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for determining the phase function
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A laser beam is deflected and focused by a holographic optical element (HOE). The hologram can be described by a
phase function ®(x,y). While displacing the HOE, the incident beam moves along a line x(s) in the hologram plane,
and the image point describes another line y(¢) in space. We present a method to calculate the phase function ®,
which is necessary to generate a particular line y(¢) in space. It can be shown analytically, using second-order
(paraxial) approximation, that a circular motion x(s) cannot generate a straight line y(¢) in space without astigma-

tism of the focal spot.

1. INTRODUCTION

Holographic optical elements (HOE’s) can be used as de-
flecting and focusing elements in laser scanners. HOE’s are
recorded by using spherical waves,! specially designed opti-
cal systems,? computer-generated holograms,® and so on.
However the hologram is produced, it is possible to represent
the hologram structure by a phase function #(x,y). Insome
particular cases, such as for point-of-sale systems,*5 simple
geometrical considerations lead to the optimum recording
conditions. In general the problem is more complex. One
possibility for finding solutions is to use optimum design
methods similar to the ones used commonly to optimize lens
systems in classical optics. A merit function has to be de-
fined that describes the scan quality, and by changing the
wave-front parameters this merit function is minimized.1¢
This method works well to find a local minimum for the
special configuration admitted, but one gets little informa-
tion about other solutions and the influence of the different
parameters. An alternative method to determine the holo-
gram phase function ® analytically, first introduced by Win-
ick and Fienup, is based on minimalization of the mean-
squared wave-front error.”-8

In this paper we present another analytical method, which
is differential rather than integral, to determine the phase
function necessary to solve particular scan problems. First
the basic idea is introduced and the generalized scan equa-
tion is developed. Then the theory is applied to the genera-
tion of a straight line in space by a linear and a circular
motion of the HOE. The wave field generated by the HOE
scanner is represented as an astigmatic pencil of rays (sec-
ond-order, paraxial approximation).

2, GENERAL THEORY

A laser beam is deflected and focused by a HOE. The
hologram structure can be described by a phase function
®(x, y). While displacing the HOE, the incident beam
moves along a line x(s) in the hologram plane, and the image
point describes another line y(¢) in space (Fig. 1). One must
find the phase function ®(x, y) that is necessary to generate a
particular line y(t) in space.

A coordinate system u, v, w is introduced, so that the u and
v axes are in the hologram plane and the w axis is normal to
it. During the scan motion, this coordinate system is fixed
in space, as are the incident laser beam and the generated
line y(¢). The origin of the system u, v, w is at the center of
the incident laser beam in the hologram plane and on the
line x(s). For each position ¢ on the line y(¢) the local phase
function ¥(u, v, t) in the hologram plane can be written as

‘I,(u; v, t) = (pp(u’ v, t) - ér(ur U), (1)

where ¢, describes the outgoing wave, focused on the line
y(t), and ®, represents the phase of the incident laser beam,
which is the reconstructing reference for the hologram.

The coordinate system x, y is fixed in the hologram plane
and moves with it during the scan. The incident laser beam
moves in the hologram plane on the line x(s). At each point
on x(s), characterized by the parameter s, the incident beam
reconstructs a point on the line y(¢), characterized by the
parameter t. Therefore, within the pupil of the laser beam
centered at the point s, the phase function ®(x, y) of the
hologram should be identical to the phase function ¥(u, v, t)
given in Eq. (1). In general, this condition cannot be ful-
filled rigorously for all points of a continuous scan. To get at
least a local match of the two phase functions ® and ¥, these
phase functions are developed in Taylor series at the point
x(s), which corresponds to the origin of the u, v coordinate
system, viz.,

ad 1 9%
®(u, v, s) = ¢[x(s)] + a—ul sui + Eéuiauj ) uu;+ ..,
. (2)
¥(u,v,t)=¥(0,0,t) + g_j; :ui ;ai:;j tuiuj F wess
LJj=1,2. (3)

Here and in what follows two notations are used for the
components of spatial vectors, namely, u = (v, v, w) = (uy, Uy,
ug), and similarly for x and £.

We require now that the two series be equal up to second
order, where the first-order derivatives determine the direc-
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.Fig. 1. General scan configuration. The hologram moves along a
line x(s) in the hologram plane, and the image point describes
another line y(¢) in space.

tion and the second-order derivatives the curvature of the
outgoing wave. This yields the following six conditions:

®[x(s)] = ¥(0,0, t), 4
90| _av
—6_1.;; au = hy(t), (5)
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To find the phase function ®(x, y), the relations between
the derivatives in the two coordinate systems x, y and u, v
must be established. These relations depend on the geome-
try of the particular scan problem. They can be formally
expressed by five functions f,- and fij, namely,
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Introducing Eqs. (5) and (6) into Eqs. (7) and (8), one ob-
tains

o
G_xi \ = fi[hk(t)] =g/(?), 9
Pe | _ _
a0, |, = fiilhr(8), hyn(8)] = g;(0). (10)

The five relations of Egs. (9) and (10) have to be fulfilled
simultaneously by the same phase function ®(x, y) along the
line x(s). Thus Egs. (9) and (10) determine all possible
solutions for which the outgoing wave has the desired direc-
tion and the desired curvature.

For the solution of a particular scan problem, it is neces-

sary first to determine the functions h;(t) and h;;(¢). They
are, following Eqs. (5) and (6), equal to the first and second
derivatives of the local phase function ¥(u, v, t) [Eq. (1)]
required at the origin (u = v = 0) to focus the outgoing wave
into the point ¢ along the line y(¢). In addition, one has to
establish for the particular scan geometry the relations be-
tween the derivatives in the two coordinate systems x, y and
u, v [Egs. (7) and (8)], to obtain finally Eqs. (9) and (10) in
explicit form. The value of the phase function ®(x, ¥) along
x(s) [Eq. (4)] follows by integration of Eq. (9). In Section 4
it is shown that, in general, a unique astigmatic solution can
be found in this way for any particular scan problem.

3. THE SCAN EQUATION

As was mentioned above, Eqgs. (9) and (10) describe all possi-
ble solutions. Of special interest is the relation between the
two scan parameters s and t. If the incident laser beam falls
onto the hologram with the beam center at a point s on x(s),
it will reconstruct a well-defined point ¢t on y(t); thus ¢ is
related tos. To find the scan function ¢(s), one has to follow
the evolution of the first and second derivatives of ®(x, y)
along the line x(s). They are given by
d® 9®dx , o0& dy
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From Eqs. (9) and (10) one gets the following conditions for
the derivatives along the line x(s):

de| _ 4% dy
s |s &:(t) ds + g,(t) 35’ (13)
d2@
S mew (%’s‘—) + Oy 1(t)—
2
+ g5(2) (3 ) +312(t)i{d_y+ 2(t)d—32/' (14)
ds

Equations (13) and (14) are derivatives of the same phase
function, and therefore they are not independent. The
change of the first derivative along s must be equal to the
second derivative, which means that

d (de|)_d'a
ds \ ds s ds? (s
Introducing Eqs. (13) and (14) into Eq. (15) and using g;5 =
821, one gets the scan equation

dg; dx dg2dy dx dy
ds (dt ds T dr ds) " En (E) g“""(ds)

dxd
~ 2%y dy

(15)

0, (16)

which is a differential equation for the scan function #(s).
The function ¢(s) is obtained by integration of Eq. (16) and is



therefore completely determined by the geometry of the
scan problem. As a consequence, the scan motion on the
line x(s), necessary to perform a certain scan length-on the
line y(t), is given by t(s) and cannot be chosen freely.

4. HOLOGRAPHY WITH ASTIGMATIC
PENCILS OF RAYS

In the approximation used above, the outgoing wave can be
described as an astigmatic pencil of rays (Fig. 2). It is
characterized by the direction of propagation, given by the
wave vector k, and the two focal lines at distances p; and p»,
respectively. This corresponds to a second-order, paraxial
approximation, whereby astigmatic waves are allowed.® In
this approximation, the optical phase is found to be

c1>“—<1>+acp" +1 il ,i=1,2,3
p(g)_ PO (a_fl Ei 5 agtagj gigj’ Lyj=12s09

(17)

where k = 27/\ is the wave number and the { axis is chosen to

be parallel to the direction of propagation, so that (8®,/9%) =

0 and (3®,/®n) = 0. The curvature of the wave front is then

described by a two-dimensional, symmetric tensor with the

components kg, Kz = Ky, and k,, Its three-dimensional
representation is

2 a

Kij = 9 Qp =k|c

0&,0¢;

¢c 0
b 0
0 00

Diagonalization of the tensor «;; yields the principal direc-
tion ¥ and the principal radii of curvature p; and p, (Fig. 2):

tan 2y = 2c/(a — b), (19)
1/py5 = Y(a + b) £ [Yyla — b)cos 2¢ + c sin2¢].  (20)

(18)

From Eq. (20) the mean radius of curvature 3, i.e., the dis-
tance to the circle of least confusion, and the astigmatism A
are deduced as

1/5 = Y%(1/p, + 1/py) = Yola + b), @1
A =Y(1/p; — 1/p,) = Ypla — b)cos 2¢ + c sin 2¢.  (22)

By using Eq. (19), the amount of astigmatism can be written
differently as

A?=(a —b)?%/4 + 2. (23)

The phase in the hologram plane ¥(u, v) is essentially
governed by the condition of phase matching, which reads as
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Fig. 2. Astigmatic pencil of rays.

N -
v k

Fig. 3. Geometrical relation of the hologram plane (i, v) and a
pencil of rays. The wave vector k is parallel to the { axis. k’is the
projection of k onto the plane (v, w).

Y(up) = &,(up) — &,(up), (24)

where r is the reconstructing reference and p the recon-
structed astigmatic wave front. Therefore the phase distri-
bution for each pencil of rays in the hologram plane has to be
calculated first. The geometrical relation of the hologram
plane and the reconstructed pencil of rays is sketched in Fig.
3. The direction of propagation is given by two angles, « and
8, so that the components of the wave vector k are

k, =k sing, k,=Fk cosa cosf,

(25)

k, =k sina cosf,

with —71/2 < a < 1/2, —7/2 < B < x/2, and k = 2x/\.

Note that the wave vector k is assumed to point in the
positive direction of the w axis. This restriction is necessary
to enable us to distinguish between divergent (» > 0) and
convergent (p < 0) waves.

The transformation from the (£, #, {) to the (u, v, w)
coordinates is performed by two subsequent rotations. The
first is around the 5 axis by the angle 3, and the second is
then around the u axis by the angle a. The corresponding
transformation matrix R is found to be

cos 3 0 sin 8
R =] —sinasinf cosa sinacosf |- (26)
—cosasinf —sina cosacosf
Furthermore, the direction of the outgoing wave and the
tensor of curvature have to be projected onto the hologram

plane. This projection tensor P in (u, v, w) coordinates
becomes

100
P=10 1 0] 2n
0 00
For the direction m, of the outgoing wave and the tensor of

curvature x, in the hologram plane, it then follows that

m,, = PRk = k(sin 8, sin a cos §), (28)



Xp = PRxR™'P

=k[ a cos? B

—a sina sin B cos B + ¢ cos a cos B

—a sina sin B cos 8 + ¢ cos a cos 8 (29)
’
asinasin?B—2csina cosasinf+ bcos’ o

where k and « are given in the (£, 7, {) system and m, and x,,
is in the hologram plane (u, v).

During the scan motion the direction of propagation k and
the curvature x of the outgoing wave will change with the
scan parameter t (Fig. 1). This means that both Egs. (28)
and (29) are functions of t through a(t), 8(¢), a(t), b(¢t), and
c(t). To generate a particular scan line y(t) in space, these
functions have to be established from geometrical consider-
ations. For a straight line y(¢) in space, the direction of the
outgoing wave remains in a plane, which can be assumed to
contain the u axis of the hologram plane (Fig. 3). In this
case, « is constant during the scan (« = constant), and 8 can
be considered the scan parameter ¢ (8 = t).

The incident beam (®,) can be treated in the same second-
order (paraxial) approximation. It keeps its position in
space during the scan motion. The direction of propagation
is now characterized by the two angles v and §, where ¥
corresponds to @ and 8 to 8 in Fig. 3. We assume that the
incident wave is spherical with radius p, which means that a
=b =1/pand ¢ = 0. Thus the direction m, and the curva-
ture x, of the incident wave in the hologram plane become

m, = k(sin §, sin~y cos 5), (30)
k[ cos?s —sin v sin é cos 6

Xr=— . . .9 -2 9 . (31)
p | —sin+y sin é cos 6 sin® 4 sin“ 0 + cos” vy

Using the relations of Eqs. (28) to (31), the phase distribu-
tion in the hologram plane can be calculated up to second
order from

W(uy, t) = ¥, + mTuy + Youy"xuy, (32)

where m and x are obtained from the condition of phase
matching in Eq. (24). One finally obtains

m(uy, t) = (g—‘l’ ) = m(uy ) - m(ug) = hf),  (33)
u; e
g 0 = (22X ) = xy g 1) — x, () = hyl0)
H> aulau] ’ p\“H> r\YH ij ’

Lj=1,2. (34

Equations (33) and (34), respectively, now describe the
first and second derivatives of the local phase function ¥(u,
v, t), i.e., hi(t) and h;;(t) in Egs. (5) and (6).

To continue the determination of the hologram phase
function ®(x, y), the relations between the derivatives in the
two coordinate systems x, ¥ and u, v must be established.
They depend on the geometry of the scan problem and in
particular on the motion x(s) of the incident beam in the
plane of the HOE scanner. In what follows, the two special
cases of liner motion and circular motion are discussed in
detail.

5. LINEAR MOTION

The first problem that we shall discuss is the case in which
the hologram moves along a straight line x(s) and the outgo-

ing wave also generates a straight line y(t) in space, as shown
in Fig. 4. The linear motion of the hologram is assumed to
be parallel to the generated line y(¢) and parallel to the x
axis, which is therefore also parallel to the u axis. In this
situation, it is convenient to use x as the scan parameter s in
the hologram plane (x = s) and the deflection angle 8 as the
scan parameter ¢ in space (3 = t). The derivatives of ® in the
two coordinate systems x, y and u, v [Eqgs. (7) and (8)] are
then simply related by

0P _ 9%

dox; du; ’

’e _ Ie
dx,0x;  dudu;

iL,j=1,2 (35)

Introducing these relations into Egs. (9) and (10), one gets
for the derivatives of ®(x, y) on the scan line x(s) = (x,y = 0)

bk P
£= =h.
i(8); 3x,0x

axi y=0

= h;‘j(ﬁ), (36)
Jj1y=0
where h; and h;; are given by the local phase ¥(u, v, 8)
required for the desired outgoing wave [Egs. (5) and (6)].
Using second-order (paraxial) approximation, the func-
tions h;(8) and h;/(B) can be obtained with the help of Egs.
(33) and (34). For the scan geometry shown in Fig. 4 one
gets, with « =% 0and 6 = 0,

h, =k sing, hy, = k(sin « cos 8 — siny), 37
hq, = k{a cos? 8 — 1/p), (38a)
hig=hy =k(ccosacosf—asinasinfcosf), (38b)
hg, = k(a sin? a sin® § — 2¢ sin & cos @ sin B

+ b cos? a — cos? v/p). (38¢)

To get the scan equation [cf. Eqgs. (15) and (16)] and the
phase function ®(x, y), one has to follow the development of
&(x, y) along the scan line x(s) = (x,y = 0).

Perpendicular to the scan line, i.e., in the y direction, a
second-order (parabolic) approximation of ®(x, y) will be
sufficient to satisfy Eqgs. (36). Therefore the phase function
may be written as

Incident

] 7
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Fig. 4. Linear motion x(s) of the hologram to generate a straight
line y(t).
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Fig.5. Spot diagrams for three linear hologram positions x, corresponding to the scan lengths L. The geometrical parameters (Fig. 4) are f =

300 mm, D = 5 mm, p = 50 mm, a = 0 deg, and vy = 0 deg.
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Fig.6. Spot diagrams for three linear hologram positions x, corresponding to the scan lengths L. The geometrical parameters (Fig. 4) are f =

300 mm, D = 5 mm, p = 50 mm, « = 0 deg, and y = —10 deg.

®(x, y) = klayx) + a,(x)y + (fay(x)y?].
Applying Egs. (36)—(38) to Eq. (39), one finally obtains

(39)

ay/ =sinf, ay,” =acos’Bf—1/p, (40)
a, =sin a cos 8 — sinvy,
a,” =ccosacosf — asinasinfg cos B, (41)
a, = a sin? & sin® B — 2¢ sin « cos a sin B

+ b cos® a — cos® v/p, (42)

with’ = d/dx and 7 = d%/dx2

An ideally focused (spherical) outgoing wave requires that
a = b = —cos 8/f and ¢ = 0, where f is the distance between
the hologram and the image plane [Fig. 4].

Since the relation ay” = d(ay’)/dx has to be fulfilled, one
obtains from Eqgs. (40) the scan equation

dp/dx — a(B)cos 8+ 1/p cos 8 = 0, (43)

where a(B8) = —cos 8/f. Equation (43) determines the rela-
tion B(x) between the scan angle 8 and the displacement x of
the hologram.

As with Eq. (43), one has to fulfill a;” = da;/dx, which
yields from Eqs. (41)

dB/dx — a(B)cos 8 + c(B)/tan « tan B = 0. (44)

Since the scan equation (43) and Eq. (44) must be satisfied
simultaneously, one gets for ¢(8) the condition

¢(8) = tan « sin B/p cos? B. 45)

As can be seen from Eq. (23), ¢ essentially determines the
astigmatism A of the outgoing wave. It becomes minimal
(1Al = le) for @ = b. This condition can be satisfied by
choosing as(8) from Eq. (42) accordingly. As a consequence,
there remains an_astigmatism |A| = lel, given by Eq. (45),
with the principal direction y = 45 deg [Eq. (19)]. The
astigmatism is equal to zero for 8 = 0, but it is not possible to
keep A equal to zero for all scan angles 3, unless the incident
wave is plane (p = «) or the scan plane is perpendicular to
the hologram (« = 0).

In summary, one finds a well-defined phase function ®(x,
v) [Eq. (39)] for the hologram, which produces in second-
order (paraxial) approximation an ideally focused (spheri-
cal) wave on a straight line in space.

For a better understanding of the scan equation, it is
convenient to replace the angle 8 by the scan length L =
ftan 8 in the image plane (Fig. 4), so that Eq. (43) becomes

dL/dx = —(1 + f/p cos® B). (46)

The right-hand side of Eq. (46) is the differential magnifi-
cation M of the scan, namely, the ratio between the move-



ment dL of the focus on the line y(t) and the displacement
dx of the hologram. In the case of a plane incident wave (p =
), one obtains M = 1, which means that the displacement of
the hologram is equal to the scan length. If the incident
wave is divergent (p > 0), one gets M > 1, and the displace-
ment of the hologram becomes smaller than the scan length.

To get an idea of the real quality, including higher-order
aberrations, of these second-order solutions, we have ap-
plied geometrical ray tracing to the holograms described by
Eq. (39). A computer program based on Ref. 10 has been
developed for that purpose. The calculations have been
made for a scan-line distance f = 300 mm, a divergent inci-
dent beam with p = 50 mm, and a diameter D = 5 mm of the
beam in the hologram plane (Fig. 4). To avoid astigmatism,
the inclination of the scan plane is chosen to be a = 0 [Eq.
(45)]. Figures 5 and 6 show the spot diagrams for three
hologram positions x with the corresponding scan lengths L
=0,67.9, and 105 mm. The inclination of the incident wave
is ¥ = 0 deg in Fig. 5 and ¥ = ~10 deg in Fig. 6. The second
case shows strong higher-order aberrations in the y direc-
tion, which are caused by the inclination of the incident
beam. These aberrations perpendicular to the scan line x(s)
could easily be corrected by introducing adequate higher-
order terms a;(y) in the phase [Eq. (39)], whereas in the
direction of the scan line (x direction) the aberrations are
completely determined by the solution of the scan equation
(43).

6. CIRCULAR MOTION

In the case of circular motion, the hologram turns around the
z axis (Fig. 7); the rotation angle is ¢. The line x(s) is a circle
of radius R, and therefore it is convenient to use ¢ as the scan
parameter s in the hologram plane (¢ = s). The generated
line y(t) is again a straight line, and the deflection angle 8
will be used as the scan parameter ¢ in space (8 = t). The
generated line is assumed to be parallel to the hologram

Rotation
axis

Holographic
disk

Fig. 7. Circular motion x(s) of the hologram (rotating disk) to
generate a straight line y(t) in space.
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Fig. 8. Angular dependence of the astigmatism A represented by
the product of |14 X Rl = [(R/2)(1/p; — 1/p2)l, where R is the disk
radius. Case I, plane incident wave p/R = , « = 45 deg, v = —45
deg. Case II, convergent incident wave p/R = —25, « = 45 deg, v =
—45deg. Case I1I, divergent incident wave p/R = 1.5, = 45 deg, v
= 0 deg.

plane, with the scan plane tangential to the hologram mo-
tion, which means that the u axis is tangential to the circle
x(s) (Fig.7). Instead of the Cartesian coordinates x, y, polar
coordinates r, ¢ are introduced in the hologram plane. The
derivatives of ® in the two coordinate systemsr, ¢ and ©, v on
the circle x(s) = (r = R, ¢) are then related by

9 _ 90 0% _ob

= ) —_— 4
) du ar dv @7
2 2
Ca Y B 3
¢? ul v
2 2 2 2
—a¢=Ra¢+@, Q:B, (48)
ord¢ dudv du a: gl

Introducing these relations into Egs. (9) and (10), one gets
for the derivatives of ®(r, ¢) on the scan line (r = R)

9% - Rhy(®),

9% _

2
%§=R%mm—R@mx

%P _
e Rhy,(8) + hy(8),

e
Friy has(8), (50)
where h; and h;; are given by the local phase ¥(u, v, B)
required for the desired outgoing wave [Eqgs. (5) and (6)].
As in the case of linear motion, we assume for the phase
function ®(r, ¢) a second-order (parabolic) approximation
perpendicular to the scan line. Therefore the phase func-
tion may be written similar to Eq. (39) as

®(r, ¢) = klag(®) + a;(#)(r — R) + (Kax(¢)(r = R)?].
(51)

Using a second-order (paraxial) approximation, the func-
tions h;(8) and h;;(8) can be obtained with the help of Eqgs.
(33) and (34) for the scan geometry shown in Fig. 7 with § =
0. Introducing the results into Egs. (49) and (50), one gets
finally



ay = R sin g,
ay” = R%(a cos? 8 — 1/p) — R(sin « cos § — siny),
a; =sina cosf — sinvy,
-a;” =sin B + R(c cos a cos 8 — a sin a sin 8 cos B),
a, = a sin® o sin? 8 — 2¢ sin « cos « sin 8
+ b cos? o — cos? v/p,
with’ = d/d¢ and ” = d%/d¢2

1 | 1

Since the relation ay” = d(ay’)/d¢ must be fulfilled, one
obtains from Eqs. (52) the scan equation

(52)
dB/d¢ — Ra(B) cos B+ R/p cos 8+ sina — sinvy/cos 8 = 0,
(585)
(53) ; . .
which determines the relation 3(¢) between the scan angle 8
and the rotation ¢ of the hologram for a given curvature a(8)
(54) of the outgoing wave in the scan plane. The geometry

shown in Fig. 7 requires for ideal focusing that a(8) = —cos 8/
f, and therefore the scan equation becomes
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Fig.9. Spot diagrams for three circular hologram positions ¢, corresponding to the scan angles 8. The geometrical parameters (Fig. 7) are f =

300 mm, D = 5mm, p = ©, a = 45 deg,

—45 (case I). The maximum scan length L = tan 8 is 105 mm.

1 | 1 1 1 1

- s - s - i~
5 . " ] {n - o B
T T T T T T T T T

' & Scale [mm): 1
PHI = 0.0 deg PHI = 10.0 deg PHI = 12.8 dag
BETA = 0.0 deg BETA = 15.1 deg BETA = 19.3 deg

Fig.10. Spot diagrams for three circular hologram positions ¢, corresponding to the scan angles 8. The geometrical parameters (Fig. N aref =
300 mm, D = 5 mm, p = —1000 mm, « = 45 deg, v = —45 deg (case II). The maximum scan length L = tan 8 is 105 mm.
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Fig.11. Spot diagrams for three circular hologram positions ¢, corresponding to the scan angles 8. The geometrical parameters (Fig.7) are f =
300 mm, D = 5 mm, p = 60 mm, o = 45 deg, v = 0 deg (case III). The maximum scan length L = tan 8is 105 mm.



dB/d¢ = R(— cos? B/f — 1/p cos B) — sin « + sin~y/cos §.
(56)

As with Eq. (55), one must fulfill a;” = da;/d¢, which
yields from Egs. (53)

dB/d¢ — Ra(B)cos 8 + 1/sin a + Re(B)/tan o tan 8 = 0.
(57)

Since the scan equation (55) and Eq. (57) must be satisfied
simultaneously, one gets for ¢ the condition

c(B) = (tan B/R)[(tan a/cos B)(R/p — siny) — cosa].  (58)

As can be seen from Eq. (23), ¢ essentially determines the
astigmatism A of the outgoing wave. It becomes minimal
(Al = leh) for @ = b. This condition can be satisfied by
choosing as(6) from Eq. (54) accordingly. Asa consequence,
there remains an astigmatism |A| = lcl, given by Eq. (58),
with the principal direction ¢ = 45 deg [Eq. (19)]. The
astigmatism is equal to zero for 8 = 0, but it is not possible to
keep A equal zero for all scan angles 3.

Figure 8 shows the astigmatism A(B) as function of the
scan angle § for an inclination @ = 45 deg of the scan plane.
For a plane incident wave (p = », vy = —45 deg, case I), the
astigmatism grows continuously with the scan angle 8. A
better solution can be obtained if a spherical incident wave is
used (case 1I), which compensates for the astigmatism at the
end of the scan. From Eq. (58) one gets /R = —25 for ¢ = 0
at a scan angle of 8 = 20 deg, which corresponds to a slightly
convergent incident wave. By changing the angle of the
incident wave to v = 0 deg, a similar solution is obtained for a
divergent wave of p/R = 1.5 (case III). Other favorable
geometries may be found from Eq. (58) to minimize the
average astigmatism.

As in the case of linear motion, we have applied geometri-
cal ray tracing to the holograms described by Eq. (51). The
calculations have been made for a scan-line distance f = 300
mm, a beam diameter D = 5 mm, and a radius R = 40 mm in
the hologram plane. Figure 9 shows the results for a plane
incident wave (case I) at three positions of the holographic
scanner, namely, ¢ = 0, 10, 12.4 deg, which correspond to 8 =
0, 15.5, 19.3 deg, respectively. The maximum scan length in
theimage planeis L = ftan 8= +105 mm. Thearclengthon
the circle in the hologram plane used for that scan is only +8.6
mm, which is quite small compared with the beam diameter
D =5mm. Therefore the higher-order aberrations revealed
by the ray tracing are expected to be considerable. Figures
10 and 11 show spot diagrams for the better solutions with
respect to astigmatism, using a convergent incident wave (p
= —1000 mm, case II) or a divergent incident wave (p = 60
mm, case [II). The improvement is quite significant.

As can be seen from Figs. 10 and 11, the higher-order

aberrations produce an asymmetric focal spot. Although
the principal ray follows a straight line, the center of gravity
of the spot deviates slightly. The ray-tracing results show
that these deviations are less than £18 um for a beam diame-
ter of D = 5 mm and less than +8 um for D = 3 mm.

The phase ® is described up to second order by Eq. (51).
The theory presented could be extended to higher order.
Equations (52)—(54) show that in the direction of the scan

line x(s) the solutions are completely determined by the
first- and the second-order terms, whereas perpendicular to
the scan line corrections by higher-order terms are still pos-
sible.

7. CONCLUSIONS

An analytical method to determine the phase function of a
holographic optical scanning element that will generate a
given line y(t) in space by a movement x(s) of the hologram
has been developed. It turns out that in the direction of the
scan line x(s) the solutions are completely determined by the
first- and second-order derivatives, which describe the di-
rection and the curvature of the outgoing wave. As a conse-
quence, the displacement s of the hologram and the displace-
ment ¢ of the focal spot are related by the scan equation ¢(s),
which depends only on the scan geometry.

The application of the method described to specific scan
problems is easily achieved by using the second-order (par-
axial) approximation for the incident and the outgoing
beams. In particular, the design of holographic scanners
that generate straight lines y(¢) in space by linear and by
circular motions x(s) was studied in detail. It turnsout that
a circular motion cannot generate a straight line in space
without producing astigmatism of the focal spot.

The higher-order aberrations of these second-order ana-
lytical solutions were examined with the help of geometrical
ray tracing. Aberrations perpendicular to the scan direction
can still be eliminated by appropriate corrections of the
hologram phase function, whereas astigmatism and other
higher-order aberrations, especially in the scan direction,
cannot be removed completely. However, optimum nu-
merical design methods could be used to improve further the
solutions found by the analytical approach presented.
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