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Abstract

The purpose of this thesis is the study of the long term behaviour of Self-Interacting
Diffusions on compact Riemannian manifolds solving formally the stochastic differential
equation

with V;(x fo (x, Xs)ds when V' is symmetric. This work is based on three published
or accepted for pubhcatlon papers and on one preprint.

First, in a joint work with M. Benaim, we study the particular case

ry) =Y arex(w)er(y),

where ajs are positive constants and the e)s are non-constant eigenfunctions of the
Laplace operator. Positiveness of the coefficients a, implies that the particle is repelled
from its past trajectory. We begin by introducing new variables in order to have a Markov
process on an extended state space. Then, we prove that the extended process satisfies
the strong Feller property and admits a unique explicit invariant probability measure.
Then, we also provide rates of convergences to this invariant probability.

This work has been accepted for publication in Probability Theory and Related Fields.

Second, in a joint work with M. Benaim and I. Ciotir, we restrict ourselves to the
particular case of the circle S! and consider the potential interaction function

Zak (cos(kz) cos(ky) + sin(kz) sin(ky)),

k=1

where (ay)r>1 is a sufficiently regular sequence of positive values. As in the first work, we
add new variables in order to obtain a true SDE, but on an infinite dimensional manifold.
We prove that it admits a unique strong solution, which is Feller but not strong Feller
and finally exhibit an explicit invariant probability measure.

This work is published in Stochastic Partial Differential Equations: Analysis and Com-
putations.

In the third work, we consider the case of the euclidean sphere S™ with potential

interaction function
n+1

- Z TilYi-
k=1
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Contrary to the previous works, the particle is now attracted by its past trajectory. We
prove that this willingness to stay where it has already been implies the almost-sure
convergence of the particle. We deduce from this result the almost-sure convergence for
the solution of the real valued SDE

t
dX, =dB, — / sin (M(X, — X,))dsdt, X #0.
0

This work is published in Electronic Communications in Probability.

Finally, in the last work in collaboration with P. Monmarché, we consider on the circle
St the case

V(z,y) = F(z)F(y).

Depending whether or not on the existence of a local minimum (resp. maximum) x € S!
such that F(z) > 0 (resp. F(z) < 0), we show that either X, converges almost-surely, or

the positive recurrence of the process ((Xt, fot F(Xs)ds)> . Moreover, our arguments
t=0

applies for the velocity jump process whose jump rate depends both on its present place
and on its past via the process f(f F(X;)ds. To our knowledge, it is the first example of
self-interacting Piecewise Deterministic Markov Process (PDMP).

Keywords: Self-Repelling Diffusions, Self-Attracting Diffusions, Degenerate Diffu-
sions, Strong Feller property, Invariant probability measure, Hypocoercivity, Infinite Di-
mensional SDE; Asymptotic Pseudotrajectories, Almost-sure convergence, Self-interacting
velocity jump process.



Résumé

Le but de cette thése est ’étude en temps long de Diffusions Auto-Interagissante sur des
variétés Riemannienne de la forme

dX, = dB,(X,) — VVi(X,)dt,

avec Vi(z) = f(f V(z, Xs)ds ou V' est symétrique. Ce travail s’articule autour de trois
papiers publiés ou acceptés pour publication ainsi que d’un preprint.

Dans le premier travail en collaboration avec M. Benaim, nous nous intéressons au cas
particulier ou

Vie,y) =Y arex(@)er(y),

ou les coefficients a; sont strictement positifs et les e sont des fonctions propre non-
constante du Laplacien. La positivité des coefficients a;, implique la répulsion de la
particule par rapport a sa trajectoire passée. Nous commencons par étendre notre es-
pace d’état par ’ajout de nouvelles variables qui rendent le processus markovien. Nous
démontrons ensuite que le systéme étendu est fortement Feller, qu’il admet une unique
probabilité invariante qui est explicite et des vitesses de convergences vers cette probabil-
ité.

Ce travail a été accepté pour publication dans Probability Theory and Related Fields.

Dans le second travail en collaboration avec M. Benaim et I. Ciotir, nous nous re-
streignons au cas du cercle S! et étudions la situation

o0
V(z,y) = Z ai (cos(kz) cos(ky) + sin(kz) sin(ky)),

k=1
ou (ag)k>1 est une suite de coefficients strictement positif et avec suffisamment de régu-
larité. Comme dans le premier travail, nous introduisons de nouvelles variables dans le
but d’avoir une vraie EDS, mais de dimension infinie. Nous montrons que ce systéme
admet une unique solution forte, qu’elle a la propriété de Feller, mais pas de Feller forte,
et exhibons une probabilité invariante.

Ce travail a fait 'objet d’une publication dans Stochastic Partial Differential Fqua-

tions: Analysis and Computations.

Dans le troisiéme travail, nous nous placons sur la sphére euclidienne S™ et considérons

le cas ou
n+1

V<:U7y) = - leyz
k=1

il
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Contrairement aux deux précédents travaux, la particule est a présent attirée par sa
trajectoire. Nous prouvons que cette volonté de fixation de la particule oblige cette
derniére a converger presque-surement. Nous déduisons de ce résultat la convergence
presque-stre pour la solution de 'EDS réelle

t
dXt = dBt — / sin ()\(Xt — XS))det, )\ 7£ 0.
0

Ce travail a fait 'objet d’une publication dansElectronic Communications in Proba-
bility.

Dans le quatriéme et dernier travail en collaboration avec P. Monmarché, nous con-
sidérons sur le cercle S! le cas

Vi(x,y) = F(z)F(y).

Selon la présence ou non d’un minimum (resp. maximum) z € S' tel que F(z) > 0
(resp. F(x) < 0), nous montrons soit la convergence de X;, soit que le processus

t oy , .
(X, J, F(X,)ds) est positivement récurrent. Par ailleurs, avec nos arguments, nous
>0

obtenons le méme résultat limite pour le velocity jump process dont le taux de saut dépend
de sa position sur le cercle, mais également de son passé via le processus fg F(X)ds. A
notre connaissance, c’est le premier exemple de PDMP auto-interagissant.

Mots clés: Diffusions auto-repoussantes, Diffusions auto-attractives, Diffusions dégénérées,
propriété de Feller forte, Probabilité invariante, Hypocoercivité , EDS infini dimension-
nelle, Pseudotrajectoires asymptotiques, Convergence presque-siire, Velocity jump process
auto-interagissant.
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Chapter 1

Introduction

The purpose of this thesis is to investigate the long term behaviour of some Self-Interacting
Diffusions on a Riemannian manifold defined by a Stochastic Differential Equation (hence-
forth denoted SDE) of the form

dX, = dWi(X;) — Vo f(t, X0, X ([0,8]))dt, Xo=1 (1.1)

where X ([0,¢]) is the trajectory of X during the time interval [0,¢] and (W;(.)); is a
Brownian vector field.

One of the main interests of such processes comes from the fact that its behaviour
at time ¢ is influenced by its history up to the time ¢. As well as being of mathematical
interest in their own right, the general motivation of path-dependent processes comes from
a variety of fields. Some examples are as follows.

In ecology, one has the relation between human activities and global warming. The
random parameter might model political decisions and X, the degree of pollution gener-
ated by human activities (industrial ones, way of life, etc.). The scenario works as follows.
It has been proved over these last decades that human activities had, and still have, a deep
impact in the global warming, which itself has a huge negative impact on ecosystems and
finally on human populations. As a consequence, it forces members of the population to
change their habits in order to limit these impacts and thus to change or improve the way
they practise their different activities (e.g. the improvement of technologies in transport).

In politics, we think about the arguments developed by a politician and the opinion
of the public. The randomness of this interaction is due to the uncertainty of sincere
answers in surveys or to unpredictable events. Here X; denotes the ideas defended by the
politician at time ¢ and the dynamic is the following. By his speeches, the politician will
have an effect on the population, his supporters and opponents. Depending on how the
opinion evolves, he will have to adapt or change his arguments and /or ideas. But in order
to remain consistent, he cannot change them abruptly, and therefore he needs to recall
his previous arguments and /or opinions.

In social networks, Skyrms and Pemantle [95] proposed in 2000 a path-dependent
process as an attempt to explain their formation. In their model, the people are playing
a repeated game by pairing and depending on the result of their games, they become
friends. In a similar vein Hu, Skyrms and Tarrés [66] in 2011 for modelling the emergence
of a common language.



2 CHAPTER 1. INTRODUCTION

In computer science, path-dependent processes are considered in order to model more
efficient dynamic computational systems: learning machines. The Alphago program is one
such example and it caused a mini-revolution in 2016 since it was able to beat the best
players of Go in the world. Roughly speaking, the program learns an efficient strategy by
playing many games and at the end of the matches, it will have gained further information
to improve. For some more precise references, see |bI, 94|. Such processes are also used
when trying to make a machine able to recognize shapes; for instance given a picture, it
should be able to say if there is a cat.

In finance, we mention the interaction between a company’s market value and its
reputation or the relation between the financial loan’s interest rate that a state has to
pay and the creditor’s belief in its reimbursement’s capacity. Indeed, the history of the
market value or of the interest rate provides useful information to investors and therefore
it influences the evolution of these economical estimators. In 1987, Arthur, Ermolieu and
Kaniovski (|5]) considered path-dependent processes in order to understand creation of
monopolies.

In physics, such processes were introduced in order to model the growth of polymers
(see e.g |I, @5, BT, 99|). The random parameter models an exploration term whereas the
drift represents physical constraints in order to minimize the loss of energy.

A last example is the modelling of an animal’s position regarding to its goal. Should
he keep moving to escape predators or should he localise and defend his territory?

From a mathematical point of view, there is a great challenge since the long term
behaviour’s analysis is very complicated due to the fact that the drift term of (D) is
shaped by the trajectory of X. This explains the absence of general methods to deal with
such processes.

Let us illustrate this complexity with the following class of Self-Interacting Diffusions
which is at the core of this thesis. Let (X;):~0 be the solution of the SDE

t
dXt = th — / F/(Xt - XS)det7 X() = 0. (12)
0

This kind of SDEs were for instance considered in |35, 44, [79] and it will be discussed
later in detail in this introduction. An tmportant property that appears in the analysis
of X, is the nature of F' around 0.

Let T > 0% I be a small interval around 0 and set WtT = Wyr — Wr as well as
XI'= Xy.7 — X7. Then (X]); solves

t
dX;] = dw} —gT(XE)dt—/ F'(XI — XDdsdt, X[ =0. (1.3)
0

with .
or(z) = / Fl(o + Xr — X,)du. (1.4)
0

1T can also be a stopping time



So, if X! remains in I during a large amount of time, then

1 t
2/0 F(XI = XDds ~ F'(X]).

Therefore the longer X! remains in I the more dominant becomes the dynamic driven by
the ordinary differential equation
T =—F(x) (1.5)

on its behaviour. This motivates the following terminology.

Definition 1.1. We call the solution of (I-3) attractive if 0 is an asymptotically stable
equilibrium of the Ordinary Differential Equation (IZ3). Otherwise, we call it repulsive.

Now, if one supposes that there exists ¢ > 0 such that for all T > 0, X leaves almost
surely [0, 0] and wants to obtain informations about the asymptotic of X (boundedness
of X or speed of convergence to +00), he will have to be able to understand gr. But this
can become very tedious, even though F’ has a nice shape.

A natural thing to do when dealing with non-Markovian processes is to transform
them into a Markovian one by adding new variables. In the case of (I2), observe that it
can be rewritten as

dX, = dW, — (F' * L)) (X,)dt, X, =0, (1.6)

where LX(z) stands for the local time of X on z at time ¢ and * for the convolution
product between two functions.

Hence, the pair (Xy, LX(.)) is a Markov process living in an possibly infinite dimen-
sional space. However, it might be ill-adapted to obtain sufficient useful information for
the long-term behaviour analysis.

The introduction is organised as follows. In sections [T and =2, we consider functional
of the form

f@%@ZéV@Mw%

for some function V(.,.). Depending on assumptions that will be detailed later, the
particle wishes either to escape or to remain to places that it has already visited. Such
processes are called reinforcement processes by the non-normalized empirical occupation
measure or strong reinforcement processes.

Since this thesis is mainly motivated by self-interacting diffusions solving (I2) and that
the literature about such SDEs is pretty limited, we begin each section of the introduction
with a survey of existing results as well as, for most of them, a short presentation of
their proofs with the underlying ideas. Then, we present the new results that have been
obtained during this thesis.

For completeness we present in section =3 the results that have been obtained in the
literature when the functional is

fltag) =1 [ Viwstois
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for some function V(.,.). Such processes are called reinforcement processes by the nor-
malized empirical occupation measure or weak reinforcement processes.

The difference between these two models is that in the second one we consider an
average of the “point to point” interaction between = and ((s))sejo,q, Whereas in the first
one it is an accumulation. This leads to different behaviours.

Finally, in section T4, the functional is

F(t,0) = ( / Flp(s))ds) F(2),

where F'is a smooth function. In that case, the trajectory acts on the intensity and the
sign of the potential function F'.
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1.1. SELF-REPELLING DIFFUSIONS 3

1.1 Self-Repelling Diffusions

In this section, we review the existing results for Self-Interacting Diffusions solving an
SDE of the form

with Vi(z) = fg V(x, X,)ds. The existing results are mainly stated on R? with d = 1 and
V(z,y) = F(z —y) for some real valued function F. In that case, equation (1) rewrites

t
dX, = dW; — / VF(X, — X,)dsdt, X, =z, (1.8)
0

When dealing with Self-Repelling Diffusions on R, the main questions of interest are

Question 1.1.
e Does |X;| converge almost-surely to infinity? If yes, can we estimate the speed?
o If | Xy| does not converge to infinity, does it localize?

We distinguish two families of Self-Repelling diffusions solving (I8).

1.1.1 VF(0)#0
In 1987, J.R Norris, L.C.G Rogers and D. Williams considered in [82] SDEs of the form

dXt = th - g(Lt(Xt>>dt, X() =9 € R (19)

where g : [0,00) — R and L;(z) is the local time of X at z after time t. One of their
main result is

Theorem 1.1. (Theorem 4 and example therein, [82]) Assume that g is a continuous,
non negative, increasing function and let (X;): be the solution of (IA) and. Set f(z) =

fox g(y)dy. Then

. ¢ 1
lim — = ——
t—oo { !

Y

where [ is the mean of the probability measure
i)
m(dz) = C exp —/ —==dy )dz
(d2) (=] =, )

with Cy the normalisation constant. In particular, if g(x) = x, then ;% =7

As a particular case, if g(u) = u and F(x) = 1y (x) is the Heaviside function, we
retrieve equation (IR). Indeed, the derivative of F' (in the weak sense) is the Dirac-delta
function, ie F'(z) = do(x), and Exercise 1.15 in Chapter VI of Revuz-Yor’s book [97]
yields

/Ot 5o X, — X,)ds = /Ot(;xt(Xs)ds LX),

Two decades later, O. Raimond and B. Schapira extended this asymptotic result to
more general functions g.
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Theorem 1.2. (Theorem 1.1, [90]) Assume that g is a Borel-measurable and bounded
function and let (X;), be the solution of (IA). Define f(x) = [ g(u)du and set

C’,;t:/ a:k_lexp<:|:/ Mdy)dx, k=1,2.
0 o ¥

Then
1. The process X is recurrent if and only if C{ = C| = oo.

2. We have lim;_,o, Xy = 0o (resp. —oo) almost surely if and only if CF < oo (resp.
Cp < o0).

3. We have lim;_,o, X;/t = C{/CS (resp. —Cy/Cy ) almost surely if and only if
Cy < oo (resp Cy < 00).

Their motivation differs from the one of J.R Norris, L.C.G Rogers and D. Williams
since they see (IT9) as a continuous time version of a cookie random walk. Since in this
thesis, we do not work with solutions of equation like (IJ) we refer interested reader to
the respective papers.

The study of (I8) saw a great leap forward in 1992 with [24] from R.T Durrett and
L.C.G Rogers since they obtain bounds on the speed of escape to infinity for three families
of functions whose gradient is Lipschitz continuous.

The first one is

F1(M,d) = {F : R* = R? | VF has compact support and |VF|. < M} (1.10)

for some positive finite constant M and d > 1 and where ||.||« stands for the uniform
norm. In that case, they proved that almost surely ¢ — ||X;|| grows at most linearly in
time.

Theorem 1.3. (Theorem 1, [f4]) Let M > 0 and d € N and let F' € F1(M,d). Then
there exists a constant I' < oo such that

limsup || X¢||/t < T.
t—00

The proof of this result is based on the analysis of the sequence of stopping times
(0n)n defined by
o, = inf{t > 0 s.t. | X =2n}

and on the observation that the result follows from

liminf 7% > ~ (1.11)
n—oo n
for some constant y > 0 sufficiently small such that P(inf{t > 0 s.t Y, =2} > 5y) >1/2,
where (Y}); solves

i =dBi+ (5
t

4 TyK)dt Yy = 0 (1.12)
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and K = |[|[VF|w. In that case I' = 2/7.

To prove (), they introduced the notion of fast (resp. slow) crossing from 2n — 2
to 2n when o,, — 0,1 < 27 (resp. 0, — 0,1 = 57) and showed that after a fast crossing
from 2n — 2 to 2n, the probability that the crossing from 2n to 2n + 2 is slow is greater
than 1/2. This is based on a comparison result between (Y;); and (|| X¢|| — 2n);. For the
details, we refer to section 2 in |44|.

The second family of functions that was investigated is
So={F:R—R|F <0and F'(0) < 0}. (1.13)

The key observation for this family of functions is that if X; grows too slowly for a while,
then the dominant part of fot F'(X:— X,)ds should be of order F”(0)t. But then the effect
of the drift is much stronger than the one of the Brownian motion and therefore, it forces
the particle to accelerate until it has an “appropriate speed”. This idea of minimal speed
is the purpose of the following theorem.

Theorem 1.4. (Theorem 2, [44]) If F' € §a, then there ezists a constant v > 0 such that
o S
hgg}lf | X[/t = .

The proof works as follows. Since —F” is nonnegative, then for all ¢ > 0, X; > W, so
that
by = sup X, > sup W.

s<t s<t

Since F” is negative around 0, there exists a positive constant A such that

At?
1—b—infWy 2 Xy, — W, > - .
t }Sr%t K ¢ 4(]_ + bt - lnfsgt WS)

This yields
li{ninf X[/t > A2 )2.
—00

Using the fact that X; — b, > inf,,(W; — W) allows to complete the proof.
Finally, the third family of function considered is

§3 = {F:R — R|F'is bounded, odd, increasing for > ¢ for some ¢ > 0 and
there exists [ > 0 such that lim 2°F'(z) = -] with 0 < 8 < 1}. (1.14)

T—00

Before stating the long term behaviour result, let us present their instructive heuristic.
Let T > 0 sufficiently large and set ; = T-*X;pr and B, = T-Y?*W,p with o =
2/(1+ p) so that a8 = 2 — a. Then equation (I8) rewrites

e T(zs — 24))"
= T'°°B —TQ‘O‘/ / FUT* , — ,)) LT = T
T ¢ - (T(zs — 7)) (T (2, = xu))ﬁdUdS

bors g, —xy))?
= TI/QQBt—/O /0 F'(T*(zs — 24)) (f(;sixu;)); duds
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As T tends to infinity, one may expect that if a limit exists (still denoted by x; for
simplicity), then it should satisfy

S ——— 115

It is easy to check that x; = cot® with

1
l
= ———d 1.16
Qcy /0 (1 . ’LLB)O‘ U ( )
is a solution of ([IJ).

Theorem 1.5. (Theorem 3, [44]) Let F' € §3. Then

lim sup || X,|/£% < co,
t—o00

where the constants o and co are given by the heuristic

The proof is based on the following scaling result for a Brownian motion and on a
succession of judicious choice of parameters.

Lemma 1.1. (Lemma 4.1, [44]) Let b > 0 and (B;): a standard Brownian motion. Then
for any k < oo,

su
0<s<11:f)§1 (t—s)b

B, — B,
IP( M>x> < CraF.

Because Theorem I3 gives an upper bound, one may wonder whether or not it is
optimal. A positive answer is given by the authors.

Theorem 1.6. (Theorem 4.2, [{4]) Let F € §2 N §s. Then

Jim 1147 = oo

Theorems I3 and T4 provide respectively upper and lower bounds for the speed of
convergence to infinity if the particle lives in R when F” is compactly supported. The next
step is to obtain the ezact speed. This has been done by M. Cranston and T. Mountford
in [36].

Theorem 1.7. (Theorem 1, [36]) Assume d =1 and that F' is a non-positive, Lipschitz
continuous function such that supp(F") C [—k, k] and that F'(x) < ¢ <0 for |x — x| < 59
for some xo € [—k/2,k/2] and some k > 0. Then there exists a strictly positive constant
v such that
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The key idea behind this result is to study the solution of the SDE

t
dX;] = dw, —/ F'(X] — XI)dudt (1.17)

max(t—T,0)

for a large time 7', instead of (IR) since

t ps t  pmax(s—T,0)
X, =W, — / / F'(X, — X,)duds — / / F'(Xs — X,)duds. (1.18)
0 Jmax(s—T,0) 0 Jo

Proposition 1.1. (Proposition 2.2, [36]) For T sufficiently large,

1 [t max(s—T,0) 1
P(limsup —/ / —F'(Xs — X,)duds < —) =1

A consequence of this proposition is that X! /t is a good approximation for X;/t. But,
the main advantage of (IIT4) compared to (IR) is the existence of a strong law of large
numbers. Indeed, the sequence of functions (Y},), C C([0,T]) defined by

Y.(s) = Xg;Lfl)T+s - X(:CLA)T

is a Harris-recurrent chain (see the introduction of [36]). Thus, there exists an invariant
measure, denoted by ur, on C([0,7]) such that for all integrable functions,

1 n
- Z 9(Ye) — g(w)pr(dw) a.s.
a4 c([o,7])

Applying this convergence result to g(Y) = Y(T') provides the existence of a positive
constant ¢y such that

1.1.2 VF(0) =0, but 0 is not asymptotically stable

As we have seen in the previous subsection, R.T Durrett and L.C.G Rogers were mainly
investigating the situation where VF'(0) # 0. However, crude estimates are obtained if
F € §1(M,d) UFs. As a refinement, they conjectured and explained heuristically the
following behaviour, which was partially proved in [96] as we are going to explain it later.

Conjecture 1.1. (Conjecture 3, [44]) Suppose that F' has a compact support, is odd and
zF'(z) <0 for all x € R. Then

where (X;); is the solution of (I8).

When F” is no more compactly supported, they conjectured the following behaviour
which was inspired from Theorem [C@ and later proved by P. Tarrés and T. Mountford.
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Theorem 1.8. (Theorem 1, [79]) Suppose that F'(x) = —imer. Then
lim || X;||/t% = ¢ a.s,
t—o0

where o = 2/(1 —+ ﬁ) and Co satisﬁes OCC€+1 = fol (1_d$a)ﬁ-

Let us briefly explain the proof’s guideline. For ¢ > 0 and an interval I, define the
functions

¢ ¢ ¢
hi(x) :/ F'(x—X,)1x,erds, hi(z) :/ F'(z—X;)1x,¢rds and gi(z) :/ F'(z—X)ds.
0 0 0

The first useful result, which would have been trivial if F” had been monotone and de-
creasing is the following.

Lemma 1.2. (Lemma 2, [79]) Lett > 0 and a,b € R. Suppose there exists o € [a,b] such
that h™" (x9) = 0, and either F'(b— 1) = F'(b—a)? and b —xo < 1/16, or b — a < Tpae
(the global minima of F'). Then, for all x € |a, xo], plot] (x) = 0.

As in [79], let denote for a stopping time S, (B7); the Brownian motion (B, s — Bs);
and (Y;); the diffusion

t
Y =Xg+ B — / hE(Y.%)du.
0

The next result shows, in some sense, that (Y,°); does not differ too much from the
time-shifted process (Xgi¢);-

Lemma 1.3. (Lemma 1, [779]) Let S be an almost surely finite stopping time for a filtration
(Fi)e, let I be an interval and let v > 0. Let W,(R) be the Wiener space of continuous
paths w : [0,v] — R, equipped with the o—algebra G generated by the projection maps
w i w(t).
Given A € G, assume that P(Y® € A | Fs) > e. Then, almost surely on the event
{lIks]l < v},

]P)(Xs_i_, €A | fs) = C’st(a,v).

Together with martingales arguments, Lemmas 2 and I3 are the ingredients of the
following proposition, which is the main step of Theorem [C&’s proof.

Proposition 1.2. (Proposition 1, [79]) P(limsup,_, . |X;| = c0) = 1.

To prove this proposition, P. Tarrés and T. Mountford defined a suitable increasing
sequence (a,), C [0,00) as well as the stopping times

Snt = inf{u >t s.t | X,| > an}, n € N;t € (0,00).

and proved the existence of a positive constant (,; depending only on n and ¢ such that
for all s > t,
P(Sp: <00 | Fs,_1,) = Cae > 0a.s on {S,_1, < 00} (1.19)
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Then, a martingale convergence theorem and a recurrence argument imply the almost
sure finiteness of S,,; for all n,?.

In 2003, S.Herrmann and B.Roynette investigated one the weakest possible kind of
repulsion, ie F' is constant on a neighbourhood of 0 which is a global attractor for the
ordinary differential equation

&= —-VF(x).
In that case, they proved the almost-sure boundedness of the trajectories.

Theorem 1.9. (Theorem 2, [60]) Let (X;): be the (weak) solution of the SDE
t

dXt = th — / (1(1700)(Xt - XS) — 1(700,71)(Xt - XS))det, XO = 0.
0

Then, P(sup,sq | X¢| < 00) = 1.

Since (X3); and (—X¢); have the same law, the proof consists on showing the existence
of a positive constant € > 0 such that for all n € N,

IP’(X does not reach the level 2n + 2 knowing that it has reached the level 2n) > €.

This is done by introducing a sequence of stopping times and between two stopping times,
by using a comparison result with a simpler process.

Recently, Balint Toth and his co-authors (I. Horvath, P. Tarrés, B. Valko, B. Vetd)
gave a new point of view in the analysis of Self-Repelling Diffusions by studying the
following generalized version of (IH)

t
dX, = dW, + £(X,)dt — / VF(X, — X,)dsdt, Xo=u. (1.20)
0

Here £ is some function with enough regularity (see |96], [97] and [64]). Because [64|
and [97] are more or less generalizations to higher dimension of [96], which treat the
1—dimensional case, we mainly focus on this last paper.

To ensure that everything is well-defined, P. Tarrés, B.Toth and B. Valk6 assume that
F € LY{R)NC>=(R), but their main and most important assumption is the following
positive definiteness condition:

F has non-negative Fourier transform. (1.21)

This yields that F is even and sup,cp |F(z)] = F(0). In higher dimension, F' is also
assumed to be spherically symmetric and sufficiently fast decaying at infinity.

As already mentioned, the process (X;); alone is not Markovian. However, that is the
case for the pair ((Xy, (;)):, where (; is the function

Gi(z) =&(x) — /0 F'(z — X,)ds. (1.22)
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The idea is to encode the properties of (X;);>¢ in a Markov process whose evolution in
time does not depend explicitly on X. So, for ¢t > 0, they define a function 1, € €2 by

m(x) = Gz + Xy), (1.23)

where () is the Fréchet space

Q= {w e C®R) s.t ||wl|r; = sup(l + |z]) " |w® ()] < oo}
R

xe

Therefore

t
Xi=o+W,+ / ns(0)ds, (1.24)
0
and by Ito’s Formula
! ! 771;/(55) N
dny(z) = ni(x)dWy + nj(x)n:(0)dt + —5 F'(z)dt. (1.25)

Due to the need to evaluate 7, at 0, arguments from the usual theory of Stochastic Partial
Differential Equation cannot be applied.

By Minlos’ Theorem, the positive definiteness and the regularity of I’ ensure the
existence of a Gaussian probability measure 7 on €2 such that for all x,y € R,

/Qw(:v)ﬂ(dw) =0 and /w@)w(y)w(dw) =F(z —vy).

Q

The first main result is

Theorem 1.10. (Theorem 1, [96] for d = 1, Proposition 1 in [64] for d > 2) The
Gaussian probability measure w(dw) on € is time invariant and ergodic for the Q-valued
process T > 1.

From the ergodicity of 7, this almost proves conjecture II.

Corollary 1.1. (Corollary 1, [96] for d = 1, Corollary 1 in [64] for d > 2) For m1—almost
all initial profile (.), we have
lim =X =0 a.s.
t—00
Because the rigorous proof of Theorem IO uses the formalism of Fock and Gaussian
Hilbert spaces as well as Wick product, we prefer to present the formal proof of it (see
section 1.5 in [96]) which is simple to understand.
First, recall that a probability 7 is invariant for (1) if and only if for any sufficiently
smooth test functions u (in a dense subset of ), the map ¢ — E(e™" 2240 is constant?.
The main ingredient is the following result: if XY, Z is jointly Gaussian with zero
mean, then

E(YeX) = exp (E(X2) /2>E(XY)

2Tn the sequel, we omit the subscript.
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and
E(Y Ze*X) = exp (E(X2) /2) (E(ZY) + E(XY)E(ZX)).

Since F'is even, it yields from the definition of convolution product and an integration
by part that
(u, Fxu")y = (U, F *u).

On the other hand, the integration by part also yields
(u, Fxu') = —(u', F % u).
Therefore
(u, Fxu')y = 0.
Hence, if 7, is distributed according to m, we have
aB(el=m) = E(detm)
= E(c (G, n) +
= ezl{wFsu) <%(u”, Fxu) +
= 0
In view of Theorem 10, a natural question is

Question 1.2. If £ € Q) is distributed according to the invariant probability measure T,
what s the long term behaviour of X;?

The answer to this question is the purpose of the second part of [96] (and [64] for
d > 3) where the authors study
E(t) = E(1X[*)

and its diffusivity term

D(t) := @

In dimension 1, the result is the following.

Theorem 1.11. (Theorem 2, [96]) We have

1 <liminf D(¢) < limsup D(t) < 1 —l—/ p 2F(p)dp.

t—ro0 t—o00 [e's)

The proof is based on the property that W; — W, and f; n.(0)du are uncorrelated as
well as on the following lemma.

Lemma 1.4. (Lemma 3, [96]) Let ¢ € L*(Q, ) with [, edr =0. Then
t t
- -1 2\ < Jipy 11 2
lin sup ¢ E((/O p(ns)ds) ) < Jim ¢ E((/O p(&s)ds) )

where t — & is the reversible Markov process on (2, m) whose infinitesimal generator is
the opposite of the symmetric part in L*(2, ) of the infinitesimal generator of t — n;.
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If F(O) > (, the upper bound does not provide any information. However, using a
resolvent method for the Laplace transform of E:

B\ = / eME@)dE, A> 0
0

and the fact that W, — W, and fst 7.(0)du are uncorrelated, P. Tarrés, B. Toth and B.
Valko are still able to obtain some bounds.

Theorem 1.12. (Theorem 3 and Remark 4, [96]) Assume that 0 < F(0) < co. Then
there exists constants 0 < Cy,Cy < 0o such that

C1t?/* < E(t) < Cot®/2,

Generalizing the arguments to higher dimension, I. Horvath, B. T6th, B. Valk6é and
B. Vet6 obtained the following results.

Theorem 1.13. (Theorem 2, [64]) For d > 3, the process t — D(t) converges almost
surely. Furthermore

4 < im D) <d+ [ Py
Rd

t—o00

Theorem 1.14. (Theorem 1 and Remark 1, [T7]) When d = 2, there exists constants
0 < C,Cy < o such that

Citlog(log(t)) < E(t) < Catlog(t).

Despite that Theorem T3 and II4 provide bounds, they do not give the exact be-
haviour of E(t). Nevertheless, B. Toth identifies by an interesting heuristic in the ap-
pendix of [97] the possible candidates.

1.1.3 Presentation of the results obtained in the thesis

The results obtained about Self-Repelling Diffusions on a compact Riemannian manifold
and solving the SDE
dXt = th(Xt) - V‘/t(Xt)dt,

with Vi(z) = fot V(z, X5)ds lie in the framework considered in the previous subsections
and they led to the redaction of two papers.

These two works have their origin in the following simple yet interesting example. Let
(Xt)i=0 C R be the solution of the SDE

t
X, = odW, — / F(X, — X.)dsdt, Xo—0 (1.26)
0

where (W), is a standard real valued Brownian motion, o > 0 and F(x) = ), _; aj cos(kx)
with a; >0 forall j=1,--- ,n.
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Remark 1.1. The positiveness of these coefficients corresponds to the positiveness con-
dition (CZ3). Indeed, let b € L*(R) N C*®(R) be a function satisfying () and let

prb) (@) = Y bla+n)

n=—oo

be the 1—periodization function of b. It is an easy exercise of Fourier analysis to show

that R 4
pr(b) () =Y b(k)e*™ k.

keZ
Because b is even, we have

p1(b)(z) = b(0) + 2 Z b(k) cos(2mkz).

k>1

Since F' is a 27m-periodic function, we can identify X; with (cos(X}),sin(X;)) so that,
instead of R, we work on the compact manifold S'. Moreover, for k € N, the functions
x +— cos(kz) and x — sin(kx) are eigenfunctions of the Laplace operator on [0, 27].

Finally, we can write V' as follows

V(z,y)=F(z—y) = Z ar ( cos(kx) cos(ky) + sin(kx) sin(ky)).

k=1
All these properties can be inserted in the following general hypothesis.

(H1). (The manifold) M is a smooth, finite dimensional, compact, oriented, connected
and without boundary Riemannian manifold.

(H2). (Interaction potential) V(z,y) = > ., a;e;(x)e;(y), with a; > 0 and eq,--- , e,
are eigenfunctions for the Laplace operator Aj; and their respective eigenvalues are
Ay, Ap < 08,

Letting U, (2) = (ya1e1(x), -+ , /anen(x)) yields
Vi(z,y) = (Un(z), Ya(y)),

so that V captures the idea of angular distance between two points on M.

At first glance, the finiteness of the sum might be quite restrictive. However, that is
not the case since P. Bérard (Theorem 13 in [25]) and more recently J.W Portegies ([86])
show that for n sufficiently large and a suitable choice of (a;), ¥, is a quasi-isometric
embedding of M in R” in the sense that

N\

By () 5 RO (3 #@) " (ool 61()......ox (@)

is an isometric embedding for A > 0 large enough. Here dz is the standard Riemannian
metric, 0 = pg > py > pe > ... is the spectrum of the Laplacian operator on M, the
sequence (¢;);>o is an orthonormal basis of L*(M,dz) such that Ay, = pje; and for
any A >0, NA\) =Card{j > 1 : |p;| <A}

3 In particular, they are non-constant functions
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Self-Repelling diffusions on a Riemannian manifold

We present the result obtained in |[I6] in collaboration with M. Benaim. They have been
accepted for publication in Probability Theory and Related Fields.

From Proposition 2.5 in [I9], we can choose as Brownian vector field

N
dWi(z) = > Fi(w) o dW”
j=1
for some N > 0, where (WW, ... W) is a standard Brownian motion on R, o denotes

the Stratonovitch integral and {F;} is a family of smooth vectors fields on M such that

N

STR(ES) = A, feC¥(0)

i=1

Since Hypothesis (H2) implies

3

then, by letting Uy ; denotes the variable

¢
Ukﬂf:/ er(Xs)ds,
0

we obtain the following system on the extended manifold M := M x R"

{ dX, = o Z;VZI Fj(Xy)o th(j) = 2 im1 a5V e (X)) Ujdt (1.27)

dU]“t = ek(Xt)dt, k= 1, e, N
with initial condition (z,0,---,0). A first important result is

Proposition 1.3. (Proposition 24, Chapter B) For all y = (x,u) € M there ezists a
unique global strong solution (Y}!)i=o to (IZZ1) with initial condition Yi = y = (x,u).
Moreover, we have

YY) = (X!, U}) € M x B(u, Kt), (1.28)
where K = (maxyen Y0y €;(y)*)? and B(u, R) = {v € R" : |lv —ul| < R}.
From now on, we let (P;):o denote the semigroup induced by ([Z22), i.e

(B f)(y) =E(f(Y2) | Yo=1y) (1.29)

for any bounded and measurable function f and y € M. Finally, let £ denotes its
infinitesimal generator.
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On the set of C? bounded function having first and second bounded derivatives, the
infinitesimal generator coincides with the Kolmogorov operator, defined on the space of
twice differentially bounded functions having first and second bounded derivatives by

2 n n
g
L=y~ > aun(Ver(r), Vadrar + Y ex(7)0u,,
k=1

k=1

where (Apf)(z,u) = (Apf(.,u))(z) and (.,.)ra stands for the inner product on the
tangent bundle of M. Our first main result is

Theorem 1.15. (Theorem 234, Chapter B) Let (P)io be the semi-group associated to
the system (IZZ1) and Py(yo, dy) its transition probability. Then

1) The semi-group (P;)io is strongly Feller (meaning that P.f is a bounded con-
tinuous function for whatever bounded measurable function f) and there exists a
C>((0,00), M, M) function pi(yo,y) such that P(yo,dy) = pi(yo,y)dy for all yo € M
and (L% — 0,)pi(y,.) = 0. Here L* denotes the adjoint operator of L in L*(M, dy).

2) The unique invariant probability measure is

effb(u)

w(dy) = v(dr) @ o du=: o(y)dy,

with y = (z,u), ®(u) = 1 >°7_, ax|M|ui, C is a normalization constant and v(dzx)

s the uniform probability measure on M.

Moreover for all y € M and for all bounded measurable function f, we have
ltlim P, f(y) :/ f(2)u(dz).
— 00 M

3) The process (Yi): is positive Harris recurrent, i.e for any Borelian set R such that
n(R) >0,

/ 1z(Y)dt = 00 a.s
0
for all y € M.

4) Timyso0 fiy [Pe(2,y) — @(y)|dy = 0 for all z € M.

The proof mainly consists on proving that the Hormander condition holds. This notion
is recalled in section 2-T71.

Let us briefly explain the strategy used to achieve it. Due to the structure of (I"21), we
begin to define a condition (E’) which will imply the Héormander condition (see subsection
P11) and which involves only the variable of the manifold M via the eigenfunctions and
their successive derivatives.

First we prove that condition (E’) holds if the eigenfunctions e; have the same non
zero eigenvalue . To do this, we use that every linear combination of these eigenfunctions
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is again an eigenfunction associated to the eigenvalue A\. Then, the fact that every non-
zero eigenfunction of the Laplacian on a C'* manifold with C°° metric never vanishes to
infinite order will allow us to conclude.

Finally, if there are different eigenvalues, we consider a partition (F)),ep of the set
{e1,--- ,en}, where A = {\ € (—00,0), s.t 3j € {1,---,n} with Aye; = Ae;} and
e; € Iy if and only if Aye; = Ae;.

By the previous step, the condition (E’) holds on E) for all A € A. We complete the
proof by putting everything together via the family of operator

P(ay)= ] (Am—al),

aEAaFEN

where [ is the identity operator.

Once the ezistence of a unique probability measure and the convergence of Y/s dis-
tribution to it in total variation is known, the next step consists to find out, if possible,
some rate of convergence. This is the purpose of the next Theorems.

Theorem 1.16. (Theorem 20, Chapter B) For every n > 0 and g € L*(u)

|y — / )@z < /I T 209 — / Valdy) | zgme ™,
M

where
n K102

T 140l + Keo? + Kot

with explicit constants K1, Ky and Kj.

Theorem 1.17. (Theorem 211, Chapter B) For all zo € M and t > 1

| Pi(20,dz) — p(dz)||7v < v/1 4 2n]|h(1, 20, 2) — 1||L2(u)e—)\(t—1)’

where h(1, zp,z) = % and X\ is as in Theorem ITId.
Theorem I turns out to be a consequence of Theorem I8, which itself follows from
Theorem IIR.
The idea behind the proof is the use of a Gronwall like inequality. However, it is
hopeless to try to obtain such an inequality from classical functional inequalities like the
Poincaré inequality because for sufficiently smooth function &, we have

(2600 = — [ 10.60) Putay) (1.30)

where L is the Kolmogorov operator induced by (I=22). In particular, if £ does not depend
on the variable x, the left hand side vanishes.
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Remark 1.2. Fquation =30 explains why the coefficient X from Theorem 14 is bad as o
goes to infinity. Indeed, on one hand, if o is large then the effect of the Brownian motion
on the particle (the X -variable) is important so that the particle should cover uniformly the
manifold M rapidly. Therefore, for any g € L*(11), Pyg becomes less and less dependent
on the x-variable.

On the other hand, since %Ptg = Lg, we have

GPa = [ swutdnlia, = =2 [ 10.Po)w)Fatd)

To overcome this problem we use the hypocoercivity method introduced by J.Dolbeault,
C. Mouhot and C. Schmeiser in [23] and thoroughly analysed by M.Grothaus and P.Stilgenbauer
in [66]. As an application, they studied the case M = S% d > 1 and e;(z) = x; for
j=1,---,d+1.

Set S = %AM and A =S5 — L. A first important observation, is that for all ¢,¢ € D,
a dense set in L?(M, ) of sufficiently smooth function, we have

(S¢7¢)L2(u) = (S¢7¢)L2(M)
(A, D)2y = —(Ad, 1) 12()-

Let P be an orthogonal projection such that
P(D) C D(A) and PAPp =0, Vo€ D (1.31)
and define on D((AP)*AP) the operator
By = (I + (AP)*AP) '(AP)*.
One can prove that there exists a constant ¢ > 0 such that
1Bofll 2y < ell( = P)fllz2u)

for all f € L*(M, p). So, instead of working with the square of the L?(u)-norm, the idea
is to consider the following equivalent object

Definition 1.2. For 0 < € < 1, the modified entropy functional is

1
Hﬁ[f] = §||f||%2(u) + €(Bof, f)L2('LL)'
In order to apply a Grénwall like argument, they introduced the following tool.

Definition 1.3. For 0 < e < 1, The dissipative entropy functional is

D1, f) = — S HAP.f).

Under a quite long list of assumptions and hypothesis that can be found in [56], they
proved the existence of a constant x > 0 such that

D.(t, f) = K| Pof | r2(0)-

Thus, everything boils down to
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Theorem 1.18 (Theorem 2 in 43|, Theorem 1 in [42|, Theorem 2.18 in [66]). Under
the list of assumptions and hypothesis from [56], there exist constants ki,ky € (0,00)
explicitly computable such that for all g € L*(p) and t > 0,

1P:gllz2 < w167 ||gll 2 (1.32)

Self-Repelling diffusions via an infinite dimensional approach

We present the results obtained in [I4] in collaboration with M. Benaim and I. Ciotir.
They are published in Stochastic Partial Differential Equations: Analysis and Computa-
tions.

The purpose of this work is to generalize as much as possible the results obtained in
[16] for the circle to more general profile functions. More precisely, we analyse the long
term behaviour of

t t s
X, =z+ / g (X,)ds — / / F' (X, — X,)drds + W, (1.33)
0 0o Jo

where x € R and W, is a standard real Brownian motion. We assume that g, F' are
sufficiently regular 2m-periodic functions and F'is even. In terms of Fourier series’ repre-
sentation, it yields

F(z) ~ %—l—Zancos(nx),

n=1
glx) ~ Z at/’n (uén) sin (nz) + v cos (nx))
n=1

where it is assumed that

K

(an)ns1 € { (an),: S (14n2)°a2 < oo} N { (bn), 5 b > 0 vn}

and (ué")> ,(vén)) €’
Introdu?:ing the variables

I
—

n

t
u™ = 4 +ai/2/ cos (nX,) ds
0

and
t
o™ =l - a}/z/ sin (nX,) ds,
0

we obtain the following system in the Hilbert space H = R x % x [?
X, =x+ fot doan (a}/Q sin (nX,) ul™ + ax/® cos (nX,) vé’”) ds + Wy,

uf” =+ all? f{ cos (nX.) ds, n>1,

o =) = s X s, 21
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Since H is an infinite dimensional state space, a natural formalism is the one of Stochastic
Partial Differential Equations. The usual questions are

Question 1.3.
e Do we have existence of a unique strong solution?
e Does the system have the Feller property? the Strong Feller property?
e Does an invariant probability measure exists?

To shorten the notation, we write Y; = (Xy, (u})n, (v]'),). The answer to the first
question is given by the following proposition

Proposition 1.4. (Proposition B3, Chapter @) For each y € H, there is a unique ana-
lytically strong solution

Y e C([0,00);H)N Ly (]0,00); H)

loc

to equation (I-3).

Moreover, for T < oo, we have that

E ( sup ||Yt||§{> < 00.
te[0,7

When investigating the existence of an invariant probability measure, the first step
consists in establishing the Feller property, which is often expected to hold. However,
that is rarely the case for the Strong Feller property, even if everything seems to be as
regular as wanted to ensure that all the finite dimensional system that approximates the
infinite dimensional one have the Strong Feller property (see e.g example 3.1.5 in [bS]).

Proposition 1.5. (Proposition @2, Chapter3) The solution of (IZ1-3) satisfies the Feller
property, but not the Strong Feller property.

The proof of the Feller property is based on the continuity with respect to the initial
condition whereas the lack of Strong Feller property follows from the existence of non-
empty invariant subsets of H. This phenomena does not occur in the finite dimensional
setting.

In view of Theorem 1 in |96] and Theorem T3, it is not surprising to have the following
Theorem

Theorem 1.19. (Proposition @3, Chapter @) The probability measure
dx 1 1

dy) = — N(0,—= | du, N10,= | dv,

p (dy) 2W®£[1 (n2> u ®£[1 ( nz) v

is invariant for the semigroup induced by (T1-3).
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The Theorem’s proof is based on the Galerkin approximation method and on Theorem
[T3.
For N € N, set
Hy =R x RY x R,

Since H = Hy x [ x [2, we define the operator Iy : H — Hy x {0} x {0}* by
HN ('I’ (un)nEN ’ (Un)neN) = <l’, (un)rjj:l X {O}Oo ’ (un)fl\[:1 X {O}OO> :

Then, define the process (Y;(N))t>0 as the solution of the stochastic differential equation
on HN
dYy ™ — 11 (F (Yf”)) dt + odWW,

(1.34)
Y =Ty
and the measure
N dr 1
i (dy) = @ [N (0.~ ) du,@ [ do (dun)
n=1 n>N
al 1
N (0, = | dv, 8o (dvy,
<11 (n) e T so(iu)

where Jq is the Dirac measure on R.

By a similar argumentation as for Theorem I3, p is invariant for the semigroup
(PN); induced by (I=34).

In order to complete the proof of Theorem II9, we show, on one hand, that pu?
converges to u for the topology of weak convergence; and on the other hand, that

N—oo

lim [ (PN f)(y)u(dy) = / (Pf) () u(dy)

for any bounded continuous function f: H — R.

1.2 Self-Attracting Diffusions

Contrary to Section I, we are now interested in the case where the particle is attracted
by its past. Therefore, the question is now

Question 1.4.
e Does the particle converge almost-surely? If yes, can we estimate the rate of conver-
gence?
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1.2.1 Convergence results

The first results about Self-Attracting Diffusions were obtained in 1995 by M. Cranston
and Y. Le Jan ([B3]). They studied the real valued SDE

t
dXt == th - / f(Xt — Xs)det7 XO =0 (135)
0

when f(x) = ax (linear case) and f(z) = a x sgn(z) (constant case), with a > 0. In both
cases, they proved the almost-sure convergence of Xj.
For the linear case, the solution of (I=33) is

t t
X, = / h(t,s)dWs, with h(t,s) =1— ase“SQ/z/ e~ 2y, (1.36)
0 s
Therefore, the natural limit candidate as ¢ goes to infinity is
Xoo = / h(s)dWs, with h(s)=1— ase“SQ/Q/ e~ Ry, (1.37)
0 s

Using that
a(s2_t2
h(t,s) — h(s) = aseaSQ/Q/ e 2y < ;6%7

t

they proved

Theorem 1.20. (Theorem 1, [34]) If f(x) = ax,a > 0, then X; converges almost-surely
and in L? to X.

When the Brownian motion (W), is replaced by a fractional Brownian motion, Litan
Yan, Yu Sun and Yunscheng Lu still obtain the almost-sure convergence of the particle.

Theorem 1.21. (Theorem 8.3, [1U0]) Let (Z;): be the solution of

t s
Z, = Bl — a/ / (Zs — Zy)duds,
0 Jo

where (B); is a fractional Brownian motion with Hurst parameter H € (1/2,1). Then
Xy converges almost surely to fooo (1 — ases’/? fsoo e_““2/2du> dBH.

An important difference between the linear and the constant case is about the intensity
of the interaction function. Indeed, in the linear case the further X, is far X, the stronger
is the restoring force whereas in the constant case it remains unchanged. However, if X,
is close to X, then the force is stronger than in the linear case. So, one may expect the
convergence of the particle for the constant interaction.

Theorem 1.22. (Theorem 2, [33]) If f(z) = a x sgn(x),a > 0, then X; converges
almost-surely.
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The constant case required a more sophisticated proof and mainly relies on the fol-
lowing lemma which implies the almost-sure boundedness of X.

Lemma 1.5. (Lemma 1, [34]) Let PY) be the law of the solution of
t
dY, = dW, — (V(Y}) + a/ sgn(Y; — Ys)dsdt), Yo=0
0

where V' is a measurable function, assumed to be nonnegative on Ry.. Then
1. sup;( Yy < oo, PY) almost-surely.

2. For every € > 0, there exists M () > 0 such that if V(x) > M(g) for all x > 0, then
PV (supyoY; > €) < e.

The proof is built upon an adequate sequence of stopping times (7,,),>0 and, knowing
(Y:)o<t<r,, on the comparison between (Y};)ss,, with a simpler process”.

Note that despite (Y;); is not Markovian, the pair (Y;, p; = fot Jdy,ds); is strongly
Markovian.

In order to move from a conditional distribution to a non conditional one, the authors

need the following lemma.

Lemma 1.6. (Lemma 2, [33]) For any stopping time 7, the conditional law with respect to
PY) of Yiir =Y, given (Yr, ur) coincides with PO where Vo (x) = V(z+Y,)+a [ sgn(z+
Yo —y)pr(dy).

The price paid by applying the lemma is the loss of knowledge of the potential func-
tion’s shape. But it is not dramatic if good estimates are available. These have been
obtained by the authors from the explicit expression of f.

We refer to [34] for the details.

In 2003, S. Herrmann and B. Roynette were able to extend the proof to a larger class
of functions.

Theorem 1.23. (Theorem 1, [60]) Assume that f is an odd increasing bounded and
continuous function such that in a neighbourhood of the origin there exists C' > 0,p > 0
and k € Z* such that

|f(@)| > Ceel ™,

Then the solution of (I_34) converges almost-surely.

So far, all the previous results are stated in R. Hence, a possible extension is to
generalise them in R? for d > 2. The linear case is obvious since it reduces to d times the
one dimensional linear case. A more interesting challenge is the extension of the constant
case. This was done by O. Raimond in 1997.

4Nonetheless, this simpler process depends on (Yy,)o<u<r,
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Theorem 1.24. (Theorem 1, [88]) Let a > 0, (B;); a R%-Brownian motion and (X;); the
solution of the SDE

X, - X
pr:ﬂ%—a/)|t °_dsdt, Xo=0. (1.38)
0

| Xi — X
Then X; converges almost-surely.

The proof follows more or less the same structure as in the one dimensional case where
Lemma [3’s non-negativeness property is replaced by (V' (z),z) > 0. Contrary to the one
dimensional case, we cannot infer at that level the convergence of X; since Cranston-Le
Jan’s argument is purely one dimensional. Furthermore, an other phenomenon that is
possible only in R? with d > 2, is that X, could turn around a point.

In order to prove that is not possible, O. Raimond shows that liminf, || X; — Cy|| =0
almost surely, where C} is the unique minimum of the convex function V; defined by

t
xqwza/ﬁm—XJ@
0

whose gradient is nothing else as the drift of (I=38). Then, he uses the boundedness of X
to complete the proof.

The intuition behind the proof is the following. When X, localizes for a while, then
it digs a hole whose bottom is C; and the slope of V; becomes progressively steeper.
Hence the force felt by X; becomes progressively more and more important, so that X,
get increasingly closer to C;. Therefore, at infinity, the slope is “vertical” and it kills the
Brownian motion’s effect. Therefore X; converges.

1.2.2 Rate of convergence

The first paper providing rates of convergence is [61] from S. Herrmann and M. Scheutzow
and it was published in 2004. The first main result is

Theorem 1.25. (Theorem 1, [61]) Suppose that f is an odd increasing function of class
C' and there exists 1 > 0,7 = 1 and C, > 0 such that

[f(@) = f)| = Cyle =yl if [z —y| <.
Then, for all p < 1/(14 ),

t
1 K — —
1th_glo (<ln(t)) Sslg) | X XJ) 0 a.s.

As for [35] and [60], the idea is to compare locally (X;);>o with simpler processes. The
proof is divided in three steps.

In the first one, they first consider the SDE
dY, = dW, — t®(Y;)dt (1.39)

for some function ® and prove the following long term behaviour.
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Proposition 1.6. (Proposition 1, [61])

1. Assume that ® is non decreasing, x®(x) > 0 for all x # 0. Then Y; converges
almost surely to 0.

2. Moreover, if there exists n,v,Cy > 0 such that |®(x)| > C,|z|" for |x| < n, then
there exists K, > 0 such that

t
lim (=)0 sup Vi) < K.

t—o00 ln(t) s>t

A reason to study (I=39) is the following. Since X; converges to X, (by Theorem
23), then for ¢ sufficiently large

Aﬂ&—&m~lfmﬁxwmmm~ﬁaﬁxw

Hence, if Y; := X; — X solves some true SDEP, then it must be
dY, = dW, — tf(Y;)dt. (1.40)

The proof of the proposition being technical, we choose to not say anything more
about it except that comparison results are used several times.

In the second step, we recover the idea developed by O. Raimond in [88]; namely the
study of the distance between X; and the unique zero, denoted by C}, of the function

Mﬁ%R%KxH/%@—&W.
0

The uniqueness of C; is ensured by the monotonicity of f. S. Herrmann and M. Scheutzow
call the process (Cy);, with initial condition Cy = Xy, the mean-process.

Proposition 1.7. (Proposition 2, [61])
1. If there exists ¢ > 0 and R > 0, such that |f'(x)| = ¢ for |x| > R, then

lim (X, — Cy) =0

t—o0

almost-surely.

2. If f satisfies the assumption of Theorem [Z4, then there exists K, > 0 such that

) t \L/(1+)
lim ((—) sup | Xs — C’s\> < K,

t—o0 1n<t> s>t

By true SDE, we mean a SDE of the form dY; = o(t,Y:)dW; + h(t, Yy)dt.
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The proof works as follows. Define 7, = X, — C; so that (Z;); solves the SDE

f(=Zy)
Je ['(Cy — y) e (dy)

Then, by the assumptions on the function f, they are able to define a function ® such
that

t
iz, - (_/ F(Xy = X)ds + Yt +dW,, Zy =0
0

—sgn(Ze) [(Zy + Cy — y)u(dy) < —tsgn(Z,)2(Zy).

Therefore, they obtain from a comparison result that
P(Z} < U, Vt > 0) =1,

for some process (U;)¢=o having the same distribution as (Y;?)so.

Finally, they complete Theorem [23’s proof in the third and last part. They define
first a sequence of stopping times (7,,), by 7o = 0 and

Tp+1 = lﬂf{t 2 Tn+ 1N | Zt = 0}

where Z; is defined in the second step. Then for any 0 > 0, Propositions I8 and 4
provide the existence of a random variable N such that for n > N, 7,.1 < 7, + 2n and
for t > 7y,

In(t)\ &
sup | Z,| < (K, +0) (—) . (1.41)
s>t t
Given n > N, they define from 7, and (C});~,, a new sequence of stopping time (Sk)r C

[Ty, 00) such that

sup [Cy = Cr, | < ) (111(51@))1%

S=>Tp, £>0 Sk

and prove that lim;_,., Sy = 0o and

(K +)) (M)uﬂ <K<M>r

>0 Sk Tn

for r < ﬁ and some constant K. For details, we refer the interested reader to the

original paper.
The conclusion now follows from the following inequalities

T\ t \u
lim sup (—) sup | Xy — X;| < limsup <—) (sup |Zs| + sup |Cs — Cyl)

oo NI(E)/ i oo NI(E)/ Vi s>t

S 2(K, + ) limsup (ln(Tm

)T

Beside this general result, S. Herrmann and M. Scheutzow also give the exact rate of
convergence for the linear case.
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Theorem 1.26. (Proposition 4, [61]) Assume that f(x) = ax with a > 0. Then

2
I (X, — X)) = —liminf | —— (X, — X)) = 1/ =,
N ln(t)( ! ) ety ln(t)( ! ) a

where X, is defined by (I-37).

The proof is based on the explicit expression of the solution, the Dubins-Schwartz
Theorem and the Law of Iterated Logarithm.

1.2.3 Presentation of the results obtained in the thesis

The results presented in this subsection are the purpose of the article |b3| and are published
in Electronic Communication in Probability.
Let (X¢)i=0 C S™ be the solution of the SDE

dX, = P(Xy,0dW,) — aVVy(X,)dt, Xo=a (1.42)

where P(x,u) = u— (x,u)z denotes the orthogonal projection of u € R™! on the tangent
space of S" at z, (W) is a standard Brownian motion on R"™!, ¢ < 0 and

t n+l t
Vi(z) = / (x, Xs)ds = Zx(i)/ XWds.
0 — 0

The interest of this potential function is its connection with the notion of distance on S”
because for z,y € S", one has

|z — y||> =2 — 2(z,y) = 2 — 2cos(D(z,y)), (1.43)

where D(.,.) is the geodesic distance on S™ and ||.|| is the standard Euclidean norm on
R+,

When a < 0, the drift term of equation (IZ42) shows that X; tends to minimize its
distance with its pasts positions.Therefore, one expects that X; localizes on a part of
the sphere. But this implies that the potential function V; becomes progressively steeper
around some mean point (the bottom of the hole). On the other hand, the deeper the
hole is, the more difficult it becomes for the particle to move away from this mean point.

Hence, in view of the result in the linear case (see Theorem [Z20), one would expect
almost-sure convergence. This is the purpose of the next theorem, which is our main
result.

Theorem 1.27. (Theorem [, Chapter @) If a < 0, there exists a random wvariable
X € S™ such that

O(t='2y/In(t)) ifn=1

X _Xoo = n ) ’
| X | {O«#)lﬂ) otherwise
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Let us briefly explain how to prove this result. First of all, as in subsection 123, we
add new variables in order to get the following true SDE on S™ x R™*!

(1.44)

dXt = P(Xt7 Oth) + P(Xt, Ut)dt
dUt = Xtdt

Remark 1.3. We have P(X;,odB,;) = P(Xy,dB;) — 5 X,dt.
Let us now take the problem in the reverse sense and assume that X; converges to

X € S™.
Then, from the definition of U;, we have

U,
lim — = Xoo
t—oo t
This yields two important informations:
ol
t—soo
and
Uy, X
lim w = 1.
tooo |[Uy

This motivates the following strategy.

(S1) Show that R; := ||U;|| converges almost-surely to infinity sufficiently fast (see Lemma

Us, X
(S2) Prove that it implies that C} := { ”tUt”t> converges almost-surely to 1.

(S3) Use it in order to deduce that lim, % =1.

(S4) Obtain a sufficiently fast rate of convergence for C.
(S5) Conclude.

A first important result in this strategy is

Lemma 1.7. (Lemma -1, Chapter[]) There exists a real valued Brownian motion (Bi)i=o
such that ((Cy, Ry))es 1s solution to

{ dCy = \/1 — CZdB; + [(Ry + 3 )(1 — C7) — 5Cydt

(1.45)
th - Otdt

whenever Ry > 0.
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This proposition shows that (S2) implies (S3). Since |Cy| < 1, then one may expect
that if R; converges sufficiently fast to infinity, then it kills the noise term, so that the
long term behaviour of C; is determined by the ordinary differential equation

C=(1-C%

This intuition is formalised by the Asymptotic Pseudotrajectories’ theory, which is recalled
in Section EI1. This is used to prove that (S1) implies (52).
In order to conclude, we set V; = %. Then, from the definition of U; and Ry, it yields

1
Ry

Since

|X: = CVil| = V1 = CF,
(S3) and (S54) implies that R%HXt — CV4]| is an integrable quantity. So V;, and thus X,
converges almost-surely.

1.3 Self-Interacting diffusions with a reinforcement by
the normalized empirical occupation measure

The aim of this section is to present the results obtained when the interaction is nor-
malised, ie (X})i>0 solves

1 t
dXt = th(Xt) — %/ va(Xt,Xs)det, X() = T. (146)
0

As mentioned by R. Pemantle in his survey (section 6.1, page 58 in [84]), these processes
are a more natural extension to a continuous time process on non-discrete state space of
Reinforced Random Walk whose reinforcement is given via the definition of the transition
probability measure (some references written after 2007 are for instance 7|, [24], [486],
[23] and [B]; and for those written before, we refer to [84]). For instance, the transition
probability for Edge Reinforced Random Walk at time n is given by

w(Z,({ X, y})
i~Xn w(Z,({Xn,i}))’

where Z,({z,y}) is the number of crossing of the non-oriented edge {z,y} of the walker
at time n and w is some positive increasing function.

P(Xuin = ylo(Xo, X+ X)) = Lipmiy 5

As explained in subsection I3, equation (IZG) can be related to a Markov process
by considering the normalized occupation measure probability u; = % f(f dx.ds as an
additional variable. This is the core of the investigations which have a dynamical system
flavour.

This section is based on the papers |[I9] and |[21] for the case of a compact, connected,
smooth and without boundary Riemannian manifold, and on the papers [73] and [76] for
the non-compact setting.
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1.3.1 The compact case

In this subsection, we assume that the Riemannian manifold M and the potential function
V enjoy the following properties:

e M is a smooth, finite dimensional, compact, oriented, connected and without bound-
ary Riemannian manifold.

e Forally € M, themap V,,: M — R:x — V(z,y) is a C? function whose first and
second derivatives are continuous in both variables.

e The mapping = — [, V,(z)A(dy) is constant, where A stands for the Riemannian
probability on M.

e V is symmetric: V(z,y) = V(y,z) for all z,y € M.

These hypothesis ensure existence and uniqueness of the solution (see Proposition 2.5 in

jz9]).
Let M(M) denote the set of Borel bounded measure on M endowed with the weak
topology and P(M) the subset of Borel probabilities with the induced topology. Note
that the compactness of M implies the relatively compactness of P(M) by Prohorov’s
Theorem.
Given a probability measure p, let V,, be the function on M defined by

V(x) = /M V(e y)u(dy). (1.47)

The analysis of the long term behaviour of (IZ48) was initiated by M. Benaim, M.
Ledoux and O. Raimond in 2002 (|T9]) and later further investigated by M. Benaim and
O. Raimond (|20], [21] and [22]) via the normalized occupation measure

1 t
pe(dy) = n / dx,(dy)ds.
0

When considering the pair ((Xt, ,ut)> , we have a Markov process that solves the fol-
>0
lowing SDE on M x P(M):

=

dXt - th(Xt) - VVM (Xt)dt

Since the variables are evolving in two different time scales, one may expect the following
behaviour®. Because j; changes with a time scale of order 1/¢, the evolution of y; becomes
progressively slower compared to X;’s one. Thus, for all {, > 1 sufficiently large, any

6The following heuristic was first explain explicitly by V.Kleptsyn and A. Kurtzmann in [73]
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T >0 and any t € [tg,to + 1, V,, should be close to Viu,- Hence, one might expect that
(Xty+t)t=0 should not differ too much from the solution of the SDE

dX{" = dW(X;™) — VV,, (X{")dt, X{" = X,. (1.49)
On one hand, the invariant probability measure of (IZ9) is
672V#t0 (z)
(e )(dr) = ———A(dx), (1.50)

Htg

where Z,,, is the normalization constant. On the other hand, by Birkhoff’s Ergodic

Theorem, % tiﬁT 0 1o ds converges to [I(14,) as T goes to infinity. Therefore

to T 1 [WtT
- - Sx.d
Hio+T t0+TMt0+to+TT/t0 X048

to T

II
tO+TMtO _|_ t0+T (Mto)

(=g + T(111,))-

Q

n T
Thus

,LLto-‘rT - uto to>T 1
R~ — IT ~ —(— IT .
T t() + T< Mt() + (:U’to)) to( Mt() + (:U“to))

Consequently, it is reasonable to hope to be able to describe p;’s long term behaviour
from the ODE (on P(M))

fr=—p+1(p). (1.51)
Denoting by L((p):) the set of accumulation of (y;); and ¥ the flow induced by this ODE,
M. Benaim, M. Ledoux and O. Raimond proved that it is the case.

Theorem 1.28. (Theorem 2.4, [Z1]) With probability one, L((1:):) is a non empty com-
pact connected subset of
Fig(Il) = {p € P(M) | I(p) = p}.

Remark 1.4. The result is in general no longer valid when V' is not symmetric, whereas
the statements of Theorems (I2) and (I=30) remain valid.

The proof is based on the heuristic described above. For t,s > 0, let £4(s) be the
measure defined by

eils) = /t t+s(5xeu — T (jten ) )du = / Ox, — I(pa)

et+s

du. (1.52)

t u

This measure corresponds to the accumulating error between the evolution of p.¢ driven
by (I28) and the one it would have if it were solving (IZ2ll) during a period of time s.
Indeed

duet = (6Xet — uet)dt
_ <((5X€t () — g+ H(Met)>dt.

As stated in the next theorem, the error term &;(s) is small as ¢ converges to infinity.
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Theorem 1.29. (Theorem 3.6, [19])
1. For all f € C°(M) and every T > 0:

(a) There exists a positive constant K such that for all 6 > 0,

K
P( sup le(s)f] 20 | Fer) < Gl flloce™

0<s<T

(b) Almost surely, limsup,_, ., 1 log(supyc <z |e:(s)f]) < —3-
2. The function t — pe 1s an asymptotic pseudotrajectory for V.
As a consequence, we have

Theorem 1.30. (Theorem 3.8, [19]) The limit set L((fw):) is almost surely an attractor
free set of W.

The remaining part consists to show that all attractor free sets of ¥ are subsets
of Fiz(Il). This basically follows from the fact that U is gradient like whenever V' is
symmetric. We refer to section 4 of [21] for the details?.

If Fiz(Il) is a set of isolated points, Theorem ensures that p; converges almost-
surely to one of these points.

Question 1.5.

e Under which conditions, Fix(Il) reduces to one point?

o If Fix(1l) does not reduce to one point, is every point of Fixz(Il) the limit of (p):
with positive probability?

In order to answer these questions, we assume for the remainder of this subsection
that
V=V, -V,

where V., V_ are Mercer kernels. Recall that a map K : M x M — R is a Mercer kernel
if it is a continuous and symmetric function such that

/M/MK(J%y)f(?J))\(dy)f(x))\(dx) >0

for all function f € L*(\(dz)). Some examples are given in section 2 of |21], but one of

them is
n+1

K(Qf,y) = <£E,y> - ijyj7 T,y € S

j=1

An answer to the first question is given by the following theorem.

If the reader is not familiar with the notions involved in the statements of these two theorems, we
invite him either to go to section EI71 or to look at [LT].
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Theorem 1.31. (Theorem 2.13 and Theorem 2.22, [Z1])

1. If V_ =0, then Fiz(Il) = {\(dz)} and lim;_, p; = A(dx) almost-surely.

2. If sup,ep Vo (w,2) < 1 or sup, ,ep (M - V_(m,y)> < 1, then Fix(II)
reduces to one point.

Before answering the second question, let us recall some informal definitions®. We say
that p, € Fiz(1l) is non degenerate if the “derivative of p+— —p+II(x)” does not vanish
at u.. In that case, we say that pu. is a sink, if there exists a neighbourhood V of pu, such
that for all initial point in V), the solution of (IC5ll) converges to fi; otherwise, we say
that p, is a saddle.

Theorem 1.32. (Theorem 2.24 and Theorem 2.26, [Z1]) Let p. € Fixz(II) be non degen-
erated. Then

1. If py is a sink, then P(limy_ o0 pty = p) > 0.
2. If . is a saddle, then P(limy_,o0 py = p) = 0.

In view of Theorem =31, we need some conditions on V_ to ensure that the limit point
is maybe not the Riemannian probability measure . So, from Theorem [=32, we obtain

Theorem 1.33. (Theorem 2.28, [Z1])
Let p(V) = inf{{(Vu,u)y stu € L*(\), (u,1)x = 0, ||ul|x = 1}, where Vu(z) =
Jur V(@ y)u(y)Mdy).

1. If p(V)) > —1, then P(limy oo iy = A) > 0.
2. If p(V) < =1, then P(limy_, o pty = A) = 0.

Before completing this subsection, let us enumerate the corresponding results for the
special case of the sphere (and the circle) since it has been at the origin of this thesis and
of the series of paper [TY], [20],[21] and [22].

Theorem 1.34. (Theorem 4.5, [19]) For a # 0, let (X¢)i=o be the solution of the SDE
t
dXt = th(Xt> — %/ VS"VXS (Xt)det, X() = c Sn,
0

where V() = (x,u). Set p; = %fot dx.ds.

1. If a > —(n+ 1)/2, then {} converges almost surely (for the topology of weak*
convergence) toward the Riemannian probability measure on S™.

8The rigorous corresponding definitions are given at page 1723 of [21].
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2. If a < —(n + 1)/2, then there exists a random variable ¢ € S™ such that {u;}
converges almost surely toward the measure
_ exp(B(a){z,s))

MCS(dx) - Za )

where Z, is the normalization constant, B(a) is the unique positive solution to the
implicit equation
2aA7,(8) + B =0,

An(B) = log( J; exp(—B cos(w))An(da)) and An(dr) = = da.

o (sin(z))"~ldx
For the circle, we have the following picture.

Theorem 1.35. (Theorem 1.2, [19]) Let (6;): be the solution of the real valued SDE

1 t
det = th — 2/ V,(Qt — 95)d$dt, 90 = O,
0

where V(z) =23 1_, (ay cos(kz) + by sin(kz)). Set p, = %fot dgiosds.

i. Suppose there exists 1 < k < n such that ap < —1/2. Then p; almost surely does
not converge toward \(dz), the normalized Lebesque measure on S* ~ [0, 27].

ii. Suppose that for all 1 < k < n, ax > —1/2. Then p; converges toward \ with
positive probability.

1i. Suppose that one of the two following conditions holds

(a) For all1 <k <mn,b,=0andax >0,
(b) Foralll1 <k <n,b,=0,a,<0and> | _,a,>—1/2.

Then p; converges almost surely toward \.

1.3.2 The non-compact case

The extension to the non-compact case was initiated by A. Kurtzmann during her Phd-
thesis (|73]) and it has led to the papers |[76] and [73]; the last one being in collaboration
with V. Klepstyn.

As in the compact case, the authors investigate the long term of 11, (dz) = fot dx,(dx)ds
where (X;); C R™ is the solution of the SDE

1 t
dX, = dW; — (VF(Xt) + 2/ va(Xt,Xs)ds) dt, X, =0, (1.53)

0
where (W;); stands for a standard Brownian motion on R"™ and V is a nonnegative C*
function. Given a finite measure pu, let II(x) be the probability measure

o~ 2F (@) V(@)

I(p) = Z—dm.

I
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where Z, is the normalization constant. The strategy used in |76] is similar to the compact
case. However the main technical difference is the possibility for the limit set L((p):)
to be empty. To avoid this problem, A. Kurtzmann needed to add an extra-potential
function F' with the following assumptions

(i) (regularity and positivity): F is a C? function such that F' > 1.

(ii) (growth): There exists C' > 0 such that for all z,y € R",

\VF(z) — VF(y)| < C(inf(1, ]z — y|) (V(z) + V(y)).

(iii) (domination): there exists K > 1 such for all z,y € R",
V(z,y) < K(F(z)+ F(y), |VeV(ey)l +|V.V(e,y) | K(F(2)+V(e,y))

and
2
i s [VE@E 4 2AVF@). VoV )
|z| =00 yecRrd F(l‘) + V(l‘, y)

(iv) (curvature): There exist a,a > 0,0 > 1 and M € R such that for all z,y,z € R",

(x, VF(z) + V. V(x,y)) > alz|* — a and ((V?F(z) + V2,V (z,9))z,2) > M|z

The domination condition allows A. Kurtzmann to prove the following tightness result

Theorem 1.36. (Theorem 3.2, [76]) Almost surely,

sup /F(x),ut(dx) < 00.

120

Since tightness is a weak form of compactness by Prohorov’s Theorem, one can hope
to be able to adapt the machinery developed in the compact case and prove the following
theorem.

Theorem 1.37. (Theorem 3.6, [[76]) The map is t — pe almost-surely an asymptotic
pseudotrajectory for the semi-flow ®, generated by

Dy(p) =e '+ e_t/o e"II( P, (1)) du. (1.54)

Due to the non compactness of R", one has to be more careful in estimating the error
measure £,(s) defined in (I52). To overcome this difficulty, Kurtzmann had to use the
curvature condition to show an uniform ultra-contractivity property.

As for the compact case, A. Kurtzmann was able to derive from Theorem [=37 the
following long term behaviour of y;.

Theorem 1.38. (Theorem 1.2, [76]) Under the above assumptions on F and V', we have
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1. L((pe)e) is a non empty, weakly compact, invariant by the flow ® defined in ([-54)
and admits no other attractor than itself.

2. If V is symmetric, then L((w):) is a subset of Fixz(Il), the set of fized point of
po—> 1(p).

If the function V' is assumed to have more structure, the function F' is useless.

Theorem 1.39. (Theorem 1.2, [73]) Assume that there exist a function W € C?*(R")
such that V(z,y) = W(x —y), FF =0 and

(1) (spherical symmetry): W(x) = W(|z|).
(ii) (uniform convezity): There exists C > 0 such that for all x € R" and v € S"!,

O*W
Do 2> C.

(iii) (polynomial growth): There exists some polynomial P such for all x € R,

(W ()| + VW (@) + VW (2)[| < P(j]).

Then, there exists a unique symmetry density po : R™ — [0,00) so that, almost surely,
there exists a random cs Such that p; = %fot dx.ds in the x-weak topology to

oo (AT) = poo (T — Cop)dx.

Moreover, there exists a > 0 such that the speed of convergence of p; toward ji for
the Wasserstein distance is at least exp(—a “\/log(t)), where k is the degree of P.

This last theorem has two interests. The first one is the absence of the additional
potential function F. However, the price to pay is the strict convexity assumption (so
that uniqueness of the invariant probability is expected). The second one, and maybe the
most interesting, is the rate of convergence.

The philosophy of the proof differs from Theorem 37 and the compact case, and it
is much more closer to the spirit of [6I] with the use, as reference point, of the unique
minimum of the potential V,,%. Interested reader are encouraged to have a look at [73].

1.3.3 A link between the reinforcement by the normalized and
the the non-normalized empirical occupation measure

As we have seen, the study of Self-Interacting Diffusions with a reinforcement by the
normalized empirical occupation measure provided a numerous of interesting results via
the analysis of an ordinary differential equation on the space of probability measure P(M),
where M is either R™ or a compact manifold.

9The uniqueness comes from the convexity assumption
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So a natural extension is to consider Self-Interacting Diffusions of the form

X, = dW,(X,) — @VIV(Xt,XS)det, Xy =z (1.55)
where w is a positive non-decreasing function. If w(t) = t, we recover the reinforcement
processes by the non-normalized empirical occupation measure.

The gap between the weight function w(t) = 1 and the weight function w(t) = ¢ is
studied by O. Raimond in [89] where w converges to infinity, but not too fast, ie there
exists positives constants ¢, ty such that for ¢t > to, w(t) < clog(t) and |[w'(t)] = O(t™7),
with v €]0, 1].

As a particular case, he considers on the unit sphere S™ the interaction function

n+1

=1

and proves the following Theorem.

Theorem 1.40. (Theorem 3.1, [89]) Under the above assumptions, there exists a random
variable X in S™ such that almost surely, p; = %fot dx.ds converges weakly towards dx__ .

This Theorem lies between Theorem =34 and Theorem [—27.

1.4 Some other path-dependent processes

In the previous sections, we presented Self Interacting Diffusions where we had a kind of
“point, by point” interaction between the present position and all its past positions. In a
different spirit, solution of Stochastic Differential Equation of the form

dX, = g(t, X (0, £)))dW, — f(t, X([0,1]))dt

have received some attention these last two decades. They are known as Stochastic Func-
tional Equations and time delays systems falls into this framework (see [b0] and references
therein).

The question of interest are therefore more functional like; and in this sense, there
are close to SPDEs. Indeed, the main problems are about existence/uniqueness of the
solutions and with functional stochastic calculus.

However, in [7], Y. Bakhtin and J.C Mattingly were interested in the existence /uniqueness
of an invariant probability and on its properties.

An intermediate model between the stochastic functional equations and the self in-
teracting diffusions presented in the previous is the solution of the "Stochastic Differo-
Functional Equation"™

dX, = dW, — f(t, X([0,4]))F'(X,)dt + g(t, X,)dLs, (1.56)

19T used this term since it is a mixture between classical SDEs and Stochastic Functional Equations,
but it is not known in the literature.
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where L; is a non-decreasing adapted process.

Such path-dependent processes are considered by K. Burdzy and co-authors in [9] and
[31]. In [9], the first object of analysis is the evolution of a Brownian motion in a bounded,
connected domain that accumulates drift when it hits the boundary. Using the notation
of (I58), it yields F(z) = = and

ft,~([0,1])) = /0 n(y(s))dLs and g(t, ) = n(z)Leeop,

where L is the process’ local time on 0D and n(x) is the unit inward normal vector of D at
x € 0D. In that case, the authors prove that the extended process <(Xt, fg n(XS)dLS))

=

on D x R™ admits as invariant measure the product of the uniform distribution over D
and a Gaussian measure over R".
In [31], they investigate the case

£t (0, 4])) = — / F"((s))ds and g(t,z) = 0,

for some 27m-periodic real valued C® function F and W is a stable Lévy process. Again,
they are able to prove that the extended process ((eiXt, - fot F”(Xs)ds)> admits an in-

variant measure given as the product of the uniform distribution on S! and a Gaussian
measure over R"”.

Finally, let us mention that two other path-dependent processes were considered by
K. Burdzy (|30], [32]). In [30], the authors consider a stable process evolving on S' until
a clock rings. At this time, it jumps to an other point on the circle. The jump time
depends on the current position and the target one, but also on all its past via the process
Sy = fot F(X)ds. As before, it turns out that an invariant measure for (X,S) is the
product of the uniform distribution on S' and a Gaussian measure over R.

In [32], the state space on which lives the particle X is finite and it jumps from a point
to an other one according to some rule which depends on the time spent on each point or
only on some particular states. Hence, it has a memory. K. Burdzy and D. White give
some conditions on the jump rule to ensure that the extended process particle-memory
has an invariant measure such that the marginal distribution of the memory is Gaussian
over R%.

1.4.1 Presentation of the results obtained in the thesis

In this thesis, we investigate the long term behaviour of the solution of the Stochastic
Differo-Functional Equation (IC58) when the functional f, g are given by

£t (0, 1])) = / F(y(s))ds and g(t,z) = 0,

where F'is a 2m-periodic real valued function that does not vanish at its local extrema.
This is a joint work with Pierre Monmarché.
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Introducing the variable U; = fg F(X,)ds, we obtain the following SDE on S! x R

_ . /
{dXt = dW, — U,F'(X,)dt (157)

dU, = F(X,)dt.

This equation has to be compared with the motivating example of section II-3. The
periodicity of the function F allows us to identify X, with e’Xt.

Let us explain what is going on and assume that Uy > 0. Since the equation satisfied
by X; is gradient like, then X; is pushed to the minima of F', say for instance xy, and to
remain on a small neighbourhood of x for a while. Depending on the sign of F(zg), we
will have two possible behaviour.

If F'(xg) > 0, then U; increases as long as X; remains on the small neighbourhood. The
consequence is that the slope of the environment around 0 becomes progressively steeper.
Hence it is more difficult for the particle to leave that neighbourhood. If it remains stuck
forever, the expected behaviour is the convergence of X; to x.

If F(zg) < 0, then U, decreases as long as X; remains on the small neighbourhood.
So, after a finite times, U; becomes negative. Thus, there is an inversion of the slope of
the environment. Consequently, a local minima is now repelling whereas a local maxima
is attracting.

This heuristic explains the following results

Theorem 1.41. (Theorem B3, Chapter @)

1. If there exists a local minima x of F such that F(x) > 0 or a local maxima y of F
such that F(y) < 0, then X; converges almost surely.

2. If for all local minima x of F, one has F(x) < 0 and for all local mazima y of F
one has F(y) > 0, then (A7) admits a unique invariant probability measure.

In a second phase, we consider the velocity jump process counterpart, which lies in
the family of Piecewise Deterministic Markov Processes. Let us give a brief explanation
on how this process works.

The process X moves at constant speed on the circle until a clock rings. At that time,
the process goes to the opposite direction until the next clock rings; and so on. We let
Y denotes the speed-direction component and assume that it takes its values in {—1,1}
and U is the process described in (ICX1).

Given i.i.d standard exponential random variables Ejy, Fj, the next jump occurs after
a time 0; A 05 where

(91 = inf {S > 0,/ (UUK]F/(XU))+dU > Eo}
0

1
02 - XFO
and A > 0 is some deterministic constant.
So from the heuristic described above, one may expect to have an equivalent statement

as for Theorem (1) for velocity jump process... and that is the case.



1.5. STRUCTURE OF THE THESIS 41

1.5 Structure of the thesis

This thesis has six chapters including the Introduction. Each of the Chapters B, B and
A led to accepted for publication or published papers. However, in order to make them
as accessible as possible, we begin chapters 2 and @ with a reminder of the main tools or
concepts involved in those articles.

The purpose of Chapter B is the content of a recently submitted paper.

The chapters B-8 can be read independently from each other, but it worth pointing
out that they are interconnected.

Finally, we address in chapter B some open problems that this thesis has arisen with
some partial results.






Chapter 2

Self-Repelling diffusions on a
Riemannian manifold

This chapter is based on the paper [16] accepted for publication in [Probability Theory and
related fields. It is a joint work with M. Benaim.

The chapter is organised as follows. In the first section, we recall the concepts lying
behind the main results. In the second one, we present some results obtained for the
solution of the Self-Repelling Stochastic Differential equation

t
dX; = 0dB; + (uo sin(X;) — vo cos(Xy) + / sin(X; — Xs)ds) dt, (2.1)
0

where o > 0. This equation is the toy model at the origin of this thesis. Then, we consider
the zero noise case (ie o = 0) since apart of its own interest, it shows how the presence of
the Brownian motion destroys a rigidity structure. It constitutes the appendix of [I6] as
well as a part of the paper’s introduction.

Finally, we reproduce the core of the article in the next sections. Therefore some
redundancies with the Introduction chapter are possible.

Keywords: Self-interacting diffusions, strong Feller property, degenerate diffusions, hypoco-
ercivity, invariant probability measure

MSC primary: 58J65, 60K35, 60H10, 60J60
MSC secondary: 37A25, 37TA30

43


http://link.springer.com/article/10.1007/s00440-016-0717-1
http://link.springer.com/article/10.1007/s00440-016-0717-1

44CHAPTER 2. SELF-REPELLING DIFFUSIONS ON A RIEMANNIAN MANIFOLD

Contents
.1 Basictoold. . . . . . 0 0 e e e e e e e e e e e e e e e e e e 44
PTT The Hormander condifion . . . . . . . ... ... ... ..... 44
R.I1.2" Hvpocoercivity and functional inequalitied . . . . . . . . . . .. 46
R.2 A motivating toy model: case of thecircld ... ... ..... 48
R.3  Introduction to the generalcasg. . ... ... ... ... .... 56
2.4 Description of the mode] . .. ... ... ... .......... 59
2.5 Presenfation oftfheresults . . ... ... ... .......... 60
2o Prootolf lTheorem 2.9 . . ... ... ... eeeen. 65
2.7 Exponential decay i L2([) « « « v v v v v v v v e e e e e e e 70
B.7. T Application to the Proof of Theorem 2.10 . . . . . . . . . 72
R.7.2 Proof of Propositions 2.9 and 2.10 . . ... ... ... .. 74
2.8  Exponential decay in the total variation norm| . ... .. ... 82
2.1 Basic tools

2.1.1 The Hormander condition

The goal of this subsection is to recall what the Hérmander condition is since it plays a
primordial role in the paper [186].

Let M be a smooth connected d-dimensional manifold (e.g M = R% or M = S%) and
let Gy, Gy, -, G, be smooth vector fields. Let X[* be the solution of the SDE

with initial condition X7 = x. Here o stands for the Stratonovich integral and (BW, - - -

dX} = Go(X7)dt + Y Gp(X}) 0 dB"

k=1

is a standard Brownian motion on R™. Then the infinitesimal operator is

1 n

We denote by Pi(z,dy) the law of X and by P, the semigroup induced by L. Note that
for a bounded and measurable function,

Fif(x) = E(f(X{)).

Since the Hormander condition is connected to the notion of Lie-bracket, let us first recall
its definition.
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Definition 2.1. Given two smooth vector fields A and B on M, the Lie-bracket of A and
B is the vector field on M characterized by

[4, BI(f) = A(B(f)) — B(A(/))
for all f € C®(M). In case M = R?, then for all x € R?
[A, B](x) = DB(x)A(x) — DA(z)B(x)
where DA(x) (resp. DB(x)) stands for the derivative of A (resp. B) at .

With this definition in hands, we are now ready to introduce the Hérmander condition.
Let Go = {G1, - ,G,} and define recursively Gi, k > 1, by

Gr =G 1 U{[B,Gj], BEGy1and j=0,---,N.}
Let then G, = Uk>o G and for all x € M
Oolz) ={V(x) : V €Gs}.

Definition 2.2. The dynamics (23) satisfies the Hormander condition if for all x €
M, Goo(x) spans T, M.

The intuition behind this definition is that the noise term is sufficiently well "dis-
tributed" to the different coefficient of X in order to allow the particle to go at every
direction at every point. The strength of the Hérmander condition is its smoothing prop-
erty.

Theorem 2.1. (Theorem 3 and Lemma 5.1, [67]) Assume that the Hormander condition
holds. Then there ezists a C*((0,00) x M x M) function pi(x,y) such that

1. P(z,dy) = pi(z,y)dy
2. Lpt(,y) - atpt('a y)
3. L*pi(z,.) = Oupe(x,.), where L* is the adjoint operator of L in L*(M, dz).

4. The semigroup P, is Strong Feller, ie for all bounded and measurable function f,
P, f is a bounded and continuous function.

This result was first proven in 1967 by Lars Hormander ([63]) on an open subset
of R? where he used analytical tools and arguments. In 1986, James R. Norris gave
a probabilistic proof by using Malliavin Calculus ([80]) and it was revisited in 2011 by
Martin Hairer in |67].

We emphasize that this result is true only if the state space has finite dimension. A
particular case in an infinite dimensional setting, with only a finite vector fields modelling
the noise term, was studied by M.Hairer and J.C Mattingly in [6Y]. Their proof uses
Malliavin calculus and follows the idea from [80]. However, the semi-group is not Strong
Feller, but asymptotically Strong Feller; which is a notion that they introduced in [bS|.
This notion is weaker than the Strong Feller, but stronger than the Feller property. We
refer to this paper for the definition (Definition 3.8), its smoothing property (Theorem
3.16) and examples/applications.
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2.1.2 Hypocoercivity and functional inequalities

Even if functional inequalities are not playing a key role in the article, they are not very
far for two reasons. The first one lies in the fact that they are closely related to rate
of convergence to an invariant probability measure. The second one is that we cannot
dissociate them from the notion of Hypocoercivity since the underlying ideas are similar.

Functional inequalities

The purpose of this subsection is not to give a complete overview of the world of functional
inequalities since it is very large and the literature on that subject is important. Here, we
present only the Poincaré inequality in order to fix the idea about the power of functional
inequalities. This subsection is based on the book [2|, written in French.

Let L be the infinitesimal generator of a diffusion process (X;); in a state space M
and let P, be the associated semigroup. We assume that L admits a unique invariant
probability measure u. Let A be a set of sufficiently smooth function and such that it is
dense in L*(p) (see Definition 2.4.2 in [2] for a precise description). For f € A, we denote
by u(f) the mean of f with respect to p

u(f) = /M f(@)u(dz).

Definition 2.3. (Definition 2.5.4, [3]) We say that u satisfies a Poincaré inequality for
L with constant ¢ > 0 if for all f € A,

1f = 1z < eIV FIZ2g0)-

The Poincaré inequality is useful if one wants to estimate the speed of convergence of
the law of X; to p.

Theorem 2.2. (Theorem 2.5.5, [2]) The following assertions are equivalent:
1. There exists X\ > 0 such that for all f € A,

1P = ()l r2go < €N f 2

2. u satisfies a Poincaré inequality for L for some constant c.

Proving such an inequality might not be an easy task, especially when the state space
is of high dimension. Fortunately, if L = Ly + Lo and u = g1 ® uo, then one can apply
the following theorem.

Theorem 2.3. (Theorem 3.2.1, [2]) Assume that for j = 1,2, p; satisfies a Poincaré
inequality for L; with constant c;. Then v satisfies Poincaré inequality for L with constant
max(cy, Cg).

If M = R and L = A — (U'(.),V), where U is some potential of class C? such

that fRd e V@ dx < oo, then one has the following theorem for the invariant probability

measure jy(dz) = ﬁe‘wx)dm
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Theorem 2.4. (Corollary 5.5.2 and discussion in section 1.2.6, [2]) If U = ®+ G, where
® is a strictly conver function and G is bounded, then py satisfies a Poincaré inequality.

If M =R, we also have

Theorem 2.5. (Theorem 6.4.3, [2]) Assume there exists k, K > 0 such that |U'(z)| > &
for |z| > K and limy o U"(x)/(U'(2))* = 0. Then py satisfies a Poincaré inequality.

Hypocoercitivity

When the Brownian motion term does not act directly on all coordinates of a SDE, it
is hopeless to prove such functional inequalities. A classical example is the generalised
kinetic Langevin equation

dY, = —Ydt —U'(X;)dt + v2dB,

where (B,), is a real valued Brownian motion and U is a C? function such that z + ¢~V®)
is integrable for the Lebesgue measure on R. Then, its infinitesimal generator is given by

Lf(x,y) = 0y f(x,y) = U'(2)0yf(2,y) — yO, f(x,y) + y0.f(x,y)

and its invariant probability measure is
1
p(dz, dy) = Ee‘U(x)‘yz/ 2dady,

where C'is a normalisation constant. It is not difficult to prove the following equality: for
all f € C* converging to 0 as |z| goes to infinity,

[ e e putda.dn) = = [ @07 putds.dy). 2.3)
Since

SIS = Doy =2 [ P (L))l ),

it is not possible to obtain a rate of convergence without any modification.

Since the missing terms of the left hand side of (223) are partial derivatives, a natural
idea is to "add" them. To do this, we consider the Sobolev H! norm or an other equivalent
norm. This is the method that was first introduced and studied by C. Villani in 2006 in
his book [98].

Applying this method to the generalised kinetic Langevin equation, it allowed C.
Villani to obtain a rate of convergence that is exponential, like in Theorem =2, but for
the H! norm (Theorem 35 in [98]).

Behind the term "hypocoercitivity", the idea is to change our measurement tool in
order to have an inequality that looks like the Poincaré inequality. In [43], J. Dolbeault,
C. Mouhot and C. Schmeiser had a different approach from . Villani by assuming that
the infinitesimal generator can be decomposed in a symmetric operator in L*(x) and an
antisymmetric one. Then they introduced a new object that they called modified entropy,
which is equivalent to the L?(x) norm. This entropy is built upon some projection operator
and the antisymmetric part of L. For more details, we refer to [43], [42] and [56].

We will use this last method in order to obtain our rate of convergence.
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2.2 A motivating toy model: case of the circle

In this warm-up section, we consider the following real-valued self-interacting differential
equation which is at the origin of this thesis

t
dX; = odB; + (uo sin(Xy) — v cos(Xt))dt + / sin(X; — X,)dsdt, (2.4)
0

where (Bj)i<o is a standard real valued Brownian motion and o > 0. Since the drift
part of the equation is 2m-periodic, we can interpret X; as an angle. Indeed, if =; =
(cos(Xy),sin(Xy)), it follows from (24) and the trigonometric rules that Z; solves

EEU —E§2) _Egz) o ¢ —EEQ) M —EEQ)
dl_ | =7 - OdBt+[< =) ,(U)>+ / ({ =0 @ >d3] = |dt
=t =t =t 0 0 =t E =t

(2.5)
Setting U, = uo—l—fot =Vds and V; = vo—i—fot = ds we get the following SDE on S! x R2:

( —5 g =y (S
—t —t

av, = =Mt
L av, = =Pdt

[1] [1]

with initial condition ((cos(Xjy),sin(Xy)), uo, vg). This system enjoys the following prop-
erties, summarized by the next Theorem and whose proof follows from general results
stated in Theorems 279,210,211 and Proposition 2.

Theorem 2.6. Given any initial condition (xq, ug, vo), the Markov process ((Et, U, V}))
>0
15 positive Harris and admits a unique invariant probability given as

exp(—u?/2) 2/2) ®exp( 2/2)
Vo V2

where v(d€) is the uniform distribution on S'. Furthermore, the law of (Et, Uy, Vt) con-
verges exponentially fast to p in L?(u) and in total variation.

p(dzxdudv) = v(d§) ®

Remark 2.1. A similar result holds for the decoupled SDE when V(z,y) = > 7 a;cos(j(y—
x)) and a; > 0 for all j = 1,---.n, by setting U;(t) = fo cos(jXs)ds and Vi(t) =
fg sin(j X)ds.

Theorem 2.7. Almost surely, the solution of (Z8) with initial condition (X, Uy, Vo) =
((1,0),0,0) does not converge on S* and a fortiori on R. However, on R,

Xy
7—>Oa.3. ast — oo.
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Proof. Let e > 0 and set RS = o, ((2k +j)m — ¢, (2k + j)m +¢) x R?, j = 0,1. Then by
positive Harris recurrence of (Z;, Uy, V;); and definition of =;, we have

X € U((?k: +j)m—e,(2k+ j)m +¢),
kez

infinitely often for j = 0,1. This proves the first assertion.
Applying now Corollary 22 in section 23 to the function f(&,u,v) = &u — v gives us

1 t
lim — / f(Esa Usa V;)dS = / f(€7 u, U)[L(dl’, du7 d’U) =0 IED(O,O,O)CL'S-
t Jo S1xR2

t—o00
Consequently,
X, B, 1 [t
- — 00—/~ "N ES) U87 VS d
Loty [ )ds
converges [P(g0,0) almost surely to 0. ]

Figure 2.1: Evolution of the coordinate (U¢, Vi) after time T = 750, where o is respectively 0.1,1 and 4

Figure 2.2: Evolution of the angle X; after time T' = 100, where o is respectively 0.1,1 and 4.

The zero noise limit

We point out that (E8) is -for ¢ < 1- a random perturbation of the following ordinary
differential equation (ODE)

X(t) = sin(X(¢))U(t) — cos(X ())V (¢)
U(t) = cos(X(1)) (2.7)
V(t) = sin(X(t))
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Thanks ot the periodicity of the sin(.) and cos(.) functions, we may identify X (¢) with
(cos(X (t)),sin(X(t))) for simplicity.

Figure 2.3: Evolution of (U(t), V(t) after time T = 1000 (left) and evolution of X (t) until time T = 70 (right). Both
simulations started with initial condition (z,u,v) = (0,0, 2).

Since the vectorial field F' defined by

(sin(X)U — cos(X)V)
F(X,UYV) = cos(X) (2.8)
sin(X)

is smooth and sub-linear,it induces a smooth flow 1 : R x (S' x R?) — S! x R?. A first
and important observation is

Proposition 2.1. If the initial condition for the ODE (Z7) is
(Xo, Uo, Vo) = (Xo, cos(Xp), sin(Xp)),

then
1/Jt<X0, U(), ‘/0) = (X(), COS(X())(t + 1), SID(X())(t + 1)) vVt € R.

In particular, the line
{(X,Y,Z2) e S' xR? : X = Xp, It €R such that (Y, Z) = (cos(Xo)t,sin(Xo)t)}
s tnvariant under .

Proof. By the hypothesis, we have X (0) = 0. Hence X (t) = X, for all t € R. Therefore,
U(t) = cos(Xo)(t + 1) and V(t) = sin(Xo)(t + 1) O

An immediate consequence is

Corollary 2.1. If X(0) > 0 (respectively X(0) < 0), then X(t) > 0 (respectively X (t) <
0) for all t.

Proof. We proceed by contradiction. Hence, by continuity of X, there exists to such that
X(to) = 0. Then the two last Propositions imply that X (¢) = 0 for all ¢. In particular

X (0) =0, which is a contradiction. O



2.2. A MOTIVATING TOY MODEL: CASE OF THE CIRCLE 51

Let
x X X
ul=Z2(|U|)=| cos(X)U +sin(X)V |. (2.9)
v V —sin(X)U + cos(X)V

Note that (u,v) is obtained from (U, V) by a rotation of angle —X. Then, in the new
variable, the ODE (221) becomes the ODE

#(t) = —u(t) (2.10)
{ ut) _ L= (t)? (2.11)

Let
T(u? +v? —log(v?)), if v #0,

o0, if v = 0. (2.12)

(o) = {

Proposition 2.2. The function H is a first integral for the ODE (Z11).
Proof. Let vy # 0. Deriving H with respect to ¢ and applying the chain rule, we obtain

d )
~H = ' 7) P
o (u,v) (vt + v0) .
= (u—w?—ovw) —u
0

Figure 2.4: The left picture shows level sets of the function H whereas the right picture shows the full twisted strip (in
black) and two torus 75", with ¢ = v/2 (in green) and ¢ = 2 (in blue).

Note that H is convex, reaches its global minimum in (0, +1) and takes the value 1/2 at
these points.
For ¢ € [1/2, 0], let

Hf =H 'Yc)n{v>0}, H = H '(c)n{v <0}

and set Hy, = {v = 0}. Then, we define T = S' x H® for o € {+,—} and T,,, = S* x H..
Since the function H is strictly convex on {v > 0} and {v < 0}, we observe that T7),
is a closed curve, T a torus and T, a cylinder. A first result is
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Proposition 2.3. Let (z(t),u(t),v(t)) be a solution of the ODE defined by (ZI0) and

(i) TSy is a periodic orbit with period 2w, o € {+, —}
(1)) On T, the dynamic takes the form (x(t),u(t),v(t)) = (z(0),u(0) +¢,0).
For ¢ > 1/2, let T, be the period of (ZI1) on HY

(111) If %7;:) € Q, then every trajectory on T is periodic with period qT. if the irreducible

. z(Te)
fraction of =

writes §.

() If % ¢ Q, then every trajectory on S' x H'(c) is dense either on T or T .

Proof. Points (i) and (i7) follow immediately from (210), (210) and the function H.
Without loss of generality, we assume that x(0) = 0. Let ¢ > 1/2. Because for m € N*,

we have
mTe mTe
x(ml,) = / z(t)dt = —/ v(t)dt
0

Te
= —m/
Te
—= m/

— (2.13)

we obtain that when (u(t),v(t)) is back to its initial condition, then x(¢) does a rotation

of angle x(7,). Hence if xg‘fr = §, with ¢ € N*, p € Z and such that the fraction is
irreducible, then

2ot = qx(T,)
= x(qT,).
This proves (1ii).
If 2% ¢ Q, then (2(¢T)))4en is dense on S*. Now, assume without lost of generality

that U(O) < 0 and denote by ¢, the time of the n'h passage of x(t) on z(0). By (210)
and (ZIJ), ¢, does not depend on x(0). Since the flow induced by (EI0) and (2IT) is
smooth, then one can defined a smooth function F': H_ — H_ such that

(w(tps1), v(tns1)) = F(u(tn), v(tn)).

Since H is a closed simple curve and F preserves the orientation, then ((u(tn), v(tn))>
n>1

is either dense or periodic.
If it is periodic with period ¢, then there exists ¢ € N such that t,, = ¢7.. Therefore,

by (E13), we have 2nm = 2(qT.) = qx(1.); so that QC(T) = o. This is a contradiction.
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Since for all (¢, n) € N x N* we have

(q:(ch + 1), u(qT, + tn), v(qT, + tn)> = (x(ch% u(ty), U(tn)),

then the density of (z(¢7.))seny on S' and the one of (u(nT),v(nT))neny on H, implies
the density of ((z(t),u(t),v(t)))e=0 on T. . This proves (iv). O

From now, we assume without lost of generality that v(0) < 0 (the case v(0) > 0 being
symmetric). In order to derive properties of ¢ — T, (see Proposition (Z33)), we change
the time scale by use of ¢t — x(t). This is possible because it is strictly increasing. We
denote by y the inverse function of z. Since we have assumed that x(0) = 0, it follows

that y(0) = 0.
Set ua(t) = u(y(t)) and va(t) = v(y(t)). Therefore (uq,vs2) is solution to the ODE
wa(t) = (v(t) — 5m)
v2 2.14
{ = .

with initial condition (u(0),v(0)). Observe that H is still a first integral for this system.

Proposition 2.4. Let (z(t),u(t), v(t)) be a solution to the ODE defined by equation (ZI0)
with initial condition (0,ug,vy) and let (t,us(t), vo(t)) where (ua(t),va(t)) is the solution
to the ODE defined by equation (Z13) with initial condition (ug,v).

Then (x(t),u(t),v(t)) is periodic in S* x R? iff (t,ua(t), va(t)) is periodic in S' x R2.
Further, if T is the period of (x(t),u(t),v(t)), then x(T) is the period of (t,us(t),va(t)).

Proof. Straightforward. O]
Denote by T, the period of (us(t),va(t)), where ¢ = H(u2(0),v2(0)) > 1/2. Then
Ty = 2(T)). (2.15)

An immediate consequence of Propositions I3 and 24 is that (¢, us(t),v2(t)) is periodic

if and only if
Tc2
=~ c Q. 2.16
£ (216)

We complete the zero noise limit’s analysis with the study of the "period-function”

f:(1/2,400) = Ry e T, (2.17)

First notice that (0,1) and (0, —1) are stationary points for the ODE (E714).
Let (ug,v9) € R x (0,00). By symmetry of H along the line vo = 0, what follow remains
true for vy < 0.
Set ¢ = H(ug,vg). Since H is a first integral, then H (us(t),v2(t)) = ¢ for all ¢t.
Using the fact that v = —uo, we have that
1. v3

503 + (5

5 — log(vq)) = c. (2.18)

Set ¢(v) = (% — log(v)).
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Figure 2.5: Graph of the function ¢.

Since the curve H !(c) is symmetric along the line uy = 0, we have that

TCQ c2 dv
S L — 2.19
2 / V2(c—¢(v)) (219)

ie o .
Tmzxﬁ/q NCETOR (2.20)

where 0 < ¢; < 1 < ¢ < 00 are the roots of the function v — ¢(v) — c.
Denote by h the inverse function of ¢ restricted to [1,00) and by ¢ the inverse function
of ¢ restricted to (0,1). By a change of variable, we then obtain

/Cz dv _ [ R (v)dv (2.21)
L Ve—ow) s Vie-o
and
/IL:— "Wy (2.22)
a V(¢ —o(v)) L V/(e—v)
Therefore

fle)=T.2 = \/5[6 %dv = /RA(U)A(C —v)dv = (A x A)(c), (2.23)

where * stands for the convolution product, A(v) = V2(h' — ¢')(v)1,=1/2 and A(v) =

-1
NG v>0-
Hence
f'(c) = (A* A" (c). (2.24)
Since g(v) € (0,1) and h(v) > 1 for v € (1/2,¢), then ¢'(v) = m < 0 and A'(v) =
m > 0. Using the fact that A'(v) = —%1U>0\/+73, we have
f'(c) <0 forall 1/2 < ¢ < . (2.25)

Our next goal is now to study the limiting behaviour ¢ — 1/2 and ¢ — oo
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Lemma 2.1. Let ¢ > 1/2 and let ¢; and cy the two roots of the function v — ¢(v) — c.

Then
C1 Co
Too > 2vV2 )
2 \/_[\/1+C1+\/1+C2]

Proof. By convexity of ¢, we have 2=2) > 4/(¢)). Hence

v—cy

\/C —¢(v) < \/—¢’(C1)\/U —C1.

Therefore

! dv S 1 L do _ o VvV1i—a
w Ve 00) T V=dle) Jo VUma /=)
Since —¢/'(v) = £ — v, —¢'(c;) = (1 — ¢2)/c; and thus

C1

! dv
/a Ve—o(v) AT

Once again convexity of ¢ implies ¢(C§2):f(”) < ¢'(e2), so that ¢ — ¢(v) < ¢'(c2)(c2 —v). By
proceeding as above, we obtain

2 dv Ca
/1 \/c—gb(v)}z (14+c)

Hence

fle) =T = \/5[/011 \/cf—vw + /1 \/%qﬁ(v)] > 2\/5[\/1 ilcl + \/1 fcz].

Lemma 2.2. lim.,;/5 f(c) = V2.

Proof. We have ¢y, cs — 1 as ¢ — 1/2. Thus, it implies that log(v) ~ (v — 1) — (v — 1)?
for v € (c1, ¢2) and therefore

6(v) = 50— 1+1)* ~ log() ~

But

/C2 dv B 1 /021 dv
“ %c—%—@—l)? c—gJa-t \/1—@/ c— 1

2)?
co—1
B /m du
o -1 AT — 2
A Vi—u
1 1—
= arcsin( ¢ ) + arcsin( = )
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lej—1] _

1
A2

Since for ¢ sufficiently close to 1/2, ¢ = ¢(1+¢; —1) & 1+ (¢; — 1), then lim. 1/

Cc2

Thus, lim,,1 /5 fCI \/ﬁ = 7 and therefore

c2
lim f(c) = lim 7., = lim \/5/ dv =/27. (2.26)
& \/c_%

c—1/2 c—1/2 c—1/2 _ (1} _ 1)2

]

Remark 2.2. One can prove that v/2r is the period of the orbits from the linear ODE
u(t) = 2v(t)
{ o) = —ult). (2.27)
But this is nothing else than the linearized system at (0,1) from the ODE (Z-12).
Summarizing all these information concerning 7. 5, we obtain

Proposition 2.5. The "period-function” f : (1/2,00) = Ry : ¢ — Ti.2 is continuous,
decreasing, bounded from below by 2+/2 and converge to /2w when ¢ tends to 1/2.

Proof. The decreasing property comes from (223) whereas the continuity follows from

(2223). While ¢; converges to 0 and lch converges to 1 when ¢ tends to oo, then Lemma

20 combined with the decreasing property implies that f(c) > 2v/2 for all ¢ > 1/2.
Since f is decreasing, then sup..,, f(c) = lim. 12 f(c) = V2. ]

Figure 26 Graph of the function ¢+ T¢ 2.

2.3 Introduction to the general case

Let M be a smooth (i.e C*>°) Riemannian manifold, V' : M x M — R a smooth function
and w : [0,00[— [0, 00[ a continuous function. Adopting the terminology now coined in
the literature we define a Self Interacting Diffusion with potential V' and weight function
w to be a continuous time stochastic process (X;)>o living on M defined by the stochastic

differential equation
dX; = 0dBy(X;) — VV(Xy)dt, (2.28)
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where o > 0, {B;} is a Brownian vector field? on M and

Vi(x) = wy /Ot V(Xs, x)ds, (2.29)

The case M compact and w; = ¢~ ' has been thoroughly analyzed in a series of papers by
the first named author in collaboration with Raimond (|I9], [20], [21]) and Ledoux [I9].
In particular, it was shown that long term behavior of the normalized occupation measure
e = % fg 0x,ds can be precisely related to the long term behavior of a deterministic semi-
flow defined on the space of probability measures over M. Pemantle’s survey paper (|84))
contains a comprehensive discussion of these results among others and further references.
Some extensions to noncompact spaces have been considered by Kurtzmann in 73], [76]
and other weight functions decreasing to zero by Raimond in [8Y].

When w doesn’t converge to zero, say w; = 1, the literature on the subject mainly
consists of case studies under the assumption that A = R (or R%) and V(z,y) = v(y — ).
Self attracting processes, that is xv'(z) > 0 (or (z,v'(z)) > 0 in RY), have been considered
by Cranston and Le Jan [85], Raimond [88|, Herrmann and Roynette [60], Herrmann and
Scheutzow [61] and typically converge almost surely. For self repelling processes, that is
xzv'(x) <0, the process tends to be "transient" and strong law of large numbers and rate
of escapes have been obtained under various assumptions by Cranston and Mountford
[36], Durrett and Rogers [24|, Mountford and Tarrés |[79]. In [96], Tarrés, Toth and Valkd
consider the situation when v is a sufficiently smooth function having a nonnegative
Fourier transform. Under this condition and other technical assumptions, they show that
the environment seen from X, that is the mapping = — f; V'(z 4+ Xy — Xs)ds, admits an
ergodic invariant Gaussian measure.

In this paper we will pursue this line of research and investigate the long term be-
haviour of (Z28) under the assumptions that:

(i) (Strong interaction) w;, = 1.

(ii) (Compactness) M is smooth, finite dimensional, compact, oriented, connected and
without boundary.

(iii) (Self repulsion) V is a Mercer kernel. That is, V(z,y) = V(y,z) and

/M /M V(z,y)f(z) f(y)dady > 0

for all f € L*(dx), where dz stands for the Riemannian measure.

By Mercer Theorem, V' can be written as
Vir,y) = Zaiei(x)ei(y) (2.30)

where a; > 0 and {e;} is an orthonormal (in L?*(dx)) family of eigenfunctions of the
operator f — Ty f, where Ty f(z) = [V (x,y)f(y)dy.

1 See next subsection for a precise formulation
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Thus, if one interpret the sequence

U(r) = (Vaiei(x))

as a feature vector representing x in (2,

Vi, y) = (¥(x), ¥(y))re

can be thought of as a similarity between the feature vectors ¥(z) and ¥(y). The process is
therefore self-repelling in the sense that the drift term —VV;(X;) in equation (228) tends
to minimize the similarity between the current feature vector ¥(X;) and the cumulative
feature [ W(X,)ds.

Here we will focus on the particular situation where the operator 7} commute the
Laplacian on M, so that we assume the following additional assumption.

(iii’) (Diagonal decomposition) The sum in (2230) is finite and the {e;} are eigen-
functions of the Laplace operator.

Our motivation for such a restriction is twofold. First, for a suitable choice of n and (a;),
the feature map

UM R,

= (Varer(x),...,vane,(z))

is a quasi-isometric embedding of M in R™ in the sense that

N(A)

Dy (M, dx) — RV gy (Z d)?(x)) o <¢0($),¢1(1‘)’ . a¢N(>\)($)>

is an isometric embedding for A > 0 large enough. Here dz is the standard Riemannian
metric, 0 = pg > p1 > pe > ... is the spectrum of the Laplacian operator on M, the
sequence (¢;);>o is an orthonormal basis of L*(M,dz) such that Ayp; = p;e; and for
any A >0, N(A\) =Card{j > 1 : |p;| <A}

We refer the reader to the recent paper (Portegies 2015 [86] ) for a precise state-
ment (Theorem 5.1), and further interesting discussions and references on embedding by
eigenfunctions. In particular, for some € > 0

d(z,y)?
2 b

V(ay) < 519) ~ V)P < (1+2)

where d stands for the Riemannian distance on M. Hence, with this choice of (a;), the
smaller is V;(X};) the larger is the cumulative quadratic distance fot d*( Xy, X,)ds.

Secondly, under hypothesis (i74)’, an invariant probability measure of the process
(X, Vi(x)) can be explicitly computed. It turns out that this will be of fundamental
importance for our analysis.
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2.4 Description of the model

Let us start by fixing some notation. Throughout all the paper, we let V denote the
gradient on M, Aj; the Laplacian on M and for some vector field X on a manifold N,
we denote by X(f) the Lie derivative of f along X’; f being a smooth function.

For a smooth function V' : M x M — R and for a Borel measure p, we let Vo : M — R
denotes the function defined by

va»==[;v%wxnmmo.

We then consider the model

N
dX; =0y Fi(X;)0dBY — VVp(X)dt, X =z, (2.31)

j=1
where o > 0, (BW,--. B™)) is a standard Brownian motion on RY, o denotes the

Stratonovitch integral, {F;} is a family of smooth vectors fields on M such that

N
N R(FEf) = Auf. feC™
i=1

and p; is the random occupation measure defined by

t
,ut:/ 0x,ds.
0

Note that there exists at least one such family {F;} since by Nash’s embedding Theorem,
there exists N € N large enough such that M is isometrically embedded in RY with the
standard metric (see Theorem 3.1.4 in |63] or Proposition 2.5 in |I9]).
In this paper, we suppose that the function V' has the following form

V(o) = D aje@)esw), (2.32)

where (€;);=1,.. , are eigenfunctions for the Laplacian associated to non zero eigenvalues
AL,y Ap < 0 such that

/M ej(x)ep(x)dr = g 5,

where dy, ; is the Kronecker symbol and dx stands for the Riemannian measure on M. We
also assume that a; > 0 forall j =1,--- ,n.

Due to the particular form for V', we can obtain a "true" stochastic differential equation by
introducing the new variables Uy ; = fot er(Xs)ds. Therefore we get the following system
on M := M x R"”

dX, = o3V Fi(X,)0dBY — S0 a;Ve;(X,)Ujdt (2.33)
dUk,’,t = €k(Xt)dt, k= ]., R
with initial condition (x,0,--- ,0). In the rest of the paper, we will work with the system

(2233) and prove that:
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1. There exists a unique global strong solution for the system (2=33);
2. Strong Feller property holds;

3. The system admits a unique invariant measure which is given explicitly as the
product of the uniform probability on M and a Gaussian probability on R";

4. The law of the solution converges to p exponentially fast.

The paper is organized as follows. In the next section, we present the main results and
the proof of point 1.

In section @, we provide the proofs of points 2 and 3. To this end, we introduce a
property, called condition (E’) and prove that it implies the Strong Feller property.

In section 272 is given the proof of an exponential decay in L?*(M, i), where pu is
the unique invariant probability whereas a proof for an exponential decay in the Total
Variation norm is presented in Section EZR.

2.5 Presentation of the results

Recall that Ml = M x R™. Throughout, we denote by Co(M) the set of function f: M —
R : (z,u) — f(x,u) which are continuous and such that f(x,u) — 0 when |lu|| — oo, and
by C¥(M) the set of function which are k times continuously differentiable with compact
support.

We equip Co(M) with the supremum norm

[flle = supyen| f(y)]-

Let Go, Gy, -+, Gy be the vector fields on M defined by

=2 a;Ve;(x)uy

e1\r
Go(l’,U) = 1<. ) )
en(T)
and for j=1,--- | N,

oFj(z)

0
Gj(xau) = : 5

0

with x € M and v € R". So (2233) can be rewritten as:

N
dY, = G;(Y;) o dB] + Go(Y,)dt. (2.34)

Jj=1
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Proposition 2.6. For all y = (x,u) € M there exists a unique global strong solution
(Y )i=0 to (2-33) with initial condition Yy =y = (x,u). Moreover, we have

YY = (XY, UY) € M x B(u, Kt), (2.35)
where K = (maxyen 0y €;(y)*)"/? and B(u, R) = {v € R" : [jv —ul| < R}.

Proof. Existence and uniqueness is standard since G is locally Lipschitz and sub-linear
(see for example [92|, page 383). Concerning (233), note that we have

S w? <t [ Y eyds
=1 0 j=1
< (N2
< tmax €j(y)” < oo;
j=1
which proves (E233). O

Throughout, we let (P;);>o denote the semi-group induced by (E234). Recall that for
any bounded or nonnegative measurable function f : M — R, P, f is the function defined
by

Pif(y) = E(f(Y}")) for all y € M. (2.36)

Lemma 2.3. The semi-group (P;);>o is Feller, meaning that
1. For allt > 0, H(C@(M)) C Co(M)
2. For all f € Co(M), limy_o ||P.f — f]leo = 0.

Proof. By Proposition B8, for all T > 0, ()i, lies on a deterministic compact set
depending only y and 7. Hence, by standard results (see eg Theorem 1X.2.4 in [92)),
y — Y is continuous. Thus, by dominated convergence, y — P;f(y) lies in Co(M) for all
f € Co(M).

In order to prove the second point, it suffices to show that lim, o P f(y) = f(y) (see
Proposition II1.2.4 in [92]). This follows again from continuity of ¢ — Y;¥ and dominated
convergence. O

The next result gives further informations on the semi-group.

Proposition 2.7. The set C2(M) is stable for Py, t > 0, ie for all t > 0, P,(C2(M)) C
C2(M).

Proof. Let f € C*(M). The fact that P,f has a compact support is a consequence of
Equation (2233). Let us now prove that P, f is twice continuously differentiable.
Let y = (z9,u) € M and R > 0. For § € M x B(u, R), we have, by Proposition I8,

(Y ocsct € M x B(u, Kt + R). (2.37)
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Pick a smooth function ¢ : R" — R, which is 1 on the ball B(u, Kt + R), 0 outside the
ball B(u, Kt + R+ 1) and ¢ (v) < 1 for all v.
Consider now the SDE defined by

N
dY; =Y " G;(Y;) 0 dB] + Go(Y)dt, (2.38)

j=1

where Go(x,v) = Go(z,u 4+ 1¥(v)(v — u)). Let us denote by P, its associated semi-group.
The fact that Gy is smooth and locally Lipschitz implies that Gy is smooth and Lipschitz.
By Nash’s embedding Theorem and proceeding in the same way as in Proposition 2.5 in
[19], we can extend (Z38) to a SDE on RY x R™ and f to a function in C?(RY x R").
Therefore, in view of subsection 3.2.1 in [37] and of Proposition 2.5 in [38], it follows that
Psf is a function of class C? for all s > 0. Since

P.f(§) = P.f(y) forall 0 < s <t and all j € M x B(u, R), (2.39)

it follows that P;f is of class C> on M x B(u, R).
Consequently, P, f € C2(M). O

The infinitesimal generator of (P;);>o is the operator

L:D(L) —>CO(M):fn—>1ti¢%1Ptft_f

: (2.40)

where D(L) := {f € Co(M) : £L=L converges in Co(E) when t | 0}.Then (see for exam-

t

ple Theorem 17.6 in [6Y]) for all f € D(L),

ni-s= L(Pf)ds — / P(Lf)ds (2.41)

We briefly recall the following result which characterize the elements of D(L):

Theorem 2.8. (Propositions VII.1.6 and VII.1.7 in [92])
For g,h € Co(M), the following assertions are equivalent:

1. he D(L) and Lh = g.
2. For all y € E, the process
t
h) - [ o)
0
is a martingale with respect to the filtration F = o(YY : 0 < s < t).

Since the definition of the infinitesimal generator is implicit, it is convenient to intro-
duce a more tractable operator: the Kolmogorov operator.
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Definition 2.4. The Kolmogorov operator associated to (Z-33) is the operator defined on
C? bounded functions having first and second bounded derivatives by

2

L= —AM Zakuk Ver(x) Jrm + Zek Ouy.»

with the convention (Anf)(z,u) = (Apf(,w))(x) and (., )7 stands for the inner prod-
uct on the tangent bundle of M.

The link between the infinitesimal and the Kolmogorov operator is given by the next
proposition.

Proposition 2.8. Let f be a C? bounded function having first and second bounded deriva-
tives, then f € D(L) and
Lf=Lf.

Proof. Tt follows from Itd’s formula and Theorem E3R. O]
Definition 2.5. Let @ : R" — R:u = (u1 -+ ,u,) — In(C(®)) + 2 37| ar|A\x|ui with

n

1 n
o) = [ el D=1/ <

k=1

Recall that A\; < 0 is the eigenvalue associated to the eigenfunction e; of Ay On M, we
define the probability measure

p(dz @ du) = v(dr) @ e”*™du =: (y)dy, (2.42)

with y = (x,u) and v(dx) = fdxdz is the uniform probability measure on M.
M
Remark 2.3. Note that u(dy) does not depend on the noise term o.
We can now state our first main result.

Theorem 2.9. Let (P;)i=o be the semi-group associated to the system (Z223) and P;(yo, dy)
its transition probability. Then

1) The semi-group (P;)i=o is strongly Feller (meaning that P,f is a bounded con-
tinuous function for whatever bounded measurable function f) and there exists a
C>((0,00), M, M) function p;(yo,y) such that Pi(yo,dy) = pi(yo,y)dy for all yo € M
and (L: — 0y)pe(y, z) = 0,

2) The probability p(dy) = v(y)dy, where ¢ is given in Definition 223, is the unique in-
variant probability. Moreover for all y € M and for all bounded measurable function

f, we have
hm P f( /f
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Furthermore, the process (Y;), is positive Harris recurrent, ie for all Borelian set R
such that u(R) > 0, then

/ 1z(Y)dt = 00 a.s
0

for all y € M.
3) limy oo fiy [pe(2,y) — 0(y)|dy = 0 for all z € M.

Remark 2.4. The fact that p is independent of the parameter o implies that it is also an
wwvariant probability of the deterministic system obtained with o = 0. However, in that
case it is not necessarily unique (compare with Theorem 28, where there exists infinitely
many compact disjoint invariant sets, thus infinitely many ergodic probabilities.)

As an immediate consequence of the Harris positive recurrence property, we have

Corollary 2.2. For all f € L'(p),

%/Otf(}gy)dsa/lwf(y)u(dy)

Proof. Apply Theorem 3.1 in [6] to the positive and negative part of f. ]

almost surely for any y € M.

The next results establish exponential rate of convergence of (F;)i=o to p.

Theorem 2.10. For every n > 0 and g € L*(11)

|y — /M Wyl < VIT 29— / () e ™,

where
n K,o?

B 1+n1+ Kyo?2+ K30t

with
1 A

42+ (1+ NQ)Q)(l + A>2’

(N Y A

24+ (1 N2
(5 D)

424 (14 Np)?2)’

A = min ])\Z\al
1,..,n

Klz

3:

and

n
Ny =2— : sup_ IVesll2,
min{|X\;|,j=1,--- ,n} iz

-----

403 e+ 41 S e
=1 7
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Remark 2.5. Note that if g € L*(u), then it is not clear at first glance that P.g is
meaningful. However it is. In order to prove it, set hi(y,z) = pi(y,2)/p(2). Due to
the properties of pi(y,.) and ¢ for allt > 0 and x € M (see Theorem 2, Proposition
24 and Definition Z3), then h(y,.) has compact support. Thus, by the Cauchy-Schwarz
inequality, we obtain

E(|g|(V}) = /M 91()pely, 2)dz = /M 191 hey, 2)pu(d2) < gl 220w, 22

(2.43)
Furthermore, we have P,g € LQ(M) [ndeed by Jensen inequality and invariance of p, we

have [,,(Pig)*(y)u(dy) < [y, Pe(9?)( = Ju9*(W)u(dy) < oo.

Since both p(dy) and P;(yo, dy) have smooth densities with respect to the Lebesgue
measure for all yy € M and in view of the third point of Theorem P29, we would hope to
get a convergence speed for the total variation norm. Once again the answer is positive
as shown by the following theorem:.

Theorem 2.11. For all zo e M andt > 1
|1 P:(20, dz) — pu(d2)|lv < /1 + 2n[|R(1, 20, 2) — 1| 2e 7Y,

where h(1, zp, z) = P_I(E?ESZ) and

o K02
14914 Kyo? + Kyot'

(18 the probability given in Theorem 24 and the constants K; < oo, j = 1,2,3, are the
same as in Theorem ZI1.

The proofs of Theorem 210 and 211 are postponed to sections 270 and EZR.

2.6 Proof of Theorem 2.9

We emphasize, from Equation (E234), that the Kolmogorov operator L can be expressed
in Hormander’s form (as a sum of squares):

N

1
— 52(}5 + Go, (2.44)
j=1

where G%(f) = G;(G;f). The proof mainly relies on classical results recalled in section
T

Proof of assertion 1): the Strong Feller Property.

Throughout, we use the following notation. If A is a smooth manifold (such as M, M
or R™), W : C*(N) — C>*(N) a linear map (typically a differential operator) and
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f N =Rz (fi(z),..., fo(x)) a smooth map, we let W(f): N — R™ denote the
map defined by

W(f)(x) = W (f)(), ..., W(fa)(x)).

First of all, let us recall the definition of the so-called Hdérmander condition to our
case.

Definition 2.6. The dynamics (2-33) satisfies the Hormander condition if for all (x,u) €
M, G (x,u) spans T(z M = T, M x R™.

Remark 2.6. Note that when o = 0, the Hormander condition is never satisfied since in

that case Gy is reduced to {0}; hence Go, = {0}.

Similarly to the construction used for defining the Hormander condition, let A4y =
{Fy,---,Fx} and for all k > 1

Ay = A1 U {FjB, BeA, and j=1,--- ,N}, (2.45)

where F;B is the operator on C*°(M) defined by (F;B)(f) = F;(B(f)).
Let then Ay = ;- Ax and for all 2 € M

Aoo(z) ={W(e)(z) : W € A}

where e : M — R" is the map defined by e(z) = (e1(x), ..., e,(x)). Note that while G, is
a set of vector fields on M, A, is a set of differential operators of all orders on C>(M).

Definition 2.7. We say that the condition (E') is fulfilled if and only if for all x € M,
Ao (x) spans R™.

Lemma 2.4. Suppose o > 0. Then, condition (E") implies the Hormander condition.

The proof relies on the following lemma.

Lemma 2.5. Let ¢ : R™ — R"™ be a smooth function and let F(x,u) = lAE)x)

G(z,u) = {Béé’fq be two vector fields on R™™™ where A : R™ — R™ and B : R™™" —

] and

R™ are smooth functions. Then

.Gl = 4 5010,

with B(.,u) : R™ — R™ : z — B(z,u)
Proof. Let (z,u) € R™ x R". We then get that

DF(z,u) = {DA 0} (2, )

0 O
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and
DG(z,u) = {Dl;f DE‘)B} (z,u).
Hence
[F,G)(z,u) = DG(z,u)F(x,u) — DF(x,u)G(x,u)
_ {DxB(agu)A(x) — DA(J:)B(:U,u)]
De(z)A(x)

[A, B(., u)](z)

e (2:40)
as stated. O

Proof of lemma [2.3. Let

l
w=]][F, (i1, .i)e{l,- N} (2.47)

j=1

By definition of Gy, and lemma 23 (used in a local chart) it follows that

G (2, 10) = [Ga [+ 1[Gy G -++]] = o [W(j)(x)] (2.48)

Thus, by hypothesis and the definition of G for j =1,--- | N,
{G1<x7u)7 T ?GN(ma U)} U {Gw(l’, U) We AOO}
spans T, ., M. This set being a subset of Goo(, 1), this proves the lemma. O

Lemma 2.6. Suppose that {ey, ..., e,} are eigenfunctions associated to the same nonzero
eigenvalue of Apr. Then condition (E') holds true.

Proof. Let (U, (x1,...,2z,)) be alocal chart with U an open set in M. Let Dy, ..., D,, be
the vector fields defined on U by D;(f) = a%if' Define AL like A, by replacing Fi, ..., Fy
by Di,...,D,,, and set AL () = {W(e)(z) : W € AL} for all x € U. We claim that
AL (z) spans R™. Suppose to the contrary that there exists some z* € U and some vector
t € R™\ {0} such that A2 (z*) C t+. Let f(z) = Y, tie;(x). Then f is an eigenfunction
of Ay and for all W e AL

W(f)(x) = W(Ztiei)(x*) = (W(e)(z"),t) = 0.

In other words, f vanishes to infinite order at z*. But by a result of Aronzajn (see [4]),
every nonzero eigenfunction of the Laplacian on a C'* manifold with C'*° metric, never
vanishes to infinite order. This proves the claim.
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It remains to show that A, (x) spans R". Since Fy(x),..., Fy(x) span T, M for all x,
there exist smooth real valued maps a;;,1 <7 < m,1 < j < N, defined on U such that
foralzeUand1 <7< N

N
x) = Zozj,k(x)Fk x
k=1

Thus
Z a;i(z)Fi(e)(z) € span(Ax(z)).
Now, for all ¢, € C>*(M) and all H € A, we have

H(g)(x) = (x)H (&) (x) + &(x) H (¥)(x).

Thus,
D;Dj(e)(z) = Z Di(cp)(w) Fy(e)(z) + Z ok (z)DiF(e)(x)
= Z DZ'(Oéj’k) Z aj k azl EFk( )( ) € Span('AOO(x))

By recursion, it comes that AL (z) C span(A.(z)) and since AZ (z) spans R™, so does
Ao (). O

Lemma 2.7. Condition (E') holds.

Proof. Let A be the set of distinct eigenvalues of {e1,--- ,e,}. For A € Alet {e}, ..., epnt C
{e1,-+ ,en} be the set of eigenfunctions having eigenvalue A and let e* = (e7, ... ,eé(/\)).

Let x € M. By Lemma Z8 there exist W}, - - ,W;L\(A) € A, such that the matrix

Ry = (W{\(@?)(f))lgi,jgn(,\) (2.49)

has rank n(\).
Given a polynomial P(x) = Z?:o a;x? ) we let

k
= a;A), (2.50)
=0
where Af\/[ is the operator defined recursively by A%, f = f and A”lf A? (A f) with

f € C*(M). Note that for all 1 <i < n())

P(Au)(e}) = P(\)e;

i

(2.51)
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Now let PA(z) = [T yepamn (@ —@). For A€ Aand i =1,--- ,n()), set
H) = WP Ayy). (2.52)

Then one has that H}(e$)(x) = 0 for o # X and H}(e})(z) = P*(\)W\(e})(x). Thus,
the matrix
H = (H}(€5)(2))xen, i1 n(n)

can, after a reordering if necessary, be written as a diagonal block matrix (P*(\) Ry (z))ea.
It is then easy to see that H has rank n. n

This later lemma combined with Lemma 24 and Theorem E-T proves assertion 1).

Proof of assertions 2) and 3). Invariant probability measure and
Harris Recurrence

Recall that a probability measure y is invariant for the semi-group (P;)io if

/M P (y)u(dy) = /M F(w)u(dy)

for all f € Co(M).
Existence of an invariant probability measure. We will switch between the two nota-
tions y € M and (z,u) € M x R™ which represent the same point. Setting

2 n n
o .
L= A+ > apupdivg(Ver(z).) = > er(2)0y, (2.53)
k=1 k=1
we then observe that
Lo(y) = > arurdive(Ver(@)e(y) — > ex(w)0u,0(y)
k=1 k=1

n

= Z arurArer(x)e(y) + Z en () ar|Aklurp(y)

k=1

= 0.

By Propositions 27 and 28 together with Theorem Z8, we get for f € C2(M)

/M (Puf(y) — F@)n(dy) = / /M CP,f(y)u(dy)ds

¢
= / / LPsf(y)e(dy)ds
0 Jm
Noting that for all g, h € C*(M)

/MLg(y)h(y)dyZ/Mg(y)L*h(y)dy,
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we obtain

/M(Bf(y)—f(y>)/vb(dy)=/0 /MPsf(y)L*sO(dy)dSZO

Since C2(M) is dense in Co(M) for ||.||so, it follows that u(dy) = ©(y)dy is an invariant
probability as stated.

Uniqueness of the invariant probability. In order to do this, we begin by showing that
i is an ergodic probability; that is, if a subset A C M satisfies P14 = 14 p — a.s for all
t > 0, then p(A) is either 0 or 1.
Let us denote by f the function P,14. Then f(y) € {0,1} for p-almost y € M and f
is continuous by point 1 of Theorem Z9. Since M is a connected space and p has full
support, it follows that f is either equal to 0 or 1; and therefore y is ergodic.
Since two distinct ergodic probabilities are mutual singular, the strong Feller property
imply that they must have disjoint support. Since p has the whole space, which is con-
nected, as support, the uniqueness of p follows. The second part of the statement is
Theorem 4.(i) in [67].

The proof that the process is Harris recurrent follows from the proof’s lines of Propo-
sition 5.1 in [67]; which also proves the third point.

2.7 Exponential decay in L*(p)

The goal of this section is to prove the exponential decay in the L?*(x) norm. The proof
heavily relies on the hypocoercitivity method analyzed by M.Grothaus and P.Stilgenbauer
in |b6] whose roots lie in the series of paper |22|, |43| and |b3| initiated by J.Dolbeault,
C. Mouhot and C. Schmeiser.

We emphasize that in the particular case where M = S% n = d + 1 and (€)j=1, d+1
are the eigenfunctions associated to the first non-zero eigenvalue, our model coincides
with the one studied in section 3 in [bA].

For an operator T' on some Hilbert space H, we denote by D(T') its domain and T* its
adjoint. We begin to recall the Data (D) and Hypotheses (H1)-(H4) introduced in
[66]. For convenience we have chosen to replace certain hypotheses from [66] by slightly
stronger ones (see the remark 228 below) which are sufficient for our purpose.

Definition 2.8. (The Data (D)) Let H be a real Hilbert space and let (P;) be a strongly
continuous semigroup on H with generator (L, D(L)) and core D C D(L). We suppose
that

(i) There exist a closed symmetric operator (S, D(S)) and a closed antisymmetric op-
);

erator (A, D(A)) such that D C D(S)ND(A), A(D) C D and Lip = Sip — Ap.

(iii) There exists a closed subspace F' C D(S) such that Sjp = 0 and P(D) C D where
P is the orthogonal projection P: FOFL — F: f+gw f forall (f,g) € F x F*.

By density of D C D(A), closedness of A and the fact that P(D) C D C D(A), AP is
closed and densely defined. Hence, by Von Neumann’s Theorem, (AP)*AP is self-adjoint,
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closed and densely defined. Thus (I + (AP)*AP) : D((AP)*AP) — H is invertible with
bounded inverse. Set

By = (I + (AP)*AP)"'(AP)* on D((AP)*AP). (2.54)
In the following we let (, )y denote the inner product on H and ||- ||z the associated norm.
Definition 2.9. (Hypotheses (H1)-(H}))
(H1) PAPp =0
(H2) (Microscopic coercivity). There exists Ay > 0 such that for all f € DN F*,

(—=Sf, = M7

(H3) (Macroscopic coercivity). There exists Ao > 0 such that for all f € D((AP)*(AP))N
F

)

IAfI = Aol £II- (2.55)

(H/) (Boundedness of auxiliary operators). The operators (ByS, D) and (ByA(I — P), D)
are bounded and there exists constants Ny and Ny such that for oll f € F- N D

(H4, a)
[BoSflle < Nl flla (2.56)

and

(Hi, b)
|1BoAf|lm < Nl fllu (2.57)

If furthermore (I — PA%P)(D) is dense in H, then conditions (H3) and (H4,b) are
implied by the following conditions, as shown by Corollary 2.13 and Proposition 2.15 in
[56].

(H3’) Equation (Z53) holds for all f € DN F.

(H4’) b) Forall fe DN F
142 fll i < Nollglla (2.58)
where g = (I — PA*P)f.
Theorem 2.12 (Theorem 2 in [43], Theorem 1 in [42], Theorem 2.18 in [66]). Assume that

the assumptions of Definitions Z-8 and 229 hold. Then there exist constants k1, ke € (0, 00)
explicitly computable such that for all g € H and t > 0,

| Pglln < kie”"™|g|lu (2.59)
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Remark 2.7. Following the proof’s line of section 3.4 in [{2] and the beginning of the
proof of Theorem 2.18 in [26], one obtains for any n >0

1 —+ 87) AQ
— <V1+2n and Ky = gy—2— 2.

K1 I, + 21 and Ky 6774(1—|—A2) (2.60)
ith

v ey = —1 min(1, ) (2.61)

T 147 ’
and
2A5A
€0 = 2 (2.62)

(14 A2)(2+ (14 Ny + Ny)?)’

Remark 2.8. In case (P,) is a Markov semigroup with invariant probability u, inducing
a strongly continuous semigroup on L*(u), a natural choice for H is

L) = s € L2+ [ fdu=o}.

This choice will be adopted later. In this case, conditions (D6) and (D7) from [56] are
automatically satisfied and Theorem ZI2 implies that for all f € L*(u)

| — / Fdullagn < mae = f — / Fdullzo.

2.7.1 Application to the Proof of Theorem 210

Throughout we let

H = L3(u) = {f € [*(M. ps) - /M F(y)u(dy) = 0}

and
Lie™) = {f € 2R e™®) : [ flu)e @ du =0}
Rn

where p and ® are like in Definition 3. Both H and L3(e~®) are equipped with the
associated L? inner product and norm.
The map 2 : L3(e™®) — H defined by 1(g)(z,u) = g(u) injects isometrically L3(e™?)
into H. We let
F=(Lj(e™®))

and P : F @ F+ — F denote the orthogonal projection onto F. Alternatively P can be
defined as

Ph) = [ fwp(d) (2.63)
M
Using the notation introduced in section 23 we let (P;) denote the semigroup defined by

Fif(y) = E(f(Y))

for every bounded Borel map f : M — R; where (YY) stands for the solution to (2234)
with initial condition Yy = y.
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Lemma 2.8. (B,) induces a strongly continuous contraction semigroup on H.

Proof. By invariance of u and Jensen inequality P; defines a bounded operator on H with
norm less than 1 (as already proved in Remark 23).

Let € > 0 and f € L*(u). By density of Co(M) in L?(ju), there exists g € Co(M) such
that || f — g[/z2(,) < &. Thus, by the contraction property

NPf = fllzq < B = Pgllzg + 1Peg — 9lle2 + 119 — fllezw
< 2+ |Pg — gll-

Hence, by Feller continuity of (P;) (see Lemma P=3)

limsup || P f — fllr2(u) < 2e.
t—0

[]

Remark 2.9. Note that the conclusion of Lemma 28 hold true for any Feller Markov
semagroup having i as invariant measure. This will be used later.

Let (£, D(L)) denote the infinitesimal generator of (P;) (now seen as a strongly con-
tinuous semigroup on H) and let

D =C®(M) N H.

Proposition 2.9. There exist a closed symmetric operator (S, D(S)) and a closed anti-
symmetric operator (A, D(A)) such that

(i) D is a core for S, A and L invariant under S, A, £ and P,
(ii) £ C D(S) and S|r = 0.
(iii) For all f € D
S(f) = O;AMﬁ (2.64)

A(f) = =Go(f) = Z aju;(Ve;(x), Vo f)rar — e;(x)0y, f (2.65)

and

Lf=Lf=Sf— Af. (2.66)

This later proposition shows that conditions of Definition 228 are fulfilled.
Let 71 (M) = ny denote the spectral gap of M. That is

(M) = inf / VhI2p(dz) b e H'(M), / B2u(dz) = 1, / ho(dz) =0} (2.67)
M M M
where ||h]|> = (h,h)ry and (.,.)rar is the scalar product on the tangent bundle. By a

classical result in spectral geometry, compactness of M ensures that 7; > 0 and equals
the smallest non zero eigenvalue of —A,,.
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Proposition 2.10. Hypotheses (H1)-(Hj) in Definition 29 hold with

A= —— Ay = min |\a,
2 =1,...,
0% <
=1

and

n

N2:2

mln{|/\]|7j =1, 7n} i=

Remark 2.10. Since N; > %‘27}1, then 2A; < 2+ (1 + Ny + Ny)%. Hence g9 < 1, where
g9 1s defined by (Z63).

2.7.2 Proof of Propositions 229 and 210
Proof of Proposition 229

We first recall some classical results that will be used throughout.

Proposition 2.11. (see e.g Corollary 1.6, Proposition 2.1, Proposition 3.1, Proposition
3.3 in [£7]) Let K be the generator of a strongly continuous contracting semi-group (T;):
on some Banach space H. Then

1. K is closed and densely defined.

2. The resolvent set of K contains (0,00) and (AN — K) g = fooo e MT,qgdt, for all
g€ H and A > 0.

3. A subspace D of D(K) is a core for K if and only if it is dense in H and (A —K)(D)
s dense in H for some A > 0.

4. Let D be a dense subset of H such that D C D(K). If T,(D) C D for all t > 0,
then D s a core for K.

Similarly to (P), let (P°) and (P/') be the semigroups respectively induced by the
following stochastic and ordinary differential equation on M:

N
dYF = G;(Y) o dB],
j=1
and
dyA
dt

— —Gy(¥{). (2.68)
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Note that (P7) is not merely a semigroup but a group of transformation defined as

P f(y) = (fon)(y) (2.69)

where {t;} is the flow induced by (Z68). The proofs given in Lemma =3, Proposition 272
and Remark 29 show that, not only (P;) but also (P°) and (P/) are Feller, leave C2(M)
invariant and admit p as invariant probability. Thus, by Remark 229 and Proposition EZT1
they induce strongly continuous semigroups on H whose generators, denoted S and A are
closed, densely defined and admit C*(M) N H as a core.

Since for all f € F, P°f = f, assertion (i) of Proposition 2 is satisfied. Furthermore,
the definition of £, A and S easily imply assertion (7i7) as well as invariance of D under
the generators and under P. The end of the proof is given by the two following lemmas.

Lemma 2.9. D is a core for L, S and A.
Proof. Let G be one of the operators £, S or A. It is easily checked that for all f € C%(M)

[ A2 < ClIIV Sl
and

2
o
1SFllz20 = 5 1A flloe

for some C' > 0 independent of f. Thus G maps continuously the space C2(M)NH equipped
with the C? strong topology, into H. By standards approximation results C2°(M) is dense
into C2(M) for the C? strong topology (see e.g |62|, Chapter 2). Since C*(M) N H is a
core for G, (I — G)(C2(M)N H) is dense in H (see Proposition Z11). Thus (I — G)(D) is
dense in i and D is a core. O]

Lemma 2.10. S is symmetric and A* = —A.

Proof. Let f,g € D. Then
St = 5 [ [ @unartane i == [ [ (V5. Vommidoe
= 5[ [ Guaetanetac = (150

Since D is a core for S, this proves the symmetry of S.
For f,g € H, we obtain from invariance of p,

(PAfLg)n = /M (f o 00)(@)g(w)uldy) = /M F ()9 (6t 0 ey uldy)  (2.70)
_ /M F(9)(g 0 o) (w)uldy). (2.71)

Hence (PA)* = P4. In particular, ((P#)*) is strongly continuous and admits —A as
infinitesimal generator. Now, when a semigroup and its adjoint are both strongly contin-
uous, the generator of the adjoint equals the adjoint of the generator. This follows for
instance from Theorem 1.5 in [85] combined with Proposition 210 2. Thus A* = —A. [
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Proof of Proposition 210
For all f € D let

Aj(N)(z,u) = au;(Vej(2), Vo f)rm — ¢;(2)0u, f. (2.72)

so that Af = Z;L:1 A, f. Similarly to A, A; enjoys the same properties as A. In particular,
it leaves D invariant and is antisymmetric:

(Ajf, g>L2(,u) = _(f7 Ajg)ﬂ(m

for all f,g € D.
Finally, we introduce the following operators

T = (I+(AP)*(AP))" on H (2.73)

where I denotes the identity operator. Recall that By was introduced to be the operator
By =T(AP)* on D((AP)*AP).

Hypothesis (H1) is immediate because for all f € D, A;Pf = —e;()0,,(Pf) and [,, e;(x)v(dz) =
0, thus PA;Pf = 0.

Hypothesis (H2) follows directly from the variational definition of the spectral gap
(z&1). Indeed for all f € DN F+

1
5 Dew = 50" [ [ @unitdne "
nJM
= Lo [ et @au > Lo?) )2
T 9 z =9 L2(p):
R J M

For k=1,...,nlet
o = | A\lag,

so that
1 — )
O(u) = 3 kgl aguy, + In(C(P)).

Let (PPY) denote the Ornstein-Uhlenbeck semi-group on LZ(e~*) defined as
PPV f(u) = / fem 8@y + diag(V1 — e—2t)¢)e O de (2.75)
or, equivalently, POV f(u) = E(f(U"(t))) where U%(t) is the solution to the linear equation

on R"
dUM(t) = —ouUM(t)dt +V2dB:, i =1...n,

with initial condition U%(0) = u and independent Brownian motions B!, ..., B".
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Let Loy denote the generator of (PPY) on L2(e~?). The set
D =CXR")NL(e™®)
is a core? Loy and for all f € D
Lovf=—(VO,Vf)+ Af.

The next Lemma is similar to Corollary 2.13 and Proposition 3.13 in [b6|,

Lemma 2.11. (i) For all f € F
PA*f =10 Loy o1 (f)

(ii) (I — PA%P)(D) is dense in H.

(iii) (H3) holds with Ay = min{ay : k=1...n}
Proof. (i) Let f € F N D. Then

A% = ;A,w) =;Ak<;Ajf> = ;Aa;eﬁwf)

= Z[(Vek, Z Va(€0u, f))raranuy — auk(z e;Ou, f)ex]
st =1

j=1
= Z 8u].fakuk(Vek, Vej)TM — Z (85jukf)€j6k (276)
k,j=1 k,j=1
Therefore
PA*f = Z aujfakuk./ (Ver, Ve;)rudy — Z(@g ukf)/ ejepdy
k,j=1 k,j=1 M
= Zaujfajuj|)\j| - Z Ouju, f) = Za Jajuy — Z( /) (2.77)
j=1 j=1 j=1

This proves the first assertion.

(it) (I — PA?2P)(DN F+) = DN F*is dense in F*+ because '+ = (I — P)(H), (I —
P)(D) € DN F*+ and D is dense. Also, (I — PA?2P)(DNF) = (I — Loy)(D) is dense in
F because, D being a core for Loy, (I — Loy)(D) is dense in LZ(e~®). This proves (i4).

(17i) Using antisymmetry of A, assertion (i) and the Poincaré inequality for the Gaus-
sian measure e~ ®*™du (see e.g [2], chapter 1) we get that for all f € F N D,

IAfI = 1APfIG = (=PA*Pf, [ = =" (f), Lovv " (f)) rz(e)

. -1 . 2
> min(a;)|[e (f)l|z(e-e) = min(oq) || f]l7-
This proves (H3’), hence (H3). O
2This is a classical result and can easily be verified as follows. Formula (E73) shows that the set
C°(R™) of bounded C* functions with bounded derivatives is stable under (PPY); hence a Core b
b t y

Proposition ZT0. Furthermore for each f € Cp°(R™) it is easy to construct a sequence fn € CX(R™)
such that f, — f and Loy f, — Lou f in L?(e™®).
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Lemma 2.12. For f € DN F, we have |Af||72,y = > 5o A f 720 = IV 1220

Proof. Let f € DN F. Since f does not depend on the z-variable, A;f = —e;0,, f.
The result follows from the fact that the eigenfunctions (e;);=1.., are orthonormal in
L*(M, dz). O

The next Lemma is inspired from Lemma 2.4 in [56]|

Lemma 2.13. For j=1,--- ,nand f € D,

1
1B fllua < 5”([ —P)flla-

Proof. The proof is quite similar to the proof of Lemma 2.4 in [66|. Let f € D and define
g=Bjf. Thus g € D((AP)*AP) and

— PA;f =g+ ((AP)"AP)g. (2.78)

Because (I — PA?P)(D) is dense in H (see Lemma PT1.(ii)), there exists a sequence
(gn) C D such that
lim g, — PA*Pg, = g+ (AP)*(AP)g. (2.79)

n—oo

Since P(D), A(D) C D, it follows from Lemma 2.2 in [56] that

— PA?Pg, = ((AP)*(AP))g,. (2.80)
Thus, by continuity of T',
lim g, =g (2.81)
n—oo
and from (2230)
JLHQO(AP)*(APM" = (AP)"(AP)g. (2.82)

Thus, taking the scalar product of (2ZZ8) with respect to g, on both side provides

lim —(PA;f, gn)u — lgnllF — |APgnll7 = 0.

n—oo

Now, using successively antisymmetry of A;, Cauchy Schwarz (and Young) inequalities
and Lemma 2132,

—(PA;f,gn)n = (I = P)f, AiPgn)u < |(I = P)fl|lallA; Pgnll (2.83)
1 1
< 1T = P) Il + 145 Pagullz < ZI( = P) Il + [1APg 1 (2.84)

Thus, letting n tends to oo, it leads to

ol < 7107 = P)fI (285)

Lemma 2.14. (H/ a) holds with Ny = & 377 |)j].
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Proof. Let f € DN F*. Since [, A;f(y)u(dy) = 0, one has

—PAf

Z —PA,f = ZP(ajuj(Vej, Vof)ram — €0, f)
j=1 Jj=1

n

Z[/ (vejavmf)TMajujdV_/ ejOy, fdv].
M M

j=1

Since S(D) C D), then

2 n
—PASf = —U—Z[/ (Vej, Vol f)rmajuidy _/ €;0u; At fdv].
2 j:l M M
Because
/(Vej,vaMf)TMdy = —/ AMejAMde:_/\j/ ejAMfdl/
M M M
= )\j/(Vej,fo)TMdy
M
and

/ ejﬁu].AMfdu :/ ejAMaujde :/ AMejﬁujde = )\j/ ejaujfdy
M M M M

for all j =1,--- ,n, it follows that
0'2 "
PASf =~ ; Ni(PAj)f.

By antisymmetry of A (resp. A;) and Lemma 2.2 in [b6], for all g in D, (AP)*g = —PAyg
(resp. (A;P)*f = —PA;f). Hence

2 n
BoSf = T(AP)*Sf = —TPASf = % S AB; .
j=1
Applying the triangle inequality, one has

2 n
o
1805120 < 5 0 W lIBi
j=1

and the result follows from Lemma ZI3. L]

The following estimate can be compared with the a priori estimates obtained in [43]
and discussed in Appendix Al of [b6| (lemmas A3, A4, A5, A7 and Proposition A6) for a
more general elliptic equation. Note, however, that here we provide an elementary proof
allowing precise estimates by making use of the I' and I'y; operators combined with the
specific form of Loy .
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Lemma 2.15. Let f € D and
9= —Lov)f. (2.86)
Then

1. |[|Hess(f)|2llr2e-+) < 4|9l z2e—2)
2. [IV®|2. |V flallr2ee-2) < 24/4+ D0 illgll 2 (e-#),
where |.15 stands for the usual Euclidean norm and |Hess(f)|5 = 32, [Ouu, 1*.
Proof. From (Z88), we have f = R;g, where R; is the resolvent operator of Loy. Thus
[fllz2(e-2) < [lgllzo(e-e)

and
| Lov fll2(e-+) < 2||glz2(e-2)-
Let I' be the “carré du champs” operator defined by

L(¢1, 1) = %[LOU(@/M%) — Yo Loutr — 1 Lous] (2.87)
and .

It is known (see for instance Subsection 5.3.1 in [2]) that
(i) T(f, f) = IVf]3 and
(i) To(f) = [Hess(f)[3 + (Vf, Hess(2)V ) > [Hess(f)[3

by positive definiteness of Hess(®). Therefore, by invariance and reversibility of e=®®du,

IV Flelzees) = /F(f,f)e“l’(“du

< 5“9”%2(@*@) (2.89)

and
/ Ts(f)e*Mdu =

L(f, LOUf)e"b(“)du

1
- /LOU(fLOUf>e_¢(u)dU +5 / fLovLov fe *™du
2
I Lou flIZ2(c-e)
491172 (- (2.90)

L / (Lou f)’e " du

N
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Ou; O3 . .
This last inequality implies (7). Set h = |V f[; so that 9,;h = %. Following the line

of the proof of Lemma A.18 in [98] and noting that A® = "" | o;, one obtains

/ VoRRzedu < Y o / h2eq’du+2\/ ( / VD|2h2edu)( / Vhize-tdu). (2.91)
=1
Using the Young’s inequality 2ab < 6%a® + g—z with §2 = 1/2, one has

/|V<I)|gh26_¢du < QZai/h26_¢du+4/|Vh|26_¢du. (2.92)
i=1

Since

. a“ 2 2 2
VhE = 3(2ud g2 g

= IVIl
< D@ F
j=1
< |Hess(f)l:, (2.93)

we obtain from (289) and (2790)

H]VCID\Q.\VHQH%Q((@) < 2(20@)/\Vf|§eq>du+4/\Hess(f)\§eq>du
i=1

< 4(2 Q; +4)||9||%2(ef<1>)- (2.94)
=1

]
Corollary 2.3. Hypothesis (H}’) b) holds with

Ny =2 "

. . up || Vei|/%
min{|\;[,7 =1,...,n} = an I

4+ a4 €l
=1 7

Proof. Let f € F'N D. To shorten notation we identify f and :=*(f) € D. Then equation
(2Z@) and Cauchy-Schwarz inequality implies

.....

n a n
421 < 32 100 AV sl Veslar 4| D @ugunFesen
G k=1 kj=1

< (Z Ou; 11V es1a0) O () [Veran) A + 1Y (Dujuy fesen]

k=1 k,j=1

n n

nAy | DO fIVeilan)? | Y ()2 [Veil3, + [ Hess(f)2D_ €])

=1 i=1 7

A sup Ve |2V flo| VOl + [Hess(f)la]l Y eflloc

N

N
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where A\, T The result then follows from the preceding lemma. [l

= 1
~ min{[Aj =1 n

2.8 Exponential decay in the total variation norm

The idea for proving the exponential decay in total variation consists on translating our
problem to a setting for which the arguments used for the exponential decay in L?(ju)
remain valid.

Let zop € M. Since for all t > 0, Pi(z9,dz) = pi(20,2)dz where p;(zp,.) is a smooth
function and that the invariant probability p has a smooth density ¢, one has

1P d2) = @y = [ Ipitao,2) = ()l
Because ¢ > 0, we can define a function h(t, zo,.) by
pt(zo, Z)
h(t, zg,2) =
b9 =700

By Proposition 28, P;(zo,dz) has a compact support, ie p;(zo,.) has a compact support.
Hence so does h(t, 2o, .). Moreover the smoothness of ¢ and p;(2o, .) implies the smoothness
of h(t, 29, .). Consequently, h(t,zg,.) € L*(M, ) and

[1ntn2) = ez = [ Ihit.z0.2)  Un(az)

< / (h(t, 20, 2) — 1)*u(d=))
= ||h(t, 20, -) — 1| z2(n)- (2.95)

N

Since [, h(t, z0,y)p(dy) = 1 for all ¢ and zy, we have a similar formulation to the one of
Theorem 9.

So, in order to give the exponential rate of convergence, we will show that h(t, 2o, .) is
solution to the abstract Cauchy problem dyu(t) = Lou(t) in L?(11) where Ly is an operator
for which the arguments used for £ remain valid.

In the following, we denote by h; (resp. p;) the function h:(2o,.) (resp. pi(zo,.))

Since Opi(20,.) = L*(pi(20,.)) by Theorem 3.(iii) in [67] (recall that L* is defined by

(253)), then

3tht - %
¥
_ L*(pt)
¥
o? u divg (Ve (x "0,
= S Auh + > aus ( sok( ) Zﬁek(x) (2.96)
k=1 k=1
Because 0y, ¢ = —arui| |,
_8ukpt

p = —Gukht + akuk\)\klht
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Moreover,
div,(Veg(z)p;)

¥

= AM(ek)ht —+ (Vek(a:), tht)TM-

Hence,

2 n n
g
Oy = S Duhe+ > apu(Ver(@), Vahe)rar — Y Ou heex()

k=1 k=1

= Lght.

Thus, hy = T(t — 1)hy, where T'(t) is the semi-group whose infinitesimal generator re-
stricted to C°(M) is Ly. Because

Ly=S8+) Ay,
k=1

whereas .
L=8-Y A,
k=1

L, is the adjoint operator of L in L?*(u1). So all the arguments used for proving Theorem
210 for L work for L.
Applying Theorem P10 to Ly with g; = hyyq gives the result.






Chapter 3

Self-Repelling diffusions
via an infinite dimensional approach

We reproduce in this chapter the paper [[4]. It is a joint work with M. Benaim and
I. Ciotir which is published in IStochastic Partial Differential Equations: Analysis and
Computations, Volume 3, Issue 4 (2015), pages 506-530.

Some redundancies with the Introduction chapter are therefore possible.

Keywords: reinforced process, self-interacting diffusions, stochastic equations in Banach
spaces, Feller property, invariant probability measure

MSC: 60K35, 60H10, 60H30

3.1 Introduction

In the present chapter we are interested in stochastic differential equations of the type

Xt:x—i-/og(Xs)ds—/O /0 F(X.— X)) drds + B, (3.1)

where z€R, (; is a standard 1D Brownian motion and f is a 27- periodic function with
sufficient regularity. The initial drift profile g shall be chosen in a convenient form detailed
below, in order to assure the Markov property of the process.

The motivating example of this equation comes from physics, and more precisely from
systems that model the shape of a growing polymer.

A first model was introduced in the framework of random walks by Coppersmith and
Diaconis in [34] and intensively studied later (see [I0], [41], [83]). The continuous time
corresponding processes were also studied under different assumptions on f.

One of the first papers was published by Norris, Rogers and Williams in 1987 and
gives a Brownian model with local time drift for self-avoiding random walk, i.e.,

Xt = Bt - /Otg(XsaL(Sva))dS
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where {L (t,x); t > 0, z € R} is the local time process of X. The main difficulty in this
approach is the lack of Markov property (see [82]).

In 1992 Durrett and Rogers studied asymptotic behavior of Brownian polymers. More
precisely they are interested in processes of the form

Xt:BtJr/Ot/osf(Xs—Xr)drds

where f(z) =V (z)z/ ||z|, ¥(z) = 0 (see [4]).

An extended study was also made by Benaim, Ledoux, Raimond in the series of papers
on self interacting diffusions (see [IY], [20], [21]).

In a recent paper, Tarrés, Toth and Valkoé proved that a smeared-out version of the
local time function from the point of view of the actual position of the process is Markov
(see [96])

In the present work we study equation (B) following an infinite dimensional approach.
In fact we show that, by choosing a particular form for the initial drift profile g and by
taking the Fourier development of the function f, the stochastic differential equation
becomes equivalent to a system in R x [2 x [2. Consequently, the problem can be treated
by using tools from the theory of stochastic differential equations in infinite dimensions
and we show existence and uniqueness of the solution with Markov property.

Then we prove Feller property for the transition semigroup and we show that the
system has an invariant probability measure which is explicitly given.

In the sequel, we denote by C([0, cc]; H) the space of continuous functions from [0, oo]
to the Hilbert space H, by CF(H) the space of bounded functions from H to R that are
k times continuously Fréchet differentiable with bounded derivatives up to order k, and
by Li2.(]0,00); H) the space of functions from (0,00) to H which are locally L.

3.2 Equivalence with an infinite dimensional system

Consider the stochastic differential equation

Xt—x—i—/o g(Xs)ds—/O /0 (X5 — X,)drds + (3.2)

for x € R and f; a standard 1D Brownian motion.
We assume that f is an even, 27 periodical function and sufficiently regular such that
the coefficients (a,), of the corresponding Fourier series

o0

~— + Z an cos (nx) (3.3)
n=1

form a positive rapidly decreasing sequence. For reader’s convenience, we recall the defi-
nition of the space of rapidly decreasing sequences of order k

{ ni 1+ n?) a<oo}. (3.4)
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In our case (a,), is assumed to belong at least to O° and for that it is sufficient to have
f in the Sobolev space HS_ (R) of 27 periodic functions.

We choose an initial drift profile g of the form

g(x) = Z al*n (uén) sin (na) + vi" cos (nx)) : (3.5)
n=1

where (ué”)) and (vé")) are two arbitrary sequences from 2,

Since f” and g are both 2m-periodic, (X;);>0 might be interpreted as an angle. Conse-
quently X; could be identified to the point (cos(X;),sin(X;)) € S'. For more details see
for example [42].

By standard computation we see that

(X —X,) = Za}ﬂn sin (nX,) (a)/? cos (nX,))

n

— Z al’n cos (nX,) (a1/2 sin (nX,)) .

If we replace (B23) and (B33) in (B2) and set

t
ul™ = 4 a}/g/ cos (nX,) ds
0

t
o™ = v(()n) - a}f/ sin (nX) ds
0
we can rewrite equation (B2) as a system in the Hilbert space H = R x [ x [? as

Xe=x+ [, n (a,lz/z sin (nX,) ul™ + ay/? cos (nX,) v§”>> ds + B,
u™ = uén) +a)? fg cos (nXs)ds, n>1,

o = o =l fisin (nX) ds, n 21,

or equivalently as a stochastic differential equation in a Hilbert space
t
Yt:y—i—/ F (Y,)ds + odW,
0

where the process
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and the operator F': H — H is defined by
x
)a (u(n))n (3.6)
(™),
<(ai/2n sin (nx))n : (u(”))n>l2 + < (a,llﬂn Cos (nx))
= (a}/2 coS (nx))
— ( +/? sin (nx))

and W; is a cylindrical Wiener process with values in H and the noise o = (1, 0, 0) is
the projection on the first coordinate.

The hypotheses from this section are assumed for the rest of the paper. We shall
denote by C a positive constant which might change from line to line.

7 (U(”))n>

n

n

3.3 Existence and uniqueness of the solution for the
infinite dimensional equation
We consider the equation from the previous section
dY, = F (Y}) dt + odW,
{ Yo=vy
for an initial condition y € RxI? x [? and F defined in (B8).
We can now formulate the existence result.

Proposition 3.1. Under the assumptions presented above, for each y € H, there is a
unique analytically strong solution

Y € C(0,00); H) 1 L, (0, 00; H)
to equation (E77).

Moreover, for T' < co, we have that

E ( sup ]Y}ﬁ{) < 00.
t€[0,T]

Proof. We study equation (BZ) in the framework of the analytic approach of stochastic
differential equations in Banach spaces, and more precisely in the space H = R x [? x [?
equipped with the norm

iz = lal® + ()l + 110l
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for all y = (z, (uy),, , (va),) € RXI* x [2,

Since the operator F' defined before is not Lipschitz in H, we may use Theorem 7.10
from page 198 of [89] in order to get existence of the solution to equation (B72).

More precisely, we shall prove that the following three conditions are satisfied for the
operator F defined in (BH)

a) F' is locally Lipschitz continuous in H
b) F'is bounded on bounded subsets of H
¢) there exists an increasing function
a:Ry - Ry,

such that
(Fy+y), v) <allylly) @+ lyllg)

for all y, y € H and y* € J||y||, where (.,.) is the duality form on H and 9 ||.|| is
the subdifferential of the 4 norm.

We shall first prove a).
Indeed, for all y and y from H we have that

1E () = F @)l

> ay” n (sin (nx) u, + cos (nx) v, — sin (nx) w,, — cos (nT) vy,)
— (a}/Q Cos (nm)) o (a}/z cos (nf)) .
<an sin ( )n (an sin (nx) i

2

>~ /% (sin (n) u, + cos (n) v, — sin (n) i, — cos (n) T,)

n

+ H(ai/Q cos (nx)) (ay: 2 cos (na )nH;
+ H(a,{/Z sin (nx)) ( /2 gin (nf))n||?2

Pt 4 Ty + Ty (3.8)

For the first term we see that
2

7 < 2 Z a*n (sin (nz) u, — sin (n¥) U,

2

+2 Z a/*n (cos (nx) v, — cos (nZ) Ty )

n
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2 2
<4 Z at?nsin (nx) (u, —,)| +4 Z a¥*n (sin (nz) — sin (nZ)) Uy

2 2
+4 Z al*n cos (nx) (v, — 0n)| +4 Z a?n (cos (nx) — cos (nT)) U,

and then, by the Cauchy-Schwarz inequality for the inner product in [? and taking into
account that (a,), € O°, we obtain that

n < C H (aiﬂn sin (nsL’))nH?2 | (w),, — (ﬁn)n”;

+C || (alncos (n2)), |l 1(va), — (@), 1%

N (<z A T 4 (Y w) o= 3

n

< Cll(un), = (@)l + Cll(wa), = @)l
+C (@)l + 1 @a)l2) |2 — &7
< OO+ @)l + 1@ 1)

< (Jo =2 + | (un), = @), 172 + 1 (vn),, = @), 1)
which leads to

Ty < O+ (1)l + 1@ 1) ly = Tl

where C' is a positive constant depending on (a,), which might change from line to line.
Keeping in mind that (a,), € O°, we can easily see that the second and the third term
verify

‘ 2

T, = 3 |ai/? (cos (nr) — cos (nF)
< Y lan(e -3

< Z ann? |z — )

n

< Clz—7
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and, by a similar argument,
T3 S C |ZL’ - §|2 .
Going back to (B8) we obtain that

IE @) = F@ln < CO+ @)l + 1@)l2) lly — 7l (3.9)

~112 ~112
< C(1+19l) ly =9l

where C' is a positive constant depending on (a,),,.
Consequently, for all ¥,y € B (0, R) we obtain that

1F W) —FWly < C\/(1 @)z + 1@ 1) Iy = (3.10)
< SO+ 11Fll7) lly = Tl
< C(R, (an),) ly = 4l 5
where C' (R, (ay,),) is a positive constant depending on R and (a,),, and the proof of the

locally Lipschitz property is completed.
For the proof of b) it is sufficient to take y = 0 in (B9). We obtain then

IEWly < 1F @) = FO)lg+[1F0)y (3.11)

IN

Cllylg +1/(a?),|l.-
< C(lylly +1)

where C' is a positive constant depending on (a,), which might change from line to line.
Consequently, F'is bounded on bounded subsets of H.

In order to complete the proof of existence, we still have to prove c¢) and to this purpose
we need to find an increasing function

GZR+%R+7

such that
(Fy+y), v) <allylly) X +Iyllg)

for all y, y € H and y* € 9 ||y||-

For that purpose, we consider the function a(«) = C' (1 + «), where C' is the constant
from (B™).The constant being positive, the function is clearly increasing on R.

Since the subdifferential of the application

Lo
v = 5 Il
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is the duality mapping of the space H, and in our case H = H*, we have that

ﬁﬂr}”“y%o
Dyl = H |

{llylly <1}, fory=0

(see page 72 from [40]).
Since the case y = 0 is trivial, we only need to prove that

< @+@>H|m> < a (7 L+ )

Indeed, for all y = (:L‘, (u(”))n, (v("))n) and y = (f, (ﬂ(”))n , (5(”))n) in H we have
that

< y+7), > < <F(y+@—F(@,L>H

Tola vl
<<@ um>
< O IR Il + C Ul + 1)

< OO+l O+ llylly)

where C' is a positive constant depending only on (a,), which might change from line to
line. Hence, we obtain

< (v+7). HH> < a (7 L+ )

We have now existence of an unique mild solution. Since in our case the generator of
Co-semigroup is identically zero, a solution is strong if and only if it is mild (see [87]), so
we have also existence and uniqueness of a strong solution.

Consequently, the proof of existence and uniqueness is complete.

We shall now prove that
E ( sup HKH%) < 00.
t€[0,T

To this purpose we apply the Ité formula to equation (BZ) with the function

Lo
v 5l
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and we get

VO = 5+ [ P )Y @), (312)

+/Ot< (s),0dIV) /|0| s,

We can easily see that

[oeeany, = [xe

/X ) dB,

and then, by using the Burkholder-Davis-Gundy inequality, we obtain that

s [ x 0] <cm ([ ora)

(see, e.g., [40] page 58).
On the other hand we see that, by (BTI), we get that

< sup
te[0,7]

1/2

(F(Y (), Y (s)g < [EX)IglY (9)llg
< CY &g+ DY (3)lly
< CQ+Y(9)llE)

where C' is a positive constant depending only on (a,), that changes from line to line.
By going back into (BXT2) we obtain via the estimates above that

rel0,s]

t
E (S?op 1Y (r >||z) < llyll% + CE / (sup ||Y<r>||?q> ds + Ct,
rel0,t 0

and finally, by Gronwall’s lemma we obtain

E ( sup HY}HZ) < Ce“T (llylly +T) < o0
te[0,7)

and the proof is now complete. O

Remark 3.1. Note that the solution obtained above has the Markov property. For details
see Theorem 9.8 from [39].
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3.4 The Feller property of the transition semigroup

We consider the transition semigroup corresponding to the solution Y (¢,y) defined by

Pip(y) =E[p(Y (t,y))],

for all ¢ € By, (H), the space of all bounded and Borel real functions in H, for all ¢ > 0
and for all y € H.

We intend to prove that the semigroup has the Feller property which means that it
maps bounded continuous functions into bounded continuous functions.

Proposition 3.2. Let (yi),cy be a sequence of initial conditions from H such that y, — y
m H for k — oco. If we denote by

o= (5t () ()
Vo= (e (), ()

the solutions to equation (87) corresponding to every yi and respectively to y, then, for
any t > 0, we have that

and

Vi () =Y (0)]% =0 as k — oo,

In particular we have also that (Y})tzo 1s a Feller process.

Proof. We shall check first the following a priori estimates.
Since

t
ul™ =M 4 a}/Q/ cos (nX,) ds
0

we can easily obtain that

(),

2
+ 262 (), ]I (3.13)

IN

2
2| (w”)
2 0 nlly

< C ((ugn>)n) (1+1)2,

where C ((ué’”) ) is a constant which might change from line to line, depending on the
initial condition (ué”)) :

Of course, by the same argument, we get that

[CON

L<C ((vg”>)n) (1+1)7. (3.14)
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By taking the inner product in H between the difference

% (Vi (t) = Y (1)) = F (Vi (1)) = F (Y (¢))

and (Yy (t) — Y (t)) and keeping in mind that

(Go-yo.00-ym) =% (F100-v o).
we get that
%0 =Y O = el (3.15

2 / (F (Vi () — F(Y (3)),Yi (3) = Y (5))  ds.

We can see by (BI0) that
(F(Ye(s)) = F (Y (s),Yi(s) =Y (s) s
< NEF () = F Y ()llg 1Y () =Y ()l

ey () [+ ()

and then, by (B13) and (BT4) we see that

1Y () =Y ()1,

IN

(F (Yi(s) = F (Y ()Y (s) = Y ()
< C((uf") (7)) @+ (s ~Y 65

where C' is a positive constant which might depend on (a,), and also on the initial
condition y = (x, (u(()")> , (vé")> >
Finally, from (8I3) we have that
1Ya (8) =Y (&)1

= w2 [P OR) ~ F O (6) 1 () Y (5

< lwe —yllfq+0(y)/0 (14 8) Y5 () = Y (s)]% ds
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where C is a positive constant depending on (a,), and also on the initial condition y =

(. (7). - (15"), )

Then, by Gronwall’s lemma, we obtain that
2
Vi (8) = Y (D)% < “OE) 1y — g2,

Let ¢ : H — R be a bounded and continuous function. Since L? convergence implies
a convergence in probability, we then have that ¢(Yi(t)) — ©(Y(¢)) in probability (see
Lemma 3.3 in [6Y]).

Consequently,

klim Eo (Yi (t)) =Ep (Y (t)), for any fixed ¢t >0,
—00
which is actually
klim Py (yx) = Pop(y), for any fixed t > 0,
—00

and then we have proved the Feller property. O

Remark 3.2. Let A =R x O' x O, with O defined by (54). It easily follows from the
definition of (ugn))n and (vt(n))n that

yeA=Y(t)e A forallt >0,

where Y (t) is the solution of equation (Z71) with initial condition Y (0) = y. This makes
14 invariant under P, (i.e., P14 =14).
Hence the process (Yy), is not strongly Feller.

3.5 The invariant measure of the transition semigroup

In this section we shall prove existence of an invariant measure for the transition semigroup
corresponding to the equation on St x [2 x [?

dY; = F (Y,) dt + odWV,
(3.16)
Yo=1y
with initial condition y € RxI? x [?, where S' is identified to R/27Z.

A probability ¢ on H is said to be an invariant measure for the transition semigroup
(P), iff
| Pewutn = [ @), (317)
H H
for all measurable and bounded function ¢.

By standard arguments (see Theorem 1.2, page 8 from [27] and relation (1.5) at page
2 of [37]) it is sufficient that (BT7) holds for all ¢ € Cy(H).
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Existence of an invariant measure of the transition semigroup

We consider the measure

pldy) =@ [T~ (o, %) du, @ [[ N <o, %) dv, (3.18)

n>1

where N (0, #) is the normal distribution. The form of p is inspired from the finite
dimensional case (see [16]).

First, the fact that p is a probability measure on H is clearly explained in Exercise
2.1.8. from [§7].

We intend to prove that 4 is an invariant measure of (P;), on S' x [? x [ by using the
strong convergence of a Galerkin type approximation.

To this purpose, we consider that

H=HyxP*xI?
where Hy = R x RY x RV and
HNIH%HNX{O}OOX{O}OO

be defined by

Ty (%, () ers s n)nere) = (0 (ua))y < {0}, () % {01°).
Obviously, the following stochastic equation on Hy

dy™ =11, (F (YJN>)> dt + odW,

(3.19)
¥y =Ty

can be treated by classical results for the solvability of SDE in finite-dimension. Conse-
quently, equation (BT9) has a unique strong solution.

We can now prove the following preliminary result.

Lemma 3.1. Under the assumptions given before, the sequence of solutions (Y(N))N
to equations (BI4) converges strongly in H to the solution Y to equation (B7X). More
precisely we have that

lim sup HY(N) (t)-Y (t)HiI =0,

N—oo 0<t<T

for all'T >0 and w € Q.
Proof. By taking the inner product between Y) (¢) — Y (¢) and the difference

d

(YO (@) =Y (1) = (UyF (YY) (5) = F (Y (5)))
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we obtain that

[y ol
= |Myy —yl%
+2/0 (IyF (Y™ (5)) = F(Y (), YN (s) = Y (5)), ds

= vy —ylly

+2 /t (IyF (Y™ (5)) = F (Y™ (), YN (s) = Y (s)),, ds

+2 /0 (F (Y™ (5)) — F(Y (), Y™ () = Y (s)), ds.
We can easily see that

(I F (Y™ (5)) = F (Y (9)) .Y (5) = Y (5))

= H ( (a;/? cos (nX ™) (s )~ (ay/sin (nX ™0 (S)))n>N> HH

< [[Y™ (s) =Y (s)]|,,

Y™ e -yl

IN

el

n>N 12

and, by arguing as in Proposition B2, we have that

(F (YW (5)) = F(Y (), Y™ (5) = Y ()

2

< Cy)A+9)||Y™M () =Y (s)|[},-

where C' is a positive constant depending on (a,), and also on the initial condition y =

(. (7),.- (4"),)
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We obtain, for 0 <t < T, that

2
n>N

YO @) =y @, < Iy =yl +Ct|(a}/?)

l2

t
+C (y)/ (1+s) HY(N)<S) - Y(s)”i{ds.
0
< vy =yl + CT (e w17

O+ T) / [YW(s) — Y(s) 3ds.

By using Gronwall’s lemma we deduce

v 0 =¥ @I, < (1w = ol + 07 @)

2 ) eC(y,T)t

n>N 12

and since
) 2
Jim [y — o3 =0

and
2
=0

l2

N [CHE M

N—o0

we can conclude the proof of this result.

99

]

Proposition 3.3. Under the assumptions presented above, the probability p defined in

(FI8) is an invariant measure of the transition semigroup (P,), of (318) on H.

Proof. We define the measure

N
dx 1
N _ | | | |

n>N
N
1
® L[l N (0, ﬁ) dv, @ gvéo (dv,)

Dencote d_$ N N N+
200 o (d () ) © 1 (d (un),)

™ (d(wa)l) © ¥ (d(),).

where dy is the Dirac measure on R.

Step I: We prove that

N
Hoo — M
N—o0

for the topology of weak convergence, i.e.,

foop > pp, Y € Cy(H).
— 00
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Let ¢ € Cy (H) and denote by oy = ¢ (I1y).
We can easily see that

/H v (y) oo(dy) = /H ) /ﬂ Xlzw(yN,y’) ™ (dy™) N (dy)

= / gO(yN7O’."0"‘.) MN (dyN>
Hy

and that
/H ¢ (y",0,..,0,...) u (dy™) Z/Hsozv(y)uﬁ (dy)z/HsoN(y)u(dy)-

This leads to
/ % (y) oo =/ o (y) g (dy) -
H H
Since
Jim Iy (y) =y
and keeping in mind that ¢ is bounded continuous, we have via Lebesgue dominated
convergence theorem that

tim [ (T (1) e (dy) = / o () (dy),

N—o0 H H

and consequently
lim [ ¢ (y)pl (dy) = / v (y) 1 (dy),

N—oo H H
ie.,

N
Moo — I
N—oo

Step II: We show that p is an invariant measure for the transition semigroup. Let PN
be the transition semigroup corresponding to (BT19). We take

/H P (y) p(dy) = /H (Pip (y) — PN (Tyy)) o (dy) (3.20)
+ /H (PN (yy)) p(dy)

Pt [ (B M) i)

By the same arguments developed in |I6] one can prove that p is an invariant measure
for PN. So we obtain that

/H(PtN90<HNy))N(dy) = /H PNo (y™,0,..,0,...) u™ (dy™)
= /H go(yN,O,..,O,...)uN(dyN)

= /Hso(y)uivo (dy) .
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On the other hand we have that

Bio(y) — PMo(llyy) = E (90 (Y1) — on (Yt(N)>> -

By Lemma BT, we have
Yt(N) — Y, as.

for N — oo, and thus for ¢ € C, (H), we obtain that
PV, ™) = pY)) as. .
Because ga(Yt(N)) is bounded, this leads to

PYo(yy) = P (y),

for N — oo by the Dominated Convergence Theorem.
Since Y;(N is a Feller process, we have that Pt(N)gp € Cy(H) for all ¢ € Cy (H), and
we get via the Lebesgue Dominated Convergence Theorem

= [ (Peply) = PV (TLyy) o dy) 0

for N — oo.
Going back to (B=20) and passing to the limit for N — oo we get that

Lawwmwzmlgmmwmsz@mm.

N—oo H H

The existence of an invariant measure is now completely proved. O]

3.6 On the uniqueness of the invariant measure

In this section, we intend to give an important feature for the Kolmogorov operator L.
Keeping in mind that o is the projection on the first coordinate, we have

[e.9]

Lo(y) = %&mcp (y) + Oz (y) Z na/* (v, cos (nx) + u, sin (nx)) (3.21)

n=1

+ Z a/? cos (nz) Oy, ¢ (y) — Z at/?sin (nz) d,, ¢ (y)

n=1 n=1

for ¢ € CZ(H) the class of all bounded functions which are twice Fréchet differentiable
and whose derivatives are bounded.

We recall that the Kolmogorov operator associated to (B18) is obtained by using It
formula to function ¢ in CZ(H) (for details see Theorem 5.4.2 from page 72 of [40]).

Set So(y) = 59(y) and Ap(y) = Lo(y) — Se(y).
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Lemma 3.2. For two functions v and ¢ in CZ(H), we have

| sewitintn) = [ ewsvwutan == [ optoimnd) (622

and

/H Ap(y)b(y)u(dy) = — /H () A () uldy) (3.23)

Proof. Let ¢ € CZ(H). It is trivial that ¢, S € L?(H, u) by definition of CZ(H). We
shall start by proving that Ap € L*(H, p).
From the definition of A, we have

Ap(y) = Oup(y)(((nay? cos(nz))uz1, v} + ((nay sin(nz))nz1, w)e)

H{(a/? cos(nz))uz1, Vup () + ((—ay/* sin(n))uz1, Vo (y))ee

Therefore, by using the inequality (37, x;)* <n " 2% with n = 4, we obtain
Ap(y)* < 49,0(y)* ({(nay? cos(n@))nz1, 0)f + ((nay? sin(na) )nz1, u)ik)
+4((a;/? cos(n) ) nz1, Vup(y) e + 4((—a,/* sin(n) Jnz1, Vo (y))
< OO+ flullie + [lvll)
where the last inequality is obtained by the Cauchy-Schwarz inequality and C'is a constant
depending on (a,), and on the upper bounds of the derivatives of ¢. Hence Ap € L*(H, ).
Since p has S x [2 x [? as support, we may extend ¢ to H = S! x R*® x R* by the

same expression.
Therefore

/H Sy /H Sy (y)uldy)
_ / %amgmy)w(y)mdy)
_ /Rw w/ 0 () 6 () dr N (0,Q) (A (n),) N (0,2) (d (),
- /H Dab(y)Ouip (y)1(dly).

where N (0,Q) (d (u,),) = TI N (0,-5) du, and similarly for N (0,Q) (d(v,),). This

n>1

proves (B=22).
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Furthermore

/H Ap (y) ¥ (y) p (dy)

_ / A ()9 (y) i1 (dy)

H

= /g <3x90 (y) > na/? (v, cos (nx) + uy, sin (m))) Y (y) 1 (dy)
+ /ﬁ > " ay/? cos (na) u, 0 (y) ¥ (y) 1 (dy)

_ /ﬁ > " a)?sin (na) 0,0 (y) ¥ (y) p (dy) -

For the term

[ 3 na 2 cos () i () 6 ) 1 )

n=1

we compute

[ cos )6 ) 2o (o = = [ 010 ) cos (na) ¢ () o

0. (0 ) cos (n2) ¢ () do+ [ msin ()b ()¢ () de (324

Sl

and then we get

/ﬁ > i cos ) 2. () () 1 )

-/ Zn%“%n sin (n) @ () ¥ () 1 (dy)

- /~ Z na,/*v,, cos (nz) 1 (y) ¢ (y) p (dy)
H n=1
Moreover for the term

— /ﬁ Z ay/? sin (nz) A, (y) ¥ (y) i (dy)
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we have

/R D () ¥ (y) €5 R, (3.25)
-~ [ewan. (v T dn,

_— / o (4) By, (0 (1)) % v,

+ /R o (y) ¥ () n2ope ™5 v,

which yields

- 3 atfsin () 1 ()6 () )
D sin o) 91 00 0) )

-/ Z n2al/2u, sin (n2) % (1) @ (4) s (dy)

Similarly to (B24) and (B=23) we get
Do nel s )2 0) 6 @) )
--f an Y24, cos (n) o (4) ¥ (3) s (dy) (3.26)

_ /ﬁ Zna}/?unsin (nx) a1 (y) @ (y) 1 (dy)

and
> cos 1) 0 ) ) )
/ 2”2 P cos (nx) ¢ (y) ¥ (y) p (dy) (3.27)
-/ Z a1 o8 (1) Bt (1) @ () 1 (d)
Putting (3.24) to (E22) altongether gives (BZ3). O

An easy consequence of the result above is the following.



3.6. ON THE UNIQUENESS OF THE INVARIANT MEASURE 105

Corollary 3.1. For a function ¢ € C}(H), we have

/HLgo (y) ¢ (y) p(dy) = —% /H |0z (y)|2u(dy).

Furthermore, if ¢ 1s such that Ly =0, then ¢ is constant on H.

Proof. Let ¢ € CZ(H). By Lemma B2, we have

/HAgp(y)gp(y),u(dy) = —/HSO@)ASO(y)N(dy);

hence [y, Ap(y)p(y)u(dy) = 0.
Thus

/HL@(y)go(ymmw - / o (1) o () (dy)
= =5 [t WP a). (3.28)

Assume now that ¢ satisfies Ly = 0. Then, by (B28), we obtain

0= [ WP,

Since p has full support on H and 0, is continuous, it follows that

Orp =0,
i.e., ¢ is independent of the = variable on H.
Therefore
0 = Lo(z,(un),,(vs),) (3.29)
= i i/ cos (nx) B, (y) — i i sin (nx) 8., (y)
n=1 n=1

for all (z, (u,), ,(vs),) € H.
Since {(cosnz),, , (sinnx), } forms an orthogonal basis of L? (S', dz), the relation (B=29)
forces to have
Ou,p =0=0,,p, foralln>1

on H, because a, is supposed to be strictly positive. Consequently, ¢ is a constant on
H. m

Set L* =S — A. Then, by applying Lemma B, one can check that

/H Lo()b(y)u(dy) = /H o) L ()uldy)
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for all p,v € CZ(H).

Let v be any invariant probability measure of (B72).

We shall explain why we believe that © should be identical to the measure p defined in
(BIR), which would prove uniqueness of the invariant probability, as well as the ergodicity
of .

By the Lebesgue’s decomposition theorem, there exists a positive function g € L*(H, i)
and a measure v; which is singular to p, such that

V=gu-+ vs.

Since p and v are both invariant for (872), it follows that gu and v, are also invariant.
We can now formulate the following result.

Proposition 3.4. Assume that the function g defined above lies in C{(H). Then g is
constant.

Proof. Since gu is invariant, we obtain that

0= /H Lg(y)(gu)(dy) = /H Lg(y)g(y)u(dy) (3.30)

1
5 [ 100g ) 1 (dy)

H
by Corollary B-T.

Therefore we deduce that 0,9 = 0 by the continuity of d,¢g and the full support of .

Hence

Loly) = 3 al/?cos(ne),,g(y) — 3 alf?sin (nr) 0, (y)

n=1 n=1
= —L7g(y).
By the Cauchy-Schwarz inequality and the definition of the space Cy (H), it is clear that Lg

is bounded and consequently that Lg € CZ(H) as well as L*g. Therefore, by application
of (B330) with L*g in place of g, we get

0= /H L(L*g)(y)(gp)(dy) = /H L(L*g)(y)g(y)u(dy)
= /H (L*g)*(y) u(dy),

which leads to L*g = 0 and so does Lg. By Corollary B, we get that g is constant. [J

A straightforward consequence is the following result.

Corollary 3.2. If v is absolutely continuous with respect to p and such that its Radon-
Nikodym derivative lies in Ci}(H), then v = p.
Remark 3.3. 1. The proposition still holds true for g € CZ(H) since L is well defined

on Cg’l’l(H), the set of bounded functions which are twice differentiable in x, and
once differentiable in v and v and such that these partial derivatives are bounded.

2. If the function g in the proposition has bounded support then g = 0 and so v is
singular to pu.
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3.7 Conclusion

In this work, we aim to generalize the setting of [I6] to the infinite dimensional case, at
least for the case of the unit circle. Since our non-linear operator F' is neither Lipschitz
nor monotone we could not directly apply classic results in the sense that we had to prove
some additional properties which hold for F'.

As mentioned at the beginning of the Section B, we succeed to prove that a natu-
ral generalization of the invariant measure in the finite dimensional case was indeed an
invariant measure in our setting.

However, we were not yet able to obtain its uniqueness, while in [I6] it is the case.
This is due to the fact that we could not use Héormander’s like condition to get the strong
Feller property which was the main argument in the finite dimensional case. So at this
point, a first question is

1. Do we have uniqueness for the invariant measure?

Thanks to Corollary BI, we think that it might be the case.
If this is not true, a second open question would be

2. Is p an ergodic measure, which means that, if A € B(H) is such that P,14 = 14, then
pu(A) € {0,1}7

As mentioned above, the strong Feller property was proved in [I6], while in our case,
it does not hold (see remark B=). On the other hand, the question of having asymptot-
ically strong Feller property is still open. More precisely, in order to ensure that all our
computations make sense, we had to choose our coefficients (ay), in O3; so the question
can be formulated as

3. If (an)n € Nk=10% for example, do we have the asymptotic strong Feller property? If
yes, can we weaken the assumption on the sequence (a,),?

Finally, in the case of positive answer to this last question, the answer for the first will
be positive since i has full support.
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4.1 Basic tools

4.1.1 The Asymptotic Pseudotrajectories

In this subsection, we introduce the theory of the Asymptotic Pseudotrajectories devel-
oped by M. Benaim and M.W. Hirsch in the nineties. It is based on the article [I'7] and
on the lecture note [IT].

Let (M, d) be a metric space and ® a semiflow; that is
O Ry XM — M: (t,x) — O(t,x) = O(2)
is a continuous map such that
by = Id and &y, 3 = P, 0 D,

for all s, € R,. For a continuous function X : [0,00) — M, its limit set is

L(X) = () X([t, 00)).

t=0

Definition 4.1. A continuous function X : R, — M is an asymptotic pseudotrajectory
for @ if
lim sup d(Xen, Pr(Xe)) =0 (4.1)
t—=00 0<h<T
for any T > 0. In other words, it means that for each fited T' > 0, the curve X : [0,T] —
M : h— Xy shadows the O-trajectory over the interval [0,T] with arbitrary accuracy
for sufficiently large t.
If X is a continuous random process, then X is an almost-surely asymptotic pseudotra-
jectory for ® if (1) holds almost-surely.

In the context of this thesis, a good way to picture an asymptotic pseudotrajectory
for a flow @ is to view it as the flow induced by some homogeneous ODE and X as the
solution of some differential equation which is a perturbation of this ODE, whose intensity
tends to O sufficiently fast as ¢t converges to infinity. For relations to stochastic algorithms,
we refer for instance to [T, |I3], |T4], [28] or [29] and for reinforced processes to [I0], [T2],
[23] or [72].

Since the long term behaviour of X is highly related to the flow, one would expect
that L(X) keeps some properties of w-limit sets if X has compact closure (for instance
invariance by the flow, connectivity or compactness). Before giving some results on L(X),
let us recall some notion of dynamical system that can be found in [IT)].

Definition 4.2. A subset A C M is an attractor for ® if

i. A is nonempty, compact and invariant.
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ii. A has a neighbourhood W C M such that limy_,, d(®4(x), A) = 0 uniformly in
reW.

Its basin of attraction is the set of points x € M such that limy_,. d(Py(x), A) = 0.
Furthermore, if A+ M, A is called proper attractor.

Definition 4.3. Let A C M be a nonempty set.

1. Let p,q € A and 6,T > 0. We say that there is (5,T)- pseudo orbit for ® from p to
q if there exists Yo, ,yp € M and 0 < tg < --- <t with ty =T such that

(a) d(yo,p) <9,
(b) d((q))tz (yi)vyi-i-l) < 5; L= Oa e 7]{7;
(¢) ye =q.

2. A is chain recurrent for ® if for every p € A nd for every 6, T > 0, there exists a
(0, T)-pseudo orbit from p to p and internally chain recurrent if A is invariant for
® and is chain recurrent for ®|,.

3. K is chain transitive for ® if for every p,q € A nd for every 6,T > 0, there exists a
(0, T)- pseudo orbit from p to q and internally chain transitive if A is invariant for
® and is chain transitive for ®|,.

These different definitions are relied by the following results

Proposition 4.1. (Bowen, 1975 [29], Proposition 5.3 in [11]) Let A C M be a nonempty
set. The following assertion are equivalent.

1. A is internally chain transitive.
2. A is connected and internally chain recurrent.
3. Ais a compact invariant set for ® and ®|, admits no proper attractor.

Corollary 4.1. (Corollary 5.4 in [11]) If an internally chain transitive set meets the basin
of an attractor A, then it is contained in A.

We can now state the first result about asymptotic pseudotrajectories.

Theorem 4.1. (Theorem 5.7 in [11]) Suppose that X ([0, 00)) has compact closure in M.
Then L(X) is internally chain transitive.

In particular, we have

Theorem 4.2. (Theorem 1.2 in [I'1]) Suppose that X ([0, 00)) has compact closure in M.
Let A be an attractor for ® with basin W. If X, € W for some sequence t;, — oo, then
L(X) C A.
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Let us end this subsection by explaining how to relate stochastic differential equations
with asymptotic pseudotrajectories. Let (7)o be the solution of the SDE

dxi = g(x7)dt + h(t,z7)dBy, z§ =2z € R (4.2)

where (B;)s>0 is a Brownian motion, g : R — R is a Lipschitz function and h : Ry xR — R
a continuous function.

The next Theorem gives a sufficient condition on A in order to ensure that (7)o is
with probability 1 an asymptotic pseudotrajectory for the flow induced by the ODE

v =g(y). (4.3)

Theorem 4.3. (Proposition 4.1 in [I'l], Proposition 4.6 in [11]) Assume there exists a
non-increasing function € : Ry — Ry such that h*(t,z) < &(t) for all (t,x) and such that

Vk >0, /000 exp(—Fk/e(t))dt < ob. (4.4)

Then, for all z € R, (xf)i=0 is with probability 1 an asymptotic pseudotrajectory for the
flow induced by (Z-3).

Remark 4.1. The same result holds if (x¢)i=o solves the SDE
dry = g(xe)dt + h(t, x)dBy + 6(t)ha(ze)dt,

where hy is a bounded function and § is a random adapted function with lim; ., 6(t) =0
almost surely.

4.1.2 Rate of convergence for a time-inhomogeneous Ornstein-
Uhlenbeck Process

We reproduce in this subsection the appendix of [63|, where we study the long-term
behaviour of the following SDE

dXt = gtth + Mtdt — (1 + Oz))\tO‘Xtdt, (45)

where t — 1, is a deterministic constant, « = 1 and (g;)>0 is an adapted process bounded
by 1. Here, (W})t=0 stands for a real Brownian motion and A > 0.

Proposition 4.2. Let X, be the solution of (-J) with initial condition Xy = x. Assume
that (g¢)i=0 and (pu)i=0 are adapted processes bounded by some deterministic constant K

and let o > 0. Then
X = O(t_o‘/Q\/log(t)) a.s.

IFor example e(t) = O(1/(log(t))®) with a > 1.
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Proof. The solution of Equation (E3) with initial condition Xy = z is

t t
X, = eM™ (93 + / e g dW + / eAsHa,usds>
0 0

t
= M (m + M, + / e’\suausds). (4.6)
0
Since . .
e*)\tlJra / e/\81+ausd5‘ g Ke/\t1+a/ 6)\51+ad5 _ O<t7a>7 (47)
0 0
then, on the event {(M). := [;°e**' " g2ds < oo}, the result is immediate because in

that case, M; converges almost surely. In the sequel, we assume that we are on the event
{{M)oe = oo}

By the Dubins-Schwarz Theorem (see Theorem 4.6 in [Z0], Chapter 3) with the law of
Iterated Logarithm for Brownian motion (see Theorem 9.23 in [70], Chapter 2), we have

M, = O(v/(M) Toglog((M),) ). (4.8)

By the hypothesis on g;, we have

t t
(M), = / 62’\31+ag§d5 < Kz/ e .
0 0

Therefore,
(M), =0 (e%”“t—a) . (4.9)
The desired result follows from (E8)-(EZ9). O

4.2 Introduction

In this chapter, we are interested in the asymptotic behaviour of the solution of the
stochastic differential equation (SDE)

t
dXt = Vo th(Xt) — a/ VSnVXS (Xt)det, XO = c Sn, (410)
0

where v > 0, a € R, o stands for the Stratonovich differential, (W:(.)):>0 is a Brownian
vector field on S™, Vgn is the gradient on S™ and V,(z) = (x,y) where (., .) is the canonical
scalar product on R*1,

Let us start with a short heuristic description of the process. First of all, observe that for
x,y € S", we have

|2 = ylI> = 2 = 2(z,y) = 2 — 2 cos(D(x,y)), (4.11)

where D(.,.) is the geodesic distance on S™ and ||.|| is the standard Euclidean norm on
R™. If @ > 0, the drift term points in a direction that tends to increase the distance
between X; and its past positions. In other words X, is repelled by its past. It follows from
a more general result proved in [I6] dealing with self repelling diffusions on a compact
manifold that
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Theorem 4.4. (Theorem 5, [16], Benaim, Gauthier) If a > 0, the law of X; converges
to the uniform law on S".

If a <0, X; s attracted by its past and one may expect localization.The goal of this
chapter is to prove such a result.

Theorem 4.5. If a < 0, there exists a random variable X, € S™ such that

O(t=2y/In(t)) ifn=1

O((@)l/‘l) otherwise

X, — X ={

We point out that the self interacting diffusion (EI0) has already received some atten-
tion in 2002 by M.Benaim, M.Ledoux and O.Raimond (|I9]), but in the normalized case;
that is, when [} Vi, (X;)ds is replaced by 1 [' Vx, (X;)ds. The interpretation is therefore
different. While the drift term of (AId) can be “seen” as a summation over [0,t] of the
interaction between the current position X; and its position at time s and thus an accu-
mulation of the interacting force, their drift is then an average of the interacting force.
The asymptotic behaviour is then given by the following Theorem.

Theorem 4.6. (Theorem 4.5, [19], Benaim, Ledoux, Raimond) For a # 0, let (X;)i=0 be
the solution of the SDE

t
IX, = odWy(X,) ~ 4 / VeV, (X)dsdt,  Xo—z €S (4.12)
0

Set py = %fot dx.ds.

1. If a > —(n+1)/2, then u; converges almost surely (for the topology of weak* con-
vergence) toward the Riemannian probability measure on S".

2. Ifa < —(n+1)/2, then there exists a random variable ¢ € S™ such that p; converges
almost surely toward the measure

exp(f(a)(z, <))
Z, ’

Heys (dl‘) =

where Z, is the normalization constant, B(a) is the unique positive solution to the
implicit equation
2aA7,(8) + B =0,
where A, (B) = log( [ exp(—S cos(x))\,(dx)) and \,(dz) = G C) e )
0 Jo (sin(z))"~tdx
An intermediate framework between those considered in Theorem B3 and Theorem
A4 is to add a time-dependent weight g(¢) to the normalized case that increases to infinity,

but “not too fast”, when time increases. In that case, O.Raimond proved the following
Theorem.
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Theorem 4.7. (Theorem 3.1, [849], Raimond) Let (X;)=0 be the solution of the SDE

dXt = Oth(Xt) — @/ VXS (Xt)det, X[) =T € Sn, (413)

where g is an increasing function such that limy_, g(t) = co. Assume that there exists
positive constants c,ty such that for t > to, g(t) < clog(t) and |¢'(t)| = O(t™"), with
v €]0,1].

Then, there exists a random variable X, in S™ such that almost surely, p, = % fot 0x.ds
converges weakly towards dx_ .

As an easy application of Theorem B3, we obtain the almost-sure convergence with a
rate of convergence of the solution of the real-valued SDE

¢
ddy = vdWy + a/ sin(c(vy — ) )dsdt, Yo =0, (4.14)
0

where (W;), is a real Brownian motion, a < 0 and v,c > 0.

In 1995, M.Cranston and Y. Le Jan proved an almost-sure convergence result in [36]
in the cases where asin(cx) is replaced by f(x) = az (linear case) or f(x) = a x sgn(x)
(constant case) with a < 0. This last case was extended in all dimension by O.Raimond
in [88] in 1997. A few years later, S.Herrmann and B.Roynette weakened the condition
of the profile function f around 0 and were still able to get almost-sure convergence (see
[60]) for the solution of the stochastic differential equation

t
4, = vdW, + / F(9, — 9,)dsdt. (4.15)
0

Rate of convergence were given in [61] by S. Herrmann and M. Scheutzow. For the linear
case, they proved that the optimal rate of convergence is O(t‘”%/log(t)) (Proposition 4
in [61]).

However, a common fundamental property of these three papers lies in the fact that
the associated profile function f is monotone.

4.2.1 Reformulation of the problem

From now on, we assume that a < 0 and that n is fixed. Since the values of v and a do
not play any particular role, we assume without loss of generality that v = 1 and a = —1.
Thus (I0) becomes

t
0X, = odWi(X,) + / VeV, (X)dsdt,  Xo—z €S (4.16)
0

with V,(z) = (z,y) =: V(x,y). Because the law of the process (X;):>¢ is the same for any
Brownian vector field on S™, we assume from now on and without loss of generality that
Wi(z) = By — (z, B;)x, where (By);>o is a standard Brownian motion on R"™!,
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Since V satisfies Hypothesis 1.3 and 1.4 in |[IY], then (EI6) admits a unique strong
solution by Proposition 2.5 in [I9]. We recall that for a function F' : R"*' — R, we have

Vsn(Fign )(®) = Venn F(x) — (z, Vet F(2))2; © € S™. (4.17)
For x € S”, we let u +— P(x,u) be the orthogonal projection on 7,S™ given by
P(z,u) =u— (z,u)z.

Following the same idea as in [I6], we set U, := f(f X,ds € R™ in order to get the SDE
on S" x R

{ dX, = P(X;,0dB; + Uydt) (18)

dUt = Xtdt
with initial condition (Xy,Uy) = (z,0).
Remark 4.2. We have P(Xt, OdBt + Utdt> = P(Xt, dBt -+ Utdt> — %Xtdt,

The paper is organised as follows. In Section EZ3, we present the detailed strategy
used for proving Theorem B3 and prove the application to a periodic case whereas the
more technical proofs are presented in Sections B4 and B3,

4.3 Guideline of the proof of Theorem

Set R; = ||U;]| and define V; € S* and C; € [—1, 1] as follows:

U/R it Ry >0
Vi = | (4.19)
X; otherwise
and
Cy = (Vi Xo). (4.20)
With these notations, we have
RtC't = <Ut, Xt> (421)

Since the coordinates functions
ej:S”CR"+1—>R:x»—>xj, forj=1,--- ,n+1,

are eigenfunctions for the Laplacian operator on S” associated to the eigenvalue —n (see
Chapter 3, Section C' in [26]), then by Lemma 3 and Lemma 5 in section 4 of [I6], the
system (BI8) satisfies the Hormander condition (also called condition (E) in [I6] and
[67]).

Thus, for all ¢ > 0, the law of (X;,U;) has a smooth density with respect to the
Lebesgue measure on S" x R"™! (see Theorem 3.(7) in [67]). Hence for all ¢ > 0,

P(Cf =1or R, = 0) = P(Ut is parallel to Xt> =0. (4.22)
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Since fg(P(XS, dBy), Vs) is a martingale whose quadratic variation is fot(l — C?)ds, then
the process (W;)¢>o defined by Wy = 0 and, for ¢ > 0, by

¢ (P(Xs,dBy), V)
Wt = /0 1{C§<1 and R5>0} \/1—76’82 ) (423)
is a standard Brownian motion on R.
Lemma 4.1. ((Cy, Ry)):>0 18 solution to
dC;, = /1 = C3dW, + [(R, + ;) (1 = CF) = 5Cydt (1.24)
dR, = Cydt '
whenever Ry > 0.
Proof. Since dR? = 2(Uy,dU;) = 2R;Cydt, then, as long as R; > 0, we have
dR; = C,dt. (4.25)
Hence,
1
dV, = —(X; — C,V,)dL. (4.26)
Ry
Therefore, by It6’s formula
dC, = (X,,dV}) + (Vi, P(X,,dB, + Uydt)) — gm, X,)dt
1
= V1= CRaW; + (R, + ) (1 - Gyt gCtdt. (4.27)
t
O

A first important result, whose proof is postponed to Section B4, is
Lemma 4.2. One has liminf, % > \/iﬁ almost surely.

From this lemma, we prove in Section B3

Lemma 4.3. The processes (Cy)i=0 and ( t)i~0 converge almost surely to 1. Furthermore

M ifn=1

otherwise

Thanks to this lemma, we obtain

Lemma 4.4. V; converges almost surely.
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Proof. Since

| X = CVill = /1= CF, (4.28)

it follows from Lemma B=3
1
7%= Gl = Ot ' (#)), (4.29)

which is an integrable quantity. Hence the result follows from (E26) and (229). O
We can now prove the main result.

Proof of Theorem 3. By Lemmas B=3 and B4, there exists a random variable X, € S”
such that lim; .., C;V; = X .

The rate of convergence follows from the triangle inequality, (A=28), (2=28), (2=29) and
Lemma A=3. [

As an application of Theorem B3, we have the following result.

Theorem 4.8. Let (V;)1=0 be the solution of the SDE
t
i, = vdW, + a / sin(c(d, — 0))dsdt, Py =0, (4.30)
0

where (W), is a real Brownian motion, a < 0 and v,c > 0. Then there exists a random
variable Vs, such that |0, — Vs| = O(1/ 1),

t

Proof. First of all (£230) admits a unique strong solution because the function sin(.) is
Lipschitz continuous (see for example Proposition 1 in [60]).

Set ¥\ = ¢v),. Hence (9”),5¢ solves the SDE
t
d9\? = cvdW, + ac/ sin(9\? — 9\ dsdt, 9 = 0. (4.31)
0

Letting X; = (cos(ﬁgc)),sin(ﬁgc))), it follows that (X;)s is a solution of (ZI0) when
n = 1. Because ac < 0, there exists, by Theorem B3, X, € S! such that

| X — Xool| = O(t’l/Q\/log(t)).

The result follows from the continuity of ¢ — 9\ O

4.4 Proof of Lemma

Set M, = —2 fg Rg+/1 — C2dW,, where W, is defined by (223), and let

Em(t) = exp (M; — = (M),). (4.32)
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Because
413

t t t
(M), = 4/ R2(1—C2)ds < 4/ Rlds < 4/ s*ds = R (4.33)
0 0 0

M, satisfies the Novikov Condition (see |70|, Chapter V, section D, page 198). Therefore
En(t) is a positive martingale having 1 as expectation. Thus, it converges almost surely
to a nonnegative integrable random variable £y;(00).

Hence, there exists a random variable K < oo, such that almost surely, for all £ > 0,

By Ito’s formula and Lemma B, we have

d(R,C,) = C2dt + Rin/1— CodW, + (B2 +1)(1 — C2)dt — gRtC’tdt

1 1

= —5dM, + d(M), - gRtC’tdt +dt. (4.34)
Since dR? = 2R;C,dt, we obtain
n_o 1
tht + ZRt = —5 ln(é’M(t)) +1

> (- K. (4.35)

Because C; < 1, we have for t > K
gRt > —14+/n(t— K). (4.36)

This completes the proof.

4.5 Proof of Lemma

The proof is divided into two parts.
Proof of the convergence:
First we prove that C; converges almost surely to 1. Recall that

dCy = \/1 — C2dW,; + [(R; + o )(1 —C?) — —Ct]d . (4.37)

Define a(t) = (%t)% so that &(t) = a~2(t). Set Z, = Cow) and My = Wy. Thus
(M;)i=0 is a martingale with respect to the ﬁltratlon Gy =o{Ws|0<s < a(t)}, whose
quadratic variation at time ¢ is /(¢ fo Va(s))%ds.

Define B\ = = [ dMS so that (Bt( Niso is a Browman motion. Then

t Ra(s) +

‘ _1 t
Zt:/ \/d(s)\/l—ZEdBﬁa)Jr/ %(1—23)618—%/ a(s)Zsds. (4.38)
0 0 oS 0
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For y € [-1,1] and o > 0, let (Kg’y)t>g be the solution to the SDE on [—1,1]

{ Y = \/a(t)\/T— (V772dB + [ (1= (V7)) = 3a(t)YV]dt
Y7V =y

(4.39)

We divide the proof of the convergence in two steps. In the first one, we prove that for all
y € [—1,1] and o > 0, ¥;”Y converges almost surely to 1; and then prove the convergence
of Z; to 1 in the second one.

Step I: Let y € [—1,1] and assume without loss of generality ¢ = 0. In order to
lighten the notation, we omit the superscripts y and o in Y, during this step. We start

by proving that Y; is an almost sure asymptotic pseudotrajectory for the flow induced by

the ODE .

i = %(1 — 2?). (4.40)
In order to achieve it, we use Theorem B=3. Since x — (1 — z?) is Lipschitz continuous on
[—1,1] and that Y; € [—1,1] for all ¢ > 0, it remains to verify the hypothesis concerning
the noise term.

Set
e(t) = a(t) = (5t) 3. (4.41)

It is then obvious that e(t) satisfies (E4). Because Y; € [—1,1] for all ¢ > 0, it is clear
that the conditions in Remark B71 are satisfied. Consequently, by Theorem B=3, (Y;); is
an almost sure asymptotic pseudotrajectory for the flow induced by (2-20).

Because {1} is an attractor for the flow induced by (E20) with basin | — 1, 1] and that
almost surely Y; €] — 1, 1] infinitely often, then

lim Y, =1 a.s (4.42)
t—o0
by Theorem E=2.
Step II: Our goal is to prove
P(lim Z, = 1) = 1. (4.43)
Define the stopping times o¢ = 0,
R, 1
—inf(t> 05 | —L = —), j>1 (4.44)

a(t)  Vn

and

R, 3
@ _ >1 (4.45)

NaOREC

o; =inf (t > 75 |

with the convention inf ) = +oo.
By Lemma B2, we have

U{T] =oo}) =1land forall j > 1, P(o; <oo|7; < o0) =1. (4.46)

7=1
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Let us start by estimating P(lim; o Z; = 1, 7j41 = 00 | 0; < 00). For s € [0}, Tj11], we
have

1
Ra) t gy 1

Vais) v

So, by Ikeda-Watanabe’s comparison result (see Theorem 1.1, Chapter VI in [68]),

0, Lo
P(Zittoynmiss 2 Yiroone o V62005 <o00) =1. (4.47)
As a consequence, we have
o ZCr
]P’(}L%Zt—l Tjt1 = oo]cr]<oo) > P(tlgiloYtJ:J =1, 7541 =00 0j<oo)
= P(7j41 =00 0; < 00). (4.48)

where the last equality follows from Step I.
Since ({7; = 00});>1 is an increasing family of events such that

7j—1

{r; = 00} = Nj U [ {71 = o0, 0 < o0},
k=0

where N is an event of probability 0, we obtain from (d-28) and (E23)

P(lim Z,=1) = » P(lim Z =1, 741 = 00 and 0; < o0)

t—o0
j=0

> Z]P’ Tjt1 =00 and 0; < 00)
j=0

~ 1 (4.49)

Consequently, C; converges almost surely to 1. Therefore, so does

t
A _1 / C.ds. (4.50)
t ot

Proof of the rate of convergence:
Set 0y = 0 and define the stopping times

R 1
T = 1nf(t>aJ1]Ct—00r7t:§), j=1 (4.51)

and 1 R _3
Uj:inf(t>7‘j|0t2§and7t>1), i1 (4.52)

with the convention inf ) = +o00. So, by the previous part,

U{Tj =oo}) =1land forall j > 1, P(o; <oo|7; < o0) =1. (4.53)

7=1
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Case n = 2: Set Z; = 1—C; and define the process (V)0 by ¥o = 2, ¥, = Zy— 2+,
for ¢t € [1;,0;] and

t
W = / V1—=C2dW, — —/ s¥gds + g(t —0;) (4.54)
7
for t € [0, 7j41]. Thanks to (B=31), one can also write Z;, for 0; <t < 741,
1 n n
Zs, / V1= C2dw, — / ((R + =) (1+C) + 2>Z5ds+ S(t—0). (455)

S

Moreover, for such times ¢, we have

(. + ét)a +O) >
Hence, from Ikeda-Watanabe comparison’s result
P(Z, <V, VE2>0) = 1. (4.56)
Since 1 — C? € [0, 1], we have by Proposition E2
]P(ﬁt =0t */In(t)), 7541 = 0 | 05 < oo) = P(Tj+1 =00 |0; < oo). (4.57)

By the same argumentation as in Step II of the proof of the convergence, one obtains
1-C,=0(t72y/In(t)) a.s. (4.58)

Case n = 1: Set 6; = arccos(Cy) € [0,7]. Then, as long as R; > 0, 6, solves

dfy = —dW; — (R + R%) sin(6;)dt + dL:(0) — dL(r), (4.59)
t
where (L4(0))s0 (resp. (Li(7))i=0) is a process of finite variation that increases when
0, = 0 (resp. 6, = 7).
Because C; converges almost surely to 1, then, from the second order Taylor expansion
of cos(.) about 0, an estimate of its rate of convergence is given by the one of 67 to 0.
Set ©; = 02. Then, as long as R; > 0, it solves

4O, = —2\/_th—th+ \/_81n\/—dt+dt—2\/_st (4.60)

Note that L;(7) increases only when ©; = 72,

Following the same methodology as for the case n > 2, define a process (V¥;);>o as
follows: ¥y = 7%, ¥, = O, — O, + ¥, if t € [15,05] and for t € [0}, Tj41],

t t
2/ \/\IldeS—2/ S W,ds + (t — o). (4.61)
0']' 0']' 7T
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Because for t € [0}, Tj+1], we have

(R + — 1 % and /0, sin(1/6,) > %@t,

Rt
it follows from Ikeda-Watanabe’s comparison result
PO, < ¥y, Vt > 0) = 1. (4.62)

Since (Winr,,, )i=o; has the same law as (Z%. +1)t>g , where (Z;)i>0, is the solution of the
SDE

Az, = dW, — ;tht, Lo, = 0y, (4.63)
it follows from Proposition B2
]P’(\Ift =0t ' In(t)), 7j41 =00 | 05 < oo) = IP’(TJH oo | o < oo)
Arguing like in Step II of the proof of the convergence, one obtains
0, =0(t"'In(t)) a.s.

Thus
1-C,=0(t " In(t)) a.s.

Remark 4.3. Following the proof of the rate of convergence from the case n = 1, one
proves that the rate of convergence to 1 of the solution of the SDE

dCy" = v/ 1= (CV)2dW, + [(Ry + 3) (1= (C)?) — 56,7t

(4.64)
G =y

8 O(t—1 ln(t)). Therefore, we conjecture that so does Cy for any n = 2.






Chapter 5

Strongly self-interacting processes on
the circle

We reproduce in this chapter the content of the preprint [64] which is currently submitted
to Stochastics: An International Journal of Probability and Stochastic Processes. There-
fore some redundancies with the Introduction chapter are possible. It is a joint work with
Pierre Monmarché and answers a question raised to me by Olivier Raimond.

Contrary to the previous chapters, this one deals also with a Self-Interacting Velocity
Jump Process, which lies in the family of Piecewise Deterministic Markov Processes
(PDMP). To our knowledge, it is the first time that a PDMP with self-interaction is
studied.
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5.1 Introduction

Our aim is to study the effect of the addition of a self-interaction mechanism to two initially
Markovian dynamics. The first one is the classical Fokker-Planck diffusion X € R that
solves the SDE

dXt - dBt—V/(Xt>dt,

where (By);>0 is a standard Brownian motion on R. Namely X is the Markov process
with generator

1

5/ (@) = V(@) f'(z).

Li@) = 5

We recall the generator of a Markov process (Z;);>¢ is formally defined by

Lf(z) = (at)|t:0 E(f(Z:) | Zo = 2).

The second one is the velocity jump process (X,Y) € R x {—1,1} which is the piecewise
deterministic Markov process (PDMP) introduced in [78] with generator

Lf(z,y) = youf(z,y)+ A+ @V'(2)),) (f(x.—y) — f(z,y))

where A > 0 is constant and ( )1 denotes the positive part (see [78] and Section b22 for
a trajectory definition of the dynamic). In both cases, if we suppose that the potential
V' is sufficiently coercive at infinity, X is ergodic and its law converges to the Gibbs
measure with density proportional to e~". Note that when the rate of jump A goes to
infinity and time is correctly accelerated, the velocity Gibbs process (more precisely its
first coordinate) converges to the Fokker-Planck diffusion (see [52]).

In both cases we want to replace the potential V' (X};) by a self-interacting potential

Vi(Xy) = /OtW(Xt,XS)ds

where W is a symmetric interaction potential. In other words V;(X;) depends both on
the current position X; and the (non-normalized) occupation measure fot dx,ds. Thisis a
strong self-interaction, by contrast with the weak self-interaction such as studied in |[IY]
where the self-interacting potential is a function of X; and of the normalized occupation
measure %f(f dx.ds.

Self-Interacting processes belong to the family of path-dependent processes. The par-
ticularity of such processes is their lack of Markov property since the past modifies the
environment that drives the particle. New phenomena may arise in their long time be-
haviour, which would be impossible without the path-dependency.

A first example of strong self-interaction is the linear one, that correspond to W (z,y) =
1(z—y)*. M.Cranston and Y.Le Jan proved in 1995 (see [36]) the almost sure convergence
of the solution of the SDE

t
dXt = dBt — / (Xt — Xs)ds. (51)
0
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Later, S.Herrmann and B.Roynette extended this result to a broader class W (z,y) =
V(x —y) with V convex (see [60]). In the case of the circle, the first author obtained
the same result for W (z,y) = —cos(x — y) (see [63]). In all these cases the particle is
attracted by its past.

In [I6], M.Benaim and the first author considered the repulsive case, in which the
particle is repelled by its past trajectory. More precisely they studied a self-repelling
diffusion on a compact manifold where W can be decomposed as

W(z,y) = Zaiei(x)ei(y>

with the a;’s being positive numbers and the e;’s being eigenfunctions of the Laplace
operator on the manifold. The basic example on the circle would be W (z,y) = cos(x—y) =
cos(z) cos(y) +sin(z) sin(y). This assumption on the e;’s yields an explicit formula for the

invariant measure of the Markov process <Xt, (fot ei(Xs)ds> )
=1, n

The aim of the present work is to investigate the case where the e;’s are not eigen-
functions of the Laplace operator. On the other hand we restrict the study (in dimension
1) to the case n = 1, namely we take a potential of the form

Wiz, y) = F(x)F(y)

with moreover F' smooth and 27-periodic, so that we consider x € S = R/27Z. Following
[T6], we set

U, = / CR(X.)ds, (5.2)

which reduces the study of the non-Markovian process to the study of some Markov
process on an extended space. This restriction should be seen as a first step toward the
analysis of the more general situation.

As a consequence, in this paper we study the Markov processes (X,U) on S! x R and
(X,U,Y) on S! x R x {—1,1} with respective generators

Lif(zu) — %ag F@ 1) — uF ()0, f (2, 1) + F(2)0u f (2, u) (5.3)

and

L2f(x7u7 y) =
yaxf($7uv y) + F(:v)auf(x,u,y) + (>‘ + (qu’($))+) (f(x,u, _y) - f($7ua y))(54)

In both cases we call X the position, U the auxiliary variable and, in the case of the
velocity jump process, Y the velocity. We work under the following assumption:

e The function F : S! — R is non-constant, smooth, changes signs, and F'(z) = 0
implies F'(x) # 0. Moreover for all z € S' there exists k > 1 such that F*)(z) # 0.
In particular the critical points of F' are isolated points.
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Throughout this chapter, we consider the discrete sets

M(F,+) {r € S' | z is a local maximum of F and F(z) > 0}
M(F,—) = {ze€S'|zis alocal maximum of F and F(z) < 0}
m(F,+) = {x€S'|zisalocal minimum of F and F(z) > 0}
m(F,—) {z € S' | z is a local minimum of F and F(z) < 0}

and M = M(F,—)Um(F,+). Recall the total variation distance between two probability
laws p and v is

dry (Ma V) = inf {P (E1 # EQ)a L@w(El) = K, Law(EQ) = V}

and a measure p is said invariant for a Markov process (Z;)i>¢ if {Law(Zy) = p} implies
{Vt > 0, Law(Z;) = p}. We say that the law of (Z;);>0 converges exponentially fast to
1 in the total variation sense if there exist C,p > 0, that may depend on the law of Z,
such that

dry (Law(Zy), ) < Ce .

Our main result is the following:

Theorem 5.1.

1. If M =0, then each of the the processes (X,U) with generator (633) and (X,U,Y)
with generator (B4) admits a unique invariant measure. If the law of Uy admits
an exponential moment then the process converges exponentially fast in the total
variation distance sense to this invariant measure.

2. If M # (), then, in both cases, the position X; almost surely converges as t goes to
infinity to a point of M. Any point of M has a positive probability to be the limit
of X.

Before proceeding to its proof, let us mention why this result may be expected. Sup-
pose that, at some time, U > 0. Then, as long as U is large enough, the force U, F'(X})
tends to confine X close to the minima of F'. If these minima are all negative, while X
stays in their neighbourhood, U decreases, up to some point where it becomes negative.
From then the effect of the force is reversed, X is attracted by the maxima of F', and the
same mechanism comes into play with U and F' changed to —U and —F'. In some sense
X and U have then an inhibitory effect one on the other.
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Figure 5.1: In black, the function f(x) = —cos(z) + 2cos(2x) and in red a trajectory of
(X, U;) with initial condition (0,0). In that case M = ()

On the other hand if X falls in the neighbourhood of a positive minimum of F' while
U > 0 (the case of a negative maximum with U < 0 being symmetric) then, as long as it
stays there, U increases, which make it more and more unlikely for X to escape away from
the minimum, so that eventually there is a positive probability that X never leaves and
U goes to infinity. This is reminiscent of the annealing problem (see [93| for the diffusion
and [78] for the velocity jump process) where Uy is replaced by a deterministic (5;)i>o0,
called the inverse temperature. It is classical that in this case, if 8 increases faster than
logarithmically then X will eventually stay trapped forever in the cusp of a local minima.
Yet, in our present case, as long as X stays close to a positive minimum, U increases
linearly in time.

a0 - 40
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Figure 5.2: In black, the function f(z) = (5cos(x) — 3cos(2x))/2. In that case M # 0.
Left: in red a trajectory of (Xy, U;) with initial condition (2,0).
Right: in red a trajectory of (X, U;) with initial condition (2, —10)
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Remark 5.1.

1. The particular form of the interacting potential W (x,y) = F(x)F(y) implies that W
is a Mercer Kernel, which means the particle is repulsed by its past (see [16]). We
could also consider the case W(x,y) = —F(x)F(y). Following the proof of Theorem
B2, it is not hard to see that in this case X; almost surely converges as t goes to
infinity to a point of M' = m(F,—)U M (F,+) which, as soon as F is not constant
and changes signs, is non-empty.

2. If I does not change signs, then, depending on the sign, U; converges either to oo
or to —oo linearly fast. Therefore, Proposition B and Proposition imply the
almost-sure convergence of X, respectively either to a local minimum or to a local
mazimum of F.

We made the choice to write as much as possible notations, results and proofs which
are common to both processes, isolating only the few lemmas that deal with the specific
technical difficulties of each case. Our arguments are based on bounds for some hitting
times of the processes which are established in Section bZ2. From them we show in
Section b3 that, when M is empty, the time for the processes to return to compact sets
is short (i.e. in a time with exponential moments). Section b4 is devoted to some uniform
bounds of the transition kernel of the processes over compact sets, and Section b3 to the
proof of Theorem Bl

5.2 Hitting times

In this section, for a redaction purpose, we will hide the dependency on U of the evolution
of X. More precisely we will consider the (inhomogeneous in time) diffusion

dX, = dB, — g(t)F'(X,)dt (5.5)

for any Lipschitz function g and, similarly, the inhomogeneous PDMP (X,Y’) with gen-
erator

Lef(x,y) = youf(z,y)+ A+ (9(O)yF'(2)),) (f(z,—y) — f(z,y)) (5.6)

where the generator of an inhomogeneous Markov process Z is by definition

Ltf(z> = (05)\820E (f(Zt+s ‘ Zt = Z) .

Note the processes considered in Theorem B are particular cases of those defined here.
Let A = m(F,+) Um(F,—) be the set of minima of F, and § < —f max{F(z) : = €
m(F,—)} be positive and small enough so that

e for all € A, denoting by IS = [z, 2,] the connected component of {F' < F(z)+26}
containing x, then F' decreases on [z, 2| and increases on [z, z,].
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e there exists £ > 0 such that for all z € A and n € [0, ¢],

d(x, BY) = k\/n,
where B! = {z € I, F(z) = F(z) + n}.

Finally, let
B"=|JB! and ("= (U 13) .
T€EA €A

In other words C" is the complementary of a neighbourhood of the minima of F' and B”"
is a set of intermediary points from A to C". These sets (for ) = §) are represented in the
figure below. Note that the choice of § ensures that if M = () then C° contains {F > —d}.

® A = 9C°
B

F(x)=0

Figure 5.3: Starting from a minimum in A, the process has to cross an intermediary point
of B? halfway before reaching C°. The energy level difference from A to B’ from B° to
C? or (for a negative minimum) from C° to {F = 0} is always at least 0.

For z € S' and D C S! we write

TZE*)D = mf{t > O,Xt eD ‘ Xo = .1'}
P (X reaches D before A | Xy = x)

4z—D

For two real random variables V|, W, recall that V is said to be stochastically smaller
sto sto

than W, denoted by V' < W (or equivalently W > V), if for all r € R
P(V>r) < PW>r).

If V and W have same law we write V "2 TV
The aim of this section is to prove the following:
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Proposition 5.1. There exist a constant K > 1 and nonnegatives random variables S and
R with some finite positive exponential moments, such that for all M > 1 and n € (0, /]
with Mn > 1, for all Lipschitz function g > M, if X is defined by (B3) or if (X,Y) is
defined by the generator (B8), the following holds:

Vo € B", Qosen < KMe ™ (5.7)
sto
sto

Vr € S, Tpon < S (5.9)

Remark 5.2. In the case of the velocity jump process (X,Y'), note that these bounds are
uniform over the initial velocity Yy.

The meaning of these bounds is the following. Suppose the auxiliary variable U (whose
role here is played by an arbitrary function g) stays for some time above a given level
M > 1. Then the position X will fall in a local minima of F' within a time shorter than
S, which does not depend on M (i.e. a high U can only accelerate the hitting time of
A). Then to climb back up to an intermediary point of B”, it takes a time R,/7, which
is again uniform on M > 1. From B", the probability to escape from the neighbourhood
of the minimum in one attempt (namely to reach C” before having fallen back to A, the
bottom) is of order e which is a classical metastability result (see |28, 78] for instance)
if g is thought as an inverse temperature, since 7 is the potential barrier to overcome.

The proof of Proposition b is split in the two next subsections since the arguments
are different for each dynamic. Note that in several proofs we will make assumptions like
1 < x5 where z; and x5 are in S', which will make sense since at these times we will

only be concerned by the behaviour of the processes on given simply connected intervals
of St.

5.2.1 For the diffusion

Proof of Inequality (8240) in the diffusion case. Consider the diffusion defined by (53) with
g > M and Xy = x € B". Since g > M, it follows from Ikeda-Watanabe’s comparison
result [68, Theorem 1.1, Chapter VI| that

Qescn <P (55 hits C" before A | X, = x) ‘= Qu—cm,

where X solves the SDE N N
dX, = dB, — MF' (Xt> dt.

Its scale function is defined by
Y z
ply) = / exp(—2 / —MF'(s)ds)dz

Yy
_ / eZM(F(z)—F(:c))dZ
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Let 29 € A and z; € C" be such that F' is monotonous on the interval between xy and x;
that contains z. Suppose without loss of generality that o < z < x;. By [Z0, Proposition
5.22, Chapter 5.5],

2Mn

p(z1) — p(x) < 2me

= D) — plao) [ EMEEF@

where we used the local monotonicity of F'. On the other hand,

1 1 1
/e © > e, PP :
1 4Mn
. —1).
e
Therefore, as Mn > 1,
e2M77
Qr—scn < 47TMHFIHOOW < 87TMHF/H00672M17.

]

To prove the two other assertions of Proposition b, we need the following comparison
result:

Lemma 5.1. Let xq be a local extrema of F and ¢ > 0 be such that F' is monotonous
on J. := (xg — ,x9 + €). Consider X the diffusion defined by (63), with g > M > 1,
starting at Xg =x € J., and W a standard Brownian motion. Denote by

X(z)=inf{t >0, X, ¢ J.} and . =inf{t>0, [W|=¢e}
the respective exit time from J. of X and xo + W. Then:

1. if zo s a local maximum of F', for all x € J.,
sto
X(x) <0

2. if xg s a local minimum of F,

sto
€

X (o) = 0.
Proof. First, note that by symmetry the exit time from J. of z + W has the same law as
the exit time of x + 2(x¢g — ) + W, and since the process xo+ W necessarily crosses x or
x4 2(zo — x) before leaving J., the exit time of zo+ W is stochastically greater than the
one of x + W for any x € J..
Consider © = (X — z¢)?, which solves

dO; = 21/0,dB, + dt + 2g(t) ((X; — zo) F'(Xy))dt,
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~ N2
where B, = fg sign(Xs—xo)dBs is still a standard Brownian motion. Then (Xo — xo+ B)
is a weak solution of

dZ, = 2\/Z,dB, + dt.

When z( is a maximum (resp. minimum) of F, (x — x¢)F’(z) is non-positive (resp. non-
negative) on J., so that by Ikeda-Watanabe’s comparison result, ©; > Z; (resp. ©; < Z)
up to the first time where © reaches €2. As a conclusion, when z( is a maximum, ©
reaches 2 before Z, and thus in a time stochastically greater than i, and when zg is a
minimum, © reaches 2 after Z and the latter happens at a time with law 4° if the starting
point is xg. ]

Proof of Inequality (B8) in the diffusion case. Recall that there exists a constant x > 0
such that for all z € A and n < 0, d(x, B]) > /7. From Lemma b1 and the Brownian
motion’s scaling property,

sto 1

T 2 X(k/],2) 2 072 s,
The fact that ¢ has an exponential moment is a consequence of [33, Theorem 2. O

Proof of Inequality (659) in the diffusion case. For a given small enough € > 0, denote by

Ef = U (x—e,x+¢)

TEM(F+)UM (F,—)

the set of points which are at a distance less than € from a maximum of F. Let X be the
diffusion defined by (53) with ¢ > M. We apply the following procedure:

1. If, at some time, X; € E*, wait until it leaves E°, which according to the first part
of Lemma BT happens in a time stochastically smaller than ¢°.

2. If at some time %y, X leaves E°, compare it with X;, + B where B is the Brownian
motion that drives the SDE (B33). More precisely by Ikeda-Watanabe’s comparison
result, F'(X;) < F(Xy, + B;) up to the time where either X or B reach an extremum
of F.

3. Wait until B reaches an extrema of F. If this is a maximum, go back to the first
step. If this is a minimum then necessarily, at this time, X has already crossed this
minimum, stop the procedure.

Note that, € being fixed, the probability that zy + B reaches a maximum rather than a
minimum is bounded above by some p < 1 which is uniform over all xo € OF.. Hence
the number of iteration of the procedure is stochastically less than a geometric random
variable G with parameter p. Conditionally to whether the Brownian motion reaches a
minimum or a maximum in step 3, the law of the duration of the third step is different,
but in either cases it is stochastically smaller than (27. Therefore the total duration of
one iteration of the procedure is stochastically smaller than :“ for some constant C' > 0,
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independently from whether this is the last iteration or not. Let (¢x)g>o be i.i.d copies of
¢, independent from G.
We have obtained that for all z € S!,

sto

G
T:):~>A < Z L
k=0
so that

E(eT) < E((E()7)

which is finite for ¢ small enough. O]

5.2.2 For the velocity jump process

This subsection is devoted to the proof Proposition bl in the PDMP case, namely for
the inhomogeneous Markov process (X,Y) with generator (b6). First we construct a
trajectory of the process (X,Y) in the following way: consider two independent i.i.d.
sequences of standard (with mean 1) exponential random variables (E;);en and (F})en.
Set Ty, = 0 and suppose the process has been defined up to some time 7} independently
from (E;, F});>k. Let

t

0, = inf {t > 0,/ 9(Tx + s) (Y7, F' (X1, + sY7,))1ds > Ek} ,
0

02 = _Fk7

and Typy1 = Ty + 01 A 09, which is the next jump time. If Tp,; = Ty + 61 we say that
the jump is due to the landscape, else we say it is due to the constant rate A. In either
cases, set Xy = Xp, + (t — Tp)Yp, for all t € [Ty, Tiya], Vi = Yp, for all t € [Ty, Tiy1)
and Y7, . = —Yg,. Thus by induction the process is defined up to time 7;, for all n.
Note that even if, depending on g, the rate of jump may not be bounded, two jumps due
to the landscape cannot be arbitrarily close (since at such a jump time, yF’(x) becomes
non-positive), so that there cannot be infinitely many jumps in a finite time and 7,, — oo

as n — oQ.

Proof of Inequality (820) in the PDMP case. We mainly have to adapt to our inhomoge-
neous settings the proof of |78, Proposition 4.1]. Without loss of generality, we consider
the following configuration: zo € A, 1 € B" and x5 € 90C" with zy < 1 < 29, and F is
increasing on [z, T].

Let M > 1 and L), be the set of Lipschitz functions g > M. For all x € [z, x5], set

n. = sup P((X,Y) reaches (z2, 1) before (z,—1) | (Xo,Ys) = (z,1)).

g€l

where the supremum runs over the function g that appears in the generator (56) of the
process (X,Y).
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Consider a process (X,Y) with generator (b8) with some function g € £y,. For a
small € > 0, suppose that (Xo, Yy) = (z — ¢, 1).

Then the probability that X goes from x — ¢ to z without any jump is less than
l—e(MF'(x)+ \) + 620(5) and the probability it reaches (z,1) before (z — e, —1) but

with at least one jump is of order 2 as ¢ — 0.

If the process has reached (x, 1), it has a probability less than 7, to reach (z5, 1) before
having fallen back to (x, —1). Nevertheless, if indeed it has fallen back to (z, —1), it has a
probability e\ —1—620(5) to jump before reaching (x — e, —1), in which case it reaches again

(x,1) with probability 1 + 00(1). In this latter case, it reaches (3, 1) before (z — e, —1)
e—
with probability less than 7, + 00(1). Thus everything boils down to
e—

Neee < (1—e(MF'(z)+A)n. (14+¢eX)+ 820(5)
= (1—-eMF'(x))n, + Ego(s).

M(F(xz2)—F(x

Together with 7n,, = 1, it yields n, < e~ ), and in particular n,, <e ™.

Let
r, = supP((X,Y) reaches (x2,1) before (x¢,—1) | (Xo,Y0) = (z1,¥)).

ge€L s
Starting from (z1,—1) and until the process either jumps or reaches (xg, —1), we have
YF'(X) < 0 so that, whatever the function ¢ in (60) is, there cannot be any jump due
to the landscape during this time. On the other hand if 5 > 27, which happens with
probability e=2*", there is also no jump due to the constant rate during this time, so that

P ((X,Y) reaches (z1,1) before (zg, —1) | (Xo,Yo) = (21, —1)) < 1—e 7.

Thus it means that r_; < (1 — e~*7) ry. Therefore

< e+ (1— B_ZM) r1
and finally
Quy—scon < max(ry,r_y) < e oM.

]

Proof of Inequality (B8) in the PDMP case. Since |Y| = 1, the time needed to reach B"
from A is deterministically larger than d(A, B") > /7. O

Proof of Inequality (859) in the PDMP case. Suppose that, at some point in the construc-
tion of a trajectory, 3 > 4w, which happens with probability e=*". If there is also no
jump due to the landscape in the meanwhile, X covers the whole circle and in particular
reaches A in a time less than 2. On the other hand if there is a jump due to the landscape
before time 27, the velocity turns to its opposite, and from then and up to the hitting
time of A, YF'(X) < 0, so that in the meanwhile there cannot be another jump due to
the landscape: A is attained in a time less than 4.

It means that as soon as fy > 47, X reaches A in a time less than 47, so that starting
from any point of S!, X reaches A in a time stochastically smaller than 47G where G is
a geometric variable with parameter e=#\7. O]
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5.3 Stability

In this section we consider either Z = (X,U) or Z = (X,U,Y) such as in Theorem B,
and we are interested in the time of return of Z to compact sets. More precisely for M > 1
we write

™ = inf{t >0, |U) < M}

and we want to prove that 7); admits exponential moments. The constant K and the
random variables R, .S appearing along this section are those given by Proposition bl

Lemma 5.2. Suppose M = (). Let M > 1 be such that KMe™ < 1, and let (S;)en,
(Ri)ien and (Gy)ien be independent i.i.d. sequences where Sy (resp. Ro) is a copy of S
(resp. \/SR) and Gy has geometric law with parameter KMe M. Fort > 0, let

Go++Gp
N, = inf{nEN, > Rth}.
k=1

Then for all t > 0 and for any initial condition Zy with Uy > M,

tATM sto N
/ Lree)z-ads < ) Sk
0 k=0

Proof. While t < 7, the estimates of Proposition b hold for X. In particular, inde-
pendently from its initial condition, the process reaches A in a time stochastically smaller
than Sy. Then it takes at least a time R; to climb back to B°. From there, it reaches C°
with probability less that K Me M else it falls back to A. Therefore it remains a time
stochastically greater than ZkGil Ry in (C%)¢ = {F < —6} before reaching C°. When this
finally occurs, the process falls again back to A after a time less than S; (independently
from what occurred before it had reached C'). We call this an excursion in C°. After n
excursions, the processes has stayed at least a time S.0°7 " Ry in {F < —4}, which
implies in particular that at time ¢ there have been stochastically less than V; excursions.

Thus during a time ¢, the time spent in C? is stochastically less than Zi\io Sk [

Recall that from Cramer’s Theorem (see e.g [91, Chapter 2.4] with the exercise 2.28
in it), if (Vi);>o is an i.i.d. sequence of non-negative variables with some finite positive
exponential moments, then (% Yoo Vi)n>o satisfies a Large Deviation Principle, in the
sense there exists ¢y, co > 0 such that for all n > 0,

1
P >— | < en,
( 2) S 1€

Proposition 5.2. Suppose M = (. Then for M > 0 large enough there exist { > 0 and
C < oo such that for all initial condition zg

1 n
E;V;—EW)

E., (eCTM) < eCCluol
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Proof. We only treat the case ug > M > 1 (the case uyp < —M is obtained by changing
U and F to their opposite). Moreover we suppose K Me M < 1. From

t
Ut S ug — ot + ((5 + max F)/ ]]-{F(XS)Z—(S}dS
0
we deduce

t
P(TM>t) = P(TM>taIld / ]l{F(XS)Z—é}dS>
0

— Ug —I— (575
< S
- (Z b 5 + max F' )
where V; is defined in Lemma b7, For any a,b € N,

b a
{ZGiZa and ZRiZt} c (N, <b)
i=1

M—UO+5t
0 +max F

=0
and
b M — Uy + 6t il M — ug + ot
N, <b d SZ-<—O} { Si<—0}
{ b= an ; — S+ maxF = ; — d4maxF J’

which implies

b a
M — 0t
P(ry >t) < IP’(ZGi<a or ZRi<t or Zsi>—5+;(;:F>'
=0 i=1 '

Applied with a = a; = fE(Qtl land b=0b, = f]EQC” 1, it implies
1 & Gi 1 1 <\ R 1
Pl - <z P — <z

—UQ+5t
+P<ZS 5+maxF>

P(TM>t)

IN

For t > E(R;), we have

b < (QKMe*W(

—M
(1) 1) < TEM,

Therefore, for ¢ > 1+ E(R;) + 25ug and M large enough,

by

—UO+5t ot
<
<ZS §+maxF> s P thS> ((S—i-maxF)bt)
1 5E(R1)€
< — ,
s P bt;SZ>28KM(5+maXF))

bt
RIS
- 2.
by ; E(S;) )

/N
=
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For such large M and t, the Large Deviation Principle satisfied by R, S and G implies
IP’(TM > t) < Be™ !

for some 3, p > 0 which do not depend on ug. The proof is completed with
E(eS™) =1+ C/ e P(7ar > s)ds.
0

]

Remark 5.3. The statement of the proposition remains valid for any initial condition

2o such that ug > 0 (resp. uy < 0) under the weaker assumption m(F,+) = (0 (resp.
M(F, =) =0).

5.4 Transition kernel bounds

In this section we still consider either Z = (X, U) or Z = (X, U,Y") such as in Theorem b1,
and we call E its state space, namely either S' x R, or S x Ry x {—1,1}. We aim to
prove the following local Doeblin condition holds:

Proposition 5.3. Let IC be a compact set of E. There exist to > 0, 0 < ¢ < 1 and a
probability measure v on E such that for all z € IC, for all Borel set D,

P(Zy, €eD|Zy=2) > cv(D).

For the diffusion process, this classically follows from an hypoellipticy argument. By
contrast, note that the velocity jump process is not regularizing, in the sense its transi-
tion kernel is never absolutely continuous with respect to the Lebesgue measure (at all
time there is a positive probability that the process hasn’t jumped yet). However the
Doeblin condition can still be obtained from some controllability property and a partial
regularization.

Since, again, the arguments are different for both processes, we split the proof of
Proposition b3 in two paragraphs.

5.4.1 For the diffusion

In this subsection we consider the process Z = (X,U) induced by the generator (B3),
namely the solution of the SDE

dU, = F(X,)dt. (5.10)

{ dXt — dBt - UtF/(Xt>dt
Lemma 5.3. For all zp € S' X R and t > 0, the transition kernel P(Z; € - | Zy = z)
admits a smooth density with respect to the Lebesque measure and its support is S* x [ug+
(min F)t, up + (max F')t].
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Proof. For (z,u) € S' x R, set

Gol, u) = (é) and Gy (z, ) = (_1;1%@) |

The Lie-bracket of G, Gy is the vector field [Go, G1] given by

[Go, Gil(,u) = DGz, u)Go(w, u) = DGo(z, u)Gh(,u) = 0,Gh(w, u) = (_?F(xgx)) .

So by iteration, we have

(G, [Go, ... [Go,G1] .. ]|(z,u) = 0P Gy (z,u) = (
————

k times

—uF*+D (g)
F*) () )

Therefore, by our non-degeneracy assumption on F', the SDE (bT10) satisfies everywhere
the Hormander condition (see for instance [57]), which gives the first part of the proposi-
tion. For the second part, first note that for z = (zg,up) € S* x R,

((Xt, Ut)> C S x [ug + (min F)t, up + (max F)t].

t=>0

Now let ((zs, us))s=0 denotes the solution of the ordinary differential equation

{x' = o(t) — ul'(z)
u = F(x)

with initial condition (x(0),u(0)) = z and where s — v(s) is a piecewise constant function.
Given 2/ = (2/,u') € St x (ug + (min F)t,up + (max F')t ), we aim to build a function
v such that (z(t),u(t)) is arbitrarily close to 2z’. Let € € (0,¢) be arbitrary small and
to, t1 = 0 such that ¢y + ¢, = ¢ and v — ug = to(min F) + ¢;(max F).

First, choose vy € R such that v(s) = v for all s € [0,¢] and z(¢) € {y € S* 5.t F(y) =
min F'} and let v(s) = 0 for s € (g,tp]. Then, pick v; € R such that v(s) = v; for all
s € (to,to+¢] and z(ty +¢) € {y € S* st F(y) = maxF} and let v(s) = 0 for
s € (to +¢&,t — ¢]. Finally, choose v € R such that v(s) = vy for all s € (t —¢,¢] and
z(t) = 2.

Note that u(t) = u’—l—sgo(l). The Stroock-Varadhan support’s Theorem concludes. [

Proof of Proposition B=3 in the diffusion case. Denoting by p:(-,) the transition density
given by Lemma B3, let 21,20 € E be such that p;, (z1,22) > 0 for some ¢; > 0. By
continuity, there exist neighbourhood I; and I, of respectively z; and zy such that the
infimum of py, over I; x I is ¢; > 0.

Let K be a compact set and let ¢y be large enough so that

LN |[S!x ﬂ [u+ (min F)tg, u + (max F)to]
(z,u)e



5.4. TRANSITION KERNEL BOUNDS 141
has a non-empty interior. The continuity of p;, and the compactness of K imply
co = in’fCIP’(ZtO el | Zy==z2)>0.
ze

A(DNlI2)
A(I2)

Let v be the uniform measure on 5, namely v(D) = for any Borel set D of E.

Then for all z € IC,

P(Zt0+t1 € D | ZO = Z) P(Zt0+t1 c D ‘ Zto € [1)P(Zt0 c Il ’ ZO = Z)

cocrA(L2)v (D).

5.4.2 For the velocity jump process

In this subsection we consider the process Z = (X,Y,U) with generator (B). The con-
struction of a trajectory is similar to the one exposed in Section b2Z72, except from these
slight modifications: in the definition of 01, g(T)+s) is replaced by UTk—l—fOS F(Xrp, +uYr,)du
and between the two jump times T}, and Ty, U is defined by U, = thk F(Xy)ds.

We start with a controllability result.

Lemma 5.4. Let K and V respectively be a compact and open set of S' x R x {—1,1}.
Then there exists to > 0 such that

;QIEP(ZtO eV | Zy = Z) > 0.

Proof. The boundedness of F' implies that for ¢ > 0, there exists a compact set Iy such
that for all s < t and for all zyg € K, if Zy = 2, then Z; € Ko. Hence results from 18|
apply even if our whole state space is not compact. In particular, the process is Feller,
and because K is compact we only need to prove that there exists ¢y such that

P(Zy €V | Zy=2)>0

for all z € K. Let 2o = (xo,%0,u0) € K and 21 = (x1,y1,u1) € V. We proceed in three
steps.

First, suppose that we can deterministically choose a piecewise constant velocity y(t) €
{=1,0, 1}, from which (z(t),u(t)) is defined by an initial condition and by the ODE

0-()

For a sufficiently large time ¢y, we can build a path between 2y, and z; as follows. If
uy > ug (resp. u; < up), choose a non-zero velocity to bring o to a point z* € M(F,+)
(resp. x* € m(F,—)). Then, pick the zero velocity and wait until u reaches the value
uy— [} F(s)ds. Next, with the velocity y = 1, bring z* to a point z** such that F/(z*) =0
and wait up to the time ty — |z™* — x1|. Finally, with the velocity y = 1, push =** to x,
and set the velocity to y; at time 2.
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In a second instance, we can choose a deterministic y(¢f) € {—1,1} such that the
solution of the system (BI) starting from z, is arbitrarily close to z; at time t,. To
ensure this, we simply approximate the case y = 0 in the previous step by sufficiently fast
and balanced jumps between —1 and 1.

Finally, we consider the PDMP starting from zy. Since the random jump times have
positive density, the PDMP follows arbitrarily closely a trajectory as described in the
second step with positive probability. Hence, given any neighbourhood of z;, the PDMP
has positive probability to be in it at time ¢y, which concludes.

O

Proof of Proposition B=3 in the PDMP case. Consider the following vector fields:

—1

Gor(,u) = (F($)> and Gi (2, u) = ( F(lx)) .

Then their difference is
2
-
so that the Lie bracket [G; — G_1,G1](z,u) is

(G — G_1,G1] = 20,G4(z,u) = <2F(/)($)>

Since F' is not constant and smooth, there exists some x such that F'(x) # 0, at which
pOiIlt the rank of (G1 — Gfl, [Gl — Gfl, Gl]) is 2.

According to [I8, Theorem 4.4|, it implies that there exist a non-empty open set U, a
probability measure v and ¢;,c¢ > 0 such that Vz e U ,

P(Z, €| Zo=2) = crv().

Thus for any z € K and any Borel set D,

P(Zt0+t1 eD | ZQ = Z) Z ]P)(Zto ceu | Z() = Z) X lan;{]P) (Zt0+t1 eD | Zto = Z,)

z'e

> (in’fCP(ZtO eU| Zy= z’)) cv(D)
z'e
and Lemma b4 concludes. O

5.5 Proof of the main theorem

In this section we consider either Z = (X,U) or Z = (X,U,Y) such as in Theorem B,
and we call E the state space, namely either S* x R or S! x R x {—1,1}.
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5.5.1 Ergodicity when M = ()

Proof of point 1 of Theorem B. Let K = {z € E, |u| < M} where M is large enough so
that Proposition b2 holds, and ' = {2 € E, |u| < M + 1}. Let hg = 0 and

s = inf{r > hy, Z, € K}
hiy1 = inf{r>s, Z, ¢K'}

The boundary 0K being compact and the processes being Feller, the embedded Markov
chain (Z,, )x>1 admits an invariant measure p.. For a Borel set D,

up) = [ ( / 1.cpds

defines a measure which is invariant for Z (see [[ZI, Proof of Theorem 4.1]), and has finite
mass (the expectation of s; — sy being bounded uniformly on 2z, € 0K from Proposi-
tion B2), which we suppose normalized to 1. Note that from the controllability results
proven in Section b4, the support of p is equal to E.

The uniqueness of the invariant measure and the exponential convergence to equilib-

rium are both obtained from a classical coupling argument. Let po = Law(Zy), and let
to, v and ¢ be given by Proposition b3. Wait until the time 7, (which according to
Proposition b is almost surely finite, and moreover, has a finite exponential moment if
so does fig). At time 7y, consider two random variables Z ~and © distributed according
to o and v respectively.
If Z € K (which happens with positive probability), we define simultaneously two
processes Z and Z' with the same generator (either (b23) or (B4)) in such a way that
Zrytto = © = Z . with probability ¢, in which case we say the coupling is a success
and from then we let Z’ evolve according to its Markov dynamics (i.e. either the diffusion
or the PDMP one) and set Z; = Z] for all t > 75 + .

If the coupling is a failure (which happens with probability 1 — ¢), we wait until Z
enters IC again. Note that at time 7y, +to, Z is necessarily at most at distance to X || F'||o
from /C, hence its next time of return to K has some finite exponential moments that do
not depend on pp. Once Z has reached K we try a new coupling, and so on as long as the
coupling fails.

Let T be the first instance the coupling succeeds. Since p is invariant for the dynamics,
(Z,7") is a coupling between Law(Z;) and p, and

ZO = Zo) d/JJe(ZO)

dry (Law(Z),p) < P(T>t) — 0.

t—o00

Uniqueness of the invariant measure is obtained by taking Law(Z,) invariant. Moreover,
if pp has some finite exponential moments, so does 7', and the Chernoff’s Inequality
concludes:

P(I'>t) < e”E(e7).
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5.5.2 Localization when M # ()

Proposition 5.4. Suppose m(F,+) # (0. Then there exist p > 0 and M > 0 (which does
not depend on Zy) such that if Xo = x9 € m(F,+) and Uy > M, then

P(X ) > p

Proof. For j > 0, define
~ 4In(2+ )

= NG
77] 2+] 9

set ¢ = max{ﬁ, x € m(F,+)}, So = 0 and define the following stopping times:

Ti+1 = inf {t > Sj, X; € an+1},
So’j = Sj
Ty; = inf {t > Sp1g, X € Bm“} A (Skory + &) ATy, k2 1,

Skj; = Inf {t > Tk,j, X; € A} ANTjt1, k> 1.
Let

N; = inf {k eN, gk,j > S +cor gk,j = Tj+1}

and Sj+1 = SNj,j-

Let us give some intuition on these definitions. The connected component of (C" )¢
that contains z( is a neighbourhood of zy whose diameter goes to 0 as j goes to co. At
time 7;, the process has escaped from this neighbourhood. For ¢ < 7;, the process makes
possibly many oscillations near xg. When such an oscillation is large enough for the
process to reach B" (this is at a time 7T}, ; for some k), we consider this is the beginning
of an attempt to leave (C")°. If this attempt fails, the process falls back to zo (this is
§k]) While X makes those attempts to escape, time goes by, so that U increases: after
a time ¢, U has increased at least by 1. Next time X falls back to z (this is Sj41), we
shrink the neighbourhood, namely from then we consider that the process escapes if it
reaches C"W+'. From S; to Sj;1, there have been INV; attempts to leave. The sequence 7
is scaled so that there is in fact a positive probability that the process never escape from
the shrinking neighbourhood that collapses at infinity to {z}.

Let us write these ideas more precisely. Note that as long as 51 < Tj41,

Siz1—95;=2c¢ and U >M+j

for t > S;. We take M large enough so that (M + j)n; > 1 for all j € N. Therefore, from
Proposition b1, for all £ > 1,

P(SkJ = Tj+1| Tk,j < Tj+1) < K(] + M)@_(j"‘M)Uj'
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It lmphes that <]l§<m1v~ "‘ (Z AN N])K(] + M)67(j+M)'r]j> is a Submartingale_ rI‘hus7

), <Tj+1 i>0

]P)(SjJrl < Tj+1’ Sj < Tj) =
>

+ E<I]‘Sj+1<7j+1 - I]‘Sj<7'j’ Sj < Tj)

1
1—K(j+ M)e UrMninaE(N;| S; < 1;). (5.12)

From Proposition b, we have

~ sto

gk+1,j — Sky = /MR
Hence, considering a sequence (R;);ey of i.i.d random variables distributed like R

sto

N, < inf{n>1, \/n—jZRi>c}
=1

2c

1
S |5 inf =1, — i =
{E(Rﬂ\/%’—‘ i {n nZR 2

Because R satisfies a Large Deviation Principle,

2c 1< E(R;)
s <) < [t ] e xr(5on e
(N;1S; < 75) E(R) 7 | & <n - 9 >

K/
Vi

for some constant K’ which does not depend on j, nor M. Thus (612) is now

<

!

P(Sj1 <7jal S5 <75) =2 1- (j + M)e Ui,

1

Take M large enough so that the right-hand side is positive for all 7 € N. Then by
induction

P(SjJrl < Tj+1) = P(Sj+1 < Tj+1 | Sj < Tj) ]P)(S] < Tj)
j+1
K'K ,
[ (-

As ({S; < 7j});>1 is a decreasing family of events,

P(Sj < Tj VJ c N) = lim ]P)(SJ < Tj)

j—o0
0 /

> H (1 _ K K(] + M)e—(j+M)77j+1)
Jj=0 \/U_J

— exp (Z In (1 - [55(3' + M)e—<a‘+M>nj+1)) ,

720 K
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For j large enough,

[\(/li((j+M)e(j+M)ﬁj+1 < 12
1j J

and
!
In (1 _ K KO 4 M)e—(j+M)77j+1> > _%
Vi 2j

which means P(S; < 7; Vj € N) > p > 0 where p does not on depend Zj. Yet,
{Sj<TjVj€N}:{\V/j€N, VSZSJ', XSEI%}
and the S;’s are all a.s. finite, which concludes. O]

Remark 5.4. The proof even gives a speed of convergence. Indeed we can see that
sto

Sit1 < Sj+c+ VOR, so that the S;’s grow linearly to infinity. From the non-degeneracy
assumption on F, there exist n € N and ¢ > 0 such that the diameter of L7 is less than
1

cnf, depending on the first derivative of F' at xy to be non-zero (if F' is a Morse function,

1
n = 2). It means when there is convergence, it occurs at least at a speed of order (h‘Tt) "
Proof of point 2 of Theorem B1: First note that by changing U and F' to their opposites,
Proposition 54 also says that if M(F,—) # () then there exist p, M > 0 such that if
Up < —M and Xy € M(F,—) then X, converges to zo with probability at least p.

For M > 0 large enough, € > 0 small enough and x € M, let

Ve = {Z €FEst. |2 —z| <eand v X sign(F(z)) > M}

V- = Jv

reM

When ¢ is fixed, for M large enough, if the process starts in VZ, from Inequality (b20)
(which is written for x € m(F,+) but by symmetry, again, also holds for xz € M(F, —))
it has a probability at least 1 to hit V2 before leaving V2. Then from Proposition 54, X
has a probability at least p to converge to x.

Let

K={z€FE, |u <M}

As long as the process is in the complementary of X U V®, the conclusion of Proposi-
tion B2 (together with Remark B3) holds so that, denoting by 7p the first hitting time
of a set D, we have

P(my: A e < 00|Zp = 2) = 1.
for all z € E (more precisely: suppose Uy > M, the case Uy < —M being symmetric.
Then we can define a potential F which is equal to F' away from m(F,+) and which

have no positive minimum, from which we can define an associated process Z with the
initial condition Zy = Zy such that Z, = Z; as long as Z ¢ K U V°. Then Z, to which
Proposition B2 applies, hits K in a finite time).
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On the other hand, by Lemmas b4 (for the PDMP) and b3 (for the diffusion), there
exists ty > 0 such that for all x € M,

ZiIgl}fC]P)(ZtO eV | Zy=2) > 0.

It therefore follows that for any z € L,
]P)(Tvo < OO’ZO = Z) =1

and moreover
P(X,.,=2)>0

0o

for all x € M. Proposition b4 concludes. m






Chapter 6

Open problems and partial results

The goal of this chapter is to present some problems that the previous chapters arose and
the partial results that we could obtain. This chapter is divided in two sections that can
be read independently.

In the first one, we consider a natural generalisation of chapters 2 and @ by investigating
the long term behaviour of the solution of the SDE

t
dXt = dBt — / F/(Xt — XS)det7 (61)
0

where F(x) = Y7, aycos(kz) and a; # 0 for all k = 1,--- ,n. We aim to present the
different behaviours that can be expected according to the values of the coefficients ay.

The spirit of the second section differs from the first section and the previous chapters.
Instead of investigating the behaviour of a particle that interacts with its own past, we
consider two different particles that interact each other via the past of the other. Namely,
we are interested in the long term behaviour of X; = (X (¢), X2(¢)) which solves the SDE

where B is a two dimensional Brownian motion and F; is the function

iy, 72) = a/o V(s — Xa(s))ds +b/0 V(s — Xi(s))ds

for some constant a,b # 0 and potential function V.

Contents
6.1 A mixture of self-Attracting/Repelling Diffusions . . . . . .. 150
b.I.T Theparfialresultd . .. ... ... ... ... ... ... .... 151
b.1.2 The possibles Iimit behavioury . . . ... .. ... ... . ... 155
.2 Interacting with the past of theothed . ... ... .. ... .. 163
62T Thelimearcasd . . . . . . . . . . .. . 163
b6.2.2 The periodiccasd . . . . . . . . . ... ... 166
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6.1 A mixture of self-Attracting/Repelling Diffusions

In this section, we aim to analyse the solution’s long term behaviour of the SDE
t
dX; = dB; — / F'(X, — X,)dsdt, (6.3)
0

where (B;); is a real valued Brownian motion and F(x) = Y ,_, a; cos(kx), with n € N*
and ap € R* forall k=1,--- n.

In the case of the circle, this is a generalisation of the study done in chapters B and B
when a; > 0 and the one done in chapter @ as n = 1 and a; < 0. Therefore, we assume
throughout this section that n > 2 and there exists j = 1,--- ,n such that a; < 0. For
technical, we also assume that

n

ZjQCLj # 0 and iaj # 0.
j=1

Jj=1

From numerical simulations and some heuristic arguments, we deeply believe in the
following conjecture which is at the root of this section.

Conjecture 6.1. We have

1. If Z?legaj < 0, then X; converges almost surely.

2. If Z?Zl j%a; > 0 and Z?Zl a; <0, then 1 f(f dpixsds does not converge to the uniform
law on the circle.

Indeed, assume that X; localizes. Then, as explained in the Introduction chapter, the
most important feature of the drift function is the shape of F' around 0. Since F'(0) =0
and F"(0) = — Z?Zl j%a;, then, in the first case of the assumption 0 is a local minima of
F'. Hence, F' pushes X; to localize and the slope of F' around 0 becomes steeper. This
explains why convergence should hold.

When Z?Zl j%a; > 0, X is pushed to places where it has spent less times. So, a natural

expectation would be to say that the renormalized occupation measure % fg 0x,ds should
converge to the uniform distribution on the circle. However, the fact that Z?Zl a; <0
implies that the attracting force is not too weak with respect to the repulsive one. Thus,
it slowdowns the particle’s escape. As a consequence, the most visited part "follows" X,.

We divided this section in two subsections. In the first one, we present the results we
could obtain whereas in the second one, we investigated the possible long term behaviour
and address our open questions.
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6.1.1 The partial results
Following the same idea as in [I6], set U;(t) = [ cos(jX,)ds and V;(t) = [ sin(jX,)ds.
With these new variables, we obtain the following system.
dX; = dB+ Y, jaj<sin(th)Uj(t) - Cos(th)Vj(t)>dt
dU;(t) = cos(jX)dt, j=1,...,n. (6.4)
dV;(t) =sin(jXy)dt, j=1,...,n.

From Lemma 24 and Lemma 274 from Chapter B, a first result is

Proposition 6.1. The system (6-4) satisfies the Hormander condition. In particular it
has smooth density function with respect to the Lebesgue measure.

As for non-degenerated diffusion and despite the degeneracy of (64), we can classify
its qualitative behaviour in term of transience or recurrence. To shorten the notation, we

write Y, = (X, Up(t), Vi(t), -+, Un(t), V().

Definition 6.1. (Definition 3.1 and Discussion between Corollary 4.1 and Lemma 4.3 at
page 703, [74], Kliemann)

1. A point y = (x,uy, vy, ,Upn, V) 18 transient if there exists an open neighbourhood
V(y), P(Y; € V(y) finitely often |Yo =y) = 1. A set A is transient if all x € A are
transient. If A is the whole state space, we say that the system is transient.

2. A point y = (x,u1,v1,- -+ , Uy, vy) is recurrent if for all open neighbourhood V (y),
P(Y; € V(y)i.olYo =y) = 1. A set A is recurrent if all x € A are recurrent. If A is

the whole state space, we say that the system is recurrent.

3. Yy is positive recurrent in a recurrent set A, if for all open set V. C A, E(oy|Yy =
y) < oo for all y € A. Here oy is the time of first entrance in U.

Our first result is

Theorem 6.1. The system (6-4) is either transient or recurrent. Moreover, it is positive
recurrent if and if there exists an invariant probability measure.

Before turning to the theorem’s proof, we recall the notion of control set for our
setting.”.

Definition 6.2. A function ¢ : [0,00) — R is called admissible control function if it is
piecewise constant. We denote by C the set of such functions.

1See also [3] or 74|
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Given an admissible control function ¢ € C, we denote by ¢(t,y, ¢) the solution of the
deterministic control system

0 = clt) + X0, jay(sin()u; — cos(ja)ey)
u;(t) = cos(jz), j=1,...,n (6.5)
0;(t) =sin(jz), j=1,...,.

with initial condition y. Its positive orbit starting from y, and denoted by O*(y), is
O™ (y) = {z such that there exists ¢ € C and t > 0 so that ¢(t,y,c) = z}.

We emphasize that the values of aq,--- ,a, does not matter as long as they are nonzero.

Definition 6.3. A set C' is called invariant control set if

(i) for ally,z € C, z € Ot (y),

(i1) if there exists a set B D C satisfying (i), then B = C.

(iii) For ally € C, O*(y) = C.

Proof of Theorem B.1: By Theorem 29 in Chapter @ and Lemma 4.1 in [74], the
whole state space is an invariant control set. The result follows from Theorem 3.2 and
Theorem 4.1 in [74]%.

At this level, we introduce the following new variables

C(t) = Uy (1) cos(iX) + V(1) sin(iX) = { (%E:;) , (‘;3?8?23) ) (60)
and o

5(0) = sin(X)U0) - costixovs ) = (0 (Ch9 ) 6

The interest of these variables is twofold. First of all, if X; converges almost surely to
some random variable X, then we know that the limit of (C;(¢)/t, S;(t)/t) is (1,0) for
all j =1,--- ,n. Therefore, it provides a deterministic necessary condition.

The second interest is the following. If 7; is the potential viewed by the particle
function defined by

n(z) = Fy(z + X)) = / Zak cos(k(z + Xy — Xy))ds,

(U

then

3

m(z) = ay <Ck(t) cos(kx) — Sk(t) sin(kx)).

k=1

Zsee also the diagram in the introduction of that paper
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By Ito’s formula, these new variables satisfy the SDE:

Cy(t) —54(t) 1
Sy (t) Cy(t) 0
Cy(1) —25(t) n 1

d| S2(t) [ = | 2C2(t) [ (odB,+ (D karSk(t))dt) + | 0| dt.
Ch(t) —nSy(t) 1
S, (t) nC,(t) 0

where o stands for the Stratonovich integral.

Remark 6.1.
1. We have N
3Si(0) 0 dB: = jS(t)dB: + T-C;(t)dt
and N
JC3(t) 0 dBy = C;(1)dB: — L8, (t)dt.

2. Set R3(t) := C2(t) + S2(t)(= UZ(t) + VA(t)). Then R2(t) — R(0) =2 [, Cj(u)

We can now state and prove our main Theorem.
Theorem 6.2. We have the following properties
1. If 375 a; <0, the system (64) is transient.

2. We have

. 1 .

lugiiljp 2 Zj2ajRJ2-(t) < 0a.s.
j=1

In particular, if Z?Zl j%a; > 0, then with probability 1, X; does not converge.

3. We have liminf,_, o ‘ 2?21 NJSTJ“) =0.

Proof. Let M, be the martingale® defined by

M, = — /0 () kaiSi(u))dB,,

k=1

so that its quadratic variation is

(M), = /0 (> harSy(u))*du.

k=1

3For all j =1,--- ,n and all ¢ > 0, we have |S;(t)| < t.

153

(6.8)

du.

(6.9)
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So, from (68) and Remark B, we have the following key relation

n

> a;Cy(t) +iZj2ajRJ2.(t) =M, — (M), + (> _aj)t. (6.10)

j=1 j=1

Hence

n

exp (2(2 a;C5(t) + i i PR — (Y aj)t)> = exp (th - %<2M>t)

j=1 j=1

As in [53] (see also the proof of Lemma B2 in Chapter B4), it follows from the definition
of S;(t) and Equation (64) that 2/, satisfies the Novikov condition (see [70]). Hence,
the right hand side term is an exponential martingale; and therefore converges almost
surely to an integrable nonnegative random variable. Thus there exists a random variable
K < oo almost-surely such that for all ¢ > 0

n 1 n n
> a;Ci(t) + 1 > e RNt < K+ agt. (6.11)
j=1 j=1 j=1

This proves statement 1.

From Remark B, the definition of C;(¢) and Equation (6-4), the left hand side term

of (BID) is at most quadratic in ¢ as it converges to infinity. Because lim; (J\]\;[I_tﬁ =0 on

the event {lim; ,..(M); = oo}, we obtain that (M), is at most quadratic in ¢ as it goes
to infinity. Consequently,

t—o00

. 1
lim sup 7} ZfajR?(t) <0a.s.
j=1
If X;(w) converges, then for all j € {1,--- ,n}, R;(t,w)/t converges to 1. So

ol —
i 23" P R0 = 3
j=1 j=1
This completes the proof of statement 2.

Since (M); grows at most quadratically in time, then statement 3 follows from (E3).
O

As a corollary, we have

Corollary 6.1. 1. Ifa; <O for all j =1,...,n, then there exists k > 0 such that

anl sz (t)
kT >k

lim inf
t
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2. Assume n =2, a; +as < 0 and ayas < 0. For j € {1,2} such that a; <0, we have
lim inf (1) > k and limsup Rg_—](t) <1
oo /i oo 11(1)

for some constant k > 0.

Proof. The result follows from (6I0) and the equivalences of different weighted norms on
RZn. ]
6.1.2 The possibles limit behaviours

In this subsection, we aim to identify the possible limit behaviours. First of all, let us
recall the observation that we did when the variables C; and S; were introduced.

e If X; converges to some random variable, then for all j = 1,--- n, (=
converges to (1,0) as t tends to infinity.

o If % f(f dgixsds converges to the uniform law on the circle, then for all j = 1,--- | n,

(S, 242) converges to (0,0).

Forj=1,--- ,nand t > 0, let

ci(t) == Cjt(t), s;i(t) = Rjt<t).

Remark 6.2. If the initial condition of (64) is (x,0,---,0), then the initial condi-
tion of (€8) is (0,---,0). Hence, it follows that (Cy(dt),Si(dt),--- ,Cy(dt), Sp(dt)) ~
(dt,0,--- ,dt,0). Thus, we may assume that (c1(0),51(0), -+, ¢,(0),5,(0)) = (1,0,---,1,0).

S5(t)

and r;(t) :=

From It6’s Formula and (68), (c1(t), s1(f), -+, cn(t), sn(t)) is solution of the inhomo-
geneous SDE

c1(t)
s1(t)
CQ(t) n
1
d | $20t) | = Fi(c,, s)[odB, + t(z kaysg(t))dt] + ;Fg(ct, s¢)dt, (6.12)
: k=1
cn(t)
sn(t)
where
—51 1—¢
C1 —S1
Fi(e,s) = : and Fy(c,s) =
—Nns, 1—c¢,
ney, —Sn

From Remark 6, we have
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Lemma 6.1. ?(t) = %(cj — 7"]2> In particular, for all o € R™,

d(i ari(t)) = %((i ajei(1)) - <Z ar3(t)) ) dt

The main consequences of the lemma and which justifies the utilisation of ¢;(¢) and
s;(t) are
e The compact space B((O, 0), 1) C R?" is positively invariant for the SDE (612) %
Hence, if L(c, s) denotes the limit set of (c1(t), s1(t), -, ca(t), 5a(t)), then it is not
empty

e For all « € R, (27,‘:1 Oijz-(t)) is bounded. Thus

L(c,s)ﬂ{(c,s)éB(OO )]Zajcj iaﬂ?}sfé@.

Concerning the limit set, we can say a little bit more.

Proposition 6.2. The limit set L(c, s) is a non-empty, compact and connected subset of

{(01,81, cee  CpySp) € B((0,0), 1) s.t ZjZajr? < O}
j=1

which 1s internally chain transitive for the flow ® induced by the ODE

{ &(t) = (k=1 karsk(t)(=s;(1), j=1,...,m

35(8) = § (i karse(0)e; (1) G=1,....m (6.13)

Moreover

L(c,s) N {(c,s) € B((O 0) 1) | Zjajs] = 0} # 0.

Proof. For j =1,--- ,n,let (¢;(t),5,(t)) = (cj(\/Q_t),sj(\/Q_t)) and (W};);=0 be the Brown-
ian motion defined by W; = f (2 )1/4dB\ﬁ

Hence (E(t), §(t)> notation (él(t), 5i(t), - ,an(t),gn(t)) solves the SDE

{ de;(t) = —j5;(0)[(20) 7AW + (S, kawse(t))dt] — & (20)72¢;(1)dt + (1 — &(t))de

ds;(t) = je;(D)[(26) VAW, + (5, karsp(t))dt] — L-(26)"V/25;(t)dt — St
(6.14)
for j = 1,--- ,n. Since it lives in a compact state space, it follows from Remark EZ1
(see chapter H) that (¢1(t),51(t), - ,¢n(t),5n(t)) is an asymptotic pseudotrajectory for
the flow ®. Thus L(c, s) is internally chain transitive by Theorem E-1. Hence, the result
follows from Theorem B=2. [

“Here B((O, 0), 1) stands for the closed unit ball in R? equipped with the Euclidean norm.



6.1. A MIXTURE OF SELF-ATTRACTING/REPELLING DIFFUSIONS 157

Remark 6.3.

1. Following the lines from the proof of Proposition 4.1 in [T1], one can even prove
that for all T > 0

lim sup H(E(t+u),§(t+u)> —@Z((E(t),g(t))w — Oa.s,

t—o0 0<u<T
where ¢'(c, s) is the solution of the inhomogeneous ODE

{ ¢(t) = J(Cpoy karsk(®) (=55 () + 5(L—¢;), j=1,....n
J

. _ , (6.15)
§;(t) = (0, kars(t)e;(t) — Ls; j=1,...n.

with initial time to > 0 and starting point (c, s).
2. For all initial condition (c, s,to), we have lim, o T(¢}°(c,s)) < Z?Zl a;, where T
18 the linear application
) n
T(C, S) nota:twn T(Cla S1y,° " 5 Cn, Sn) = Z a;Cj.
j=1
Indeed, a simple derivation with respect to t gives

%(éajcj) = _<§ka’“5k(t)>2 + %(éaj — (éaﬂj)).

Note that {(c,s) € B((0,0), 1>n | > iiaic; < 300 aj} is positively invariant for
().

Our first questions are

Question 6.1.
e Do we have L(c,s) C {(c, s) € B((O, 0), 1) | D o1 a6 < D aj} almost-surely?

o Is L(c,s) reduced to one point?

I believe that the answers to these questions are positive.

Assuming that L(c, s) is reduced to one point, the next step consists on looking for
candidates. In order to ensure that the process might converge to these points, a condition
is that they have to lay in the set of point such that Fi(c,s) and Fy(c,s) are parallel.

Proposition 6.3. Fi(c,s) is parallel to Fy(c,s) if and only if there ewists = € RU {oo}

1 L= _JZ 1
such that c; = e and sj = i for all j.

°Tt is here that we use the advantage of the Stratonovich integral since the Brownian term acts along
the vector field F}
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Proof. The "if" part is obvious. Let us prove the "only if" part.
Assume that Fy(c, s) is parallel to Fy(c,s). Then for all j = 1,---,n, ¢; = ¢} + s7.
Hence there exists z; € RU {oo} such that
1 Z;
- ds: = J
c and sj = 77"

J 2
1+Zj J

On the other hand, one also obtains
€185 = jCjSl.
This last equality implies zj =7j2. O]

Remark 6.4. If ¢; =
—zFi(c, s).

By Theorem EZ2 and Proposition B33, the set of limit candidates is

1+j Tz and 55 = 14—2222 for all 5 = 1,--- ,n, then Fy(c,s) =

n

1 z 1 nz ka2
LC = {( , , ): PUE ) and 2 € RU )}
1+ 2271+ 22 1+ n222" 14 n2z2 ;14-/{222 and = {0}

1 < 1 nz kQGk
—7—7...7 bl . _— O d GRU >}
ﬂ{(1+22 1+ 22 1 4 n?z2 1+n2,z2) Zl+k2z2 S Vand 2 {oo}

We point out that this set is disjoint and finite.
Example 6.1. If n = 2, then LC is given by

1. LC = {(0,0,--- ,0,0),(1,0,--- ,1,0)} if (a1 + az), (a1 + 4das) < 0.

2. LC = {(0,0,-- ,0,0)} if (a1 + as), (a1 + 4as) > 0

3. LO:{<O7O7'”a070)7<]—707"'a170) <1+z2’1+z2"” 7%7%)}
with z = 4, /|92 4f (@) + ay) x (a1 + 4az) < 0 and (a; + 4ay) < 0.

a1+az

4' LC = {<O707 O 0) <1+Z27 14127 ) 1+,,12227 1+ZLL§Z2)}
with z = 4, /|92 4f (a) + ay) x (a1 + 4az) < 0 and (a; + 4ay) > 0.

aj+az

Since the set of points such that Fi(c,s) is parallel to Fy(c,s) is a curve, it would be
great if we could "read" on it the long term behaviour of (¢ (¢ ) 51(t), -+ s cnlt), sn(t)).

Assume that there exists Z, € R U {oo} such that ¢;(t) = 1 222 and sj( = %
Hence, we have from (613),
Cl(t)
s1(0) " k% 1
: k :
d : :Fl(Ct,St)O[dBt+<tZTk22t2—g>tht]]:1,...,n.
Cn(t) k=1
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Question 6.2. Is the behaviour of (c1(t),s1(t), -, ca(t), sn(t)) partially described by the
SDE
7, = dB +(tzn:ﬂ—1)2dt ? (6.16)
! ! 1+ zz ' '

Set g(z) = ZZ 1 1’12‘522 Then ¢ is a smooth and odd Lipschitz function such that

g'(0)=>71J 2a; and limz_,o 29(2) = D i1 -

Proposition 6.4. If ijl a; <0, then Z; converges almost-surely to the set
Lim = {z eER s.tg(z)=0and ¢'(2) < 0}.

does not converges to (O, O).

. 1 JjZ¢
In particular, <—1+j2Z§’ 1+j2Zt2>

Proof. We proceed in three steps.
Step 1 (auxiliary process):
Let (Yi)i=0 be the solution of the SDE

dY; = dB; + tg(Y,)dt, (6.17)

with initial condition Yy = Zy. By the same kind argument as in the proof of Lemma B=3
in Chapter B, it can be shown that (Y 5;):>0 is an asymptotic pseudotrajectory for the
flow induced by the ODE

z=g(z). (6.18)
Then, notice that Lim is an attractor for the ODE (EI8) whose basin of attraction is
R\{z € Rs.t g(z) =0 and ¢'(z) > 0}. Set

2* =sup{z > 0s.t g(z) =0},
so that A = [—z*, 2*] is a global attractor. For (yo,to) € R x (0,00), let

(Yo, to) = inf{t > 0 s.t Y4 € A}.

Let |z0] > 2* and ¢y >

g(z*)z* "
Let Bt = f(f (]l{y5>0} — 1{y5<0}>st. Then, by Lévy’s characterization, (Bt)t>0 is a

Brownian motion.
By Ito’s formula, we have

dY? = 2YdB, + 2tg(Yt)Yt + dt

2
= 2/, dBt+2tZk2ak 1 dt

k:2Y2
Hence, by Ikeda-Watanabe’s comparison result,

P(Y;ito <K Vte [O,T(zo,to)]) —1,
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where <Kt> solves

t>0

dK, = 2\/K,dB, + dt. (6.19)

Since (K3)i=0 L (W2)i=0, where W is a real-valued Brownian motion, we obtain that
7(20,1) is finite almost-surely. Hence, by Proposition 7.4.(iii) and Theorem 6.10 from
[TT]. Y; converges almost-surely to Lim.
Step 2 (boundedness of the process):

Let B, = fot <]1{X5>0} — ]l{ngo})st, so that (B;);o is a real valued Brownian motion

by Lévy’s characterization. Let (;);>0 be the solution of the SDE

84,
2
dtl, = 2/4,dB; + ZtZ K g+t
with initial condition o = Z2. Since, by Itd’s formula,
_ u 7?2 27?2
dZ? =2/ Z2dB, + 2t > k’a L — L 4 dt,
t t t ; k 1 + kzZtQ t

then by Ikeda-Watanabe’s comparison result,
IP(ZE <A VE > o) ~1.

Because (;)>0 £ (Y?)i=0, then 4, converges almost-surely to a finite quantity by the
first step. Hence (Z;)~0 is almost-surely bounded.
Step 3 (conclusion):

Since (Z;);>0 is almost-surely bounded, then it can be shown that (Z ;)10 is an
asymptotic pseudotrajectory for the flow induced by (EI8). Thus, by Theorem B2, Z,

converges almost-surely to Lim. O]
A partial complementary result is

Proposition 6.5. Assume that g(z) > 0 for all z > 0. Then,
1@( lim |Zt|> — ) =1.
t—o00
Proof. Let tg > 0 sufficiently large such that

k Qe
1+ k222

z(tg) = sup{z > 0 s.t Z :%}

exists. We emphasize that limg ., = oo and (f(z) — %) (z — 2(to)) > 0 for all positive
z # 2(to).

Let (Ytt°> be the solution of

t>to
to
Y,

0

dY* = dB; +tg(Y,*)dt —

dt (6.20)
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with initial condition Yt';o = Z;,. Then, by a similar argumentation as for Proposition
BE2’s proof, we can define a process (U;)isy, such that P(Ut < 72Vt > t0> =1 and

(Ut)t>t0 = <(Ytt0)2>t>t0'

Moreover, following the lines of the first step of Proposition B4, we obtain that |V
converges almost surely to z(to). Hence, for all ¢, sufficiently large,

liminf |Z;] > 2(ty) a.s.
t—o0

Letting ¢y go to oo provides the result. O]

It is now time to state our conjectures. In view of Proposition B33, the first one is
Conjecture 6.2. On the event {L(c, s) = {(0,0, e ,0,0)}}, %f; dpixsds converges to
the uniform law on the circle.

This statement is the converse one from the second observation that we did at the
beginning of the subsection. In view of Proposition 623, Proposition 64 and Proposition
63, the second conjecture is

Conjecture 6.3. 1. If >°7_ a; < 0, then with probability one (c;(t),s;(t)) does not
converge to (0,0) for all j =1,--- n.

2. If g(2) > 0 for all z > 0, then with probability one (c;(t), s;(t)) converges to (0,0)
forallj=1,--- n.

Since the noise term acts only along the vector field F}, an another reason why I
believe that the first point of the conjecture is true comes from the following result

Proposition 6.6. Consider the non-homogeneous ordinary differential equation

= Fl(ct,st)t(zn: kaysy(t))Fi(c, 8¢) + %FQ(ct,st). (6.21)

n

Then for any initial condition, we have limsup,_, Z;L=1 ajc;(t) < ijl

Moreover, denoting by ¢ its flow, we have for any T > 0,

lim sup [|(en(V25),51(VES), -+ ea(V25), 50(V5)) — p(c(v/20), 5(v/20) | = 0.

t—=00 st t+T]

aj.

Proof. The first part easily follows from differentiating ¢ — > 7 a;c;(t), whereas the

second follows by first doing the change of ¢ — /2t and then by copying the lines of the
proof of Proposition 4.1 from [I7]. O
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In view of Theorem B3, our second and third conjecture is
Conjecture 6.4. If Z?:1j2aj < 0, then for all j = 1,---,n, (¢j(t),s;(t)) converges to
(1,0) with positive probability. If in addition LC reduces to { (O, 0,---,0, 0), (1, 0,---,1, O) }

(in particular 375, aj < 0), then this convergence holds almost surely.
If, as we believe, this conjecture is true, then we can prove the convergence of X;.

Proposition 6.7. X; converges almost surely on the event
{L(c,s) = {(1,0,--- ,1,0)}}.

Proof. We assume that the event {L(c, s) = {(1, 0,---,1, 0)}} holds with positive prob-

ability. So, from Theorem E2°, Y7 j%a; < 0. From now on, we work on that event.
From equation (6IZ), we obtain, in the It6’s formulation,

- - IR 1~
A(Y_dajsi() = Y iPaje(0dB — 5 Y Paysi(t)dt — (D jags; ()t
j=1 j=1 j=1 j=1
(D 5%aici (1) jajs;(t))dt (6.22)
i=1 j=1
By the assumption, it holds on the event {L(c, s) = {(1, 0,---,1, 0)}} that
tlgglo(Zanjcj(t)) =Y j%a; <0and fim o > iaysi(t) + ;(Zj%sj(t)) =0.
j=1 j=1 j=1 j=1

Therefore, following Theorem 3.2’s proof of the rate of convergence of [63|, we obtain

S Jags;(t) = 0(y) 20y (6.23)

, t
7j=1

For j = 1,--- ,n, let (R;(t),0;(t) be the polar coordinates of <Uj(t),‘/}(t)), where ¢ —
6;(t) € R is defined to be continuous.
So, from (68) and (672), we have

(cj(t), S; (t)) - <Rj(t) cos (X, — 0;(t)), R;(t) sin (j X, — ej(t))).

Since t — U;(t), t — Vj(t) and t — R;(t) are differentiable in ¢, so does t — 6,(%).

Deriving %Eg and IZJ]((?) with respect to t, we obtain
d sin (th — Qj(t)) t
—0:(t) = = (T 6.24
dt J( ) Rj(t) RJQ(t)SJ( )7 ( )

6and the assumption Z;;l j2a; #0
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By assumption, lim;_, . R%(t) = 1. So, together with (6-23), it implies the convergence of
D i Ja;0;(t).
By assumption, (cos(th — Hj(t)), sz'n(th — @-(t))) converges to (1,0). Thus jX; —
6;(t) converges almost-surely to an element of 27Z by continuity of j.X; — 6;(t).
Therefore,

O %) Xe = ja;bi(t) + D da; (5 X, — 0;(1))
j=1 j=1 j=1
converges almost-surely on the event {L(c, s) = {(1, 0,---,1, 0)}} H

6.2 Interacting with the past of the other

The existence of this section is due to a question of P. Tarrés about the long term be-
haviour of two particles living on the unit circle and interacting with the past of the other.
Unfortunately, we could not obtain full satisfactory results in that case, but we could have
some in the linear one.

This section is divided in two subsections: the linear case and the periodic case.

6.2.1 The linear case

In this subsection, we investigate the long term behaviour of the solution of the reinforced
SDE

dX, = JdBi(t) — a [y X, — Yidsdt

X . (6.25)
dY; = Z5dBy(t) — b [, Y: — X,dsdt

with initial condition (Xo,Yy) = (z,y). Here (B, Bs) is a two dimensional Brownian
motion and a,b € {—1,1}. The interpretation of the constant is the following. If a = 1
(resp. b =1), then X (resp. Y;) is attracted by the motion (Y3,)ucp (resp. (Xu)ucpo)-
If @ = —1, then X, wants to get away from (Y,,)ucjo,q-

Before working with the possible situations, let us fix some notations. Set

Zy = Xy — Y4, Zt:Xt‘f'Yt

and
1

Wl (t) = \/5

1 1 1
—5B(0) + s dBa(0), Walt) = =

In addition, let U, = [ Z.ds.
Notice that t — (W7, Ws) is a two dimensional Brownian motion.

dB(t) dBs(1).

Case a=b=1

If both are attracted to each other, then one expects to have convergence of X; and Y; to
the same limit. This is the purpose of the following Theorem.
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Theorem 6.3. Let (X;,Y:): be the solution of (62Z4) with a = b = 1. Then X; and Y;
converge almost-surely to the same limat.

Proof. Since a = b, (Z,, Zy) solves

{ dZy = dWi(t) — [,(Ze — Z,)dsdt , (6.26)

dZ, = dWa(t) — [(Z + Z,)dsdt

From Theorem 1 in [33], Z; converges almost surely to some random variable Z,, which
is finite almost surely. It remains to show that Z; converges almost surely to 0.
From the definition of U; and (E2Z8), we have

t t
Z}=(xz—y)?’+ 2/ Z,dWs(s) — 2/ sZ2ds +t — U} (6.27)
0 0

t t
/ sZ%ds > / Z2ds
0 0

for all ¢ sufficiently large, we obtain

Because

t> U2

In particular, V; = % converges to 0 almost surely. From (6228), we obtain
t2 2 b2 2 b2
Zy=(r—y)e 2z + 62/ ez dWy(s) — 62/ ez Vyds. (6.28)
0 0

Since e’ fot e**ds converges to 0 as t goes to infinity, then by the Dubins-Schwarz Theo-

2 52
rem and the Law of Iterated Logarithm, e T fg ez dWs(s) converges almost-surely to 0.
Therefore, so does Z; and thus X; and Y; converge almost surely to Z,/2. O

The important fact in the proof is that a = 0. So a natural question is

Question 6.3. Does the statement of Theorem remain true if a # b?

Case a=b=-1

If both are repelled to each other, then one expects that X; and Y; get away from each
other as far as possible. We have the following Theorem.

Theorem 6.4. Let (X4, Y;): be the solution of (EZ3) with a = b = —1. Then | X; — Y}|
converges almost surely to oo.

Proof. Since a = b, we have from the definition of U; and Z,

t t
Z}=(xz—y)*+ 2/ ZdWs(s) + 2/ sZids+t+ U} (6.29)
0 0
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t ¢
/ sZ%ds > / Z2ds
0 0

for all ¢ sufficiently large, we deduce that

Because

2
liminf =+ > 1.
t—oo

]

Remark 6.5. I think that either lim;_,o X; = 00 and lim;_,o Y; = —00 or lim;_,oo X; =
—o0 and lim;_, Y; = oco.
Indeed, proceeding like in [33], we have a semi-explicit expression for Xy and Y;; namely

2

:1:+—/ 1+ se” Z/teujdu>d81(s)+G(t)

S

and

I 2
K:HE/ <1+862/ €7du)d32(5)—G(t)
0 s

G(t) = /Ot U3<1 + se=% /teujdu)ds.

S

with

As in the attracting case, the fact that a = b is very important to make the proof
works. Hence the same question holds.

Question 6.4. Does the statement of Theorem remain true if a # b¥

Case a=1 and b—-

This case is the most difficult to treat since X; is attracted by (Yu)ue[o,t}, whereas Y, is
repelled from (Xu)ue[oﬂg]. it would not be surprising to have that Y; goes either to 400 or
to —oo and X; follows Y;.

Question 6.5. Is this the true behaviour of (X, Y;)?
Setting Z; = X; — Y; and Zt = X; +Y;, a more interesting question might be
Question 6.6. What is the behaviour of (Zy, Z;)?

In the previous subsections, we had to analyse the behaviour of Z, and /or Z, in order
to described the behaviour of (X;,Y;). Here, (Z;, Z;) solves the reinforced SDE

dZ, = dWs(t) — tZydt + [y Zodsdt
{ dZ; = AWy (t) — tZdt — [} Z,dsdt
Letting U; = fo Z ds and V, = fo Zsds, we obtain from Ito’s formula
72 = 72 + UV, + 2M,

(6.30)

and t
27,7, = U} — V2 4 2N, — 2/ s(Z2 + Z2)ds,
0

where M, = [} Z,dWa(s) + Z,dWi(s) and N, = [ Z,dWs(s) + Z,dW(s).
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6.2.2 The periodic case

This case was the initial case of interest. However, the study is more complicated as for
the linear case as explained below. Let T = R/277Z.

Let X; = (X1(t), X5(t)) € T? be the solution of the SDE

where (B;) is a two-dimensional Brownian motion and F; is the two variables function

defined by

Fi(xy,29) = a/o cos(x; — Xa(s))ds + b/o cos(zy — Xi(s))ds. (6.32)

As in the linear case, if a > 0 (resp. b > 0), then X; (resp. Y;) wants to maximize
its distance with the past positions of Y (resp. X) until time ¢. So, if ab > 0, one is
expecting to observe a localization result, either at the same place (¢ < 0) or at two
antipodals positions (a > 0).

Figure 6.1: diagram of how the particles should behave when they are both repelled by
the past of the other one.

Following the same idea as in the previous chapters, set, for j € {1, 2}, U;(t) = fot cos(X;(s))ds



6.2. INTERACTING WITH THE PAST OF THE OTHER 167

and V;(t) = fo sin(X(s))ds. Hence, (63T) is translated to the SDE on T? x R*

;

dX\(t) = dBy(t) + a<U2(t) sin( X, (£)) — Va(t) cos(X; (t)))dt
dX5(t) = dBs(t) + b((U1 (1) sin(Xa(t)) — VA (1) cos(Xg(t))>dt
dUL(t) = cos(X,(t))dt (6.33)
dVi(t) = sin(Xy(t))dt
dUs(t) = cos(X(t))dt
[ dVa(t) = ( o(t))dt

Set Z; = X1(t) — X5(t), so that

cos(Zy) = <(cos(Xl(t)),sin(Xl(t))>, (cos(XQ(t)),sin(Xg(t))>>.

In chapter B, we introduced (in the framework of the circle) new variables that corre-
sponded to the scalar product between the accumulation variables (fot cos(Xs)ds, fg sin(X)ds)
with (cos(X3),sin(X})) and (sin(X;), — cos(X})) in order to study the long term behaviour

of X;. Here, we follow the same idea, but because the interaction is with the past of the
other, the scalar product is taken with respect of the accumulation variable from the other
particle; namely we define

C1(t) = Us(t) cos( X1 (t))+ Va(t) sin(X1(t)) and Si(t) = Us(t) sin( Xy (t)) — Va(t) cos(Xq (1)),
as well as
Co(t) = Uy (t) cos(Xa(t))+ Vi(t) sin(X2(t)) and Sa(t) = Uy (t) sin(Xa(t)) — Vi (t) cos(Xa(t)).

Applying 1t6’s formula to (Cy(t), S1(t)), we obtain

Ci(t)\ _ [(—5Si(t) -5 (1) cos(Z;)
d (Sl(t)) = ( a) ) ° dBi(t) + aS(t) Cu(t) dt + sin(Z,) dt (6.34)
From this point, it is easy to see that if one can prove that cos(Z;) converges to 1 when

a,b < 0 or to —1 when a,b > 0, then the techniques used in [63| (see also Chapter @)
imply the almost-sure convergence of X (t) and Xs(¢).

Conjecture 6.5. If a,b < 0, cos(Z;) converges almost surely to 1 and if a,b > 0, cos(Z;)
converges almost surely to —1.

Similarly to the linear case, this conjecture seems to be the key in the resolution of
this problem.

However, following the proof of Theorem B2, we are still able to exhibit a relation if
a=b.
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Proposition 6.8. Assume that a = b and define
M, = —a /O t (Ug(u) sin( Xy (u)) — Va () cos(Xl(u)))dBl(u)
—a /0 t (U1 () sin(Xa(w)) — Vi (u) Cos(Xg(u)))ng(u)
and

Hy = Us(t) cos(Xq(t)) + Va(t) sin( Xy () + Ui () cos(Xa(t)) + Vi(t) sin(Xa(t)).

Then
aH, + g(Ul(t)Ug(t) + Vl(t)VQ(t)> =2a /Ot cos(Zs)ds + My — (M),. (6.35)

This proposition follows from It6’s Formula and equation (6=33). In chapter @, this
"equivalent" equation was sufficient to give all the informations that we needed. However,
it might not be the case here as seen in section Bl. So a natural question is

Question 6.7. Does Equation (633) provide sufficiently informations in order to study
the behaviour of cos(Z;)?
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