Schwarz inequality which leads to

2
1-2 2
l+x(1-5) V2 2

In particular, this concrete and complex underlying model (3]) was chosen to present the usefulness
of the tools developed in in a broad context. To this effect, some of the original general results
have been either adapted to our situation, or improved with our more recent ideas.

Our interest in the Rosenzweig-MacArthur model (3)) stems from the fact that it represents a degener-
ate SDE evolving on a non-compact state space. We will outline the conditions ensuring that degenerate
models of the form of (3)) reflect typical ergodic properties. Specifically for the Rosenzweig-MacArthur
model (3), main properties can be summarized as follows:

() If0 < & < 2and A(s,a,k) > 0, (x1(£), x2(8))r=0 is stochastically persistent in the sense that
the law of (X})>o converges almost surely to a unique invariant probability measure, supported
on the interior of R2 and with a smooth density with respect to the Lebesgue measure, whenever
x = (x100), x2(0)) € int(Ri) is the initial condition of the system.

(ii) If0 < &2 < 2 and A(g, a, k) <0, (X})r=0 18 stochastically nonpersistent with respect to R x {0}, in
the sense that x,(#) converges almost surely to 0.

(iii) If & > 2, (X )0 1s stochastically nonpersistent with respect to {0} X {0} in the sense that x;(¢) and
X (t) converge almost surely to 0.

The specific case A(g, @, «) = 0 has been investigated in [NS20] as a critical case for (3) where the
authors proved that the process goes on average to extinction.

To this effect, we state multiple hypotheses that will lead to those conclusions:



(i) Hypothesis to show stochastic persistence, uniqueness of the invariant probability, and the
convergence almost-sure and in Total variation;

(ii) Hypothesis [6 to exhibit a polynomial convergence in Total variation, in the specific case of non-
compact extinction sets. We also detail how we lack an exponential rate of convergence with our
framework while Hypothesis [3]is not verified for (3);

(iii) Hypotheses [7|and [§|to show the stochastic nonpersistence of the process and its relationship with
almost-sure extinction.

Structure of this part

focuses on defining the main tools used during the whole part, and how they will help us
to reach our conclusion. In particular, we state Hypotheses [I}3] to ensure that the empirical measure is
almost surely tight and each limit point is an invariant probability. To this effect, we will only focus on
Kolmogorov stochastic differential equations and give a practical criterion in Proposition [2.1] ensuring
that Hypotheses are verified.

introduces the notion of stochastic persistence, which will lead to the uniqueness of the
invariant probability together with some convergence results under an additional Hypothesis Un-
der another stronger Hypothesis [5, the convergence rate will be proved to be exponential while under
Hypothesis [6] the convergence rate is polynomial. Finally, we introduce the notion of stochastic nonper-
sistence as well as Hypotheses [7] and [§] that will be crucial to show the almost-sure extinction of some or
all species. As in|Chapter 1, we present a practical criterion to ensure that each Hypothesis holds true in
the specific case of Kolmogorov SDE.

presents two nondegenerate models that have to be considered as toy models: a one-
dimensional logistic SDE and a two-dimensional nondegenerate SDE. They enable us to justify how to
achieve the above criteria and also justify their relative accessibility. Some of the computations are useful
too, since they will be re-used later on our core problem.

presents the new results obtained on the Rosenzweig-MacArthur model in details. In
particular, the choice of the parameters in are crucial: indeed, assuming g2 < 2and A(g,a,k) > 0,
Theorem implies to stochastic persistence while when &2 < 2 and A(g,a,x) < 0, Theorem [4.13]
shows the extinction of predator species x». If we suppose &2 > 2, Theorem leads to the extinction
of both species.






Chapter 1

Introduction

We introduce here the general context and fix some notations that will be crucial in the first part
of this thesis. It is inspired by the work of Prof. Michel Benaim in his article Stochastic persistence
together with the additional theory needed to achieve the improvements we discovered. Part of
these notes is also inspired by the unpublished work of Prof. Michel Benaim, Prof. Alexandru Hening,
Prof. Dang Nguyen, Prof. Sebastian Schreiber and Dr. Edouard Strickler in [BHN"25]|. More precisely,
Chapter 1 goes as follows:

@) presents the mathematical background required for the following of the text by fixing
some context and notations. You will also find the main standing assumption, Hypothesis [1|

(ii) [Section 1.2)recalls a general theory about the infinitesimal generator associated to a Markov semi-
group and its underlying carré du champ operator. In particular, we introduce extended versions
of both tools to get rid of the limitations to bounded functions.

(iii) recalls the notions of invariant and ergodic probability measures. In particular, we will
focus on the (mean) empirical measure and how it is related to the existence, hence uniqueness of
the invariant probability with the help of Lyapunov functions through Hypotheses [2|and 3|

1.1 General theory about Markov processes

Let (M, d) be a locally compact Polish space, which is a complete, separable and metrizable space,
equipped with its Borel o-algebra B(M). Since we focus on population dynamics, we will mainly con-
sider R} equipped with the usual Euclidean metric.

Let (B(M), ||-||) be the Banach space of all real-valued, bounded, measurable functions on M endowed
with the sup-norm || f|lcc = SUPcps |F(X)I.

We denote by C,(M) the Banach subspace of bounded continuous functions on M, and Co(M) for
continuous functions vanishing at infinity.

Let P(M) be the space of probability measures on (M, B(M)), equipped with the topology of weak
convergence. For u € P(M) and f € B(M), we set

ufi= [ s,
M
Recall that a sequence (uy),>1 C P(M) converges weakly to u € P(M), written u,, = u, if

unf — pf forall f e Cp(M).

For two probability measures a, 58 € P(M), we define the Total variation distance between them by

lle = Blirv == sup laf - Bfl.
Ifllo=1
From now on, we fix a probability space (2, ¥, P), together with a complete, right-continuous filtra-
tion (¥;)r>0, and a family of cadlag (right-continuous with left limits) Markov processes {(X}')>0 : x € M}
adapted to this filtration. More precisely, recall that:

(i) For every x € M, the random variable X" is M-valued and ¥;-measurable, with X7 = x P-a.s., and
the trajectory # — X' is cadlag.
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(ii) For each f € B(M), the mapping
(t,x) € Ry X M +— P f(x) := E[f(X])]
is measurable, and the Markov property holds:

E[f(X5oIF] = (P HX)),  P-as. “)

In addition, recall that the a process (X;);>o defined on (Q, ¥, P) is progressively measurable if for
every t > 0, the mapping
(s, w) — X,(w), with(s,w) € [0,1] X Q,

is measurable with respect to the product o—algebra B([0, t]) ® 7.

We say that (X;),>0 is a predictable process if it is measurable with respect to the predictable o—algebra
generated by all left-continuous, adapted processes or equivalently by the sets of the form ]s, #[XA, where
A € F, Vs < t. The relationship between those properties can be summarized as follows:

Predictable = Progressively measurable = Adapted,

but the converse does not always hold. However:

Proposition 1.1 ([KS98], Proposition 1.13). A right-continuous (or left-continuous) stochastic process
adapted to (F;)i>0 is also progressively measurable with respect to (F;);>0.

Also, one can remark that any left-continuous adapted process is predictable, by definition of a pre-
dictable process.

The Markov property (4) of (X;)o implies the well-known Chapman-Kolmogorov equations:

Pis =P oPg=PsoPy,
Py =1d.

Then, the operators (P;)s>o defined above form a semigroup of contractions on B(M): P,(P;f) =
Pisf and ||P; fllo < ||flleo for all f € B(M).

We can also see (P;)r>0 as a Markov kernel: for a set A ¢ M, we write 14 for its indicator function.
Then, for any x € M and A € B(M), we define

Pi(x,A) = Pls(x) = Pu(X; € A).

For u € P(M), we let P,, be the law of the process (X;);~o on the Skorokhod space D(R,, M) of cadlag
functions, under the initial condition u, and E,, for its associated expected value. In particular, for the
Dirac measure in one point d,, we write more commonly P, and E,. Similarly, we denote by X* or X*
the process under the initial condition y or x.

Definition 1.2 (C,(M)—Feller property). A process (X;)>0 (or equivalently its semigroup (P;);>0) is
said to Cp(M)-Feller if
P (Cp(M)) € Cp(M), V120,

and
lill(l)lPtf(x) = f(x), VfeCpM), VYxe M. 5
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Remark 1.3. The term C,(M)-Feller is used here to avoid confusion with the classical notion of a Feller
semigroup, which requires that (P;);»o is strongly continuous on Co(M) or, equivalently (see Propo-
sition III.2.4, [RY04]), that the inclusion above and the limit property hold with C,(M) replaced by
Co(M).When M is compact, the two definitions coincide; when M is non-compact, every Feller semi-
group is Cp(M)-Feller (see e.g. Lemma 1.2 in [Str19])), but not conversely as it will be show through the
one-dimensional logistic SDE (see Section [3.1/and Remark [3.1).

Also, we observe that by right-continuity of paths, condition (5)) is automatically satisfied.
Our main and standing assumption is the following:

Hypothesis 1 (Standing assumption, Extinction set). There exists a closed set My C M, called the
extinction set of the semigroup (P;);>0, which is invariant under (P;),>¢ in the sense that

PthU = 1M0, VYt > 0.
Define the non-extinction set by M, = M \ My. Note that M. is open and invariant, i.e.
P,«lM+ = 1M+> t>0.

Remark 1.4. The (non-)extinction set is indeed crucial to define the notion of persistence and hence
extinction. As their names say, the persistence of the process (X;'),»¢ occurs when, for any initial x € M,
the process stays in M, with probability one while the extinction is defined when (X;);>0 goes almost
surely to Mo whenever it started in M.

Definition 1.5 (Accessibility). A point y € M is accessible from x € M if, for every neighborhood U of
y, there exists t > 0 with P,(x,U) > 0. We denote by I the set of points accessible from x. For A C M
set 'y = Nyeal'y.

Let G be the I-resolvent kernel (a discrete—time Markov kernel) associated to (P;);>0, defined as

Gf := f ) e'P.fdt, Vf e BM). (©6)
0

It can be seen as the transition kernel of the discrete time chain (¥},),en obtained by sampling (X;)s0
at random times exponentially distributed, in the sense that

Y, =Xz, (N

where To =0, ,Tpy1 = T, + Uyyg and Uy, Uy, - - - is a sequence of independent identically distributed
random variables having an exponential distribution with parameter 1 and independent of (X;);>0.

Then, accessibility is also recoverable through the 1-resolvent kernel G (see e.g Section 5.2.1 and

Proposition 5.19 in [BH22])) as
I, = supp(G(x, ).

Now, we can state the core notions of (weak) Doeblin point:

Definition 1.6 (Weak Doeblin point). A point x* € M is a weak Doeblin point if there exist a neighbor-
hood U of x*, a non-zero measure & on M such that, for all x € U, the smoothed kernel

G(x,") = foo e'Py(x,)dt > &(-).
0

Equivalently, U is a petite set in the sense of Meyn—Tweedie (see e.g. [MT09], Section 5.5).
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Definition 1.7 (Doeblin point). A point x* € M is a Doeblin point if there exist a neighborhood U of x*,
a non-zero measure & on M and a time t, > 0 such that

P (x,))2&C¢), xeU. ®)
In Meyn—Tweedie terminology (see e.g. [[MT09)], Section 5.2), U is a small set.

Remark 1.8. If x* is an accessible Doeblin point, the minorization condition (8)) extends to every com-
pact set (see Lemma 4.9 in ).

1.2 Generator and carré du champ

We now define the infinitesimal generator of (P;)s>0 and its subsequent domain. It is a key tool to
show the unique ergodicity of a Markov semigroup, as will highlighted in the corresponding Section|[I.3]
about invariant and ergodic probability measures.

Definition 1.9 (Generator). The generator of (P;)s>0 is the linear operator L: D — Cp(M), where the
domain D C Cp(M) is the set of all f € Cp(M) satisfying

(i) the limit Lf(x) := lim; | M exists for every x € M;
(ii) Lf € Cp(M);
(i) supocer TIPS = fllow < co.

Remark 1.10. Under the assumption that (P;),>¢ is a C(M)—Feller semigroup, let f € Cp(M) and € > 0.

We set
_ 1 (¢
fe = —f P fds.
0

&

Then ?8 €D, Lj_‘g = é(Pg f—f),and ?8 — f pointwise as € | 0. In particular, D is non-empty since it
contains all functions f,. Indeed, we can write

e P = fo®)
m--——-----
t10 t

) 1 E E
=111l%1;( fo P f(x)ds — fo Pxf(x)ds)

= ltif(l)lé(ftg P, f(x)du - L‘EPsf(x)ds)

) 1 Ee+1 !
= ltllI(I)IE (j; P, f(x)du —v[; Psf(x)ds),

where the last equality is obtained adding 0 = fs ' P, f(x)du + ft ¢ P, f(x)ds. We can rewrite the first
integral such as

f " P fdu = f P fCodu + f T Puf) - Puf(x) du

E+1
= 1P f(x) + f (Puf(x) = Pof(x))du,

and it follows that

1

L?g<x>=lilrgi(r&f<x>+ f T (Puf(0) = Pof(x)) du - f Psf(X)dS)-
t & 0
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By continuity of u — P, f(x), the second integral is of order O(¢) such that lim,_q @ = 0. By
continuity, the last integral converges to

) 1 ! o 1 ! !
lim fo Psf<x>ds—1;fg;( fo Foods fo (Psf(X)—f(X))dS)
1 !
- lim 1 (tf(x) - f (Pyf(x) —f(x))ds)
tl0 t 0
=f(x), VxeM,

We conclude that .
LF(0) =~ (Pef(¥) = f()), VxeM,

which is a bounded, continuous function over M, and f, € D since we also have

1 _ _ 1 e+1 t
sup —]P, 7.- Ll = sup —H( f Puf(0)du — f P, f(x)ds)
0<t<1 0 «<l fE & 0 oo
21 Flles
< sup A1l
0<r<1 te
< 2/ flloo
E
< 00

>

uniformly on ¢, since f is supposed to bounded. Finally, we can see that lim, fa(x) = f(x) for all
X € M by using the same construction as above and
&

1
lim — P,f(x)ds = f(x), VxeM
0 € Jo

From the definition above, we can see £ as the derivative of P,f(x) for time ¢+ = 0 but it indeed
describes the derivatives of P,f(x) at every time ¢, as summarized in the next proposition: (9) parallels
Proposition 3.3 of [PRLI] while (10) is a classical result from infinitesimal generator theory.

Proposition 1.11. Let f € D. Then for every t > 0 one has P,f € D, the mapping t — P,f(x) is C' for
each x € M and

%sz (x) = L(Pf)(x) = P(L)(x). ®
Moreover, the process
M (x) = F(X) - f(x) - fot Lf(X5)ds, 120, (10)
is a cadlag martingale with respect to ()0 and Py.

Remark 1.12. Formula (10) can also be viewed as a consequence of Dynkin’s formula combined with
the Markov property of (X;);>0 (see e.g. Proposition 14.10 and 14.13 in [Dav93]].

Proof. Let f € D. We set

P —
Aof = ng f, 0<e<l.

Then supg i AP fllo < SUPppey IAefllo < o0, and A P,f = P;A.f, as we did in Remark
Hence

im AP f =lim PA. f = P(Lf),

el0 el0
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where the last equality follows from dominated convergence. Consequently, P;f € D and P(Lf) =
L(P;f). Observe that the map (¢, x) — P,f(x) is continuous because

}jlrgllPt+sf —Piflle < lsilrglllPsf — fllo =0,

and
Lm [|Pr—sf = Pifllo = im ||Pr—s(f = Psf)lleo < lim||f = Pyflleo = 0.
510 510 510

Fix x € M and define .
u(t) = Pf(x) — f(x) - j; Py(Lf)(x)ds.

We claim that u(¢) = 0 for all # > 0, from which it follows that ¢ — P, f(x) is C! and satisfies @)
To prove the claim, it suffices to show that for every ¢ > O the set
Os =1{t >0 : |u@®)| > o1}

is empty. Suppose, on the contrary, that Os # 0 for some 6 > 0 and let * = inf Os. By continuity of
t — u(r), it follows that |u(t*)| = 6¢* and, using the form of u above,

fim O U)o Preef0) - Prf) 1 f L 0ds
&l0 E el0 £ € Jr
imp, LSO IO b e
el0 &
= Pr(L)) — Pe(LH()
=0, VxeM.

Thus, for every § > 0, there exists g9 > 0 such that for all 0 < € < &,
lu(t* + &)| < u@)| + o = 5(t* + &),

which is a contradiction with the definition of Os and the continuity of 7 — u(?).

It remains to prove that (M,f (x))t> 0 is a martingale. For all ¢, s > 0,

M) - M () = FX) - F(XD) - fo | LfX

By taking conditional expectation, using Fubini’s theorem and Markov property, it yields

N S

(M0, 00 - M) | 2) = PpOG) = 06 = [ PuLCK)
0

Given (9), it follows that

S S 6

f P, Lf(X/)du = f aPuf(Xf)du =P f(X7) = (X)),
0 0

so that E (Mf

s (X) — Mtf(x) | ‘7:,) =0, and (M‘tf(x)) is a martingale. O

>0

Let f € D and x € M. Suppose the martingale (M,f (x));»0 defined by is square-integrable,
meaning that E, (IMf |2) < oo for all ¢ > 0. Then there exists a unique, non-decreasing, right-continuous,
adapted process ((M/(x));),s, called the predictable quadratic variation such that
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(i) (M'(x)) = 0;
(ii) (M,f (x)2 — (M (x))t)t>  is an (F);z0, P,)—martingale.

The general existence of ((Mf (x)),)t> 0 follows from the Doob—Meyer decomposition (see e.g. [Mey62])).

However, whenever both f and f? lie in D, the quadratic variation can be expressed via the carré-du-champ
operator.

Definition 1.13 (Carré du champ). Let D? := {f € D : f2 € D). For f € D? the carré-du-champ of f
is defined by

L(f) = Lf* - 2fLf.
Note that

.1
L(f) = lim -(Pif? = (Pf %) 2 0.

Indeed, since both f, f2 € D, by Proposition the map ¢ — P, f2(x) — (P,f(x))? is C! for all
fixed x € M and

d d
5 (P20 = (Pf)?) = PULF@) = 2P f(x) - £ Puf (x) = PULI?)@) = 2P, fO)PALS ().
and in particular
d
5 (P20 = (P00 = LF2(0) = 2 (D L.
Since Py f2(x) — (Pof(x))* = 0, it implies that

P - (PR . P = (Pf0)? = (Pof?(x) = (Pof(x))?)
lim = lim
tl0 t 10 t
d
= 4 (P2 ) = (Puf@0)) =g

= LF2(x) = 2f(0)Lf(x)
= T(f)(x).

Moreover, using Jensen’s inequality, it is clear that
Pif* (@) = (Pf ()" = ELF (X1 = (BLFXDD 2 0.
Proposition 1.14. If f € D?, then
!
oy, = [ Teds. 120 (11
0
Proof. The map t — fot I(f)(X7)ds is non-decreasing and continuous by Definition . let show that

the process
(M ()% = [ T(H(XD)ds)

is a martingale. We define

Z, = M/ (x) - fo T((XHds + 2f ()M (x) — M/ “(0).
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2
Since (Mtf (X))>0, (Mtf (x))>0 are martingales, it is sufficient to show that (Z;),>0 is a martingale to
conclude. Write g, = Lf(X}") and G, = fot gsds, so that

Z,= 212 + G2 — 2 (X)) (f(x) + G)) + 2f (G, + fo LXK - fo s + 200M ()
= G2 = 2(X)G, + fo LKds - fo (s
= G? - 2f(X))G, + fo L - fo LPds +2 fo FXDgds
= G2 = 2f(X))Gy +2 fo ' FXDguds
=G?-2G,+ MG, +2 fo Z(Gs + Mg ds
=-G?-2M/G, +2 fo I(Gs + M)g,ds
Using Fubini’s theorem, G,2 =2 fol G,gsds,sothat Z, = 2 (fot M{gsds - leG,) . Therefore, for u > 0,
Zisu—2; =2 (I M,gids — GyoyMyyy + GtMt)

f+u
=2 (f (Ms - Mt+u)gsds + Mt+u(Gt+u - Gl) - Gl+th+u + GtMt)
13

f+u
=2 (Ms — M;y,)g5ds + (M; — My1,)G;.

t

Taking conditional expectation with respect to 7, together with Fubini’s theorem, and since (M,);»¢ is a
martingale, then M, — M, has zero conditional expectation and similarly,

E[(M;s — Mi1.)8s | F:] = EIE[(My — Mri)gs | Fl | F1] = BIgEIMs — My | F511 %41 =0,

since ¥y C 7, and E[M,,, | Fs] = M, for all t < s < t + u. It yields E[Z;,, — Z; | ¥:] = 0. Hence (Z;);>0
is a martingale, proving the claim. O

Remark 1.15. As noticed in the proof of the preceding proposition, the mapping (¢, x) — P;(f)(x) is
continuous for all f € P, but there is no evidence that this continuity still holds for any f € C,(M) even
under the C,(M)—Feller property, Definition[I.2] The next elementary result addresses this question and
shows that this holds under a very mild condition.

Lemma 1.16. Let (ty, x9) € Ry X M. The following conditions are equivalent:
(i) Forall f € Cp(M), the map (t, x) — P:f(x) is continuous at (ty, xo).
(ii) For every sequence (t,, x,) € Ry X M converging to (ty, xo), the family {P; (xp, -)}n>0 is tight.

In particular, condition (if) will always be satisfied under the Lyapunov assumptions made in the next
section, as explained in Remark 1.38] Under those hypotheses, it will implies the even stronger property
(t, x) = P;(f)(x) is continuous, compared to Definition|1.2]

Proof. (i) implies (ii) because weak convergence implies tightness (see e.g. [KalO1l|, Lemma 5.8). Con-
versely, if {P;, (xu, -)}n>0 is tight, there exists, by Prokhorov’s theorem (see e.g. [KalOIl], Theorem 23.2),
a subsequence (f,,, X, k>0 and a probability measure u on M such that

Py, (Xn,") = p ask — oo,
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For all f € D, we have u(f) = Py f(xo) by continuity (see Remark [I.15). Thus, by Remark
if f € Cp(M), then u(f:) = Py, f:(x0) and the dominated convergence theorem, it implies that u(f) =

u(f) = Py f(xo) for all f € Cp(M). O

1.2.1 Extended generator and carré du champ

For many of our next results and our examples of interest, we will need to use functions f that are
unbounded on M or M.: one can think of f : [0,00) — [0,00) : x > xor f : (0,0) = (0,0) : x >
log x. To this effect, we introduce an extension of the generator L.

Recall that an adapted process (M;);>0 on (Q, (F);>0) With My = 0 is called a ((F;)r0, Px)—local
martingale if there exists a non—decreasing sequence (7,),>0 of stopping times such that lim,,_,,, 7, = c0
and, for every n, the stopped process (M,T ")r=0 defined by M,T " = Mipq, 18 @ (F1)=0, Px)—martingale. The
sequence (T,),>o 1S said to reduce (M;)s>0.

Throughout we let M denote either of the sets M or M, and we write C(M) for the vector space of
continuous (possibly unbounded) maps f: M — R. The following lemma justifies the definition of the
extended generators.

Lemma 1.17. There exists a vector space Z)Q’( c C(M) and a linear map Léw : Z)Q’( — C(M) such that:

(i) For every f € DM and x € M, the process

!
M) = X = f0) - f MExds, 130, (12)
0

is a (F)e=0, Px)—local martingale.

(i) Let (f,g) € C(M)? be such that, for every x € M, the process
MIE) = £ = £ = [ sxs (13)

is a (Fp)r0, Px)—local martingale. Then f € Déw and Léw f=g

Proof. Define Z)é“ as the set of f € C(M) for which there exists g € C(M) such that M,f $(x) is a
((F1)20, P)—local martingale for every x. This is a non—empty vector space since it contains D. Suppose
now that g € C(M) is another function such that Mtf (x) is also a ((F7)=0, Px)—local martingale for every
x. We claim that g = g, which then allows us to set LMf = g.

Assume to the contrary that g(x) — g(x) > 0 for some x € M. Choose 6 > 0 and a compact
neighborhood U of x such that g(y) — g(y) > 6 forally € U. Let 7 = inf{r > 0 : X' ¢ U} and define the
process

. . INT
Ny = MIE = MIE () = f (BX) - g(XD)ds, 120,
0

Then (N)s>0 is a local martingale since both Mtfg’ M,f’g(x) are, and 0 < 6(t A7) < N, < Ct, where
C = supycy 18(y) — g()| since g, g are continuous functions taken over a compact.

Hence (N,);»0 is a true martingale, because if (7,,),>1 is the sequence of stopping times that reduces
(Ny)i=0, the family N/ is uniformly integrable in n since E,(N,") < Ct, and passing to the limit n — oo
in E,[N" | F5] = Ng" yields

BN, | F5) = B(lim N[* | ) = lim E(N[" | F) = lim N} = N,,
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while we take out the limit out of expectation by dominated convergence theorem. Therefore, we have
0 < Ey[N] < Ex(No) =0 = 0 = E*[N,] > 6B, [t A 7],

so that T = 0 P,—almost surely, which contradicts the right—continuity of paths of (X;');>o: around a small
time interval [0, g[, X; should stay in U and T would be strictly positive. Thus, we have g = g. O

Definition 1.18 (Extended generator). The operator LQ" is called the extended generator of (P;);>0
on M, and Z)é"’ its domain. To shorten notation we write (De, Le) (respectively (DY, L)) instead of
(Z)g/’ LM ) (respectively (@’X*,Lé”* ) ).

For shortness, we let
M M M! 1 ML I
Dy =D, L =L, and D,* =D, L, *=L,.

When I = {1,--- ,n}, we simply replace the I exponents by +.

Clearly, if f € D,, we can see that f|y, € D} and in particular

L (flm,) = Le(Hlm .
More precisely, we can assess the extension term through the following result.
Proposition 1.19. D = {f € D, N Cp(M) : L(f) € Cp(M)} and for all f € D, L(f) = L(f).
Proof. Since a martingale is a local martingale, the inclusion C is direct.
Conversely, let f € D, N Cp(M) and g = Lo(f) € Cp(M). By definition, (M,);s0 := (M!%),59 is a

local martingale which satisfies
IMil < 2| flleo + lIglloot.

Since f and g are supposed to be bounded, the same construction as in Proposition|I.14]lets us show that
(M})s>0 is in fact a true ((F;)s>0, Px)—martingale for all x € M. Thus, by Fubini’s theorem,

!
E(M) = P ) - S~ [ Pugods =
0
so that f € D and g = Lf by Definition|1.9 O

Even in the case where (M,f .(x)),zo is a local martingale, we can still give sense to its predictable
quadratic variation.

Proposition 1.20 ( , Prop. 23.1). Let (M,)s>0 be a square-integrable local martingale (in the sense
that any stopped process is a square-integrable martingale). Then, there exists a unique, increasing,
predictable process ((M);)>0 with locally integrable variation such that

(i) (M) = 0.
(ii) The process (Mt2 —{M)})r>0 is a local martingale.
By analogy, we can build an extended carré du champ for functions f € DM such that f> € DM,
Definition 1.21 (Extended carré du champ). Ler
oM ={feDM: 2 e D).
For f € @Z’M, the extended carré du champ is defined by

M) = LA - 2L ).
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Here again, we use the simplified notations
1 1
Z)?’M = Z)g, FQ/I =T,, and Dg’M* = 1)3”, Féw* = Fi,
and when I = {1, - - - , n}, we replace the I exponents by +.

Similarly to Proposition , one can also link the predictable quadratic variation of (Mf (X)=0 to
the extended carré du champ in the local martingale case:

Proposition 1.22. Let f € D?’M. Then, Fé\/‘( f) = 0 and for all x € M, the process

(Mf (0% - fo t Fﬁ"(f)(Xi-‘)ds) ,

>0

is a ((F)r0, P) —local martingale. In particular,
!
oy = [ T2
0
Proof. We proceed like in the proof of Proposition Let

7 = (M{'(x)z— fo Fé”(f)(Xj‘)ds)+2f(x)Mf(x)—M,f2(x)-

Since (Mf .(x)),zo and (Mtf ’ (x))s>0 are local martingales, it suffices to show that (Z;);>¢ is a local martin-
gale. Let g; = Lé"t( X)) and G, = Jg gsds: as observed in the proof of Proposition 1.14L

! I+u
z,=2 ( f M,gds - Mth), Ziu=2, =2 ( f (M = M, )gsds + (M) - Mz;,x:t).
0 t

t f
o, =inf {t >0: f |gslds = n or f |M{gslds > n}
0 0

By the cadlag continuity of g; and M{, the maps ¢ — fot |gslds and 1 +— fot IM{gSIds are continuous, SO
that (0,),>0 is a sequence of stopping times with lim,,_,«, 07, = 0.
Let now (7,,),>0 be a localizing sequence for (Mf )i>0 and T, = T, A07,. Before o, we have fot lgslds <

n and fot IM{gslds < n so that

Let

1Z71 < 2n(1 + (M),
so that Z: " is integrable in the sense that E(IZ,T;’I) < o0, since (Mtf ) is, and
o o +u f , f , f ’ f ’
E(Z7,- 2" 1) =2 f E [((M)™ = (ML, )™) gsne, | Fi] ds + 2B (M) = (ML, )™) Girey, | F]
t

=2 fH”E[E ((Mf Yo — (MY )| Funey) gone, | 7_;] s
t

+2E[E(M]" = M[}, | Fone,) Goney | i
=0.

This proves that (Z;);>0 is a ((F;)r=0, Px)-local martingale, for all x € M.
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Now, let’s show that Féw(f ) > 0. Suppose to the contrary that I“év‘( )x) = =6 < 0 for some x € M.
Let

=inf{r > 0: TM(N(XT) > -5/2].

and let (1,,),>0 be a localizing sequence for (M[f '(x)2 - fol Fé\/‘( f)(Xjf)ds)m). Then

T Aty
BT At 2 B, ( f M f)(X;f)ds) = B, (M), (0%) 2 0
2 0

Thus T = 0, P,-almost surely, in contradiction with right-continuity of paths, similarly to the end of the
proof of Proposition

To conclude, recall that since (X]')»o is adapted with cadlag path, it is progressively measurable,
which is preserved by composition with measurable functions. Since fot Hds forms an adapted process
for any progressively measurable process (H;)r>0, it implies that fot TM(f)(X))ds is also adapted since
I“éw( f) is continuous.

Since fot FQ’(( F)(XP)ds is a continuous adapted process, it is left-continuous and, therefore, it is pre-
dictable. Moreover, since TY'(f) > 0, it forms an increasing process starting at 0.

Then, with the sequence of stopping times defined as 7, := inf{s fo TM(H(XNds > n),
locally finite variation is verified and the conclusion follows directly by the uniqueness of the predictable
quadratic variation. O

Definition 1.23 (Strong law). Let f € DM. We say that f satisfies the strong law if, for every x € M,

f
M
lim —~ )

t—o00 t

=0 Py-a.s., (14)

where (M'tf (X))s>0 is the local martingale defined by .

By Proposmonn we always have D? c D? but the converse is false. However, the following tool

will be used to verify either (M (x))>0 is a true martingale or if it satisfies the strong law. It has been
proposed as part of the writing process of [BHN23].

Proposition 1.24. Let f € Dé\". Consider the following assertions:

(i) f e O™, andforall x e M,

lim sup % f t P,CM())(x)ds < oo;
0

t—00

(ii) Forall x e M, (M,f (X))o is a true L* (F7)s>0, P,)—martingale, and

B )
limsup ——— < o0 (15)

t—00 t

(iii) f satisfies the strong law.

Then
(i) = (ii) = (iii).
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Proof. Fix x € M, and, to shorten notation, set M; = Mtf (x). Assume (i). Let (1,),>0 be a localizing
sequence for the local martingale defined in Proposition Let M} = M;,,. Then, for ¢ sufficiently
large,

AT, t
E[(a)’] =E[ fo FeM(f)(Xf)ds] < fo PIM(Nds < Cut,

for some constant C, using Fubini’s theorem and the fact that t A 7, < ¢ for I“éw( f) = 0. The sequence
(M]")p>1 1s then bounded in L?, hence uniformly integrable. It therefore converges in L', as n — oo,
toward M,. Since (M})>o is a martingale, by dominated convergence theorem, the L'-convergence
passes to the limit in the martingale property:

E(M; | F5) = B(lim M} | ) = lim E(M} | F5) = lim M{ = M, forO<s<t.
n—oo n—oo n—oo
This proves that (M,),>¢ is a martingale. By Fatou’s lemma, the previous inequality also implies that
E[M?] < C.t,

so that is satisfied, which concludes the proof that (i) = (ii).

We now show that (ii) = (iii). For all integers n and & > 0, Doob’s inequality for right-continuous
martingales ([GalI6l], Proposition 3.15) implies that

Ex [Supt§2n+1 |Ml|2] 4Cx2n+l SCX
£222n < g222n = g2on’

M
Px[ sup Mi] > 8) < Px( sup |M,| > 82”] <

ongp<onst b t<on+l

where the second inequality follows Markov’s inequality, and the third one Doob’s inequality in L.
Thus, lim sup,_,, % = 0, P,-almost surely, by Borel-Cantelli lemma. O

Remark 1.25. There are classical examples of local martingales that are bounded in L? but not true
martingales, we can think about Exercise 5.33, (8) in [Gall6]. Thus condition alone is not sufficient
to ensure that (M‘tf (x))>0 is a true martingale.

Indeed, given (B;);>¢ a 3—dimensional Brownian motion started at x = (x, xp, x3) € R3, we can show
by direct calculus that (|Bt|‘1),20 is bounded in L?. However, let’s suppose that it is also a continuous
true martingale. Then, combining lim;_,« |B;| = +o0o almost surely, and the fact that

E(|Boo|™) = 0 = E(IBol™) + E(BI™", 1Bl Yeo)s

it is in contradiction with Theorem 4.13 of since both terms should be positive. Hence, (B,™! )0
is only a continuous local martingale.

1.3 Invariant and ergodic probability measures
A probability measure u € P(M) is called stationary or invariant if
uPy=pu, t>0,

that is, u(P,f) = uf for all f € B(M) (or Cp(M)) and all ¢+ > 0. Denote the set of invariant probability
measures of (P;);>0 by Piny(M). We also define

Pinv(Mp) = {,U € Pinv(M) : u(Mp) = 1}’ Pinv(My) = {,U € Pinw(M) : u(M,y) = 1}-

Previous properties are central to show the existence, hence uniqueness, of an invariant probability
measure associated to the semigroup (P;),»0. For example, in the case of compact state space:
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Proposition 1.26 ([Str19], Proposition 1.6). Let (X;);>0 be a C,(M)— Feller semigroup on M a compact
space. Then, there exists at least one invariant probability measure.

One the other hand, the uniqueness of the invariant probability measure can be deduced from the
existence of an accessible Doeblin point.

Proposition 1.27 ([Bou23]), Proposition 1.11). Let (X,);>0 be a Cp,(M)— Feller semigroup. We suppose
that Ax* an accessible Doeblin point. Then, there exists at most one invariant probability measure.

Alternatively, invariant probability measures can be deduced from the infinitesimal generator intro-
duced in Definition

Proposition 1.28 ([Str19], Proposition 1.5). Let (X;);»0 be a C,(M)— Feller semigroup with generator
L, then u € Pinw(M) if and only if uLf = 0 for every f € D.

Another point of view is given through the 1-resolvent kernel G defined in (6)):

Proposition 1.29 ([BH22], Proposition 4.57). A probability measure u is invariant for G if and only it is
invariant for (P¢)so.

Recall that a function f € B(M) is (G, w)—invariant it Gf = f u—a.s. Likewise, a set B € B(M) is
(G, w)—invariant if 15 is (G, u)—invariant.

Lemma 1.30. Let u € Piny(M) and f € B(M). Then f is (G, w)—invariant if and only if the set
{(x,) e M xR, : P f(x) = f(x)}
has full measure with respect to u ® dt.

Proof. Assume f is (G, u)—invariant. Then by Fubini’s theorem,
0< [ euis - pPyr
0

< f e W(Pf> = 2fP.f + f2)dt
0

= 2u(f* - fGf)

=0,

for almost every ¢ > 0. Hence, {(x,7) € M X R, : P,f(x) = f(x)} has full measure with respect to u ® dt
and the converse is immediate. O

Definition 1.31 (Ergodic probability measure). An invariant probability y € Piny(M) is called ergodic
if every (G, u)—invariant map is u—almost surely constant.

We denote the set of ergodic measures by P (M) and we also defined Perg(Mo) = {1 € Perg(M) :
u(Mo) = 1}.

Definition 1.32 (Extremal probability measure). u € P, (M) is called extremal if it cannot be written
as a non—trivial convex combination u = gu; + (1 — &)ug, 0 < € < 1, of two distinct invariant measures
Hos 1 € Piny(M).

The next proposition gathers results from [BH22], in particular Lemma 4.27, Proposition 4.29 and
Theorem 4.51.

Proposition 1.33. Let u € Piny(M).
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(i) The following are equivalent:

(a) wis ergodic;
(b) every (G, w)—invariant set has u—measure 0 or 1;

(c) wis extremal.

(it) Ergodic decomposition. There exists a Markov kernel Q on M such that

u) = f O(x, Ju(dx),
M

and Q(x, -) is ergodic for u—almost every Xx.

1.3.1 Empirical occupation measures

We define the empirical occupation measures (113)>o of the process (X))o by

1 t
I(B) = - fo Lixrepyds, B e B(M). (16)

We can see I1;(B) as the fraction of time the process spends in B up to time ¢.

Remark 1.34. The existence of invariant probability measures highly rely on the tightness of (I});0: it
is naturally verified in Proposition [1.26|since we only consider compact state space M. Therefore, our
next interest will be to weaken the conditions to achieve tightness of the empirical measure.

We also introduce the mean empirical measure (ﬁ:)tzo defined as
—x N 1 (!
IT, (B) = E[IT}(B)] = n Py(x,B)ds, Be BM). 17
0

Recall that a continuous map W: M — R is proper if the sublevel sets {x eEM: W(x) < R} are
compact for all R > 0. Proper maps are convenient for establishing tightness of (Hf),zo and that each of
its limit point lies in P,y (M), as Proposition 4.15 in or as below with Lemma 9.4 in [Benl8]|.

Lemma 1.35. Let W be a non—negative proper function, C > 0, and (u,) C P(M) withlim sup,_, ., up, W <
C. Then

(i) (uy) is tight and every limit point u satisfies uW < C;

w

(it) If H: M — R is continuous with oy Proper and p, = u, then u,H fed uH.

Remark 1.36. Since %IH\ is proper it follows that H € L'(u): indeed, there exists a constant K > 0 and
a compact set Cg such that outside Cg, we have

W 1 c
K = H<—-1 H| < — <—
T+ H = Hl <+ = pH| < ZpW) < .

by (i), while on Cg, H is continuous on a compact so y|H| < oco.
This leads to our second hypothesis:

Hypothesis 2. There exist proper maps W, W: M — R, with W € D,, and a constant C > 0 such that

LW<-W+C.
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Here, W and W play the role of Lyapunov-type functions, and guarantee in particular the tightness of
the mean empirical measure. The next proposition is adapted from Theorem 2.2 in with weaker
conditions, also developed within the writing of :

Proposition 1.37. Assume Hypothesis|2| Then
(i) Forall x € M,
PW(x) + fo t P,W(x)ds < W(x) + Ct.
In particular lim sup,_, ﬁf(W) <C.

(it) The family (ﬁf),zo is tight and every limit point lies in Piny(M).

(iii) Piny(M) is non—empty and compact, and uW < C for all u € Piny(M).
Proof. Set

Mi(x) := W(X;') — W(x) - fot LW(X;)ds, t>0. (18)

Then, under Hypothesis[2]and in particular W € D, this is a cadlag local martingale. Moreover, with
LW < —W + C, and since W, W are positive functions, we can rearranging the terms to obtain

0< WX+ f W(XY)ds < W(x) + Ct + My(x). (19)
0

For n > 0, let (M}(x))0 defined as M}'(x) = M;5,(x), which is a local martingale: therefore, there exists
a non decreasing sequence of stopping times (7 )i>0 With limg_,o 7x = oo such that (M?ATk(x)),Zo is a
martingale and

E(M} Tk(x)) = E(Mg(x)) = 0.

N

In addition, using , we can lower bound (M} (x))0 by
M} (x) = -W(x) - Cn.
By applying Fatou’s lemma to the non-negative sequence M} (x) + W(x) + Cn, we obtain
E(M(x)) = E( lim M,”Mk(x)) < lim E (M), (x)) = lim B(Mg (@) = 0.
Thus, n being arbitrary, we have E(M,(x)) < 0 and by Fubini’s theorem, (19) rewrites as
P,W(x) + fo t PW(x)ds < W(x) + Ct.

In addition, by dividing above inequality by ¢ and rearranging the terms, we obtain

PtVtV(x) N W(x) iC

—x | A
(W) = - f Py(W)(x)ds < -
0
and taking the lim sup when ¢ — oo gives us

lim sup ﬁf(W) <C,

t—00

so (i) is proved.
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Then, by Lemma|1.35, it implies that the family (IT, (W), is tight. For f € Cp(M) and s > 0, we
can notice that

lim [TL, () - T} (P, )l < hm%(| [ purcoad +| [ Ps+uf<x>du|)
t—o00 t—o00 0 0

- nm1(| f Pufodi] + | f HSPuf(x)duD
t—oo f 0 '

2]l fllo
< lim sIfIl
t—o0 t

=0,

so that every limit points of (ﬁf(W)),ZO lies in Py (M), and (ii) is proved.
In particular, Pj,y (M) is non-empty, and by Lemma , uW < C for p a limit point of (ﬁf(W))tZo.

Now, we use Jensen’s inequality such that, for all R > 0,

0< %[)tPS(W/\R)ds < (% fOZPS(W)ds) AR < (? + C)/\R.
Then, for every u € Pinv(M), we have
u(W A R) Sy((V‘T/ +C)/\R),
so letting £, R — oo, we get uW < C. In particular: for every u € Pin (M), u is tight.

To show compactness, by tightness of P;,, (M), it is relatively compact by Prohorov’s theorem. Then,
by Cp(M)—Feller continuity, it implies that P;,, (M) is closed, and we can conclude about its compactness,
which proves (@ii). Indeed, for (u,),> C Pinv(M) that converges weakly to u, we have

f Pufdu = lim f Pofdu, = lim f Fdyuy = f Fdu, Vf € Ch(M),
M n—=eo Jm n—=eo Jm M

by weak convergence, invariance of y, for every n > 0 and the fact that P,f € Cp(M), so that the limit u
of (u,)nx0 also lies in P,y (M), which shows its closedness. O

Remark 1.38. Under Hypothesis [2, property (i) implies that the mapping (¢, x) — P,f(x) is continuous
for every f € C;(M) by combining Lemmas|I.16/and Lemma 1.35]

Another useful consequence of Proposition |1.37|is the following.

Corollary 1.39. Assume that Hypothesis|2| holds. Let M be one of the sets M or M,. Let f € Df’M be
such that
M) < aW) +b,

for all x € M, where W is as in Hypothesis and @,b > 0. Then (Mtf (X))o is a true L? martingale and
f satisfies the strong law.

Proof. By Proposition i) and since W > 0,

: f PP (s < W ac,
0

so condition (i) of Proposition |1.24|is satisfied. Hence the result. O
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To ensure that limit points exist, we need the following assumption as a strengthening of Hypothesis

Hypothesis 3. Hypothesis [2|holds and, in addition, either
(a) W satisfies the strong law (14); or
(b) W = aW for some a > 0.

The next result states that, under Hypothesis |3, the empirical occupation measure (I1);>0 is almost
surely relatively compact and that its limit points are invariant probability measures. Earlier versions of
this result are already proved in [SBATI]], or [Ben18§]], and has also been developed during the
writing of [BHN"25]|.

Theorem 1.40. Assume Hypothesis

(i) Under Hypothesis|3|(a), for all x € M, almost surely

lim sup ITY(W) < C.
—00

(ii) Under Hypothesis|3|(b),
PW<e®™W-C)+C<e™W+C, (20)

and, for all x € M, almost surely
p 2 -
limsupr(\/W) < —\/ﬁc‘”,
t—o00 1 - \/ﬁ

(04

withp = e™%.

(iii) For all x € M, (I1}),>o is almost surely tight and every limit point lies in Piny(M).
Remark 1.41. Under Hypothesis |3 both P;,, (M) and Pi,y (M) are non-empty by Theorem How-
ever, Pinv(M,) may still be empty because the set of probability measures supported in the open set M.

is not closed for the weak topology. Along empirical measures I1; for x € M., we can still have IT; = u
with (Myp) = 1 compared to the case of M being closed.

1.3.2 Proof of Theorem (1.40

Before stating the proof of Theorem [1.40} we introduce the following result which is the continuous
version of a well-known one for discrete—time Feller chains. The proof is directly based on the discrete-
time case.

Proposition 1.42. For all x € M, almost surely, every limit point of (II}),s lies in Piny(M), P-almost
surely.

Proof. Let (Y;))n>0 be the discrete time chain obtained by sampling the continuous one with G the
1-resolvent kernel defined in (6)). We set

. 1 n—1
== > or.
k=0

the empirical measure of the discrete chain (Y})),>0, where ¢, is the Dirac measure that assigns mass 1 to

{z}.
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For a discrete—time Feller chain, it is classical that the limit points of the empirical measures are
invariant (see e.g. [BH22]], Theorem 4.20). Since it is invariant with respect to its kernel G, limit points
of (IT})n>0 lie almost surely in Piny(M) (see e.g. [BH22], Proposition 4.57).

We now show that (IT)»¢ and (ﬁft J)tZO have the same limit points almost surely, where |:] is the
floor function. Because M is separable, there exists a countable family {f,},>0 C C»(M) such that

1
D(u.v) = ) g minlufi = vfil. 1),
k>0

is a distance on P(M) that metricizes the topology of weak convergence on P(M) (see e.g. [BH22],
Proposition 4.5). That is,

Hn = p & Dpn, ) — 0.
By Proposition 4.58 in [BH22]|, for every f € C,(M),
1 lz)-1
lim = | f(Xods - L— ZO Gf(Yo) =0

almost surely, which is
lim|[1}(/) T Gf| =0 as.

Moreover, let

,_.

n—

=) f(Yie1) = Gf(Y),

k

Il
[«

be a bounded martingale since (M,),>o is adapted to the natural filtration (¥,),>o defined by ¥, =
oYy, -+ ,Y,), Yn >0, and the increments Dy := f(Yi+1) — Gf(Yy) has zero expectation, so

E(Myi1|F3) = B(My + DyitlFn) = My + E[f(Yor1) = Gf Y| Ful = My + Gf(Y,) = Gf(Yn) = M
By the strong law of large number for martingales with bounded increments (see e.g. [HH80]], Theorem

2.18), it follows that
M,
lim [}/ - TEGf| = lim —* =0, P-as.

n—o0 n—oo n

We now obtain

() - 115, | +

lim [[13(7) - 115, /] < lim 115, Gf - 1% f| = 0

therefore by dominated convergence, lim,_,., D(IT}, HL . J) = 0 almost surely and the two families share
the same limit points, which must be invariant. O

Proof of Theorem (i) From inequality we have

~ w M,
(W) < 22+ 0 2

where (M,);> is the local martingale defined in (I8). Under Hypothesis[3(a)| the strong law implies
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so lim sup,_,, [IX(W) < C for all x € M, almost surely.

(ii) Set V, = e (W(X)) — %) Because (M,);>o is a local martingale, the process (V)0 defined by

!
N, =V, = Vy— f e (@W(X;) - C+ LW(X)))ds
0

is also a local martingale with Ny = 0 (see e.g. [EK86]], Proposition 3.2). Hypothesis yields
Vi—Vo <N,

since LW +aW — C < 0. For all n > 0, (N}')»0 defined as Ni' = N;,, is a local martingale bounded
below by £(1 — ) — W(x).

By the same argument as in Proposition|1.37, applying Fatou’s Lemma to E(limy—e Nj),;,) =
where (7x)k>0 is the sequence of stopping times such that (V; /\‘rk)f>0 is a martingale, we have

E(N})

E(N;) <E(Ng) =0 = E(Via, — Vo) <EWV}) <0,

which implies that
PipaW < e @ N(W — C) + C < e "W 4 C,

and letting n — oo gives (20).
Define v, = % Zz;é ox:. By , it implies that
PiW < pW +C,

with p = . Using [BH22]|, Corollary 4.23, we have

. > Ve
hfllls(gpvn(m)s s (21)

Writing

= %fo JW(XF)ds = %Z[Akﬂ + fol PM/W(X;;)ds],
A1 = fo 1 (VWexs,) - Py ) ds

By Jensen’s inequality, for all s > 0, we have

Py(VW) < JP(W) <% VW + VC < VW + VG,
so that fol PS(\/VTV)ds < VW + V/C. Thus,

where

,_

n—

Hﬁ(\/T) % Ak+1+v,,\/_+\/—

k

Il
[«

We now claim that
n—1
lim - Ak+1 = 0,

n—oo n

k=0
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P—a.s. Combined with (21, it implies that

- 1
nmsupr[;(x/W) < (1 + ) Ve,
n—oo 1_ \/[_)

which concludes the proof. To prove the claim, using Fubini’s theorem and Markov property, we observe

that
E(Akar | i) = E( fo 1 (VWexs,) - Py ds| ﬂ) =0,
E(AZ,, | F7) < fo B [( S ) - p, \/vwxg))z | ﬁ] ds.

by applying Cauchy-Schwarz and Fubini’s theorem. Finally, recalling that the conditional variance is
defined by

and

Var(Z | F) = E[(Z - EZ | F)P | 7.
and with Var(Z | F) < E(Z? | ), we have

EIAZ,, | i < fo B [( VW) - | e, ) | (fk])2 | ﬁ] ds
< fo 1 EIW(X},,) | Filds

1
= f PW(X{)ds
0
<WXH) +C,

var (WX, 173) = B [( W) - B[ Yo, | ﬂ]f | ﬂ] :

while the last inequality follows and the fact thate™® > 1 — a.
Using again previous bound together with (20), we have

where

D UEIAL 1= ) BIEIAY,IF] < ) PeW(x) +nC < ) e W(x) + 2nC.
k=0 k=0 k=0 k=0

By the strong law of large number for discrete time martingale, it is a sufficient condition to prove the
claim (see e.g. [BH22l|, Theorem A.8 (iv)).

(iii) Either the lim sup bound from part (i) or (i) combined with Lemma imply that (I1});>0
is almost surely tight. Proposition [1.42] tells us that any limit point is invariant, which concludes the
proof. O
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Chapter 2

Ecological Stochastic Differential Equation

This chapter is dedicated to the study of ecological SDEs, with a focus on Kolmogorov SDEs and
many practical criteria to verify the hypotheses introduced in Chapter |1, Also, we will introduce the
notions of stochastic persistence and nonpersistence, explain how to verify them, and the conclusions
that can be reached under those new hypotheses. More precisely, Chapter 2 is organized as follows:

(i) |Section 2.1|presents the setting of Kolmogorov Stochastic Differential Equations as well as a prac-
tical criterion to ensure Hypotheses hold. It is a fundamental result since it also describes the
sets D, D?, D,, and 1)3 together with £, I, £,, and I, (and their restrictions to M.).

(ii) [Section 2.2| introduces the property of stochastic persistence and a practical criterion for Kol-
mogorov SDEs to achieve it through the related notions of H—exponents and H—persistence to-
gether with the additional Hypothesis

(iii) outlines how the H—persistence combined with the existence of an accessible point in
the non-extinction set, which satisfies the Hormander condition (respectively strong Hormander
condition), is related to the uniqueness of the invariant measure and the almost-sure convergence
of the empirical measure (respectively the convergence in Total variation of (P,(x, -));>0) to it.

(iv) details the conditions to ensure either an exponential or a polynomial rate of conver-
gence, under an additional Hypothesis [5|or under Hypothesis [6|

(v) [Section 2.5| brings in a new extinction theory by defining the notion of nonpersistence together
with additional Hypotheses|7|and[8| A practical criterion to ensure them is also proposed.

2.1 Kolmogorov Stochastic Differential Equations

From now on, we are interested by Kolmogorov Stochastic Differential Equations, which describes
a system of SDEs on M = R} of the form

dxi(t) = xi(0) | Fi(x(o)dr + Y /x(o)dB] |, i=1,....n, (22)
j=1

where F;, E{ are real valued locally Lipschitz maps on M, with F; representing the per-capita growth
rates of the species in absence of noise, and (Btl, -+« , B/")>0 an m—dimensional standard Brownian mo-
tion that models the environmental noise affecting the growth rates.

For simplicity, we assume that Z{ is bounded. This assumption can be relaxed under other conditions
such as described in [HNTS].

Let x = (x1,x2,...,x,) denote the densities of n species or populations. For any I C {1,...,n}, we
set
M} = 0RY ={xeM: ]_[ x; =0}, (23)
iel

be the set corresponding to the extinction of at least one of the species i € 1, and

ML :={xeM:x;>0, Viel). (24)
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For simplicity, when I = {1,--- ,n}, we let M(I) = My and Mfr =M,.

We let a(x) denote the positive semidefinite matrix defined by

aij(0) = )" ThZh). (25)

k=1

Given (22)) evolving on M, for all twice continuously differentiable functions f: M — R we define

L NN PR I o RN o
Lf(x) = Z} 5FZE(0+ 5 ]ZI i () = (3, (26)
and
. 0 0
IVHOEDY x,-x,-a,-j(x)a—i(x)a—i(x) @7

ij=1
The next proposition ensures that Hypotheses [I| and [3| (hence [2) hold.

Proposition 2.1. Assume there exists a C* proper map U: M — [1, c0) and constants a > 0, b > 0 such
that
LU < -aU +b. (28)

Then the following properties hold:

(i) Foreach x € M, there exists a unique (strong) solution (X;');=0 C M to with X = x, and X} is
continuous in (t, x). In particular, the C,(M)—Feller continuity holds.

(ii) Hypothesisholds with M(’) ={xeM:[lixi=0}, foralll c{1,...,n}.
(iii) For all f € C*(M) we have f € D2, Lof = Lf and Tof = T'Lf. In particular, Hypothesis
holds with W = U.
(iv) Forall f € Cg(M feD? Lf =LfandT(f) =TL(f).
(v) If, in addition to (28), there exists 0 < 1 < 1 such that
I (U) < (U (29)

for some constant ¢ > 0, then HypothesisMholds with W = U'Z and W = (1 + csHyW.

This result is a slightly improved version of Proposition 3.2 in . In particular, we use the
notion of extended carré du champ defined in Definition|I.21|to detail the outcomes.

Proof. (i) Since the drift and the covariance are supposed to be locally Lipschitz continuous, we can
use classical results on stochastic differential equations such that there exists for any x € R"” a unique
continuous process (X;);>o defined on some interval [0, 7*[ solution to (22), with initial condition Xy = x
and such that r < 7 < ||X;|| < o0. (see e.g. [RY04], Exercise 2.10 and [Hsu02]], Theorem 1.1.8). We
denote it (X;)o<s<r-

Furthermore, applying It6’s formula to Y. ;fi = ln(X;fl.), rearranging the terms, and using the uniqueness
of the solutions, then

! m 3 . .
X3, = xiexp( fo [FiX3) = Saa(X)lds + fo /(X,)dBY).
j=1

LC2(M) denotes the set of C? functions in M with compact support in the sense that this is the restriction to M of a C2
function f : R* — R with compact support.
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Thus
xi>0= X >0, Vte[0,7], (30)

and
x,~=0=>X;fi=OVt€ [0, T°[. 31D

Now, let’s prove that ¥ = co. For any C? function ¢ : M — R, by It’s formula,

o= - [ woias = Y[ el Y, Hloas]), 32)
i =

i=1

Let 7y = inf{r > 0 : U(X]) > k}, k € N. By assumption onU,forall xe M,

kP (T}f < t) =E [U(sz) 1{7;3}]
el
f "y (X5 ds]
0

AT,
SU(x)—aE[f U (X3)ds
0

< U(x) + bt.

=Ux)+E

+ bt

Hence
P(* < 1) = P(Nisoft} < 1)) = lim P(rf <=0

proving that * = co almost surely.

Let (P;)s>0 denote the Markov semigroup acting on bounded measurable functions f: M — R, de-
fined by P, f(x) = E(f(X})). Then, C,(M)-Feller continuity just follows from the dominated convergence
theorem and the continuity in x of the solution (X});»0, which implies that x — P, f(x) is continuous for
every bounded continuous f.

(ii) It follows automatically from and (31).

(iii) Let f € C*(M), then the property L.(f) = Lf follows from Itd’s formula since the process

n

> fo t —(x3)[x ZZ’(Xx)dB] ).

i=1

is a local martingale given ¢ € C*(M), by continuity of x — X7 and the non-explosion of the solution.
For I, let f € C>(M). Since

n afl n 2 2
L) = Z] 5iFi(05 () + JZI 8 (3) ()
2
= Z xiF; (x)zf(x)—f(x> * Z X015(X) (2§—£(x) 6f () +2f() 7 ({ @,

i,j=1

and

n n 62
2f L) = ) xiF; (x)2f(x)—f(x) D (02 ()2 6{; (%),
i=1 Xi lj:1 l J
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it follows that

n

0 0
o)) = Lo(f) = 2f L) = ) xixjaij(x>—xf(x) /

3 a—xj(X) =T'()(x).

i.j=1

In particular, since assumption (28) is satisfied, Hypothesis [3(b)| is automatically satisfied since Hy-
pothesisholds with W = U and W = aU.

(iv) Let ¢ € C3(M). By Itd’s formula , WYX — Y(x) - fot Ly(X7)ds is a martingale since the
integrand on the right-side is bounded when ¢ has compact support. Thus, by taking expectations and
by Fubini’s theorem, we obtain

!
Pas(x) — v(x) = fo PALY))ds = 1Pa(x) — () < ALd o

thus

P V) _ 1 f P(Ly(x))ds = L),
0

t—0

Ld(x) = lim
t—0

by dominated convergence since Ly is bounded when ¢ € C*(M) as in Remark
Replacing ¥ by 2 shows ¢ € D? and T'(y) = T1(¢).

(v) For any smooth function #: R, — R,
L(h(U)) = h'(U)LU + 10" (W) (U).
If & is concave and nondecreasing, this gives

L(WU)) < W'(U)LU < —ah’'(U)U + bk’ (U).

+n

Seth(t) = " and W = h(U). Then (1) = 3h(0) and ' (1) = '32r%" 50
LW) < Sl (—=aW + b),

since U > 1 by assumptions. Now we get

“\2,
Te(W) = I/ (U)Te(U) = () U™ 'Te(U).
Thus, we use assumption to get
To(W) < c(1 + U).

Therefore, Hypothesis holds by Corollary O

2.2 Stochastic persistence

From Remark |1.41, we now want to ensure that P;,y(M~) is non-empty. To this effect, we introduce
the notion of stochastic persistence.

The following definition is given in a general context: it is inspired by the work of Chesson in
and [[Che82]], follows the presentation of Schreiber in [Sch12]].

Recall that forany I c {1,--- ,n}, M(’) denotes the extinction set of species i € I, as in , while M{r
is the non-extinction set of species i € , as in (24).
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Definition 2.2 (Stochastic persistence). The family of processes {(X )0 : x € Mfr} is called stochasti-
cally persistent (with respect to M(I) ) if for every & > 0 there exists a compact set K, ¢ M’ such that, for
all x € Mfr,

P(lig inf I (K.) > 1 - g)=1.
X 1t . .. . .
where I} () = ¢ fo Oxx(-)ds is the empirical occupation measures defined in (@)

Analyzing stochastic persistence requires control of the process near the extinction set. We introduce
an additional Lyapunov—type assumption to this end.

Hypothesis 4. There exist continuous maps V: € M. — R and H: M — R such that
(i) Ve D and LUV) = Hlpy;
(i) V satisfies the strong law (Definition [1.23));
(iii) % is proper, where W is like in Hypothesis
In some arguments, to control higher moments of H, we need the stronger condition
(iii") |H|? < cst(1 + W) for some ¢ > 1.

Under (iii), it implies that W dominates |H| outside a compact set, which implies H € L'(u) for all
U € Piny(M) thanks to Proposition[1.37, Then, the following definition is meaningful.

Definition 2.3 (H-exponents). Given V and H as in Hypothesis |4, we define the lower (respectively
upper) H—exponents of (X;)>0 by

A"(H) := = SupluH : jt € Perg(MY)},  (respectively A*(H) := —inf(uH : 1 € Perg(M()}).

Remark 2.4. The key point in Hypothesis [4] is that H is defined on the whole space M, whereas V is
only defined on M~ and typically V(x) — oo as x approaches M(I). If, in fact, one could extend V to all of
M while keeping condition (i) of Hypothesis |4/ valid on M, then

A" (H)=A"(H) =0,

since the integral of the infinitesimal generator against any invariant probability measure is 0, so uH = 0
on the whole M.

Definition 2.5 (H-persistence). The family {(X});0 : x € M1} is called H-persistent if there exist (V, H)
satisfying Hypothesis 4| with V positive and A~(H) > 0.

Our main result is that H—persistence implies the stochastic persistence, and in particular the almost-
sure convergence of (I1});>0 whose limit points lie in Pinv(Mfr).

Theorem 2.6 ([Beni8l], Theorem 4.4). Assume Hypotheses hold and that the family {(X});0 : x €
M!} is H-persistent. Then

(i) For every x € ML, every weak limit point of (I1)),»¢ lies in Piny(ML) a.s.;
(ii) The process is stochastically persistent in the sense of Definition

This theorem has the following immediate consequence.

Corollary 2.7 ([BenI8], Corollary 4.5). Assume that the conditions of Theorem[2.6hold, and in addition

that Pinv(Mi) contains at most one probability measure. Then Pinv(Mi) consists of a single measure,
denoted {I1}, and for every x € Mfr,

I = I1 almost surely as t — co.

When I = {1,--- ,n}, we call Il the persistent measure. In ecological models, II characterises the
long-term behavior of the coexisting species.
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2.2.1 How to achieve stochastic persistence in practice?

Following the ideas from [BM24] and [Benl8], inspired by [Schi2l], [SBAII] and [BHSOS]|, we
adapt the notion of invasion in the particular case of Kolmogorov SDE described in (22). For all i €
{17 $n}9 let

a;i(x)
Ai(x) = Fi(x) - ”T (33)

be the invasion of species i with respect to x. For any u € Perg(M(’)), we write

u&:fmmwm, (34)
M

whenever A; € L!(u). We call uA; the mean invasion rate of species i with respect to u. The next theorem
extends the Hofbauer criterion (see e.g. the earlier work in [Hof81l]) to possibly degenerate SDEs while
earlier results such as [HN18]| are limited to nondegenerate models.

Theorem 2.8 ( , Theorem 5.1). Let (X]')i=0 be the process generated by with Xop = x € Mfr
and let U, 1 be as in Proposition 2.1, We assume

. U (x)
e Ty Pl &
(i) Foreveryu € Perg(M(I)) andi€{l,--- n}, one has A; € L'(u) and
uli #0 = supp(y)CM(i) ={xeM: x; =0}
(i) Suppose there exist positive numbers {p;}ic; such that
> piudi >0, for all g € Perg(Mo). (36)

iel
Then {(X )0 : x € Mfr} is H—persistent.

Proof. (i) Since u is supposed to be an ergodic probability measure, it follows from Birkhoff ergodic

Theorem that II} = u for 4 almost every x and Py—almost surely. By Proposition v), U satisfies
Hypothesis [3(a) and combining Theorem i) with Lemma leads to

i (U%) < 00,
We now use assumption to conclude that pud; < co foralli € [ and Yu € Perg(M(I)).

Let i € I and remark that 2;(x) = L(log(x;)), so that the local martingale induced by log(x;) verifies

1 log(x¥(t log(x*(0 YRS
—f A (s)ds = DEEW) Lol O M7 T
t Jo t : ;
In particular, I (log(x;)) < cst so that log(x;) satisfies the strong law and for u € Prre( M(()i)),

log(x¥(¢t .
@, Ve MO

1 t
u(A;) = limsup " f Ai(x; (s))ds = lim sup
0

—o0 11—

Form > 1, let K,, = {x eEM: x;> %} N [—m, m], so that Mf) = Up>1 Ky and Mg) = N1 K5, Since

,u(Mg)) = 0, there exists m* > 1 such that u(K,,) > % and by Birkhoff ergodic Theorem, (x7(2))0 Visits

K+ infinitely often, for u—almost every x, P,—almost surely.
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Since log(x;) is bounded on K-, then ud; = 0 on K, which extends to Mi’) = Ups>1 K. By taking
the contrapositive, it follows that ud; # 0 implies Perg(M(()l)) and supp(w) C M(()’).

(ii) We now suppose and we show that conditions from Definition are verified. Let h(u) =
log (%) v:R — R, a C* function with bounded v/, v" such that v(r) = ¢, ¥t > 1, and

V) :=v [Z pih(xl-)] .

i€l
Remark that V coincides with Y ;c; p;i(x;) on the subset {x € Mfr 2 Dier pih(x;) > 1}. In particular,
V(x) — oo as x; — 0 fori € I since h(u) —6 oo and v(?) 200,80 that V is not defined on M{).
u— —00

From Proposition 2.1}, it yields

1
Hlp (x) = LV(x) =V (Z pih(xi)) (— Z Piﬁi(x)) + 5V (Z pih(xi)) (a(x)p, p)r,»
iel iel iel
for all x € M. .Then, H|yp coincides — 3 ;e pidi(x)) on {x € ML ¥ pih(xi) > 1}
Moreover, H extends continuously on M(I). Indeed, let i € I such that x; — 0. Since h(x;) — oo, it

yields > ;c; pih(x;) > 1 and in particular, H coincides with — 3,7 pid;(x) on M(I).

1-n

Then, |H| < cst (Ziel pilil + Yier plz) which implies that iJTTHl is proper since

U -

2 2
>C- .

1 + |H| 1+ Xier |Fil

In particular, we also showed that V € 1)3’ since V is C% on M,. Moreover, V is a positive continuous
function by construction and

T V() = ) aij(xpip; < cst,
i.jel
since E{ is bounded, so V satisfies the strong law by Corollary
Then, for any u € Pe,g(Mé), condition implies that uH = — ) ;c; piud; < 0 since u charges M(I)
and {(X¥)»0 : x € ML} is H—persistent.
O

Remark 2.9. The proof in relies on the carré du champ operator rather the extended version,
which adds some complexity that we prefer to set aside. In particular, the form of V in has to be
with compact support, since I is well-defined for function on C2(M) as in Proposition (iv): in our
version, we only rely on C?(M) functions for which I', makes sense, and the construction of V is simpler.

2.3 Almost-sure convergence and convergence in total varia-
tion

A sufficient (though not necessary) condition for Pinv(Mfr) to contain at most one measure is ¢
— irreducibility in the sense of Meyn-Tweedie (see e.g. [MTQ9]], Section 4.2). A practical criterion
implying y—irreducibility is the existence of an accessible weak Doeblin point. The following result is
verified in a more general context than Kolmogorov SDE:s:

Proposition 2.10 ([Benl18]), Proposition 4.8). Assume there exists a weak Doeblin point x* € Tyt (hence
Ly # Q). Then:
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(i) PinV(Mfr) contains at most one measure.

(it) In addition, if the process is H—persistent, then Pinv(Mfr) = {IT}, II} = II almost surely for all
x € ML, and for every f € L\(I) such that fOT F(XH)ds < oo for all T > 0 and for all x € M.,

t]gg I f =11f, almost surely.
Using the Stratonovich formalism, (22) writes as

dx, = SO(x)dr + Z SI(x;) 0 dB! (37
=1

where, forall j=1,...,mandi=1,...,n,

. . mono 587 .
ST = xZ/(x), and SO(x) = xiFi(x) - % Z i) e

We associate to this system the deterministic control system

m

3() = S°60) + D u (07 (1) (38)
j=1
where the control function u = (uy, ..., u;) : Ry — R™ can be chosen to be piecewise continuous. Given

such a control function, we let y(u, x, -) denote the maximal solution to (38) starting at x in the sense that
y(u, x,0) = x (without any assumption of global integrability of the vector fields).

The following proposition easily follows from the well-known Stroock and Varadhan support theo-
rem in [SV72] (see also Theorem 8.1, Chapter VI in [IWS&1]).

Proposition 2.11. Let x € M. A point p € M lies in Ty if and only if for every neighborhood O of p there
exists a control u such that y(u, x, -) meets O (i.e. y(u, x,t) € O for some t > 0).

Recall that the Lie bracket of two smooth vector fields ¥, Z : R” — R" is defined by
Y, Z1(x) = DZ(x)Y(x) — DY (x)Z(x).
Given a family X of smooth vector fields on R", let [X], k € N, and [X] be defined by
[Xlo =X, [Xlk+1 =Xk U{[Y,Z]: Y, Z € [X]},  [X] = Urenl X,
and set [X](x) = {Y(x) : Y € [X]}.
Definition 2.12 ((Strong) Hormander condition). In the context of (22)) (equivalently (37)), we say that
x* € M satisfies the Hormander condition (respectively the strong Hérmander condition) if
[(S° ... s,

(respectively (S1(x*),....S™x) UL ZI(x") : Y, Z € [{S°,...,5™}} spans R".

The Hormander condition (respectively strong Hormander condition) will lead to the uniqueness of
the invariant measure and the almost-sure convergence of (I1});>o (respectively the convergence in total
variation of (P;(x, -))r>0 towards it.
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Corollary 2.13 ([Benl8], Theorem 4.10). We assume that {(X;)>0 : x € M.} is H—persistent, where
(X)i=0 is the solution of (22)).

(i) If there exists x* € I'y;, N M, satisfying the Hormander condition, then
Piv(My) = {11}, Tl <,

and I} = I1, P-a.s. for all x € M, while lim;_,o, II] f = I1f, P—a.s. for every f € L'(IT) such that
fOT f(X{)ds < oo forall T > 0 and forall x € M,.

(it) If x* satisfies the strong Hormander condition, then (P(x, -));>0 converges to 11 in Total variation.
(iii) If[{Sl, .., S™(x) spans R” for every x € My, then 'y, " M, = M,.
As usual, we call the diffusion elliptic at x if S 1(x), -+ , S ,»(x) span R".

Remark 2.14. Assume that the diffusion is elliptic at every x € M., then the strong Hormander
condition holds on M, . Moreover, by the classical Chow’s theorem, every x € M, is accessible from M.

(see e.g. [BH22]], Proposition 6.33).

2.4 Rate of convergence

Under additional assumptions, the rate of convergence in Corollary [2.13| can be shown to be expo-
nential. We focus now on Kolmogorov SDEs as defined in (22).

2.4.1 Exponential convergence when M is compact

Based on the work of [BenI8]], the authors of [BM24]] derived exponential convergence when M is
a compact. If it is not sufficient to conclude about our model of interest (3)) since My = OR2, it will be
useful to motivate the additional conditions needed later.

We use My and M. to denote general extinction and non-extinction sets as in Hypothesis |1, where
we assume M) is compact.

Remark 2.15. As noticed from Remark A.7 in [BM24], by compactness of My, if (V, H) is like in
Hypothesis 4, let V be a C? function on M, which coincides with V on a neighborhood of M. It implies
that (V, H) satisfies Hypothesiswith H=H1 Mo+ L V1 M, - 1t follows that V (hence H) can be assumed
to be zero outside a compact neighborhood of My, without loss of generality.

We typically assume that Hypothesis [1H4] hold.

Lemma 2.16 ([BM24], Lemma A.10(i)). Let {(X});>0 : x € M.} be H—persistence with H—exponents
A" (H) > 0. Then, for any 0 < A~ < A" (H), there exists T > 0 and U a neighborhood of My such that
forall x € U,

1 (T

—f P,H(x)ds < —-A~ < 0. 39)

T Jo
Proof. Since M is an invariant compact set and by continuity of the mapping x — P,H(x), it is sufficient
to prove the assertion for some 7 > 0 and for all x € M in order to extend it to U a neighborhood of M.
We suppose the contrary, which is

1 (7T
—f P,H(x)ds > —A".
T Jo
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Then, let (x,),>1 be a sequence of M and for all n > 1, let

1
Hn(0) = F f Py(xp,-)ds,
n JO

where (T},),>1 is a sequence such that 7, T co as n — co. Then, we have u,(My) = 1 for all n > 1 which
is a tight sequence so that every limit point u satisfies uU < cst by compactness of M.
Let ¢t > 0 be fixed, then for any f € Cyp(M), we have

t Tt 1 T, Ty
f P, fdu, — f fdp, = —( f PyirfCn)ds — f Psf(xn>ds),
0 0 T, \Jo 0

so that y is invariant for (P;),»o since

| [ Potean= [ s

Since u,H > —A~ by assumption, it implies that

2t
<
< 7 fle =2, 0.
uH > -A".

Letu = f vp(dv) be the ergodic decomposition on Pere(Mp): then,

uH = vap(dv) >—-A",

which implies v € Perg (M) such that —vH < A~ < A™(H), which contradicts that A~ (H) = — sup{uH :
HE Perg(MO)}- o

Proposition 2.17 ([BM24], Prop. A.9(i)). Let {(X)=0 : x € M.} be H—persistence with H—exponents
A" (H) > 0. Then, for any 0 < A~ < A" (H), there exists T, 6 > 0 and U a neighborhood of My such that

P, (eW) (x) < VDTN vy e U\M,, (40)
and sup,ep \u Pr (e—ev) (x) < oo.

Furthermore, for all x € U\My, (X}')»0 eventually leaves U in the sense that Py(ty(x) < o) = 1,
where ty(x) :=inf{t > 0 : X} ¢ U} for all x € U\M.

Proof. As in the previous Lemma [2.16 we let

T T
Y;:L H(X;‘)als—‘f0 PsH(x)ds,

and

T
H = supf P,H(x)ds < -TA",
xeU JO

after shrinking U if necessary so the bound holds on all of U.
Recall that given

T
V(X)) = V(x) + f LIV(XHds + My (x),
0

where (M, (x);0 is the local martingale induced by the extended generator, and since

T T T
f LIV(XNds = f H(XY)ds = Yi + f P H(x)ds,
0 0 0
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then by Lemma [2.16, we deduce that for all § > 0 and x € U\ M,

T
exp(8V(X7)) = exp(6V(x)) exp (9 f P,H(x)d s) exp(0Y7) exp(@M‘T/ (%))
0
< exp(OV(x)) exp(0H(x)) exp(0Y) exp(OMY.(x)).

Taking the inequality under expectation and applying Cauchy-Schwarz inequality yield

B(e""OD) < exp(0V/(x)) exp(0H(x)) [E(exp(20¥1)) B (exp(20M} (1) 40

Let
|Hllo = sup [H(X)|, [T, (V)lleo = sup T (V)(x),
xeM xXeM
which are well-defined by Remark [2.15] and let
C(T) = max (4T°IHIZ, 271 (V)lls)

Since E(Y7) = 0 by Fubini’s and |Y;| < 2T||H||, as a consequence of log-Laplace estimates (see e.g.
BLM13]], Lemma 2.2 and the proof), we have

log (E[exp(zey;)]) < < 8¢°T*||H||% < 20°C(T) = E[exp(20Y3)] < exp[26*C(T)].

(20 (4T ||H]l)*
8
Now, let Z7(6, x) = exp(20M}.(x) — 26*(M" (x))1), where

T
(MY (x))r = fo e (MXds < TIEZ(V)lleo < @

by Proposition It follows that
Elexp(26M7 (x))] = E[Zr (6, x)] exp(26*(M " (x))7) < exp(6*C(T),

where E[Z7(6, x)] = E[Zy(6, x)] = 1 since the local martingale 29M¥ (x) — 26%(M"Y (x))7 is a true martin-
gale by Novikov’s condition. It yields

Pr(e®?)(x) < exp(6V(x)) exp(9H (x)) exp (gezcm) < exp(8V(x)) exp(8(H(x) + 20C(T))).

Recalling that H < =T A~ and C(T) < oo, then for # small enough such that
H+20C(T) < -TA",
which achieves to prove that (40) holds for all x € U.

Now, if x ¢ U, the contraction argument holds by replacing the estimate H < =T A~ by

T
f P,H(x)ds < T||H||co.
0

Then, writes

Pr(e”)(x) < exp(8V(x)) exp(6T||Hlo) exp(26°C(T)), Vx ¢ U,
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which is bounded on x since V is supposed to be bounded (see Remark [2.15)) and the remaining terms on
the right-hand side, depending only on 8 and T, are also bounded by previous computations.

Finally, let x € U\My and let 7 = min{n € N : X; ¢ U}. We have that the process (S ,),>0 defined by

exp (0 (V(X} ) + @ ATTAT)), n21,

n

is a supermartingale. Indeed, let (¥;)>0 be the natural filtration induced by (X;);>0 and defined by
Fi = o(X{ : s <1). Fort > 0 fixed, we let G, = F, then

E(Sn+1|gn) < Sn-

It is direct whenever n > 7 since we stillhaven+1 > tand (n+ 1)) At =n A7 =1. If n < 7, then
nAT=(n+1) A7 <tand by Markov property and (40),

E [exp (0(V(X1yamp))) | Gn| = Priexp(@V)(Xiy) < exp (8V(X7)) exp(-TA”),

and multiplying both sides by exp (((n + 1) A 7)TA™) yields
E[Sn+1 1 Gnl < Sh.
Since V > 0 by H—persistence, it implies that
E[exp((n A T)TAT)] < E[S,] £ E[So] = exp(8V(x)),
and by a monotone convergence argument, letting n — oo, we have
E[tTA™] = r}l_)rg Elexp((n A T)TA7)] < exp(6V(x)),

which is a.s. bounded by previous computations so that P(t < o) = 1. O

Theorem 2.18 ([BM24]], Prop. A.12). Let’s suppose that A~(H) > 0 and Ap € M, a Doeblin point,
accessible from M. Then, there exists a unique invariant probability measure 11 such that II(M,) = 1
and there exist positive constants C, a, and 6 such that for every measurable function f : My — R and
Vx e M,,

IPf(0) =TI(A] < Ce™ (1 + max{e®™ ™, W) lfll. (42)

where

Iflly = sup 7

xem, 1 +max{e?V@, W(x)}

and W comes from Hypothesis 2}

Proof. Since Hypothesis b) holds for W = U, W = aW = aU from Proposition we can use
Theorem ii) with W = aW so that
C

PrW<eTw+ =,
a

Let Z := exp(8V) + W be defined on M., then by Proposition[2.17,

o C
PrZ<e 7+ =,
a
where @’ = min{a, A~}. The existence of a unique invariant probability measure and the exponential

convergence (42)) follows from Theorem 8.15 in [BH22]. O
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Remark 2.19. The key assumption that M is compact is used in 2 crucial arguments:

1. The sequence (u,),>1 of probability measures on My defined by

1 Tn
Hn() = _f Py(xp,)ds, n=1,
Tn 0

is tight;
2. Inequality (39) is verified on all Mo, hence on a neighborhood U of M.

The first consequence of the compactness of My may be achieved by another way and extended to
non-compact extinction set. Indeed, it follows Proposition applied to W = U, W = aU, with U
from Proposition [2.1]

fn 1 [T Ulx,) C
af PU(xp)ds < U(xy) + CT, — P1,U(x,) = —f P,U(xp)ds < —— + — < cst,
0 Tn 0 ClTn a
taking T,, > U(x,) large enough if needed. Then, by Lemma|1.35} since the previous bound implies that
limsup, _, ., 4x U < cst, then (u,),>1 1s tight.
By tightness, there exists a subsequence of (1,),>1 so that (u,, )r>1 converges weakly to u. Still by
Lemma|1.35} since %IH\ is proper by Hypothesis iii), then u,, H e uH.

However, the second assertion may not be verified for non-compact Mj: we need a control near M
and at infinity, which will be detailed in the next subsection.

2.4.2 Exponential convergence when } is non-compact - H-persistence
at infinity

The major difference from the compact extinction set case is that the estimate (39) is verified on M

and can be extended to an open neighborhood by continuity of x — P;H(x) and invariance of My. When

the extinction set is non-compact, this extension cannot be verified.
Throughout this section we will assume the following strengthening of Hypothesis 4]

Hypothesis 5. Given V from Hypothesis 4] there exists y < co such that
(MY (x)); <yt forallxe M., t>0,

where (MIV (x))>0 is the martingale (respectively local martingale) defined in (respectively in ).

Remark 2.20. Originally, in [BenI8]], a second condition is presented in this stronger version of Hy-
pothesis |4, where we assumed that the jumps of V are almost surely bounded. In our case, since the
Kolmogorov SDEs we consider are typical diffusions, continuity of V guarantees that it remains true.

Definition 2.21 (H-persistent, strong version). The family {(X)0 : x € M} is H-persistent, strong
version if it is H-persistent and V satisfies Hypothesis |5 Additionally, if condition (iii’) in Hypothesis
is also verified, we will say that it is H-persistent, strong version’.

Remark 2.22. Since V € D! by Hypothesis |4/ and in view of Proposition |1.22, a natural and sufficient
condition ensuring Hypothesis|3|is that V2 € D! and

y := sup IL(V)(x) < 0.

xeM!



40 2.4 Rate of convergence

Although we do not see a direct link between Hypothesis [5| and any form of convergence rate, we
can say more about: recall that

!
M (x) = V(XF) = V(x) — f LIvxHds, Vxe ML,
0
then the exponential process (Zy(?));>o defined for any 6 > 0 as
92
%m=wdwﬁm—5meJ
is a supermartingale (see e.g. [KalQl], Lemma 23.19). It implies that

<E(Zy(t) <1,

02
E [exp (HMtV (x) - Eyt)
and there exists 7 > 0 depending on our choice of 6, T > 0 large enough so that
Pr (eav) (x) < e MV,
for all x € C where C is a certain compact to be defined later.

In this situation, a Lyapunov function W controlling the behavior at infinity is not sufficient for
exponential convergence; one must also control H at infinity (cf. [HN18]], Remark 1.4 and Assumption
1.1, part (3)) so that the previous bound holds on MZ\C too. The whole idea is developed in Section 8.1

of [Benl8].

Definition 2.23. We say that {(X})=0 : x € Mfr} is H-persistent at infinity if it is H-persistent and the
pair (V, H) of Definition|2.5| satisfies

(a) V is proper;
(b) There exists a compact C C M such that

sup H(x) <O. (43)
xeM\C

Remark 2.24. One can read condition (43)) as a natural extension from the case M, compact: it will play
an important role to obtain a similar key estimate to |b We will find a similar control of P, (eev) on
M N C while we will have a contraction outside of C by the additional assumption on H.

When ensuring to control the behavior near the extinction set and at infinity, the existence of a
Doeblin point in the set of accessible points from M’ leads to the exponential convergence.

Theorem 2.25 ([BenI8]], Theorem 4.13). Assume {(XF);»0 : x € ML} is H-persistent, strong version’ and
at infinity and that there exists a Doeblin point x* € T’ M- Then there exist A > 0, 6 > 0 and cst > 0 such
that, for all x € M% and every measurable f : ML — R,

|Pf(x) = TIf] < est(1 + Wa(x)e I fllw,

If (0l

W In particular,

where Wy = €%V and 1 llw, = SUP el

[Pex, ) = 0| oy, < est(1 + Wp(x))e ™.
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Remark 2.26. Our function V already controls excursions to infinity via the Lyapunov drift. Recalling
that £}(V) = H| ml» we require H to be negative off C to ensure exponential drift back towards C.
However, the conditions ensuring stochastic persistence, hence our construction of (V, H), are focused
on the behavior near the extinction set. There is no evidence that the additional conditions ensuring
H-persistence at infinity are verified with our initial choice of V and H.

For example, recall that
V(x) = v (Z pih<x,->] ,

i€l
where h : Ry —» R : u — log (%) Since h(u) — —oo when u — oo, having V proper would suggest that

v(—00) = oo, which clearly does not make part of our construction or assumption in the proof of Theorem

However, the following practical tool will ensure that the conditions such that H—persistence, strong
version’ with respect to M(I) is also verified at infinity.

Proposition 2.27 ( , Proposition 4.14). Let {(X] )0 : x € Mfr} be H—persistence, strong version'.
We assume that there exists a pair of continuous functions (V, H) satisfying Hypothesis 4| with condition
(iii’) and Hypothesis|5| such that:

(i) V is defined on all M and is proper;

(ii) There exists € > 0 such that
lim sup eH(x) + H(x) < 0. (44)

[Ixll—>o0
Then, (X;")0 is H—persistence, strong version’ and at infinity.

Proof. The idea behind this trick is that we can verify that Hypotheses 45| and Definition [2.23|hold with
eV + V and eH + H. Indeed:

e Since the process is H—persistence, strong version’ there exists (V, H) verifying Hypotheses 4| with
condition (#ii’) and |5} since it is also true for (V, H), it is verified for (¢V + V,sH + H).

e Since V is defined on all M, by Remark 2.4, it implies that A~(H) = 0 so that A~(eH + H) =
eAN"(H) > 0.

e Since V is proper and V > 0 by Definition 2.5, £V + V is indeed proper.

e And since limsup; ., eéH(x) + H(x) < 0, it follows that £H(x) + H(x) < 0 on M \ C, where C is
a (large enough) compact set.

O

For the Kolmogorov SDE we considered, a practical criteria to ensure H-persistent, strong version’
both at M(I) and at infinity can also be deduced from the invasion rate lb In particular, we suppose that
n = 0, where 7 is the constant from (29):

Proposition 2.28. We assume that conditions and from Theorem 2.8 hold. If is strength-
ened to
‘%’q+2|ﬂ|q£cst\/ﬁ, for some g > 1, 45)
i€l
and if, for V :=log(U), H := LV, we assume in addition
limsup eH(x) + H(x) <0, for some & > 0, 46)

[lxll—>c0

then (X;)i=0 is H—persistent, strong version’ and at infinity.
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Proof. First, under (45)), Hypothesis [4{iii’) holds for H constructed in the proof of Theorem [2.8] Indeed,

recall that
|H| < cst (Z pildil + pf) = |HY < Cst(l +> |Fi|‘1),

i€l i€l i€l

where the constant is changing from line to line and using |4;| < |F;|+ @ By , it implies in particular
that |[H|? < cst(1 + VU), which proves that Hypothesis iii’) holds since W = cst(1 + VU), following

Proposition [2.1(v).
We also showed that I'; (V) < cst so (M Yy, < cst- t by Proposmonnwhlch implies that Hypothesis
E|1$ satisfied so that (X;");>0 is H—persistent, strong version’.

Now, we use the practical criterion from Proposition With V = log(U), which is indeed defined
on all M since U > 1, and proper since U is. Moreover, V € C*(M) so that V e Z)z, and T'o(V) =
#Fe(U ) < cst by Proposition v) again.

By Proposition|[1.24] V satisfies the strong law. Since A = LV,

- i) log(U) 8% log(U)
H(x) = ) xiFi(x) xi X ja; j(X) ————(X)
; i 2 ZJZ:I I 0x;0x;
) 1 90U
;xlF(x) G )3_( 0+ Z xixjaij(x) (”f ')<x>
1 ouU 11 <
UG Z‘ 5P G0 = 5750 ]Z xlxjal,(x) (x)—( )
LN N o BN o
2 U(x) e Xt () 0x;0x; @)
LU 1
T 202 (X)FL(U)(X),
so that in particular,
A1 < est(1+| B[, (47)

Then, Hypothesis [4(iii’) (hence (iii)) is verified by using (45)). Since we assumed that condition (44)
holds, we conclude that (X}'),~o is H—persistent, strong version’ and at infinity. O

Remark 2.29. One of the original condition in [Benl8]] to ensure H—persistent, strong version’ and at
infinity was
1+eF; 20, Viel, (48)

for some & > 0. It is directly related to the condition (44) which can be deduced from it: from (48), we
obtain

= piFix) < —Zp, <o = HC(l= ) piFi(x) < .

iel iel iel

Since

_ LU 1
A<= - —TI.(U
ST T U

using (28)) and the fact that U is proper, we achieve a general bound

limsup H(x) = —

llxf|—c0
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so that taking & small enough so that

limsup2a —eH >0 = a > limsup EH,

[lxl|—e0 llxll—00
we have e
limsupeH + H < limsupeH — a < limsup sH — EH < 0.

llxl| =00 llxl| =00 [l =0

A typical condition ensuring follows that F; is bounded by below, in the sense that

liminf F;(x) > —oo.

[Ixfl—c0

However, the Rosenzweig-MacArthur model (3) does not verify bounded by below drifts: in particular,

we remark that
X2

—00,

X1
Fix)=1-— - —
1( ) K 1+X1 [|x]|— 00

2.4.3 Polynomial convergence rate

As an alternative to the exponential convergence rate, one can verify a polynomial convergence as
presented in [BBN22|]. We recall the general conditions from Proposition [2.1, that we suppose to be
verified: AU : M — [1, c0) a proper map such that is verified and holds for 7 = 0, which is

LU < —-aU +b, TpU)<cU?

fora,c>0and b > 0.
We fix I = {1,-- -, n} and recall conditions and from Theorem ensuring H—persistence
and that we suppose to be true, which is

n

D piudi > 0 forall € Pery(Mo),
i=1

lim su U%(x)
2
”x”mp L+ 30 1Fi(x)

for positive numbers {p;}’._.
Hypothesis 6. In addition to conditions (28)), (29), and (36)), we suppose that the function U satisfies
U(x)

imin , 49
llxll—eo In(][x[[) @)
limsup | LU (x) + po Z |Fi(x)|] <0, forsome pg >0, (50)
[|lxl[—00 i=1
and
n
Z |[Fi(x)] < CUd"(x), for some dp > 1 and C > 0. (&2))

i=1

Starting from from Theorem note that Y, p; can be assumed to be sufficiently small
without loss of generality. Then, in view of the definition of H—persistence, we modify the construction
of V so that

V(x)=Ux) - ) piln(xp).

n
i=1
For 3}, p; sufficiently small, it implies that V is positive on M, while

V(x) = oo as x| — oo,
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and
n

Hly, = LV() = LU + ) pidi,
i=1
which can be extended continuously to My. In particular, since U is defined on all M, the persistence
condition A™(H) > 0 is still verified if 3}7_, pjud; > 0 for all u € Pere(Mo) since A~ (U) = 0 (see Remark

In this setting, let gg > 1 be a constant such that

qo—1

—-a+ c=0,

where a > 0 is the constant from condition (28) and ¢ > 0 the one from (29) in Proposition [2.1, Then,

for ¢ € ]1, min{qo, qOTJrz}[, we define

Vi+CUY,  ifl<q<2,
= (52)

T \varcuM? ifg> 2,
where C is the positive constant from (51J).

Theorem 2.30 ([BBN22]|, Theorem 4.1). Assume that there exists a map U : M — [1,0) satisfying
Hypothesis@ Moreover, we suppose that there exists x* € I'yy, N\M . which satisfies the strong Hormander

condition. Then, for all g € |1, min{qo, q°—2+2}[ and forall 1 < B <gq,

lim #7Y1Py(x, ) = TIC)llwy, = 0, Vax € M., (53)

where Wg , = W;_ﬁ/q with W, defined as in , fllw,, = Supyenm, 1+|5V(;Z|(x), Yf e BM,),and

llullw,, = sup [u(gl,
181<Wp 4

for all signed measures .

An additional condition to Hypothesis [6to ensure an exponential convergence rate exposed in
is a strengthened version of (50),

limsup | LIn(U) + po ) | IFi(x)|| < 0, for some po > 0. (54)

[lxf|—e0 i=1

This condition is similar to the H—persistence at infinity we introduced before: indeed, in the case
where each F; are bounded below, the existence of py is equivalent to the existence of £ > 0 in Proposition
m so that the pair of functions (In(U) + poV, LIn(U) + poH), where (V, H) satisfy the conditions
of H—persistence My (see Theorem [2.8), also fulfill the conditions of H—persistence at infinity (see
Definition [2.23).

2.5 Extinction case

The study of extinction has already been quoted in , underlying that the condition A*(H) < 0
was necessary, as a complementary condition to persistence under A" (H) > 0. However, we need

additional conditions to ensure the extinction of the process, as detailed later. The following of the text
develops the ideas introduced in [BHN" 23] as well as in the appendix of [BM24] in the case M compact.
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We recall the definition of the extinction sets
M(I):{xeM:l_[x,-=0},
iel

and of the non-extinction sets
ML ={xeM:x;>0,Viel).

Definition 2.31 (H-nonpersistent). The family {(X})0 : x € M} is H-nonpersistent if there exists a
pair (V, H) satisfying Hypothesis 4| such that

(i) AY(H) <0;
(i) 1imy_e supfdist(x, M{) : V(x) > v} = 0.

Remark 2.32. In view of Hypothesis 4, V need not to be non-negative, which is a requirement for the
definition of H-persistence as stated in Definition[2.5] In the case of the H-nonpersistence defined above,
V may be negative.

Let W be the Lyapunov function given by Hypothesis 2/ and set = V — W defined on M!. Let
I:= H - L£,W so that [ is continuous and LU = Iy

Let 0 < A* < —A*(H). Since W is defined on the whole M and if W satisfies the strong law of large
number, we have u(L,W) = 0 for all u € Pi,y(M). Therefore, A*(I) = A*(H).

Now, we state two additional hypotheses that will induce extinction as well as the main result of this
section:

Hypothesis 7. For every compact set C C M, every € > 0 and every b > 0 there exists a > 0 such that,
forall x e C N M!,

Po(iMU| < a+b1,¥120)2> 1.
Hypothesis 8. [ is uniformly integrable with respect to Pi,y (M(I)), i.e.

lim  sup u(|lyysky) = O.
K= e (vl

Theorem 2.33. Assume the process is H-nonpersistent and that Hypotheses [7/and |8 hold. Then
for every 0 < A* < —=A*(H), € > 0 and compact C C M there exists uzc > 0 such that, for all
x€O0gc =M NCN{U > usc),

Py(liminf “32 > A%) > 1 . (55)

Before starting the proof, we need the following Lemma:
Lemma 2.34. For all r > O, there exists a compact set C, C M such that I(x) > r for all x ¢ C,.

Proof. We have
I=H-LW>H+W-C, (56)

and the result follows from the fact that %IHI is proper. Indeed, it implies that for all » > 0, there exists a
compact set C, such that
W(x) > 1+ |HX)N(r+C+1), Vxe M\C,,

which implies that I(x) > H(x) + (1 + |[H(x)|)(r + C + 1) = C > r on M\C,. O
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Proof of Theorem In fact, we will show that
Py(liminf 2% > A*) > 1 - g, (57)
1—00
and follows since V > U.

In fact, it is enough to assume that '—3,' is bounded and then replace W by AW in the definition of U.

In particular, it implies that 3k; > 0 such that / > —h since / > r > 0 outside a compact set C, and
I reaches its minimum on C, as a continuous function on a compact set, by Lemma[2.34]

Moreover, by Hypothesis [8, / is uniform integrable with respect to PinV(M(I)) and there exists 1 > h
such that u(IAh) > (A*+3n), where n > 0 satisfies A*+3n < —A*(H). Indeed, let § := —A*(H)-A* >0
and n < 6/3 so that 6 — 3 > 0. Then, since I — I A h = (I — h),, by uniform integrability, for / large

enough we have
f Id,u—f([/\h)d,uzf([—h)+d/1<6—377.
M M M

Then, by rearranging, we obtain
f(l/\h)dﬂz f Idu—(6-3n) > (A" +6)—(6-3n) =A" +3n, (58)
M M

since u(l) = u(H) — u(LW) = u(H) = —A*(H) = A* + 6 where we use that W is defined on all M and
in particular A* + 3np = —A*(H) — 6 + 3n < —A*(H).

Let [ = I Ah, then < Iand —h; < I < h. Without loss of generality, we can use Lemma 2.34| where
we assume r > h and & is large enough so that 1 — h; > 2(A* +n) and r > h > A" + n. In particular, we

have I(x) = h for all x ¢ C, since I > r > h outside the compact C,.
Recalling that £{U = I|,r, and by rearranging some terms,

1 ~ 1 _
UX") = U(x) + f (XY ds + MU (x) > U(x) + f (XY ds + MY (x). (59)
0 0
In addition, by Hypothesis 3| and Theorem [1.40, lim sup,_,, [I(W) < C. Since I is bounded and

continuous, then limy_,e IT¥ (1) = pul for u € Piny(M}) by Lemma Using , then there exists T
large enough such that, forall T > Tp and all x € C, N M.

T
f I(Xds > (ul =T > (A* +29)T. (60)
0

Moreover, by Cp—Feller continuity, for all 71 > T, the mapping

T
(x,T) f I(XNds,
0
is jointly continuous on the compact C, X [T, T] so that we can enlarge to an open set N C C, of

Cc.n M(I). On the complement C,\ N, and by definition of U, it reaches a positive minimum denoted u;:
hence, for any x € C, N {U < uy}, then x € N so that VT € [Ty, T1],

T
f I(XHds > (A +p)T. (61)
0

Let T} = 2Ty. For each n > 0, we introduce

& =+ DT Ainf{t > nTy : X] € C,,
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and we set
(n+Ty (n+T)
A, = f Ix)ds - E| f I(xHds | 7z,
gl'l E‘;:Yl
so that by Fubini’s theorem and Markov property, it writes
(n+DTy (n+ )T~ 3
A, = f I(X%)ds - f P, (I(x}))ds.
& 0
Let
(n+1)T, - Sno ("H'I)Tl_‘fn -
Jn = f I(X)ds — A, = f I[(X5)ds +f PSI(Xg )ds.
nTy nTy 0 .

Equation (59) yields that for all ¢ € [nT, (n + 1)T1),

! n-1 n—1 ~
IXHds+ Y L+ Y A+ MY(x).
RCEE IS NI

k=0 k=0

UX,) > U0x)+ f

nT

The idea is that between nT; and &,, I is uniformly lower bounded by 4. It will provide a relevant bound
for J,, as follows:

Lemma 2.35. For all n > 0 such that Xé‘ ¢ C,N{U < uy}, one has
Jn > (A+ + n)Tl

Let C be a compact subset of M, & > 0, and choose by, b, > 0 with b; + % = 1. By Hypothesis ,
there exists a > 0 such that for all x € C N M1,

E
Py4)2 1~ 7,

where )
A={Ml|<a+bit, V20

Because (A,),>0 is a bounded martingale difference with bound 24T, enlarging a if necessary, we also
have that Yx € C n ML

£
P«(B)>1- >
where
n—1
B:{ ZAk <a+bn, VnZO}
k=0

We claim there exists u. ¢ > 0 such that, forall x e M, NCN (U > ugc}, on the event AN B, we have
Xé‘n ¢ C,N{U < u;) for every n > 0. In particular, J, > (A* + )T for all n by Lemma Therefore,

UXx;) S U(x) Ty

2
+ ’;(AJr +m7T — Ta - by - ;bz,

t Tt t
for ¢ € [nTy, (n + 1)T1), which also implies T > % > (n+’f)T1 . Then, on A N B,
oxyn 0 mT 2 b
AL U0 M, 8 ey 2y 2
t t t n+1 T,
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and taking the inferior limit when t — oo, hence n — co, we have

o ,
( ‘)2A++n—(b1+T—2)=A+.
1

lim inf

t—00

Then, P(A N B) > 1 — &, which proves and hence (55).

To conclude, it remains to prove the claim. Let
Ugc = Uy + M Ty +2a+bT. (62)

Assume by contradiction that, for some x € Mfr Nncni{l > usc}and w € AN B, there exists n > 0
with X} € C- N {U < uy). Let

m = inf{n e N : X eC,N{U < u}).
Then m < oo and J; > (A" + )T, forall k <m — 1 by Lemma Fort € [mT,,(m + 1)T), we have
UX") 2 U(x) — Ty + m(A* + )Ty — 2a — byt — mb,
> ugc — Ty + m(A* + )Ty —2a - by(m+ 1)T| — mby
2u1+2a+mT1(A++n—b1—?—?)
> u,

where the second inequality is obtained by substituting U(x) by ugc, the third by rearranging and
using , and the last one using n — by — % = 0,a > 0. It gives U(XY) > uy, and in particular with
t = &, = mTy, while by the definition of m, we should have U (Xgm) < uy, which contradicts m < oo.
Hence the claim holds, completing the proof of Theorem 2.33] ' O

Proof of Lemma[2.35] By definition of &,, if ngn ¢ C.N{U < wu}, then either & = (n + )T or
Xg‘n € C,N{U > u;}. We treat each case independently:

Case &, = (n+ 1)T. Then X ¢ C, for all t € [nT1, (n + 1)T1), and since I = h outside C,, where we
supposed 4 > A" + 7, then

(n+DTy
Iy = f I(XHds > hTy > (A* + )T
nT,

Case Xg € C, N{U > uy)}. Since &, is the first instant ¢ > nT; where X} € C), then for nTy <t < &,
XX ¢ C, so 1= hand we have

(n+DT1—6
Ju 2 h(E, —nTy) + f P,I(X} )ds.
0 ‘
If (n+ )T} — &, > Ty, then by Fubini’s theorem and (61), we have

(e DTI-&
f PI(Xe)ds > (A +p)((n + DTy — &),
0

SO
Jn 2 W& —nT) + (AT +)((n + DTy = &) > (AT + T,

recalling that & > A* + 1.
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Otherwise, if (n + 1)T — &, < Ty, then we can use the earlier fact that there exists #; > 0 such that
I>—h;:since I =1 Ah > —h; in our case, and by Fubini’s theorem,

o = W& —nTy) —hi((n+ DTy = &) = W(T1 = To) —mTo = (h—h)To = 2(A" + T = (A" + Ty,

where the second inequality is obtained using (n+1)7'1 —&, < Ty, the third equality and last inequality
with our definition T} = 2Ty, and the fourth one is due to our earlier choice of 2 which is h — h; >
2(A* + 7). O

Corollary 2.36. Under the assumptions of Theorem and Ty =M L

o« e e ., . 1
Sfor any initial condition x € M.

Proof. Let’s focus on compact sets C of the form {W(x) < R} for any R > 0 sufficiently large: Theorem
2.33|implies that, for any & > 0, starting from a point x € O, ¢ sufficiently close to M(’), (X )=0 will reach
M, for time 7 large enough with a probability of at least 1 — &.

Under the accessibility assumption, for any point y € M. which may be far from M(I), we have a
strictly positive probability to reach any open neighborhood O of x € O, ¢ starting from y, i.e. ¢ > 0
such that P,(y, O) > 0.

We remark that the bound is uniform in y on any compact C. It implies that Vy € C, 3t > 0 and 6 > 0
such that P,(y, O) = 6 > 0. By Markov property, becomes: Vi € C := {W(x) <R},

P;C(ligglf Y > AY) 2 Px(nggf YO > A*)PA(E, Opc) 2 (1 - £)5 > 0.

Now, let x’ € Mfr\C = {W(x) > R}: we will show that, starting from x’, the process (Xf’) reaches C
in a finite time with exponential decay, in the sense that if 7¢ := inf{t > 0 : X;" € C} is the hitting time
of C, then ¢ has finite exponential moments, which is E, (e17¢) < oo, for some A > 0.

By Proposition 6.11 in [BH22], the condition
PW—-W < -AW on Mfr\C for some 0 < A < 1, (63)

implies that Ey(e'¢) < = PW(x') for all ¥’ € ML\C. This result is considered on discrete Markov
chains but combining a discretization argument with the continuity of X;* in (#, x) from Proposition [2.1]3)
to control the jumps size, the compactness of C and dominated convergence, the same holds true for the
continuous process.

From Theorem [1.40, since Hypothesis[3(b)|is verified as a consequence of Proposition 2.1[(iii) , then
PW<eW+C = PW-W<—-(1-e)W+C,

holds on M where a > 0 is the constant from Hypothesis In particular, on M \C, since W(x) > R
with R large enough, the constant C may be absorbed so that 30 < A < 1 such that P,W — W < —1e“W.
For t = 1, condition (63)) is verified.

Finally, since X;‘; € C, applying the Markov property (4)) a second time leads to

. e VX
Px’(hg glf @ > A+) > Py (hm inf ¥

—00

> A*)
= Pyy (liminf "G > A*)

> (1-¢£)s, V¥’ € MI\C.
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Let A := {liminf,_, @ > A"} so that Vx € ML, P.(A) > (1 — )6 > 0 by previous computations.
Let M; := Ex(14 | 1) with (F;)s>0 is the natural filtration of (X;);»0 so that (M;),>o is a martingale,
bounded in [0, 1]. In particular, 14 is L' and A € Fo, where Fo, is the o-field generated by U;>07;. By
Doob’s martingale convergence theorem (see Theorem A.7 in [BH22]), M, converges a.s. and in L' as
t — oo to M and since A € F, it summarizes to

lim M; = lim E,(1a | 77) = Eo(1a | Foo) = L.

—o0

Using Markov property (4),
lim Ex(1a | ) = lim Exy(1a) = lim Pxx(A) > (1 - £)3.
Since 14 € {0, 1}, above condition implies that 1.4 = 1 a.s., or alternatively
Py(liminf ©3 > A%) = 1, Vx € M.

Finally, the process (X;");>0 being H-nonpersistent, we can conclude that X}' 2 Mé for all x € M. as.
by the Definition ii). O

2.5.1 A practical criterion for Hypotheses and

Indeed, Hypotheses |/| and [8| may seen difficult to reach. However, in our settings, the following
Lemma is a practical criterion to prove that Hypotheses [7|and [§|holds based on our earlier results.

Lemma 2.37. Assume there exist proper maps G, G : M — R, such thatG € D, and £,G < -G + C.
If ﬁ is proper; then Hypothesis s satisfied. If furthermore V € Dg’l, W e D2, and TL(V),To(W) <
cst - G, then Hypothesis @ is also satisfied.

Before stating the proof of Lemma|[2.37] we introduce this two intermediary results:

Lemma~2.38. If there exists a function ¢ : M — R, bounded on compact sets, and some p > 1 such
that (MIU V=0 Is an LP-martingale and

U
Suprc

>0

(), (64)

then Hypothesis|7| holds true.

Proof. Let C be a compact subset of M and set K := sup . c(x) < co. Observe that

{EltzO:IM,U|2a+bt}c{sup |M,‘7|za}uuneN{ sup |M,U|2a+b2”}.

0<t<1 2n<<on+l

Then, for all x € C N ML, by Doob’s L” martingale inequality (see e.g. [RY04]], Chapter II, Theorem 1.7)
and (64),

Ex(MU1P) et
< 2 < ,
@+ b2y = @+ b2y

Px( sup |M,U| >a+b2"

n<p<on+l

where the last inequality is due to the assumption on (MY),¢, and similarly

Px(sup IMtUI > a) < @
aP

0<<1
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Hence,
Ko+ 1

im0 ey K2
Pr(3r20: M| 2 a+bt) < Ka +,,Z;)(auoz")"'

When a — oo, the first term goes to 0. In addition, since for all n > 0,

2n+1

lim ———— =0,

a—co (a + b2")P
and

2n+l 2
<
(a+b2myp = pr2np=1’

dominated convergence implies that the second term also tends to 0 as @ — oo, hence Hypothesis[7/holds
since above bound is uniform in x € C N M~, so Ve, b > 0, 30 < a < oo such that

Ya >0,

P(At>0: MY >a+bt)y<e = Py(At>0: M| <a+br)>1-e
O

Lemma 2.39. Let f : M — R be continuous and suppose % is proper. Then f is uniformly integrable
with respect to Pinw(M), i.e.

lim sup u(lfllypsky) = 0.
K—co /lepinv(M)

Proof. Let’s assume that f is not uniformly integrable with respect to P,y (M). Then there exists € > 0
such that, for every n > 0, there is u, € Piny(M) with

(| f L 15my) > &

Hence, for all ny > 0 and every n > ng, (| f11{f1zny)) > €. Since Piny(M) is compact by Proposition
1.37, there exists u € Piny(M) such that p, = p, or at least one can extract a subsequence (i, )i>1 of
(Un)n=1 such that 1, = p. We claim that for all ng,

& < lim sup (| f 1Ly 12n0)) < p(1f 11 f12m0)):

n—oo

contradicting f € L'(u). Indeed, under the assumption that %\ﬂ is a proper map, then f € L'(u) by

Lemma i) (see Remark|1.36)), so f is uniformly integrable with respect to iy, (M).

We now prove the claim. Let F € M be a closed set of M, and set F := {y :d(y, F) < %} and
er(x) ;=1 —-kd(x,F), Vxe€Fy,
while ¢ (x) = 0 otherwise. Then, ¢y is k Lipschitz such that 17 < ¢ < 1F,. Moreover,
W W W
> = )
L+1flee — 1+1flp, — 1+1f]

N

then % is proper since %Ifl is, and fyy is continuous. By Lemma 1.3
and Yk > 0,

i), pnlfler) —> pllflen)

lim sup w1, (| f11F) < p(lflew)-

n—oco

Since ¢ | 1 as k — co, by monotone convergence it yields

lim sup (| f11F) < pu(lf11F),

n—oo

so applying this with F' = {|f| > no}, it proves the claim and completes the proof. O
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Remark 2.40. Because Hypothesis [4(iii) holds true for our choice of H, it follows that H is uniformly
integrable with respect to Pin, (M).

Proof of Lemma|2.37, We assume there exist proper functions G,G : M — R such that

- G
GeD,, G<-G+C, and ————1i ,
e, Lo an T+ LW is proper

and in particular Hypothesis 2| holds for G, G. Then, Hypothesis [8|is satisfied by Lemma [2.39| and
since H is uniformly integrable by Hypothesis{4|so that / = H— L. W is uniformly integrable with respect
to Pinv(M(I)))-

Now, we want to use the condition from Lemma , in particular we will show that (M,U )0 18 an
L? martingale and the existence of a function ¢ : M — R, bounded on compact set such that:

E, (M)
S

hence Hypothesis|7|is satisfied.

Given that V satisfies Hypothesis 4, V € D! and similarly, W satisfies Hypothesis [2|so that W € D,.
Since in addition we have V € D>* and W € D2, then I’V and I', W are well-defined.

Given the conditions FéV, I,W < cst- G, then by Corollary , (M,V )i>0 and (M,W )10 are L? mar-
tingales and satisfy the strong law since G is as is Hypothesis

By definition of D!, then for all x € ML, we have
. _ _ o
MY = 00 - O - [ £100eas
0
t
= V(X) = V(x) — (W(X,) - W(x) — f LIV = WXDds
0
=M (x) - M) (x).
Then, (M[U )rs0 is an L? martingale since:
E(M{P) = Eo(M) - MY P) < B(M) ) + Ex(IM}' ) < +o0

In fact, since the space of L? martingales is a vector space, (MY )50 is naturally a L? martingale since
MY (x) = M) (x) — M) (x).

Since we are working on a probability space, it has a finite measure and
MU € LXQ,F,P) c L'Q, F,P) = (MY),5 is integrable.

Since EX(IMIUIZ) < Ex(lMtvlz) + Ex(lMtwlz), the last condition to show is the existence of a function
¢ : M; — R, bounded on compact sets, such that

E.(M)?) E.(M)'?)
—— +sup —— <

>0 >0

c(x).
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In particular, by Proposition , since V € D>*, we have that
t
(M) (x) - f TUV)(X))ds, 120,
0

is a local martingale for all x € M!. Let (,),»1 be a sequence of stopping times such that for all n > 1,
the process

AT,
(M. )2 (x) - fo V) (XDds, 120

is a martingale for all x € M! and n € N. We now have

ATy,
Ex(<M,VA,n)2— f ré(V)(X;‘)ds)=0,
0

AT

which implies Ey (M}, )?) = Py(TL(V)(x))ds, forall t > 0, x € ML and n > 1 by Fubini’s

tAT, o
theorem. For ¢ sufficiently large,

AT, !
[ parioneas < [ pciwies
0 0

In particular, by Fatou’s Lemma, we finally have
t

B (1)) < [ Parionods
0

and the same holds true for W so that E, ((MIW )2) < fot Py (W)(x))ds for all x € M in this case. By
Iy, T,W < cst- G, then

t
Ex (M), Be((M]")) < f st - Py(G(x))ds.
0
Since G satisfies Hypothesis 2, we can use Proposition i) which implies that
!
P,G(x) + f P,G(x)ds < G(x) + Cqt,
0
where C, > 0 is a constant, which may depend on x, for all x € M. If ¢ > 1, recalling that G is supposed
to be positive, then
| R
" f P.G(x)ds <G(x)+C,, VYxe M.
0

If0<r<1,then
1 (" -
n f P,G(x)ds < sup P,G(x), VYxeM,
0

0<s<1
and since the map ¢ — P,G(x) is continuous for each fixed x € M, SUPg<s<1 P,G(x) < co. It implies that
E.((M))?) 1 )
sup ——— < cst-sup — f P,G(x)ds < cst-|G(x) + Cx + sup PsG(x)| =:c(x), Vxe M.
=0 t =0 I Jo 0<s<1
In particular, c(x) is bounded on every compact C C M as sup, .- Cx < C < o0, x = G(x) is continuous
taken over C, and (s, x) — P,G(x) jointly continuous taken over the compact [0, 1] X C.

WH2
The same holds true for sup,. M so that
E. ((M))?) E.((M)"?)
sup ————= + sup ——— < 2¢(x),
>0 ! >0 t

which implies that Hypothesis 7| holds true. O






55

Chapter 3

Motivating nondegenerate examples

This chapter is dedicated to the study of two nondegenerate models of SDEs that serve as toy models.
Section 3.1|presents a one-dimensional logistic SDE and details how to achieve Hypotheses in case
of stochastic persistence as well as Hypotheses [7]and [§] for the extinction case.

Section 3.2|introduces a general two-dimensional nondegenerate SDE and focuses on how to show
H—persistence using the practical criterion introduced in Theorem [2.8] In particular, we assume that
Hypotheses are verified by the model.

3.1 The one-dimensional logistic SDE
Consider the following SDE defined on R,
dx; = x,((r — x)dt + odB;), xp = x, (65)

with 7 > 0 a constant. (65) is called the one-dimensional logistic SDE.
First, we derive an explicit solution of : let Z;, = xl,’ M; = exp(Yy) with ¥, = (r — ‘772)t + o B;.
Then, by It6’s formula,

dx, o? 2x2

dZ, = —— + ——Ldt
YTy
1 2
= ——z(x,((r — x)dr + O'dBt)) + T
Xy Xt
( r+x+o ) t— de,
Xt
—Z,( r+x +o )dt—O'Z,dBt,
which implies that
dz 1
— = (—r+c?+x)dt —odB, = (—r + o+ —) dt — odB,. (66)
Z Z
Similarly for M;,
o? 1,
dM; = (r - ?)M,dt + 50’ M.dt = M, (rdt + odB;) , 67)

so that dWM[’ = rdt + odB,. By applying the product rule for It6 processes,

d(M,Z,)) = M,dZ, + Z,dM, + dM,dZ,
= M,dZ, + Z,dM, + d[M, Z],
dz,  dM, _dM, Z],)
Z M, Mz, )’

(68)

= MtZt(

where [M, Z], is the quadratic covariation between the processes (M;)>0 and (Z;);>9. Given the
polarization identity (see e.g. [KunI2]], Section 2.3), we can express the quadratic covariation in term of
quadratic variation,

1
[X,Y], = 5 (X +Y] - [X], = [Y]).
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Recall that for (X;);>0 an Itd process defined as dX; = uxdr + oxdB;, its quadratic variation is defined

t
[X], = f oxds.
0

Given (Y;);>0 another It6 process with drift uy and variance oy, then (X, + Y;),>0 is also an It6 process
with drift ux + py and variance oy + oy, which implies

as

!
[X+7Y] = f(a’x +oy)’ds.
0

In our case, we have
! Tt !
[Z]; = f o’Z%ds, [M], = f o*M*ds, [Z+ M), = f (oM, — 0Zy)*ds,
0 0 0
which implies that

1 ! ! ! !
(M, Z], = 5( f (—0Zs + oM)*ds — f o*Z%ds - f aszds):_ f o*MZds,
0 0 0 0

dMmz), _ 2
so that Mz =C dr and l@i becomes

d(MtZt) =Mz
t

1 1
(—r +0% - Z) dt — odB, + rdf + odB, — azdt] = M,Z, (Zdt) = M,dt.
t

So,
! 1 M,
M,Z,=MOZO+stds = X, === - ,
0 Zt M()Z() + ﬁ) Msds
which gives us with My =1, Zy = x‘—o = )lc
- Z)t+0B
o rewll-F)iron] )
1 +xf0 exp[(r— %)s+0Bs]ds
Remark 3.1. Hence, for x — oo
X exp [(r— %Z)I+O'Bt] exp [(r— d)t+0'Bt]

g ="h_’r£1° 1 +xfotexp[(r—%2)s+0'Bs]ds - jgexp[(r—%)s+0'3s]ds

so that for f € Co(R,) a function that vanishes at infinity and ¢ > O fixed, P, f ¢ Co(R;) since

expl (7~ 2)1-+8) B

fot exp [(r - %) s+ O'Bs) ds

Tim P, f(x) = E[f[

with f(x) = ﬁ for example. Thus, the semigroup induced by (X;);>0 is not a Co(R,)—Feller
semigroup but is Cp(R)-Feller in the sense that (P;);>o preserves the continuous, bounded functions. As
mentioned in Remark [I.3] this is a good example of the usefulness of the Cj,(M)-Feller property instead
of the Co(M)-Feller one.
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3.1.1 Stochastic persistence of the one-dimensional logistic SDE
Let My = {0} be the extinction set and M, = R} : naturally, Hypothesis is satisfied since
Py, (x)=0, ifx#0,
and
Py, (x) = E(Ly, (X2)) = 1y, (%) =1, ifx=0,
so Py = Lyy.

Let M, = Ry\Mp = R}. We want to show that the condition (28)) of Proposition holds, which
will imply that Hypothesis 3| (hence Hypothesis [2) is verified.

Let U(x) := ¢* > 1 with 0 < 6 < 2 so thata := 1 - 6% > 0. By definition of L,

1 2
LU(x) = x(r — x)0e%* + za.zngzeex =0xU(x)|r— x(l - 9%)] = 0xU(x) (r — ax).

- F(x):=0xU(x)(r —ax) + U(x) = Ux)G(x),
with G(x) = 0x(r — ax) + 1 = —a0x®> + 6rx + 1. Then, F reaches its maximum when
F'(x) =0 U®GK) +UxG (x) =0
& e (—a9x2 + Orx + 1) + % (=2a0x + 6r) = 0
& —at*x* + (*r - 2a0)x +6(r+1) =0
oo —0Pr + 2a0 = /(6%r — 2a60)? + 4at3(r + 1)’
—2ab?
which simplify to

6%r — 2a0 + ONO2r2 + 4ab + 4a2
2a6? ’

With the hypothesis a, r, 6 > 0, then

_ Or=2a+ V62 + 446 + 44
X = > 0,
2a0

so that ¥ € R} and
F(x) < F(%) = UXGF) = ™ (0%(r —ax) + 1) =: b,

which implies that
LUx)=F(x)-Ux) <-U(x)+b.

By Proposition Hypothesis holds with W(x) = U(x) = %, hence Hypothesis 2| too. In
addition, we have

2
TL(U)(x) = o0 0e™ = X0 () = X0 U(x).
Let f(x) = x*6%¢™* with 0 < 5 < 1, which reaches its maximum on R, when

f(x) =0 & 2x0% — XP@Pne ™ = 0

S —07]x2 +2x=0

2
©x"=0¢Rorx" = —.
on
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In the second case,
46> , 4de7?

fx") = _92,726_ = _'72 =:¢c>0.
Then, for 0 < n < 1 fixed, we have
de~ 2
¥ < e—2 (eex)'? & I (U)(x) < co? (eex) M _ ctU (x)**. (70)
n

1-n

Then, is verified so that, by Proposition Hypothesis M holds with W = U= and W =
(1 +csH)W.

Now, to show the H-persistence, let V be a smooth function such that V(x) = —log(x) for x € (0, %)
and V(x) = 0 for x > 1. By Proposition iii), then V, V% ¢ Dy, and

2 2
LEWV)x) = V' (@)x(r — x) + %x2V”(x) =—(r—x)+ % on (0, %)

It can be continuously extended to bounded map H : R, — R since lim,_,o LI (V)(x) = —r + % We
also get
T (V)(x) = (0xV' (0)* = o2

Then, V satisfies the strong law by Corollary|1.39, and since W(x) = W(x) = ¢* by Hypothesis 3(b),

W(x) ex
> 5> ——> 09,
THIHOL x+r+ 1+ G o

so that %II is a proper map. It implies that Hypothesis 4{ holds.

Now, condition from Theorem [2.8| follows

_ 1—
, vw's . exp(Hlox)
limsup ———— > limsup —————= = oo,
rooo 1+ [F(x)] X—00 l+x+r
with 0 < n < 1. It remains to show that (36) holds to show that the process is H-persistent, i.e.
Y € Perg(Mp), ud > 0 where A is the invasion rate

2

g
Ax)=r—x—-——.
xX)=r—=x 5

Since the only ergodic measure on My is dp, then

2 2
o o
opd=A0)=r—-—>0r>—.
0 O =r 2 r>-
Under this assumption, it implies that the process is H-persistent. Since all the points of M, =
(0, +00) are nondegenerate, I'r: = R} by Stroock and Varadhan support theorem in [SV72], and by
Corollary there exist a unique invariant probability on M., denoted I, such that for all x € M,

tll)rglo [|1P:(x,-) = 7y = 0,

and whose convergence is exponential by Theorem [2.18
Figure |1| illustrates the situation of persistence for the one-dimensional logistic SDE: given fixed

. 2 2
parameters, with 1 =: r > & := %23

5 = =5, its trajectory stays in the non-extinction set M.
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20

15 -

0.0 ——————
0 5 10 15 20

t
r=1.0,0=025, Xp=0.5

Figure 1: Python simulation of the trajectory of the deterministic logistic equation (re-
spectively logistic SDE) in red (respectively black) with parameters r = 1, o0 = 0.25 and
X0 = 0.5.

3.1.2 Stochastic nonpersistence

. 2 . . . .
Now, if we suppose that » < %- and recalling that stochastic nonpersistence does not require V' to

be nonnegative, let V(x) = —log(x) for all x € R}. It implies that L} V(x) = —(r — x) + %2 =: H(x) is
continuous on all R, and we obviously have

2
AWH)=—ﬁﬁwauR%M%H=-6MH)=U—0y—%—<Q

Moreover, log(x) — +oc0 as x — 050 {(X]);»0 : x € R} is H-nonpersistent in the sense of Definition

231l

Let’s show that Hypotheses [7] and [§] holds true with the support of Lemma [2.37, In the first part,
we show that holds true with Ug(x) = e* with 0 < 6 < (Tz—z hence Hypothesis |3|is satisfied with
Wo(x) = Ug(x). In addition,

2
LWo(x) = 0xWp(x) (r - x(l - 9%)) .
So let G, G be defined as Gg/(x) = Wy (x) and Gg(x) = We(x) with 0 < 2 +1)8 < ¢ < %, and
where 0 < 7 < 1 is fixed: since Hypothesisholds for every 0 < 6 < (%2, then L.Gy < -Gy + C is
automatically satisfied. Furthermore,

Go () > e (r _ x(l B 9,%2)) > 0’ xe?* — oo

T LWl = T4 gt (7 — (1 - 0)) 0 T+ 62 <=

2

also since § > 6, which implies that % is proper. By Lemma [2.37, Hypothesis holds true.

Furthermore, we showed that V € Z)f’+, and since Wy = Uy € C*(R.), then W € Z)f by Proposition

[2.1}iii). Recalling (70), one has

T, Ug(x) < co? Up(x)**",
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and since (2 + )0 < &, then I',(Wy) < cst- Uy < cst - Gy . In addition, since
+ ’ 2 2
[;(V) = (oxV'(x))” =07,

then I',(V) < cst - Gy so that by the second part of Lemma [2.37, Hypothesis [7|holds true.

By Theorem and Corollary it implies that x; = 0, Vx € R,.

Figure 2] illustrates the situation of extinction for the one-dimensional logistic SDE: given fixed

. 2 2. . . o .
parameters, with | =: r < & := % its trajectory quickly goes to 0 which is the extinction set My = {0}.

45
4.0 4
3.5

30 4

25 4

X(t)

N 4_

L e L L S B S B B B B s e B B B S B B B R s e |
5 10 15 20 25 30 35 40

t
r=1.0,0=1.5,6 X,=0.5

Figure 2: Python simulation of the trajectory of the deterministic logistic equation (respec-
tively logistic SDE) in red (respectively black) with parameters r = 1, oo = 1.5 and xo = 0.5.

Remark 3.2. While r — %2 < 0, note that

2 2
(r—%)tﬂrBt t(r—%+%B,)
xe = xe — 0, almost surely,

11—
. . B .
since lim;_; e -+ = 0. In view of , x; — Oand
>0

1 S 2
lim sup - log(x;) < limsupr — % + 0'71 =r-Z. (71)

t—00 t—o00 2

3.2 A two-dimensional general SDE

In the spirit of the Rosenzweig-MacArthur model (3), we consider two interacting species whose
dynamics follow the SDE on R2,

dx; = x;(Fi(x)dt + o (x)dB}),

(72)
dxy = xy(Fo(x)dt + o5 (x)dB?),

where F;, o are C*®, o; > 0 are bounded, and (B}),ZO, (Btz),zo are independent standard Brownian mo-
tions. Assume the hypotheses of Proposition [2.1] and condition (35) (or its stronger version {@3)) are
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satisfied.

To show that the process (x1(?), x2(¢))r>0 is H—persistent, we need to define an extinction set My and
show that condition (36) holds true, i.e.

dp1, p2 > 0 such that pyu(dy) + paou(A2) > 0, Y € Perg(Mo).

Let M, ={x€ Ri :x1>0,x >0}and My = {x € Ri : x1x2 = 0}. The invasion rate is given by the
formula
()

5

Let’s focus on the invariant face {x; = 0}: it is clear that, if x; = 0, then dx, = 0 so that (x3(¢))s>0 is
invariant along this face.

Then, the process admits the ergodic probability 69,0y on My: indeed, if in addition we also have
x1 =0, then dx; = 0 so that (x1(#))0 is also invariant, which implies that P;0(,0) = 6(0,0), 1.. 00,0y is an
invariant probability. Its ergodicity is direct since (0, 0) € My is absorbing.

But there exists also an invariant measure, not necessarily a probability, on {x; = 0, x; # 0} given by
the speed measure of a one-dimensional diffusion

Ai(x) = Fi(x) —

i=1,2.

H1(dxy, dx2) = hy(x1)dx160(dxz),

where
1 2F(u,0)

2
hi(x])) = =———ex ———du ;1 , r>0.
1) xoi(x1,0) p{fr uos (u, 0) }{x1>0}

Indeed, consider a general one-dimensional diffusion
dX[ = b(X[)dt + O'(Xt)dBt, Xo =X,

where b, o are chosen so that (X;");> is a strong Markov process for all x € R and the Markov semigroup
(Py)r=0 generated by the (X7)»0 is Cp(R)—Feller. It will be sufficient so that the next operations hold true
and it will be also true for our example since the condition of Proposition [2.1|are satisfied, in particular
Proposition [2.1{7) holds true.

Let’s suppose that o > 0 to avoid doubt, which is also a condition for our based model (72)). By the
definition of its infinitesimal generator, we have

/ 1 44
Lf(x) =bx)f"(x) + EUZ(X)f (x), [feCM®).
Its adjoint operator L*, acting on density functions p, is defined as
1 6
2 0x?

It is well-known that its invariant measure p(x)dx is the solution of £*p = 0, up to a constant, in the
sense of the distribution: indeed, the measure p(x)dx is invariant if

0
Lp(x) = == [bp(x)] + | (0p()].

fR (P (X)p()dx = fR FOIp(dx, Vi 20,

and for all test functions f € B,(R). By taking the derivative with respect to ¢, which can be applied
under the ﬁR—sign by standard arguments, the right-term is 0 and we have

0
fR 2 (PP = fR LP)Op)dx = fR LH@pWdx =0, VS € By(R),



62 3.2 A two-dimensional general SDE

which is equivalent by taking the adjoint of £, denoted .L*, to
ff(x).ﬁ*(p)(x)dx =0, VYfeBR).
R

Then, the condition L*p = 0 ensure that, for all test functions f € B,(R), jg F) L (p)(x)dx =0 so
that p is an invariant measure with respect to (P;);>o. In particular, let

C * b(u)
2(x) eXp(zfo a%u)du)’

where C > 0 is any constant, and let’s verify that it is the solution of L*p = 0. We remark that

plx) =

* b(u)
o2 (u)

o-z(x)p(x) = Cexp (2 f du) =: a(x),
0

il _ 2e(0b(x)
so we have F-a(x) = 20

by using the fundamental theorem of calculus to compute a% fOx fw)du =
f(x). It follows that

o _ da(x)b(x)? b’ (x)0(x) — 2b(x)0” (x)or(x)
@a(x) (W) " ZG(X)( (%) )’
and
bx) 2 ’
P o, aw) 2a/(x)02—(x)0' (x) = 2b(x)0”’ (x)o(x)
a(b(x)p(x)) =b'(x) o200 + b(x)[ )
o a(x) 2a(x)b(x) — 2a(x)o”’ (x)o(x)
TN b(x)( () )
so that
Lo = - b (a(x)  2a(x)bx)* s 2a(x)b(x)0”’ (x)o(x) . 2a(x)b%(x)
p 2(x) (%) (%) )
N a(x)b’(x) _ 2a(x)b(x)o”’ (x)o(x)
o2(x) o*(x)

=0.
In our case, since b(x) = x1 F1(x1,0) and o(x) = x101(x1,0) for x; > 0, we obtain
C ' uF(u,0)
]’l](xl) = TCXP(ZI zz—du 1X1>0
X107 (XI,O) 0o Uu O—l(u’ O)
1 1 F1(u,0)
o0 P (2 f lz—d“) Lo,
xyo1(x1,0) r uoi(u,0)
where r > 0 in the lower integration bound corresponds to the weight of the constant C. It remains
to show that this measure is finite so that we can normalize it to have our invariant probability: given

our hypotheses, we have already a control for x; — oo with a Lyapunov function. We control x; — 0 to
avoid explosion: by continuity of F, o,

Fi(x,0)  F1(0,0)
02(x1,0) =0 03(0,0)’
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which leads to

F1(0,0)
F1(0,0 ] 1 200
lim Ay (x;) = lim #exp( 10,0 1, ]s x,
710 10 x30%(0, 0) 03(0,0) J, u 03(0,0)
F%(0,0) )
which is integrable for small x; if x, 00 s integrable, i.e.
F F
2 ;(O’O) —2>-1 o2 ;(O’O) > 1,
c1(0,0) 01(0,0)
which is equivalent to the condition on the invasion rate
o3(0,0)
21(0,0) = F1(0,0) — > > 0.

Otherwise, the integral will explode when x; — 0: under this integrability hypothesis, we can nor-
malize the invariant measure to get an invariant, ergodic probability on {x; > 0, x, = 0} given by

hi(xy)
fooo hi(w)du

The same can be applied to the invariant face x; = 0, which gives us the invariant, ergodic probability
on {x; =0,x, > 0}

H1(dxidxy) = dx100(dx2).

hy(x2)

fooo hy(w)du

under the hypothesis 42(0, 0) > 0 to ensure the integrability of 4. When x; = x, = 0, then 6(0,0)(dx1dx7)
is the same ergodic probability than before.

Ho(dxydxs) = 6p(dxy) dxa,

To summarize the situation, we can describe P (Mo) as follows:

{00,0)), 1f 21(0,0) < 0, 12(0,0) < 0, when x; = x2 =0,

{000,0- 1}, if 41(0,0) > 0, 22(0,0) < 0, when x; > 0,x =0,
{6(0,0)> 12}, if 41(0,0) < 0,42(0,0) > 0, when x; = 0, x, > 0,
{0(0,0, 1, 12}, if 21(0,0) > 0, 22(0,0) > 0, when x1, x2 > 0.

Perg(]VIO) =

For each case, we can check condition (36):
(i) If 21(0,0), 22(0,0) < 0 the only ergodic probability is 6,9y and
P160,0) (A1) + p26(0,0)(42) = p141(0,0) + p242(0,0) <0,
SO is not verified.
(i) If 21(0,0) > 0, 12(0,0) < 0, we check with u = 6,0y and

P2100,0)(4A1) + P26(0,0)(A2) = p141(0,0) + p212(0,0) > 0,

12(0,0)
21(0,0)°

with p; sufficiently large compared to p,, in the sense that p; > p»

For p1 = p11, by contrapositive of Theorem [2.8](i), u1 (1) = 0 since p(x; # 0) = 0, i.e. supp(u;) €
{x; = 0}. It remains

piu1(Ay) + pop(A2) = popi(Az) > 0, if py(A2) > 0.
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(iii) If 2;(0,0) < 0, 42(0,0) > 0: the same reasoning applies to check the condition with ¢(o,0). And a
similar argument shows that us(1,) = 0 so that

P1u2(A1) + papa(A2) = pruz(dy) > 0, if pua(4y) > 0.

(iv) If 21(0,0) > 0, 22(0,0) > 0, the reasoning is still the same for &) and given the fact that
u1(Ay) = pa(A2) = 0, either

Pip1(A1) + popi(A2) = poui(A2) > 0if py(A2) > 0,

or
P1u2(A1) + popa(A2) = pruz(dy) > 0, if pua(4y) > 0.

Finally, since we are in a nondegenerate case, we can apply the conclusions of Corollary 2.13]if:
(1) 11(0,0), 2,(0,0) < 0, the condition is not verified.

(ii) 21(0,0) > 0,4,(0,0) < O (respectively 4;(0,0) < 0, 42(0,0) > 0, the condition is verified if
u1(Ap) > 0 (respectively pp(41) > 0).

(iii) 11(0,0), 22(0,0) > 0, the condition is verified if (A7), up (A1) > 0.

Whenever condition (36)) is verified, there is a unique persistent measure IT on M, and, under the
stronger Lyapunov conditions, convergence in Total variation and exponential ergodicity hold. Conclu-
sions obtained here are similar to the conditions exhibited in [HN18]], Example 2.4.
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Chapter 4

The degenerate Rosenzweig-MacArthur
model in details

This chapter is dedicated to the study of our main model, the two-dimensional degenerate Rosenzweig-
MacArthur model (3)) and covers the persistence and extinction cases.
More precisely, Chapter 4 goes as follows:

(i) [Section 4.1| presents the well-posedness of (3) by detailing how Hypotheses [I{3|are verified, with
respect to the parameters of the model.

(i) [Section 4.2]details the persistence case through the notion of H—persistence and shows the almost-
sure convergence (respectively in Total variation) of the empirical measure (respectively (P;(x, -))s>0)
to the persistence measure. We also exhibit a polynomial convergence rate and depict the situation
through a Python simulation.

(iii) [Section 4.3| outlines the nonpersistence case, in particular the extinction of the predator x,. We
detail how to show Hypotheses 7| and [§|and we depict the situation through a Python simulation.

(iv) [Section 4.4{focuses on the extinction of both species by changing the assumptions on the parame-
ters of the model and adapting our proof, compared to previous section.

Recall that our model of interest (3) is the degenerate SDE defined on R? and following

{d)q =x |(1-2 - 22 )dr +2dB, |,

_ _ x|
dx; —xz( a + 1+x1)dt’

where k, £ > 0,0 < @ < 1, and (B;)s>0 is a 1—dimensional standard Brownian motion. Recall that for
0 < &2 <2, we define k := 8%—1>0,9:: &F <k, and

xk—le—x/e

T T ° Z 09
et =

Yex(x) =

which is the density of a I'-distribution with parameters k, 8 whose expectation is k6 = «(1 — %) and
variance k6% = '(27‘92(1 - %). We also define

+00 X
A, a,k) = f I—VE,K(X)dx —a.
0 + X

We also recall that the extinction set is defined as

Mo = {(x1,x2) € R} : x1x2 = 0} = 9R].

4.1 Proof of Hypotheses

First of all, we can use Proposition [2.1] above to show that the main Hypotheses [IH3] are verified.
Here, we use a form of U inspired by [Ben18] but the proof is more detailed and includes the tools newly
integrated throughout this text.
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Proposition 4.1. In the context of (3), with 0 < & < 2, conditions and are verified with
Ux) =1+ (x; + x2)", for all n > 2. In particular Hypotheses|I}3] hold for (3).

Proof. Using the formula (26),

LU(x1,x) = [xl (1 _a N ) + xp (—a/ + al )} n(xy + )cz)"_1
X1

1
+ Eszx%n(n — D(x; + x2)" 2

2

- X n—1 _

=n(x; + xp)" ! (xl -1 axz) + n( )x%sz(xl + xy)" 2
K

<n(x; + x)"! (x1 (1 - % + (n _ 1)82) - a/xz)

[\

2
-1
= —an(x; + )" +n(x; + x)" ! (x1 (1 _Ay (n > )82 + a)).
K
Let 1 Iy 1
M:K(1+n_ 82+a), Clan|1——+n_ 82+01|.
K

Then on {x; > M} the second term is negative, so
LU(x1,x2) < —an(x) + x2)" = —anU(xy, x2) + an.
On {0 < x; < M}, we observe that
LU(x1, x2) < —an(x) + x2)" + C1(x1 + x2)" "

Since the leading term —an(x; + x2)" dominates Ci(x; + x)" ! as x| + xp — oo, there exists R > 0 so
that for all x; + xo» > R,

_ an
—an(x; + )" + Ci(x; + x)" ! < —7(x1 + x2)",
hence on {0 < x1 < M, x1 + x» > R},

LU(x1,xp) < —%U(xl,xz) + %.

In fact, we can exhibit that R = % > 0 is sufficient by direct computation. Finally, on the compact
set {0 < x; < M,0 < x; +xp <R}, LU is bounded above and thus

n—lcn
LU(x1,x2) £ —anU(x1,x2) + an + — 1 Vxe Ri,
an—l nn—l
n—1n
so that (28) holds globally with a = 2, b = an + -
In addition, using the formula (27), we have
I'n(U)(x) = x%szn(xl +x2)" (e + )" < E2nP(xg + x2)?, (73)
so that holds with = 0 and ¢ := &%n?. O

At this point, we have already that (IT});» is almost surely tight, by Theorem 1.40, and both P, (M)
and Piny(Mp) are non-empty, by Remark
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Proposition 4.2. Condition is verified with U(xy, xp) = /7% vy < §* := é
Remark 4.3. By a scaling the time 7 by a factor r in (65), we obtain

ﬁ

Let r = k and 0 = £+/r = £ v/« so that it matches the x| —coordinate of the Rosenzweig-MacArthur
model (3) when x; is set to 0. In particular, the condition ensuring (28) holds with U(x) = % is
0<0<% =3

T g

dx, = x ((1 - %)ds + de).

Moreover, the H—persistent condition r > % > 0 becomes 0 < &% < 2, while extinction is deducted

2 . .
from r < & which is &2 > 2.

Proof of Proposition Remark that

x X X
LU(x1,x) = x1|1 - 2L T2 ettt x|—a +
K 1+ x; 1+ x

2
0(x1+x2) , € 2.2 0(x1+x2)
)96 + —60°xje

2
< Ox 1) ((l - ﬂ) + %Hxl),
K

so that LU < —aU + b holds for any 6 < 6* = ﬁ by analogy with the one-dimensional logistic SDE

(63) (see Remark [4.3). o
Remark 4.4. Unfortunately, condition fails for U(x) = ¢?™1+%2) since
L(U(x1,:2)) = 267U (x1, x2),

However, the existence of such an exponential function such that (28) holds will be useful to derive
some properties, for example about the type of functions that are integrable with respect to the persistent
measure [1.

4.2 Persistence in the case 0 < £ <2 and A(g, @, «) > 0

We establish a direct condition on A(g, @, k) to ensure the persistence of the model. Figure obtained
in Python, illustrates the behavior of the process when 0 < &2 < 2 A(&, a, k) > 0. We start by announcing
the final result of this subsection:

Theorem 4.5 (Persistence). Suppose that 0 < > < 2 and A(g,a,«) > 0. Then, there exists a unique
invariant probability measure 11 on M, such that, for all initial condition x € M..:

(i) (I1))0 = I, almost surely.
(i) Forall f € L\(I1) such that [, f(X})ds < oo forall T > 0,

I f = IIf, almost surely.

Moreover, for all § < é (x1, x2) > 231+ [jeg in LV(TD), i.e. fM+ P (dx;dxy) < oo,

(iii) (Py(x,-))=0 converges in Total variation towards 11 at a polynomial rate, in the sense that there
exists A > 0 such that
lim )|, (x, ) = TIC)llry = 0.
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Figure 3: Simulation of (3)) starting at (x;(0), x2(0)) = (0.75, 1.25) in persistence case with
Ale = 06, @« = 03, xk = 2.5) = 034 > 0. The red trajectory is a trajectory of the
unperturbed system (i.e. for & = 0) while the black one describes the system (3) with an
Euler-Maruyama scheme.

(iv) 11 has a smooth density (with respect to the Lebesgue measure), strictly positive, on M.

Before proving Theorem4.5] we need to prove some properties associated to (3)). First, we show that
under those conditions, (3) is H—persistence thanks to the Hofbauer criterion from Theorem [2.8]

Corollary 4.6. In the context of , we suppose that 0 < &> < 2 and A(g, a, k) > 0. Then, conditions
and (36) of Theorem 2.8\ are verified and {(X[" )0 : x € M} is H—persistent.

Proof. When we choose U(x1, x2) = 1+(x;+x2)", forn > 2, since 1"'21'2:1 |F;| < 2+x7‘+
(1+1): (1 +x2) +2 + v, thus (35) holds with

X1
1+x1 -

X2
Trn +a+

1 n
U2 + x)2
lim sup ULIC > lim sup (1 + %)% = +o00.

—roo 1+ ZilFiOl ™ gosee (14 1) (r +x2) +2+ @

When U(xy, x3) = 172 for 0 < %, the same conclusion is direct.

It remains to verify the condition (36) of Theorem We aim to evaluate Perg(M(Z)). If we restrict
to the invariant face x, = 0 = dx; = 0, we are left with two possibilities:

(i) x1 = 0 implies dx; = O and the invariant probability measure is 60y, which is ergodic on {x €
Ri : x1x = 0} since it charges the entire set.

(ii) x; # 0 and we can analyze an invariant measure (not necessarily a probability) which is the speed
measure associated to: N
dx; = x; (1 - ?l)dt + &x1dB;.

As in the computation of model (72)), the speed measure is given by

2 “u(l =)

h —— 2 ——d
l(xl) X%Sz exXp ( fr‘ M282 l/l)
2 2
= 22 exp = [«log(x1) — x1 — klog(r) + r]

1

2-C %-2 (—2)(1 )

= x?¢
2 71 k&2

2-C %2—2 —X1
=—x" exp|l———],
g2 1 P (ke2)/2
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where C is a constant coming from evaluating the integral at u = r. In particular, with 8—22 -1 =k,

%( = 6, we obtain h(x;) = i—zcxllc‘l exp (—%).
We observe that this is a finite measure since k — 1 > —1 so that /; is finite for small x;. And as

X1 — oo, hy is also finite since exp (—%) — 0 quickly than x’l“1 — 00,

It remains to normalize the measure to obtain a probability. By a substitution u = é, the normalization
constant is given by

+00 +00 +00
f Iy (1) = f #exp (—é)dt: f 01 exp(—u)0du = T(k) - 6,
0 0 0

Thus, we obtain the probability measure u defined as

hi(x1)
I m@ar

xk-1 exp(—x1/9) (74)
= Wdﬂ - 6p(dxz)

= Yex(x1)dxy - 00(dx2)

Hi(dxdxp) = dxp - 6p(dxp)

The same method can be applied to the face x; = 0 where we have dx; = 0 and dx, = —ax,dt,

0 x2(f) = x2(0) - =, which implies that the only invariant probability measure is &(o,p), which is also
ergodic. Finally,

M1 ifx2:0, X1>0

Perg(MO) = {

000 1ifx1 =0, x>0
We treat each case independently:

(i) Letu = 80,0 € perg(A/IO), then

Zpiﬂ(/li) = P16(0,0)(A1) + P260,0)(A2) = p1 - 41(0,0) + p2 - 12(0,0) > 0.

By definition of 4; in (33)), it follows that

2 82

2,(0,0) =F1(O,0)—% =1-=>0, since &2 < 2

And similarly,
42(0,0) = F2(0,0) = —a <0,

thus p1u(dy) + pou(d2) > 0 for p; large enough, p, small enough, in the sense that p; > 1p 232 for
-7

any py > 0.

(i) Let u = py € Perg(Mp). In particular, supp(u;) € {x € R? : x; = 0}, and by contrapositive of
Theorem [2.8[7), we have 11(4;) = 0 so that condition becomes pru(dy) >0 < u(dz) > 0.

X1

Tray> We have:

Since A(x1, x2) = Fa(x1,x2) = —a +

() = f (L - a) Yex(Odx = Ale, a, ),
0

1+x

which is supposed to be strictly positive.

Therefore, condition is verified and we can conclude that {(X]")>0 : x € M.} is H-persistent by
Theorem 2.8l O
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Remark 4.7. When we evaluate the speed measure on the invariant face x, = 0, it also provides the
unique ergodic probability measure on x; > 0 for the one-dimensional logistic SDE by Remark 4.3| with

o =
VF andk =r.

We now aim to prove the existence of points x* satisfying Hormander’s condition (respectively the
strong Hormander condition) in I'y,, in order to show almost-sure convergence (respectively in Total
variation) of the occupation measure (respectively convergence of (P;(x,-))>0) towards the unique in-
variant probability measure.

E =

Proposition 4.8. In the situation of (3), the strong Hérmander condition holds for every points x* € M.
Proof. We rewrite (3)) using the Stratonovich formalism introduced in as
S1x) = x1-& S3(x) = S3(x) = S5(x) = 0,
and therefore

SOx) =
@ X Fo(x1, x2)

x1(F1(x1,x2) —82/2))’ S'(x) = (X(I)S).
‘We obtain

2. 00
[SO,SI](x)=DSl(x)'So(x)—DSO(x)-Sl(x)=[ e g ) )

OF
—X1E Xy - le(x)
In particular,

—x2e. 91
det ([SO’ $'(x). S 1()c)) = det( X8 g () xls)

oF
—X1E- X2 - B_xlz(x) 0

1
22

= P& ——— >0, VxeM,,
122 0 )2 ¥

which proves that, for all x* € M., the set {[S 0 S1(x"), S1(x")} spans R2, and the strong Hormander
condition (in particular, Hérmander condition) holds on M, .. O

The last step is to show that I'y;, contains M.. Here, we use the notion of control system introduced
in (38).
Proposition 4.9. In the situation of (3), Ty, = M, and every points of M, are accessible from anywhere
inM,.

Proof. In our model, let’s introduce a new control variable

82@ v, e
V=eu— — u=—+~-
2 e 2

so that the associated control system y() is the solution of the differential equation

3(0) =80 () + D ST ()

j=1
_ (yl(t) (F1010). 2000 - 82/2)) N (ayl(n) _ (u) 5
Y2(OF2(y1(1), y2() 0 0

_ (y1 () (F1(y1 (), y2(0) + v))
»2(OF2(51 (0, y2(0) )’
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Let L be the vertical line defined by x; = 1%, and let x, > 0: it implies that, along this line, we have
dx, = 0 since

Fz(xl,xz)=F2( ,xz):—a/+a/:0.

l-a

Before this line, the drift associated to the second coordinate of the control system y(f) is negative,
i.e. y2(¢) is decreasing, while it is increasing after the line.

Let P,(x1, x») be the parabola defined by

1 1
(1+v—x—Kl)(1+x1)=x2 =3 —;x%+(v—;+1)x1+1+v=xz.

(= F](X],X2)+v=0.

This last equality implies that below P,, the drift associated to the first coordinate of the control
system y(¢) is positive, and y;(¢) is increasing, while it is decreasing above P,.
It naturally implies that P, reaches its maximum (x}, x3) at

1
xT:E(Kv—1+K),

(kv — 1+ «) kv—1+K)\ _ k@+1)+1)*
(1+V—T)((l+ > )— P .

*_
Xy =

Let z = (z1,22) € M, and O, be an open neighborhood of z: we can choose v* sufficiently large so
that z is always below the graph of P,+ and such that the x;—coordinate of the maximum of P, is after
the line =.

For a small-enough open neighborhood of the origin O, Yx € O N M,, the control system ¢
y(v*, x, t) remains below P, until it crosses P,. near (k(1 + v*),0). Then, it remains above P,. while
being decreasing on xj, increasing on x, until it crosses L, when it becomes decreasing on both x; and
xp. In particular, it crosses xp = zp while x; > z;.

Let’s construct a piecewise constant control v(¢) as follows:
(i) v(¥) = =1 until £ — y(v, x, t) enters O.
(i) Then, v(¢) = v* until t — y(v, x, t) crosses x, = 7, (after crossing P,).

(iii) Finally, v(f) = —R for R large enough so that t — y(v, x,1) enters O,, i.e. decreasing on x; as
quickest as possible while remaining in a small-enough neighborhood of x, = z5.

Figure 4] exhibit the structure of the associated control system through an example: starting at x =
(0.3,0.3), z = (1,2) with O, = By 15(z), O = By.15(0,0), @ = 0.3, k = 0.5 and v* = 3.

Starting from x, the control system is sent to O N R2, then go to the right until it passes P+, moves
up to crosses the line x, = 7, and is finally sent to O;.

It implies by Stroock and Varadhan support theorem (Proposition [2.11) that M, = Ty, since any
point z € M, is accessible from any point x € M., i.e. I'yy, = Ngepr, I'; = M. O

We are now interest by the convergence rate of (P,(x, -));>0 towards the persistence measure I1(-), for
allxe M,.

Proposition 4.10. Hypothesis 6| holds with U(x1,x2) = 1 + (x1 + x2)", for n > 2 so that (Pi(x, )0
converges in Total variation towards 11 at a polynomial rate.
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S B T
0.0 0.5 10 15 2.0 25 3.0

Figure 4: Example of with x = (0.3,0.3), z = (1, 2) with O, = By 15(z), O = By.15(0,0),
a = 0.3,k = 0.5 and v* = 3. The trajectory of y(x, v, t) with the proper v as defined before is
depicted in orange, with the blue parabola P,. whose maximum is attained after the vertical
blue dashed line L.

Proof. Condition (49) is direct since In(||x||) = l%m(xf +x2) < ¥ + x4 < U(x), since n > 2.
We also recall that |[F(x)] + [F2(x)] < (2 +  + @)(1 + x1 + x2), so that is verified for dy = 1 and

C>2+ % + . In particular, since LU < —aU + b, by taking pg < “%5, for 0 < 6 < a, it yields

LU(x) + po(|F1(x)| + [F2(0)l) < =6U(x) + b o %
which achieves to prove that (50) is verified.
By Theorem [2.30] the convergence rate of (Py(x, -))s>o towards IT is polynomial. O

Remark 4.11. We can even provide a precise estimate of the speed of convergence: regarding the proof
of Proposition we have a = FF and ¢ = £2n? in view of |i for any n > 2. It yields

o

go=1+—,

&en

and in particular

i +2 =1+ if £ <2,

min {CIO, q0 } _ q0 5 =n 2 <2

2 Qo+ _ 3, a jfayn

2 2 7 2en e 72

and the speed parameter 8 > 0 from follows

O<[3—1<{*9

In the first case, for any parameters a, £ in , we can take n as large as necessary so that ;% <5.In

the second case, since n > 2, the condition is verified when S% >1ora> &

4.2.1 Proof of Theorem 4.5

Note that Hypotheses|[I}{3| are already verified by Proposition d.1] while the H—persistence condition
is also verified by Corollary 4.6|
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(i) The strong Hormander condition holds for (3)) on all M, by Proposition and every points of
M, are accessible from M, by Proposition 4.9 Following Corollary [2.13] for every point x* € M,,

ITY = I1P-as. .

(it) The first convergence result is a direct consequence of Corollary ii), where the additional

condition fOT f(XNds for all T > 0 completes the proof of Proposition 4.8 in [BenI§]].
In addition, by Theorem ii), even if we lack information about the persistence measure II, we
know that IT admits an exponential moment of order 6, hence its tails decay at least exponentially, since

f I (dxy, dxp) < oo.
M
(iii) Also by Corollary [2.13] (P,(x, -))i>0 converges to IT in Total variation.

For the convergence rate, we rely on Proposition to show that the conditions of Theorem [2.30]
hold. It yields that the convergence rate is polynomial since there exists x* € I r2, N R2, satisfying the
strong Hormander condition.

(iii) Corollary also implies that I1 is absolutely continuous with respect to the Lebesgue measure
on M., i.e. IT has a smooth density with respect to the Lebesgue measure on M., and is strictly positive.
O

Remark 4.12. Unfortunately, we cannot exhibit an exponential convergence rate since the H-persistent
and at infinity is not verified. We detail our trials to understand what is failing in (3).
Recalling that V, H are constructed as in the proof of Theorem 2.8 which is

V(x) = v(p1h(x1) + p2h(x2))

1
LV(x) =V (p1h(x1) + p2h(x2)) (=p1A1(x) — p2A2(x)) + EV" (p1h(x1) + p2h(x2)) (a(x)p, p)r2,

where h(u) = log (%), v:R — R, is a C* function with bounded v/, v/, and such that v(r) = ¢ for all
t>1. Welet H= LV on M., which extends continuously to
H(x) = —pl/ll(x) - pz/lz(x), on Mo.
For our model (3)), we remark that,

2
E X X X
lim HG) = lim —piF(x), x)—paF(, x) 4 ple > lim —p + 225 2122,
X[ ,X3—>00 X|,X3—>00 2 7 xpm—ooo K 1+ x 1+ x

>0,

so that (V, H) is not H—persistent at infinity.
We consider the following modification: let v(f) = —¢ for all + < —1, so that whenever x; — oo,

V' (p1h(x1) + p2h(xz)) = =1 and
LV(x) = p1d2(x) + p1A2(x),  whenever xj, x — 0.

Based on the previous computations, it implies that

2

. . & . X X X
lim H(X) = lim plF(xl,XZ) +p2F(x1,x2) - p1—= < lim - pPix _ P1%2 pi 1
X1,X—500 X1,X2—>00 2 T xi.xm—eo K 1+ x 1+x

<0,

so that (V, H) may be H—persistent at infinity. However, since H(x) = —p141(x) — p2A2(x), on My, if we
fix x, = 0, we obtain
2
lim H(x) = lim —piF(x,0) = p2F(x1,0)+ p1 5 > lim —py + 22— p) 21
x| —00 2 7 x—oo K 1+ x;

X1—00

> 0,
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so that (V, H) is not H—persistent at infinity.
We modify the construction as follows: let V* = log(U) + V so that

H* = L(logU) + LV = L(log U) + H.
Since U is defined on all M, the H—persistence condition is still verified since
A (H*)=A"(U)+ A (H) = A~ (H).

Now, recalling that

LU b
L(log(U)) = 7 <-a+ 59

we still have limy, y,—0 H(x) < 0. For the case x, = 0, we also observe a better bound for L(log U) from
the proof of Proposition 4.1]since

2 +1
X -1 LU nx" n(n — 1)&2
LU:nx’l’_l(xl——Kl)+n(n2 )x%ezx'f—z = —<n 1 + ( ) ,

U =" k(1 +x0) 2
and

1 2 2
. N . 3 nxrlH nn-1)e B B &
x}gan (x) SxPinw” A+ 3 p1F(x1,0) = p2F(x1,0) + py )

nxtl nn—-1&  pix £

< I — 1 + + i

= nime T k(1 X0 2 ety

<0.

However, if we fix x; = 0, observe that

LU(xy,
LU = nxg_l(—axz) = lim LU, x2) = —an,
e U(xy, xp)

which implies that
&2

lim H*(x) = lim —an+ —p; + p1xo —aps + Pl? >0,

Xp—00 X2 —00

so that (V, H) is not H—persistent at infinity.
As a last trial, if we consider the modification V* = log(U) + V + x3, the control whenever x; = 0
and x, — oo or x; = 0 and x; — oo holds true but we lack the property outside M, that is

lim H*(xl,xz) < 0.

X1,X2 =0

4.3 Extinction of 1 species in the case 0 < £ < 2
and A(g,a, k) <0

Then, we are interested in the extinction condition. In particular, if the condition A(e, @, «) > 0 is
not respected, we can show the almost-sure convergence of (X;');»o towards Mg ={x € Ri :xp = 0},
Vx € M,. Figure [Sillustrates this typical extinction behavior.

Here is the main result about this subsection.

Theorem 4.13. If0 < &> < 2 and A(g, a, k) < 0, then Vx € RY, x3(0) b 0, P—almost surely.
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Figure 5: Simulation of (3) starting at (x;(0), x2(0)) = (0.75, 1.25) in extinction case with
Ale = 06, @« = 09, «k = 2.5) ~ -0.26 < 0. The red trajectory is a trajectory of the
unperturbed system (i.e. for & = 0) while the black one describes the system (3) with an
Euler—-Maruyama scheme.

Proof. We fix U(x1,x3) = 1 + (x1 + x2)". Let V(x1, x2) = — log(x;) be defined on M. Then, V € D
follows Proposition V satisfies the strong law by Corollary since ng)(V) =0.
Because the dynamic on x; is deterministic, we have
V() X X1
=—-— =«

dr X2 B 1+ x;

-EEZ)V(XZ) = = H(Xl, x2)|MEr2)’

is indeed continuous on M. We already showed in the proof of Corollary 4.6] that
ui1(H) = () = —A(g, a, k) > 0,
where p1(dx1dx2) = ye(x1)dx - 6p(x2)dx2 and 60,0)(H) = @ > 0 which implies
AF(H) = —inf {u(H) : t € Perg(M7)} < 0.

1

We also remark that % is proper since H is bounded while U is proper. Moreover, the condition

lim sup {dist(x, M(()z)) s —log(xp) > v} =0,

Vv—+00 2
x€R%,

is verified and {(X]')>0 : x € Mf)} is H-nonpersistent. It remains to verify Hypothesis [7|and Hypothesis
B} we can proceed via Lemma[2.37]

Since Proposition [2.1] and its consequences hold with U(x1,x2) = 1 + (x1 + xp)" for all n > 2,
let’s define WN(XI,XZ) = UN(]Cl,XQ) =1+ (x1 + ]Cz)N, WN(xl,xz) = d’WN(xl,)Q) for N > 2 fixed, by
Hypothesis 3| (b), and let Gon(x1, x2) = 1 + (x1 + x2)?N . From what precedes, we already know that

LGon(x1,x2) = LUaN(x1, X2) . %@D —aUsn(x1,x2) + b =1 =Gan(x1,x2) + C,
y
with Goy = @ (1 + (x + xz)ZN), b = C > 0 a constant.

We can check that % is proper, because G is of order (x;+x2)*N and £, W is of order (x; +x2)V*1,
so that N
G(x1, x2)

lim =
Idl—=+oo 1 4+ | LW(x1, X))
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Indeed:
| LW (x1, x2)| < X1 F1(x0)N(xp + )N + 0 Fa(x)N(xp + x2)V 7|

NN = 1) )
+IT82Xf(X1 Y A

2
X
< INxp (xp + )N+ 12 g+ )V
K
NN -1
+laxaN(xy + x)V 7 + |¥82()€1 + xz)N|
1 N(N -
<2N(x + )N + —=(x + )V + NN -1 — D) &(x1 + x)V.
K

Therefore, for large enough x1, xo, we have | LeW(x1, x2)| < C(x1 + x2)Y *+1 for C > 0 a constant, so

that 177 W L W is proper with 2N > N + 1 and since
lim GaN(x1, x2) o (1 +x)?N
lr+xal—ooo 14+ | LW(xn, x2)l — la+xloe — (xp + x)N*

Hypothesis [§]is therefore verified.

Then, T?(V) = 0 < G. Similarly, W € C3(M) so that

I.W(xy,x) = x%sz -N?. (x1 + xg)zN_2

< C - Uyn(x1, x2)
= C-GyN(x1, x2),

2.36(that X' b Mg almost surely. O

so Hypothesis|[7|is also satisfied. We conclude by Corollary

Figure[6]illustrates this situation: a particular attention near the origin demonstrates well that x(f) —

0 as t — oo before x;(#) goes extinct too.

Figure 6: Left figure is a simulation of (3) starting at (x;(0), x2(0)) = (0.75, 1.25) in global
extinction case with A(e = 1.35, @ = 0.6, k = 4.5) = —0.48 < 0. The red trajectory is
a trajectory of the unperturbed system (i.e. for & = 0) while the black one describes the
system (3) with an Euler-Maruyama scheme. Right figure is a close-up of the situation near

the extinction set x, = 0 while x; does not reach 0.

Observe that the case @ > 1, ruled out in the introduction, naturally implies A(e, @, k) < 0 and is thus
covered by Theorem §.13]

Remark 4.14. The extinction conclusion can also be recovered by direct computations: remark that

dx; = x [(1 - 210 ~7 iz)(:])(t))dt + edB,] < xp [(1 - xllft))dt + 8dBt],
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so that by a comparison theorem (see e.g. [IW77], Theorem 1.1), x;(¢) < x; where (x;);0 is solution to
the one-dimensional logistic SDE starting at xp = x1(0) by a time change (see Remark 4.3)). On the
other hand,

(76)

!
x2(1) = x2(0) exp (—a/t+f xl—(s)ds).
0

1+ x1(s)

From the one-dimensional logistic SDE (65)) and Remark [4.7| note that y,,, is the unique invariant
probability measure supported on ]0, +oco[ and ITj = y, for any x > 0 for (65). It follows that

L[ x(s) X
7 fo 1+x(s)a’sl_)—o>0 fo m)’g,K(z)dz, almost surely.

Since x(f) < x, for all > 0 almost surely, where x; is the solution of (65)) starting at xo = x;(0) and

since u — —£ is an increasing function on R, then for all # > 0,

1+u
1 M x1(s) 1 (" x(s)
_ v Je< — .
tfo TGS zfo xS

Hence,

lims + ! f " _a0) ds < + f x (x)dx = A( ), almost surel
up —a + — ————ds < -« —Yei(X)dx = A(e, @, k), urely,
t—mp t Jo 1+ x1(8) o 1+ xyg’ y

and from (76)), we obtain

1
lim sup — log(x2(?)) < A(g, @, k), almost surely.

—o0 t

Proposition 4.15. Under the assumption from Theorem it yields
IT} = ye(x1)dx) ® So(x2)dxa,  almost surely,
forall x € Mil) ={xeM:x >0}

Proof. We will prove that {(X]")>0 : x € Mfr])} is H—persistent. Indeed, Hypotheses are verified
by Proposition and let V be a smooth function such that V(x;, x;) = —log(x;) for x; € (O, %) and
V(x1,x2) = 0if x; > 1 so that V is positive, limy, o V(x) = +co and

2

X1 X2 & 1
LV(xl,x2)|M9> = —(1 — ? — 1+ x1)+ E =: H(xl’x2)|Mi1)’ Y0 < X1 < E’

which extends continuously to —1 + x, + % at x; = 0. Since I'V(x1, x») is bounded, V satisfies

the strong law by Corollary (1.39 Moreover, T\/IUHI is proper since H is at most polynomial while U is

exponential. Finally, since the only invariant probability measure on M(()l) 18 0p(x1) ® dg(x2), we have

2
,L1H=H(0,0)=—l+%<0,

since 0 < &2 < 2. By H—persistence and Corollary it implies that I1(dx;,dx2) = ye(x1)dx; ®
00(x2)dx, is the unique invariant probability measure supported on Mfrl) and Vx € Mil), Iy = IL O

Despite this result, there is no evidence that the law of x; () converges to y, «.

Conjecture 4.16. In the setting of Theorem Vx € R, the law of x{(t) converges weakly to ye ,(dx).
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Figure 7: Simulation of (3) starting at (x;(0), x2(0)) = (0.75, 1.25) in global extinction case
with A(e = 1.5, @ = 0.6, [x = 4.5) ~ —0.79 < 0. The red trajectory is a trajectory of the
unperturbed system (i.e. for &€ = 0) while the black one describes the system (3) with an
Euler—-Maruyama scheme. N

4.4 Extinction of both species in the case &% > 2

Finally, we can focus on the case where the condition &> < 2 is not respected: in this situation where
the environmental fluctuation is too large, it leads to the extinction of both species as depicted in Figure
7

Qheorem 4.17. If & > 2, then Vx € M4, (X)) - (0,0) almost surely.

Proof. From the one-dimensional logistic SDE (65), we know that x; = 0 since &2 > 2 (see Remark
4.3) so that x1(¢) b 0 almost surely by Remark. Moreover, by (76), we obtain

[]

ds = —a.

lim sup —log(x2()) < —a + lim sup — o L+xi(s)

—00 1—00 t

lf’ xl(sg

It concludes to prove (X}) = (0,0) P—almost surely, Yx € M.. The lim sup bounds are direct using

above inequality and the logistic one (71) for x;. O

As a summary of this situation, Fig@e 8 depicts the different situation we face by evaluating A(e, a, k)
with @ = 0.5 fixed while varying & and «. [ ]

In the same spirit, Figure 9 depicts the different situation with £ = 0.6 fixed while varying « and «.

O
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Persistence of
X; and X,

Figure 8: Evaluation of A(g, @, k) for @ = 0.5 fixed. The different zones of the graph
detailed when we are in a persistence situation (above the A = 0 curve), general extinction

Extinction of

Extinction of
X; and x,

(when &% > 2) and extinction of only x, (below the A = 0 and when & < 2).

Xy and X,

Figure 9: Evaluation of A(g, a, k) for € = 0.6 fixed. The different zones of the graph detail
when we are in a persistence situation (above the A = 0 curve) and extinction of only x;

(below the A = 0).

Persistence of

4.5 Appendix - Python codes

4.5.1 Euler-Maruyama simulation

Extinction of

Xa

A, a, K)

The purpose of the following Python code is to simulate a general two-dimensional system of SDE,
with multiplicative noise on x, using a classical Euler—-Maruyama scheme. Note that the simulation
parameters are fixed with time 7 = 700 with a steps numbers N = 20000 to ensure the long-term
behavior analysis is relevant while the simulation is robust near the extinction set when x; = 0 or x; = 0.

import numpy as np
import matplotlib.pyplot as plt
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import scipy.integrate as integrate
from math import gamma
from scipy.integrate import quad

# Simulation parameters

T =700.0

N = 200000

\mathrm dt = T / N

t_vals = np.linspace(®, T, N+1)
alpha_test = 0.6

kappa_test = 4.5

epsilon_test = 1.5
epsilon_test_square = epsilon_test**2

# Initial conditions
x0, yO0 = 0.75, 1.25
xd®, yd® = 0.75, 1.25

# Compute the value of Lambda using numerical integration to infinity using
— Sscipy.integrate.quad.
def Lambda(epsilon, alpha, kappa):

k =2.0 / (epsilon®*2) - 1.0

theta = (epsilon®**2 * kappa) / 2.0

def gamma_pdf(x):
if x <= 0:
return 0.0
return (x**(k - 1.0) * np.exp(-x / theta)) / ((gamma(k) * theta®*k))

def integrand(x):
return (x / (1.0 + x)) * gamma_pdf(x)

val, err = quad(integrand, 0, np.inf)
return val - alpha

lambda_val = Lambda(epsilon_test, alpha_test, kappa_test)
print(£"$\Lambda$ ($\varepsilon*2$={epsilon_test_square}, $\alpha$={alpha_test/},
- $\kappa$={kappa_test}) = {lambda_val}")

# Define the determinisitc drift on each variable
def f(x, y):
return x*(l-x/kappa_test - y/(1+x))

def g(x, y):
return y*(-alpha_test + x/(1+x))

# Solutions storage - Stochastic case
x_stoch = np.zeros(N+1)

y_stoch = np.zeros(N+1)

x_stoch[0] = x0

y_stoch[0] y0

# Solutions storage - Deterministic case
x_det = np.zeros(N+1)

y_det = np.zeros(N+1)

x_det[0] = xd®
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y_det[0] = yd®

# Run the Euler-Maruyama scheme and the corresponding deterministic Euler scheme.
for i in range(N):

# Brownian increments
diW = np.sqrt(\mathrm dt) * np.random.randn(l) # -> [N(0,1), N(0O,1)]

x_i, y_i = x_stoch[i], y_stoch[i]
x_stoch[i+1] = x_i + f(x_i, y_i)*\mathrm dt + epsilon_test*x_i*dW[0]
y_stoch[i+1] = y_i + g(x_i, y_i)*\mathrm dt

# Deterministic case

x_d_i, y_d_i = x_det[i], y_det[i]

x_det[i+1] = x_d_i + f(x_d_i, y_d_i)*\mathrm dt
y_det[i+1] = y_d_i + g(x_d_i, y_d_i)*\mathrm dt

# Plot generation
plt.plot(x_stoch, y_stoch, color='black', linewidth=0.4)
plt.plot(x_det, y_det, color='red', linewidth=0.8)

# Personalize axes

ax = plt.gcaQ

x_min = 0.0

x_max = ax.get_xlim()[1]

y_min = 0.0

y_max = ax.get_ylim(Q[1]
ax.set_xlim(x_min, x_max)
ax.set_ylim(y_min, y_max)
major_ticks_x = np.arange(x_min, x_max
major_ticks_y = np.arange(y_min, y_max
ax.set_xticks(major_ticks_x)
ax.set_yticks(major_ticks_y)
minor_ticks_x = np.arange(x_min, x_max + 0.1, 0.1)

minor_ticks_y = np.arange(y_min, y_max + 0.1, 0.1)

ax.set_xticks(minor_ticks_x, minor=True)

ax.set_yticks(minor_ticks_y, minor=True)

ax.tick_params(axis='both', which="major', length=6, width=1.0, labelsize=7)
ax.spines['top'].set_visible(False)

ax.spines['right'].set_visible(False)

ax.tick_params(axis='both', which="minor', length=3, width=0.8, labelbottom=False,
— labelleft=False)

+ +
=)
-~/

# Print Lambda value on the figure

text_str = rf"$\Lambda(\epsilon*2={epsilon_test_square}, \alpha={alpha_test/,
- \kappa={kappa_test}) = {lambda_val;$"

plt.figtext(0.5, 0.01, text_str, ha='center', va='bottom')

# Show the plot
print("det:", x_det[N], y_det[N], "et stoch:", x_stoch[N], y_stoch[N])
plt.show()
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4.5.2 Evaluation of A(e, a, )

In the same spirit, the purpose of the following Python code was to evaluate the value of A(e, @, k)
whenever one parameter is fixed and both other ones are evolving with respect to their own limitations.
The result is the heatmap depicting the value A with respect to the variables that are not fixed, in particular
the zones when it goes below or above the critical value A = 0. To speed up the computations of the
integral, it uses a Gauss—Laguerre quadrature.

import numpy as np

import mpmath as mp

import matplotlib.pyplot as plt

from numpy.polynomial.laguerre import laggauss

# Parameters

alpha = 0.5

u_min, u_max = le-6, 2.5

kap_min, kap_max = le-3, 6.0

n_u, nkap = 220, 200 # grid resolution
n_lag = 64 # Gauss-Laguerre order
u_label = 0.25

nodes, weights = laggauss(n_lag)

def Lambda_from_u(u, alpha, kappa):

# Compute Lambda when 0 < u < 2; else NaN

if not (u > 0 and u < 2 and kappa > 0):
return np.nan

k =2.0/u- 1.0

theta = (u * kappa) / 2.0

if k <= 0 or theta <= 0:
return np.nan

y = nodes
w = weights
f = np.power(y, k - 1.0) / (1.0 + theta * y)

Einv = (w @ £) / float(mp.gamma(k))
return 1.0 - Einv - alpha

u_vals = np.linspace(u_min, u_max, n_u)
kap_vals = np.linspace(kap_min, kap_max, n_kap)
Z = np.empty((n_kap, n_u), dtype=float)

for i, kap in enumerate(kap_vals):
for j, u in enumerate(u_vals):
Z[i, j] = Lambda_from_u(u, alpha, kap)

# Meshgrid for contours
U, KAP = np.meshgrid(u_vals, kap_vals)

# Plot design

plt.figure(figsize=(8, 6))

im = plt.imshow(Z, origin='lower', extent=[u_min, u_max, kap_min, kap_max],

- aspect='auto')

cbar = plt.colorbar(im)

cbar.set_label (r'$\Lambda(\varepsilon,\alpha,\kappa)$', fontsize=14, labelpad=10)
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# Lambda = 0 curve

CS1 = plt.contour(U, KAP, Z, levels=[0.0], colors='k', linewidths=1.5)

def kappa_on_contour_at_u(contour, u_target):
for seg in contour.allsegs[0]:
Xs, ys = seg[:,0], seg[:,1]
if xs.min() <= u_target <= xs.max():
for i in range(len(xs)-1):
x0, x1 = xs[i], xs[i+1]

if (x0 <= u_target <= x1) or (x1 <= u_target <= x0):

t = (u_target - x0) / (x1 - x0)
return ys[i] + t*(ys[i+1] - ys[i])
return None

kap_label = kappa_on_contour_at_u(CS1, u_label)
if kap_label is not None and kap_min <= kap_label <= kap_max:

labelsl = plt.clabel(CS1, fmt={0.0: r'$\Lambda=0$'}, manual=[(u_label,

- kap_label)], fontsize=9)
for txt in labelsl:
txt.set_rotation(0)

plt.axvline(2.0, linestyle='--', color='gray')

plt.title(rf'Graph of $\Lambda(\varepsilon,\alpha,\kappa)$ at $\alpha={alpha}$ fixed

o (x: $\varepsilon*2$)')
plt.xlabel(r'$\varepsilon*2$', fontsize=14)
plt.ylabel(r'$\kappa$', fontsize=14)

# Change the size of the graduation labels
plt.xticks(fontsize=12)
plt.yticks(fontsize=12)

plt.tight_layout()
plt.show()
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Part B
Uniqueness of the invariant measure for
infinite-dimensional and degenerate SDEs

When we are interested in Markov semigroups and their ergodic properties such as existence and
uniqueness of the invariant probability measure, the well-known strong Feller property is a fundamental
tool. However, there are many situations where we lack the strong Feller property: Hairer and Mattingly
introduced a weaker version in [HMOG6]], based on their earlier work on asymptotic couplings such as in
[HaiO2]], called the asymptotic strong Feller property.

Their objective was to prove the ergodicity of the Navier-Stokes equations with degenerate noise
evolving in an infinite-dimensional space. In particular, the asymptotic strong Feller property coupled
with a weak form of irreducibility leads to the existence of at most one invariant probability measure.

In this work, our goal was to investigate a specific case where we lack the strong Feller property,
especially when the stochastic differential equation involves a degenerate noise in an infinite-dimensional
setting.

To this effect, let’s start by focusing on the SDE given by

X :x+f 8(Xx)dt—f fsf'(Xx—Xr)drdS + B, a7
0 0 Jo

where x € R, 5; a one-dimensional Brownian motion, f and g are 2n-periodic functions, f with sufficient
regularity, and g denotes the drift profile. This SDE is defined and studied in [BCG13]].

As a concrete and motivating example of (77), we can turn to the field of physics. Indeed, this
equation models the shape of growing polymers. One of the first models was introduced in and
in [NRW&7], both in 1987. Then, [DR92]| extended the model by studying

X; = B; +f fs f(Xs = X,)duds, (78)
0 Jo

where (B;);>0 is a d—dimensional Brownian motion, and f : R? - RY a Lipschitz function.

Keeping in mind the physical motivation behind (78), the process (X;);>o describes a "growing poly-
mer in which newly added units are repelled by existing ones", which is the reason why such a model
is called self-repelling diffusion. Under relatively mild conditions, they showed in the following
results while the process evolves on a Riemannian manifold M:

(i) There exists a unique global strong solution;
(ii) strong Feller property holds;

(iii) The system admits a unique invariant measure which is given explicitly as the product of the
uniform probability on M and a Gaussian probability on R";

(iv) The law of the solution converges to the unique invariant probability exponentially fast.

A natural question then follows: what happens in an infinite-dimensional case?

In [BCG13]], the authors studied by choosing a particular form for the initial drift profile g. By
taking the Fourier expansion of the function f, the SDE becomes equivalent to a system on a Hilbert
space H = R x I? x I?. Thus, they aimed to show :
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(i) There exists a unique strong solution to having Markov property;
(i) The Feller property holds;

(iii) There exists an explicit invariant probability measure u, constructed as an extension of the finite-
dimensional one, namely the product of the uniform distribution on the torus with two countably
infinite products of normal distributions.

However, since the strong Feller property of the Markov semigroup does not hold in infinite dimen-
sions, the question of the uniqueness of this invariant probability measure is still open.

Structure of this part

fixes notation and introduces various mathematical tools needed to understand the strong
Feller property. It is a requirement to understand how this property is related to unique ergodicity as
well as its limitations in many different cases such as in finite- vs. infinite-dimensional state spaces and
degenerate vs. nondegenerate noise.

In particular, we also introduce the model of interest in details and we show how the SDE we are
focusing on lacks the strong Feller property.

introduces a new mathematical background to define the asymptotic strong Feller prop-
erty. Mirroring most of the results and ideas of Chapter 1, we explain how this property is weaker than
the strong Feller one, their relations and differences as well as the consequences of the asymptotic strong
Feller property, combined with a weak form of accessibility, in terms of unique ergodicity.

details how we can achieve (asymptotic) strong Feller property through (asymptotic)
coupling theory, by introducing a log—Harnack inequality in the strong Feller case, and a modified version

for the asymptotic strong Feller property. Hypothesis [14|is introduced as a sufficient condition to prove

that a modified log—Harnack inequality is verified, hence the asymptotic strong Feller property holds.
Since coupling is directly related to the notion of change of measure, we also fix some notations and

recall some theoretical, fundamental results as Girsanov’s theorem and Kolmogorov extension theorem.

gives a broad range of examples, that may also have been introduced along previous chap-
ters. A particular focus is given on a toy model introduced by Hairer in [Hai0O2] that is at the basis of
the asymptotic coupling notion, even if the underlying Markov semigroup has the strong Feller property.
Other examples show how the unique ergodicity may be achieved when we lack the strong Feller prop-
erty, using the modified log—Harnack inequality.

introduces new kinds of examples for which we successfully applied previous tools such
as the modified log—Harnack inequality. We also detail how we try to apply all this work to our model of
interest, without success. It also proposes some ideas to continue studying the unique ergodicity of this
model.
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Chapter 5

Introduction

We fix a similar setting as in that we quickly recall for consistency.

Let (M, d) be a locally compact Polish (complete, separable, metrizable) space. We denote by M
the o-algebra on M, C(M) (respectively Cp,(M)) for the set of continuous (respectively bounded contin-
uous) functions on M, and B(M) (respectively B,(M)) for the set of measurable (respectively bounded
measurable) functions.

Let (Q, 7, P) be a probability space together with a complete, right-continuous filtration (7;),»¢. Let
{(Xr=0 : x € M} be a family of cadlag Markov processes, and let (P;);»0 be the associated Markov
semigroup in the sense that, for each f € B(M),

(t,x) e Ry XM — P, f(x) :=E[f(X})],
is a measurable mapping and the Markov property holds, i.e.
E [f(X[x+s)|7:t] = Psf(X;r) P-a.s.

Let P(M) be the set of probability measures on (M, M): u € P(M) is called an invariant probability
measure if
uPy=pu, vt>0,

and let P,y (M) be the set of invariant probability measures. We say that (P;);»o is uniquely ergodic if
Pinv(M) has cardinality one.

For y € P(M), we let P, be the law of the process (X;),»o on the Skorokhod space D(R,, M) of cadlag
functions, under the initial condition u, and E,, for its associated expected value. In particular, for the
Dirac measure at one point ,, we write more commonly P, and E,. Similarly, we denote by X* or X*
the process under the initial condition yu or x.

A function f € B(M) is (G, wy—invariant if Gf = f p—a.s., where G denotes the /-resolvent kernel
(a discrete—time Markov kernel) defined by

Gf = f N P fdt, Vf e BM). (79)
0

Likewise, a set B € M s (G, u)-invariant if 1p is (G, u)—invariant.
An invariant probability u € Pin (M) is called ergodic if every (G, u)—invariant map is u—almost
surely constant. We denote the set of ergodic measures by Peo(M).

Let L be the infinitesimal generator defined on Cp(M) with D(L) C Cp(M) its domain, for which
() Lf(x) = lim,_g 2L exies for all x € M;
(i) Lf € Cp(M);

(iii) sup HIP.f = flloo < co.

0<z<1
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5.1 General theory about (strong) Feller

The property of being (strong) Feller for a Markov operator leads to interesting results to show
that there is a unique invariant probability associated to the Markov operator. In particular, the strong
Feller property of a Markov semigroup (P;);>0, combined with some irreducibility of (P;);>0, implies the
uniqueness of the invariant measure with respect to (P;);>0.

Definition 5.1 ((Strong) Feller property). A Markov operator over M associated to the Markov semi-
group (P;)i>0 has the Cp,(M)—Feller property (respectively strong Feller property) if Vo € Cp(M) (re-
spectively Bp(M)), P;p € Cp(M), Yt = 0.

Remark 5.2. (i) As stated by Hairer in , a Markov operator P is C,(M)—Feller if and only if
the map x — P(x, -) is continuous in the topology of weak convergence, i.e.

Hn = p & uf — uf, Vf e Cy(M).
weak n—oco

(ii) Similarly, as stated in [Hai09], a Markov operator P is strong Feller iff the map x — P(x,-) is
continuous in the topology of strong convergence, i.e.

Hn = 1S pinf = pf, Vf € By(M).

strong
Example 5.3. We consider the following homogeneous Stochastic Differential Equation on R,
dX; = b(Xpdt + o(X;)dB;, X = x, (80)
where (B;);>0 is a d—dimensional Brownian motion. In addition, we suppose that:

T is a continuous function;

)a=0-0
(ii) a(x) is positive definite for all x € RY;
(iii) and Ik > O such that V1 < i, j < d and Yx € RY,
la ()| < k(1 + 11X, B/ (0] < k(1 + ||,

where @'/ is the i j—coordinate of the matrix (i) and b’ is the i—th coordinate of (ii).

Under these conditions, (80) is considered as a general nondegenerate d—dimensional diffusion pro-
cess with standard boundary conditions. The following theorem is a well-known result stated by Stroock
and Varadhan.

Theorem 5.4 ([SV71l], Theorem 2.3). Under the assumption (i)-(iii), there exists a unique solution
(X1)r=0 to (80) which is a Markov process with a semigroup (Py)s=o defined as

Pif(x) =Eg[f(X)| Xo=x), YfeByRY.

Moreover, (Py)>0 is a strong Feller Markov semigroup in the sense that ¥V f € By(RY), P, fe Cp(RY)
where P f(x) = [, Pi(x,dy)f(y).

Obviously, the strong Feller property is not as direct to prove unless specific examples as in (80).
Many different techniques have been widely investigated depending on the type of models considered.
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5.1.1 The finite-dimensional case - Hormander condition

The Hormander condition, formulated in [H583], is a great tool to achieve strong Feller property
when (P,)s0 is generated by a diffusion with smooth coefficients on R? or on a finite-dimensional man-
ifold. The assumption is the following: by taking the successive Lie brackets of the vector fields, we
suppose that they span the entire space, at each point. Then: the law of the Markov process possesses a
density p which is C* with respect to the Lebesgue measure. In particular, we have

Pif(x) = E(f(X})) = fRd p(t, x,dy)f(y), YxeR?, Vi>0,

and by dominated convergence,

Xy — x = Pf(x)) — Pif(x), VfeBpRY, YxeRY, and Vs > 0,

n—oo

which implies that (P;).>q is strong Feller by Remark|5.2]

More precisely, following the presentation of Hormander condition in : let X be a smooth,
connected manifold of dimension d: one can think of X = R¢ or X = S?. Let §°,---,S" be smooth
vector fields taking values in X, and let (X}'),>0 be the solution to the SDE (under Stratonovich formalism)

n
dX, = $°X)dr + )" sK(X) 0 dBY, Xp =1, (81)
k=1
where (B;l), e ,B;")),ZO is a standard Brownian motion on R” and o denotes the Stratonovich inte-

gral. Under the same previous notations, given the SDE defined on R? under the It’s form

n
dX, = f(X)dt + Y o j(X)dB],
=1

we can recover its Stratonovich form using the relation

n o d8s(x)

1
Oxy,

)

| =

SI(x) = ij(x), and S? = fi(x) -
i=1 k=1

~

forall j =1,---,nandi = 1,---,d. Under the Stratonovich form, it is well-known that @ has the
infinitesimal generator £ defined by

1 n
L= EZS]%+S().
k=1

Let (P;)s>0 be the Markov semigroup induced by L, which is defined in particular for bounded,
continuous function by
Pf(x) =E[f(X)], VfeBpX), VxeX,

and let P,(x, dy) be the law of (X;");»0 at time ¢.

We also recall that given Y, Z be two smooth vector fields on X, the Lie brackets of Y and Z is the
vector field on X defined as

(Y, ZI(f) = Y(Z(f)) = Z(Y(f)), VfeCT(X).
In particular, when X = R, one has

[Y, Z](x) = DZ(x)Y (x) — DY(x)Z(x),
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0

where D denotes the derivative at x. Now, let Sg = {S~, - - - §"} and define recursively

Sir1 =S U{[Y,Z]:Y,Ze Sy}, VYk>0.

We set S = Up>0Sk and Vx € X,
Sx)={Y(x): Y eS}.

Definition 5.5 (Hérmander condition). We say that (81) satisfies the Hormander condition if for all
x € X, 8 spans T, X, which is the tangent plane at x of X.

We can interpret the Hérmander condition as a smoothness property in the sense that the noise term
is sufficiently well spread in all the direction of the underlying process (X;)o. It has the following
well-known consequence:

Theorem 5.6 ([IK74], Theorem 3 and Lemma 5.1). Assume that the Hormander condition holds for
(81). Then, there exists a C*((0, c0) X X X X) function p,(x,y) such that

(1) Pi(x,dy) = px, y)dy;

(iK) Lp:(,y) = 0ipi(-,y);
(iii) L*pi(x,-) = 0;pi(x,-), where L* denotes the adjoint operator of L in LX(X,dx);
(iv) (Pp)r=0 has the strong Feller property.

We can emphasize that this result is true only when we consider finite-dimensional state space. We
can still mention that, in infinite dimensionsal setting with only a finite vector fields modeled the noise
term, similar results follow the work of Hairer and Mattingly in [HMT1I]], following the ideas of
which gives a proof of Hormander’s theorem using Malliavin calculus.

5.1.2 The infinite dimensionsal case - Bismut-Elworthy-Li formula

This method cannot be applied in infinite dimensions, where we lack a reference measure such as the
Lebesgue measure. Moreover, in case of nondegenerate noise’s covariance, one can rely on the Bismut-
Elworthy-Li formula introduced in [EL94]. Using the settings of and [[PZ92]], we consider the
SDE evolving on a separable Hilbert space H given by

dX; = (AX, + F(X,))dt + BdW,, X =x, (82)

where F, A are Lipschitz continuous, (W;),>¢ is a cylindrical Wiener process on H, and A is the in-
finitesimal generator of a strongly continuous semigroup S(¢), ¢ > 0, on H, in the sense that S (0) = Id,
S{t+5)=S5S@®S(s), Vt,s =0, and limy o IS (H)x — x|lg = 0, Vx € H.

Recall that if (e,),>; is a Hilbert basis associated to H, an operator T : H — H is said to be
Hilbert—Schmidt if it has a finite square Hilbert—Schmidt norm, which is

IT1Fs = D (T Ten, ex < oo,

n>1
In addition, we assume the following:

Hypothesis 9. (i) Vz € H, B(z) is invertible and 4K > 0 such that

1B~ @)l < K.
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(ii) For all ¢ > 0, S (¢) is a Hilbert—Schmidt operator.
1
(iii) fo [I1S (t)“%-IS dr < oo.
The following result follows from Theorem 9.32 and Lemmas 9.33-9.36 from [PZ92]]:

Theorem 5.7. Under Hypothesis |9, for any ¢ € B,(H), we obtain a Bismut-Elworthy-Li-like formula so
that the directional derivatives of (DPp(x), h) are given by

1 ro
(D, Pp(x), h) = ;E((p(X[x) fo (B~1(XNHX7, dWS>), P - a.s.
Moreover, for any T > 0 be fixed, there exists Ct > 0 such that Vo € Bp(H), ¥t € [0, T], we have

Cr
[Prp(x) — Prp(y)l < —tlltpllollx —yllu, VYx,y€H,

Vi
where || - ||o is the induced norm on Hy := Range (B%) given by ||hllp = ||B_%(h)”, for h € Hy.

In particular, (P;)s>o is strong Feller for all t > 0.

5.2 Links between strong Feller and unique ergodicity

The interest of the strong Feller property is directly related to the unique ergodicity of (P;)>0 when
it is associated to some irreducibility conditions.

As stated by Da Prato and Zabczyk in [PZ96], we recall the notions of irreducibility and regularity
for a Markov process, and the link with the strong Feller property.

Definition 5.8 (Irreducibility). A Markov semigroup (P;)>¢ is said to be irreducible at time ty > 0 if,
for all open set I # 0 of M, we have

P,(x,T)>0, VxeM.

Definition 5.9 (Regularity). A Markov semigroup (P,);>0, is said to be ty—regular if all transition prob-
abilities Py(x,-), Yx € M, are mutually equivalent.

Remark 5.10. (i) By the semigroup property, if a semigroup (P;);>0 is regular at time 5 > 0, it is
s—regular for arbitrary s > tg, and all transition probability measures P(x, -) are equivalent, for all
s>ty), x € M.

(ii) If uis an invariant probability measure for a ty—regular semigroup (P;),>0, then all transition prob-
ability measures P;(x, ), for all ¢ > ty and x € M, are equivalent.

Proposition 5.11 ([PZ96]], Proposition 4.1.1). If a Markov semigroup (P,);sq is strong Feller at time
to > 0 and irreducible at time so > 0, then it is regular at time to + So.

Finally, one of the main result about regular Markov semigroups is due to J.L. Doob in [Doo48§]],
known as Doob’s Theorem and is formulated as follows by Da Prato and Zabczyk.

Theorem 5.12 ( , Theorem 4.2.1). Let (P;);>0 be a stochastically continuous Markov semigroup,
and u be an invariant measure with respect to (Py)i0. If (P;)s>0 is to-regular for some ty > 0, then
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(i) u is strongly mixingEI and for an arbitrary x € M, and ' e M,

tlirnP;(x, [) = p@);

(it) u is the unique invariant probability measure for the semigroup (P;)s0, t > 0;

(iii) u is equivalent to all probability measures P(x,-), for all t > ty and x € M.

Remark 5.13. The notion of stochastically continuous Markov semigroup refers to Markov semigroups
(Py)r>0 such that

lino1 Pi(x,B(x,0))=1Vxe M, Y6 > 0,

—

where B(x, ) is the open ball with radius ¢ and centred at x. Proposition 2.1.1 from gives
equivalent conditions for a Markov semigroup to be stochastically continuous.

Another perspective is given by accessibility conditions such as in [BH22]]. The motivation is that
the condition of irreducibility is not easy to verify most of the time, so that we need to introduce this
purely topological notion.

Recall that ropological support of a measure u, denoted supp(u), is the closed set defined as the
intersection of all closed sets F ¢ M such that u(M\F) = 0. It enjoys the following properties on any
separable metric space, in particular Polish space as considered here:

(i) u(M\supp(u)) =0,
(ii) x € supp(uw) if and only if u(O) > 0 for every open set O containing x.

Definition 5.14 (Accessibility). For a Markov semigroup (P;)s>0, a pointy € M is accessible from x € M
if, for every neighborhood U of y, there exists t > 0 with P/(x,U) > 0. We denote by I the set of points
accessible from x.

For C ¢ M, let T'c = Nyecl'y the set of points that are accessible from C, and I' := 'y the set of
accessible points.

Let G be the 1-resolvent kernel associated to (P;);»0 and defined in (79). Accessibility is also recov-
erable through G (see e.g Section 5.2.1 and Proposition 5.19 in [BH22]) as

Ty = supp(G(x, ).

Remark 5.15. I'¢ is a closed but possibly empty set: we say that (P;),»¢ is (topologically) indecompos-
able if " # 0.

Definition 5.16 (¢-irreducibility). Let (P;);>¢ be a Markov semigroup on M and & a nonzero measure
on M. We say that (P,);»¢ is é-irreducible if for every A ¢ M and every x € M,

&(A) >0 = 3Tt > 0 such that P,(x,A) > 0.

Equivalently,
A >0 = Gx,A) >0,

where G is the 1—resolvent kernel.

1See [KeaZ2l: u € Pin(M) is strongly mixing & V£, g € C(M) the set of continuous real-valued functions on M, u(f o
Prg) = p(fiu(e).
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In the continuous-time setting, we apply the following discrete-time results from to any
skeleton of the semigroup (P;):»0, that is, to the Markov operator P;, for a fixed #yp > 0. All notions of
irreducibility, indecomposability, and invariant measures are equivalent for the semigroup and for any of
its skeletons (see e.g. Theorem 6.2.3] or Chapter 4]) and the continuous-time setting can
also treated via the resolvent kernel G, which plays an equivalent role.

Proposition 5.17 ([BH22]|, Proposition 5.8). Let (P;)>0 be a Cp(M)—Feller semigroup and fix ty > 0.
Assume P, is topologically indecomposable, and let I" denote its accessible set. Then:

(i) P(x,I)=1forallxe€I;

(it) T’ C supp(u) for every u € Pin(M);
(iii) If T has nonempty interior, then supp(u) = I for all u € Piny(M);
(iv) IfT is compact, there exists y € Piny(M) with supp(u) = I';

(v) IfT is compact and g : I' — R is continuous and Py,-harmonic (P;,g = g onT'), then g is constant.

Proposition 5.18 ([BH22], Proposition 5.13). Assume M is compact. Fixty > 0. If P, is Cp(M)-Feller, T
(for Py,) has nonempty interior, and for every bounded Lipschitz f the family { Py, f1n>1 is equicontinuous,
then (Py);>0 is uniquely ergodic.

Recall that a function f : M — R is said to be lower semicontinuous (respectively upper semicontin-
uous) at a point xo € M if

f(xo) < liminf f(x) (respectively f(xo) = limsup f(x)|.
X=X0 XX
We can see that f is continuous at xo € M if and only if it is both lower and upper semicontinuous at
X0-

Proposition 5.19 ([BH22], Proposition 5.17). Suppose for some ty > 0 that Py, is topologically indecom-
posable. If there exists x* € I such that for every A € M the map x — P, (x,A) is lower semicontinuous
at x*, then (Py)s>0 is &-irreducible with £(-) = Py (x*,-). In particular, (P;)>0 admits at most one invariant
probability measure.

The assumption x — P;(x,A) is lower semi-continuous at x*, ¥t > 0, is automatically satisfied if
(Pp)rs0 1s strong Feller since for all A € M, x — 14(x) is a bounded, measurable function, which implies
that x —» P14(x) = P;(x,A) is a bounded, continuous function, hence lower semicontinuous. It follows
that:

Proposition 5.20 ([BH22I|, Proposition 5.18). If (P;)s0 is strong Feller, then:
(i) Two distinct ergodic invariant probabilities have disjoint supports;
(ii) The support of any non-ergodic invariant probability is disconnected;

(iii) If M is connected and (P,);>0 has an invariant probability with full support, then (P;);>q is uniquely
ergodic.

5.3 A general criterion to achieve strong Feller property

A standard criterion explicited by Hairer and Mattingly in is a direct condition to ensure
strong Feller property of the Markov semigroup (P;),>0. Its interest lies in the fact that it will be directly
related to the asymptotic strong Feller property: before stating the criterion, we need an introduction to
the notion of pointwise Lipschitz constant:
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5.3.1 Pointwise Lipschitz constant

Our purpose is to weaker condition of the Stepanov Differentiability Theorem, which is also an
extension of the Rademacher Theorem. As in [BRZ04], the statement from Rademacher that a Lipschitz
function on R" is differentiable almost everywhere is extended by Stepanov where the assumption on
Lipchitz continuity is replaced by the following condition: a function f : R” — R is differentiable at
almost every x € S(f), where

S(f)z{xeR”  im Q=S <oo}.

y=x |y =X

The natural next generalization is given by extending this methodology to any metric space. As stated
in [DCJT10], [BH99], and ,

Definition 5.21 (Pointwise Lipschitz constant). Ler (E, d) be a metric space: for a function f : E — R,
and x € E, we define

L lf(x) = fO)
IVAI(x) = hr;l N T Y

We called |V f|(x) the pointwise Lipschitz constant of f at x.

We also note ||V flleo = sup |V f|(x), and we define
xeE

DE) ={f : E > R||IVflle < 0o0}.
We say that f € D(E) is a pointwise Lipschitz function.

If f is a (even locally) Lipschitz function, it is clear that [V f|(x) is well-defined through its (local)
Lipschitz constant. This notion is thus a generalization of (local) Lipschitz property.

Remark 5.22. In the literature, we also find the notion Lip f(x) = |V f|(x). In fact, the use of the symbol V
is an abuse of language: let f € C'(Q) where Q is an open subset from Euclidean space or a Riemannian
manifold. Then, Lip f = ||V f]| where V is the classical gradient operator and || - || the norm associated
with the inherent Euclidean space or Riemannian manifold.

In fact, this is clear that D(E) contains the space of every Lipschitz functions Lip(E), but there is no
evidence to the contrary.

Before diving into conditions for the equivalence and a counterexample, we need to define some
tools. Recall that a curve y on (E,d) is a continuous map vy : [a,b] — E, its image is denoted |y| =
v([a, b)) and its length is

n—1
I(y) = sup {Z d (y(), 7(&41))} ,
i=0
where the sup is taken over all partitions a =ty < t; < --- < t, = b of the interval [a, b].

Definition 5.23 (Rectifiability). A curve y is rectifiable if [(y) < oo.

Definition 5.24 (Length space). A metric space (E,d) is called a length space if for each pair of points
x,y € E, the distance d(x,y) coincides with the infimum of all lengths of curves in E connecting x and y.

As an interesting class of metric spaces that contains length spaces, we introduce the notion of quasi-
convex space:
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Definition 5.25 (Quasi-convex space). A metric space (E,d) is called a quasi-convex space if there
exists a constant C > 0 such that for each pair of points x,y € E, there exists a curve y connecting x and
v, which is rectifiable and such that

I(y) < Cd(x,y).

Remark 5.26. Every normed vector space (E, || - ||g) is a length space, hence quasi-convex with constant
C = 1. Indeed, for any x,y € E, the straight-line path y : [0,1] — E : t — x + t(y — x) satisfies

Iy) = lly = xlle = d(x, ).
In particular, this applies to all (pre-)Hilbert spaces and Banach spaces.

Lemma 5.27 ([DCJI10], Lemma 2.3). Let (E,d) be a metric space and f € D(E). Let x,y € E and
suppose that there exists a rectifiable curve y : [a,b] — E connecting x and y, which means that
v(a) = x and y(b) = y. Then,

f) = DI < IV lleo - 1Y) (83)

As a consequence, the property of quasi-convex space as in Definition [5.25|implies that (83)) rewrites
as

lf(x) = fOI < ClIVfllw - d(x,y),  Vx,y € E, (84)

for any function f € D(E) where (E, d) is a quasi-convex space.

Another interesting application is given by the notion of geodesic space, as defined in [Lan13]]:

Definition 5.28 (Geodesic (space)). A curvey : [a,b] — E on a metric space (E,d) is called a geodesic
if v has constant speed, i.e. there exists A > 0 such that

Iy <At =711, Vet €la,b], t <t

and if lY)iry = d(y (@), y(1').

A metric space (E,d) is called a geodesic space if for every pair of points x,y € E, there exists a
geodesic vy : [0,1] — E connecting x and y.

Remark 5.29. Every geodesic space is a length space but the converse is not necessarily true. The
necessary conditions for equivalence are given by Hopf-Rinow Theorem (see e.g. [BH99], Proposition
3.7). In particular, a length space X which is complete and locally compact is a geodesic space. A direct
counterexample is given by the length space R\{(0, 0)}, which is neither a geodesic space, nor complete
(but locally compact).

In the context of a geodesic space, (83) rewrites as

If0) = fFON < IVflleo - d(x, ), Yx,y € E,

for any function f € D(E) where (E, d) is a geodesic space.

Example 5.30 ([BH99|, Theorem 1.1.6). Every normed vector space (E,|| - ||g) with metric d(x,y) =
[lx — yllg is a geodesic space: the straight line between two points x, y of E will be the geodesic to x and
y. More precisely, the map

y:[0,1] > E:t>0-0x+1ty

defines a path which is a linearly reparameterized geodesic connecting x to y since

Ity Slx=yllglt =] <At =7, YO<t<t <1.
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The following corollary is a straightforward consequence of Proposition and it gives sufficient
condition to ensure the equivalence between Lip(E) and D(E).

Corollary 5.31 ([DCJ10]], Corollary 2.4). If (E,d) is a quasi-convex space, then Lip(E) = D(E).
We can also gives a short example of the opposite case:

Example 5.32. [[DCJ10], Example 2.6] Let E = [0, +o0). For n > 1, we define I,, = [n — 1, n] such that
E = U,>11,. Consider the sequence of functions f;, : [0, 1] — R defined by

x if x € [0, 1],

Ja(x) = {"x;_g—l if xe [%’ 1].

Then, for each pair of points x,y € I,, we write d,(x,y) = f,(Jx — y|) and we define a metric of E as
follows: given a pair of points x,y € E, withx <y, x € I, and y € [, let

dy(x,y), if n = m,

dx, — m—1
(x.3) dCem)+ Y dii= 1) +dum=1,3), ifn<m.

i=n+1

We can show that d is in fact a metric which coincides locally with the Euclidean metric d.. More
precisely, if x € I,,, let J, = (x - ﬁ,x + ﬁ), then d|; = d.l;,.

Now, let g : E — R be a function defined as

2k—x, ifxe Dby,
g(x) = .
x -2k, 1fx612k+1.

For x € E fixed, we suppose that there exists n > 1 such that x € [,,. If y € J,,, we have that

Lip (¢) () = limsup B =8O _ i cup 23—y
y—oXx d(x’ y) yox |x _ yl

)

so g € D(E).

211 Then, since
n

Otherwise, foreachn > 1, we have [gln — 1) —g(n)l = 1 and d(n — 1,n) = f,(1) =

lim lgn — 1) — g _ im I _ -
n—oo d(n - l,n) n—oo @
n

>

so that g ¢ Lip(E). In particular, since Lip(X) # D(X), (X, d) is not a length space.
As highlighted in [DCJ10], in general, if E is not a compact space, then

. . C//V Liploc(E) O
Lip(E) ¢ Lip(E) N D(E) o DE) ¢ C(E),

where Lipj,.(E) denotes the set of locally Lipschitz functions on E.
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5.3.2 Hairer and Mattingly Criterion for strong Feller

The following standard criterion to achieve the strong Feller property is stated as Proposition 3.11 by
Hairer and Mattingly in [HMOG6]], and is directly based on Proposition 7.1.5 by Da Prato and Zabczyk in
.

Proposition 5.33 ([HMOG], Proposition 3.11). A Markov semigroup (P;)>0 on a Hilbert space H is
strong Feller if, Yo : H — R with ||¢llc and ||V¢||le < o0, one has

IVPip(x)| < ClIxIDlleplloos (85)

where C : Ry — R is a fixed nondecreasing function.
Before stating the proof, we recall the notion of ultra Feller:

Definition 5.34 (Ultra Feller). A Markov semigroup (P;)>0 over a Polish space X is said to be ultra
Feller if, for all t > 0, x — P(x, ) is continuous in the topology of Total variation convergence, i.e.

limd(x,, x) =0 = Lm||P(xy, ) = Pi(x,)llry = 0.
n—oo n—eo

Remark 5.35. (i) In fact, the ultra Feller property and the usefulness of this characterization has al-
ready been pointed out in [DMS83]]. Despite this, its use has become widespread among probabilists
since Seidler popularised it only almost 20 years later in [Seil].

(ii) In particular, since the Total variation convergence is stronger than the strong convergence, it
implies that any ultra Feller Markov semigroup is also strong Feller.

Proof. We show that the above inequality implies the continuity of the map x — P,(x, -) in the topology
of strong convergence.
Indeed, mixing properties from the inequalities (83)) and (85)), it leads to

IPip(x) = Pro()| < |IVPiglleod(x, y)
< [VPp()ld(x, y)
< CAIxIDllelleod(x, y),

which holds true for any measurable bounded functions ¢. In particular, using the equivalence from
Proposition 7.1.5 by Da Prato and Zabczyk in [PZ96]], we have the continuity of (P;);»o in the topology
of the Total variation convergence, and (P;).>o is in particular strong Feller as in Definition [5.34] and
Remark i

5.4 The setting for our infinite dimensionsal self-repelling dif-
fusion

Going back to model (77)), this infinite dimensionsal model is in fact a forward extension of the
finite-dimensional approach investigated in [BG17]], where the authors have considered a self-repelling
diffusion evolving on the state space M X R”, where M is a compact connected oriented Riemannian
manifold.

To explore such stochastic processes, let (M, g) be a n—dimensional compact Riemannian manifold
and let p € M. To construct a Brownian motion (B;);>0 on M starting at p, one can view it as rolling M
along a Brownian path in its tangent space at p, T, M.
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More precisely, let (58;);>0 be a Brownian motion in R" starting at the origin. Using the isometry
between (T,M, g,) and (R", (-, -)r»), where (-, -)g» denotes the Euclidean inner product on R”, we identify
T,M with R" and apply the stochastic development map at p to (B;)»0: the resulting process (B;):> is
the Brownian motion on M and it can be formally defined as the solution of the corresponding stochastic
differential equation

dX, = ) EiX,) o dB},

i€l
where E1,--- , E, is a local orthonormal frame field near p with respect to the Riemannian metric g, o
denotes the Stratonovich integral, and B}, - - - , 8" are independent standard R—valued Brownian motions.

More details are given in the seminal work of Itd (see e.g. [[t650] and [IM74])).

Analytically, Brownian motion is characterized by its infinitesimal generator: in R”, the generator of
standard Brownian motion is given by %A, where A denotes the Euclidean Laplacian. In the case of a
Riemannian manifold (M, g), a Brownian motion is defined as the diffusion process whose generator is
%ALB, where Ay p denotes the Laplace—Beltrami operator. For an intuitive exposition, see [Str96]] and for
a more technical and formal way, see [Ken87].

Indeed, using Itd’s formalism, above SDE leads to

1 .
dX; =5 ) VEE(X)d + ) E(X)dB,
iel i€l
where V is the Levi-Civita connection, which is exactly %A LB-
In [BG17], the authors proved that the induced Markov semigroup has the strong Feller property and
has a unique invariant probability u given as the product of the normalized Riemannian measure on M and

a Gaussian measure on R"”. More precisely, let M be a smooth Riemannian manifold, V : M X M — R,
and w : [0, +00) — [0, +00) be continuous functions. Then, we consider the solution (X;),>¢ of the SDE

dX[ = O—dB[(Xt) - VV[(X[)dt,

where o > 0, (B;)s>0 is a Brownian vector field on M, and

!
Vilx) = wtf V(X;, x)ds.
0
In view of [BG17], we need further assumptions on the model:
Hypothesis 10. (i) w; = 1;
(i) M is finite-dimensional, compact, oriented, connected and without boundary;

(iii) V is a Mercer kernel, which means that V(x,y) = V(y, x) and

f f V) () f()dxdy > 0,
MIM

for all f € L*(dx) where dx denotes the Riemannian measure;

(iv) By Mercer Theorem, V can be written as
V(xy) = ) aieieiy), (86)
i1
where a; > 0 and {e;};>; is an orthonormal family of eigenfunctions in L*(dx) of the operator
f = Vf.where Vf(x) = [, V(x,y)f()dy.

Then, we impose that the sum is finite and that the {e;};>; are eigenfunctions of the Laplace
operator.
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Theorem 5.36 ([BG17]). Under Hypothesis|I0, it follows that:
(i) (Proposition 1). There exists a unique global strong solution;
(ii) (Theorem 5). The strong Feller property holds;

(iti) (Theorem 5). The system admits a unique invariant probability measure y which is given explicitly
as the product of the uniform probability on M and a Gaussian probability on R";

(iv) (Theorem 6). (P;);>0 converges to u at an exponential rate.

Let’s extend the situation to the infinite dimensionsal setting: just like in [BCG135l], we consider
(77) and we assume that f is an even, 27r—periodical function which is sufficiently regular such that the
coeflicients (a,),>1 of the corresponding Fourier series,

f(x) ~ % + Z a, cos(nx),

n>1

form a strictly positive rapidly decreasing sequence. Recall that the space of rapidly decreasing
sequences of order k is defined by

OF = {(an)n21 : 2(1 + )k d? < oo}.
n=1

Here, we will have to assume that the sequence (a,),>1 lies at least in 0°. We finally assume that

g(x) = Z a'n (ug sin(nx) + v, cos(nx)) ,

n>1
where (u)nz1, (VpIn=1 € I?. We now are able to rewrite the SDE as a system on the Hilbert space

H=RxPxIPas

!
X, =x+ f Z n (a,l/z sin(nX)u’; + a,l/2 COS(I’LXS)V;’) ds + 3,
0

n>1

t
up = up + a,l/2f cos(nXy)ds, n>1, (87)
0

!
V=t — all? f sin(nX,)ds, n>1,
0

where §; is a standard one-dimensional Brownian motion. This system can now be written under the
form of a SDE as

{dY, = F(Y)dt + cdW,, s5)

Yo =y,

where Y, = (X;, (t))n, V})n), o = (1,0,0), W, is a cylindrical Wiener process, and F : H — H, is
defined as

X ((a,l/zn sin(nx))n ,(W))p + ((a,l/zn cos(nx))n ,(VHop
Flw"),|= (a,i/ : cos(nx))n
V" (a,l/ 2 sin(nx))n

As it is well demonstrated in [BCG135]], we can summarize the most important results:
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Theorem 5.37 ([BCG15], Propositions 1, 2, and 3). Under the above assumptions for (88):

(i) There exists a unique strong solution in C ((0, co]; H) N L7° (0; co; H)EI

loc

(ii) The induced Markov semigroup is defined by P;p(y) = E(go (Yy) | Y(0) = y) for all ¢ € Byp(H),
t > 0, and it has the Cy(H)—Feller property.

(iii) The probability measure defined by
dx 1 " 1 n
udy) = @ [] N(O, ﬁ) a" e || N(O, ;) dv
nx1 nx1
is invariant under (Py);0.

Remark 5.38. In fact, the form of u is inspired by the finite-dimensional case and using the strong
convergence of a Galerkin type approximation of the solution of (87).

Sketch of the proof. Using Theorem 7.10 from since F is not globally but locally Lipschitz, we
can show the existence and uniqueness of a strong solution under the following conditions:

(i) F is locally Lipschitz;
(ii) F is bounded on bounded sets;

(iii) There exists an increasing function a : Ry — R, such that

(FG+ ),y < a(fllg)(1 +1yllz),  Vy,y € H, Vy* € d|)yl,
where J|| - ||z denotes the subdifferential of || - ||g.

Recall that, on a Banach space E with norm || - ||, the subdifferential d||x||g of || - || at x is defined as
the set

Alxlle = {x" € E t |Ix + yllg = lIxlle > (v, x")E, ¥y € E},
which is also the convex, closed, and nonempty set given by

Al (x € E" : {x,x"Yg = |Ixllg, with||x]lg =1} ifx#0,
X =
FTlxe B IWie < 1) ifx=0.

Then, letting (yx)r>0 be a sequence of initial conditions in H such that y; k—> vy, where y € H is the
—00

original initial condition, and
Yi() = (X5, @)y, ODs1)

be the solution of (88)) corresponding to every initial condition yy, then for every ¢ > 0,

1Y) = YOIl — 0.

It implies the Feller property since, for every bounded and continuous function ¢, the L? convergence
of Yi(¢) to Y(¢) implies the convergence in probability of E [¢ (Yx(?))] to E [¢ (Y(?))], for any ¢ > O fixed:
hence, P,y is also a bounded, continuous function.

'The loc as an index of L™ is used to indicate that this property holds on every compact subset of its domain.
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Finally, by using the strong convergence of a Galerkin-type approximation, we can reuse the unique
invariant probability measure in the finite-dimensional case to show that its infinite dimensionsal exten-
sion is invariant under (P;);=0. Namely, letting H = Hy x I> x I> where Hy = R x RN x R¥, and

Iy : H— Hy X {0}™ {0} : (x, @)1, V1) — (x, (u,,)n]\’:1 X {0}"°,(v,1)nN:1 x {0}%),
then for any T > 0,

lim sup [[Y™M(t) = Y(#)||lz = O,
N—oo gs<T

where (Y (£));s is the solution to
") =TIy (F(y{")) dt + odW,,
{ ¥g" = Ty (),
which has a unique strong solution by classical results for SDE in finite-dimension. O
A natural question arises following this article:
Is u the unique invariant probability measure with respect to (Py)s>0?

Unfortunately, as said above, (P;)>o does not have the strong Feller property. To see it, let A =
R x O' x O' ¢ H where 0! is the space of rapidly decreasing sequences of order 1. Then,

Lemma 5.39. V¢ > 0, y € A © Y(t) € A. In particular, (P,);>0 is not strong Feller.
Proof. "=:" Let’s suppose that y = (x, (up)n (vg)n) € A, which means

Z(l +n%) (ug)z < o0 (respectively vg).

n>1
By definition of (u}'), (respectively (v}!),), we claim that («)), € A (respectively (V}), € A), ¥t > 0.
In other words, it means that Y (¢) € A.

Indeed, since
2 ("
uf = ug + an/ f cos(nX;)ds,
0

if (u)y21 and (ay'*), lie in O', then (u)), lies in O' ¥t > 0. We show that (a,’*), € O'. Since

(@n)n=1 € O° by assumption, then 3,5, (1 +n?)3a2 < co. By Cauchy-Schwartz inequality, it yields

1

D +mda, < (1+ nZ)_% (1+n?)3a, < [Z (1+ ;12)_3]2 [Z (1+ n2)5 aﬁ]z < oo,

n>1 n>1 n>1 n>1

which concludes that (a,l/ 2),21 € O'. The same method can be applied to show (V}),>1 € 0', VYt >0, and
overall we have Y(r) € A forall r > 0.

"<:" Now, let’s suppose that Y(¢) € A for a fixed ¢ > 0, and since
!
ug =u; - a,l,/zf cos(nXy)ds,
0

where (4}),>1 by assumption and (a,l/ 2),12 | € O' by Cauchy-Schwarz inequality as before. Since O' has
a structure of vector space, then (ug),>1 € O'. The same method can be applied to show (V=1 € o'.

In particular, it yields 14 is invariant under (P;);>0, ¥ > 0, a measurable but not continuous map, so
that (P;)r>0 is not strong Feller. O
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Remark 5.40. The fact that 14 is not continuous can be seen as follows. Note that I* is connected, by
arc-connectedness. If 14 is continuous, then both pre-images 1;11 (1) = A, 121(0) = A° would be closed
in H, and A° would be also open in H as the complementary of a closed subset.
It is well-known that the only open-closed subset of a connected space is either 0 or the whole set,
in our case H. Since (%) lies in % but not in O', A° # 0. And since (iz) lies both in /> and in O,
n>1 n°/n>1
then A° # H.
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Chapter 6
The asymptotic strong Feller property

Based on the work of Hairer and Mattingly in [HMOG6]], here is a presentation of the main tools needed
with the aim to state an abstract ergodic result, the asymptotic strong Feller property. Since the results
obtained are only stated completely in the original text and for a seek of clarity, we also provide
a complete proof for each of them.

We start with a Polish space X (complete, separable, metrizable).

Definition 6.1 (Pseudo-metric). A pseudo-metric for X is a continuous function d : X> — R, such that
dx,x) =0V¥x e X, d(x,y) =d(y,x) Yx,y € X, and such that the triangle inequality is satisfied.

Remark 6.2. (i) In fact, a pseudo-metric d can be defined as a classical metric on X except for the
condition d(x,y) =0 = x =y.

(ii) We say that a pseudo-metric d; is larger than d, if di(x,y) > do(x,y), Y(x,y) € X2 Tt gives
meaning to the notion of increasing sequence of pseudo-metrics used in the next definition.

Definition 6.3 (Totally separating system of (pseudo-)metrics). Let {d,},>0 be an increasing sequence
of (pseudo-)metrics over X. If

limd,(x,y) =1, Vx=#y,

n—oo

then {d,} >0 is said to be a totally separating system of (pseudo-)metrics for X.
In other words, we impose that lim d,,(x,y) = 1.4,.
n—oo

Example 6.4. Let d be an arbitrary continuous (pseudo)-metric on X, and let (a,),>0 be an increasing
sequence in R such that lim a, = co. Then the sequence {d, },>0, defined as

n—oo

dn(x,y) = min{1; a,d(x,y)},
is a totally separating system of (pseudo-)metrics.

Recall that, given a (pseudo)-metric d on X, a function ¢ : X — R is said to be d—Lipschitz if,
Vx,y € X, there exists C > 0 a constant such that

lo(x) — ()| < Cd(x,y).

Definition 6.5 (Seminorm). Let d be a pseudo-metric. We define the seminorm on the set of d-Lipschitz
functions ¢ : X — R by
lo(x) — ()l
llolls = sup—7———.

Remark 6.6. (i) Intuitively, this definition does not allow us to speak about a classical norm since
ll¢llz = O if and only if ¢ is a constant function.

(ii) The seminorm must not be confused with the notion of pointwise Lipschitz function as in Defini-

tion[3.211
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It lets us define a dual seminorm on the space of finite signed Borel measures on X with vanishing
integral by

IVilla = sup fx e(xX)v(dx).

llella=1

Similarly for positive finite Borel measures,

Definition 6.7 (Wasserstein distance). Let uj, yo be two positive finite Borel measures on X with equal
mass, and let C(u1, 1) be the set of positive measures on X with marginals u; and p,. We define

llr = p2lla = inf fd(x,y),u(dx,dy). (39)
HeC(uiu2) J x2

It is known as the Wasserstein distance of order 1 between u; and uy, denoted Wf(,ul, U) (see e.g.

[Vil09)], Section 6).

We are now able to define the asymptotic strong Feller property as proposed by Hairer and Mattingly

in [HMO6].

Definition 6.8 (Asymptotic strong Feller property). A Markov transition semigroup (P;);>0 on X is
said to be asymptotically strong Feller at x if there exists (d,)n>0 a totally separating system of pseudo-
metrics for X, and a sequence of positive times (t,)n>0 such that

Uianf{ lim sup sup [|P;,(x,) = Py, (y, )lla, =0, (90)

€Ux nooo  yeU
where U, is the set of all the open neighborhoods of x.

Remark 6.9. Let B(x, y) be the open ball of radius y centered at x. Equivalently, (P;);>¢ is asymptotically
strong Feller at x if

lim limsup sup [P, (x,-) = Py, (y,)lla, = 0. oD
Y20 n—ooo” yeB(xy)

6.1 Asymptotic strong Feller property in practice

One of the main advantages of the asymptotic strong Feller property is that it implies similar ergodic
results as the strong Feller one, see Theorem for example, while being a weaker property.

Before diving in the ergodicity of asymptotically strong Feller Markov semigroup, we introduce a
practical criterion that guarantees the asymptotic strong Feller property.

6.1.1 Practical criterion to verify asymptotic strong Feller property

As for the strong Feller property in Proposition a useful criterion can be given through this
proposition, stated by Hairer and Mattingly. Here, V denotes the pointwise Lipschitz constant as defined
in Definition

Proposition 6.10 ([HMOG], Proposition 3.12). Let (t,)u>1, (On)n>1 be two positive sequences, (ty)y>1 a
nondecreasing one and (6,),>1 converges to zero. A semigroup (P;);>o on a Hilbert space H is asymp-
totically strong Feller at x € H if, Yo : H — R with ||¢l|lc and ||V¢||e < oo, one has

VP, o] < C(IxID(Iglleo + 6nllVelleo),  ¥Yn =1, 92)

where C : Ry — R is a fixed nondecreasing function.
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Before stating the proof, we need the following as useful as crucial result.

Lemma 6.11 ([HMO06], Lemma 3.3). Let d be a continuous pseudo-metric on X, and let uy, ur be two
positive measures on X with equal mass. Then,

ey = p2llle = Neer — pe2lla-

Proof. This result is a direct consequence of the Monge-Kantorovich duality, especially in the setting of
a separable metric space (see e.g. sections 5 and 6, [Vil09])).

In particular, we define the equivalence relation on X by x ~y & d(x,y) = 0, such that by setting
X4 = X/ ~, d is a well-defined metric on X; and (X, d) is hence a separable metric space, possibly no
longer complete.

Then, with 7 : X — X, the quotient map defined as m(x) = [x], both sides of do not change if
the measure p; (resp. uo) is replaced by mau; (resp. mupo). Then, as explained in Remark 6.5 in [Vil09],
Monge-Kantorovich duality in Theorem 5.10(i) and the particular case 5.4 of separable metric space in
[ViIQ9] together lead to the duality formula for the Kantorovich—Rubinstein distance, and

a1 = pealla inf fx d(x, . dy)

HEC(U1,442)

sup { f P (dx) ~ f ¢(X)uz(dx)},
Ietp<t (Jx X

where the sup is taken on the set of 1-Lipschitz functions. By a scaling argument, one can replace
the 1-Lipschitz function by functions with dual seminorm ||¢||l; = 1 so that letting ¢ = it yields

9
ll$lla>

lr = p2lla = Nger — pe2llla-

Proof of Proposition Let & > 0, and let d.. be the metric on H defined as

de(x,y) = 1A M Yx,y e H.
£

Since ||Vl is finite, suppose that ||Ve|l. < 1 without loss of generality by scaling ¢. Then, [l¢ll4, <
1, where || - ||4, is defined as in Definition 6.5, which leads to

sup lp(x) — (y)l <1
x,yeH,y#x ds(X,y)

By definition of d_, it follows that

x—
u’ vx,yeﬂ, y :,éx’
E

le(x) =l < 1A

or equivalently
lpC) —eOl 1
lx=yll - llx=yll
By taking the limit when y — x, we have the relation

1
A=, VYx,yeH, y+x
£

, VYxeH.

M| =

IVel(x) <
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Combining with the assumption on VP;, ¢(x) in Equation[92, we now have

Pt — POl
yox llx = yi

2
< CQlD el + =2).

Using the assumption that ||¢||cc < o0, we can bound C(J|x||) by another nondecreasing function C’
such that

ClIxDllelleo < C"(lIxID)

Since C’ is a nondecreasing function, then C’(||x]) < C’(|[x]| V llyll), where a V b = max{a, b}.
We now have

On
1Py, (x) = Pre)] < llx = yIC"(lxdl v lIyID(L + 2

By definition of || - ||4, and by Lemma 6.1} we get

I1Pr,(x, ) = Pr, (v, )lla, sup fw @(h) (Py,(x,dh) = Py, (y,dh))

llellas =1

sup |P,o(x) — Pip(y)|.
llglla, =1

Using the previous inequality for |P; ¢(x) — P; ¢(y)l wheny — x, with e = a,, = \o,, d, = 0, 15 @
totally separating system of pseudo-metrics since a, | 0 and it remains that for any open neighborhood
U of x,

sup||Py, (x, ) = Py, (v, )lla, < supllx = ylIC’"(IIx]l V Iy,
yeU yeU

so lim limsup sup [|P;, (x, ) — P, (3, )llg, = 0 and the asymptotic strong Feller property holds. O
Y20 noeo’ yeB(xy)
Remark 6.12. (i) The assumption ||Vy||s < 1 is sufficient since we can extend to all functions ¢ such
that ||V¢|| is finite by a scaling argument.

(ii) It is also possible to directly show it for functions ¢ that are Fréchet Differentiable and to extend
them to pointwise Lipschitz functions using an approximation with Fréchet Differentiable func-
tions, which is possible due to [Cer99] or [PZ96]. A detailed paragraph is dedicated in [BH22],
Remark 5.31.

6.1.2 A direct ergodic consequence

We start by recalling some consequences about ergodicity of a Markov semigroup under the strong
Feller property.
Given a probability measure u, we can see the elements of its support as follows,

Lemma 6.13 ( , Theorem 2.1 or [HMO6], Lemma 3.7). Given a separable metric space X and u
a measure in X, a point x esupp(u) & u(U) > 0 for all open set U containing x.

A useful consequence of strong Feller property about the support of a probability measure follows
directly.

Proposition 6.14 ([BH22]|, Proposition 5.18 (i)). Let (P;);>0 be a strong Feller Markov transition semi-
group. If uy, uy are two distinct ergodic invariant measures for (P;)so, then supp(u1) N supp(uo) = 0.

Similarly, the asymptotic strong Feller property of a Markov transition semigroup leads to a charac-
terization of the support of distinct ergodic invariant probability measures,
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Theorem 6.15 ([HMO6], Theorem 3.16). Let (P;);>0 be a Markov transition semigroup on X, and let y,
v be two distinct ergodic invariant probability measures for (P;)i>o. If (Py)i>0 is asymptotically strong
Feller at x, then x & supp(u) N supp(v).

The proof is postponed to the next section since it relies on further results. As a direct consequence
of Theorem [6.15] one can see the power of the asymptotic strong Feller property and the similarities
about its consequences compared to the strong Feller one.

Corollary 6.16 ([HMOG6], Corollary 3.17). If (P;)>0 is an asymptotically strong Feller Markov transition
semigroup on X and there exists a point x € X such that x esupp(u) for every invariant probability
measure u of (P;);>0, then there exists at most one invariant probability measure.

6.2 Links between the asymptotic strong and strong Feller
Properties

Our purpose now is to show that the asymptotic strong Feller property leads to similar conclusions
than the strong Feller property about the supports of distinct ergodic invariant probability measures.

We remark the following characterization of the limit of the seminorm associated to a family of
continuous pseudo-metrics, thanks to the sense we gave to the Wasserstein distance in (89).

Lemma 6.17 ([HMO6], Lemma 3.4). Let {d,},>0 be a bounded and increasing family of continuous
pseudo-metrics on X, and let
d(x,y) = limd,(x,y),
n—oo

forall x,y € X. Then,
nli_)lglollm = p2lla, = llwr — p2llas

for any two positive measures uy, py with equal mass on X.

Proof. Since the sequence is bounded and increasing, by a monotone convergence argument, the left
hand-side limit exists: let’s denote this limit by L.

By , and the increasing characteristic of {d,},>0, we have ||u; — u2lls = L, so it is sufficient to
show that the converse bound holds true.

Let i, be the measure in C(u;, uz) that realize the infimum in (89) for d,: the existence of such a
minimizing coupling follows Theorem 4.1 in [Vil09].

Moreover, for any n > 0, the marginals of y, are constant, equal to y; (respectively u»). Since u;
(respectively uy) is a positive, finite Borel measure on a complete, separable metric space X, then y;
(respectively u) is tight (see e.g. [Par68]], Chapter II, Theorem 3.2).

By definition it implies that for any & > 0, there exists of a compact K (respectively K3) such that
H1(X\K7) < € (respectively ur(X\K>) < ). Since K; X K3 is compact in X?asa product of compact,
then for any & > 0, we obtain u,(X*\K] X K») < 6 by setting § = £ in the tightness equivalence for the
marginals.

Then, by Prokhorov’s Theorem, one can extract a weakly converging subsequence: let d., be the
limiting measure, so that for m > n,

[ deymntdxan < [ duxypmand <L
X X

and by continuity of {d,},>0, the weak convergence of the subsequence when m — oo, we have

f (Yo, dy) < L.
XZ
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Finally, by dominated convergence, we have fxz d(x, Y)ueo(dx,dy) < L, so that ||u; — uzlld < L. O
We also recall:

Definition 6.18 (Total variation norm). The Total variation norm of a finite signed measure u is defined
as

1 _
llullry = 3 U (X) + (X)),
where u = u* — u~ is the Jordan decomposition of u.

Then, as a consequence of Lemmal6.17;

Corollary 6.19 ([HMO0G], Corollary 3.5). Let {d,},>0 be a totally separating system of pseudo-metrics
for X. Then,
It = poliry = lim [luy = polla,

for any two positive measures yy, py with equal mass on X.

Proof. Since the difference between two positive measures is a signed measure, with the help of Defini-
tion [6.18|and by definition of the Total variation norm, one has

i — pollry = inf - p{(x,y) | x # ),
w1 — wollry uecwl,uz)“( y) y

where the right hand-side is exactly ||ju; — uollgy with d(x,y) = 1.4,. Indeed, using Kantorovich-
Rubinstein Theorem (Theorem 1.14 in [Vil03]]), with d(x,y) = 1.y, then

inf f Lizydu(x,y) = sup f fdu(x) - f fdus(x),
X? X X

HEC(u1,142) 0<f<1

where the sup is taken on positive continuous functions 0 < f < 1, using Remark 1.15 (i) from
[ViI03]. Left-hand side writes

inf X,y) . x #V},
uecw.m”{( y) v}

and right-hand side is exactly the Total variation norm of y; — u,. Recalling that

1 1
llur — p2llry = = sup ffdﬂl(x)—ffdﬂz(x)z— sup ffdﬂl(x)—ffd,uz(X),
2 fllesl Jx X 2 <1 Jx X

then for -1 < g < 1,wecanuse thatg =2f — 1 for 0 < f < 1 so that we can rewrite

sup f e () - f edia(d = sup f @f - Ddur () - f @f - Do)
X X X X

-1<g<1 0<f<l1

2( sup f Fdun () - f fduz(X))
o<f<1 Jx X
+u2(X) — i (X).

Since u;(X) = pp(X), it only remains that

1
sup f Sdui(x) — f fdux(x) = 5( sup f gduy(x) — f gduz(x))
0<f<1JX X —-1<g<1 JX X
l1 = p2llry.

By Lemma and since the limit of {d,},>0 is d(x, y) by definition of a totally separating system
of pseudo-metrics, the result is proven. O
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Remark 6.20. We can exhibit a particular case where the asymptotically strong Feller property implies
the strong Feller one: to this effect, let’s suppose that holds for #, = ¢ > 0 constant, VYn > 1. In this
case, x — Py(x,-) is continuous in the topology of the Total variation, and thus Pj is strong Feller, Vs > ¢.
Indeed, by Corollary for any € > 0, there exists an open neighborhood U of x such that

sup [|Pi(x, ) = Pi(y,)llry < &. 93)
yeU

In the sense of the Total variation norm, we have that for any open neighborhood V of P;(x, -), then
P,(y,-) € V,V¥y e U since

”Pt(x? ) - Pl(_y’ )”TV S Sllp ||Pt(x7 ) - Pl(_y’ )”TV S &, vy € U
yeU

In other words, the function x — P;(x, -) is continuous in the topology of Total variation. By defini-
tion,

it = llry = sup{luf — vf11 f € B(X), [Ifllo < 1}, (94)

we have that P, f is continuous in the topology of strong convergence since holds for any f €
B(X) with || f]lc < 1, which can be extend to all f € 8,(X) (see Remark|5.35).
Thus, P; is strong Feller and by the semigroup property, it is true for any s > ¢ because for all € > 0,

Prief = P(Pcf) € Cp(X),
since P.f € B,(X) for any f € Bp(X).
Obviously, it will not be the case in every situation and a first example of why the asymptotic strong
Feller property is weaker than the strong Feller one may be found later, in Example

In fact, this property of being continuous in the topology of Total variation is very useful and pow-
erful. As stated by Hairer in [Hai09]], this characterization of continuity is known as the ultra Feller
property, see Definition|5.34, And as we used it many times, ultra Feller semigroups are strong Feller. If
the reverse is not always true, it is still possible to link strong Feller and ultra Feller properties.

Theorem 6.21 ( , Theorem 1.6.6). Let P and Q be two strong Feller Markov kernels over the
same Polish space X. Then, PQ is ultra Feller.

We can now use this property in order to show that any strong Feller semigroup on a Polish space is
also asymptotically strong Feller, so that the second property is weaker than the first one.

Proposition 6.22 ([BH22]|, Proposition 5.26). Let’s suppose that (P;)>q is a strong Feller Markov semi-
group on a Polish space X, with metric d*. Then, the asymptotic strong Feller property holds for (P)s>o

Proof. Since P; is strong Feller, then P,, = P,P, is ultra Feller, i.e. continuous in the topology of the
Total variation, by Theorem The continuation of the proof follows the one in [BH22.

Let’s construct a sequence (d;),>0 such that
dy(x,y) = L A(nd*(x,y)), Yn=0, Vx,y e X.
Then, (d,),>0 is a nondecreasing sequence of continuous metrics such that

1, ifx#y,

limd,(x,y) = d(x,y) =
n—o0 0, else.
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So (dy)n>0 is a totally separating system of pseudo-metrics. Let x € X be fixed, and let’s define the
sequence

1:0) = 116:P7 = 6,P2la,,

where 0,(-) is the Dirac measure. The sequence (f,),>0 is nondecreasing, and dominated by
f@) = 16.:PF = 6,P7la.

Let U € U, be an open neighborhood of x. Then,

lim sup sup f,(y) < sup limsup f,,(y) < sup f(y).
n—oo  yelU yeU n—oo yeU
The first inequality follows the fact that (f;;),>0 is nondecreasing, the second one that (f,),>0 is
dominated by f. Since P? is ultra Feller, i.e. x — P?(x, -) is continuous in the sense of the Total variation
norm, so for any € > 0, there exists an open neighborhood U of x such that

sup f(y) < &,
yeU
which implies
inf lim sup sup|l6,P;, — 6yP;,lla, < &,
Uel; p—oco  yeU
with t, = 2t, ¥n > 0. Since 6,P; = P;(x,-) and every previous steps are verified for any x € X, then
(Py)s>0 1s asymptotically strong Feller. O

6.2.1 Proof of Theorem 6.15

We want to reuse the links between the strong Feller property and its asymptotic version: thanks to
Corollary this proof is very similar to the corresponding one for the strong Feller property.
For every measurable set A, every ¢ > 0, and every pseudo-metric d on X with d < 1, we claim that

It = Vil < 1 — min{u(A), v(A)} (1 - ?gi I1P(y,) — Pi(z, ‘)”d) . (95)

By definition of the asymptotic strong Feller property, there exists N > 0, a sequence of totally
separating pseudo-metrics {d, },>0, and an open set U containing x such that

1
1P, (v, ) = Pr, (2, g, < 5 Yn> N, Vy,ze U.

Let’s assume by contradiction that there exists x € supp(u)Nsupp(v). By definition of totally separat-
ing pseudo-metrics, d, < 1 for all n > 0 so that we can use with @ = min(u(U), v(U)) > 0 where
UeU,d=d, and t = t,, which implies

lt = Vla, < 1 - % Vn > N.
Since the inequality is independent of rank n, by Corollary it implies
a
llw = vilry <1 - 5

and in particular ||u — v||7v < 1. Hence, y and v are not mutually singular, which is in contradiction since
they are distinct ergodic invariant probability measures (see e.g. [BH22]], Proposition 4.29).



6.3 Unique ergodicity for asymptotically strong Feller semigroup 111

To prove the claim, let @ := min{u(A), v(A)} and we suppose 0 < @ < 1: if @ = O or @ = 1, the
assumption d < 1 automatically shows that holds.
In particular u(A), v(A) > a > 0: for any measurable set B, let

_uANB) _WANB)
HA(B) = A va(B) = YR

so that w4, v4 are probability measures such that ts(A) = v4(A) = 1. The following is true for both 4
and v4: we are looking for i (respectively ¥) such that u = (1 — @)t + aua, so

H— ala

k= l-a

’

V—avy
1-a

which is a probability measure with above assumptions, and similarly for ¥ = . Since u,v are

invariant, then

it = Vllg = 1ot = Pyl
< (1= )Pyt = Piilla + ellPrgaa — Prvalla

<(-o)+a fA j; 1Pe(y, ) = Pe(z, la Ha(dy)va(dz)
<1l- a(l —max [|P(y, ") — Pi(z, -)IId),
y,2€A

for all # > 0, which proves (95)). Here, the first inequality follows triangle inequality together with the
forms of u, v using fi, ua, ¥, v4, the second one from d < 1, and the last one since ps(A) = v4(A) =1. O

6.3 On unique ergodicity for asymptotically strong Feller
Markov semigroup

As for the strong Feller property, its asymptotic version has direct consequence for the unique er-
godicity of the associated Markov semigroup. This paragraph is based on the summary made in [BH22]
stated for discrete-time Markov semigroup. We start by a complementary result to Theorem

Lemma 6.23 ([BH22)], Theorem 5.32). Let (M, d) be a Polish space. If P is asymptotically strong Feller,
then two distinct ergodic probability measures have disjoint support.

For a Markov kernel P, let Pz (M) be the set of ergodic probability measures for P. In addition to
Theorem and Lemma

Corollary 6.24 ([BH22], Corollary 5.41). Let M be a Polish space and let P be asymptotically strong
Feller at x € M. Then there exists a neighborhood U of x and an ergodic measure v such that n(U) = 0
for every m € Perg(M)\{v}.

It is well-known that given a strong Feller Markov semigroup P on M supposed to be a connected
space, if we suppose that P has an invariant probability measure having full support, then P is uniquely
ergodic (see e.g. [BH22], Proposition 5.18 (iii)). It has a counterpart for the asymptotic strong Feller

property:

Proposition 6.25 ([BH22], Proposition 5.42). Let M be a Polish space and P be asymptotically strong
Feller. Then:
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(i) The set Perg(M) is countable, and for every P—invariant probability measure y1, one has

pO= 0 VOREXO)),

VEPerg (M)

where X(v) = {x € M : Q(x, supp(v)) = 1} and Q is the Markov kernel from the ergodic decompo-
sition, see Proposition|[1.33|

(it) If P has an invariant probability measure having full support, then

M = Uyep, (mysupp(v),
where the supports supp(v) are pairwise disjoint for distinct v.

(iii) If P has an invariant probability measure u having full support and if M is connected, then Perg(M)
is either countably infinite, or Perg(M) = {u}.

(iv) If P has an invariant probability measure u having full support and if, for every € > 0, there exists
a connected compact set K C M such that u(K) > 1 — &, then Perg(M) = {u}.

Remark 6.26. However, those conclusions remain true for a continuous-time Markov semigroup (P;)s>0
on a Polish space M. There are two equivalent way to extend the discrete-time statements for the
continuous-time case:

(@) Since above results are a consequence of the original Theorem in [HMO6], we can adapt them
by following the continuous-time proof of Hairer and Mattingly’s theorem.

(ii) Alternatively, let’s fix a step A > 0 so that we consider the A—skeleton Q := P,: indeed, given
an original continuous-time Markov process (X;);>0, we consider the discrete-time chain (XA ),>0
whose Markov semigroup is Q.

Standard result yield
Perg(M)Q = Perg(M)(P,),ZO’

where Pero (M) (respectively Perg(M)(p,),.,) s the set of ergodic probability measures with respect
to @ (respectively (P)i»0) (see e.g. or [TT79]). Moreover, if (P;);zo is asymptotically
strong Feller at some point, so then so does 0. Hence one may apply the above discrete-time
results stated above to Q and conclude that the same hold for (P;);o.

6.4 Examples of the (asymptotic) strong Feller property

Let’s dive into some basic examples to better understand the difference between strong Feller and
asymptotic strong Feller properties. In particular, we use criterion (respectively (92)) to show that
the strong Feller (respectively asymptotic strong Feller) property holds, by direct calculus.

Example 6.27. Consider the following SDE on R, given by
dx, = —Xtdt + dB[,

where (B;);>0 is a standard Brownian motion on R, defined on a filtered probability space (Q, 7,
(F )0, P). The Markov semigroup (P;);>p associated to the Markov process (x;);>0 is defined as

Pif(x) =B (f(x) | x0 = x), Vf € By(R), Vx € R.
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By standard theorems on continuity under the integral sign, we can see that (P;);>0 has the strong
Feller property. First of all, we can explicit (x;);>0 by using a variation of the constant method on its
deterministic part, which means

X =ze, 20 = Xo,

where the process (z;):>0 1s a function of ¢ and (B;);>0 to be defined. By Itd’s product rule,
dx, = e_tdzt - xtdt = —x,dl‘ + dB[
Finally, we have
t t
e'dz =dB, = 7, =70 + f e'dB;, = x; = e’ (xo + f esdBS).
0 0

Then, for f € B,(R), we have

Pifx)=E(f(Xp) | Xo=x) = E[f(e_’ (x + f(: esst))].

Since the probability density function @ of a random variable U ~ N(0, 1) is

L)
o) = me s

we can link x; and U. Indeed, using It6 isometry, the variance of the random variable x; for t > 0

fixed is given by t N )
2 e -1 1-e
e'e’) ds = e_Z’( ) = ,
Jy ) )=

and since Ep(x;) = xge”’, then we can write

+00 1 _ e_zt
Pif(x) = f f (e‘IX+ 5 U] ®(U)dU

Il
‘_
+
8
~
—
Q
Ny
+
|
N
S
c
~———
S
|
%
IS
c

Consider the following substitution,

1 —e 2 1 —e 2
V=elx+ 4/ U, dV = 4/ du.
e 'x 5 5

Then, the previous integral rewrites as

1 oo 1—e2 (_UZ)
P f(x) = \/T fle'x+ 5 Ule' 2/dU
JT —00
1 —+00 V_L—tx>2 2
= — \% —e2 av
VorJw T 1= e

Under this form, and for ¢ > 0 fixed, we remark that P, f is a function defined as

x> Pif(x) = ;f Dog(x, V)dv,
(1 -e2)g J-o

(V=e"lx)?
where g(x, V) = f(V)e 1-<% . In order to apply standard continuity under integral sign theorems,

let’s prove that
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@) (Claim 1) For almost all x € R, the function V — g(x, V) is measurable.

(V—e_’x)2
It follows directly from V — f(V) being a bounded, measurable functionand V - ¢ -2 being

continuous.

(@) (Claim 2) For almost all V, the function x — g(x, V) is continuous.

(erft,\')2

For ¢,V fixed, the function x — f(V)e 12 is clearly continuous since f is bounded and x —
2. .
e~ is continuous.

@@ii) (Claim 3) There exists h : R — R an integrable function such that Y(x,V) € R X R, we have
lg(x, V)| < A(V).

We verify the claim for an open neighborhood U of xy € R, let say U =]xg — M, xo + M| so that
|x] <2 (|xo| + |M]) =: Ky on U. Then,

~(V=ex)? = =V +2Ve lx — e Hx? < V2 + 2KV,
Remark that if |V| > 2¢'x, then —=V? + 2Ky |V| < =% and ~(V — ¢ 7'x)? < =% (1 + 4K?,) , hence
—V2(l+4K%/I)

lg(x, V)| < h(V) := sup |f(x)|e 207 |

xeR

D . v
which is integrable since e™ 7 is.

Finally, by continuity under integral sign, x +— P,f(x) is continuous at any xo € R, ¥Vt > 0, Vf €
Bp(R), which prove that (P;)>¢ is strong Feller.

We can extend this example as proposed by Hairer and Mattingly in [HMOQG6]). It will show the power
of the criterion [92]in comparison with the strong Feller one.

Example 6.28 ([HMO06], Example 3.13). Consider the following SDE

dx, = _.xtdt + dB[,
dyl = _ytdt’

defined on R? and where (B;);s0 is a standard Brownian motion on R, defined on a filtered probability
space (Q, T, (F7)i0, P).

One can see that the Markov semigroup associated (P;);»>o does not have strong Feller property. Let
@(x,y) = sgn(y). It is clear that P;p(x,y) = ¢(x,y) = sgn(y) for any (x,y) € R? and 7 € [0, ), by
definition of (P;)»¢. In other words, P;p = ¢, ¥t € [0, c0).

It follows directly that since ¢ is bounded but not continuous, same conclusion holds for P,p, which
implies that the corresponding Markov semigroup does not have the strong Feller property.

To show the asymptotic strong Feller property, let & = (ug, vo) € R? with [l =1, and let ¢ : RZ 5 R
be a differentiable function. We define the linearized flow starting from & as (i, v;);»0, in other words

dut = _l/l[dt,
dv, = —v,dt.

It implies that

IVPip(x,y) - &l = [E[Ve(xnyr) - (s, vi)l(x0,y0) = (x, )]
< |IVelleoE [ (us, vl
< |IVelloe™.
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Finally, we can find a nondecreasing positive sequence (t,),>1 and (d,),>1 converging to zero and
defined as 6,, = e~ such that inequality holds, in other words (P;);>0 is asymptotically strong Feller.

We can also consider this example by a complete computing approach: since (y;)s>0 is deterministic,
we can be expressed it as
y: =yoe !, VYt>0.

The form of (x;),>( follows from Example which is

!
xx=e"' (xo + f esst), Yt > 0.
0

For any bounded, measurable function f, since P;f(x,y) = E[f(x:, ;) | (x0,Y0) = (x,y)] and by defi-
nition of (B;);>0, we can explicit P, f(x,y) as

P f(x,y) = f oof(e_tx + e_tf e’ -Uds, ye_’) d(U)dU,
- 0

(09

_u?
where @ is the probability density function of a (0, 1)—distribution, ®(U) = ‘/%76( 2 )
We can then write

— 2 u?

Pif(x,y) = \/%T f mf(e_tx + ! > U, ye_’] e(_T)dU,

By applying the gradient in term of x and y, we see that a factor e~* will appear in front of the integral
whose absolute value can be also bounded by ||V f]|. We finally find

IV flleo f h \/L_e(‘%z)du

0 2

IVP.f(x, y)l

IA

IA

eIV flleo-

Let (t,),>0 be the positive nondecreasing sequence defined as t, = n, Yn > 0, and let (d,),>0 be
defined as 6, = e~ which is converging to 0 as n — co. We can conclude that

VP, fe, )l < eIVl

OnllV flleo

Iflleo + 6nllV flleo,

which implies the asymptotic strong Feller property since (92) holds with C := 1 the constant func-

tion. To summarize, we have constructed a Markov semigroup (P;)>0 which lacks the strong Feller
property but is asymptotically strong Feller.

IA

IA

We can finally see a new extension of this example by adding some randomness on the second
coordinate.

Example 6.29. Consider the following SDE on R?,

dx[ = _xtdt + dBt,
dy[ = _y[dt + dB[,

where (B;);50, (B;)r>0 are two standard Brownian motions on R, defined on a filtered probability space
Q, 7, (F1)i=0,P). As in Example we can explicit (x;);>0 and (y;)r=0 by

! !
x=e" (xo + f esdBS) , yi=e' (yo + f esdﬁs) , Yt>=0,
0 0
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and use a variable substitution the first and second coordinates to compute

sz(x’)’) E(f(xz,)’z) I (XO,}’O) = (X,Y))

+00 —+00 1 _ 6_2[
_t + U’ —
f_m Lo ! [e TN
By using the same variables substitutions as in Examples and|6.28] which means

U dV—\/
V=e'y+ \/1_8_%6 = l—e
2 b

we can see P, f(x,y) as a function

=2t
G)@un@ddedU.

V=e )C+

—+00

(x,y) ( V2V - e_tx)) d)( V2V —ely)

V1 — e 2 V1 —e2

For ¢ > 0 fixed, we can use the same standard continuity under integral sign theorem, as in Example
to the function

)dVdV.

1 +00 +00 B »
(x,y) e f f 8(x,y, V,V)dvdv,

where
B 5 7( \/7(\/757")())2 7( \/E(erfty))z
gx,y, V,V) = f(V,V)e 2020 ¢ 2070

It will show that P, f is continuous, YV f € B,(R X R), and so that (P;),>0 is strong Feller.
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Chapter 7

Log—Harnack inequalities and links with
(asymptotic) strong Feller property

The notion of Harnack inequalities qualifies an inequality on the values of a harmonic function at
two points. It was first introduced at the end of the 19th century for harmonic functions on a Euclidean
space by Harnack in [Har87]. The use of this kind of inequality is well-known in many different fields
of mathematics. Perelman’s solution to the Poincaré conjecture, which will lead to a Millennium prize
in 2006, is based on a Harnack inequality about the Ricci Flow, more precisely on the work of Hamilton
in .

Before stating the inequalities of interest, we need a short introduction to the change of measure,
involving Girsanov’s theorem as well as the Kolmogorov extension theorem.

7.1 Change of measure

The concept of a change of measure in probability theory provides a powerful framework for trans-
forming stochastic processes, particularly in the context of Brownian motion. This subsection delves
into the foundational theories and conditions that facilitate the change of measure in a stochastic calculus
setting.

To start, let’s recall the Radon—Nikodym theorem in a general setting:

Theorem 7.1 ([Obel7], Theorem 3.24). Let u, v be two o—finite measures defined on (Q, ) a measur-
able space. The following statements are equivalent:

(i) The measure v is absolutely continuous with respect to u, denoted as v < u, which means that for
every A € F, if u(A) = 0, then it implies that v(A) = 0.

(ii) There exists a measurable function p € LY(Q, F, 1) (the space of integrable functions with respect
to u) such that p > 0 and for every A € T, the measure v(A) can be represented as the integral of
p over A with respect to u, which is v(A) = fA pdu.

Definition 7.2 (Radon-Nikodym derivative). The function p in Theorem|7.1(ii) is the density of v with
respect to u and is called the Radon-Nikodym derivative of v with respect to . In particular, we write

_dV

P—%-

If u > v and v > u, we say u and v are equivalent and denote this as u ~ v.

In particular, we are interested in the case of probability measures on a path space: in other words, we
have in addition a filtration which leads to a filtered probability space (Q, F, ()0, P). If we suppose
that there exists a positive random variable p, and Ep(p.) = 1, we get a new probability measure

dQ = peodP,
such that P ~ Q, and p is a density defined as

_4Q
Poo = —5
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It follows that the process p defined as

P = (=0 = Eplpeo | Filiz0 >

is a non-negative, uniformly integrable martingale under P.

Although these tools are powerful, the construction of such an equivalent probability measure is
nontrivial. This specific choice of measures change is handled by the famous Girsanov’s theorem: before
that, we recall the notion of Doleans-Dade exponential. It is directly suggested by 1t6’s formula applied
to Brownian motion and to the function x — exp(x):

Theorem 7.3 ([Obel7]], Theorem 3.5). Let X = (X;)s»0 be an adapted, continuous semimartingale with
Xo = 0, then the process E(X) = (E(X);)=0 called the Doleans-Dade exponential of X and defined as

1
EX), = exp (X, - 5<X>,), V>0,

is a continuous semimartingale. Moreover, E(X) is the unique solution of the SDE
dZt = ZldXt’ Z() = 1
Then, Girsanov’s theorem states the following:

Theorem 7.4 ([Obel7], Theorem 3.29). Let X be a continuous, local martingale under P, and K €
LZ(X We suppose that the process p defined as

P =(P)=0 = (8 (f(; stXs)) >
>0

is a continuous, uniformly integrable martingale. Then:
(i) peo exists, Bp(ps) = 1, and dQ = poodP satisfies Q ~ P.

(it) There exists Y a local martingale under Q such that the process X can be written as

t
X, =Y + f K d{X);, Yt=0, P — almost surely.
0
Given X is a Brownian motion under P, a modified version of Girsanov’s theorem, called Cameron-

Martin theorem, tells us that the transformed process is also a Brownian motion under the new measure:

Theorem 7.5 ([Obel7]], Theorem 3.30). Let B := (B;)=0 be a Brownian motion under P, and K € L*(B).
We suppose that the process p defined as

!
p = (20 =(8( f stBs)) :
0 >0

is a continuous, uniformly integrable martingale. Then:

(i) poo exists, Bp(peo) = 1, and dQ = pdP satisfies Q ~ P.

'L*(X) refers to the space of processes that are square integrable with respect to the quadratic variation of the local martin-
gale X, i.e. K € L*(X)if Eg [fOT de(X),.) < oo, for every T > 0.
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(ii) There exists B := (B;)=0 a Brownian motion under Q such that the Brownian motion B can be
written as

!
B, = B, + f Kds, Yt=0, P— almost surely.
0

Obviously, the question about the property of being a martingale, and not just a local martingale,
for the process p is tough. But since p is a stochastic exponential, some tools will be useful. Thus, we
introduce the Novikov’s condition:

Theorem 7.6 ([Obel7], Proposition 3.10). Let M € M. j,c the space of continuous, local martingales.
Then, if

Ep (exp (%(M)oo)) < 00, 96)

then E(M) is a continuous, uniformly integrable martingale.

Another weaker condition is given by the so-called Kazamaki’s condition: given M a continuous
uniformly integrable martingale and

Ep [exp (%MW)] < 00,

then E(M) is a continuous and uniformly integrable martingale. In particular, Novikov’s condition im-
plies Kazamaki’s condition (see e.g. [Gall6l], Theorem 5.23).

A similar question about the uniform integrability arises naturally, which can be solved with the De
la Vallée Poussin Theorem: let ® denote the class of nondecreasing, measurable functions ¢ : R* — R*
such that

lim @z

X—+00 X

Theorem 7.7 ([HR11l], Theorem 1.1). Let (Q, A, P) be a probability space and (X;)ic; be a sequence of
random variables. Then, (X;)ics is uniformly integrable if and only if there exists ¢ € ® such that

+00

sup Eg [¢(1Xi])) < oo.

iel
Typical choices include ¢(x) = xlog(x) or ¢(x) = x" for r > 1.

Remark 7.8. As stated in [HRII], original De la Vallée Poussin criterion (see e.g. [Mey66], Theorem
T22) was restricted to convex monotone functions ¢ with ¢(0) = 0 which can be weakened to above
conditions.

Example 7.9. Let’s study an application of Girsanov’s theorem, especially in the setting of SDE. Let
dXt = b(t, Xt)dt + dBt,

where b is a bounded measurable function on R, X R and B = (B;)»0 is an ¥,—adapted Brownian motion
under a probability measure P. Also, we assume that there exists a function g € L*(R,, B(R,), dr) such
that |b(t, x)| < g(f) on Ry X R.

Let (L;);>0 be the continuous local martingale defined as

t
Li=-— f b(s, X)dBs.
0
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Since b(t, x) is bounded by g(r) which is square integrable, Novikov’s condition (96)) holds and the
associated stochastic exponential is a uniformly integrable martingale, i.e. D = (D;);>0, defined as

! 1 !
D,:S(L),:exp(— f b(s, X,)dB; = 5 f b(s,Xs)st),
0 0

is a uniformly integrable martingale. We define dQ|z, = D;dP|#, for all t > 0: by Theorem the
process 8 = (B;)>0 defined as

!
B =B+ f b(s, X)ds,
0

is a F;—adapted Brownian motion under the new probability measure Q whose existence follows from
Kolmogorov extension Theorem [7.12

In other words, under the probability measure Q, there exists a #;—adapted Brownian motion (5;):>0
such that the process (X;);>0 = (B:)r>0 solves the same SDE with drift under Q.

7.1.1 Kolmogorov extension Theorem

Having explored the critical role of Girsanov’s theorem in facilitating the change of measure and
the transformation of Brownian motion within modified probability spaces, we now shift our focus to
another foundational aspect of probability theory: the Kolmogorov extension Theorem.

While Girsanov’s theorem provides a framework for altering the probabilistic characteristics of
stochastic processes on a global scale, the Kolmogorov extension Theorem addresses a different but
equally fundamental problem. It ensures the existence and uniqueness of a comprehensive probability
measure based on consistent finite-dimensional marginals.

This theorem also plays a crucial role to solve the problem of the existence of a Markov process
based on a given semigroup.

Let X be a set, and (X;),er be an increasing net|z| of o-algebras on X. Thatis, if r < ¢/, then £, C Z,.
The index set T may be infinite and generally represents a set of times period. For each finite subset F
of T, let ur be a probability measure on (X, Xr).

Definition 7.10 (Kolmogorov consistency). For eacht € T, let u; be a probability measure on %,. The
net (X, Us)er is said to be Kolmogorov consistent if

X CZy = prls, = s,
where s, is the restriction of up to the o-subalgebra X, of Zp.
Let s.ﬂ = UIETZI'

Definition 7.11 (Kolmogorov extension). A Kolmogorov extension of the net (u;)er is a probability
measure 1 on A such that uls, = pu;, Vt € T.

There are several versions of the Kolmogorov extension Theorem, here is a version focused on Polish
spaces which which matters for our purposes:

Theorem 7.12 ([ABO6)], Corollary 15.27). Let (X;)er be a family of Polish spaces equipped with their
Borel o-algebras. For each finite subset F of T, let ur be a Borel probability measure on Xp = Il;epX;
with its product o-algebra Xp. Assume the distributions L are Kolmogorov consistent. Then, there is a
unique Kolmogorov extension on the infinite product o-algebra 1 = (X) rer 2t

A more general result follows from the Generalized Kolmogorov extension Theorem (see e.g. ,
Theorem 15.26).

'In the sense of a generalization of the notion of sequences, where the indexes are not necessary N but any directed set



7.2 A log-Harnack inequality to prove strong Feller property 121

7.2 A log-Harnack inequality to prove strong Feller property

The following part is based on [Wan13]], which brings together main articles and results about Har-
nack inequalities, and their applications in the case of semigroups associated to Stochastic (or Partial, or
Functional) Differential Equations, in possibly infinite-dimensional space.

The dimension-free Harnack inequality was first introduced in [Wan97], in more details in [ATWO6]].
Given a Markov semigroup (P;);>0 on a Polish space X, the Harnack-type inequality considered in

is of the form

D(P,f(x)) < [P xye X, feBi(X), 97)

for @ a nonnegative convex function on [0, ), ¥ a nonnegative function on X2, and C(f) > 0 is explicitly
determined. Here, BZ (X) denotes the set of nonnegative bounded measurable functions on X. Thinking
about Jensen’s inequality, we may always take W(x, x) = 0, Vx € X, without loss of generality.

Here are two typical choices for ®:

(i) Harnack inequality with power: Let ®(r) = r? for p > 1. Then, (97) rewrites as

[P f(O)) < [PrfP()]eCOYD) xy e X, f € BJ(X).

(ii) Log—Harnack inequality: Let ®(r) = ¢". In this case, we can replace f by log f so that
rewrites as
Py[log f1(x) < log[P.f(»)] + C()¥(x,y), x,y € X, f € Bj(X).

This special type of Harnack inequality has been introduced in and [RWIQ].

We now follow the extensive review from [WanI3||. In particular, this type of Harnack inequalities
are stronger than the strong Feller property.

Theorem 7.13 ([Wan13|], Theorem 1.4.1). Let (P;)s0 be a Markov semigroup on a Polish space X. We

suppose ® € C' ([0, 0)) is a convex function satisfying ®'(r) > 1 for all r € [0, c0) and lim ®(r) = oo
r—co

such that (@ holds for T > 0 fixed and Vx,y € X, Vf € B, (X).

(i) If, in addition, imY¥(x,y) = im¥Y(y, x) = 0, Vx € X, then (P;)r is strong Feller at time T.
y—ox y—oXx

(it) (P;)i>0 has at most one invariant probability measure.

(iii) Let uo be a quasi-invariant probabili measure for (P;)0. Then, (Py)0 possesses a density p
with respect to L.

(iv) Forall x,y € E, it holds that

Lp(x, «)(D—l (%) dug < o! (e‘{’(x,y)) i

where ®1(c0) = 0 by convention.

(v) If rd~1(r) is convex for r > 0, then the density p of (P;)is0 with respect to g satisfies

f p(x, PO, Yo = e ) Yy y e E.
E

"Let ¢ be a probability measure on a measurable space (E, B) and P be a linear bounded operator on B; (E), then y is called
a quasi-invariant probability of P if uP is absolutely continuous with respect to y, in the sense that uP(A) = u(P1,) = 0 for
each A € B such that u(A) = 0.
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(vi) If (P;)=0 possesses an invariant probability measure y, it is absolutely continuous with respect to
o, the density p of (P;);>0 with respect to u is strictly positive, and

sup O(P,f(x)) < , VYxeE, ¥Yt>0.
Jpe

FEBE), p(@(f)<1 ~¥eDp(dy)
Here, we only prove the strong Feller argument but the other parts are fully proved in [Wan13]].
Proof of (i). For T > 0 fixed, let £ > 0, and f € B;(X). If we apply to 1 + gf, then
(1 + ePrf(x)) < PrO(1 + f)(»)e“ DY) vy y e X.
By a Taylor expansion of order 1, it follows that
(1) + e’ (1)P7 f(x) + 0(&) < (D(1) + e’ (1)P7 f() + 0(e)) eCDFD),
for small & > 0. Then, letting y — x, we obtain

(1) + @' (1)Prf(x) + o(e)

IA

liminf (®(1) + e® (1)Prf(y) + o(e)) ST
yox

IA

®(1) + @ (Dliminf Prf(y) + o(e),
y—x
which holds true since C(T)¥(x,y) > 0, Yt > 0, Yx,y € X. Now, we obtain
e®' (1)P7 f(x) < e®(Dliminf Prf(y), Yx € X.
y—)X

Since &, ®’(1) > 0,
Prf(x) < liminf Prf(y), Vx € X. (98)
y—oXx

By the same way, replacing y — x by x — y, it implies that

X=y Xy

limsup O(1) + @' ()Prf(x) +oe) < limsup (®(1) + @ (1)Prf(y) + o(g)) DT

< @(1) + @ (DPrf(y) + o(e),
which means that
limsup Prf(y) < Prf(x), Vxe X, 99)
y4>x
and since liminf Pr f(y) < limsup Prf(y), Yx € X, by combining 1Wi and lwi we conclude that
y—=x yox

limsup Prf(y) < Prf(x) <liminf Py f(y) < limsup Prf(y), VYxelX.

y—ox y—=x y—=x

Naturally, by combining above inequalities, it yields Pz f is continuous since lim,_,, P7 f(y) exists
and equals Pr f(x) so the strong Feller property holds true at any 7 > 0. O

7.2.1 Coupling construction

To construct such inequalities, we will use the methodology from and the so-called strategy
of coupling, also introduced in [ATWOG]. Intuitively, given an initial Markov process (X);( starting at
x € Xon (Q,F,P), our goal is to construct a modified version (Yty >0 starting at a different initial point
y € X such that:

(i) there exists a time T > 0 where both processes come together;
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(ii) that there exists a probability measure Q, absolutely continuous with respect to P;
(iii) and the distribution of (X))o under P and the one of (Y; );»o under Q coincides.

This construction allows us to derive the strong Feller property for (P,);>¢ at time 7" > 0.
More precisely, we define a coupling of two probability measures as follows.

Definition 7.14 (Coupling of measure). Let u and v be probability measures on a measurable space Q.
A probability measure w on Q X Q is a coupling of y and v if its marginals are u and v, respectively.

Now, we can extend the previous definition to the coupling of two random processes through a change
of measure, in particular for Markov processes.

Definition 7.15 (Coupling by change of measure). Let (X}')>0 and (Yty )i=0 be two X-valued Markov
processes defined on a complete probability space (Q,F ,P). The joint process (X;, Y)s0 on X X X
constitute a coupling by change of measure for (X))o and (Y; )0 if there exists a probability measure
Q on (Q,F) such that the distribution of (X' )0 under P is equal in law to the distribution of (Yty =0
under Q.

Remark 7.16. (i) The condition that the distributions coincide under different measures is analogous
to stating that the Markov semigroups of (X;");>o under P and (Yty )r>0 under Q are the same. This
implies that the transition probabilities of the processes match under their respective probabilities.

(ii) If Q = P, then the joint process (X}, Yty )i=0 on X X X represents a standard coupling of (X))o and

(Y")r=0, where no change in the underlying measure is required.
1)z g ymg q

This specific notion of coupling (by change of measure) is particularly useful for deriving our
log—Harnack inequalities of interest:

Theorem 7.17 ([Wan13]l, Theorem 1.1.1). Let (X[)»0 with Xo = x, and (Y )0 with Yo = y be two
Markov process defined on a complete filtered probability space (Q,F ,(F1)i=0,P). We suppose that
(0.6 Yty)tzo is a coupling by change of measure of the processes (X )0 and (Yty)tzo with changed proba-
bility Q that we suppose absolutely continuous with respect to P, in the sense that AR,(-) a nonnegative
F-measurable function defined on Q such that

dQlg, = RdPlg, Vt>0.
If there exists a fixed T > 0 such that X3 = Y ; almost surely under Q, then
(Prlog f) () < (log Prf)(x) + Ep [Rr logRr], Vf € By (E), f >0,
where we interpret Pt f(-) as
Prf(x) =Ep[f (Xr) | Xo =x], Prf(y)=Eql[f(Y7)|Yo=y].

Before proving this theorem, we need this useful application of the Jensen’s inequality to get a good
estimate of logarithm gradient:

Lemma 7.18 ([StrO0], Lemma 6.45). Let (Q, F,P) be a probability space, and ¢ be a nonnegative F -
measurable function on Q with expected value 1. If  : Q — R is a F -measurable function such that Y
is integrable, then

Ep [y¢] < Br [plog ] + log (Ez [¢”]).
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Proof. It is sufficient to suppose that ¢ is positive, and ¢, ¢ are bounded.
With those assumptions, it follows from Theorem|7.1|that we can define another probability measure
Q determined by
dQ
P ¥
Since the function log is concave, we can apply the Jensen’s inequality, which yields

e [e!]) = ton(Eelse')

Eg [log (¢'¢")]
= —Eg[log(¢)] + Eg[v¥]
= —Ep[plog(e)] + Ep [ey].

\2

O

Proof of Theorem The fact that dQ|g,
tion with expected value 1.

R,dP|#, naturally implies that R, is a #;-measurable func-

Let f € B, (E) be a positive function. We can then apply Lemma with ¢ = Ry, ¢ = log f, such
that

Er [Rrlog f] Ep [Rr log Rr] + log (Ep [/
= Eg[logf] < Ep[RrlogRr]+log(Ee[f]).

IA

In particular, the inequality holds for (X;');»o with Xo = x and at time 7', we obtain

Eq [log f (X7)1Xo = x] < Ep [Rr log Rr] +log (Ep [ f (X7) X0 = x]).

Since X7 = Yr, Q-almost surely, it follows that

EQ [logf(YT) Yy = y] <Ep [RT log RT] + IOg (Ep [f X7) X0 = x]) .
And by definition of Py f(x), Pr f(y), we finally have

(Prlog f)(y) < (log Pr f) (x) + Ep [Rr log Rr] .

7.2.2 Examples of coupling construction and log—Harnack inequalities

Let’s dive into some concrete examples. We start by showing how the strong Feller property can be
recovered for a one-dimensional diffusion on R via the coupling construction and Theorem [7.13]

Example 7.19. We consider the following SDE on R,
dX, = f(Xy)dt + dB;, Xo = x, (100)

where f : R — R is typically a Lipchitz function, and (B;),»¢ is a standard one-dimensional Brownian
motion defined on a filtered probability space (Q, F, (F;)>0, P).

By classical results about finite-dimensional SDE with global Lipschitz drift, nondegenerate diffusion
coefficient (see e.g. [Gall6l, Theorems 8.3 and 8.6), the solution is well-defined, unique, and generates
a Markov process (X}')»o with Markov semigroup (P;);>o defined as

Pip(x) = E(p(X7)), Vi 20, ¢ € By(R).
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Let T > 0 be fixed, € € R, and let’s consider the following modified SDE on R,
1
dy; = f(Xy)dt + dB, — ?sdt, Yo=y=x+¢, (101)
where (B;);>0 is the same standard Brownian motion as considered above. In particular, € = x — y.

We can compute

dY; — dX, ldt=>Y Yo — (X; — Xp) ft 1d !

- =——¢ -Yy- - = ——é&ds = ——¢,
t t T t 0 t 0 o T § T

so that

E. (102)

Y,— X, = Yo — Xo— ~ + d Tt
- Xi=Yy—-Xo—me=x+te—x— &=
rm A= 0T AT T T

We can then conclude that Y7 = X7. We consider the following process (B)o<i<r» generated by
- 1
dB, =dB; + | f(X) — f(Yy) — Tg) dr, Vv0O<t<T.
Since

dBt = dBt - K[dt,

where K; = f(Yy)— f(X)+ %8, a sufficient condition to apply Girsanov’s theorem and to find a probability
measure Q such that (B;)o<;<7 is a Q—Brownian motion is the Novikov’s condition, see Theorem In
our case, we have

1
K> = 1f(Y) - f(X,) + TaF
1
< 1Y) = fFXDP + ﬁsz
1
< QY- X*+ ﬁgz

(T -s)*+1
= Ce&f
m . T2

where C is the Lipschitz constant of f. It implies that the process (8 ( fot KSdBS))[>O is a continuous,
uniformly integrable martingale. Thus, the assumptions of Girsanov’s theorem are verified and it implies
that (B;)o<i<7 is a Q-Brownian motion for dQ = RrdP, and where

T
Ry = 8(f stBs)
0
T 1 T
= exp (f K,dB; — — <f deBs>)
0 2\Jo ;
T 1 T
= exp(f K,dB, — —f IKslzds),
0 2 Jo

where the quadratic variation of fOT K. dB; follows Lemma 15.11 in [KalO1]]. We can now rewrite the
modified SDE (101]) as

f(Y)dt +dB, = f(Y)dt+dB, — K,dt

B

= f(Yp)dt+dB, - (f(Y,)dt — f(Xpdr + %3) dr

1
= f(X)+dB, — eds
= dY, VO<t<T,
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and Y, =X, Vt>T.

As before, the same conclusions hold for the solution of the modified SDE: it generates a well-
defined, unique Markov process (Y )10, and

Pp(y) = Eg (¢(Y))), Vg€ ByR)andy € R.
Since conditions of Theorem|/.17|are verified, we have the following inequality,
(Prloge) (y) < (log Pr¢) (x) + Ep [RrlogRr], VYo € B, (E) with ¢ > 0and Vx,y € R.

Now, we derive Ep [R7 log Ry | which yields

T T
1
Eg [Rr log Rr] = Eq [log Rr] = Bq [ f K.dB, - > f |Ks|2ds].
0 0

Using
dB, = dB, — K,dt = dB, = dB, + K,dt,

and recalling that (B))o<i<r is a Brownian motion under Q, it remains that

1 T
Ep[RrlogRr] = EQ[EI |Ks|2ds]
0
C82 fT )
< =£tE (T —5)? + 1
2122 J,
T 1
_ VN e
= Ce (6 + ZT)

recalling that € = x — y. Since no particular assumption on 7" or € was used, it yields

T 1
Prloge(x) <log Pre(y) + Cly — x|2 (g + ﬁ)’ YT >0, Yy € BZ(R) with ¢ > 0, and Vx,y € R.

By Theorem , with C(T)¥(x,y) = Cly— xf? (% + %) we conclude that (X;),>0 is strong Feller at time
T >0.

Remark 7.20. The assumption on f being C—Lipschitz may be replaced by a locally Lipschitz condition
together with a control to avoid blow up such as a condition of linear growth,

lo(t, )l < K+ |xl),  |b(t,0)] < K1 +|xl), VY£>0, xR,

This is a common construction where we localize the Lipschitz condition, well-developed when we are
looking for existence and uniqueness of solutions to SDE (see e.g. [Gall6], Section 8.2). We keep the
Lipschitz condition for simplicity in our computations.

Example 7.21. We can choose a different modified SDE to get another coupling. We consider the
previous SDE (100) but on R¢. As before, let 7 > 0 and x € R? be fixed, and

a4y, = f(¥)di + () — =2

———1jp(®dt +dB;, Yo =y, 103
X, — 1] (0. (®) n Yo=Y (103)
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where y € R¢ is another initial condition, (B;);so is a standard d—dimensional Brownian motion
defined on a filtered probability space (Q, ¥, (F;):>0, P), T is the coupling time defined as

T=inf{s >0 : X, =Y},

and 7 is a positive continuous function which will be defined later. In this model, the term X — Y forces
the modified process (¥;);>0 to move to (X;);>0. We can see that this equation has a unique solution up to
the stopping time 7, and we let Y; = X, for all t > 7 (see e.g. [Hsu02]], Theorem 1.1.8). Here, || - || stan for
the standard Euclidean norm on R?.

Firstly, we want to show that such a 7 is well-defined: let (7,,),>1 be an increasing sequence of
stopping times defined for each n as

=inf{||X; - Y| <1
inf {IX, = Y| < 1/n},

such that 7, T 7 as n — co. By focusing on the stopped process (¥;")>0 = (Yaz, )r>0, then
IXirz, = Yine, Il > 1/n,

and
Tn _ Tn

dy;" = f(Y;")dr + n(t A t,) dt + dB;,

X7 YT”II

has a unique solution up to 7,, for each n > 0. This solution is a semimartingale according to standard
results (see e.g. [Gall6l], Definition 8.1). Indeed, for each n > 0 fixed, the additional drift is the function
X —-Y
(1Y) = —
IX: = Yl

which is Lipschitz in Y on [0, A 7,,] since

-z X-Z X-
|||I YII IXt ZII’| |’II X : H

YII |Xt Yl X - YII IIXz Z||
- |’II YII IIXz YII” |’II YII IIXz ZII||
where the first term can be bounded by
Y - Zi|
nllY - Z|.

||II YII IIXz YII” X =71 =

For the second term:

X, —ZH‘ - ‘
I1X: =Yl [IX: = Z|
_ ‘ B H I1X: = ZI| - 11X; = Y|
I1X: = Y1 - IX; = ZI|
IIX: = ZI|| = 11X; — Y||’

”II Y|| ”Xt ZIIH

IA

X, - ||
< Y -2,
so that
2n||Y = Z||pa.
”n Y|| ||X, zn” .
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So for each fixed n, (YtT ")r=0 1S a semimartingale, and

ATy,

ATy,
Y7 =Yg+ (Yy) + (s) *ds +f dB,
’ ,  TEOHIO —Y|| 0 :

which is the unique solution of (103)) up to the stopping time 7.

Now, the choice of 7(¢) is major since it ensures that the force will be strong enough to make (¥;)»0
moving towards (X;);>o before our fixed time 7 > 0 and in particular, X7 = Yr. Let X; = Y for s > 7.
Under the assumption

If(x) = FOI < Kllx—yll, Vx,y€RY,

and since the difference process (X; — Y;)>0 has zero quadratic variation, then the classical chain rule
applies so that

d ) d
=X, - Y, 2= (X, - Yy), X, — ¥,
ds” | <ds( ) >

- Y
2<f(Xs) f(¥s) = U(S)”X Y.

2KNIX; = Yill* = 2n()IX; — Yill.

IA

, X5 — Ys>

IA

Since the inequality holds true for all s < 7, we can restrict s so that X; # Y. We can divide both
side by || X — Y|, leading to

d
%”Xs - Ys” < 2K||Xs - Ys” - 277(S)

Let g(s) = ||Xs — Yl so that the inequality rewrites as

d
d—g(s) —2Kg(s) < -2n(s).
)

The homogeneous case of this differential equation would be g(s) = 1¢*X*, and we obtain the general
case by using a variation of the constant,

% (/lsezKS) _ 2K/1382KS — % (/15) ezKS S _277(5,)’

which means

S
As < —2[ n(re krdr.
0

Remarking that g(0)e?X* > 0, it leads to

g(s) < g(s) + g(0)e**s
= A, 1Yy - Xolle* s
A
< &K (Ily — x| - 2f n(r)e_ZKrdr).
0

We can still restrict s to T A 7. In this case, one have
KT e 2K
e MM X e = Yrpell < llx =yl - 2 f e *n(s)ds.
0

By taking a function 7(s) such that ||x — y|| — 2 fOT e 2Ksp(s)ds < 0, for example

llx — ylle=%s

= J(;T e2Ks g ,

Vs >0,



7.2 A log-Harnack inequality to prove strong Feller property 129

so that 7 < T unless we have a contradiction with || X7 — Y7|| > 0 when T < 7 which implies X7 # Y7.
We conclude that 7 is finite, X; = Y, and 7 < T. We let X, = Y; for all r > 7. Thus,

T
T -3Ks
2K o\ ds = [lx — Jp eds 22
e n(s)ds = |lx - yll=F—— = " 3 llx = ¥ll,
- s
0 fo e *hsds
since the function ¢(¥) := ==, _, for 7 > 0, reaches its minimum in 1 when ¢ — o, so that

T 4
=yl -2 f 2Kn(s)ds < (1 . g)ux—yn <0,
0

As in the previous Example|7.19] letting

! 1 !
R, = exp(f K,dB; — Ef ||Ks||2ds), VO<r<T,
0 0

-7
IIX Yill

where
= —n(s)1o, T)(S)

then (B,)o<i<r defined as
!
Bt = BZ‘ - f sts, Vl‘ Z 0,
0

is a d—dimensional standard Brownian motion under the probability Q defined by
dQls, = RdPly,, VYO<t<T,

by Theorem|7.5] since

e—Zsts

‘ oo llx = yll [ e Xsds
( f KdB)e = f IKlPds < —— h < o,
0 0 fo

so that Novikov’s condition (96) is verified. By Theorem (7.17, using dB; = dB; + Kyds and since
(B))o<i<r is a d—dimensional standard Q—Brownian motion, we have

Ep(R; log R;) = Eq(log R;)

:EQUKdB f||K||2ds)
_EQUKdB + = f||1<||2ds)
<= K,||>d
‘Zfo IKllI*ds

)
_ 2Klx )l

= ] — o 2KT

VY0 <t < T, and the following log—Harnack inequality holds true,

2 2
Pr(logp)(y) < (log Pre)(x) + ”—y)()u’ YT >0, Yy € BZ(R‘J) with ¢ > 0, and Vx,y € R,

Since it holds true for every T > 0, then (P;).»¢ is strong Feller.
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7.2.3 Semilinear Stochastic Partial Differential Equations in infinite di-
mensions

Let (H, (-),|| - ||) be a separable Hilbert Space, and let I be a larger Hilbert space into which H is
densely and continuously embedded, similarly as when we construct a classical Wiener process on an
infinite-dimensional Hilbert space (see e.g. [PZ92]], Section 4.1).

Let (A, D(A)) be a negative definite self-adjoint operator on H which generates a Cy contraction
semigroup with S (¢) = e*’, ¥t > 0.

Let L (H) be the set of all densely defined closed linear operators (L, (L)) on H such that for every
s > 0, S (s)L extends to a unique Hilbert—Schmidt operator on H: we keep the same notation S (s)L. We
equip Lg (H) with the o—algebra induced by {L — {((S(s)L)x,y) | s > 0, x,y € H}.

Recall that the Hilbert-Schmidt norm of an operator A : H — H is defined as

A1 == > IlAedl,

i>1

where {e;};>1 is a orthonormal basis of H, and an operator A is said to be an Hilbert-Schmidt operator if
AllZ¢ < oo.

For fixed T > 0, let
b:[0,TI]xH - H, o:[0,T] xH — Lg(H)

be measurable maps. We admit ||[v|| = co for v ¢ H. We consider the following SPDE on H,
dX; = (AX; + b(t, X)) dt + o(t, X;)dW,, t € [0, T], (104)

where (W;)»o be a cylindrical Brownian motion on H with respect to a complete filtered probability
Space (Q’ T! (ﬁ‘)lzo’ P)

We follow and recall:

Definition 7.22 (Mild solution of SDE). An H-valued progressively measurable process (X;)i[0,1] is
called a mild solution of if, for every t € [0,T1],

[ B 150= 903001+ 150 = 51705, Xl s < o,

and P—almost surely,

t t
X, =SHXo + f S(t—s)b(s,Xy)ds + f St —s)o(s, X;)dWs.
0 0

Then, to ensure the existence and uniqueness of the solution of (104)), we assume the following:

Hypothesis 11. For every s > 0 and ¢ € [0, T], S(s)b(¢,0) € H with

T
f sup IS (s)b(r, 0)|[ds < oo,
0 ref0,T]

and there exists a positive function Kj, € C ((0, T']) with ¢() := fot Kp(s)ds < 00, ¥0 <t < T, such that

IS () (b(s, x) = b(s, YD) I* < Kp(t)llx =y, V5,2 €[0,T], Vx,y € H.
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Hypothesis 12. We suppose that

T
f sup IS (s)or(r, 0)I[3;5ds < oo,
0 re[0,T]

and there exists a positive function K, € C ((0, T']) with ¢, (t) := fot K, (s)ds < 0, ¥0 <t < T, such that
IS (1) (o (s, x) = (5, ) I35 < Kellx = I, V5,1 € [0,T], Vx,y € H.
Then,

Theorem 7.23 ([Wan13l|, Theorem 3.1.1). Let’s assume Hypotheses |l I|and

(i) For every Xy € L*(Q — H, Fo,P), has a unique mild solution (x;);>0, and there exists a
constant ty € (0, T] such that for every n > 1,

. 10
sup E(IIXI7) < 6"1E(||X§||)+12(Z6”"] f to sup (IS (s)b(r, 0)|1*dss
0

teT N(ntp) icl re[0,T]

+12[Z 6n_i) fofo sup [IS ()or(r, )75 .

oy rel0.7]

(ii) If there exists a constant € > 0 such that B (||X0||2(1+8>) < oo and

' 1+
f (KO'(S)‘FKb(S)'F sup (llS(s)O'(r, 0i4g + IS ()b(r, 0)”2)) ds < oo,
0 rel0,T]
then
E sup ”thlz(HS) < C(] + E(||XO||2(1+5)) ‘
1€[0.T]

Moreover, if the following inequality

T
f s (Ko-(s) + sup [IS(s)o(r, O)II%IS]ds < 00,
0

re[0,T]

holds for some constant @ € (0,1) and all r € [0,T], x € H, the the solution has a continuous
version.

Sketch of the proof: The existence and uniqueness parts are a consequence of a combination of Fixed-
Point and Local Inversion Theorems (see e.g. [PZ92]], Theorem 7.2).

The first inequality is a consequence of the definition of a mild solution for combined with the
estimates on ||S (s)b(r, w)||*> and ||S (s)o(r, u)lli,s from Hypotheses|11{and

Repeating the argument for 1X;|12(1*2) instead of ||X;||>, combined with the Hypothesis we obtained
the second inequality about the non-explosion.

Finally, the existence of a continuous version is given by Theorem 7.7 from [PZ92]). O

In addition, to study the properties of the associated semigroup (P;):cf0,7], We need the following
finite-dimensional approximation assumption:

Hypothesis 13. (A, D(A)) has a discrete spectrum, so that there exists an orthonormal basis {e,},>1 C
PD(A) of H such that
—Ae, = e, Yn > 1,
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where A, > 0 are all eigenvalues of —A including multiplicities. For n > 1, let $, be the projection
operator from H into H,, := span{ey,--- ,e,}.

For simplicity, we let (-) and || - || stand for the scalar product and norm on H, while we use the
subscript Hl, to precise when we are on the projected space.

We remark that ,, commutes with the semigroup S (¢) for # > 0. Finally, let

A, =Amg, b, =Pub, 0, = PO

n?

Now, we can consider the system of stochastic differential equations on H,,, given by

{dx§"> = [AX" + by (1. X7)] dt + 0 (1. X ) AW, 105)

dxy" = P, Xo,
where

o (t, X,("))th = Z [Z(O’(l‘, Xt("))ej,el-)d(W,,ej) ei.

i>1 \j>1

Remark that Hypothesis |1 1| implies that b, (%, -) is Lipschitz continuous uniformly in ¢ € [0, T']. Also,
using Hypothesis|12] there exists a constant C,, > 0 such that

DD e —ayeje) < EMTISTN, ) - ot )

il j=1

IA

Co (1+ Ix =i, )

and

A

D Aot e)? < IS Nl

iel j=1

IA

Co (1 + 113, )

forall x,y € H, and ¢ € [0, T']. Therefore, it is well-known that for any initial data, (I05)) has a unique
strong solution (see e.g. [Gall6], Theorem 8.3 and consecutive remark). In addition,

Theorem 7.24 ( , Theorem 3.1.2). Let’s assume Hypotheses IfE (||X0||2) < oo, then
limE (IX" - X,|?) =0, Vte[0,T].
n—oo
Let’s focus on cases where the noise is additive, in the sense that (¢, x) = o(f). Denote by o* the
adjoint of o in H. Then, we get the following log—Harnack inequality for the solution of (104):

Theorem 7.25 ( , Theorem 3.2.1). Let’s assume Hypotheses and let’s suppose that oo™
is invertible so that (1) := o (t)(oo™)~\(t) is bounded by A > 0, which is

1
nﬁmgsT V> 0, (106)

and there exists K > 0 a constant such that
(b(s,x) = b(s,y),x = y) < Klx=yI’, Vse[0,T], Vx,y € H.

Then, for every strictly positive function f € By(H) and Vx,y € H, we have

K|lx — y|?
Prlog f(y) < log Prf(x) + 21— KT’
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Remark 7.26. The condition on 4 is weaker than assuming o is invertible. If we assume so, then (106)
is equivalent to

1
-1 2
o (t < -
| ()HHS =7

Now, let (¢;);>1 be an orthonormal basis of a Hilbert space H and let
oe; =0, and oe¢; =e¢;_1, Vi>2.

It is clear that o is not invertible: however, since 0*e; = e, for all i > 1, thus oo™ is the identity
operator and it is invertible.

Sketch of the proof: Since f is strictly positive and bounded, log f is well-defined and is also bounded.
We will show the inequality only for continuous functions f with inf f > 0, instead of all measurable
ones: indeed, it is well-known that we can approximate a measurable function g by a decreasing sequence
of continuous bounded functions {g}x>0 With inf g > 0 so that g; | g pointwise, almost everywhere as
k — oo.

Under these settings, it suffices to prove the inequality for P(T") instead of P7: we’ll extend the result
from Hj, to H by dominated convergence.

In the finite-dimensional setting, it is quite a similar construction as in Example so we do not
dive into too many details.

Let x,y € H,, T > 0 be fixed. Let X,(") solves with X(()") = x, and let’s consider the following
modified SDE,

) o) Q) X -y
dYtn _ (AnY,n +b, ((l‘, Ytn )) dr + n(t)ml[O,r)(t) + o, ()dW,, (107)
t H,

dr{" =y,

where 77 € C ((0, ©0)) is to be determined, and 7 := inf{s > 0| X" = ¥} is the coupling time. This

is a well-defined stopping time and the modified SDE possess a unique strong solution up to 7: we fix
X" =y" forallt> 7
t -t = '

By choosing 7(f) such that 2 fOT n(He 2Ktdr > ||x — yll,, it follows that 7 < T and X\ = Y. In
particular, the construction of n uses the condition

(Dn(s, %) = b(5,y), x = yyu, < Kllx = yllw,, Vs €[0,T], x,y € Hy,
inherited from the same condition for » on H. Such an 7 can be defined as

2Ke M lx = ylls,
n=—"—"2&r

by analogy with Example

Now, let dQ|#, = R;dP|g, forall 0 <t < T, where

f 1
R, = exp (fo W(s),dWs) — Efo ||¢(S)||ﬂ241,1d5)7

() (X" - v")
IX = Y,

and where

Y(s) = —n(s)jo(s)
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Note that

2
1 (7 5 | Kllx = ylig,
Eg[RilogRy) < 5 fo ()1 ds < 5 fo nds = S5 (108)

VY0 <t < T. By Girsanov’s theorem and thanks to Novikov’s condition, Q is a probability measure
under which

!
W,zW,—fw(s)ds, 0<t<T,
0

is a cylindrical Brownian motion on H. It follows from Girsanov’s theorem provided the Novikov’s
condition holds, since for ||K;||* = n(£)*1{0.-(t), a sufficient condition can be expressed as

Ep (6‘% fOT n(S)ZdS) < 00,
because 7 < T, which is verified by |i so that (W,)o</<7 is a Q-Brownian motion.

We can modify (107)) so that

{dY}'” = (427" + by (. V")) dt + ou (DA W, (109)

ar{" =y,

which implies that (Xt("), Yt(n))»o is a coupling by change of measure as defined in Theorem [7.17|and

Prlog f(y) < log Prf(x)+ Eg[RrlogRr)

los P Kllx = ylI (110)
< lo + —,
g Prf(x) A1 e2kT)

Vf e Cp(H,) with f > 0 and Vx,y € H,,. By using Theorem |/.24, we can pass to the limit n — oo
and by dominated convergence, we obtain

Kllx = ylI?
Prlog f(y) <log Prf(x) + 7 VfeCp(H)and x,y € H.

(1- e—2KT)’

Finally, the inequality holds true for f € 8, (H) since there exists a decreasing sequence of contin-

uous functions fi, converging pointwise towards f, almost everywhere so that (110) holds true for all
f € B,(H) by a monotone convergence argument.

Kllx—yl2
A(]_E—ZKT)
(Py)s>0 1s strong Feller at time T'. Since previous computations hold true for any 7 > 0, (P;);>¢ is strong
Feller. O

Since ¥(x,y) := is defined such that lim¥(x, y) = lim¥(y, x) = 0, then by Theorem [7.13}
y—)x y—)x

Remark 7.27. We can already state why such a construction will not work in our degenerate model (88):
since the noise term does not affect every direction, it is not possible to construct a modified copy of our
SDE such that

(i) modifications are only on the noisy coordinates;
(i) and we ensure that X, # Y; on all coordinates up to a time 7 < oo, while X; = Y, after 7.

Indeed, because of the degeneracy of the noise covariance, it is naturally possible to have X! = ¥},
where th, Ytl denote the degenerate parts of (X;);>0, (Y;)r>0, While X,2 * Y,z, where X,Z, Yt2 denote the
nondegenerate parts, so that the above construction has either non-sense or does not imply a coupling.



7.3 A modified log—-Harnack inequality to prove asymptotic strong Feller property 135

7.3 A modified log-Harnack inequality to prove asymptotic
strong Feller property

Based on the previous results from [Wan13]], one may ask whether such a finite meeting time exists.
In the spirit of [Hai02]], the author proposed a new coupling construction that overcomes this assumption:
in the asymptotic setting, the goal is to show that the two coupled processes converge exponentially fast
towards each other.

The shift from a finite coupling time to the exponential convergence may remind you of the transition
from the strong Feller property to the asymptotic one: since we are aiming to demonstrate that a kind of
strong Feller property holds asymptotically, the connection with asymptotic coupling makes sense.

Let (Q, 7, P) be a probability space, and let (X, d) be a Polish space. Following the idea of Xu in
[XuT1l, the asymptotic log—Harnack inequality is a weaker version of and is defined as follows.

Definition 7.28 (Asymptotic log—Harnack inequality). Let (P;);>0 be a Markov semigroup on a Pol-
ish metric space (X,d). We say that (P;);>0 satisfies an asymptotic log—Harnack inequality if ¢ €
C(X%,R), ¥ € C([0, ) x X2, R) two functions such that

Pilog f(x) < log Pif(y) + ¢(x, y) + ¥(z, x, y)IIV 10g flleo, (111)

for all bounded Lipschitz functions f > 1, x,y € X and t > 0. Furthermore, ¢ and  satisfy the following
conditions:

(i) ¢(x,x)=0forall x e X;
(ii) Y(t,x,x) =0 forall x e Xandt > 0;

(iii) and there exists a constant 6 > 0 such that lim sup Y(t, x,y) =0 forany x € X.
7% yeXld(xy)<5)

Remark 7.29. The notation V has to be considered as in the pointwise Lipschitz constant framework,
see Definition

The following result gives the link between the asymptotic log—Harnack inequality and the asymp-
totic strong Feller property.

Theorem 7.30 ([Xulll, Theorem 1.4). If a Markov semigroup on a Polish metric space X satisfies an
asymptotic log—Harnack inequality, then it is asymptotically strong Feller.

Remark 7.31 ([Xull], Remark 1.3). Since the asymptotically strong Feller property refers to a long-
time behavior, to prove it by using the asymptotic log—Harnack inequality, we only need to verify (111))
on [T, o) for T > 0 fixed.

Proof. Let f be a bounded Lipschitz function. Without loss of generality, we can suppose that f > 0.
Let £ > 0 be small enough such that &||f]|. < % Then, the function 2 + 2¢f is also bounded, Lipschitz,
and 2 + 2ef > 1. If f takes negative values, we just have to take —e in the above construction.

Since the function 2 + 2¢f satisfies the condition of Definition [7.28| we can apply the asymptotic
log—Harnack inequality such that

Pilog(2 +2&f)(y) < log Pi(2 + 2&f)(x) + @(x, y) + Y (1, x, y)|IV 10g(2 + 2& f)|co-

By linearity of E and the properties of the logarithm, we obtain

Pilog(l +&f)(y) < log(l + Pief(x)) + ¢(x,y) + ¥(t, x, )|V 10g(2 + 2& )|,
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Since log(1 + x) < x, we have ||[V1og(2 + 2&f)|l < 2€||Vf]lo and the previous inequality writes

Pilog(l + ef)(y) < log(l + Pief(x)) + ¢(x,y) + 2ey(t, X, V)|V fllco- (112)

The Taylor series expansion of second order of log(1 + x) at x = 0 is given by

x2
log(1+x)=x— =+ o(x>),

and converges for |x| < 1. In our case, and recalling that we supposed &||f||c < %, we obtain:
() Pilog(l + ) = Pi(f = 5 +0(e")) = eP.f = SP(f) + (&)
(i) log(1 + Pef) = &P, f — 5 (P f)2 + o(&).

Thus, it yields (112) writes

e(Pif(y) — Pif(x))

IA

2 2
%Pz(fZ)(x) - % (P f3))? + @(x,y) + 280(t, x, VIV flleo + 0(£7)
2
= % (Pt(fZ)(x) - (Ptf(y))z) + o(x,y) + 2eu(t, x, VIV flleo + 0(€%)
2
< %Pz(ﬂ)(x) + @(x, ) + 2e0(t, x, DIV flleo + 0(£),

where the last inequality is given by (P, f' (y))2 > 0. Since Py( fz)(x) is bounded by || f]|lc, We obtain

A

2
g(Pf(y) - Pif(x)) < %nfn%o +@(x,y) + 2e0(t, X, V)V flleo + 0(Y)
AL + @(x,y) + 2e9(t, x, IV flleo + 0(e7).

IA

Dividing both side by £ > 0 and we obtain

@(x,y) o(e®)

IP.f(y) = Pof(0)| < ell fII% + ==+ 20 IV Sl + =

Let ¥ > 0 and let’s define the following metric,
1
dy(x,y) = 1A ;d(x,y), Yx,y € X,

where d is the metric of the Polish metric space X. In particular, it implies that ||dy |l := sup d,(x,y) < 1.
x,yeX

From Definitions and[6.7]as well as Lemma|6.11] it implies that for p, o two positive measures
on X with equal mass, then

llur = polla, = Ny = p2llla, = sup Lf(z)(lll — p2)(dz).

llay =1
By definition of d,, for f a bounded Lipschitz function such that ||f]lz, < 1, we have

1
Ifllo <1, [IVfllw < -,

\<
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as in the proof of Proposition Since P,(x,-), P,(y,-) are positive measures on X with equal mass,
then

1Py, ) = Pi(x, )lla, sup fxf(Z) (Pi(y,-) = Pi(x, ) (dz)

1lle, =1
= sup IPf() - Pof(x)|
1lle, =1
3
: ufsnuf’_fnfni “’( 5D o, x IV e + 25
< o4 e6y) | (%) 0(33)‘
€ 0% €

Let’s define

Yn = sup W(”’ X,y), &= V()O(xay)

{yeX | d(y.x)<6}
Then, for any x,y € X such that d(y, x) < §, we have

so(x y)
1Pn(y, ) = Pu(x, lla,, <2+e(x,y) +2 /sup (n, x,y) + ———
¢ {yeX | d(y,x)<6} Veo(x,y)

The asymptotic Strong Feller property for (P;);>o follows (91)) in Definition [6.8] since

lim sup Y, x,y) =0,
1790 {yeX|d(x,y)<5)

for any x € X, and
3
o((x.)?)
@(x,y)

¢(x,y) — 0 and -0 asx—y.

O

If this asymptotic log—Harnack inequality implies directly the asymptotic strong Feller property, we
can go further in details through the following Theorem:

Theorem 7.32 ([BWY19], Theorem 2.1). Let (P;)>0 be a Markov semigroup satisfying the asymptotic
log—Harnack inequality for some symmetric functions ¢, ¥ : X x X = R* with tlim‘P(t, x,y) =0.

(i) If, forany x € X,
P(x,y) : Yo%y _ o

A(x) = limsu < o0, and I';(x) = limsu
y—x P d()@ y)2 ! y—x P d(x, y)

then for any t > 0 and f € B,(X) a Lipschitz function, we have

IVP f(Oll < v2A(x) \/Pz(f () = (Pef(0))? + IV flleo (%)

forall x € X. In particular, since tliml“,(x) =0, (Py)i0 is asymptotically strong Feller.

(it) If (Py)>0 has an invariant probability measure p, then for any f € B;(X) such that ||V f|lee < o0,

li Pifx) <1 pe! e X
imsu x)<log| —— . x
t—oo Sk g j.;Y €_¢(x’y)/,l(dy)

As a consequence, for any closed set A C X with u(A) = 0, we have

tlimPtlA(x) =0,xe X.
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(iii) (P;);>0 has at most one invariant probability measure.

(iv) Let x € X and A C X be a measurable set such that
o(x,A) := li}n inf P;(x,A) > 0.

Then,
lign inf P;(y,Ag) > 0,

forally e X, € >0, and where

A, ={ye X |d(x,A) =inf d(x,y) < &}.
yeA

With this theoretical setting, a new range of problems has been widely investigate:

(i) If the uniqueness of the invariant measure associated to the two-dimensional Navier-Stokes equa-
tions driven by degenerate noise has been demonstrated in using the notion of asymptoti-
cally strong Feller property, same results have been obtained by using the asymptotic log—Harnack
inequality (see e.g. [Xulll);

(i) In [BWY19], other related problems have been treated through the use of asymptotic log—Harnack
inequalities such that nondegenerate SDEs of infinite memory, semi-linear SPDEs of infinite mem-
ory, neutral SDEs of infinite memory, and stochastic Hamiltonian systems of infinite memory;

(iii) In [Moh20], the author considers the two and three-dimensional stochastic convective Brinkman-
Forchheimer equations and their asymptotic behavior through the use of asymptotic log—Harnack
inequality and via the asymptotic coupling methodology.

(iv) In [WHL21], the author investigated similarly the ergodicity for the three-dimensional Leray-«
model with degenerate type noise;

(v) In , the author investigates stochastic Volterra integral equations with both asymptotic
log—Harnack inequality and asymptotic coupling methodology to show that the induced Markov
semigroup possesses the asymptotic strong Feller property;

(vi) In [Med23]], the same tools are used to study the ergodicity for the two-dimensional Stochastic
Cahn-Hilliard-Navier-Stokes equations driven by an additive degenerate noise;

(vii) Some variations of these tools such as the notion of Generalized couplings have been investigated
by various authors (see e.g. [KSI8]). Some applications and similar results, for example on
the two-dimensional Navier-Stokes Equation driven by degenerate noise, have been investigate in

.

7.3.1 Asymptotic coupling construction

As in the classical log—Harnack inequality, its asymptotic version can be recovered by use a modifi-
cation of the coupling by change of measure introduced earlier: we present here the setting to construct
such an asymprotic coupling by change of measure.

To this effect, we adapt the condition on the existence of a meeting time in Theorem|[7.17|as follows.

Hypothesis 14. Let (X, d) be a Polish metric space, and let’s consider (Z;);>0, (Z;)r=0 two stochastic pro-
cesses that we supposed to be Markovian and non-explosive (typically some "nice" solutions to SDEs).
We also suppose:
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(i) JQ another probability measure on (€2, ¥), defined by
dQy. = RdP, V120,
or in other words,

dP|7»‘, () ’

R(") = VYt > 0, valued in (Q, ),

such that the distribution of (Z;);>o under P and the one of (Z,),>( under Q coincide. In other words,
it means that

Eqlp(Z) 20 = 2) = Bq [p(Z) | Z = 2)
holds V7 > 0, Vg € Bj,(X), Vz € X.

(ii) Vz,Z € X, dnp > 0 a constant such that V¢ > 0,

Eq |d(ZE. Z))) < e ™d(z. ).

In this line, we used the short writing Z%, meaning Z, knowing that Zo = Z.

Theorem 7.33. Under Hypothesis|l4] the following inequality
P:log (f(2)) < log (P1f(2)) + Eq [Ri 1og(R)) + IV log(Plle™™d(Z, 2),
holds Yt > 0, for all bounded Lipschitz functions f > 1, and V7,7 € X.

The study of this particular inequality will be very useful to derive properties on (P;);>¢ such that the
asymptotic strong Feller property or the existence and uniqueness of the invariant probability measure.

Proof. Let f be a bounded, Lipschitz function with f > 1, then ||[V1og(f)|lc < oo and log(f) € Bp(X).
By Hypothesis [I4[i):

P log (f(2))

Eq [log (£(2))]
Eqg [log (£(Z)))]
Eq [log (£(Z))] + Eq [log (£(Z))] - Eq [log (F(Z)] .

By reordering and using the relation between Q and P, we obtain

Pilog(f(2) = Bgllog(f(Z)]+Bg [log(£(Z)) - log (f(Z))]
Eq [R: log (f(Z))] + Bg |log (£(Z)) - log (f(Z}))].

As in the proof of Theorem|7.17, we use Lemma to bound the first term.

In our case, let f = R;, which is by Hypothesis[14(i) an #;—measurable function with expected value
equals to 1 since dQy,. = R,dP),., Yt > 0. In addition, let y = log(f): we remark that y/f = R, log(f) is
indeed integrable with respect to P since

Eq [Rilog(f(Z))] = Eq [log (f(Z))] = P;log (f(2)) < o,

since log f € B,(E) and by definition of (P;)s>0.

By applying this result to Eg [R; log (f(Z7))], it gives us
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Eq [Rilog (f(Z)] < Eq [R,log(R)] + log (Ee [/(Z))].
Including it in the previous inequality and using the property (83) as well as Hypothesis 14(ii), it
yields ] []
Plog(f(2) < Eq[Rilog(R)]+log(Ep [f(Z)] +Eg[log (f(Z)) - log (£(Z))]
log (P: ((f(2))) + Bg [Rlog(R))] + Eq [log (£(Z])) - log (£(Z))))
log (P: ((f(2))) + Bg [R,log(R)] + IV log(f)llEq |d (Z, Z)|
< log (P, ((f(2)) + Eq [R; log(R)] + [V log(f)llewe™™d(Z, 2),

A

IA

which holds true YZ,z € X and V¢t > 0. O

That will be exactly our methodology: given (Z;):>o the typical "nice" solution of an SDE, we can
construct a modified SDE so that its solution (Z;);»( and the original process (Z;);»o satisfy the assump-
tions Hypothesis 14.

In this case, we| can construct such an inequality thanks to Theorem 7.33. According to Theorem
7.32, we only require the existence of a symmetric function ¢ € C(X?,R] such that ¢(z,z) = 0 Vz € X
\li [R:1og(R;)) < #(z,7) in order to get an asymptotic log—Harnack inequality, hence to prove that
the semigroup (P;);>¢ generated by (Z;),>0 is asymptotically strong Feller.

Example 7.34 (Continuation of Example 6.28). We consider the following SDE defined on R?,

dX[ = —Xtdt + dBt,
dY[ = —Ytdt,

where (B;)s>0 is a one-dimensional Brownian motion on a filtered probability space (Q, 7, (F;)r>0, P).
We have already seen that the solution (Z;)>0 = (X}, Y)s>0 lacks the strong Feller property. We also have
seen that it’s possible to derive the asymptotic strong Feller property by direct computations.

We can retrieve this property using the new methodology introduced. In this case, let’s take a sec-
ond copy of the SDE without any modification: its solution is (Z)s0 = (X, Y1) with initial condition
Zy=7= (%) = Xo, Yo).

It is clear that starting with the same initial condition, meaning z = Z, both processes have the same
distribution under P, and Hypothesis 14(i) holds true with Q = P.

We consider the difference process jo(7) = Z —Z; = (p1(1), p2(1)) = (X; — X, Y, = Y;). In particular,
the difference process is the solution of the following ODE,

dpi(0) = (X = X;) = = (X = X,) dr = —p1 ()dr,
dpa(t) = d(¥, - Y,) = = (¥, - ¥,)dt = —py(t)dt,
And its solution is given by
p1(t) = p1(0)e™, pa(1) = p2(0)e™".

In particular, with different initial conditions z = (x, y) and Z = (X, y), we get

IZ; - ZAP = i@ +pa(@?
(Io1O)F + o2 (0)) ™

~ 2 -2
Iz - zll*e™™,
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and finally d(Z;, Z,) = |Z, — Z/|| < d(Z, z)e™" hence Hypothesis [14{ii) holds true.

In particular, we remark that Eq [R; log(R;)) = 0 by our choice of modified SDE and hence R;, so our
asymptotic log—Harnack inequality holds true for

Eg [R:log(Ry)) = 0 < ¢(Z,2) := Iz — 2l

respecting the condition of (92). We can conclude that the following asymptotic log—Harnack inequality
holds,
P;log(f(2)) < log(P,f(2)) + |1 — zI* + |V log flellZ - zlle™",

for all bounded Lipschitz functions f > 1, and by Theorem [7.32] the semigroup (P;);o generated by
(Z)s>0 1s asymptotically strong Feller since

. #(z,2) . Iz - ZII?
A(z) = limsu = limsu =1<o0
@ [ pd(z, 2)? Fox P llz — 2|1

lP t’ ,~ . - -
I'/(z) = limsup .22 _ Ik =dle” _ - < o0

7>z d(Z, Z) -z ”Z - Z”

2

and tlim‘P(t, z,Z2) = 0. In particular, (P;)»0 is asymptotically strong Feller and possesses at most one

invariant probability measure.

Remark 7.35. In fact, as stated in [HMO6], Example 3.15, examples with pathwise contractive flows are
asymptotically strong Feller. In our degenerate models of interest, given a deterministic degenerate part
with a pathwise contractive flow, it automatically satisfies an exponential convergence of the difference
process on the degenerate part.

Then, the existence of a function G that ensures that the difference process on the nondegenerate part
converges exponentially is direct: the last step is to verify that there exists a probability measure Q such
that the process B, = B, + fot G(X,, Y, X,, Yo)ds is a Q—Brownian motion, which will follow from an

integrability condition on G in the sense that E [% exp ( fot IG(X,, Yy, X, Ys)|2ds)] < oo so that Novikov’s
condition is verified. We will give more details on the construction of such G later in

Example 7.36. We can see the limitations of our methodology by introducing a counterexample: indeed,
let’s consider a degenerate SDE with logistic drift on the degenerate part:

dXt = Xt(l - X[)dt,
dY[ = _Y[dt+dB[,
evolving on Ri and where (B;);>0 is a one-dimensional Brownian motion on a filtered probability
space (Q, 7, (F1)r=0, P). Since the drift on the first variable possesses two stationary points in x = 0 and
x = 1, there exists two ergodic probability measures which are of the form dp X ¢ and §; X u, where y is
the speed measure associated to dY; = —Y,dr + dB;, so

1 ;
pu(dy) = —e™dy.

Vi
Indeed, given dX, = X;(1 — X,)dt, it implies that

~ X()et X()et
- and X = ———,
1+ Xo(e! = 1) 1+ Xo(et = 1)
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so that if Xo = 0, Xy # 0, we have

8 Xoe'
o =X X = —2
1+ Xp(e! = 1) 1=

and we lack the first asymptotic coupling assumption from Hypothesis

Moreover, as stated in Remark [7.27] it is impossible to modify the nondegenerate part to avoid this
problem: indeed, if dX; = X,(1 — X,) + G(X,, Y;, X,, ¥}), we fail to have the same distribution for X; and
X,: modifications can be made only on the degenerate part of the SDE of interest.
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Chapter 8
Asymptotic coupling in practice

8.1 A toy model by Hairer

Given an original SDE and its solution (Z;),»o generating a semigroup (P;)>0, the construction of the
modified SDE such that its modified solution (Z)~0 and (Z):0 satisfy Hypotheses |14|is the key part of
our methodology. And also the pain point: such constructions are not easy to carry out.

To achieve this, we shift our focus to the asymptotic coupling methodology introduced by Hairer in
[Hai0Z]. Our purpose will be to construct a modified version of our SDE by adding a function G to the
original drift (to be specified).

Its goal will to "force" both original and modified SDEs to converge to each other. Keeping in mind
both assumptions we want to reach, this additional drift has to take effect only on the nondegenerate part:
if G acts on the degenerate part, then the possible Markov semigroup generated by the modified SDE
will not have the same distribution as the one from the original SDE, as detailed at the end of the last
Example(7.36

Back to the idea of , our goal is to split the process by considering the degenerate part of the
SDE, called the low-frequency part, and the nondegenerate part, called the high-frequency, such that:

(i) the low-frequency part, which drives the instability, is finite-dimensional;
(ii) the high-frequency part, which represents the stability of the system, is finite- or infinite-dimensional;

(iii) and the long-time asymptotics of the dynamics driven by high-frequency part is completely domi-
nated by the behavior of the low-frequency part.

The denomination low- and high-frequency parts are also used in subsequent articles such as [XulITl].

Now, let’s study the following concrete example, which is a toy model introduced by Hairer in
.

Example 8.1. We consider the following SDE on R?,

F&:@&+Z—ﬁwﬂd&
(113)

dy, = (2¥,+ X, - ¥} ) dr,

where (B;);>0 is a standard one-dimensional Brownian motion defined on (€, #,P) a probability
space. As before, we write Z, = (X;,Y;) the unique strong solution of the SDE (113), which follows
standard results on finite-dimensional degenerate SDE with locally Lipschitz drift where the explosion
is controlled by a Lyapunov function, here V(x,y) = x> + y? (see e.g. [Khal2l], Theorem 3.5).

If the context of this example allows us to use tools like Hormander condition to get ergodic prop-
erties on the semigroup generated by (Z;);»0, it highly relies on the existence of a reference measure,
here the Lebesgue measure. These tools will be useless in contexts such as infinite dimensions where
the noise is sufficiently degenerate, so a reference measure like Lebesgue is unavailable. Furthermore, a
classical coupling by change of measure is not possible in this model since both directions are linearly
unstable so that a finite meeting time is not reachable.
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To achieve the more general asymptotic strong Feller property through asymptotic log—Harnack in-
equalities, Hairer introduces the idea of asymptotic coupling. More precisely, we are looking for another
probability measure Q and Brownian motion (B;),»o defined on (Q, %, Q) so that the solution of the
original SDE and this modified SDE,

{dX, = (2% + ¥, - X])dr + dB,
(114)

dv, = (27, + X, - 72)

denoted Z;, = (X,, ¥,), satisfy Hypothesis In particular, the notion of asymptotic coupling is used
to describe the long-term behavior of Z, and Z, so that ||Z° — Z|| — 0 as t — oo, where Zy = Z and Zy = z.

In particular, the passage to the expected value will maintain the convergence toward zero, and Hy-
pothesis[14{ii) holds true.

8.1.1 Proof of Hypothesis ii ) for Example 8.1

In this part, we are going to focus on the construction of the modified SDE by introducing the
asymptotic coupling setting. Indeed, the purpose is to construct a good candidate as well as possible for
the modified Brownian motion: this will be realized in the next section.

First, we introduce a function G to be defined such that the modified SDE is now

dXt = (ZX[ + ?I - X?) d[ + G(Xt, Yl‘7 Xl? Yt)d[ + dBt,
In this setting, our modified Brownian motion would be defined as

A
B =B+ f G(X,, Yy, Xy, ¥y)ds.
0

If G is small enough, in the sense that f0+00 IG(Xs, Y5, X5, Yo)lI?ds is bounded with a high enough
probability, then B, will be well-defined on a modified probability space (Q, 7, Q).

Let’s prove the asymptotic convergence of the difference process. We define p(t) = Z, — Z, = (X, —
XY, -Y)= (01(1), p2(2)), which is the solution of the following SDE,
dp1(1) = 2p1(0dt + pa(£)dt — p1(N(X? + X, X, + X2)dr + G(X,, Y, X, V),
dpx(1) = 202(0)dt + py(£)dt — pp(O)(Y? + Y, ¥, + YP)dt.
Indeed, we have
d(X; - X1)
(2%, + ¥, — X} ) dr — 2X,dr + Y,dt — X}dt) + G(X,, Y, X, V)t

= 2%, - X)dr + (¥, - Y)dr — (X2 — X2)dr + G(X,, Yy, X,, V)de
201(0)dt + pr(Hdr — (X3 — X2)dr + G(X;, Yy, X;, Y)dr.

dp:(t)

It only remains

-(X] - X))

(X - X)(X? + X2) + X, X? - X, X?
X - X)(X7 + XX + XD)
—p1(OX? + XX, + X?).



8.1 A toy model by Hairer 145

And same arguments still hold for p,(%).

It appears easy to choose G such that p;(#) — 0, which does not imply that p>(¢) — 0. So let’s focus
on p,: in the expression of %pz(t), it appears that if we force p;(¥) to be very close from —3p,(¢), then

dpa(t) = —pa(D)dt + & — po ()Y + Y, Y, + ¥7)dt,

with € > 0 small enough, then the underlying differential equation is asymptotically stable, and such a G
would be a good candidate. We introduce &(f) = p1(f) + 3p2(t), which means that

d‘f(t) = ( o )dt + G(Xl7 Yl7 Xl‘? Yt)dtv

with (- - -) an expression of the order ||o(?)||(1 + 1Z:\? + 1 Z:|I?) that we will investigate later.

With G = —(---) — 2£(¢), it appears that
dé(r) = =26ndr = £(1) = £0)e
Recalling the definition of £(7) = p1(¢) + 3p2(¢), the equation for dp,(¢) rewrites as
dpa(t) = —pa(Hdt + £0)e™dt — po(1)(Y7 + Y, ¥, + V1),
which we can solve by using the variation of the constant method. The homogeneous equation is

given by o
dpa(t) = —pa(t)(1 + Y2 + Y, ¥, + YHdt = pll(r) = C- 741,

where A(Y;, ¥;) = fot 1+ Y2+ Y, Yo+ V2ds=1+ fot Y2 + Y, ¥, + V2ds.
Let’s consider the particular solution p} () = C() - e~AY) \which has to be solution of
dpf () = —p%(Hdt + £0)e™dt — pL (DY} + Y, ¥, + YP)dr.

Replacing by the correct terms and simplifying both sides, the equation rewrites as
d 5 d N
5C(l‘) . e—A(Yr,Yt) — 5(0)6_2[ N d_tc(t) — f(O)e_zteA(Y”Y’).

Then, the solution for C(¢) is given by £(0) Jg e‘z“+A(YS’?‘)ds, the particular solution writes

- ! -
pg(t) = f(O)e_A(Y”Y’)f e_ZHA(Y»T’Ys)dS’
0

and the general solution is given by
- - 4 -
pa() = C - AT 4 (0)e= AT f AT g
0

and with the initiation condition, C = p(0).

We can remark that A(Y,, Y;) = ¢ + fot Y ? +Y, Y+ f’fds > t, since the function
(x,y) — X +)cy+y2

is positive for x,y € R. In addition, since for s < ¢, we have

S !
AY, Y) —A(Y, ¥ =s—t+ f Y24+ Y, Y, +Vids - f Y24+ Y1, +Vdv<s—t,
0 0
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which implies

! ~ ~ !
’ f e—2s+A(Yx,YS)—A(Y,,Y,)dS| < ’ f e—23+s—tds’
0 0
!
= |e_tfe_sds|
0
= le7'(1—-e™)
< e

We finally can bound p(¢) by

5 4 . 5
020 < Ip2(0)le™ ) 1 |€(0) - f e A AT g
0
< loa0)e™ + €)™
< 41 0)] + pa(O)e ™,

since &(t) = p1(t) + 3p2(f). Also, with the previous bounds for &, p,, we get

1] < @) + 3loa(0)] < IEO)e™ + 3|o2(0)e™ + 3|E(0)]e ™,

that we can rewrite as

o1 < 4€0)le™ + 3lo2(0)le™ < 15(o1(0)] + [p2(0)De ™,

which leads to the following estimate,

~n 2
| 7)) = 0 v = 10 + a0 < 48205, 5) - (e, e,

and that Hypothesis [14{ii) holds true.

Before proving that Hypothesis [14{7) holds true, we can show the previous claim on the additional
drift G, which tells that G(¢f) = —(- - - ) — 2&(¢) where (- - -) is an expression of the order ||jo(?)[|(1 + Z:I? +
IZ1%).

Since (...) is defined from the definition of &, p; and p», it gives us

(...)

201(0) + pa(1) = pL(OXT + XXy + X7) + 6pa2(0) + 3p1(1) = 3p2()(Y] + Y, ¥, + ¥7)
= 5K -X)+ T, - Y) — (X = X)(X? + X, X, + X2) = 3(Y, - Y)(Y? + Y, ¥, + ¥?)
= 5K -X)+7(F, - Y) - XX - XX - X + X} + X°X,

IO G0 G O RS S I ) AR )
= 55X -X)+ 7Y, -Y) - (X - X)) =37} - 1}).

We can bound each part of (...): the first part is directly bounded using triangular inequality,

(X, — X, + ¥, - YiI)* X, — X * + 21X, — X,| - |V, = V)| +|¥, - Y,

21X, - X,)* + 2|Y, - Y%,

IA

which implies

= XI+ 1T -Vl < 2% - X2+ 27, - v

\/5\/|XI - X%+ |f7t - Y,
V2llo(o).
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Then, using
3
@ -b =(a-b)a*+ab+b*)< E(a — b)(d* + b

on the second part leads to

- - 3,5 - 3/ -
X=X+ 10 =) < S (1% = X)X+ XP0) + S (1Y = Yl 1Y+ 7))
3¢ {7 2 2 72 2
< E(lX,—X,|+|Yt—Y,|)(X, +X; + 77+ Y7)
3 -
< oI (IZIP + 1ZIP),

V2

where the last step follows from

lal + 16l < V2 - Va2 + b2

Finally, we get the following bound for (- - -),

1C- -l

IA

7(1X = X +17, = Y + 1% = X7+ 17} - v7))

IA

(7 Vi+ %) oI (1 +1ZIP + 1ZiP).

and in particular G has the form of a locally Lipschitz function.

However, we need to show that the additional drift G(X;, ¥;, X,, ;) combined with the original Brow-
nian motion (B;);>0 produced a new Brownian motion under a probability measure Q to be constructed,
in other words the process defined as

dBl = dBt + G(Xt, Yt, Xls Yt)dt

is a Brownian motion under a probability measure Q.

We will prove this assumption for the Toy Model of Hairer later in this section, and consider an-
other simplest model to expose the required methodology. Indeed, if the locally Lipschitz form for the
additional drift can be undercover, we can firstly focus on the Lipschitz case to avoid computational
difficulties.

8.2 Methodology to prove Hypothesis 14(i)

Here is an overview of our methodology:

(i) We will show that the new process we constructed is locally a Brownian motion, using tools as
Girsanov’s theorem and the underlying Novikov’s condition as stated in In particular,
we want to use the Doleans-Dade Exponential of the process (X;)>0 = ( J(‘)t GdBy)>0 as stated in
Theorem that will be denoted (R;);>0.

(ii) We also recall the the so-called de la Vallée-Poussin Theorem which gives us a powerful
tool to study the uniform integrability for a family of random variables. Part of the intuition, the
particular choice of the function x — xlog(x) in the application of this result will lead to make the
term Ep(R, log(R,)) appear in the computation of (asymptotic) log—Harnack inequality.

(iii) To conclude about the overall existence of a unique probability measure Q starting from the local
ones, we have to think to the Kolmogorov extension Theorem, here Theorem The Kol-
mogorov consistency will be achieved thanks to the martingale property of the process (R;)>0.
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Example 8.2. Let’s consider the following SDE on RZ,

dX, =Y,
dY, = f(X;,Y,)dt + dB,,

where f : R? 5 Risak -Lipschitz function, and (B;)»0 is a standard one-dimensional Brownian motion
defined on (Q, ¥, P).

As before, we use the asymptotic coupling methodology to construct our modified SDE, so let
dXt = Yt,
d?l‘ = f()?l’ Yl)dt + G()N(b ?I’Xl’ Yl)dt + dBl’

where G is a function to be defined. For simplicity, we further denote G(¢) for G(X,, ¥;, X;, ¥;). Consid-
ering the difference process p(¢) = (o1(¢), p2(?)), it is a solution of

dp\ (1) = (Yt - Yt) dz,
dp2(t) = f(X, Y)dt — f(X,, Y)dr + G(r)dr.

We are looking to construct G such that ¥, — ¥, ~ —(X; —= X,): let £(t) = ¥, = Y, + X, = X, = p1 (1) + pa(0).
By differentiate &, we get

de() = (¥, - Ydt + (£(X,, ¥) = f(X,, ) + G(1)) dt,
so that with G(r) = =¥, = ¥, = (f(X,. ) - f(X;, Y)) - 2&(1), we have
dé(r) = =26dr = &) = £0)e™
It appears that dp; (r) rewrites as
dp1(t) = —p1()dt + £(0)e'dt,
which has the following solution,
p1(1) = p1(0)e™" + £0)e™" — £0)e ™,
which can be bounded by
1O < 2(1p1(0)] + [£O)) e < 4 (o1 (0)] + [p2(0)) €™
From the definition of £(7) = p1(f) + p2(f) = £(0)e™?, and the previous result for p;(¢), we have

£0)e™ — p1 (1)
£0)e™ — p1(0)e™" — £0)e™" + £(0)e™
26(0)e™ — p1(0)e™" — £(0)e ™,

which can be equivalently bounded by

o201 < 3 (lo1(0)] + €O e < 6 (o1 (0)] + [p2(0)) €™

Finally, we get the following bound

p2(1)

p1(D? + pa(2)?
52 (|o1(0)| + o2 (0)])* e
104 (1% = xf + [ = y?) 7,

IXE, 7)) - X YD1,

IA

IA
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hence Hypothesis [I4{ii) holds true.
Let K(s) = —G(s) and let’s consider the Doleans-Dade Exponential of the process fot K(s)dBs, given

by
! 1 !
R, = exp ( f K(s)-dBy — - f |K(s)|2ds),
0 2 Jo
and let 7 > O be fixed.

We define the following stopping time: for n > ||(x, y)||,
T, = inf{t > O [ ||(X;, Yl > n}.

Due to the non-explosion of (X;,Y;), we have that 7, T oo when n T oo. And so the process
(X1, Y1)ie[o,7 A, 18 bounded. The same can be applied to the modified SDE so that the process X, Y, ie[0,TAT,]
is bounded.

It implies that on [0, T A 7,], Novikov’s condition holds true since

1 T AT,
E (exp (E f |G(s)|2ds)) < o0,
0

so that (R(f A T,))e[0,7] 1s @ martingale. Now, we can rewrite both original and modified SDEs with
respect to (B;)e(0.7rr,] defined as

t t
B, =B, - f K(s)ds = B; + f G(s)ds, Vte[0,T ATy,
0 0
which gives us respectively

dXt = Ytdt, d d)?t = Yta
~ 1 ~ ~ ~
dY, = (f(X;, Y;) — G(9))dt + dBy, dY; = f(X;, Yy)dt + dB;,

Vt € [0, T A 1,] with initial values X = x, Yo = y, Xo = &, and ¥ = ¥.

We now want to estimate Ep (R(¢ A 7,,) log(R(t A 1,,))) for ¢t € [0,T]. By taking the supremum on
[0, T] and n, we have

sup Ep (R(t A 7,) log(R(t A 13,))) sup Egq,, (log(R(t A T1)))
te[0,T], n t€[0,T], n

1 T An )
5 sup f Eqy, (1G(9)P) ds.
t€[0,T], n JO

IA

With our previous computations and the upper bounds for p(¢) and p,(), we can bound G(s) by

GO < 17 = Yol + |(F(R, To) = F(Xs, Y)) | + 2€0)
< o2+ K (Ip1(D] + lo2(0)]) + 21&(0)]e™™
< 6(o1(0)] + [02(0)) e + 5K (o1(0)] + [€0)]) e + 2/£(0) e

IA

(10K +6) (|x — x| + [F = y]) e
Finally, we can bound

IG()I* < 2(10K +6)? (1% = x* + |5 = y*) e,
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so that
1 T An )
(0.7 [0,T]n
T An
C ok 975 1) [ e )
(0,712 Jo
1 1
= (10K + 62 (15— x2 + 15—y sup (_ _ _e—Z(T/\Tn))
( ) 07a\2 2
(10K + 62
s ——(F-alP 1y -P).

By De la Vallée Poussin’s Theorem [7.7|about uniform integrability, the condition

sup Ep (R(t A T,) log(R(t A T,))) < o0
[0,T].n

is equivalent to the uniform integrability of (R(t A T,))e[0.77]-
So, (R(tATp))refo,r] 1s a uniformly integrable martingale, and by Girsanov’s theorem (B,),e[o TAT,]
is a Brownian motion under the probability measure Q(r ) = R(T A 7,)P.

In particular: for 0 < s < ¢, by dominated convergence argument and since (R(f A Tj))sef0.7] 1S @
martingale, we have

BR,|Fy) = E(lim R(tAT)| )
= ImEWREA 1, | Fy))
= R(s),

which means that (R;)c[077 1S @ martingale. Recalling that

sup E(R;log(R;)) sup Eg,(log(R;))
1€[0,T'] t€[0,T]

5Eor f IG(s)I"ds),
2 0

1 AT,
liminf sup Eg,,(log R(t A 7)) lim inf sup 2EQ” (f |G(s)|2ds)
0

n—oo 1€[0,T] n—00 t€[0,T]

— sup Eg, (f |G(s)| ds)
2e10,1]

where the inequality is a consequence of Fatou’s Lemma, we have

combining with

\Y

(10K + 6)?
— (-

sup E(R; log(Ry)) < # =’ + 5 —)F) < o0

t[0,T]

By De la Vallée Poussin’s Theorem. (Ri)tefo,r] 1s a uniformly integrable martingale, and by Gir-
sanov’s theorem . (B;);e[o 71 1s a Brownian motion under the probability measure Qr defined as fol-

lows,
Qr = R7P,

since we have YA € Frar,, Qr(A) = Qr,(A).
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Also, it holds for any 7" > 0: let’s extend our sequence of probability measures (Qr)7s¢ to a unique
probability measure Q defined on (€2, o) such that the following restriction holds true,

dQ|7:T = RTdP|7-T, YT > 0.

LetG C Fr,and B € G. Since Q7(B) = Eq,(13) = Ep(R7r1p), by definition of conditional expecta-
tion we have the relation
Qr(B) = Ep(Rr1p) = Ep(Ep(Rr | G)1p).

By Radon-Nikodym Theorem there exists a unique G-measurable function f such that for any
G-measurable set B,

Qr(B) = fB fae,

and so that Q7(B) = fP(B). The choice of f is restricted to Ep(Rr | G), since it is a G-measurable
function such that

Qr(B) = Ex(Bs(Ry | G)1g) = fB Ex(Rr | G)dB, VB e G,

By the martingale property of (R;)icjo,r1, Y0 < s <t < T, we have

Qrly, = Ep(Ri | FHP = R(s)P = Q.

The sequence (Qr)r>0 respecting Kolmogorov consistency from Definition |7.10, Theorem al-
lows us to conclude that there exists a unique probability measure Q so that

dQ|,

=R, V1 >0,
dPlr,

and (B,);s¢ is a Brownian motion by Girsanov’s theorem. Finally, Hypothesis ii) is fulfilled by our
choice of modified SDE construction. By Theorem|7.33] we have that
Pilog (f(2)) < log (P,f(z)) + Eq [R:1og(Ry)) + V104(|V log(f)llee™IIZ = 2,

holds ¥z > 0, for all bounded Lipschitz functions f > 1, and ¥z, z € R%.

From our previous computations, we get

=~ 2

2
o [RTog(R)) < S

so that the asymptotic log—Harnack inequality as defined in (ITI)) holds true with

10K + 6)2
#(Z,2) = %IIZ — 2%, W(t,7,2) = V1047 - zlle”’,

and allows us to apply Theorem since

¢(z,2) _ (10K +6)? B

A(Z) = limsu = o0,
® 23 pd(Z, 2)? 2
WY(,7Z, _
I, = limsupr29 _ V04 e < oo,
-z d(Z,2)

with in particular tliml",(Z) = 0. We can conclude that (P;),>0 is asymptotically strong Feller, and

possesses at most one invariant probability measure.
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8.2.1 Proof of Hypothesis i) for Example 8.1
Back to Example 8.1|and similarly as in Example let K(s) = —G(s) and let

3 1 !
Rt = exXp (f stBs - 5 f |K(S)|2ds) 5 vt 2> 09
0 0

be the Doleans-Dade exponential of the process jg K(s)dBs.

Let T > 0: we define the following stopping time: for n > ||(x, y)||, let
Ty := inff{z > O | [|(Xy, Y|l = n}.
Due to the non-explosion of (X;, Y;);>0, we have that 7, T co when n — oo so that (X;, Y;)re[0,71,]

is bounded. The same can be applied to the modified SDE so that the process X, Yt),e[o,T At,] 1S bounded.

It implies that on [0, T A 7,], Novikov’s condition holds true, which is

TAT, !
Ep (exp ( fo fo |G(s)|2ds)) < oo,

which implies that (R(t A 7,)):[0,7] 1S @ continuous, uniformly integrable martingale, and by Gir-
sanov’s theorem, (E,),G[O,T Ar,] 18 @ Brownian motion under the probability measure Q7 ;) = R(T A 7,)P,
where

! !
B, =B, - f K(s)ds = B, + f G(s)ds, Vte[0,T ATl
0 0

Now, we can rewrite both original SDE (113)) and the modified one (114} with respect to (B;)re[0.71r,]
which gives us respectively

dy, = (2Y, + X, - ¥} ) dt, dy, = (2%, + X, - ¥} ) dr,

{dXt = (2X, + Y, - X;) dt - G(ndt + dB,, {df(t = (2% + ¥, - X])dr + dB,
an
Yt € [0, T A T,] with initial values Xy = x, Yo = y, Xo = &, and ¥ = ¥.

In particular: for 0 < s < ¢, by Dominated Convergence and since (R(f A T,))seq0,7] 1S @ martingale,
we have

E(R; | Fy) = B(Lim R(t A7y) | Fy) = Uim E(R( A Ty | F5)) = R(5),

which means that (R;),[o,r] 1S a martingale.

We can estimate Ep (R(z A 7,,) log(R(t A 1,,))) for ¢ € [0, T]. By taking the supremum on [0, 7] and n,
we have

sup Ep (R(t A 1,) 10g(R(t A T1))) sup Eq,, (log(R(t A T1)))
[0,T],n [0,7],n

1 T An )
— sup f Eq,, (IG(s)|7)ds.
210,110 Jo e ( )

IA

Using previous bounds, we have
21 ~ _
G| < (7 V2 + @) oA+ 1ZA* + 1Z:]1%) + 21€(0)|e™™

< 35 V241|I(%,5) — (x, Wlle™" (1 + 1ZI* + 1Z*) + 21€0)le™,



8.2 Methodology to prove Hypothesis i ) 153

and since both processes (Z;)0, (Z;)i=0 are non-explosive, i.e.

EQ[ sup <||z,||2>] < oo, EP( sup (||Z,||2>] <o

1€[0,T'] 1€[0,T]

then there exist a constant C > 0 such that

1 T An
~ sup f Egy, (1G(5)I)ds

sup Ep (R(t A T,) log(R(t A T,))) <
(011 210,71
T An
< CllE3) = ey sup f Eqy, (7 +¢¥)ds
[0,T],n JO
<5 3 1 _ 1 _
= ClIE5) - xy)lP gup (Z _ E(e 2ATAn) | Se 4<TA,,>))
[0,T],n
< ClIES) - eyl

where C > 0 is a constant that changes from line to line. Recalling that

1 T
sup E(R/log(Ry)) = sup Eq,(log(R)) = SEq; (f |G(S)|2ds),
€107} €[0T 0

and combining with

1 AT,
liminf sup Eg,,(log R(t A 7)) liminf sup EEQT" (f |G(s)|2ds)
0

=09 +€[0,T1] =00 +€[0,T1]

- sup Eo, ( f IG(s)Izds)
te[O T]

where the inequality is a consequence of Fatou’s Lemma, we have

\%

sup E(R,log(R)) < CII(%,5) — (x, )II* < co.
t€[0,T]

By De la Vallée Poussin’s Theorem (R¢)sejo.7 is a uniformly integrable martingale, and by Gir-
sanov’s theorem, (B,),qo,n is a Brownian motion under the probability measure Qr defined as follows,

Qr = RrP,

since we have YA € Frar,, Qr(A) = Qr.,(A).

Let’s extend our sequence of probability measures (Q7)7so to a unique probability measure Q defined
on (€, o) such that the following restriction holds true,

dQ|7—'T = RTdP|~7:T, YT > 0.
As before in Example 8.2} since

Qr(B) = Ep(Rr1p) = Ep(Ep(R7 | G)1p),

then by Radon-Nikodym Theorem, there exists a unique G-measurable function f := Ep(R7 | G) such
that for any G-measurable set B, Qr(B) = fP(B). By the martingale property of (R;)«[0.7], the sequence
(Q7)r>0 respects Kolmogorov consistency, and by Theorem [7.12] there exists a unique probability mea-
sure Q so that
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and (B,);» is a Brownian motion by Girsanov’s theorem. Finally, Hypothesis ii) is fulfilled by our
choice of modified SDE construction.

By Theorem [7.33] we have that
P;log (f(2)) < log(Pif(2)) + Eq [R; log(R) + V482|IVlog(llwe™lIZ - zll,

holds Yt > 0, for all bounded Lipschitz functions f > 1, and VZ,z € R?. By our previous computations,
we have showed the following bound,

Eq [Rylog(Ry) < CIIz ~ 2P,
where C > 0 is the previous constant, so that
log (P.f(z)) + ClZ = zII* + V482||V log(f)lleee |l - zlI.

We can then apply Theorem so that (P;);>0 is asymptotically strong Feller, and has at most 1
invariant probability measure. Indeed, our construction leads to the following choice for ¢ and P,

$(Z,2) = CllZ — 2%, W(t,2,2) = VA82|z —zlle”,

with in particular ¢, ¥ are measurable symmetric functions such that
Y(1,%,2)

o 9(Z,2) o .
A(Z) = lim <C<oo, TI/2)=Ilimsup——— = V482’ < o0,
© =10 d P (@ =i e o

with in particular lim,_, ¥(¢, Z, z) = 0. Thus, conditions of Theorem are verified: (P;)s>0 1S asymp-
totically strong Feller and admits at most one invariant probability measure.
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Chapter 9

Study of new examples with the asymptotic
coupling strategy

Our main purpose is to extend the class of examples on which our asymptotic coupling strategy is
effective. We start from Example [8.2] a well-known model which can be associated to Hamiltonian

system (see e.g. [RQW24]]) or Langevin equation (see e.g. [GRW24]).

9.1 Langevin model in R"*!

We fix integers n > 1, m > n and let A € R™ a full row rank matrix, rank(A) = n, or equivalently
AAT is a symmetric, positive definite matrix. We consider the SDE on R” x R™,

dX, =AYd: X, =
{ ' ' 0= (115)

dY, =fX,Y)dt+dB,, Yo=Yy,

where (B;)>0 is a m—dimensional standard Brownian motion on a filtered probability space (€, ¥,
(F)>0,P) and f : R™™ — R™ is supposed to be a Lipschitz function.

Theorem 9.1. Under the above assumptions, there exists a unique strong solution (Z;)>0 = (X}, Y’ ty )0
to (115)) starting at Zy = z = (x9, yo) € R"™™, with Markov semigroup (P;);>q defined by

Pip(z) = Bp(p(Z[)), Vo € Bp(R™™), Yz e R"™™,

such that (Py);>0 possesses the asymptotic strong Feller property. Moreover, (P;)>0 has at most one
invariant probability measure.

Proof. The existence and uniqueness of a strong solution follows classical results on finite-dimensional
SDE with global Lipschitz drift, as well as the existence of such a Markov semigroup (P;);>o (see e.g.
[Gal16l], Theorems 8.3 and 8.6).

Now, let’s define the following modified SDE on R" x R",

{df(t — AV dt, Xo=%

- . . N 116
dY; = f(X,Y)dt+G(X;, Y, X;, Yde +dB;, Yo =73, (116)

where G is a function to be defined later. If the additional drift G is chosen to be Lipschitz, existence
and uniqueness of a strong solution for the modified SDE (I16) also follows from classical results.

Recall that (see e.g. Theorem 4.2.6 and Theorem 7.3.8. with its proof, in case of real-valued
matrix) that since AA” is a symmetric, strictly positive definite 7 X n matrix since A has full row rank and
rank(A) = n, the eigenvalues of AAT, denoted A;,(AAT) foralli = 1,--- ,n, are the squares of the singular
values of A, denoted o(A) > -+ > 0,(A) > 0. We let

Anin(AAT) = (A, Apan(AAT) = 01(A)?,  and  p = OA,i(AAT) > 0.

Also (see e.g. [HI12], Example 5.6.6 and the following remark), the spectral norm || - ||, satisfies

Al = VAmar(AAT), AT [l2 = J1All2,
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which is induced by the Euclidean vector norm || - || as

sup [IAx|? = 03(A) = Auax(AAT).
[lxl|=1

In particular, the spectral norm satisfies

[|AX]|
Al := sup =—= = sup [IAx]l = VAuax(AAT).

o Il =t
We consider the difference process u(f) = X, — X, and v(¢) = ¥; — Y, so that
du(t) = Av(t)dt,  dv(t) = f(X,, Y)dt — f(X,, Y)dt + G(X,, ¥, X,, Y,)dt.
For 6 > 0, let &() := v(t) + AT u(t), which implies that
de(t) = f(X;, Yo)dt — f(X,, Y))dt + G(X,, ¥y, X;, Yy)de + 0AT Av(p)dt.
For C > 0 and [,,, the m X m identity matrix, let
G(X.. Y. X, Y)) = = (f(X0. ) = (X, Y))) = (0AT A + CId,y) v(t) - COA (),
which implies that
dé(r) = —Cv(t) — COATu(t) = —CE(t) = &(t) = £(0)e™".

In particular, we have v(¢) = —0AT u(t) + &(¢) so that

du(t) = —0AAT u(r) + A&(r) = —0AAT u(t) + A£(0)e C".

In particular, we fix C # u to avoid division by zero. By variation of the constant, it gives us

t
() = e 4 1(0) + f N0~ AL (0)dss.
0

Thus, previous equality is bounded by

()]l < e uO)| + VAmax(AAT) [IEO)|] fo e HIm9=Cs gy

t_ pmht

-C
< e MuO)ll + VAnax(AAT) |I§(O)I|e#7,

which implies
@)l < Cre~"(||u(0)]| + [IEO)ID,

for A = min{y, C} and C; > 0 a constant depending only on A, 6, and C (not on f). Now, since v(f) =
&(t) — 0AT u(v), it implies that

IVl < IEO)Ile™" + BIAT] - llu(@)l

< I€O)e™" + 6V A (AAT)||u(2)|

< Cae M (|lu(O)]| + IO,

since ||AT|| = ||Al|, where C» > 0 is a constant depending on Cy, A, 6, and C. Finally, since

IEO)I = [Iv(0) + OATw(O)I| < MO + 0 VAax(AAT)|[u(O)I],
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we get that
@Il + V@l < Ke™"(lu(0)]| + [IVO)I]),

where K > 0 is a constant depending on Cy, Co, A, 6, and C. Equivalently, we have
lu@)I? + IvOIP < 2K2e~ 2 (lu(O)]? + [IvO)[I%),

hence Hypothesis[I4{ii) holds.

Moreover, with this choice of G, it follows that
IG(Xs, Ye, Xo, YON < Kp(I1X; = Xl + 1Y, = Yill) + 0arx(AAT) + ONY; = Yill + CON Apax(AAT)IIX, — X,

where K is the Lipschitz constant associated to the function f. In particular, using previous bounds for
llu()ll and [[v(2)ll, we have

IG(Xs, V1 X, Y)IP < € ((Ro = x0)* + Go — y0)*) e,

where C > 0 is a constant depending on K¢, K, Cy, C2, A, 6, and C. With exactly the same methodol-
ogy as in Example using Novikov’s condition and Girsanov’s theorem, it yields the process (B;);s0
defined by

f
B =B+ f G(X;, Y, X5, Ys)ds, Vt=0,
0
is a Q—Brownian motion, where Q is a new probability constructed as
dQlg, = R dPlg,, Vt>0,

and where
! - - 1 [ -~
Rt = eXP (f _G(Xx’ Ys’ Xs» Ys)dBS - 5 f ||G(XY’ Yx’ Xs, Ys)||2ds 5 Vl > O
0 0

In particular, since Hypothesis[I4]holds true, by Theorem|[7.33] there exists an asymptotic log—Harnack
inequality of the form

P,(log £)(z) < (log P.f)(2) + Ep(R, log R,) + IV log fllelZ — zlle™"
¢
< (log Pif)(®) + 73l2 =2l + V2K|IV log fllllz — <lle” Var

for all bounded Lipschitz functions f > 1. In particular, conditions of Theorem [7.32]are also verified
such that (P;);»0 is asymptotically strong Feller and has at most one invariant probability measure. O

Remark 9.2. The assumption that f is globally Lipschitz can be weakened to a locally Lipschitz con-
dition together with linear growth rate or via a Lyapunov function: the computations are the same but it
adds some complexity.

These cases with linear drift on the nondegenerate parts have been widely studied, the most general
results may be found in who focused on SDE models on R™ x R of the form

dX, = AY,dt,
{ ! ! (117)

dY[ = Z(Xt, Yt)dt + O—dBt,

where o is supposed to be an invertible d X d—matrix, A is a m X d—matrix with rank m, (B;);>0 is a
d—dimensional Brownian motion, and Z; € C 1 (R™ % R4, Rd). A model of the form of ti is referred to
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kinetic Fokker-Plank equation or stochastic damping Hamiltonian system.

In [GW12]], the authors assume the following: there exists constants C, A > 0, an increasing function
U on [0, o), and W a Lyapunov function such that LW < CW and

1Z(x) = ZOWIP < Il = YIP (UAlx = yl) + AW(@)), - Yx,y € R™,

where ) 2 ) )
L= %i;(ao-*)ij%ayj + ;Z(x,y)iaiyi + ;(Ay)laixl'
Then,
Theorem 9.3 ([GW12], Theorem 4.3). Under the above assumptions, there exists ¢ > 0 such that
Plog f(3) < Tog ) + el - [ LT )+ WO
(LAt 1Al

holds ¥t > 0,, for all bounded Lipschitz functions f > 1, and for all x,y € R"*4,

9.1.1 Extension to infinite-dimensional settings

We follow the methodology introduced in to treat the infinite-dimensional case as an ex-
tension of the finite-dimensional one: in particular, let U, H be two separable, real Hilbert spaces and let
A € L(U, H) be a bounded linear operator such that

AA* > uldy,

with > in the sense of Loewner order and where u := (inf),, =1 [|Aul| #)> > 0, A* stands for the adjoint
operator of A.

Let H := H x U be the separable Hilbert space with induced norm ||(x, y)ll%{[ = ||x||i, + ||y||%]. Now,
let’s consider the following SDE defined on H,

dX, =AY,
{ ! ! (118)

dY, = f(X,, Y,)dt + Q2dW,,

where (W;);»0 is a cylindrical Wiener process on U with a Hilbert—-Schmidt diffusion operator i =

(O, Q%h) such that Tr(Q) < oo, and f : H — U is supposed to be a globally Lipschitz function. Let
(X0, Yo) = (x,y) € H be an initial condition for (TT8§).

Let {e;};>1 be an orthonormal basis of H and similarly {«;};>; for U. For n > 1 fixed, let $, be

the projection operator from H to H, := span(ej,--- ,e,) and similarly for m > 1, Q, from U to

Uy = span(uy,--- ,u,). Now, we can consider the finite-dimensional approximated SDE defined on
IHIn,m =H, XUy by

ax® =A,, Y"™ds,
{ ! m (119)

dY™ = £ X Y™)dt + Q,Q2dW,,
where A, = PrAQu, fum(X,y) = Quf(Pnx, Qyy), with initial condition (Pp,x, Q).

Lemma 9.4. Under previous assumptions, there exists a unique mild (respectively strong) solution to

(respectively ) (Z1)=0 = (X, Y0 (respectively (Zt("’m)),zo = (X,(") , Y,(m)),zo) with a Markov
semigroup (P;)>0 defined by

Pip(z) = B(e(Z))), Yy € By(H), Yz € H,

(respectively P{""™ o(2) = B(p(Z{""|Z{""™ = 2)), Y € Byp(Hym), Yz € Hym).
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Proof. The existence and uniqueness of a strong solution in the finite-dimensional approximation follows
from classical results (see e.g. [Gall6]) since the globally Lipschitz drift property is preserved through
the approximation.

For (118)), we can rewrite using the form of (I04): We set the linear operator to be 0, hence S (1) = I
the identity operator is a Cy contraction semigroup, and the driftas b : H — H : (x,y) — (Ay, f(x,y)),
which is globally Lipschitz since A is bounded and f is indeed globally Lipschitz. Thus,

dZ[ = b(Zt)dt + Eth,

where the diffusion operator term XA = (0, Q%h) is a Hilbert—Schmidt map since Tr(Q) < co. Hence, one
can verify that Hypotheses|11|and |12/ hold true and by Theorem 7.23| there exists a unique mild solution

to (TT8). D

Remark 9.5. It is also possible to prove it using the conditions from [PZ92]], Chapter 7 in case of globally
Lipschitz drift.

In the framework of [WanI3|], Hypothesis [13] requires that the linear generator (A, D(A)) has a
discrete spectrum with an orthonormal basis of eigenvectors commuting with the semigroup. In our
model, the linear part may be taken as A = 0 on H so that S(#) = I and the entire drift is put into the
nonlinear term

b:H—H: (x,y) = (Ay, f(x, ),

so that spec(A) = {0}. Alternately one may take the following bounded block operator
A=(50):

defined on H and for which S (r) = I + tA. Then, A> = 0 and spec(A) = {0}, which conclude that no
discrete spectrum assumption is verified in both cases.

However, since our purpose is to implement an approximation of the original infinite-dimensional
process that converges to it, we can define the finite-rank orthogonal projections #, : H — H, and
Q, : U — U, with P, — Idy, Q, — Idy strongly, truncate the coefficients and the noise accordingly,
and obtain strong convergence of the finite-dimensional solutions to the original solution.

Lemma 9.6. Let {P,}n>1 and {Qu}m>1 be orthogonal projections on H and U with finite rank, such that
P, — Idy and Q, —> Idy strongly. Let R,y := Pn ® Qy : H — H,,,, the truncated drift
n—0oo m—0o0

bn,m(Z) = Rn,mb(Rn,mZ)a

and the truncated noise operator X, ,h 1= Ry nZh = (0, Q,0'?h). Consider the finite-dimensional SDE
on Hn,m = Hn X Um;

dZ;n’m) = bn,m(zt(n’m))dl‘ + Zn,deta Z(()n’m) = Rn,mZO- (120)

Let (Z;)>0 be the (unique mild) solution to (118)). Then for every T > 0, under the assumption E(llZollﬁ) <

oo,

lim E( sup ”Zl("’m) - Zt“%) =0.

n,m— oo 1€[0,T]

Proof. We remark that the unique mild (respectively strong) solution to (I18) (respectively (120)) has
the uniform moment bound,

sup E( sup [1Z""II%) +B( sup IIZIIE) < Cr(1 +E(IZolIR)),
n,m t€[0,T] t€[0,T]
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for Cr > 0 a constant depending on 7, ||A||, the Lipschitz constant of £, and ||Q'/?||ys. It uses either The-
orem for the infinite-dimensional case, or classical results as in for the finite-dimensional
approximation. Let A; := Z, — Z;"’m). Then,

! !
Ar = (Ids = Rum)Zo + f (B(Zy) = bun(Z"™))ds + f (= Zym)dWy
0 0
! !
U~ R+ [ (020~ b2 4 ) = by @5+ [ (=2, 0,
0 0
t ! !
- f (b(Zs) — BZS"™))ds + f (Idyg — Ry )D(Z"™)ds + f (E = Zpm)dW; + (Idig = Ry Zo.
0 0 0

By the Lipschitz property of z — b(z) combined with Burkholder-Davis-Gundy ([GalI6], Theorem
5.16) and Cauchy—Schwarz inequalities,

T T T
E(sup IA/) < € fo E( sup IAI%)ds + CT fo E(|[(Z - Ru)bZ™)|[2)ds + € fo I = Zplgds

t<T r<

+ CE(”(I - Rn,m)ZO”%I)’

for a constant C independent of n,m. Since sup,, ,, fOT E(IIb(Zﬁ"’m))||ﬁ)ds < oo and R,,, — I strongly,
then by a dominated convergence argument,

T
f B(|1 = RubZ™)|[)ds — 0.
0

n,m—o0o
Since S — S, = (Idss — Ru)E with Th = (0, 04h) and Tr(Q) < oo, we have
1
Iz — Zn,m”%}S = [|(Id, — Q) Q2 H%IS n:o 0,

by strong convergence of R,,,, — Idg and definition of the Hilbert—Schmidt norm.

n,m— 00
Finally,
E(I(ds = Rum)Zollfy) —> 0,

n,m—co
since R,,, — Idy strongly and Zy € L.
n,m—c0

We can conclude by Gronwall’s lemma: indeed, for each ¢ > 0 fixed, let ®, () = E( sup,, ||A,||H2{),
then previous inequality rewrites as

!
D) £ C [ @15 + 200,
0

where Yt < T, we have

T T
nm(t) < CT fo B(|(Idsz ~ Rn)b@™)|3,)ds + € fo IE = Zomlifzsds -+ CE(IUds — Rum)ZollF).

By Gronwall’s lemma, we have
(Dn,m(T) < gn,m(T)eCT,

so that E( sup,.r ||A,||%I) — 0 as n,m — oo since g,,(T) — O, for any T > O fixed, by dominated
= n,m— oo

convergence and the strong convergence of R, — 1. O

We can then use both previous Lemmas to prove the following asymptotic log—Harnack inequality.
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Theorem 9.7. Under the above assumptions, the Markov semigroup (Py)r=o associated to (118) is asymp-
totically strong Feller, and has at most one invariant probability measure.

Proof. Existence and uniqueness of a strong solution (Z;"’m)),zo to li and mild solution to (118))
follows from Lemmal9.4]

Now, given the finite-dimension approximation (119)), by Theorem the following asymptotic
log—Harnack inequality holds for all bounded Lipschitz functions f > 1 on H,, ,,

P"™(log f)(y) < (log P )(x) + Collx = VI3, + Cp IV 10g fllollx = Yl e K, (121)

where Cy , C,,,, and K, are positive fixed constants depending on the model’s parameters. In view
of the proof of Theorem the constants above are dependent to n, m only through the operator norm
of A, . Here, A,,, being the restriction of a bounded operator A, their limits remain upper bounded:
however, we need to exhibit a lower bound to avoid the decay rate to collapse.

In particular, for n > 1 fixed, we can choose m big enough so that Ran($,A*) cRan(Q,,), which
implies that A;uin(A,, ;A ) = p, and the decay rate u, , of each approximation is bounded below by
> 0 (see e.g. [Con07], Theorem 2.7).

It implies that there exists C, C, and K strictly positive fixed constants such that

lim Cpu=C, lim Cpp=C, and lim K,, =K.

n,m— 00 n,m— 00 n,m— oo

Let ¢ be a bounded L—Lipschitz function on H such that ¢ > 1, and let’s consider the inclusion
tym : Hpm — Hand let ¢, := ¢ o, aH,,— valued function. In particular, ¢, ,, inherits the properties
from ¢: indeed, boundness follows

‘pn,m(zn,m) = QD(Ln,mZn,m) = SO(Z) < +00,

for all z, , € H,, » SInce t, ;m2n,m 1s an element z of H. Similarly, ¢, ,, is bounded below by 1 since

‘pn,m(zn,m) = QD(Ln,mZn,m) = QD(Z) <1,

for all z, ,, € H,,,, where z € H is the same representative of ¢, ;,2,,,» as before. Moreover, the same global
Lipschitz constant L holds for ¢, , since

|90n,m(xn,m) - ‘;Dn,m(yn,m)l = |‘;D(Ln,mxn,m) - QD(Ln,myn,m)l < L”Ln,m” : ”xn,m - yn,mHHnm = L”xn,m - yn,m”H,,,,,,’

since ¢, , is the identity embedding so that ||¢,, || = 1.
Finally, lim,, ;y—c0 ¢ © tnn = ¢ pointwise by continuity of ¢ and lim,, ;. tym(z) = z for all z € H. By
dominated convergence, Lemma[9.6| and starting from (121)), we obtain

Pilogg(z) = lim P{""(10g @) Rum?)

< ; lrllgloo(log Pgn’m)SOn,m)(Rn,mz) + " }112100 Cn,m”Rn,mZ - Rn,mzllﬂzﬂnm

1 5 _Kn m
+ lim C;,l,m”V 10g ‘pn,mHoo”Rn,mZ - Rn,mZHH,,,me omt

n,m—o0

<log Pp(2) + Cliz = Zlig + C'lIV log ¢llollz — Zllzze ™,

for all z,Z € H. By Theorem it implies that (P;);»o is asymptotically strong Feller, and has at
most one invariant probability measure. O
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9.1.2 The semi-linear drift case

The infinite-dimensional setting introduced above has also been investigated in view of adding non-
linearties in our model of interest. However, linearity in the high-frequency component remains crucial
so we consider a semi-linear drift. Roughly speaking, we suppose that the drift on high-frequency dy-
namics has a linear part and a non-linear one.

We will make the proper assumptions to ensure that the linear part is stronger than the nonlinearities
and control them.

In [HMT1]], the authors investigated non-linear equations on Hilbert space H of the form

Oiu(x, 1)+ Lu(x,t) = N(u)(x,t) + gk(x)Wk(t), (122)

d
k=1

where L is a positive, self-adjoint operator, N is a polynomial nonlinearity in the sense that there
exists m > 1 such that N(u) = ], Nx(u), where Nj is k—multilinear, {gi}1<x<s is a finite collection

of smooth, time independent functions dictating the directions in which the randomness is injected, and
{Wi}1<k<q is a collection of mutually independent one-dimensional Wiener processes. Here, W; has to
be interpreted as the formal derivative of independent Wiener processes through classical Itd calculus.
Furthermore, the authors assume the following:

Hypothesis 15. There exist a € [0, 1[ and y,, 8% > —a with y, + B4 > —1 such that

(i) The operator L : D(L) — H is self-adjoint and satisfies (u, Lu) > llull>. We denote H,, for a € R,
as the domain of L* with the graph norm, and H_, its dual with respect to H.

(ii) There exists n > 1 such that the nonlinearities from N belong to Poly”(7-(y+a,7-(yﬂ for every
Y € [-a,yxl.

(iii) For every B € [—a, B«[, there exists y € [0,y + 1[ such that the adjoint DN*(u) of the derivative
DN(u) in H can be extended to a continuous map from H,, to L(Hpa, Hp).

(iv) Forevery | <k <d, gr € H,,+1.

Hypothesis 16. The operator L has compact resolvent and there exists a measurable function V : H —
R such that there exist constants ¢, @ > 0 such that

V(u) = cllull®,
for all u € H. In addition, there exists a constant C > 0 and i’ € [0, 1[ such that

E[eV(Ml)] < o Vo)

Hypothesis 17. For every p > 0 and every ¢ > 0, there exists a constant C such that

sup E(llu|l?) < Ce®V @), ]E( sup ||JS,,||P]sce5V<“°>, and sup E(IJZ|P) < eV,
1€[0,1] 5,1€[0,1] 5,1€[0,1] ’

for all ug € H, where J; ¢ refers to the Jacobian induced by (122) in the direction ¢ € H, and

th)(cp, i) is the second derivative of i, in the directions ¢ and .

We state an Hormander-like bracket condition in the infinite-dimensional settings:

"Poly™(X) is the set of continuous maps P : X — X such that P(U) = Y}_, PP ().
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Hypothesis 18. The directions g; are in Ww[l, and the linear span Ac = U504, is dense in H, where A,
is defined recursively by

Ag=1{gj:j=1,....d}, Axs1 = A U{Npu(hy, - hy) : hj € Al
Then:

Theorem 9.8 ( , Theorem 8.1). Consider and assume Hypotheses|I5HI8| Then, the Markov
semigroup (P;)>0 induced by (122)) is asymptotically strong Feller.

More recent results using the asymptotic log—Harnack inequalities setting have been also developped
in [HLL20]]. Let H, (-, ), || - |[z be a real separable Hilbert space identified with its dual space H. Let A
be a non-negative, self-adjoint linear operator, and let V = D(A%) which is a reflexive Banach space with
norm ||ully = ||A%u||H, continuously and densely embedded into H.

We suppose that there exists an orthonormal basis {e;};>; for H and an increasing eigenvalue se-
quence 0 < Ay <--- < 4, <--- for eigenvectors of A and such that lim,,_,c, 4,, = 0.

We obtain the Gelfand triple V ¢ H = H* c V*, where V* is the dual space of V: let (-, -) be the
dualization between V and V* such that {u,v) = (u,v)g foru e H, ve V.

Let (Q, F, (F1)r0, P) be a complete, filtered probability space and (L,(H, H), || - ||;2) be the space of
all Hilbert—Schmidt operators from H to H.

For u € H, we denote u;, = (u, e;)u, Yk > 1. For any N € N, we define the projection Py : H — H by

Pyu = Z urer, u € H.
[kl<N

Now, we consider the following SDE on H,
du(t) = —Au(t) + F(u(t))dt + B(u())dW(t), u(0)=xeH, (123)

where W () is a cylindrical Wiener process in H defined on (Q, 7, ()0, P), and let F : V — V*,
B :V — L,(H,H). We suppose the following:

Hypothesis 19. For all u,v,w € V, assume that F' and B satisfy:

(i) The mapping s — (F(u + sv), w) is continuous on R. There exist constants K, C,y > 0 such that
the mapping F' : V — V* is one-sided Lipschitz in the sense that

2UF(u) — Fv),u —v) < Killu — vIZ,

and satisfies
IF@)lly- < CA + llully)(1 + [lullfy).

(ii) The mapping B : V — L,(H, H) is bounded and Lipschitz in the sense that there exists a constant
K> > 0 such that

sup [IBaw)ll7, < oo, and [IBu) - BWIIj, < Kallu — VIl

ueV

(iii) There exists a constant Ny € N such that, for all u € H, we have Py,H C Range B(u) and B(u)x = 0
if x € (Id — Py,)H. Moreover, the corresponding pseudo-inverse operator Bu)™!: Py,H — Py H
is uniformly bounded in the sense that there exists 77 > 0 such that

sup 1B) ™" lzpy, .y i) < 105
ueV

where L(Py,H, Py,H) denotes the space of all linear bounded operators from Py, H to Py,H.

YH,, = NysoH, where H, is the domain of L* endowed with the graph norm.
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Remark 9.9. In fact, the last assumption can be seen as a nondegeneracy condition on the low-frequency
dynamics in case of global degenerate SDE. In particular, we assumed that the degenerate part is well
reinjected in the nondegenerate part and, combined with the control from the linear part on the degenerate
part, asymptotic coupling construction will be efficient.

In addition, combining the second and third points assumed above, there exist constants 51, 5> such
that

2(=Au+ F(u), u) + 1Bl < B1 = 2llully + Ballullf. (124)
Then,

Theorem 9.10 ([HLL20], Theorems 2.1 and 2.2). Under Hypothesis|19| and if in addition Ay, > X135,
then for any x,y € H and for all bounded Lipschitz functions f > 1, we have

2 2
/lNOn

4 (A, - 555)

K1+Ky

—(An. —
P,log f(y) < log P, f(x) + ||x—y||ﬁ+e(’v° z)tllx—yllﬁllVlogflloo, v > 0.

In particular, due to Theorem|7.32| the Markov semigroup (P,);>o induced by (123)) is asymptotically
strong Feller.

Moreover, if the embedding V C H is compact and By < 211 where 8, follows from (124), then there
exists a unique invariant probability measure.

Unfortunately, there is no example in [HLL20] of any models such that Hypothesis [19]is verified.
However, based our asymptotic coupling settings, let’s consider the following toy model

(125)
dY[ = g(Xf> Yt)d[ + dBt, YO = y,

{dx, = (Y, + (X, Yo)dt, X = x,
on R?, where (B,);s is a 1-dimensional Brownian motion on a filtered probability space (Q, 7, (F7)r>0, P),
and f,geC }1’2(R2, R) which are globally Lipschitz continuous with Lipschitz constants Ky < 1 and K.
In addition, we suppose that

inf d,f(x,y)>c> -1,
(x,y)eR?

ensuring that is strictly positive. We suppose also that d, f is globally Lipschitz, hence 9, f is

_ 1
1+0y f(x,y)
a bounded function.

Theorem 9.11. In the setting of (125) with above assumptions, there exists a unique strong solution
Z; = (X,, Y;) starting from z = (x,y) € R?, with Markov semigroup

Pu(2) = E[p(ZD)], ¢ € BpR?), zeR?, 1> 0.

Moreover, if E (||Z0||2) < oo, then (Py;);>0 is asymptotically strong Feller and has at most one invariant
probability measure.

Proof. Existence and uniqueness of a strong solution follow from classical results for SDEs with globally
Lipschitz drift (see e.g. [Gall6]]).
We consider the following modified version of (125),

(126)

X, =, + f(Xt, Yt))df,
dy, = (g(Xz, Y)+ G, 11, X, Y))dt + dB,,
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starting at (Xo, Yp) = (%,9) € R? and where G will be chosen later: in particular, we claim that G
is globally Lipschitz so that (126)) has a unique strong solution as in Example Now, let’s set the
difference process

p1(0) := X - X, pa(1) := Y, -1,
and o
E@t) := p1(0) + p2(0) + (f (X, Yy) — f(X1, Y1),
which yields
dp1(t) = (p2(t) + (X, ) — f(X,, Y))dt = —py (dt + E()dt. (127)
By It6’s formula, we have
dé(t) = (g(f(t, Y) - 8(X:, Yy) + G(Xt, Y, X, Yt)) dr + df(f(ta Yt) —-df(X, Yy
+ (T = Y)dt + (f(K, V) = £(X,, Y))) dt
= (8(X0, 7)) — 8(X,, Y0) + G(X,, Vi, X, Y)) dt + (Vs — £(X,, 1) 0. f (Ko, Vi)t

= (Y = f(X,, YD) 0xf (X0, YDt + (3(X,, V1) + G(Xo, Vi, X, Y1) 0y f(X,, Vi)t

80X Y0 [ (X0 Y + 30 (R, T = S04, Yo

+ (ayf(f(za Y)- oy f( Xy, Yt)) dB; + (Y, - Y,)dt + (f(f(t, Y - f(X, Yt)) dr.

Letoy := yf(f(t, Y) - 0,f(X;,Y;): we fix a parameter « > 0 so that letting

G(Xt, Yz, XY = g(f(r, YZ) -8(X:, Y - (Yt - f(Xt, f’t))axf(f([’ Yt)

1 + ayf(Xt’ ?t)(
+ (Y = f(Xi, Y0)Ox (X1, Yo) — g(Xy, Yt)ayf(Xl’ Y) + (X, Yo, f(X:, Y1)
- %ayyf(Xt, Yt) + %ayyf(Xz, Yr) - (Yt - Yt) - (f(Xt, Yz) - f(Xt, Yt)) - Kf(t)),

all the drift terms in d£(¢) cancel and we get the scalar SDE
dé(:[ = —thdt + O'[dBt. (128)

In particular, E(&;) = &e . We also remark that our construction of G leads to a globally Lipchitz
function, which proves previous claim.

Moreover, since d, f is globally Lipschitz with constant Ly, then

lol < Ly(lo1(0)] + lo2(D)). (129)

By (127) and applying Cauchy—Schwarz inequality, we obtain
dE (p}(0) = 2B (p1(1)?) dt + 2B (01 (D&®) dt < E (py()*) dt + B (£7()) dr.

From and Ito,
dE (£2(1)) = —24E(£X(1)) dt + E (|ov?) dr.

One can also relate p, to p; and £ since
2] < IED] + o1 (D] + | (X, ) = f(Xi, 1))

SO
(1= Kplo2(d] < DI+ 1+ Kplpi(0)] = pat)* < aé(0)* + bp1 (1), (130)
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with
o) 2(1 + Kp)?

a:=———=>0, and b :=
(1-Kp)? (1-Ky)?

Letu(t) :=E (pl(t)z), v(t) :=E (g(t)z). By combining (129) and (130), we obtain the closed differential
inequality

{u’(t) < —u(t) + (1), (131)

V(1)

Define the linear comparison system

IA

=26v(t) + 2L3(1 + b)u(r) + 2L2av(r).

0 = My, with y(©) = (") and mo=[ 7! 1
y(t) = My(r), with y(0) = (0) an = 2L§(1+b) —2K+2L§a‘

It implies that y(f) = e¢’y(0). Since M has nonnegative off-diagonal entries, it is a Metzler matrix so
that the vector field F(y) = My respects

OF;
—=M;; >0, Vi # |,
Byj J

or equivalently we say that F is cooperative. By the Kamke comparison principle for cooperative systems
(see e.g. or originally [Kam32])), the flow induced by y(f) = My(¢) is order-preserving and even
strongly monotone since M is irreducible, which follows that the oft-diagonal terms are strictly positive.
Hence, in our case, the componentwise inequalities imply

u(?) ()’l(f))
< =: (1), (132)
(v(r)) n) =
for all # > 0. We now check stability of M. For a 2 X 2 matrix, M is said to be a Hurwitz matrix if and
only if
tr(M) <0 and det(M) > 0.

This ensures exponential stability of the linear comparison system. Here
tr(M) = =1 = 2k +2L3a, det(M) = 2k —2L3(a + 1 + D).

Hence a sufficient condition is
k> Lia+1+b),

so that M is Hurwitz. It implies by Lyapunov stability (see e.g. [HesI8||, Theorem 8.2) that there exist
constants C > 1 and A > 0 depending only on Ly, K, x such that

lleM|| < Ce™ forallt> 0,

which holds for any induced norm while the constants may change. Therefore, by considering the
¢'—norm which is |[x|l; = |xi] + |x| and recalling that y;(¥) > u(f) > 0 and similarly for y,(¢), then
y(t) satisfies

yi(t) +y2(5) < Ce™Y(u(0) +v(0)).

By the comparison step (132), u(t) + v(t) < y1(f) + y2(?), hence
u() +v(1) < Ce (u(0) + v(0)).
Finally, by definition of « and v, we obtain

E(lo1 ()] + lo2()F) < C'e™(p1(0)* + p2(0)°),
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for some C’ > 0 a constant, from which we deduce that
E[IX; - X + |V, = Vi|]] < Ce (1% — x| + |5 — y)). (133)
From the explicit formula of G, there exists K > 0 such that

Gl < K(lo1(@)] + [o2(0)] + 1£@)]).
Integrating and using (133 and the bound on v(r) = E(£(1)), for each T > 0,

T
f GiPdt < Kr(p1(0) + pa(0)? + £(0)2) < oo,
0

Hence Novikov’s condition holds on [0, 7] by a localization argument as in Example 8.2|using the stop-
ping time (7,),>1 defined by

Ty = 1nf{t 2 0 2 |o1 (D] + o1 (D] + €] = n},

and the Doleans-Dade exponential of the process ( fot —G(s)dBs)efo,r] given by

T 1 T
Rr = exp (— f GydB; — 5 f |GS|2ds)
0 0

is a uniformly integrable martingale on [0,7']. Under Q7 defined by dQr|#, = RrdPls,, the process
B, := B, + fot Gqds for 0 < t < T is a Q7-Brownian motion so that (X;, Y, )iel0,7] Solves the original system
driven by (Bt)tE[O,TJ-

Since previous results hold for any 7 > 0, one can check that (Q7)r-o is Kolmogorov consistent,
which implies there exists a unique probability measure Q such that Q| = Qr for all T > 0 by Kol-
mogorov extension Theorem

Therefore, Hypothesis (14 holds and by Theorem (Pp)rs0 satisfies an asymptotic log—Harnack
inequality, (P;)r>0 is asymptotically strong Feller and admits at most one invariant probability measure.

O

9.2 Degenerate SDE with non-linear drift on high-frequency
dynamics

As you can see in the multiple examples we treated until now, having a linear drift term on the
nondegenerate part, said to be the high-frequency one, makes the asymptotic coupling strategy effective:
this is a particular subcase of linear drifts that are covered by our examples and most of the work of
various authors. As noted in [WZI3l|, when the degenerate part is non-linear, the study becomes much
more complicated.

Based on several attempts, we observed that a non-linear drift in the degenerate part renders the
analysis of the difference process, and in particular its asymptotic decay, highly challenging.

9.2.1 The monotone drift case

Above results are non-applicable to (88): indeed, the drifts from the degenerate parts is formed
neither by a linear function, nor a partially linear function.

When the degenerate component exhibits a nonlinear drift, the asymptotic coupling analysis becomes
significantly more delicate. Here we consider the case of a monotone nonlinear drift, for which similar
contraction estimates can still be established.

By using a new asymptotic coupling strategy, we can state similar results as in the (semi-)linear case
when the drift is monotone.
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Example 9.12. As usual, we start by considering the following SDE on R?:

{dx, = f(Y)dr,

(134)
dYt = g(Xl‘, Yt)dt + dBt,

where (B;);>0 is a one-dimensional Brownian motion on a filtered probability space (2, F, (¥;)r>0, P),
g : R? — Ris supposed to be a globally Lipschitz function, and f : R — R is supposed to be a globally
Lipschitz, Ci(R) function. In addition, we suppose that f is a strictly monotone function in the sense
that ¢ > 0 a constant such that inf,er f’(x) > ¢ > 0 (respectively sup,cp f'(x) < ¢ < 0). Without loss of
generality, let’s suppose that inf,cr f'(x) > ¢ > 0.

We also assume that f’, f”” are also globally Lipschitz.

Theorem 9.13. In the setting of , there exists a unique strong solution (Z;);>0 = (X;, Y1)>0 Starting
at Zy = z = (x,y) € R? with Markov semigroup (P;)s defined as

Pip(2) = B(@(Z))), Vg € By(R), Yz € R?, V1 > 0.
Moreover, (Py)r0 is asymptotically strong Feller and has at most one invariant probability measure.

Proof. The existence and uniqueness of a strong solution (Z;);>o to @ as well as the characterization
of its Markov semigroup follow standard results about finite-dimensional SDE with global Lipschitz drift

(see e.g. [Gall6l).
We next consider the modified SDE on R?

{dfft = f(¥)d,

- . L (135)
dY;, =gX;, Y)dt + G(X;, Y;, Xy, Y)de + dB;,

where G : R* — R is a function to be defined. We suppose that it is a Lipschitz function so existence
and uniqueness of a strong solution (Z,)s0 = (X, ¥;)=0 starting at Zy = Z = (%o, o) € R? with Markov
semigroup P;p(Z) = IE((,D(Z,Z )), for all ¢ € By(R?), 7 € R?, and ¢ > 0, follow from the same standard
results than above.

We consider the difference process (0(1))i=0 = (01(1), p2(£))=0 Where p(£) = X;,—X; and p»(¢) = ¥,-Y,,
which satisfies

dpi(n) = (f(¥) - f(¥))dr,
dp(t) = (g(Xt, Y) - g(X;, Yt)) dt + G(X,, Y1, Xy, Yy)dt.

In particular, we want to study the behavior of £(t) = f(¥;) — f(Y;) + X, — X;. By applying Ito’s
formula to f € C%(R), we have

dé) =f"(YpdY, + % [ (¥pde - £ (Ynay, + % f(Ypdt + dX, — dX,
=f'(¥) (8K, ¥ + G(X,, ¥, X, Yp)) dt — 7 (Y)g(Xy, Yo)dt + (f(F)) = f/(Y)) dB,
+ %(f"(f/t) = f"(Y))de + (f(Vy) = f(Y))dr.
As in previous model (125), let k > 0 and o := f'(¥,) - f'(¥,), then

ol < Ly |22,
for Ly the Lipschitz constant of f’. Since we supposed f” > 0, we can define
1 |1
S (¥[2
+ (X)) = f(Y) = £ (Y)g(Xe, Y) + k€D,

G(Xta YI’XI’ Y)=- g(Xl’ Yt) - (f//(f]z) - f”(Yt))
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so that
dé(t) = —k&(t)dt + o,dB,. (136)

Let u(t) := E (p1 (1), v(¢) := E(&(1)?) . From dpy (1) = (f(¥,) — f(Y,))dt = (£(r) — p1(1))dt, we obtain
du(t) = 2E[p1(¢ — p1)]dt < —u(r)dr + v(£)dr.
From and by Itd’s formula,

dv(t) = =2xkv(1)dt + E[|o|*]dr.

Using and Young’s inequality,

2 21%’
Ello"] < —5-(u@) +v(@®)).

Hence we obtain the linear differential inequality

du(t)
dr
dv(t)

dr

IA

—u(t) + v(1),
=2uv(t) + 2a(u(t) + v(1)),

IA

LZ/ . .
where a := 6—2 We introduce the Metzler matrix

-1 1
M = .
20 -2k + 2«

If ¥y(t) = (y1(2), y2(?)) denotes the solution of the linear

¥ = My(), y0)= (v(O)

(u(t)) - (yl(t))
v()] — \n@®)

for all # > 0. Assuming the following sufficient condition on «,

u(O))

then by Kamke comparison principle,

then Tr(M) = —1 — 2« + 2a < 0 and det(M) = 2k — 4a > 0, so M is a Hurwitz matrix which implies that
there exist C > 1 and A > 0 such that

leM|| < Ce™™, >0,

which holds true for any norm while the constants may change. Therefore, since y(f) = ¢"™y(0) and
considering the ¢'—norm, since u(z), v(f) > 0, it follows that

u(t) +v(1) = lw@®, vl < Iy®Olli < Ce M|yl = Ce~((0) + v(0)), (137)

which implies that

1
lo2(0)| < ;(If(t)l+|p1(t)l) = E[pi(t)* + p2(*] < C'(u(®) + v(D)),
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and there exists C”” > 0 a constant such that (137) yields
E(X: — X* +1¥, - Y,°) < C"e (1%~ 2P + 17— (138)
By definition of G and the previous Lipschitz bounds, we have

|G(Xt, Y., Xu, YOI < K(lp1(D] + 20 + [€@)])

for some K > 0 depending on ¢, Ly, ||f” |l and L, the Lipschitz constant of g. In particular, G is a
globally Lipschitz function which proves previous claim. By (138)) and v(r) = E (f(t)z) < u(t) + v(v), for

each fixed T > 0,
T
E( f |G,|2dt) < oo,
0

One can verify that Novikov’s condition holds on [0, T'] through the same localization argument as model
(125)) with the sequence of stopping times (7,),>; defined by

Ty = 1nf{r 2 0 2 o1 (D] + |p2 (D] + ()] = n},

and the Doleans—Dade exponential of ( fot —G(s)dBS) given by

t€[0,T]

T T
Ry =exp( - fo G(dB, - } fo IG(n)lPdr),

is a uniform integrable martingale. By Girsanov’s theorem, there exists a probability Q7 on F7 under
which (B,),E[o,T], defined by B, =B, + fot Gds, is a Q7—Brownian motion and (X, }N’,),E[o,r] solves the
original SDE (134).

Since previous computations hold true for any 7 > 0, we can use the Kolmogorov extension Theorem
to the family (Q7)r>0 which is Kolmogorov consistent so that there exists a unique probability
measure Q such that Q|g, = Qr, forall T > 0.

Thus, Hypothesis [I4 holds, an asymptotic log—Harnack inequality is verified, and by Theorem
the semigroup (P;);»0 is asymptotically strong Feller and admits at most one invariant probability mea-
sure. O

Remark 9.14. As before, the condition that f, f” and g are Lipschitz continuous may be replaced by a
local Lipchitz condition together with linear drift grow, which just add complexity as above construction.

Also, the strong monoticity condition on f’ is similar to the one in [WZI3], where the authors
considered SDE on R™ x R? following

{de(l) = 200G, X (139)

dx®  =zOxP xP)dr + 0dB,,

where (Xt(l)),zo takes value in R™, (Xt(z)),zo in R?, o is an invertible d x d matrix, (Bp)>0 1S a
d—dimensional Brownian motion, Z € C 1(Rm X Rd,Rm), and Z®@ e C 1(R’" X Rd,Rd). The idea is
then to split Z(! into a linear and non-linear part to derive an explicit derivative formula by controlling
the non-linear part using the linear one in an efficient way, in the sense that

v@z® = By + B,
where V) is the gradient operator with respect to the second component, By is a constant matrix m X d.

This monotonicity condition may be interesting to enlarge to study more general SDE. one can think
of the framework used in [PZ92], where they study the existence and uniqueness of solutions to various
types of SDE, from linear to nonlinear cases. In the particular case of nonlinear drift, they extend their
results starting by studying dissipative nonlinearities before generalizing their findings. Here is the same,
since we start by linear models we extend until monotone ones: we can hope that such a generalization
exists, and that we are on the right track.
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9.3 The path to show unique ergodicity to self-repelling dif-
fusion (@)

Although the existence of a unique invariant measure for (88)) remains open, we summarize below
several directions and model reductions we explored, highlighting their limitations.
One can start by studying a finite-dimensional approximation as an illustrative example.

Example 9.15. We consider the following SDE on R?

dY; = cos(Xy)dt, Yy = x,
dX[ = Yl Sln(X,)dt + dB[, X() =Yy,

where (B;);>0 is a standard one-dimensional Brownian motion on a filtered probability space (Q, F,
(F1)i=0, P). If we try to construct a modified SDE as before, we obtain

dY, = cos(X))dt, ¥y =,
dXt = Yl Sln(f(,)dt + G(Xt, Yl‘a Xt, Yt)dt + dBt, XO = f,

where G : R* - R is to be defined. Then, the difference process (p1(2), p2(#))s>0 defined as p((f) =
X, — X;, p2(t) = Y, = Y, for all t > 0, is the solution of

dp1(1) = (cos(¥;) — cos(Y,))dt,
dp(t) = (¥, sin(X,) - ¥, sin(X)) dt + G(X,, ¥, X,. Y,)dt.

As before, we start to study the behavior of p;. A first attempt may be, by analogy to previous
examples, to focus on
&)= —Y)+ Xi — Xo),

which satisfies the equation
dé(t) = (cos(Y;) — cos(Yy))dt + (Y, sin(X,) - Y; sin(X,)) dt + GX,, Y1, X;, Yy)dt,
so that with
G(X;, ¥, X,, ;) = —(cos(¥,) — cos(¥y) — (¥: sin(X,) - ¥, sin(X;)) - 2£(1),

we have
dé(t) = =2&(1) = £(1) = £0)e 7,

and in particular V,-Y, =-X-X) + &(). One can try to bound the drift part of the equation form of
dp1(?) so that
dp1(1) = (cos(¥;) — cos(Y,))dr < [V, — Yi|dt,

but we lose the negative additive term —(X; — X,) to get an exponential convergence to 0. If we consider
the difference process |p;(#)|, then by applying Tanaka’s formula, we get

dip1 (1) = sign (p1 (1)) dp1 (1) = sign (p1(1)) [cos(F,) = cos(¥)| dz,

which leads to the same conclusion.

To take another approach, let

&) = cos(¥;) — cos(Y;) + X; — X,,
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so that if £(f) < Ke™“, then cos(¥;) — cos(Y;) < —(X, — X,) + &(1) - —(X; — X;), which would lead to

the desired bound

"= (% — xp)e".

dpi(t) < —p1(dt = p1(1) < p1(0)e”
By 1t6’s formula, it yields
d cos(¥) = = sin(¥;) (¥, sin(X)dr + G(X,, ¥, X;, Y;)dt + dB;)
and similarly d cos(Y;) = —sin(Y;) (¥; sin(X;)dr + dB;) so that
de(t) = — sin(¥,) (¥, sin(X,)dt + G(X,, ¥, X,, Y,)dt + dB,)
+ sin(Y;) (Y; sin(X,)dt + dB;) + cos(Y;)dt — cos(Y,)dr.

As in the monotone case, we can keep the noisy term that will be canceled below expectation. How-
ever, when Y, — sin(¥,) reaches 0, the effect of the modification G to & will be null and void in this
case.

We can try to combine previous approaches: keeping the last version of £(f), then

()] < |cos(Yy) — cos(Yo)l + X, — Xl < |Y, = Yol + X, — X,
so that we can try to bound each term on the right to obtain a global bound to £(¢). By Tanaka’s formula,
dIY, - Y| = sign(¥; - ¥;) (¥, sin(X) - ¥, sin(X,) + G(X,. V.. X,, Y)) dt
d\X; — Xi| = sign(X; — X;)(cos(Y;) — cos(Y;))dt.
Since sign(x) - x = |x], sign(x) - |x| = x, there is no interesting choice of G to control both dynamics
independently.
Since our current issue is about ¥; — sin(¥;) reaching 0, we can introduce a third variable mirroring

the original model of interest (87): we now consider the following SDE on R3,

dU, = cos(Xy)dt, Uy = u,
th = Sin(Xt)dt, VO =V,
dX[ = U[ Sln(X[)dt + Vt COS(X[) + dB[, X() =X,

together with the associated modified SDE on R?,
dU, = cos(X,))dt, Uy = i1,
dV, = sin(X,)dt, Vo =9,
dX, = U;sin(X,)dt + V, cos(X;) + G,dt + dB,, Xy = X,
where G, stands for G(U,, V;, X;, U,, Vi, X;). Let
&(1) = cos(X,) — cos(X,) + sin(X,) — sin(X,) + X; — X,.
By Itd’s formula, we have
de(t) = — sin(X,) (U, sin(X)dt + V; sin(X,) + Gt + dB,)
+ cos(X,) (U, sin(X)dt + V;sin(X,) + G,dr + dB,)

+ sin(X;) (U, sin(X;)dt + V, cos(X;) + dB;) — cos(X;) (U, sin(X,)dt + V; cos(X;) + dB;)
+ cos(X;)dt — cos(X;)dr.
Now, when X, +— sin(X;) reaches 0, the function X; > cos(X;) is obviously different from 0. How-

ever, it is still possible to have sin(X,) = cos(X,), a situation where the effect of G will be still null and
void.
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