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Abstract

Recently, McDuff and Schlenk determined in [19] the function cgp(a), whose value at a is the
infimum of the size of a 4-ball, into which the ellipsoid E(1, a) symplectically embeds (here, a > 1
is the ratio of the area of the large axis to that of the smaller axis of the ellipsoid). This work
is focused on the study of embeddings of 4-dimensional ellipsoids F(1,a) into four-dimensional
polydiscs P(p, 1) = D?(uu) x D?(11), where D?(p1) denotes the disc in R? of area pu, for a € [1,02],
where 02 = 34 2v/2 ~ 5.83 is the square of the silver ratio o := 1++/2. The embedding capacity
function given by cpc(a) = inf {,u ’ E(1,a) < P(u, ,u)} is defined for a € [1,00). As in the
case of embeddings into balls, the structure of the graph of cpc(a) is very rich: since symplectic
embeddings are volume preserving, we always have cgc(a) > \/g and it is not hard to see that
this lower bound is sharp for a > 8, that is the function cgc(a) is equal to the volume constraint
given by \/g for @ > 8. For a less than the square of the silver ratio o := 1 + /2, the function
cgc(a) turns out to be piecewise linear, having the form of a stair with an infinite number of

steps, converging to \/%2 for a — o2. These “stairs” will be determined by the Pell numbers

and we thus refer to them as the “Pell stairs”. For the proof, we first translate the embedding
problem E(1,a) N P(u, i) to a certain ball packing problem of the ball B(2u). This embedding
problem is then solved by adapting the method from McDuff and Schlenk in [19], which finds
all exceptional spheres in blow-ups of the complex projective plane that provide an embedding
obstruction. Furthermore we also prove the equivalence of symplectic embeddings of an ellipsoid
into a polydisc and the embedding of its decomposition into disjoint balls into a ball, that is

E(a,b) — P(c,d) < B(a,b) U B(c) UB(d) — B(c + d).

Keywords. Symplectic embeddings, Pell numbers.






Résumé

Pour un réel a > 1, considérons lellipsoide F(1,a) dont le rapport entre la longeur du grand axe
avec celle du petit axe vaut a. Dans [19], McDuff et Schlenk étudient la fonction cgp(a) qui associe
au nombre a l'infimum de l'ensemble des volumes des boules de dimension 4 dans lesquelles
ellipsoide E(1,a) admet un plongement symplectique. Dans ce travail, nous considérons les
ellispoides E(1,a) de dimension 4 admettant un plongement dans des polydisques P(u,p) =
D?%(u) x D?(u), ott D?(p) est le disque de R? d’aire p, dans le cas ol a varie dans 'intervalle
[1, %] borné supérieurement par o2 = 3 + 2v/2 ~ 5.83 qui est le carré du nombre d’argent o :=
14 1/2. Plus précisément, nous étudions la fonction et capacité symplectique cpe(a) qui associe
aa € [1,00) 'infimum cgc(a) := inf {u | E(1,a) s Py, u)} De méme que dans le cas de
plongements dans des boules, la structure du graphe de cgc(a) s’avére étre riche. Etant donné
que les plongements symplectiques préservent le volume, il est clair que cgo(a) > \/g . De plus
on montre facilement que cette borne inférieure est atteinte lorsque a > 8, c¢’est-a-dire lorsque la
fonction cgpco(a) est équivalente a la contrainte de volume donnée par \/g pour a > 8. Quand a est
inférieur au carré du nombre d’argent o := 14 /2, la fonction cpc(a) est continue par morceaux,
plus précisément il s’agit d’une fonction en escalier avec une infinité de marches convergeant vers

\/"QE quand a — 2. Chaque marche est déterminée via les nombres de Pell, nous les avons donc
naturellement apellées "escalier de Pell". Afin de montrer ce résultat, nous commengons par
traduire le probléme de plongement en un probléme précis du empilement de la boule B(2u). 11
est ensuite résolu en adaptant la méthode développée par McDuff et Schlenk dans [19] qui consiste
& trouver toutes les sphéres exceptionnelles dans les éclatements du plan projectif complex qui
impliquent une obstruction a ’existence d’un plongement. Nous prouvons également léquivalence
entre le plongement symplectique d’un ellipsoide dans un polydisque et le plongement de sa
décomposition en boules disjointes dans une boule, c’est-a-dire E(a,b) <L>P(c, d) < B(a,b) U
B(c) U B(d) — B(c + d).

Mots clés. Plongements symplectiques, nombres de Pell.
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Chapter 1

Introduction

The problem of symplectic embeddings U<>5V between two open subsets U,V € R?, has
been studied much the past three decades. Gromov pin-pointed the difference between volume
preserving embeddings and symplectic embeddings. In his famous Nonsqueezing Theorem (for
more details see Theorem in Section or [7]) he shows that symplectic embeddings
are not only volume preserving, but much more rigid: A ball B(a) (with finite volume) can be
embedded into a cylinder Z(A) (with infinite volume) just by squeezing (linearly) the ball. But
a ball B(a) can be symplectically embedded into a cylinder Z(A) if and only if a < A (for an
illustration see Figure .

v Z(A)

Figure 1.1: For B(a) and Z(A) with a > A, Gromov’s Nonsqueezing Theorem shows that B(a)
embeds into Z(A) but not symplectically.

Thus there is no way to deform a ball using canonical transformations in a way that it fits into
a cylinder with smaller cross-section than the cross-section of the original ball. This shows that
symplectic embeddings are much more special and more rigid than volume preserving embed-
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dings.

In this thesis, we study the symplectic embedding of open symplectic ellipsoids

W(w?+y%)+ﬂ(w§+y3) <1}’

E(ay,as) = {(fl,thz,yz) eR" | ai as

where 0 < a1 < ago, into the open cube, that is the polydisc

P(p, ) := D*(n) x D*(p),

where D?(p) is the open disc of area p. Projecting the ellipsoid E(ay,az) to R?(z1,v1), R?(x2,12)
respectively, this projection is a disc of area aj, as respectively.

We will write C'(u) := P(u, p) for the open cube. Both, the ellipsoid and the polydisc, are open
subsets of R* and thus endowed with the symplectic standard form wgq = dxy A dyy + daxa A dyo
(for more details see Section [2.1)).

1.1 Approaching the problem

To understand the rigidity of symplectic embeddings better, we fix a domain V' C R* of finite
volume and try to determine the k-th packing number

(V) = sup{’w | |?|B<m&>v},

where B(u) := E(u,p) denotes the open 4-ball of radius \/g, ||, B(n) denotes the disjoint

union of k equal 4-balls B(u), Vol(V) denotes the volume Vol(V) := 1 [i, w Aw, for a symplectic

manifold (V,w), and U <25V denotes the symplectic embedding of U into V.

From Darboux’s Theorem it follows that px(V') > 0 always. If pp(V) = 1, one says that there is
a full packing, and if p(V) < 1, one says that there is a packing obstruction. If we would
only consider volume preserving embeddings instead of symplectic embeddings, then all packing
numbers k would always be equal to 1 that is, there are always full packings (see |21, p. 191]).

In important works by Gromov [7], McDuff-Polterovich [17] and Biran [I] all packing numbers
of the ball and the cube in R* were determined. The result for the cube is

E 1 2 3 4 5 6 7 >8

48 224
49 225

(Sl
ol
©loo
—

gle

Dk

This shows, that there is symplectic rigidity for small &, but none for k£ > 8.

Now we look for the smallest polydisc P(u, i), that is the smallest cube C'(u), into which the
ellipsoid E(a1,az) symplectically embeds. By the scaling property of symplectic embeddings,
E(ay,a2) symplectically embeds into C(p) if and only if E(Aaj, Aaz) symplectically embeds
into C'(A\u), we can always assume that a; = 1 and therefore study the embedding capacity
function

cpola) i=inf {u | B(La) < C(u)},
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for a € [1,00). From the facts that symplectic embeddings are volume preserving and cgc(a) is
a continuous, nondecreasing function, we obtain the lower bound

cpc(a) > \/g,

as Vol(E(1,a)) = § and Vol(C(n)) = p*.

Following [15], we will show in Chapter |3| that, if we decompose the ellipsoid E(1,a) into k
disjoint equal balls B(1) then the disjoint union | |, B(1) symplectically embeds into F(1,a),
that is, | |, B(1) symplectically embeds into C (), whenever the ellipsoid E(1,a) symplectically
embeds into C(u); the converse is also true. However, our ellipsoid embedding problem now
interpolates the problem of packing k equal balls, and we obtain

_ kVol(E(1,k)) k
pe(C) = Vol(C(cec (%))~ (cm

Q
—
oy
~
~—
[\

1.2 Statement of the result

Following the work of McDuff and Schlenk in [19], we will find an analogue to the stairs de-
termining the capacity embedding function cgp(a) of 4-dimensional symplectic ellipsoids into
balls. For symplectic embeddings of ellipsoids into balls they found the so called Fibonacci
stairs on [1,7%], where 7 denotes the golden ratio 7 := 1+T\/5 Similarly we find a significant
point for the embedding capacity function of 4-dimensional symplectic ellipsoids into polydiscs
at a = 02 = 34 2v/2 ~ 5.83, where o := 1 + /2 denotes the silver ratio. Thus, as there is
a relation between the Fibonacci numbers and the golden ratio, we started searching for the
analogue of the Fibonacci numbers, the Pell numbers. Thereby we were able to determine the
embedding capacity function c(a) := cgc(a) of 4-dimensional symplectic ellipsoids E(1,a) into
polydiscs P(u, u) = C(u), on [1,02] by the so called Pell stairs (see Figure .

IS

Figure 1.2: The capacity function c¢(a) and the volume constraint \/g .
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In Chapter @ we will already prove that c(a) is equal to the volume constraint \/g for a > 8, that
is, symplectic rigidity for the problem of symplectic embedding of E(1,a) into C'(u) disappears
for a > 8.

To be able to determine the function c(a) for a € [1,02%] completely, we will introduce two
recursively defined sequences of integers in Section The so called Pell numbers P, are
defined by

Py:=0, P =1, P,:=2P, 1+ PF, o forn>2,
and the half companion Pell numbers H, are defined by
Hy:=1, H =1, H,:=2H, 1+ H,_5 forn>2.
We thus obtain the infinite sequences
Ph=0, P=1, P=2 P3y=5Py=12, P5=29,

and
Hy=1, Hy=1, Hy=3, H3=7, Hy=17, Hs;=41,

From these sequences P,, and H,, we can define (as in Section [7.2)) the sequences

2
T z
ap = —, 'yn::—”2 forn>1
Tn—1 2yn
and )
2
By = It = I o > ),
Yn Ty
where

Tp = Pop + Pop1 = Hopy,  and g, := Pop
forn > 1 and zg := 1, yp := 1. We will show that

Bo<dg<ar <y <P1<... <1 <ap<Yn <P <p<ani1 <...

for all n > 1 and that the sequences (), 15 (Bn)p>0s (Wn)psq and (8,),5 converge to o =

34+ 2v2.

As in [5], we will reduce this notation of four sequences oy, B, v, and &, to two sequences
(M) >0 and (Vn),,>(, to show the analogy to the two sequences in [I9] and to be able to give the
reduction later. These two sequences (1,),,5q and (9,),,5 will be different for n odd or even, as
one already notices in the above definition of ay,, Bn, Vn and J,. They are defined by

2P?2
ﬁ if n is even, HI?Q if n is even,
27;;1 if n is odd; Z_f if n is odd.
n n
The first terms in these sequences are
9 50 1
770:2<19o:3<771:§<191:5<7]2=§<192:§<....

More generally, for all n > 0,
e <My <y < M1 < g1 < ey
and both sequences converge to o2, as (n)p>15 (Bn)psor (n)p>1 and (6n),,50 converge to o2,

We will prove that
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Theorem 1.2.1 The following hold for the embedding capacity function c(a):

(i) On the interval [1,0?],

1 if a€ll,2],
1
a if a€ [N, ,
(@) =4 Vo s ]
77n2+1 if a€ wm 77n+1] )

for allmn >0 (see Figure ,

(ii) For a > 8 we have c(a) =

[SJES

N[ =

B
4 5 o2 6 7

Figure 1.3: The Pell stairs determining the capacity function c(a) on the interval [1,02] and the

volume constraint /4 determining ¢(a) on the interval [8, 0c).
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Chapter 2

Preliminaries

This is the foundational chapter about the mathematical setting on which the later chapters
are based. In the Section we will introduce the definitions of a symplectic manifold and a
symplectic embedding, and some of their basic properties. In Section we will describe the
setting of our problem and use the latter definitions. We are then already able to define our
problem by means of a function and give a first constraint.

2.1 The mathematical setting
2.1.1 Linear Symplectic Geometry - basic concepts
We start introducing the subject by the definition of a symplectic vector space.

Definition 2.1.1 A symplectic vector space is a pair (V,w) of a finite, even-dimensional
vector space V' and a bilinear form
w:V xV =R,

satisfying the following two conditions:

skew-symmetry: For ollv,w eV,
w,w) = —w(v,w).
nondegeneracy: For everyv € V,
wlv,w)=0YVweV = v=0.

A bilinear, skew-symmetric, nondegenerate form w is called a symplectic form or symplectic
structure.

Remark 2.1.1.1 The vector space V' has to be of even dimension. Otherwise there is a contra-
diction to the nondegeneracy since a real skew-symmetric matrix of odd dimension must have a
kernel.

Example 2.1.2 The vector space R*™ equipped with the standard symplectic structure

n
wea = Y d; Ady;,
i=1

where x,y € R", is called the standard symplectic space (R?", wyq).
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Definition 2.1.3 A linear map
v (Vl,wl) — (VQ,WQ)

between symplectic vector spaces (Vi,w1) and (Va,ws) is called symplectic if it preserves the
symplectic structure, that is

\I/*(,UQ = WQ(\I", \I/> = Wwi.

2.1.2 Symplectic manifolds

Now let M be a C"*°-smooth manifold without boundary of even dimension 2n.

Definition 2.1.4 A symplectic manifold is a pair (M,w) of a 2n-dimensional smooth mani-
fold M and a nondegenerate closed 2-form w € Q?(M).

Remark 2.1.4.1 A symplectic form on a surface is an area form. Hence a surface admits a
symplectic structure if and only if it is orientable.

Examples 2.1.5 Let
Z(a) := D?*(a) x R?

denote a symplectic cylinder in R*, where D?(a) is the open disc of area a, let

'/Tq;2_|_ 2 7T.’B2+ 2
E(a1,az2) ¢:{($17’y1,l‘2,y1)€]R4| (3 y1)+ (73 y2)<1}

al ag
denote the ellipsoid with areas ay, as respectively, where 0 < a1 < as, and let
P(a1,a2) = D*(a1) x D?*(ay)

denote the open polydisc. The symplectic form on these subsets of R* is taken to be the restriction
of the standard symplectic form wsa = dz1 A dyr + dae A dya as introduced in Example [2.1.3

Definition 2.1.6 Let (M;,w1) and (M, ws) be two symplectic manifolds of dimension 2n. Then
@ (M, wr) = (Ma,ws)

is called a symplectomorphism, if ¢ is a diffeomorphism and ¢*(w2) = wi. If such a symplec-
tomorphism exists, the two symplectic manifolds (M1, w1) and (Ma,ws) are called symplecto-
morphic.

Example 2.1.7 The open disc D?(a) and the open square (0,a) x (0,1), both endowed with wsq
as subsets of R?, are symplectomorphic. Thus, P(a,a) := D?(a) x D?(a) is symplectomorphic to
the cube C(a) := (0,a) x (0,1) x (0,a) x (0,1).

Notation 2.1.8 The ball E(a,a) of radius \/% is from now on shortly denoted by B(a) and the
polydisc P(a,a) by C(a).
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2.1.3 Symplectic embeddings and the embedding capacity function

Definition 2.1.9 Let (My,w1) and (My,we) be two symplectic manifolds of dimension 2n. A
symplectic embedding
@ (Ml,wl) ‘;(MQ,OJQ)

18 a smooth embedding
o (My,wr) — (Ma,ws)

with *we = wy.

Since symplectic embeddings are volume preserving, a necessary condition for the existence of
a symplectic embedding (M, w;) —(Ma,ws) is that Vol(M;) < Vol(Ms). Schlenk proved in
[20] that for volume preserving embeddings this is the only condition. However, for symplectic
embeddings Gromov proved in [7] the following:

Theorem 2.1.10 (Gromov’s Nonsqueezing Theorem) There exists a symplectic embedding
of the ball B(a) into the cylinder Z(A), if and only if a < A.

Remark 2.1.10.1 Notice that the volume of a cylinder Z(A) = D?(A) x R? is infinite for any
A > 0. However, Gromov’s Nonsqueezing Theorem shows that the ball B(a) embeds symplecti-
cally into Z(A) if and only if a < A.

Example 2.1.11 There exists a symplectic embedding of the ball B(a) = E(a,a) into the cube
C(A) = P(A, A) if and only if a < A.

Definition 2.1.12 The embedding capacity function c: [1,00) — R is given by

c(a) ::mf{u | E(1,a) < C’(M)}. (2.1)

The first necessary restriction for the existence of a symplectic embedding is the volume con-
straint:

Lemma 2.1.13 The embedding capacity function c(a) is bounded by

c(a) > 3

Proof. Symplectic embeddings preserve the total volume, as they preserve the Euclidean volume
form w A w and are injective. This means in our case, that if E(1,q) <5 P(u), then

Vol(E(1,a)) < Vol(P(u)).
As Vol(E(1,a)) = & and Vol(P(u)) = Vol(D?(,/n)) - Vol(D?(,/k)) = p?, it follows that p? > %
and thus the embedding capacity function is bounded by
>4 =.
cla) > 5
]

More important properties of the embedding capacity function are given in the following lemma.

Lemma 2.1.14 The embedding capacity function is nondecreasing and continuous. Further, for
b > a > 0 it holds that
a-cb) <b-c(a). (2.2)
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Proof. The monotonicity comes directly from the definition of c(a). Let E(1,a) — P(u), then

also
\/EEu, a) < ﬁw),

where \/gE(l,a) = E(g,b) and \/EP(,M) = P(%M). Thus as E(1,b) C \/EE(I,Q), we obtain
that
a

.ML®¥;P<%O.

It follows that ¢(b) < %c(a). The continuity of ¢(a) follows by simple dilation arguments. [

Lemma 2.1.15 The function c(a) has the following scaling property: For all A > 1,

c(Aa)
Aa

Proof. By definition of c¢(a), E(1,a) — C (c(a) + €) for all & > 0. Since E(1,a) symplectically
embeds into C'(A) if and only if E(A, Aa) symplectically embeds into C(AA), this is equivalent
to

E(\ ) — C (Ac(a) +¢), foralle>0.

Since E(1,Aa) C E(A, Aa) when A > 1, this implies that
E(1,Xa) < C (Ae(a) + €)
for all e > 0. Thus

¢(Aa) := inf {A : E(1, Ma) < C(A)} < Xc(a) = /\a@,

a

as claimed. [

The monotonicity and scaling property of ¢(a) are enough to determine the function c(a) on the
interval [1, %], where 02 = 3+ 21/2 and o := 1+ /2 is the silver ratio. It turns out that on this
interval, ¢(a) is determined by a step function that we will call the Pell stairs, as it is determined
by sequences of combinations of the Pell numbers, which are introduced in Section [7.1]

2.2 Blowing up and down

Here, we first introduce the complex blow-up and blow-down, and then introduce its symplectic
analogue, the symplectic blow-up and blow-down. Its applications to symplectic embedding
problems are due to McDuff.

The following discussion closely follows [I8]. Its focus is on the case n = 2 (for more details see
21, [6] and [18]).
2.2.1 Blowing up in the complex category

We first consider the local model, that is blowing up the manifold C”, and then consider the
general case of blowing up a complex manifold M at a point py € M.
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The local model

Let C™ be the n-dimensional complex space and let CP™ ~ ((C’"”rl \ {0}) / ~, where ~ denotes

the equivalence relation
x ~y < I\ € C* such that Az =y,

be the complex projective space.
Consider the subset C? C C" x CP"1 given by
Cn .= {(z,0)|z € £} cC" x cprt
={(z1,. ., zni (w1 1 ... wp)) |wjize = wez; Vi, kY

that is C" is the space of pairs (z,¢), where £ € CP"! is a complex line in C" and z € / is a
point on this line.

There exist two projection maps:
pr : Cr — Cprl
(z,0) —> 1

and —
e . C~ — C"

(z,0) — =z

For these two projections keep in mind the following picture:

c"
%
(2,0)
P pr
m m
c” cp"

The projection pr : Cn —s CP™ ! s the tautological line bundle
L=1L (pr,@l, (CP"_1>
over CP"~1. The fibre of L over [wy : ... : w,] € CP""!is the corresponding line
{()\wl, ce Awy) ‘/\ € C}
in C™.
For the zero section oy of L, that is
oo : L—(0,0),

it holds that
oo =pr ! ([0)) = &' (0) = CP" .
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Definition 2.2.1 The preimage of ® at 0 € C™, that is the zero section Lg of the line bundle
L (pr,(C”, CP"‘1>, 1s called the exceptional divisor and denoted by
¥ =31 (0) (= Ly).
Note that .
<1>|@7L\Z : Ch\ Y — C"\ {0}

is bijective. Thus we may think of C" as obtained from C" by replacing the origin 0 € C™ by all
lines ¢ € C™ through the origin, i.e. ¢ with 0 € ¢, that is CP"~!.

Definition 2.2.2 The map s
® . Cr—C"

is called the blow-up of C" at the origin.

Since in this work we are mostly interested in the case n = 2, we will now have a closer look at
this.

Lemma 2.2.3 When n = 2, the first Chern number of L (pr,@,(CP1> is —1.

Proof. Recall that s
C? = {((z,y),[v:w]) e C? x cp! ‘ Tw=yv}.

The manifold C2 x CP! is covered by the charts

Vi={((z,y),[v:1])}
Vo ={((z,y),[1:w])},

that cover all of C? x CP! except C?xthe north pole, C?xthe south pole respectively.
Thus L is covered by the charts

Ui = {((x,y),[v : 1]) ‘ :U:yv} g(CQa
Uy = {((x,y),[l w)) ‘ Tw :y} ~ C2,

If (y,v) are the coordinates on Uy and (x, w) are the coordinates on Us, thenif v # 0,y = ¥ = zw,

that is % = w, the glueing map is given by
1
xr=yv and w=— (forv#0).
v

Over the equator C'= {[1: w] | |w| =1}, we obtain the transition function

CxC — CxC

(x,w) +— (xw,%) = (y,v).

If we parametrize C' with the positively oriented coordinate @ by €™, then the transition function
induces the map

1 —2mif
0 — W = e ™,
The first Chern number is given by the degree of this map, which equals —1. ]

Lemma is an exercise in [I8]. One can find its generalization in [18, Lemma 7.1].
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Blowing up a complex manifold at a point

In [4], Cieliebak proves the following:

Lemma 2.2.4 Every biholomorphism ¢ : C* — C" with ¥(0) = 0 lifts to a biholomorphism
P Cr — C™ with ¢ (X) = X.

Sketch of the Proof. Cieliebak’s proof is based upon the definition of 1; using the differential
to map lines to lines:

~ ] WG) () if z+#0,
vi=0 = { (0, Tof);  if z2=0,

and proves that this map is continuous. With similar arguments as Cieliebak uses for the conti-
nuity of ¢, it follows that 1) is smooth and holomorphic and thus biholomorphic. ]

This allows us now to define the blow-up of a complex manifold at a point.

:

c" c"

Y

>

M

Figure 2.1: Mapping the point pg to the origin of two biholomorphic charts of M.

Definition 2.2.5 The blow-up Mpo of a complex manifold M at pg € M is the complex manifold
]\Ajpo = M\{pO} Ug A

obtained by replacing the small disc A C M, centered around pg € M, with A together with the

natural projection map .
®: My, — M.

Remark 2.2.5.1 Constructing the blow-up of M at py € M, that is ]\7;,0, proceeds as follows:
Choose a holomorphic coordinate chart that maps pp to the origin 0 of C" (see Figure .

The biholomorphism ¢ : C* — C" with ¢(0) = 0 lifts to the biholomorphism
N

as described above. For an illustration see Figure [2.2
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Figure 2.2: The blow-up of M at pyg.

As the projection .
P Mp, \ X — M\ {po},

where ¥ = ®!(pp), is a diffeomorphism and as ¥ = ®~1(0) = CP""!, the complex blow-up
M, is diffeomorphic to the connected sum M#CP", i.e.

M, = M#CP",
where CP" denotes the manifold CP™ with the opposite orientation.

Here CP"~! carries the opposite orientation of (CP™), because the connected sum of two oriented
manifolds M; and M> is constructed by removing two small discs A; C M;j, for j = 1,2,
and then identifying the boundaries via a smooth map ® : 9A; — 9As, which extends to an
orientation-preserving diffeomorphism from a neighbourhood of A1, i.e. the thickened boundary
of M1\ 0A1, to a neighbourhood of 9Ag, i.e. the thickened boundary of M3\ dAs. This extension

must interchange the inner and the outer boundaries of the annuli.
Here M; = M and My = CP", thus keeping the orientation of M on the thickened boundary
0 (M \ Ay), implies that the orientation on the thickened boundary of 9 (CP™ \ Ag) is reversed.
For an illustration see Figure
Note that the thickened boundary 0 (CP™\ Ag) = CP"~! equals the normal bundle vs,.
The reversed orientation of 0 (CP™ \ Ag) yields that

M, = M#CP~,

with CP™ the opposite oriented manifold CP™.
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8 (M\ Ar) a(W\AQ)

Figure 2.3: The orientations of the thickened boundaries.

The opposite process to blowing up is blowing down, where the exceptional divisor 3 is replaced
by a single point pg. To blow down a manifold, following [I8§], it is enough to find a copy ¥ of
CP" ! whose normal bundle vs, has the correct first Chern class.

For the case n = 2, one can blow down any holomorphic copy of CP! with self-intersection
number —1.
2.2.2 The symplectic blow-up

In Subsection [2.2.1], we introduced the complex blow-up. Thus blowing up a complex manifold
can be pictured as removing the interior of a disc around a point py and replacing it by the
exceptional divisor ¥, that is diffeomorphic to CP"~!. Accordingly blowing down can be pictured
as removing the exceptional divisor and glueing in a ball.

In order to define the symplectic analogue of the complex blow-up, one has to endow the blown
up manifold M with a symplectic form. Thus, the focus lies on what happens to the symplectic
form during this procedure of blowing up and down a symplectic manifold.

We closely follow [1], [I7] and [18]: Let (M, J,w) be a Kdhler manifold and let
&M — M

be the blow-up of M at a point pg € M. Then ®*w is not a symplectic form on M , as it vanishes
on the exceptional divisor:

*w(x) (v,w) = w(0) (DP(0)v, DP(0)w) =0

for z = (0,¢), v,w € TE. Let
L=CrcCrxCcpt

be the tautological line bundle with the projections
pr : cr — Cprl
(z,0) — 1

and
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introduced above. Define
B(0) :={z€C" | |z| <4},

B(0) :={z€C" | |2| <4},
L(8) =o' (B).
Now we define for each A > 0 a K&hler form on L by
p(A) = ®*wy + A?prin,

where 7y is the standard Kihler form on CP"~!, that is

(LoN) -2 (€ w)

I

((CPn_l, 7'0)

Definition 2.2.6 An embedding
F : C"\{0} — C"

is monotone if
z

F(z) = f(lz]) - =
2|
where f: (0,00) — (0,00) is a strictly increasing function.
Remark 2.2.6.1 In spherical coordinates (u,r) € S?"~1 x (0,00), F can be written as

(u, ) — (u, ().
Lemma 2.2.7 For every monotone embedding F : C™ \ {0} — C™, the form F*wq is Kdhler.
For the proof see [I8, Lemma 7.10].
Lemma 2.2.8 (18], Lemma 7.11) For every \,§ > 0 the set (L (§) — Lo, p (\)) is symplecto-
morphic to the spherical shell (B (\/)\2 + 62> - B ()\),w0> in C".

Proof. Identify L\ Lo with C" via ®, such that the bundle projection becomes
pr : C"\ {0} — CP" !
that is

(L\ Lo, p(A)) —2— (C\ {0}, F'wp) —LF— (C",wp)

((Cpn_l, 7'0) .
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Define on the bundle
pr :C"\ {0} — cp"!

the 1-form .
0 :=—d <4log \z|2) oJ.

Then one can compute that
d (|z|29) = wp and df = pr*ry.

Consider the map

F . ch\{0} — C"\BO

z — \/|Z|2+)\2i

KN
Since 6 has no radial component, § and F*6 equal their restrictions to spheres around the origin,
but between such spheres F' acts as a homothety and 6 is invariant under homotheties. Hence,

F 0 =20.
It follows now that
Frwy = F* (d (|2]%0))

— ar” (|:1%)

= dF* (|2) A F* ()

=d(]z2*+ )0

=d (]z]*) 0 + \*df

= wo + A2pry.
And finally

" (F*wy) = @~ (wo + )\Zpr*m) )

So F o @ is the required symplectomorphism. ]

Now let (M,w) be a symplectic manifold and

¢ B7(A) — M

a symplectic embedding of a closed ball B?*(\) into M. As, by definition, a symplectic embedding
of a closed ball is the symplectic embedding of an open neighbourhood of the closed ball, 1
extends to a symplectic embedding

Pyt BP(VA2 + 82) < M
for small 6 > 0. Now define
M = (M \ o (32" (\/v n 52))> U L (5)
glued via the symplectomorphism of the above lemma. Define on M the symplectic form cw,, by
N W on M\ (32” (\/)\2+52)),
Wy =
p(N) on L(6).

Since on the boundary w equals p, the form cw, is well defined.

Definition 2.2.9 The symplectic manifold (M, @¢), as constructed above, is called the blow
up of (M,w) of weight \.






33

Chapter 3

Equivalent symplectic embeddings

Following [5] and [19] we will give an introduction to the basic number theoretical concepts in
Section . Then we explain the canonical decomposition of E(1,a), with a > 1 rational, into
a disjoint union of balls in Section We will represent open balls and open polydiscs in a
different way than products. These representations will be essential to prove the equivalence of
symplectic embeddings of an ellipsoid into a polydisc and the embedding of its decomposition
into disjoint balls into a ball (see Proposition .

3.1 Number theoretical concepts: continued fractions and weight
expansions

Definition 3.1.1 Let a € Q. that is a = g for some p,q € N. The weight expansion
w(a) := (wi,...,wr)

of a > 1 is defined recursively as

o wi:=1 and w; > wiy1 for all 7,

o if wy > wip1 = ... = wy, where wg := a, then

v W, if w1+ Fwegr = (0 —i + Dwiy < w;
ntl w; — (n —i)wir1, otherwise,

e the sequence stops at w, if the above formula gives wyp4+1 = 0.

The i-th entry w;(a) of the weight expansion w(a) is called the i-th weight of a. The number
£(a) of nonzero entries of w(a) is called the length of a. We will write shortly w for w(a) if
there is no danger of confusion.

For p,q € N coprime, i.e. if a = % s given in lowest terms, we will call
Wi(a) :=q-w(a) (3.1)
the normalized weight expansion.

Example and notation 3.1.2 Let a = %0. Then the weight expansion is given by

w(2) = (Luna 2 s s s o).
9 9°9°9°9'9°9
For a visualization see Figure[3.1. Here it is illustrated how one obtains the weight expansion by
cutting a rectangle into squares.
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=~

50

Figure 5.1: The weight expansion for a = 5.

Observing that the weight expansion of a = % > 1 consists of N + 1 blocks on which the weights

w; of a are constant, we obtain

W(a) == (2o, ..y X0y TLyev ey Tlyene y TNy )
—_———

I In

lo

Sincea > 1, we have xg = 1. Thus 1 =a—Ilp<landforall2<i< N, x; =x;_0—l;_1-x;_1.
Moreover, the length of each block gives the continued fraction expansion of a, since

= [lo;ll,...,lN].

a=1ly+ 1

1

..+m

Thus, one can write the weight expansion of a shortly as

w(a) = (xglo,xlxh, . ,a:IXVlN)

and read the continued fraction expansion from the multiplicities:

a = [l(];ll,...,lN].
Example 3.1.3 The weight expansion of a = % can be shortly written as
50 54 174
e — 1><5 - - =
v ()= (555 )

where one can read the continued fraction expansion from the multiplicities:

20

— =15;1,1,4].
> = (51,14
Indeed,
1 50
+
1—|—z£I

A very useful tool for our work is the following lemma from McDuff and Schlenk |19, Lemma

1.2.6).

Lemma 3.1.4 (McDuff-Schlenk [19], Lemma 1.2.6) Let w := (wy,
= g 1s given in lowest terms. Then

..,wypr) be the weight

expansion of a = g > 1, where a
: _1
(Z) wMm = 67

.. 2 M
(i) |[wl* = (w,w) = 35, wi = a,
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(iii) Yl wi=a+1—1

Notation 3.1.5 For vectors v € R®, w € R, with s < t, define

S
(v,w) = mei,
i=1

i.e. the Fuclidean scalar product on R?.

3.2 Several representations of open ellipsoids and open balls

Recall that we defined the open ellipsoid of area aj, as in Subsection as

(2 +i) | mlay+ys) _ 1} 7

™
E(a1,a2) := {(90173/17302,1/2) e R
aq a9

where 0 < a; < a9, and the open polydisc
P(a1,a) := D*(a1) x D?*(ay),

where D?(a) is the open disc in R? of area a. An open ball in R* is denoted by B(a) := E(a, a)
and C(a) := P(a,a) denotes the open cube (see Example [2.1.7)).

Now let
O(a, b) := (0,a) x (0,b)

denote the open square in R2. Since the open square (0,a) x (0, 1) is symplectomorphic to the
open discs D?(a), the open polydisc P(a,b) := D?(a) x D?(b) is symplectomorphic to the open
cube

(0,a) x (0,1) x (0,b) x (0,1) = O(a,b) x O(1,1) C R*(x) x R%(y), (3.2)

where R?(z), R?(y) denote the (z1,x2)-plane, (y1,y2)-plane, respectively. Consider the simplex
Aa) == {(z1,22) € R*(z) | x1,22 > 0 and o1 + 32 < a}.

Traynor shows in [22, Proposition 5.2] that the open ball B(a) is symplectomorphic to the product

A (a) x O(1,1) € R?*(z) x R*(y). (3.3)

3.2.1 The image of the moment map

We explain how one can represent a 4-dimensional symplectic manifold by a polytope in R2.
Therefore we first describe this representation for an open polydisc P(c,d) C R%.

Denote by wgp the Study-Fubini form on the complex projective plane CP?, normalized by
f(CPl wgp = 1. For (CPQ,awSF) we will write shortly CP?(a). Its affine part CP%?\ CP! is
symplectomorphic to the open ball B(a):

Remark 3.2.0.1 For a = 7, the embedding

z=(21,22) — [zl t29 04/ 1 — ]2]2}

is symplectic.
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The standard T?-actions on C? and CP? are given by

T2 . C? — C?

(Zly ZQ) — (ei27rp1217 ei27rp222) ,
where p1, p2 € [0, 1], and

2. CP? — Cp?

127 p1 127 p2

[zozz1:22]»—>[z0:e z1:e 22],

where [2g : 21 : 29] denote homogeneous coordinates in CP?.

The corresponding moment maps p are

p: C*— R;O
(21,22) — (m|z1]?, 7[22]?)
and
p: CP* — R,
(m|z1]?, m|22]?)
|20]2 + |21]% + |22]?

[20 : 21 : 29] —
Following [I1], the image of the open ball B(A) is the open triangle
{(z,y) |z +y < A} C RQZO.
For an illustration see Figure [3.2]

Z2

Figure 3.2: The image of an open ball B(A) under the moment map p in Rzzo-

Remark 3.2.0.2 Permuting the coordinates of CP2, one can identify neighbourhoods of [1: 0 :
0, [0:1:0]and [0:0: 1] in CP? with neighbourhoods of 0 in C? and thus we obtain the image
of a ball of the moment map as in Figure see [11].
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/

P

d

2 _
‘ as x1

ay
Figure 3.3

Considering now the polydisc P(c,d) under the image of the moment map of the usual T%-action
on C2%, P(c,d) is mapped to the rectangle [0, c) x [0,d) C R?(z), see Figure

T2,

P(c,d)

|

|

!

!

|

|

|

|

|

|

|

|

|

|

|

|

.
xT

c 1

Figure 8.4: The moment image of P(c,d) in R?(z).

3.3 Equivalence of symplectic embeddings

McDuff proved in [I5] the following

Theorem 3.3.1 (McDuff [15]) Let a,b > 0 be two rational numbers. Then there ezists a finite

sequence (w1, ..., wpyr) of rational numbers such that the closed ellipsoid E(a,b) symplectically
embeds into the ball B(A) if and only if the disjoint union of balls U; B(w;) symplectically embeds

into B(A).
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Notation 3.3.2 Let a,b > 0 such that § is rational. Without loss of generality we assume that
¢ is given in lowest terms. Then B(a,b) denotes the canonical decomposition of an ellipsoid
E(a,b) into M disjoint balls, that is

Bmﬁy:UBmm (3.4)

where w; denotes the i-th entry of the weight expansion w(§) = (w1, ..., war).

For more details on the canonical decomposition of an ellipsoid into disjoint balls by the weight
expansion see [15].

We will now prove the following proposition with the help of the constructions in Section [3.2] as
in [5].

Proposition 3.3.3 Let a,b,c,d > 0 with § rational. Then there exists a symplectic embedding
E(a,b) N P(c,d) if and only if there exists a symplectic embedding

B(a,b) U B(c) UB(d) — B(c +d).
Proof. Let a,b,c,d > 0 with 7 rational given in lowest terms. We need to show that
E(a,b) — P(c,d) <= B(a,b) U B(c) U B(d) —» B(c+ d),

where B(a,b) denotes the canonical decomposition of an ellipsoid F(a,b) into M disjoint balls:
E(a,b) = | |B(wy),

where w; denotes the i-th entry of the weight expansion w(3) = (w1,...,war). Given an em-
bedding

E(a,b) = P(c,d),
decomposing F(a,b) into finitely many disjoint balls B(a,b) (see (3.4)) as in [15], yields that

B(a,b) — P(c,d) (3.5)

and hence

S

(1 - &)Bla,b) — P(c, d)

holds for any € > 0.

Using the presentation given in Section we obtain with (3.2)) that the open polydisc P(c,d)
is symplectomorphic to
O(e,d) x 0O(1,1) € R%(x) x R*(y).

Similarly, using the presentation (3.3)) from Section the open ball B(c) can be seen as

A(e) x O(1,1) € R%(z) x R2(y).

As mentioned above, as B(a, b) — P(c,d), also (1 —)B(a, b) — P(c, d) holds for ¢ > 0. From
the embedding shown in Figure [3.5 we thus obtain the symplectic embedding

(1 —£)B(a, b) U B(c) U B(d) — B(c + d). (3.6)
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T2

C+d‘T\\

Figure 3.5: B(c)U B(d) U P(c,d) C B(c+ d) represented in R?(x).

The symplectic embedding ([3.6)) holds for every € > 0. Thus with McDuff’s Theorem 1.1 in [15]
it follows that
B(a,b) U B(c) U B(d) — B(c + d)

holds.
We assume now that B(a,b) Ll B(c) Ll B(d) symplectically embeds into B(c + d) and verify that

then also
E(a,b) < P(c,d)

holds.

As B(a,b) U B(c) U B(d) — B(c + d), also

(1—¢)B(a,b) UB(c— ) UB(d — ) —s B(c+d)

for all € > 0, and then also

(1—¢)B(a,b) UB(c—e) UB(d — &) —s CP*(c + d).

We can assume that the balls B(c — €) and B(d — ¢) lie in CP%(c+d) as illustrated in Figure
According to [14], the space of symplectic embeddings of B(c — &) U B(d — ¢) into CP?(c +d) is
connected. Thus, as any such isotopy extends to an ambient symplectic isotopy of CP?(c + d),
the balls B(c — ¢) and B(d — ¢) can be moved by an ambient symplectic isotopy of CP?(c + d)
to the location in Figure [3.6]

From this we can conclude that the image of the disjoint balls (1 — €)B(a,b) must lie over the
shaded closed region in Figure However, since the balls B(c —¢) and B(d — ¢) are closed,
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c+d -

Blc—¢)

d+e

B(d—¢)

T I =
c c+e c+d

Figure 3.6: The location of B(c —¢) and B(d — ) in CP?(c + d).

the image of (1 — €)B(a,b) under the moment map cannot touch the upper horizontal or the
right vertical boundary of the shaded region.

Moreover, according to [I7, Remark 2.1.E|, we can assume that this image lies in the affine part
of CP?(c + d), that is the image of the disjoint balls (1 — ¢)B(a,b) lies in CP?(c + d) \ CP!
not touching CP! (see Figure . Thus the image of (1 — ¢)B(a, b) lies over the shaded region
without the dark segment, and hence, by Subsection , in Plc+e,d+e¢).

c+d .
5e=5 Plc+e,d+e¢)
d+e
d - '

4 3 -
c c+e c+d

Figure 3.7: The moment picture of CP2(c 4 d) with the affine part CP2(c +d) \ CP' %~ B(c + d).
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Because of the scaling property of symplectic embeddings, we can assume without loss of gener-
ality that ¢,d > 1. Then
P(c+e,d+¢) C (1+¢€)P(c,d),

and thus
(1-¢)B(a,b)— P(c+¢e,d+¢) C (1+¢)P(c,d).

Following the same arguments as McDuff for Theorem 1.5 in [15] (McDuff considers embeddings
of ellipsoids into open balls), then also

(1 —¢)E(a,b) —=(1 +£)P(c, d),

hence

(11?)13(61,13)%13@,(5).

Finally, using the connectedness of the space of symplectic embeddings of an ellipsoid into P(c, d)
(see [15]) we can conclude that

E(a,b) < P(c,d).
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Chapter 4

Relations to ECH-capacities

In this chapter we present a more combinatorial, but non-explicit, way of describing the embed-
ding function cgc(a), that has been found by Hutchings. In [9] he assigned a sequence of real
numbers, called the ECH-capacities, to each four-dimensional Liouville domain. Among others,
he computes the ECH-capacities of ellipsoids, polydiscs and disjoint unions of these in [9].

4.1 Hutchings’ ECH-capacities

We will first describe Hutchings ECH-capacities of ellipsoids and polydiscs. Let therefore a,b > 0.
Recall that the ellipsoid E(a,b) and the polydisc P(a,b) are defined as

2 2 2 2
+ +
W(xla Yi) +7T(=T2b Yy3) <1}

E(a/7 b> = {(371,:1/1,1'273/1) cR*
and
P(a,b) := D*(a) x D2(b),

where D?(a) denotes the 2-disc in R2.

Let Ng(a,b) denote the sequence that is formed by arranging all numbers of the form ma + nb,
with m,n € Ny, in nondecreasing order (with multiplicities). Then for k > 0, Ng(a,b); denotes
the k-th entry of the sequence Ng(a,b), counted with repetitions.

In [9], Hutchings proves the following.

Proposition 4.1.1 (Hutchings, Proposition 1.2, [9]) The k-th ECH-capacity of an ellip-
soid is given by
ko (E(a,b)) = Ne(a,b)gi1,

for k> 0.
Remark 4.1.1.1 The numbers c§,,;(E(a,b)) are called the ECH-capacities of E(a,b).
Moreover, for polydiscs, Hutchings proved in [9] that

Theorem 4.1.2 (Hutchings, Theorem 1.4, [9]) The ECH-capacities of a polydisc are given

by
Ko (Pla,b)) = min{ma+nb | m,n € No; (m+1)(n+1)>k+1},

for any k > 0.
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Examples 4.1.3 (a) For E(1,2), the ECH-capacity is
ceen(F(1,2)) ={0,1,2,2,3,3,4,4,4,5,5,5,6,6,6,6,7,7,7,7,...}
that is, written in short terms,
cpon(B(1,2)) = {Oxl, 1X1, 92 gx2 4x3 5x3 gxd x4 } ‘
The 6-th ECH-capacity is given by

cpon(B(1,2) = {4}.

(b) The ECH-capacity for the ball B(1) = E(1,1) is

ceca(B(1)) = cecu(E(1,1))
—{0,1,1,2,2,2,3,3,3,3,4,4,4,4,4,5,5,5,5,5,5,6,6,6,6,6,6,6,...},

that is, written in short terms,

CECH(B(I)) — {OX].7 1X2,2X3,3X4,4X5,5X6,6X7, 7X8,8X9,9X10, o } )

(¢) The ECH-capacity for the cube C(1) = P(1,1) is

cecu(C(1)) = cecu(P(1,1))
= {0,1,2,2,3,3,4,4,4,5,5,5,6,6,6,6,7,7,7,7,8,8,8,8,8,9,9,9,9,9,...},

that is, written in short terms

CECH(C(l)) — {0x17 1X172X2,3X2,4X3,5X3,6X4, 7X4,8X5,9X5, . } )

4.2 The equality of the ECH-capacity of the ellipsoid F(1,2) and
the cube C(1)

Following [5], we will now prove

Lemma 4.2.1 The equality
chon (B(1,2)) = chen (C(1))
holds for all k € Ny.

Remark 4.2.1.1 In Example |4.1.3] we calculated the ECH-capacities of E(1,2) and C(1):
CECH(E(L 2)) — {OXI, 1><17 2><27 3><2,4><37 5><37 6><47 7><4’ 8><5, 9><57 . } ,
CECH(C(l)) — {OXI, 1><17 2><27 3><2’4><37 5><37 6><4, 7><4’ 8><5, 9><57 o } .

For any k € N, there exists exactly one positive integer d > 0, such that
d+1][d+1 d+2| [d+2
— || — < — | | — 4.1
[ = [R5 o

| © | == max{n € Njn <z}

where for z € R,
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and
[ z ] :==min{n € Njn > z}

are the floor and ceiling function.

Let us look at the 6-th ECH-capacity:

e e
The only positive integer d > 0 fulfilling isd=4:
5] 4] <6< |452) 2421
31731 <6< 18741.
2-3 <6< 3-3.
6 <6<9.
Now looking at cgcp(E(1,2)) and cpon(C(1)), we see
cpon(B(1,2) =4  and  chep(C(1) =4.

Recall, that the first number in the ordered sequences c§y(E(a,b)) and cfop (P(a,b)) is
oy (E(a,b) and gy (P(a,b)), respectively, as k > 0.

To prove Lemma, we will show by induction over d € N that

hon (B(1,2)) = d = dhop (C(1)),

where d is determined as the unique integer fulfilling
d
+1| [d+1 <k < d+2|[d+2
2 2 2 2
for k € Ny given.

Proof of Lemma We will prove that for any k € Ny, ek (E(1,2)) and ¢k, (C(1))
are both equal to the unique positive integer d > 0, such that

e ]

For k = 0 this is clearly true, as %y (E(a, b)) = %oy (P(a,b)) = 0. Thus in the following we
will consider k > 0 fixed.

We will start by looking at ¢k, (E(1,2)). Therefore we analyse the number of pairs of non-
negative integers (m,n) € Ng x Ny, such that

m+2n < d, (4.4)

that is
#{(m,n) € Ng x No | m + 2n < d}.
Modifying (4.4) to
m+ 2n < 2,
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for the case that d is even, and
m+2n <20+ 1,

for the case that d is odd, it holds that
#{(m,n) e Ng xNog | m+2n=21} =#{(m,n) e NgxNg |m+2n=2[+1} =1+1. (4.5)

Now, we suppose that

d+2|[d+2
{;J [‘;W — #{(m,n) €N x No | m +2n < d}, (4.6)
holds for (d — 1) € N. Thus for d = 2[ even, one concludes with (4.6) and (4.5)), that
#{(m,n) eNgxNog:m+2n<d} = #{(mn)eNgxNyg|m+2n<d-1}

+ # {(m,n) € Ng x Ny [ m + 2n = d}
- L(d_é)ﬂ Pd_?ﬂ 41
= B[] +0+D

= [+ 0+

For d odd the argument is the same.

Thus, as equation (4.6]) holds for the unique d € N that satisfies (4.3)) for a fixed k € N, it follows
that d = c&. 5 (E(1,2)) for any k > 0.

Now for ¢}, (C(1)), we have by Theorem that
Kon (C) = oy (P(1,1)) =min{m +n | mn € No; (m+1)(n+1)>k+1}. (4.7)

Again, as mentioned above, we consider k > 0 fixed. Let mg,ng € Ny be two nonnegative integers
such that
mo+no:=min{m+n| (m+1)(n+1)>k+1}. (4.8)

Without loss of generality we can assume that mg > ng. Moreover, we can take mg,ng € Ny
such that (mo — ng) € {0,1}: Assume that mg = ng + ¢ with ¢ > 2 and let m{; = mp — 1 and
ny = no + 1. Then we get
(mg +1) (ng + 1) =mg (no + 2)

= (no+c¢)(ng+2)

=nd + (c+ 2)ng + 2¢

>nd+(c+2)ng+e+1

=(np+c+1)(no+1)

= (mo+1) (no +1)

> k41
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Thus, as m{, + nj, = mo + ng, also (m{,n|)) realizes the minimum (compare with (4.7))). Now,
if mg + ng is even, then mgy = ng, as (mg — ng) € {0,1}, and hence if my + ng is odd, then
my = ng + 1.

Setting now d := mg + ng, for the case that mg + ng is even, that is ng = mg, we obtain

4252 (25 P e

45247 (25 ] e

Now as mg + ng was chosen minimal, see (4.8)), it follows that

452452

and

and

d+2| [d+2
{;J [;L1—(m0+1)2>m0(m0+1)zk+1>k.

Similarly for the case that mg + ng is odd, that is ng = mg — 1, we obtain that
d+1 d+1 2my 2mg 9
= =m
2 2 2 2 0

55215 - 252 [ -

and

2 2 2 2
Now as mg + ng was chosen minimal, see (4.8]), it follows that

1 1
V;J {d;w <mi<k+1<k

and

d+2||d+2
\‘;J ’V;—-‘ :mo(m0+1)2k+1>k.

For both cases (mg + ng even and odd) we thus obtain for mg,ng € Ny that

e e

< mg - 1
2 2 2 2 w—mo (mo +1)

and

d—+2 d—+ 2 B mo+ng+ 1 mo+ng+ 1
2 2 | 2 2

Now as mg + ng was chosen minimal, see (4.8)), it follows that

V;lJ Fl—;l—‘ <mg-(mo+1) <k

-‘Zmo(m0+1)-

and

d+2| [d+2
{;J [;—-‘ >mo(mo+1)>k+1>k.

Thus it follows that d = c& . (C(1)), for d satisfying (4.3). |
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4.3 Conclusion - generalization
In [I0] Hutchings proved the following:

Corollary 4.3.1 (Hutchings, Corollary 11, [10]) There ezists a symplectic embedding of
E(a,b) into P(c,d) if and only if

o (BE(a,b) < oy (Ple,d)),  for all k> 1.

Remark 4.3.1.1 This proposition now implies with Proposition that ECH-capacities form
a complete set of invariants for the problem of symplectic embeddings of ellipsoids into polydiscs.

As a further corollary we obtain

Corollary 4.3.2 The ellipsoid E(1,a) symplectically embeds into the cube C(A) if and only if
E(1,a) symplectically embeds into the ellipsoid E(A,2A).

Proof. By Corollary [4.3.7] it holds that
E(1,a) — C(A) < oy (B(1,a)) < iy (C(A)),  forall k> 1.
By McDuff’s proof of the Hofer Conjecture [16], it is true that
E(1,a) = E(A,24) <= choy (E(1,0)) < chen (B(A,24)),

for all k& > 1. Now Hutchings’ remark on page 6 in [10] (that is Lemma in Section [4.2)),
states that

¢hor (C(1) = c¢hop (B(1,2))
for all £ > 1. Thus by conformality of capacities, also
chom (C(A)) = chom (E(4,24))

holds for any k& > 1. ]
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Chapter 5

The role of exceptional spheres

Recall from Chapter [2| the volume constraint c(a) > \/g for the embedding capacity function
c(a). Here we explain the constraints coming from certain exceptional spheres in blow-ups of
CP? for the embedding capacity function c(a) as done in [5] and [19]. Since the function c(a)
is continuous (see Lemma in Chapter [2)), it suffices to determine ¢(a) for each rational
number a > 1.

5.1 Reduction to a constraint function which is given by excep-
tional spheres

We start with the following lemma, which is a special case of Proposition [3.3.3]

Lemma 5.1.1 Let a > 1 be a rational number with weight expansion w(a) = (wy, ..., wyr) and
A > 0. Then the ellipsoid E(1,a) embeds symplectically into the cube C(A) if and only if there
exists a symplectic embedding

B(A) U B(A) U; B (w;) —s B(24).

Proof. See Proposition [3.3.3] |

With this lemma, we have converted the problem of embedding an ellipsoid into a cube to the
problem of embedding a disjoint union of balls into a ball. In [I7], the problem of embedding
k disjoint balls into a ball was reduced to the question of understanding the symplectic cone of
the k-fold blow-up X}, of CP2.

Let
L:=[CP'] € Hy (X, Z)

be the class of a line and let
Fy,...,E, € Hy (Xk,Z>

be the homology classes of the exceptional divisors. Their Poincaré duals are denoted by
lLei,...,er € H (X}, 7).

Let —K := 3L — >  E; be the anti-canonical divisor of X, and define the corresponding sym-
plectic cone
Ck (Xi) C H? (X, Z)

as the set of classes represented by symplectic forms w with first Chern class ¢; (M,w) = —K.
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Theorem 5.1.2 (McDuff-Polterovich, [17]) The union L¥_, B (w;) embeds into the ball B(p)
or into CP?(u) if and only if

wl — Zwiei € Cx (Xi) .
The key of understanding this cone Cx (X}) is the following set
& C Hy (Xy),
that we define as in [19]:
Definition 5.1.3 Denote by & the set consisting of
(0;-1,0,...,0)

and of all tuples
(d;m) := (d;mq,...,mg),

with d >0 and my > ... > my, > 0, such that the class
B(gm) = dL — Y m;E; € Hy (Xj)

1s represented in Xy, by a symplectically embedded sphere of self-intersection-number —1.
Remark 5.1.3.1 We will often write £ instead of & if there is no danger of confusion.
We then have the following description of Cx (X}).
Proposition 5.1.4 (Li-Li [12], Li-Liu [13]) It holds that

Ck (Xp) ={ac H?*(Xy) | a*>0; a(E)>0; foral E € Ent
In order to give a characterization of the set &, we need the following definition as in [19]:

Definition 5.1.5 A tuple
(d;m) := (dymy,...mg)

is said to be ordered if the m; are in nonincreasing order. The Cremona transform of an
ordered tuple (d; m) is defined as

(2d — my —mg —mg;d —mg —mg,d —mj —ms,d —mi — Mg, My, ..., M) .

A Cremona mowve of a tuple (d; m) is the composition of the Cremona transform of (d; m) with
any permutation of the new obtained vector m.

Proposition 5.1.6 (McDuff-Schlenk, Prop. 1.2.12 and Rem. 3.3.1 in [19]) The follow-
wng hold true:

(i) All (d;m) € & satisfy the two Diophantine equations

k
Zmi =3d — 1,
i=1

k
Zm? =d*+ 1.
i=1
(11) For all distinct (d;m), (d';m’) € & we have

Zmzm; < dd'.
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(i1i) A tuple (d;m) belongs to & if and only if (d; m) satisfies the Diophantine equations in (i)
and (d;m) can be reduced to (0;—1,0,...,0) by repeated Cremona moves.

Remark 5.1.6.1 Working directly with Lemma Theorem and Proposition we
find, as in [19], that the only constraints for a symplectic embedding E(1,a) — C(A) are the

volume constraint
a
A> /=
= \/g

(compare Lemma [2.1.13) and, for each class (d;m) € &, that
2A4d > (my1 +ma) A+ ((m3,...,mg),w(a)). (5.1)

One can start from here and use Proposition[5.1.6]to prove Theorem [I.2.I] The analysis becomes,
however, rather awkward, since the unknown A appears on both sides of the inequality (5.1)).

To improve the situation, we shall apply a base change of Hy (X}), and express the elements of £
in a new basis.

Consider the product S? x S? (whose affine part is a cube), and form the M-fold (topological)
blow-up Xy (52 X 52). A basis of Hs (XM (52 X 52)) is given by Sy, 5%, Fi,..., Fyr, where
S1 == [S% x {point}|, Sy := [{point} x S?| and Fi,...,Fy are the classes of the exceptional
divisors.

Notice that there is a diffeomorphism

¢: X (S? x S%) = Xarq (CP?)

such that the induced map in homology is

oot Hy (Xar (8% S2))  —  Hy (Xare (CP?))
51 — L— E1
52 — L —Eg
F1 — L— El—EQ
F; — Eii1.

The existence of such a ¢ is straightforward from a moment map picture such as Figure [3.6] in
Chapter With respect to the new basis S, So, F1, ..., Fir, let an element of Ho (XM (S2 X 5’2))
be denoted as (d,e;my,...,myr). Then

¢s(d,e;m) = (d+e—mi;d—my,e —mi,ma,...,mp).
In the new basis, the constraint given by a class in £ can be written in a more useful form:

Proposition 5.1.7 The following hold true:
(1) All (d,e;m) € Epp satisfy the two Diophantine equations

M

> mi=2(d+e) -1,

=1

" (5.2)
me = 2de + 1.

=1
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(it) For all distinct (d,e;m), (d',e¢/;m’) € Epr, we have
M
Z m;m; < de’ + d'e.
i=1

(iii) A tuple (d,e;m) belongs to Eny if and only if (d,e;m) satisfies the Diophantine equations
of (i) and its image under . can be reduced to (0; —1,0,...,0) by repeated Cremona moves.

Proof. Let E € £. The two identities in Proposition (i) correspond to ¢1(F) = 1 and
E-FE = —1. For E =dS; + eSy — > m;F; these identities become

e (F) :2d+2e—2mi =1,

E-E=-Y mj+2de=—1,
which is proving (i). Claim (ii) of Proposition corresponds to positivity of intersection
of J-holomorphic spheres representing F,E’ € £. For distinct elements F = (d,e;m) and
E' = (d,e;m’) in £ we thus have

E-E =de +ed - mmj >0,

which is proving (ii). Claim (iii) holds since ¢, is a base change. [

Proposition 5.1.8 Leta > 1 be a rational number with weight expansion w(a) = (wi,...,war).
For (d,e;m) € &, define the constraint

(m, w(a))
d+e

c(a) = S {\/g,u(d, € m)(a>} :

Proof. By Lemma , E(1,a) — C(A) if and only if

n(d, e;m)(a) ==

Then

B(A) L B(A) U; B (w;) —> B(2A).
By Theorem this is true if and only if

M
(2A)Z—A61 —Aeg—ZwieHQ e Ck. (5.3)
i=1
Denote by s1, s2, f1,. .., far the Poincaré duals of Sy,.S9, FY, ..., Fy;. The base change in coho-
mology is then

©*: H? (Xp41 (CP?))  —  H?* (X (5% x S%))

l — s1+s2—f1
el — s2—f1
€2 — 51 —f
€ — Ji-1-

In this new basis of H? (XM (S2 X 52)), therefore becomes

M
Asy + Asy — ZwifiJrl € Ck. (5.4)
=1
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In view of Proposition (5.4) translates to the conditions that for all £ := (d,e;m) € &, we

have that
247 = wi >0

and
Asi(F) + Aso(E) — Zwifi(E) = (d+e)A— Zmiwi > 0.

Recall from Lemma (ii) that > w? = a. We conclude that E(1,a) <5 C(A) if and only if

A> \/g and A > 2 Mt = <m,w(a)>’ for all (d,e;m) € &.

d+e d+e
This proves the proposition. ]
Remark 5.1.8.1 By the symmetry between d and e in the formula for p(d,e;m)(a), we can

assume that all elements (d,e;m) € £ have d > e. We will use this convention in the following
chapters.
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Chapter 6

Obstructive and perfect classes of &

This chapter is devoted to the analysis of the constraints given in Proposition This analysis
follows the one in [I9]. However, several modifications are necessary. Nonetheless, we are now
able to determine in Lemma the embedding capacity function c¢(a) for a € [8, +00).

6.1 Basic observations for classes (d,e;m) € £

We start with the following lemma, which yields that for all @ > 8, E(1,a) fully embeds into
C(A) with A satisfying the volume constraint A > /§.

Lemma 6.1.1 For a > 8, the embedding capacity function is given by

c(a) = g.

Proof. By Proposition it holds that c(a) > /3. We will show that ¢(a) < /% when
a > 8. From (5.2), we obtain

m,w(a)) SSM omi-w;  2d+e)—1  2(d+e) a
(d, s m)(a) d+e d+e ST dte S Tdte -V
for all ¢ > 8 and the lemma is proved. [

Lemma 6.1.2 For M < 7 the only solutions of system are (0,0; —1),

(1,0;1), (1,1;173), (2,1;17%),
(2,2;2,179), (3,1;1%7), (3,2;2%2,1°5),
(3,3;274,17%), (4,3;2°%,1) and ~ (4,4;3,279).

Proof. If d > e = 0, then system ([5.2)) reads
M
2d - 1= m;
i=1

M
_ 2
1= g m;.
i=1

Hence m; € {0,1} and 2d — 1 = 1. The only solution is (1,0;1).
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From now on we assume that d > e > 1. The Cauchy-Schwarz inequality yields

M 2 M M M
(Zml> :<(1,...,1),m>2SZl'Zm?:M‘me, for all M > 1.
i=1 i=1  i=1 i=1

Using ([5.2]) we obtain the inequality
(2(d+e) —1)° < M- (2de + 1)

which is equivalent to
M —4 M—-1
de+ (d+e)+ YR

Assume M < 4. Then, since # <0Oand 0 < % < %, we obtain from |D that

d?+e? < (6.2)

3
d2+62§d+e+1.

It follows that d + e < 2 and thus

(d,e) € {(0,0),(1,0), (1,1)} .

But as d,e > 1 we only have to consider the case d = e = 1, where we obtain from (5.2)) the
equations

M
3= Z m;
- (6.3)
3= Z m?.
i=1
It follows that the only solution of (6.3) is m; = mgy = m3 = 1 and my4 = 0.
We conclude that the only solutions of system ([5.2]) for M < 4 are

(1,0;1) and (1,1;173).

Now consider the case 5 < M < 7, that is % < # < % and 1 < % < % We obtain from
(62) that

d* +e* < de+(d+e)+g. (6.4)

| W

Since (d — e)? > 0 we have

de < %(d2 + ).

N

Thus it follows from (6.4) that
d? +e* < 4(d+e) +6,

and hence d, e < 4.

We found that 4 > d > e is necessary for solutions (d,e;m) € &7 of (5.2). It is left to show
that in this case there are no other solutions than the ones already stated. One possibility to see
this is to do some calculations by hand. Therefore one has to look at the difference of the two

equations of (|5.2)) where

M M
2d+e)—1)— (2de+1)>2d+e)+1 <« > mi(mi—1)>Y m
i=1 =1



6.2. OBSTRUCTIVE AND PERFECT CLASSES AND THEIR PROPERTIES 57

must always hold. One sees directly that for given d,e € N, with 4 > d > e, the above inequality
yields
9l G-1)>90) g, (6.5)

Jj=2 Jj=2

where j,g(j) € NU{0} and g¢(j) is the number of m;’s such that m; = j. Now we have to check
all possible combinations of j, g(j) that solve (6.5)) for given d,e < 4 to calculate the rest of the
solutions.

Alternatively, one can use the Mathematica script in Section [A] of the appendix to find the
aforementioned solutions. [

6.2 Obstructive and perfect classes and their properties

Here we will introduce the classes £ = (d, e;m) € &, that are crucial as they are giving embedding
obstructions. We will name these classes perfect and obstructive classes.

Definition 6.2.1 A class E = (d,e;m) € & is called obstructive if y(d,e;m)(z) > (/5 o
some nonempty interval I C [1,8]. Further we say E is obstructive at a, if u(d, e;m)(a) > /5.

Example 6.2.2 The only obstructive classes existing in E; are (1,0;1), (1,1;1%3), (2,1;1%9),
(2,2;2,1%%) and (4,4;3,2%9), see Figure .

Figure 6.1: p(d, e;m)(a) for (d,e;m) € {(1,0;1), (1,1;173),(2,1;175),(2,2;2,1%%), (4,4;3,27%) }.

Lemma 6.2.3 Assume that pu(d,e;m)(a) > /5 for some a > 1. Then either
d=e or d=e+1. (6.6)
Proof. By the Cauchy-Schwarz inequality we obtain

(m,w) _ [[m] - [jw]
d+e = d+e

I

1(d, e; m)(a) =
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where ||-|| denotes the Euclidean norm on R™. As Zf(:al) w? = a (see Lemma m (ii)), and
Zz‘]\i1 m? = 2de + 1, we obtain that

Vs < nldesmy) < 2L (67)

If d = e+ k for k> 2, then it follows from 2e? + 2ke 4+ 2 < 2e? + 2ke + k2, that

d+e=2e+k=14e2 +4dek +k2>/2(2e2+2ek +1) =V2-V2de + 1

and hence
v2de + 1 - 1 < \/E
d+e V2 ’
which is a contradiction to ((6.7)). [

Remark 6.2.3.1 It follows from Lemma that for obstructive classes (d, e;m) it holds that
d=-eord=e+ 1. Thus for d = e system (5.2)) becomes

M
4d — 1 :Zmi
=1

(6.8)
M
2’ + 1= m;
i=1
and for d = e + 1 we obtain
M
4d — 3 = Zmz
=1 (6.9)

i

M
2d%2 —2d+1 = ZmQ.
=1

Remark 6.2.3.2 Sometimes things become more clear for obstructive classes if we do not look
at the classes

(d,d;m) and (d,d—1;m),

but we write these classes in the form

(d,d;m) and (d+ 3,d— 3;m).

Corollary 6.2.4 Assume that u(d',e'; m’)(a) > /5 for some a > 1 and let

a

A= M(dl, el; m/)(a‘) - 9

> 0. (6.10)

Then one can list those (d,e;m) € € such that u(d,e;m)(a) > u(d', e';m’)(a).

Proof. Due to Lemma |6.2.3| we have to consider the two cases d = e and d = e + 1.
Suppose d = e. From (6.7]) we have

V2d24+1-\/a

p(d, dsm)(a) < S
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and it follows from (6.10)), that

A+ yf5 < uld @) < VPELLVE

2d
ie.
A+ \/E < M. (6.11)
2 2d
Setting L := \GA + 1, we obtain from (6.11) that
< \}5 . \/% (6.12)

Now suppose that d = e 4+ 1. From (6.10) and (6.7)) it follows

2(e+1le+1-va
(e+1)+e

)

A+\/g<u(e+1,e;m)(a) <

which yields for L as defined above that

1 1 1
d< -+ - ———. 1
<2+2 T (6.13)

Remark 6.2.4.1 It follows from Corollary that if we already have an obstructive class
(d,e;m') € £ at a, only finitely many other classes (d,e;m) exist such that p(d,e;m) >
p(d',e’;m’), since d is bounded from above. Hence c(a) = p(d’,e’;m’)(a) if there is no other
class (d, e;m) for which or is fulfilled, and p(d’,¢’;m’) > u(d, e; m).

Definition 6.2.5 Let w(a) be the weight expansion of length £(a) := M and let (d,e;m) € Ep.
We define the error vector € for classes of the form (d,d;m) € Ey by

2d

- \ga w(a) + ¢, (6.14)
and for classes of the form (d,d — 1;m) € Epr by
2d — 1

m = w(a) + €. 6.15

C=wla) (6,15

The number
M
2
lel® ="
i=1
is called the squared error.

Lemma 6.2.6 Leta =2 > 1 be a rational number with weight expansion w(a) and let (d, e; m) €
E. Then

(i) u(d,e;m)(a) <

/ 1 a
1 1.
ddm 2d2\/> and 12 d+§,d—§,m)(a)< 1+@ \/;,

Q

V2de +1y/a

. In particular,
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(i1) wu(d,e;m)(a) > \/g, if and only if (e,w(a)) >0,
(i1i) If p(d,d;m)(a) > \/g, respectively [ (d+ %,d— %;m) (a) > /5, then (e,e) < 1, respec-

tively (e,e) < %,

M d+e 1
(iv) — i=—— |yla) — =) + 1, where y(a) :=a+ 1 — 2v/2a.
;6 V2a (y Q> /

Proof. (i) By the Cauchy-Schwarz inequality, Proposition |5.1.7|(i) and Lemma [3.1.4) we have
(d + e)u(d, e;sm)(a) = (m,w(a)) < [|ml|[[w(a)|| = vV2de + 1Va.

In the case of a class (d,d; m) we find that

V2d? + 1y/a [2d> +1 |a / 1 Ja
,u(d,d,m)(a)\ 2d 2d2 2 1+2d2 2)

and in the case of a class (d + %, d— %; m) that

2d2+l\/a 1
id—1; S AL Sy § DI S
,u(d—i—Q,d 2,m)(a)\ 57 +4d2 \/;

(ii) Since
eowia)) = (= () wia) ) = mwia) - 25wl

~ (m,w(a)) - (d+©) \@

we see that (g, w(a)) > 0 if and only if u(d, e; m)(a) = (mwia)) /T

d+e 2
(iii) For a class (d, d; m),

2d*> +1 = (m, m) = <\/§dw(a) +e, \/zdw(a) —|—€>

=2d* + 2\\//5 d({w(a),e) + (e,¢)

shows that if p(d,d;m)(a) > /5, then by (ii) (¢,€) < 1. Similarly, for a class (d + 3,d — 3;m),

2V/2 J
Va

shows that if y(d + 1, d — 2;m)(a) > V%, then (g,¢) < 1.
(iv) By Proposition (i) and Lemma we see that

M dte ) M
2(d+e)—1:Zmi: <a+1—>—|—25¢.
i1 V2a q i—1

2 + % — o + 220 (w(a), ) + (e, €)

Thus
M d+e

d+e
~Y = o (a+1—2@)—m+1,

i=1

from which the result follows. ]
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Remark 6.2.6.1 (i) Going back to Definition of the error vector, it is reasonable to call
the vectors m and w(a) “almost parallel” if the squared error is smaller than 1. Hence it
follows from (iii) of Lemma[6.2.6] that an element of £ is only obstructive at a if the vectors
m and w(a) are “almost parallel”.

(ii) Notice that for the function y(a) defined in (iv) of Lemma holds that y(o?) = 0.

Remark 6.2.6.2 As before, ¢(a) denotes the length of the weight expansion of a, i.e. of the
vector w(a). In the following ¢(v) will always denote the length of a vector v.

Lemma 6.2.7 Let (d,e;m) € &€ and suppose I C (1,8) to be a maximal, nonempty interval
where p(d,e;m)(a) > /3 for alla € I. Then

(i) L(a) > ¢(m) for alla € I;
(1t) There is a unique ag € I such that £(ag) = ¢(m).
Proof. Take the i-th weight w;(a) as a function of a. This is a piecewise linear function on I. If

there exists no a’ € I such that ¢(a’) < 4, i.e. w;(a’) = 0, then w;(a) is even linear on I. Consider
a € I with ¢(a) < ¢(m). Then it follows from (5.2]) that

£(a) £(a) £(m)
Zm?<2m?+1§ Zm%sze—i—l,
i=1 i=1 i=1

that is
L(a

)
m? < 2de.
i=1

The Cauchy-Schwarz inequality now yields that

(m,w) <

‘@)
S w2 [wll = Vade - \/g (6.16)
=1

As p(d,e;m)(a) > \/g was an assumption of the lemma, we know by Lemma that either
d=eord=e+1. In both cases it follows from (/6.16) that

p(d,e;m)(a) < B

which is a contradiction. Thus we proved (i) of the lemma.

For (ii) we first show the existence of ag € I such that ¢(ag) = ¢(m). Suppose that £(a) > ¢(m)
for all a € I, i.e. the function p(d,e; m)(a) is linear. But this is a contradiction as /§ is concave

and I C (1,8) is maximal and bounded, i.e. I = (z,y) with ¢(z) = /% and c(y) = \/g, where
x > 1 and y < 8. Therefore ¢(a) < ¢(m). Now, using (i) this yields the existence of ag € I, such

that £(ag) = ¢(m).

The uniqueness follows with a similar argument as in the proof of [I9] Lemma 2.1.3] relying on
properties of continued fractions. Let a,b € I, with a < b and ¢(b) = £(a) = ¢(m). Then there
exists y € (a,b) C I, where £(y) < £(a). Thus ¢(y) < £(m), but as ¢(y) > ¢(m) for all y € I this
means that y ¢ I, which leads to a contradiction. ]

Corollary 6.2.8 Suppose that c(a) > \/g Then the following hold:
(i) The set of (d,e;m) such that c(a) = u(d,e;m)(a) is finite.
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1 ere exist (possibly equal) elements ,e;m™) €€ an > 0 such that
(ii) Th (; bl 1) el (diii)gdé() h th

_f wdesmT)(2)  forall z € (a—9,al,
o(z) = { p(dt, et;m™)(2)  forall z € [a,a + d).

(iii) On each of the intervals in (i) there exist rational numbers s,t > 0, such that c(a) = s+ta.

Proof. As c(a) > /5, we know that c(a) ib of the form c(a) = p(d,d;m)(a) or c(a) =

wu(d,d — 1;m)(a) for some (d,d;m), (d,d — 1;m) € €. Further, there exists D € N such that

\/1+211)2-\/§§c(a) 1+ 2D—1 \[ (6.17)

respectively, and thus we obtain from (i) of Lemma that d < D, i.e. there are only finitely
many relevant classes (d,d;m), (d,d —1;m) € £.

Lemmal[2.1.14] yields that c(a) is continuous. Consequently for z sufficiently close to a, the bound
in (6.17) still holds, that is D does not change. Therefore the relevant classes to determine ¢(z)
for z € (a— 6, a+0) remain the same. Now if there are two classes (d*, e™; m*) € £ determining
c¢(a), then one determines ¢(z) for z € (a—d, a] and the other one determines ¢(z) for z € (a, a+4].
Thus (i) and (ii) follow.

As we saw in the proof of Lemma the weights w;(a) are piecewise linear functions of a and
thus p(d, e;m)(a) is a piecewise linear function with coefficients in @, as for all i, w;(z) € Q and
d,e € N. Thus c(a) is a rational piecewise linear function as the supremum of a finite number
of rational piecewise linear functions, i.e. ¢(z) = s+ tz with s,¢ € Q. Since ¢ is nondecreasing it
follows that ¢ > 0, and s > 0 since ¢(a) > \/g for a > 1. ]

Definition 6.2.9 A class (d,e;m) € £ is called perfect if m is a multiple of the weight vector
w(a) for some a > 1.

Lemma 6.2.10 Suppose that (d,e;m) € € withd = e ord = e+1 is perfect, that is, m = k-w(a)
for some a > 1. Then

(i) p(d,e;m)(a) = cla) > /3,
(i) (d,e;m) with pu(d,e;m)(a) = c(a) > /% is unique and
(iii) for a = % < 02 = 3+ 2V2 it holds that m equals the normalized weight expansion, i.e.
Kk =q.

Proof. (i) Suppose m = x-w(a) for some a > 1. Then Lemma (ii) and the second equation

of system ([5.2)) yield
k2 a =k ||w|? = |m|? = 2de + 1. (6.18)

First suppose the case d = e. As 4d? < 2d? + 10x2a, it follows that 2d < x+/a and therefore

2 - a K- Q a
s eim)(a) = p(d, dim)fa) = 5 = L s \@ (6.19)

Now consider the case d = e + 1. Then
k2a=rk|wl?=|m|*=2de+1=2(e+1)e+1=2e%+2e+1,

that is
2k2a = 4e® + de + 2.



6.2. OBSTRUCTIVE AND PERFECT CLASSES AND THEIR PROPERTIES 63

Thus with (d + e)? = (2e + 1)? = 4€? + 4e + 2 it follows that

2 a K-a a
w(d,e;m)(a) = ple + 1,e;m)(a) = <2r21,+w1> = (w,w) _ slwl” _ s

2e+1 241 2+17 xv2a V2

which, together with (6.19)), proves (i) of the lemma.

(i) Assume there exists another class (d',e¢/;m’) € € such that pu(d,e’;m’)(a) = p(d, e;m)(a).
Since (d',e’;m’) # (d, e; m), positivity of intersection shows that

de' +d'e > (m,m') = k- (w,m’)

and thus gt d
(w,m’) < ge rae
K

We will now show that (de’ +d’e)(d+e) < (2de+1)(d'+¢'). Therefore, by Lemma[6.2.3] we have
to analyse four cases as both classes (d,e;m), (d',e’; m’) € £ are supposed to be obstructive:

(1) For d = e and d’ = ¢ > 1 we obtain 2d*d’ < 2d*d’ + 2d’,

(2) ford=cand d =€ +1>1we get d>(2d — 1) < d*(2d’ — 1)+ 2d' — 1,

(3) d=e+1>1and d = ¢ +1 yield 2d?d’ — 2dd’' — d*> — d’ < 2d*d’ —2dd' — d* +2d' +d — 1

and

(4) ford=e+1and d = ¢ we get 2d*d’ — 2dd’ + d' < 2d*d' — 2dd' + 2d'.
In (1) we can exclude d' = ¢ = 1, i.e. that (d,e/;m’) = (1,1;1%3) as (d,e;m) = (1,1;1%3)
already and (d’,e’;m’) # (d,e;m). That ¢(3) = u(1,1;1*3)(3) one can check with the help of
Corollary (6.2.4 as p1(1,1;1°3)(3) = 2 > \/g

(6.20)

Thus we obtain (de’ + d’e)(d + e) < (2de + 1)(d' + €’), that is

de’ +d'e - 2de + 1
k-(d+e) k-(d+e)

This yields with (6.20]) that

(w') _ (w,m)
d + e d+e

p(d, e m)(a) = = p(d, e;m)(a),
which is a contradiction to the assumption and (ii) follows.

(iii) Let a = qu in lowest terms. As m = k- w(a), also my; = K - wps and therefore with (i) of
Lemma one gets that my; = /i%. Thus as mys € Z, there exists s € Z, such that Kk = s - q.

We look at the case s = 1. With Lemma (ii) and (iii) the equations of system ([5.2)) modify

to
(a) (a) 1 1
2(d+e)—1= m; = K- wia:m-<a—|—1—>:s'<a+1—> 6.21
(d+e) ; ; (a) . q . (6.21)
and
£(a) £(a)
2de +1 = me =K- Zwi(a)Q =k |w| =k -a=(s9)a. (6.22)
i=1 i=1

As already mentioned above we know by Lemma that perfect classes are either of the form
(d,d;m) or (d,d — 1;m). For s = 1 we thus obtain

2d+e)=q-(a+1) and 2de+1=¢* a



64 6. OBSTRUCTIVE AND PERFECT CLASSES OF &

that is
V2de + 1 2(d
Ja = ;+ and a= (;e) -~ (6.23)

We consider the inequality a? — 2v/2a 4+ 1 < 0 for a € (\/5 —1,v/2+ 1) and obtain with li
for d = e that

4d 2d% + 1 4d  16d2 +1
G-+l =—1-gpt T 2 T
q q q q

0,

and for d = e + 1 that

4d — 2 2d%2 — 2d + 1 4d —2  16d% — 16d
a—2\/§\/6+1—q—1—2\/§++1— P 6 6d+8
q q

Thus a € (1,3 +2v/2).

Now let s € Z \ {1}. First we consider the case d = e. Therefore equations (6.21)) and (6.22)
modify to

1
4d—1:sq'<a+1—) (6.24)
q
and
2d%> + 1 = (sq)? - a. (6.25)

The latter directly yields by assuming the opposite, that 2 { s. Assuming that s | d, it follows
that s | 4d. But from one sees that s | (4d — 1), which leads to a contradiction, i.e. s{d.
Adding and we obtain that s | 2d(2 + d) and thus s | (2 + d). It follows that
s | ki(4d — 1) + k2(2 + d), that is for ky = 2 and k2 = 1, one gets that s | 9. As s < 0 directly
leads to a contradiction of and we assumed that s # 1, it must hold that s =3 or s = 9.
Now, suppose s = 3. Adding and , one obtains that

(3p + 3¢ — 2)

=9pqg — 1.
3 Pq

Taking into consideration that a = %, the latter transforms into

2 4
a“*—|=—+6)a+1=0,
3p

24+ 9p+ /1 +9p + 18p2
a = .
3

p
From this it follows that a ¢ [1, 3+ 2\/ﬂ. We proceed similarly for the case s = 9.

For d = e + 1 equations (6.21) and (/6.22]) modify to

that is

1
4d—3:sq'(a+1—q) (6.26)

and
2d*> — 1 = (sq)? - a. (6.27)

Subtracting (6.27)) three times from (6.26)) yields that s | 2d(2 — 3d). If s | 2d then

S ‘ k1(2d) + k2(4d — 3),
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i.e. for k; =2 and kg = —1 this yields s | 3. If s | (2 — 3d) then
S ’ k1(4d — 3) + k2(2 — 3d),
ie. for k; = —3 and ko = —4 we obtain s | 1, that is s = 1, which is a contradiction to our

assumption s € Z \ {1}. [

Lemma 6.2.11 Let (d,e;m) € £ be such that u(d,e;m)(a) > /5. Let J ={k,....k+s—1}
be a block of s > 2 consecutive integers such that the w;(a) are equal for all i € J. Then we have
the three following possibilities: Either

(1) mg=...=mpys-1, OT
(2) mp—1=mpy1=...=Mpys 1, OF
(3) mg=...=Mkys-2 :mk+8,1+1.

Moreover, there is at most one block of length s > 2 where the m; are not all equal, and if such
a block J exists, then
2 ST
IEE]

icJ

The proof is similar to the proof of [19, Lemma 2.1.7|.

Corollary 6.2.12 If a class of the form (d+ %, d— %; m) is obstructive, then the m; are constant
on each block.

Proof. Suppose there exists a block J of length s > 2 on which the w;(a) are not all equal.
Then by Lemma [6.2.11
Ytztrzg
= s T2

icJ

which contradicts Lemma (iii), which states that Y- &? < 3. [

Lemma 6.2.13 Let (d,e;m) € &€ be an obstructive class at some rational number a > 1 with
l(a) =Ll(m). Let wiiq,. .., Wkt+s be a block which is not the first block of w(a).

1. If the block is not the last one, then
|mg — (Mgg1 + oo+ Mpgsr1)| < Vs + 2.
If the block is the last one, then

[mp — (mgp1 + o+ mpgs)| < Vs + 1

2. It is always the case that
M
mg — Z m; < VM —k+1.
i=k+1

The proof is similar to the one of [19, Lemma 2.1.8|.

Proposition 6.2.14 Let (d,e;m) € € be an obstructive class at a point a = g € Q written in
lowest terms with (a) = £(m). Let mp; be the last nonzero entry of the vector m and let I be
the mazimal open interval containing a such that p(d, e;m)(a) > /5. Then there exist integers
A <pand B < (mp + 1)q such that

A+ Bz if z<a,z €1,
A+myp)+ (B—mmq)z ifz>a,z€ 1.

(d+ e)u(d, e;m)(2) = { (

Again, the proof is similar to the one of [19, Proposition 2.3.2].
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Chapter 7

The Pell numbers

In this chapter we will define classes for points which are determined by sequences that, them-
selves, are described by the Pell numbers. We will first formally introduce the sequence of the
Pell numbers and the sequence of the half companion Pell numbers, in Section With these
we then define four more sequences (a)n>1, (Bn)n>0, (Yn)n>1 and (6,)n>0 that are determined
by the Pell numbers and half companion Pell numbers, in Section[7.2] In Section [7.3] we simplify
this description of four sequences to two sequences, (7,)n>0 and (Up)n>0, and determine the
associated classes E(n,) and E(¢,,) for n > 0.

7.1 The Pell numbers and their identities

The infinite sequence (Py,)n>0, recursively defined by

PO =0
P1 =1 (71)
P, =2P, 1+ P,—o forn>2

is known as the sequence of Pell numbers. The unique solution of the equation o2 = 20 + 1,
that is ¢ = 1 + /2 is also known as the silver ratio and one has

P,
lim ]"jl =02 =3+2V2

n—oo n
We now summarize some basic properties of Pell numbers.

Proposition 7.1.1 The following holds true:

(i) Two consecutive Pell numbers are coprime, i.e. the greatest common divisor
GCD(PQn,Pgnfl) =1 and GCD(P2n+1,P2n) =1

respectively.

(i) The Pell number analogue of Cassini’s identity for the Fibonacci numbers is
Py 1Py — P2 = (-1)". (7.2)

(iii) The relation
Pr-i—s = PTPS+1 + P11 P (73)

holds for all ™ > 1, s > 0.
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Proof. First of all, one can show by induction that 2 | Py, but 2 { Pay+1, using the fact that
Py, = 2P, 1 4+ Ps,_9. Next, one proves the statement in the following way: suppose it is true
for n, that is GCD(Psy,, Pap,—1) = 1. Now assume that
GCD(Pop+2, Pont+1) = k # 1. (7.4)

Applying Po,, = 2P5, 1 + Pop_o on Ps,10, we obtain that

Popio =2Pyn 1 + Pop
and thus with (7.4]), that k | P2,. Now applying P», = 2P5,_1 + P2,—2 another time, one gets

Popio = 5Py + 2Py,
that is k | Pop—1 as k | Papyo and k | Pa,. Hence k | GCD(Pay,, Pa,—1). This contradicts the
induction hypothesis and the statement follows for all n > 1. The proof of the other equation

in (i) follows similarly.

The proof of (ii) can be found in [8], while (iii) has been proven in [3]. [

Remark 7.1.1.1 Replacing P, 1 by 2P, + P, in (ii) of Proposition yields directly that
2P, 1P, = P2 - P2 |+ (-1)". (7.5)

Moreover, changing in (ii) of Proposition the indices from n to 2n + 2 we obtain that
Popi1Ponss —1=Pj o (7.6)
Proof of relation of Remark We prove that Popt1Ponts — 1 = P22n 4o for
n > 0 by induction over n: For n = 0, we have P P3 — 1 = P2, that is 5 — 1 = 22 which is true.

Suppose it is true for (n — 1), i.e.

P} = Py, 1Pypi1 — 1
= Popt1(Pop—1 + 2P, — 2P,) — 1
= Popt1(Popt1 — 2Py,) — 1
= P22n+1 — 2P Popy1 — 1.

This is equivalent to P22n + 2P2, Popy1 = P22n 41 — 1 and thus
P53, + APy, Poyi1 +4P3, 1 = 5P5, 1 + 2Py, Poyiq — 1.
The left hand side of this equation equals to
(Pon +2Pyn41)? = P3 o,
while the right hand side equals
Pon1(Pont1 +2(2Pons1 + Pan)) — 1 = Popp1(Pont1 + 2Popy2) — 1 = Popy1(Pong3) — 1

and thus P2n+1P2n+3 —1= P22n+2' |
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Definition 7.1.2 The sequence (Qn)n>0 of the companion Pell numbers or Pell-Lucas
numbers is defined recursively by

Qo :=2
Q=2 (7.7)
Qn = 2Qn—1 + Qn—Q fOT’ n>2

and the sequence (Hy)n>0 of the half companion Pell numbers by

Hy:=1
H =1 (7.8)
H,:=2H, 1+ H, o forn>2.

Remark 7.1.2.1 (i) One directly sees that H,, = $Q, for all n € N.

(ii) The Pell numbers and the Pell-Lucas numbers can also be expressed by

(1+v2)" - (1-v2)"
2v/2

P, =
and

Qn = <1+\/§>n+ (1—\/§)n
for n € N.

Remark 7.1.2.2 There are two relations between the Pell numbers and the half companion Pell
numbers.

(i) One is that
H,=P,+ P, (7.9)

for all n > 1.

(ii) The other one is coming from Pell’s equation 22 — ky? = £1, where k € N. It holds that
every pair (Hy, P,) solves Pell’s equation for & = 2, that is

H? —2P%=+1

for all n € N. More precisely the pairs (H,, P,;) solve the equation H2 — 2P2 = 1 for n
even and H2 — 2P2? = —1 for n odd. Thus we obtain that

H, +V2P, = (1+\/§)n

and

H, — 2P, = (1-v2)"
respectively.
Lemma 7.1.3 For allm > 0 and k < 2m holds that
Pyt = (=) (PLHyy — HiPoyy) . (7.10)

Proof. One can prove this lemma by a straightforward induction over k: Using (7.1)) and (ii) of
Remark [7.1.2.2] one gets for k = 1 that

Poyy—1 = Hapy — Pory
= PiHyy — H1 Poyy,
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and for k = 2 that

Pom—2 = Pory — 2P —2
= Py — 2 (Pomn + Por—1)
=3P, — 2Hy,
= (=1)PyHay, — Ha Py,

Now let k£ > 2 and let the statement of the lemma be true for £k — 2 and & — 1. Then by the
induction hypothesis and with (7.1)) and (7.8]) it follows that

Pop k= Pom—py2 — 2Pop 11

= Poy—(5—2) — 2 (Pom + Poym—(i—1))

= (-1)* 2=V ( P,y Hyp, — Hy o Por)
— 2 (=)D (Py Hop, — Hy—1 Po)

= (=) (Py — 2Py_1) Hom — (Hy, — 2Hy_1) Pay)
+2- (=) (P Hap — Hy—1 Poy)

= (—1)]671 ((Pk —2P,_1 + 2Pk,1) Ho,,
— (Hy —2Hyp_1 +2Hp_1) Pory)

= (=) (P Hoy — HyPom) -

7.2 Special sequences determined by the Pell numbers

We are now able to define and discuss the sequences that will finally determine the points
€1, 02] that give the steps, that is the corner points of the Pell stairs. The latter, as we will
see in Chapter [8) determine the embedding capacity function on the interval [1,02].

We define the sequences (an)n>1, (Bn)n>0, (Yn)n>1 and (0y)n>0 in the following way:

Tn T

ap, = and  yn = 5 form>1 (7.11)
Tn—1 Yn
and
Yn+1 2y2+1
B = and On 1= —5— for n > 0, (7.12)
Yn T
where
Xy = Pop + Popp_1 = Hy, and wy,:=PFPy, 1 forn>1 (7.13)
and

xo =1, 1o := 1.

We first illustrate some fundamental properties.

Lemma 7.2.1 The following hold true:

(i) The elements of the sequences (an)n>1 and (Bn)n>0 represented by x,, and y, as in
and are in the form of lowest terms, i.e.

GCD (‘Tnaxnfl) = GCD (yn+1a yn) =1L
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(it) For elements of (xp)n>0 and (yn)n>0 we have the following identities:

drp =2 = yon + Yons1 = 200, (7.14)
dypi—1 = zanin, (7.15)
Un +Uns1)® = Synynt1 — 4, (7.16)
Th+2yn = Aypwn — 1 (7.17)
pit + o = Ayppamn — 1. (7.18)

Proof. One can show (i) by induction with the help of (7.1)) and (i) of Proposition For the
equalities in (ii) we will do the calculations explicitly: We begin by verifying the first equation

of (ii) with the help of (7.1)), (7.3)), (7.5) and (7.13]). To that end, we proceed as follows:

Yon + Y2n+1 = Pan—1 + Pint1
= Ps, + Py + Poy+ Py
= 2P, + Py + Pipy
= 2P2, + P, | +4P2, + 4Py, Py 1 + P2,
= 6P;, + 4P2 Pon_1 +2P5,
= 4P} + 8Py, Py, | +4P2 | 42 (P22n — 2P, Py 1 — P22n—1)
= 4Py, + 8Py, Pon_1 +4P5, | +2(—(-1)*")
= AP, + 8Poy Pop—1 + 4P3, 1 —2
= 4(Pop_1 + Pan)* -2

=4a2 - 2.
Thus the equality yo, + yoni1 = 422 — 2 yields with ((7.1)) and (7.13)) that

x%n = (P4n—1 + P4n)2

1 2
= <P4n1 + B (Pin+1 — P4n1))

1 1 2
= <2 dn—1 + 2P4n+1>

1
=3 (P + Pins1)”
1

= 1 (yan + y2n+1)2 =

1 9 2
1 (425 —2)7,
i.e. 2w9, = 422 — 2, and the first equality of (ii) is proven.

Using , , and we calculate
4y —1=4P) -1

= 4P, — (-1
=4P5 1 — 2Py,_1 Py, — P51 + P},
= 4P, 1 + P, — Pan-1(2Pon + Pon1)
=4P5, . + P}, — Pop—1Popt1
=4P5, .1 + P}, — (Pant1 — 2Pon) Popt
=4P5 1+ P5, — P51 +2P2 Pon
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= P22n+1 + P22n + 2p22n—i-1 + 2P Pop 1

= P31+ Poy + Pont1(2Pon + 2Pon11)
= P31 + P5, + Poni1Pon + Pany1 Pono
= P11+ Pingo

= T2n+1,

which leads to the second equality of (ii). With the help of the equalities ([7.1)), (7.5 and (7.13)

we obtain
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(yn + yn+1)2 = 8Yn * Yn+1 = P22n—1 +2Pn-1Poni1 + P22n+1 — 8Py -1Pan+1
=P}, _1 — 6Py 1Poyi1 + Pi iy
=P2 | —12Py, 1Py, —6P2 | + 4P} +4Ps,Ps, 1+ P, ,
= —4P} | — 8Py, 1P, +4P;,
=4(P3, — P3,_1) — 8Pa_1Pay,
= 4(2Ps,_1Pop — (—=1)*") — 8Py, _1 P,
=8Py, 1Py, — 8Poy_1 Py, — 4
= 4.

To show the fourth equality we use ((7.5)) and ([7.13)) and compute

y + 2yp = 2P5,_q + (Pon—1 + P2y)?
=3P}, 1+ 2Py, 1Po, + P2,
= 3P2, | + 2Py, 1Py + 2Py, 1Py +Ph,_ —1
= 4Py, 1(Pop—1+ Pan) — 1
= 4ypx, — 1.

Using ([7.1]), (7.13]) and the just proven equality we obtain that

2y121+1 + x2 2(Yn+1 + 2y — .%QL) -1

=2(P31 + 2(Pon—1 + Poy)Pop1 — P35, 1) — 1
=2(P3 1 + Pon—1(2Pon + Popq)) — 1

= 2(P3 i1+ Pon1Pont1) — 1

— 2(Pans1 (2Pon + 2Psn1)) — 1

= 2(2P2p11(Pon + Pon-1)) — 1

4ypy12n — 1.

Proposition 7.2.2 Let (an)n>1, (Bn)n>0, (Yn)n>1 and (6n)n>0 be the four sequences constructed
above. Then

(1) fo<dp<a1 <M <PB1<...<0p—1 < <Y <Ppn<dp<ant1<...foralln>1,
(ii) the sequences (n)n>1, (Bn)n>0, (Yn)n>1 and (0n)n>0 converge to the square of the silver

ratio 02 = 3+ 2v/2 forn — oo.

Proof. As 6y =2 < 3 = a3, we show that 6, < ap41 for n > 1. With (7.1)), (7.11), (7.12) and

(7.13) we obtain

TnTn+l1 = (7P2n + 3P2n—1)(P2n—1 + PZn)
=3P} | +10Py, 1P, +7P;,
> 2P22n—1 = 2:1/7%4-1,

2
2Yp 41 < Tn+1
22

thus 2y72H_133n < l’n+1l‘%, which is equivalent to 6, = = Q.

n

The other three inequalities of (i) follow similarly using (7.1, (7.11)), (7.12)) and (7.13).
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Now we look at the convergence of the sequence (ay,)p>1. To that end we obtain with (7.1,
(7.11) and (7.13) that

Ay =

T Yo _ D1+ Do Pon—1 _ <1+ Pon ) _ <P2n2 n P2n3>1
Yn  Tp—1 Pon—1 Pon—3+ Pon—2 Pon—1 '

As Pé)?" — 1+ o for n — oo, the sequence (ay)p>1 converges to

2

1 1 o
1 =+ )=0 : =02
(1+0) (U+02) (1+0) Tto) o
for n — oco. The convergence of (5,)n>0, (n)n>1 and (0y)n>0 follows similarly. ]

7.3 Determining the classes of (1,),., and (¥,),., coming from
the Pell numbers

Using the sequences (an)n>1, (Bn)n>0, (Yn)n>1 and (6, )n>0 defined in the Section we now

describe the sequence ... < o, < v, < B, < d, < ... by two instead of four sequences, i.e.

. < Yy <np < .... Finally we determine the classes E(n,) and E(9,) for n > 0.

We define the sequence (175),,5¢ by

2P2
L;l _. DPn if n is even or 0,
_ ) Hi n 7.19
e M (719)
nel _ Pr i s odd,
2P¢ qn

Set W' (n,) = gow (1) with adding an extra 1 at the end. Define the classes E (1) by

Poi1Hy, Poo1Hyy W () if n is even or 0,
E (1) = ( < ) o (7.20)
(Pan+1, P,H,11; W (nn)) if n is odd.
For instance,
E (mo) = (1,1;179),
E(m) = (3,3;2°4,19),
E(ng) (15,15,97°,5,4,17°)
n3) = (85,85;507°,39,11%3,6,5,1%6) .
Moreover, we define the sequence (J5),,5q by
Hn n . .
H+2 =: Pn if n is even or 0,
7.971 - P n Qn
2 %” it n is odd.
Set W (¥,,) = ¢,w (U,,). Then the classes E (¢,,) are defined by
1 1 e
- (Hn + Hpt2), 1 (Hp, + Hpi2); W (9) if n is even or 0,
E (0,) := (7.21)

1
- W (ﬂn)> if n is odd.

1
"4

M\H

<4<P FPua)
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For 1 = % we define the class

H, 1 11 1

EWN=E|(—):=(=(Py+ P — S (Py+ P) — = 1) ).

For instance,
E(1)=(1,0;1),

(Wo) = (1,1;179),
(W) = (2,1;17°),
(92) = (5,5;3%%,2,1°?),
(93) = (9,8;57°,4,1°%) .

S eI RS

Remark 7.3.0.1 The sequences (an)n>1, (Bn)n>0, (Yn)n>1 and (dn)n>0 really shorten to the
two sequences (1,)n>0 and (Up)n>0, as

1 = 607
Non = On forn >0,
Mon-1 = Yo formn>1,
and
Do, = ant1 forn >0,
Vo1 = Bn forn>1,

as one can directly check.

As for the sequences (a)n>1, (Bn)n>0, (Yn)n>1 and (0)n>0, it follows with Remark [7.3.0.1| that
the following proposition holds:

Proposition 7.3.1 Let (n,)n>0 and (Un)n>0 be the sequences defined above. Then
(i) T<m<P<m<IN<...<fp-1<p-1<nn<Vp<nNpt1<...foraln>0,

(ii) the sequences (Nn)n>0 and (9n)n>0 converge to the square of the silver ratio 0 = 3+ 2v/2
for n — oo.
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Chapter 8

The embedding capacity function c(a)
on [1,02}

The goal of this chapter is to prove part (i) of Theorem In Chapter [7| we introduced the
sequence of the Pell numbers and the sequence of the half companion Pell numbers and with
these the sequences (7, )n>0 and (¥5,)n>0 that, as we show here, are determining the embedding
capacity function c(a). We will then show in Section that the classes E (1) belong to & and
in Section |8.5| that the classes E (¢¥,) belong to £.

We proceed in both cases as in [5]: In Section and Section we first show that the classes
of n, and ¥, satisfy the Diophantine equations , which are given in (i) of Proposition m
for all n > 0. Then we will show in each case that the image under @, of each of the classes can
be reduced to (0; —1) by repeated Cremona moves, in Section and Section Thus we can
explicitly determine the embedding capacity function c(a) for a € [l, 0’2] in Section , as it
follows by (iii) of Proposition that the classes E (9,) and E (¥,,) belong to £ for all n > 0
and thus with Proposition that

)= s {/5niad.cmi}.

First we will give an idea for the more complex part, that is, to show the reducibility of ¢, (E(ny))
and ¢, (E(n,)) for n > 0 to (0;—1), in Section [8.1] Here we reduce some classes explicitly to
give a first idea how the reduction is working.

8.1 Explicit reductions for some of the classes of (7,,),,>0 and (V,,),>0

Although there are separate sections that are dedicated to each sequence (1,)n>0, (9n)n>0 re-
spectively, we will now outline the idea of proving that the image of the classes E(n,) and
E(¥,) under ¢, reduces to (0;1,0,...,0) by repeated Cremona moves, by considering the first
few elements of both sequences (7,)n>0 and (J,,)n>0 and showing the reduction for a few cases
explicitly. Let

50 17 289 29

9
1 =2< =3 =—-—<Y1 =5 = — <Py =— = — < VP93 = —.
<o < <m 2< 1 <2 9< 2 3<773 50< 3 5

With (7.20)) and (|7.21)) we determine the classes of 1,19, 99,71, 91, 2, U2, 3, V3:

E1) = (1,0651),
E(m) = E@2 = (1,1;19)
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E(My) = E@B) = (1,1;17%),

E(m) = E(3) = (3,321

EMW) = E(B) = (2,1;1%9),

E(mp) = E(2) = (15159%554,17%)

E(W) = E(¥) = (553,212,

E(ny) = E(%2) = (858550%%,39,11%3,6,5,1%9)
E@Ws) = E(%) = (9,857,417,

We will denote the Cremona transform of a class by — and by ~- the reordering of a class.
Recall, that
v«(d,e;m) = (d4+e—my;d —my,e —my,ma,...,mpy)

and that the Cremona transform was defined in Definition [5.1.5] by
(2d—m1 — My —mg;d—mg—mg,d—ml —mg,d—m1 —mg,m4,...,mk).

Now, we will explicitly reduce the classes of 1, ng, 9o, m1 ¥1, 72 and Ja:

P (B(1)) = ¢4 ((1,0:1))
=(140-1;1-1,0-1)
~ (05 1)

and
@« (B (m0)) = ¢« (E(2))

= . ((1L,1;19))
= (1;0,0,1%%)
~ (15;172)

— (0;0,0,-1)

~ (0;—-1).

Since
E (o) = (1,1;17%) = E(n),

it is reduced just like ¢, (E(n9)). We have

e B = (£(3))

= . ((3.3;24, 1))
= (3+3-2;3-2,3-2,2°% 1)
~ (4;2><37 1><5)

- (2:4-2-2-24-2-24-2-24-2-21")
~ (2;17)
—-(2-2-1-1-1;2-1-1,2-1-1,2—-1-1,17%)
w(l;lw),

and
e« (E(0h)) = ¢« (E(5))

= 0. ((2,1;1%%))
=(2+1-1;2-1,1-1,1%%)
~ (2:17%),
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which reduces to (0; —1) as we already saw in the calculation of ¢, (E (1)). Moreover

. ) = ()

¢« ((15,15;977,5,4,1°7))
(154 15— 9;15 — 9,9%4,5,4,1%5)

~ (21,974,672, 5, 4,373, 179)
—(2:21-9-9-9;21-9-9,21-9-9,21 —9—19,9,6%% 5,4,177)
~ (15;9,6%2,5,4,3%%,179)
—(2:15-9-6-6;15—6—6,15—9— 6,15 — 9 — 6,5,4,3%3,1%9)
~ (955,4,3%4,179)
—(2:9-5-4-39-4-3,9-5-3,9—5—14,3"3,1%)
W(6;3><3’271><6)
—~(2:6-3-3-3,6-3-3,6-3-3,6-3-3,2,1%9)

~ (352,1%9)
—-(2-3-2-1-1;3-1-1,3-2-1,3-2-1,1"%)

~ (2;1X5),

which reduces to (0; —1) as we already saw in the calculation of ¢, (E (n1)). Finally

o. (E(02)) = . (E (137))

= ¢, ((5,5;37°,2,1°?))
= (7;2,2,3"4,2,1°%)
— (7;3><472><371><2)

— (5;1,1,1,3,2°%,1%%)
~ (553,273, 1%)
— (3;1,0,0,2,1%?)
~ (3;2,1%9)

— (2;1,0,0,1%%),

which reduces to (0; —1) by repeated Cremona moves as we have already shown in the calculation
of . (E(m)).

For n3 and n4, one can calculate and check the reduction just the way it has been done above.
The reducibility of E(n,) under ¢, for n > 5, is then proven in Section

Furthermore, from the examples above, one can see, that in order to understand the reducibility
by repeated Cremona moves, one must find the way the classes under ¢, can be reduced. One is
led to conjecture that the classes E (,,) under ¢, reduce in several steps to each other. Indeed,
as we will show in Section the classes E (Yom+12) reduce to E (Ya,,) under ¢y, for all m > 1,
by four Cremona moves and, similarly, E (¥2,,+3) reduce to E (¥2;,4+1) under ¢y, for all m > 1,
by four Cremona moves.

8.2 The classes F (n,) satisfy the Diophantine equations

In this section we prove that the classes E(n,,) satisfy the Diophantine equations of Chapter .
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Lemma 8.2.1 The classes E (ny,) satisfy the Diophantine equations .

Proof. We will prove this separately for n even and odd. In both cases, we use Lemma [3.1.4
and the relation
— P2 +2Py,Popy 1+ P} =1 (8.1)

which can be easily deduced from ([7.5)), given in Remark [7.1.1.1} for n = 2m.

In ([7.20)), the classes E (n,) are given as:

E () (Pn+1Hn, P, 1H,;W' (nn)) if n is even,
fin) == (Pan+1, P,H, . 1; W’ (nn)) if n is odd.

Recall that W' (n,,) = ¢, - w (Z—Z with adding an extra 1 at the end, for 7, = Z—:. Thus for

n = 2m, we obtain with (7.1), (7.9) and (8.1) that
Y=,

=2P; . +h3,—1+1

= 2(2Poyn + Pom—1)> + (Pom + Pam—1)?

= 9P} 4+ 10Pyy_1 Py +3P% |

= 8P3,, + 12Psy 1 Pom + 4P5, 1 — (—P3y, + 2P 1 Pom + P3y )
= 8P3, + 12Pyy_1 Py + 4P5, | — (—1)*"

= 4Py 1Hopm — 1

=2(d+e)—1

and

> mi=Hy, > wi+1
2P22m+1

H3,
= 2P22m+1H22m + 1
= 2de + 1.

+1

_ 74
- H2m

Moreover, for n = 2m — 1, again with (7.9) and (8.1) that

Zmi = 2P22m—lzwl +1
2

H 1
=28 (g 1= g ) 1
" 21322m—1 2]322771—1

=H? +2P} | —1+1

= (Pom + Pom1)? + 2P2, 4

= P} + 2Py 1Poy + 3P,

= 4Py, Poyy, + 4P, | — (= P3, + 2Psn—1 Py + P, 1)
= 4Py—1 (Pom + Pomm—1) — (—1)*™

= 4Py, 1Hom — 1

=2(d+e)—1
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and
> omi=4Py, > wi+1
H2
_ 4P4 2m 1
zm=t 2P22m—1 *
= 2P22m71H22m +1
=2de+ 1.
This proves the lemma. u

8.3 The classes F (1,) belong to &

In this Section we prove that the classes E(n,) belong to & for all n > 0, that is by (iii) of
Proposition we show that their image under ¢, that is

vx(d,e;m) = (d+e—my;d—mi,e —my,ma,...,my),

can be reduced to (0;—1,0,...,0) by repeated Cremona moves. To that end, we follow the
strategy presented in [5]. The fact that the classes satisfy the Diophantine equations has already
been proven in Section

8.3.1 The classes F (1,,) reduce to (0;—1)

In the following, we reduce the classes F (12,,) for m > 3. Therefore we first determine the
continued fraction expansion, as well as the form of the classes of ng, for m > 3 in Lemma[8.31]
To show that the image of the classes F(n2,,) under ¢, reduce to (0; —1) by standard Cremona
moves, we first compute ¢, (E(n2m,)) in Lemma[8.3.3] The reduction itself will be shown in four
steps (Lemmas |8.3.4} [8.3.5} [8.3.6| and [8.3.7]).

Lemma 8.3.1 The continued fraction expansion of noy, for m > 3 is
5:{1,4}m D 11,31, {4,1}*™ V||

Moreover, with
Uj 1= (QHJ — PJ) H2m + HjPZm,

for 7 > 1, holds that

E (nom) = <P2m+lH2ma Popi1Hom;

1 x5 1 x4 1 x4
(2U2m> y W2m—1, (2u2m—2> yeeey U3, <2’U,2> )

1 1 x3
u1>H2m+ §P2m7 <2P2m> 7P2m—17

1 x4 1 X4
<2P2m—2> ,sz—37-~,<2p2> 7P171>-

Proof. Since (n,,) is an increasing sequence converging to o2 < 6 and 7y = %0 > 5, the first
term of W’ (n2,,) is

5 1 x5
(20" = (113,)" = )
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for any m > 3.

To determine the next terms, we first prove that for all k£ > 1,

1
Uk+1 > §u2k > Ugk—1-

Indeed, using (|7.1)), (7.8) and (7.9)), we obtain that

Ugk+1 = (2Hopt1 — Pokt1) Hom + Hop11Pom
(Poky1 + 2Pok) Hopy, + Hopg1 Por,
(4P + Poy—1) Hopm + (2Hog + Hop—1) Popy

1 1

> <2P2k + P2k—1> Hyy, + §H21<;P2m

1 1
=5 (2Poy + 2Po 1 — Poy) Hop, + §H2k:P2m

1 1
=3 (2Ho, — Por) Hop + §H2kp2m

1
= —u

5 U2k

1 1
=3 (2Hap, — Poi) Hopy, + iHQkPQm

1 1
= <H2k — 2P2k> Hs,, + 5 (2Hop—1 + Hop—2) Pom
1 1
= | Pop + Pop—1 — Pog—1 — §P2k—2 Hop, + 3 (2Hak—1 + Hop—2) Popy
1 1
= | Por — §P2k—2 Hop + 5 (2H2k—1 + Hop—2) Pory
1 1
= | 2Pog—1 + Poj—2 — §P2k72 Hop, + 3 (2Hoj—1 + Hop—2) Por
1 1
= (2Py_1 + §P2k—2 Hop, + B (2Hak—1 + Hop—2) Popy
5 1

= | Pog—1 + §P2k—2 + Poj—3 | Hopy + | Hop—1 + §H2k—2 Py,
> (Pag—1 + 2Pog—2) Hopm + Ho—1Pomy

= (2 (Pog—1+ Por—2) — Pox—1) Hom + Hop—1 Pory
= (2Hok—1 — Pog—1) Hom + Hop—1 Popy

Uk—1-
From ([7.19)), the second term of W' (n)g,,,) is
Pom — OGom = 2P22m+1 - 5H22m
Using (1), () and (),
2P5, .1 — 5H3, = 2(2Pam + Pan—1)" = 5 (Pam + Pam—1)*
=3P, — 2Py Poyn 1 — 3P3, 4
= 3Py (2Pom—1 + Pam—2) — 2Poy Pam—1 — 3P3,,_,

= 6Pam—1Pam + 3Pon—2Pom — 2Pam Pam 1 — 3P5,,,
=4Poy—1Pom + 3Pom—2Pop, — 3P22m_1

(8.2)
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= 4Poy 1 Pomm + 3Poy_oPom + P31 —4P3. | + 2Py 1 Pa
= 2Pyn—1Pom + 3Pam—2Pom + P31 + 2Pom—1 (Pam — 2Poyn—1)
= 2Py, Poyp1 + 3Pom Pom—o + Psy 1 + 2Pom—1 Poy—2

= (Pam-1+ 2P2m—2) (Pom + Pam—1) + (Pam—1 + Pom—2) Pom,

= (2Hom-1 — Pom—1) Hom + Hom—1Pom

= U2m—1

1
< §U2m.

Now for all £ > 1, it follows with (7.1)), (7.8) and (8.2)) that

1
Ugk41 — 4 <2U2k> = (2Hog11 — Pogs1 — 4Hop + 2Poy) Hop + (Hogr1 — 2Hoy) Por

= (2 (Hok+1 — 2Hok) + 2Py, — Pogy1) Hom + (Hok1 — 2Hok) Por,

= (2Hok—1 — Pog—1) Hom + Hop—1 Popy

= U2k—1

< —
u

and
1

1
Jlzk — Uzk-1 = <H2k - §P2k —2Ho, 1 + sz—1> Hop,

1
+ <2H2k - sz—1> Py,

1 1
=3 (2Hak—2 — Pog—2) Hop + §H2k—2p2m

1
= —UQk—
5 U2k—2
< U2k—1-

Thus the first terms of W' (n2,,,) are

1 X5 1 x4 1 x4
<2u2m> y U2m—1, <2u2m—2> y ooy U3, <2U2) , Ul.

The next terms are Hap, + & Po, (3Pam)™®, Pam_1. Indeed, by (7.1) and (7.8)),

1 1
Juz U1 = Hoyy + §P2m < Hopm + Popy = g,

1

1 1
up — <H2m + 2P2m> = §P2m < Hop, + §P2m

and
1 1 1
Hopmy + =Poyy = 3| = Pomy | = Pop—1 < zPom.
2 2 2
Notice that for all £ > 1,

1
Pyyq > §Pk > Py_q,

and thus by (7.1
1 1
Pypiq —4 <2P2k) = Py_1 < §P2k:
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and

1 1
§P2k — Py = §P2k—2 < Py

holds.

This proves that the last terms of W' (n,,) are (%Pgm_g) X4,P2m_3, (R X4,P1, 1, with
the last 1 added by the definition of W’ (92,,). [

Let us now introduce some notation in order to simplify the expressions of the classes.

Definition 8.3.2 Set

1 x4 ) 1 x4 1 x4
A= <2U2kz> s Uok—1, (Pog Hom) ™ ,<2U2k—2> ,uzk—3,---,<2u2> UL,

1 1 X3
Hs,, + §P2m7 (2P2m> s Po—1 ],

1 x4 1 x4
B} = <<2P2m—2> s Popp—3,.. ., <2P2m—2k+2) s Pom—oky1,

1 X8 ) 1 X8 .
<2P2m—2k> , (Pom—ok—1)" ,-.-7<2P2> (P,

Vit := (Pagg1Hom + Hop Por; ALY, BEY)
Thus A}* has the structure

[4, 1,2,{4,1}*¢D 1.3, 1}

and B}* has the structure

[{4, 1K) g 9yx(m=h) 1} .
Here we use the convention that if k =m, B has the structure
({4,120 1]
and that if k =1, B" has the structure
[{8,2}“’”‘1) ,1} .

The structure of the reduction process of a class E (1n2,,) will be the following. First, we compute
in Lemma that the image of E (n2,,) under ¢, is

Vo' = (Pamy1 Hom + Hom Pom; Ay Bry) -
Then, we reduce V™ in Lemma and Lemma to

1 1 x3
V= (HZm; Hopm — §P2n% <2P2m> ) (Pmel)X2 ’ Biﬂ)

in 4(m — 2) + 8 Cremona moves. Finally, we show in Lemma and Lemma that V'™
reduces to (0; —1) in 5(m — 2) + 8 moves.
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Remark 8.3.2.1 Since the Cremona transform of a class (d; m) only modifies the first 3 entries
of the vector m, we will write some of the first entries of the classes and will abbreviate the
other terms by (). It is important to notice that the terms denoted by (x) will always be left
invariant during the reduction process. Then, each time after applying the Cremona transform,
we will reorder the entries of m. We will not always reorder the entries in decreasing order, but
this will have no consequence on the reduction because we will reorder them in a way such that
the first 3 entries of the vector m will always be the 3 biggest entries in decreasing order. We
will write down each step of the reduction, that is the class obtained after applying the Cremona
transform and reordering. But sometimes when the reordering will not be obvious, we will write
the intermediate step before reordering as we have done in detail in Section [8.I} Again we will
denote the Cremona transform of a class by — and the reordering of a class by ~~. As we will

freely use the three relations (7.1)), (7.8]) and (7.10)) we recall them:
P,=2P, 1 +Pyo and  H,=P,+ P, for n > 0,

and
P = (—1)“‘1 (PyHop — HpPoyy) form >0 and k <2m.

Lemma 8.3.3 The image of E (nam) by s« is the class
Px (E (772m)) = (P2m+1H2m + Hopm Pom; Am, BZ}) = VnT

Proof. The first terms of E (12,,) are (P2m+1H2m, Poyi1 Hop; %U/Qm, (*)) Since %ugm = H22m,
we get

2
o« (E (n2m)) = <2P2m+1H2m — H3.; (Pomy1 Hom — H%,n)x ; (*))
= <P2m+1H2m + Hop Pom; (Pam Hom) ™2, (*)) .

After reordering this class, we see that we indeed obtain V" as required. [

Lemma 8.3.4 For all 3 <k <m, V] reduces to V;" | in 4 Cremona moves.

Proof. We have
1
o= <P2k+1H2m + Hop Pop; 3 ((2Hay, — Poy,) Hop + Hop Pap) ™%,

(2Hok_1 — Pop_1) Hom + Hop—1 Pam, (Por Hom) 2, (*))

7 1
— (<_H2k + 2P2k> Hop, + §H2kp2m§ (Hop—1 Hom)?
1

3 ((2Hoi, — Pa) Hom + Hop Poyy) , (2Hok—1 — Por—1) Hom + Hop—1 Por,
(

PoHam) 2, (*>)

7 1 1
~ <<—H2k: + 2P2k> Hop, + ink;Pm; B ((2Hok — Pog) Hop, + Hop Porn)
(2Hop, 1 — Pog—1) Hom + Hop1 Pam, (P Ham) ™2,
(Hop—1 Hom) ™, (*))

3 1 5 1
— <2P2kH2m + §H2k—2p2m; (2H2k - 2P2k:> Hyyy + §H2k—2P2m, Py _oHop,

Paj,—1Hap — Hop—1 Pamn, Por Hapm, (Hop—1 Ham) (*)>
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3 1 ]
~ <2P2kH2m + §H2kf2p2m§ PoyHop, (Hop—1 Ham)®
5 1
<2H2k - 2P2k> Hoym + §H2k—2P2m, Pog—oHom, Poy—(2k—1), (*))
5 1
— <2P2k—1H2m + Hop o Pop; <2H2k: - 2P2k> Hop, + §H2k:—2p2ma

1 1 X2
<_2P2k2H2m + 2H2k2p2m> y Hop 1 Hopp,

5 1
<2H2k — 2P2k) Hom + §H2k72P2m, Pog—oHom, Pop—(2k-1), (*))
5 1 X2
~ 2Py, _1Hop + Hop—oPopy; Hop—1 Hopy, ((QH% - 2P2k) Hop, + 2H2k2p2m> ;
1 X2
Pop_2Hop, (2P2m—(2k—2)> s Pom—(26-1)> (*))
1 1 X2
— (PQk—1H2m + Hop_oPopy; Pog—oHop,, (_2P2k—2H2m + 2H2k—2p2m> ;
1 X2
Pog—o2Hom, <2P2m(2k2)> s Pom—(2k—1), (%)

1 x4
- <P2k1H2m + Hok—2 Pom; (Pok—2Hom) ™% | <2P2m(2k2)> s Pam—(26-1) (*)) :

Now, after reordering this last class, we obtain V™, as required. [
Lemma 8.3.5 V" reduces in 8 Cremona moves to the class
- 1 L\ <2 pm
V™= | Homi Hom — 5 Poms | 5P2m | (Pom-1)"",B" | .
Proof. We have
" 17 x4 X2
‘/2 = 29H5,, + 17P2m; 11Hy,, + ?PQm ,9H2m + 7P2m, (12H2m) ,
3 < 1
(2H2m+ 2P2m> 7H2m+P2m;H2m+ 2P2m7(*)>
17 17 %9 %3
— 25H2m + ?PQm; 11H2m + ?PZm, 9H2m + 7P2ma (12H2m) ) (7H2m) )

3 X 1
<2H2m + 2P2m> 7H2m + P2m; H?m + §P2m7 (*))

3 3 x4
— <18H2m + P2m7 12H2ma <7H2m)><3 4H2m + 2P2m7 <2H2m + P2m> )
2Hom, Hop + Popy, Hopy + sz,P2m 3, (*)
3 X2 3 x4
— <10H2m + 3Pom; THop,, <4H2m + 2P2m> , <2H2m + 2P2m> ;

1 1 X2
2Hom, Hom, + Poy, Hopn + §P2m7 (2P2m—2> s Poy—3, (*))
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3 x4 1
- <5H2m + 3P2m; <2H2m + 2P2m> ) (2H2m)><2 ) Ha,y + sz, Hop, + §P2m7

1 X2
<2P2m—2> s Poy—3, (*))

3 3 1
— (4H2m + §P2m§ 2Hs,, + §P2m, (2H2,,)"? , Hom, + Pam, Hom + §P2m,

1 x4
(Hapm)™? <2P2m—2> s Pop—3, (*))

x4

3 1
= Popny (Hom)™? <2P2m—2> ,

2H2m + P2m, H2m + P2m7H2m + P2m7

2 2
P 37( ))

1 1 x4
— (2H2m, Hgm X3 H2m - §P2m, P2m717 <2P2m2) 7P2m73a (*))

1 x4
Hop; Hopy — P2m,P2m—1, <2P2m2> s Porn—3, (*)) .

After reordering this last class, we obtain V™ as required. [

Lemma 8.3.6 For allm > 3, V™ reduces in 5 Cremona moves to V™.

Proof. We have
1 1 X3 1 X8
vm = <H2m;H2m_2P2ma <2P2m> s (Po1)™2, <2P2m2> ,(*)>
5 1 X8
Ho,, — sz, sz,(szfl)X 7<2P2m2> (%)
1 1 X9
<2P2m,P2m 1, <2P2m2> ,(*)>
1 1 X7
— (sz 15 Po—1 — P2m 2, <2P2m2) ,(*)>

1 X5
Py 1 — P2m 2; Hom—2, (2P2m2> s (%)

1 1 x3
— Hopy—oy Hopy—9 — §P2m—2, <2P2m2> ,(6) |-

After reordering this class, we obtain V™! as required. [

Lemma 8.3.7 V2 reduces in 8 Cremona moves to (0; —1).
Proof. We have
V2

(17;11,67%, 572 1)
- (11;6,5%%,1%1)

(6;5,1%1%)
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1><10)

4;3,17%)

\SDJ

[\]

—
X
o))
~—

N

(5:4
(
(3:
(2
(%
(0;

which proves the claim. ]

8.3.2 The classes F (12, 1) reduce to (0;—1)

In the following, we reduce the classes E (12,,—1) for m > 3. Therefore we first determine the
continued fraction expansion, as well as the form of the classes of 79,,,—1 for m > 3 in Lemma
8.3.8. To show that the image of the classes F(n2,,—1) under ¢, reduces to (0; —1) by standard
Cremona moves, we first compute ¢, (E(n2m;m—1)) in Lemma The reduction itself will be
shown in four steps (Lemmas [8.3.11] |8.3.12} |8.3.13 and [8.3.14)).

Lemma 8.3.8 The continued fraction expansion of Nom—1 s
15 {1,417 1,3,1,1, {4,114

Moreover, if v; := (2H; + Pj) Hap, — HjPay,, then

E (mam-1) = (PZmlHZma Py 1Hopm;

1 X5 1 x4 1 x4
(21)2771—2) , V2m—3, <2U2’m—4> y e ey U3, (27)2) )

1 %3
1, <H2m - 2P2m> ,§P2m,P2m—1,

1 x4 1 X4
(2P2m2> 7P2m3,---,(2P2> ,P1,1>~

Proof. The first terms of W’ (19,,—1) are (%vgm,g)xg) as 5 < Mom_1 < 6 for m > 2 and since
with (7.1)) and (7.9) we obtain

1

SU2m—2 =

> ((2Hom—2 + Pom—2) Hopm, — Hom—2Pop)

((8P2m—2 + 2Pop—3) (Pom, + Pom—1) — (Pam—2 + Pomn—3) Pam)
((Pam—1 + Pom—2 + Pam—3) (Pom + Pom—1) — (Pom—2 + Pam—3) Pom)

Poy 1Py + P31+ (Pam—2 + Poy—3) Po1)

w\r—tww—nw\»—nw\»—lww—‘w\ﬂ

(
(P31 + (2Pam—1 + 2Psm—2 + Pan—3) Pan—1)
(

P31+ 3Pom 1 Pom1)
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2
= 2132171—1'
Before determining the next terms, we prove that

1
U2kl > SV2k > V21 (8.3)

for all £ > 1. Indeed using ((7.1) and ([7.9)

Vak+1 = (Hakt1 + Pok1) Pom + (2Hop 41 + Pogy1) Pom—1
2P 11 + Po) Pay + (3Paj+1 + 2Pag) Pom—1
5Po + 2Po;_1) Poyy + (8 Pk + 3Pok—1) Pom—1

1 3
> <P2k + 2P2k1> Py, + (2P2k + P2k1> Pyt
1

= (
= (

1
= — (Hai + Po) Porm + 5 (2Hoi + Poi) Pom—1
2 2
- 1
= 5U2

1
= — (Hop + Pop) Po + 3 (2Hsy + Por) Pom—1

—_ o =

1
= — (Po_1 + 2Ps) Popy, + 3 (2Pop_1 + 3Po) Poyq

N

= — (Pag—1+2(2Pog—1 + Poy—2)) Pory

[\

1
+ 3 (2(2P2k—2 + Pop—3) + 3 (2Por—1 + Por—2)) Pormn—1
1 1
=3 (5Paj—1 + 2Poj—2) Po, + 3 (TPoj—2 4+ 2Psj—3 4+ 6Pop—1) Pomm—1

5 7
= <2P2k—1 + sz—2> Py, + <3P2k—1 + §P2k:—2 + sz—3> Poyp1

> (2Py—1 + Por—2) Pom + (3Paj—1 + 2Psj—2) Pom—1
= (Hog—1 + Pog—1) Pomn + (2Hop—1 + Pog—1) Porm—1

= V2k—1-

So the next term of W' (n2,—1) is H3, — 5 (2P22m71) = Vo3 < %Ugm_g. Moreover, for all

k > 1, we obtain with (7.1)), (7.8), (7.9) and (8.3) that

1
Vop41 — 4 <2U2k> = (2Hop+1 + Pogt1) Hom — Hopr1Pom, — 2 ((2Hok, + Pog) Hopy, — Hop Por,)

= (2Hop11 + Pory1 — 4Hoy — 2Poy) Hopy — (Hopq1 — 2Hop,) Poyy
= (2 (Hakt1 — 2Hak) + Popy1 — 2Pog) Hom — Hop—1Pom,
= (2Hop—1 + Pop—1) Hopy — Hop—1 Pory
= Vg1
< lvgk
2

and

1 1 1
U2k ~ V2k-1 = <H2k + §P2k —2Ho,_1 — P2k1> Hspy, — <2H2k - H2k1> Py,

1 1
= (HQk —2Hop 1 + 3 (Poy, — 2P2k:—1)> Hop, — B (Hor, — 2Hop—1) Popy
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1 1
= <H2k2 + 2P2k2> Hyy — 3 (Hok, — 2Hop—1) Popy
1

((2Hok—2 + Paj—2) Hop — Hop—2Por,)

— DN

= jV2k—2
2

< V2—1-

This proves that the first terms of W' (19,,—1) are

1 X5 1 x4 1 x4
§U2m—2 , U2m—3, §U2m—4 y -y U3, 5”2 , U1.

x3 .
The next three terms are (Hgm — %Pgm) , %PQm, Py, since

1 1
SV = VL= Hyy, — §P2m < 3Hap — Poyp = v1,

1 1 1
01_3<H2m_2p2m):2P2m<H2m_2P2m

and 1 ] 1
Hoy, — §P2m - §P2m =Py < §P2m-

Since the last terms are the same as those of W’ (12,,), the lemma is proved. [

Let us introduce again some notation.

Definition 8.3.9 Set
2 2
1 x4 - EP x3 EP P
2'02 , U1, 2m 5 2m ) 2ms 4 2m—1 | »
R 1 x4 1 x4
By = (<2P2m—2> v Pom_3,. .., <2P2m—2k+2> s Pom—ok41,

1 X8 . 1 X8 )
(2P2m—2k> , (Pom—2k—1)" 7-'-,<2P2> (P71,

Vkm = (PQk;HQm + HQk—IPZmQAZ%aBIT) :

. 1 x4 . 1 x4
A = | zvor—2 ,V2k—3, (Hok—1Hom — Hop—1Pom) ", | SV2k—4 yU2k—5y v e s

Note that B,Q” is actually equal to the vector BJl* that we used in the reduction of the classes E (12m).
Here, A" has the structure

[4, 1,2,{4,1}*¢2 31, 1}

and B,T has the structure
[{47 1}><(k71) ’{8’2}><(mfk) ’ 1} ‘

We use again the convention that if k = m, Bz; has the structure {{47 1}><(m71) 1] and that if
k=1, B{” has the structure [{8, Q}X(mfl) 7 1]
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Remark 8.3.9.1 Notice that we will now use again the notation introduced in Section [8.1 and
stated in Remark that is the Cremona transform of a class is denoted by — and the
reordering of a class by ~-». In the following we use again frequently the three relations 7
and , without specifying them. We recall them here:

P,=2Py,_1+ P, and  H,=P,+ Py, for n > 0,

and
Py = (=) (P Ho,, — HiPoyy) for m >0 and k < 2m.

Lemma 8.3.10 The image of E (nam—1) by @« is the class
os (B (m2m-1)) = <P2mH2m — Hopm—1Po; AT, EZD =V

Proof. The first terms of F (12,,—1) are (sz_ngm, Po—1Hop: %Ugm_z, (*)) Since %Ugm_g =
2P2 |, we get

1
s (£ (M2m-1)) = ¢« <<P2m—1H2m7 Popy 1 Hop; 5 V2m=2; (*)))
2
= (2Pom-1Hom — 2Py, 13 (Pam 1 Ho — 2P3, 1) ()

= (PQmHZm — Houm 1 Pam; (Ham—1Hom — Hom-1Pom)™?, (*)) :

After reordering, this last class is (PgmHgm — Hopy 1 Popn; A%, B?,}) = V/,If as required. [

Lemma 8.3.11 Forall3 <k <m, Vkm reduces to Vk”jl i 4 Cremona moves.

Proof. We have

N 1
vto= <P2kH2m — Hop 1 Pom; = ((2Hop o + Pog_o) Hopm — Hop_oPom) ™4,

2
(2Hop,_3 + Pog_3) Hopm — Hop_3Pom, (Hop—1 Ham — Hop—1 Pom)™? (*))

9 1
— <<H2k—2 + 2P2k—2> Hoy, — <2H2k—2 + 4P2k—2> Pom;

1
(2Pap,_2Ham — 2Pog—oPoy) ™, 5 ((2Hok—2 + Pog—2) Hopm — Ho—2Pop)

(2Hok_3 + Poj_3) Hap — Hok—3Pam, (Hok—1Hom — Hop—1Pom)™?, (%)

2 2
1
3 ((2Hag—2 + Paj—2) Hopy — Hop—2Poyy) , (2Hok—3 + Pog—3) Hop — Hop—3Popy,
(Hap—1Hom — Hop—1Pom)*?, (2Pak—2Hom — 2P 2 Po)? (*))

9 1
— ((szz + P2k2> Hsp, — (H%z + 4P2k2> Poyy;

7 1
— <(H2k—2 + 2P2k—2> Hy,y — <2H2k:—2 + 4P2k—2> Poyy;
1 1
<H2k:—2 - 2P2k—2> Hop, — §H2k—2P2m7 Hoyj._3Hoy — Hop—3Popy,
Py _1Hopy — Hop—1 Popy, Hop—1 Hopy — Hop— 1 Poyp,
(2Pos—2Hom — 2Poj—2Poyn) ™, (*))
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7 1
— ((H%z + 2P2k2> Hop, — <2H2k2 + 4P2k2> Py
Hop— 1 Hop, — Hop 1 Poyn, (2Pog—9How, — 2Paj 2 Pop) ™,
1 1
<H2k—2 - 2P2k—2> Hyy,y — §H2k—2p2m7 Hoj_3Hoy — Hop—3Popy,

Pop(26-1)5 (*))
1 1
— Py _1Hop — 2Pog_2Poy; | Hop—o — §P2k—2 Hyy,, — ink—2P2m,
1 1 x2
_§P2k—2H2m + 2H2k—2P2m> 2P _oHop — 2P 9 Pop,

1 1
Hop_o — 2P2k—2> Hop, — §H2k—2p2m7 Hsy_3Hop — Hop_3Pop,
Pom—(2k-1); (*))
— Py _1Hopy — 2Pop_oPopy; 2Pog_oHoyy — 2P0 Poyy,
1 1 x2
<<H2k;—2 - 2P2k—2> Hs,, — 2H2k—2p2m> yHop_3Hoy — Hop 3P,
1 X2
(2P2m(2k2)> s Pom—(2k-1); (*))
— <P2k:2H2m — Hop_3Poy; Hop_3Hop, — Hop 3Py,

1 1 X2
(_2P2k2H2m + 2H2k2P2m> s Hop_3Hop — Hop_ 3P,

1 X2
<2P2m—(2k—2)> s Pom—(2-1): (*))

1 x4
— (PQk—QHZm — Hop—3Pom; (Hoi—3Hom — Hop—3Po) ™, <2P2m—(2k—2)> ;

Py (2k-1)s (*)) .

Now, after reordering this last class, we obtain Vk”jl as required. ]

Lemma 8.3.12 V3" reduces in 5 Cremona moves to the class

N 1 1 S
V= <H2m - §P2m; §P2m7 (PQm—l)XS ) Biﬂ) :
Proof. We have

R 3 x4
szm = (12H2m — TPom; <4H2m - 2P2m> y3Hoy — Popy, (7H2m - 7]D2m)><2 5

(Hgm — ;P2m> - , (*))

1
— (12H2m - §P2m;4H2m - gP2ma 3H2m - P2m7 (7H2m - 7P2m)><2 )
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1 x3
(4Hyy, — 4Pyp)"? <H2m - 2P2m> ; (*))

3
10Hy,, — PZm, THoy, — TPom, (4Hopm — 4Pop) ™, 2Ho,y, — 5 Pam;

X3
<H2m_ P2m> 7P2m—17P2m—37(*)>

X2
Poy,— 1,< Py, 2> 7P2m37(*)>

X3 ) 1 x4
2Hop, — Pom; (H2m P2m> y (Pam—1)™ ,<P2m2> s Por—3, (%)

2

3 X2 1 x3
— <5H2m - 4P2m; 4H2m - 4P2m7 <2H2m - 2P2m> ’ <H2m - 2P2m> )
( x3 1 x4
P2m> s (Pom—1)"%, (szQ) s Pomm—3, (*)) .

- <H2m - §P2m§ (Hzm - )

After reordering this last class, we obtain V™ as required. ]

Lemma 8.3.13 For all m > 3, V™ reduces in 5 Cremona moves to V™1,

Proof. We have

- 1 1 1 x8
|4 = Hyp,y — 2P2m; 2P2m7 (Pomm—1)"", §P2m—2 , (%)
1 1 x9
— =Py Pomn—1, | zPom—2 (%)
2 2
1 1 X7
— Pop—1; Pop—1 2P2m—2, <2P2m2) , (%)
1 1 x5
— Poyp1 — §P2m727 Hopy o, (2P2m2> , ()
1 1 X3
— Hopy—o3 Hopy— o §P2m—2, <2P2m2> o (%)
1 1
— | Hom—2 — §P2m—2; §P2m—27 Pop—3, (%) ] .
After reordering this class, we obtain ym=1 a5 required. [

Lemma 8.3.14 V2 reduces in 7 Cremona moves to (0; —1).

Proof. We have

VQ — (11 6, 5><3 1><11)
N ( 1><12)
- (5:4,171)
N ( 1><8)
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Ll 14

which proves the claim.

8.4 The classes F (¢,) satisfy the Diophantine equations

In this Section we show that the classes E(9,,) satisfy the Diophantine equations ([5.2).

Lemma 8.4.1 The classes E (9,,) satisfy the Diophantine equations .

Proof. We will prove this separately for n even and odd. In both cases, we use Lemma

In ([7.21)), the classes F (1,,) are given as:

1 1
(4 (Hy, + Hpt9), 1 (Hp + Hpy2); W (ﬂn)) if n is even,
EWw =9 11 1
Thus, for n = 2m we obtain
> mi=Hom y wi
Hopy o 1
=H 1——
2m< H2m + H2m>

= Hopmqo + Hop — 1

1
—2(=
(3

=2(d+e)—1.

1
(Hom + Homy2) + 1 (Hom + H2m+2)> -1

With (7.2)), (7.5 and the relation (7.9) given in (i) of Remark (7.1.2.2] it follows that

(H3,, — 6HomioHopm + Hip\y o) = (Hom — Hom2)® — 4Hopm Hopvo
= (Pom + Pom—1 — Pomy1 — Pom2)?

= (—2Po,

— 4 (Pom + Porn—1) (Pom42 + Pomy1)

— 2Pyny1)?
— 4 (Poms1 — Pom) (B3Pop41 + Pom)

= 8P5,, + 16P2y, Porps1 — 8P5,, 11
=8 (Ps, — Pyt + 2Pam Pamy1)

2 1
=38- <P22m_P22m+1+P22m+1_P22m+(_1) m )

and thus
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1
= HgmH2m+2 + g (H22m - 6H2m+2H2m + H22m+2) +1
_ 1 (H3,, + 2Hop o H H? 1
= 3 2m om+2412m + 2m+2) +

1 1
=2 <4 (Hom + Homy2) - 1 (Hapm, + H2m+2)> +1

= 2de + 1.

Moreover, for n = 2m — 1,
Z mi = Pam—1 Zwi

Popta 1 >
=Py +1-
m—t (szl Py

= Poypyi1+ Popp—1 — 1

1

1 1 1
=2 (4 (Popm+1 + Pom—1) + 3 + 1 (P41 + Pom—1) — 2) -1

=2(d+e)—1.
Again using , and the relation (7.9) given in (i) of Remark we obtain that
Py — 6Py 1 Pomi1 + Ponyiy = Papyy — 6 (P22m + (_1)2m) + Pii
=P}, | —6P%, — 6+ (2Py, + Payp1)?
=P}, 1 — 6P, —6+4P;, + 4Py, Popy_1 + P54
=2P;, | —2P5 + 4Py, Pyy_1 — 6
=2P}, 1 —2P3 +2-(2PynPoy_1) — 6
= 2P3, .y —2P5, + 2 (PR, — PRy + (-1)") =6
=2P}, | —2P; +2P} —2P;, _,+2-6
=4
holds, and thus

St = By Yout 1

P
= P22m71 < 2m+1>

Poypq

= Py 1Pomni1

1 1
= Pop—1Pomy1 + 3 (P31 — 6Poyp_1Poi1 + Piyy) + 3

1 1
=3 (P31 + 2Pom—1Pomy1 + Py + 9

1 1
=2 <16 (Pam—1+ Pamt1)” — 4> +1

1 1 1 1
=2 <<4 (PQm—1+P2m+l)+2> . <4 (P2m—l +P2m+1) - 2>> +1

= 2de + 1.

This proves the lemma.
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8.5 The classes E (9,,) belong to £

In this Section we prove that the classes E(1,) belong to & for all n > 2. Again we will do this
in two steps as in Section By (iii) of Proposition we show that the image of E (¢,,)
under @, that is

v«(d,e;m) = (d+e—my;d—my,e —my,mo,...,my),

can be reduced to (0;—1,0,...,0) by repeated Cremona moves. The fact that the classes satisfy
the Diophantine equations has already been proven in the previous Section [8:4}

In Subsection B.5.1] we will show this for the case that n is even and in Subsection [8.5.2 we show
this for the case that n is odd.

Corollary 8.5.1 For alln > 0, the classes E (9y,) belong to .

Let us first introduce some notations in order to simplify the expressions of the classes.
Definition 8.5.2 For all k > 1, set

Cok—1 = _5, {1,4}X(k71) ) ]-:| )

Cop = -5; {1, 4}Xk}

and

o(j) = [55 {1,417 ¢V 1, 5]

Lemma 8.5.3 For all j,k > 1, the following relations, given in lowest terms, hold:

5Poio Py i3  3iPuio+ Py
Ck—1 = 1 ) Cok = and Uk(]) = 1 .
2 P Pogta 37 P2k + Pok—1
Proof. We use the fact that if [ag; a1, ..., ap] is a continued fraction and B& := [ag;aq, ..., ay]

a
is its k-th convergent written in lowest terms, then for any real number x,

TP+ Pr—1

ag; iy ..., 0k, T| = , 8.4
[ ] Tk + qr—1 &4

written in lowest terms.

We first prove the equality for cor_1 and cop by induction over k. For k = 1 we obtain that

6 1P
and 29 1 P,
5
2= | ] 5 1+3 B
Assume that both equations hold for £ — 1, that is for k£ > 2 it holds that
1
_ 5 Por
Co(k—1)—1 = C2k—3 = [5; {1,4p<=2) 1} = 12P7 (8.5)
549K—2
and P
ooty = oz = 5 {1, 4 F ] = L (8.6)
2%k—1
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Thus with (8.5) the (2k — 2)-th convergent of

Cop1 = [5; {1,4y*=D) 1}

equals
% (k—1) 3 Po P2k—2
[5;{1,4} } = 5 = (8.7)
5 12k—2 q42k—2

and with (compare the (2k — 3)-th convergent of co_1 equals

_ P.
P2k—3 _ 2k+1. (8.8)
Gok—-3  Porq

Now using (7). §7). ) and () yield
R R

_ L-popo+por-s
1-qop—2 + qor—3

1. 1 Poi + Pojia
1- 5P+ Py

5 (2Pagq1 + Pax)
3 (2Po—1 + Pag—2)
1

)

Similarly the (2k — 1)-th convergent of

Cop = [5; {1,4}X’f]

is

1
sP. _

Copt [5;{1,4}><(k—1) 7 1} 21 2k+2 : P2k—1
3 P2k Q2k—1

and its (2k — 2)-th convergent is

0 P )
Cok—2 = |:5’ {1’ 4}><(k 1):| — P2k+1 - DP2k—2
2k—1 q2k—2

Thus we obtain with (7.1)) and (8.4]) that
Cok, = [5; {1a4}Xk]

1 pop—1+ pog—2
1-qor—1+ qr—2

1+ 5Poya + Poya
1- 1Py + Py

3 (2Psgi2 + Pojia)
5 (Po + Pag1)

_ Popys
Py
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Now we show the equation for vg(j). By Definition vk () is determined as

o) = [5: 41,4470 1, 5],

As its (2k — 1)-th convergent is

1
=P -~
[5;{1,4}x(k—1)71} - %szm _. P2k—1
5 172k+2 q42k—1

and its (2k — 2)-th convergent is

{5; {1,4}”’“_1)} - Pos _ Pak—2.
Popy1 Gop—2
this and (8.4) yield that
or(j) = [5: 1,434 1, ]

J D2k—1+ P2r—2
7 30m-1 + a2

- 3Poky2 + Porys

j - 5Poks2 + Porys

and the lemma is proven. ]

Remark 8.5.3.1 From Lemma follows that for all & > 1 the continued fraction vy(2),
vg(4) respectively, is the one of Yoy, Yor41 respectively, as
_ Pypyo+ Popy1 Hopyo

ve(2) = = =9
K(2) Py + Poj. Hyy, o

and
_ 2Pspyo+ Popy1r Pogys

v (4) = =
( 2P + Py Poyyq

= Vok+1

for all kK > 0.

8.5.1 The classes F (U3,,) reduce to (0;—1)

With the same notation as in Section [8.4] we now prove that

Lemma 8.5.4 The classes E (O2p,) reduce to (0;—1) for all m > 1.
Proof. The proof is by induction over m. For the initial step m = 1, we have

1 1
192:37 and 3'w(ﬂ2)—3-w<37> = (375,2,17%).

Thus
E (¥2) = (5,5;37%,2,1°?).

We now show that under ¢, this class reduces to (0; —1):

e 00 = (£ ()
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o ((5,5;3%%,2,172))
= (7;2,2,3"4,2,1°%)

(7,3><4 2><3 1><2)
51,1,1,3,2%3,1%2)
5 3 2><3 1)(5)
3;1,0,0,2,179)

2 1><6)
2;1,0,0,1°%)

1><5)
1;0,0,0,1%%)

1><2) )

= (
= (5
= (
- (3
= (
- (2
= (L
= (L

The class (1; 1X2) reduces to (0; —1) by repeated Cremona moves as we have already shown in

Section [R.11

We turn now to the general case. We will freely use the definitions of the Pell numbers (7.1]) and
the Half companion Pell numbers ([7.8) given in Definition as well as the fact that for all

n = 0,

as in (i) of Remark [7.1.2.2]

H,=PFP,+ P,

Suppose that the image of the class E (2;,,) under ¢, reduces to (0;—1) and let us show that
o« (E (192(m+1))) = ¢« (F (Y2m+2)) also reduces to (0; —1).

In (7.21)), the class E (Y2m+12)

1
E (Yomq2) = <4 (Hom+2 + Homya)

= F (vm+1(2)) is determined by

4

1
— (Ham+2 + Homya); W (792m+2)) .

Homyo + Homa = Popyo + Poy1 + Pomga + Pomas

we thus obtain with J9,, 10 =
E (Yam42) are

E (Vam+2) = (Pom+3, Pamv3; Hoo 400 2Homv1, Hoom,

Hom+a

Hom+2’

Lemma |8.5.3| and Remark

=3Pom+3 + 2Poms2 + Poy1
== 4P2m+37

R.5.3.1] that the first terms of

2Hom—1, (%)),

where (x) stands for all the next terms. The image of E (¥2,,+2) under @, is

0« (E (Y2m+2)) = 0 ((Pomtss Pomas; Hoo oy 2Hom 1, Hoor, 2Hom 1, (%))

= (Poym+3 + Pomnys — Hom+2 ;

Popyy3 — Hopyo, Popy3 — Hopyo, H;,é+2a 2Homi1, Hy'k 2Hop, 1, ( )

= (H2m+3;P2m+2,P2m+2aH2><n3+272H2m+17H2ma2H2m 1, (%))

M (H2m+3; HQXTE_FQa 2H2m+17 P2>:—3+27H2><m7 2H2m 1 ( )) .
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To finish the proof, we will show that o, (E (J2m+2)) reduces to ¢, (E (J2,,)) in four steps:
0 (E (V2m12)) = (Ham13; Hogny 95 2Hom 11, Poye 9, Hagyy 2Ham 1, (%))
— (3Ham41 + 2Pomi1; Homso, 2Homy 1, Posr o, Hot Ly Hovn, 2Hom 1, (%))
— (2Ham11 + Pamat; Pomao, Hoo 1 Pom1, Hion, 2Ham 1, Pam, (%))
— (Pamey2s Homey1, Poor oy, Hott 2Hop 1, Pom, (%))
= (

Hopyy1; Hy 2 2Hop, 13P2n37(*))

= ©x (E (792m)) .

It is important to note that () was left invariant during the whole reduction process. So the
last class is precisely ¢« (E (¥2m)). [

8.5.2 The classes F (U3,,_1) reduce to (0;—1)
Lemma 8.5.5 The classes E (92m—1) reduce to (0;—1) for all k > 1.

Proof. The proof is by induction over m. For the initial step m = 1, we have
V1 =5 and w(91) =w(5) = (17°).

Thus
e« (E(91)) = ¢« (E(5))
= ¢ ((2.1:17))
=(2+1-1;2-1,1-1,1%%)
~ (2;179).
The class (1; 1X2) reduces to (0; —1) by repeated Cremona moves as we have already shown in
Section [R.1}

We turn now to the general case. We will freely use the definitions of the Pell numbers ([7.1)) and
the Half companion Pell numbers (7.8]) given in Definition as well as the fact that for all
n =0,

H,=PFP,+ P,

as in (i) of Remark [7.1.2.2

Suppose that the image of the class F (J9y,+1) under @, reduces to (0; —1) and let us show that
@4 (E (Y23m11)11)) = @ (E (D2m43)) also reduces to (0;—1).

In (7.21), the class E (Yom+3) = E (vm+1(4)) is determined by

(Pom43 + Pomys) — =3 W (192m+3)> .

1-
2’

e

1 1
E (Yom+3) = <4 (Pom+3 + Pomas) + 3
Pz + Popgs = Poyg3 + 2Poyia + Popg3

=2 (Pomta + Pomys)
= 2Ho 44,
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that the first terms of

we thus obtain with ¥9,,13 = izgf’ Lemma [8.5.3| and Remark |8.5.3.1

E (Y2m+3) are

1 11 1
E (Vomys3) = <2H2m+4 bt §H2m+4 3 PP o 2Pymio, Py 1, 2P, (*)) ;

where (x) stands for all the next terms. The image of F (J2y,+3) under ¢, is

1 11 1
s (B (V2m43)) = o« <<2H2m+4 +3 §H2m+4 — 5 PP o 2Pom2, Posny 1, 2Pom, (*)))

2

1

1 1
§H2m+4 + = = Poyyys,

“Hopmis — = — Pomys,

1 1 1 1

= <2H2m+4 + 3 + =Hopmis — 5~ Popyy3;
1

2 2

2
P2>;;L+37 2Pom+2, P2>;7;1+17 2Po, (*) )

= <H2m+4 — Pyyg3;

1 1 1
§H2m+4 Pois + = 5 2H2m+4 Popmys — >
P2m+3, 2P2m+27 P2m+17 2Pom, ( ))

1 1 1

1
<P2m+3, P2m+3, 2Pom12, 2H2m+3 3 §H2m+3 — 3

Pyt 1 2Py, (*)> .

To finish the proof, we will show that ¢, (E (J2m,+2)) reduces to ¢. (F (J2y,)) in four steps:

11 1

1
0« (E (V2my3)) = <P2m+3; Py 5, 2Pop i, §H2m+3 +3 §H2m+3 ~ 5

Py 1. 2P, (*))

1 11
— <P2m+3 + 2P2m+2; P2m+3y 2P2m+27 §H2m+3 + 5’ §H2m+3 P2>:7§+27

Pyti1,2Pom, (*))

1

1 3 11
— <2P2m+3 + §P2m+2 — 3 §H2m+3 P2>:n+27 H2m+2 — 3

1 1
P2>;3+1, 2P, §H2m+l — 3 (*))

1 1 1 N\ 1 1
— §H2m+3 — 5 Popma, §H2m+2 -3 s Popi 15 2Pom, §H2m+1 3 (*)

1 1 1
P2m+1§ P2>:73+17 2P2m7 §H2m+1 + 57 §H2m+1 - 57 (*))

= s (E (V2m+1)) -
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Since (%) was left invariant during the whole reduction process, the last class is precisely
oo (E (V2ms1)): .

8.6 Proving the Pell stair Theorem
With Section and Section , we are now able to prove (ii) of Theorem m

Corollary 8.6.1 On the interval [1,02],

1 if a €[1,2],
1 .
c(a) = \/Tﬂa if a € [N, O],

A/ % ifa € [ﬁmnn—&-l] )
for alln > 0.

Proof. Since for all n > 0, E'(¢,) is a perfect class, we know by Lemma [6.2.10| that ¢ (J,,) =

w(E (9y)) (9,). Hence
c (V) = /77n2+1

for all n > 0. Indeed, for n even, we compute

(0 = PHn O (0) W (D)) 2HnOn 2y
" Hn+2 + Hn Hn+2 + Hn Hn+2 + Hn
_ 2 (Pn+2 + Pn+1) _ 2 (Pn+2 + Pn+1) _ Hn+2 _ "n+1
Pn+2+Pn+1+Pn+Pn—1 4Pn+1 2Pn+1 2
and for n odd,
(0, = 2P On) W (Bn)) _ 2Pabn 2P
" Pn+2+Pn Pn+2+Pn Pn+2+Pn
_ Pn+2 _ Pn+2 _ Pn+2 _ [ Mn+1
%(Pn—i-Q_Pn)"i_Pn PTL+1+PTL HTL 2
Furthermore,
n
clm) =/ (39)

for all n > 0. Indeed, for n even, we have

H2nn Hynn, Pt \/777
E n n) = = - - - 2
w(E (1)) () 2P, 1 H, 2P, 11 Hy, 2

Thus for all (d, e;m) € & distinct from E (1), we get by Proposition [5.1.7](ii) that

Pyi1Hp(d+e) > <m7 W (nn)> > HTQL (m, w (1)) ,

and hence

(m,w (n,)) _ Pny1Hn  Puy1 Mn
d N = < = = _
uid, esm) (1) d+e — H2 H, 2

Next, for n odd, we have

2P7%77n PnT/n Hn+1 n

E — — — = —_—.
(B ) ) = 5 = =7 =~ ap, 2
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N[O —
1Z

1 2 3 2
Figure 8.1: Graph of c¢(a) on [1,0?)].
Thus for all (d,e;m) € &€ distinct from E (1,,), we get
PoHpgr(d+ e) > (m, W (n,)) > 2P; (m, w (1m)) .
and hence ( ()
m, w (7 PyHp Hy Tin
u(d, e;m) (1) dte — 2P 2P, 2
Thus, by Proposition [5.1.8] we have ¢ (n,) = /% for all n > 0 as required. Since ¢ is nonde-

creasing, we get that c(a) = \/ 77"2—“ for a € [Un, Nnt1]. Moreover, we have that for all n >0

c(0n) _ ()

U n
Indeed, for n even,
[ Mnt1 Nn.
C(ﬁn) _ 2 _ Hn _ 2 — C(nn)
7971 1971 2Pn+1 n Mn ’
and for n odd,
Mnt1 N
c (V) _ V2 _ P, _ 2 _ ¢ ()
Ip Uy, Hn+1 Tin Tin '

Hence, by the scaling property of Lemma [2.1.14] the function ¢ has to be linear on [n,, ¥,] and

thus
1

cla) = —=—a
(a) o
for a € [n,,9,]. For a € [1,2], the classes E(1) and E(2) = E(n) are perfect classes. Hence
yields
clm) = c(2) = /2 =1

c(1) = p(B(1)) (1) = u((1,0;1)) = <(1011)(1)>

Since the function ¢ is nondecreasing on [1, 2], we get that c(a) =1 for a € [1,2]. [

and
=1.
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Chapter 9

Outlook

In this work we have proven fundamental properties for symplectic embeddings of 4-dimensional
ellipsoids into polydiscs and determined the embedding capacity function cgc(a) for a € [1,02].
In [5] the embedding capacity function cgc(a) is not only determined for a € [1, 02, but also for
a € (02%,00), that is Theorem is expanded to

Theorem 9.1.2 (i) On the interval [1,02],

1 ifae(l,2],
1 .
C(CL) — \/E a Zfa’ e [anaﬁn] b
047;—1 Zf ac [Bm an+1] 5

for alln > 0.
(i) On the interval [02, 73%] we have c(a) = \/g except on seven disjoint intervals, where c is
piecewise linear.

(iii) For a > 73% we have c(a) = /5.

Remark 9.1.2.1 Recall the ECH capacities of B(1) and C(1) from Example [4.1.3}
CECH (B(].)) — (O><17 1><27 2><3’ 3><4’4><5’ 5><6’ 6><77 7><8,8><9, 9><10’ . ) ,
CECH <C(1)) — (O><17 1><].7 2><27 3><274><3’ 5><3’ 6><47 7><4,8><5, 9><57 o ) )
One sees that the sequence cpop (C(1)) is obtained from cpop (B(1)) by some sort of doubling.

This is reminiscent to the doubling in the definition of the Pell numbers: The Fibonacci and Pell
numbers are defined recursively by

Fn+1:Fn+Fn717 Pn+1:2Pn+Pn717

and while the Fibonacci numbers determine the infinite stairs of the function cgpp(a) for a < 74
(with 7 the golden ratio, see [19]), the Pell numbers determine the infinite stairs of the function
cgc(a) for a < 0%, This reminiscence may, however, be a coincidence. Indeed, for the ellipsoid
E(1,3) the sequence

CECH (E(1,3> — (0><1, 1X1,2X1,3X2,4X275X2,6X3, 7X3,8X3,9X4, o )

is obtained from cgc g (B(1)) by some sort of tripling, but the beginning of the function describing

the embedding problem E(1,a) — E(A, 3A) seems not to be given in terms of numbers defined
by Gn+1 =3Gn +Gp1.






107

Appendix A

Mathematica scripts

A.1 Computing obstructive classes

In this Section we describe the Mathematica scripts we used in the proof of Lemma to
compute the values of the function u(d,e;m)(a) for some (d,e;m) € £ We know that for
obstructive classes (d,e;m) € £ it is necessary that d = e or d = e + 1, so as before we will
always consider both cases and look at the systems and respectively. The scripts
ObstructiveClassdd[a_, d_] (for the case d = e) and ObstructiveClassdel[a_, d_] (for the
case d = e + 1) yield for a given d all obstructive classes (d,e;m) € £ at a point a > 1.

First we used the script Wla_] from [19] that gives the weight expansion of a value a € Q, using
the continued fraction expansion of a.

Wla_] := Module[{aa=a,M,i=2,L,u,v},

M = ContinuedFraction[aa];

L = Table[1, {j,M[[1]11}];

{u,v} = {1,aa-Floor[aal};

While[i <= Length[M],
L = Join[L, Table[ v, {j,M[[i]]1}] 1;
{u,v} = {v,u - M[[i]] v};
i++];

Return[L] ]

For example W[3] yields the weight expansion {1,1,1}.

We also used the scripts Solutions[x_, y_] and Solutions[x_, y_, z_] from [I9] where m
is determined in the following way: for given x and y, where x and y equal the left hand sides
of the two equations of Solutions[x_, y_, z_] computes m = (m1,...,mys) recursively.
Therefore it is only used that from classes (d,e;m) € £ the two equations of must be
fulfilled.

Solutions[x_, y_] := Solutions[x, y, Min[x, Floor[Sqrtlylll]

Solutions[x_, y_, z_] :=

Module[{X = x, Y=y, Z=2z, i, m, K, j, V, L = {}},
If[X~2 <Y, L ={}];
If[X~2 ==Y, If[X > Y, L = {}, L = {{X}}11;
If[X~2>Y, i=1;
m = Min[Floor[Sqrt([Y]]l, Z];
While[i <= m, K = Solutions[X - i, Y - i~2, il;
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j=1
While[j <= Length[K], V = Prepend[K[[jl], i];
L = Append[L, V];
j++1;
i++11;
Return[Union[L]]]

To simplify matters, we determine four functions that give the left hand sides of the equations

of the systems and for given d.

fi[d_] =4 4d -
gifd_] := 2 4d-2
f2[d_] := 4 4d -
g2[d] :=2d2-2d+1

W + -
[

For instance for d = 3, Solutions[f1[3], g1[3]] yields

{{2,2,2,1,1,1,2},{2,2,2,2,1,1,1},
{2,1,1,1,1,1,1,3},{3,1,1,1,1,1,1,2},43,2,1,1,1,1,1,1}}

and Solutions[£f2[3], g2[3]] yields
{2,1,1,1,1,1,2},{2,2,1,1,1,1,1}}.

Now we construct the scripts ObstructiveClassdd[a_,d,_] and ObstructiveClassdel[a_,d, _]
that return all obstructive classes (d,e;m) € & for given d, that is all solutions m(d) of
Solutions[x_, y_] for given d, such that (d,e;m(d)) is obstructive at a.

ObstructiveClassdd[a_, d_] := Module[{aa = a, dd = d, Q = {}, j, V},
Kd = Solutions[f1[dd], gi[dd]l];
For[ j = 1, j <= Length[Kd], j++,
m = Min[Length[Kd[[j]]], Length[W[aall];
Trunc = Kd[[j1]1[[1 ;; ml].Wlaal[[1 ;; ml];
Mu = Trunc/(dd + dd);
If [Mu > Sqrtlaa/2],
V = {K4a[[j1]1, Mu};
Q = Append[Q, V]
]
1;
Return [Q]]

ObstructiveClassde[a_, d_] := Module[{aa = a, dd =d, Q = {}, j, V},
Kd = Solutions[f2[dd], g2[dd]];
For[ j = 1, j <= Length[Kd], j++,
m = Min[Length[Kd[[j]]], Length[W[aa]]l];
Trunc = KA[[jII10[1 ;; ml].Wlaal [[1 ;; m]l];
Mu = Trunc/(dd + (dd - 1));
If [Mu > Sqrtlaa/2],
V = {Kd[[j1], Mu};
Q = Append[Q, V]
]
1;
Return [Q]]
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ObstructiveClassdd[3, 1] gives {{{1, 1, 1}, 3/2}} and ObstructiveClassde[3, 1] leads
to {}. It is also useful to know for which classes (d, e;m)(a) = /5. Therefore one can replace
the if-loop: If [Mu > Sqrt[aa/2], by: If [Mu >= Sqrtlaa/2]. For example for a := 2 we
obtain exactly two solutions:

{1,1{{{1,1,1},1}}} and {1,0{{{1},1}}}.

We will always obtain exactly two classes for a € 7, 0n.

As we want to check for many classes of £ if they are obstructive at a point a, we constructed
the following.

a :=3

Z := 10

For[d = 1, d <= Z, d++,

Print["{", 4, ",", d, ObstructiveClassdd[a, 4], "}", ",", "{", d4, ",", d - 1,

ObstructiveClassdela, d], "}"]]

which leads to

{1, 1{{{1,1,13},3/2}}},{1,0{}}
{2,2{3},{2,1{3}}
{3,3{}},{3,2{}}
{4,4{3},{4,3{}}
{5,5{}},{5,4{}}
{6,6{}},{6,5{}}
{7,7{3},{7,6{3}
{8,8{}},{8,7{}}
{9,9{}},{9,8{}}
{10,10{}},{10,9{}}

as the solutions of System (5.2)).

A.2 Testing the reducibility of classes

Here we give and explain the Mathematica scripts one can use to show that the classes in &7 are
reducible.

To simplify the script, we will write a tuple (f;n) and a triple (d,e;m) as a vector v. Indeed,
in doing so we lose the accentuation of the first entry, first two entries respectively, but being
careful when sorting the vectors not to mix the elements, there is no reason to worry.

The standard Cremona move for a vector v representing a tuple, that is the image of a class
(d, e; m) under ¢,, of [19] as described in Chapter [} is expressed in Mathematica as the function
CMV [v_]:

CMV([v_] :=

Join[{2xv[[1]1] - v[[2]] - v[[3]] - v[[41]1},

Sort [Join[{v[[1]] - v[[3]1] - v[[4]1], v[[11] - v[[2]] - v[[4]],
v[[1]] - v[[2]1] - v[[311}, v[[5 ;; Lengthl[vl]ll], Greater]]
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The following script Reduction[v_] describes two big steps: first the vector v representing a
class (d,e;m) is transformed into a sorted vector representing ¢.((d, e;m)), then the standard
Cremona move is applied until one of the elements

(0; =1), (1;1,1),(2; 1%%), (3;2,1%9),
(4,273, 1°),(5;2%2,1,1), (6; 3,2%7)

of & (compare [19] Lemma 1.2.7]) is obtained.

Reduction[v_] :=
Module [{W =
Join[{v[[1]] + v[[2]] - v[[31]},
Sort [Join[{v[[2]] - v[[3]], v[[11] - v[[3]11%},
v[[4 ;; Length[v]l]]], Greater]], L = {},},
While[Length[W] < 10, Return[W]; Break[]];
If [W[[10]] == 0, L = Wl;
If[W[[10]] > O, W = CMV[W];
While[W[[10]] > O, W = CMV[W]];
L =Wl;
Return([L]]

We will now show how the Mathematica script Reduction[v_] is applied to a class (d, e; m) with
the help of an example. Therefore we take

(d,e;m) := (169, 169; 99, 99,99,99,99,82,17,17,17,17,14,3,3,3,3,2,1,1)
that is the vector
v = {169, 169,99, 99, 99,99,99,82,17,17,17,17,14, 3,3, 3,3,2,1, 1}.

Now Reduction[169,169,99,99,99,99,99,82,17,17,17,17,14,3,3,3,3,2,1,1] yields the
vector

{3,2,1,11,1,1,1,0,0,0,0,0,0,0,0,0,0,0, 0}

which represents the class (3;2,1%%) in & of [I9, Lemma 1.2.7.].

Reducibility of classes of elements of the special sequences. Now for elements of the
sequences (,)p>1 and (5 )n>0 we have a script, that directly computes the corresponding class
for given n. Therefore it is necessary to first express the elements of the sequences (o, )n>1 and
(Bn)n>0 as functions depending on n:

x[n_] := Simplify[((1 + Sqrt[2])~(2 n - 1) - (1 - Sqrt[2])~(2 n - 1))/(2 Sqrt[2])
+ ((1 + Sqrt[2])~(2 n) - (1 - Sqrtl[2]1)~(2 n))/(2 Sqrt[2])]

y[n_ ] := Simplify[((1 + Sqrt[2])~(2 n - 1)
- (1 - Sqrt[2]1)~(2 n - 1))/(2 Sqrt[2])]

aln_] := Simplify[x[n]/x[n - 1]]

bln_] := Simplify[yln + 11/y[n]]
b[0] :=1
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For given n, the corresponding class of an element of (ay,)n>1 or (Bn)n>0 is determined by the
functions EA[n_] and EB[n_] respectively, where the distinction of cases for elements of (5y,)n>0
for n even or odd is already taken into account:

EA[n_] Simplify[Join[{y[n], y[nl}, x[n - 11*W[la[n]l]]]
EB[n_] := Simplify[If[Divisible[n, 2],
Join[{x[n/2]1"2, x[n/2]~2 - 1}, y[nl*W[b[nll],
Join[{2*y[(n + 1)/2]"2, 2xy[(n + 1)/2]~2 - 1}, y[nl*W[b[n]]1]1]1]

Here W[a_] is the in Section of the appendix described Mathematica script of [19], that gives
the weight expansion of a value a € Q.

Now, applying Reduction[v_] to EA[n_] and EB[n_] respectively and preserving the minimum
and upper limit for n, that is m < n < X, we obtain for

m:=1
X :=8
For[m = 1, m <= X, m++, Print[a[m], ",", Reduction[EA[m]]]]

that

3,{1,1,1,0,0}
17/3,{3,2,1,1,1,1,1,1,0,0%}
99/17,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0}

577/99,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0}

0,0
3363/577,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
19601/3363,4{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0%}
114243/19601,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0}
665857/114243,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0}

and for
m :=0
X :=7

For[m =1, m <= X, m++, Print[b[m], ",", Reduction[EB[m]]]]
we get that

5,{2,1,1,1,1,1,0%}

29/5,{3,2,1,1,1,1,1,1,0,0,0,0%}
169/29,43,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0%}
985/169,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0%}

5741/985,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
33461/5741,4{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
195025/33461,{3,2,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0%}.
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