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Abstract

Invariants play a crucial role in coding theory. They are in fact a valuable tool for classifying
codes. Specifically, invariants help distinguish between non-equivalent codes. This distinction
is relevant because equivalent codes exhibit the same decoding properties. However, determin-
ing whether two codes are equivalent is a hard problem.

In this thesis, we focus on a family of invariants called generalized weights. They were
introduced in 1977 for linear block codes, but only became widely studied in 1991, when Wei
proved that they measure the code robustness against wiretapping. The goal of this work is to
define and study similar invariants for other classes of codes, such as codes over finite rings,
sum-rank metric codes, and convolutional codes.

The first part of the thesis is dedicated to the notion of support for linear codes over finite
commmutative rings. We investigate how to associate a combinatorial object, called latroid,
with a code, and we explore which properties and invariants of the code can be recovered from
it. We also show that the associated ideal is determined by the associated latroid.

The central chapters of the thesis concern sum-rank metric codes. First, we prove an anticode
bound for this class of codes and we classify all the codes attaining this bound, i.e., the optimal
anticodes. Then, we define the generalized weights for sum-rank metric codes in terms of opti-
mal anticodes. We study their basic properties and we compute them in the case of maximum
sum-rank distance codes.

In the final part of the thesis, we deal with convolutional codes. We give a definition of
generalized weights that takes into account the module structure of this family of codes. After
studying their basic properties, we prove that they can be computed by an algorithm that ter-
minates in finite time. Then, we give upper and lower bounds for the generalized weights of
maximum distance separable and maximum distance profile codes. We also discuss the notion
of generalized column distances.

Keywords Coding theory, sum-rank metric codes, convolutional codes, generalized weights,
support, MacWilliams’ Extension Theorem, extremal codes.






Résumé

Les invariants jouent un role crucial dans la théorie des codes. Ils constituent en effet un outil
précieux pour leurs classification. Plus précisément, les invariants permettent de distinguer les
codes non équivalents. Cette distinction est importante car les codes équivalents présentent les
mémes propriétés de décodage. Cependant, déterminer si deux codes sont équivalents est un
probleme difficile.

Dans cette theése, nous nous concentrons sur une famille d’invariants appelés poids général-
isés. Ils ont été introduits en 1977 pour les codes linéaires, mais n’ont été largement étudiés
qu’en 1991, lorsque Wei a prouvé qu’ils mesuraient la robustesse du code contre la méthode
du “wiretapping". L’objectif de ce travail est de définir des invariants similaires pour d’autres
classes de codes, tels que les codes sur des anneaux finis, les codes en métrique somme-rang et
les codes convolutifs.

La premiere partie de la these est consacrée a la notion de support pour les codes linéaires
sur les anneaux commmutatifs finis. Nous y étudions comment associer un objet combinatoire,
appelé latroide, a un code, et nous explorons quelles propriétés et quels invariants du code
peuvent étre récupérés a partir de cet objet. Nous montrons également que 1’idéal associé est
déterminé par le latroide associé.

Les chapitres centraux de la these concernent les codes en métrique rang. Tout d’abord,
nous prouvons une limite d’anticode pour cette classe de codes et nous classons tous les codes
atteignant cette limite, c¢’est-a-dire les anticodes optimaux. Ensuite, nous définissons les poids
généralisés pour les codes a métrique du rang en termes d’anticodes optimaux. Nous étudions
leurs propriétés de base et nous les calculons dans le cas des codes MRD.

Dans la derniere partie de la these, nous traitons des codes convolutifs. Nous donnons une
définition des poids généralisés dans ce contexte qui prend en compte la structure modulaire
de cette famille de codes. Apres avoir étudié leurs propriétés de base, nous prouvons qu’ils
peuvent €tre calculés par un algorithme qui se termine en temps fini. Ensuite, nous donnons
des bornes supérieures et inférieures pour les poids généralisés des codes MDS et MDP. Nous
discutons également de la notion de distances de colonne généralisées.

Mots clés Théorie des codes, codes en métrique somme-rang, codes convolutifs, poids général-
isés, support, Théoreme d’Extension de MacWilliams, codes extrémes.
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1. Introduction

Error-correcting codes are a fascinating topic that bridges mathematics, computer science, and
engineering. They allow us to detect and correct errors in any form of data, and they are used
in various applications, such as wireless and satellite communication, computer networks, and
data storage. Frequently, the error correction is done via minimum distance decoding. In this
context, a code C is defined as a subspace of a metric space, and the received message m is
decoded to an element in C which minimizes the distance between m and C. From a purely
theoretical point of view, any metric space could be used to build a code, but in real-world
applications we must take into account how fast the code can be encoded and decoded, as well
as how much memory is required to transmit the message. Moreover, the choice of the metric
space in which to build our code is also influenced by the transmission channel we use and by
the type of errors we expect. The most studied codes are the so called linear block codes.

Definition 1.1. An (n, k) linear block code C is an F;-linear subspace of Fy of dimension &,
where Fy is equipped with the Hamming distance dy . The latter is defined as the number of
entries in which two elements differ, i.e.,

duv,w) =|{1<i<n:v,#wl},
forall v,w € PZ. An element of a code C is called codeword.

An important parameter of a linear block code C is the minimum distance dp,;,(C), or simply
d, that is
dmin(C) = min{dy(cy, ¢2) @ ¢1,¢2 € Ch.

By the triangle inequality, we have that given a vector v € F for which there exists ¢ € C
with dy(v, ¢) < (dmin(C) — 1)/2, then that c is unique. The quantity (dminc) — 1)/2 1s called the
error-correction capability of the code. This motivates the interest for isometries between codes,
since these are the maps that preserve the pairwise distances of codewords, therefore the metric
structure of the code, and in particular its error-correction capability. However, the decoding
properties of a code highly depend on how the code is embedded in the ambient space. Since
the decoding procedure is central in the theory, we focus on the isometries that can be extended
to the whole ambient space.

Definition 1.2. Two linear block codes C; and C, in I are said to be equivalent if there exists
an isometry ¢ : F, = F; such that ¢(C) = C,.

In [Mac62] MacWilliams showed the following important theorem, that still bears her name
today. An elementary proof of this result can be found in [BGG78].

MacWilliams’ Extension Theorem. Every isometry ¢ of linear codes over a finite field F,
extends to an isometry of the ambient space .

This theorem tells us that the distinction between isometric and equivalent codes is irrelevant
in the context of linear block codes. However, this is not always the case. For instance, it is
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known that not every isometry between rank metric codes can be extended to the whole ambient
space. We will deeply investigate this case in Chapter 4.

Distinguish non-equivalent codes is a hard task. For instance, for linear block codes, it is
known to be at least as hard as the graph isomorphism problem [PR97]. This motivates the in-
terest in constructing new invariants that allow us to distinguish non-equivalent codes. The study
of code invariants is of particular relevance nowadays due to its connection with post-quantum
cryptography. Often finding an invariant that distinguishes the code used in a cryptographic
system from a “random" code results in an attack, see for example [CGGU™ 14].

This thesis concerns, mainly but not only, a family of invariants called generalized Hamming
weights, or more briefly generalized weights. We recall that the Hamming support supp(c) of
an element ¢ € C is the set of its nonzero coordinates. Given a subcode D C C, the support
supp(D) of D is given by the union of the support of the elements contained in D.

Definition 1.3. Given an (n, k) linear block code C, the r-th-generalized Hamming weight of C
is defined as

d.(C) = min{|supp(D)| : D is an r-dimensional subcode of C},
forl <r<k.

Generalized Hamming weights of linear block codes were first introduced in 1977 [HKM77,
Theorem 6.1] in relation to the weight enumerator polynomial. In 1991, they were rediscovered
independently by Wei, who proved that they characterize the code robustness against wiretap-
ping [Wei91]. Successively Forney showed a connection with the complexity of the minimal
trellis diagram [For94]. Since then, the coding theory community has shown a growing interest
in these invariants. The following proposition collects the distinctive properties of generalized
weights.

Proposition 1.4. Let D C C C ] be linear block codes. Then,
L. di(C) = dumin(C),
2. 1<di(C) <dr(C) <---<di(C) <,
3. d.(C) £d (D), for1 <r <k,
4. di(C),...,d(C) are invariants under isometries.

Item 1. clarifies the origin of the name “generalized weights”, indeed it comes from the fact
that they generalize the concept of minimum distance.

Nowadays, research on generalized Hamming weights is still ongoing in several directions.
First of all, a great effort has been made to bound (or to compute explicitly when possible)
the generalized Hamming weights of specific families of linear block codes, especially in the
case of algebraic geometry codes. The literature includes but is not limited to [BD18, FTW92,
GMM™14,GSJV20,HP98,HKY92,JL97,Leel5,Mun94,MR99,SC95,Wei91,WY93, YLFL15].

Second of all, understanding the relation between generalized Hamming weights and differ-
ent algebraic and combinatorial objects associated to the code is a question of great interest.
In [JV13] Johnsen and Verdure proved that the generalized Hamming weight of C are deter-
mined by the N-graded Betti numbers of the Stanley—Reisner ring of the simplicial complex
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whose faces are the independent sets of the matroid associated to the code [JP13]. This rela-
tion was further studied, among others, in [GMMCMMP22, GS20, GR22,JPV23,JRV16,JV 14,
JV21].

A different way of expressing the generalized Hamming weights in terms of an associated
algebraic structure is the following. Let C be an (n, k) code with generator matrix G. If G
has no proportional columns, then its columns determine the coordinates of n projective points,
Xe = {Py,...,P,}in P!, Let Ip C K[x,..., x,] be the defining ideal of X;. It was observed
in [CST*20] that the behavior of the generalized Hamming weights depends on the properties
of the ideal. More on this direction can be found in [GLS05, GSMBVV19,Han03, TVT13].

Finally, starting from the original definition, generalized weights were defined also for rank-
metric codes [KMU15, MPM17, MP16, OS12, Rav16a], sum-rank metric codes [MP19], con-
volutional codes [CFN17, CNF19, CFN20, RY97] and codes in the Lee metric [BW23]. The
research which constituted the content of this thesis has developed along this stream. We will
discuss the generalized weights and related invariants for codes over rings, sum-rank metric
codes, and convolutional codes.

1.1. Outline of the thesis

This thesis covers most of the work I have done during my Ph.D. at the Université de Neuchatel
under the guidance of Professor Elisa Gorla. It contains five papers of mine [CMGL*22,GS23a,
GGMPS23,GS23b,GS24], a survey paper [GMPS23], and two on-going projects, one with Elisa
Gorla, and one with Elisa Gorla and Arthur Bik. This manuscript is organized as follows.

Chapter 2 provides most of the background needed to read the rest of the thesis. Sec-
tion 2.1 is an introduction to the mathematical theory of sum-rank metric codes mainly based
on [GMPS23], while Section 2.2 concerns convolutional codes and it is based on [GS23b]. The
two sections are completely independent, so the reader can choose to read only one of them,
depending on their interest.

Chapter 3 is devoted to the general theory of supports for linear codes over rings. In Sec-
tion 3.1 we recall and discuss the definition of support. In Section 3.2 we classify the isometries
with respect to a support, and we prove that the generalized weights are invariant under these
maps. In Section 3.3, we recall the definition of weight enumerator with respect to a support
and other relevant polynomials. In Section 3.4 we show how to associate to an R-linear code
a latroid. In Section 3.5 we prove that the Tutte polynomial of a code endowed with the chain
support determines the weight enumerator of the code. Finally, in Section 3.6 we exploit the
relation between the latroid and the monomial ideal associated to the code. Some of the results
of this chapter are part of an ongoing project with Elisa Gorla.

Chapter 4 focuses on the MacWilliams’ Extension Theorem for rank-metric codes. In Sec-
tion 4.1 we classify all the isometries in the sum-rank metric. In Section 4.2 we present an ex-
tensive list of obstructions to the Extension Property, providing multiple examples. Section 4.3
establishes the result that we need in Section 4.4 to prove the main result of the chapter, which
states that the Extension Property holds for certain isometries of codes generated by elementary
matrices. Section 4.1 is based on [CMGL*22], while the rest of the chapter comes from [GS24].

Chapter 5 focuses on the generalized weights in the case of sum-rank metric codes. In
Section 5.1 we generalize a result by Meshulam from vector spaces to cosets. This result allows
us to prove in Section 5.2 the Anticode Bound for sum-rank metric codes. In the same section
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we also classify all the optimal anticodes, i.e., the codes attaining this bound. In Section 5.3
we then define the generalized weights using optimal anticodes, in analogy with what happens
in the rank-metric case. Finally in Section 5.4, we briefly discuss the weight distribution. This
chapter collects results from [CMGL*22] and [GMPS23].

Chapter 6 continues our study on sum-rank metric codes, in particular we focus on MSRD
codes. In Section 6.1 we show a generalized Singleton Bound and we explore some prop-
erties that are closely related to being MSRD. In Section 6.2 we investigate the generalized
weights of MSRD codes and we introduce the concept of »-MSRD codes. Section 6.3 contains
some construction of families of MSRD codes. This chapter is based on [CMGL*22, GMPS23,
GGMPS23].

Chapter 7 aims to answer the following question: which integer sequences are generalized
weights of a linear code? In Section 7.1 we extend the definition of greedy and relative weights
to sum-rank metric codes. In Section 7.2, we reply to the question above in the case of linear
block codes, while in Section 7.3 we address the sum-rank metric case. This chapter comes
from [GGMPS23].

Chapter 8 focuses on generalized weights for convolutional codes. In Section 8.1 we intro-
duce a new family of generalized weights for convolutional codes, which takes into account the
module structure of the codes. We explore their basic properties and their relation with other
definitions. We also show that they do not satisfy a Wei duality, while they are preserved by
the reverse operation. In Section 8.2 we prove that the generalized weights can be computed
by an algorithms that terminates in a finite amount of time. Moreover, we show that they are
realized by subspaces generated by codewords of minimal support. In Section 8.3 we study the
generalized weights of MDS codes. Finally, in Section 8.4 we prove an Anticode Bound, we
characterize the optimal anticodes, and we compute their generalized weights. This Chapter is
based on [GS23b].

Chapter 9 concerns another family of invariants for convolutional codes, the so-called gen-
eralized column weights. These weights are a generalization of the column distances, in the
same way as generalized weights are for the minimum distance. In Section 9.1 we introduce
and characterize the j-equivalences. In Section 9.2, we discuss the basic properties of the gen-
eralized column weights. Finally, in Section 9.3 we compare these weights with other related
definitions, and we give bounds for the generalized weights of MDS codes. This chapter comes
from [GS23a].

At the end of the dissertation we have enclosed some appendices with complementary re-
sults. In Appendix A we prove that every path-reduction chain, defined in Chapter 4 has the
same length. In Appendix B we discuss a different notion of support for sum-rank metric codes
and how the results of Chapter 5 and Chapter 6 extend to this case.

In Chapter 2 we define the convolutional codes as F,[x]-modules. This is not the classical
definition of convolutional codes. In Appendix C we explain why in the context of generalized
weights we can assume this definition. Finally, in Appendix D we associate a finitary matroid
to a convolutional codes, and we explain how this matroid can be derived from a latroid over a
lattice that is not complete. This appendix is part of an on-going project with Elisa Gorla and
Arthur Bik.



2. Preliminaries and notations

In this chapter, we cover the relevant background information which is required throughout the
thesis. Section 2.1 concerns sum-rank metric codes and is preparatory to Chapter 4, Chapter 5,
Chapter 6, and Chapter 7. Even though Chapter 3 is self-contained, to fully appreciate it, it may
be helpful to have some basic knowledge of linear block codes. As we will see in Remark 2.2,
linear block codes are a particular case of sum-rank metric codes, therefore Section 2.1 can
also be useful as an introduction to this family of codes. If the reader is interested only in this
particular case, we refer him to [HP03,VL71,vT93]. Section 2.2 focuses on convolutional codes
and contains everything one needs to understand Chapter 8 and Chapter 9.

2.1. Sum-rank metric codes

The sum-rank metric has recently attracted attention in Coding Theory due to its applications in
reliable and secure multishot network coding [NUF10, MPK19], rate-diversity optimal space-
time codes [LLK05,SK20], and PMDS codes for repair in distributed storage [CMST21], among
others.

For a positive integer r, we denote by [r] the set {1,...,r}. For a prime power g and positive
integers m > n, let IFZ”(” be the set of m X n matrices with entries in the finite field F,. We denote
by rk(M) the rank of a matrix M € Fi"™". Let M be the F,-linear vector space

M — Fm]Xm X X Fm[Xn[
q e q N

where {,my,...,my,ny,...,n, are positive integers. In order to simplify some statements and
improve the readability of the text, we assume that m; > ... > m, and n; < m; for i € [{].
Moreover letn = n; + ...+ ny and if my = --- = m, we write m in place of m;. An element
C € M is called codeword and it can be written as C = (Cy, ..., Cy), with C; € IFZ"'X”I' for i € [{].

The sum-rank weight of C is given by

l
stk(C) = Zrk(Ci).
i=1

This weight naturally induces a metric on M, called the sum-rank metric. Indeed, let d be the
map
d : MxM — N
(C,D) +— stk(C - D),

then (M, d) is a metric space.
Definition 2.1. A linear sum-rank metric code C is an F,-linear subspace of (M, d).

Throughout the thesis, we often refer to it simply as a code if the metric is clear from the
context. We say that a code C € M is non-trivial if C # 0, ML.
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Remark 2.2. The sum-rank metric is a natural generalization of both the Hamming metric and
the rank metric. Indeed, on the one side if £ = 1, then M = F?X” and the sum-rank metric
coincides with the rank metric on M. In this case a sum-rank metric code C is a rank-metric
code. On the other side if m; = ... = m; = 1, then M = F; and the sum-rank metric coincides
with the Hamming metric. In this situation, a sum-rank metric code C is a block code endowed
with the Hamming metric.

As a consequence, a result proved in the sum-rank metric case holds true also for the rank
and the Hamming metric. The mathematical theory of sum-rank metric codes, however, tends
to be more complex than that of rank-metric and linear block codes. E.g., there are results that
hold for both rank-metric and linear block codes, but do not hold in full generality for sum-rank
metric codes. An example of such a result is Wei duality, which we discuss in Section 5.4.

Remark 2.3. It is worth noting that every sum-rank metric code can be viewed as a code with
the rank metric in the appropriate ambient space. For instance, consider the space M and let
m=m; + -+ m,. We denote by X(IM) the set

XM)={(s,n)em]x[n]:ifm +--+m<s<m+--+m
thenn; +---+m <t<n +---+ng}

Let IF’ZLX” [M] be the FF,-linear space of matrices supported on X(M), i.e.,
IF?X”[M] ={M e IF‘?X” : M, # 0only if (s,7) € X(M)}.

Since F?X” [M] is a subspace of IF’Z’X”, we can equip it with the metric induced by the rank metric
on F;™". Then, the F,-linear isometry ¢ : M — F;*"[M] given by

C
(Cy,...,Cp) —
Ce

is distance-preserving, i.e., stk(C) = rk(¢«(C)) for all C € M. Therefore, a sum-rank metric code
C C M can be always identified with its image ¢(C), that is a rank-metric space in IFTX”[M].

Now we define two parameters that play a fundamental role in the theory of sum-rank metric
codes.

Definition 2.4. The minimum distance of a code 0 # C € M is
Ain(C) = min{srk(C) : C € C\ {0}}

and the maximum sum-rank distance or maximum sum-rank weight is
maxsrk(C) = max{srk(C) : C € C}.

We say that a codeword C € C realizes the minimum distance (respectively, the maximum
sum-rank distance) if dy,;,(C) = srk(C) (respectively, maxsrk(C) = srk(C)). Notice that a code-
word with this property may not be unique.

Another useful code parameter is the covering radius. It has been defined for (non-linear)
sum-rank metric codes with m; = --- = m, in [OLWZ22, Definition 4]. Here, we extend the



2.1. Sum-rank metric codes 7

definition to any code in M.
Definition 2.5. The covering radius of a sum-rank metric code C € M is

p(C)=min{r € Z : d(M,C) < rforall M € M},

where d(M,C) = min{d(M,C) : C € C}.

The following lemma collects some of the basic properties of these parameters.
Lemma 2.6. Let C € D C M be sum-rank metric codes. Then

1. 0 < dpin(C), maxsrk(C), p(C) < n.

2. dpin(C) 2 dpin(D) and p(C) > p(D), while maxsrk(C) < maxsrk(D).

3. dmin(C) £ 2p(C) + 1.

Example 2.7. Consider the space M = F3*? x F3*! x F5*> x F3*! X F, x F, and let C € M be the
following F,-linear sum-rank metric code

@ 0 @ a 0 a
C= 0 aj+ay|.| 0], 2 ) ! , a3, 04 1(611,02,@3,04)611:3
0 ay 0
a 0 0

It is easy to verify that the minimum distance is equal to 2 and it is realized by

1
00 0
b (O) b (0 O) b <O) b 1’ 0 b

while the maximum sum-rank distance is equal to 7 and it is realized by

1 0 1
D= 00,10 ,((1) ?),(é),l,l
1 0 0

In order to compute the covering radius, one can consider the following element

0 1 0
= (12 (). (0 0): () ) ene
00 0

One can check by direct computation that d(M,C) = 6 and therefore p(C) > 6. On the other
hand we have that p(C) < 6, since for every element of M we can find an element of C with the
same last two entries. Therefore p(C) = 6.

0
C= 0
0

S O O

We discuss now the notion of support in the sum-rank metric. Given an ambient space M, we
consider the associated space
S=F XF? x--- xXFF.
We denote by P(S) the lattice of all subspaces S of S such that S = §; X --- X S, where §; is
an [F-linear subspace of Fj.
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Definition 2.8 ( [BGLR21, Definition 2.4]). Let M, S and #(S) be as above. For an element
C € M, the support of C is

supp(C) = rowsp(Cy) X - - - X rowsp(Cy) € P(S),

where rowsp(C;) is the space generated by the rows of C; over F,. The support supp(C) of a
code C is the smallest S € P(S) such that supp(C) € S for all C € C.

Remark 2.9. If S = F, x --- X F,, then this definition of support coincides with the classical
one for linear block codes. If S = PZ, then it coincides with the one for F »-linear rank-metric
codes. In Section 4.1 we define equivalences (i.e., linear isometries) of sum-rank metric codes.
We stress that this notion of support is not equivalence-invariant.

Definition 2.10. For S € £(S) we define the row-support space Vs as
Vs ={C €M : supp(C) C S}.

Clearly, Vs = M.
For a code C € M and a subspace S € P(S) the subcode of C supported on S is

CS)=CNVs={CeC:supp(C) C S}

Example 2.11. Let M, C, C and D be as in Example 2.7. We have that supp(C) = OXF, x0x0x
F2Xx0, supp(D) = ((1, 0))xF,xF5XF, xF,XF, and supp(C) = M. Let S = ((1, 0))x0xF3x0x0x0.
Then,

0

10
1
c=cnvs={([oo].[o].(5 9).(0).0.0
01 0
1 0 0 .
2
Let tr(M) denote the trace of a square matrix M and consider the map Tr : MXxM — F, given
by Tr(D,C) = Zf: , tr(D;C}). Notice that Tr is a non-degenerate symmetric bilinear form. The

dual C* of a sum-rank metric code C C M is the orthogonal subspace of C in M with respect to
Tr.

Definition 2.12. Let C € M be a code. The dual of C is
Ct={DeM:Tr(D,C)=0forall C € C}.

Some of the basic properties that we expect from the duality are trivially true since Tr is a
non-degenerate symmetric bilinear form. For instance, [M| = |C||C*| and (C*+)* = C.

2.2. Convolutional codes

Convolutional codes play an important practical role, as they are used extensively to achieve
reliable data transmission in digital video, mobile communications, satellite communications,
and other applications. Their popularity comes mostly from the fact that maximum-likelihood
soft-decision decoding can be performed efficiently on convolutional codes, see e.g. [Vit67,
BCJR74]. In spite of the fact that they play a central role in the applications, however, the
mathematical theory of convolutional codes is not as well-developed as for other families of
codes.
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Let IF,[x] be the ring of univariate polynomials with coeflicients in F,. For ¢ > 0, we denote
by F,[x]<s the set of polynomials of degree at most ¢. For every positive integers n we write
F,[x]" for the direct sum of n copies of F,[x]. Since I, is a field, we have that F,[x] is a principal
ideal domain. Therefore, every submodule of F,[x]" is a free IF,[x]-module of finite rank k < n
that admits a finite basis of cardinality k, see [Rotng, Theorem 9.8]. We recall that given a
submodule M of F,[x]" a set B C M is a basis for M if B generates M and B is FF,[x]-linearly
independent, that is, for every subset {by, b,, ..., b,} of B, riby+rby+- - -+r,b, = 0 implies that
ry =r, =---=r, =0. From here on, we will only work with submodules of F,[x]", so it will be
always possible to fix a basis. For U C F,[x]" a subset, we denote by (U)g [y = (u | u € U)p, 1y
the F,[x]-module generated by the elements of U.

Definition 2.13. An (n, k) convolutional code C is an F,[x]-submodule of FF,[x]" of rank k.

We always assume that C # 0. An element c(x) € C is an n-tuple (p;(x), ..., p,(x)), where

— S j
piX) = ajo+aix+---+a;,x",

for all j € {1,...,n}. Equivalently, we can express c(x) with a more compact notation as
deg(c(x))
c(x) = Z c[t]x',
1=0

where deg(c(x)) = max;deg(p;(x)) and for all + we have c[t] = (ai;,...,a,,) € IFZ. The j-th
truncation of c¢(x) is
J
clop(x) = Y clrlx.

t=0

One can associate to C = (ci, . . ., Ct)r,[x the linear block code
C[0] = {c1[O], ..., c[0D)z, € FF.

Here we identify an element of F, with the corresponding degree zero polynomial in F,[x].
Notice that C[0] does not depend on the choice of a system of generators for C and that we have
dim(C[0]) < k.

In the context of convolutional codes we denote by wty(c) the (Hamming) weight srk(c) of
c € IFZ, i.e., wty(c) is the number of non zero components of ¢. The weight of an element
c(x) € F,[x]" 1s given by

deg(c(x))
wic)) = Y wilclr).

t=0
Let c(x) = (pi1(x),..., pu(x)). Then

supp(c(x)) = {(J, k) : ajx # 0}

is the support of c(x). Notice that this support is not a support in the sense of Definition 3.4.
Clearly, we have |supp(c(x))| = wt(c(x)). Let U C C be a subset of C. The support of U is

supp(U) = | supp(c(x)).

c(x)eU
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If U = (c1(x), ..., cn(x))z, 1s an Fy-linear space, then it is easy to show that

h
supp(U) = | supp(c(x)),

i=1

see e.g. [GR22, discussion after Definition 2.8].

If C = (c[0]...c[deg(c)]) € Fy<4e@*D is the matrix with columns c[0],.. ., c[deg(c)], then
supp(c(x)) simply corresponds to the support of C, i.e., the set of positions of the non zero
entries of C. Notice that the columns of C are indexed starting from O instead of 1 and the
support of a matrix is the set of positions of its nonzero entries.

Let Cy,C, € F,[x]" be convolutional codes. We call C; and C, isometric if there exists a
weight-preserving F,[x]-isomorphism ¢ : C; — C, that is, ¢ is an isomorphism of F,[x]-
modules and wt(c(x)) = wt(¢(c(x))) for all c(x) € Cy, see [GLO9, Definition 3.1]. We will
deeply study isometries of convolutional codes in Section 9.1.

A generator matrix of C is a matrix G(x) with entries in F,[x] whose rows form a basis of
C. We denote by ¢ the internal degree of a convolutional code C, i.e., the maximum degree
of a full size minor of G(x). Since two generator matrices of the same code differ by left
multiplication by a unimodular matrix, it follows that ¢ is independent of the choice of G(x).
A convolutional code C € F,[x]" of rank k and degree ¢ is an (n,k, ) convolutional code.
Let G(x) = (p;j(x));; be a generator matrix of C. We say that G(x) is row-reduced if 6 =
Zle 0;, where 6; = max’_, deg(p;;(x)). Every code C has a row-reduced generator matrix,
see e.g. [Kai80, Example 6.3-2]. It is easy to check that the degrees ¢,...,9, of the rows
of a row-reduced generator matrix of C are invariants of C, i.e., they do not depend on the
choice of a row-reduced generator matrix of C. Up to a row permutation, we may assume that
01 > 0y > --+ > 0. The largest degree ¢, is often called the memory of the code.

A convolutional code C is noncatastrophic if it has a left-prime generator matrix G(x), i.e., a
generator matrix G(x) with the property that if G(x) = H(x)G’(x), then H(x) is unimodular. If C
has no left-prime generator matrix, we say that C is catastrophic. We refer the interested reader
to [LPR21, Section 10.2] for a more complete introduction to convolutional codes in the poly-
nomial setting. The next proposition follows from standard commutative algebra arguments and
was first observed in [GLS04]. It provides a useful characterizations of being noncatastrophic.

Proposition 2.14. [GLS04, Proposition 2.2] Let C C F,[x]" be an (n, k, §) convolutional code.
Then, C is noncatastrophic if and only if for every r(x) € F,[x] \ {0} and c(x) € F,[x]" we have
that

r(x)c(x) € C implies c(x) € C.

The minimum distance or free distance of a convolutional code C is defined as
dfree(C) = min{wit(c(x)) : c(x) € C\ {O}}.

In [RS99, Theorem 2.2] Smarandache and Rosenthal established an analogue of the Singleton
bound for convolutional codes.

Theorem 2.15 (Singleton Bound). Let C be an (n, k, 6) convolutional code. Then

diee(C) < (n—k) (EJ + 1) +0+1.
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Similarly to the case of block codes endowed with the Hamming metric, a code that meets
the Singleton bound is called Maximum Distance Separable (MDS). Notice that linear block
codes are exactly the convolutional codes with internal degree 6 = 0. Coherently, the Singleton
bound from Theorem 2.15 coincides with the usual Singleton bound for 6 = 0. In particular, a
linear block code is MDS if and only if its extension to F,[x]" is MDS of internal degree 0.

The j-th column distance of a convolutional code C is defined as

dj(C) = min{wt(cyo ;(x)) : c(x) € C and c[0] # 0}.
In [GLRSO06, Proposition 2.2], the authors proved the following bound.

Theorem 2.16. Let C be an (n, k, §) convolutional code. Then
dj(C) <m-k@G+1D+1,
for all j € N,,.

A code with k # n that achieves this bound for j = 0,...,L = m + Lﬁj is called Maxi-

mum Distance Profile (MDP). Finally, C is strongly Maximum Distance Separable (sMDS) if
diree(C) = d5,(C), where M = | 2| + [-2-]. Strongly MDS convolutional codes are a family of
MDS convolutional codes and were introduced in [GLRS06].

Let C be an (n, k, §) convolutional code. The dual code C* is defined as

Ct=1{dx) e F,[x]" | d(x)c(x)T = 0 for all ¢(x) € C).

It follows from Proposition 2.14 that, if C is noncatastrophic, then C* is an (n,n — k, §) convo-
lutional code and (CH)* =C
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3. Codes over finite commutative rings

In order to study linear block codes, it may be useful to associate with them some algebraic
or combinatorial objects that partially capture their structure and their basic properties. Under-
standing which invariants can be determined from this objects is a question of great interest.

For instance, since linear block codes are simply finite vector spaces over finite fields, it is
common knowledge that we can associate a matroid to them [Ox111, Chapter 1]. In [Gre76]
Green showed how the weight enumerator of a linear block code is determined by the Tutte
polynomial of the associated matroid. More recently, in [JPO9b] Jurrius and Pellikaan proved
that the Tutte polynomial of the matroid is equivalent to the generalized weight enumerator
and to the extended weight enumerator. A similar result was independently proved by Britz
in [Bril0]. Starting from the circuits of the matroid, we can also associate a monomial ideal.
In [JV13], Johnsen and Verdure proved that the generalized Hamming weight of a linear block
code are determined by the N-graded Betti numbers of the associated ideal. This relation was
further studied, among others, in [GMMCMMP22,GS20,JRV16,JV14,JV21]. The goal of this
chapter is to illustrate how to extend some of these results to linear codes over finite commu-
tative rings. Even though many definitions and many results that we will discuss later in the
chapter hold for infinite commutative rings, we prefer to consider only the finite case for the
sake of clarity. So, from here on, R will be a finite unitary commutative ring, unless otherwise
specified.

3.1. Supports of R-linear codes
Definition 3.1. An R-linear code C is an R-submodule of R".

In order to define the generalized weights for R-linear codes we need to define the notion of
support on R". The general theory of supports over rings was introduced and deeply studied by
Gorla and Ravagnani in [GR22]. Here, we limit ourselves to what is necessary for our purposes.

Definition 3.2. An ordered abelian group is a triple (A, +, <), where (A, +) is an abelian group
and < is a partial order on A such that for all a;, a,,as € A a; < a, implies a; + a3 < a; + a3. In
particular, we have that

1. ay < ayifand only if 0 < a; — a;.
2. Ifaj,a, >0, thena; +a, > 0.

Example 3.3. We are mainly interested in the ordered abelian group (Z*, +, <) with u € N,
where the partial order < is defined as follows: (ay,...,a,) < (a},...a) if and only if a; < a;
for i € [u] in the canonical order of Z.

Definition 3.4. A support on R" is a function supp : R" — Z" such that:
1. supp(v) = 0if and only if v = 0.

2. supp(rv) < supp(v) forallr € Rand v € R".
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3. supp(v + w) < supp(v) V supp(w) for all v, w € R"
A support is called modular if it satisfies the following property.

4. If vyw € R" and i € [u] satisfy supp(v); < supp(w);, then there exists r € R such that
supp(v + rw); < supp(v);.

Given a support supp : R" — Z" we can define a function supp’ from the power set of R"
to Z" as supp’(X) = /.y supp(x). In order to simplify the notation we will denote both these
functions by supp and the domain will be clear from the context.

In coding theory the notion of support is closely linked to that of weight. The Hamming
support, for instance, arises from the Hamming weight on [F?, as already discussed in the Intro-
duction. Notice that the Hamming support is modular. An example of support on [} that is not
modular is given by the function 7 : F; — Z that maps the zero vector to 0 and all the other
vectors to 1.

Definition 3.5. The weight of v € R" with respect to supp is the 1-norm of the support of v,
i.e., wt(v) = |supp(v)|. The weight of an R-linear code C is defined as wt(C) = |supp(C)|. The
minimum and the maximum weight of a code 0 # C C R" are, respectively,

min wt(C) = min{wt(v) : v € C \ 0} and max wt(C) = max {wt(v) : v e C}.

It is worth noticing that there exist weights of interest to the community for which the as-
sociated “support” does not satisfy the condition of Definition 3.4. For example, the support
supp, : Z4 — Z, associated to the Lee weight wt;, : Z4s — Z, is given by supp,(0) = O,
supp, (1) = supp,(3) = 1, and supp, (2) = 2. This is not a support according to Definition 3.4,
in fact it does not satisfy the second condition since supp, (2) = supp; (2 - 1) > supp, (1). One
can easily see that the weight defined in 3.5 is an invariant weight function, but it is not always
homogeneous. We refer to [GMFZ13, Section 2] for all these definitions.

Recall that if R is a finite ring, there exist Ry, . . ., R, finite local rings such that R = R X: - -XRy,
see [AM69, Theorem 8.7]. In particular if R is a principal ideal ring, R;, . . ., R, are also principal
ideal rings. Notice that from the standpoint of ring theory, R and R, X - - - X R, are the same ring,
so by abusing notation from here on we will write R = Ry X --- X R,. Similarly, we will write
R" = R} X --- xRy and C = C; X --- X C, respectively in place of R" = R} X --- X R} and
C = C; X -+ X Cy. A finite local commutative principal ideal ring is often called a finite chain
ring. If R is a finite chain ring, then any element r € R is of the form r = aa¥, where a is an
invertible element and « is a generator of the maximal ideal of R. The following result by Gorla
and Ravagnani allows us to reduce the study of supports of rings to that of supports of local
rings.

Proposition 3.6 ( [GR22, Theorem 2.23]). Let supp : R" — Z" be a modular support. Up
to a permutation of the coordinates of Z" we have that supp = supp, X --- X supp,, where
supp; : RY — Z" fori € [€] and u; € N with u; + --- + u, = u. Moreover, supp; is a modular
support for all i € [£].

Let supp, : R" — Z*" and supp, : R — Z" be two (modular) supports. It is easy to see
that the product supp, X supp, is a (modular) support from R"*" to Z"'**2. A support is called
standard if it can be decomposed in product of supports that are supported on a single copy of
R.
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Definition 3.7. A support supp : R" — Z" is said to be standard if for each i € [n] there exist
u; € N and a support supp; : R — Z" such that up to permuting the coordinates of Z" we have

that supp((ry, ..., r,)) = (supp,(r1), ..., supp,(r,)).

We notice that for a standard support supp one has that

supp((r1, ..., 1)) = supp((r,0,...,0)) V--- VvV supp((0,...,0,r,)).

In this chapter we are interested in a specific standard modular support for finite chain rings
introduced in [Rav18, Example 26] that is defined as follows.

Definition 3.8. Let R be a finite chain ring with maximal ideal («). Let k be the smallest positive
integer such that o = 0. Let supp : R — Z be the support function given by

supp(r) = min {O <i<k:re (ak_i)} ,
for every r € R. The support supp = supp X --- X supp : R" — Z" is called the chain support on
R".
3.2. Generalized weights

Let C C R" be an R-linear code. Since R = R; X --- X R, with R; finite local ring for all i € [{],
we have that C = C; X --- X C¢, where C; C R7 is the projection 7;(C) of C on the i-th factor
of R" = R} X --- X R} for all i € [£]. Following the notation of [GR22], we denote by u(C)
the least cardinality of a system of generators of a code C. By convention we have u(0) = 0.
Finally, foracode C = C; X --- X C; € R", we set M(C) := u(Cy) + ... u(Cr). We now have all
the necessary elements to state the definition of generalized weights of an R-linear code with
respect to a support supp.

Definition 3.9. For r € [M(C)], the r-th generalized weight of C is given by
d(C) = min {wt(D) : D € S (C) for j > r},
where S ;(C) = {D € C : Dis a subcode with a minimal system of generators of cardinality j}.

Notice that the previous definition is well-defined since S ;(C) # 0 for j € [M(C)] as proved
in [GR22, Theorem 1.8]. When R is a finite field, the cardinality of a minimal system of gen-
erators coincides with the dimension of the subcode. Therefore, Definition 3.9 extends Defini-
tion 1.3. The next proposition collects some basic properties of generalized weights.

Proposition 3.10 ( [GR22, Lemma 2.12]). Let D C C C R" be two R-linear codes. Then,
1. di(C) = min wt(C),
2. d. (D) > d.(C) for r € [min{M (D), M(C)}],
3. d4+1(C) 2 d,(C) forr € [M(C) — 1],
4. d,(C) = min{|supp(D)| : D € C and M(D) > r} for r € [M(C)].
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One of the reasons why generalized Hamming weights are very studied is that they are invari-
ant under equivalences. Here, we prove that this is the case also for R-linear codes. We begin
defining equivalences between R-linear codes.

Definition 3.11. An isometry between R-linear codes is an R-module isomorphism ¢ : C; — C,
that preserves the weight, i.e., wt(v) = wt(e(v)) for all v € C,. Two R-linear codes C; and C; in
R" are equivalent, if there exists an isometry ¢ : R" — R" that maps C; in C,.

A classical result for the Hamming support states that an isometry from Fy to itself can be
expressed as multiplication by a permutation matrix and a diagonal one. In the following, we
prove a similar result for codes over principal ideal rings equipped with a standard modular
support. We begin by considering the case when R is a finite chain ring.

Lemma 3.12. Let R be a finite chain ring, supp = supp, X --- X supp, be a standard modular
supporton R", and ¢ : R" — R" be an isometry with respect to supp. Then, there exist a diagonal
invertible matrix D and a permutation matrix M such that ¢(v) = DMv for all v € R".

Proof. It is known that an R-module isomorphism from R" to itself can be expressed as multi-
plication by a matrix N = (n;;) in R™". In order to prove the statement, we want to proceed
by induction on n. When n = 1, it is trivially true. So assume, we proved the statement for
n — 1. Without loss of generality we assume that [supp,(1)] < --- < [supp,(1)|. Let e; be an
element in the standard basis. Then, an entry of ¢(e;) must be invertible, otherwise ¢ would not
be injective. We start by considering e;. Since we assumed [supp,(1)| < [supp;(1)| for i > 1,
we conclude that the first column of N has an invertible entry, say the k-th entry, and it is zero
everywhere else. Up to multiply by a permutation matrix, we can assume k = 1. Consider the
vector v = (—ny,n11,0,...,0) € R". Then, wt(¢(v)) < wt(ep), while wt(v) > wt(e,). Since ¢
is an isometry, we have that n;, = 0. Proceeding in this way, we obtain that the first row of N
is different from zero only in the first entry. This implies that ¢ restricted to {0} X R"~! can be
regarded as an isometry of R""!. We conclude using the inductive hypothesis. O

When R is a principal ideal ring, isometries of R" can be still expressed as product by a
matrix, but describing which matrices represent an isometry is harder. However, we can still
classify the isometries of R" starting from the isometries of finite chain rings that we studied in
the previous lemma.

Theorem 3.13. Let R = R; X --- X R; be a principal ideal ring, supp be a standard modular
support on R", and ¢ : R" — R" be an isometry with respect to supp. Then, for each i € [{]
there exists an isometry ¢; : R? — R} such that m;(¢(r))) = ¢;(n;(r)) for every r € R", where
m; : R" — R! is the standard projection.

Proof. This follows from the fact that any R-module isomorphism sends each 0 - - XR?X- - -x0
in itself and from the fact that the restriction of an isometry is an isometry. |

Example 3.14. Consider the free module ZZ over the ring Z¢ = Z, X Z3. As support we take
the standard modular support supp X supp, where supp : Zs — Z? is given by supp(1) = (1, 1),
supp(2) = (1,0) and supp(3) = (0, 1), i.e., supp = supp, X supp,, where supp, is the Hamming
support on Zs and supp, is the Hamming support on Z,. Then, one can check by hand that

multiplication by the matrix
_ 2 3 2%2
M = <3 2) € Zg
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is an isometry ¢ : Z2 — ZZ. Notice that M is not the product of a permutation matrix and a
diagonal one. If we look at the projection on Z3 and Z3 we find that the two isometries ¢; and
¢, correspond respectively to the matrices

M, = ((1) é) €72¥?and M, = ((2) g) € 737,

that are both permutation matrices multiplied by a diagonal one as required by Lemma 3.12.
By Theorem 3.13 we obtain that the generalized weights are a family of invariants.
Corollary 3.15. The generalized weights of an R-linear code are invariant under equivalences.

Proof. Let ¢ : R" — R" be an equivalence between two R-linear codes C; and C,. Consider a
minimal system of generators M of a subcode D, of C;. Since ¢ is an isometry of R", ¢(M)
is a minimal system of generators of a subcode D, of C,. In particular, we have that M(C;) >
M(C,). By Theorem 3.13 we obtain that wt(D,) = wt(D,). Therefore, d.(C,) > d,(C,) for
r € [M(C>)]. This is sufficient to conclude since also ¢! is an isometry. m|

3.3. Weight enumerator

The weight enumerator is a crucial and extensively researched polynomial in coding theory
[VL71, Chapter VI]. It captures most of the interesting properties of a code, and moreover it is
also used to study the decoding procedure. For instance, the weight enumerator of a binary code
estimates the probability that a received codeword is closer to a different codeword compared
to the actual transmitted codeword [JP09a, Section 3]. The goal of this section is to introduce
the weight enumerator in our setting, i.e., for linear codes over rings.

Definition 3.16. The homogeneous weight enumerator of an R-linear code C C R" is the poly-
nomial

Wc(x, y) = Z th(C)ywt(R”)fwt(c).
ceC

The homogeneous weight enumerator can also be written equivalently as

wt(R"

)
Wo(x,y) = ) Ay ®,
w=0

where A,, = |{c € C : wt(c) = w}|. The list Ay, ..., Awr 1s called the weight distribution of
C, and it is an invariant of the code. Notice that in the case of the Hamming support we have
wt(R") = n, and we obtain the classical definition of weight enumerator. In the more general
case of standard support, it is important to keep track of what happens in each component. For
this reason, we introduce the complete weight enumerator. The name is borrowed from [Ver(04,
Definition 8.2], but the definition is not the same.

Definition 3.17. For a support supp : R" — Z", we define the complete weight enumerator as

We(x,y) = Z XSUPP(O)y SUpP(©)
ceC
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where x™P© = T, x*™ and supp(c) = supp(R") — supp(c). Starting from the complete
weight enumerator, one can recover the homogeneous weight enumerator simply by setting
Xy =:+=x,=xandy; = --- =y, = y. By straightforward computations we obtain the
following result.

Lemma 3.18. Let R = R; X - -- X R, be a principal ideal ring, C = C; X - -- X C, be an R-linear
code, and supp = supp, X --- X supp, be a modular support. Then,

¢
WC(X17 s X0 ¥ ’yf) = H WCi(Xi7 yl)
i=1

In addition to the weight enumerator, we are also interested in the generalized weight enu-
merator.

Definition 3.19. Let C be an R-linear code. For 0 < r < M(C) the r-th generalized weight
enumerator is given by

M(C)
W, y) = Y AP Ey,
r=0

where A”) = {D C C: M(D) = r and wi(D) = w}.

While the weight enumerator captures the weight distribution, the generalized weight enu-
merator captures the generalized weights. Indeed, for r € [M(C)], we have that

d,(C) = min{w : there exists j > r such that AE{) # 0}

3.4. Latroids

The goal of this section is to study the relation between supports and latroids. The latter were
introduced in [VerO4, Definition 5.6] and generalize matroids, g-matroids, polymatroids and
g-polymatroids. Before giving the definition of latroid, we recall that a complete lattice is a
partially ordered set in which all subsets have both a supremum V and an infimum A.

Definition 3.20. Let A be an ordered abelian group, and let £ be a complete lattice. An A-
latroid with rank function p : £ — A under length function ||-|| : £ — A on the lattice £, is a
triple (o, |||, £) such that:

L. p(0g) = 1104]l = O4.
2. |||l is strictly increasing, that is, ||L|| < ||M]|| for all L, M € L with L < M.
3. ||| is modular, that is, ||L|| + ||M]|| = [|IL vV M|| + ||L A M]|| for all L, M € L.

4. p is bounded increasing, that is, 0 < p(M) — p(L) < ||M|| — ||L|| for all L, M € L with
L<M.

5. p is submodular, that is, p(L) + p(M) > p(LV M) + p(L A M) for all L,M € L.

In the next remark we explain how the concept of latroid generalizes the one of matroid.
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Remark 3.21. Let E be a finite set. The power set P(E) of E is a complete lattice with respect
to the union and intersection. It is easy to verify that the cardinality function |-| is a strictly
increasing modular function on P(E). Let p : P(E) — Z any function for which (p, |-|, P(E))
is a Z-latroid. Then, {X C E : |X| — p(X) > 0 and X is minimal with this property} is the set
of circuits of a matroid with ground set £ and rank function p. This is a direct consequence
of [OxI11, Proposition 11.1.1].

Conversely, let (E, p) be a matroid with ground set E and rank function p. Then, (p, |-, P(E))
is a Z-latroid. In fact, from the axioms of matroids, we immediately obtain that p(0,) = 0, p
is submodular, and 0 < p(M) — p(L) for all L, M € P(E) with L < M. It remains to prove that
p(M) — p(L) < |M| — |L|. By the submodularity of p, we obtain p(M) < p(M \ L) + p(L), and by
the modularity of the cardinality we conclude

p(M) —p(L) < p(M\ L) < M\ L| = |M| - |L|.

In the sequel, we show one possible way to associate a latroid to an R-linear code for a given
strictly increasing modular function. Let M(R") be the set of all submodules of R". We denote
by R" the set of rectangular sumbmodules of R", given by

R'={M=1I1x---x1I, CR": I is anideal of R for all i € [n]}.

Notice that M(R") and R" are complete lattices with respect to the sum and the intersection,
since R is a finite ring. For a code C and a strictly increasing modular function ||-|| : M(R") — A,
we define pc : M(R") — A as

pc(M) = M| - |M N C|| for all M € M(R").

In the following proposition we will consider the restriction of ||| and of p¢ to the sublattice
R" of M(R"). To simplify the notation, we will not indicate the domain of the functions if it is
already clear from the context.

Proposition 3.22. The triple (oc, |||, R") is an A-latroid for every code C € R".
Proof. Let M, < M, € R". We immediately obtain that

pc(M>) — pc(My) < ||Ma| — |IMqll,
since M; N C < M, N C. Moreover, we have that

pc(My) = pc(M>) = ||Mo|| = IM; || = l|M2 N Cll + [|My N Cll =
= [IMa]l = 1My + (IMAT+ ICH = 1IMy + CHD = (IM]+ ICH = (1M + ClD) =
= [[M> + Cll = [IM, +Cl| = 0,

and therefore p¢ is bounded increasing. We have now to prove that p¢ is a submodular function.
So, fix L, L, € R". Then, by the modularity of the function ||| we have that

pc(Ly) + pe(Ly) = 1Lyl + Il = 1Ly N Cll = IL2 N C| =
= Iy + Lo|l + 1Ly 0 Loll = (ILs N Ly N CI + (L N C) + (L N O =
> |ILy + Lo|l + 1Ly 0 Lo|l = (ILy "Ly N CII + (I(Ly + L2) N C) =
= pc(L1 N Ly) + pe(Ly + L),
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where the inequality comes from the fact that (L, NC) + (L, NC) C (L + L) N C. O

It is worth noticing that the the proof of the previous proposition does not depend on the
choice of the sublattice R". In fact, we can prove the same result for every sublattice of M(R").
The reason why we explicitly consider R" comes from the following example.

Example 3.23. Let consider the case when R is a finite field F,, and let C be a linear block code.
It is well known that the dimension is a modular function from the set of vector subspaces of
P’; to Z. Therefore, by Proposition 3.22 we have that (R, dim, p¢) is a Z-latroid. In this case
the rectangular subspaces of ¥ are direct products of copies of F, and {0}. In particular, the
rectangular subspaces are in bijection with the subsets of [n]. Therefore, we can construct an
associated matroid proceeding as in Remark 3.21. This matroid is exactly the standard matroid
that we associate to a code endowed with the Hamming metric.

We point out that modular functions and modular supports were defined independently in two
different contexts. So, even though they are both called modular, they are not the same class
of functions. However, there are cases in which modular supports are also modular functions.
For instance, we now show that a standard modular support is also a strictly increasing modular
function on the lattice R", if R is a principal ideal ring. We begin considering the case when R
is a finite chain ring.

Lemma 3.24. Let R be a finite chain ring and let supp : R" — Z" be a standard support. Then,
supp : R" — Z" is a modular function, i.e., supp(M;) + supp(M,) = supp(M; + M,) + supp(M; N
Mz) for all M, M, € R

Proof. Directly from the definition of supp we obtain supp(M;) V supp(M,) < supp(M; + M5).
For every m € M| + M, there exists m; € M; and m, € M,, such that m = m; + m,. Therefore,
supp(m) < supp(m;) V supp(mz) < supp(M;) V supp(M,) and so, supp(M;) V supp(M,) =
supp(M, + M,). This also follows from the fact that M = (my,...,m,) implies supp(M) =
supp(my) V - -+ V supp(m,).

It is clear that supp(M; N M,) < supp(M;) A supp(M;). Fix i € [u], since supp is standard,
there exist m; = (0,...,0,(m);,0,...,0) € My and m, = (0,...,0,(m,);,0,...,0) € M, such
that supp(m;); = supp(M,); and supp(m,); = supp(M,);. Let a be a generator of the maximal
ideal of R. Assume without loss of generality that supp(m,); > supp(m;);. Then, there exist
ry, ry invertible elements and k; < k, such that (m;); = ri@® and (my); = ra®. So, my =
rl‘lrza"z‘k‘ml € My N M,, hence supp(M; N M,); > supp(m,); = supp(M;); and therefore we
have that supp(M; N M;) = supp(M;) A supp(M,). Since supp(M;) + supp(M;) = supp(M;) A
supp(M,) + supp(M;) V supp(M,), we conclude. O

Proposition 3.25. Let R be a principal ideal ring and let supp : R" — Z" be a standard modular
support. Then, supp : R" — Z" is a modular function.

Proof. By Proposition 3.6, we know that R" = R} X --- X R} with Ry, ..., R, finite chain rings,
and supp = supp, X ...supp,, where supp, = R} — Z" is a standard modular support for all
i € [£]. If M is a rectangular submodule of R", then M = M, X --- X M, with M; rectangular
submodules of R}, So, to conclude it is sufficient to apply Lemma 3.24 to each supp,. O

While in Lemma 3.24 we do not require the support to be modular, Proposition 3.25 does not
hold in general without this assumption, as one can see in the next example.
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Example 3.26. Consider the ring Z¢ endowed with the Hamming support and let M, = (2) and
M, = (3). Then, we obtain 2 = supp(M;) + supp(M;) # supp(M; + M,) + supp(M; N M,) = 1.

Corollary 3.27. Let R be a principal ideal ring and let supp : R" — Z" be a standard modular
support. Then, the associated weight function is modular.

Proof. Since the direct sum of modular functions is modular, the result follows from Proposi-
tion 3.25. O

Notice that there are standard supports that are not strictly increasing functions. For instance,
taking Example 3.26, we have that the Hamming support on Zg is not strictly increasing. How-
ever, in the following proposition we show that all standard modular supports on principal ideal
rings are strictly increasing.

Proposition 3.28. Let R be a principal ideal ring and let supp : R" — Z" be a standard modular
support. Then, supp : R" — Z" is strictly increasing.

Proof. As in the case of Proposition 3.25, it suffices to prove the result for finite chain rings.
So, assume that R is a finite chain ring with maximal ideal generated by «, and let M, < M,
be two rectangular submodules of R". Then, there exist m; = (0,...,0,a",0,...,0) € M,
and my = (0,...,0,a2,0,...,0) € M, with t, < t;, such that supp(M,); = supp(m;); and
supp(M,); = supp(my);. Since m; € M,, we have that supp(M;); < supp(M,);. Suppose now
that they are equal. On the one side, since supp is a modular support, there is r € R such that
supp((0, ...,0,a” — ra",0,...,0));, < supp((0,...,0,a2,0,...,0)),. On the other side, since

R is a local ring, we have that 1 — r@™ is an invertible element, and so supp((0,...,0,a" —
ra,0,...,0)); = supp((0,...,0,a",0,...,0));. This is a contradiction, and therefore we con-
clude that supp(M;); < supp(M5);, and so supp(M;) < supp(M>). O

By Proposition 3.25 and Proposition 3.28 we conclude that a standard modular support on
a principal ideal ring defines a strictly increasing modular function on R". If we try to enlarge
the domain and we consider supp : M(R") — Z", we do not find a modular function. In
particular, if we define pc as in Proposition 3.22 the triple (o¢, supp, R") may not be a Z"-
latroid. However, given a standard modular support we can still construct a latroid as follows.
We define p5™ : R" — Z" as

oo™ (M) = supp(M) — supp (min{L € R" : M N C C L}) forall M € M(R").

Let C the smallest rectangular submodule that contains C. It is easy to verify that C = m(C) X
-+« X m,(C), where 7; is the canonical projection on the i-th entry, and that M N C = min{L €
R" : M N C C L}. Following the proof of Proposition 3.22, one can prove that (o;"", supp, R")
is a latroid.

3.5. The Chain Support and the Tutte polynomial

The Tutte polynomial was introduced for the first time in [Tut47, Tut54] for graphs and then
generalized to matroids in [Cra69]. For a matroid (E, p) it is defined as

T(p, x,y) = Z(x _ 1By _ 1Al

ACE
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The Tutte-Whitney rank generating function is obtained from the Tutte polynomial via a change
of variable
Rp,x,y)=T(p,x+1,y+1) = ZXP(E)—p(A)yIAI—p(A).
ACE
In [VerO4], Vertigan defined a generalization of the Tutte-Whitney rank generating function for
latroids as follows.

Definition 3.29. The weighted Tutte-Whitney rank generating function of a Z"-latroid (o, ||-||, £)
with £ C Z" is
R(p, |Il, £, X, y,u,v) = Z xMyM* g LO=p0D yIIMIl=p(M)
MeL

Since the lattice £ is a sublattice of Z*, we have that M* = M = 1, — M. Moreover, we ob-
serve that the weighted Tutte-Whitney rank generating function fully determines the following
function N

R/(p’ ||'||’ £’ X, Z, y’ u’ V) — Z XMZM—MyMlup(lL)‘p(M)V”M”_p(M)’
MeL

where M = (M + (1,...,1)) A 1,. Notice that when £ = {0, 1}", then M = (1,...,1). In
this section we will show how we can recover the weight enumerator of a linear code endowed
with the chain support starting from the weighted Tutte-Whitney rank generating function of a
suitable associated latroid. Let C € R" be an R-linear code with R finite chain ring and let supp
be the chain support as defined in Definition 3.8. We define L as the sublattice of Z*, given by
Lr = {supp(M) : M € R"}. We notice that there is a one to one correspondence between Lz and
R". Therefore, the function pc(supp(M)) = |supp(M)| — lt(M N C), where [t(M) is the length of
M as R-module, is well defined.

Lemma 3.30. Let R be a finite chain ring and let C be an R-linear code. Then, the triple
(oc, |, Lr) defined above is a Z-latroid, called the chain support latroid associated to C.

Proof. See [VerO4, Lemma 5.9]. O

In the following lemma, we recall a useful fact of commutative algebra that we will use in
the proof of Theorem 3.32.

Lemma 3.31. Let R be a finite chain ring, and let M be a finitely generated R module. Then,
IM| = |R/(a)|"™.

Proof. Since M is finite, there exists a sequence of modules with strict inclusions
M =M, > M, D"'DMII(M),

that is a composition series, i.e., M;/M,,, is a nonzero simple R-module for 0 < i < [t{(M),
see [Eis13, Theorem 2.13]. A simple R-module is isomorphic to R/J, where J is a maximal
ideal of R. Since R is a local ring, we conclude that M;/M;.; = R/(a) for 0 < i < [t(M). We
conclude by induction on the length of the composition series. O

We can now show that the complete weight enumerator of a code C is determined by the
weighted Tutte-Whitney rank generating function of the associated chain support latroid. The
proof of the following theorem extends the proof of [Ver04, Theorem 9.4]
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Theorem 3.32. Let R be a finite chain ring and let C C R" be an R-linear code. Then, the Tutte-
Whitney rank generating function of (o, ||, Lz) determines the complete weight enumerator of
C. In particular, we have that

, —X
WC(Xa Y) =R (PC, ”Hy LR’ X, yTa y’ |R/(a,)|’ 1) .

Proof. Foreach A € Z", letCy = {c € C : supp(c) < A},and let A; = A — ¢; for all i € [n].

nc(A) :=l{c € C : supp(c) = A}f = [C4| = |U Cal =

i=1

=|C4l —z:(—l)"+1 ( Z |CAI.1 ﬂ"'ﬂCA,-kl> = (3.5.1)
k=1

1<i|<<ir<n

= D DG

A—(1,..,1)<B<A

By direct computation one can check that

yB(y_X)(l ..... 1)-B — Z ( 1)|A| |B| A (l ,,,,, 1)—A, (352)

BCAC(1,...,1)

forall (0,...,0)<B<(l,...,1). Let B=(B+(1,...,1)) A supp(R"). We have that

ZXSUPP(C)YSUPP(C) — ZnC(A)XAyK — Z < Z (_I)IAI—BI|CB|> XAyX
A—(1

ceC AL AeL \A—(l,..,1)<B<A
= <|CB| > (—D'A"'B'x*‘yf‘) =
BeL B<A<B
_Z <|C |XB (1., 1)y9upP(Rn) -B Z (- 1)|A| Bl A=B+(1..... D, B- A) _
BeL B<A<B
B-(1,...1 R")=-ByB-B+(l..... B-B _
_Zlc B )ySUPp( ) +( )(y X)
BeL
y—x B-B
B R")-B B-B BB -
= ICsIPy Py - x)PF =N " ICplxy (—) :
Bel BeL y

where in the decond equality we used Equation (3.5.1) and in the second to last we used Equa-
tion (3.5.2). Since R is a finite chain ring and |B| — p¢(B) is the length of Cp, by Lemma 3.31
we have that |Cp| = |R/()|'B7¢®_ Combining these results, we finally obtain

B-B
Wex,y) = S IR/(@)P#e®xPyP (u) =R (pc,n-n,z:R,x,¥,y, IR/(@)], 1) O

BeL y

Remark 3.33. Notice that in Theorem 3.32 we proved that the complete weight enumerator
can be obtained from R'(p, |||, £,u,z,v,X,y). However, as we stated above, this function is
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determined by the weighted Tutte-Whitney rank generating function. Therefore, it is possible
to also write the weight enumerator in terms of the Tutte-Whitney rank generating function, but
the formula would not be as concise.

Theorem 3.32 can be generalized to codes over a principal ideal ring R. Let supp = supp, X
-+ X supp, be the modular support on R" such that supp, is the chain support on R; for i € [{].
Each submodule M of R" decomposes as direct product M, X - - - X M, where M; is a submodule
of R} for each i € [£]. We define pc(supp(M)) = (pc, (Supp(M))), . . ., pc,(supp(My)).

Lemma 3.34. Let R be a principal ideal ring and let C be an R-linear code. Then, the triple
(oc, |1, L) defined above is a Z‘-latroid, called the chain support latroid associated to C.

Proof. Notice that p¢ is bounded increasing and submodular if and only if p¢, is bounded in-
creasing and submodular for all i € [£]. We conclude by applying Lemma 3.30. O

Corollary 3.35. Let R be a principal ideal ring and let C € R" be an R-linear code. Then, the
Tutte-Whitney rank generating function of (p¢, |-|, Lz) determines the complete weight enumer-
ator of C

WC(X7 Y) = R, (pC’ ||||7 £R7Xa y;yxv y. |R/(a/1)|’ ey |R/(Q’€)|, 1)

Proof. By Lemma 3.18 and Theorem 3.32 we have
¢ ¢ Vi - X;
WC(XI’ ey Xpy YI, ey Y€) = H WC;(Xi’ yl) = HR, (pCp ||'||7 LR,‘& X, fa yi’ |R/(al)|a 1) .
i=1 i=1 !
We conclude by noticing that

R/(pc’”'”wﬁRaXl,---,Xf,zl,---,ZstI,---,YE,Ul,---,UL”Vl---,Vf) =

l
= HR@Ci’||'||7-£R,'7Xivzi’yi’ uiavi)' O

i=1

3.6. Monomial ideals

We recall that a monomial ideal / € § = K[x] is an ideal which has a system of generators
consisting of monomials. Given a modular support supp on R" we can associate to each nonzero
R-linear code C an ideal I defined as

Ic = (X" : ceC\0}) CS.

It was shown in [GR22, Proposition 4.3] that I = ({x**?© : ¢ € Min(C)}), where Min(C)
is the set of codewords with minimal support. The ideal I can be recovered from the latroid
o 7, supp, R") defined at the end of Section 3.4. Indeed, we have that

{supp(c) : ¢ € Min(C)} = {supp(M) : supp(M) — pz™ (M) > 0 with M € R" and M minimal}.

Notice that proceeding in this way we can always associate an ideal to a latroid. This cor-
respondence is not bijective, since from different latroids we may obtain the same ideal. For
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instance, let R be a principal ideal ring and let (o, ||, Lg) be the chain support latroid. Then,
the associated ideal is again /.

From the ideal /- one can recover some information on the code C. For instance, in [GR22,
Theorem 4.4] the authors proved that the graded Betti numbers of the monomial ideal associated
to a code determine its generalized weights.

Theorem 3.36 ( [GR22, Theorem 4.4]). Let o be a modular support and let C C R" be a code.
Assume that either C C 0 :z« J or R is a PIR. Let I C S be the monomial ideal associated to C
and let r € [M(C)]. Then M(C) is the projective dimension of S/I; and d,(C) is the minimum
shift (i.e., the minimum degree of a nonzero element) in the r-th free module in a minimal free
resolution of S/I;. In particular, the N-graded Betti numbers of S /I; determine M(C) and the
generalized weights of C.

In [JRV16, Theorem 5.1] the authors proved that the weight enumerator of an [F,-linear block
code is determined by the Ny-graded Betti numbers associated with the Ny-graded minimal free
resolutions of the ideal of I; and of its elongations, see [JRV16, Section 2] for a definition.
Here, we prove that the weight enumerator of an F,-linear code C C ] is determined by its Ng-
graded Betti numbers. We will denote by ; x the rank of the free module S (—X) in homological
position i.

Theorem 3.37. LetC C PZ be a linear code. Then,

A, = Z Z(_ 1)|X\Y|qmax{i:3ﬂ,,z>o and ZSY},

[X|=w,X<{0,1}* Y<X

for w € [n] and where {§; 2} is the set of the Njj-graded Betti numbers that appears in a minimal
free resolution of S /1.

Proof. By the inclusion—exclusion principle we obtain

Av= ) D EDMYG,

[X|=w,X<{0,1}* Y<X

where Cy = {c € C : supp(c) < Y}. The dimension of C, is equal to the projective dimension of
S/Ic,. Fix a minimal free resolution of S/Ic. The subresolution obtained by restricting to the
direct summands S (—X) with X < Y is a minimal free resolution of S/I.,. Therefore, we have
dim(Cy) = max{i : B,z > 0 and Z < Y}. Since |Cy| = ¢¥™C"), we conclude. i

In the more general case of R-linear codes, the ideal I, does not determine the weight enu-
merator, not even in the case of the chain support, as one can see in the following example.

Example 3.38. Consider the Z,-linear codes C; and C, in Zi given by
C1 =(2,1,0),(2,0, 1))z, and C; =((2,1,0),(0,0, 1))z,.

With respect to the chain support, we obtain I, = I, = (v,2) € K[x,y,z]. However, we have
that W, (x, 1) = 1+ 2x + x> +4x3 + 8x* and We,(x,1) =14+ 2x+ 3x% +5x3 4+ 5x%.

Determining whether it is possible to associate a more complex ideal with an R-linear code
that allows the recovery of the weight enumerator remains an open problem.
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4. MacWilliams’ Extension Theorem

In the introduction we mentioned the MacWilliams’ Extension Theorem, a classical result by
Florence Jessie MacWilliams. It shows that every linear isometry between linear block-codes
endowed with the Hamming distance can be extended to a linear isometry of the ambient space.

For R-linear codes on an arbitrary standard modular support this result does not hold, as we
can see in the following example.

Example 4.1. Let C;,C, € 5 be two one-dimensional codes generated respectively by the
vectors (1, 1,0) and (0,0, 1). Consider the standard modular support o = oy X 0, X 03, where
oi(l) = 2i and 0;(0) = 0 for i € [3]. Then, the map ¢ : C; — C,, which sends (1, 1,0) to
(0,0, 1), is an isometry since wt((1, 1,0)) = wt((0, 0, 1)) = 6. However ¢ cannot be extended to
an isometry of the ambient space.

There are many other cases where isometries of R-linear codes do not extend to the entire am-
bient space, for instance see [BGL15, Example 6.9]. Despite this, there is still interest in under-
standing under which hypotheses and for which weights it is possible to prove a MacWilliams’
Extension Theorem for R-linear codes. The main result in this direction is due to Wood.

Theorem 4.2 ( [W0099, Theorem 6.3]). Let R be a finite Frobenius ring. Suppose that C C R"
is a right R-linear code, and suppose that ¢ : C — R”" is a right isometry with respect to the
Hamming weight. Then, ¢ extends to a right isometry of R".

In [Wo008, Theorem 2.3] Wood proved that every finite ring that has the extension property
for the Hamming weight is a Frobenius ring. The MacWilliams’ Extension Theorem for codes
over Frobenius rings was also studied in [BGL15, GMFZ13, SZ19, Woo08]. As regards the
homogeneous weights, in [CHH96] we find a combinatorial proof of the Extension Theorem for
codes over Z,,. Recently, the MacWilliams’ Extenstion Theorem was proved in [Dys19,LW19]
for codes over Z,, endowed with the Lee distance. In this chapter, we explore the Extension
Property in the setting of sum-rank metric codes, with a focus on the rank-metric case.

Extension Property. Let C;, C, be two sum-rank metric codes in M. An isometry ¢ : C; — C;
satisfies the Extension Property if and only if there exists a linear isometry u : M — M such

that ple, = ¢.

It is well known that there exist isometries of sum-rank metric codes that do not satisfy the
Extension Property (see [BGL15] and [dICKWW, Section 7]). We are interested in understand-
ing under which conditions it may be possible to extend an isometry to the whole ambient space
and when instead the Extension Property fails. Very little is know in this direction. The results
in [GHM™ 14] imply that isometries between two rank support spaces are extendable. The same
result for F»-isometries between Galois closed linear subspaces of [, was proved by Umberto
Martinez-Pefias in [MP16, Theorem 5].

This chapter is organized as follows. In Section 4.1 we study linear isometries of sum-rank
metric codes. Such isometries allow us to define the notion of equivalent codes, which allows us
to say if a given parameter of a code is a sum-rank invariant. In Section 4.2 we present several
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counterexample to the MacWilliams’ Extension Theorem in the rank-metric. In Section 4.4, we
prove the main theorem of this chapter that states that the Extension Property holds for certain
isometries of codes generated by elementary matrices. Section 4.3 is dedicated to developing
some tools that are used in Section 4.4.

4.1. Isometries in the sum-rank metric

In the first part of this section we characterize the linear isometries of M and use them to define
a notion of equivalence between sum-rank metric codes. In the second part, we will show two
examples in which the Extension Property fails.

Definition 4.3. An F,-linear isometry ¢ in the sum-rank metric is an F,-linear homomorphism
of M such that stk(¢(C)) = srk(C) for all C € M. Two sum-rank metric codes C,D C M are
equivalent if there is an F,-linear isometry ¢ : M — M such that ¢(C) = D.

The next theorem gives a classification of the isometries of Fy"™" with respect to the rank
metric.

Theorem 4.4. Let ¢ : F”" — F™" be an F,-linear isometry with respect to the rank metric.

1. If m # n then there exist matrices A € GL,,(F,) and B € GL,,(F,) such that (M) = AMB
for all M € F™".

2. If m = n then there exist matrices A, B € GL,(F,) such that either ¢(M) = AMB for all
M e FP", or (M) = AM'B for all M € F.

We refer the interested reader to [Hua51, Wan62] for a proof of this result. This allows us to
characterize the IF,-linear isometries in the sum-rank metric as follows.

Theorem 4.5. Let ¢ : M — M be an F,-linear isometry. Then there is a permutation
o [€] — [£]

with the property that o(i) = j implies m; = m; and n; = n; and there are rank-metric F,-linear
isometries y; : Fq’""x’” — IF:’I“X”" for i € [£] such that

e(Cr,...,Co) = Wi(Cory), - - s ¥e(Crir)
forall (Cy,...,Cy) € M.

Proof. Forie [{],let M; =0Xx...xX0X IF“;""X”" X 0x...x0 C M where the ith component is the
only nonzero one. Let {(0,...,0, Ex;,0,...,0)}xnemx be the standard basis of M;. Then, for
all (k, 1) € [m;] X [n;],

stk(¢(0,...,0, E;;,0,...,0) =1,

implying that ¢(0,...,0, E¢;,0,...,0) has only one nonzero component for each choice of k
and /, say i;,;. Further, we notice that for a given k € [m;]

stk <¢> (0,...,0,2@,,,0,...,0)) =1, “4.1.1)
=1
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and similarly for a given [ € [n;] we have that

srk (tp <0,...,O,2Ek,z,0,...,0>) = 1. (4.1.2)
k=1

stk (Zw(o 0, E1,0, .,0>) =

implying that i; ; does not depend on k. The same argument together with equation (4.1.2) shows
that i;; does not depend on [ either. It follows that for all i there is a j such that ¢(M;) € M;.
Since ¢! is a linear isometry, it follows from the same argument that that ¢~'(M;) € M;. Hence
@(M;) = M;. In particular, the map that sends i to j is a permutation of [£], which we denote
by o!. Since M; and M; have the same weight distribution if and only if n; = maxrk(M,) =
maxrk(M;) = n; and m; = dim(M;)/n; = dim(M;)/n; = m;. Therefore

By (4.1.1) we have that

$0|M,- . Mi — Mj
©,...,0,C;,0,...,0) — (0,...,0,y;(Cy),0,...,0)

m]an I

for j = o~!(i) and for some linear rank-metric isometry i : — ]quxnj . Hence by linearity

@ M — M

(Crre s Cr) = W1(Coiy)s- - We(Coro)). .

In the next section, we will show many obstructions to the Extension Property in the rank-
metric case. It is clear that since we do not have a MacWilliams Extension Theorem for rank-
metric codes, we also cannot have a MacWilliams Extension Theorem for sum-rank metric
codes. Morever, in the sum-rank metric we have more pathologies than just those coming from
the rank metric, as the next examples show.

Example 4.6. Let { =3, m; =n; =3,my, =m3 =ny =n3 = 1. Let

a 0 0
C= 0 0 0f,b,c|:ab,ceF,
0 0O
and
a 0 0
D= 0 b ,0,0 ] :a,b,c€F,
0 0 ¢
Then ¢ : C — D defined as
a 00 a 00
@ 0 0 0),b,c] = 0O b 0],00
0 0O 0 0 ¢

is an F-linear isometry between C and O, which does not extend to an F,-linear isometry of M
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by Theorem 4.5.

Example 4.7. Let { =2, m; =n; =m; =n, = 2. Let

c-{((s (s ) wesen)

Then ¢ : C — C defined as

((65)60)= (626 2)

is an F,-linear isometry between C and itself, which does not extend to an F,-linear isometry of
M by Theorem 4.5.

4.2. Obstructions to the Extension Property

In this section we will focus only on rank-metric codes. Using Theorem 4.4, we can state the
Extension Property for rank-metric codes as follows.

Extension Property. Let C;,C, be two linear codes in F;”X”. An isometry ¢ : C; — C; satisfies
the Extension Property if and only if there exist two matrices A € GL,,(FF,) and B € GL,(F,)
such that either ¢(M) = AMB for all M € Cy, or ¢(M) = AM'B for all M € C;, where the latter
case can only happen if m = n.

The goal of this section is to discuss several obstructions to the Extension Property in the
rank-metric case. A first problem arises from the fact that the transposition is an isometry of the
ambient space only in the square case. This makes the composition of the transposition with the
natural inclusion of ¢ : F{™" < F/™, m < n, into an F-linear isometry of (") C F™" with
itself, which cannot be extended to F;”". This is a way of looking at the next example, due to
Barra and Gluesing-Luerssen.

Example 4.8 ([BGL15], Example 2.9). Let C = {(A O) tA e IF;XZ} < F§X3 andletg:C = C

be the isometry given by ¢( (A O)) = (A’ 0) for all A € Pflxz. It is easy to see that it is not
possible to extend ¢ to an isometry of the whole ambient space.

A similar phenomenon happens in the following example, also due to Barra and Gleusing-
Luerssen.

Example 4.9 ( [BGL15], Example 2.9). Let C < F;** be the code given by

_ A 0 . 2X2
C_{<0 B).A,Bqu }

and consider the isometry ¢ : C — C given by

#((65)-( »)

As before, one can check that ¢ cannot be extended to an isometry of F;‘X“.
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In general, the natural inclusion ¢ : Fy™" x F>" < Fy=*MX0™" js an jsometry with respect
to the sum-rank metric in the domain and the rank metric in the codomain. When composed
with the product of the identity on F;”" and the transposition on F;*", it yields an isometry of
W X By C FomeXemn) with itself, which does not extend to FJ" X+,

We stress that in both examples there is a smaller, natural ambient space to which the isometry
can be extended. In fact even more, in those specific examples the isometries are already defined
on a smaller ambient space (on which therefore they can be trivially extended). In the first
example, the isometry is defined on F>** while in the second example it is defined on F, > X F22,
naturally endowed with the sum-rank metric. In order to avoid such problems, one may want to
consider codes that cannot be contained in a smaller ambient space, that is, such that rowsp(C) =
I, and colsp(C) = Fy'.

We now discuss a different obstruction to the Extension Property. Let ¢ be an isometry of
77" Then for every C < F”" we have that

dim(rowsp(C)) = dim(rowsp(¢(C))) and dim(colsp(C)) = dim(colsp(¢(C))). 4.2.3)

Therefore, in order to be extendable, an isometry must satisfy this property. The next example
shows that not all linear isometries do.

Example 4.10. Let C;, C, € F3 be the codes

(0L (00

and let ¢ : C; — C; be the F,-linear map given by

(o1 a) =G5 o) (6 o0)=0o0)

Since C; and C, are codes of constant rank 2, then ¢ is an isometry. One can easily see that
dim(rowsp(C;)) = 2 while dim(rowsp(C;)) = 3. In particular, ¢ cannot be extended to an
isometry of F5*3,

The last example motivates us to look at isometries ¢ : C; — C, < Ff™" with the following
property, which implies (4.2.3).

Property 1. There exist A € GL,,(F,) and B € GL,(F,) such that
rowsp(¢(C)) = rowsp(CB) and colsp(p(C)) = colsp(AC)

for all C € C;.

Notice that none of the isometries considered in Examples 4.8, 4.9 and 4.10 satisfy Property
1. While Property 1 is necessary for the Extension Property to hold, it is not sufficient, as the
next example shows.

Example 4.11. In [dICKWW16, Example 1] the authors exhibit three distinct equivalence
classes of MRD codes in F3** with minimum distance 4. Any F,-linear map between codes
in different equivalent classes is an isometry, since each nonzero element has rank 4. Moreover,
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each of these maps satisfy Property 1 with A = B = Id. A proof that these codes do not satisfy
the Extension Property appeared in the first arXiv version of the same paper as [dICKWW, Ex-
ample 7.1].

The obstruction to the Extension Property in Example 4.11 can be seen as coming from
the interaction between the linear structure of the code and the group structure of the code
without the zero matrix. More precisely, if C is a vector space of square matrices and C \ {0}
is a subgroup of the general linear group, then every F,-linear isomorphism from C to itself
is a linear isometry. Moreover, if it fixes the identity and it has the Extension Property, then
it is either a group homomorphism or a group antihomomorphism. Therefore, any F,-linear
isomorphism from C to itself which fixes the identity and is not a group homomorphism or a
group antthomomorphism cannot have the Extension Property.

Example 4.12. Let P € GL,(F,) of order ¢"—1, let Q = Pl LetC = F,[P] = (P)U{0} C PZX".
Every nonzero element of C has rank n, hence any F,-linear isomorphism of C with itself is an
isometry. Both P and Q are linearly independent from the identity matrix Id, so there is a linear
isometry ¢ : C — C with ¢(Id) = Id and ¢(P) = Q. If ¢ has the Extension Property, then
either (M) = AMA™" or (M) = AM'A™" for some A € GL,(F,). Therefore O = ¢(P) €
{APA™', AP'A~"}, however Q has order ¢"' +¢"%>+...+1, while APA~" and AP'A~! have order
q - 1.

Even when C \ {0} is not a group, an isometry on a set of square matrices which fixes the
identity and for which the Extension Property holds needs to be multiplicative. This constitutes
an obstruction to the Extension Property, since not every linear isometry is multiplicative.

Example 4.13. Let C € F3*° be the code given by
1 00 0 00
C=<0Id,{1 1 0,1 O O
0 00 0 01

and let ¢ : C — C be the isometry of C with itself that fixes the identity matrix and swaps the
other two matrices.

Suppose that ¢ can be extended to an isometry of the whole ambient space. Then, there are
A, B € GL;(IF,) such that either ¢(C) = ACB for all C € C or ¢(C) = AC'B for all C € C. Since
¢(Id) = Id, we have that AB = Id and so B = A~!. Therefore, we obtain that

100 100\ /100 1 00 1 00
ello1ofl]=¢l|1 1 0][110]])=¢[[110]]el[1 10
000 000/ \oo0oO 000 000
000\ /000 000
={1too0]|10o0]=(000
001/ \0 01 00 1

The map ¢ sends an element of rank 2 to an element of rank 1, contradicting the assumption
that ¢ is an isometry. We conclude that ¢ does not have the Extension Property. Notice however
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that ¢ satisfies Property 1 with

0 01 1 00
A=11 1 1) andB=1[1 0 1
1 00 110

Property 1 suggests to look at codes generated by rank-one elements. In fact, if C is a rank-
one element with row space () and column space (v), then ¢(C) is a rank-one element with row
space (uB) and column space (Av). Therefore, ¢ determines Av and uB up to a scalar multiple.
This simple observation allows us to prove the next result.

Proposition 4.14. Let C,C, < F;>" and let ¢ : C; — C; be an isometry which satisfies
Property 1. If C; is generated by elements of rank 1, then ¢ is extendable.

Proof. Since ¢ has Property 1, then ¢(C) and ACB have the same row and column space for all
C € C. Over F, this give that A~'¢(C)B~! = C for every C € C, of rank 1. If C, is generated by
elements of rank 1, we conclude by linearity that A~'¢(C)B~! = C for all C € C;. O

Even for C generated by elements of rank 1, the Extension Property may fail if we do not
require Property 1.

Example 4.15. Let C C F3 be the linear code generated by

100 00 0 00 1 110
Cl‘(o 0 0)’ CZ‘(O 1 0)’ C3‘(0 0 1>’ C4_(1 1 o>'

Let ¢ : C — C be the linear map given by ¢(C;) = C; fori = 1,2,3 and ¢(C4) = C4 + C3. One
can verify that ¢ is an isometry that cannot be extended to the whole ambient space, since it
does not satisfy Property 1.

One may wonder whether the failure of the Extension Property is due to the fact that the code
is small compared to the ambient space. The next example shows that this is not the case.

Example 4.16. Starting from the code C from the previous example, for each n > 3 we construct
a code C, € F5*" given by

C.={(A C):AeF " cec}.

Let ¢, : C, — C, be the linear map given by ¢, (A 0) = AforA € ;" and ¢, (0 C) =
¢(C). Again, ¢, is an isometry that cannot be extended to the whole ambient space. Moreover,
notice that )
. dim(C,) . 2n-2

Iim —F———=1lim— =1

n—eo dim (F3X")  noe 2n
This show that there exist non-extendable isometries defined on codes, whose dimension comes
arbitrarily close to that of the ambient space.

We state the analogous result of Proposition 4.14 for arbitrary ¢ as an open question.

Question 4.17. Let C;,C;, < PZ”(” and let ¢ : C; — C, be an isometry which satisfies Property
1. If C, is generated by elements of rank 1, then the same is true for C,. If this is the case, does
¢ have the Extension Property?
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Theorem 4.18 provides a positive answer to Question 4.17, for codes which are generated by
elementary matrices.

Letl <i<mand1 < j<n Wedenote by E;; the matrix in F{"" that has 1 in position (i, j)
and 0 everywhere else. We call these matrices elementary. We now state the main result of this
chapter, which we will prove in Section 4.4.

Theorem 4.18. LetC = (E;, j,,..., Ej ;) < F"" be a code generated by k elementary matrices.
Let ¢ : C — C be an isometry such that for all 1 < i < k one has ¢(E;, j,) = a;E;, j, for some
@, € F. Then ¢ satisfies the Extension Property.

insjn

The next example shows that the statement of the Theorem 4.18 fails, if the code is generated
by non-elementary, rank-one matrices.

Example 4.19. Let g # 2 and let C € IF*‘?IX“ the code generated by the following elements of rank

1:
1 0 0 0
Cl‘(o o)’ C2‘(0 o)’
0 0 0 1 0 00O
C3‘(o o)’ C“‘(o 1)’ C5‘<1 11 1)'
Let @ € F, \ {0,1} and let ¢ : C — C be the linear map given by ¢(C;) = C;for1 <i < 4
and ¢(Cs) = aCs. One can check that ¢ is an isometry and that it does not have the Extension
Property. In fact, ¢ does not satisfy Property 1, since rowsp(Cs — C,) < rowsp(Zf:1 C;) but
rowsp(p(Cs — Cy)) N rowsp(go(Zf:1 C,)) = {0}. Notice that, since ¢ does not satisfies Property

1, it does not yield a negative answer to Question 4.17. In addition, this example shows that it
does not suffice in general to check Property 1 on a system of generators of the code.

oo OO
N - OO
o o OO

oo = O

4.3. Matrix paths

In this section we establish some preliminary result which we will use in the proof of Theorem
4.18. We start by introducing the notion of path in a matrix. From here on, let m,n > 2.

Definition 4.20. Let M € F”" be a matrix. A path r of length k € N in M is a finite ordered
sequence of positions of nonzero entries ((iy, ji), (i2, j2), - - . (ix, jx)) such that two consecutive
elements share either the first or the second component and (iy, ji,) # (iy, j;) for h # s.

A path 7 of length at least 4 is closed if the first and the last entries share a component. The
support supp(r) of a path r is the set of elements of 7. A path n is simple if no three entries of
m share a component.

These definitions are borrowed from graph theory. Indeed, one can naturally associate to
every M € FZ”(” a finite graph Gy = (Vy, Ey), such that V), is the set of positions of the
nonzero entries of M and two vertices in V), are connected by an edge in E), if and only if the
corresponding entries lay on a common line (that is, a common row or column). The notions of
path and closed path from Definition 4.20 correspond to the usual definitions in graph theory. A
path is simple if the subgraph of G, induced by the set of vertices in the path does not contain
any clique.

We are mainly interested in closed simple paths. We begin by establishing some of their
basic properties. First notice that, up to a cyclic permutation and to reversing the order, every
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simple path is determined by its support. Moreover, in the next lemma we see that the entries
corresponding to the elements of a closed simple path are contained in a square submatrix with
exactly two nonzero elements in each row and column.

Lemma 4.21. Let M € F”" be a matrix. The entries of M corresponding to the elements of
a closed simple path are contained in a square submatrix with exactly two nonzero elements in
each row and column.

Proof. Let n = ((iy, j1), (2, J2), - - - (ix, jx)) be a closed simple path in M. By definition, each
line of M contains at most two nonzero entries whose position belongs to the support of 7.
Suppose by contradiction that there exists a line in M which contains exactly one nonzero entry
in position (i, j,). If 1 < h < k, then the three elements (ij,_1, ji—1), (in, ji), (ins1, joe1) have
either the first or the second coordinate in common. If 4 = 1, the same is true for (i, j;),
(i2, j2), (ix, jx)- If h = k, the same holds for (iy, j;), (ix—1, ji-1), (ix, jx). In each case, & is not
simple. We conclude that the entries of M corresponding to the elements of a closed simple
path are contained in a m’ X n’ submatrix with exactly two nonzero elements in each row and
column. In particular, it must be that 2m’ = 2n’ and som’ = n’. m]

The next proposition ensures that in every matrix with enough nonzero entries there is a
closed simple path.

Proposition 4.22. Letm,n > 2 and let M € IF"Z”(" be a matrix with at least m + n nonzero entries.
Then there is a closed simple path in M.

Proof. We proceed by induction on m + n. If m + n = 4 then m = n = 2 and all the entries of
the matrix are nonzero and so trivially we have a closed simple path.

Suppose now that m + n > 4. If there exists a row in which there is at most one nonzero
entry, then m > 2. By Lemma 4.21 no closed simple path can contain the position of that entry.
Therefore, one may erase that row from M and obtain a matrix of size (m— 1) xn which contains
the same paths as M. Similarly, one may erase any column of M which contain a single nonzero
entry without affecting the paths contained in M.

By eliminating all rows and columns of M which contain at most one nonzero entry, we
reduce to a matrix which contains at least two nonzero entries in each row and column. Notice
that the operation of canceling any rows and columns of M which contain at most one nonzero
entry preserves the property that the matrix has at least as many nonzero entries as the sum of its
number of rows and its number of columns. We can now build a closed simple path as follows.
Starting from an arbitrary nonzero entry, move along the correspondent row and select another
nonzero entry. Then move along the column of last nonzero entry picked and select another
nonzero entry. Proceed in this way, alternating between rows and columns. At every step, we
find a nonzero entry different from the last one that was picked, since we supposed that in each
line we have at least two nonzero entries. Since the number of lines is finite, after k steps we
must choose an entry on a line where there is already one entry which was picked at a step h
with 1 < h < k— 1. As soon as that happens, we choose that entry. The positions of the entries
that we have picked are the support of a closed simple path in M. O

Remark 4.23. The result in Proposition 4.22 is optimal, in the sense that there are matrices in
7" with m + n — 1 nonzero entries that do not contain any closed simple path. An example is
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given by
1 ... 1
10 ... 0
M=|. . . eP’;X”.
1 0 ... 0

Definition 4.24. Let m,n > 2 and M € F”". We say that a matrix M” € F”" is a path-
reduction, or just a reduction, of M if it is obtained from M by changing to zero a nonzero entry
that belong to a closed simple path.

A matrix M € F™" is path-irreducible, or just irreducible, if does not contain any closed
simple path.

Let My,...,M, € IF’q”X”. We say that (M, ..., M,) is a path-reduction chain if for every
1 <i<{ Mg, isareduction of M; and M, is irreducible.

Since in a closed simple path there are at least four entries and a matrix may have more than
one closed simple path, a matrix may have several path-reductions. We illustrate the situation
in the next simple example.

Example 4.25. Consider the matrix M € F5*° given by

1 0010
M=|01012O0
11000

The path ((1, 1), (1,4), (2,4),(2,2),(3,2),(3, 1)) is closed and simple. Replacing any of the ones
in M yields a reduction of M. In particular

M =

—_ o O

0010 1 00 0O
1 010 M'=101 010
1 000 1 1.0 00
are reductions of M. Notice that both M’ and M" are irreducible.

The next corollary is an immediate consequence of Proposition 4.22.

Corollary 4.26. Let M € P:]”X”. If M is irreducible, than M has at most m + n — 1 nonzero
entries.

Given a matrix M € F™", it is always possible to find a path-reduction chain starting from M.
In fact, one can simply apply consecutive reductions. Since M has a finite number of nonzero
entries, one obtains an irreducible matrix in a finite number of steps.

Proposition 4.27. Let M € IFZ’X”. Then there exists a path-reduction chain (M, ..., M) such
that M1 =M.

Notice that one can find more than one path-reduction chain starting with the same matrix M.
In Appendix C we prove that each path-reduction chain with M; = M has the same length.
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Example 4.28. Let M € > be the matrix

1 10
M=|1 1 1
011
Both
1 0 010 010
1 1 1,11 1 1}),[{1 11 ,
011 011 010
and
1 10 1 10 1 10
1 1 1),11 0 1],(1 O 1
011 011 010

are path-reduction chains starting with M.

4.4. Proof of Theorem 4.18

In order to clarify the structure of the proof of Theorem 4.18, we enclose part of it in two
technical lemmas. The first one shows under which conditions two maps coincide on a closed
simple path.

Lemma 4.29. Let ((i1, j;), ..., (ix, jx)) be a closed simple path in Z:Zl E;, ;, € F". Letop,

(Ei .- Eij) — (Eij,-..,E;j) two rank-preserving linear maps such that p(E;, ;) =
ShEih,jh and w(Eihsjh) = thEi;,,j;,a where s1,...,8,,...,0 € FZ If s, = t,for 1 < h < k, then
S = Ig.

Proof. Fora € P; consider the matrix

k-1
Ma = < Eih,jh) +aEik,jk'
h=1

Since ((iy, ji1), - - -, (ix, jx)) 1s a closed simple path, by Lemma 4.21, k is even and the nonzero
entries of M, are contained in a square submatrix of size k/2, whose determinant is a linear
function of a. Hence there exists a € F, such that rk(M;) = k/2 — 1 and rk(M,) = k/2 for all
a € F,\{a}.

Let M be the matrix given by

k-1
_ -1 = -1
M = <§ :Sh Eimjh) +as; Eik,jk'

h=1

By assumption rk(y(M)) = tk(M) = tk(p(M)) = k/2 — 1. Moreover, if s, = t, for 1 < h < k,

then
k—1
*//(M) = <Z Eih,jh) + tkaslzlEik,jk .

h=1

By the uniqueness of @ we conclude that a = tkc’zs,:‘ , hence 1, = sy. O
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The next lemma establish the Extension Property in a special case.

Lemma 4.30. Let (i}, j), . (ik,jk) be k distinct elements in {1,...,m} X {1,...,n}. Let
¢ (Ei .- Eij) — (E,l jise s Eijo) © FZ™" be a rank-preserving linear map such that
o(E;, j,) = shE,-h,.,-h, where 51, ..., s, € F,. If the matrix M = >h_ E,, ;.
are two diagonal invertible matrices A € F”" and B € F" such that

1s irreducible, then there

¢(C) = ACB
forall C € (E;, j,..., Ei ;)

Proof. We build the matrices A = (a; ;) and B = (b, ;) step by step. Let h = 1 and set a;,;, = 1
and b; ; = s;. This guarantees that AE; ; B = s,E; j. At each subsequent step, choose
h € {1,...,k} among those that have not been previously chosen and such that either g, ;, or
b;, i, has been assigned a value, if such an & exists. If a;,;, was already assigned a value, set
b, = a; sp. If bj, ;, was already assigned a value, set a;, ;, b]hljh
Notice that at most one among a;, ;, and b, j, can already have an assigned value. Indeed,
assume by contradiction that both a;, ;, and b}, ;, are fixed. Then there exist two simple paths
(ay,...,a,) and (By,...,B,) such that ay = B, = (iy, j1), @, = By = (in, ju) and @,y # B,_1. Let
z > 1 be the smallest index such that @, # .. Let N be the inclusion-minimal submatrix of M
whose support contains {@,_1, ..., @y, B;,...,B-1}. Let d, e be such that N has size d X e. Notice
that d,e > 2, since a,_1,a,, and @, are not aligned. If 8, and «, are not aligned, then every
line of N contains at least two nonzero entries. Otherwise, @, i, @,, and §, are aligned, then
any line that does not pass through the position @,_; contains at least two nonzero entries of N.
Therefore, in both cases, we have 2 max{d, ¢} nonzero entries in a submatrix of size d X e. Since
d + e < 2max{d, e}, by Proposition 4.22 there exists a closed simple path in N, contradicting
the irreducibility of M.
If no such 4 exists, choose any # among those that have not been previously chosen and set
a;,;, = 1 and bj, j, = s,. When all values of & have been considered, set to 1 all the entries on
the diagonal of A and B which have not been assigned a value yet. m|

Remark 4.31. The matrix M in Lemma 4.30 is irreducible, which by Corollary 4.26 implies
that dim((E;, j,, ..., E; ;) < m+n—1. Notice that m+n— 1 is the number of degree of freedom
of the pair of matnces A, B.

We conclude the section with the proof of Theorem 4.18.

Proof of Theorem 4.18. 1f m = 1 or n = 1, any injective linear map is a linear isometry and the
statement holds. Suppose therefore that m,n > 2 and let M = Zzzl E;, ;.. By Proposition 4.27
there exists a path-reduction chain (M, M,, ..., M;) with M, irreducible. Consider the subset
RC{l,...,k}suchthat M, = > . E; ;. By Lemma 4.30 there are two invertible matrices A, B
such that

AE, ;B = ¢(E, ),

for all r € R. Following the path-reduction chain and applying ¢ — 1 times Lemma 4.29, we
have that AE;, ;, B = ¢(E;, ;,), for 1 < h < k. By linearity we conclude that ¢(C) = ACB for all

insJjn

CecC. O
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5. Generalized weights for sum-rank
metric codes

In this chapter, we introduce the generalized weights for sum-rank metric codes. Our def-
inition is based on optimal anticodes for the sum-rank metric, in line with the rank-metric
case [Ravl6a]. To this end, we provide in Theorem 5.12 an Anticode Bound for the sum-rank
metric, which extends the Hamming-metric Anticode Bound (Theorem 8.49) and the rank-
metric Anticode Bound [Rav16b, Prop. 47]. We then provide in Theorem 5.22 a classification
of optimal anticodes in the sum-rank metric, that is, codes attaining the sum-rank metric Anti-
code Bound. Recently in [BGLR22], a different Anticode Bound was given for the sum-rank
metric. However, our bound is sharper and the resulting optimal anticodes lead to a definition
of generalized sum-rank weights that satisfy desirable properties, whereas generalized weights
based on anticodes as in [BGLR22] do not recover the minimum sum-rank distance of the code.

This chapter is organized as follows. In Section 5.1, we study and lower bound the maximum
rank of cosets of a linear rank-metric code, extending results from Meshulam [Mes85] to cosets.
Using these results, we provide in Section 5.2 our Anticode Bound for sum-rank metric codes
and we provide an explicit description and classification of optimal anticodes for the sum-rank
metric. In Section 5.3, we use optimal anticodes to define and obtain the main properties of
generalized sum-rank weights. Finally in Section 5.4, we briefly discuss the weight distribution
and other related invariants.

5.1. Maximal rank in cosets of rank-metric codes

In this section we provide lower bounds for the maximum rank of a coset of a rank-metric code.
Our strategy is inspired by that used by Meshulam in [Mes85] and extends it to cosets of a
vector space.

Let < be the lexicographic order on N X N and let

¢:FP" — NXN
M +— min{(i, ) : M(i,j) # 0}.

Definition 5.1. For a collection M = {M,, ..., M} of matrices in F’Z;X”, we define a matrix M
whose entry in position (i, j) is

MG, ) 1 if (i, j) = ¢(M;) for some k € [d],
I,j) =
/ 0 otherwise.

Denote by p(M) the minimal number of lines in M which cover all ones in M, where a line of
a matrix is either a row or a column.

A set of positions {(iy, j1),..., (i, j-)} of entries in a matrix is independent if for all 4 # &,
h,k € [r] one has i), # iy and j, # j,. Konig’s Theorem relates the cardinality of an independent
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set of positions of a zero-one matrix to the minimum number of lines containing all the nonzero
entries.

Theorem 5.2 (Konig’s Theorem, [Kon31, Sza20]). If the entries of a rectangular matrix are
zeros and ones, then the minimum number of lines containing all the entries equal to one is
equal to the maximum cardinality of an independent set of positions corresponding to nonzero
entries.

In [Mes85], Meshulam uses Konig’s Theorem to establish a lower bound for the maximum
rank of a matrix in a given vector space. In this section, we extend Meshulam’s result from
vector spaces of matrices to cosets. We start with a preliminary result.

Lemma 5.3. Let Dy,...,D,,A € F;X’ such that for all 1 < i < r, the first i — 1 rows of D, are
zero and the ith row is the ith standard basis vector. Then there are x, ..., x, € {0, 1} such that

rk (A + i x,-D,) =r.
i=1

Proof. We proceed by induction on r. The case r = 1 is trivial. Assume r > 1. Fori € [r—1] let
D; = Di([r — 1], [r — 1]). By the induction hypothesis, there exist xy, ..., x,_; € {0, 1} such that
the matrix A([r = 1], [r—1]) + Z:ll x;D! is non-singular. Since D, (i, j) = 0 for all (i, j) # (r, 1)
and D,(r,r) = 1, by expanding with respect to the bottom row we obtain

r—1 r—1 r—1
det (A +) xD;+ D,) = det (A +) x,-Dl-) +(=1)*" det (A([r 1L =1D+ ) x,-D;> .
i=1 i=1

i=1

The last summand is nonzero, therefore
r—1 r—1
A+ inDi +D,and A + inDi
i=1 i=1

cannot both be singular. O
The next theorem extends the main result of [Mes85] from vector spaces to cosets.

Theorem 5.4. Let A € IF'Z’X" and let M = {M,,...,M,;} C IF';”X". Then there exist x;,...,x; €
{0, 1} such that
k(A + xy My + -+ + x;My) > p(M).

Proof. Let p(M) = r. By Theorem 5.2 there exist iy, ..., i, € [d] such that {¢(M;)) : j € [r]} is
independent. Let ¢(M;;) = (s;,1;) for j € [r], thenboth § = {sy,...,s.}and L ={l;,...,[,} have
cardinality r.

We shall prove the theorem by showing that A(S, L) + (B, ..., B,) contains a non-singular
matrix, where B; = M; (S, L). We may assume that s; < s, <--- < s,. Let o be the permutation
on [r] for which I,y < - -+ < [5. Denote the jth row of B; by b;.

Clearly the first j—1 rows of B; are zero, B;(j, s) = O for s € [c~!(j)—1] and B;(}, o 1(j)) # 0.
LetC € IF;X’ be the matrix with rows by, ... b,. Notice that C is non-singular, since we can obtain
an upper triangular matrix with nonzero entries on the diagonal by permuting the rows of C.
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Let D; = B,C™! for j € [r]. It easy to check that the first j — 1 rows of D; are zero and the jth
row is the jth standard basis vector, for all j € [r].
By Lemma 5.3 we have that A(S, L)C™! + Z;zl x;D; is non-singular for some xi,...,x, €

{0, 1}. Therefore
AS.L)+> x;B; = (A(S,L)c—‘ + ijD]) C

J=1 J=1

is also non-singular. This implies that

k(A +) x;M;)>r.

j=1
O

A theorem by Meshulam [Mes85, Theorem 2] states that if V' C F™" is an [F;-linear subspace
of dim(V) > mt, then ‘V contains a matrix of rank at least # + 1. This result is easily generalized
to m X n matrices. The next theorem extends Meshulam’s results to cosets, i.e. sets of the form
A +V, where V C F™" is F-linear and A € F™". The theorem was first shown by C. de
Seguins Pazzis, see [dSP10, Corollary 2].

Theorem 5.5. Let 0 < ¢ < n and let V C F/™" be an F,-linear subspace of dim(V) > mz. Let
A € F™". Then there exists B € V such that

tk(A+ B) >t + 1.

Moreover, if {By, ..., B4} is a basis of V, d = dim(V) — mt, then B can be chosen of the form
B =" x;B; with x; € {0,1).

Proof. Let dim(V) = mt+d with d > 0 and choose a basis {By, ..., B4} of V. By performing
Gaussian elimination, we may assume that ¢(By), ..., ¢(B,.4) are distinct. Since a line in a
matrix cover at most m entries we cannot cover ¢(By), ..., d(B,q) by less than (mt + d)/m
lines. Therefore,

p({Bb R Bmt+d}) >t+ 1.
Theorem 5.4 implies that there exists B € V of the desired form, such thattk(A+B) > t+1. O

Results on vector spaces are a special case of those on cosets. For example, the Anticode
Bound for rank-metric codes is a direct consequence of Theorem 5.5.

Theorem 5.6 (Anticode Bound, [Rav16a]). Let C C F’;X" be a rank-metric code. Then
dim(C) < mmaxrk(C).

If A € V and V is a linear space, then A + V = V and there exist linear spaces V C F™"
such that dim(V) = mt and rk(A) < ¢ for all A € V. Such linear spaces appear in the coding
theory literature under the name of optimal anticodes. We now show that if A ¢ V, that is if
A+YV # V, then every V of dim(V) = mt contains a B such that rk(A + B) > . For odd ¢ this is
an immediate consequence of Theorem 5.4, as we show in the next corollary. In Theorem 5.11
we prove the same result for any g. We choose to include Corollary 5.7, since the proof is
immediate.
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Corollary 5.7. Let 0 < t < nand let V C F/"™" be an F;-linear subspace of dimension dim(V) =
mt. Let A € FZ’X" \ V. If g is odd, then there exists B € V such that

tkA+B)>1t+1.

Proof. Let {By,...,B,} be abasis of V and let V = (A) + V. Since A ¢ V, then dim(V) =
mt + 1. By Theorem 5.5 there are xy, ..., x,,; € {0, 1} such that

mt
rk <A+x0A + Zx,-B,-) >t+1.

i=1

Multiplying by (1 + x¢)~! we find a matrix of the form A + B with A ¢ V, B € V such that
tk(A+ B) >+ 1. O

The following two lemmas will be used in the proof of Theorem 5.11.

Lemma 5.8. Let f : F/*" — F, be a linear form that is constant on GL,(F,). Suppose that either
r>1lorg#?2. Then f =0.

Proof. Since f is linear, there exist a; ; € F,, i, j € [r], such that

f(X) = Z ai,jXi,j

I<i,j<r

forany X = (x;;) € IF;X’. Ifr=1andg#2,letl #a e F,. Then f(a) = f(1) - f(1 - @) =0,
hence f = 0. If r > 1, fix (k,]) € [r] X [r]. Let B = (b, ;) be a permutation matrix such that
by, = 0. Let B = B+ E;,;. Both B and B are non-singular, so f(B) = f(B). Therefore f(E;;) =0
by linearity. Since this is the case for every (k, ) € [r] X [r], we conclude that f = 0. O

Lemma 5.9. Letn > 2 and m > 2. Let V C F}>" be an FF,-linear subspace such that dim(V) =
m. Let A € F)”" \ V. Then there exists B € V such that

k(A + B) > 2.

Proof. Forv € F} and w € F7', denote by v®w the m X n matrix whose entry in position (i, j) is
viw;. If rk(A) > 2, then the statement holds with B = 0. If tk(A) = 1, then up to equivalence we
may assume that A = E;; = e¢; ® e;. If maxrk(V) = 1, then V is an optimal anticode and the
statement holds. If maxrk(V) > 2, then there exists B € V with rk(B) > 2. Hence rk(A+ B) > 2,
since A has rank 1. Therefore, it suffices to prove the statement for maxrk(V) = 2.

First suppose that there are two different elements Vy, V, € V of rank 1. Write V; = v; @ wy
and V, = v, ® w, for some v;,v, € F} and wi,w, € F;. If k(A + V) = 1k(A + V) = 1, then
either v; = e; or w; = e; and either v, = ¢; or wy = e;. If either vi = ¢; and w, = e;, or w; = ¢;
and v, = ey, thenrk(A + V; + V,) = 2, since V|, V, # A. If instead v; = v, = e, then e, w, w;
are linearly independent and every matrix in (A,A + V;,A + V,) has rank 1. Let B € V be an
element of rank two. Then one of the vectors ey, e; + wy, e; + w, ¢ rowsp(B). Therefore, there
exists C € {A,A + V;,A + V,} such that rk(C + B) = dim(rowsp(C + B)) > 2. In the case where
w; = w; = e;, we proceed similarly using the column space.

Suppose now that in V there is at most one element of rank 1. Then every linear combination
with an element of maximum rank in V has again maximum rank. Hence, since dim(V) > 2,
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there are two linearly independent elements By, B, such that rk(B;) = rk(B,) = rk(B; + B;) = 2.
If rk(A + By) = tk(A + B,) = k(A + B; + B,) = 1, then

B =e1 Qe +e,Q¢e, Bh=¢, Q¢ + vy Qwy,

B +B,=e¢;®e; +v3Qws,

possibly after applying a code equivalence that fixes A. Since
B,=e,®@e+v,®wr, = e, Qe+ V3 @ ws

and
Bi+B=¢,Qe1+v;0wz=e,Q¢e, + v, dw,

have rank 2, then v,, v3 € {e;, e>}. Moreover
e1®e;+ery®e =vy @wWy +v3 Q ws,

hence (v,,v3) = {ey, e;). The only possibility is that v, = v3 = e + e;, but this contradicts the
assumption that B; = v,®w,+v3;®w; has rank 2. Therefore, one among A+B,A+B,,A+B;+B;
has rank at least 2. O

The next example we show that the condition m > 2 in Lemma 5.9 is necessary. The example
is essentially the same as the example that appears below Theorem 2 in [dSP10].

Example 5.10. Consider the 2-dimensional space V C F3*? given by

10 00
v= {6 1)-(13))
1 0>
¢ V. Then max g {rk(A + B)} = 1.

and let A = (0 0

The next theorem generalizes Corollary 5.7 to any ¢. It was first shown by C. de Seguins
Pazzis, see [dSP10, Corollary 2].

Theorem 5.11. Let0 <7 <nandletV C IF?X” be an FF-linear subspace such that dim(V) = mz.
LetA e IF"’q"X” \ V. Ifeithert # 1 orm # 2 or g # 2 or rk(A) # 1, then there exists B € V such
that

tk(A+ B) >t + 1.

Proof. If t = 0, then V = 0 and the thesis is readily verified. Suppose that # > 1 and let
M = {My,...,M,,} be a basis of V. Up to a change of basis, we may assume without loss
of generality that ¢(M;) # ¢(M;) if i # j. In particular, p(M) > t. If p(M) > t + 1, then we
conclude by Theorem 5.4.

Suppose that p(M) = t. Up to code equivalence, we may assume that the ¢ lines that cover
¢(M,) for all i are the first  columns. If # = 1 and rk(A) > 2, thenlet B=0. If t = 1, rk(A) = 1,
q # 2 and there exists B € V with rk(B) > 2, then either k(A + B) > 2 or tk(A + 2B) > 2. If
t=1,1k(A) =1, g # 2, and maxrk V = 1, then V is an optimal anticode and the result follows
easily. If ¢ = 2 we conclude by Lemma 5.9, since m # 2.
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Suppose now that p(M) =t > 2. Forevery t + 1 <[ < n and every k € [m] there exists a
linear form f; € F,[x;; | (i, j) € [m] X []] such that 7V is equal to

{(-xu,v)u,v € F;an : -xk,l = fk,l(-xi,j) Vk € [m]’l € [I’L] \ [l]}

Assume without loss of generality that the entry of M; in position ¢(M;) is 1. Then f;; is
obtained by writing a matrix of V as Z(l.’ elmixin) X iMi-1y+;. Assume that maxpey tk(A+B) =t
for some A € F™. It suffices to show that A € V. Up to reducing A modulo V, we may assume
without loss of generality that a; ; = 0 for (i, j) € [m] X [f]. Fix (k,[) € [m] X [n] with [ >t + 1.
Let X = (x;;);; € V. We have that

Xy + g = fra(xij) + axg.

Let L = [¢] and let S be a subset of [m] \ {k} of cardinality 7. Let x;; = O fori ¢ S and j € L.
For any choice of (x; j)ies jez such that X(S, L) + A(S, L) = X(S, L) is invertible, one has

0=+ ars = fru(xij) + axs (5.1.1)
since every matrix in (A + V)(S U {k}, L U {/}) has rank smaller than or equal to 7. Lemma 5.8

together with (5.1.1) implies that a;; = 0. This proves that A € V. O

5.2. Anticode Bound and optimal anticodes

In this section we prove an Anticode Bound for sum-rank metric codes. Our bound improves
the bound from [BGLR22, Theorem 2.2] and generalizes Theorem 8.49.

Theorem 5.12 (Anticode Bound). Let C C M be an F,-linear subspace. Then

¢
dim(C) < max {2 m,-rk(Ci)} . (5.2.2)

In particular, if m; = ... = m;, = m, then
dim(C) < m maxsrk(C).

Proof. We proceed by induction on £. If £ = 1, then C is a rank-metric code, the sum-rank
metric coincides with the rank metric, and the statement is Theorem 5.6.

Let £ > 1. Let 7 be the canonical projection from M onto F*" X - - - X FJl=*"-1 and let 7,
be the canonical projection from M onto }F?M”‘. Define A = 7(C) and B = 7,(7~'(0) N C) and
let C = A x B. Since dim(7~'(0) N C) = dim(z,(7~'(0) N C)) = dim(B), we have that

dim(C) = dim(A) + dim(x~'(0) N C) = dim(C).

By the induction hypothesis there is (Cy, ..., C¢_1) € A such that

-1
Z mik(C;) > dim(A) = dim(C) — dim(B).

i=1



5.2. Anticode Bound and optimal anticodes 45

Let C; € m,(C) such that (Cy,...,C,) € C. By Theorem 5.5 there is a B € B such that

K(C, + B) > [dim(g ) W .
my
Therefore
-1 )
Z mirk(C;) + mk(Cy + B) > dim(C) — dim(B) + m, {dH:fl(B)-‘ > dim(C).
¢

i=1

Since (Cy,...,Cs-1,Cy) € C and B € B, then the element (Cy,...,Cr_;,C; + B) € C. This
concludes the proof. O

Optimal sum-rank metric anticodes may now be defined as the codes which meet the Anti-
code Bound.

Definition 5.13. A sum-rank metric code C € M is an optimal anticode if

l
dim(C) = max {; mirk(Ci)} .

Remark 5.14. In [BGLR22], the authors give a definition of r-anticode for r a non-negative
integer. In [BGLR22, Theorem 2.2] they establish an upper bound for the dimension of an
r-anticode. For a given C € M and r = maxsrk(C), [BGLR22, Theorem 2.2] yields

€ £
dim(C) < max {Z m; ; Z w; = r,u; < n; for all i} . (5.2.3)

i=1 i=1

Notice that our Anticode Bound is tighter than (5.2.3), since for all C = (Cy,...,C;) € C there
exist uy,...,uUs € Z such that Zle u; = maxsrk(C) and rk(C;) < u; < n; for all i. In particular,
all codes that meet bound (5.2.3) also meet our Anticode Bound. Moreover the bounds are
different, as one can easily check by comparing Theorem 5.22 in this chapter and [BGLR22,
Corollary 3.8]. In [BGLR22, Definition 2.3], the authors define optimal anticodes as those that
meet the bound (5.2.3). In particular, an optimal anticode according to [BGLR22] is an optimal
anticode according to Definition 5.13, but the converse is not true in general. For example, the
code OxF, C IF%XZ X [, is an optimal anticode according to Definition 5.13, but it does not meet

(5.2.3).

A simple computation allows one to show that if C; € FJ'™" is an optimal anticode with
respect to the rank metric for i € [£], then C; X --- X C; € M is an optimal anticode with respect
to the sum-rank metric. Moreover, one has the following.

Proposition 5.15. Let C C M be an optimal anticode and assume that m; = ... = m; = m. For
i € [{]letm; : M — FJ™" be the canonical projection. The following are equivalent:

1. C=Cy x---xC¢and C; is an optimal rank-metric anticode for i € [£].

2. maxsrk(C) = Zle maxrk(m;(C)).
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Proof. (1) = (2) follows from a simple computation.
(2) = (1) Clearly, C C []", 7(C), so

¢ ¢
m maxsrk(C) = dim(C) < Z dim(m;(C)) < Z m maxrk(m;(C)).

i=1 i=1

Since maxsrk(C) = Zfz , maxrk(m;(C)), we have that

€
dim(C) = dim (H 7r,-(C))

i=1

and
dim(7r;(C)) = m maxrk(m;(C)).

Therefore C = Hle m;(C) and C; 1s an optimal rank-metric anticode for all i € [£]. |

We will prove that optimal anticodes in the sum-rank metric are generated by their elements
of maximum sum rank. We start by proving the result in the special case of rank-metric anti-
codes.

Lemma 5.16. Let C C FJ™" be an optimal anticode. Then C is generated by its elements of
maximum rank.

Proof. Let t = maxrk(C), then dim(C) = mt. Up to code equivalence we may assume that
C consists of all matrices whose rowspace is contained in (ey,...,e,), where ej,...,e, € IFZ
are the first 7 elements of the standard basis. Therefore it suffices to prove the statement for
C= IFZ”“. Let {E; j}i<i<m,1<j< be the standard basis of IFZ”“. Let] = Eﬁzl E;; € Fgm . For each
(i, j) € [m] X [1] there exists a permutation matrix S; ; € PZ”(’” such that (S; ;I); ; = 0. Therefore
one can write E; ; = (S, ;[ + E; ;) — S; ;I, with rk(S; ;I) = 1k(S; ;I + E; ;) = t. This implies that

{Sijil +E;;,Sijl}i<i<m1<j< 18 a set of matrices of rank 7 which generates P’;m . O

The next observations will be useful in order to extend the result of Lemma 5.16 to optimal
anticodes in the sum-rank metric.

Lemma 5.17. Let m > 2 and let C C F;™" be an optimal rank-metric anticode of maxrk(C) = 1.
Then every element of C of rank 7 can be written as the sum of two elements of C of rank 7.

Proof. Up to code equivalence we may assume that C consists of all matrices whose rowspace
is contained in (e, ..., e,), where e, ..., e, € F; are the first ¢ elements of the standard basis.
Therefore, it suffices to show that every element of full rank in F}* can be written as the sum
of two elements of F;* of full rank. Let C = (cy, ..., c;) € F;* be the matrix whose columns
are cy,...,c¢, € Fy. Assume that tk(C) = ¢. If t = 1, let C € C\ {C,0}. Notice that C exists,
since m > 2. Then C,C + C are elements of rank 1 and C = C + (C + €). If ¢ is even, then
C = Cy + C, where

C
)

(Cl + €2,C1,C3 + C4,C3y ..., Cp + Cts Ct—l)’

(€2,€1 + €2, €4,C3 4+ Chy oo, Cry €1 +Cy).
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If t # 1 is odd, then C = C; + C, where

Ci = (c1+¢2,03,¢1,64+C5,Ca5 05 C1 + €y Cro1)s
Cy = (c,c3+ 00,01+ 63,65,C4+ €500, 0, €1 +Cp).
Since C; and C, have the same column space as C, they have full rank. O

Theorem 5.18. Let C = Cy X --- X C; € M, where C; is an optimal rank-metric anticode for all
i € [£]. If either m;_; > 2 or g # 2, then C is generated by its elements of maximum sum-rank.

Proof. Let C = (Cy,...,Cy) € C be such that

Since C is a product, then C; is an element of maximum rank in C; forall 1 <i < ¢. If g # 2, let
a € F,\ {0, 1}. Then (0,...,0,C;,0,...,0) is an element of

((Cy,...,Cp),(Ch,...,Ci1,aC, Ciyy,y ..., Cp)).

Therefore C is generated by its element of maximum sum-rank, since each C; is generated by
its elements of maximum rank by Lemma 5.16.

If g =2andi # ¢, then by Lemma 5.17 there exist C;, C/" € C; of maximum rank such that
C;=C/+C/. LetC’' =(Cy,...,Ci.1,C},Ciyy,...,Cpand C” = (Cy,...,Ci_1,C/,Ciyq, ..., Co).
Then

©,...,0,C;,0,...,0) e(C",C").

Since C and (0,...,0,C;,0,...,0), i € [£ — 1], belong to the subcode of C generated by its
codewords of maximum sum-rank, then also (0, ..., 0, C;) does. Therefore C is generated by its
element of maximum sum-rank. ]

Example 5.19. For £ > 2 and m,_; = 1, the code C = 0%...x0XF, XF, is an optimal anticode,
which is not generated by its unique element (0, ...,0, 1, 1) of maximum sum-rank.

The next result on generating sets of optimal binary anticodes in the Hamming metric will
also be useful.

Lemma 5.20. Let C C FS be an optimal anticode of dim(C) = ¢ > 1. Then C is generated by its
elements of weight r and 7 — 1.

Proof. Let G be a generator matrix of C and assume that G is in reduced row echelon form.
Denote by gy, ..., g; the rows of G. Letv = g; + ... + g,. Then the vectors v,v + g1,...,v+ g,
have weight 7 — 1 or ¢ and are a system of generators of C, since g; = v + (v + g;) for all i. O

The following technical lemma will be used in the proof of Theorem 5.22.

Lemma 5.21. Letg = 2, £ > 2, m; = n; = 2, and let k = max{i € [{] | m; > 1}. Let
CCM,A=n(C),B=mn(n"(0)NC), where 7 : M — Fy¥" x- .- xFy™" and r; : M — Fy""™
are the canonical projections. If dim($B) = 2 and A = Hf:z C; x C’ for optimal anticodes
C’' CFi*and C; € Fy™" forall i € [k] \ {1}, then one of the following holds:
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(i) B is an optimal anticode,

(ii) Thereis Be Band C = (Cy,...,Cy) € C with

k k
Z mik(C;) + wt(Cryt, ..., Cp) > Z m; maxrk(C;) + maxwt(C’) — 1,

i=2 i=2

such that
rk(B+ C;) = 2.

Proof. If maxrk(8) = 1, then B is an optimal anticode. Assume therefore that maxrk(8) = 2.
Let G be a generator matrix of C’ and assume that G is in reduced row echelon form and that
dim(C) =t. Ift =0,thenlet D = (D,,...,Dy),E = (E,,...,E) € Hf:z C; be codewords such
that each component of D, E, D + E has maximal rank. Such matrices exist, since each C; is an
optimal anticode. Let Dy, E; € C; be such that (Dy,...,Dy,0), (Ey,...,E,0) € C. If one of
Dy, Ey, and D; + E is zero, then we conclude by taking B of rank 2. If there is a rank 2 element
among Dy, Ey, and D, + E, then we conclude by taking B = 0. If Dy, E|, D, + E; all have rank
1, then again we easily conclude. In fact, either (D, E1) N B # 0, or

(D +B)U(E,+B)U(D, +E, +8)| =12,

but in F3** we have only 9 elements of rank 1.

Suppose now that # > 1 and let gy, ..., g, v as in the proof of Lemma 5.20. For every i € [t],
there exists G| € F$? such that G' = (G},0,...,0,g) € C. If forevery i € [t], G| € B,
then C = D x C’, where D C By x ... x F5¥". Therefore we reduce to the situation
t = 0, which we treated above. Hence we assume without loss of generality that G} ¢ B. Let
C = 22:1 G' = (C,0,...,0,v)and D = (Dy,D»,...,Dy,0,...,0) such that D; has max rank
in C; for i € [k] \ {1}. If either D; + C; or D + C; + G1 belongs to B, then we conclude. If
D, + C,,D; + C; + G} ¢ B, then since G| ¢ B, we have that

(D, +C +Gl+B)N(D, +C, +B) =0,

and
(D1 +C +Gl+B)UD, +C, +B)N(G}) + B) =0.

Notice that IF"%X2 consists of the zero matrix, 9 elements of rank 1, and 6 elements of rank 2.
In (G}) + B there are at least two elements of rank 1, since dim((Gi) + B) = 3. Therefore, in
(D1 +Cq + G{ + B) U (D; + C; + B) there must be at least an element of rank 2. We conclude,
since the elements D + C and D + C + G' satisfy the condition from (ii). |

In the next theorem we show that the optimal anticodes in the sum-rank metric are products
of optimal anticodes in the rank metric and an optimal anticode in the Hamming metric.

Theorem 5.22. Let k = 0if m; = 1 and k = max{i € [{] | m; > 1} otherwise. A code C C M is
an optimal anticode if and only if there is an optimal anticode C" C Pg‘k and optimal anticodes

Ci CFi for all i € [k] such that C = [[+, C; x C".

Proof. Assume that C' C Fé‘k is an optimal Hamming-metric anticode and C; C Fy™" are
optimal rank-metric anticodes for i € [k]. It is straightforward to prove that C = Hf: ,CixC C
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M is an optimal anticode. Further, the statement of the theorem holds for m; = ... = m, = 1.
Therefore, we may assume that m; > 1, hence also k > 1. We proceed by induction on ¢£. For
¢ = 1, the theorem holds trivially.

We suppose that the theorem holds for £ — 1 and we prove it for £ > 1. Let A = #(C),
B =m (' (0)NC), and C = B X A. As in the proof of Theorem 5.12, we have

¢
dim(C) = dim(8) + dim(A) < m;1k(C, + B) + Z m;rk(C;), 5.24)

i=2

where (Cy,...,Cy) € Cis such that (C,, ..., C,) maximizes Zfzz m;rk(C;) on A and mrk(C) >
dim(8B). Since (Cy,C,,...,Cy) € C and C is an optimal anticode, then (5.2.4) is an equality. In
particular,

¢
mirk(Cy) = dim(B) and Y mirk(C;) = dim(A). (5.2.5)
i=2
This proves that A is an optimal anticode. Therefore, by the induction hypothesis, there is
an optimal anticode C’ C IF'S"C and optimal anticodes C; € Fy"™ for 2 < i < k such that
A=T],CxC.
We claim that C; € 8. In fact, if C; ¢ B and either dim(B) #2orm #2orq + 2orn # 2 or
rk(C;) # 1, then by Theorem 5.11 there exists B € $ such that

rk(C; + B) > dim(B)/m,; = tk(Cy).

Since B € B, then (Cy + B,C,,...,Cy) € C. However, this contradicts the optimality of C,
since mk(Cy + B) + Y.+, mak(C;) > S0 mik(C;) = dim(C). This proves that C; € 8, so
C, + B € 8, hence B is an optimal anticode by (5.2.5). If dim(B) =2, m =n = 2, q = 2,
and rk(C;) = 1, then by Lemma 5.21 either 8 is an optimal anticode, or there exists B € 8 and
C=(Cy,...,Cp)suchthat (C; +B,...,C;) € Cand

t
mﬂucﬁ49+§:mmﬁbz4+mmwo—1=mm«n+L

i=2

This is a contradiction, since C is an optimal anticode. We conclude that also in this case 8
is an optimal anticode. In addition, our arguments show that, if (Cy,...,C,) € C is such that
(Cs,...,Cr) maximizes Zf:z mirk(C;), then C; € B. Hence (0,C,,...,C;) € C.

In order to conclude the proof, it suffices to show that C = 88X A. Since C 2 B X0, it suffices
to show that C 2 0 X A. If either k > £ — 1 or g # 2, then 0 X A is generated by its element
of maximum sum-rank by Theorem 5.18. Since these belong to C, we have that 0 X A C C.
Therefore, assume that k < £ —2and g = 2. Let2 < i < k. By Lemma 5.17, if C; € C; is an
element of maximum rank, then C; = D; + D; for some D;, D; € C; of maximum rank. Hence
©,...,0,C;,0,...,0)is equal to

(O,Dz,...,Dk,D)+(0,D/2,...,D,/€,D)

where D; = D) € C; is an element of maximum rank for any j € {2,...,k} \ {i} and D is an
element of maximum rank of C’. Since (0, D, ..., Dy, D), (0,D5,...,D;, D) are elements of
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maximum sum-rank in 0 X A, they belong to C. This proves that, for any 2 < i < k, if C; has
maximum rank among the elements of C;, then

o,...,0,C,0,...,0)eC. (5.2.6)
Since C; is generated by its elements of maximum rank by Lemma 5.16, then
0X...X0xXC;x0x...x0cC

forall2 <i<k.

In addition, it follows from (5.2.6) that (0, ...,0, D) € C for any D € C’ of maximum Ham-
ming weight. We claim that 0 X ... x 0 X C" € C. Let ¢ be the maximum weight of a codeword
in C’ and let D’ € C’ be an element of weight t — 1. By Lemma 5.20 it suffices to show that
0,...,0,D") e C. Let (D,,...,D,D") € A with tk(D;) = maxrk(C;) for 2 < i < k. Let D, be
such that (D, D,,...,Dy,D") € C. Since 0 X C, X ... X Cy X0 C C, then (D;,0,...,0,D’) € C.
If D, € B the claim follows, since (D;,0,...,0) € 8x 0 C C. If D; ¢ B, then since B is an
optimal anticode, there exists B € B such that rk(B + D;) > maxrk($8) + 1. Then the element
(B+Dy,D,,...,Dy,D’) € Chas sum rank

k k
mirk(B + Dy) + Y mk(D;) + wi(D') > my(maxrk(B) + 1)+ Y _ m;maxrk(C;) + 1 — |
j=2 j=2

= dim(C) + m; — 1 > dim(C),

where wt(D’) denotes the Hamming weight of D’, and the inequality follows from the assump-
tion that m; > 1. This contradicts the assumption that C is an optimal anticode, completing the
proof of the claim and of the theorem. O

Example 5.23. Denote by rowsp(M) the row-space of a matrix M. The optimal anticodes in
F>*2 X Fy° are exactly the codes of the form

{(A, B) | rowsp(A) € U,rowsp(B) C V}
for some U C F, V C F, vector subspaces.

The next result is an easy consequence of Theorem 5.22.

Corollary 5.24. Assume that either ¢ # 2 or m,_, > 2. An F,-linear space C € M is an optimal
anticode if and only if for all i € [£] there is C; C F""" optimal anticode such that C = Hle Ci.

Proof. By Theorem 5.22 C = [];_, C;xC’, where C’ C F.™* is an optimal anticode, k = max{i €
[€] | m; > 1}, and C; C IF”Z;"X”" are optimal anticodes for all i € [k]. If ¢ # 2, then C’ is a product
of zeroes and copies of F, by [Rav16a, Proposition 9]. If g = 2 and £ — k < 2, the same is true
by direct inspection. m|

We conclude this section with a proof that the dual of an optimal anticode in the sum-rank
metric is an optimal anticode, if ¢ # 2 or m,_, > 1.

Proposition 5.25. Let g # 2 or m;_, > 1. Then A € M is an optimal anticode if and only if
A+ C M is an optimal anticode.
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Proof. The dual of an optimal anticode in the rank-metric is an optimal anticode by [Rav16b,
Theorem 54]. The result now follows from Corollary 5.24, after observing that the dual of a
product is the product of the duals. O

Notice that Corollary 5.24 and Proposition 5.25 cannot be extended to the case ¢ = 2 and
me_, = 1, since for n > 3 there exist optimal anticodes in F; which are not products of zeroes
and copies of F,, and whose dual is not an optimal anticode.

Example 5.26. Let n > 3 be odd and let C C F; be the even-weight code. Then C is an optimal
anticode since dim(C) = n — 1 = maxwt(C). Its dual C* is the repetition code, which is not an
optimal anticode since dim(C*) = 1 < n = maxwt(C™).

The next corollary is immediate, after observing that every optimal anticode in the rank metric
is equivalent to a standard optimal anticode, see e.g. [Gor21, Section 3].

Corollary 5.27. Fori € [{]let A; C F”" be an optimal anticode and let A = A; X- - - XA, € M.
Then A is equivalent to

¢
TI¢Ew | k € tmid. 1 € (),
i=1

where u; = maxrk(A,).

5.3. Generalized weights

In this section we define generalized weights in the sum-rank metric and establish some of their
basic properties, including a weak monotonicity along the lines of the corresponding result for
rank-metric codes. In addition, we prove that they satisfy Wei’s Duality if m; = ... = m,. For
general m;’s, we show by means of an example that the generalized weights of a code do not
determine those of its dual, hence Wei’s Duality cannot hold.

Definition 5.28. Let C € M be a sum-rank metric code. For each r € [dim(C)], we define the
r-th generalized sum-rank weight of C as

d,(C) = min{ maxsrk(A) : A= A; X --- X A, where
A; C P?"X”" are optimal anticodes and dim(C N A) > r}.

Notice that if m; = --- = m, = m, then

1
d.(C) = = min{ dim(A) : A=A X--- X A, where (5.3.7)

A; C IF";”X”" are optimal anticodes and dim(C N A) > r}.
Remark 5.29. We could have defined d,(C) to be
d/(C) = min{maxsrk(A) : A an optimal anticode and dim(C N A) > r}.

For either ¢ # 2 or my_, > 1 we have that d,(C) = d/(C) as, by Corollary 5.24, A is an
optimal anticode if and only if A = A; X - - - X A for A; optimal anticode in Fy". In the case
q = 2 and my_, = 1 one has

d/(C) < d.(C).
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Notice moreover that d,(C) recovers the Hamming weights, since the cardinality of a support
of a code is the minimum dimension of a code which contains it and is a product of copies of
F, and zeros. If g = 2, then d/(C) does not recover the Hamming weights, as there are optimal
binary anticodes which are not a product of copies of F, and zeros. See also the example
following Theorem 10 in [Rav16a].

Remark 5.30. It follows from the definition that the generalized weights are invariant under
code equivalence.

As an example, we compute the generalized weights of optimal anticodes.

Example 5.31. For i € [{] let A; C FZ”'X”" be an optimal anticode and let A = A; X --- X
Ay, € M with dim A; = m;u;. By Corollary 5.27 and the previous remark, d,(A) = d,(A')

for r € [dim(C)], where A" = [[(Exs | (k1) € [m] X [u;]). Let j € [€1,0 < 6 < uj -1,

1
r= flmlu,+m]6 Then

diif(A) =...=dpm(A)=u1+...+u; 1 +6+ 1.

¢ ¢
Lemma 5.32. Letm; > ... > my € N, uy, ... up, tf,...,u; € Rygsuchthat > . u; = > ., u

i=1""

and such that there exists k with u; > u} forall 1 < i < kand u; < u} for all k < i < ¢, then

21 | miu; 2 El | ;.

Proof. Since S5 (u; —u}) = S0, — u;) and m; > ... > my, then

Zm(u, u)>mk2<u, u>>mk+12(u—u>>2m<u )

i=k+1 i=k+1
which proves the thesis. O

In the next proposition we establish some basic properties of generalized weights. This gener-
alizes Proposition 1.4 to sum-rank metric codes. Moreover, notice that in the case m; = ... = my
one gets inequalities of the same form as those in [Rav16a, Theorem 30].

Proposition 5.33. Let 0 # C C D C M, then:
1. d,(C) =d(0),
2. d,(C) <dy(C)for1 <r<s<dim(C),
3. d.(C) = d.(D) for r € [dim(C)],
4. dgime)(C) < ny +--- +ny,

5. dr+n1m1+---+nj,1mj,1+(5mj(C) 2 dr(C) tn+---+ nj1 +6
for j € [£], r € [dim(C) — (nym; + -+ +nj_ymj_; +6m;)],and 0 <6 <n; - 1.

Proof. 1. LetC = (Cy,...,C,) € C be an element of minimum sum-rank. Let A; be an optimal
anticode of dim(A;) = m;rk(C;) containing C; and let A = A; X --- X A;. Then CN A +# 0,
hence d,(C) < d(C). To prove that they are equal, observe that if A’ is an optimal anticode with
maxsrk(A’) < d(C), then A’ N C = 0.
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2., 3., and 4. follow directly from the definition.
S.Lets =r+mnm; +---+nj_ymj_; +0m;j. Let A = A; X --- X A, be an optimal anticode
such that dim(C N A) > s and d,(C) = maxsrk(A). For i € [£], write dim(A;) = m;u;. Since

¢
Zmiu,- =dim(A) > dim(CNA) > s > nymy + - +nj_ymj_y +om;

i=1

and m; > --- > my, then d(C) = uy +... +up > ny +--- +nj_; +6 by Lemma 5.32. Let
Vi,...,v¢besuchthatny +---+n;_; +6 =v; +--- +vyand v; < u; for i € [£]. We have that

mmy + -+ nj_mj_y +0mj > vimy + -+ + vemyg, since my > -+ - > my. For all i € [£] there exist
optimal anticodes A. C A; of dim(A)) = m;(u; —v;). Let A" = A} X --- X A, then

dim(CNA) > s— (vimy + -+ +vemg) > s — (mmy + -+~ +nj_ymj_; +6m;) =r

hence

¢
d(C) < (uj = vi) = dy(C) = (ny + -+ +njy + ). O
i=1
From parts 4. and 5. of Proposition 5.33, we easily obtain the following Singleton-type
bound. This bound will be improved in Theorem 6.2.

Corollary 5.34. Let j€ [£],0<0<n;—1,0< s <m;—1, and let C C M be a non-trivial code
of

j-1
dim(C) = Z m;n; + om; + s.
i=1
Then

¢

1 ifs=0
d(C) < Zni_6+{ 0 else.
i=]

The next lemma will be useful in the next chapter for computing the generalized weights of
an MSRD code.

Lemma 5.35. Let C C M be a code and let k € [£], r + my, € [dim(C)]. If

k-1
i (C) > >
i=1

then
drom (C) 2 d,(C) + 1.
Proof. Let A = A; X --- X A, be an optimal anticode such that maxsrk(A) = d,,,, (C) and

dim(C N A) > r + my. We claim that there exists k < j < € such that A; # 0. In fact, if this

were not the case, then
k-1

> i = maxstk(A) = dyu, (C).
i=1

Let A’ C A be an optimal anticode such that

dim(A’) = dim(A) — m;
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and
maxsrk(A’) = maxsrk(A) — 1.
One has
dim(CNA)>dim(CNA)—m; >r+m—m;>r,
hence

d,(C) < maxstk(A') = d;4, (C) — 1.

O

The next theorem extends Wei’s Duality Theorem [Wei91, Theorem 3] and [Rav16a, Corol-
lary 38]. Let m; = ... = m; = m and let C C M be a sum-rank metric code. For any r € Z
define

T.(C)={d+sn(C) : s € Z,r + sm € [dim(C)]},

T,C) = {n +1-dygu(C): SEZ,r +sme [dim(C)]}.

The same arguments as in [Rav16a, Corollary 38] together with Proposition 5.33 prove the
next theorem.

Theorem 5.36. Letm; = ... = my = m, r € [m], and let C C M be a sum-rank metric code.
Then

TAC*") = [M\T ridim) ().

In particular the generalized weights of a sum rank metric code C determine the generalized
weights of C*.

The next two example show that the generalized weights of a code do not determine those of
its dual for arbitrary m;’s.

Example 5.37. Consider the codes C,C, C F3** X F, given by

= {((¢ 8))oen mas (s ) oen)

The corresponding duals are

Cy = {(((CZ Z),O) :(a,b,c,d)eF‘é} and Cy = {((S Z) ,a) :(a,b,c,d)€F3}~

One has that d,(Cy) = d,(C,) = 1, while dy(Cy) = 2 and d4(Cy) = 3.

Example 5.38. Let C;,C, C F3*! x F3*2 be given by

61:0><IF§X2
a
C, = g ’((c) g) :(a,l;v,c,d)EIF‘“;1
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One can check that d,(C;) = d,(C;) = 1 and d5(C;) = d4(C;) = 2 for i = 1,2. The corresponding
duals

T=F'%x0
0
0 0
Cy = 2 ,(b C) :(a,b,c) e F

have different generalized weights, as d5(Cy) = 1 and d3(Cy) = 2.

Remark 5.39. Notice that the first code in the previous example is an optimal anticode, while
the second one is not, as its first component is not an optimal rank-metric anticode. Therefore,
the example also shows that in the sum-rank metric there exist codes which have the same
dimension and generalized weights as an optimal anticode, without being one. This is in contrast
with codes endowed with the rank metric or the Hamming metric, where a code which has the
same dimension and generalized weights as an optimal anticode is an optimal anticode.

Remark 5.40. There is another simple situation in which the generalized weights of the dual
code are determined by numerical data on the original code. Let C = C; X ... X Cy, then the
generalized weights of C satisfy

4 ¢
d(C) = min {Z d,(C):> ri=rre [dim(Cl-)]} .
i=1 i=1

The generalized weights of the rank-metric codes Cj,...,C, determine those of Cy,...,Cy,
hence they determine the generalized weights of C*.

We conclude this section with a result on the generalized weights of a code which is F»-
linear or, more generally, F-linear. Let k = ged{m,,...,m/}. As k| m; for all i € [{], then
PZ},” XX ngn[ is a vector space over Fy. Fori € [€],letI'; = {y1;,...,Vm,} be a basis of Fyn
over F,. For every w € }Fgfn,. define I';(w) € P'q"fx”" via the identity

(Vi oo Ymd) Tiw) = w.

For every v = (vi,...,v) € Fj X -« X F,, define I['(v) € M as

T'(w); = Ti(wa).

LetV C Fj, X -+ X IFZ,‘;[ be a vector space over F . The set I'(V) = {T'(v) : v € V} is the
sum-rank metric code associated to V with respect to {I'j,...,I'/}. We say that I'(V) is F -
linear, see also [Gor21, Definition 11.1.3]. In the next theorem we extend the result in [Rav16a,
Theorem 28] to the sum-rank metric case. The statement in particular applies to F,»-linear
codes in the case whenm; = ... = m, = m.

Theorem 5.41. Let k = gcd{m,,...,m}, letV C IF'Z}M X e X ]FZ@, be an [F-linear vector space
with diquk (V) =t. If m; > n; for i € [£], then

A1 (V) = ... = diey(T (V)

forO<r<t.
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Proof. Write C for I'(V). By Proposition 5.33, dj,+1(C) < ... < di+1)(C). Therefore it suffices
to show that dj,,1(C) = di;+1)(C). Since m; > n; for i € [£], A is an Fy-linear code and so
C N A is Fy-linear too. Since the dimension over IF, of an F-linear vector space is divisible
by k, if dim(C N A) > kr + 1, then dim(C N A) > k(r + 1). Therefore we conclude that
dir+1(C) 2 dir+1)(O). |

Remark 5.42. Although the condition that m > n is missing in the statement of [Rav16a, The-
orem 28], it is necessary for the result to hold. In fact, [GLJ22, Example 6.15] is a counterex-
ample to the statement of [Rav16a, Theorem 28] for square matrices.

5.4. Weight distribution

Another important family of invariants of sum-rank metric codes is the sum-rank distribution.
The results in this section are not original but we include them for the sake of completeness,
since they are related with what we have studied in Section 3.3 for R-linear codes.

Definition 5.43 ( [BGLR21, Definition 2.8]). Let C € M be a sum-rank metric code. For a
non-negative integer r, let
W.(C) = |{C € C : stk(C) = r}|.

The sequence (W,(C)),. is the sum-rank distribution of C.

The notion of sum-rank distribution generalizes that of weight distribution for linear block
codes and rank-metric codes. In contrast to what happens in those two cases, we do not have
MacWilliams Identities for sum-rank metric codes, as was first observed in [BGLR21, Example
5.2]. The following is a simple example of this phenomenon.

Example 5.44. Let C;,C, C F3*? x F, be as in Example 5.37. Then, C; and C, have the same
sum-rank distribution. Indeed, Wy(C;) = Wy(Cy) = Wi(Cy) = Wi(Cy) = 1 and Wi(C)) =
Wi(C;) = 0 fori > 1. Instead for Cy,Cy we have W{(Cy) = 9 and W (Cy) = 6.

It is nevertheless possible to define other partitions of a sum-rank metric code for which there
exists a relation between the distribution of a code and the one of its dual.

Definition 5.45 ([BGLR21, Definition 2.8]). For a vector v € Z¢,, let

>0
W,(C) = {C € C: 1k(C;) = v; for all i € [£]}].
The list (Wv(c))vezgo is called the rank-list distribution of C.
In the next example we compute the rank-list distribution of the codes of Example 5.37.

Example 5.46. Let C,C, C F5** X F, be as in Example 5.37. The rank-list distribution of C;
is given by W0 (C1) = W 1) (Cy) = 1 and W,(Cy) = 0 when u # (0,0), (0, 1). The rank-list
distribution of Cy is W0)(C1) = 1, Wu,0(Cy) = 9, W0 (Cy) = 6 and 0 in all the remaining
cases. The rank-list distribution of C; is W 0)(C1) = W(10/(C1) = 1 and W,(C;) = O when u #
(0,0),(1,0). The rank-list distribution of C5 is W90,(Cy) = 1, W(10/(C3) = 5, Wo.h(C3) = 1,
Wa0(Cy) =2, Wy n(Cy) =5, Wi 1)(Cy) = 2 and 0 in the remaining cases.
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The next theorem is the analogue of the MacWilliams Identities for the rank-list distribution.
Recall that the g-ary Gaussian coeflicient of a, b € Z is defined as

0 ifa<0,b<0,o0rb>a
{Z} =<1 ifb=0anda>0
4 (=D D" D) herwise.

(¢"-D)(gb="=1)(g-1)

Theorem 5.47 ([BGLR21, Theorem 5.5]). Let C € M be a code. Then

4
1 ¢ vy (g — wi | (g — wy
1y = — D ey MiWi —1)Vi~Wi (12 t) ! ! ! !
W.(C™) Cl E W.(C) E :‘1 II1( D™q [ w; L{w—qu

4 <y =
MEZ20 W=V !

¢
forv € ZS,,.

The next theorem is the sum-rank metric analogue of the binomial moments of MacWilliams
identities.

Theorem 5.48 ( [BGLR21, Theorem 5.6]). Let C € M be a code. Then

T g C| T i
ZW“(C)H[V,-—M] :mZWu(CL)g[ Vi L

4 i= ilg 4
UEZ i=1 UEZ

for v € Z%,.
Notice that for £ = 1 the previous equality becomes
n—r

: n—i C n—i
> wie) [ } = n'm'_,) Wi(C") [ } :
i=0 =iy 4 g

i=0

for r € [n]. This is exactly the identity proved in [Rav16b, Theorem 31] for rank metric codes.
Moreover in the case m; = --- = m, = 1 we obtain

> Wu<c>:% > WuCH

ue{0,1)¢ uel0,1}¢
u<vy u<(l,...,1)—v

for v € {0, 1}*. Summing over all v with wt(v) = g, one finds
¢ =i\ 10 <& £—i
Z Wi(C)( ) = Wi(CJ_)( >,
i=0 t-g/ 473 &

which is the equation given in [HPO3, equation (M1), page 257] for linear block codes.
We conclude this section by discussing an additional definition of distribution for sum-rank
metric codes.

Definition 5.49 ( [BGLR21, Definition 2.8]). Let C € M be a code. For S € (S), let

Ws(C) = [{C € C : supp(C) = S}|.
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The list (Ws(C))sep(s) 1s the support distribution of C.

Similarly to the rank-list distribution, the support distribution of a code determines that of its
dual.

Theorem 5.50 ([BGLR21, Theorem 5.4]). Let C C M be acode. Let S = S; X --- XS, € P(S)
and v = (dim(S8,), ..., dim(S;)). Then

1 ¢ ‘ vy [dim(H; N S;
WS(CJ') _ L Z WW(C)Zquzlmiui H(_l)Vf—uiq( 5 )|: lm( u‘m ):| )
q

ICl HeP(M) usv i=1 !
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6. Maximum sum-rank metric distance
codes

Several constructions of sum-rank metric codes exist in the literature. The first constructions
were mainly of convolutional codes, see [NS18] for a survey and references. In this chapter we
are interested in studying sum-rank metric codes with a large minimum distance. A trivial Sin-
gleton Bound on the minimum sum-rank distance of linear codes may be immediately derived
from the classical Singleton Bound on minimum Hamming distance [MP18, Prop. 34]. Any
code attaining the Singleton Bound for the rank metric (i.e., any maximum rank-distance (MRD)
code, including Gabidulin codes [Del78, Gab85,Rot91]) also attains it for the sum-rank metric,
that is, it is also a maximum sum-rank distance (MSRD) code. However, the parameters of
MRD codes (including the matrix sizes) are very strongly restricted. Furthermore, their decod-
ing algorithms are over finite fields whose sizes are exponential in the code length (i.e., the total
number of columns), making such decoding algorithms slow for large parameters. What makes
the study of MSRD codes interesting is that there are MSRD codes not coming from MRD codes
and attaining a wider range of parameters, including codes [MP18] with decoding algorithms
over finite fields of sub-exponential size [MPK19]. Since then, other families of sum-rank met-
ric codes have been found and studied [MP21, MPK19, Ner22, BGLR22, BGLR21]. However,
previous works, with the exception of [BGLR22, BGLR21], consider sum-rank metric codes
where the number of columns and/or rows are equal at different positions. A general Singleton
Bound for arbitrary numbers of columns and rows was given in [BGLR21, Th. 3.2], together
with corresponding MSRD codes for certain parameter ranges [BGLR21, Sec. 7].

In Section 6.1 we define MSRD and we studied their main properties. In Section 6.2 we
compute their generalized weights and we introduce the notion of -MSRD codes. Finally, in
Section 6.3 we show how to construct MSRD codes for certain parameters.

6.1. Singleton Bound for sum-rank metric codes

Let u € [n]. We denote by A(u) the set of optimal anticodes of the form A = A; X ... X
A, € M, with A; C IF;”"X”" optimal rank-metric anticode for all i € [£] and maxsrk(A) =

Zf: , maxrk(A;) = u. The next result follows from Lemma 5.32.

Lemma 6.1. Let u € [n] and write u = Z{;ll ni+6= Zf:m n; + ¢’ for some j, [ € [(], 6 € [n]],
and ¢’ € [n;]. Then
¢
min dim(A) = min; +6'm

and

j-1
max dim(A) = Z m;n; + om;.
Ach () —
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Moreover, if

min dim(A) = max dim(A),
Ach (i) AcA(p)

then either y =norm; =... = my.
Let u € [n] and write u = Z{;l ni+6+1,0<06 <n;— 1. Throughout the section, we denote

Jj-1
r, = max dim(A) = Y mn; + (8 + Dim;.

Ach(w) —

The Singleton Bound for rank-metric codes was first proved in [Del78, Theorem 5.4]. A
Singleton Bound for sum-rank metric codes was established in [BGLR21, Theorem 3.2], for
codes which are not necessarily linear. Our next theorem generalizes the previous results in the
case of linear sum-rank metric codes.

Theorem 6.2. Let C € M be a code and let r € [dim(C)]. Let j € [{] and 0 < 6 < n;— 1 be such

that
i1

dC) -1 Zn,. +6.
i=1

Then
¢

dim(C) < > mmi—myo +r - 1. (6.1.1)

=
Proof. Let A; = Fj>"i fori e [j—1],let A; C ;" be an optimal anticode of dimension ém i
andlet A; =0for j+1<i<{ Let A=A X--- XA, then

dim(CNA) <r—-1.

Therefore

j-1 4
dim(C) + > min; + m;s — r + 1 < dim(C) + dim(A) - dim(C N A) = dim(C + A) < > _ mn;.

i=1 i=1
]
Theorem 6.2 yields upper bounds on all the generalized weights of C.
Corollary 6.3. Let C € M be a code and let r € [dim(C)], j € [£], and 0 < 6 < n; — 1 be such
that dim(C) > Zf: jmin; —m;é + r. Then

j-1

d.(C) < Z n; + 0.
i=1
In particular, if dim(C) = Zf: jmin; —m;o, then
-1

Q) <...<dy(C) <Y m+6+1.

i=1
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Corollary 6.3 suggests the following definition of MSRD code. The same definition was
given in [BGLR21, Definition 3.3] for codes which are not necessarily linear.

Definition 6.4. A code C is MSRD if there exist j € [£] and 0 < 6 < n; — 1 such that

j-1
dC)=) n+6+1 and dim(C) = Zmnl om;.

i=1 i=j

Next we study some properties which are closely related to being MSRD.

(CO) For any A optimal anticode of maxsrk(A) = d(C) — 1 and dim(A) = rgc)-1 one has
C+A=M.

(C1) The code C has dim(C) = Zf jmini—m;o and for any A optimal anticode of maxsrk(A) <
S n;+ 6 onehas CN A = 0.

(C2) For any A € A(d(Q)), let k = max{i € [(] | A; # 0}. Then

dim(C N A) > my.

(C3) The code C has d(C) + d(C*) = n + 2.

It is clear that being MSRD is equivalent to satisfying (C0). We now show that it is also
equivalent to satisfying (C1).

Proposition 6.5. Let j€ [f{]and0 <6 <n;—1. Let 0 # C € M be a code. Then C is MSRD if
and only if it satisfies (C1).

Proof. Suppose that C is MSRD of dim(C) = Zfz jmin; —om;. Let A be an optimal anticode of
maxsrk(A) < d(C) — 1. Then C N A = 0 since, for every 0 # C € C, one has stk(C) > d(C) >
maxsrk(A), so C ¢ A.

Suppose now that C satisfies (C1). Then d(C) < Z’ , ni + 0 + 1 by Corollary 6.3. Let

= (Cy,...,Cy) € C. For each i € [£], there is an optimal rank-metric anticode A; C Ff]”'x”' of
dim(ﬂ) = m;rk(C;) which contains C;. Therefore A = A; X ... X A, is an optimal sum-rank
metric anticode of rnaxsrk(.?l) = srk(C) which contains C. Smce CNA # 0, it must be that
maxsrk(A) = srk(C) > Z, , i + 6 + 1, therefore C is MSRD. m|

Proposition 6.6. Let 0 # C € M be a code and write its minimum distance as d = d(C) =
Zl  ni+6+1, where j € [(]and 0 < 6 < n; — 1. For S C [n], denote by F,[S] the set of
elements of M which are zero outside of the columns indexed by §. For any d < h < n, let
S, :=[d — 1] U {h}. The following hold:

1. Cis MSRD if and only if for any d < h < n we have
dim(C NFy[S4]) = my
where k = max{v | Z;;l n; < h.

2. If C satisfies (C2), then C is MSRD.
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Proof. 1. Assume that C is MSRD and let d < h < n. We have

t
dim(C N F,[S,]) > dim(C) + dim(F,[S,]) = Y min;
i=1

¢ Jj-1 ¢
= E mn; — ém; + E min; + 6m; + my — E m;n; = Ni.
i=j i=1 i=1

Conversely, suppose that for d < h < none has dim(CNF,[S,]) > m. Letd < W' <n,h# I’
Then
dim(C N F,[S ] NEy[Sw]) = dim(C NF,[[d - 1]])) =0

hence

n 4
dim(C) > > dim(CNF,[S4]) > > min; — om;. (6.1.2)
h=d i=j
Theorem 6.2 gives the reverse inequality, hence C is MSRD.

This proves that C is MSRD if and only if dim(C N F,[S]) > my for all d < h < n. Notice
moreover that (6.1.2) and Theorem 6.2 imply that, if dim(C N F,[S,]) > my foralld < h < n,
then in fact dim(C N F,[S ,]) = my for all d < h < n. This concludes the proof of the first part of
the statement.

2. Suppose that C satisfies (C2). For any d < h < n, letting A = F,[S;] € A(d), one has that
dim(C N F,[S4]) > my. As shown in 1., combining (6.1.2) and Theorem 6.2 one obtains that C
is MSRD. O

The next examples show that there exist nontrivial codes which satisfy property (C2) and that
not every MSRD code satisfies (C2).

Example 6.7. In F>2 x F}*!, let

1 0 00 0 1
e~ ({6 0)-1)-(@ 9)1)-(G o)1)
We have d(C) = 2 and C satisfies (C2).

Example 6.8. Let C C F*° x F?? X F, x F, X F, be

1 00 0 01
c:< o 1 o) (4 %) o) (1o )¢ D)0 >
0 01 010

The code C has dimension 2 with d(C) = 7, hence it is an MSRD code. Consider now the
optimal anticode
A=(E;1,Ei»|i€[B])xFX* xF, xF, x F,.

We have maxsrk(A) = 7 and AN C = 0. Hence C does not satisfy (C2).

Proposition 6.9. Let C C M be a non-trivial code. Then C satisfies (C3) if and only if both C
and C* are MSRD.
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Proof. Write dim(C) = Zf:jmini—émj—s forsome j€[(],0<6<n;—1,and0 < s <m;—1.
By Corollary 6.3
j-1
()<Y m+o+1. (6.1.3)
i=1

Moreover, dim(C*) = dim(M)—dim(C) = S/} mn;+m;+ s, which by Corollary 5.34 implies

that

¢ .
d](cl)sznj—m{(l) ellfsg.zo (6.1.4)
i=j
Therefore - 0
0 vacs {173 15

If C satisfies (C3), then s = 0 and both C and C*+ are MSRD. Conversely, if C and C*+ are MSRD,
then s = 0 and both (6.1.3) and (6.1.4) are equalities. It follows that C satisfies (C3). O

In the next proposition we prove that, if m; = ... = m,, then properties (C2) and (C3) are
equivalent to being MSRD.

Proposition 6.10. Let C C M be a non-trivial code. If m; = ... = m, = m, then both (C2) and
(C3) are equivalent to being MSRD. In particular, the dual of an MSRD code is MSRD.

Proof. Let C € M be a non-trivial code. If C is MSRD, then it satisfies (C3) by [BGLR21,
Theorem 6.1]. If C satisfies property (C3), then it is MSRD by Proposition 6.9.

If C satisfies (C2), then it is MSRD by Proposition 6.6. We now prove that if C is MSRD,
then it satisfies (C2). Let A € A(d(C)), then

dim(C) + dim(A) < mn + dim(C N A).
Hence by Lemma 6.1 we have
mn +m < mn + dim(C N A),

so C satisfies (C2). O

Moreover, one can prove that (C3) defines a trivial family of codes, unless m; = --- = m;.
Notice that this shows in particular that the dual of a non-trivial MSRD code can never be
MSRD, unless m; = - -+ = my.

Proposition 6.11. If there exists a non-trivial code C C M that satisfies (C3), then m; = --- =
nip.

Proof. Writed(C*)-1 = Zi.:ll ni+eforsomek € [£]and 0 < & < n;—1. Since d(C)+d(C+)-2 =
n, one has

j-1 ¢
d(C)—I:Zni+6:Zni—s (6.1.5)
i=1 i=k
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for some j € [¢] and 0 < 6 < n; — 1. Since C and C* are MSRD by Proposition 6.9, one has

4
dim(C) = Z nm; — dm; = sumy_ nym; + emy, = dim(M) — dim(C*"). (6.1.6)

i=j
Lemma 6.1, together with (6.1.6), implies that
max dim A(d(C) — 1) = mindim A(d(C) — 1),

which by Lemma 6.1 implies that m; = - - - = m,. O

6.2. Generalized weights of MSRD codes

In this section, we study the generalized weights of MSRD codes and propose a definition of
r-MSRD codes, analogous to that of »-MRD codes. The next theorem states that the generalized
weights of an MSRD code are determined by its parameters. This generalizes similar results for
MDS codes in the Hamming metric and MRD codes in the rank metric. We postpone the proof,
since in Theorem 6.17 we will prove a more general result.

Theorem 6.12. Let C C M be an MSRD code and write d(C) = 2112—11 n;+o6+ 1 for some j € [{]
and0 <o <n;— 1. Letd(C) < h <nandletk = max{v | Z,.V:_f n; < h}. Let r € [dim(C)] be of
the form
r=r,—ryc-1—m+ 1.
Then
d(C) = = drypyt(C) = .

Remark 6.13. One can also write down the generalized weights computed in Theorem 6.12 as
follows. Let j € [£],0 <6 < n;—1,and let C C M be an MSRD code with d(C) = Zl’;ll n;+o+1
and dim(C) = Zf:j min; — dm;. Write

k-1
h= g n+e+1
i=1

where k > j. Since d(C) < h < n,onehasthatd < e <nj—1lifk=j,and0 < e <m —1if
k > j. Then
r=(&-0m;+1

ifk=jando <e<n;-1,and

k-1
r=(n;—0m;+ E mn; + ey + 1

i=j+1
ifj<k<fand0<e<nm -1

Remark 6.14. It follows from Theorem 6.12 that both bounds in the statement of Theorem 6.2
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are met for r € [dim(C)] of the formr = 1,m; +1,...,(nj—6 — 1)m; + 1, and

k-1
r=m;—om;+ mn; + emy + 1
j j

i=j+1
with j<k<{fand 0 <e<n - 1.

Remark 6.15. Let dy(C) = 0 and dgimc)+1(C) = n + 1. Theorem 6.12 states that, for any
d(C) < h < nand r of the form r = rj, — ryc)-1 — my + 1, we have

dr—l(c) < dr(c) = ... = r+mk—1(c) < dr+mk(c)-

Inspired by Remark 6.15 and by the definition of -MRD codes, we define a notion of r-
MSRD code as follows. Notice that being 1-MSRD is equivalent to being MSRD.
Definition 6.16. Let j € [£],0 <6 < n;— 1, and let C € M be a code of dim(C) = Zf:j m;n; —
dm;. Define di,x = Z{;l ni+o+1,letdn,, <h<nand

r=r,—rqg 1 —mp+1,

where k = max{v | Zf;ll n; < h}. We say that C is r-MSRD if
d,(C) = h.

We conclude this section by showing that, if C is -MSRD, then C is ¥'-MSRD for all ¥’ > r,
where r, ¥’ are integers of the form given in Definition 6.16. This observation allows us to
compute the generalized weights of an -MSRD code. Since an MSRD code is 1-MSRD, the
proof of next theorem also proves Theorem 6.12.

Theorem 6.17. Let j € [£],0 < 6 < n;— 1, and let C C M be a non-trivial code of dim(C) =
Zf:j min; — ém;. Define dpax = Z{;ll ni+06+1,letdpn, <h<nand

r=ry—rg,.-1—m+1,

where k = max{v | Zf;ll n; < h}. If C is r-MSRD, then
d(C)=...=dpip-1(C) = h
Moreover, C is (r + m;)-MSRD.

Proof. We have
h=d(C)<...<dpm-1(C) < h,

where the equality follows from the definition of -MSRD code, the first and second inequalities
from Proposition 5.33, and the third from Corollary 6.3. Therefore d,(C) = ... = dyiy,—1(C) =
h.

Since dy4,, (C) 2 d,(C) = h > Zi.:l] n;, then by Lemma 5.35

drm(©) 2 d(C)+ 1= h+ 1.
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The reverse inequality follows from Corollary 6.3, hence d,.,,(C) = h + 1. Since
v—1
_ |k ife<n —1,
ma"{”z_l ”"<h+1} - { k1 ife=n—1,

we let
= my, ife<n —1,
T myy if ife=mn - 1.

Since m’ = rpy; = ry, one has that r + my = ry — 14, -1 —m’ + 1, hence we proved that C 1s
(r + my)-MSRD. O

Remark 6.18. We follow the notation of the last theorem. If a code C is such that d, < & but
d,,s(C) = h for some 1 < s < my — 1 then by Corollary 6.3 we have

dr+s(c) == r+mk—l(C) = h.
However, this does not imply that C is an (r + m;)-MSRD code, as the next example shows.

Example 6.19. An MSRD code D of dimension 4 in F3** x F3*? x F3** has weights d;(D) =
dr,(D) =7, d;(D) = dy(D) = 8. Let C be generated by the following four elements

100 0\ /10 0001\ (01
0100| [01] (10 1oot| [t 1] /oo
o010 loo]\oo/[|lo1roof|oof\1o0)]
0001/ \0oO 0010/ \0oO
0010\ (00

001 1| |00 00

1oo 1| |1o]? ’(0’0’<0 1))

0100/ \01

The code C has dimension 4 and d,(C) = 1, then C is not MSRD. We checked using the
computer algebra system Macaulay2 [GS] that the only nonzero codewords of C of sum-rank
less than 7 are the third and the fourth element in the previous list. Hence d>(C) = d>(D) = 7.

Taking A = F3** x F3*% x {(Z 8) la,b e Fz} we can see that d3(C) = 7 < 8 = ds(D). In
particular, C is not 3-MSRD.

6.3. Constructions

We conclude this chapter by discussing the existence of MSRD codes. In [GMPS23, Apendix],
one can find an explicit discussion on MSRD code constructions that are linear over an exten-
sion field, including linearized Reed-Solomon codes [MP18]. Such constructions satisfy the
condition m; = m, = ... = m,. Non-trivial constructions of MSRD codes such that not all
my, my, . .., mg are equal are given in [BGLR21, Section VII]. In addition, the next results allow
us to construct MSRD codes by puncturing and shortening MSRD codes.

Theorem 6.20 ([BGLR21, Theorem VI.14]). Suppose there exists an MSRD code C € M such
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that
i1 ¢

dC)=) m+6+1 and dim(C)=> mn;—om;,
=l i=j

for some j€ [f]land 0 <6 <n;— 1.

1. Choose s € {j,..., ¢} and set

~ n;, if i # s,
n; = e
! ng,—1, ifi=s.

There exists an MSRD code with sum-rank distance d in M := F’;‘Xﬁl X oo X FZ” 3
2. Choose s € {j+ 1,...,¢} and set

~ m;, lflis,
m; = o
! my—1, ifi=s.

There exists a linear MSRD code with sum-rank distance d in M := IF?IX”I X oo X ]FZ” xne

Theorem 6.21 ([BGLR21, Theorem VI.15]). Suppose there exists an MSRD code C € M such

that
-1 ¢

dC)=> ni+5+1 and dim(C) =Y mmn; - om,
i=1 i=j

forsome j € [{]and0 <6 <n;j—1.1If 6 > 0, choose s € [j] and if 6 = 0, choose s € [j—1]. Set

n; = .
! n,—1, ifi=s.

- {ni, ifi #s,

There exists an MSRD code with sum-rank distance d — 1 in M := IF«"Z’IX%1 X oo X FZ‘XE? X

Theorem 6.20 is obtained via shortening, whereas Theorem 6.21 is obtained via puncturing
(or restriction). These operations may be performed e.g. on the MSRD constructed in [MP18],
[BGLR21, Section VII], and in [GMPS23, Apendix] to obtain MSRD codes with new param-
eters. When m; = ... = my, the shortening and puncturing above can be done on any index s,
which recovers [MP19, Corollary 7]. Notice however that the construction in [MP19, Corollary
7] preserves F »-linearity, as discussed in [GMPS23, Apendix].

The next is a non-existential results, in the form of a bound on the parameter ¢ for MSRD
codes.

Theorem 6.22 ( [BGLR21, Theorem VI.12]). Suppose v =n; = ... =n,andm =my = ... =
my, and suppose there exists an MSRD code C € M of minimum sum-rank distance d > 3.
Then

\‘d _ 3J . \‘qv _ qu(d—S)/vJ+v—d+3 + (q _ 1)(qm + 1)J
g =1

< V_BJ +1+ {—qm(q_l)J.
v q -1
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In particular, we have the following:

1. If v|d -3, then
<

d-3 N L(q—l)(qm“‘l)J
v q -1 '

2. Ifd < v+ 2, then

p< |9 +@-D@"+ D
< 1

g -1

If in addition v = m, then

v+1_1
< qu_l J <g+1,

andifvy=m < 2,then ¢ < g.

3. If d =3 and v | m, then

|
t<@-1- L=
g -1
Assume that v = n; = ... = nyand m = my = ... = m,. In this case, the MDS Conjecture

[HPO3, page 265] (see also the discussion at the end of this section) implies that, if an MSRD
code exists, then £ < (¢" + 1)/n. However, Theorem 6.22 gives a tighter bound on ¢ when
d<qg"(1-n(g-1)/(q"—1))+4—n.If m = vand d < v+2, then Theorem 6.22 gives the tighter
bound £ < g + 1. Notice that, for any d > 3, if m = v = 1, then the sum-rank metric coincides
with the Hamming metric and Theorem 6.22 yields the bound ¢ < g + d — 2, which is known
for MDS codes, see [HP03, Corollary 7.4.3(ii)].

Finally, the bound in item 3 in Theorem 6.22 is met with equality by the MSRD codes in
[MP22, Section 4.4]. Moreover, following [MP18] one can construct linearized Reed-Solomon
codes with £ = g — 1. When m = n grows and d is constant, the value £ = g — 1 = ©(g) attains
asymptotically the general bound in Theorem 6.22.

We end this section with a few results on the existence of chain of MSRD codes. Our moti-
vation comes mainly from Theorem 7.20 and Theorem 7.23, where we assume the existence of
a chain of MSRD codes with given parameters over a field of size g. The next proposition relies
on the existence of linearized Reed-Solomon codes.

Proposition 6.23. Let j = min{i € [¢] | m; = m,} and let d = 3| n; + 1. Suppose that n; < m,
for all i € [¢]. If g > t, then there exist MSRD codes C, C ... C Cyy1 € Cy € M with d(C)) = i,

ford<i<n=n;+---+n,

Proof. Since g > tand n; < m;foralli € [t], then by [MP18, Definition 31 and Theorem 4] there
exists a chain of linearized Reed-Solomon codes D, C ... € Dy € D, CF7™" x - x Fy7™™,
The thesis follows from observing that increasing m; in the positions i with i < j by adding
m; —m; rows of zeros to each matrix does not affect the property of being MSRD. O

The next result complements Proposition 6.23, under the assumption that one of the m;’s is
large enough.
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Proposition 6.24. Let j = min{i € [f] | m; = m,} and let d = Z{;l n; + 6 + 1 for some

0<6<nj—1. Leth=max{i € [t] | n; > m,} and assume that h € [¢] and m;, > m, <Z§:jn,~ - 6).

If g > t — h, then there exist MSRD codes C, C ... € Cyy1 € Cy; € M with d(C;) = i, for
d<i<n=n+---+n,.

Proof. Since nj < mj, then h < j. By Proposition 6.23 there exists a chain of MSRD codes
Dy C o € Dysy € Dy C Fme¥imt oo B with d(D;) = i — Sy ne ford < i < n.
Moreover, we claim that there exists a code Dy C F’:lx’“ X oo X F?hx"h with minimum distance
ZL n; and dimension my. In fact, for all £ € [h] there exists an MRD code U, C IFTX"‘
with minimum distance n, and dimension m,. For any fixed ¢ € [h], let U;; € U, be linearly
independent matrices with i € [m;]. Then N; = (U;y,...,U;p), i € [my], are a basis of a code
D, with the required properties. Let M, ,,..., M, p, be a basis of D;, where D; = dim(D;)
and d < i < n. Finally, let C; € M be the code with basis (N, M,,),...,(Np,, M;p,). The
construction works, since D, < ... < D, = th: jmeng —m 0 < my,. The code C; has minimum
distance i and dimension D;, hence it is MSRD, for d < i < n. By construction we have
C,C...CCu1 CCy CM. O

More of course is known if we restrict to linear block codes and the Hamming metric. It is
well known that MDS codes exist whenever ¢ > n — 1. The MDS Conjecture states that, if
2 < k < g — 1, this sufficient condition is also necessary. The MDS Conjecture was proven
in [Ball2] by Ball in several situations, including the case when ¢ is prime. See also [BL19]
for a recent survey. The problem of characterizing the parameter sets for which MDS or MSRD

codes exist is a highly nontrivial one and remains open in general.
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7. Integer sequences that are generalized
weights of a linear code

Which integer sequences are sequences of generalized weights of a linear code? For linear block
codes, this question appears as [TV95, Problem 3.2]. The question is answered in [HKY92] for
binary linear block codes of dimension up to three and in [Klg93] for binary linear block codes
of dimension four. In this chapter, we fully answer this question for linear block codes, rank-
metric codes, and more generally for sum-rank metric codes.

Necessary conditions for a sequence of positive integers to be the sequence of generalized
weights of a linear code appear in Proposition 1.4 for block codes, in [Rav16a] for rank-metric
codes, and in Proposition 5.33 for the more general situation of sum-rank metric codes. The
goal of this chapter is proving that these necessary conditions are also sufficient, at least over a
field of large enough size. We do so under an existence assumption for MDS and MSRD codes.

In addition to characterizing the integer sequences which are the sequence of generalized
weights of a linear (block, rank-metric, or sum-rank metric) code, we prove that the same nu-
merical sequences are also sequences of greedy weights of a linear code of the same kind. For
the case of linear block codes, we also prove that the same numerical sequences are sequences
of relative generalized Hamming weights and of relative greedy weights. Moreover, we discuss
the related problem of which integer sequences are the sequence of generalized weights of a
linear sum-rank metric subcode of a given MSRD code.

The chapter is structured as follows. In Section 7.1 we extend the definition of greedy weights
and the related notion of chain condition to sum-rank metric codes. In Section 7.2 we discuss
in detail the case of linear block codes. Theorem 7.5 shows that a sequence of positive integers
is the sequence of generalized weights of a linear block code if and only if it is increasing. In
Section 7.3 we discuss the general case of sum-rank metric codes. Theorem 7.20 is the main
result of this chapter. In Theorem 7.26 we state the result for rank-metric codes. Notice that,
due to the existence of Gabidulin codes, for rank-metric codes we do not need to assume the
existence of a chain of nested MRD codes.

7.1. Greedy weights

In this section we briefly discuss some concepts related to generalized weights which appear in
the literature on linear block codes. We start by recalling the definition of relative generalized
Hamming weights given in [LMVCO05] for linear block codes.

Definition 7.1. LetC, S C; C F be nested codes with k; = dim(C)), j = 1, 2. The r-th relative
generalized Hamming weight of the pair C; € C; € Fj is

d.(Cy,C,) = min{|supp(D)| : D is a subcode of C;, D N C, = 0 and dim(D) > r},
forr e [k] —kz].

The concept of greedy weights was introduced in [CEZ98,CEZ99] for linear block codes and
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then modified to the definition that is generally used today in [CK99]. We extend the definition
to sum-rank metric codes in the natural way.

Definition 7.2. Let 0 # C € M be a k-dimensional code. A greedy 1-subcode is a 1-dimensional
subcode O, C C such that wt(D;) = d,(C). For 2 < r < k, a greedy r-subcode is an r-

dimensional subcode D, € C of minimum weight among those that contain a greedy (r — 1)-
subcode. For r € [k], we define the r-th greedy weight of C as

8/(C) = wi(D,)
where D, is a greedy r-subcode of C.

Finally, we extend the concept of chain condition to sum-rank metric codes. The chain con-
dition was originally defined in [WY93] for linear block codes.

Definition 7.3. A k-dimensional code 0 # C C M satisfies the chain condition if there exists a
chain of subcodes 0 C D, € D, C ... C D; = C such that d,(C) = wt(D,) for all r € [k].

The next simple proposition clarifies the relation between greedy weights and chain condi-
tion.

Proposition 7.4. Let C C M be a k-dimensional code. Then C satisfies the chain condition if
and only if 4,(C) = g,(C) for r € [k].

Proof. If d.(C) = g,(C) forr € [k], thenlet0 € D; C ... € D; C C be a chain of greedy
subcodes. This chain satisfies the chain condition, since d,(C) = g,(C) = wt(D,) for r € [k].
Conversely, if the chain condition holds, then there exists a chain 0 € Dy € ... € D, € C
with d,(C) = wt(D,) for r € [k]. One easily proves by induction on r that each D, is a greedy
r-subcode, since 9D, is an r-dimensional subcode of C with wt(D,) = d,(C) < g,(C). O

7.2. Generalized Hamming weights of linear block codes

In this section we focus on linear block codes and generalized Hamming weights. We start
by showing that every increasing sequence of positive integers is the sequence of generalized
weights of a linear block code. Then we establish similar results for relative and greedy weights.

Theorem 7.5. Any increasing sequence of positive integers is the sequence of generalized Ham-
ming weights of a linear block code. In addition, there exists one such code in Fy, provided that
n is greater than or equal to the last integer in the sequence and ¢ > n. Moreover, the code
may always be chosen such that it satisfies the chain condition. In particular, any increasing
sequence of positive integers is the sequence of greedy weights of a linear block code.

Proof. Any non-empty increasing sequence d, . . ., d; of positive integers can be uniquely writ-
ten as the juxtaposition of £ maximal subsequences with the property that any two consecutive
entries in the same subsequence differ by one. Let a; be the length of the i-th such subsequence.
In other words, the sequence dj, ..., d; has the form

dhdl + 1a~ .- 5d1 +a — 19da1+1’~ .- 7da1+1 +ax — 15 e adal+~~-+af,1+1’ oo ’da1+~-~+a(,1+l +aeg— 1
- o\ L. -

-
Vv "~ v

al [7%) ae
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for some £ > 1 and ay,...,a, > 1. Then the length of the sequence is k = a; + --- + a, and we
letn = dk.

Denote by RS(n, 1) a Reed-Solomon code of dimension /4 and minimum distance n —h + 1 in
[ for some g > n. By induction on £ > 1, we prove that there exists a code C € RS(n,n—d; +1)
with the properties that its generalized weights are the given sequence of integers and that it has
subcodes 0 C C; € ... € Cr = C such that dim(C;) = i and supp(C;) = [d;] for all i € [k].

If£ =1,thenk = a;,n = dy = dy+a,—1, and the sequence consists of a; consecutive positive
integers: di,dy + 1,...,d; + a; — 1. One can let C = RS(n,n — d; + 1). A chain of subcodes
C; C ... € Cx = C such that dim(C;) = i and supp(C;) = [d;] for all i € [a;] is constructed by
letting C; be the subcode of C supported on the first d; entries, for i € [a;].

By induction, suppose that we can construct a code D € RS(n,n — d,,+1 + 1), whose gener-
alized weights are

da1+la' . ada1+1 + a; — 19' . ’da|+---+a(_|+la .. "du1+"'+af_]+1 + ag — 1 .
~ ~

- -
' v~

a ag

In addition, D contains a chain of subcodes D; C ... C D,y i.iq, = D with dim(D;) = i and
supp(D;) = [di(D)] = [disq,], foralli € [az + -+ + ag].

Denote by ey, . .., e, the elements of the standard basis of PZ Consider nested codes RS(n, n—
di+1)2RS(n,n—d, 1 +1) 2 D and let

& =RS(n,n—d; +1)N{ey,...,eq4i1)

fori € [a;]. Regarded as a subcode of {ej,...,e4+i-1) = Fgl”‘l, each &; is an MDS code of
parameters (d; +i—1,i,d;). In fact, & has minimum distance d(&;) = d,, since RS(n,n—d; + 1)
contains a codeword supported on the first d; < d; + i — 1 coordinates. Moreover, &; is the
subspace of RS(n, n—d; +1) obtained by evaluating the polynomials of degree up to n—d; whose
evaluation in the last n—d; —i+1 points is zero. Therefore, dim(&;) > (n—d,+1)—(n—d,—i+1) = i.
Since &; has length d; + i — 1, it is MDS by the Singleton Bound. Let & = &,,.

LetC=D+&CRS(n,n—d; +1). Since d(D) =d,,+1 >d, =d,+a; -1 = |supp(E)|, then
DNnE=0and

dim(C) = dim(D) + dim(E) = (ar + ...+ ay) + a; = k.

Since & C C C RS(n,n —d; + 1), then
d+i-1= d,’(RS(l’l,l’l—dl +1)) < dl(C) < dl(g) =d+i-1

for i € [a,]. It follows that the first a; generalized weights of C agree with the first a; elements
of the integer sequence.

Since C = D+E and DNE = 0, then any subcode of C of dimension i+a; with i > 1 contains
a subcode of D of dimension i + a; — dim(&E) = i. It follows that d;,,, (C) > di(D) = diy,,. By
the induction hypothesis, for all i € [a; + - - - + a;] there exists D; C D of dim(D;) = i, such
that supp(D;) = [di(D)] = [di+q]. Notice that di.,, > dy +i+a — 1 > d; + a;, hence
[dita,] = supp(D;) 2 supp(&E) = [dy +a; — 1]. Since D,NE C DNE =0, then D; + E1s an
(i + a;)-dimensional subspace of C with

supp(D; + &) = supp(D;) = [disa, ],
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SO di1q,(C) < divq,. This proves that d;,,, (C) = diiy, fori € [a, + --- + a,] and concludes the
proof that dy, . . ., d; are the generalized weights of C.
We now show that C contains a chain of codes as claimed. Recall that & contains a chain of
codes
OQ& Q...Qﬁal :8

such that dim(&;) = i and supp(&;) = [d;], for i € [a;]. Moreover
ng)l +8g... g@a2+...+af+8:D+8:C,

with dim(D; + &) = i + a; and supp(D; + &) = [disg, ), fori € [a, + --- + a;]. This proves
in addition that C satisfies the chain condition, since d;(C) = d;(&) = wt(&;) for i € [a;] and
di(C) = di_y,(D) = wi(D;_,, + E) fori € [k] \ [a;]. Therefore, the greedy weights of C coincide
with its generalized weights by Proposition 7.4. O

We make the following observations regarding the construction of the code C in the proof of
Theorem 7.5.

Remark 7.6. i) The construction yields a code C of length n defined over a field of cardi-
nality ¢ > n and which is contained in a RS(n,n — d; + 1), where d, is the first entry
of the sequence and 7 is the last. Notice that n points of evaluation in F, are needed in
order to have a sequence of nested Reed-Solomon codes, as Reed-Solomon codes using
evaluation at infinity are not nested. See also Example 7.7.

i1) The length n of the code can be chosen to be larger than the last generalized weight. In
this case, the construction yields a degenerate code.

While it is clear that classical Reed-Solomon codes are nested, this is not the case in general if
one uses infinity as an evaluation point. We next show a concrete example of this phenomenon.

Example 7.7. Let g be a prime power and let F, = {ay,...,a,}. The code RS(g + 1,k) is the
image of the encoding map

Flxlg — Fi*

p(x) = (pla),...,play), p(co))

where F,[x]< is the space of univariate polynomials with coefficients in F, of degree smaller
than k and p(co) is the coefficient of x*~! in p(x). One may have RS(g+ 1,k) € RS(g+ 1,k + 1).
E.g., for any g one has

RS(g+1,1) =((1,...,2)) £RS(g+ 1,1) =<, ..., 1,0), (a1, ..., a4 1)).

Theorem 7.5 may fail over a field of small cardinality. This is connected to Remark 7.6 1),
since over a field of small cardinality (chains of nested) MDS codes may not exist for all choices
of the parameters. The next examples illustrate what can go wrong over F,.

Example 7.8. The integer sequence n — 1,n satisfies the necessary conditions of Proposi-
tion 5.33. However, by [HKYO92, Theorem 10], it is the sequence of a generalized weights
of a two-dimensional subcode of F; if and only if 3(n — 1) < 2n, that is n < 3. This 1s related to
the non-existence of a chain of nested MDS codes of dimension one and two in [F;.
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Example 7.9. The integer sequence 4, 5, 7 satisfies the necessary conditions of Proposition 5.33.
However, [HKY92, Theorem 10] implies that it is not the sequence of generalized weights of a
three-dimensional subcode of Fj. This is related to the non-existence of a chain of binary nested
MDS codes with parameters (7, 1,7) and (7,4, 4).

In the language of matroidal ideals, we can reformulate Theorem 7.5 as follows.

Corollary 7.10. Any increasing sequence of positive integers can be realized as the sequence
of initial degrees of the free modules in a graded minimal free resolution of a matroidal ideal.

Proof. The thesis follows by combining [JV13, Theorem 2] and Theorem 7.5. O

The construction of the code C in the proof of Theorem 7.5 can be made explicit, by providing
an example of a code which satisfies the chain condition and whose generalized weights are
equal to any given increasing sequence of positive integers.

Example 7.11. Let ] <k <n<gandl1<d, <d, <...<dy<n. Leta;,a,...,a, € F, be
distinct elements and consider the polynomials f; = (x — @4+1)(x — @g+2) - -+ (x — @) € Fy[x],
i € [k]. The k-dimensional code C C Fg with generator matrix

fila) filar) ... filay)
hl@) folar) ... falay)

fl@) fi@) .. filan

satisfies d,(C) = d,, for r € [k]. Moreover, d,(C) is realized by the subspace generated by the
first » rows of G. In particular, C satisfies the chain condition and g,(C) = d, for r € [k].

We now turn our attention to relative weights. The Singleton Bound for relative generalized
Hamming weights [LMVCO0S5, Section IV] provides a necessary condition for a sequence of
integers to be the relative generalized Hamming weights of a pair of linear block codes.

Lemma 7.12. Let C; < C; € F} be codes with k; = dim(C)), j = 1,2. Then
d,'(C],Cz) <n- k1 +1i
fori € [k; — ko].

In particular, the last relative weight satisfies di,—,(C;,C2) < n — k,. Since monotonicity
also holds by [LMVCO05, Proposition 2], every sequence dj, ..., d,—, of relative generalized
Hamming weights of a pair of subcodes of Fj as above must satisfy

1<dy<dy < <dy, <n—ko.

Fix 0 < k;, < k; < nand let k = k; — k,. We next show that any sequence of generalized Ham-
ming weights of a k-dimensional subcode of PZ"Q is also the sequence of relative generalized
Hamming weights of a pair of nested subcodes of Fy dimension k; and k.
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Lemma 7.13. Let 0 < k, < k; < n be positive integers. Let C C PZ"‘Z be a code of dimension
ki — ky. Define C; = C x F? and C, = 0 x F}?, where 0 denotes the zero code in ;. Then

di(Cy,C) = di(C),
forie [kl - kz]

Proof. Leti € [k; —k;]. Since C, € C; C PZ, then d;(C,, C,) is well-defined. We will prove that
di(C,C3) <di(C) and d;(C) < di(C, C»).

First, let © C C such that |supp(D)| = d;(C) and dim(D) = i. Define D" = D x 0, where 0
denotes the zero code in F’;. Clearly 9 C Cy, D' N C, =0, and dim(PD’) = i. Hence

di(C1,C2) < [supp(D")| = Isupp(D)| = di(C).

Next, take D C C; such that D N C, = 0, dim(D) = i, and d;(Cy,C>) = |supp(D)|. Consider
the natural projection map 7 : C; — FZ"” onto the first n — k, coordinates, and define D" =
(D). Since ker(r) = C, and D N C, = 0, then dim(P’) = dim(P) = i. Moreover, since
C=Cx F’;Z, we have that 9’ C 7(C;) = C. Therefore,

di(C) < [supp(D)] < [supp(D)] = di(C1, Co)

fori € [k; — k»]. O

As a consequence we can characterize the sequences of positive integers that are the sequence
of relative generalized Hamming weights of a pair of nested codes.

Theorem 7.14. Any increasing sequence of positive integers is the sequence of relative gener-
alized Hamming weights of a pair of nested linear block codes. In addition, there exists a pair
of nested codes of dimensions k; and &, in FZ with relative generalized weights di, ..., d, ,
provided that 0 < k, < k; < nand g > n—ky > di,_,. Moreover, the pair may always be
chosen such that it satisfies the relative chain condition. In particular, any increasing sequence
of positive integers is the sequence of relative greedy weights of a pair of nested linear block

codes.

Proof. The result follows by combining Lemma 7.13, Theorem 7.5, and Proposition 7.4. O

7.3. Rank-metric and sum-rank-metric codes

In this section, we extend Theorem 7.5 to sum-rank-metric codes, and discuss in particular the
case of rank-metric codes. We start by discussing a special situation in which the result can be
easily proved. More precisely, we observe that any non-decreasing sequence of positive integers
is the sequence of generalized weights of an IF -linear rank-metric code for any g and for large
enough m, n.

Theorem 7.15. Fix a prime power g. Any non-decreasing sequence of positive integers is the
sequence of generalized weights of a linear rank-metric code.

Proof. Let d,...,d; be a non-decreasing sequence of positive integers. Consider the space
P:]”X”, where m = Zle d, and n = d;. We denote by E; ; the matrix in P;"X” whose entries are
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equal to zero, except for a one in position (i, j). For r € [k], we let

d,
XN
C, = E Egqsva,_ 410 € Fq .

t=1

Let C € F” be the code generated by C1, ..., Ci. Then, we have that dim(C) = k and d,(C) =
d, for all r € [k]. Indeed, consider the optimal anticode A, = (E,; | i € [m], j € [d,]) € F™".
Then,

dim(C N A,) > dim(Cy,...,C,) =r,

hence d,(C) < d,. Since by construction any matrix in C of rank strictly smaller than d, is
contained in {(Cq, ..., C,_;), we conclude that d.(C) = d,. |

In the rest of the section, we characterize the integer sequences which are the generalized
weights of sum-rank and rank-metric subcodes of a given ambient space. We start by describ-
ing the sequence of generalized weights of the ambient space M. The next result is a direct
consequence of the definition of generalized weights.

Lemma 7.16. The sequence of generalized weights of M = F'>" x ... X F7™™ is

1,...,1,2,...,2,...,7’11,...,”1,

mp mp mj
m+1,....ni+1L,n+2,....,n+2,....,01+ny,...,0] + Ny,
N - - - -
TV TV '
my my ny
m+-+nm+1,... o+ +n+1,...,n+ -0, 0+ 0.
- ~~ - N ~~ -
my my

A sequence of integers is a subsequence of this sequence if and only if it is a non-decreasing
sequence in [n; + - - - + n,] such that the integer n; + - - - + n;_; + j appears at most m; times, for
all i € [f] and j € [n;].

The previous lemma allows us to characterize the subsequences of the sequence of general-
ized weights of M.

Lemma 7.17. A non-decreasing sequence of positive integers d,...,d; withd, < n = n; +
.-+ + n, 1s a subsequence of the sequence of generalized weights of M if and only if

Jj-1
dyam, > Yy implies dpuy, > d, + 1,

i=1
forall j € [t] and r € [k — m;].

Proof. 1f dy, ..., dy is a subsequence of the sequence of generalized weights of M = F7™" x
oo X IFZ“X”’, then for any pair of positive integers (r, j) such that j € [7] and r € [k — m;], there
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exists an index & such that dj,y,,, (M) = dyyn;- I dyin; > Z{;l n;, then

j-1
dh+mj(M) = dr+mj > Z n;.
i=1

Hence by Lemma 5.35 we obtain
dpym, (M) 2 (M) + 1 2 d, + 1,

where the last inequality follows from the fact that d,, ..., d; is a subsequence of the sequence
of the generalized weights of M.
Suppose now that for each pair of positive integers (r, j) such that j € [¢] and r € [k —m;] we

have that .
-

dyimy > > 1y implies dyy, > d, + 1.
i=1
This implies that for any j € [f] and 6 € [n;] we have at most m; elements in the sequence
di,...,d; that are equal to {:_11 n; + 6. Together with d; < n; + --- + n,, we deduce that
di,...,d; 1s a subsequence of the sequence of generalized weights of M by Lemma 7.16. |

We give now a necessary condition for a sequence of integers to be the sequence of gen-
eralized weights of a subcode of an MSRD code. In Theorem 7.20, we will show that such
a condition is also sufficient, if we assume the existence of a suitable chain of MSRD codes.
Notice that the case D = M is precisely Lemma 5.35.

Proposition 7.18. Let C € D € M and assume that O is an MSRD code. Then the sequence of
generalized weights of C is a subsequence of the sequence of generalized weights of D.

Proof. By Theorem 6.12 the sequence of generalized weights of D is the subsequence con-
sisting of the last dim(9) generalized weights of M. By Lemma 5.35 and Lemma 7.17, the
sequence of generalized weights of C is a subsequence of the sequence of generalized weights
of M, which is described in Lemma 7.16. The thesis now follows from the previous two facts
and the fact that 4,(C) > d,(D) for r € [dim(C)]. |

The next example shows that the conclusion of Proposition 7.18 does not necessarily hold for
an arbitrary code D.

Example 7.19. For g > 2, leta € F, \ {0, 1} and let
D =¢(1,1,0,0,0,0),(0,0,1,1,1,0),(0,0,0,, 1, 1)) C Pg
The generalized weights of D are 2,4, 6. However,
c=(1,1,0,0,0,0),(0,0,1,1,1,0)y € D

has generalized weights 2, 5.

Our main result is a characterization of the integer sequences that are the sequence of gen-
eralized weights of a sum-rank-metric code. We prove our result under the assumption that a
suitable chain of MSRD codes exists. Such a chain exists for many choices of parameters, some



7.3. Rank-metric and sum-rank-metric codes 79

of which are described in Proposition 6.23 and Proposition 6.24. In particular, it exists in the
Hamming metric (corresponding to m; = n; = 1 for all i € [¢]) whenever g > n. In fact, if g > n,
then Reed-Solomon codes form such a chain, see also Remark 7.6 ii). Hence the next theorem
may be regarded as a generalization of Theorem 7.5.

Theorem 7.20. Let © € M be an MSRD code of minimum distance d and assume that there
exists a chain of MSRD codes D = D, 2 Dy 2 ... 2 D, such that d(D;) = h,ford < h < n.
A sequence of positive integers di, ..., d; is the sequence of generalized sum-rank weights of
acode C C D if and only if k£ < dim(D) and d,,...,d; is a subsequence of the sequence of
generalized weights of . Moreover, the code C may always be chosen such that it satisfies
the chain condition. In particular, any subsequence of the sequence of generalized sum-rank
weights of D is the sequence of greedy weights of a subcode of D.

Proof. Necessity follows from Proposition 7.18. We now prove sufficiency: A sequence of
integers as in the statement of the theorem can be uniquely written as the juxtaposition of ¢
maximal constant subsequences of length a, — 1,a3 — ay,...,a,1 —ay as

di,... dviday, .. oy, day,. .. da, (7.3.1)

forsomel =a; <ay <...<as<kandd, <d,, <...<d, <n,and where we seta,,; = k+1.
By assumption, the sequence (7.3.1) is a subsequence of the sequence of generalized weights
of D. For each h € [{] there exist j € [f]and 0 < 6 < n; — 1 such thatd,, = {:—11 ni+0+ 1. By

Proposition 7.18 and Lemma 7.16, this implies that a,.; — a;, < m;. Since Z)dah has dimension

ZE: jmin; — om;, then there exists a subcode C;, € Dda,, of dimension a1 — a; supported on the

first d,,, columns. In fact, let A be the optimal anticode supported on the first d,, columns. Then

dim(A) = Zl’:—f nim;+(6+1)m;, hence dim(ﬂﬂDdah) = dim(A) +dim(1)dah) —dim(ﬂ+@dah) >

m; and one can choose C;, € AN D,, . Notice that every nonzero element of C,, has sum-rank

d,,. In addition, maxsrk(3.1" C) < d,,_, < d,, = d(Cp), hence (C; + -+ + Cy_1) N Cy, = 0.
LetC=Cy+---+Cp. ThenC € D, € D and

t t
dim(C) = ) dim(Cy) = ) (ane1 —ap) = k.
h=1 h=1

To show that (7.3.1) is the sequence of generalized weights of C, we need to prove that d,(C) =
d,, for every h € [{] and r such that a;, < r < aj4;. As before, let A be the optimal anticode
supported on the first d,, columns. By construction, C; +---+C;, € ANC, hence dim(ANC) >
aps1 — 1 > r, thus d,(C) < maxstk(A) = d,,. Now, let A’ be an optimal anticode such that
d.(C) = wt(U,) = maxsrk(A"), where U, € A’ N C and dim(U,) > r. Since dim(A' N C) >
r>a,and dim(C; + - - - + C—;) = a, — 1, we have that A’ N (Cp, + - - - + C;) # 0. It follows that
d,(C) = maxstk(A’) > d(Cy + - -- + Cy) > d,,, proving that d,(C) = d,,.

Finally, to see that C satisfies the chain condition, let U, = 0 and let A, be the optimal
anticode supported on the first d,, columns for & € [{]. For a, < r < apy, let U, € A, NC
be an r-dimensional subspace that contains U,_;. Notice that wt(U,) < d,, since U, C A,
and wt(U,) > d,(C) = d,, since U, is an r-dimensional subcode of C. Therefore wt(U,) =
d,, = d,(C) and the chain 0 ¢ U, € U, € ... € U, = C has the required properties. Since
C satisfies the chain condition, then its greedy weights coincide with its generalized weights by
Proposition 7.4. O
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Example 7.19 also shows that Theorem 7.20 may fail, if the ambient code is not MSRD.
Example 7.21. For g > 2,let o € F, \ {0, 1} and let

D =((1,1,0,0,0,0),(0,0,1,1,1,0),(0,0,0,a,1,1)) C F,.

The generalized weights of D are 2,4, 6. However, there is no subcode C C D whose general-
ized weights are equal to 2, 4.

Remark 7.22. The assumption on the sequence of nested MSRD codes is necessary for The-
orem 7.20 to hold, in the following sense. Suppose that every MSRD code has the property
that every subsequence of its generalized weights is realized by one of its subcodes. Consider
an MSRD code D = D, with d|(D) = d and the subsequence of its generalized weights con-
sisting of all the generalized weights which are different from d. Let D, ,; be a subcode of D
which realizes this subsequence. Then D, is MSRD and we consider the subsequence of its
generalized weights consisting of all the generalized weights which are different from d + 1.
By assumption, there is a subcode D, of D, which realizes this subsequence of generalized
weights. Proceeding in this fashion, we obtain a sequence of nested MSRD codes as in the
statement of Theorem 7.20.

Theorem 7.20 allows us to characterize the integer sequences which are the sequence of
generalized weights of a sum-rank metric code as follows.

Theorem 7.23. Assume that there exists a chain of MSRD codes M = D, 2 D, 2 ...2 D,
such that d(D;) = h for h € [n]. A sequence of positive integers dj, . .., d; is the sequence of
generalized sum-rank weights of a code C € M if and only if di,...,d; is a non-decreasing
sequence in [n] such that the integer n; + - -- + n,_; + j appears in it at most m; times, for all
i € [t] and j € [n;]. Moreover, the code C may always be chosen such that it satisfies the chain
condition. In particular, any subsequence of the sequence of generalized sum-rank weights of
M is the sequence of greedy weights of a sum-rank metric code C C M.

Remark 7.24. The assumption that MSRD codes exist for every choice of parameters is neces-
sary for Theorem 7.23 to hold, in the following sense. If it is true that every subsequence of the
sequence of generalized weights of M is the sequence of generalized weights of a code C C M,
then for i € [¢] and j € [n;] consider the subsequence consisting of all generalized weights of M
which are bigger than or equal to n; + - -- + n;_; + j. That is the subsequence

n+-+ng+jonp o tn g, ,n o+ n,. 0+ 40,
N\ -~ - N\~ ~~
m; m;
np+-+n g+ g0+ +n g+ j,o,n 0,0+ 40,
N ~~ - - ~~
mi mi
nmA+-+n g+, +c+n+ L, 0+ F . 4R
- ~~ - - ~~ -
m; my

A code C € M with those generalized weights is an MSRD code with minimum distance
ny +---+n;_y + j. This proves that, if the conclusion of Theorem 7.23 holds, then MSRD codes
exists for every possible choice of minimum distance.
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In Theorem 7.23 we assume the existence of a maximal chain of MSRD codes. This is a
stronger assumption than just assuming the existence of MSRD codes for every choice of pa-
rameters. The next example shows that it is possible that MSRD codes exist for every choice of
parameters, but no maximal chain of MSRD codes exists. In such a situation, the example also
shows that it is possible for the conclusion of Theorem 7.23 to hold, that is, every subsequence
of the sequence of generalized weights of M is the sequence of generalized weights of a code
in M.

Example 7.25. Let g = 2, ¢t = 3, and n; = m; = 1 fori € [3], that is M = Pg The only
MDS code in F3 with minimum distance 2 is the even-weight code. The only MDS code in F3
with minimum distance 3 is (1, 1, 1)). Therefore, IF% contains MSD codes with every possible
minimum distance, however it does not contain a chain of nested MDS codes with minimum
distances 2 and 3. While Theorem 7.23 does not apply in this situation, it is easy to check by
direct inspection that for every subsequence of the sequence 1,2, 3 of generalized weights of F3
there exists a code C C F3 whose generalized weights coincide with the chosen subsequence.

Finally, we state Theorem 7.23 in the generality of rank-metric codes. This provides a charac-
terization of the integer sequences that are the sequence of generalized weights of a rank-metric
subcode of }FZ’X” for given g, n, m. Notice that Gabidulin codes [Del78, Gab85] form a chain of
nested MRD codes of minimum rank distances 1, 2,...,n for any m, n, and g with n < m.

Theorem 7.26. Fix 1 < n < m and g a prime power. A non-decreasing sequence of positive
integers di, . .., d is the sequence of generalized rank weights of a linear subcode of F"™ if and
only if k < mn, d; < n, and any constant subsequence has length at most m.

Remark 7.27. Fix any prime power g. Given a non-decreasing sequence of positive integers
dy,...,dy, any C C FZW’ which has those generalized weights must have n > d;. Moreover,
one can always make n = dj, since the code that we construct in the proof of Theorem 7.20 is
supported on d; columns. Theorem 7.15 motivates the question of what is the smallest m for
which there exists a code C € P;”Xdk such that d;(C) = d; for i € [k]. Theorem 7.26 implies that
the least m for which there exists C C Fy™" with the desired sequence of generalized weights is
the maximum between d; and the maximum length of a constant subsequence of di, .. ., d;.

Since Gabidulin codes are F,»-linear, we also have the following.

Theorem 7.28. Fix 1 < n < m and g a prime power. An increasing sequence of positive integers
dy, ..., dy is the sequence of generalized rank weights of an Fy-linear subcode of Fy"™" if and
only if k, d; < n.

Notice that the previous theorem is not a straightforward consequence of Theorem 7.26.
However, we omit the proof since it is very similar to the proof of Theorem 7.20. The interested
reader can find a written proof in the Master’s Thesis of Nellen [Nel24].

Using Gabidulin codes, we can make the codes that we constructed in the proof of Theo-
rem 7.20 explicit in the case of rank metric codes and vector rank metric codes. Let 1 < d; <
..<dy<n,n<m. Letp,...,B, € Fyn be F,-linearly independent elements and consider the
linearized polynomials

fi=[[e-p.

BeU;
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where U; = (Bi+1s - - -»Bu)r, S Fgn. Then the k-dimensional Fy»-linear code in Pgm with genera-

tor matrix
HB) fAiB) ... filBy)

G- LB LB ... (B

KBY B . fiB

satisfies d,(C) = d,, for r € [k]. Since F,, = FZ’X", the same construction yields a code in }FZ’X”
with the same generalized weights.
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8. Generalized weights for convolutional
codes

In [For94], Forney suggests that generalized Hamming weights may be extended to convolu-
tional codes. Motivated by this observation, Rosenthal and York in [RY97] introduce a notion
of generalized Hamming weights for convolutional codes. Given a convolutional code C, they
forget about its module structure and regard it as an infinite dimensional vector space endowed
with the Hamming metric. Their definition of generalized Hamming weights is the natural
extension of the usual definition to infinite dimensional codes.

The aim of this chapter is to introduce a new family of generalized weights for convolutional
codes, which takes into account the module structure of the codes. Instead of looking at the
size of supports of ¥ -linear subspaces of a convolutional code, we consider the size of supports
of its subcodes, that is, its F,[x]-linear submodules. Since a convolutional code is an F,[x]-
submodule of F,[x]", it is natural to consider the set of its submodules, since they carry the
same mathematical structure as the code itself.

The chapter is organized as follows. In Section 8.1 we give our definition of generalized
weights and we discuss their connection with the generalized weights defined in [RY97] and
the generalized weights for linear block codes. We also prove by means of an example that
these generalized weights do not satisfy Wei duality. In Section 8.2 we show that the computa-
tion of our generalized weights can be simplified by considering only submodules with certain
properties. For instance, we prove that the generalized weights are realized by submodules
generated by codewords of minimal support. In Section 8.3 we establish some upper bounds
for the generalized weights of Maximum Distance Separable (MDS) and Maximum Distance
Profile (MDP) codes. Our bounds imply that, depending on the code parameters, some or all
of the generalized weights of MDS codes are determined by the code length, rank, and internal
degree. In Section 8.4, we define the maximum weight of a convolutional code and prove an an-
ticode bound. We define optimal convolutional anticodes as the codes which meet the anticode
bound, we classify optimal anticodes, and compute their generalized weights.

8.1. Generalized weights

In order to define the generalized weights of a convolutional code, we first wish to define a
notion of weight of a code. This replaces the usual notion of cardinality of the support of a
code.

Definition 8.1. Let C C F,[x]" be a convolutional code of rank k < n. The weight of C is

wt(C) = minf[supp((c1(x), ..., k(X)) : C = (c1(x), ..., ck(X))p,1x1}-

Notice that the set {supp({ci(x),...,cx(x))g,) : C = {c1(x),...,cx(x))r, 1y} May not have a
minimum with respect to inclusion, as the next example shows. This explains why in Defini-
tion 8.1 we do not mention an inclusion-minimum support.
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Example 8.2. Let C = ((1 + x*,0,1),(1,1,0)) C F,[x]>. Then C is a noncatastrophic (3,2, 2)

binary code and
1+x> 0 1 d 1 X 1
110/ * 110

are two row-reduced generator matrices for C whose F,-rowspaces have incomparable supports.
We claim that these supports are minimal in the set

{supp(ci(x)) U supp(ca2(x)) : C = (c1(x), c2(X))p,[x}-

In fact, if ¢1(x), c2(x) € F,[x] are generators of C, then

supp(ci(x)) U supp(c2(x)) 2 {(1,0),(2,0),(3,0)}.

Moreover, we have supp(ci(x)) U supp(ca(x)) # {(1,0),(2,0), (3,0)}, otherwise {(c;(x), c2(x)),
would be a two-dimensional binary linear block code of length 3 and the largest dimension of a
binary linear block code inside C is one.

We are now ready to define the generalized weights of a convolutional code.

Definition 8.3. Let C be an (n, k, §) convolutional code. For 1 < r < k, the r-th generalized
weight of C is

d.(C) = min{wt(D) | D C C is a convolutional subcode of rk(D) > r}.

We say that D C C realizes the r-th generalized weight of C if tk(9) = r and 4,(C) = wt(D).

In the next lemma we provide several equivalent formulations of Definition 8.3. In particular,
we show that d,(C) is the minimum weight of a subcode of C of rank r.

Lemma 8.4. Let C be a convolutional code. Let V denote the set of F,-linear subspaces of C.
The following quantities are equal to d,(C):

[a—

. min{[supp(U)| : U € C and tk({U)z, 1)) = 1},
2. minf|supp(U)| : U € C and tk({U )z, q) = 1},
3. minf|supp(U)| : U € V and tk((U)z, 1) = 1},
4. minflsupp(U)| : U € V and tk((U)g, ) = 1},
5. min{wt(D) | D C C is a subcode of rk(D) = r},
forl <r<k

Proof. We already observed that the support of a linear space is equal to the union of the sup-
ports of a system of generators. Therefore, for any set U, the support of U is the same as the
support of the F,-linear space generated by U. This proves that definitions 1. and 3. are equiv-
alent and 2. and 4. are equivalent. Moreover, by comparing the sets over which we minimize,
one sees that the minimum in 4. is greater than or equal to that in 3., the minimum in 5. 1is
greater than or equal to the r-th generalized weight of C, the minimum in 5. is greater than or
equal to that in 4., and the r-th generalized weight of C is greater than or equal to the minimum
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in 3. In order to prove that all numbers coincide, it suffices to show that the minimum in 3. is
greater than or equal to that in 5.

Let U C C be an F-linear subspace such that rk({U)g,,)) = r. Then dim(U) > r and there
exists U" C U an F-linear subspace such that dim(U’) = rk({U’), ) = r. We conclude, since
U’ C U implies that supp(U’) C supp(U). O

Remark 8.5. Consider a noncatastrophic code C. One may also define the generalized weights
as
d.(C) = min{wt(D) | D C C is a noncatastrophic subcode of rk(D) > r}

or equivalently as
d.(C) = min{wt(D) | D CCisa noncatastrophic subcode of rk(D) = r}

for 1 < r < k. Notice that this definition is not equivalent to Definition 8.3. Indeed, it may
happen that di(C) # diee(C), While di(C) = diyee(C) for every C, as shown in Proposition 8.6.
For example, let C = (1,1 + x + x* + x*))g,1y) € Fa[x]*. Then dgee(C) = wt(1 + x,1 + x*) =
4 and every element of minimum weight generates a catastrophic code. On the other side,
wt(1,1 + x + x2 + x°) = 5 hence d,(C) = 5. Since we want the first generalized weight to be
equal to dg.(C), we will not discuss this definition further.

In the next proposition, we establish some basic properties of the generalized weights. In
particular, we prove that they are strictly increasing and that the minimum distance coincides
with the first generalized weight. Moreover, we provide an upper bound on each generalized
weight.

Proposition 8.6. Let C € 8 C F,[x]" be convolutional codes, let k = rk(C) and let 6, be the
memory of C. Then:

1. di(C) = diee(C).

2. d(C)<d1(C)foralll <r<k-1.

3. d(B)<d(C)foralll <r<k.

4. d(C)<n@o+1)—k+rforalll <r<k.
5. di(C) < wt(0).

Proof. Ttems 1., 3., and 5. follow directly from the definition, while Item 4. follows by

combining 2. and 5. For Item 2, let U = (uy,...,ur41)5,1x be a subcode of C that realizes
d,+1(C). After adding suitable multiples of u; to the other generators, we may suppose that
supp(u;) & supp({ua, ...,Ur11)5,). Since uy,...,u.y are still F [x]-linearly independent, we
conclude. O

Remark 8.7. Notice that, unlike what happens for linear block codes, one does not always have
that d;.(C) = wt(C). For example, for the code C of Remark 8.5, one has d,(C) =4 < 5 = wt(C).

Remark 8.8. In Proposition 8.44 we prove that MDS codes meet the bound in 4. when k | 6,
showing that the bound is sharp. In Proposition 8.54 we prove that the generalized weights of
optimal anticodes increase by one at each step, showing that the bound in 2. is sharp.
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Generalized weights are invariant under isometries of convolutional codes. As a conse-
quence, they are also invariant under strong isometries as defined in [GL09].

Proposition 8.9. If C, and C, are isometric convolutional codes, then they have the same weight
and generalized weights.

Proof. Let ¢ : C; — C, be an isometry. Since ¢~' : C, — C; is also an isometry, it suffices
to prove that the weight and the generalized weights of C; are greater than or equal to the
corresponding invariants of C;.

Let ¢i(x),...,ci(x) be a basis of C; such that wt(Cy) = [supp({c(x),...,cx(x))r,)l. Then
#(ci(x)), ..., d(ck(x)) are a basis of C, and the restriction of ¢ is an F,-linear isometry of lin-
ear block codes between (ci(x), ..., c(x))r, and {(¢(c1(x)),...,d(cr(x)))r, With respect to the
Hamming distance. In particular,

wt(Cy) =lsupp({c1(x), ..., cx(x)r, )| =
=lsupp({¢(c1(x)), . . ., ¢(c(x)))p, )| = WHC?).

Suppose now that D C C, realizes d,(C;). Since ¢ is an isomorphism of F,[x]-modules, then
rk(¢(D)) = r. Moreover, ¢ induces an isometry between O and ¢(D), hence

d,(Cy) = wi(D) = wi($(D)) = di(C). O

In [RY97], the authors introduce the concept of generalized Hamming weights for convolu-
tional codes. They regard convolutional codes as IF,(x)-linear subspaces of F,(x)", where F,(x)
denotes the field of rational functions in x with coeflicients in F,. Since the only elements of
finite weight of F,(x)" are the elements of F,[x]", they are lead to considering IF,-linear sub-
spaces of F [x]". Here we recall their definition, stating it for convolutional codes defined as
F,[x]-submodules of F,[x]". Notice that, if C C F,(x)" is a convolutional code as considered
in [RY97], its generalized weights as defined in [RY97] are equal to those that we define next
for the F,[x]-module C = C N F,[x]".

Definition 8.10. Let C be a convolutional code. For every positive integer r, the r-th generalized
Hamming weight of C is

d.(C) = min{|supp(U)| : U is an F,-linear subspace of C and dim(U) = r}.
Remark 8.11. It follows directly from the definitions that d/(C) < d,(C) for 1 < r < 1k(C).

From now on, we refer to the weights from Definition 8.3 as generalized weights and to those
from Definition 8.10 as generalized Hamming weights. Even though Definition 8.10 appears
to be similar to our Definition 8.3, the fact that we consider rank r subcodes in place of r-
dimensional subspaces leads to a different set of invariants.

In the next examples we exhibit two pairs of non-isometric codes. The codes in the first exam-
ple can be distinguished using the generalized weights, but not using the generalized Hamming
weights, while the codes in the second example can be distinguished using the generalized
Hamming weights, but not using the generalized weights.

Example 8.12. (a) Let C,,C, € IFq[x]3 be the convolutional codes generated respectively by
(1,0,0),(0,1,1 + x) and (1, 0,0), (0,0, 1). Then, d.(C,) = d/(C,) = r for every positive integer
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r. By computing the generalized weights according to Definition 8.3, we can prove that the two
codes are not isometric, since d,(Cy) = d(C») = 1, d»(Cy) = 4 and d,(C,) = 2.

(b) Let C,C; € Fq[x]3 be the convolutional codes generated respectively by (1,1, 1) and
(1 + x,0,1). Then d,(Cy) = di(C,), that is, the generalized weights of C; and C, coincide.
However, d5(C;) = 6 and d5(C;) = 5, in particular the codes are not isometric, as generalized
Hamming weights are invariant under isometry.

Notice that an (n, k, 0) convolutional code has exactly k generalized weights and an infinite
number of generalized Hamming weights. In particular, one can recover the rank of a convolu-
tional code from its generalized weights, but not from its generalized Hamming weights, as the
next example shows.

Example 8.13. Let C C F;[x]" be such that (1,0,...,0) € C. Then d/(C) = r for any r > 1.
Clearly, there exist codes of any rank k < n which contain the codeword (1,0, ...,0).

It may happen that, in order to distinguish two non-isometric codes, one needs to compute an
arbitrarily large number of generalized Hamming weights. For instance, in the next example we
show that, for fixed n and k, there exist non-isometric convolutional codes with the same first N
generalized weights for N arbitrary large as ¢ goes to infinity. We will use the following simple
lemma.

Lemma 8.14. Let g be a prime number. For a polynomial p(x) € F,[x] \ {0} we have that

N
wt (p(x) Z xqr) + wt(p(x)) > N + 2.

t=0

Proof. Let p(x) = a;x" + - -+ + a,x* be a polynomial with k; < -+ < k; and wt(p(x)) = £ > 0.
If £ > N+ 1or ¢ =1 the statement is trivially true. Suppose £ < N + 1. Clearly,

N N 4
P> X =) aptte (8.1.1)
t=0

=0 i=1

Two monomials have the same exponent if and only if there are iy, i, t1, 1, such that k;, + ¢" =
ki, + g". Moreover if (t;,1,) # (t3,1;) with #; < t, and t; < 1, then ¢ — ¢" # ¢" — ¢"”. Therefore,
in (8.1.1) there are at most £(£{ — 1)/2 pairs of monomials with the same exponent. Since the
number of monomials in the sum is (N + 1)£, we have that

N
wt <p(x)zxq’> +E>(N+ D=0 —1)+C =N —C+3).

=0
Finally, since 1 < ¢ < N + 1, we have that (N — € + 3) > N + 2. O

Example 8.15. Let ¢ be a prime number and let Cy = ((1, 1, 0), (0, Zi\io X7, D)r,1a Fq[x]3.
We claim that d/(Cy) = 2r forall r € {1,...,N+ 1} and d},,,(Cy) = 2(N + 1) + 1. In particular,
the first N generalized weights of Cy_; and Cy coincide and dj,;(Cn-1) # dy,;(Cy).

Let U = (p;1(x)(1,1,0) + p;2(x)(O0, Zi\io ¥, )| 1<i< rr, € Cy be a linear subspace
of dimension r < N + 1. Let J C {1,...,r} be a maximal set of indices such that {p;;(x)}es
is an [ -linearly independent set. If [J| = r, then d/(Cy) > 2r. If |J| < r, we may assume
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without loss of generality that p;;(x) = O for every i ¢ J. It is easy to show that the support
of U has cardinality at least |J|, when restricted to the first component. The set {p;,(x)}j¢s 18
F,-linearly independent by assumption. Moreover, after replacing the elements of the set with
appropriate linear combinations, we may assume that there exists a j ¢ J such that the last entry
of the support of U has cardinality greater than or equal to r — |J| = 1 + wt(p;,(x)). Since the

cardinality of the second entry of the support of U is at least wt ( Pia(X) Zﬁo xqt>, then

N
d.(Cy) = [J|+r—=|J] =1+ wt(p;a(x)) + wt (pj,z(x) qut> .

t=0

By Lemma 8.14, we conclude that
d(Cy)=2N+1+r=2r

Let V = ((x,x',0) | 1 <i < r)g,. Then V is an r-dimensional subspace of Cy with [supp(V)| =
2r, showing that d/(Cy) = 2rfor 1 <r < N + 1.

Moreover, V = ((0, Zﬁo x4, 1), (x4, x7,0) |< i <N )F, is an (N + 2)-dimensional F,-linear
subspace of Cy, showing that dy,,(Cy) < 2(N + 1) + 1. Since dy,,(Cy) = 2(N + 1), then
dy.»,(Cy) = 2(N + 1) + 1 by Proposition 8.6.

The next example is concerned with the relation between the generalized weights of a con-
volutional code and its erasure-correction properties.

Example 8.16. Let C; = ((1,0,0), (0, 1,0))r,1yy and C> = ((1,0,0),(0, 1, 1 + x))g [ < F,[x]°.
Then dgee (C1) = diee(C2) = 1 and accordingly for both codes there are single erasure patterns
that cannot be repaired. For example, if * denotes an erasure, for both codes a received word
(%,0,0) has distance one from both (0,0,0) and (1,0,0). In addition, the first code has the
property that an erasure in the second coordinate cannot be repaired, while an erasure in the third
can always be repaired. We claim that the second code has the property that any two erasures
located in the second and third coordinate can be repaired. In fact, such a repair corresponds to a
repair in the code C = ((1, 1 +x))r, [, obtained from C; by projecting on the last two coordinates
and dg..(C) = 3. This is reflected by the generalized weights of C; and C,, which are

di(C) =di(Cr) =1, da(C)) =2, dr(Cr) =4
In the next proposition we make an attempt at formalizing the phenomenon that we observe
in the previous example.

Proposition 8.17. Let C C F,[x]" be an (n, k) convolutional code with generalized weights
di <dy<...<d. Fix1<r<kandletci(x),...,c(x) € Cbe such that {c1(x), ..., c (X)),
realizes the r-th generalized weight of C. Let ¢,,1(x), ..., ck(x) € C be such that ¢((x), ..., cx(x)
generates a subcode of rank k. Then D = (¢,41(X), ..., ck(x))g, [ 1s an (n, k — r) subcode of C
with dfree(D) =dry —d,.

Proof. Let c(x) € D\ {0}. Then C” = {c((x), ..., (x), (X)), has rank r + 1 and
Isuppf{ci(x),...,c(x),c(x)}| =2 wt(C') = d,1.

It follows that wt(c(x)) > d,41 — |suppf{ci(x),...,c,(X)}| = d,y1 — d,. O
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The proposition shows in particular that a large difference between two consecutive gener-
alized weights of a code reflects the fact that there is a subcode with large erasure-correction
capability. In addition, the proposition provides a concrete description of such a subcode. In
Example 8.16, the subcode D in the statement of the proposition is D = ((0, 1,1 + x))r, -
Notice moreover that the codes of Example 8.16 have the same generalized Hamming weights.
This shows that the generalized Hamming weights of a convolutional code do not capture this
phenomenon.

In the next proposition, we collect some facts on (7, k, 0) convolutional codes that we will use
in the sequel.

Proposition 8.18. Let C C F,[x]" be an (n,k,0) convolutional code. Then C = (C[0])z,y
and C[0] C F; is a linear block code with dim(C[0]) = k and minimum distance d,,;,(C[0]) =
diree(C). Moreover C* = (C[0]*), -

Proof. Since C is an (n, k, 0) convolutional code, then C[0] = C N F; and C = (C[0]), [y Since
CI[0] € F7, then

dim(C[0]) = rk((C[0])r, ) = rk(C).
Since C[0] < C is an F,-linear isometry, dmin(C[0]) > df..(C). However, for any c(x) € C,

c[0] € C[0] and wt(c[0]) < wt(c(x)), showing that dy;n(C[0]) < dgee(C). Finally, the equality
ct=(C [O]l)pq[x] follows from the definition of dual code. O

The next proposition relates the generalized weights of an (n, k, 0) convolutional code with
the generalized Hamming weights of the linear block code generated by the same elements.

Proposition 8.19. Let C be an (n, k, 0) convolutional code. Then
d,(C) = d}(CIO])

for 1 < r < 1k(C) = dim(C[0]), where d”(C[0]) denotes the r-th generalized Hamming weight
of C[0]. In particular
dC)<n+k-r.

In addition, if D € C[0] is an r-dimensional subspace such that d?(C[0]) = |supp(D)|, then
D =(D)g,1q C Crealizes d,(C). In particular

dikc)(C) = wt(C) = [supp(C[O])],

where supp(C[0]) denotes the Hamming support of C[0].

Proof. Since C = (C[0])z,1 and C[0] € F7, then rk(C) = dim(C[0]) by Proposition 8.18. Fix
1 <r <1k(C) and let D C C[0] be an F,-linear subspace such that dim(D) = r and d(C[0)) =
Isupp(D)|. Let D = (D), € C, then tk(D) = r and wi(D) < [supp(D)| = d"(C[0]). This
implies that

d?(C[0]) > d.(C).

To prove the reverse inequality, let O C C be a rank r subcode and let vy, ..., v, be an F,[x]-
basis of D such that wi(D) = |supp({vy, ..., v,)r )| For 1 <i<rwritev; = Z;{:o vil jl1x/. Since
C = (CI[0D)g, 1> then v;[ j] € C[O] for all i, j. Let U = {{vi[jI};i)r,. By construction D C (U)z, [y
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and wt(D) = [supp({v1, - .., V)r,)| = [supp(U)|. Since dim(U) = tk({(U)g 1) = 1k(D) = r, one
can find U" C U an F -linear subspace with dim(U’) = r. Then rk({U")r,[»)) = r and

wt((U")g, 1) < Isupp(U")| < [supp(U)| < wi(D).

Observe in addition that, if D has an F,[x]-basis v}, ..., v, which consists of elements of FZ,
then U = U’ = (v},... ,v})Fq, showing that

wt(D) = [supp({V}, ..., V)E,)l.

Summarizing we have shown that, for every submodule O C C of rank r, one can find a submod-
ule of C of the form (U")g, for some U’ C C[0], with rank r and weight smaller than or equal
to the weight of D. Since [supp(U’)| = wt({U")F, (1), this implies that d"(C[0]) < d,(O). O

The generalized Hamming weights of an (n, k, 0) convolutional code may not coincide with
the generalized Hamming weights of the linear block code generated by the same elements, as
the next example shows.

Example 8.20. Let C = ((1,0,0),(0,1,1))z,,; € F3 and let C[0] C F3. The generalized Ham-
ming weights of C[0] are d¥(C[0]) = 1 and d¥(C[0]) = 3, while the generalized Hamming
weights of C are d/(C) = rforall r > 1.

The next result is obtained by combining Proposition 8.19 and Wei duality for the generalized
Hamming weights of a linear block code.

Proposition 8.21. Let C be an (n, k, 0) convolutional code. Then C* is an (n, n — k, 0) convolu-
tional code and its set of generalized weights is

{dCH|I1<r<n-kl={n+1-d.(C)|1<r<k.
In particular, the generalized weights of C determine those of C*.

Proof. By Proposition 8.18, C has the form C = (C[0])s,y and dim(C[0]) = k. Moreover,
ct={(C [O]l>Fq[x] is an (n, n — k, 0) convolutional code. Wei duality states that

@diCroM) | 1<r<n-ki={n+1-d“CON|1<r<k,

see [Wei91, Theorem 3]. We conclude by Proposition 8.19. O

For a catastrophic convolutional code, one may have that C € (C*)*. In such a situation, one
expects to be able to find a code such that C and (C*)* have different generalized weights. This
is indeed the case, as the next example shows.

Example 8.22. Let C = ((1 + x,0))g,1,g € F2[x]*. Then C* = (0, 1)) and (C*)* = ((1,0)) 2 C.
In addition, d,(C) = 2 while d,((C*+)*) = 1. In particular, C and (C*)* have different generalized
weights, while having the same dual code C*.

Noncatastrophic convolutional codes coincide with their double dual. However, no result
along the lines of Wei duality holds even when restricting to this class of codes. More precisely,
the next example shows that there exist noncatastrophic convolutional codes with the same
generalized weights and whose dual codes have different generalized weights.
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Example 8.23. Let C; = (1 + x,1 + x,1,0))g,1yy and C; = ((1 + x,1,1,1))g 1y be (4,1,1)
noncatastrophic convolutional codes. We have that d,(C;) = d,(C,) = 5, while d,(C{) = 1 and
d,(Cy) = 2.

The previous example also shows that Wei duality cannot hold for any set of generalized
weights with the property that the first generalized weight is the free distance of the code. More
precisely, we have the following.

Remark 8.24. Given any definition of generalized weights for convolutional codes such that
the first generalized weight is the free distance of the code, the generalized weights of a code
do not determine in general the generalized weights of its dual.

Although Wei duality does not hold for this type of dual, there are other types of duality that
have been considered in the literature. For example, in [TRS12] the authors define the reverse
of a convolutional code.

Definition 8.25. Let C be an (n, k, 6) convolutional code and let rev : F,[x]" — F,[x]" be the
map given by rev(0) = 0 and

X

rev(c(x)) = x4 (l>
if c(x) # 0. The reverse code of C is
rev(C) = (rev(c(x)) : ¢(x) € C)g,[x-

Remark 8.26. Let c(x) € F,[x]" \ {0}. The following are equivalent:

1. rev(rev(c(x))) = c(x),

2. deg(c(x)) = deg(rev(c(x))),

3. x 1 c(x).
In addition, one has x“rev(rev(c(x))) = c(x) for d = max{t > 0 : x’' | c(x)}.

In [TRS12] Tomas, Rosenthal, and Smarandache define the reverse of a convolutional code
C as the code generated by the reverses of the rows of a row-reduced generator matrix of C.
For the sake of completeness, we prove that Definition 8.25 is equivalent to the definition
from [TRS12]. This implies in particular that if C is an (n, k, 6) convolutional code, then rev(C)
is an (n, k, &) convolutional code, for some ¢’.

Proposition 8.27. Let C be an (n, k, §) convolutional code and let G be a row-reduced generator
matrix for C. Let ¢y, ..., ¢; be the rows of G. Then

rev(C) = (rev(cy), - . ., 1eV(Cr))r, [
In particular, rk(rev(C)) = k.

Proof. 1t is clear from the definition that rev(C) 2 (rev(cy),...,rev(c))r, - Therefore, it
suffices to show that rev(c) € (rev(cy),...,rev(cy))r,q for all c € C. Let ¢ € C and let
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ui,...,ux € Fy[x] such that ¢ = > uic;. Since G is row-reduced, we have that deg(c) =
max;{deg(u;) + deg(c;)}. Therefore

= (1 1 L enterdenten (1
rev(c) = x4 ; u; (;) ¢ (;) = ; ydeg(c)—deg(ci)y,. <;) rev(c;).
Since deg(c) = max;{deg(u;) + deg(c;)}, then x¥&@~deelcdy, (1) € F,[x] for all i. o
Corollary 8.28. Let C be an (n, k, §) convolutional code. The following hold:
1. rev(rev(C)) 2 C.
2. There exists a positive integer d, such that xrev(rev(C)) C C.
3. If C is noncatastrophic, then rev(rev(C)) = C.

Proof. 1. Let G be a row-reduced generator matrix for C and let ¢y, ..., c; be the rows of G.
For every 1 < i < k there exists #; > 0 such that x“rev(rev(c;)) = ¢;. Therefore, rev(rev(C)) 2 C.
2. Consider the ascending chain of modules

CcC:xc...cC:x¥c... (8.1.2)

where C : X' = {c(x) € F,[x]" | x’c(x) € C} for ¢t > 0. Since every submodule of F,[x]" is
finitely generated, any ascending chain of submodules of F,[x]" is stationary. This means that
there exists a d such that C : x¢ = C : x' forany t > d. Let ¢ € C, then ¢ = x'rev(rev(c)) for
some ¢t > 0, hence rev(rev(c)) € C : x'. If t < d, then C : x' € C : x“. If instead t > d, then
C: x' = C : x‘. In both cases, rev(rev(c)) € C : x. It follows that C : x? 2 rev(rev(C)). This
implies that

x?rev(rev(C)) C C.

3. For a noncatastrophic code one has {c(x) € F,[x]" | xc(x) € C} = Cforalld > 0 by
Proposition 2.14. Therefore, all the containments in (8.1.2) are equalities. In particular

rev(rev(C)) C C : x? = C C rev(rev(C))
where the first containment follows from 2. and the second from 1. O
The next proposition proves that the generalized weights of C are the same as those of rev(C).
Proposition 8.29. Let C be an (1, k, 6) convolutional code. Then
d,(C) = d(rev(0)),
forl <r<k

Proof. Let D = {cy, ..., )R, be a submodule of C that realizes d,(C) and such that wt(D) =
lsupp({c1, ..., c)p,)l. Let s = max{deg(c;) : 1 <i < r}and let

D = (% Drey(cy),. .., xs_deg(c’)rev(c,)>]pq[x].
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Since 9 C rev(C) and rk (9) = rk (rev(D)) = r, then
d,(rev(C)) < wi(D') < [supp((x’*EVrev(cy), . .., X *Erev(c,))z, )| = wi(D) = d,(C).

To prove the reverse inequality, let D C rev(rev(C)) be a submodule that realizes d,(rev(rev(C))).
By Corollary 8.28 there exists a positive integer d such that x?® C C. Since rk(x?D) = k(D) =
r, then

d,(C) < wi(x'D) = wt(D) = d,(rev(rev(C))).

Therefore
d,.(C) < d,(rev(rev(C))) < d.(rev(C)) < d,(C). O

8.2. Minimal supports

In this chapter we study codewords of minimal support and submodules that realize the gener-
alized weights of a convolutional code. We show that it is possible to calculate the generalized
weights considering only subspaces with special properties. In particular, in Theorem 8.37 we
prove that, in order to compute d,(C), we may restrict to subspaces generated by vectors, whose
degree is bounded by a function of n, k, r and 6, only. Moreover, we show that the generalized
weights are realized by subspaces generated by codewords of minimal support.

Some of the results in this section are similar to those obtained in [GR22, Section 3] for a
large family of support functions and codes over rings. Notice however that the setup of [GR22]
does not apply to our situation, as the Hamming support for convolutional codes is not a support
according to Definition 3.4.

Definition 8.30. Let C C F,[x]" be a convolutional code. A codeword ¢ € C is minimal if its
support is minimal among the supports of the nonzero codewords of C.

It is easy to show that, for a given code, minimal supports correspond uniquely to minimal
codewords, up to a nonzero scalar multiple.

Lemma 8.31. Let C C F,[x]" be a convolutional code. If two minimal codewords u(x), v(x) € C
have the same support, then there exists @ € F, such that u(x) = av(x).

Proof. If u(x),v(x) € C have the same support, then there exists @ € Pfl such that supp(u(x) —
av(x)) € supp(u(x)). By the minimality of the support of u(x), we deduce that u(x) — av(x) =
0. O

In this section, we study the subcodes of C which realize its generalized weights. We start by
showing that if C is a noncatastrophic convolutional code, then each of its generalized weights
is realized by a subspace that contains an element that is not divisible by x.

Theorem 8.32. Let C be a noncatastrophic convolutional code of rank k. For 1 < r < k,
consider the set

U, = {D C Cis asubcode of rk(D) = rand I ¢ € D with c[0] # 0}.

Then
d(C) = min{wt(D) | D € U,}.
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Proof. Let D = {cy,...,¢)r,1q € C be a subcode that realizes the r-th generalized weight and
such that wt(D) = [supp({ci, ..., ¢,)p,)|- Let £ = max{d > 0 : x? | ¢;for1 <i < k}. Since C is
noncatastrophic, by Proposition 2.14 we have that 9 = (¢, /x’, ..., c,/x") € U,. This concludes
the proof, since wt(D) = [supp({cy, . .., ¢, )8, = [supp({ci/x’, ..., c,/x")s)| = Wt(D). ]

Let ¢4 : Fy[x] — F,[x]<s be the linear map given by
¢d’5(a0x + -+ ad_(;xd_‘s +... adxd + e+ anx") =dag-s t+ags X+ ... adx‘s,

where F,[x]<s denotes the set of polynomials of degree at most 6. We can extend this map to
kxn

F,[x]*" by applying ¢, to each entry. This yields the map @, : F [x]*" — F,[x]", given by

Dy 5((m; j(X))ij) = (@as(m; j(X)))i;.

In order to simplify the notation, given a matrix M € Fq[x]kxn, we write M, = @,,(M). The next
lemma follows directly from the definition.

Lemma 8.33. Let M € F, [x]*" be a matrix with entries in F,[x].

1. If each entry of M is divisible by x’ for some ¢ € N, then

Dy s(x™' M) = Dy 5(M).

2. Ifd -6 < deg(M) <d, then

q)d,é(M) = q)deg(M),é—d+deg(M)(M)'

The next lemma is crucial for the proof of Theorem 8.37.

Lemma 8.34. Let C be an (n, k, 0) convolutional code, G a row-reduced generator matrix for
C with memory 6; > 1, M = (m; j(x));; € Fq[x]’Xk, and 1 < 51 < 5, < d = max;;deg(m; ;j(x))
natural numbers. If s, — sy > ¢°'*, then there exist M’ = (m] ;(x));; € F,[x]”* and a natural
number 7 < d’ = max; ; deg(m; ;(x)) such that:

1. s;<t<t+d-d < s,.
2. (M'G), = (MG),.
3. @uis, ar45,-1-1MG) = Oyris, g 45,-1-1(M'G).
Proof. Consider the set F' = {Dg5, 5,-1(MG) : 51 < s < 55} and denote by A the following set

00 C1
A= Dps-1| ¢ | :c;€Cand deg(c;)) <h
h:61 Cr

Since s + d; > 0; and the rows of MG are elements of C of degree smaller than or equal to
s+ 01, then
|F| < |A < g™
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The second inequality follows from observing that there are r rows, each row is a combination
of k generators of C and there are §; possible shifts.

Since s, — 51 = ¢°*, by the pigeonhole principle there exist s; < t < t < s, such that
Dyy5,.6-1(M,G) = Dy, 5,-1(MyG). Let

M =M, + (M- M)x". (8.2.3)

We claim that M’ and ¢ satisfy the statement. Since d > ¢’ > ¢, it follows from equation (8.2.3)
thatd’ =d — ¢ + t and therefore s; <t <t =d+t—d < s,. Moreover

(M’G)t = (MtG + (M - Mt’)xt_t’G)t = (MtG)t = (MG)I-
Finally,

O iiy,a451-1-1 (M G) = gy sy -1 (M + (M = My)x"™)G) =

= Oprisy arv0,-1-1 (MG + Py vy -1-1 (M = M)x™)G) =

= (Dt+61,61—1(MtG) + (Dd’+61+t’—t,d/+61—t—1((M - M;)G) =

= Q5,6 1(MG) + Oy, 0r45,-1-1(MG) = 5,6, 1(Mr G) = Pyis, 016, -+-1(MG),

where the second and third equalities follow from Lemma 8.33, while the last one follows from
the fact that q)t+61,61—1(MtG) = (D['+61’61_1(MI’G). O

Remark 8.35. By Lemma 8.34 we have that
supp(M’G)| < [supp(MG)|.
Indeed

Isupp(M'G)| = |supp(M'G),)| + supp(Dy 16, @ +6,-1-1(M'G))|
= |supp((MG),)| + [supp(Dy+s, ar+s,--1(MG))| < |supp(MG)|.

Since G is a generator matrix of C, the submodules spanned by the rows of MG and M’G are
subcodes of C. Suppose that the submodule generated by the rows of MG realizes d,(C). Since
Lemma 8.34 implies that [supp(M’'G)| < [supp(MG)|, if we had tk(MG) = rk(M’G), then the
submodule generated by the rows of M’G would realize d,(C) as well. However, it may happen
that tk(MG) # tk(M’G), as the next example shows.

Example 8.36. Let C be an (3,2, 1) code in F,[x]? with row-reduced generator matrix

1 0 x
6o 1 5)

Let M € F,[x]**? be the following matrix of degree d = 38

Let s; = 17 and s, = 37. Since s, — 51 = 20 > 16 = 2* = ¢°'*"| we can apply Lemma 8.34 to M
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and G. Let M’ € F,[x]?* be the matrix

, B4 47
We claim that M’ with ¢+ = 20 satisfies the conditions in Lemma 8.34. Indeed, we have that
s1=17<t=20<24=38+20-34 =d+t—-d" < 37. Moreover,

, 0 x'7 0
(M G)ZO = (xn 1 x]g) = (MG)ZO-

Finally, we have that

x13 0 x14

Dss514(M'G)y = ( 0 0 0 ) = D39 14(MG).

Notice that det(M’) = 0 while det(M) = x*® — x**, therefore tk(MG) # tk(M’'G). Notice
moreover that (M’,20) is not the only pair that satisfies the conditions in Lemma 8.34 and that
other pairs may behave differently. For example, consider the matrix M” € F,[x]*? given by

. 5 57

One can verify that the pair (M"”,20) satisfies the conditions in Lemma 8.34 and tk(MG) =
k(M G).

For a matrix M € Fq’"xn and S C{1,...,k}, L C{l,....n}welet M(S, L) denote the submatrix
of M consisting of the rows indexed by S and the columns indexed by L. We are now ready
to prove the main result of this section. It says that, in order to compute generalized weights,
it suffices to look at a subcodes generated by codewords of bounded degree. A similar result
for the generalized Hamming weights of a convolutional code is stated without proof in [RY97,
Yor97].

Theorem 8.37. Let C be an (n, k, 6) convolutional code with memory ¢;. Then, d,(C) is realized
by a subspace generated by codewords of degree at most ((r +2)g°*" + 1)(n(6, + 1) —k+7) + 5.

Proof. If 6; = 0, then d,(C) is realized by a subspace generated by codewords of degree zero
by Proposition 8.19. If §; > 1, let G be a generator matrix for C with memory ¢,. Suppose that
d,(C) is realized by a subspace generated by the rows of MG, where M = (m; j(x)); ; € Pq[x]’Xk
is a matrix with max; ; deg(m; j(x)) > ((r + 2)¢°* + 1)(n(6, + 1) — k + r) + 1 and such that there
exists N C {1,...n} with |[N| = r and MG[R, N] has non-zero determinant, where R = {1, ..., r}.
By Proposition 8.6

dC)y<n,+1)—k+r.

Therefore, there exist s; > s, > --- > 5,3 such that

sp— Sns1 = ¢ and @y, ,(MG) = 0.

—Sr+3

By induction, we define a chain of matrices MV, ..., M"*+? as follows. Applying Lemma 8.34

to M, s;, s,, we obtain MV = (mgl.)(x))i, ;€ Fq[x]’Xk. In the same way, applying Lemma 8.34 to

»J
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M®_ s, s,.1, we obtain a matrix M) = (mg’h;l)(x))Lj € F,[x]"™*. By Lemma 8.34, we have

(MG)S)'JrS = (M(I)G)SHS == (M(r+2)G)5r+3

and
supp(MG)| = [supp(MVG)| = - - - = [supp(M">G)|.

If there exists 1 < & < r+2 such that dett MPG[R, N]) # 0, then d,(C) is also realized by M G
and we conclude since the maximum row degree of MG™ is smaller than that of MG. Else,
compute the determinant of MG[R, N], indicating the monomial operations without solving
them. We obtain

det(MG[R,N]) = Y _ a,x™ ... x".

We rewrite this sum as
det(MGIR,N)) = > S(MG.d. ),
dt

where with S (MG, d, {) we denote the partial sum of those terms a,x*' ... x* that appear in
det(MGIR, N]) such that ) a;, = d and the number of exponents that are greater or equal than
sy+3 1s exactly €. Notice that there exists at least a pair (d, {) such that S (MG, d, ) # O since
det(MG[R,N]) # 0. In the same way we define S(M"G,d, ¢) foreach 1 < h < r +2. By
construction, we have that for each 1 < /i < r + 2 there exists a natural number w;, such that

dettMPG[R, N]) = Z S(MPG,d, ) = Z S (MG, d, 0)x™""O. (8.2.4)
dl d,l

Foreachl <h <r+2,lety, be
y, = max{d : there exists £ such that S (MG, d, ¢) # 0}

and z;, be
zp = min{¢ : S(MPG, y,, £) # 0}.

We prove now that for 0 < < r+ 1 we have that z; > z,,,. Since det(M"*VG[R, N]) = 0, there
exists £ > zj,,; such that S (M*"*VG, y;, 1, 0) # 0. Then, by equation (8.2.4) we have that

Vi = Wit = Wi = Vit = Y — Wit — Wiz,

So, we obtain that z;,,, < £ < zj,. Therefore, we have that r > z; > z, > --- > 7,4, > 0. Since
this is a contradiction, we conclude that there exists & € {1, ..., r} such that det( MW G[R, N]) #
0. O

Even though we do not expect the bound of Theorem 8.37 to be sharp, the theorem implies
that the generalized weights of a convolutional code can be computed by exhaustive search in a
finite number of steps. However, since the upper bound in Theorem 8.37 is large, it does not lead
to a practical algorithm. It would be interesting to better understand under which assumptions
and by how much this bound can be improved.

Question 8.38. Is it possible to sharpen the bound in Theorem 8.37?

In this section we improve the bound of Theorem 8.37 for two families of codes. Proposi-
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tion 8.19 shows that, if 6 = 0, then d,(C) is realized by a subspace generated by codewords of
degree O for all r, while Proposition 8.48 improves the bound of Theorem 8.37 for certain MDS
codes.

In order to further simplify the computation of the generalized weights, we show that they
are realized by subspaces generated by elements of minimal support. This is analogous to what
happens for generalized Hamming weights of linear block codes and in fact for a much larger
class of codes and supports, as discussed in [GR22, Section 3].

Lemma 8.39. Let C be an (n,k,5) convolutional code and let u;,...,u, € C be such that
rk ((ul, e u,)Fq[X]) = r. Then, there exist u}, ..., u,. € C minimal codewords such that

supp(u;) € supp(y;) for 1 <i < rand rk ((u’l, e, u;)Fq[x]) =r
Proof. Let e € C be a minimal codeword with supp(e) € supp(u,). If
rk({e, us, ..., u,)Fq[x]) =,
then let u} = e. Else, we claim that there exists & € F} such that supp(u; — @e) < supp(u;) and
rk({u; — ae,u,, ..., I/tr>]pq[x]) =r

In fact, if rk({u; — ae,ua, ..., u,)5,1)) < r, then there exist pi(x), ..., p/(x), q1(x),...,q,(x) €
F,[x] such that p;(x), gi(x) # 0 and

pixe = pixu; and g1 (X)) - ae) = > giX)u;.
i=2 i=2

Therefore

PG @ur =Y (p1(0gi(x) + aqi()pi(x)u;,
i=2

contradicting the assumption that rk ((u1 e u,)Fq[x]) = r. If u; — ae is a minimal codeword,
let u} = u; — @e, otherwise we repeat this process. Notice that, since at each step the support
becomes strictly smaller, we find a minimal codeword in a finite number of steps. Proceeding
in the same way for up,...,u, we find minimal codewords u},...,u, € C with the desired
properties. |

The next theorem shows that, when computing generalized weights, we may restrict to sub-
codes generated by minimal codewords with the property that the support of each of them is not
contained in the union of the supports of the others.

Theorem 8.40. Let C be an (n,k,0) convolutional code, let 1 < r < k. Then there exist
r minimal codewords uy,...,u, € C such that (ui,...,u,)r q realizes d.(C) and supp(u;)
U supp(u)) for 1 <i <r.

Proof. Let U = (uy,...,u)pq S C realize d.(C) = [supp({ui,...,u})|. Up to perform-
ing Gaussian elimination, we can assume that supp(x;)) ¢ |J jzisupp(u)) for 1 < i < r. By
Lemma 8.39 there exist u], ..., u, elements of minimal support such that supp(x;) € supp(u;)
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forl <i<randrk(U’')=r, where U’ = (uj,..., u,)r,[x- By construction,
wt(U) = [supp({uy, ..., u})| > [supp({ui, ..., u.p| = wt(U’). (8.2.5)

Since d,(C) = wt(U) and rk (U") = r, we conclude that wt(U) = wt(U") and U’ realizes d,.(C).
In addition, supp({uy, .. ., u,}) = supp({u], ..., u.}) by (8.2.5). Therefore

| supp(u)) < ) supp(uy) = |_J supp@s)).
J#i Jj=1 J=1

Finally, since by construction (J,,; supp(u}) € U, supp(u;), we conclude that supp(u;) &
U i supp(@)). m|
8.3. MDS convolutional codes

This section focuses on the generalized weights of MDS and MDP convolutional codes. Propo-
sition 8.6 yields lower bounds for the generalized weights of these two classes of codes. Indeed,
for an MDS code C

dC)>di(CO)+r—1=dp.O)+r—-1=m—-k) (EJ + 1) +8+r (8.3.6)

for 1 < r < rk(C). Similarly, for an MDP code C

dC)>2di(C)+r—1=dpee(C)+r—12>2d;(C)+r—1
) 0
:(n—k>(M+{n_kJ+1>+r
for 1 <r <1k(C).

Proposition 8.6 also provides an upper bound on the generalized weights of any convolutional
code. In this section, we show that this bound can be sharpened when C is MDS or MDP. We
start by showing that, if C is an MDS or MDP convolutional code, then the row degrees of a
row-reduced matrix of C can only take certain values.

Lemma 8.41. Let C be an (n,k, ) a convolutional code, G(x) = (p; j(x));; be a row-reduced
generator matrix for C and 6; = max;deg(p; ;(x)) for 1 <i < k.

1. If C is MDP, then |¢ |

k |8 +k—a,where6 =k [2] —aand 0 < a < k.

<9; <
2. If Cis MDS, then 2| < 6; < [2] + 1.
3. If Cis MDS or MDP and k | 6, then §; = 2.

Proof. Suppose by contradiction that there exists an index i such that §; < L%J Ifk=nandC
is MDS, then

Wt(pi,l(x)a s api,n(x)) <n \‘SJ <d+1= dfree(C)~
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If k < n, then

WE(pi () -, pin()) < m —n Q%J . 1) =
) 10)
:(n—k)(bJ +1) +ka +k—-n
0 0
<(n—k)(hJ +1> +(n-k) LEJ + 1.

If C is MDP, then

(n—k)(FJ +1> +(n—k){ 0 J+1Sdfree(C).
k n-—k

In all cases, the weight of the i-th row is strictly smaller than the free distance of the code, a
contradiction. This proves that ¢; > \_%j forl <i<k.

If k | 6, then ¢6; = % since Y 6; = § and §; > g Else, since §; > L%J and Y6, = 6, then
6 <2 +k-a.

Finally, let C be MDS and suppose that there exists an index ¢ such that 5, > |2| + I.
Consider the submatrix G,(x) obtained from G(x) by deleting the ¢-th row and let C, be the
code associated to G,(x). Then G,(x) is row-reduced and C, € C. By Proposition 8.6 we have

that dgree(Cr) > dfree(C). On the other hand, by Theorem 2.15

S N
diree(Cp) < (n—k + 1) (\‘%J +1> +0 — \‘ZJ +
_2+1:(n—k+1)(EJ +1> +0- EJ -1<

<(n-k) (EJ + 1) + 0 = dpee(C) — 1,

If C is MDS, then

a contradiction. O

As a consequence of Lemma 8.41, we obtain an upper bound for the generalized weights of
an MDS code, that improves bound 4. from Proposition 8.6 whenever k {1 6.

Proposition 8.42. Let C be an (n, k, 6) convolutional code and write 6 = k (ﬂ —awithO <a < k.

di(C)<n (’V%-‘ + 1) —da.

dk(C)§n<{%J +k—a+1> —k+1.

1. If C is MDS, then

2. If C is MDP, then
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Proof. 1. If a = 0, then the bound follows from Proposition 8.6 and Lemma 8.41. If a > 0,
let G(x) be a row-reduced generator matrix for C and let ¢((x),. .., cx(x) be the rows of G(x).

Since C is MDS, then deg(ci(x)) = -+ = deg(ci—a(x)) = [2] and deg(ci_gs1(x)) = -+ =

deg(cy) = L%J For 1 < i < k — a there exist ;y,...,a;, € F, such that the last a entries of

&i(x) = ci(xX) + Y2, @i jxCi_qr j(x) have degree smaller or equal than | ¢ |. Since

rk (E1(x), . . ., EreaX), Chmar1 (X, - . o k(X)) 11) = ki

we obtain that
1)
di(C) < [supp(ci(x), ..., Cr-a(X), Ck—qsr1(X), ..., (X)) < n ([J + 1) - a.

2. The proof is similar to that of part 1. O

The next corollary is a rewriting of the bound for MDS codes from Proposition 8.42.
Corollary 8.43. Let C be an (1, k, 6) MDS convolutional code.

1. If k| 6, then di(C) < (n—k) (S + 1) + 5 + k.

2. Ifkt 6, thendi(C) < (n—k) (|¢] +1) +6+n.

3. If k =n, then di(C) < 6 +k.

A consequence of Corollary 8.43 is that some, and in some cases all, of the generalized
weights of an (n, k,5) MDS code are determined by the code parameters. In particular, the
generalized weights of an MDS code such that k | 6 meet bound 4. from Proposition 8.6.

Proposition 8.44. Let C be an (n, k, ) MDS convolutional code.
1. Ifk=n,thend,(C)=6+r,forl <r<k.
2. If k| 0, then
o
d,(C)=n (% + 1) —k+r,
forl <r<k.

3.1f6 =k [2] —awith 0 < a < k, then
S
d,(C):(n—k)(bJ +1> +0+r,

Proof. The equalities in 1. and 2. are equivalent to d;(C) < dgee(C) + kK — 1. The claims
now follow from Proposition 8.6, more precisely from the fact that the generalized weights are
increasing.

3. Let G(x) be a row-reduced matrix for C. Let C’ C C the subcode generated by the a rows
of G(x) of degree m Then C’ is an MDS (n, a,a L%J) convolutional code. Hence

(n—k)(EJ +1) +5+r§dr(C)Sd,(C’):n(EJ +1> —a+r

forl<r<a.
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for 1 < r < a, where the first inequality follows from (8.3.6), the second from Proposition 8.6,
and the equality from part 2. Since the first and last quantities agree, the thesis follows. O

Proposition 8.44 shows in particular that, if k 1 ¢, then the first a = k (ﬂ — 0 generalized
weights of an (n, k, ) MDS convolutional code are determined by its parameters. We now show
that the other generalized weights are not in general determined by the parameters of the code.
In the next example, we exhibit two MDS codes with parameters (3, 2, 1) with different second
generalized weight. In particular, by Proposition 8.9 this provides an example of MDS codes
with the same parameters (n, k, ), which are not isometric.

Example 8.45. (a) Let char(F,) # 2,3 and let C; C IF‘“L,[x]3 with be the code with generator
matrix

2x x+1 x+1

1 1 2 '
The free distance of C is dfee(C1) = d1(Cy) = 3, as shown in [LP20, Example 3.2]. Since

lsupp({(2x, x + 1, x + 1), (x, x, 2x))g,| = 5,

we have that d>(C;) < 5. We claim that d,(C;) = 5. Assume by contradiction that there are
¢y, ¢ € Cy such that [supp({cy, ¢2)r,)| < 4 and rk({c1, ¢2)r, 1) = 2. Then there exists ¢ € {c1, ¢2)F,
such that wt(c) = 3 and ¢ has a zero entry. Let p(x), g(x) € F,[x] such that

¢ = (p(x) + 2xq(x), p(x) + g(x)(x + 1), 2p(x) + g(x)(x + 1)).
Since ¢ has a zero entry, then p(x), g(x) # 0. Moreover:
o If p(x) + 2xq(x) = 0, then

wt(c) = wt(g(x)(=x + 1)) + wt(g(x)(1 — 3x)) = 4.

o If p(x) + (x + I)g(x) = 0, then

wt(c) = wt(g(x)(x — 1)) + wt(—g(x)(x + 1)) = 4.

o If 2p(x) + g(x)(x + 1) = 0, then
wt(c) = wt <%q(x)(3x - 1)) + wt (%q(x)(x + 1)) =4,

Therefore wt(c) = 4, which yields a contradiction. We conclude that d,(C;) = 5.
(b) Let char(F,) # 2,3 and let C, € F, [x]? be the code with generator matrix
(2x x+1 0)
1 1 2)°
It is easy to check that d,(C,) = 3. Moreover

Isupp({(2x, x + 1, 0), (x, x, 2x))z )| = 4,
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hence d,(C,) = 4 by Proposition 8.6.

Next we produce a new upper bound for the last kK — a generalized weights of an MDS con-
volutional code, in the case when they are not determined by the parameters of the code. To
an (n, k,6) convolutional code C = (cy, ..., cx)r,[q We associate the linear block code C[0] =
(1101, ..., cx[0])g,. Notice that, if C is MDS, then dim(C[0]) = k. In the next proposition, we
establish a relation between the last k —a generalized weights of C and the first k —a generalized
Hamming weights of C[0].

Proposition 8.46. Let C be an (n, k, ) MDS convolutional code. If 6 = k (ﬂ —awith0 < a <k,
then

dar(C) < (n — k) ( EJ + 1) + 6 + a +min {d! (C[0]), d] (rev(C)[0]) }
forl <r<k-a.

Proof. We start by showing that

d,. (C) < (n—k) ( EJ + 1) +6 +a + d"(C[0]).

Since C is MDS, by Lemma 8.41 there exist ¢y, ..., ¢, such that C = (cy, ..., ci)r, [, deglcr) =
-+ = deg(c,) = m and any element of {(c4+1,- .., Ci)r, [y has degree greater than or equal to
L%J +1.Ifce <C1, A ,Ca>]pq, then

wt(c[0]) = dee(C) — 1 {gJ =n—a-+l1.

Since dj’ ,(C[0]) < n—a, if U C C[0] realizes d(C[0]), then UN{(c[0], ..., c,[0])s, = 0. There-
fore, there exist ¢}, ..., ¢, € C withdeg(c)), ..., deg(c,) = [¢] such that U = (c{[0], ..., c,[0])z,.
Let D =(c},..., ¢, XC1y - .+, XCa)7,[x)- Then

s Lo

k (D) =1k ((c’l, s Oy ,ca)Fq[x]) >
> dim ((c{[0], ..., c/[0],¢1[0], ..., c0Dg,) = a+r.

Therefore rk(9) = a + r and
dyr(C) < WHD) < |supp({c], ... C), xC1y. ..y xC,))| <
<(n—-k) {Z—‘ + 0 + a + dy(C[0]).
In fact, ¢}[0], ..., c/[0] contribute d,(C[0]) to the size of the support and the rest contributes at

most 7 (‘ﬂ =(m-k) ﬁﬂ + 0 + a. Since the same inequality holds for rev(C), we conclude by
Proposition 8.29. O

The next example shows that the bound from Proposition 8.46 is sharp, at least in some cases.

Example 8.47. Letn = 3, k = 2, 6 = 1, hence a = 1. Proposition 8.44 states that the
free distance of an MDS code C with these parameters is 3. By Proposition 8.46 the second
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generalized weight of C is at most 5, since dim(C[0]) = 2 and a linear block code of dimension
2 has minimum distance at most 2. Therefore, d>(C) € {4, 5}.

Let F, be a field of characteristic different from 2,3 and let C; and C, be the codes from
Example 8.45. Then C;[0] = ((0, 1, 1), (1,0, 1))z, , rev(C1)[0] = (1,0, -1),(0, 1, 3))g,, C2[0] =
((0,1,0),(1,0,2))g,, and rev(C,)[0] = ((2, 1,0),(1,0,-2))r,. By Proposition 8.46, d»(C;) < 5
and d,(C,) < 4. Notice that not only both codes meet their respective bounds, but also all
the possible values for the second generalized weight of a (3,2, 1) MDS convolutional codes
predicted by Proposition 8.46 are realized by some code.

One may ask whether the upper bound from Proposition 8.46 is in fact an equality. If this
were the case, then the generalized weights of an MDS code would be realized by subspaces
generated by codewords of degree at most (ﬂ This would answer Question 8.38 for MDS
codes. We conclude this section with a result in this direction. In particular, the next result
applies to a reverse MDP code, such that n — k | 5. See [TRS12] for the definition and a proof
of existence of reverse MDP codes.

Proposition 8.48. Let C be an (n, k, ) sMDS convolutional code such that rev(C) is MDP. Then,

d,(C) 1s realized by a subcode generated by codewords of degree smaller than L%J + {ﬁw + 1.

Proof. By Theorem 8.40 we have that d,.(C) is realized by a subcode D generated by minimal

codewords cy, ..., ¢, such that supp(c;) < | =i Supp(c)) for 1 < i < r. If there exists i such that

¢; has degree greater or equal to L%J + {ﬁ-‘ + 1, then
wit(c;) = diee (C) + n—k + 1,
since C is sSMDS and its reverse is MDP. We conclude that

wt(D) > dee CO)+n—k+r1r =

:(n—k)(EJ +1) +0+n+1+r-k

This contradicts bound 1. or 2. in Corollary 8.43, since D realizes d,(C). O

8.4. Optimal anticodes

In this section we prove an anticode bound for convolutional codes and define optimal convolu-
tional anticodes as the codes that meet the anticode bound. We give a complete classification of
optimal anticodes and we compute their generalized weights. We start by recalling the anticode
bound for linear block codes with the Hamming metric that follows from Theorem 5.2.2. It also
follows from direct inspection of the reduced row echelon form of a generator matrix of the
code.

Theorem 8.49. Let C C F] be an F;-linear code. Then
dim(C) < maxwty(C).

A convolutional code contains codewords of arbitrarily large weight. However, any finite
dimensional subspace contains a finite number of codewords, therefore one can define its max-
imum weight in the usual way.
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Definition 8.50. Let C C F,[x]" be an (n, k, ) convolutional code and let U C C be a finite
dimensional vector space. The maximum weight of U is

maxwt(U) = max{wt(u) | u € U}.
The maximum weight of C is
maxwt(C) = min{maxwt(U) : U is an FF,-linear subspace of C and rk ((U )Fq[x]) = 1k(C)}.
Remark 8.51. For an (n, k, §) convolutional code C one has

maxwt(C) = min{maxwt(U) : U is an F,-linear subspace
of C and dim(U) = k = 1k ((U)g,1x)}-

In fact, every F,-linear subspace V C C which generates a subcode of rank k contains a k-
dimensional IF -linear subspace U C V such that U generates a subcode of rank k and wt(U) <
wt(V).

As a consequence of Theorem 8.49 we obtain a bound for convolutional codes that we call
anticode bound, in analogy with the Hamming metric case and the sum-rank metric case.

Theorem 8.52 (Anticode bound). Let C C F,[x]" be an (n, k, ) convolutional code. Then
rk(C) < maxwt(C).

Proof. Let U be an F -linear subspace of C such that rk({(U)g, ) = k and let d = max{deg(c) :
¢ € U). There exists an F-linear homomorphism ¢ : U — Fj“*" such that wt(c) = wty(¢(c))
for all ¢ € C. Since dim(U) = dim(¢(U)) and maxwt(U) = maxwty(¢(U)), by Theorem 8.49
we conclude that

rk(C) = rk ((U)Fq[x]) < dim(U) < maxwty(p(U)) = maxwt(U).
Since the inequality holds for every F,-linear subspace U C C, we conclude. O
Definition 8.53. A convolutional code A is an optimal (convolutional) anticode if
rk(A) = maxwt(A).

The next proposition shows that two optimal anticodes with the same rank have the same
generalized weights, when g # 2.

Proposition 8.54. Let g # 2 and let A C FF,[x]" be an optimal anticode. Then d,(A) = r for
1 <r < 1k(A).

Proof. Since A is an optimal anticode, there exists an IF -linear subspace U such that rk(A) =
rk ((U )qu) = maxwt(U). Let ¢ be as in the proof of Theorem 8.52. By Theorem 8.49

rk ((U}Fq[x]) < dim(e(U)) < maxwty(p(U)) = maxwt(U).

Then ¢(U) is an optimal anticode in the Hamming metric. Since g # 2, ¢(U) is generated by
a subset of the standard basis of F; by [Rav16a, Proposition 9]. In particular, |[supp(e(U))| =
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maxwty(¢(U)). Since [supp(U)| = |supp(¢(U))|, we have that
|supp(U)| = maxwt(U) = dim(U) = rk(A).

This implies that dy ) (A) < rk(A). Since 1 < dj(A) < ... < dya(A) < 1k(A) by Proposi-
tion 8.6, we conclude. O

The assumption that g # 2 in the previous proposition is necessary, as the next example
shows.

Example 8.55. Let A = ((1,1,0),(1,0, 1))g,y- A is an optimal anticode, since rk(A) = 2 =
maxwty({(1,1,0), (1,0, 1))r,) > maxwt(A). However, d,(A) = 2 and d,(A) = 3 by Proposi-
tion 8.19.

The next result is the converse of Proposition 8.54. Notice that, in this case, we do not need
to assume that g # 2.

Proposition 8.56. Let A C F,[x]" be an (n, k, 6) convolutional code. If di(A) = k, then A is an
optimal anticode.

Proof. Let U be an F,-linear subspace of A such that di(A) = [supp(U)| and rk ((U )Fq[x]) = k.
By Theorem 8.49

maxwt(U) < [supp(U)| = k < dim(U) < maxwt(U).

Therefore maxwt(U) = k > maxwt(A), so A is an optimal anticode by Theorem 8.52. O

Because of the generalized-weight-preserving correspondence between (n, k, 0) convolutional
codes and (n, k) linear block codes, the next result is not surprising.

Proposition 8.57. An (n, k, 0) convolutional code C C F,[x]" is an optimal anticode if and only
if C[0] € F is an optimal anticode with respect to the Hamming metric.

Proof. If C[0] € F} is an optimal anticode with respect to the Hamming metric, then
maxwt(C) < maxwt(C[0]) = dim(C[0]) = k,

where the last equality follows from Proposition 8.18. Therefore, C is an optimal anticode.
Conversely, suppose that C is an optimal anticode. If ¢ # 2, by Proposition 8.19 and Propo-
sition 8.54 we have that

dim(C[0]) = k = di(C) = d;(C[0]) = |supp(C[O])| = maxwt(C[0]).

Therefore dim(C[0]) = maxwt(C[0]) by Theorem 8.52 and C[0] is an optimal anticode. Let
g = 2. Since C is an optimal anticode and by Theorem 8.40, there exists U = {c¢1(x), . . ., cx(x))r,
such that k = 1k ((U)p, ) = dim(U) = maxwt(U) and supp(c,) & [J,,; supp(c;(x)) for 1 < j <
k. This implies that [supp(} .. i ci(x))] = k—1for 1 < j < k. Moreover, [supp(>_ c¢;(x))| > k,
therefore equality must hold. It follows that every element of supp(c;), except for the one that
belongs to no supp(c;) for i # j, must belong to supp(> .. ; ¢;(x)). This implies that wt(c;(x)) < 2
forl < j<k. Let

i#j

V={cl0],...,ci[deg(c))] : 1 <i <k}
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Since c¢;(x) € C for all i, then ¢;[ j] € C[0] for O < j < deg(c;). Therefore V C C[0]. Moreover,

k = tk((U)r, 1) < tk((V)g, 1) < 1K(C) = k

from which

k = 1k((V)p,1x) < dim((V)g,) < dim(C[0]) = k.
It follows that V' = C[0]. Therefore, there exist aj,...,ar € (V)g, that satisfy the following
conditions:

. <Cl], s ’ak>Fq = C[O]’

e wt(a;) =+ =wt(a,) = 1 and df {a,,1, ... ,a)F,) =2 forsome 1 < r <k,

d U::1 supp(a;) N Uf:r+l supp(a;) = 0,

o forr+1< j<k, thereexist1 < j<kand 0 < j < deg(c;) such that a; = ¢; [j].

Since wt(aj) = 2 for r + 1 < j < k, up to permuting ¢{(x), ..., ck(x), we may assume with-
out loss of generality that c;(x) = c¢;[deg(c;)]x*¢) for r + 1 < j < k. In particular, a; =
cjldeg(c;)]. Fix 1 <i < r. Suppose that supp({{c;[0], ..., ci[deg(c)1})) € supp(@ys1,-..,ar)),
then (c¢;(x), ¢,+1(X), . . ., ck(X))5, [y € Grs15 - - > A1)7, [, DUt this is a contradiction since rk({c;(x),
Cr1(X)s s k(X)) = k — r + 1 while tk({a,41, ..., ai)r,y) = k — r. If instead we as-
sume that [supp({{c;[0], ..., c;[deg(c)]})) N supp({a,+1,...,ar))| = 1, we again find a contra-
diction since d¥({a,,1, . ..»ap)r,) = 2. Therefore supp({{c;[0], ..., ci[deg(c)] : 1 <i<r})) C
supp({ai, . . ., a,)), hence |J;_, supp(c:(x)) N Uf;r L1 supp(ci(x)) = 0.

Suppose by contradiction that maxwt(C[0]) > k+ 1. Then there exists I C {1, ..., k} such that

k+1<wt <Za,~> = wt (Za,) + wt (Z ai) )
i€l i€S i€el\S

where S = IN{r+1,...,k}. Since wt(} ;. g @) = [[\ S| < r, then wt(}_ g a) > k—r+ 1.
Therefore

wt (Zr: ci(x) + Z c,-(x)) = wt (i c,-(x)) + wt (Z c,-(x)) >r+ wt (Z ai> >k+1,
i=1 ieS i=1 ies ics

contradicting the assumption that C is an optimal anticode of rank k. Therefore we conclude
that maxwt(C[0]) = k, that is, C[0] is an optimal anticode. O

The rest of the section is devoted to classifying optimal anticodes. We start by introducing
the concept of elementary optimal anticode.

Definition 8.58. A code A C F,[x]" with rk(A) = k is an elementary optimal anticode if there

existaset J = {j,..., ji} with 1 < j; <--- < jir < n and non-negative integers a, . .., a; such
that A = (c1(x), ..., cx(x))s, 1, Where for 1 < i < k the only nonzero entry of ¢;(x) is x* in
position j;.

Lemma 8.59. Every elementary optimal anticode is an optimal anticode.
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Proof. Let A be an elementary optimal anticode. By definition A = {(c¢1(x), ..., cx(x))z, 1
where for 1 < i < k the only nonzero entry of c;(x) is x* in position j;. Then, maxwt(A) <

maxwt(U) = k = 1k(A), where U = {ci(x), ..., cx(x))r,. We conclude by Theorem 8.52. O

Theorem 8.60 (Characterization of optimal anticodes). Let ¢ # 2 and let A C F,[x]" be a code.
Then: A is an optimal anticode if and only if there exists an elementary optimal anticode A’
such that rk(A") = rk(A) and A’ C A.

Proof. <) If A contains an elementary optimal anticode A’ of the same rank, then by Proposi-
tion 8.6, Lemma 8.59, and Proposition 8.54

dia)(A) < diary(A') = 1k(A") = 1k(A).

Therefore (A is an optimal anticode by Proposition 8.56.
=) Assume that A is an optimal anticode. By Proposition 8.54 we have that d#)(A) =
rk(A). Then there exists an F,-linear subspace U of A such that

lsupp(U)| = dim(U) = rk ((U)g, 1)) = rk(A).

Therefore U is generated by elements of rank 1, which are supported on distinct entries. The
same elements generate the elementary optimal anticode A’ as an F,[x]-module. O

Notice that not all optimal anticodes are elementary, as the next example shows.

Example 8.61. Let A = ((1,x),(x,0))r [ be a code. It is easy to show that A is not an
elementary optimal anticode. However A" = {(x, 0), (0, xz))Fq[X] C A is an elementary optimal
anticode with generalized weights d;(A’) = 1 and d(A’) = 2. By Proposition 8.6, A has the
same generalized weights as A’, so A is an optimal anticode by Proposition 8.56.

We conclude this section with a proof that the dual of an optimal anticode is an optimal
anticode, provided that g # 2.

Lemma 8.62. Let ¢ # 2. Every optimal anticode A C F,[x]" with rk(A) = r is contained in a
code generated over F,[x] by r vectors of the standard basis of Fy.

Proof. Since A is an optimal anticode, by Theorem 8.60 there exists an elementary optimal
anticode A’ C A such that rtk(A’") = rk(A) = r. We may assume without loss of generality that
A’ 1s maximal with respect to inclusion among the codes with those properties. By definition
A’ has a system of generators consisting of r vectors of weight 1, let 7y, ..., i, be the positions
of the nonzero entries in the generators of A’. Suppose that there exists ¢ € A \ A’ which has
a nonzero entry in a position different from iy, ...,i, and let 8 = A" + (c)p, ). Then B C A
and rk(8) = rk(A) + 1. This is a contradiction, showing that A C {(e;, ..., e; ) [x], where ¢
denotes the i-th standard basis vector of F. O

Corollary 8.63. Let ¢ # 2. The dual code A" of an optimal anticode (A is an elementary
optimal anticode generated by vectors of the standard basis of Fy.

Proof. Let tk(A) = r, then rk(A*+) = n — r. By Lemma 8.62, A is generated by cy, ..., ¢, with
wt(cj) = 1for1 < j<r. Leti;€{l,...,n}be the position of the nonzero entry of ¢;, 1 < j <r
and let J = {1,...,n} \ {i1,...,i}. Consider the elementary optimal anticode B = ({e;}jc/)r,[x-
It is easy to check that 8 C A*+. Moreover, any module that properly contains 8 has rank larger
than n — r. We conclude that A+ = B. O
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Corollary 8.64. Let g # 2. An optimal anticode A C F,[x]" of rank r is noncatastrophic if and
only if is generated by r vectors of the standard basis of Fj.

Proof. A code generated by r vectors of the standard basis of F; is an elementary optimal
anticode and it is noncatastrophic by Proposition 2.14. Conversely, let ‘A be a noncatastrophic
optimal anticode. Then A = (A*)* and we conclude by Corollary 8.63. O

The conclusions of Lemma 8.62, Corollary 8.63, and Corollary 8.64 do not hold over F,, as
the next example shows.

Example 8.65. Let A = ((1, 1,0), (1,0, 1))g,(, be the optimal anticode from Example 8.55. Itis
clear that A is not contained in any subcode of F,[x]* generated by two vectors of the standard
basis of IF% Moroever, it is easy to show that A+ = ((1, 1, 1))g,[y, in particular A+ is not an
elementary optimal anticode. Finally, A is noncatastrophic by Proposition 2.14, but it does not
contain any vector of weight 1.
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9. Generalized column distances

In this chapter, we continue our investigation of the mathematical structure of convolutional
codes by introducing a new family of invariants: the r-generalized column weights. A no-
tion of generalized column weight for the j-truncation of a convolutional code was given by
Cardell, Firer, and Napp in [CFN17], for the special case of noncatastrophic convolutional
codes. Later in [CNF19] the same authors modified their definition and introduced unrestricted
generalized column distances of noncatastrophic convolutional codes, which they further stud-
ied in [CFN20].

Here, we extend the definition from [CFN17] to any convolutional code. For each r and j
we obtain the (7, j)-generalized column weight of the code. By taking the limit of the (r, j)-
generalized column weight of a code as j tends to infinity, we define its r-generalized column
weight. This produces new invariants of a convolutional code, whose basic properties we study
in this chapter. Notice that (r, j)-generalized column weights are not invariant under isometry,
not even in the special case of noncatastrophic convolutional codes, as was already observed
in [GL09, CEN17]. Motivated by this observation, we introduce the notions of j-equivalences
and equivalences of convolutional codes and show that (r, j)-generalized column weights are
invariant under j-equivalences. Moreover, we show that r-generalized column weights are in-
variant both under equivalence and under isometry. In addition, we investigate the relations
between generalized column weights and other invariants of convolutional codes, including the
unrestricted generalized column distances defined in [CNF19] and the generalized weights de-
fined in Chapter 8.

This chapter is organized as follows. In Section 9.1 we introduce j-equivalences and equiv-
alences and we study their basic properties, including their relation with isometries and strong
isometries. In Section 9.2 we define (7, j)-generalized column weights and r-generalized col-
umn weights. We then establish some crucial properties of these invariants, e.g., we show that
they are invariant under j-equivalences, equivalences, and isometries (see Proposition 9.22,
Corollary 9.23, and Theorem 9.24 for the precise statements). In Section 9.3 we discuss the re-
lation between generalized column weights and unrestricted generalized column distances and
generalized weights.

9.1. Equivalences and j-equivalences

In this section we define j-equivalences and equivalences of convolutional codes. We study
their main properties and their relation with isometries of convolutional codes. We start by
recalling the definition of isometry and of strong isometry.

Definition 9.1. An F,[x]-isomorphism of convolutional codes ¢ : C; — C, is an isometry if
wt(c) = wt(¢(c)) for all ¢ € C;. If in addition deg(c) = deg(¢(c)) for all ¢ € Cy, then ¢ is a
strong isometry.

Isometries of convolutional codes have been classified by Gluesing-Luerssen in [GL09].

Theorem 9.2 ( [GLO09, Theorem 4.1]). Let C,C, € F,[x]" be convolutional codes and let ¢ :
Ci1 — C, be an isometry. There exist a permutation matrix P € GL,(FF,) and a diagonal matrix
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D = diag(a;x™,...,a,x™) where a,...,a, € Pfl and my, ..., m, € Z such that ¢(c) = cPD for
allc € C.

Motivated by the observation that generalized column distances as defined in [CFN17] are
not invariant under isometries or strong isometries, we propose a definition of j-equivalence of
convolutional codes. In the next section, we show that j-th generalized column distances are
invariant under j-equivalences.

Definition 9.3. For each j € Ny, an F,[x]-isomorphism of convolutional codes ¢ : C; —
C, is called j-equivalence if ¢ : (Ci)p,;; — (C2)po,j; s @ Hamming weight-equivalence, i.e.,
wt(cpo, ;1) = Wt(é(c)po,j) for all ¢ € C;. We say that ¢ is an equivalence if it is a j-equivalence for
all _] € Np.

The next proposition follows easily from the definition. It collects some of the basic proper-
ties of j-equivalences.

Proposition 9.4. Let j € Ny and let ¢ : C; — C, be a j-equivalence. The following hold.
1. 7' : C, — C, is a j-equivalence.
2. dim(C))p = dim(Cy)p, for any 0 < h < i < j. In particular, dim(C,[0]) = dim(C,[0]).
3. Let D C C, then ¢ [y is a j-equivalence.
4. Ity : C, — C5 is a j'-equivalence, then ¥ o ¢ is a min{j, j'}-equivalence.
5. If ¢ : C3 — Cy is a j'-equivalence, then ¢ o ¢ is a min{}j, j'}-equivalence.
6. If Yy : C3 — C4is a j'-equivalence, then ¢ X ¢ is a min{}j, j'}-equivalence.
In the next lemma, we collect a few more facts on j-equivalences.
Lemma 9.5. Let j € Ny, and let ¢ : C; — C, be a j-equivalence. Then:
1. ¢isa j-equivalence for 0 < j’ < j.

2. ¢ induces a Hamming-weight equivalence ¢ : (C)jni; — (Co)pny for0 < h <i < j.
In particular, Wt(C[,",'J) = Wt(¢(C)[,",'J) forO0<i< ]

Proof. To prove the first part of the thesis, it suffices to show that if ¢ is a j-equivalence then it
is also a (j — 1)-equivalence. Let ¢ € C;. Since wt(cyo,j-17) = Wt((xc)jo,;1), we have that

wt(cpo,j-171) = Wt((x0)po,j1) = WHB(xC)po,57) = WE((xdp(c))o,j1) = WtP(O)po,j-11)-

It follows that ¢ is a (j — 1)-equivalence.
To prove that the restriction ¢ : (C))niy — (C2)pi 1s @ Hamming-weight equivalence for
0 < h <i < j, observe that for any c € C,

wt(cpn,) = Wt(ep,i) — Wt(cron-17) = WHA(C)p0,i) — WHP(Ojo,n-17) = WHP(CO)pnip)- m|

Remark 9.6. Fix j > 0. A j-equivalence may not be an isometry and vice versa, as the follow-
ing examples show.
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(@) Let Cy = {(1, x, 1)),y and Ca = {(1, x, x))r,[)- The Fy[x]-linear map ¢ : C; — C, given
by ¢((1, x, 1)) = (1, x, x) is an isometry, but not a 0-equivalence.

(b) LetCy = ((1, %%, x*))5,(q and C; = (1, x*, X’ +x*))g, y. The F,[x]-linear map ¢ : C; — C;
given by ¢((1, x%, x*)) = (1, x2, x* + x*) is a 3-equivalence, but not an isometry.

While a j-equivalence for a fixed value of j may not be an isometry, every equivalence is a
strong isometry.

Proposition 9.7. An equivalence between convolutional codes is a strong isometry.

Proof. Let ¢ : C; — C, be an equivalence and let ¢ € C;. Since ¢ is a j-equivalence for all
j = 0, we obtain that

wt(c) = 111_210 wt(cpo,j) = JILTEIO wt(@()o,1) = Wt(¢(0)),
i.e., ¢ is weight-preserving. Moreover, wt(c; ;) = wWt(é(c)j;;;) for all i > 0 by Lemma 9.5, hence
¢ is degree-preserving. |
Notice that a strong isometry may not be an equivalence, as the next example shows.

Example 9.8. Let C, = (1, x%)), C, = {(x, x?)). Then ¢ : C; — C, defined as ¢(p(x), x*p(x)) =
(xp(x), x*p(x)) is a strong isometry which is not a 0-equivalence, hence not an equivalence.

The next theorems provides us with a simple characterization of equivalences.

Theorem 9.9. Let ¢ : C; — (C, be an equivalence of convolutional codes. There exist a
permutation matrix P € GL,(F,) and a diagonal matrix D = diag(a,, ...,a,) witha, ..., a, € F,
such that ¢(c) = ¢PD for all ¢ € C;. In particular, every equivalence can be extended to an
isometry of F,[x]".

Proof. The statement follows by combining Proposition 9.7, Theorem 9.2, and Lemma 9.5. O

The next proposition provides us with an effective criterion to check whether an isomorphism
of convolutional codes is an equivalence.

Proposition 9.10. Let ¢ : C; — C, be an F,[x]-isomorphism of convolutional codes. Let
c1,...,c; be abasis of C; and let t = max{deg(cy), ..., deg(cy),deg(d(cy)),...,deg(d(c))}. If ¢
is a j-equivalence for some j >z, then it is an equivalence.

Proof. By Lemma 9.5 it suffices to prove that, if ¢ is a j-equivalence for some j > t, then it is
also a (j + 1)-equivalence. This is equivalent to showing that wt(cjs1, j+17) = @(cyjs1,j+17) for all
c € C, since

wt(cpo, j+17) = Wt(cpo,j1) + Wt(cpjst,j+17) = WHA(O)j0,1) + WE(Cpjr1,j+11)

and
WH(G(O)o,j+11) = WHP(C)po,7) + WHA(C)j+1,j417)-

Letc = p1(x)cy + -+ - + pr(x)ci € C and let

1
&= (1) = prOer + -+ (i) = pulO)er) € C.
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Since j > ¢ = max{deg(c)), ..., deg(cr),deg(¢(c1)), ..., deg(¢(cr))}, then cpjuy j+1) = xcyj;; and
d(C)pjs1,j+11 = X¢(C)(;j7- As a consequence, we obtain

wt (crjerjen) = Wt (G) = Wt (@@rip) = Wt (@O jen)
which concludes the proof. O

Corollary 9.11. Let ¢ : C; — C; be an isometry of convolutional codes. Let §; be the memory
of C,. If ¢ is a 6;-equivalence, then it is an equivalence.

Proof. Let cy,...,c, be a row reduced basis of C; such that §; = deg(cy) > deg(cy) > ---
deg(cy). Since ¢ is an isometry and a d;-equivalence, we obtain that deg(¢(c;)) < 6, for 1 <i
k. We conclude by Proposition 9.10.

O IN IV

Remark 9.12. (a) Remark 9.6 (a) is an example of an isometry ¢ of codes with ; = 1, which
is not an equivalence. Since ¢ is not a 0-equivalence, it is not a 1-equivalence.

(b) When 6, = 0, Corollary 9.11 yields the MacWilliams Extension Theorem for linear block
codes. Notice however that this is not a new proof of the MacWilliams Extension Theo-
rem, as the proof of Theorem 9.2 relies on it.

The next theorem provides us with a description of j-equivalences.

Theorem 9.13. Let ¢ : C; — C; be a j-equivalence of convolutional codes. There exist a
permutation matrix P € GL,(F,) and a diagonal matrix D = diag(a,, ...,a,) witha, ..., a, € IF;
such that ¢(C)[Q’j] = C[(),j]PD for all c € C;.

Proof. LetCy = (ci, ..., ks, and define Cy, C; as
Ci = {(c),g1s - - -» (o, j)F 1 and Ca = (d(c)o,15 - - - » BCO0,1)F, 11-
Notice that for every ¢ € C; there exists ¢ € C; such that & j; = cjo ;- Indeed, we have that

k k
Clo,j1 = (Z Pi(X)Ci> = (Z Pi(x)((ci)[o,j] + (Ci)[j+l,deg(c,-)])>
=1 [0,/1 [0,/]

i=1

k
= <Z Pi(X)((Ci)[O,j])> = Cpo,j1-
i=1

[0./]

9.1.1)

Moreover, the j-equivalence ¢ induces an F,[x]-linear isomorphism ¢ between C; and C, de-
fined by @((¢)o,j1) = ¢(cio,jy for 1 < i < k. Since ¢ is a j-equivalence, then

k k
wt (€po.1) = wt (Z Pi(x)(ci)[o,j]) = wt <Z pi(X)Ci>
i=1 i=1

[0./1 [0.4]

k k
= wt (Z Pi(x)¢(0i)) = wt (Z Pi(x)¢(ci)[0,j]> = wt <¢(5’)[o,j]) ,
i=1 [0,/1 [0.41

i=1
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and therefore also ¢ is a j-equivalence. Moreover, since

J = max{deg((ci)o,j1), - - - » deg((c)o, 1), deg(@d(ci)o,j1)s - - - » deg(@d(cio, )}

then ¢ is an equivalence by Proposition 9.10. By Theorem 9.9 there exist a permutation matrix
P € GL,(F,) and a diagonal matrix D = diag(a,...,a,) witha,...,a, € F, such that ¢(c) =
¢PD for all ¢ € C,. For ¢ € C, following the notation of (9.1.1), we have that

k k
#0101 = <Z pi<x>¢(cl->) = (Z pi<x)¢<ci)[o,ﬂ>
i=1 (0,1 [0,]

i=1

= (0o, = (€PD)po ;1 = Cpo,jPD = cpo,yPD,

which concludes the proof. O

9.2. Generalized column weights

A generator matrix G of an (n, k, §) convolutional code C can be expressed as G = ) | G;x' with
G; € F*". The j-truncated sliding generator matrix G¢ is defined as

Gy Gi ... G;
G = 0 Go ... Gj e FKU+Dxa(+D)
0 ... 0 Gy

For j > 6;, we define the matrix G¢ as

Go G ... Gy o ... O
G = 0 Go ... Gs.1 G5, - O € FrU+Dxn(j+1+61)
j .. . . . . q :
0O ... 0 Go G ... Gg

The j-truncated code or j-truncation of C is
C() ={0" v, ... W)GS v e Fy v’ # 0} C VY.

Equivalently,
C() = {(p(D)G).j1 : p(x) € Fylx]", p(0) # 0} € C.
Notice that it may happen that 0 ¢ C(j), so C(j) is not a vector space in general. However, one
always has C(0) U {0} = C[0] < IF‘Z.
We recall that for every j > 0 the j-th column distance of a convolutional code C is defined

as
dj(C) = min wtC(j) = min {Wt ((vo,v], ... ,vj)G;) Ve F’;,vo # 0} .

It follows from the definition that d5(C) < d5,,(C) for j > 0.
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When G has full rank, we have the equivalent formulation
d5(C) = min {wt (cj0,5(x)) : c(x) € C and c(0) # 0} .

This is the case in particular whenever the code is noncatastrophic. It follows that d;(C) > 0 if
Gy has full rank and j > 0. In the case of catastrophic convolutional codes and more precisely
for codes such that Gy does not have full rank, it may be that d5(C) = O for some j > 0.

However, the following proposition shows that for every C there exists a j such that d;(C ) > 0.

Proposition 9.14. Let C be an (1, k, §) convolutional code. There exists 7 > 0 such that a’;;(C) >
0.

Proof. Letcy, ..., ¢ be arow reduced basis for C. Since d5(C) is a weakly increasing function
of j, the thesis is equivalent to d5(C) > 0 for j sufficiently large. If d5(C) = 0 for every
Jj = 6, then for every j > 6, there exists v; € F;/*" such that v} # 0 and v,GS = 0. By
construction, the first n(j + 1) entries of v;G¢" are equal to 0. By the pigeonhole principle there
exist 6y < j; < j, such that the last no, entries of v;, G?l’ coincide with the last nd; entries of
v;,G¢,’. This implies that there exists two elements 51,5, € C (corresponding to v; G5 and
vszjz'), polynomials py, ..., pr.q1,- - -, qr, and two indices 1 < iy, i < k such that s; = > pici,
s5 =Y. qici, pi,(0) # 0, ¢;,(0) # 0, and x>~ /1s; = s,. Since

k k k
XN " piei =Y gici, then Y (X7 pi = gi)e; = 0.
i=1 i=1 i=1

As q,(0) # 0, we have that x>/ p;, — g;, # 0. This contradicts the assumption that ¢, ..., ¢ is
a basis of C. We conclude that there exists a j such that d;é(C) > 0. O

In [CFN17], the authors introduce the concept of j-th generalized column distances for non-
catastrophic convolutional codes. In this chapter, we extend their definition to arbitrary codes
and establish some properties of these invariants. Notice that our terminology slightly differs
from that of [CFN17] and we call (r, j)-generalized column weights the j-th generalized column
distances of [CFN17].

Definition 9.15. Let C be an (n, k, 6) convolutional code and G a generator matrix for C. For
every j > 0and 1 < r < k we define the (7, j)-generalized column weight as

d5(C) = min {|supp{(viGS,...,v,G} : v; e V"V and dim ((v],...,v)g,) =1} .

We say that vy, ..., v, € Fy/*" realize the (r, j)-generalized column weight with respect to G if
dim ((v{,...,v)g,) = rand di(C) = |supp{v; G, ..., v,G}I.
Finally, we define the r-generalized column weight as

d'(C) = lim d(C).
Jj—oo

Well-definedness of the r-generalized column weight follows from items 4 and 7 in Proposi-
tion 9.19. We stress that the generalized column weights of a code do not depend on the choice
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of a generator matrix. Indeed, let c; ..., ¢, be the rows of a generator matrix G of C. Then

d;(C’) = min{|supp(Vo ;)| : V C C is an F,-linear space with dim(V) = r and
for all v = picy + -+ + prci € V \ {0} there is i such that p;(0) # 0}.
If G is another generator matrix of C with rows ¢4, . .., ¢k, then there exists a unimodular matrix

U € F [x]** such that G = UG, i.e., & = ujjc1 + -+ + ugey for 1 < i < k. Forv = piey +
e PDkCr = ]516’1+. .. ﬁkék € C,we have thatv = ﬁl(u1,1c1+- . -+u1,kck)+- . -+ﬁk(uk,1c1+- . -+uk,kck),

hence )
Pi = Z(ﬁsus,i)
s=1

for 1 < i < k. Therefore, if there exists i such that p;(0) # 0, then there exists s such that

Ps(0) # 0.
While the (7, j)-generalized column weight of a code C does not depend on the choice of a
generator matrix G of C, the vectors vy, ..., v, that realize d;(C‘) depend on the choice of the

matrix G, as the next example shows.

Example 9.16. Let C be the code generated by the matrix G whose rows are (1,0,1) and
(0,1,0). Then df(C) = 3 and it is realized by the vectors (1,0,0,0) and (0, 1,0,0) with re-
spect to G. The matrix G whose rows are (1, x, 1) and (0, 1, 0) is also a generator matrix of C
and d2(C) is realized by (1,0, 0, —1) and (0, 1,0, 0) with respect to G’.

Remark 9.17. The (r, j)-generalized column weights of a noncatastrophic convolutional code
are defined in [CFN17] as

d’(C) = min {|supp{(c1)o1, - - -» (o}l : ¢; € C and dim ((¢1(0),...,c,(0))s,) =1} .

The set of which we take the minimum is always nonempty, as dim(C[0]) = rk(G() = k for a
noncatastrophic C of rk(C) = k. Moreover, for a noncatastrophic code C

dim (O0,...,W))s,) =r < dim ((nG[0],...,v,G[0D)z,) = r,

where G[0] denotes the matrix G evaluated at 0. In other words, v;G[0] = V?Go forl <i<r.
It follows that d’(C) = J;(C).

If the code C is catastrophic, then d7(C) is well-defined, while J;(C) may not be.

Example 9.18. Let C = ((1,0), (0, x))r,- By a straightforward computation, we have that
dé(C’) =0, d%(C) =1, d}(C) = 1 and dJZ-(C) = 2 for all j > 1. Therefore, d'(C) = 1 and
d*(C) = 2. Notice that in this case J(Z)(C) is not defined, as dim(C[0]) = 1.

In the next proposition we collect several basic properties of generalized column weights.
In particular, we have that the (1, j)-generalized column weight coincides with the j-th column
distance of the code and that generalized column weights are non-decreasing in both r and j.
Items 1, 2, and 6 were proved in the noncatastrophic case in [CFN17].

Proposition 9.19. Let C be an (n, k, §) convolutional code and let D be a subcode of C. Then

1. d}(C) = d5(C) for j > 0.
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2. d5(C) < d;”(C) for j > 0and 1 < r < k and the inequality is strict if C is noncatastrophic.
3. d"(C)<d™(C)for 1 < r <k

4. di(C) < d;, (C)for j>0and 1 <r <k

5. di(C) < dy(D) for j=0and 1 <r < k(D).

6. If C is noncatastrophic, then di(C) < (j+ D(n - ky+rforj>0and 1 <r<k.

7. d(C) =d'"(C) < n(6; + 1) for j > 0and 1 < r < k, where 6; is the memory of C.

Proof. Items 1, 4, 5 and the first part of item 2 follow directly from the definition. The noncatas-
trophic case of item 2 is shown in [CFN17, Theorem 1]. For item 6, see [CFN17, Proposition
1]. To prove item 7, it suffices to compute [supp{e;G¢, ..., e,GS)|, where e; € FiU*D is the i-th
vector of the canonical basis. In order to prove item 3, first notice that items 4 and 7 imply
that r-generalized column weights are well-defined. Indeed, the limit always exists since the
(r, j)-generalized column weights are non-decreasing in j, and it is finite by item 7. More-
over, by item 7 there exists a j € N such that for all m € N d;(C) = d; (0O =d(C). Fix

r > 1. Up to increasing j, we may assume that df‘l(C) = d (). By Proposition 9.14 there

exist } such that d;i(C) > 0. Let j > max{}, }} and suppose that vy,...,v, realize d;(C) with
respect to G, i.e., d(C) = |supp{v|G,...,v,G}| and dim ((00,....v0g,) = r. Since j >
we have that v,-G; # 0 forall 1 < i < r. Hence there exist a,,...,a, € F, such that d;(C) >
[supp{(v = @2v1)GS, . .., (v, — @,v1)G} with dim (((v2 — @)%, ..., (v, — @v)"),) = r—1. We
conclude that d'(C) > dj(C) > d7'(C) = d"7'(C). o

Notice in particular that, while (r, j)-generalized columns distances are only weakly increas-
ing in r, r-generalized columns distances are strictly increasing in r.

Example 9.20. (a) The (r, j)-generalized column weights may not be strictly increasing in
r for a fixed j, if the code is catastrophic. For instance, the code C = ((x,0), (0, x)) has
d(C) = d5(C) = 0. This is coherent with item 2 of Proposition 9.19. On the other side,
item 3 of Proposition 9.19 implies that, for j large enough, the (7, j)-generalized column
weights are strictly increasing with r, also in the catastrophic case. For example, the same
code C has dj(C) = 1 and d3(C) = 2 forall j > 1.

(b) The bound in item 6 of Proposition 9.19 may not hold for catastrophic codes. For instance,
let g be a prime and letn < g. Let C = ((1,1,...,1),(x, 2x,.. .,nx))Fq[x] C F,[x]". Then

EC)=2n-1>2m-2)+2=(+ Dn-k) +r

Remark 9.21. Specializing item 6 in Proposition 9.19 to » = 1 and using item 1, one obtains
the classical bound for column weights

d(C) < -k + D+ 1,

that was originally proved in [GLRS06]. Moreover, the bound is achieved for several triples of
parameters. Indeed, if C is a noncatastrophic (n, k, §)) MDP code we immediately obtain by the

definition and by item 3 that &(C) = (j + D)(n —k) + rfor 0 < j < [2| + |- ].



9.2. Generalized column weights 119

It has been already noticed in [GL09] that column distances are preserved neither under
isometries nor under strong isometries. Item 1 of Proposition 9.19 therefore implies that (7, j)-
generalized column weights cannot be invariant under isometries either. However, in the next
proposition we show that they are invariant under j-equivalences. Later in this section, we prove
that r-generalized column weights are invariant under isometries.

Proposition 9.22. Let ¢ : C; — C; be a j-equivalence. Then, d%(Cy) = di(Cy) for 1 < r <k
and0 < j<j.

Proof. Let G be a generator matrix of C; and suppose that vi,...,v, € F’;(j“) realize the (7, j)-
generalized column weight of C with respect to G. Since ¢ is a j’-equivalence, by Theorem 9.13
there exist a permutation matrix P € GL,(F,) and a diagonal matrix D = diag(ay, ..., a,) with
a...,a, € IF; such that ¢(G); = G;PD for all i < j'. In particular,

GoPD G\PD ... G;PD

. 0 GoPD ... Gj,\PD
0GY=| . :

0 ... 0 GyPD

Hence
d;(Cz) < Isupp{vlgb(G)j., e, vrgb(G)j.}l = |supp{v1Gj, .. .,v,G?}I = d;(Cl).

The reverse inequality follows by looking at ¢~! : C, — C;, which is a j-equivalence by item 1
in Propositon 9.4. O

Since d"(C) = lim;, d}(C), the previous proposition implies that r-generalized column
weights are preserved by equivalences.

Corollary 9.23. Let ¢ : C; — C; be an equivalence. Then, d'(C)) = d'(C,) for 1 <r <k.
We now extend the result of Corollary 9.23 to all isometries.
Theorem 9.24. Let ¢ : C; — C; be an isometry. Then, d"(Cy) = d'(C,) for 1 < r < k.

Proof. By Theorem 9.2 there exist a permutation matrix P € GL,(F,) and a diagonal matrix

D = diag(a;x™,...,a,x™) where a,,...,a, € Pj; and my,...,m, € Z such that ¢(c) = cPD for
all c € C. Let m = max{0, —m; : 1 <i < n}. Let G be a generator matrix of C; and suppose that
DPi,---.Dr €F, [x]* realize the (r, J + m)-generalized column weight of C with respect to G, i.e.,

dim({p;(0), ... ,Pr(o)h:q = r and d;+m(cl) = |SUPP{(P1G)[0,,/+m], cees (prG)[O,j+m]}|~ Then

d5(Cy) < |supp {(P1d( G - - -» (PrH( G0 }| = |supp {(P1GPD)yo .- - .. (p,GPD)o }|

< |SUPP {(PIG)[O,j+m]’ s (PrG)[o,j+m]H = d;+m(C1)-
(9.2.2)

In fact, the columns of GPD are equal to those of G up to permutation and multiplying by
a constant and a power of x with exponent smaller than or equal to m. Since none of these
operations affects supports and a monomial of degree ¢ in the i-th column of GP corresponds
to a monomial of degree ¢ + m; in the i-th column of GPD, then (pG)o j+m contains all the
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monomials that appear in (pGPD)) ; (and possibly more). This proves the inequality in (9.2.2).
As j goes to infinity, we obtain

d'(Cy) = lim d(Cy) < lim d',,,(C)) = d'(C)).
J—)OO ]—)OO

The reverse inequality follows by considering ¢! instead of ¢. Therefore, we conclude that the
r-generalized column weights are invariant under isometries. O

It follows from Proposition 9.19 that the sequence (d’}(C));ay stabilizes after some j. In the
last part of this section, we give an upper bound on ;.

Theorem 9.25. Let C be an (n, k, §) convolutional code with memory ¢,. If j = min{j : a’;(C) =
d"(C)}, then

j<[n@, + 1)+ 114"%.

Proof. It 6; = O then the thesis holds, since d'(C) = d;(C). Hence assume 6; > 1. Let

j=min{j: d}(C) = d’(C)} and let vy, ..., v, € Fﬁf“)k be vectors that realize d%(C) with respect

to a row reduced generator matrix G of C. For each §; < j < jlet x; : F(qj“)" — FJ/*% be the
canonical projection on the first (j + 1)k entries. Define vector spaces D; as

Dj = (n;(v)G,...,7(v,)G )R,

First of all notice that (D)o, = (Dj)o,j, hence d;(C) > {supp(D Do, J-]|. Consider now the se-
quence {(D;)jjs1,j+6,1} j=0- Since there are at most g°*" different [F,-linear spaces in the sequence
{(Dj)j+1,j+611} j=0, for every 1 < s < n(6; + 1) we can find two indices j, and j, such that

o O+ (s—1)g"" < ji < jo <8 + sqOkr
o (Dj)iji+1.i+611 = (Dj)ijpe1 jpol-

We observe that if

|supp {(D; 0.1 }| = |supp {(D1,)i0.51 }

then d'(C) = d;l (C), contradicting the minimality of j. Indeed, for j = j, +#(j, — j;) with t > 0,
the vectors

2

— (1,0 Jio i+l J2o i+l J2 J1+1 J2
Vi) = (Vi Vi VLV VLV V)

i > Vi o Vi
N

N
t times

realize d(C) a_nd d’, sij,-jn(C) = d, (C) for all z. So the support must increase by at least 1 every
g°"* steps. If j > [n(6, + 1) + 1]¢°'*", then

d'(C) = d5(C) > n(6; + 1),

which contradicts Proposition 9.19. Hence we conclude that j < [n(6; + 1) + 1]g%*". |

Theorem 9.25 implies that the (7, j)-generalized column weights can be computed in a finite
amount of time by exhaustive search. As the parameters grow, however, such a computation
quickly becomes practically infeasible.
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Remark 9.26. Notice that we do not expect the bound in Theorem 9.25 to be sharp. In fact,
kr
one gets a sharper bound by substituting the quantity ¢°'*" by (q,_l)(q‘li'q):(lq,_q,,l), which is a

tighter bound for the number of vector spaces of the form (D)1, j+5,)- One therefore obtains
§1kr_1

j < [n(; +1)+1] <qr_1)(q?_q).,,(qr_qm) ~ n61¢°¥ ", We do not know whether the bound can be
further improved by means of different arguments.

9.3. Related definitions and comparison

Definition 9.27. Let C be a noncatastrophic code. The r-th unrestricted generalized column
distance of the j-truncated code of C is given by

d,(C(j)) = min {|supp(D)| : D € C(j), dim ((D)z,) = r} (9.3.3)

for1 <r<k(j+1).

The concept of unrestricted generalized column distances for noncatastrophic codes was in-
troduced by Cardell, Firer, and Napp in [CNF19] and further studied in [CFN20] by the same
authors. In particular they proved that the r-th unrestricted generalized column distance is
strictly increasing as a function of r and they showed how to compute it from the truncated
parity-check matrix.

If the code C is noncatastrophic, then Gy has full rank, hence G has full rank for every j > 0.
Therefore

d,(C(j)) = min {|supp{viGS,...,v,G}| : v; € FV™V W % 0, dim ((v,...,v,)g,) =7} .
9.34)
Notice that, unlike (9.3.3), (9.3.4) allows to extend Definition 9.27 to the catastrophic case in
a similar way as we have done for the generalized column weights. Moreover (9.3.4) implies
that, for every code C and any 1 < r < k and 0 < j, we have d,(C(})) < d}(C).

If two codes have the same unrestricted generalized column distances, they may not have the
same generalized column weights and vice versa, as the next examples show. The first example
also shows how the limit as j goes to infinity of the unrestricted generalized column distances
may depend only on a submodule of C of rank strictly smaller than &.

Example 9.28. Consider the following two codes of rank 2
C1 =4(1,1,0,0,0),(0,0, 1, 1, 1))g,1yy and Cc, =((1, 1,0,0,0), (0, x, 1, 1, 1))g, -

One obtains by direct computation that

. . 2r ifl<r<j+1,
d,(Ci()) = d(C2())) = : . e :
2+ DH+3(r—j—-1) ifj+1<r<2j+2.

On the other hand, one can check that di(C;) = 5, while d}(C,) = 6. Moreover, d*(C;) = 5 and
d*(C,) = 6, while forall r > 1

lim d,(C;(j)) = lim d,(C»(})) = 2r.
Jj—oo J—

LetC =((1,1,0,0,0)),q € C1 NC, be arank 1 subcode. One can easily check that d.(C(j)) =
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2rfor 1 < r < j+ 1, hence lim;_,. d,(C())) = 2r.
Example 9.29. Let C; = ((1 + x,1,0))g,(q and C; = ((1, I, x))r,(y. We have that i) =
d}(Cy) = 2 and d}(Cl) = d}(Cz) 3 for all j > 1. On the other side, d>(C1(1)) = 4 and
(G (D) =5

For a fixed code and a fixed r, the r-th unrestricted generalized column distance of the j-
truncated code may be increasing, decreasing or constant in j. This is different from the behav-

ior of (r, j)-column weights which are non-decreasing in j for a fixed r, as shown in item 4 in
Proposition 9.19.

Example 9.30. LetC, = ((1,1,0,0,0),(0,0,1,1, 1))z, 1, be the code of Example 9.28 and C, =
((1,x,0), (0, x, 1))r, 1. It is easy to check that

d2(C1(0)) =5 > 4 = dr(Ci(1) = dx(C1(2)) and dx(C2(0)) =2 < 3 = dr(Co(1)).

We now discuss the relation among generalized column weights and generalized weights.
As in the previous chapter, in order to avoid ambiguity we denote by d”(L) the r-generalized
Hamming weight for an IF -linear code L.

Proposition 9.31. Let C be an (n, k, 5) convolutional code. Then
e dy(C) =d"C[0]) for1 < r <k
e If 5 =0, then d"(C) = d}(C) = d(C[0])for1 <r <kandj>0.

Proof. The statement follows from the fact that for every linear code £ C [, one has dim(£) =

rk ((L)e, 1) O

The next theorem gives an equivalent definition for the r-generalized column weights of
a noncatastrophic code. It will be useful to establish an inequality between the generalized
weights defined in the previous chapter and the generalized column weights.

Theorem 9.32. Let C be a noncatastrophic code. Then
d"(C) = min { ‘supp {lej', ... ,v,G?'}| :j>0,v € ng“)k with dim((v,...,V%)) = r} )

Proof. By definition of d"(C), the left-hand side is smaller than or equal to the right-hand side.
So it suffices to prove the reverse inequality. By Proposition 9.19 there exists a j such that
d5(C) = d'(C). Let G be a generator matrix for C and let vi,...,v, € FA+ Db with A = ¢
be vectors that realize d; 4(C) with respect to G. Then there exist j < j; < j» < j+ A
such that, for 1 <i < r, (v?, .. v{ ] )G;; corresponds to a codeword of the form ¢; + x"'d; and
0o ... v{z)Gj; corresponds to a codeword of the form ¢; + x'd;, where n > m > j, deg(c;) < j

1°

and deg(d;) < 6, — 1. Therefore, (x" — x™)d; = ¢; + x"d; — (¢; + X"d;) € C. Since the code

is noncatastrophic, d; € C by Proposition 2.14, so there are wy,...,w, € Pﬁij‘“)k such that
w) = =wl=0and () —wd,...v/' =w/")G¢’ corresponds to c;. Hence
&'(C) = d(C) = ’supp {(v1 W, = WINGS 00 =W, v = wiNGE H .

This concludes the proof, since dim({?,...,v%)) = r implies that dim({(v; — w{)°,..., (v, —
w)) =r. O
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If the code is catastrophic, the inequality
d’(C) < min{lsupp{(niG5,...,v,GS )| : j > 0, v; € B/ with dim(v{,...,?) = r},

still holds. However we do not always have equality, as the next example shows.

Example 9.33. Consider the convolutional code C = ((1, x), (x, ))g,,j. We have that (1 —
x%,0) = (1, x) = x(x, 1) € C. Similarly, (1 - x*",0), (0,1 — x*") € C. Therefore d(C) = d"(C) = r
for all j > 0 and r = 1, 2. On the other side,

min { |supp {vG$'}| : j =0, v e F/** with ) # 0} = 2.
In particular, d,(C) = 2.

For a noncatastrophic code, the r-th generalized weight is smaller than or equal to the r-
generalized column weight. In addition, equality holds for r = 1.

Corollary 9.34. Let C be a noncatastrophic code. Then
d.(C) < d'(O).

Moreover, d;(C) = d'(C) = die(C).

Proof. Let G be a generator matrix for C and let ¢y, ..., ¢; be the rows of G. By Theorem 9.32
there exist j > 0 and vy,...,v, € Ff{f“)k such that d"(C) = ‘supp {lej’, e erj’} and
dim((v‘f, ...,V)) =r. Foreach 1 <i <r, letd; € C be the element that corresponds to v,-Gj?’. In
order to conclude, it suffices to show that dim((v{, ..., v?)) = r implies rk ({di, ....d,)z,1q) = r.
Since the code is noncatastrophic, it suffices to show that > g;d; # 0 for every set of polyno-
mials ¢y, ..., q, such that at least one of them is not divisible by x. Suppose that x { g,. Since

dim((+?,...,v%)) = r, then

400G + Y _ qi(0)WGy # 0,

i#s
which implies that
q,(0)d,(0) + Y _ gi(0)di(0) = Y _ gi(0)d«0) # 0.
i#S i=1

In particular, ) ¢;d; # 0. Finally,
dee (C) < d 1(6) < di(C) = dfee(O),

where the first inequality follows from Theorem 9.32. O

Example 9.33 shows that for a catastrophic code one can have d"(C) < d,(C). The next
example shows that there are catastrophic codes for which d,(C) < d"(C).

Example 9.35. Let C = ((1, x,0),(0, 1, 1))r,1- One can check that C is noncatastrophic and
d>(C) =3 <4 =d* ).

We conclude this section by exhibiting families of codes whose r-th generalized weight coin-
cides with their r-generalized column weight for all 1 < r < k. The proof of the next proposition
is similar to the one of Proposition 8.44.
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Proposition 9.36. Let C be a noncatastrophic MDS (n, k, §) convolutional code. If k 1 d, let
0 <a<ksuchthaté =k [2] —a. Then,for1 <r<a

dC)=dC)=n-k) (EJ + 1) +d0+7,

and fora<r<k

d’(C) < d"(C[0)) + (n — k) ( EJ + 1) +6.

If k| 8, then
0
d(C)=d.(C)=n—-k) <% + 1) +0+r.

Proof. Letcy,...,c; be abasis for C. Since C is MDS, if k 1 6, we may assume that deg(c;) =
.-+ = deg(c,) = |2 and deg(ca1) = -+ = deg(cr) = [2], see Proposition 8.44 for more
details. For r < a, we conclude by observing that |supp{ci,...,c.}| < dgee(C) + a and by
Proposition 9.19. If r > a, let d,,...,d, be linearly independent elements of {ci,... s C)F,
such that [supp{d;(0),...,d.(0)}] = d?(C[0]) and dim({d;(0),... ,d,(0))r,) = r. Up to using
xcy, ..., Xxc, to reduce the support, we may assume that [supp{(di)s, .1 - - - » (d)s,.5,} < n—a.
Then

lsuppid,, ...,d,}| < d”(C[0]) +n (EJ) +n—a=d"(C[0]) + (n-k) (EJ + 1) + 0.

If k | 6, then deg(c)) = - - - = deg(cy) = ¢ and

}supp{cl,...,ck}’ Sn<%+l) =(n-k) (%+1) +0+k.

We conclude by items 1 and 3 of Proposition 9.19 and Proposition 8.44. O

Notice that the generalized column weights of an MDS code are not determined by its pa-
rameters, as the next example shows.

Example 9.37. Let C = ((1, 1, 2), 2x, x+ 1, 0))g, - The code C is MDS and one can check that
d*(C) = 5. The reverse code rev(C) of C is generated by (1, 1,2) and (2,1 + x, 0). It is MDS, it
has the same parameters as C, and d*(rev(C)) = 4.

Proposition 9.38. Let C be a noncatastrophic convolutional code. If C is MDS and MDP, then
d.(C)=d(C)forl <r<k.

Proof. If k | 6, we conclude by Proposition 9.36. So suppose that k ¥ ¢ and let 0 < a < k be
such that § = k (ﬂ —a. Letd,,...,d, be elements in C that realize d,(C), that is, d;,...,d,
generate a subcode of rank r and weight d,(C). Since C is noncatastrophic, we may assume
without loss of generality that d;(0) # 0. If dim({(d,(0),...,d,(0))r,) = r, then d,(C) = d'(C)
and we conclude by Corollary 9.34. Otherwise, suppose that there exists d € (dj, ..., d,)r, such
that d(0) = 0. Notice that d(C[0]) = n — k + 1 since C is MDP. Then

|suppld,,....d}] 2(n—k+1)+(n—k)(EJ +1) v S+r—1
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Therefore, by Proposition 9.36 and Corollary 9.34

d™(C[0]) + (n - k) Q(—;J + 1> +6 =d,(C) <d'(C) <d"(C[0)) + (n — k) (EJ + 1> +6.

We conclude that in any case d,(C) = d"(C). O

An (n, k, 0) strongly MDS code such that (n—k) | ¢ is both MDS and MDP. The next corollary
then follows from Proposition 9.38.

Corollary 9.39. Let C be a noncatastrophic convolutional code. If C is strongly MDS and
(n—k)|o,thend,(C)=d"(C)for1 <r <k
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A. Length of path-reduction chains

In this appendix, we prove that every path-reduction chain of a matrix M € F;™" has the same
length.

Remark A.1. Let M € F”" and let oy = ((i1, j1), - - - » (i, ji)) and o2 = (@, j))s - - -, (if» Jj)) e
two closed simple paths. Notice that if supp(cy) # supp(o>), then supp(c) € supp(o,) and
vice versa.

In the next lemma, we prove that if M contains two distinct closed single paths, than a path-
reduction chain of M has length at least 3.

Lemma A.2. Let M = (m;;) € ™", let oy = ((i1, j1), - - - (i ji)) and 02 = (&1, J1)s - - -5 (5 1))
be two closed simple paths such that supp(c;) # supp(o»). If (i1, j1) = (@}, j;), then for each
(is, j5) € supp(o1) \ supp(o) there is a closed simple path in M —m;, ; E;, ;, that contains (iy, j,).

Proof. Up to reversing the order of 0, and to a transposition, we may suppose without loss of
generality that ji = j5 = ji = ji. As a consequence, also i; = i, = ij, = ij. Consider the list of
positions

Y=o oo Yirk=3) = (2, j2)s - - 5 (s Ji)» (B ), - oo (s J))-

Notice that vy is not always a path, since it can contain repeated entries. Fix an s such that
(is, j5) € supp(oy) \ supp(0) and let y, = (i, j,). We now recursively build a finite sequence of
simple paths 7,,, whose support is contained in that of v and which start with y,. Let 7y = (y,).
Suppose that we have constructed 7, = (p1, ..., p/) with p; =y, and p; = y,, withy = x+n-2
mod. h+k—-2and £ >2. Letz=y+ 1 mod. h + k — 2 and define 7, as follows:

e If no two entries of m,_; have either the first or the second coordinate in common with .,
then let , = (p1,..., pe, ¥2)-

o If there exists 1 < r < t < ¢ such that p,, p; and 7y, share either the first or the second
component, fix the smallest r and ¢ with this property and let 7, = (pi, ..., pr, ¥2)-

For n > 2, m, is a simple path of length at least 2. If for some n we find a closed simple path,

then we are done. Else 7,42 = (¥, q1,--.,qy,¥x1) fOr some ¢qy,...,q,. Since g; lies on the
same line as y, and y,,; and y,_; does not lie on that line, then v > 1. Since y, and y,_; also lie
on a common line, 7j,,,_> is a closed simple path and v > 2. O

The next lemma shows that the length of a path-reduction chain is independent of the order
of the reductions.

Lemma A.3. Let M € PZ‘X” and let M, M,, ..., M;,, be a path-reduction chain for M. Let
ay, ..., be the ordered list of positions of the entries that we set to zero during the path-
reduction chain. Any permutation of the sequence «;, ..., a; still yields a path-reduction chain
for M.
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Proof. Since the group of permutation of k elements is generated by the k — 1 transpositions
(1,2),(2,3),...,(k—1,k), it suffices to prove that setting to zero the entries in position

Ary e, X2, O, A1, Ajg1y - -0, T

in the given order gives a path-reduction chain for M, for i = 2, ..., k. This corresponds to the
sequence of matrices
MlaMZ’ ) Mi—l’ Mi’ Mi+laMi+2’ R Mk+1

where we let M; = M. By assumption, M., is irreducible and M is a reduction of M;_; for
j=2,...,i—-1i+2,...,k.

The matrix M; is obtained from M;_; by setting to zero the entry in position ;. Since a;
belongs to a closed simple path 7 in M; and every nonzero entry in M; is also a nonzero entry in
M;_,, then r is also a closed simple path in M,_,. Therefore, M; is a reduction of M;_;. In order
to prove that M, is a reduction of M;, we need to show that there is a closed simple path in M;
which contains @;_;. Notice that M; is equal to M;, except for the entries in position @;_; and
a;. By assumption, there are closed simple paths o and 0 in M,_; such that o contains a;_;
and o, contains «;, but not a;_;. If o does not contain a;, then it is a closed simple path in M;
which contains «@;_;. If instead o7y contains «;, then by Lemma A.2 there is a closed simple path
in M;_; which contains @;_; but not ;. This gives a closed simple path in M; which contains
;1. O

We are now ready to prove that every path reduction chain of a given matrix has the same
length.

Theorem A.4. Let M € F;™" be a matrix. Every path-reduction chain of M has the same length.

Proof. We proceed by induction on the maximum length ¢ of a path-reduction chain of M.
Notice that £ > 1 and equality holds if and only if M is irreducible. If £ = 2, then M needs
to have at least one closed simple path. Moreover, there is an « in the path such every closed
simple path in M contains a. If M contains two distinct closed simple paths through «, then by
Lemma A.2 it also contains a closed simple path that does not pass through «@. It follows that
M contains exactly one closed simple path and every path-reduction chain has length two and
is obtained by replacing with zero one of the entries of M in one of the positions on the closed
simple path.

Let M,M>,...,M,; and M, M,, ..., M; be two path-reduction chains for M, ¢ > k. Let
a,...,q— and By,...,B,1 be the positions of the entries of M that we replace with zero
to obtain the path-reduction chains M, M3, ..., M, and M, M,, ..., M,, respectively. Notice that
M,, ..., M, is a path-reduction chain for M, and, by the induction hypothesis, every path re-
duction chain for M, has length £ — 1. Starting from M,, we construct a path-reduction chain
M, Ms, ..., M, as follows. Ateachstepi = 1,...,k — 1, if there is a closed simple path that
contains «;, we replace the entry in position @; by zero. We claim that we delete at most k — 2

entries of M,. In fact, if setting to zero the entries in position 5y, @1, ..., @, in the prescribed
order yields a path-reduction chain of M, by Lemma A.3 so does setting to zero the entries in
position «y, . . ., @1, B1. This contradicts the assumption that M, M;, . . ., M} is a path-reduction

chain. So we have obtained a path-reduction chain for M, of length £ — 1 < k — 1. It follows
that £ = k. ]
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B. Support spaces and information
leakage

In this appendix we discuss an alternative notion of generalized weights that could be defined
for linear sum-rank metric codes C C FZ"X”I X F?X”Z X oo X ]FZ“’ *ne as follows. Here, we do not
assume that n; < m;, fori = 1,2,...,¢. In Definition 2.10, for positive integers m and n, we
defined the (row) support space Vs C F"" associated to the vector space S C ) as

Vs ={C e F™ : rowsp(C) C S}.
Clearly Vs is an F,-linear subspace of F;”" of dimension
dim(Vs) = mdim(S).

Denote by #,, the collection of subspaces of Fy. For a linear code C € Fy'"™" X Fy2"™ X - - - X
77", we may give an alternative definition of generalized weights as

4
dfupp(c) = min { Zdlm(sl) : S,‘ € Pq’ni, 1<i< f?
i=1 (B.0.1)

dim (CN (Vs, x---xVs,)) > r}.

for r € [dim(C)]. In the case where,for all i € [{], n; < m; or n; = m; = 1, then by [Rav16a,
Theorem 26]
&5 (C) = d,(C),

for all linear codes C C Fy™™ X Fy2X™ x - -« X F" and all r € [dim(C)]. In particular, both
coincide with the generalized Hamming weights if m; = n; = 1 for i € [{].

Consider now arbitrary values of m; and n;, for i € [£]. The weights in (B.0.1) present an
advantage and a disadvantage with respect to using anticodes instead of support spaces. Their
disadvantage is that such weights are not always invariant by arbitrary linear sum-rank isome-
tries (simply notice that support spaces are not necessarily again support spaces after transposi-
tion of matrices, as we are only considering row supports). On the other hand, their advantage
is that they measure information leakage to a wire-tapper in scenarios such as multishot linear
network coding [MPK19].

More concretely, consider a linear code C C JFZ“X"‘ X F’;ZX"Z X -0 X JFZ“’XW. Choose a com-
plementary vector space M@ C = Fy" x Fp™ x - - X FIo". We may see M as our space
of messages [MPK19, Definition 3]. A (random) message M € M is encoded by choosing
C € C uniformly at random in C, and finally setting D = M + C, in order to hide M. If we
set D = (Dy,D,,...,D;), then D; € FZ“X’” is sent through an F,-linearly coded network with
n; outgoing links from the source node, for i € [£]. This could be the scenario in multishot
network coding without delays (or treating delays as erasures), or in singleshot network coding
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where we know that the network has at least £ disconnected components (after removing the
source and sink nodes), see [MPK19]. Assume we have no further knowledge of the network
topology or linear network code, but we know that an adversary wire-taps u arbitrary links of
the network. Then the information contained in

W = (D\By,D:B,,...,D¢By)
is leaked to the wire-tapper, for matrices B; € IF’Z"X“", for i € [£], such that

t

¢
Zrk(Bi) < Z,Ui =H
=1

i=1

Equality may be attained, as we do not know nor have control over the matrices B;. By [MPK19,
Lemma 1], the amount of information on M leaked to the wire-tapper, measured in symbols in
[F,, is given by the mutual information in base g

I,(M; W) < dim (C* N (Vs, XX Vs,)) ,

where S; = rowsp(B}) € P, ,,, for i € [¢]. Furthermore, equality holds if M is chosen uniformly
at random in M. Thus, in such a situation, df “PP(C*) represents the minimum number of links
that an adversary needs to wire-tap in order to obtain at least r units of information (number of
bits multiplied by log,(q)) of the sent message.

We conclude with some remarks on the properties of the generalized weights d>“PP(C) as
above. First, ifm =my =my =... =mg,n=n;+ny+---+ng, and C C F,, = IF?‘X”I XFZ’WZ X
- X IFZ”X”’? is an [F »-linear code, then

P (C) = dék(0),

forz € {0,...,m — 1} and r € [dimz, (C)], where d5R(C) denotes the rth generalized weight
considered in [MP19, Definition 10]. This equality is easy to prove and recovers [MPM17,
Theorem 7] when ¢ = 1. Moreover, this is the analogue of Theorem 5.41 for the case m = m; =
my = ... = my. Notice that the assumption that n; < m; is not needed in this setting.

Finally, if we assume thatm; > m, > ... > my, then all of the properties stated throughout this
manuscript for the generalized weights d,(C) hold mutatis mutandis for the generalized weights
d3"rP(C), with similar proofs and without assuming that n; < m; for i € [£]. In order to prove
this claim, it suffices to prove the analogue of Theorem 2.15, Proposition 5.33, and Lemma 5.35
for the generalized weights d>“P7(C). In fact, the other properties follow from those results. We
start with an analogue of Proposition 5.33.

Proposition B.1. Let 0 # C € D C M, then:
1. d}"""(C) = d(C),
2. d5"PP(C) < d5rP(C) for 1 < r < s < dim(C),
3. d5"PP(C) > d'rP(D) for r € [dim(C)],

S
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5. 4 (O 2 dYP(C) +ny+ -+ +6

r+n1m1+-~~+nj,1mj,1+6m

for j € [£], r € [dim(C) — (nym; + -+ +nj_ymj_; +6m;)],and 0 <6 <n; - 1.

Proof. 1. LetC = (Cy,...,C;) € Cbe an element of minimum sum-rank. Let S; = rowsp(C;) be
a subspace such that C; € Vs, and dim(Vs,) = mik(C;), fori € [£]. Then CN(Vs, X+ --XV3s,) #
0, hence df”p (C) < d(C). To prove that they are equal, we observe that if S! € P, fori € [{],
are such that Zle dim(S}) < d(C), thenCN (Vg X --- X Vs,) =0.

2., 3., and 4. follow directly from the definition.

5.Lets=r+mm+---+nj_ymj_ +om;. LetS; € P, ,,, fori € [£], such that dim(C N (Vs, X
-xVs,) = sand d3*7(C) = Y, dim(S). For i € [£], let u; = dim(S;). Since

¢
> ma; = dim(Vs, X -+ x Vs,) 2 dim(C N (Vs, X - X V)
i=1

>s>nm+---+ nj_im;j_; + 6m]‘

and m; > --- > my, then df“””(C) =u+...+u >n +---+nj; +6by Lemma 5.32. Let
Vi,...,vebesuchthatny +---+n;_; +6 =v; +---+veand v; < u; for i € [£]. We have that
mmy + -+ njogmio +0mj > vimy + -+ + vemyg, since my > -+ - > my. For all i € [£] there exist
vector spaces S C S; of dim(S;) = u; — v;. Then

dim(C N (Vs; X XVg)) 25— (vimy + -+ +vemg) 2 s = (nymy + -+ +njymjy +06m;) =1,

hence

4
d,(C) < (i —v) = dy(C) = (g + -+ +npy +96). 0
i=1

The Singleton-type bound from Corollary 5.34 is a direct consequence of Proposition 5.33.
Notice however that it also follows directly from Proposition B.1 for the generalized weights
d5"7P(C). The next theorem is an analogue of Theorem 2.15 for the weights d°"“77(C).

Theorem B.2. Let C € M be a code and let r € [dim(C)]. Let j € [(]and 0 < 6 < n; —1be

such that
j-1

d&PC) - 12 ni+6.

i=1
Then
¢
dim(C) <Y mmi—ms+r- 1. (B.0.2)
i=j

Proof. Let S; = Fy for i € [j - 1], let S; € P4, be of dimension ¢, and let S; = 0 for
j+1<i<{ Then
dim(CN (Vs X---xVg,)) <r—1.
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Therefore, we obtain that

j-1
dim(C) + Y mm; +my6 — r + 1 <dim(C) + dim(Vs, X -+ X Vs, )+

i=1

t
—dim(C N (Vs, X -+ x Vs,) =dim(C + (Vs, X -+ x V) < Y mn;,

i=1
and this concludes the proof. |

A version of the Singleton Bound for the generalized weights d37?(C) follows directly from
Theorem B.2 and yields the same inequalities as in Corollary 6.3. Finally, we establish the
analogue of Lemma 5.35 for the generalized weights d5"77(C).

Lemma B.3. Let C C M be a code and let k € [£], r + my, € [dim(C)]. If
k-1
&) >y
i=1

then
d&3P(C) > d5PP(C) + 1.

r+my

Proof. Fori € [£), letS; € P, be such that d):?"(C) = .1, dim(S;) and dim(C N (Vs, X - - - X
Vs,)) = r + my. We claim that there exists k < j < € such that S; # 0. In fact, if this were not

the case, then
k-1

4
> _miz ) dimS) = drC).
i=1 i=1
Fori € [£], let S| € P,,, be such that S} = S;if i # j, and S C S; with dim(S’) = dim(S;) — 1.
One has

dim(CN (Vs XX Vg)) 2dim(C N (Vs, X+ XVg,))—m;2r+m—m;=r,
hence

4
dfupp(c) < Z dim(S)) = d>*PP(C) — 1. o

r+my
i=1

We conclude by noting that Wei’s duality (Theorem 5.36) also holds for the generalized
weights d5"PP(C) with the same proof.
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C. A mathematical reduction to modules
over a polynomial ring

Denote by F,[x] the polynomial ring, by F,(x) the field of rational functions, and by F,((x)) the
field of Laurent series, all with coeflicients in F,. In other words

d
F,[x] = {Zaixi :deZ,d>0,q qu},

i=0

Fy(x) = {p(x)/q(x) : p(x),q(x) € F,[x], q(x) # 0},

and

F,((x)) = {Z ax' ie€Z,a; € Pq} .
Notice that every nonconstant polynomial g(x) € F,[x] \ F, has an inverse 1/g(x) € F,((x)) \
F,[x]. Therefore, one has the chain of inclusions

Fy[x] € Fy(x) € F,((x)).

In Section 2.2, we define a convolutional code as an F,[x]-submodule of F,[x]". In the lit-
erature, however, convolutional codes are typically defined as IF,((x))-subspaces of F,((x))" or
[F,(x)-subspaces of F,(x)" generated by elements of F,[x]". In this appendix we argue that, when
studying generalized weights, it is natural to only consider F,[x]-submodule of FF,[x]" and that
our definition of generalized weights coincides with the natural definition for F,((x))-subspaces
of F,((x))" and F,(x)-subspaces of F,(x)".

It is natural to define the weight of an element p(x) € F,((x)) as the number of nonzero
coefficients in the power-series expansion of p(x) and the weight of a vector c(x) € F,((x))" as
the sum of the weights of its coordinates. It is clear that c¢(x) has finite weight if and only if
c(x) € Fy[x]".

In Definition 8.1 we define the weight of an F,[x]-submodule C C F,[x]" of rank k < n as

wt(C) = min{|supp({c(x), ..., cx(x)r )l : C = {c1(x), ..., k(X)) [x}-

Similarly, if K = F,(x) or K = F,((x)), the weight of a K-linear subspace C C K" can be defined
as

wt(C) = min{|supp({c1(x), ..., cx(X)r )| : C ={c1(x), ..., (X))}
Notice that C has finite weight if and only if it has a system of generators which belong to
E,[x]".
Similarly to the definition of generalized weights in the Hamming metric, one may define the
generalized weights of a C C K" of dimg(C) =k <n as

d,(C) = min{wt(D) | D € Cis a K-linear subspace of dimg(D) > r}.
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If C has a basis which consists of elements of F,[x]", then d,(C) < co for 1 <r < k.
In Definition 8.3 we define the generalized weights of an F,[x]-submodule C C F,[x]" of
rank k < n as

d,(C) = min{wt(D) | O < C is an F,[x]-submodule of rk(D) > r}.

Let C C K" of dimg(C) = k < n be generated by elements of IF,[x]". We have argued that the
K-linear subspaces D C C of finite weight are exactly those generated by elements of F,[x]".
Let C = CNF,[x]". Itis easy to check that rk(C) > k. We now prove that that rk(C) = k and

d,(C) = d,(C)

for 1 < r < k. This shows that defining convolutional codes as F,[x]-submodules of F,[x]" is
not restrictive while dealing with generalized weights. In fact, given ¢i(x), ..., ck(x) € F,[x]",
the codes C = (¢ (x), ..., cr(x))x and C = CNF,[x]" have the same generalized weights. Notice
moreover that C N F,[x]" is non-catastrophic by Proposition 2.14.

We conclude the appendix by proving the results claimed above.

Lemma C.1. Let K = F (x) or K = F,((x)). The following hold:
1. Let C be an F,[x]-submodule of F,[x]" of rank k. Then, dimg(C)x = k.

2. Let C be a K-linear subspace of K" with basis ¢;(x), ..., cx(x) € F,[x]". Then the module
(€1(x), ..., cx(x))g, [ has rank k.

3. Let C be a K-linear subspace of K" of dimension k generated by elements in F,[x]". Then
CNF,[x]" has rank k.

Proof. 1. Let ci(x),...,ci(x) be a standard basis of C, i.e., a basis of C such that the matrix
G(x) with rows ¢(x), . .., ck(x) is in reduced row-echelon form over F,[x]. See [BN96, Section
3] for the definition and a discussion on standard bases, in particular [BN96, Theorem 3.3] for
an algorithm to compute them. Since G(x) is a generator matrix for C as a K-vector space and
it is in reduced row-echelon form over F,[x], then dimg({C)k) = rk(G(x)) = k.

2. Let C be a K-linear subspace of K" with basis c(x),...,c(x) € Fy[x]". Since C =

(c1(x),...,ck(x))k, by 1.
rk({c1(x), - . Ck(-x»]Fq[x]) = dimg({{c1(x), . . . ,Ck(x»IFq[x])K) = dimg(C) = k.

3. follows from 1. and 2., since C N F,[x]" 2 {c1(x), ..., cx(x))r,q and both C N F,[x]" and
(€1(x), ..., cr(x))r, 1 generate C over K. O

Proposition C.2. Let C be a K-linear subspace of K" of dimension k generated by elements of
F,[x]". Then
d.(C) = dr((C N IFqq [x]n)

forl <r<k.
Proof. Let C = C N Fy[x]". By Lemma C.1.3 dimg(C) = rk(C), so C and C have the same

number of generalized weights. Fix 1 < r < kand let D = (c((x),...,c(X))r,q S C be an
F,[x]-submodule of tk(D) = r such that [supp(c(x), ..., c(x))| = d,(C). By Lemma C.1.1 we
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have that dim({D)x) = r. Moreover, by the definition of weight wt({D)x) < d,(C). Since (D)
is an r-dimensional K-linear subspace of C we conclude that d,(C) < d,(C).

Let D be a K-linear subspace of C of dimension r that realizes d,(C), i.e., one can find
c1(x),...,c(x) € Fy[x]" such that {c(x),...,c.(x))x = D and [supp(ci(x),...,c(x))| = d.(C).
By Lemma C.1.2 we have that rk({c{(x), ..., c(X))F,y) = 7. Since {c1(x), ..., (X))r,q C C,
then

d.(C) < wt({c1(X), . .., c(X))g, 1) < WD) = d(C),

which concludes the proof. O
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D. Infinite latroids and convolutional
codes

The aim of this appendix is to explain how to associate a combinatorial object with a convolu-
tional code. As we have seen at the beginning of Chapter 3, it is possible to associate with a
linear block code a matroid that captures most of its properties. If we regard a convolutional
code C as an infinite dimensional linear block code, it is natural to look at finitary matroids, that
are defined as follows.

Definition D.1. A finitary matroid is an ordered pair (E, 1) consisting of a set E and a collection
7 of subsets of E having the following four properties

1. 01,

2. ifelTandl, CI;,thenl, € T,

3. if I}, I, € T and || < |I;], then there exist an element e € I; \ I, suchthat , Ue € T,
4. an infinite set is in 7 as soon as all its finite subsets are in 7.

The elements of 7 are the independent sets of the matroid. A subset of E that is not independent
is called dependent. A minimal dependent set is called a circuit.

Remark D.2. If in the previous definition we consider a finite set £, we find the classical defini-
tion of a matroid. Indeed, the first three items are the axioms that define a matroid, see [Ox111,
Section 1.1], and when E is finite we can simply forget about the fourth item. In particular the
last item implies that all the circuits of a finitary matroid are finite, but this is always the case
when E is finite. Therefore, we can also define finitary matroids by the usual circuit axioms,
together with the additional axiom that all circuits need to be finite.

Finitary matroids model infinite dimensional vector spaces, similarly to how usual matroids
models finite dimensional ones. Let C be an (n, k, 9) convolutional code. Since C is an infinite
dimensional F,-linear space, it is clear that ¢’ = {supp(c) : ¢ is a minimal codeword of C} is the
set of circuits of a finitary matroid with ground set E = [n] XNy, that we will denote by M. The
rank function of M¢ is given by rk(X) = |X| — dimg (Cx), where Cy is the set of codewords in C
supported on X. In order to be able to recover some properties of the code from the associated
finitary matroid, we need to remember the structure of its ground set.

Definition D.3. A convolutional matroid M is a finitary matroid with ground set of the form
[n] X Ny.

The fact that the ground set of a convolutional matroid is of this form, it allows us to define
the degree deg(C) of a circuit C as the smallest integer m for which C is contained in E,, =
[n] X {0, ...,m}. In the next part of this appendix, we highlight some properties of M.
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Lemma D.4. Let C be an (n, k, 6) convolutional code, and let M, = (E, %) be the convolutional
matroid defined above. Then, for every m € N, the set {C € % : supp(C) C E,} is the set of
circuits of a matroid M,, supported on E,,.

Proof. The fact that M,, is a matroid is a consequence of the fact that C restricted to E,, is
an F,-linear space and therefore the minimal codewords supported on E,, are the circuits of a
matroid. |

Lemma D.5. Let 7 : E — E be the map given by (i, j) — (i, j+1). Then, if C is noncatastrophic,
7(C)e € forall C € 7.

Proof. This is a direct consequence of Proposition 2.14. O

A natural question at this point is which parameters of the code can we recover from the
associated convolutional matroid. For instance it is clear that if we know the ground set E, we
also know 7. In the next two propositions, we show how one can recover the dimension and the
degree of a convolutional code.

Proposition D.6. Let C be a convolutional code and let M be the convolutional matroid associ-

ated to C. We have that | (M
K(C) = lim "t D = k(M)
m—oo m+1
Proof. Let C,, be the set of all the codewords in C with degree at most m, then dim(C,,) =
n(m + 1) — rk(M,,). Let 6; be the memory of the code. For m > ¢, we have that (m — d,)k <

dim(C,,) < (m + 1)k. We conclude by dividing by m + 1 and by taking the limit for m that goes
to infinity. O

Proposition D.7. Let C be a noncatastrophic (n, k, ) convolutional code and let M. be the
convolutional matroid associated to C. Then §y, . . ., §; can be determined from M.

Proof. Let C;...,C; all the circuits of the matroid M associated to C[0]. For each i € [{] we
can select a circuit C; in M¢ such that supp(C;) N Ey = supp(C;) and with minimal degree among
all the circuits with this property. There may be more than one circuit that satisfies this request,
we just randomly choose one. We now go through to all the possible subsets {C;,, ... C; } of size
k of {Cy,...,C,} such that rk(supp(C;,), ...,supp(C;)) = k. Among these sets we select one
of those that minimize deg(C;,) + - - - + deg(C;,). Then, up to a permutation of the indices, we

obtain 6; = deg(C;)). |

The convolutional matroid associated to a code C, because of how it was defined, captures
very well the F,-linear structure of C. So, it is not surprising the the generalized Hamming
weights defined in Definition 8.10 are determined by M. In fact one has

d/(C) = min{|X| : rk(Cy) = r}.

Concerning the generalized weights defined in 8.3, it is not clear whether they are determined
by M or not. In order to capture the module structure of a convolutional code, one could try to
associate a latroid instead of a matroid as we already did in Section 3.4. Unfortunately, in the
case of convolutional codes it is quite natural to work with lattices, for instance the set of finite
subsets of E, that are not complete. This led us to give the following definition that extends the
notion of latroid, see Definition 3.20.
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Definition D.8. Let A be an ordered abelian group, and let £ be a lattice with an unique minimal
element O,. An A-semilatroid with rank function p : £ — A under length function ||| : £ — A
on the lattice £, is a triple (p, ||-||, £) such that:

L. p(0g) =110l = Oa.
2. |||l is strictly increasing, that is, ||L|| < ||L;|| for all L,, L, € L with L, < L,.
3. |I"ll is modular, that is, ||L|| + ||L>|| = ||L; V Ly|| + ||L;1 A Ls|| for all Ly, L, € L.

4. p is bounded increasing, that is, 0 < p(L;) — p(Ly) < ||Ly|| — ||L4]| for all Ly, L, € L with
L1 < LQ.

5. Forevery M,L,,L, € Land 0 < a;,a, € A such that p(L;) + a; = ||Li||, M < L, vV L, and
IMI| > |ILy V Loll = (a1 + a2), we have that p(M) + p(L; A Lp) < |IM|| + |IL; A Lol.

It is clear that the first four items of the previous proposition coincide with the first four item
of Definition 3.20. Therefore, in order to prove that a latroid is also a semi latroid, it is sufficient
to verify that a bounded increasing submodular function verifies item 5. We show this in the
next proposition.

Lemma D.9. A (p, |||, £) A-latroid is an A-semilatroid.

PI’OOf: Let M,L,,L, € L and 0 < ai,a, € A such that p(L,) +a; = ||L,||, M < L; VvV L, and
IM|| > ||Ly V Ly|| = (a; + a,). Since p is submodular and bounded increasing we have that

P(M) + p(Ly A L) < p(Ly) + p(L2) = ILill + IL2ll = a1 — az < [IM]| +[|Ly A Lol|. O

We already observed in Remark 3.21 that from a latroid we can obtain a matroid. This is
also true for a semilatroid. The following result coincides with [Ox111, Proposition 11.1.1] (see
also [ER66]) when p is submodular and E is finite.

Proposition D.10. Let E be a set and let R = (o, ||, Ps.(E)) be a Z-semilatroid. Let € (R) =
{C € Pgn(E) : is minimal such that p(C) < [C|}. Then % (R) is the collection of circuits of a
finitary matroid M on E.

Proof. 1t is clear that ) ¢ %' (R) and that for all C;,C, € % (R) such that C; C C, we have
that C; = C,. Let C;,C, € E(R) such that C; # C, and C; N C, # 0. Fix e € C; N C,.
Then, |(C,UCy) \e|] = |CLUGC| =1 > |Cy UG, —|Cy| + p(Cy) — |Ca| + p(Cy). Since R is a
Z-semilatroid, we have that o((C; UC3) \ e) + p(C; N Cy) < [(C1UCy) \ e +|C; N Cy|. Therefore,
p((CLUCy) \e) < |(C;UCy)\ el+ and so there exists C3 C (C;UC,) \ esuchthat C3 € €(R). O

Remark D.11. Notice that p may not be the rank function of the finitary matroid M = (E, €' (R)).
However, if X is a finite independent set of M, then rky,(X) = p(M).

We now show how to associate a semilatroid to a convolutional code. Let C be an (n, k, §)
convolutional code. We define p¢ : Pun(E) — Z as

pc(X) = |X| = tk((Cx)F,1x1)

for all X € Py, (E).
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Lemma D.12. For every X € Pg,(E), |X| — dim(Cy) is non-decreasing.

Proof. If we remove one element from X, |X| decreases by 1, while dim(Cy) decreases at most
by 1. |

Lemma D.13. The triple (oc, ||, Pan(E)) is a Z-semilatroid.

Proof. For every X; C X, € Psn(E), we have that Cx, C Cyx,. Therefore, one obtains

0 < rk({Cx, )r,1x1) — TK(Cx, Yr, 1) = 1Xa| = 1Xi] = pc(X2) + pe(X)).

Moreover, since rk({Cx, )r,[x]) — Tk({Cx,)r,1x) < |Xa| — [Xi], we have that 0 < pe(X3) — pe(X)) <
|X>| — |X1]. So, pc is bounded increasing.

Notice that p(X) < |X| if and only if dimg (Cx) > O for each X € Py,(E). Let X, X5, X5 €
Prin(E) and ay,ax € N such that rk((Cx,)r,1) = a1, TK(Cx,) 1) = @2, X3 € X; U X, and
1X5] > |X; U X5| —a; — ax. We have that dim(Cyx,) > a; and dim(Cy,) > a,. If dim(Cx,nx,) > 0,
we obtain pc(X; N X3) < |X; N X|. If dim(Cx,nx,) = 0, then dim(Cx,ux,) > a; + a;. By Lemma
D.12, since |X3| > |X; U X5| — a; — a», we have dim(Cy;) > 0. In both cases we conclude that
p(X3) + p(X1 N X3) < |X;] + X1 N Xal. |

Let C be a convolutional code and let S¢ = (o¢, ||, Pan(E)) the associated Z-semilatroid. We
are interested in understanding which parameters of the code we can recover from S¢. Firstly,
it is simple to express the generalized weights of Definition 8.3 as a function of S¢

d,(C) = min{|X] : |X] - p(Cx) = r}.

Secondly, notice that thanks to Proposition D.10 we can associate to C the matroid M(S¢).
Since dim(Cy) > 0 if and only if tk({Cx)) > 0, we have that the circuits of M(S¢) are exactly
the circuits of the convolutional matroid M. that we defined in the beginning of this appendix.
This implies that Mc = M(S¢). Therefore, we immediately obtain that every parameter of the
code that is determined by M is also determined by S¢. It is not clear if the converse is true.

Question D.14. Let C, and C, be two convolutional codes such that M., = M¢,. Do we have
that SC| = SCz?

A postive answer to the previous question would in particular tell us that the generalized
weights of the convolutional codes are also determined by the convolutional matroid.
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List of Symbols

N the set of natural numbers

Ny the set of natural numbers with zero

Z the set of integers

P(E) the power set of a set £

Pan(E) the set of all finite sets of E

[n] the set {1,...,n} forn e N

q a power of a prime number

F, the field of cardinality q

F,[x] the ring of univariate polynomials over F,
F; a vector space of dimension n over F,

S FZI X oo X PZ[

F the space of m X n matrices over F,

Vil F:Inlxm X oo X IF«‘ZUXW

R aring

R[x] the ring of multivariate polynomials over R
C a linear code

Ct the dual of a linear code

Ca the subcode of C supported on A

Cl0] the evaluation of a convolutional code C at O
ce the reverse of a linear code

rk the rank of a matrix or of a module

stk the sum-rank weight

wt a weight

wty the Hamming weight

maxsrk the maximum sum-rank weight

dy the hamming distance

din the minimum distance

diree the free distance

d; the j-th column distance

d, the r-th generalized weight

d.(C,Cy) the r-th generalized relative weight

g the r-th greedy weight

ol the covering radius or a rank function of a latroid
G(x) a generator matrix

tr the trace of a matrix

Tr the trace of a vector of matrices

supp a support function

rowsp the rowspace of a matrix

colsp the columnspace of a matrix

() the least cardinality of a system of generators of C
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M(C) uCy)+ -+ u(Cp) where C=Cy X --- X Cy
We(x,y) the homogeneous weight enumerator of C
We(x,y) the complete weight enumerator of C
Wg)(x, y) the r-th generalized weight enumerator of C
T(p,x,y) the Tutte polynomial

T(,|ll, L, x,y,u,v) the weighted Tutte-Whitney generating function
18l a length function
|| the cardinality of a set or the 1-norm of a vector

L a lattice

R" the lattice of rectangular submodules of R"

It the length of a module

Ic the ideal associated with C

M. the matroid associated with C

E;; an elementary matrix

Au) the set of optimal anticodes with maximum sum-rank
equal to u

RS(n, k) a Reed-Solomon code with dimension k and length n

m the g-ary Gaussian coefficient
q
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Index

Anticode Bound
convolutional code, 105
rank-metric code, 41
sum-rank metric code, 44

chain condition, 72
circuit, 137
code
catastrophic, 10
convolutional, 9
linear block, 1
MDP, 11
MDS, 11
MSRD, 61
noncatastrophic, 10
r-MSRD, 65
reverse, 91
sMDS, 11
sum-rank metric, 5
codeword, 5
covering radius, 7

degree
circuit, 137
internal, 10
distance
column, 11, 115
free, 10
Hamming, 1
minimum, 1, 6
sum-rank, 5
unrestricted generalized column, 121
dual
sum-rank metric code, 8
convolutional code, 11

equivalence
Jj-equivalence, 112
convolutional code, 112
linear block code, 1
rings, 16

sum-rank metric, 28

finite chain ring, 14

generalized weights

greedy, 72
relative, 71
column, 116

convolutional code, 84, 86

linear block code, 2
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irreducible matrix, 36
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Konig’s Theorem, 40
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convolutional, 137
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minimal codeword, 93
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MacWilliams’ Extension Theorem, 1, 27
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